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ABSTRACT: Developing our understanding of how correlations evolve during inflation is
crucial if we are to extract information about the early Universe from our late-time ob-
servables. To that end, we revisit the time evolution of scalar field correlators on de Sitter
spacetime in the Schrédinger picture. By direct manipulation of the Schrodinger equa-
tion, we write down simple “equations of motion” for the coefficients which determine the
wavefunction. Rather than specify a particular interaction Hamiltonian, we assume only
very basic properties (unitarity, de Sitter invariance and locality) to derive general conse-
quences for the wavefunction’s evolution. In particular, we identify a number of “constants
of motion” — properties of the initial state which are conserved by any unitary dynamics
— and show how this can be used to partially fix the cubic and quartic wavefunction coef-
ficients at weak coupling. We further constrain the time evolution by deriving constraints
from the de Sitter isometries and show that these reduce to the familiar conformal Ward
identities at late times. Finally, we show how the evolution of a state from the conformal
boundary into the bulk can be described via a number of “transfer functions” which are
analytic outside the horizon for any local interaction. These objects exhibit divergences
for particular values of the scalar mass, and we show how such divergences can be removed
by a renormalisation of the boundary wavefunction — this is equivalent to performing a
“Boundary Operator Expansion” which expresses the bulk operators in terms of regulated
boundary operators. Altogether, this improved understanding of the wavefunction in the
bulk of de Sitter complements recent advances from a purely boundary perspective, and
reveals new structure in cosmological correlators.
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1 Introduction

Extracting imprints of the early inflationary Universe from our late-time observables is a
central goal of modern cosmology — providing a new window into fundamental physics in
the high-energy regime. In order to extract as much information as possible from these
observables, a great deal of recent research has been devoted to better understanding how
correlations are produced and evolve during inflation.

In this work, we study the time evolution of cosmological correlators using the bulk
Schrédinger equation. Rather than specify a particular Hamiltonian, our aim is to use
only very basic assumptions — such that the interactions are unitary, de Sitter invariant
and local — to derive general consequences for the wavefunction of the Universe. This



model-independent approach to studying cosmological correlators is very much inspired by
the successes enjoyed by the S-matrix programme on flat Minkowski space [1, 2|, in which
similar foundational properties (unitarity, Lorentz invariance and locality) can be used
to efficiently bootstrap scattering amplitudes without specifying a particular Lagrangian
(see e.g. [3-5] for recent reviews). The advantage of such an approach is that our results
capture a large class of different models, and are not hindered by our ignorance of the
detailed inflationary dynamics.

The early Universe is well-described by a period of quasi-de Sitter expansion [6-9] in
which the spontaneous breaking of time translations inevitably gives rise to a scalar excita-
tion [10, 11]. Therefore, at the simplest level, inflationary correlators may be approximated
by the correlators of a scalar field on a fixed de Sitter spacetime — this is the focus of
our work.

Evolution of the wavefunction. One of the earliest approaches for computing cor-
relation functions on de Sitter spacetime is the wavefunction formalism [12, 13]. In this
formalism, the state of the system at time 7 is described by a linear functional ¥, [¢], from
which all equal-time correlation functions of the field ¢ can be efficiently computed (see for
instance [14-16]). Although modern computations of the wavefunction often favour path
integral techniques [17-19] (e.g. borrowing the bulk-to-boundary and bulk-to-bulk propa-
gators of holography to compute the on-shell action), in this work we adopt the Schrodinger
picture, representing observables in terms of (Z) and its canonical momentum II, and v, [¢]
is determined by solving the Schrodinger equation. This picture naturally focuses on the
interaction Hamiltonian rather than the Lagrangian, and so properties such as unitarity
(hermiticity of the Hamiltonian) are made manifest.’

Unitarity and constants of motion. Loosely speaking, the importance of a hermitian
Hamiltonian lies in the conservation of probability. Since U = e! "t is the operator which
implements time evolution, if a state |¥) is initially properly normalised then at later times
(U|UTU|¥) remains normalised only if U is unitary. Another way to phrase this is that
[ D¢ |V,[¢]|* is a constant of motion. Since ¥, [¢] is a functional, unitarity leads to the
conservation of an infinite number of functions (one at each order in ¢") — we will call
these constants of motion {f,}, and here we construct the first two explicitly at weak
coupling (neglecting loops).

Previously, unitarity constraints have been derived in models of inflation by focusing
on subhorizon scales, at which the background expansion can be ignored and scattering am-
plitudes can be constructed analogously to flat space [20-23]. One notable exception is the
very recent work of [24], which also uses properties of the wavefunction under unitary evolu-
tion to derive a “Cosmological Optical Theorem”. Our constants of motion provide a major

step beyond subhorizon scattering, giving a constraint which applies to the wavefunction on

IThe price to be paid for choosing this approach is that the symmetries (which were manifest in the
Lagrangian) are now obscured. On Minkowski spacetime we are able to implement Lorentz invariance in
such a powerful way (via off-shell mode functions) that nowadays the Lagrangian approach is used almost
exclusively. However, for cosmology, since we are not yet able to implement de Sitter boosts in such a
powerful way, there is merit in using a Hamiltonian description to benefit from the manifest unitarity.



horizon scales (relevant for observation), and also a complementary way to understand the
important result of [24], since for the particular case of the Bunch-Davies initial condition
the conservation of our 3, directly implies the Cosmological Optical Theorem.

de Sitter isometries. Although the wavefunction (and our above constants of motion)
may be defined on any curved spacetime, we will focus primarily on an exact de Sitter
background. The isometries of de Sitter spacetime are well-understood, and by now it
is well-known that at late times the (d + 1)-dimensional de Sitter symmetries approach
those of the d-dimensional conformal group, and this places constraints on both the equal-
time correlators and the wavefunction as n — 0 [25-29]. This lies at the heart of the
recently proposed “Cosmological Bootstrap” program [30-33], which aims to determine
the boundary wavefunction by solving the conformal Ward identities.

However, less well-understood are the consequences of these symmetries (particularly
de Sitter boosts) in the bulk, at finite . One reason for this is that, while all de Sitter
observers agree on the field eigenstate at 7 = 0 (since this timeslice is invariant under
all de Sitter isometries), a field eigenstate at finite 7 is generally observer-dependent, and
therefore W, [¢] = (¢|¥) transforms in a more complicated way. By defining the Noether
charges associated with dilations and de Sitter boosts, we will provide compact expressions
for how the wavefunction changes under de Sitter transformations. This allows us to
identify the states which are de Sitter invariant on any bulk timeslice (not just at the
conformal boundary).

Locality and analyticity. Supposing one has successfully solved the conformal Ward
identities and identified the boundary state at n = 0. How is this related to the bulk
dynamics? Well, if we evolve the boundary state into the bulk, going a small n from the
conformal boundary, it should be possible to express this new state as a small perturbation
from the boundary state. With this logic, we identify a set of “transfer functions”, whose
purpose is to map a boundary state (correlator) into a bulk state (correlator) at finite
n. Providing the bulk interactions are local, these functions have the schematic form
14 (—kn)2+(—kn)*4-. .. when 7 is small and are smooth, analytic functions of the momenta
of the fields in the correlator. When |kn| approaches one (i.e. when a mode crosses the
horizon), this series must be resummed and it is this resummation which produces non-
analyticities in the transfer functions/bulk wavefunction (in spite of the Hamiltonian being
an analytic function of k).

One particular non-analyticity which the transfer functions always develop as a result
of this resummation is a 1/kr pole in the total energy, kr = 3_, |k;|, together with various
so-called “folded” non-analyticities. In recent years there has been growing interest in
the analytic structure of cosmological correlators, and in particular in the pole at kr =
0 [30, 31, 34, 35], whose residue is related to the corresponding scattering amplitude on
Minkowski space. We show that, when propagating a boundary state into the bulk, this
pole only emerges on subhorizon scales |kn| > 1, and further show that the complementary
limit |kn| < 1 is free from non-analyticities providing both the interactions and the initial
state are analytic (local) functions of the momenta.



Summary of main results

We will work throughout with the following ansatz for the wavefunction,

q/n[¢] = exp ( n=2p [g(z)]) where Z /k Cy; .. k" )¢k1 .. ¢kn , (11)

which reduces the functional W, [¢] to a series of functions ¢y, . x, (1) (or ¢, for short), called
wavefunction coefficients. We focus on states that are approximately Gaussian, using g as
a weak coupling which controls our perturbative expansions (i.e. we will focus on only tree
level contributions to the ¢;). Our main results are:

(i) Firstly, by direct manipulation of the Schrédinger equation, we derive simple equa-
tions of motion for the time evolution of the wavefunction coefficients, 9,c,. Explicit
expressions for 9,c3 and 9yc4 are given in (2.27) and (2.35). Solving this system of
equations reproduces known results from the analogous path integral computation,
only now at each order in ¢™ a constant of integration must be specified — this en-
codes the initial condition for W, [¢], which can now be freely varied. Explicitly, the
master equation from which any non-Gaussian 9,c, can be read off is,

I 1 . I I
o (174 fi(m) OTL 6T ) IOV fk(n)a <5rn 6T} ) '
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where H is the interaction Hamiltonian and the superscript I denotes that all fields
should be normalised using the mode function, ¢ = &L f;:(n).

(ii) We use unitarity of the interaction Hamiltonian to identify new constants of motion
at every order in ¢". For example, defining the following combinations,

ﬂk1k2k3 *
e fin ity k™ e -
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where the argument k is defined such that fe(n) = fii(n), the equations of motion for
c3 and ¢4 become simply 0,33 oc H3 —7—[; and 0,34 o< Hy— 7—[1 (where H3 and H,4 are
the cubic and quartic terms in the interaction Hamiltonian). 83 and 34 are therefore
constants of motion, preserved by any unitary dynamics (hermitian Hamiltonian).
When restricting to the Bunch-Davies initial condition,? in which all 3, = 0, this
reduces to the Cosmological Optical Theorem which has recently appeared in [24].

(iii) Invariance under the de Sitter isometries can be imposed directly on the correlation
functions by regarding (¢, - .. ¢k, )(n) as the equal-time limit of (¢y, (11) . . . ¢k, (7))

2In the Bunch-Davies vacuum state, k is given simply by |k| = —|k|.



in the Heisenberg picture. We show that this results in,

<(n—1)d—778n+ZkJ-8kJ> <¢kl"'¢kn>/:0 (14)
J
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J

where II is the momentum conjugate to <Z>, and the prime indicates that the over-
all momentum-conserving J-function has been removed. Analogous constraints also
apply to correlators involving arbitrary insertions of both qg and II.

(iv) The de Sitter isometries can also be implemented directly on the wavefunction via the
conserved Noether charges D and K (associated to dilations and boosts respectively).
We show that this results in,

or
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where Hq is the Fourier transform of the Hamiltonian density. Like (1.2), these
equations impose relations on every wavefunction coefficient, ¢,. Although the boost
constraint in the bulk depends on the details of the interaction Hamiltonian H™, this
becomes a model-independent constraint at late times (7 — 0), where the interactions
switch off, and one recovers the usual conformal Ward identities.?

(v) Once a boundary value for the wavefunction is provided at n = 0, say ¥,—o[¢] with
k. k, (M =0) = ak, . x,, we can propagate this into the bulk using a set of transfer
functions. Schematically, these act as the coefficients in the following expansion,

1 © 5cn(77)
2' 5 0

a7 I (1.6)

_an

Locality of the bulk interactions corresponds to analyticity of these transfer functions
in every momenta k; until the corresponding mode enters the horizon (|k;n| ~ 1), at
which point non-analyticities may develop (e.g. the 1/k7 pole), see figure 1.

(vi) For particular values of the scalar mass, the interactions do not turn off sufficiently
quickly at late times and the wavefunction coefficients diverge. We show how such
boundary divergences can be renormalised by redefining the boundary condition at
n =0 (ie. ap, — o), and also provide an equivalent prescription in terms of a
Boundary Operator Expansion. This is a mapping between the bulk operators (% and

3Except for special values of the scalar mass, at which the interactions do not turn off sufficiently quickly
as 1 — 0 and the conformal Ward identities must be corrected by anomalous terms.
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Figure 1. A cartoon of the expanding de Sitter spacetime. We refer to late times, n — 0, as
the conformal boundary, and denote the wavefunction coefficients there by a,,. This boundary
condition can be translated into a bulk wavefunction, with coefficients ¢, (n), by means of various
“transfer functions” Z)' "\ () which we define in section 4 — these objects are analytic (for any
local Hamiltonian) until horizon crossing at |kn| ~ 1 where they develop non-analyticities (such as
the 1/kr pole). In the far past, 7 — —oo, we denote the wavefunction coefficients as . Imposing
the Bunch-Davies vacuum state in the far past corresponds simply to ol = 0.

II (with dilation weight 0 and d respectively) to the boundary operators ¢ and #
(with dilation weight A and d — A respectively),

n—0

lim LA =0+ Zyo, 0[], (1.7)
. AP ~ A TA A
lim ((=mAi) =7+ Zj: Zno; Oj[,7]

where @j is a basis of composite boundary operators, and A is determined by the
scalar field mass (m? = A(d — A)). Typically, dilation invariance sets every mixing
coefficient Z¢o and Zyjo; to zero, but divergences can occur whenever there exists
an operator with Ap, = A or Ap, = d— A and the corresponding mixing coefficient
is non-zero. For instance, @ = $™ mixes into IT when nA = d — A and into ® when
nA = A (these correspond to ultra-local and semi-local divergences respectively).

Synopsis and conventions

In section 2, we briefly review time evolution in the Schréodinger picture, derive simple
equations of motion for the wavefunction coefficients, and identify new constants of motion
which are preserved by any unitary dynamics. In section 3, we derive constraints on both
the equal-time correlators and the wavefunction coefficients from the isometries of de Sitter
spacetime. In section 4, we show that the bulk wavefunction may be written in terms of
a boundary condition at n = 0 and a number of transfer functions — locality of the bulk
interactions is then manifest as analyticity of these functions outside the horizon — and
show how to renormalise the IR divergences which can appear in the n — 0 limit. In



section 5, we discuss in detail three particular examples, namely a conformally coupled
scalar, a massless scalar, and the EFT of inflation, before finally concluding in section 6.
We work mostly in d 4+ 1 spacetime dimensions with metric signature (—,+,...,4+).
Bold variables are d-dimensional spatial vectors, and x - y = ' ijyj . We will avoid using
explicit indices on vectors, so that x; can always be read as the position of the 5% field
(and should not be confused with the jth component of x). We also define k; = k; + ko,
k; = ky + k3 and k, = k1 + k4 when describing exchange contributions to quartic correla-
tors/wavefunction coefficients. The Fourier transform is defined as fi(n) = f ddx ek X f(n)
and commutes with functions of . We denote the conformal weight by A = & — v, where

v=1\/T dz H2 is real for light fields, and will write the shadow weight eXpllcltly as d— A
(note that these are often referred to as A~ and A™).

2 Time evolution and unitarity

In this section, we will derive simple equations of motion for the coefficients appearing in
the wavefunction, primarily for a scalar field on a conformally flat spacetime background.
We will work in the Schrodinger representation, in which states of the Hilbert space, |¥),
are replaced by linear functionals of fields, ¥[¢], which notionally act as (¢|¥) and provide
the overlap between the state and a classical (smooth) field configuration (see e.g. [36— 38]
for reviews). Observables built from the field operator qbk and its canonical momentum [Ty
(which satisfy the commutation relation [¢y, IIy] = i63(k +k’)) are represented as ¢y and
—i6/dp_y acting on W, [¢].
Throughout this work we will focus on isotropic states of the form,?

U, [g] = el (2.1)

where the functional I';[¢] is approximately Gaussian, and can be expanded as,
Tylel = 5 / Ciy ks (1) Py Py + Z - / ke (MoK, - - - P s (2.2)

where fi 1= [TIiL; d°k; 6(37, ki) is an integral over n conserved momenta, and the
non-Gaussian coefficients cy, x, (77) are assumed small (i.e. we assume throughout that
each ¢, ~ ¢g" 2 is suppressed by some weak coupling g). For brevity, we will often refer
to ck,..x,(n) as simply ¢, when its arguments are unimportant or otherwise clear from
the context. This characterisation of the state is convenient because it allows any equal-
time correlation function of ¢ and IIy to be read off straightforwardly, as we will show in
section 3.2. All of the dynamical information is effectively encoded in the ck, . x, (7).

The time evolution of the coefficients ¢, (n) is governed by the Schrédinger equation,

i0,,(0] = [6, i | W), (23)

“While this ansatz is general enough to capture any instantaneous vacuum state, it cannot describe
n-particle states since these depend explicitly on the momenta of the particles (which spontaneously break
rotational invariance).



where #[¢,1I] is the Hamiltonian for the scalar field ¢. We will first describe how ¥, [¢]
evolves in a free theory, then we will include the effects of small interactions in H in sec-
tion 2.2, arriving at a set of simple equations of motion which determine the time evolution
of the ¢,(n). Finally, in section 2.3, we use these equations to identify new constants of
motion, which we call 8,,, that are conserved in any scalar theory with unitary interactions.

2.1 Free evolution

We begin by discussing a free scalar field on a conformally flat spacetime, ds? = Q?(n)(—dn?

+dx?), with Hamiltonian given by,

d—1
ot = [ stz + S5 e 2.4

where EZ(n) = k? + m?Q%(n) in momentum space. It will also prove convenient to define
the Gaussian width,

ci—ic(n) = QT (mwi(n) | (2.5)

so that wk(n) has the same units as Ej(n).
The Schrédinger equation (2.3) for the state W, [¢] given in (2.1) becomes the Hamilton-
Jacobi equation® for I';[¢],

_1 L oLy [g] 6T (4]
a 2 kiko Qd_l 5¢k1 5¢)k2

- 2
0,4 OB b, — — ”W} (2.6)

Qd=1 ¢y, i,
Expanding I" as in (2.2), this gives a first order differential equation for every 0, ck, . k, (1)
In the absence of interactions, setting ¢, = 0 for all n > 2 solves equation (2.6) — i.e.
exactly Gaussian states remain Gaussian under this free evolution.

Gaussian states. Consider an exactly Gaussian state, (2.2) with ¢y # 0 and ¢,>2 = 0.
Such a state is annihilated by the operator,

Awn) = fien) (—iecac(méox +il ) (2.7)

where f;}(n) is an overall normalisation, chosen so that 2 ff(n) f_k(n) = 1/Im cx_x to ensure
a commutation relation [Ak(n),AL,(n)] = 63(k — k') (note that a Hermitian operator in
momentum space obeys ¢L = ¢_x). Equation (2.7) can also be inverted to express the
fields in terms of A and AT,

S = foamA () + fim)AL(n) (2.8)

Ty — iRe ci_1c(n) & R R
= Irilcii(;;n) P — fom Aot — FenALm).

which will prove useful when we compute equal-time correlators in section 3.2.

®Note that the second functional derivative, 62 /§¢id¢x is formally divergent and requires renormalisation
— this is the analogue of loop diagrams in the path integral approach. We will return to this point below
when we discuss evolution in an interacting theory.



Any Gaussian state can be described in terms of these fl(n) and AT(n) operators, whose
time evolution is governed by cx_x(n) (or equivalently by the wi(n) given in (2.5)). In a
free theory, the Schrodinger equation (2.6) gives,

—wi(n) + K24+ m?Q? = (2.9)

For a Hermitian Hamiltonian (in this case a real m?), the imaginary part of this equation
uniquely fixes Im wy, in terms of Re wy,
—Imw. = = . .
’ 2Q9-1Re wy, | fx

This is an example of a unitarity condition: unitary dynamics (hermiticity of the Hamilto-

nian) requires relations between real and imaginary parts of the wavefunction coefficients.
In this case, the damping of the mode functions (Imwy) is controlled by their frequency
(Rewy). We will return to unitarity conditions in section 2.3.

From the real part of the Schrédinger equation (2.9), we see that fi(n) solves the
classical equations of motion,

0y (219, )

Qd—1 = EIQ( fkv (211)
providing it is normalised so that,
20m [fic ()9, fie(n)] = Q177 (2.12)
Consequently, the Gaussian width can be written as,
i Q19| fic(n)]
ck—k(1) = +
e RO TAC]
= Onf(n) = iwk(n) f(n), (2.13)
and so (2.8) can be written as,
e = Q1 (9 ficln) Ax(n) + 0, Fi() AT () (2.14)

which coincides with the classical equation of motion, I1() = Q4719,¢x(n), in the Heisen-
berg picture.

We should stress at this stage that A and AT do not necessarily diagonalise the Hamil-
tonian, and so a general Gaussian state is not necessarily a ground state (vacuum) of any
‘H(n). Rather, at each time, it is only a particular family of Gaussian states that minimize
the energy — those that satisfy the vacuum condition wi(no) = k% + m2Q2(no) at time ng
(equivalent to 9, ca = 0 instantaneously). At this time, Ay (o) momentarily diagonalises

the Hamiltonian, H(no) = [ d%k $1/Q4=1(no) wi(no) AL(no)Ak(U0)7 and the instantaneous
ground state is therefore given by a Gaussian state in which cx_ () has a boundary value

cx—x(mo) = iQ9 1 (no)/k2 + m2Q2(ng) at time 1. Note that even under free time evolu-
tion, the width cx_x(n) at later n # no will in general not obey wi(n) = k* + m?Q?(n)
and is therefore no longer a vacuum state. Since under free evolution the state remains
Gaussian, there is always a linear operator (2.7) which annihilates the state, but in general
this operator does not diagonalise the instantaneous Hamiltonian.



2.2 Interacting evolution

Now consider a Hamiltonian with small interactions,
H [¢7 H] = Hfree [¢7 H] + Hint [¢7 H] . (215)

The interactions act as a source for the non-Gaussianities, and setting c¢,(n) = 0 is no
longer a possible solution — i.e. an initially Gaussian state will evolve into a non-Gaussian
one. For example, the quartic coefficients evolves as,

54Hint
_aﬁck1k2k3k4 = 51 51
Lo 4

4 3
1 .
+7Qd—1 E Ck;,—k; Ckikokaky T E Ckiko—ks Ckskaks _Z/Ckl...k4p,7p )
P

j=1 perm.

(2.16)

where k; = ki +ko, ky = k1 +kj and k, = k; +k4 are the three permutations which appear
in the czc3 sum. In addition to the time-evolution from Hiy, the existing non-Gaussian
features of the wavefunction also contribute to the time-evolution. The coefficients ¢, (n)
mix with each other (even in a completely free theory like (2.4)) and therefore evolve in a
non-trivial way. Our goal in this section will be to study (2.6) in more detail and express
the time evolution of the ¢,(n) as simply as possible.

Connection to Feynman-Witten diagrams. Before developing relations like (2.16)
further, it is worth stressing that solving this system of differential equations for ¢, is
equivalent to conventional path integral techniques, which express the ¢, as integrals over
products of the bulk-to-bulk propagator,’ Gﬁ*(m, n2) and bulk-to-boundary propagator,’
K" (n). For instance, the exchange contribution to the wavefunction coefficient ¢4 can be
expressed at leading order as the Feynman-Witten diagram,

Ckikokska (77*)
Tl N
Ky; (m) Ky (12)
I N SS—--—— H b
Gy 1, (11, 712)

Mg mmm eV

e e
:/ dm dnz Ko (m) Ky (m)Gy e, (1, m2) Kyl (n2) Ky () (2.19)

—00 —00

SExplicitly, this propagator can be expressed in terms of mode functions as,

~ S(ne)
fi(n)

>
where fi,(n) has been normalised so that Q*~' £ 9, f_x = —i.
"Explicitly, this propagator can be expressed in terms of mode functions as,

M)
fena)

G (m,m2) = % (fk(m) fﬁ(m)) Je(m2)O(m —n2) + (m <> n2) , (2.17)

Ky (n)

(2.18)

~10 -



where we have imposed boundary conditions at 7 — —oo. Rather than compute this
integral directly (which is difficult even for simple spacetime backgrounds), notice that by
considering a small variation in the position 7, of our timeslice, the propagators obey,®

Op Ky () = —cx—x(n:) K" (n)
1
0. G (mm2) = S K () K (12) (2.20)

and the four-point wavefunction coefficient decomposes into two-point and three-point
coefficients, as in (2.16). In fact, armed with (2.20), it is straightforward to show that
Oy, of the conventional expressions for ¢, (1) in terms of K} and G* always coincides”
with the Hamilton-Jacobi equation (2.24) — this is not surprising, since both approaches
are solving the same underlying Schrédinger equation for W, [¢]. Some advantages'® of
describing ¢y, (n) with a differential equation (rather than an integral expression like (2.19))
are: (i) it is easier to manipulate these equations of motion into the form 9,8, = 0 to
derive constants of motion (which we will carry out in section 2.3), (ii) these differential
equations for ¢, can be readily compared with the differential constraints arising from
spacetime isometries and other symmetries (as we will see in section 3), and (iii) the
complementary solutions of the differential equations can be used to study the dependence
on initial conditions (which we will use in section 4).

Interaction picture. We will now take steps to simplify (2.16). First, note that solv-
ing (2.16) requires inverting 0, + >>7_; ck;—k;(1). Diagrammatically, this contribution
from cx_y is associated with the propagation of the external legs, rather than any nonlin-
ear interaction. To simplify matters, we can use our knowledge of Hpee to transform into
the interaction picture, performing a unitary transformation at each time to define a new
operator g[gﬂ(n) = di /fis(n). This corresponds to rescaling the wavefunction coefficients,

I
Cly.e, (1)
Ck kn(n) = * S = * Y (221)
' S (m) - g, ()
so that for example (2.16) becomes,
I I I
W SMHE, 1 i Uik Teykyrkyry / ;.. kap,—p (2.22)
n Vi V. — * * * L% ) :
1koksky 5¢k1 ... 5¢k4 Qd—-1 > fkijfki’j’ p fpf—p

and the term Y cocy associated with the free propagation has been removed. The interac-
tion picture Hamiltonian is H{ [¢7] = Hint [fi6L] — for instance the interaction Agy, ... ¢y,
in Hint would correspond to the time-dependent interaction Afy ... fi ¢ﬂ1 ...¢ﬂn in Hi,.

8This representation of the bulk-to-bulk propagator as an integral over the boundary of two bulk-to-
boundary propagators is known in the holography literature as the “split representation” (see e.g. [39-41]).

Tt is, of course, also possible to go the other way, writing the general solution to the first order HJ
equation in terms of an integrating factor, which produces integral expressions like (2.19).

10Tt would be interesting to see whether aspects of our approach could be exported to an AdS context. The
main difference is that we are using a Schrodinger equation to describe bulk time evolution (constrained by
bulk unitarity), whereas in AdS it would be a radial equation of motion in the bulk (somewhat disconnected
from unitarity, which can be implemented at the time-like boundary without any reference to the bulk).
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8T 6T 82T
K 6¢ 5¢ §¢?

}[int

Figure 2. The Hamilton-Jacobi equations for the wavefunction phase, I'. The time derivative is
given by all possible ways of splitting the interaction into two pieces (exchange contribution), plus
all possible ways of contracting a single higher-point coefficient into a loop (loop contribution), plus
any interactions in the Hamiltonian (contact contribution).

In general, if we split the effective action into its free and interacting parts,

FT][¢] = Fn, free[¢] + Fn, int [Qb] s (2.23)

where I')) free[¢)] = fk% Ckyky (1) Pk, Py, the Schrodinger equation (2.3) becomes,

1 Q1-d 5 S VAL
—orl (el =yl 41t L (el) —j—mintt? ] 2.24
n ﬁ,lnt[qS ] ,Hmt + 2 K1 ko fﬁ1f£2 <5¢£ T]lnt[¢ ] ¢ 5¢11<6¢1[< ’ ( )

where in the interaction picture, I'} i [¢f] = Ty int [ fe(n) QSIIJ This corresponds to the

I

int» Which is now decoupled from the free evolution

evolution of U = ¢l generated by H
(contained implicitly within fy, which are determined from (2.9) and (2.13)).

Each of the terms in (2.24) can be expressed diagrammatically, as shown in figure 2.
There are three distinct source terms on the right-hand side: a contact contribution from
HL ., an exchange contribution from (6T'/6¢)?, and a loop contribution from §2I'/§¢?. We
will now discuss each of these in turn.

Loop contributions. Note that if each field is given a small coupling, so that the wave-
function phase is written as'! g% [9¢1], then the final term in (2.24) is O(g?) suppressed
relative to the other terms. This 62T, [$]/d¢7 term is formally divergent but can be treated
in a perturbative expansion in g (this corresponds to the usual loop expansion). For a
general Hamiltonian (with momentum-dependent interactions), the Schrodinger equation

at weak coupling can therefore be written as,

0o

which coincides with the classical Hamilton-Jacobi equation, and therefore I';[¢] coincides

_anrn[¢] =H [ﬁb’

with the classical on-shell action at tree level. We postpone any further discussion of
loop contributions to the Hamilton-Jacobi equation for the future, and in this work we
will assume throughout that interaction strengths are sufficiently weak that all terms in
52T /5¢? can be neglected.

1This is motivated by the power counting rules familiar from flat space, which guarantee that this scaling
with g is radiatively stable.
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Contact contributions. We refer to the contribution of a ¢™ interaction in Hiy to the
n-point coefficient ¢,, as a contact contribution. The most general set of interactions that
can appear in Hjy at this order can be written as,

{ Voo™, Vig" 'O, ..., V"I, ..., VITM Y (2.26)

where each Vj(n, ki, ..., k;,) is a function of both time and momenta. In local, rotationally
invariant, theories these functions are analytic in the momenta — this is most easily seen
in the corresponding Lagrangian, in which local interactions either have contracted pairs
of spatial derivatives (which give k; - k;), or a single time derivative ¢ (which produces
the II dependent terms), or more time derivatives (which can be reduced to ¢ and é, with
analytic coefficients, using the equations of motion).

In the Hamilton-Jacobi equation, each of the terms in (2.26) contribute to ¢, as Vj(c2)’
(i.e. imagine taking n functional derivatives with respect to ¢ and then set both ¢ and 6I"/d¢
equal to zero). Therefore for contact contributions we can treat Iy as cx_k(n)dx when
acting on the wavefunction at time 7 (at leading order in the small coupling). The simplest
example of this is the cubic coefficient, which is sourced solely by contact contributions,

3 H[, ca(1) 9]
5¢k1 6¢k2 5¢k3

(2.27)

3
I *
_anck1k2k3 = H fk]' (7]) $=0 .
i=1 =

The most general time evolution for the bispectrum is therefore encoded in four independent
functions of Kk,

_ancﬁlkgkg = Z V315233 (T’? k])a’;;lfltl a;;l fﬁga’f]lfltg, ) (228)
83

where the s; are either 0 or 1.

Exchange contributions. Now we turn our attention to the term in (2.24) which
is quadratic in 0I'/d¢, which we refer to as an exchange contribution. The factor of
Ql-d/ Ji, fx, now plays the role of the “propagator” for the wavefunction coefficients
c{q__kn. However, this is not always straightforward to integrate — in particular, if C£1k2k3
is already quite complicated, then the exchange contribution to (2.16) will be very dif-
ficult to integrate. Fortunately, the exchange terms can be simplified by noting that
Q) £ i =i, [ fi/ f], so for example by shifting the wavefunction coefficient,

3
Ck1k2k3k4 (77) = Ckikoksky (77) +1 Z Ckika—ks (U)Ck3k4k5 (n)’fks (77)|2 (2‘29)
perm.

we arrive at a simpler HJ equation,

" 547‘[ t . 6 fks
—nC oksks = fﬁlfﬁ2fﬁ3fk4m —i Y Cﬂlkrksfancﬂgmks +loops  (2.30)
10" 4 perm. s

in which the exchange contribution to the time evolution is now linear (rather than
quadratic) in c3, since (2.27) can be used to replace anc£1k2k3 with #H.
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This simplification can be achieved in general by subtracting a boundary term from
the time integral,

5Fr] int or 7171nt fk(n)

. =Th .+ 2.31
nint — * 7 t 2 K 5¢k 5¢—k fﬁ(ﬁ) ( )
which produces,
& nlnt 5F77 int
-9 antw | =ML o] - 2 ﬁa” 5¢k 5o, + loops . (2.32)

In practice, (2.32) is often easier to integrate than (2.24), and its solution can then be used
to find Iy in¢ using (2.31) (which no longer contains any time integrals).

In fact, (2.30) can be simplified even further. Consider for instance a simple g¢?
interaction in Hi,. Then each exchange contribution can be written as,

I Jx. I
Ckiko—Ks 75 fi =0 Ck3k4k —Cle kg ko 9k fies fry

= cll<1k27ks aﬂcllcgk4f<8 (233)

where we have defined ks such that fi () = f;i(n). If we had considered instead the most
general cubic interaction in Hipnt, given in (2.28), we would have found several terms from
83Hint /06>, which always combine into the combination (2.33). For instance, the next
simplest interaction is V3 ¢2Il, and so replacing IT with dT'/d¢ leads to a contribution from
§*Hine /06, which combines with the CﬁlekS 87,c£3k4ks term to give,

I
_87]Ck1k2k3k4
6 * P
I fk fk
= Z Ck1k27ksvl(k3,k4,ks) ;* 4
perm. ks

6 * *
. — f f * * * * *
i) i, Vi (ks ka k) Q4! (“3 K e O fie 4 0 fiey fre fieo + fiey O Fis e

perm. flts
6

=—i Yy Cﬁlkrkﬁncigms (2.34)

perm.

where we have made use of the normalisation fy0,fi — frOyfx = iQ'~¢. Therefore the
quartic wavefunction coefficient can be found from the following relation,

—0nC kgksky = — Z Cheyles 1, On Ck3k4k + ka ¢ Ho, C2¢]‘ (2.35)

perm.

The equations of motion, (2.27) and (2.35), describe how the non-Gaussianities in the
wavefunction evolve with time in response to a Hamiltonian H. We will now show that, by
manipulating these equations, one can construct constants of motion which are preserved
by any unitary dynamics.
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2.3 Constants of motion from unitarity

During the final stages of this work, [24] appeared, in which the properties of de Sitter
bulk-to-bulk and bulk-to-boundary propagators (under a careful analytic continuation to
negative values of |k;|) are used to establish a “Cosmological Optical Theorem”. We believe
that our relations (2.27) and (2.35) shed light on this important result.

It will prove useful to define the discontinuity,

Disc [ck, .k, ] = Gy ks — G, K, (2.36)

where k is again the continuation of the momentum which achieves fx = fi- This has the
advantage that Disc fy = 0 by construction, and similarly Discca = 0. For instance, in
a general Gaussian state on pure de Sitter, with Q = 1/(—Hn), the Bunch-Davies mode
function is,

—iZ(v—1)
e 2 _
fieln) = *FQ Vi W2HP (~kn), (2.37)

which has been normalised so that fk(‘gi, fe = iQ'~¢ and where we have chosen the over-
all phase'? so that k corresponds to the replacement |k| = e~ |k|*, since Hy)(ze*”) =
—eim H1£2)*(z*) (for Im(z) < 0). For more general initial states or background spacetimes,
k may be more complicated, but one can always keep in mind the simple de Sitter exam-
ple (2.37).

The discontinuity (2.36) is useful for the following reason. For a pure potential inter-

action, e.g. Voooo>, then unitarity requires Im Vygg = 0 and so the imaginary part of c3 is
fixed in terms of its real part independently of the interaction (much like (2.10) for c2),

—8771m Ckikoks — Im izwkj Ckikoks when Hint = VOOOQZS3 . (239)
J

However, taking the imaginary part in this way will not remove interactions like Vyg1¢?I1
from (2.27), since they depend on ¢ and thus Im (c2Vjp1) can be non-zero even in a unitary
theory. It is this subtlety that the Disc in (2.36) is overcoming, since'® Disc (caVoo1) = 0.
The extension of (2.39), which removes every cubic interaction (2.28) from the equation of
motion (2.27), is,

—0pDisc e koky = ZZ wy; Disc g k,k; for any Hing - (2.40)

Since factors of fi(n) commute with the Disc, this can also be written simply as,

oI
Oy Disc i 15 = 05 (2.41)
12 Alternatively, one could use the de Sitter invariant mode function,
~ ’Lﬁku —d/2 17(2)
=——0 H)” (—k 2.38
helm) == Vi (—kn) (2.38)

which is annihilated by de Sitter boosts and has weight A under dilations.
13Recall that a local Voo1 is analytic in the k; and therefore does not depend on any k; = /k; - k;, so
Disc(c2Voo1) = c2Im Vpo1 vanishes by unitarity.
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and therefore Disc cﬁlekS is a constant of motion. In fact, this argument applies to any
contact contribution to any c¢,, coefficient: if exchange and loop contributions are neglected,
then Disc ¢! is always conserved by a unitary evolution.

For n > 3, the ¢, coefficient generically has exchange interactions which also contribute
to the Disc. For example, (2.35) can be written as,

3
—(%Disc C’l£1k2k3k4 —1 Z cﬁle ks k3k4k ‘| H fkﬂ (5¢ (H[(b, 62¢] B ’HT [¢’ C2¢)]> ‘¢:0

perm.

(2.42)

where H' is the Hermitian conjugate of the Hamiltonian, and we have again used that
¢f_ i = Ck—k- A unitary time evolution (Hermitian Hamiltonian), therefore requires that
the right-hand side of this equation vanishes, and therefore that this particular discontinuity
is also a constant of motion.

In summary, the Hamilton-Jacobi relations (2.27) and (2.35), together with unitarity
of the interaction Hamiltonian, establish that at each order in ¢ there is one additional
constant of motion, which we shall call §,. At cubic and quartic order, these are given

explicitly by,

Priksks .
Fo f fiy etk ™ Gakaky (2.43)
Brikoksks , 2 . .
T e = Ckikeksks O gk, T8 D i (Cklkz—k “Kko—k ) (Ck3k4k-_ck' kik )
fklkakafk4 1kokaky perm. S s 1ka s s 3kaks

since our equations of motion (2.41) and (2.42) set 0,3k, k,k; = 0 and 9y, Bk koksk, = 0 for
any hermitian Hamiltonian. This is somewhat analogous to classical mechanics, in which
the Hamilton-Jacobi approach identifies a pair of constants (corresponding to the initial
position and initial velocity) for each degree of freedom. Once the boundary value for
the wavefunction W[¢] has been specified, (2.43) allows the constant (3, to be calculated
immediately (without the need for any time integration) — they are a property of the
initial state. In [24], a Bunch-Davies vacuum state was assumed in the past — setting
ol = 0 in this way for the initial state then sets 3, = 0 for all time. Now we see that in
fact any initial state in which £, = 0 will have 3, = 0 for all time, and more generally
that an arbitrary initial condition (specified at an arbitrary time in the bulk or on the
boundary) will likewise have a conserved (in general non-zero) set of 3.

3 de Sitter isometries

While the preceding formalism may be applied to a scalar field on any conformally flat
spacetime, we will now focus on the particular case of a (at least quasi-)de Sitter back-
ground. This means that, providing the state is initially de Sitter invariant, time evolution

Note that on Minkowski or de Sitter with (2.37), if i koks = c3(k1, k2, k3) is written in terms of the
magnitudes of k; only (which can always be done without loss of generality using ki + ko 4+ ks = 0), then
Citykoks = C3(—k1, —k2, k3) is the same function with the signs of |ki| and |ko| reversed.
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will produce a state at later times which is also de Sitter invariant. This provides powerful

constraints on the wavefunction and its evolution, which we now describe.

We will work in the expanding Poincare patch, ds? = HZ}UQ (—dn?+ dx?), which is most

relevant for cosmology. Here, the Hubble constant H is the inverse of the de Sitter radius

and the conformal time 7 runs from —oo in the past to 0 in the asymptotic future. First we
will briefly review the generators of the de Sitter isometries and their associated Noether
charges in 3.1, then their simple action on equal-time correlation functions in 3.2, and finally
how they can be implemented directly on wavefunction coefficients in 3.3. While the action
of these generators is well-known near the conformal boundary at n — 0 (where they reduce
to the d-dimensional conformal group), the way that they constrain the correlators and
wavefunction in the bulk is less widely appreciated. Our aim is to describe these constraints
in a similar fashion to our Hamilton-Jacobi equations from section 2, providing a further
set of differential equations which can be used to determine properties of the ¢,, coefficients.

3.1 Symmetry generators
In addition to spatial translations/rotations and dilations,
n—an, X = ax, (3.1)
de Sitter spacetime has an additional d “boost” isometries,
n—=vn,  x—y(x+b- (= [x?)) (3:2)
where v = <1 —2b-x — |b|*(n* - |X|2))_1 )

parametrised here by the constant (d-dimensional) vector b. The infinitesimal versions
of (3.1) and (3.2) are generated by,

D = —nd, —x - Ox (3.4)
K = —2xD + (1° — x%)0x . (3.5)

Transforming the generators (3.4) and (3.5) to momentum space is straightforward (see,
for instance, [34]), and amounts to replacing ¥ — —id; and 0z — —ik (taking suitable care
with products like x - dy),'6

D:d—n8n+k-8k (37)
K = 2D0 — k (> +3}) . (3.8)

5Note that writing x* = (1, x), with the understanding that Greek indices are raised/lowered with 7, ,
these generators

D=—z"9, and K;=2z;z"8, —2°8; (3.3)

can be thought of as the usual time translations and boosts of Minkowski space with the time direction
replaced by t — z/z,.
!8Note that, when acting on a function of |k| only, the boost generator simplifies to,

K= % [2(d —1—10,)0k — k (1° + 0F)] - (3.6)
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Noether currents. Invariance of the scalar field action S[¢] = [ d*x\/—gL under these
symmetries gives rise to conserved Noether currents,'”

0L A - 0L .
0 _ T i
5L R T . ,
0 — "~ K.Idl — 9% I = sl (8§72 — 2 o
T = 5, SRilel =2k, g 5, SKildl (87 =) +2xx)) £ (3.10)

Once promoted to operators (and normally ordered appropriately), these can be used to
implement (3.4) and (3.5) directly on the wavefunction. For instance, dilations in the
quantum theory are implemented by,

QD: :/ (—ﬁxx-ﬁxéﬁx—nﬁx) : (3.11)
and similarly for de Sitter boosts,
Ok, = : / (T (253 - O+ (7 = x*)s, ) b + 2xinHc) - (3.12)

where we have defined the Hamiltonian density, [ d?x Hyx = H, and used : O :to highlight
the normal ordering.

3.2 Equal-time correlators

Equal-time correlators in approximately Gaussian states can be computed either by us-
ing (2.7) to express ¢ and II in terms of A and At as in usual canonical quantisation, or

equivalently by inserting a functional integral over a complete set of field eigenstates,'®

(¥, O[T W) = [ Do w360 |, dj 4. (3.13)

Note that this is not an integral over paths — the ¢ here is a function of spatial momentum
only — but rather an average over all possible field realisations on a fixed hypersurface,
weighted by how likely each is given that the system is in the state W, [n].

Field correlators. For instance, to leading order in the non-Gaussianity (i.e. assuming
weak coupling), the first few equal-time correlators of the scalar field (Z§ are,

(Sd-1) =1 ful? (3.14)
|fi?kl|?§¢|kf23\2 =1 (Chyleoks ~ Cl ko) (3.15)
(DK, Py Py Piy)’

Cl; kokska — Ck — | fie, [224Im c1 1y ke, 201 Che ke ke,
|fk1’2|fk2‘ |fk3‘ |fk4‘2 ( 1K2K3K4 k1k2k3k4) s 1K2 3K4

— ’fkt |22iIka1k3,kt 2iIka2k4kt — |fku |22iImck1k4,ku QZIHI Ckzkgku .
(3.16)

where (O)' is (¥ 77](’5]\11 ) with the overall momentum-conserving J-function removed. Note
that the phase of the wavefunction (the Reck, k,) does not affect these observables —
any observable O[¢] which depends only on ¢ is sensitive only to the magnitude |¥,|?.

" These may be recognised as the components of the Noether stress-energy and angular momentum
tensors (associated to translations and boosts) from Minkowski space, with time replaced by z,z".
'®*Note that this equation is implicitly normalised with a factor of (U, |¥,) = [ D ¢|¥,|>.
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Momentum correlators. While the phase of the wavefunction does not contribute to
correlators of (ﬁ, it does contribute to their time derivatives (much like the rate of change of
the phase determines the velocity for non-relativistic particles). In the Schrédinger picture,
although qAS is not explicitly time dependent, one can form correlators of the canonical
momentum ﬂk — for instance the quadratic correlators are,

(Tpx)' = % + | fel* Re ek, (3.17)
, 1
(I )" = fiP + | ful? Recx—x) (3.18)

and depend on Re ca. Similarly, cubic correlators containing IIy now depend on Re c3,

(Mk, Py frcs)”
oo PP (ol = Gttt

(3.19)

and so on.

However, recall that Re ¢ is due to the damping of the mode functions 0y | fx(n)|. This
results in an additional contribution to the canonical momentum, as can be seen from (2.8).
For example, if |¥,,) was the time evolution of a vacuum state, then the momentum variance
in this state would be larger than naively expected from the Heisenberg uncertainty relation,
APAII = h/2. Due to Re ¢z, the vacuum is effectively squeezed by the time evolution, and
this unnecessarily complicates the equal-time correlation functions of 11.

Removing the damping. Fortunately, this damping can be removed from W, [¢] by
performing the (time-dependent) unitary transformation,

. . Recy_ A A
B(n) = exp (—2/ “2“(77)¢k1¢k2> (3.20)
kiko
which explicitly shifts the momentum,
My (n) := B () B(n) = I — Re cx—x(n)x , (3.21)

for which the quadratic correlators are now (¢Ili) = i/2 and AGAII = k/2, saturating
the Heisenberg uncertainty bound. Once the damping has been removed by (3.21), the
cubic correlators are now simply,

<¢k1 ¢k2 ¢k3 >/

TP fia PP~ (Ceakabs = i) (322)
1 2 3
2\ ([, ¢k, bx,)’ . .
<2> W =1 (Ck1k2k3 + cklkgkg) Y (323)
2 3

2\ % (I, i, i)’ .

(z) W =1 (CklekS - Ck1k2k3) (3.24)
3

2\ =~ -~ -~

(Z> (I, My, ey )" = =i (Ciykoks + Cleykoks) (3.25)
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and are determined solely by Re c3 or Im c3, depending on whether there is an even or odd
number of momenta in the correlator.!” The quartic correlators follow the same pattern,
and are all related to (3.16) (up to an overall normalisation) by substituting Im ¢,, for Re ¢,
when an odd number of the momenta are carried by II's. For the sake of concreteness,
they are given explicitly by,

(2> (T, Prer Pres Prcs)’

. * 2 .
- =— — 2R _k.2¢Im
i ‘ka |2‘fk3 ’2‘fk4 ’2 t (ck1k2k3k4 +Ck1k2k3k4) ’fks’ € Ck kg —ks 4N Csk ks

—| free|P2Re €y kg -k, 201 Ciey kg ke, — | freo | 2Re iy ke ke, 261 Cry ek,
(3.26)

(2> ? (I, My, $xy P, )’

) 2 .
i |fk3|2|fk4|2 ! (Ck1k2k3k4_clt1k2k3k4) _|fks| 2Im0k1k27k3211m0k3k4k5

—| fre|P2Re Cie ey s 2Re Ciykegkey — | fiew | 2R €y 1 ke, 2RE Cley s e,
(3.27)

2\ 3 (I, Ty, Ty, e, )’ . « ,
<> ( T 4> =1 (Ck1k2k3k4+ck1k2k3k4)_’fks’2211mck1k2—ks2ReCk3k4ks

i |fk4|2

—| e |224Tm €1 15 1 2Re Crykegkey — | frew | 2R €y 1 — ke, 26T Ciey e ke,
(3.28)

4
nd ad ad ad . 2 . .
(Z> (T, e, Ty, Thhe, ) = (Caey kokes ks — Gy keokeskes ) — | | 72000 €l ke —1e, 2600 Cley ik,

— ’fkt ‘22’LIH1 Cklkg—kt QZIHI Ck2k4kt — ‘fku |22ZIHI Ck1k4—ku QZIHI ckzkgku
(3.29)

To summarise, once the Hamilton-Jacobi equation of section 2.1 has been solved for
(both the real and imaginary parts of) the wavefunction coefficients ¢,,, they can be trans-
lated straightforwardly into the equal-time correlation functions of ¢ and II.

de Sitter invariance. Equal-time correlators are generally not manifestly invariant un-
der spacetime isometries, because the restriction of a correlation like (¢x, (m1) ... ¢k, (7n))
to “equal times” is not a frame-independent procedure — different observers will construct
different equal-time correlators. However, the underlying dynamics is still invariant under
the isometries, and this should leave some imprint on the equal-time correlators.

To find this constraint, first consider the unequal-time in-in correlator in the Heisenberg
picture, (¢, (n1) ... ¢k, (Mm)). Such an object is invariant under the isometries providing
that,

> Dylldw, (m) .- . dx, (1)) = 0 (3.30)
J

> Kl(d (m) - d, ()] = 0, (3.31)
J

9Tn an approximately Gaussian state, because there is always a linear combination of ¢ and II for
which A|W) = 0, there are only two independent cubic correlators (namely AAAT and AATAT) — this is
consistent with the wavefunction carrying only two independent functions at this order, Recs and Imcs.
At quartic order, there are two new independent functions in the wavefunction, Recs and Imey, consistent
with inserting either an additional A or an additional A" into the correlator.
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where D; and K are given by (3.7) and (3.8) with (n, k) replaced by (ns,ks). Once the
overall momentum-conserving é-function has been removed, this requires that,

0= |(n—1)d zn:(—njﬁanrkj-akj) (D, (m) - - - b, (M)’

n

=Y {Q(d —njOy; + k- Ok;)0k; — Ky (813j + 77?)} (D, (M) - - - Pk, (7)) (3.32)
j=1
which differ from (3.30) and (3.31) only by the scaling weight (—d) of the J-function.?”
Analogous relations hold with any number of qg’s replaced with 11.

Now, since the equal-time limit of (¢, (1) ... ¢k, (7,)) is nothing but the (¢x, ... ¢k, )(n)
given above in the Schrédinger picture, the equal-time limit of (3.32) provides the constraint
corresponding to bulk de Sitter invariance. Since de Sitter boosts involve »_ ;10,0 ,, the
equal-time limit must be taken with care (as this cannot be extracted from (¢y, ...¢x, )
alone) — each 0,¢ in (3.32) must first be replaced with the canonical momentum II be-
fore taking the equal-time limit. This results in the “equal-time” version of the de Sitter

isometries,
((n —1)d — N0y, + Z k- 81((]) (P, - - ¢kn>/ =0 (3.33)
J
Z( (d+ky-0k,) 0k, — kJaﬁJ)(qﬁkl- ok, Qd 1ZGkJ ()W | NG U
J

where we have assumed weak coupling so that II = Q9719,¢ + O(g) in the Heisenberg
picture.

We note for later convenience that when (¢x, (71)... ¢k, (n,)) depends only on the
magnitude of the vectors, k; = |k ;| (which is the case for the two-point and three-point cor-
relators, and also all ¢™ contact contributions), then (3.32) can be written more simply as,

0= (K7 — Kj) (¢, (m) - - - P, ()’ (3.34)

1
where K= ?(d+1—2DJ)akJ+agJ+n3-
J

for any pair (I,J) of fields. The equal time limit of (3.34) (again taking care to replace
Op¢ with II) results in a constraint on (¢, ... ¢k, )(n) which is often easier to implement
than (3.33).

Given a set of equal-time correlators, (3.33) may be used to check whether they were
produced by a de Sitter invariant state. Now, while these correlators can be written in terms
of the ¢,, we will see later in explicit examples that (3.33) applied to just one correlator
(say (¢™)) is actually not sufficient to guarantee that the whole state is de Sitter invariant,
and it can be cumbersome to apply (3.33) to every correlator of both ¢ and II. Ideally, we
would instead have a simple constraint written directly in terms of the ¢, coefficients.

20Note that for K, we have dropped the 1°k term (which vanishes through momentum conservation), and
used the fact that the action of the 0 derivatives on the § function also vanishes by dilation and rotation
invariance (as described in appendix D of [34]).
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While the wavefunction coefficients can themselves be written as an equal-time
correlator,

Cly.. ko (1) < (DK = 0TIy, ... ITy, [ W) (n) (3.35)

involving a field eigenstate (defined such that ngk|¢k = gk) = gk|ox = gx) for all k),
since the different qgk , only commute at equal times it does not seem possible to construct
this state using the equal-time limit of some unequal-time correlator, as we did above for
(Px, - - - Pk, )(n). In fact, we will now use the Noether charges constructed in section 3.1 in
order to implement dilations and boosts directly on |¥,).

3.3 Wavefunction coefficients

Dilation constraints. A dilation acts on the wavefunction as Q p|¥), where the charge
Qp is defined in (3.11). Transforming to momentum space, this symmetry generator shifts
the wavefunction phase by,

or
STy = ~n0yTy + [ G-pp-0p 5" (3.36)
P

P 5¢p .
Written in terms of the ¢, (n) coefficients (taking care to also account for the dp acting on
the overall momentum conserving J-function),

0p Ciy.k, () = <—d — 0Oy + Y ky- 8k1> Cly. ke (1) - (3.37)
7

Note that, crucially, this differs from the way that dilations are implemented on correla-
tors (3.33) by the replacement d — nd, — —n0d,. This will be important when we study
the conformal boundary at n — 0, where 10, acting on a ¢ correlator will give the scaling
dimension A, while 10, acting on a ¢, coefficient will give the shadow weight d — A.

Note that although " ; D contains derivatives with respect to unequal times, since
> On, f(Mism2, -y mn) = Opf(m,m, ..., m) it is possible to write the dilation constraint simply
in terms of Oycy,(n). This can even be combined with (2.16), the equation of motion for
Opl'y, and written directly in terms of wavefunction coefficients,

(5 Hlnt

C
5Dck1.‘.kn —d+ Z <77 kédk{ ) + kJ ak >‘| Ck, .. kn + nm (338)

plus exchange contributions.

Boost constraints. A boost acts on the wavefunction as QK]\I/>, where Qk is defined
n (3.12). Transforming to momentum space, this symmetry generator shifts the wavefunc-
tion phase by,

B I 5rn Kl 5rn ( 0 2) 0T, o

plus terms quadratic in ¢ (which do not affect the wavefunction coefficients ¢, with n > 2).

We have used the Fourier transform of the Hamiltonian density, Hq = [ dix e'U* Hy, to

- 29 —



express X Hyx as OqHqglq=0. Unlike the dilation constraint, which resembles the dilation
operator with ) &, replaced by 9, it is not possible to write the boost constraint simply
in terms of 9,1, since }_ ; Ok ,0,, acting on an unequal-time object cannot be replaced by
a single d, acting on an equal-time object. In terms of wavefunction coefficients,?!

- Ck,— 0
dicerae ) = 3 [2 (1225 10, ) o 0tk | aem ) @D
J=1

plus exchange and interaction terms.

a vacua. Armed with these de Sitter isometries, it is now straightforward to determine
which states are de Sitter invariant. For instance, consider the Gaussian states described
in section 2.1. On a de Sitter background, we can solve (2.9) for cs,

(3.42)

H® 4+ aingM)y, (—k
ck-k(n) =—-Q'H (A _ kn( wHW), 1(—kn)

(H®? + ai?H(l))y(—k:n)

with aif a constant function of k, and v = 1/% — Z—; is the order of the Hankel functions.
The associated mode function (2.13) is,

fieln) = N(R)Q 2 (HD (—kn) + (o) HP (<kn)) | (3.43)

where the overall normalisation N (k) does not affect any observable.??

Specifying an initial value of ¢y fixes ozif, which could in principle be an arbitrarily
complicated function of k. However, if the initial state is to respect the de Sitter isometries,
this uniquely fixes ai(“ up to a constant. For example, in the asymptotic past, n — —oo,
invariance under dilations requires that 8kozi? = 0 (independently of Hiy, which becomes
unimportant in this limit). Since rotational invariance restricts ai to be a function of
k only, this shows that the only Gaussian states which are de Sitter invariant can be
parametrised by a single complex constant, a'™. These states correspond to the well-known
a-vacua, originally derived in [42] from studying properties of two-point Green’s functions.

Anomalies. For particular values of the scalar field mass, the interactions can persist
until late times and lead to divergences in the wavefunction coefficients. This requires
renormalisation, and in particular the renormalisation of the boundary term in Noether’s
theorem leads to additional (anomalous) contributions to the above Ward identities as

2'Note that if the coefficient is a function of the |k;| only, then this simplifies to,

— k _
bicersi ) = D 2 2 (Tt — 1) 0, 4+ ka0R, | et () (3.40)

J=1

plus exchange and interaction terms.

22By this we mean that the physical wavefunction coefficients, ¢,, only ever depend on ratios of mode
functions, fk(n2)/fk(n1), and their derivatives. Of course, when writing expressions like (3.14)—(3.16) in
section 3.2, we have assumed that fi is normalized as in (2.12) in order to simplify expressions. Un-
less stated otherwise, we will always choose N(k) such that the commutation relations are canonically
normalised (2.12), and such that |k| = —|k| when aj® = 0, as in (2.37).
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1n — 0. Unlike on Minkowski spacetime, where the only such divergences arise from loops
(from the momentum p — oo limit, in which the theory breaks down), on de Sitter space-
time these divergences can arise at tree level (from the late time n — 0 limit, in which the
volume element diverges). We will discuss this subtlety further in the next section, where
we study the behaviour of the bulk coefficients ¢, (n) in the limit n — 0.

4 Locality and analyticity on superhorizon scales

We will begin this section by describing how the de Sitter isometry conditions in the bulk
(given in section 3) become conformal Ward identities near the boundary — this is the
essence of the recent Cosmological Bootstrap program [30-33] (see also [25-29]).

Then in section 4.2, we discuss how the bulk wavefunction coefficients may be expressed
as a power series in 7 near the boundary at n = 0, assuming some generic value of the
scalar field mass. We refer to the coefficients in this series as “transfer functions”, since
they are the objects which propagate the boundary data into the bulk spacetime. For
local interactions, these transfer functions are analytic in the momenta of the fields outside
the horizon (i.e. for every |kn| < 1), and only once |kn| exceeds one do they develop
non-analyticities (such as a 1/k7 pole in the total energy). This can be summarised by
saying that, once a boundary value ¢,(n — 0) = «, is specified for the state ¥, _,o[¢], the
resulting bulk wavefunction coefficients cx, . x, () have non-analyticities in momenta due
to the following three sources,?

(a) From non-analyticities in the boundary value of the wavefunction — this can be
interpreted as non-localities in the initial state (for instance, imposing the Bunch-

Davies initial condition in the far past produces non-analytic «,, at late times),

(b) From non-analyticities in the interaction Hamiltonian — this would be due to the

presence of non-local interactions,

(c) From the resummation which takes place in the transfer function once |kn| ~ 1 for a
particular mode — this can be interpreted as the field beginning to oscillate.

We will also find that in particular cases (in which v is rational) this series solution be-
comes ill-defined, and this signals the presence of divergences which must be renormalised.
This is discussed systematically in section 4.3, first by renormalising the boundary condition
for W, _,o[¢#] (analogous to the usual renormalisation of the boundary value for ¢(n — 0) in
holography), and then from the viewpoint of boundary operator mixing (analogous to the
usual renormalisation of composite operators in flat space QFT).

Throughout this section, we will allow for the n fields which multiply ¢,(n) to have
different masses (conformal weights), since this both achieves a greater level of generality
(the results apply to any number of distinct scalar fields) and also makes the origin of
various terms clear notationally.

23 At tree level, this seems to exhaust all possible sources of non-analyticity. Further non-analyticities can
develop once loop corrections are included.
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4.1 The conformal boundary

Near the 7 — 0 boundary of the expanding Poincare patch, the de Sitter isometries (3.4)
and (3.5) become conformal symmetries,

Dj — d—Aj+kj- 0 (Dil.) (4.1)
K; — 2(d—Aj+kj ) — ko, (SCT) (4.2)

namely dilations and special conformal transformations?* (SCT). These symmetries pro-
vide a set of Ward identites on the wavefunction coefficients which uniquely determine
the two- and three-point function (up to constant coefficients), and which can be used to
bootstrap four (and higher) point functions. We will now show how our bulk constraints
on the ¢, (n) from de Sitter dilations (3.38) and de Sitter boosts (3.41) are related to these
conformal Ward identities.

Free evolution. First, let us ignore the effect of the bulk interactions and consider
the free evolution given by (2.4). Given an initial condition for the wavefunction at any
time, the resulting wavefunction coefficients are cy, . x, (1) o a2 1 /fi, (1) - - fi, (). The
operators dpc, and dkc, defined in (3.38) and (3.41) have the interesting property,

ol ,
v kY ) LSEn 7 —|—d Atk in .
Ui () - K i, (n)OD lk?fkl(n)--%fkn(n)] +;( Itk 5’kJ)] ok, (44)
v v ai{ﬂlmkn _ 0 2 in
)i lkml (). (?7)1 2 280 416700) gy K0k o,

(4.5)

since the mode functions are themselves eigenstates of D and K. While dp and dk are
explicitly n-dependent, they reduce to the conformal constraints from dilations and SCT
when acting on o, which has the conformal weight of a correlator of primary operators?®
each of weight d— A ;. This shows that de Sitter invariance of ¢, (n) in the bulk is equivalent
to conformal invariance of the initial condition ai, regardless of the timeslice on which o
is specified (it need not be the boundary condition at n = 0).

Once interactions are included, this need no longer be the case, since ¢, (n) is now gen-
erally a more complicated function of time and the operators dp and dk acquire additional
terms in Hiy. However, in the limit n — 0, providing the interactions turn off sufficiently
fast, one recovers the conclusion that ¢, (n — 0) is de Sitter invariant only if the boundary
value o, (now supplied strictly at n = 0) is conformal.

24When acting on a function which depends on the |k| only, the action of SCT simplifies to,

k.
K — é [2(d = 1 — A))0k; + k;07,] - (4.3)

25Recall that an overall momentum-conserving d-function has been removed from oy, ...k, , so (4.4) really
does correspond to Z], D; with d — Aj in place of Aj.
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Boundary coefficients. Near the conformal boundary, we have the following scaling
with time,

1 Ay 1
Ckyk, ~ —=—— and nex,x, = ——~7—=+... and Hipnw~V—-9=—F7>
' I T (=Hp)! (—Hn)4H

(4.6)

where we write the momentum (and conformal weight) of each of the n fields multiplying
cn as ki (and Ayp), ke (and As)..., k, (and A,). Providing > ; Ay > d, the interactions
become subdominant as n — 0. Consequently, the bulk dilation constraint (3.38) and bulk
boost constraint (3.41) become at late times,

lim Opciey..e, (1) = | —d + > (Ay+ky- 3@)] Cky. ke (M =0), (4.7)
J

Jimy OK iy ke () = D {2 (As+ky-Ok,) 0k, — kJaﬁJ} Cky. ko (1 =0), (4.8)
J

and coincide with the action of dilations and SCT in a d-dimensional CFT correlator (of
operators with scaling dimension d — A ).
Given (4.6), the limit lim, g ck,. k, () is not regular. Instead, we will define the

boundary value of the wavefunction coefficient via,?%
= lim [(=m)2=s 27
o = lim ()20 2 ()| (4.9)

The coefficients oy, . x, must then obey the conformal Ward identities (4.7) and (4.8),
which can be used to determine which boundary conditions for the wavefunction respect
the spacetime isometries.

Although (4.7) and (4.8) are themselves well-known, to the best of our knowledge the
bulk analogues (3.38) and (3.41) are novel — the fact that (3.38) and (3.41) reduce to the
expected conformal Ward identities as n — 0 is an important sanity check.

Anomalous Ward identities. Before moving on to discuss the late-time limit of the
cn, coefficients in more detail, we must highlight an important caveat to the conformal
constraints (4.7) and (4.8). In section 4.2, we will encounter divergences in the late-
time limit of the wavefunction coefficients — these divergences can be renormalised via a
(formally singular) redefinition of the boundary condition for the W,_q (the «,, in (4.9)),
as we will describe in section 4.3. This can be viewed as a Boundary Operator Expansion
(BOE), in which the bulk operators gig and II are rewritten in terms of boundary operators
@ and & — the coefficients of this expansion depend on both a small regulator (e.g. 6 = d—3
in dimensional regularisation, or a hard cutoff at time 7s) and an RG scale p, introduced
for dimensional consistency. The renormalisation thus introduces anomalous terms into
the conformal Ward identities, through this new scale pu.

26The scaling (4.9) will also emerge naturally in section 4.3 when we express the bulk operator g% in
terms of the boundary operator ¢. Since lim,_o ((b/(—n)A) = ¢, the a,, are naturally the wavefunction
coeflicients of ¥, —o[p].
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This is best illustrated with a simple example. Consider the cubic wavefunction coeffi-
cient of conformally coupled scalars (which we discuss in more detail in section 5). Setting
ol = 0 and o' = 0 in the past (i.e. Bunch-Davies initial condition) produces a boundary
coefficient,

1 .
Oykoky X 37— = log (ikr) (4.10)
where kr = k1 + ko + k3. This function is perfectly invariant under d-dimensional dila-
tions (4.1) (recall that A =1 for a conformally coupled scalar),

Dy dim. [0k 10k3] = (d +3+> ky- 3kJ> Qi koks = 0, (4.11)
7

however once the divergence is subtracted and d — 3, the resulting (finite) a3 is not
invariant under 3-dimensional dilations,

)| =Sk o s = 120, @)
J

D3 dim. Llllig <ak1k2k3 ~34

In general, the 3-dimensional dilations acting on a regulated a,, will pick out the residue of
the 1/(d —nA) pole. The discrepancy between (4.11) and (4.12) can be understood simply
by noting that, in d dimensions, the coefficient oy, k,k, has a mass dimension [a3] = d — 3,
and so simply subtracting 1/(3 — d) is not dimensionally consistent. Rather, we should
define,

3—d

where 4 is an arbitrary scale introduced on dimensional grounds. This renormalised co-

d—3 .
QP (1) = as — 1 — log (”:7) +0d-3), (4.13)

efficient now satisfies D3 qim [o3] = —pdua3, and we interpret the right-hand side as an
anomalous contribution to the dilation Ward identity.

In general, the a,, satisfy the anomalous form of the Ward identities,?”
[—d + Z (Ay+ky- 8kj)1 a x, = An (4.14)
J
> 285 kg 0k,) O, — kg, | @l = = Y 20k, A, (4.15)
J J

where A, is a known function of the a; (e.g. Az = pud,as in the above example).

4.2 Analyticity from locality

Now we turn our attention to the behaviour of ¢,(n) at small n, close to the conformal
boundary. Given a boundary condition for the state W,—q (i.e. a set of a;, coefficients),
obtained for instance from a conformal bootstrap approach or even from a direct measure-
ment of the end of inflation, what does that tell us about the bulk evolution? To answer
this question, we will now solve the equations of motion for the ¢,(n) perturbatively at
small 7, beginning with the quadratic coefficient ¢y in the free theory. Throughout this
section we will work in units in which H = 1, so that e.g. 2 = 1/(—n).

2"See e.g. [43] for a careful derivation of the anomalous contributions to the conformal Ward identity for
3-point correlators in position space.
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Mode functions. The classical equations of motion at small n enforce either fi(n)
(=) or fr(n) o< (—n)4=2. Choosing (—n)® (which dominates for light fields since A <
d—A), the classical equation of motion then has a series solution, fi(n) o (—n)*F_,(—kn),
where F_, is an analytic function?® of both 1 and k,

oo _A\—T o 2r _
Foli) =3 é fl — ( ]:f]) —2r(1 — mm. (4.16)

The other boundary behaviour corresponds to the solution (—7)?"*F,,(—kn), and so the
general solution for the mode function is given by,

fieln) = N'(R) (=)™ (F(km) = ade(=m)* Fyo (k) | (4.17)
where N'(k) is an overall normalisation that does not affect any observable, and ay is a
constant function of the momentum which must be fixed using the initial condition for
TU[¢]. Near the boundary, fi(n) o< (—n)> + ax(—n)*2, and so physically ay is capturing
the subleading 7 dependence at late times.?’

(4.17) already exhibits a very general feature: when written in terms of the data «,, at
the conformal boundary,® the coefficients in this expansion are analytic functions of the
momenta at small i (for |kn| < 1) and only develop non-analyticities once |kn| > 1 and the
mode crosses the horizon. This behaviour is not manifest if the initial condition for ¥[¢] is
supplied in the bulk, for instance comparing (4.17) with the de Sitter mode function given
in (3.43), we see that oy is related to aL“ by, 3!

ik* 14 ogte ™ g2l
(1—e¥™) 1+4ald T@WIr+1)

ax = (418)
The Bunch-Davies initial condition, for instance, sets ay o< ik2, and this introduces non-
analyticity®? into fi(n) (since k = vk - k is not analytic in k).

Quadratic coefficient. Analogously, (2.9) fixes the small 7 limit of cx_k(n) to be either
A/(—n)? or (d — A)/(—n)%. Choosing A/(—n)? results in a series solution c_y(n) =
(—n)~ e in which ¢S is analytic in both 7 and k,

series _ (—]“7)2 (—kﬁ)4
ko () = A+ 200 —1) +8(1/—2)(1/—1)2 + ...
_ Ji—v(—kn)

that coincides with Q%d,F_,/F_, of (4.16).

Z8Note that the series F_,(kn) = oF1 (1 — v —%k:an) can also be written in terms of a hypergeometric
function, which makes the analytic structure manifest — we have used a Bessel J function in (4.16) to
make contact with the Hankel mode functions of (3.43).

20One can therefore relate ay to the conjugate momentum for ¢, since it is well-known holographically
that the coefficient of the (—n)¢~* mode is conjugate to the coefficient of the (—n)* mode.

30Neglecting the overall normalisation, (4.17) obeys, fkg,,fﬁ oc 2ivIm (ag) 2'7%, and so when expanding
around ax = 0 the commutator [QAS, f[] vanishes and fluctuations behave classically.

*INote that the overall normalisations are also related, N'(k) = —N(k)£2"e""I'(v)(—k) ™" (1 + (aif)*)

32Pixing oy is essentially integrating out the conjugate momentum, which leaves behind an effective
description of ¢ dynamics which contains non-analyticities.
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While cSerles (— n)d is a particular solution to the Hamilton-Jacobi equation,
d ke ies') 2 2, .22
—(=n)*noy, ((—n)d> = (cfffll‘iS) — (m + k“n ) , (4.20)
there is also the freedom to add to cx_y any solution of
—10pck—x = 265 e 1 + (=) (ck-x)? (4.21)

which depends on the Hamiltonian only implicitly (via cff“es) This corresponds to the free-
dom to add (—n)42F, to our solution to the classical equations of motion. In particular,
for the mode function (4.17), the corresponding wavefunction coefficient is,

) Kk initial
(=) (=227
where oy can be determined by specifying an initial condition for cx_k, and the function

initial
e (

ck—x(n) = ), (4.22)

7)) can also be written in terms of analytic functions as,

1n1t1al Z Oé 21”1/[(”')( ) (423)

where the functions I ,gr) (n) are analytic in both 7 and k,

) 1 F_,_l,)r
R ( ) (4.24)

This leads to the resummed, cittal = 1/F_, /(F_, — oy (—n)? Fy,). This resummation can

be represented graphically,?® as shown in figure 3.

Cubic coefficient. We can represent the transition from boundary ., to bulk ¢, graph-
ically for any non-Gaussian wavefunction coefficient. The simplest of these is the cubic
coeflicient. Anticipating the resummation of the «y series for the external lines, we first
define a new coefficient,*

3

Ckikoks = Ckikoks H (F—u(kﬂ?) - akj(_n)ZuF-‘rl/(kjn)) (4.26)
j=1

such that ¢y, k,k, coincides with cy, k,k, near the boundary and depends at most linearly
on any single ay,,

3
~ Oék1k2k3 5Ck1k2k3
Ck1kok = ——x T Ckkok =0+ - S— Qg
1ka 3(77) ( 77)3A 1ka 3(77)‘04 p;l 5ak1 oo K
3 3~
628 Kok 0°Ci ok
— TKI1XK2K3 1K2K3
+ Z Sor o g, Ok, + S o o Qi O, Ok (4.27)
perm. Ok, 00k, 'a=0 Ok, 00k, Ok 'a=0

33The reason that it is factors of Fy,/F_, which appear on the red internal lines of figure 3 is that,
20 Fp (k) / dn _ 2v(-n)*
- R AN V— 4.25
SR 2t ) Rl B o o ) (429

where the right-hand side is an integral over all time of the ax = 0 propagator, 1/F_,F_,.
34Note that this is simply (—n)73A0£1k2k3 for the mode function (4.17).

~ 99 —



c2(m)
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o Fiy(m)  Fv() Fiy(n) ()
v ) Fo) F-,(n)
= /\ /\ /\
P R n=0
(4%} a a2

r + 1 insertions

Figure 3. Adding a quadratic ap¢? to the boundary wavefunction (at time n = 0) affects the
two-point coefficient cz(n)¢? at a bulk time 1 via the resummation shown above. This is analo-
gous to a mass insertion, m2¢?, shifting the propagator from 1/p? to 1/(p? — m?) in a standard
Lorentzian QFT.

where |,—p denotes the function evaluated with all ,, = 0. The 7 dependence of ¢3 is

now encoded in the various transfer coefficients 6™¢;/ 504}1‘ . For instance, for the cubic
a=0

interaction My = Q41 %1)3(#3, the corresponding coefficients are,

(=) G kates (M) om0 = V3T 506, (1) (4.28)
(=) 061,10k5 (1) A
(_77)2V1 (50[1(1 a=0 - v31k1k2k3 (77)
(—U)d 625k1k2k3 (77) N ( )
(_7])2”1+2V2 50&1(15011{2 a=0 U34k, koks \]
(=n) 3% C1c; eolegkeq (1) I
2v1+2v2+2 = 0303 leyie, (1)
(_77) vit+2avat+2vs 5ak15ak25ak3 a=0 1koks

where the functions Z;})21* are analytic for |k;n| < 1, and straightforward to write down
by solving (2.27) with mode function (4.16),

1020 1 (—n)? K
Bl ) = 5= A7 S AT =72 2= Ty, 1)
+ (=n)* Z k]4 +Z k‘?k‘]z/
YA —d 4\ 5 32(05v;—1)(o5vy=2) 5 16(0jv5 = 1) (o4 —1)
+0O(k5n°). (4.29)

where A;E =91y (so A7 = Aj and Aj = d — Aj). The main virtue of the expan-
sion (4.27) is that, since the Z')**(n) are analytic in the momentum, locality of the
interaction Hamiltonian (i.e. that v3 is an analytic function®® of the k;) translates directly
into analyticity of the transfer coefficients given by (4.28).

350f course, for a local interaction which is also de Sitter invariant, vz will depend on 7 through the
combination Q7 2k; - k;. This does not affect our argument, since any polynomial dependence on 7 can be
incorporated into an analogous Z! /" (1) object by shifting the location of the poles in (4.29) (but this
will not change the analyticity of Z in the momentum).
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Quartic coefficient. Next, we move on to the quartic coefficient, ¢4. Again anticipating
the resummation of the oy series for the external lines, we can define,°

4

Cierkakaka (1) = Cheykeoksks | | (F—v(kjﬁ) - akj(—W)ZVF+v(kj77)) (4.30)
j=1

— (=) sk 1, Cugteate. P (s) (P (kom) = g, (=) P (eom))

which coincides with ¢k, k,ksk, (1) at small 1, and has an analogous expansion to (4.27)

which is at most linear in any particular ay,. A few of the relevant transfer functions are

shown graphically in figure 4, and are listed below. As with the cubic coefficient, the quartic

transfer functions can be written in terms of manifestly analytic functions Zy 217" (n)
. . . . 010205|0304+ . .

(which describes the contact contribution) and Ikllkz—llsfk34k4k5 (n) (which describes the

exchange contribution). While Zy7! 2737 (1) is given by (4.29) (where the sums now run

from 1 to 4), the exchange contribution is captured by,37

1
IgngUS|U4U4+ (n) =
aletlellaldle T (L AT —d— (04 + Dva) (AT + AP + AT — d)

—ksn)? —kan)? —ksn)?
420333n21) + 4%0’41;1477*)1) + 51(’/317%)

(SLLAT —d— (0, + 1)y +2) (AT + A2 + AT — d)

(—kim)? (—kan)? (—ksn)?
oD T Toaro—1) T Tlowr,—T)

+
(S A7 —d = (os+ Dy +2) (AT + AP + AT — d +2)
+ O(k*nh) (4.32)

where Ag = % — vy is the weight of the exchanged particle.

In terms of the analytic Z functions (4.37) and (4.32), the transfer functions for ¢4
under the interaction Hamiltonian My, = Q94+ (%v;;gbg + %v4¢>4> are given by:

e The term which is independent of the «a,, boundary conditions is,

d~ o
(=1) iy kaksks (M) a=0 = 4Ly 11, ()

————— +
+ 03 Ik1k21k3|k3k4ks (n) + 5 perm. (4.33)

36Note that this is the analogue of (—1) ™% Ci,k,ksk, for the mode function (4.17).
37This follows from solving (2.32) at small 7, using the relation,

/@ 2v(—n)* (—=n)*" Fy, (kn)

n (F-v(kn) — Oék(—T])Q”F_;,_V(k’r]))Q - F_,(kn) — ar(—n)2* Fi.,(kn) ) (4.31)

in place of Q' ™4/ fi fir = iy [fi/ fi):
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Gy kokaksy G, koksksy

Ckykoksk, wmo = + + perm.
n=20 n=20
_ -—— == 2 q—— — |-—-+
Va 7k1k2k3k4 + U3 jklkz—ks|k3k4k5 + perm.
Ckyk,ksk,
n n
k3
80k, k,ksk ke ks
1828314
—_— = + erm.
Sakl ky Vs + p
kq
n=0 n=0
ak, e,
_ +- - - 2 4t — — |- -+
Va iy keykesks + U3 ‘7k1k2—ks|k3k4ks + perm.
Chykoksks
n
5Ek1k2k3k4 k, K3 V3 ky
—s = + perm.
5aks
ks
= n =20
(st
_ 2 a— =+ |- -+
V3 Ji ky—ky |kskyk, T PETM.
Ciykoksky
X 0
~ k.
N )
—t . = b Lk Ks + perm.
Ot k, —k, Sy
n=0
Ok, k,—Ks ak,
_ -+
= U3 7k3k4ks + perm.

Figure 4. Diagrammatic representation of the wavefunction coefficient éx,k,k,k, () and its depen-
dence on the boundary wavefunction coefficients ax, . x, at n = 0.
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e The dependence on the quadratic initial condition, «y, is given by,

(=) 011k (1) T )
(—n)?1 dau, a=0 UL ke legies (1) + 03
(=) Strakska ()| _ 2= H=—+
(_77)21/5 50[1(5 a=0 3
(_n)d 526k1k2k3k4 (77) . 4 2
(=)t oy bag,  la=0 Vel icientes (1) + U3
(_77)d 525k1k2k3k4 (n) _ o2 I+7+|77+
(—m)21 2 Say bag,  la=0 O

and so forth — just as for the cubic coefficient, each of the ay,, ...

e
Ly kK kakaks

kiko—ks|kskaks (n) + 5 perm.

TH-l=—+
kiko—ka|kskaks

kiko—ks|kskaks (n) + 5 perm.

(n) + 5 perm.

(n) + 5 perm.

(4.34)

, 0k, may only ap-

pear once in any term, and now there may further be an additional ay, or ay, or oy, .

e The cubic initial condition, ay,k,k,, contributes in only three ways,

(=n

JAr+Aa A, Dklokal (1)

00k, Ky ks

(—n)A1+B2H8s 58 111, (1)

(—n)2vs

(_n)A1+A2+As

5ak1k2—k35ak3

0Ck, koksky (1)

(_n)ng +2v4

(5041(11(2_1(5 5041(3(5041(4

— T
a0 ”3Ik3k4ks (),

plus terms related by permuting the external legs.

(4.35)

e Finally, we have a new initial condition, ay,k,k;k,, Which appears as a single term in

Cikikoksky >

(=n)

12 9% ko kakks (1)
00 koksky

just like the first term in (4.27).

o=

_1’

(4.36)

Since all of the transfer coefficients have the form v; x Z, where the Z functions are

analytic outside the horizon, we can again conclude that locality of the interaction Hamil-

tonian (in this case analyticity of both vs and v4) is translated into analyticity of the ¢4

transfer coefficients. The same procedure can be carried out for any ¢, wavefunction coef-

ficient, and although we have focused on interactions of the form ¢™ the same conclusion

can be reached for more general interactions which also contain II (this requires defining a

new Z object in which a 0,F_, is used in place of F_,, but otherwise proceeds as above).

Locality of the bulk interactions guarantees that the transfer coefficients which relate é,(n)

to a,, on superhorizon scales are analytic functions of the momenta.
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Horizon crossing. As |kn| approaches unity, the series solutions for the transfer coeffi-
cients must be resummed. Formally, this can be done using integrals over products of the
Bessel mode function, resumming (4.29) and (4.32) into,

Ul On K dT] d+Z A Z / /
ORI Frun (k1)) - Foy (k) (4.3
0o n 77
090s|oa0 n dn” Ag A As
Iﬁikiijkflih (n) :/0 W <77> 03V3(k377 ) U4V4(k477 )F+l/s (ksn”)
" dn —d+AT +AJZ AT
X /0 77/ < n ) Foiu, (k177 ) Foa0, (k277 ) Eo v, (ksn,) )
(4.38)

where again we have used A;E =4+ (s0 A7 = Aj and Aj = d — Aj). While these
expressions are not particularly enlightening for general v, in section 5 we will see particular
cases in which these integrals can be performed and the transfer functions extended to
|kn| > 1 and into the horizon.

Method of regions. One useful feature of (4.37) and (4.38), even if they cannot always
be evaluated explicitly, is that they allow us to infer properties of our transfer functions
in the deep subhorizon limit, |kn| > 1. We do this by dividing the integration over n
into a number of regions, determined by the momenta. For example, consider the quartic
coefficients Cx, k,k;k,, Where the arguments have been ordered so that k1 > ko > k3 > ky.
The 7 integrals in the transfer function can be written as,

n —1/k1 1/ko 1/ks —1/k4 n
/ dn = / / + / / + / dn’, (4.39)
0 0 1/k1 1/k2 1/ks3 —1/ky

and in each region a different approximation for the mode functions may be used. If ||
is smaller than 1/k;, then the analytic expansion (4.16) is used, while if || is larger than

1/k; then the asymptotic expansion, 3

(=) Fy (kn) o n( o e””e‘““") : (4.40)

is used.
Focussing on the final region in (4.39), in which |n| is much larger than any momenta

and we can use (4.40), we see that each Z7//21** (1) will contain,

U

zn > [ dn(ony i Y detbeieiian )
T o=+
J

and therefore in d = 3 will generically develop poles in 1/ 37, k;, as well as all other folded
configurations (ki + ko +ks — k4, k1 + ko — ks — k4, etc.), when we transfer from the boundary
to deep inside the horizon. While the transfer functions are analytic outside the horizon

38Strictly speaking, one requires |kn| > |1/2 —1/4] in d = 3 dimensions to use this expansion, but for light
fields we can safely treat the right-hand side as an order one number.
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for local interactions, non-analyticities inevitably develop once |kn| > 1. This argument is
somewhat heuristic, since we have neglected the other regions in (4.39), but nonetheless
we will observe precisely this behaviour in explicit examples in section 5.

The above discussion has assumed generic values of the conformal weights A;. How-
ever, note that for particular values of >>; A; and d there are simple-pole divergences in
both Z,J " and Zp (o
We will now show how these can be systematically renormalised.

ity (the integrals which determine the transfer coefficients).

4.3 Renormalisation of the boundary wavefunction

In addition to the manifest analyticity, another advantage of expressing the wavefunction
coefficients in terms of the transfer functions is that the structure of boundary divergences
becomes clear. The integrals (4.37) and (4.38) have simple poles at particular values of the
scalar field masses and spatial dimension d. We will now show how these can be removed
in a systematic way by renormalising the wavefunction’s boundary condition.

Types of divergence. Let us begin by listing the various kinds of divergence we may
encounter at the boundary. Beginning with the contact integral (4.29), we see that this
leads to two qualitatively different kinds of divergence in the transfer functions. Firstly,
the Z, ") contain divergences when } 7, A; = d — 2 (for any positive integer (), as can
be seen from (4.37). Adopting the language of [43], we will refer to this as an wultralocal
divergence. Secondly, there is an analogous divergence in Ilj;:ié; when d—A;+377 5 Aj =
d — 2¢ approaches zero. Again following [43], we will refer to this as a semilocal divergence.
I;rl i;::'k; and the other functions in (4.37) are finite for light fields*® in any d since 0 <
A<d/2,s02d— A1 — Ay + 2?23 A; is always greater than d (and can never approach a
pole at d — 2/).

Moving on to the simplest exchange integral (4.32), we find the same ultralocal and
semilocal divergences, plus a new kind of divergence which appears only in I{:ﬁ;ﬂi 3&?):41(5,
when Z?:l A?j = 2A; — 2¢, where Ay is the conformal weight of the exchanged field.
Since this kind of divergence can appear only in 4-point correlators and higher, it does
not appear in the 3-point analysis of [43]. We dub these ezchange divergences. In higher
n-point correlators, there are triple integrals, quadruple integrals, etc., and it seems that
at each order new exchange divergences are introduced.

We will not attempt a systematic classification of all such divergences here. Rather,
we will focus on the ultralocal and semilocal divergences stemming from the contact in-
tegrals (4.37). We will first show that both types of divergence can be dealt with by
renormalising the boundary condition at the conformal boundary, and then further show
that this is equivalent to performing a Boundary Operator Expansion to replace the (sin-
gular) bulk operators with (finite) boundary operators.

Ultralocal divergences. An ultralocal divergence appears as a 1/d,, pole, where d,,, =
> 7=1A; —d+ 2¢. This kind of divergence can be removed by renormalising a single

39By ‘light’, we mean that they belong to the “complementary series” of de Sitter representations.
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wavefunction coefficient,

7671[

A" = o = E Pr(ly) (442)
n

where Py is an analytic polynomial of degree 2¢ in the momenta, and g is an arbitrary
scale introduced on dimensional grounds. For instance, the example of three conformally
coupled scalars from (4.13) corresponds to > ; Ay = 3 in d = 3, which gives £ = 0 and so
Py = 1 is a simple constant. More generally, from our expression (4.37) for the integral
Ilzll:::li: (which determines the transfer function for any v,¢™ contact interaction), we see
that an ultralocal divergence in &, can indeed always be removed by (4.42),

Cn on + Lk, O (aj<n)

( )Z A ( 77) ki..kn j<n

Qn Un (=kn)**
)Zj A; T (—n)Zj INTETEN I W

= lim
§p—0

+ finite
(—n

ren

+ vn(—kn)?* log(—np) + finite,, (4.43)
g
where we have used (—kn)zg to represent a polynomial of degree 2¢ in the k; (i.e. the coeffi-
cient at order (—n)% in (4.29)). In fact, any interaction (not only ¢™) can be renormalised
in the same way, by choosing the function Py, in (4.42) appropriately.

Semilocal divergences. A semilocal divergence appears as a 1/4!, pole, where ¢/,
] 9 Aj — Ay + 2¢. This kind of divergence can only be removed by renormahslng an
infinite number of wavefunction coefficients, starting at order n,

Ak, = Ok Z PP Pyy(p; ko, ... kn) (4.44)
perm. n
Ok k
afin Kknt1 = Oki.knit + Z 15,2 pPQZ(p; ks, ... 7kn+1) ,
perm. nt
k.. .k,
affln kon—2 = Ok .. kon_2 + Z 1/711)P) ( p,k ny - -7k2n—2>
perm. nt
+ Z — 2 Poy(p; ki, - .. kn—1)Poe(—P; K, - Kon—2)
perm. né
where the Pyy(p;ky ..., k,—1) are again polynomials of degree 2¢ in the momenta, and we

adopted the convention that p = Z" ! k; is always set to be the sum of the remaining
n—1 arguments. Taking n = 3 and focussmg on the 65, divergences found in our ¢, transfer
coefficients above, we can see explicitly that (4.44) (with Py a constant) has the effect of

. y . I o10203|—
removing the 1/d5, divergence from Ty iepksk, and from every Ty o ks|k3k4k , and also the
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double pole from II;I{:‘—kS |J123k4k5. In fact, this tower of redefinitions (4.44) coincides with
a particular redefinition of the field ¢, (with conformal weight A1),

Pyy(ki; ko, ..., ky)

o1 — 1+ G2...On. (4.45)

In section 5 we will study an example of this kind of divergence, namely the three-
point coefficient of a massless field (which requires performing (4.45) with n = 3 and ¢ = 0).
Another example of this kind of divergence is the two-point coefficient, «s, which always
exhibits an ¢ = 0 divergence since (d — A) + A = d. In this case, n = 2 in (4.45) and all
that is required is a rescaling ¢ — Z¢. We will show below that this is most easily done
using a hard cutoff, namely ¢ — (—n5)2¢ (which is the familiar renormalisation of the
boundary value routinely used in holography).

When the initial condition for W is provided at the boundary, 7 = 0, then renormal-
isation can be carried out straightforwardly by shifting the «,, coefficients as in (4.42)
or (4.44). On the other hand, when the initial condition is provided in the bulk (e.g.
Bunch-Davies vacuum in the past), then the renormalisation must be carried out at the
level of the operators quS and II. We will now describe how this is done.

Operator mixing. On the boundary, we have a set of local operators, namely ¢, its
momentum # and their descendents, k%@, k%%, .... When the bulk operator Qg(n) (and its
canonical momentum f[(n)) approach the boundary, we must specify how it is mapped onto
the boundary operators.?® This mapping is known in the CFT literature as the “Boundary
Operator Expansion” (BOE), and in general takes the form,

. Abulk Abound
%g% O (n) = EJ: Zij (’)joun oy, (4.46)
Since this limit is singular, it requires a small regulator, 6. The BOE coefficients Z;; then
depend on this regulator in a way which is fixed by the isometries. For instance, in the
free theory with a hard cutoff at 7s, the BOE is,

liny [fn()’m — Zoobt+ Zow(—np)h (4.47)
lim [ (=) TI(n)] = Zuie# + Zungl(—n5) " (4.48)

where the scaling weights are [¢] = A and [#] = d — A, and we have used scale-invariance
to write the Z;; as constants (multiplying the appropriate power of §). The commutation
relation,

~

ZWZHTF — ZgnZ11p

[P, 7] (4.49)

4ONote that we have switched to the Heisenberg picture for the field operators for notational convenience.
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is canonically normalised providing Zy,Z1ix — Z¢xZn, = 1. The quadratic correlators are

given by,
(pp) = ! (an ~ Zgn (—75) Re 02(775)) (4.50)
2(—ns)?ATm c2(ns)
. i oy (ZspZtin + ZppZrip) (—1s) " Re ca(ns)
) =—2+ (-

2
o, Zin Z11p + Zop Zon ((—m)dRe 02(775))
2(—ns)2ATm c2(n5)

2
»y (Znso — Zpp(n5)"Re 02(775)> Lz (—ns)%2Tm co(n;5)
2(—n5)?ATm ca(n5) o¢ 2 .

—(=ns)"

Note that since Recy ~ A/n? and Imey ~ 1/n*2, these are finite providing we fix
Zny = AZy,. The subleading Z4, parameter may take any value,*! and we choose,

Zoo =1, Zpn=0, Zup =1, Zuy=A, (4.51)

which corresponds to the definition ¢ = (—n5)2@ in the free theory. This is the reason that
the rescaling (4.9) is necessary to translate c,(n) (the wavefunction coefficients of ¥, [¢])
to a, (the wavefunction coefficients of Wy[y]).

In an interacting theory, there can be further non-zero Z;; coefficients. For instance,
whenever 377 1 Aj = d, or equivalently d — Ay =377 5 Aj, we can have mixing between 7

and ¢,
lim (77 ~Iy, (n )) = A(=n5) " i, + 7k +an_l/ QK0 Zk (4.52)
a0 1 1 1 nl kg...kn n

because Zyy»-1 is no longer constrained to be zero by scale invariance. This occurs precisely
when d,0 = 0, corresponding to the ultralocal type of divergence. The effect of this mixing
is to introduce an additive counterterm in the boundary wavefunction coefficient (3.35),

n—0

iy [ (=) 2 ()] = 0+ Zic (1.53)

which can be used to renormalise the ultralocal divergence, as shown in (4.43). The higher
¢ divergences, when 9,y = ?:1 Aj—d+2¢ — 0, correspond to the mixing of 9?'¢"= 1 into
the BOE of II, and can be similarly renormalised using the mixing coefficients Zpgaen-1.

Similarly, there is a second kind of mixing that takes place when Ay = 377 5 A, which

allows ¢ to mix with @n—1,

lim ((I)kl(n)) = ¢, + Z¢%0"_1/ Pre P, 83 zn:k. (4.54)
n—0 \ ni- ! ' Sk, T = T '

417t is related to the Reparametrization Invariance (RPI) that one inevitably introduces when splitting

up degrees of freedom, see e.g. [44].

— 38 —



since now a non-zero Zg,»-1 is permitted by scale invariance. This has the effect of mixing
wavefunction coefficients of different order, e.g. when n = 3 the boundary coefficient (4.9)

becomes,

lim [(—n)2i Y es(n)| = s+ Zppur 3 s, (4.55)

n—=0 perm.

while the ¢y, c5, etc. coefficients are also shifted into each other, as shown in (4.44). This
shift can be used to renormalise the semilocal divergences when d,, — 0. The higher ¢
divergences, Yvhen 8= 79 Aj— A1 +2¢ — 0, correspond to the mixing of 0?'¢"~ 1 into
the BOE of ¢, and can be similarly renormalised using the mixing coeflicients Zyg2¢,n—1.
Finally, let us close this section with a conjecture. The new kind of exchange diver-
gence which we encountered in (4.38) is a result of 2A; = ?:1 A + 2¢, which would be
the condition for a composite operator like : p 5 : to mix with 9% : 1oy . Although
contact divergences can always be removed by the Boundary Operator Expansion of ¢3 and
ﬁ, we speculate that to remove exchange divergences may also require an analogous expan-
sion of composite bulk operators. Understanding how to renormalise exchange divergences
is important, since they appear in even simple examples like the exchange of a massless
field (for which A = 0). We will not pursue this further here, and instead turn now to three
concrete examples to which the above discussion in sections 2, 3 and 4 can be applied.

5 Some examples

In the preceding sections, we have discussed the impact of unitarity, de Sitter invariance and
locality of the bulk interactions on the wavefunction coefficients (and equal-time correlation
functions). These basic properties allowed us to draw very general conclusions about the
properties that we should expect from cosmological correlators, regardless of the specific
details of the interactions.

We will now focus on a small number of specific models, primarily as a sanity check —
to confirm that our general conclusions are realised in practice — but also to make many
of our main ideas more concrete and intuitive. Throughout this section we will work in
d = 3 spatial dimensions (except for the purposes of dimensional regularisation).

5.1 Conformally coupled scalar

As our first example, consider a conformally coupled scalar field on a fixed de Sitter back-
ground,

d—1

2
(14 ) owo

where ¥ is the momentum conjugate to o, and Q = 1/(—Hn).

+ Hint , (5.1)

1 Q
H[O’, E] :/k [mdlEkEqu

Free theory
We begin by solving the free theory, with Hi,; = 0.
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Gaussian coefficient. The two-point wavefunction coefficient is given by solving the
nonlinear first-order differential equation (2.9), with v = 1/2 (i.e. A = 1), which gives,

1 ik 2ai"
Ck7_k(77) = 7H27’/3 + H2172 (]. — 7{}1? — ei2k77> s (52)

up to an undetermined constant of integration ai. Solving (2.13) for the mode function
introduces a second undetermined constant, IV,

~ —Hn —ikn in\* +ikn
filn) = —==N (k) (74 (afe) " ethn) . (5.3)
The choice of N does not affect any wavefunction coefficient, and it is conventional to set
. g
N(k) = 1/4/1—|ail|? in order to normalise the Wronskian, f;d,fx = —iH?n? (which
gives canonical commutation relations). Choosing the Bunch-Davies vacuum in the past

corresponds to setting the integration constant ai? = 0 (which ensures that fi (n) ~ e~

at early times). Note that we have chosen the constant phase of fx(n) so that, when
restricted to the Bunch-Davies state, fi.(n) = f;(n) implies simply |k| = —|k|.

de Sitter isometries. (3.14) and (3.18) give the following two-point correlation functions,

22 1+ |ad™|? + 2Re [aﬂ‘ei%"}

) (n) = . 5.4
(oko—1)'(n) o e : (54)
s Vi) — i 1 1+ |ozif\2 +2Re {ai?(l + ikn)eﬂk”} 55)

A T 1= |oin2 ’ '
; 14|l |2 4+2 Re[ad? (1+ikn)e?2kn 2
§ (1 o+ L k2n2([1—k|a1:‘|2> : )

(EkE k) (n) = — (5.6)

2H21? (1 + |odl]? + 2Re [afRe?2kn]) ’
where ¥ is the momentum conjugate to o. For the corresponding unequal-time correlator to
be invariant under dilations, Y ; D j(ok, (n1)ok,(n2)) = 0, the equal-time correlator (with
53 (k1 + ko) removed), must satisfy,??

(3 =00y + ko) (oxo_k)' (n) =0, (5.7)

which in the case of (5.4) sets ol = 0 (and we have assumed rotational invariance, so
that ax is a function of k only). Note that invariance under the other three de Sitter
isometries, > ; Kj(oko_x)" = 0, is automatic since K is odd in k; (and k; = —kz). The
same conclusion is reached by instead applying (3.38) and (3.41) directly to (5.2).

Boundary coefficient. If we instead write co in terms of the late time boundary condi-
tion ay, so that,

1 k  aycos(kn) — ksin(kn)
C H2p3 ' H?2n2 kcos(kn) + ag sin(kn)’

ck—x(1) (5.8)

**Note that On(Pk; - -- Pk, ) (1) = Y, Ony (b1, (M) - - - Pxc,, (1)) |, and for the two-point function in par-
ticular kO (pxd—x) = ZJ ky - Ok, (¢r, iy )
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which corresponds to mode functions,

Jic(n) o< ncos(kn) + gy sin(kn) =0 + ain® + O, (5.9
then we see that,
1+ ozif
=ik : 5.10
ar = ik Tk (5.10)

consistent with the general relation (4.18). The Bunch-Davies condition in the past corre-
sponds to the non-analytic boundary condition oy = ¢k in the future, and more generally
any de Sitter invariant state is characterised by an aj = ik X const.

Quartic interaction, o4

Now consider turning on a single quartic interaction, Hiy = Qd“)\%a;‘;.

Quartic coefficient. Solving (2.24), assuming for the moment a Bunch-Davies boundary
condition for cg, gives a simple quartic wavefunction coefficient,

1 2 in —ik
Ck1k2k3k4(77) = HT?74 E =+ QK1 kokskys© e > (5'11)

in terms of a single undetermined coefficient, aﬁ‘lkgk3k4 (recall that kr = k1 + ko + ks + k4
is the total |ky|).

Note that in this case there is no exchange contribution to ¢4, and consequently the
constant of motion £y (2.43) is given solely by the discontinuity (2.36) of (5.11),

Disc o
tkyikoikaiky

and 0,84 = 0 is indeed conserved, since it is determined by the initial condition alf.

B4y = Discej = (5.12)

de Sitter isometries. The corresponding equal-time correlators from (3.16) and (3.26)

are,
AH 9 11 T
"(n) = — +Im |aj'e T } 5.13
(ra0a00) (1) = T [+ oo 7] (5.13)
AH?n T 1 — , .
» ! — - I in —tkrn| _ ;. —ikpn ] . 14
(X, Uk20k30k4> (n) Hj k; Lkr + Im [O‘4 € ] Re [O‘4 RTne } (5.14)

For the corresponding unequal-time correlator to be invariant under the de Sitter isometries,
the equal-time correlator (with 6%(k; + ka) removed) must satisfy (3.38) and (3.41),

<+9—n6,7+2k161w> <0'k10'k20k30k4>,:0 (5.15)
J

k 2
Z kij |:<46/€J + kjagl) <Gk10k20k30k4>, o ﬁzakJ <Uk1 s EkJ s Uk4>, =0, (516)
J
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where we assumed that the correlator is a function of the |k;| only (for a simple ¢ contact
interaction, this is guaranteed providing o' depends only on the |k;|). Dilations require
that ol ~ 1/k, while de Sitter boosts require that (8k 8k )alft for every palr of 1
and J. Obvious solutions are ol o 1/kp, and the Bunch-Davies condition, o' = 0,
which both satisfy these conditions.*® This coincides with the conformal constraints (4.4)
and (4.5) placed on o' by the isometries dpI" (3.36) and 6k (3.39) acting directly on the
wavefunction.

Boundary coefficient. Near the boundary at n = 0, there is no divergence in nc4(n),
and so we can immediately write down the boundary coefficient a4 in terms of the initial
condition o' (assuming ol = 0),

oy = — +all. (5.17)

Providing ol satisfies the above conditions, this satisfies the Ward identities of a primary
correlator in a 3d CFT. Also note that the Bunch Davies initial condition, ol = 0,
corresponds to the non-analytical boundary state, ay = iA/kp in the future.

Despite o being a simple local interaction, the expressions (5.11) and (5.17) are not
analytic in the momenta since we have enforced a condition on o in the far past (effectively
integrating out the canonical momentum, fixing J,¢ in terms of a non-analytic function
of k). Instead, we can write a more general expression for ¢4 by leaving the boundary
condition for ¢y arbitrary, and utilizing the transfer functions (4.33)—(4.36). For this simple
contact interaction, only the Z|7/2P* 7 (1) integrals (4.37) are needed, and they are given by,

o 1 [
Ik1k2k3k4 (77/) — 77//0 dn cos(k1n) cos(kan) cos(ksn) cos(kan) (5.18)
o
Ik1i2_1<_3k4(77/) = 77,/0 dn sin(ky1n) cos(kan) cos(ksn) cos(kgm) ... ete. (5.19)
These are manifestly analytic outside the horizon (i.e. for |kn| < 1), for instance,
———— 1§ (RS 4 212 4
Ik1k2k3k4(77):1_62k77 +mzk +—Zkkn +O(lkn|®),  (5.20)
perm. perm. perm

but then as |kn| ~ 1 it is necessary to resum this series, which in this simple example can
be done exactly,

1 16 ei(81k’1+82k2+83k3+84/€4)77

A = — 5.21
P 16 Z::i s1k1 + saka + s3kz + saka (5:21)

which produces the familiar k7 pole, as well as the various folded singularities, as antic-
ipated by our previous Method of Regions argument in section 4.2. Choosing aj = ik
(the Bunch-Davies condition) leads to a cancellation of all folded singularities, produc-
ing (5.17), but while this has simplified the analytic structure at |kn| > 1 it comes at the
cost of manifest analyticity at |kn| < 1 scales.

“3We also note that when o' = 0, choosing any constant o3 also gives a (0, Ok, 0Ks 0%k, )’ which satis-
fies (5.15) and (5.16), and therefore any c-vacuum is also consistent with the de Sitter isometries.
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General contact contribution, o”

For a general %Qdﬂan interaction, the contact contribution to ¢, (assuming a Bunch-
Davies initial condition for cg) can be written simply as,

in

atr . i .
cn(n) = 7726 thrn _ % e RNE, g1 (—ikrn) (5.22)
where we have used d = 3 dimensional mode functions but allowed for a general d-

dimensional volume element Q%! in the interaction (since this will allow us to compare
with the divergent case n = 3 below). We have also momentarily set H = 1 (since it can
always be restored by inspecting the mass dimension of each term).

Constants of motion. Since this is purely a contact contribution to ¢, the discontinu-
ity (2.36) must be conserved. Indeed, we see explicitly that,
Disc o/ Img )

— E,_ —ik
T i D (k)

and so for unitary dynamics (i.e. a real potential, so that Im g = 0), (5, is indeed a constant

B, = Disc C{L(n) = (5.23)

of motion, and is set by the initial condition for /P

de Sitter isometries. A dilation acting on this ¢, (n) gives,

e—tkTn

6p cn(n) =

7 —d+n+ZkJ-@kJ] ol (5.24)
J

using (3.37) and (4.4). For boosts, notice that since 97, and % (1 - n@nfﬁl/ff:l) Ok, acting

on the interaction contribution both yield results which depend only on k7, the interaction

contribution to (3.40) vanishes by momentum conservation, leaving only a special conformal

transformation (4.5) acting on a2,

e*ikTT] _ a )
drcn(n) = 7 > [2 (AJ +ky- 81{]) o kJaIQ(J] ol (5.25)
J

The result (5.22) is therefore de Sitter invariant providing that the initial state ol is
conformally invariant, with the scaling of a correlator of n fields each of weight 2 (=d — A
for a conformally coupled mass).

Boundary coefficient. At late times, assuming n > d,
LT g
c =— |ag I'n—d)+ 0O , 5.26
n (1) e T (n—d)+O(n) (5.26)
we see that this has an order (n — d) pole in k7.

So the general picture for contact interactions is quite simple. In terms of the a,
near n = 0, the wavefunction coefficient ¢, can be written via transfer functions which are
analytic providing every |kjn| < 1, e.g.,

1 1
. = —
kl"'k”(n) n—d 2n-—d+2)

> kin® + O(lknlh), (5.27)

perm.

but once |kn| exceeds 1 then this series resums into k7 poles up to order** (n — d).

4Note that if we had considered an interaction with derivatives, then this would also increase the order
of the kr pole (at fixed n — d).
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If n = d, then there are divergences in the transfer functions which must be regulated
— we will now discuss this case in more detail.

Cubic interaction, o3

Consider the single interaction Hiy = Qd“g)\af’( (the factor of H ensures that A, our
expansion parameter, is dimensionless).

Bunch-Davies state. Solving the Hamilton-Jacobi equation gives,

el Z(, kjn

s (1) = 5 5 (VB [=ikrn] + el ) (5.28)

where aj' is an undetermined constant of integration.

de Sitter isometries. Assuming o' is real, the equal-time correlators are,

)\H?’ 3 )
(ke Oy Oty ) (1) = [~(Ci + a}") sin+8i cos| | (5.29)
[1s ks

O
I1;ks

(XK, Oky Ok ) (D) l — (k1m cos +sin) (Ci + ozign> + (cos —kinsin) Si| .

where we have suppressed the kprn argument of sin and cos, as well as of the sine integral,
Si, and the cosine integral Ci. Invariance of (o, (71)ok,(n2)0k,(n3)) under dilations and
de Sitter boosts places the constraints (3.33) on (5.29), requiring that 3" ; ks, alf = 0
and that (8131 — 8,%J)a§n = 0 for every pair of I and J (where we have used that ol can
always be written in terms of the three |k;| only, using ki + ko + k3 = 0). o3 is therefore
constrained to be dimensionless and simultaneously a function of ki £ks, k1 + ks and kot ks
only — the final requirement of crossing symmetry then fixes ol to be a constant.

Boundary divergence. Near the boundary, there is a logarithmic divergence,
Ei [—i Z k{m] = log(ikrn) + v& + O(n) (5.30)
J

and so we must renormalise oz = lim,,_,o H 3773ck1k2k3.
In d = 3—§ dimensions, the boundary coefficient a3 can be computed directly in terms
of ol using a triple-H integral (evaluated in the appendix),

0
I
Ok koks = N1N2N3/ dn OnCi, ks
— 00

in A1 .
= Q) koks T 5 [6 + log (kr) + finite| , (5.31)

where N; = in(ky/2)"’ /T(;)N(ks) is the finite lim, o Hn®/fi(n), and 8nc£1k2k3 =
AHQHL A fie, fi, from the equation of motion (2.27). In the minimal subtraction
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scheme (4.42), the coefficient is rendered finite by an additive renormalisation of the bound-
ary condition,
A0
Ok koky = O koks — o5 (5.32)

as discussed in (4.13). This results in a finite 5", which depends logarithmically on the
momenta, and satisfies an anomalous conformal Ward identity (4.15).

Rather than start in the Bunch-Davies state and evolve forward until we encounter
this divergence at the endpoint of the evolution, we can instead describe the bulk c3(n)
using the transfer functions (4.27).

Transfer functions. Since ) ; A; = d, it is 7, ), - which is responsible for the late time
divergence in the transfer function,

o 1
Dok (M) = ——— —log(n) — Zk n? + O(|kn|*) (5.33)

we see that the transfer function is analytic in momenta for |kn| < 1, but due to the
divergence has developed a logarithmic dependence on 7. As we transfer from the boundary
at 7 = 0 into the bulk, eventually we reach horizon crossing at |kn| ~ 1 and it is necessary
to resum the series. In this case we can perform the resummation exactly,

—= Z (Ci((s1k1+s2ks+s3ks)n)—log ((s1k1+s2ks+ssks)n)—ve), (5.34)
SJ +
and the series in k% becomes a logarithmic singularity at large n (in both k7 and its
folded counterparts), consistent with our previous expectation of an order n — 3 pole from
a general contact contribution to c,.
To remove this divergence from 7, - . we must redefine the boundary condition
on «ag,
A Md_3

{{611}(21(3 ak1k2k3 - d — 3 (535)

where we have introduced a scale p required on dimensional grounds. When written in

terms of this a5™, the coefficient c3(n) is now finite as d — 3 for any value of az. In
particular, choosing the Bunch-Davies ag = ik removes the folded singularities at early
times and produces a renormalised coefficient,

ren . . —ik
Cll(lkzkg, (17) akelkgkg, + )\ (El[_Zan] - IOg <MT> - FYE) . (536)

Taking the limit 7 — —oo(1 — i€) to connect with the state in the far past, we find that,

. —ik
ol = o™ — Alog ( ;T> — M. (5.37)

Setting the scale p close to kr ensures that the log is small and allows a constant a3™ to
reproduce the Bunch-Davies correlators in the bulk.
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5.2 Massless scalar

Now we will consider a massless scalar, ¢, on de Sitter, with free Hamiltonian given by (2.4)
with m =0 and Q =1/(—Hpn).

Free theory
The Gaussian width is given by,
]{2

= P i (5.38)

cx—x(n)

where we have chosen the Bunch-Davies boundary condition i = 0 so that the corre-
sponding mode function,

_ H(1 +ikn) e~ thn
filn) = HEEDE— (539)

vanishes as n — —oo(1 — i€). Note that we have chosen the overall phase of fi(n) so that
sending k — —k gives fx(n) = fi(n).
This corresponds to a field correlator,

H2
(Sdx) = 5z (1+ k%) (5.40)

Boundary coefficient. Note that while ¢y diverges as we approach the boundary at
n = 0, since A = 0 for massless fields the divergence is softened from An~% to k%n?>~?/(2v —
2). In dimensional regularisation this vanishes, but with a hard cutoff at ns this requires
an additional renormalisation of the as boundary condition,
in k2

ap = oy — 3 (5.41)
which can be thought of as adding a counterterm (9,¢)* to the effective action. The
Bunch-Davies condition in the past corresponds to setting this o™ =i in the future (and
not the bare as).

This gives a renormalised correlator of boundary sources,
]{:3
ay™ = ] (5.42)

which satisfies the Ward identity for a 3-dimensional two-point function of primary opera-
tors each with weight 3.

¢3 interaction

Cubic coefficient. The cubic wavefunction coefficient (with ol = 0) is given by,

3
I in g T .23
c = + — Eilik ik
k1k2k3(77) kikoks 6\/§H(fik1k:2k3)3/2 ( i[ikn] p;n. 1
3 . 2
. 1 ik k% — ki1k
ikTn 2 4 - M, M TR
‘ perm. <3773 772 i U ) ) ’

(5.43)
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where kr = ki + ko + k3. Note that since the exponential integral obeys Ei[z]* = Ei[z*],
we have that,

Disc c£1k2k3 (n) = Disc ai?llqk?’ (5.44)

whenever g¢? is a unitary interaction (i.e. Im g = 0), and so the Bk koks = Disc ai?lkgk;g of
the initial state is conserved throughout the time evolution.

de Sitter isometries. This corresponds to an equal-time correlator,
(P, Prey Piy)’ = Im (Oéi?lkgk?, I %, (n))
J

QHQZJ@ ’ 2 —ikpnTo: I
+ W 1-— Z k1k277 Re (6 THEi [ZkTT]])

perm.
- (an + 773/€1k2]<33) Im (e_ikT”Ei [’Lk‘Tn]) - 1)

H2 3 6
+2423k3k3<’“’“2’f3 <1+Zk3n2 -3 k1k2n2> -y k1k§> (5.45)
123 7

perm. perm.

which indeed obeys (3.33), providing ol satisfies the conformal Ward identities (4.4)
and (4.5).

Boundary renormalisation. As n — 0, the contribution from interactions to (5.43)
diverges — the interactions do not turn off fast enough at late times, and lead to a formally
infinite change in the wavefunction between o' and a3 on the boundary. To renormalise
the divergence in c3, we will now write it in terms of the boundary value of ¥ at n — 0.
Using a hard-cutoff, this is given by,

n
C£1k2k3(77)=n1_ir_>ﬂo <fk1(775)sz(n&)fk:s(n&)fk4(776)ak1k2k3(776)+/ dn/anck1k2k3(77,)> (5.46)
o ns
3
ren . K 15
:aklkzkg(/ﬁ)—% > ((—2+27E+Z7T)kf—Qk%(k2+k3)+Z3110%(—1@TM)>
perm.

g 3 b o (1 ik K=k
el 3 iken 1 ik 1—kiko
+6\/§H(ik1k2k3)3/2< Ei[ik7n) Z.zkl +e Z (3773 o +777 ))

where we have renormalised the boundary condition (adopting a minimal subtraction

scheme),?

ven 2 [ S (1 K —kiky ik
aklkgkg (:u/) = ak1k2k3 - ﬁ [ Z (3 + A L - =1 log(_/.l/r](s (547)

perm. 37’5 s 3

45In order to remove the logarithmic log(ns) divergence, it is necessary to introduce a scale y in this
redefinition.
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This produces a c3(n) which is now finite for any 7 (assuming |n| > |ns| before ns is taken
to zero), and which asymptotes to A kok, @b the boundary. Choosing Bunch-Davies in the

past, ol = 0 in (5.43), corresponds to choosing,

3
g .
ot = 771 O (<24 2yp +im)k} — 203 (ka + k3)) | (5.48)
perm.
in (5.46). At the conformal boundary, the Bunch-Davies vacuum corresponds to a non-local
state.
The coefficient of the logarithmic running is scheme-independent. For instance, using

instead dimensional regularisation,

n
C£1k2k3 (77) = %li% (ak1k2k3 +/0 d77/ aﬂck1k2k3 (77/)>

i kP4 k3+ k3
530 ( HY ™ 3 ! (5.49)
requires a different redefinition of the boundary condition,*6
k3
Ukikoks = Oalok; ~ H 5 (5.50)

but produces a renormalised coefficient with the same log(ku) dependence on the RG
scale .

Boundary operator mixing. For massless scalars, A~ = 0 and so 2A~ + AT —d =0
and the three-point function has a logarithmic semi-local divergence. The renormalisation
of a3 can be understood as the operator redefinition,

60— 6— 967, (5.51)
which implements the following redefinition of the boundary condition,
29 g g

Qkikoks = arkelri(zkg - ?CVZa Ok koksky — af{elrigkgm - gOéklekg — ﬁag y e (5.52)

Note that since we are working with the Bunch-Davies initial condition, o' = 0, this
corresponds to ap = ik3, and so (5.52) indeed corresponds to (5.50) for as.

5.3 EFT of inflation

Let us move from the pure de Sitter spacetime to discuss inflation. An inflationary epoch
can be thought of as a de Sitter spacetime where time translations are spontaneusly broken.
This broken symmetry will imply the existence of a Goldstone mode 7(z). From an effective
field theory point of view we can write the most general action for the scalar field « which
is consistent with the rest of the symmetries of de Sitter. The advantge of this approach is
that we can be rather agnostic about the field content of de Sitter, and for example include
the case where there is a non canonical kinetic term for the inflaton.

46The mass dimension of Ok, koks equires the addition of a scale p in this redefinition.
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There is a general procedure for implementing this [11], where one starts by writing
down the most general action consistent with softly broken time traslations. This implies
that, for example, the first terms will be S ~ [ d*z\/—g(c(t)R+g"" + A(t) +...), where the
coeffiecients ¢(t) and A(t) parametrise the new time dependence, and the dots are higher
order terms in derivatives of the metric. To obtain the Goldstone mode one reintroduces
time reparametrisations via the Stuckelberg trick, ¢ — ¢ — 7(x). Doing so, one gets an
action for the graviton and the scalar field 7. This action contains the kinetic term and
also the self interactions of the Goldston mode, but also all allowed interactions with the
graviton, so solving the system in full generality is not possible analytically.

In order to proceed let us notice following [11], that the leading order mixing term of
the scalar field = with the graviton is given by 2Mp? H7dg% ~ —6Mp?H (e H?x?). This
has to be compared with the kinetic term for =, —Mp2H#2. We have that,

mixing 3eH?r? B 3eH?
2 2

= 5.53

kinetic s w ( )
The mixing becomes negligible in the limit when frequencies are w > wp,ix = v/€eH. So large
frequency modes are effectively decoupled from gravitational fluctuations, and we can write
the action for Goldstone mode on a fixed curved background neglecting couplings with the

graviton modes. The decoupled action is,*"

27 N2 (12 )2
S= / d'z\/=g l—MPl a (fr2—c§ o) >+Mp12H(1 203) (fr?’—fr(a’”) )—4 373
C

2 2 2
s a < a

(5.54)

First let us note that modes leave the horizon at w = H, so we can relate the Goldstone
to observations by considering this action. Let us discuss the action (5.54). Besides the
usual kinetic term we have introduced the speed of sound for the peturbations c2. This
parametrises the effect of a non-canonical kinetic term (and also as the effect of integrated
out heavy degree of freedoms [45-47]). Note that when ¢g # 1 scale invariance is broken
even at kn — 0 and so fixing the correlation functions by using conformal symmetry at the
future infinity is no longer possible. The second term M3, parameterises self interactions
of the Goldstone mode and is present even in single field inflation where it is of order €2.

It is convenient to introduce the symmetry breaking scale f* = 2Mp%|H|c,, which
corresponds to the scale when time traslations are broken [20]. For the case of single field
inflation f2 = &, which matches the intuition that a background spontaneously break the
de Sitter symmetry.

Equations of motion. To calculate the Hamiltonian associated to (5.54) we first need
the conjugate momentum to w, P, = %, which is a non linear equation in 7. We can
invert this relation if we consider that f % < 1. Using the solution for # we can write

4"Note that we are working to leading order in a slow-roll expansion, and neglecting the time dependence
of the Wilson coefficients and the corresponding mass term for .
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down the Hamiltonian, which at leading order is,

2 6 (.2
7r 2 (Cs_l) 2 1 cs(cs_l) 1M 3
+2¢/— 9 V 53 Pr(VT) +g< 57 +18 f12 P+
(5.55)

For energies much below the symmetry breaking scale f2, the wavefunction evolution is

1
F8f4 "

given by the Schrédinger equation H = 9,5. Now given an observed state |¥) we can
constrain the coefficients of the Hamiltonian by assuming that the initial state was Bunch
Davis. The equation for the two point function is given by
3 f4
A Bty 5.56
f4 k—k Cs aQ ( )

This equation looks similar to a massless scalar field on FLRW but now the coefficients

1
3Hep_y + *287761(_1(
a

are time dependent. The above equation can be solved analytically when we consider de
Sitter evolution and that ¢, and f# are time and scale independent. We have that,
f#HZ k2n262

2 14iknes’

ck—x(n) = (5.57)
where to fix the initial conditions we have assumed a Bunch-Davies initial state. In gen-
eral inflation breaks the de Sitter isometries and in particular the spacetime is no longer
conformally invariant at kn — 0.

The Hamiltonian (5.55) contains interactions which are higher order in momentum and
that we did not take into account before. We can still use (2.24) to obtain the wavefunction
coeflicients. For example the equation for the three point function is given by,

0
(3H+ 8 ) C£1k2k3 =

S(c? - 1) Ck Kk (c5-1) Ch

perms(1,2,3)

(5.58)

Boundary coefficients. This differential equation can be brought to an integral form.
Although it is possible to specify an arbitrary initial condition, for now let us assume a
Bunch-Davies initial state. This allows to specify the contour at n — —oo so the integral
vanishes there. Then to fix the Hamiltonian one will have to rely on a potentially observed
bispectrum. This means that one, in principle, can constrain all the coefficients appearing
in the Hamiltonian (5.55). The first term appears in slow roll inflation, in which case ¢ = 1
and 418 J\;{l; = —%, where € is the slow roll parameter. The three point function coefficient

is given by,

-~ (H775)3 C /
(i kokes ) 43 T (775)/ i ka ki~ (1)

1 k:%k%k:ﬁ
a(ns)® \ (k1 + ko + k3)3

+ O(ng)) (5.59)
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When ¢, # 1 the second term also contributes to the three point function. After a straight-
forward calculation we get,

02 —1
(ak1k2k3)7'rV7r2 = P / 2 H fk: Z Cky— k1 k2 ks

a(%)snz 1fk (775) perm.
~a(ns)? perm. (k1+/€2+k3) 12 ha 2 TOR2R3TR3 uh .

Both results match known expressions at 7 — 0 for the three point function [48].

Bulk coefficients. We close this section with explicit formulae for the wavefunction in
the EFT of inflation at finite 7,

(Ckikoks )53 ~ (Hn)? /n (i i

3
4H K, (1) ex—x, ("))
=1

3 3
k:3 H < i ) (Z kin (krn — 2i) — 2) (5.61)

177_2 =1

When ¢s # 1 the second term also contributes to the three point function,

S Cz 1 K dn, > / / k k
(Ck1k2k3)7rV7r2 a(n):s/ (Hn/)g HK’% (77) Z (Cki*ki(n) J° k)
1=1 perms(1,2,3)
(cz—1)a(n)~*

(km—l)(kzn i) (kan—1i)k3

x Z k%( k%+k§+k§)((21<:T—kl)kT+2k2k3+z’kT(k1kT+2k2k3)n—k%kgkgnz) (5.62)

perm

6 Discussion

In this work, we have studied the time evolution of scalar field correlators on a fixed de
Sitter background using the wavefunction in the Schrédinger picture. This is a concrete
arena in which to explore properties of cosmological correlators, since the dominant signals
produced during inflation originate in the correlations of a scalar field on a quasi-de Sitter
background. Rather than focus on any particular model of inflation, we have assumed only
that the interaction Hamiltonian has certain foundational properties — namely unitary, de
Sitter invariance and locality. We have shown that,

Unitarity = One constant of motion, 3,, for every wavefunction coefficient ¢, (7).

de Sitter = Constraints on equal-time correlators (of both ¢ and II) and wavefunction
coefficients (which depend explicitly on #Hin) at any time in the bulk — the
latter reduce to the familiar conformal Ward identities at n — 0.

Locality = Analyticity of transfer functions outside the horizon — as a result, non-
analyticities in the bulk ¢, (n) only arise when |kn| > 1 and fields enter the
horizon and begin to oscillate (or from the boundary condition itself).
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These results have a number of interesting consequences. Firstly, the absence of a con-
served invariant energy with which to label states on de Sitter has long made describing
interactions more difficult than on Minkowski space. Since our [, are conserved in any
unitary theory, and can be computed from the initial data (assuming the free theory can
be solved exactly so that k can be identified from fi(n) = £;(n)), they could be used as
good quantum numbers to label the different states in the Hilbert space. Furthermore,
since the constraints from de Sitter isometries in the bulk may depend explicitly on the in-
teraction Hamiltonian, it seems that performing a model-independent bootstrap (in which
¢p is determined by symmetries alone) is only possible in the limits where the interactions
turn off — namely n — —oo in the far past, and n — 0 at late times (modulo IR diver-
gences). Finally, although the Bunch-Davies initial condition (fixing aif = 0 in the past)
often results in a simpler analytic structure for the correlators (e.g. removing the folded
non-analyticities), this corresponds to a non-analytic boundary condition at late times
(ax = k) and can obscure the otherwise analytic behaviour of ¢,(n) near the conformal
boundary. Rather than studying c¢,(n) itself, whose analytic structure is sensitive to the
initial conditions, one might investigate the properties of objects like dc;, /3y |a,=0, Which
are always analytic outside the horizon, and more closely resemble a scattering amplitude
(since it is the change in the (final) bulk state in response to a change in the (initial)
boundary state).

Furthermore, there are interesting connections between our results and other recent
progress from a purely boundary perspective. The asymptotic expansion of our equations
of motion for the wavefunction coefficients is similar to the Hamilton-Jacobi approach to
Holographic Renormalisation [43, 49, 50], in which the equations of motions are solved per-
turbatively in a derivative expansion (in order to identify the required local counterterms),
which also underpins recent holographic approaches to inflationary cosmology [51-56]. The
boundary divergences which we have encountered are entirely distinct from the bulk diver-
gences from loops, which have a separate degree of divergence and must be renormalised
at any 7, not just at the boundary (they are related to the divergences that appear in
flat space, and can be resummed using dynamical RG [57]). Recently, [44] has proposed
a soft de Sitter EFT for superhorizon modes — it would be interesting to explore further
the connection between the Hamiltonian approach used here (in particular our transfer
functions and boundary renormalisation) and the Lagrangian approach of [44].

Although we have worked throughout at weak coupling (i.e. tree level only), we believe
that much of our construction can be carried over to loop corrections as well (using the
fully non-perturbative (2.24)) — this is certainly an important next step. In particular,
the loop corrections can also exhibit secular divergences near the boundary and affect the
dynamics of long wavelength modes, as recently described in [58] (see also [59, 60]) as
systematic corrections to Starobinsky’s stochastic description [61]. In terms of diagrams,
although we have assumed that a weak coupling suppressed loop diagrams relative to tree
diagrams, if a loop contribution were to diverge near the boundary faster than the tree-
level coefficient then one might worry that this invalidates perturbation theory for any finite
value of the coupling (no matter how small). Here we adopt the view that, since physical
observables at the boundary are finite, it should be possible to systematically renormalise
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these divergences, defining a new set of boundary operators (with finite correlators) which
are related to the bulk operators by a (singular) boundary operator expansion. We have
shown this explicitly for the boundary divergences which occur at tree-level (from a bulk
operator colliding with its image at the boundary), and in the future it would be interesting
to investigate how the loop-level divergences might be similarly absorbed into coefficients
of a boundary operator expansion, and also how this procedure could be related to the
stochastic approach.

In the future, it is imperative that we continue to exploit the connections between
cosmological correlators and amplitudes. For instance, our equation of motion for ¢4 takes
the form of a factorisation condition, d,cs ~ c3c3, and one could explore whether there is
some general factorisation theorem for cosmological correlators (akin to the factorisation
of flat space amplitude) — see for instance [62—64] for recent discussions of the consistency
conditions imposed by factorisation when Lorentz boosts are broken. Further, combining
such axiomatic properties of the S-matrix (namely unitarity, causality, locality and Lorentz
invariance) gives rise to powerful UV /IR relations known as “positivity bounds” [65]. One
key goal should be to develop analogous relations for cosmological correlators, so that our
late-time (low-energy) observables can be translated into statements about UV properties

of the fields/interactions present during inflation.*®

Cosmological correlators offer an exiting new window into the early Universe and fun-
damental physics in the high-energy regime. As a new generation of cosmological surveys
searches the skies for signs of primordial non-Gaussianity, we must be ready with a devel-
oped theoretical framework for translating these observations into concrete features of the
high-energy inflationary Universe. In this work, we have made a step forward in deriving
model-independent constraints on the evolution of the wavefunction — from fundamen-
tal properties like unitarity, de Sitter invariance and locality — and hereby advanced this
ambitious cosmological correlator programme.
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A Comparison with wavefunctions on Minkowski spacetime

In this short appendix we compare some of our above (de Sitter) discussion with the
Minkowski case.

48Gee [22] for an application of these ideas to subhorizon scattering during inflation and [66] for an anti-de
Sitter analogue.
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Equations of motion

Since ¢ = ik and time-translation invariance sets d,c, = 0, the equations of motion (2.24)
for the wavefunction coefficients become purely algebraic,

L oH
0, - .- 0¢k,

and the n-point coefficient is related to lower order coefficients (as well as bulk sources) by

0 =ikrck, . x, + exchange (A.1)

a simple factor of i/kr.

Since the mode functions are simply fi(t) = e ***/\/2ik, they have the property
that fi(t) = fi(t) for |k| = —|k|. The constants of motion (2.43) are also conserved
on Minkowski space (and indeed on any conformally flat spacetime), but with the simple
relation for k the Disc in (2.36) can now be interpreted as a genuine discontinuity of the
function as one crosses |k| = 0. See [24] for a detailed discussion of this important point.

Minkowski isometries

The isometries of Minkowski spacetime are,
Pa = aa and Maﬁ = l‘aaﬂ - l‘lgaa . (AQ)

Invariance of the scalar field action S = [ d*z £ under these symmetries leads to 10 con-
served Noether currents,

T = (gfb@agb _she (A.3)
i
Ity = Tadp, — xp TP, (A.4)

whose corresponding charges may be written in terms of the Hamiltonian density and
canonical momenta,

Qp, = / BxHye, Qp = / d3x T, (A.5)
QMOi = /dgx [_t Hxai¢x — X Hx] (AG)

In the quantum theory, these must be normally ordered. For instance, the charge associated
with translations may be written

. I + Il
Op, = /k ik; k¢k"2“bk k _ /k k; af di (A7)

so that a one-particle state, &L]O) has momentum +k. The charge associated with boosts
may be written,*

A 0
QMOi = 87(:11‘%(1|q:07 (AS)

4“Note that since the charge is time-independent we can define the Schrédinger-picture operator using
the classical Qnr,, at t = 0.
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where Hq = [, e'4*7{  is the momentum space Hamiltonian density, such that Hq=o is
the usual Hamiltonian and generator of time translations. In the free theory,

kika —ky -ko .+
H :/ _— 1) ki — k A9
T e 2Rk kOt ) (4.9)
k
= Hq:() +q- (/k kdltakflk—f—/l(%&ltdk) + O(q2) . (A.IO)

Note that 7_qu = H_gq since the Hamiltonian is Hermitian. This generates the expected
transformation of @y,

[QAMOZW ng] = _Ztkﬁgk - Za1(1/_]:1( ) (All)

which is indeed x¢0; — x;0p when written in position-space.
Under an infinitesimal boost, the wavefunction ¥;[¢] = (¢|¥;) changes by,

oW[¢] = <¢|ZQM01‘\P1€> . (A.12)

In terms of the effective action, W;[¢] = el*?],

1 6Ty oI P1- P2 3 int
I_‘ = —_ — 7 7 m Al
YR /plm <2 3¢p; OPp, 5 9pi0ps | 007 (P14 P2) +0q My gy (A13)

where we have split Hx = 1112 + $(9;¢x)? + HIl into a free and interacting part.

For example, while there are many possible vacuum states, ck,x, (t), for Minowski, only
one is both time-translation and boost invariant, namely cy, i, (t) = i|k1]|63(ky + ka). In
fact, suppose that we demand this particular Q Mo; as a symmetry (i.e. invariance under
boosts with speed ¢ = 1), then if we consider the time evolution generated by,

L= % (q'>2 - c'2(3i¢)2) (A.14)

we find that (A.13) requires that ¢ = 1.
As another example, take the cubic interactions A¢® and N¢(V¢)?. The corresponding
wavefunction coefficients are,

Chykoks (1) = A (; + a(ky, ks, ks)e““Tt) 5% (ky + ko + ks) (A.15)
T
and
Ckikoks (t) =\ (ikT + Oé(kl, ko, kg)e_ith) (53(1{1 + ko + kg) (A.lﬁ)

respectively, where k1 = k1 + ko + k3. Lorentz invariance in this case requires,

5Ck1k2k3 = Z kjakjcklekg = 0 . (Al?)
J

This is satisfied by the a-independent terms (which were generated by the Lorentz-invariant
interactions), but for our initial state to preserve Lorentz-invariance we must have that «
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is a function of k7 only.’® Further demanding invariance under time-translations requires
that « contains a d(kr), and so Lorentz invariance uniquely fixes the three-point coefficients

in terms of a single constant,

Ckykoks (B) = A (lj + const. X 5(kT)> 83 (kg + ko + k3) (A.18)
T
and
Ckkoks (t) =\ (ik}T -+ const. X 5(/<:T)) 53(1(1 + ko + kg) (Alg)

For higher derivative interactions, e.g. V“gbV“(qu)Q has a simple wavefunction coeffi-

cient,
P
Ckikoks = m [(kl(kg + kg) -k - k23) (kgkg — ks - kg) + 2 perms.] . (A.QO)
Since,
ijickkk :—MZI{J (A.21)
v, Oky; 1T kr r; ’

the boost constraint is satisfied. Note that using momentum conservation we may also
write this coefficient more simply as,

Ckikoks = i\ (k‘lkg -ky+2 perms.) (A.22)

which is consistent with integrating the interaction by parts, contributing only a boundary
term (V)2 to the on-shell action.

We will now show that the boost constraint (A.13) is also satisfied by in a number of
simple examples
Some examples
A¢? interaction

Consider a A\¢* interaction. The corresponding wavefunction coefficient is,

A
Ckikoksk, = b (A.23)

Since,

0 i\
zj: kJTbCklkzkgk4 = @ ZJ: kJ (A24)

the boost constraint is satisfied.

50By crossing symmetry, a can depend only on the combinations kr, k2 + k3 + k2 and kikzks. Only the
first of these satisfies (A.17).
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A¢? interaction

Consider a \¢? interaction. The corresponding wavefunction coefficients are,
iA

A .25
k14 ko + k3 ( )

Ckikoks —
. B A
kikoksk, = kr (ki 4 ko + k12) (k3 + kg + k34)

+ 2 perms. (A.26)

and so on. Note that the following k derivatives vanish when the total momentum is

conserved,
0 A
kja—Ckikoks = 75 ) _KJ (A.27)
0 A2 1+kr
kyj—o = +2 : k
ZJ: 7Bk, Fakekaka ((k1+k2+/€12)(k3+k’4+/€34) perme ) ki zJ: !
(A.28)
c ic +2 perms = X +2 perms Zk
kil —kaz e Calakay T2 P — \ kia(k1+ko+ki2)? (ks +ka+ksa) P )5 !
(A.29)
and so the boost constraint is satisfied for any k.
Ap(Vp)? interaction
Consider a Ap(V¢)? interaction. The corresponding wavefunction coefficient is,
c —L(kk—k ko + 2 perms.) (A.30)
kikoks — kl—f—kﬁg—{—kﬁg 1R2 1 2 P <) - .
Since,
ijickkk Z—MZI{J (A.?)l)
- ak] 1K2K3 kT 1 ?

the boost constraint is satisfied. Note that using momentum conservation we may also
write this coefficient more simply as,

Cki1koks = kT (A.32)

which is consistent with writing the interaction as V,¢V#(4?)/2 and integrating by parts,
contributing only a boundary term ¢$? to the on-shell action.
AV, VH(V)? interaction
Consider a AV ,,¢pV# (V)? interaction. The corresponding wavefunction coefficient is,
i

— [(k1(k ks) —ky -k koks — ko - k 2 J. A
k:1+k:2+k:3[( 1(k2 + k3) 1 - kag) (koks 2 -k3) + 2 perms.] (A.33)

Ckikoks —
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Since,

0 Ckqkok-
; Jakj Ckikoks ey ; Js (A.34)

the boost constraint is satisfied. Note that using momentum conservation we may also
write this coefficient more simply as,

Ckikoks = i\ (klkz -kg + 2 perms.) (A.35)

which is consistent with integrating the interaction by parts, contributing only a boundary
term ¢(V¢)? to the on-shell action.

Locality and analyticity

Finally, we remark that it would be interesting to study the analogue of our “transfer
functions” from section 4.2 on Minkowski space. Although there is no horizon, one could
nonetheless imagine specifying a boundary condition for the wavefunction at ¢ = 0, and
then write the future time evolution of the state in terms of this boundary condition. By
analogy with section 4.2, the coefficients in this expansion should be analytic functions of
the momenta for times [t| < 1/k, i.e. before the field begins to oscillate appreciably.

B Some properties of Bessel functions

Dimensional regularisation

In Minkowski, analytically continuing to d dimensions does not change the form of the
momentum-space mode function, e”»®"

In d dimensions, the free vacuum state is given by,
~ Oy e = QI i+ Q17 (k2 4 0Pm?) (B.1)

Choosing the Bunch-Davies vacuum,’!

d—2v anﬂ—1(—k77)>
x(n) = HQ [~ B.2
where H), is a Hankel function of the first kind, with order given by,
. > m?2 3(d —3) 9

in the limit d — 3, where v = V9/4 —m?2/H?. The mode functions, given by Q4~19, fy =
ck,—k fx, become,

fic(n) = N (k) Q™% Hy(~kn) (B-4)

5In principle one could mix in e™®7 by an amount which vanishes as d — 3, but we will not explore
such schemes.
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and its complex conjugate, where N (k) is an overall normalisation which does not affect
correlations.

When regulating divergent integrals, the limit  — 0 does not commute with taking
d — 3. In particular, this means that integrals of the form [7 dn/n48ncﬂlmkn must be
first carried out up to n = 0 at general d, and only after the integral is performed can we
expand in powers of (d — 3) (prematurely expanding the integrand in powers of (d — 3)
would give spurious results). This scheme therefore requires integrals over products of
Hankel functions.’? For convenience, we collect relevant identities below.

Triple-H integrals

In general, an integral over n Hankel functions can be expressed in closed form as a gener-
alised hypergeometric function of n — 1 variables. For example, we will show below that,

odt | o
ot gD .
/0 t H vy (kst) (B.5)
J=1
2} —im v —im —A

=3¢ /232, (k:ge /2) (Apivs + Au v + Apny + A1)

k1 Vi ko V2 k2 k2
Ay, = (kg) (,{73) I(=v1)T(=v2)l(a1)I (a2) Fy <a1,a2 s 1+v, 140 le% é ,

where Fj is the fourth Appell function (hypergeometric series in two variables),
a1 = (A+>;vs)/2 and ag = a1 — v3, and we have assumed that Re (A — > ;v;) > 0 and
that the t contour can be deformed to ¢ — oo(1 + i¢). While these special functions are
not particularly enlightening (particularly when n > 3, not much more is known about
them than the original Hankel integrals), they can be simplified for particular values of
the vj. For example, we see from the triple-H integral (B.5) with A = d/2 the simple pole
arising whenever A7 + Ay + Ay =d (i.e. a; = 0) or A] + Ay + A =d (ie. ag = 0),
whose residue is straightforwardly read off using the fact that,

Fy(e,az 5 bi,ba s 2,y) =1+ 0O(e) . (B.6)

In particular, for the three-point coefficient of conformally coupled scalars
(A=d/2, vj =1/2 for all j) discussed in section 5, the first subleading correction is,

ki k3
Fy (a17a2; 1—v,1 - k?’k?

5, 1 11 Kk k3
= 1_2(d_3)7F4 <a1,2; 5752 kéé) ’a1:0+0((d_3)2)

daq
(ka3 — k1) (k12 — k3) (k13 — k2)k123
k3

14 (d—3) log( >+O((d—3)2) (B.7)

52[43] also discuss alternative schemes in which the mode function order is not analytically continued
with the spacetime dimension — although computationally simpler, this results in wavefunction coefficients
which do not respect the equations of motion (just like a hard cutoff).
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when d — 3. Inside the log, the numerator is a manifestly crossing-symmetric function
of the kj, while the denominator cancels against the log coming from the factor of
k2 = k39 in (B.5).

In order to derive (B.5), we will make use of the Mellin-Barnes representation of the
Bessel functions,

T(2) = —— / T 4T (s)T (s — v) (;)2 isin(m(s = v)) (B.8)

27 Je—ioco T
iV, (2) = —% / :O dsT(s)T(s — v) (;)Hs COS(”(;_”)) (B.9)

v—2s im(s—v)
Z) ¢ (B.10)

HO(z) = — - / T dsT(s)0(s — v) (

— 400 2 s

where ¢ is a real positive constant > Re(v). Using the relation 7/sin(vn) = I'(v)['(1 — v),

we caln eXpI‘GSSS3

Jiv(2) = 217”/:: dsr(sriliy) <;>2Siy (B.11)

1

HV(2) = (7™, —J2) (B.12)

sin(vm)
and so the triple-H integral is given by,

-1
sin(vy7) sin(vem)

[I—Vl—l’2 — e Ty — €T Ly + e_m(yﬁw)z”lw} (B.13)
where Z,,,, is the integral,

 di
T = || G0 T (1) (ot H (k) (B.14)

= o [ 52000 v 201+ ) TSl e )

28141 280+19 v3—2s3 i7r(8371/3)
<) GG = 19
™

where v = 3 ;v and the integration is [d®s =[] [ ;jj;:oo

1

dsy (with ¢ > 0, ¢a > 0 and
c3 > Re(v3)), and we have used the identity,

/ %t” — 9rid(n), (B.16)
0

53Note that while the J, integral representation is usually defined with v > 0, we can use that J_, =
cos(vm)J, — sin(vm)Y, to derive the analogous representation also for negative order.
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to perform the ¢ integration. We can perform the s3 integration using the delta function,

Il/lz/g
_ Z'2)\ei7ra2 klflk:lfkg?’
27 k;‘“
></ d%s T(—s1)[(—s2)[(s1+s2+a1)(s1+s2+as) (B.17)
(2mi)? I'(s1+14v1)T(s2+1412)
i2 etz N2 T(aq)T(ag) k?

—_ F 14,1 B.18
2r k2% D(1+m)D(1+ws) 4<a1’a2’ 1, +”2’k§ k:2> (B.18)

where the 0 function has been used to set s3 = s1 + s2 + (A +v7)/2, and A+ vp is assumed
positive. So defining,

B\ (ko \ 72 k2 k2
Avyv, = (1> <2) [(=v)T(=v2)l(a1)I(a2) Fy <a17a2 N 2) ,

ks) \ks k3’ k3
(B.19)
the triple-H integral is,
20 s A
Tﬂ_ge (/636 ) (AV1V2 + AV1*V2 + Afllll/z + A*Vlfl/z) (B'2O)

(note a sign which comes from 7 /sin(vr) = I'(v)['(1 —v) = —=T'(—=v)I'(1 + v)). The sum
over four such functions is clearly required by the property H,(z) = €™ H_,(z). The
factor of (kze~"™/2)=* out front can be recognized as the analytic continuation from the
triple-K integral [27], since K, (z) = ZeV™/2H, (ze”/z).

Appel Fy identities. The Appel F} function is a hypergeometric series of two variables,

o
(al)m+n(a2)m+n
Fy(ay,ao;b1,b0;2,y) = z"y", B.21
4( 1,42,01,02 y) m;() (bl)m(bQ)n Yy ( )
which can be represented as an integral,
Fy(ar, az;b1,b2; 2, y) (B.22)

F(bl)r(bg) /Jrioo dsidsy F(Sl + 59 + al)l“(sl + 59 + ag)

= Ta)T(az) Jose @mi)? T(si+b)T(sat by L VI (=)

These representations make manifest the symmetry properties,
Fy(a1,a2 ; b1,ba 5 w,y) = Fy(ag, a1 ; b1, ba 5 x,y) = Fy(ar,az ;5 b2,b1 ;5 y, ) (B.23)
as well as various recurrence relations such as,

az (Fu(ar,a2 + 15 bi,ba 5 ,y) — Fu(ar,az ; bi,ba ;s x,y))
=ay (Fy(a1 + 1,a2; b1,ba; z,y) — Fy(ar, a2 ; bi,ba; x,y)) (B.24)
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Less obvious is the crossing relation,

ki k3
Fylai,a2; b1,ba; ?,? (B-25)
—F( )L(a — a1) F aj,a1 —bay+1:b1,a1 —a +1'k—%'k—§
- F( F(bQ—al) 4 1,01 2 9 1 1 2 9 k% Y k%
[(bg)'(a1 — az) k‘z o kK3
F, —-b 1:0 — l: = ; —=
( ) (b2_a2) 4 | a2, a2 2+ ; 01,02 CL1+ 3 ]{?% ) k’%

which exchanges ko <+ k3, and can be used to show that the expression (B.20) is crossing
symmetric under the exchange of 2 and 3.

In practice the above representation (B.21) is of little use because the series only
converges for |z|'/2 + |y|'/2 < 1, which in terms of k; and ko corresponds to ky 4 ko < k3
(which is inconsistent with the triangle inequality required by momentum conservation),
and little is known about the analytic structure of Fy beyond this domain. However,
for certain values of {\, v1, 19,13}, the Appell function may be expressed in terms of more
elementary functions (products of two hypergeometric functions of a single variable), which
can be analytically continued in a straightforward way to the physical region ki + ks > ks.

In particular, the fourth Appel function F4 reduces to the first Appel function Fj

whenever ay = b,

F. by ; b1,by
= (1 —.iL‘)al(l —y)al Fy (al, by —bg,14+a1 —by; by x,:vy) . (B.26)

When b; also coincides with bg,
Fi(a1, 0,14+a; —by; by x,2y) =oF; (a1,1+ a1 —be; ba; zy) (B.27)
and when b; coincides with 1+ a; — bs,
Fi(ai, 14+a; —2by, bo; 14+a; —by; z,2y) (B.28)

1—=x

1_
=1 —z) "2k (al b2 3 1+ar — by it ) y)) :

For example, when computing the correlators of conformally coupled scalar fields (i.e.
vy =1/2 and A = d/2) one needs the Appell functions,

H <1,; | ;% ; :zl; 2‘%) - f]{ilog ((k1]2ﬁi37£/‘]3:())/‘;3ki)k1)> (B.29)
(g 3s i) - e () e
and the expansion of,
7, <d/22—3y’d/22—1/; 1_p1— :zllzg)
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near d = 3 and v = 1/2. This gives a triple-H integral,

8 1 ( d—3 ( 1) ) 1 ‘
1— ——vp — (v — = | log(8k1kaks) | — = log (—1k .
V213K kaoks |:d—3—6(V—;) 5 1B 2 (8k1k2k3) 9 (—ikr)

(B.32)
Once multiplied by N1NyNj, it gives a three-point wavefunction coefficient,
1 1 1
ag = 2i — —vg — = log (—ikr) (B.33)
d-3-6(v-1%) 27 2

The pole depends on the scheme, but there is always an anomalous violation of scale
invariance due to the log(kr) which is scheme-independent. See e.g. [43] for a general
demonstration of the scheme-independence of the anomaly in 3d scalar CFTs.

When v, and v3 are both conformally coupled scalars (but v; is arbitrary), the relevant
Appell Fy is given by the identity,

1 1 _9 1 x
2F, —; b1, =(1 MR - b ———=
4<a17a1+2, 1,2,x,y> (1+vy) 2 1<a1,a1+2, 1s (1+\/@2>

T

—%a4 1
+(1-/y) 2 2 Fy (al,a1+2§bl§ (1\/@2> . (B.34)

Finally, we also note that when A =1 (i.e. an integral over three H,,(kt) with no overall
factor of t), the Appell function factorises, since
Fy(ar,az; bi,ba; X(1-Y),Y(1 - X)) =2F1(a1,0a2; b1; X) 2F1(ar,a2; b2; Y)
(B.35)

when a1 + a2 + 1 = by + be. Both (B.34) and (B.35) may then be used to analytically
continue into the physical region ki + ko < k3.
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