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Abstract

Low cycle fatigue is one of the main life limiting factors in gas turbine discs. The plastic deformation
behaviour that leads to crack initiation is not fully understood, and phenomenological descriptions fail to
explain the stress response typical of nickel-based superalloys, which consists of cyclic hardening followed
by cyclic softening. In this study, samples of nickel-based superalloy 718Plus with different ageing heat
treatments are fatigued for 500 cycles at room temperature, their microstructures characterised and their
slip localisation behaviour quantified via electron channeling contrast imaging (ECCI). A physics-based
mesoscopic model is developed to investigate the effects of ageing and loading conditions on cyclic defor-
mation behaviour. The formation of slip bands and evolution of the local dislocation density are used to
describe cyclic hardening, while continued precipitate shearing from the accumulation of slip irreversibili-
ties is modelled as the source of cyclic softening. Both mechanisms are then coupled via a parameter for
the volume fraction of slip bands. The model successfully reproduces the trends observed for the different
conditions, with overaged samples eventually surpassing the cyclic stress of the peak-aged specimens due
to a slower softening rate. Curves from the literature for superalloy Nimonic PE16 are also reproduced for
different ageing conditions and strain amplitudes. Further electron microscopy near surface cracks reveals
the presence of precipitate-free deformation bands only in the underaged condition, which is explained in
terms of a saturation point for the shearing process.

Keywords: Plastic deformation; Cyclic stress-strain curve; Slip band; Low cycle fatigue; Ni-based
superalloys

1. Introduction

Over the last fifty years a wide variety of studies have explored the low cycle fatigue (LCF) behaviour
of nickel-based superalloys. However, the priority in the scientific community has been to understand the
crack initiation and propagation phenomena, rather than the physics of the cyclic deformation process and
the evolution of the macroscopic stress-strain response. Whilst this is understandable from a technological
perspective, addressing all these phenomena and the links between them is required to guide the development
of structural alloys for fatigue applications.

The cyclic stress-strain curves obtained from different tests vary a lot and trends are not easy to identify.
To address this issue, a summary of multiple studies is presented in Tables 1 and 2 for solid solution and
γ′-strengthened alloys, respectively. This includes tests performed from room temperature to about 800◦C
to capture the transition between different deformation regimes. Higher temperatures are not considered as
they have mostly been done in single crystal alloys, which lie beyond the scope of the present work.
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Table 1: Microstructure and operation conditions of fatigue tests in solid solution nickel-based superalloys where the cyclic
stress response is reported. Values in italic are the changing variables in the corresponding work.

Alloy Grain size Temperature Strain rate Strain ratio Strain amplitude Ref.
Linear Sinusoid

[µm] [◦C] [%/s] [Hz] [%]
Alloy 690 53 RT, 204 0.15 -1 0.2 - 0.5 (Chai et al., 2004)
Haynes HR-120 - RT - 982 0.4 -1 0.2 - 1.15 (He et al., 2002)
Hastelloy X 77 RT - 704 0.04 -1 0.3 (Miner and Castelli, 1992)
Haynes 230 60 RT - 982 0.003 - 0.33 -1, 0 0.15 - 0.8 (Barrett et al., 2016)

- Values not reported
RT: Room temperature

Table 2: Microstructure and operation conditions of fatigue tests in γ′-strengthened nickel-based superalloys where the cyclic
stress response is reported. Values in italic are the changing variables in the corresponding work.

Alloy Grain size γ′ precipitate Temperature Strain rate Strain Strain amplitude Ref.
Size Fraction Linear Sinusoid ratio Total Plastic

[µm] [nm] [%] [◦C] [%/s] [Hz] [%] [%]
*Experimental alloy - - - 650 0.5 -1 0.3 - 0.8 (Zhang et al., 2015)
Mar-M247LC - 500 - 760 - 982 0.05 -1 1.2 - 1.64 (Choe and Lee, 1995)
Waspaloy 60 8 - RT - -1 0.24 - 0.83 (Stoltz and Pineau, 1978)

25
50
90

Waspaloy 125 6.5 - RT - 800 0.33 -1 0.075 - 0.15 (Lerch et al., 1984)
16 B: 300 + 90

Nimonic 80A 60 <5 - RT 0.2 -1 0.025 - 3 (Lerch and Gerold, 1987)
13
20

B: 100 + 13
Nimonic 90 300 - - RT 0.3 -1 0.4 - 1.1 (Ganesh Sundara Raman and Padmanabhan, 1994)
Nimonic 90 130 S 0 RT 0.3 -1 0.5 - 1.1 (Subramanya Sarma et al., 1998)

11.35 14
27.15 14
60.35 14

Nimonic PE16 - 12.5 - RT 0.4 -1 0.57 (Sundararaman et al., 1989)
21
30

Nimonic PE16 30 10 7 RT 0.4 -1 0.6, 2.6 (Singh et al., 1991)
21 7
30 7

Nimonic PE16 65 S 0 650 0.3 -1 0.25 - 1 (Valsan et al., 1992)
18 11
35 11

Nimonic PE16 65 S 0 450 - 650 0.003 - 3 -1 0.6 (Valsan et al., 1994)
18 11

GH4742 - - - 650 0.6 - 1.4 -1 0.3 - 0.7 (Qin et al., 2015)
GH4145/SQ 110 B: 80 + 20 - 538 0.4 -1 0.35 - 0.95 (Ye et al., 2004)
Inconel 792-5A 3000 B: 600 + 200 - RT, 900 0.2 -1 0.16 - 1.2 (Obrtĺık et al., 2009)
Udimet 720Li 11 T: 5500 + 120 + 50 18, -, - RT - 650 0.5 -1 0.4 - 1.2 (Gopinath et al., 2009)
TMW-4M3 8.7 T: 1500 + 65 + 7 16.9, -, - 400 - 725 0.8 - 1.2 0 0.4 - 0.6 (Zhong et al., 2012)

- Values not reported
* Composition of the experimental alloy given
RT: Room temperature
S: Solutionized
B: Bimodal precipitate size distribution
T: Trimodal precipitate size distribution

Difficulties arise when comparing fatigue data from the literature, e.g. microstructures not being fully
characterised. Furthermore, as seen in Tables 1 and 2, some of the tests have been done under different
loading modes; for instance, using a constant total or plastic strain amplitude control. Similarly, some
experiments are performed with a constant strain rate and others with a sinusoidal wave. These differences
may introduce variations in the operating deformation mechanisms at different stages of the tests.

The most common behaviour seen in these alloys consists of a short cyclic hardening stage of around
20 cycles followed by softening until crack initiation. This is very different from other fcc materials, which
typically show cyclic hardening until stress saturation (e.g. pure copper (Basinski and Basinski, 1992; Lukáš
and Kunz, 2004), brass (Henkel et al., 2010), mild steel (Yang and Zhou, 1994) and structural carbon
steel (Nip et al., 2010)) or only cyclic softening (e.g. γ′′-strengthened superalloy Inconel 718 (Xiao et al.,
2005, 2008; Banerjee et al., 2016; Krishna et al., 2010)). Other materials that show the aforementioned
hardening/softening behaviour are alloying systems with coherent shearable precipitates, such as Al-Cu
(Lee et al., 1981), Cu-Co (Mughrabi, 1983), Al-Zn-Mg (Vogel et al., 1982).
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Many mechanisms have been proposed to explain the observed responses, but no consensus has been
reached regarding which one dominates for each condition. The stress hardening mechanisms that have been
mentioned are:

• accumulation of dislocations (Pineau and Antolovich, 2009);

• dynamic strain ageing (Chai et al., 2004; Gopinath et al., 2009; Zhong et al., 2012);

• carbide precipitation on dislocations (He et al., 2002; Antolovich, 2015);

• growth of underaged precipitates (Pineau and Antolovich, 2009).

Alternatively, mechanisms responsible for the cyclic softening include:

• precipitate shearing (Sundararaman et al., 1989; Risbet et al., 2001; Humphreys and Hatherly, 2004;
Phillips et al., 2013);

• precipitate disordering (Calabrese and Laird, 1974; Lee et al., 1981; Sundararaman et al., 1989);

• precipitate dissolution (Brechet et al., 1987; Sundararaman et al., 1989; Zhang et al., 2019);

• formation of precipitate-free deformation bands (Stoltz and Pineau, 1978; Sundararaman et al., 1990;
Zhang et al., 2015);

• loss of coherency between the matrix and the precipitates (Antolovich et al., 1981);

• formation of planar dislocation structures from a more homogeneous deformation behaviour (Turner,
1979; Srinivasan et al., 1991);

• growth of overaged precipitates (Antolovich et al., 1981);

• growth of carbides at high temperatures (He et al., 2002);

• grain growth during cyclic loading at high temperatures for long times (Zhang et al., 2015).

It is generally agreed that hardening of the materials is due to dislocation interactions between them
or with other microstructural features. In nickel-based superalloys and other low stacking fault energy
materials, this occurs in the form of slip bands. These are complex dislocation structures that develop along
nearby parallel {111} planes connected via a double cross slip mechanism (Wang et al., 2008), where the
plastic strain is highly localisedand the formation of point defects, dislocation debris, prismatic loops, dipoles
and multipoles hinder the mobility of dislocations (Li and Laird, 1994; Lukáš and Kunz, 2004; Déprés et al.,
2004; Risbet and Feaugas, 2008; Ho et al., 2015). Slip bands in superalloys start forming from the initial
fatigue stages. In tests with a high strain amplitude these form during the first cycle (Petrenec et al., 2014;
Mello et al., 2017), whereas they may develop gradually over multiple cycles for lower amplitudes (Risbet
et al., 2003; León-Cázares et al., 2020). As the fatigue process continues, the dislocation density within the
bands is expected to increase until a balance between their generation and annihilation is reached. The
morphology and distribution of slip bands at the saturation point varies considerably with the operating
conditions (Valsan et al., 1994) and the microstructure of the material (Singh et al., 1991; Sundararaman
et al., 1990; Ho et al., 2015).

Solid solution superalloys present cyclic softening, although typically with lower rates than materials that
contain precipitates. Softening in solutionised materials may occur due to a transition in the deformation
behaviour, from a homogeneous distribution of slip towards a more localised planar dislocation structure
(Pham et al., 2011, 2013).

The higher softening rates in γ′-reinforced superalloys have been mostly associated to the first three
mechanisms in the aforesaid list: precipitate shearing, disordering and dissolution, although there is contro-
versy regarding which one dominates. All these processes soften the material by effectively decreasing the

3



precipitate cross sectional area that the dislocations have to traverse, but they differ in the kinetics driving
this change.

Gradual shearing of the precipitates during cyclic deformation occurs due to the to-and-fro glide of
dislocations in the matrix and dislocation pairs within the precipitates Yashiro et al. (2006); Huang et al.
(2012). The average shear step length increases as the cyclic test progresses (León-Cázares et al., 2020),
resulting in a reduction of the precipitate cross sections. This behaviour arises from slip irreversibilities, by
which dislocations glide in one direction but are unable to glide back. Examples of these events are cross
slip, dislocation annihilation, trapping in the form of dipoles and emergence of dislocations at a crystal
surface, among others (Mughrabi, 2009, 2013a,b).

In some fatigue tests, deformation bands with no precipitates have been reported; however, their forma-
tion mechanisms and conditions for their occurrence are not yet fully clear. Superalloys in which they have
been identified include Waspaloy (Stoltz and Pineau, 1978), Nimonic PE16 (Singh et al., 1991; Sundarara-
man et al., 1990) and an experimental nickel-based superalloy (Zhang et al., 2015). Precipitates reappear
in these bands if subjected to an adequate heat treatment, meaning that the chemical composition of the
band does not vary significantly after they form (Köhler et al., 1984; Sundararaman et al., 1990).

These softening mechanisms increase the localisation of slip as precipitates weaken locally, making it
easier for dislocations to glide in these regions. Shin and coauthors (Shin et al., 2005, 2007) corroborated
this behaviour by modelling the precipitates within a dislocation dynamics framework as a series of barriers
to dislocation motion which soften with each dislocation passing through them. However, a systematic study
of the precipitate size effect in a Cu-2at%Co alloy (Mughrabi, 1983) revealed the existence of a saturation
stage with a residual stress contribution from the precipitates, meaning that the softening process does not
remove all the strength provided by the second phase particles (Mughrabi, 1983). Tests in many nickel-based
superalloys have shown a similar behaviour, with a softening rate that decreases with the number of cycles,
although a steady stress amplitude is rarely reached due to early crack initiation.

Stress-strain regimes other than the aforementioned hardening/softening behaviour have been observed
at different temperatures in a number of superalloys. At intermediate temperatures, from approximately
200 to 600◦C, a higher hardening with no softening is typically observed. This has been linked mostly to
dynamic strain ageing, as it is accompanied by serrations in the stress response (Miner and Castelli, 1992;
Chai et al., 2004; Gopinath et al., 2009; Valsan et al., 1994; Zhong et al., 2012). At higher temperatures
the trend reverses, cyclic softening reappears and the peak stress shifts towards a smaller number of cycles.
It is not clear whether this transition is only linked to the disappearance of dynamic strain ageing or also
because of the activation of other mechanisms. Furthermore, at very high temperatures (above 900◦C) a
constant stress amplitude, sometimes following a slight softening stage, is seen (Obrtĺık et al., 2009). This
might occur due to a transition towards a more homogeneous deformation with no precipitate shearing, as
observed in a number of alloys (He et al., 2002; Gopinath et al., 2009).

There are also clear deviations in behaviour for alloys with large precipitates. Steeper hardening rates
and slower softening are characteristic of materials in an overaged condition. This has been associated
with the transition towards a more homogeneous deformation behaviour (Singh et al., 1991; Shin et al.,
2005). Besides, the storage of Orowan loops is promoted around large precipitates, which results in a higher
kinematic hardening (Brown and Stobbs, 1971; Kassner et al., 2008).

Overall, the listed hardening and softening mechanisms related to a change of coherency or growth of
precipitates, carbides or grains are very specific to a number of conditions and could not systematically
explain the behaviour observed along this range of microstructures and tests. Slip localisation, dislocation
accumulation and precipitate degradation are considered the main mechanisms behind the evolution of the
stress amplitude during low cycle fatigue in nickel-based superalloys. Therefore, these are explored in more
detail throughout this work, whichcombines microstructural characterisation of a superalloy after different
ageing times with physics-based modelling of the hardening/softening behaviour. This represents a key step
towards understanding the process of damage localisation along slip bands prior to crack initiation.
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2. Material and Methods

The material examined in this study is the polycrystalline nickel-based superalloy 718Plus, supplied by
Rolls-Royce Deutschland. The composition of this alloy is given in Table 3. 718Plus was selected due to its
slow γ′ precipitation kinetics (Srinivasan et al., 2012), which allow for a solutioning heat treatment followed
by rapid cooling to avoid the nose of the TTT diagram and obtain a single phase material.

The initial shape of the material was a slice of supersolvus hammer forged billet with a diameter of 230
mm and thickness of 56 mm. Electrical discharge machining was used to cut cylinders with a diameter of
11 mm from the centre of the billet. These were subjected to one of four different heat treatments, denoted
solutionised (S), underaged (UA), peak aged (PA) and overaged (OA). The solvus temperatures have been
reported to be 967◦C for γ′ and 1012◦C for the η/δ precipitates (Casanova et al., 2014). Thus, all heat
treatments started with a supersolvus solutioning step at 1020◦C for two hours followed by water quenching.
Following the precipitation and coarsening curves given by Zickler et al. (Zickler et al., 2009) for this alloy,
ageing was done at 775◦C for 10 (UA), 38 (PA) and 72 (OA) hours, followed by water quenching. Dog-bone
shaped fatigue samples with a gauge length of 13 mm and diameter of 4.3 mm were then machined from
the specimens, removing the oxide layers formed during the heat treatments.

Table 3: Chemical composition of alloy 718Plus (wt%) (Kennedy, 2005).

Ni Cr Co Mo W Al Ti Nb Fe
bal 18 9.1 2.7 1 1.45 0.75 5.4 9.5

Interrupted fatigue tests were performed at room temperature for 500 cycles in an Instron 8862-100kN
servo hydraulic machine with a clip-on extensometer. A fully reversed triangular strain control was used
with an amplitude of ∆ε/2 = 0.83% and a constant strain rate of 0.3%s−1, starting with a tensile load and
ending after a compression stage.

Two samples with a thickness of 4 mm were cut perpendicular to the loading axis from the middle part
of the gauge length for each condition. These were hot mounted in bakelite, ground and polished with
diamond suspensions and colloidal silica according to standard procedures. The γ′-etchant described in
reference (Preuss et al., 2002) was applied for 20 seconds to one sample from each condition.

Scanning electron microscopy (SEM) was performed in a ZEISS GeminiSEM 300. The secondary electron
through-lens detector was used on unetched samples to characterise the γ′ volume fraction and precipitate
size distribution with the ImageJ software package by first applying the operations of smooth, threshold
regional gradient (Landini et al., 2017) and watershed in micrographs taken at different magnifications for
each ageing condition.

This detector was also employed in etched samples to observe shear steps in the precipitates. A method-
ology introduced in previous study (León-Cázares et al., 2020) was used to measure slip line spacings. This
technique determines the orientation of the slip plane with respect to the sample surface from the elliptical
markings left in the surface of etched holes. While crack initiation and propagation are outside the scope of
this study, the higher plastic strains developed near surface cracks are of particular interest for an analysis
on the evolution of the microstructure. Thus, these regions were also imaged.

The circular backscattered electron detector was used to measure the grain size via the circular method
intercept following the ASTM standard E112-13 with six circles of 700 µm diameter in the unetched sam-
ples. Electron channeling contrast imaging (ECCI) was performed in over 20 grains at a low magnification
(<1000X) for each condition to identify differences in the spread of the slip bands.

An estimation of the density of active slip planes from ECCI micrographs is used to calculate the amount
of slip each of these accommodates. For simplicity, the quantification of the volume fraction occupied by slip
bands is preferred over that of their widths and spacings. However, measuring the slip band volume fraction
from the intensity profile along a line perpendicular to the band is very inconsistent. The inhomogeneous
distribution of dislocations along a given plane makes two profiles from parallel lines vary considerably even
when closely spaced. Contrast changes due to small carbides, embedded polishing media or even the γ′

precipitates also affect these profiles.
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Fast Fourier transform (FFT) filtering is used to circumvent these obstacles. The following analysis was
performed in 10 grains from each sample in ECCI micrographs at a 5000X magnification with a resolution of
20 nm/pixel. Parallel bands produce in a FFT image a perpendicular bright sharp line that goes through the
centre, as shown in Figure 1(a) for a crystal with slip bands in two different slip plane orientations. Traces
of a horizontal and vertical line appear due to the squared shape of the enclosed region, but these can be
ignored. In Figure 1(b), filtering out the lines linked to the active slip plane orientations and performing
an inverse fast Fourier transformation (IFFT) results in an image with most of the features of the original
micrograph, but without the slip bands. The opposite is done in Figures 1(c) and (d), filtering out from the
FFT image everything but a rectangle of width ∼ 3 pixels along these lines before applying an IFFT. This
eliminates the inhomogeneities that were initially randomly distributed and produces a contrast that changes
almost uniquely in the direction perpendicular to the selected plane orientation, making the measurements
considerably more consistent. The intensity profiles along the red lines from Figures 1(c) and (d) are plotted
in Figures 1(e) and (f), respectively. The volume fractions of slip bands are measured from the ratio of points
with an intensity higher than a set threshold, shown with the dashed lines. This value is manually selected
to be below the contrast observed in the bands. Only the primary slip system is considered in this analysis.

Transmission electron microscopy (TEM) was performed in the S sample to determine if small γ′ pre-
cipitates were present for this condition. Samples were cut from the gauge length, ground to a P2500 grit
and electropolished with a Tenupol-5 at −5± 1◦C in a 6% perchloric acid in methanol solution. Bright field
(BF) and scanning TEM (STEM) with a high angle annular dark field (HAADF) detector were performed
within a FEI Tecnai Osiris operating at 200kV.

3. Results

3.1. Cyclic stress-strain response

The initial stress-strain hysteresis curves for the different samples are shown in Figure 2(a). The yield
stress shows the expected trend, with the PA condition stronger than the rest. A big difference in plastic
strain amplitude between different samples can be seen from the first cycle. This varies from 0.62% for the
S condition to ∼ 0.43% for the rest, due to its considerably lower yield stress. This must be taken into
account for a comparative analysis between the different conditions.

The evolution of the cyclic stress amplitude from Figure 2(b) shows hardening followed by softening
for all the samples. Precipitate shearing cannot be the only mechanism responsible for cyclic softening as
this is also observed in the S sample, in agreement with LCF in solid solution alloys (Chai et al., 2004; He
et al., 2002; Miner and Castelli, 1992; Barrett et al., 2016). Regardless, shearing might have a considerable
effect on it as discussed before. The cyclic behaviours of the UA and PA samples are very similar, reaching
the maximum stress after 14 and 9 cycles, respectively. The OA condition hardens during the initial ∼ 240
cycles and eventually reaches a stress amplitude larger than all the other samples. The softening that follows
has the smallest slope among all, but increases towards the end of the test.

3.2. Microstructure

The ASTM grain size number of the material analysed is 5.86 (mean planar diameter of 47 ± 2 µm).
Annealing twins are very common throughout all the samples. No sign of δ/η precipitates is observed in
any of the heat treated samples, as expected from the solutioning step (Pickering et al., 2012).

The number of precipitates counted and relevant data are summarised in Table 4 for the three ageing
conditions. Normalised histograms with the corresponding precipitate sizes are given in Figure 3, fitted
to lognormal probability distributions as done in previous studies (Collins and Stone, 2014; Galindo-Nava,
2015). The mean and standard deviation of the logarithmic values of the distributions are also given in
Table 4. Alternatively, BF TEM and HAADF STEM confirmed the absence of γ′ precipitates in the S
sample, both in the bulk and close to grain boundaries.

6



Figure 1: Methodology for the measurement of the slip band volume fractions. (a) Original ECCI micrograph showing a crystal
with slip bands in two different orientations. (b) Image produced by filtering out the pixels along the lines with a high contrast
from the previous FFT and then applying an IFFT. (c) and (d) result from filtering out from the initial FFT everything but
the pixels within a rectangle aligned with a line with high contrast. The intensity profiles along the red lines are shown in (e)
and (f), with the selected thresholds shown as dashed lines. All the FFTs are shown in the top right corner of their respective
figures, where the black pixels are those filtered out before performing the IFFTs.

3.3. ECCI

Representative ECCI micrographs for each ageing condition are shown in Figure 4. Plastic deformation
is in general accommodated in slip bands that extend through the entirety of a grain; no stacking faults are
observed. Multiple slip dominates throughout all samples, with two active slip systems as the most common
behaviour.
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Figure 2: (a) First complete stress-strain hysteresis curve and (b) evolution of the cyclic stress amplitude of the 718Plus
samples.

Table 4: γ′ characterisation.

Sample Count Area imaged [µm2] Volume fraction [%] Mean diameter [nm] Circularity
Lognormal fit

Mean Standard deviation
UA 4939 0.9 19.5 14.1 0.89 2.59 0.34
PA 6010 3.8 22.6 27.5 0.86 3.28 0.27
OA 2603 3.2 20.8 38 0.83 3.59 0.31

The volume fraction of slip bands in the primary slip system as a function of precipitate size obtained
via the FFT filtering is reported in Figure 5, where the large standard deviations highlight the variability
observed between grains. The S condition has the highest volume fraction, likely due to the absence of pre-
cipitates which have been shown to promote slip localisation (Mughrabi, 1983; Risbet and Feaugas, 2008).
Longer ageing times result in a higher fraction of slip bands too. This behaviour agrees with experimental
studies on Waspaloy (Ho et al., 2015) and dislocation dynamics simulations with the incorporation of shear-
able precipitates (Shin et al., 2005). Note that the difference from the UA to the PA condition is rather
small, but a considerable increase is observed for the OA condition.

Some of the grains in the S condition show a more homogeneous distribution of slip, where parallel bands
fill almost the entirety of the volume and slip bands develop in a secondary orientation. This behaviour is
also observed to a lesser degree in the OA sample. Examples of this can be seen in Figures 4(e) and (h).
Conversely, all the imaged grains in the UA and PA conditions show localisation of plastic deformation in
clearly spaced slip bands.

3.4. Precipitate shearing

Signs of precipitate shearing are observed in the three aged microstructures, as shown in Figure 6 in
γ′-etched samples. However, there is a large in- and out-of-plane component of the displacement vectors
in all the micrographs due to the samples being cut perpendicular to the loading axis. Halves of sheared
precipitates are commonly observed because of this. Measurements of the slip line spacings from the holes
left in these samples were only obtained in the OA and PA samples, giving an average of 20.1 nm and 23.8
nm, respectively. The slip bands in the UA sample were spotted but the slip lines could not be traced due
to the small precipitate size.

Surface cracks are observed in all samples. Examples of the precipitate morphology in the regions nearby
are shown in Figure 7. Clear signs of higher amounts of plastic deformation are observed in all cases. Sheared
precipitates populate slip bands in the vicinity of the cracks for the PA and OA conditions. In the former
in particular, multiple nearby parallel bands show more shearing than their counterparts in the bulk. In
the UA sample, precipitate-free deformation bands appear close to the crack and ahead of the crack tip,
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Figure 3: Normalised histograms of the precipitate size in the (a) underaged, (b) peak-aged and (c) overaged samples, fitted
to lognormal distributions. These probability distributions are plotted together in (d) for comparison.

hinting towards their dissolution for high cumulative plastic strains. No γ′ is observed in these regions even
at higher magnifications.

4. Modelling

A mesoscopic model for the cyclic stress-strain response of precipitate-reinforced materials is developed
here in light of the experimental results and the trends observed in other nickel-based superalloys. The
overall philosophy of this model is that of capturing the functional dependencies of the macroscopic re-
sponse on microstructural parameters and loading conditions. Precipitate shearing and slip localisation are
incorporated to account for the evolution of the microstructure and dislocation structure, while reproducing
the hardening and softening behaviours.

4.1. Cyclic deformation behaviour modelling

The macroscopic stress σ required to drive a certain amount of plastic deformation ε stems from a
combination of mechanisms. In this work, the different contributions considered are those of (i) a constant
stress σ0 due to the combined effects of grain boundaries and solid solution (acknowledging that these
mechanisms act on very different length scales), (ii) γ′ precipitates σP , (iii) isotropic hardening σD due
to an increase in the dislocation density which shortens the mean free path of the mobile dislocations, and
(iv) kinematic hardening σK from the long-range internal stresses produced by heterogeneous deformation
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Figure 4: ECCI micrographs of samples from the four ageing conditions at a magnification of (a-d) 600X and (e-f) 5000X.

Figure 5: Volume fraction of slip bands in the primary slip system for the different ageing conditions. The error bars denote
the standard deviation in the measurements.

(Brown and Clarke, 1975). Congruently with models founds in the literature (Han et al., 2011; Fribourg
et al., 2011; Maciejewski and Ghonem, 2014), the superposition of these contributions follows the form

σ = (σ0 + σP + σD) · sign ε̇+ σK , (1)

where sign ε̇ denotes the direction of loading (1 for tension and −1 for compression). This common sim-
plification in mesoscopic models avoids dealing with stress inhomogeneities that develop from all sorts of
constraint effects to focus on the behaviour of the material as a whole, albeit losing detail at shorter length
scales. The total strain εt = εe + εp has an elastic εe = σ/E and a plastic εp components, and the plastic
strain rate ε̇p can be further described with Orowan’s equation (Orowan, 1940)

ε̇p = M−1bρmv, (2)
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Figure 6: Secondary electron micrographs of slip bands in the (a) UA, (b) PA and (c) OA γ′-etched samples.

Figure 7: Secondary electron micrographs of surface cracks in the UA, PA and OA γ′-etched samples. The enclosed regions in
(a-c) are shown at a higher magnification in (d-f).

where E is the Young’s modulus, M the Taylor factor, b the Burgers vector, ρm the mobile dislocation
density and v the average velocity of these dislocations. This ignores crystal orientation effects and averages
the plastic deformation in multiple grains via the Taylor factor rather than considering the individual Schmid
factors as done explicitly in crystal plasticity.

The contribution of the γ′ phase to the yield stress is calculated as a function of the precipitate diameter
r and the antiphase boundary energy γAPB from classical precipitation hardening theory (Reppich, 1982;
Ardell, 1985; Ardell and Huang, 1988). Two regimes, weak and strong pair-coupling, are modelled from the
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forces felt by two dislocations gliding on the same slip plane. The contribution to the critical resolved shear
stress due to weakly paired dislocations τwc follows equation

τwc =
dγAPB
2b2L

(
dγAPB
µ

)1/2

, (3)

where µ is the shear modulus and L the mean precipitate spacing. An additional term −f typically appears
inside the square root in equation (3), which arises from considering that the trailing dislocation has already
entered a γ′ at the critical point for precipitate shearing. This has been shown to introduce errors for alloys
with small precipitates (Galindo-Nava, 2015) and is therefore avoided in the current derivation. For larger
precipitates, strong pair-coupling is given by

τsc =
Wµb

πL

(
πdγAPB
Wµb2

− 1

)1/2

, (4)

where W is a dimensionless constant used to account for uncertainties in the model and fit the results. The
reader is referred elsewhere (Reed, 2006) for a more detailed derivation of these equations. The precipitate
spacing

L =

(
π

6f

)1/2

d (5)

can then be substituted into equations (3) and (4). The active mechanism will be that which requires the
lowest stress to occur, i.e. σP = M min (τwc, τsc). Orowan bowing would be expected to occur for even
larger precipitates, but this mechanism is ignored here as it is not expected to appear in the microstructures
modelled in this work (due to their relatively small precipitates) and because loops seem to collapse anyway
once dislocation multipoles and pile ups form within fully developed slip bands (León-Cázares et al., 2020).

Kinematic hardening is promoted both by the back stresses from dislocation pile ups and by the pres-
ence of a secondary phase due to the incompatibilities that arise upon deforming a material with elastic
inclusions (Brown and Stobbs, 1971; Brown and Clarke, 1975). An empirical Armstrong-Frederick equa-
tion (Frederick and Armstrong, 2007; Halama et al., 2012) which has been proved effective in modelling
precipitate-strengthened materials (Maciejewski and Ghonem, 2014; Zecevic and Knezevic, 2015) is cast in
its differential form

dσK/c2 = c1dεp − σK |dεp|, (6)

where c1 and c2 are fitting constants. Upon disposing of the absolute value via the use of sign ε̇, integration
of equation 6 leads to

σK = c1sign ε̇+ (σK0 − c1sign ε̇) exp [−c2sign ε̇(εp − εp0)], (7)

which is solved each time the load is reversed with σK0 and εp0 the values of σK and εp at that point (both
set equal to zero at the beginning of the first cycle), respectively. The physical interpretations of c1 and
c2 lie beyond the scope of the current study, and linking these to the precipitate evolution represents an
additional challenge that must be tackled separately.

4.2. Cyclic hardening

The dislocation density acts as the main internal variable to determine the gradual hardening due to
plastic straining. However, due to the slip localisation observed in this alloy, not all regions show an increase
in the dislocation density. Thus, the evolution of the slip band volume fraction fSB is incorporated taking
into account the behaviours observed with ECCI.

This composite material description makes it possible to split the total dislocation density ρ into

ρ = fSBρSB + (1− fSB)ρ0, (8)

where the subindex SB stands for a local variable at the slip bands and ρ0 is the initial dislocation density,
which remains unchanged in the interband regions. Equations (2) and (8), accounting only for mobile
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dislocations, lead to the decomposition of the plastic strain εp in a similar fashion. Even when dislocations
in the interband region have an effect on the flow stress in planar slip materials, their density and mobility
are much lower than those within the slip bands (Stoltz and Pineau, 1978; Ananthakrishna, 2007). Thus,
the macroscopic plastic strain is dictated by the local strain at the slip bands

εp = fSBεSB,p. (9)

The local plastic strain at the slip bands acts as a link between different mechanisms related to the evolution
of the cyclic stress.

A Kocks-Mecking framework is incorporated by accounting for the composite model. From the chain
rule this gets the form

dρSB
dεp

=
∂ρSB
∂εSB,p

dεSB,p
dεp

. (10)

This equation links the local behaviour at the slip bands with the overall dislocation density responsible
for the isotropic hardening. The first term in the right-hand side of equation (10) corresponds to the local
evolution of the dislocations due to plastic strain, while the second term refers to the degree of localisation
of slip.

The slip band behaviour can be modelled by a Kocks-Mecking equation (Kocks and Mecking, 2003) by
accounting exclusively for the local plastic deformation

dρSB
dεSB,p

= k1
√
ρSB − k2ρSB , (11)

where k1 and k2 are the dislocation storage and dynamic recovery coefficients. Combining equations (9),
(10) and (11), the evolution of the dislocation density can be expressed as

dρSB
dεp

= (k1
√
ρSB − k2ρSB)

(
1

fSB
− εp
f2
SB

dfSB
dεp

)
. (12)

The first parenthesis on the right-hand side of equation (12) determines the saturation of the isotropic
hardening due to a gradual increase in the dislocation density. The second parenthesis links the localised
deformation with the macroscopic strain via the volume fraction of slip bands; the first term converts the
local variable to a global dislocation density in agreement with equation (8) and the second term acts as an
additional source of dislocations due to the generation of new slip bands. The latter must have a larger effect
during the first loading stage as the slip bands develop, and its effect becomes negligible once saturation of
fSB is reached.

The evolution of fSB is modelled by accounting for the faster formation of slip bands within the initial
cycles of the tests. This behaviour cannot be achieved solely from a dependence on εp due to the cyclic
nature of the load. Instead, this is done with a variable

q = max (|εp|, q) (13)

that records the maximum plastic strain that has been attained at any point during the fatigue test. This
provides a physical meaning to the behaviour observed in other models, such as that of Maciejewski and
Ghonem (Maciejewski and Ghonem, 2014), who have used a similar variable on an empirical model for
isotropic hardening. The volume fraction of slip bands is then assumed to follow the empirical equation

fSB = fSB0
√
q, (14)

where fSB0 can be fitted to the values measured experimentally. A similar dependence can be imposed
on experimental data of slip band spacings reported in the literature (Lerch and Gerold, 1987). This
phenomenological description reproduces the behaviour observed, but further modelling is required to explain
the physical basis and dependences of fSB0.
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Equations (13) and (14) allow the formation of additional slip bands at later stages of cyclic tests with
varying stress amplitudes. Prolonged softening may increase the amount of plastic deformation in every
cycle, demanding the activation of new slip bands. Similarly, more slip bands form in grains closer to fatigue
cracks (Clavel and Pineau, 1982) due to the higher local plastic strains attained in those areas.

The dislocation density at the slip bands can be extracted from the previous analysis by solving differ-
ential equation (12). Mughrabi’s composite model for heterogeneous dislocation distributions (Mughrabi,
1987), originally developed for the cell structure deformation mechanism in wavy slip materials, is not
employed here as it assumes that both regions are loaded in series. Instead, a standard Taylor equation

σD = MαSBµb
√
ρ (15)

is used to estimate the work hardening contribution to the macroscopic flow stress, where the geometrical
factor α accounts for the type and arrangement of dislocations (Mughrabi, 2016).

4.3. Cyclic softening

Precipitate shearing due to the accumulation of slip irreversibilities is considered here the only cause for
cyclic softening. This loss in strength is modelled as an extension of classical precipitate hardening theory.
The dislocation/particle interactions appear to be complex as not only the area of the cross section of a
sheared precipitate decreases, but also its shape changes. In reality, this should have an effect on variables
inherent to the calculation of precipitate strengthening, such as the bowing angle. For simplicity, a model
is derived from the seminal ideas by Differt et. al. (Differt et al., 1987) (further detailed in Appendix A),
with the additional assumptions:

• All the slip bands have the same morphology, consisting of msl slip lines equally spaced by a distance
a.

• The shearing process in each precipitate occurs in the direction of its nearest neighbour, situated at a
distance Leff = L.

Upon shearing, the mean cross sectional sectional area of the precipitates AAPB decreases, but the
interparticle distance L remains constant. A softening curve arises from substituting d in equations (3)

and (4) with an associated reduced precipitate diameter dAPB = 2
√
AAPB/π. This takes into account the

physical evolution of the precipitate degradation phenomenon. A link between the reduction in AAPB and
the cumulative local plastic strain εSB,p,cum is required to incorporate this dependence into the model.

The movement of dislocations inducing plastic strain occurs at individual slip planes. From Orowan’s
equation (equation (2)), a description for an increment in the local cumulative plastic strain in a represen-
tative volume V = wlδx can be given as

δεSB,p,cum = M−1b δx ρSB,m , (16)

where δx is the distance travelled by the dislocations and the subindex m stands for mobile dislocations.
Assuming that all the dislocations have the same length l, the mobile dislocation density can be expressed
as

ρSB,m =
mslnpl

V
, (17)

where np is the average number of dislocations gliding per plane; thus, combining equations (16) and (17)
and performing the integration gives

np =
a

b
MεSB,p,cum . (18)

Introducing a factor p that denotes the fraction of dislocations that undergo an irreversibility process
after glide, the average number of irreversible steps per plane can be calculated as np,irr = pnp. This
irreversibility factor may depend on the immobile dislocation density, which promotes both dislocation
trapping and annihilation, but is assumed here to remain constant throughout the tests, for simplicity.
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Then, the expected number of irreversible steps in each direction per slip line z at any point of a deformation
process is

z =
ap

2b
MεSB,p,cum. (19)

The methodology proposed by Differt et. al. (Differt et al., 1987) estimates the probability function of
the number of irreversible slip steps in a single plane ∆n. From this it is possible to calculate the probability
function P of shear step lengths s = b∆n, which takes the form

P (s) = exp (−2z) Is/b(2z), (20)

where Is/b is the modified Bessel function of the first kind.
Let us now consider how each shear step modifies the cross sectional area AAPB of a precipitate along

that slip plane. This is the area that the dislocations have to cross and it is delimited by the distance LAPB ,
schematically shown in Figures 8(a) and (b).

Figure 8: (a) Lateral view and (b) top view of the sheared precipitate configuration, and the normalised LAPB and AAPB as
a function of the shear step length for microstructures with (c) L > 2d and (d) L < 2d. The periodic boundaries at s = L are
represented by the dashed black lines.

For L > 2d, one can see that as s increases, the distance LAPB decreases linearly from its initial value
LAPB = d until it vanishes when s = d. However, once s = L−d the bottom half makes contact with the top
half of the precipitate next to it, restoring part of the previously lost antiphase boundary. This behaviour
has been observed before (Sundararaman et al., 1990; León-Cázares et al., 2020). Once s = L, these fully
overlap and LAPB takes its initial value. If s keeps increasing after this the whole process repeats; thus, an
effective slip step length can be defined from this symmetry as

seff = mod(s, L). (21)

The area where two equal circles shifted by distance s intersect can be described by the relation

Aint(s) =
d2

2
cos−1

( s
d

)
− s

2

√
d2 − s2. (22)
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Thus, AAPB follows a similar trend to LAPB , although it decreases from its initial value following equation
(22) rather than linearly. Both curves, normalised to their initial values, are schematically shown in Figure
8(c).

These values behave differently when L ≤ 2d (higher volume fractions) as the bottom half of a precipitate
will start contacting the neighbouring particle before being totally separated from its original top half, which
is represented in Figure 8(d). The plateau displayed in this curve originates from adding the two smaller
LAPB segments formed at both ends of each particle. The resulting equations for these parameters as a
function of the effective slip step length, for any L/d ratio, can be expressed from geometric considerations
as

LAPB(seff ) = max (−seff + d, seff − L+ d, 2d− L, 0) (23)

and
AAPB(seff ) = Aint(seff ) +Aint(L− seff ). (24)

Upon combining these geometric parameters with the probability function P (s), the individual probabil-
ities of each |s| > L must be mapped into the domain of seff due to periodic symmetry. An associ-
ated P (AAPB) is immediately obtained from this, and as these are discrete distributions, the mean values
AAPB = AAPBP (AAPB) and dAPB can be calculated. Substituting d in equations (3) and (4) with dAPB ,
and combining it with equation (19), leads to the evolution of σP as a function of the local cumulative
plastic strain. Note that the initial value of L remains constant throughout a simulation. This results in a
monotonically decreasing σP function that still accounts for the competition between the weak and strong
pair-coupling mechanisms but with the degraded geometry of the precipitates.

4.4. Application of the model

Implementation of the isotropic and kinematic hardening equations is done in an incremental way from
the onset of plastic deformation for each tensile and compressive stage to capture the history dependent
nature of plasticity. Differential equation (10) is solved with 0.002 plastic strain increments with the Matlab
built-in function ode15s and the local cumulative plastic strain is used to update the value of σP to account
for the cyclic softening. The curve of σ as a function of εp from the different strengthening contributions
is then combined with the elastic component of the strain and forced to stop when it reaches the required
amplitude, at which point the calculations for the next loading stage start.

Table 5 contains the values used for all input parameters of the model. Material parameters α, ρ0

and b are selected from values typically reported in the literature. The value of α varies between 0.1 and
0.4 depending on many factors and may even evolve during a test, and a value of 0.2 appears often for
heterogeneous dislocation patterns (Mughrabi, 1987, 2016). The initial dislocation density ρ0 does not
significantly affect the results, and the variation in Burgers vector between different superalloys is negligible,
so these parameters were set from the beginning.

The Kocks-Mecking and kinematic hardening coefficients should vary for the different ageing conditions,
but a single value is used for all tests. While this introduces errors in the simulations, this is preferred over
overfitting. This also allows the variables characterised to show their effects on the evolution of the cyclic
stress response, e.g. d and fSB0. This last value is set for each sample so that the resulting fSB agrees with
the experimental value for the corresponding plastic strain amplitude using equation (14). The initial value
of fSB is artificially set to half of its value after the first strain increment to avoid dividing over zero in
equation (10) while having a negligible contribution to the evolution of the dislocation density. Physically,
this accounts for the dislocation sources that form the nuclei for the first slip bands developed.

As all the precipitate-reinforced samples were heat treated at the same temperature, the γ′ volume
fraction is expected to be equal. The small variation measured was thus neglected. The yield stresses were
then calculated from the difference between the solutionised and the aged samples by choosing appropriate
values of γAPB and W . Note that precipitate hardening in these samples is considerably lower than that
reported in this alloy at room temperature for the conventional δ/η-subsolvus heat treatment (Kennedy,
2005; Cao and Kennedy, 2006; ATI Allvac, 2008) (1124 MPa (ATI Allvac, 2008)). The calculated initial
precipitate strengthening contribution of alloy 718Plus as a function of precipitate size and its evolution in
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Table 5: Input parameters for the simulations.

Parameter 718Plus Nimonic PE16
M [-] 3.06 3.06 (Taylor, 1938)
α [-] 0.2 0.2 (Mughrabi, 1987, 2016)
b [nm] 248 248 (Galindo-Nava et al., 2015)
µ [GPa] 82.7 66.4 (Pottebohm et al., 1983)
E [GPa] 212.3 172.6
γAPB [J/m2] 0.16 0.15
W [-] 0.4 0.7
σ0 [MPa] 110 270
c1 [MPa] 340 250
c2 [-] 500 110
k1 [µm−1] 150 250
k2 [-] 5.6 7.9
ρ0 [m−2] 1010 1010

d [nm] * 0, 14.1, 27.5, 38 12.5, 21, 30
f [-] 0.215 0.07
fSB0 [-] * 7.2, 4, 4.3, 6.3 4.3
a [nm] 21.7 21.7
p [-] 0.4 0.3

* Values for each ageing condition

terms of the local cumulative plastic strain are shown in Figure 9. As expected, larger precipitates take
longer to lose their strength as more dislocations are required to shear them.

Figure 9: (a) Precipitate contribution to the yield stress as a function of diameter, where the red dots correspond to the UA,
PA and OA samples in this study. (b) Evolution of this contribution as a function of the local cumulative plastic strain for
different precipitate sizes. The blue and red lines correspond to underaged and overaged samples, respectively.

The kinematic hardening coefficients, the Kocks-Mecking parameters and the irreversibility factor p were
manually selected to fit all the curves produced. Figure 10 shows a comparison between the experimental
and the simulated cyclic response in all samples. Trends in the cyclic plastic behaviour of the different
ageing conditions are reproduced. As mentioned before, modelling of softening in the S sample is not done
here due to the absence of precipitates.

The crossover between the curves of the PA and the OA samples is of particular interest. This is a
consequence of two factors. Firstly, the lower softening rate in the latter due to precipitate size. Secondly, a

17



Figure 10: Experimental (dashed lines) and simulated (solid lines) evolution of the cyclic stress amplitude of the 718Plus
samples.

higher volume fraction of slip bands in this condition. While ρSB saturates at the same value for all samples,
ρ becomes larger for the OA condition, increasing the isotropic hardening. Another effect of the higher fSB
is that each band must accommodate a lesser amount of plastic deformation per cycle, so that the cyclic
hardening behaviour becomes slower. Thus, the maximum stress amplitude in the S and OA samples is
reached after a higher number of cycles compared to the other materials.

Figure 11 shows the first and last cyclic stress-strain hysteresis curves for the precipitate-strengthened
samples. A close agreement between experiments and simulations is observed. The largest difference appears
in the OA sample, which hardens more slowly in the simulation; the larger fSB does not increase the
hardening rate enough to match the experimental curve.

The model is also applied to experimental results from the literature in superalloy Nimonic PE16 fatigued
at room temperature, with data from Sundararaman et al. (Sundararaman et al., 1989) and Singh et al.
(Singh et al., 1991). These were selected because the tests performed vary both precipitate size and total
strain amplitude, and characterisation of the precipitate size and volume fraction is also given. The input
parameters of these simulations are shown in Table 5. A similar logic is followed to select the values used,
with the exception of fSB0 and a, for which no data is available. For convenience, these are chosen to match
the values in alloy 718Plus.

Figure 12(a) shows the curves for the evolution of the stress amplitude in materials with different ageing
times. Note that the horizontal scale is logarithmic as these tests ran until failure for close to 10000 cycles.
These are also carried out at a lower strain amplitude of 0.57%. The behaviours seen are similar to those
described before; a crossover between the peak-aged and overaged conditions appears again and is also
reproduced in the simulations. Unlike for 718Plus, the same volume fraction of slip bands is used for all
alloys, so this behaviour is purely due to the slower softening rate for larger precipitates.

LCF tests with different total strain amplitudes are shown in Figure 12(b) for the peak-aged condition,
with simulation results that resemble the experimental curves. Another feature of the hardening model is
showcased here. The macroscopic plastic strains these samples experience from the first cycle are different,
those resulting in more slip bands being developed for higher amplitudes. Even though the local dislocation
densities saturate at the same value for all tests, isotropic hardening does not. This agrees with classical work
hardening theory, as a higher fSB implies that mobile dislocations will run into more forest dislocations.
The trends followed by the maximum stress are fully reproduced, shifting towards larger stresses and lower
number of cycles for higher strain amplitudes. This behaviour has been observed in other nickel-based
superalloys (Stoltz and Pineau, 1978; Lerch and Gerold, 1987; Ganesh Sundara Raman and Padmanabhan,
1994).
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Figure 11: Experimental (dashed lines) and simulated (solid lines) stress-strain hysteresis curves of samples UA, PA and OA
for cycles (a-c) 1 and (d-f) 500.

Figure 12: Experimental (markers) and simulated (solid lines) evolution of the cyclic stress amplitude of alloy Nimonic PE16
for (a) different precipitate sizes (Sundararaman et al., 1989) and (b) strain amplitudes (Singh et al., 1991).

5. Discussion

Slip bands are the main dislocation structure formed during LCF in superalloy 718Plus. The main
difference in the deformation behaviour amongst all ageing conditions tested is the degree of slip localisation.
Consider first the S condition. As mentioned before, a direct comparison with the other samples must be done
with caution due to the difference in plastic strain, but similar trends are expected to appear regardless
of this. With the activation of a source, dislocations will generate and glide freely until back stresses
force them to double cross slip onto nearby slip planes. The absence of obstacles means that dislocations
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will redistribute freely across the material, resulting in more homogeneous structures. On the contrary,
dislocations in precipitate-reinforced materials are more likely to glide on an already active plane as the
precipitates become weaker with continuous shearing along these planes, rather than double cross slipping
onto a pristine plane. While the effect of a single dislocation may be negligible, pile ups may contribute
significantly to microstructure degradation even for low plastic strains in monotonic loading.

The slip line spacings measured are comparable in length to the γ′ diameter, so that most of the pre-
cipitates are sheared only at one or two planes. When required, double cross slip events can preferentially
redistribute the plastic deformation in the matrix. The weaker cross sections in underaged materials are
easily sheared, promoting a high slip localisation, while for longer ageing times dislocations encounter harder
barriers and are forced to spread more. This results in the activation of more slip bands across entire grains,
as observed in the OA condition. These behaviours are accounted for in the model via the phenomenological
relation for the evolution of fSB . Figure 13 shows the evolution of this parameter for the various strain
amplitudes of the Nimonic PE16 simulations. Most of the slip bands are shown to form during the first cy-
cle, with higher volume fractions for larger deformations. Afterwards, more slip bands develop once enough
softening results in larger attained plastic strains. This dependence would also be expected to show differ-
ent degrees of slip localisation across different regions of the material if incorporated into crystal plasticity
models.

Figure 13: Evolution of the slip band volume fraction as a function of cumulative plastic strain for the different strain amplitudes
in the Nimonic PE16 simulations from Figure 12(b) for (a) the first cycle and (b) multiple cycles. The labelled dots indicate
the number of cycles required to reach the cumulative plastic strains at which the slip band volume fraction starts increasing
again.

The microstructure also evolves during cyclic loading. The continuous local degradation of the precipi-
tates within the slip bands is captured by accounting for slip irreversibilities. This reflects the behaviours
quantified in a previous study (León-Cázares et al., 2020), where the shear step lengths increase monoton-
ically but more slowly with every cycle. These kinetics of degradation arise naturally in the model from
considering the distribution of irreversibilities over multiple slip planes.

The model is able to reproduce trends of the macroscopic stress-strain response. Yet, its most important
feature is accounting for the evolution of the dislocation structure and microstructure evolution. There
is a physical meaning to every variable in the isotropic hardening and precipitate shearing models, which
allows for a direct comparison between ageing conditions. Whilst there are evident differences between the
experimental and the simulated curves, most of these could be reduced if the fitting parameters were changed
for the different ageing conditions as done in most studies. Differences in the values of these parameters
also have a physical origin, as the distinct microstructures would interact differently with the dislocations in
general. However, doing this would risk not showing the actual effect of the variables related to the cyclic
hardening and cyclic softening modelled here.
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The mesoscopic approach avoids dealing with phenomena at shorter length scales. For instance, the
heterogeneity in precipitate size and distribution makes the cross sections to shear and the Friedel spacings
variable, which affect the softening model. However, developing the equations as an extension from classical
precipitate strengthening theory makes sure that these effects act equally on the initial yield stress and
on the softening evolution due to shearing. Furthermore, the distances considered here all depend on the
precipitate spacing L. The assumption that precipitate shearing occurs in the direction of the nearest
neighbour implies that this analysis gives a lower bound for the plastic strain required for saturation of the
precipitate hardening.

While there are a number of fitting parameters in the model, many of these are borrowed from existing
models (e.g. W , c1, c2, k1, k2). Other physical descriptions have been developed for these phenomena
elsewhere, but they include even more fitting parameters. Not being the primary scope of the current work,
these are not further detailed. Alternatively, the slip localisation and precipitate shearing parts of the model
rely only on one (fSB0) and two (a and p) fitting parameters, respectively, all of which detailed more in
depth.

A discussion is needed regarding the effect of precipitate shearing on the cyclic softening behaviour.
While this is held in this model as the only mechanism responsible, it is evident that other phenomena have
an influence too. This is clear from the results of the S sample and others from the literature (Valsan et al.,
1994; Subramanya Sarma et al., 1998; He et al., 2002; Chai et al., 2004). The most reasonable explanation
is the evolution of the dislocation structure (Pham et al., 2011, 2013). Slip bands develop during the initial
cycles but a subsequent relaxation process towards more stable dislocation configurations may take more
time.

The saturation of the cyclic softening process is modelled here based on the recombination of sheared
precipitates. Due to the periodicity of the shearing process, there is always a remaining antiphase boundary
contribution AAPB,sat (Mughrabi, 1983; Sundararaman et al., 1990). This saturation limit of the softening
process can be expressed as

AAPB,sat = lim
z→∞

πd2/4∑
AAPB=0

AAPB P (AAPB) =
1

L

∫ L

0

AAPB dx =
2

3

d3

L
, (25)

which in terms of the γ′ volume fraction becomes

AAPB,sat =

(
2f

3π

)1/2

d2. (26)

These results arise from a geometric analysis by considering the periodicity of the AAPB function. If the
assumption that a precipitate half will travel in the direction of its nearest neighbour is false, i.e. Leff > L,
then the initial softening rate will remain the same but the saturation stress will decrease. It suffices to
substitute L with a corresponding mean distance Leff in equations (21) and (25) to produce this change.

This saturation variable AAPB,sat may also have a connection with the precipitate dissolution observed
in the UA sample near a crack. If precipitates within a slip band are sheared excessively so that the
remaining particles are very small, nucleation theory dictates that dissolution may become energetically
favourable. A balance between their area and volume would determine the condition for this process to
begin. A similar plastic strain induced phase transition was observed and modelled by Brechet et al. in a
Al-Li alloy. The energetics for dissolution due to chemistry are left beyond the scope of the current study,
but equation (26) constitutes a prediction of its parametric dependence on microstructure. Smaller values
of AAPB,sat are related to larger precipitate surface areas, which come with a higher chance of dissolution.
The formation of precipitate-free deformation bands is predicted to be considerably more dependent on γ′

size than volume fraction, explaining their appearance only for the UA condition. This is clearly observed
in Figure 7(d). Additional dislocation behaviours that may promote precipitate dissolution are a reduction
of slip line spacing and γ′ shearing on multiple non-parallel slip planes.

The mesoscopic model is used here to predict the behaviour of a polycrystal, but similar ideas can be
adapted at other length scales. Crystal plasticity could offer a more complete description of the distribution
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of slip bands within individual grains accounting for crystal orientation effects. A more accurate description
for the softening behaviour can also be added to dislocation dynamics frameworks to further investigate the
process of slip localisation during LCF.

Of particular importance is the incorporation of the ideas on the evolution of the microstructure to the
description of fatigue damage. An empirical parameter for the prediction of crack initiation is the cumulative
plastic strain (Manonukul and Dunne, 2004; Dunne et al., 2007; McDowell and Dunne, 2010), which is also
related to precipitate shearing. While this might not be directly responsible for crack nucleation, the process
can be thought of as a feedback loop. Slip localisation produces local softening, which further promotes slip
along the sheared planes. This is also associated with the formation of extrusion and intrusions that precede
crack nucleation (Essmann et al., 1981; Risbet et al., 2003; Déprés et al., 2004; Risbet et al., 2009). The
high stresses ahead of the crack tip induce high plastic strains that locally soften the material even more
and promote more slip localisation. In this way, damage accumulation takes place over multiple cycles along
severely damaged slip bands.

6. Conclusions

This study offers new insights into the phenomena of slip localisation and precipitate degradation in
nickel-based superalloys during LCF. Different ageing conditions of alloy 718Plus are investigated by means
of ECCI for the dislocation structure and through-lens detector in γ′-etched samples for the precipitate shear
behaviour, with emphasis on the effects of precipitate size. The presence of shearable precipitates is shown
to increase the degree of localisation of plastic deformation, but slip bands spread more homogeneously
across the grains for larger particles. This, together with the higher number of dislocations required to shear
a precipitate, are deemed responsible for the slower softening rates observed in overaged samples.

An original mesoscopic model developed based on these phenomena is able to reproduce trends observed
in 718Plus and Nimonic PE16. The main features of the model are:

• A composite model for isotropic hardening based on slip localisation within slip bands. A phenomeno-
logical description for the formation of slip bands is able to reproduce the plastic strain heterogenisation
at the grain length scale and the stress saturation variation as a function of strain amplitude at the
macroscopic level.

• A physics-based description of the cyclic softening behaviour based on the mechanism of continuous
γ′ shearing. The model extends classical precipitation hardening through a geometric analysis on the
sheared cross sections to account for the gradual loss in strength.

• A link between both modelling ideas by means of an explicit slip band volume fraction.

The ideas explored have deep implications both in the evolution of cyclic deformation and in the crack
initiation process. Microscopy performed close to surface cracks shows higher degrees of plastic strains,
with the formation of precipitate-free deformation bands in the underaged condition, which is explained by
dissolution linked to the saturation limit of γ′ shearing.
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Appendix A. Distribution of slip irreversibilities

Differt et al. (Differt et al., 1987) proposed a model for the precipitate shearing phenomenon that
accounts for the dislocation irreversibilities in a probabilistic way by considering the following assumptions:

(i) The probability P that there are n+ positive slip steps in a glide plane is given by a Poisson distribution

P (n+) =
zn

+

n+!
exp (−z), (A.1)

where z = Za/2t and Z is the total number of slip steps in a region with thickness t.
(ii) There is an equal distribution of positive and negative slip steps n−, thus P (n+) = P (n−).
(iii) The same number of dislocations travel the same distance along the multiple slip lines.
(iv) The probability of getting a new positive (or negative) slip step is history-independent.
Then, to calculate the probability of finding a number ∆n = n+−n− of slip steps in a slip plane, a sum

over the products of the probabilities P (n+)P (n−) is done; i.e.

P (∆n) =

Z/2∑
n−=0

P (∆n+ n−)P (n−), (A.2)

and substituting equation (A.1) into (A.2):

P (∆n) =

Z/2∑
n−=0

z∆n+2n−

(∆n+ n−)!n!
exp (−2z). (A.3)

Considering the infinite summation of the n− values, equation (A.3) takes the form of the modified Bessel
function of the first kind Iα, so that

P (∆n) = exp (−2z) I∆n(2z). (A.4)

This is a reasonable assumption given that Z takes very large numbers.

References

Ananthakrishna, G., 2007. Current theoretical approaches to collective behavior of dislocations. Phys. Rep. 440, 113–259.
https://doi.org/10.1016/j.physrep.2006.10.003.

Antolovich, S.D., 2015. Microstructural aspects of fatigue in Ni-base superalloys. Philos. Trans. R. Soc., A 373, 20140128–
20140128. https://doi.org/10.1098/rsta.2014.0128.

Antolovich, S.D., Rosa, E., Pineau, A., 1981. Low cycle fatigue of René 77 at elevated temperatures. Mater. Sci. Eng. 47,
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