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CAPACITY OF THE RANGE OF RANDOM WALK ON Z*

BY AMINE ASSELAH, BRUNO SCHAPIRA AND PERLA SOUSI
Université Paris-Est, Aix-Marseille Université and University of Cambridge

We study the scaling limit of the capacity of the range of a random walk
on the integer lattice in dimension four. We establish a strong law of large
numbers and a central limit theorem with a non-Gaussian limit. The asymp-
totic behaviour is analogous to that found by Le Gall in *86 [Comm. Math.
Phys. 104 (1986) 471-507] for the volume of the range in dimension two.
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1. Introduction. This paper is devoted to the study of the capacity of the
range of a simple random walk in dimension four. The point of view we adopt
is that the capacity is a hitting probability. More precisely, the capacity of a set is
proportional to the probability a random walk sent from infinity hits the set. Then
the capacity of the range of a random walk is cast into a problem of intersection
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of paths, and dimension four is critical in view of classical results of Dvoretsky,
Erd6s and Kakutani [14] establishing that the paths of two independent Brownian
motions do not intersect if, and only if, dimension is four or larger.

The capacity of a set A € Z* can also be viewed as an escape probability. Indeed,
let P, be the law of a simple random walk starting at x, let G4 be the discrete
Green’s function and let H4 and HX stand respectively for the hitting time of a
finite set A and the return time in A. Then

. Py(Hs <0)
1.1 Cap(A) = ) Py (Hy =o0)= lim —————=
(- A ;4 (=) Iy~ Ga(0,y)

One easily passes from one representation in (1.1) to the other using the last pas-
sage decomposition formula; see (2.8) below.

Denote by {S(n),n € N} a simple random walk in Z*. For two integers m, n,
the range R [m, n] (or simply R,, when m = 0) in the time period [m, n] is defined
as

Rlm,n]={S(m), ..., Sn)}.

Our first result is a strong law of large numbers for Cap(R,,).

THEOREM 1.1. Let S be a simple random walk in 7*. Almost surely,

1 2
lim —22 . Cap(R,) = .

n—-oo p 8

Our second result is a central limit theorem for Cap(R,), and requires more

. . . d .
notation: G denotes the continuous Green’s function, ¥> convergence in law and
(Bs, s = 0) a standard 4-dimensional Brownian motion.

THEOREM 1.2. Let S be a simple random walk in Z*. Then, as n goes to
infinity
(logn)? R
B . (Cap(Ra) — B[Cap(Ry)]) 2 — - - 510, 11),

where yg ([0, 11%) is formally defined as

(1.2) va ([0, 1]2) = /01 /01 G(Bs, Br)ds dt —E[/Ol /01 G (Bs, ﬁt)dsdt].

Moreover, yg ([0, 1]2) is nondegenerate, and non-Gaussian, since for some A € R,
(1.3) E[exp(y6 ([0, 11%))] = oo.

REMARK 1.3. Although both terms appearing in the definition (1.2) of
v ([0, 1]2) have infinite expectation, we make sense, in Section 4, of y5 ([0, 11%)
as an L?-random variable following Le Gall’s approach used to define the self-
intersection local time; see [27-29]. We also prove there that it has some infinite
exponential moment.
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REMARK 1.4. Theorem 1.2 shows that the capacity of the range in dimension
4 behaves in the same way as the size of the range in dimension 2 as shown by Le
Gall in *86 [28]:

(logn)?
n

d
(IRal = E[|Ral]) 22 —22 -y (10, 11%),
where y ([0, 11?) is defined formally via
1 r1 1 rl
r(10.17) = [ [ o0 6.~ podsar B[ [ [ s~ podsar|
where B is a standard 2-dimensional Brownian motion.

As a corollary of our result, we obtain the asymptotic behaviour of the variance
of Cap(R,).

COROLLARY 1.5. Let S be a simple random walk in Z*. Then

8

Var(Cap(Ra) = T - El (v (0. 1P))°].

. (logn)*
lim 5
n—oo n

We note that the limiting term in this corollary is nonzero.

Seen as a normalised hitting probability, the capacity of the range of a walk
is an object which appeared in disguised form in topics linked with intersection
of paths of random walks. This latter topic grew already large in the nineties, as
Lawler’s "91 book [24] testifies. One reason for that is the many diverse sources
of motivation: (i) quantum field theories with a seminal insight of Symanzik [35],
and with contributions by Lawler [22, 23], Aizenman [1], Felder and Frolich [16],
to name a few (see the book [17] for a historical account and references therein),
(ii) probability and the non-Markovian model of self-avoiding walk, with contri-
butions from Brydges and Spencer [6], Madras and Slade [32] and Lawler [21],
(iii) conformal field theories, and the intersection exponents relations in dimension
two and with contributions by Duplantier and Kwon [11], Duplantier [10], Burdzy
and Lawler [7], and Lawler, Schramm and Werner [26] and references therein.

The models studied can be either discrete random walks, or their continuous
counterpart, the Wiener sausages. In the mid-nineties, Aizenman [1], Albeverio
and Zhou [2], Pemantle, Peres and Shapiro [33] and Khoshnevisan [20] proposed
useful methods and estimates for the intersection of two Wiener sausages. These
estimates were important in understanding how small was the trace of a Brownian
motion. In 2004, van den Berg, Bolthausen and den Hollander [37] studied the
upward deviations for the volume of intersection of two Wiener sausages, and
established a large deviations principle. More recently, Erhard and Poisat [15] also
established large deviations estimates for the capacity of a Wiener sausage.

Recently, there has been a revival of problems linked with intersection of paths.
The model of random interlacements was invented by Sznitman [36] initially to
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study the trace of a walk, living in d-dimensional torus of side N for a time N¢.
Sznitman introduced a measure on infinite paths on the infinite lattice of random
walks whose probability of avoiding any given set is proportional to the exponen-
tial of minus its Newtonian capacity. Recently, Rath and Sapozhnikov [34] and
Chang and Sapozhnikov [9] established moments and deviation bounds for the
capacity of the union of ranges of paths. In [4], we observed that the precise two-
sided nonintersection bounds of Lawler [24] yield in dimension four,

14 lim 2" E[Cap(R,)] = =
(1.4) ngIOlOT [ ap( n)]-?-
Soon after this, Chang [8] obtained a sharp estimate on the second moment:
E[Cap(Rn)’]
1m =1,
n=00 E[Cap(Rn)]?

implying a weak law of large numbers. Chang [8] also established a fluctuation
result in dimension three by coupling the walk and the Brownian motion:

Cap(Ru) ()
W e Cap(ﬂ[O, 1]),

with o some renormalising constant and 8[0, 1] the trace of a 3-dimensional Brow-
nian motion between time 0 and 1. In [4], we also proved a standard central limit
theorem in dimension larger than or equal to 6 (with a standard \/n normalising
factor, and a Gaussian limit), while the law of large numbers had already been
obtained in dimension 5 and larger by Jain and Orey [18], almost 50 years ago.
A striking correspondence emerges: all these results for the capacity of the range
are analogous to results for the volume of the range (see [13, 19, 28]), but only
after dropping space dimension by two units to go from capacity to volume of the
range. The remaining open issue is the central limit theorem for the capacity of the
range in dimension 5.

Recently, van den Berg, Bolthausen and den Hollander [38] studied the torsional
rigidity of the complement of a Wiener sausage, as a way to probe the shape of the
sausage. In order to obtain leading asymptotics for the torsional rigidity, one needs
a law of large numbers for the capacity of a Wiener sausage, which is now proved
in dimension four in our companion paper [5]. Our Theorem 1.1 establishes these
asymptotics for the discrete model, and thus prepares the study of torsional rigidity
for random walk.

Our own motivation for studying the capacity of the range of a random walk
comes from studying a random walk conditioned on being localised during a time-
period [0, N] in a ball of volume of order N [3]. In this regime, the localised walk
necessarily intersects often its own path, and one of the main technical estimates
in [3] concerns the event of visiting a set A made up of nonoverlapping balls of
fixed radius. We establish that visiting each ball, making up A, the same number
of times is related to the capacity of A. This allowed us to obtain rough estimates

(1.5)
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on the capacity of the range of a localised walk, and convinced us that the capacity
of the range was a relevant object to consider.

Heuristics. We wish now to explain at a heuristic level the scaling of the ca-
pacity in d = 4, as well as the reason for our CLT. Along the way, we present a
simple decomposition formula for the capacity of two finite sets, and highlight the
connection with the volume of the range in d = 2.

Let us start by explaining in simple terms why the scaling of the capacity of
the range is n/logn in dimension 4. Consider (1.1) where A =R, and observe
that it is enough to consider the site x on the boundary of a ball, say of radius R,
containing the set A: a walker coming from infinity basically spreads uniformly on
the boundary of such a ball when it hits it, and (1.1) is almost correct when consid-
ering x uniformly distributed on the boundary of ball of radius R and normalised
by G4(0, R), since G4(0, y)/G4(0, R) is the probability of eventually hitting the
ball of radius R when starting at y. Now, during a time-period [0, n], the walk
typically stays in a ball of radius R = /n, and we consider R of this order. We
need therefore to estimate the probability that two independent walks starting at a
distance /n meet. More precisely, we need to estimate

Po.x(R[0,n] NR[0,00) #£ @) with ||x]| ~ /7.

To estimate this intersection event, Lawler [24] counts the number of times the two
paths intersect. Its expectation is expressed as a product of the probability the two
walks meet times the mean number of meetings after the first one, that is when
they start from the same point. Then simple computations give the following when

lxll ~ /n:
Eo.0[| R0, 1) NR[0, 00)|] < logn and Eg[|R[0,n] NR[0, 00)|] < 1.

Then the order of the probability of intersection is obtained by taking the ratio of
the two previous quantities, and dividing by G4(0, R) which is of order 1/R?. This
is established rigorously in Section 4.3 of Lawler [24]. The scaling for the capacity
follows, at least heuristically.

A simple and key observation of Le Gall [28], using the symmetry of the in-
crements and translation invariance of the lattice, is that the range R[0, 2n] trans-
lated by S(n), is the union of two independent ranges: R}, =RI[0,n] — S(n) and
R% =RIn,2n] — S(n), which yields by the exclusion-inclusion formula

(16) Ry URG| = Ry | + R3] = [Ry N R3.

This is the starting block of Le Gall’s proof. Our starting point is that the capacity
of the range obeys a decomposition formula which plays exactly the same role as
the exclusion—inclusion formula does for the volume of the range.

PROPOSITION 1.6. Let A and B be two finite subsets of .. We have
(1.7)  Cap(AU B) =Cap(A) + Cap(B) — x(A, B) — x(B, A) + ¢(A, B),
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where

x(A, B) = Z ZIP’ (Hf g =00)Ga(y, )P, (Hf = 00),
yEAzZEB

and 0 < (A, B) < Cap(A N B).

REMARK 1.7. The equalities (1.6) and (1.7) explain the striking correspon-
dence between asymptotics for the volume and the capacity of the range. As long
as the term ¢ in (1.7) is innocuous, the order of magnitude of the cross term
x (R}, R2) in dimension d + 2 is shown to be the same as the order of magni-
tude of the intersection term |R! N R2| in dimension d.

REMARK 1.8. We intend to apply (1.7) with A = R! and B = R2. In
dimension 4, it turns out that €(A, B) is innocuous. One classical inequality
Cap(A U B) <Cap(A) + Cap(B) — Cap(A N B) (see Proposition 2.3.4 of Lawler
[24]) misses the x terms in (1.7) which dominate the fluctuations.

As in the CLT proof for the volume of the range in dimension 2 [28], we iterate
(1.7) and write the capacity of the range as the sum of a rescaled self-similar part,
consisting of a sum of independent and (almost) identically distributed terms, plus
a sum of cross terms. Our proofs establish that for the law of large numbers it is
the self-similar part which dominates, the cross terms being of smaller order than
n/logn, while for the central limit theorem, it is the opposite situation: the fluctua-
tions of the self-similar part are negligible compared to those of the cross terms of
order n/log? n. This striking phenomenon is exactly the same as the one Le Gall
discovered some 30 years ago, when dealing with the volume of the range [28].

We are now in a position to shed some light on the form of our CLT. We consider
X(R,I,, Rﬁ) and expect, as Theorem 1.1 essentially teaches, that typically and to
leading order for x € R} and y € R2

72 1 72 1

~ . d P,(H, =00)~—. )
=) 8 logn an ! R ) 8 logn

Py (H;z_l URZ —

Note that in dimension higher than four, typically for x € R[0, n], the probability
P, (H;{[O’n] = 00) is rather of order 1. Our key technical estimates is then to make

the escape events into local events (in a space scale much smaller than \/n), and
thus transform the intersection term in a term looking to leading order like

(1.8) <7;2 ) > Y Galx,y).

logn
g xeR]} yeR2

The expression (1.8), in conjunction with the decomposition (1.7) which we iter-
ate, explains heuristically the form (1.2).
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The rest of the paper is organised as follows. In Section 2, we start by recalling
known estimates on Green’s kernel, and deriving useful simple estimates on ran-
dom walks. Then we present the proof of Proposition 1.6. The strong law of large
numbers is established in Section 3 after a rough second estimate is obtained for the
cross term. Section 4 studies the limiting object in the CLT. Section 5 presents our
nonintersection events—Proposition 5.2 which generalises Lawler’s Theorem 5.1.
Section 6 presents the asymptotics for the cross term obtained by the method of
moments. Section 7 establishes the CLT based on estimates of Section 6, and the
recursive use of the decomposition. Finally, the Appendix gathers computations
linked with Section 5.

2. Preliminaries.

2.1. Notation and standard estimates. We mostly use the symbol S to denote
a random walk, and use both notation Sy and S(k) to denote its position at time k.
When 0 < a < b are real numbers, R|a, b] denotes R|[[a], [b]], where [x] stands
for the integer part of x. By convention, if a > b, then R[a, b] is the empty set. We
also write R, for R[O0, [a]], and S(n/2) for S([n/2]).

For positive functions f, g we write f ~ g if f(n)/g(n) - 1 as n — oco. We
also write f(n) < g(n) if there exists a constant ¢ > 0 such that f(n) < cg(n) for
all n, and f(n) 2 g(n) if g(n) < f(n). Finally, we use the notation f(n) < g(n) if
both f(n) S g(n) and f(n) = g(n).

For o > 0, and n > 2, we note ny :=n - (logn)™“.

The Euclidean norm of x € Z* is denoted || x ||, and the Euclidean ball of center
x and radius r is denoted B(x, r). We denote by P, the law of a simple random
walk starting from x, and simply write P when x = 0. Likewise [P, ,» denotes the
law of two independent random walks starting from x and x’, and similarly when
there are more walks. Recall that H4 denotes the hitting time of a set A, and we
abbreviate this in H, when A is reduced to a single point x € Z?.

We write

Pr(x,y) =Py (Sk =y).

The function py is symmetric in x and y, and one has pi(x,y) = px(0,y — x) :=
Pk (y — x). Define

k

A well-known estimate (see Proposition 2.1.2(b) in [25]) shows that for some pos-
itive constants ¢ and C

8 2
@.1) fi(x) = mexp<—2u).

(2.2) V=1, P(max||Sell =) <C- ek,
<k
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Furthermore, for any fixed o < 2/3, one has for all kK > 1 and x with px(x) >0
and ||x|| < k“ (see Proposition 1.2.5 in [24]):

(2.3) pe() = fi()(1+OK*72)).
One deduces in particular the following useful estimate:
(2.4) P(||Skll* < k/R) = O(R™2).
The discrete Green’s function G is defined by

Ga(x,y)

Gi(x,y)=) Pu(Sx=y) and G10.0)

k=0

=Py (Hy < 0).

We also write G4(x) = G4(0, x), and recall that G4 is symmetric, and satisfies

Ga(x,y) =Ga(y — x).
The continuous Green’s function G(x,y) is also symmetric and satisfies
G(x,y)=G(0,y —x) =: G(y — x). It is defined for z € R* nonzero, by

1
(2.5) (2) 72 2l
These two functions are linked by the relation (see Theorem 4.3.1 in [25]): for
xeZ*
1
2.6 Gy(x)=4G(x +(’)(4).
2.6) 10 =46 +0(

We also use the following (see Proposition 6.5.1 and 6.5.2 in [25]): there exists a
constant C > 0, such that for all x and r > 0,

72

T

Finally, we prove two useful estimates on the heat kernel pi(x):

(2.7 Py (Hp,) <00) <C

CLAIM 2.1. Let x € Z¢ and k € N be such that /k < ||x|| < k3. Then there
exists a positive constant C (independent of x) so that for all i < k we have

pi(x) < Cfi(x).

PROOF.  Suppose first that i < k!~%, for some & > 0 to be fixed later. Then one
can use (2.2) which gives

_ IR~ (e IRy -
pi(x) <P(I1S;1 2 lxl)) S exp( —e=—— ) S exp( —5k° =27 ) < fietn),

using for the third inequality that for £ large enough, x| /i > max(k®, (4/c) -
X112/ ).
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Suppose next that k! =¢ <i < k/2. Now choose ¢ such that 3/(5(1 —¢)) < 2/3.
Then one can use the local CLT (2.3), which gives

1 20x 1y el Ilx1? 1 Ilx1?
pix)S zexp| ——— | =—7F-exp| ——— ) - —zexp(—— ).
i i l l [lx |l !

Using that the function y2e =¥ is upper bounded by a constant, the assumption that
i <k/2and | x| > vk, we obtain

1 2||x||
o5 resp(-2)

k

and this completes the proof in the case i < k/2.
Suppose finally that k/2 <i < k. Then we conclude the proof

1 2xI? 1 2]1x]?
pi(x)gi—zexp<— ; ),Sﬁexp<— . ) 0

Recall next the notation n, = n/(logn)*.

CLAIM 2.2. Leti,k,n e N and x,z € Z* satisfy k > nq, ||x|| < /n(logn)?,
i <k/(logn)? and ||z|| < i(logn)? with a, B and y satisfying B > a + 4 and
442y +a— B <0. Then we have as n — 0o

fr—itx —2) = fi(x) - (1 +o(1)).

PROOF. First, k and i depend on n, and as n — oo

! ! (14 0(1))
=" o(1)).
k2 (k—i)?
We next turn to the exponential terms in the expression for f;. We have

Il =zl =Dl = k(lxl* = 2(x, 2) + 1)1

k k—i) k(k — i)
_ 2k(x,2) —klz|® — i |lx|?
- k(k — i) '

It suffices to prove that this last expression tends to 0 as n — co. By the assump-
tion,

. 2 k 2
x| _ < (logn)® P Izl |
k(k —i) k(k—1i)

and since o +4 <  and 2y < 8 they both tend to 0. Finally, by Cauchy—Schwarz
we get

< (logn)?"=F,

Iﬁcx,z?l - ||£||||Z‘|| < (logn)2+y_%_§ —0  asn— oo,
—1 —1

again by using the assumption on «, 8 and y and this completes the proof. [
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2.2. A decomposition formula for the capacity. Recall the last passage de-
composition formula (see for instance Proposition 4.6.4 in [25]): for any finite set
ACZ%and x ¢ A,

(2.8) Py(Ha <00) =) Ga(x,y) Py(H{ =00).
yeA

We also recall two well-known formulas for the capacity of a finite set A € Z¢.
First,

(2.9) C (A) li Px (HA < OO)
. a = m —F—F——
P = B Ga(x, 0)
and forany y € A,
P,(H = 00) ,
2.10 AT T~ lim Py (S(Hp) = y|Ha < 00).
(2.10) Cap(A) i (S(Hp) = y|Hqg )

The first formula is obtained through the last passage decomposition formula (2.8)
and the definition of the capacity (1.1), and the second is Theorem 2.1.3 of
Lawler’s book [24].

PROOF OF PROPOSITION 1.6. Consider two finite subsets A and B of Z<.
One has

Py(Haup < 00)
=P, (Hy <00)+P,(Hg <o0) —P,(Hsq <00, Hp < 00)
=P.(Hy <o0)+P,(Hp <o0) —Py(Hs < Hp < 00)
—P,(Hp <Hjp <00)+P,(Hs = Hg < 00).

Consider now the term P, (H4 < Hp < 00). Conditioning on the possible hitting
point in A and using the Markov property yield:

P,(Ha < Hp < 00)

=Y Py(S(Haup) =y, Haup < 00)Py(Hp < 00)
yeA

=Py (Hpup < 0) Y Pr(S(Haup) = y|Haup < 00)Py(Hp < 00).
yeA
Then use (2.9) and (2.10) to obtain
Py(Ha < Hp < 00)

lim = P,(H » = 00)P,(Hg < 00).
m G40, %) y§4 v(Hiup )Py

2.11)

Finally, by using the last passage formula (2.8), we get the desired limit

. Px(HASHB<OO)_ + +
RS G4(0, x) = ;;Py(HAUB =00)Ga(y, 2)P:(Hg = o0).
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By symmetry one also has
. P.(Hp < Hjp <)
lim
x—>00 Ga(0,x)

= 2 Py(Hjup =0)Ga(y, )P (H] = 0).

yeEB z€A

We also obtain the existence of the limit e(A, B) of P, (Hs = Hp < 00)/G4(0, x),

as x — 00, since in (2.11) all other ratios converge. To conclude, note that
Py(Ha = Hp < 00) <Py (Hanp < 00),

which gives ¢(A, B) <Cap(ANB). U

We will apply successively the decomposition of Proposition 1.6. To this end,
we define fori > 1 and j <2,

RUD =R[(j —1)27"n, j27'n].

PROPOSITION 2.3.  Fix p € N. Then we have
op ‘ p 21'71
Cap(Ry) = ) Cap(R{P) =33 xuli, J) + n,
j=1 i=1j=1
where E[sﬁ] = O((logn)?) and

xn(i, ]) — X(R’(,li,Zj—l)’ R’(/li,Zj)) + X(R,(f’zj), R}gi,Zj—l))'

PROOF. The proof follows directly by applying repeatedly Proposition 1.6 to
‘R,,. Moreover, from Proposition 1.6 we have that in every subdivision the term
¢ is upper bounded by the size of the intersection of two independent ranges.
A straightforward calculation shows that this has expectation logn (see, for in-
stance, [24], Section 3.4). The bound on the second moment follows from [31],
Lemma 3.1. Since we are only taking a finite sum, the result follows. [

3. Strong law of large numbers. In this section, we prove Theorem 1.1. The
main part of the proof consists in obtaining good bounds on the first and second
moments of the cross term x, (1, 1) appearing in the decomposition formula of the
capacity. More precisely, we show that

LEMMA 3.1. The first and second moments of x,(1, 1) satisfy

loglogn
<n.
3.1 E[x.(1,D]<n (ogn)?
<2 (loglogn)*
(3.2) E[x.(1, D*] < " logn)?

Then, in Section 3.3, we deduce the strong law of large numbers by using our
decomposition of the capacity, Proposition 2.3. Section 3.1 is devoted to some
preliminary facts needed for the proof of Lemma 3.1.
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3.1. Preliminaries. We first recall a standard fact, which directly follows from
(2.6): the mean time a walk spends in a ball of radius R is of order R%. More
precisely,

(3.3) Y P(IS®|<R)= > Ga(0,x)=0(R?).
keN xeB(0,R)

Next, we present a lemma which is needed in the second moment estimate, and
which deals with intersecting the trace of a path R, by two independent walks
starting far apart. The proof follows basically from estimates of Lawler [24]. Recall
that ny, = n/(logn)*.

LEMMA 3.2. Let a > 0. Consider three independent walks S, S', S* starting
at the origin, and let x,y € Z4 with ||x||?, ||y||2 > ngy. There is a constant C > 0,
such that for n large enough,

P((x + R'[0, 00)) "R, # @, (v + R[0, 00)) N R, # 2)

(3.4) 2
<cC. (loglogn> '
- logn

PROOF. The proof consists in showing that even if the two events considered
in (3.4) are not independent, one can still dissociate them. Consider the two random
times

oy =inflk: S(k) € x + R'[0,00)} and o, =inf{k: S(k) € y + R*[0, 00)}.

Note that o (resp., oy) is independent of § 2 (resp., of S'). We can express the
nonintersection event in terms of oy and oy:

P((x + R0, 00)) "R, # @, ((y + R0, 00)) N R, # )
<P(ox <0y <n)+P(oy, <oy <n).

By symmetry, it is enough to deal with the first probability on the right-hand side.
Conditioning on S! and o, we get

Ploy < oy = n) < E[]l(o'x = n)PS(O‘X)(R[O’ n—ox]N (y + RZ[O’ OO)) #* Q)]
< E[1(ox < n)Pso,)(RI0, n]1 N (y + R0, 0)) # @)].

Note that since ||y||> > ng, we have using (2.7),
1
(logn)?”

P(oy <n, |S(ox) — y|* < nat2) < P(Hp(y, Jitgz) <00 <

Now, on the event {0, < n, ||S(ox) — y||* > ng42}, [24], Theorem 4.3.3, shows
that

loglogn
Psony ((y + R0, 00)) N R0, n] # D) < lgogf .
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Thus by another application of [24], Theorem 4.3.3, we get

loglogn _ (loglogn>2
logn logn

P(oy < oy < n) ,S P(ox <n) -
and this completes the proof. [
3.2. First and second moment estimates of the cross terms.

PROOF OF LEMMA 3.1.  Note first that by reversibility of the walk, x, (1, 1) is
equal in law to x (R 2, Rn /2) + x (Rn /2, Ruy2), with R and R the ranges of two
independent walks S and S. By symmetry (and Cauchy—-Schwarz), it is enough to
bound the first and second moments of x (R./2, Rn/2). However, to avoid annoy-
ing factors 1/2 everywhere, we bound the term x (R,, R,). Recall that for any
finite sets A and B, we have by definition of x (A, B) and using also the last exit
formula (2.8):

X(A,B)=> P,(H z=00) Py(Hp < 00).
yeA
Even though the first moment bound (3.1) follows from (3.2) by using Jensen’s
inequality, it is interesting to include a direct proof of (3.1). Indeed, it serves as a
warmup for the proof of the second moment estimate.

So let us prove (3. 1). For this we need to consider two additional 1ndependent
random walks S! and S! starting from the origin and also independent of S and S.
Denote their ranges by R! and R, respectively. Also, we use the shorthand R for
RI[0, o) and R4 for R[1, co). We start with a bound on x (R, R,), which is a
sum of n terms

n
Y Lsigri nP((Sk+RL) N (R, UR,) =2, (Sc+ RN NR, # 218, 5)
k=1

<Y P((Sk +RY) NRy=21S) - P((Sk + R N'R, # 218, 5).
k=1

Taking expectation on both sides and choosing any « > 2, we bound E[ x (R, R
as follows:

Z Y P(x+RONRy =2, S =x) - P((x + RN NR, # @) + O(na)

k=1 x[1?=nq

n loglogn
SYP((Sk+RY)NR, =2)- f 28 L O(na)
= ogn
< "l : log logn log logn

k=nqy
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where we used (3.3) at the first line and Lawler’s results [24], Theorem 3.5.1 and
4.3.3, at the second and third lines. This proves (3.1).

Let{S, S, S!, 52, S, §2} be independent random walks all starting at the origin.
Fix « > 4, and n and introduce the following event A; = {||S(k)||* > ng}. Now
using (3.3) at the second line and Lemma 3.2 at the fourth line, we bound the
second moment of x (R,, R,) by

Z Z (St + R NRy =2, (Sk, + R)NRy # 2, Vi =1,2)
ki=1ky=1

< Y P(Ak, (Sk + RO NRy =2, (S, + R NRy #2,Vi=1,2)
k1,ka

+ O -ngy)
<> > P(Ak, Sk =xi, (5 +RY)NR, =2,Vi=1,2)

ki,ky X1,%2

X P((x; + R)NRy # 3, ¥i = 1,2) + O(n - ng)

: log~1
<SS P(A, (S +RL) MRy =2,¥i=1,2) - M + O ny)
s log n
1,K2
< ) IP( M Sk +R)NR, :@)
Nng<ki<kr—ny<n—2ng i=1,2
log”1
M + O - ng).
log n

We deal now with the nonintersection terms for which we removed the space con-
straints but we added time constraints. From the walk S, we form two walks stem-
ming from position S, with m = [(k; + k2)/2]. One walk goes backward, and is
denoted S°, and another one goes forward and is denoted S*. Translating the origin
to S, we obtain using [24], Theorem 3.5.1,

P((Sk, + R) "Ry =2,Vi=1,2)
<P((S; ), + RL) NR0,m] = @)
1
4 2 4
which proves (3.2). [
3.3. Strong law of large numbers. We are now ready for the proof of Theo-

rem 1.1. The first step is to use the dyadic decomposition of the capacity to pro-
duce self-similar independent terms at a smaller scale. If this scale is well chosen,



CAPACITY OF THE RANGE OF RANDOM WALK ON Z* 1461

then the result of the previous section shows that the cross terms x, (i, j) are neg-
ligible, by a simple application of Chebyshev’s inequality. On the other hand, us-
ing Borel-Cantelli and Chebyshev’s inequality again, one can show that the self-
similar part converges almost surely, at least along some subsequence growing
sub-exponentially fast. Finally, using the monotonicity of the capacity we deduce
the convergence along the full sequence.

PROOF OF THEOREM 1.1. Choose L as a function of n, such that (log n)* <
2L <2(logn)*. In particular, one has L =< loglogn. Proposition 2.3 shows that

2L

(3.5) Cap(R,) =Y Cap(R{")) — &, + &y,
j=1

where E[e,] = 02 logn) = O((logn)?), and

L 21'—1

Ev=)_> xnli. ).

i=1j=1
Now (3.2) shows that forall i < L and j < 2i-1
_ 2 (loglogn)®
2Zi(logn)*’

Using Cauchy—Schwarz and the independence of the (x, (i, j)); for any fixed i,
one obtains

i1 L
Var(&,) < L - ZVar(Z Xn (i, ])) =L-» 27" Var(x,(, 1))

i=1 j=1 i=1
-0 <n2 . M) _
(logn)*
This together with Chebyshev’s inequality give
3
) < (loglogn)
~ " (logn)?

where ¢ > 0. On the other hand, using the trivial bound Cap(R,) < |R,| <n, and
Chebyshev’s inequality again for a sum of independent terms, we get

E[xa Gy )] S

(3.6) (16 — Esnl| > o
ogn

2L
, . 1
37 P Z C L)Y _R[C (L,)) L W '

Now consider the subsequence a, = exp(n3/ 4), and observe that it satisfies

lim an+1 _ and Z (loglogan)
(loga,)?

n— oo
an n
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Therefore (3.1), (3.6) and Borel-Cantelli show that almost surely

Similarly using the bound E[e,] = O((logn)?), we deduce using Markov’s in-
equality that almost surely

logay

lim

- &g, =0.
n—oo an

Finally, using (1.4), (3.5), (3.7) and Borel-Cantelli again, we deduce that almost
surely

2

s
-Cap(Ry,) = T

. logay,
lim
n— oo

To conclude, first observe that Cap(R,) is nondecreasing, since for any A C B,
one has Cap(A) < Cap(B). Thus if for n > 1, we define k,, as the unique integer,
such that ax, <n < ay,+1, we have

Cap(RI[0, ax,1) < Cap(RI[0, n]) < Cap(RI0, ax,+11).

Since ay,+1/ak, goes to 1, as n — oo, the sequence (logn/n) - Cap(R[0, n]) con-
verges. [

REMARK 3.3. Note that in the last part of our proof, we followed the strat-
egy of Dvoretzky and Erd@s in their pioneering work on the range [13]. They first
proved an almost sure limiting result along a subsequence growing subexponen-
tially fast (using also Chebyshev’s inequality and good bounds on the variance),
and then deduced the strong law of large numbers using a monotonicity argument.
The idea that a decomposition like (1.6) could be useful in obtaining sharp vari-
ance bounds and a central limit theorem came much later, in Le Gall’s papers [28,
29].

4. Existence and definition of the limiting term. The goal of this section is
to give a precise definition of the limiting term appearing in Theorem 1.2. We also
prove a Carleman’s condition for the sum approximating it.

4.1. Carleman’s condition. We recall that Carleman’s condition holds for a
nonnegative random variable X, if its sequence of moments m , := E[X ] satisfies:

> ()% = oo,

p=1
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PROPOSITION 4.1. Let

1 1 1
:f / —~2det,
0o Jo lIBs— Bl

where B and B are two independent standard 4-dimensional Brownian motions.
There exist positive constants ¢ and C, such that

P pP < E[Xp] <CP .p2p,

for all integers p > 1. In particular, the upper bound implies that Carleman’s
condition holds for X.

REMARK 4.2. Note that by reversibility of the Brownian path, and scaling

invariance, one has
12 ol 1
& » / f ——_dsdr.
o J121Bs — Bl

PROOF. We first prove the upper bound. By using Jensen’s inequality we get,

for any integer p,
1 1 d p
=) sl 7 ) ]
0 o IBs — Bl

We define Cp :={0 <51 <--- <5, <1}, and by symmetry

Pl < : 1
! .
-1 ELX ]Np'fo dt/cpE[Hﬂsl — Bell?- - 1Bs,, —,31f||2:|ds1 @sp

By using standard properties of the Brownian motion, we write

/CE[ﬁ 1B — ﬂznZ} [ds

i=1

4.2 =| E ~ E ~ Wu<s,_1» ds;
“2 fc {nllﬁsi—ﬂzllzx (||ﬁs,,—ﬁt||2'(ﬁ)—“ﬂ’>]g ’

i=1

p—1 1—sp1
:fcp_lE[Ulnﬂs,lﬂAP/ IE<||ﬁs—1xp||2 ) }Hds“

with x, =By, | — /3,. Now we need the following two lemmas.

LEMMA 4.3. One has
k+1

1 _ k
[ E[(aJrIHIZg[ﬁ;HZxIII) }d <Z<4k> (@414 flog eI,

uniformly in x € R*\ {0}, a > 0 and k > 0.
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LEMMA 4.4. Forallk>1anda >k,
1 ~
| El(a+ ogFl) Jdr k- at.

We prove these two lemmas in the Appendix. Let us now conclude the proof of
the proposition. First one can use Lemma 4.3 and by induction, we can bound the
last integral in (4.2) by

14
CP-Y ar-4p) - E[(p + loglB 1),
£=0

where C is a constant and

-1
aei=#{1§i1S---Siefp}=<p+g )

Then using Lemma 4.4, (4.1) and (4.2) we obtain the upper bound
P
{—1 ~
E[XP]<SCP )’ (p i )(4p>ﬁ (p—=0)-pP S CPp

=0 ¢

where C is a positive constant and this proves the upper bound.
Now we prove the lower bound. Define

1/p [1/p 1 ,Bi/, € B, 1
F(p):= inf / / E [ Biyp: Bijp € BO /ﬁ))}dsdt.
xeB(0.2/./p) lx + Bs — BillI?
2,2€B(0,1//p)

Note that by scaling I'(p) =I"(1)/p, and that

I Sup ,8 :=co>0.
1 o<l s — 0

Now define

1
D:[O,—] X
p

Then, for any permutation o of the set {1, ..., n}, one has by the Markov property
and standard properties of Brownian motion,

/ f L 1By — ,s,amnz}ﬂds,dzl

1(A)
ds; dt;
// [ 1By — /3,0(,)”2}“ sidt

X [%1, 1} and A:= ([')]{/3,-/,,,&/,, eB(O, %)}

i=1
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[ [ 1(4)_ i|l_[ds,dt,
O Be = B — By — Brir ) I2

>T(p)’ = (co/p)",
with x; = Bi/p — Eg(i)/p, fori =1,..., p. Now one has

E[X7] >(p1)21nff / Hds,l_[dl, [Hﬁ}

2
i=1 ﬁla(,') ”

and this gives the lower bound using the previous bound and Stirling’s formula.
O

4.2. The limiting term. We have now all the ingredients to define properly the
term yg ([0, 11%), appearing in Theorem 1.2. First, define the following subsquares
of [0, 1]%:

Aij=[Qj—227,@2j - D27 x [2j - D27, 2/)27],

fori > 1 and j <2'~!. Define also C = {s,7 € [0, 1] : s < 1}, the closure of the
union of all these squares.
A straightforward computation shows that

E[./o] /ol G(Bs, Br) ds dt] —

However, if we consider disjoint intervals, then this expectation is finite as we
already proved in Proposition 4.1, that is,

172 ,1
E[/O /;/ZG(,BS,,B,)dsdt} < 00,

and by scaling the same fact holds when integrating over any of the squares A; ;.
This observation is at the heart of the following proposition.

PROPOSITION 4.5. Let B be a standard 4-dimensional Brownian motion.
Then the limit yg(C) := Z 1 vG (A j) exists in L2, where

rohi) = [ AG(ﬂs,ﬂf)dsdr—EUA. G(p. prydsar |

Moreover, there exists A € R, such that

E[ek-yc(c)] = 00.

REMARK 4.6. We take by definition yg ([0, 1]%) := 2y (C).
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PROOF. For any j < 2i=1 note that By Brownian scaling vG(A;,j) has the
same law as 21~ vG(A1,1). By Proposition 4.1 these random variables have finite
second moment. Now by the triangle inequality for the L2-norm, we have for m <
n

n 201 no |21 n 21 1/2
> ve(Ai)) <Z Zm(A,,) Z(ZE[(VG(A,-,JJ)Z]) :
i=m j=1 i=mll j=1 i=m \j=1

where for the last inequality we used the independence of the terms y (A;, ;), when
the rectangles A; ; are all in the same subdivision. By scale invariance mentioned
earlier, this last sum is equal to

n 1

Z\/zl(l D )/G(Al 1)) Var()/G(ALl)) Z W

1=m

This shows that the sequence Y _, Z?:i vG(A;,j) is Cauchy in L?, and hence it
converges in L. Now we prove that this limit random variable has some infinite
exponential moment, using the same argument as in Le Gall [30]. First, note that
by definition we can express y(C) almost surely as

1 1
VG(C)= <V1+V2+— (X — E[X])>

with y; and y» two independent random variables with the same law as yg(C),
and X a random variable with the same law as the random variable from Proposi-
tion 4.1. Now the lower bound in the latter proposition shows that there exists A > 0
such that E[exp(AX)] = oco. Since X = 2722y (C) — y1 — y») + E[X], it implies
by Cauchy—Schwarz that either ]E[exp(8n2)\yG ()] or E[exp(—4n2AyG C)] is
infinite. [J

5. Intersection and nonintersection probabilities. The goal of this section
is to obtain an asymptotic expression for the probability of nonintersection of a
two-sided walk with simple random walk, when one walk is conditioned to end
up at a specific location. Our proofs will rely heavily on the following estimate
of Lawler on the nonintersection probability of a two-sided walk with a simple
random walk.

THEOREM 5.1 ([24], Corollary 4.2.5). Let R',R? and R> be the ranges of
three independent random walks in Z* starting at 0. Then

2
(5.1) lim logn-P((R'[0,n] UR[0,n]) NRA[1, 00) = 2,0 ¢ R'[1,n]) = <

Recall the definition of f(x) from (2.1) and also the shorthand notation n, =
n/(logn)“.
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PROPOSITION 5.2. Let o > 8, n —ng > k > ny and x € Z* with J/nag <
x|l < /n(log n)2. Let R', R? and R3 be the ranges of three independent random
walks starting from 0. Then

P((R'[0, k] UR?[0,n]) N R3[1, 00) = @, S (k) = x,0 ¢ RI[1, k)

72 loglogn
:?. .pk(x)-(1+0(1))+O(W'fk(x/2)>-

logn

Note that in the expression above we cannot always absorb the second term in
the o(1) term, since pg(x) is not always comparable to fi(x/2). However, this
second term is going to be negligible when we take the sum over all time indices
and all points in space.

The rest of this section is devoted to the proof of the above proposition.

The following lemma on the probability that two walks intersect when one walk
is conditioned to end up at a specific location is a crucial ingredient in the proof of
the proposition above and will also be used in later parts.

LEMMA 5.3. There exists a positive constant C so that the following holds.
Let z € Z* and let S' and S? be two independent simple random walks in Z* start-
ing from 0 and z, respectively. For a, k, f € Nand b € NU {oo} let A(a, b, f, k) =
(R f, kIN'R?[a, bl # @}. Then for all x € Z* with ||x|| < k*/3 we have

Po..(A(a, b, f, k), S' (k) = x)
< Cfi(x/2) -max(Po . (A(a,b, f,k)), Py (A(a,b,0,k))).

We now state two lemmas and a claim whose proofs are deferred after the proof
of Proposition 5.2.

LEMMA 5.4. Leta >8.Letny <k <n—ng,i = k/(logn)so‘ and /oy <
x|l < +/n(logn)?. Let R', R* and R> be the ranges of three independent random
walks starting from 0. Then we have

P((R'[0,i]UR?[0,n]) N R3[1,00) =@, SL(k) =x,0 ¢ R[1,1])

72

= ! 1 1
—§‘@‘Pk(x)'( +o(1)).

LEMMA 5.5. Same assumptions as in Lemma 5.4. We have
P((R'[0,i]UR?[0,n]) N R[1,00) = &, RI[i, k) N R3[1, 00) # @, S! (k) = x)

loglogn

S fi(x/2) - (ogn)?2"
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CLAIM 5.6. Leta >0,k > ng and /g < ||x|| < k3. Let hit[a, b] = {3 €
[a, b]: SI(Z) = 0}. Then we have

2
P(S' (k) = x, hit[ng, k1) < fi(x) - (login)'
n

We now give the proof of Proposition 5.2 which is an easy consequence of the
results above and then we will prove Lemmas 5.3, 5.4 and 5.5 and Claim 5.6.

PROOF OF PROPOSITION 5.2. Leti = k/(logn)® as in Lemma 5.4. Then we
can write

P((R'[0, k] UR?[0,n]) NR3[1, 00) = @, S1(k) =x,0 ¢ R'[1, k])
=P((R'[0,i1UR?[0,n]) NR3[1,00) =&, S' (k) =x,0 ¢ R'[1, i])
—P(R'0,i]UR?[0,n]) N R3[1,00) = @, S' (k) =x,0 ¢ RI[1, ],
[RYi, kINR3[1, 00) # @) U {0 € RU[i, k1)).

For the first term, we use Lemma 5.4 to get the asymptotic expression of the state-
ment. Regarding the second probability by the union bound it is upper bounded

by
P((R'0,i]UR[0,n]) NR[1,00) = @, S' (k) = x, R[i, kINR[1, 00) # @)
+P(S (k) =x,0¢ R'[1,i],0 e R[4, k]).

The first term can be bounded using Lemma 5.5 and the second one using
Claim 5.6. O

PROOF OF LEMMA 5.3.  We assume that pi(x) > 0, since otherwise the state-
ment is trivial. Suppose first that ||x||> < k. Then in this case px(x) =< 1/k?, and
hence for all y, z € Z* we have Pr2(y,2) < C/k?* =< pr(x). We now get

Po..(A(a, b, f,k), S (k) = x)
= Po.(Aa. b, f.k).S' (k) =x,S' (k/2) = y)
S

<D Po.:(R*a. bINR'[f.k/21# &, 8" (k/2) = y, S' (k) = x)
y
+ Y Po . (R*[a,bINR'[k/2,k] # @, S (k/2) = y, S' (k) = x).
y

Using time reversibility and the Markov property this last sum is equal to

> Po.(Ala,b, f,k/2), S'(k/2) =) - prja(y. x)
y
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+ > Py :(Aa,b,0,k/2), S'(k/2) =) - prsa(y. 0)
y

S pe(x) Y Po(Aa,b, £.k/2), 5 (k/2) =)
y
+ pie(x) - Y Py (A, b, 0,k/2), S' (k/2) = )
y

S Pk(x) : PO,Z(A(a’ b, fﬂ k/z)) + Pk(x) ' ]P)X,Z(A(a’ b,0, k/2))
< pr(x) - max(]P’o,Z(A(a, b, f, k)), PX’Z(A(a, b,0, k)))

This completes the proof in the case when | x||? <k, since fi(x/2) > 1/k?.

Suppose next that ||x|?> > k. We write B, = B(x, ||x||/2) and S, = 88,. We
define o, as the last visit time to Sy before time k and 7, for the first hitting time
of Sy (both for the walk S!). For all i < k and w € Z*, we have

Py (S'G) = x, 70 <)
=3 Y Pu(te=4.5'()=y.5" () =x)

J=i yeSy
=22 Pule=78'()=y)pi-j(y.x)
J=i yeSy
S fie(x/2) - Py(te <) S fil(x/2),
where the first inequality follows from Claim 2.1. Now one can write
Po..(A(a, b, f, k), S (k) = x)
(5.3) <P . (R?*[a, )N R f, 0,]1# @, S' (k) = x)
+ Py (R*[a, bl "R oy, k1 # @, ST (k) = x).
In order to bound the first term, let us define
T:=infli > f:5'(i) € R?[a, b]}.

Note that for any i, the event {Z =i} is J(Rl[f, i1 V o (R?[a, b])-measurable.
Therefore, by the Markov property we obtain

Po.. (R*[a, b] N R[ f, 0,1 # @, S1(k) = x)
=Y > PoAT=i0r>i S () =w, 5 (k) =x)
W f<i<k
= Y PoZ=iS")=w) Pyu(S'k—i)=x,1. <k —i)

w, f<i<k

Sh&/2)- Y Po(T=i.5'()=w)

w, f<i<k

(5.2)
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S fi(x/2) - Po  (Ala, b, f,k)),

where we used (5.2) for the first inequality. Now concerning the second term in
(5.3), one can look at the path backwards in time, and observe that seen from x, oy
is now the first hitting time of Sy, namely t,. Therefore, using the strong Markov

property,
Po..(R*[a, bl N R0y, k] # @, ST (k) = x)

= Y Po.(R*a,bINRNi.kl1#2, S ()=y, 00 =i, S (k) =x)
yeSy,i<k

= Pr(Ala,b,0,k—i),S' (k—i)=y,rx =k —i) - pi(y)
V,i

S fi(x/2)Y P (Aa,b,0,k), S (k—i) =y, 7x =k — i)

¥,
5 fk(x/z) : ]P)X,Z(A(a, b9 O’ k))’

where for the first inequality we used Claim 2.1 again. This now completes the
proof. [

PROOF OF LEMMA 5.4. This proof is very similar to [24], Proposition 4.3.2,
but we include it here for the sake of completeness. Again we assume that pg(x) >
0, otherwise the statement is trivial.

We define D = {||S'(i)| < vi(logn)**®}. Then P(D°) < exp(—(logn)**©).
We set

A={(R'0,i]UR?[0,n]) NR’[1,00) = 2,0 ¢ R[1,i]}.

Then by Lawler’s estimate, Theorem 5.1, we have that

72

P(A) = < @ (1 +o(1)).
We now obtain
P(A, S' (k) =x, D) <P(A, S' (k) =x) <PP(A, S' (k) = x, D) + P(D°).
By the Markov property, we now get
P(AN D, S' (k) = x) =P(S' (k) = x|A N D)P(AN D)
= pe(0)(1 +0(1))P(AN D),

where the last equality follows from (2.3) and Claim 2.2, since after conditioning
on D, the time changes to k — i and the walk starts from some z with |z|| <

Vi(logn)**+®. Note that for & > 8 the assumptions of Claim 2.2 are satisfied. We
also have

P(A N D) =P(A) — P(A N D) =P(A)(1 + o(1)),
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since P(A N D¢) < P(D¢) < exp(—(logn)“+6) and P(A) < 1/logn. So far we
have showed that

P(AN D, S' (k) = x) = pr(x)(1 4 o(1))P(A).
By the assumption on the values of x and k, we get that
P(A) pi(x) 2 exp(—c(logn)* ™).
Therefore,
P(AN D, S' (k) = x) + P(D°) = pr(x)P(A)(1 + o(1))
and this completes the proof. [
PROOF OF LEMMA 5.5. Define £ =i /(logn)>**2°. Then we can upper bound
the probability of the statement as follows (with R4 for R[1, 00))
P((R'[0,i1UR[0,n]) NRY =2, R i, kINRE # 2, S'(k) = x)
<P(R*[0,n]NR[1, €] =2, R i, kKINRY. £ 2, S' (k) = x)
C4 <P(R’[0,n] N R3[1, €] =@, R'[i, k1N R3[1, £] # @, S' (k) = x)
+P(R*[0,n] NR3[1, €] = 2, R[i, k1IN R[£, 00) # @, S (k) = x).
From Lemma 5.3, we have
P(R'[i, kINR3[1, €] # @, S (k) = x)
< fi(x/2) - max(Py o(R[0, k] N R3[1, £] # @),
P(R[i, kI N R3[1, €] # 2)).

We now define

. Vi
Dy =fmax|s* (] = V]
i<t (logn)
By the choice of £ and (2.2), we have P(D%) < exp(—(log n)*10). We also let
. Vi
pi={ls'al = o
(logn)
Then by (2.4) we get P(DY) < m, and hence we obtain that

P(RYi, kINR3[1, €] # @)
< P(D§) + P(D) +P(R'[i, KINR3[1, €] # @, Dy, D)

2 1
max Py, (H

S——=+ P <00) S —,
(logn)® * Juj=i/(ogn)? B, (10;)4) (logn)*




1472 A. ASSELAH, B. SCHAPIRA AND P. SOUSI

where for the last inequality we used (2.7). When S' starts from x, we then get
P, o(R0, kI NR3[1, €] # @) SP(DS) 4 Py o(RU0, kINR31, €1 # @, D3)

< exp(—(logn)® %) + P (H < 00)

i
B, (logn)4 )

1

+6
< exp(—(logm)*™7) + (logn)s+ia’

where for the last inequality we used again (2.7) and the assumption on i and ||x]||.
So we overall get that

< S

P(RZ0.0] VR 1= 2. R KN R €] 2.2, 8'(0) =) S 025
n

Returning to the probability appearing in the penultimate line of (5.4), we obtain
P(R?[0, n] N R[1, €] = @, R'[i, k) N R3[£, 00) # @, S' (k) = x)
<P(R?[0,n] NR3[1, €] = @, R'[i, kINR3[¢, 00) # @, S (k) = x, D3)
(5.5) +P(DS)
SP(RA0,n]NR31, 0] = 2, RUi, k] N R3[¢, 00) # @, S (k) = x, D3)

fi(3)
(logn)*’

where for the last inequality we used that for x and & as in the statement of the
lemma we have

pr(x) = exp(—2(logn)®™) and P(D5) < exp(—(logn)**°).
The first term appearing in the last line of (5.5) is upper bounded by
Y Po (R'i,kINR # @, 5 (k) =x)
(5.6) “Z”ka,;sn
x P(R?[0,n] N R3[1, €] = @, $*(€) = 7).

Using Lemma 5.3 again and [24], Theorem 4.3.3, we get that for all z in the range
as above

Po . (R'[i, KINR3. # @, S' (k) = x)

< fe(x/2)y max(Po . (R'[i, k1N R # 2), Py (R0, KIN R, # 2))

loglogn
< folx/2) - ﬁ)gf .
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Therefore, the sum of (5.6) becomes upper bounded by

loglogn loglogn
= 2). —= =

logn
where for the equivalence we used [24], Theorem 4.4.1. Substituting this into (5.5)
completes the proof. [

P(R?[0, n] N R3[1, €] = @) - fi(x/2) -

PROOF OF CLAIM 5.6. In order to upper bound the probability of this event,
we consider two cases, either ||x|| < vk or ||x|| > vk. If ||x|| < vk, then using
reversibility and the Markov property we obtain

P(S' (k) = x, hit[ng, k])
=P(S' (k) = x, hit[ny, k/2]) + P(S' (k) = x, hit[k/2, k])
= "P(S'(k/2) =z, S' (k) = x, hit[ng. k/2])

+ Y P(S'(k/2) =z, S' (k) = x, hit[k/2, k])

S pe()P(hitlng, k/21) + pi(x)Px (Ho < 00)

2a
S pe(x) - (ogm) ™ -

We turn to the case ||x|| > ~/k. We now have using the Markov property
P(S' (k) = x, hit[ng, k1) = P(S' (k) = xhit[ny, k])P(hit[ne, k])
, (logn)®
< sup i (x) - P(hitlng. K1) S fi(x) -
i<k n
where for the last inequality we used Claim 2.1. [J
6. Joint convergence in law of the cross terms. The main purpose of this

section is to prove the joint convergence in law of the cross terms. First, recall the
definition of the squares

Aij=[@j—227,@2j - D27 x [(2j — D277, 2/)27],

fori > 1and j <2/~!. Recall also the definition of the cross terms from Proposi-
tion 2.3:

i ) = X(RED, RED) 4 (RYD, R D),
with

(6.1) RED =R[(j — D27'n, j27n].
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PROPOSITION 6.1. Let p > 1 be a fixed integer. Then as n — o0,
2(logn)? . ()
62 (D) ey S ([ Gprdsar) i,
iJ

1<j<2i-! 1<j<2i-1

Moreover, the convergence also holds in expectation.

Our strategy for proving this proposition is first to localize in a certain sense all
the x,(i, j). More precisely, we prove that for any given i and j < 2/~!, the term
xn(i, j) can be written as a sum of two elements, one being a localised version
of this cross term [the so-called x, (i, j), see below], and the other one having a
negligible expectation. So to prove the joint convergence in law of the cross terms,
we are led to prove only the joint convergence in law of the x, (i, j). To prove this
in turn, we show the convergence of the joint moments, which is indeed sufficient
thanks to the results of Section 4.1 and Carleman’s criterion (see Section 3.3.5
in [12]).

Now the x, (i, j) have the great advantage that their joint moments reduce
(after some tedious computation) to a product of nonintersection probabilities
(whose asymptotics have been computed in the previous section) times a product
of Green’s function. Then a separate argument shows that this product of Green’s
functions converges to its continuous counterpart.

Before digging into the proof, we gather some basic preliminary estimates in
the next subsection.

6.1. Preliminaries. We start with an elementary fact which directly follows
from the local CLT (2.3) and (2.2): there is a constant C > 0, such that for all
k>0,

1
(6.3) E[Gu(S0] <€ - and E[Ga(S0)’] =C o

Now for o > 0, recall that n, =n/(logn)®, and define the set

(6.4) By ={(x,y) : n2g < IIx[|, Iyl < /n(logn)?, | x = yll = /n2a}.

LEMMA 6.2. Let S and S be two independent random walks and let o > 0.
Then

n Ny
(6.5) > > E[Ga(Sk — So)] S ng - logn,
k=0¢=0
n n -
(6.6) Y. Y. E[Gu(Sk—S0] S na
k=0¢0=n—ngy
and
(6.7) Yo Y PSk=x,8=y) Galx,y) Sna - (logn)?.

k, =0 (x,y)¢ By
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PROOF. Note that S; — §g is equal in law to Sg1¢. Thus by using (6.3), we
deduce that for any k > 1,

n n

o o 1 na

Y E[Gi(Se0] S 5 S+

=0 = k+¢7 k

Summing over k proves (6.5). The proof of (6.6) is entirely similar.
We prove now (6.7). Using (2.4) yields

2
~ n
P(||Sk — Se|l*> < =P(||S 2 < <2
ISk = Sell” < n2a) =PI Sktell” < n24) S TRy
Similarly, one has
2 n3 T2 n
o o
RIS < moa) € 2% and - P(ISE I < noa) S 2%
Therefore, by using (6.3), (2.2), (2.4) and Cauchy—Schwarz, we get
~ ~ Ny 1 1
E{G4(Sk, Se)L((Sk, S By)| < ( + >
[Ga(Sk, SOL((Sk, Se) ¢ a)]NH_k_i_E T T

The result follows by summing over k and £. [

LEMMA 6.3.  There exists a constant C > 0 so that for all i > 1 and for all
Jj< 21_1, one has

1 1
- E[ > 1(ISk = Sell < ev/n) - Ga(Sk, Sz)] <C-¢log o
k. {<n

PROOF. By considering two independent random walks, we get

1
o 'E[ > Lyse—seli<eym - Ga(Sk, Se)]

n k,l<n

12n

(6.8) S=Yk Y n@Galz)

n
k=1 z|z|<ey/n

1 & —1z)1?/(2k
<iy v kxexp( llz]17/( ))Gd(z).

n k2
k=1z:||zl|<e/n

Summing over z, we now obtain

/‘eﬁ exp(—r2/(2k)) 3
0 r2

> exp(—lzlI*/(2k)) Ga(2) <
zl|zll<e/n

= k(1 —exp(—¢&*n/(2k))).
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Summing over k, we get

1 2n
—Z 1 —exp(—&n/2k)) <&+ — Z 8—<810g(1/8)

ksn

and this concludes the proof. [J

LEMMA 6.4. We have

Yo SN A/ fe(y/2Galx, y) S

x,y€Z4 k<ni<n

PROOF. The proof follows immediately by substituting the expression for f
and using (2.6). U

6.2. Localisation of one cross term. Foranyn >1,i > 1and j < 21 define

A} =12 —227'n, ..., 2j = D27 n} x {2j — D27"n, ..., j27" " n),
and for any o > 0,

Al =1{@2) - 227 4 ng, ..., (2j — D27 —ng}
x {27 — D27 n+ng, ..., j27 0 —ng)

at least for n large enough, to make sense of this definition, and with the usual

convention to take integer parts when needed.

LEMMA 6.5. Let i, j be positive integers with j <21, For all a > 3, we
have

xn(, j)= 2. Xn,a(i’ Jj)+ Sn,a(iv J)
where Ele, o (i, j)] = o(n/(logn)?) and
Xnali, )= Y P(RIk—nsa k+ns]n(x+R")=

(k,e)eA;{j'
(x,y)€By

Sk = x ¢ Rk — naq, k)|S)
X Gq(x,y) - P(R[L = naq, £+ nag] N (y + R?) =
Se=y ¢ RIL—n4a. 0)|S),

with By as in (6.4) and R' and R? the ranges of two independent random walks
starting from O and where for simplicity we used the convention R' = R![1, 00)
and similarly for R2.
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In order to prove the lemma above, we first approximate x, (i, j) by an expres-
sion without localisation which we call X, « (i, j), and which decorrelates the two
parts of the range in some sense.

LEMMA 6.6. With the same notation as in Lemma 6.5 and (6.1), we have
Xn(, J) =2+ Xnali, J) +Ena(, j),
where E[&, o (i, /)] = o(n/(logn)?) and
Ko, D= Y PR Ny+R)=0

(k. )eAl?

(x,y)€By

Se=y ¢ R[(2j — 1)27'n, £)|5)

x Gg(x,y) - PRIV (x+RN =g,
Sk=x ¢ R[(2j —2)27'n, k)|S)

PROOF OF LEMMA 6.6. Since i and j are going to be kept fixed while n will
tend to infinity, we will not lose generality in doing the proof fori =0 and j = 1.
Also by moving the origin to S(n), and looking at the range R[0, n] backwards,
one is led to consider x (R, Rn) + x (Rn, Rn) with R, and Rn two independent

ranges. So it suffices to treat the term x (R, R ).
By the independence of R! and R?, we get

n
XRuRp)= Y > Galx, DP(R,UR)N(x+R) =0
k,£=0x,y

Sy =x ¢ R[0,k)[S, S)
xP(R,N(y+R}) =2
=y ¢ R[0,0)5).

Lemma 6.2 shows that we can restrict the sumoverng <k,{ <n—ny and (x,y) €
B, at a cost of at most ny logn in expectation. The probability term appearing
above is equal to

P(R, N (x + RY) =2, Sy =x ¢ R0, k)|S)
xP(R,N(y+ R =2, =y¢RIO0,0)S)
~P(R,N(x+RN)=2,R,N(y+R)=2,R,N(x +R) #2
Sy =x ¢ R[0,k), Sg =y ¢ R[0, £)|S, S).
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The first term is equal to the probability term in the expression of X, «. SO we now
turn to the second term. On the event {S; = x}, by moving the origin to point x
and reversing time we can write

[RaN (x +RY) =) = (R0, klURH0, n — k) NR! = &},

where R? and R* are the ranges of two independent walks starting from 0. Ap-
plying the same to R, we get that the event under consideration is contained in the
intersection of the following events:

[(R3[0,kJUR*O0,n — k) NR! =@, $2 (k) = —x},
6.9  {(R[0,(]URN0,n —€]) NR> =2, 52(0) = —y),
(R0, QURH O, — e N (x —y + RY) £ 2, 53(0) = —y).
Setting i = ng with 8 = 10« + 4, we next define
= [(R3[0, kUR*0,n — k) N R0, i1 =2, S3(k) = —x},
Ay ={R30,01NR? =2, 53 (0) = -y},

R0, n —€1NR? = 2],

R0, 10 (x — y + R'[i,00)) # 2, () = —y},
RO, n — €D N (x —y + R0, i]) # 2},
A7:{R4[O,n—e])m(x—y+7z [i, 00)) # @}

The first event in (6.9) is contained in A; the second one is contained in Ay N A3
and the third one is contained in the union of A4, As, Ag and A7. Therefore, we
get that the probability of the intersection of the events appearing in (6.9) is upper
bounded by

(6.10) P(A1, A2, Ag) +P(A1, A2, A7) + P(A1, Az, Ag) +P(A1, A3z, As).

{
{
[R30, 61N (x — y + RY0,i]) # @, S () = —y},
{
{

The first step now is to decorrelate the events where the range R! appears.
Lemma 5.3 gives

P(Ag) =P(R3[0,€1N (x — y + RY0,i]) £ @, S2(£) = —y)
(6.11) < fe(y/2) x max(P(R[0, €1 N (x — y + R0, i]) # 2),
P_, o(R3[0, €1N (x — y + R0, ]) # 2)).

Defining the event D = {||S'(r)|| < vi(logn)**2,Vr < i} we get from (2.2) for a
positive constant ¢

(6.12) P(D°) < exp(—c(logn)® ™).
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On the event D, in order for R3 [0,¢] and x — y + R0, i] to intersect, S3 must
hit a ball centred at x — y of radius Vi (log n)*+2 or a ball centred at x of the same
radius (depending on whether we start from 0 or —y). Since ||x — y|| > ,/n2, and
lxll > \/n2q, using (2.7) and (6.12) we get

P(R3[0, €10 (x — y + R'[0,i]) # @)
VP_, o(R[0,£1N (x — y + R0, i]) # 2)
<
~ (logn)*’

where the last inequality follows from the choice of B (recall that i = ng with
B =10c +4). _ _
Using (6.11), (6.13) and the independence between R> and R*, we get

(6.13)

P(A1, Az, Ag) S

-pe(x) fe(y/2) - P(A3) <

(logn)* (ogn)? () fe(y/2).

Similarly, we get the same upper bound for P(A[, A3, Ag). It remains to bound the
probabilities P(A1, Az, A7) and P(A1, A3, As). By the independence between the
walks again, we get

P(A1, A2, A7) =P(A2)P(A1, A7) and P(A4, A3z, As) =P(A3)P(A4, As).

For the probability of the event A, by exactly the same proof as in Lemma 5.4, we
have for a suitable y > 0,

P(A2) 51@(733[0 }mezzz, 30 =—y) < pey) -

1
" (logn)? Jlogn’
where in the last inequality we also used [24], Theorem 4.4.1. By [24], Theo-
rem 4.4.1, again we get

1
P(A3) < .
( 3) ~ «/@
We now upper bound the probability P(A, As). The probability P(A{, A7) can
be bounded using similar ideas. Recall the definition of the event D above. Then
from (6.12) and the independence between the three walks, we get

P(D¢, $*(k) = —x, $3(0) = —y) <

(dogn)? Pk(x) pe(y).

Conditioning on S'(i), the events A; and As become independent, and hence we
obtain

P(A1, As, D)

= X PAISTO=9P(S () =2)P(4slS'() = 2),
Izl <+/ilogn)®+2

(6.14)
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From Lemma 5.3 again and [24], Theorem 4.3.3, we obtain for all z with ||z| <

\/IT(lOgn)OH_Z

loglogn
P(AsS'() =2) S == 2% - fu(y/2).
ogn
Plugging this into (6.14) gives
loglogn loglogn
P(A1, A5, D) S fuly/2) = (A S fuly/2)ph() o5
ogn (logn)

loglogn)?
+ 0((&% fix/2) - fe(y/Z)),

where for the last inequality we used Proposition 5.2. Therefore, we conclude that
the sum of probabilities appearing in (6.10) is upper bounded by

1
(logm)73 (P ) pe(¥) + pr(x) fe(¥/2) + fr(x/2) fe(y/2))

1
S Wfk(x/2)f£(y/2)-

Taking the sum over all £, £ and x, y and applying Lemma 6.4 completes the proof.
g

PROOF OF LEMMA 6.5. Using Lemma 6.6, it suffices to prove that for all
i, j € N we have

)’\(ln,ot(iv ]) = Xn,a(i’ ]) + 8n,a(i, ])a

where E[e, 4 (i, j)] = o(n/(logn)?). As in the proof of the previous lemma, we

only prove the result for i = 0 and j = 1, and by using reversibility of the walk,

we are led to consider two independent ranges R,, and R, between times 0 and 7.
We now define

H={R,N(x+R") =2, S =x¢RI[0,k))].
Then we have that H = H{ N H,, where
Hi = [RIk — nag, k +nag]1 N (x + RY) =2, S = x ¢ Rk — nag, k)},
Hy = {(RI0, k — nag]U Rk 4 nag, n]) N (x + RY) = @, x ¢ R0, k — naa))}.

Since P(H) =P(H,) — P(H, N Hy), using Lemma 6.4 it suffices to prove that for
all x and k satisfying /n2q < ||x|| < +/n(log n)? and ny <k <n — ng, we have

loglogn

(6.15) P(H1 N Hy) S fi(x/2) - ogn)? 2
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So we now turn to prove (6.15). We first note that H; N H; C F U F, U F3, where
Fi ={RI[0,k —n4g]N (x + RY) # 2, RIk, k + nag] N (x + RN =2, §; = x},
Fy = {RIk +naq,n1N (x + RY) # &, Rlk — nag, k1N (x + R") = 2, Sx = x},
F3={Sk =x € R[0, k — naql}.

We start by proving the upper bound of (6.15) for P(F7). The probability P(F3)
can be treated in exactly the same way.

First, we decorrelate the two events appearing in Fp, by conditioning on Sy = x
and also by considering R' in separate time intervals just like we did in the proof
of Lemma 6.6. Let i = njgy+4. Then subtracting x and reversing time we obtain
Fi C Fi(1) U F1(2), where

Fi(1) = {R’[nae. KINR[1,i] # @, §7 (k) = —x},
F1(2) = {R3[n4q, 1N R'i, 00) # @, R0, nao 1N R[1,i] = @, $? (k) = —x},
and R> and R* are two independent ranges. From Lemma 5.3, we get
P(F1(1) < fi(x/2) - max(P_, o(R[0, kI N RY[1,i] # @),
P(R>[n4a, kINR1, ] # )).

Just like in the proof of Lemma 6.6 we define the event D = {||S ') <
\/zT(log n)2,Vr < i}. Then on the event D in order for R3 and RI[1, ] to inter-
sect, the range R> must hit the ball centered at 0 of radius +/i(logn)?. By the
choice of x and (2.4), this now gives us

max(P_, o(R[0, k] NR[1,i] # @), P(R>[nae, kINR[1,i] # 2)) < (logn)*’

and hence

P(Fi1(D) S fe(x/2) - (ogn)*”

We now turn to bound P(F; (2)). Clearly P(F}(2), D) < px(x)/(logn)*. Now on
the event D conditioning on S' (i), we get

P(Fi(2,D)< Y. PRY0.nulNR'[Li]1=2,5'()=2)
llzll<v/i(logn)?

x P(R3[n4q, k1N RI[i, 00) # @, 3 (k) = —x|S' (i) = 2).
From Lemma 5.3 again, we obtain
P(R>[n4q. kINR i, 00) # @, §3 (k) = —x|S' (i) = 2)
< fi(x/2) - max(P; o(R*[n4a, k1N R0, 00) # @),
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P, (R3[0, k1N R0, 00) # 2))
loglogn

S fe(x/2) -

’

logn

where the last inequality follows from [24], Theorem 4.3.3.
Plugging this above, we finally deduce

P(Fy(2), D) < 2108 o 1) %
(0]

logn Jlogn
where the last estimate follows from [24], Theorem 4.4.1.

To complete the proof, we only need to upper bound P(F3). By reversing time
again, we obtain

2a
P(F3) < P(Sg = —x, 3¢ € [n4a, k1 : Sc = 0) 5 fi(x/2) - %

where the last inequality follows from Claim 5.6. Therefore, putting all these
bounds together proves (6.15) and this now completes the proof. [J

6.3. Moments of x. In this subsection, we prove the following result.

LEMMA 6.7. Letr € N and let iy, j1,...,ir, j- be integers such that j, <
2in=1 for all m < r (and possibly with repetition). Then for all @ > 12 as n — oo
we have

(6.16) (%’#)21&2[11 xn,aam,jm)}E[]L[( ) Gd(sk,so)}.
m=1

m=1(k,0)eA}

Before proving the lemma above we state a result on the convergence of dis-
crete quantities to their continuous counterparts. We defer the proof after we prove
Lemma 6.7. For all B > 0, we define the sets Dg and Eg to be the set of time
indices and points in space at distance ng and ,/nap apart respectively. More pre-
cisely, we define

Dp={(k, €1, ... ke  £) €N" : (ki €) € ATP. ¥ <7 and
(6.17) o
[k — k' 5 Tk — L |5 1€ — L | ang,Vm;ém/fr}

and also, with Bg as in (6.4),

2
618 Eﬂz{(xl,yl,...,x,,y,)e(Zd) r:(xm,ym)eBﬂ,mer, and
(6.18)
“xm_xm/”’”xm_ym/”v”ym_ym’” Z«/”2 ,Vm;ém/fr}.
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LEMMA 6.8. Letr € N and let iy, ji,...,ir, jr be integers satisfying j, <
2in=1 for all m < r (and possibly with repetition). Then as n — oo we have

e ]_[< > Gd(SkaS£)> 4, I fA 16G (B, Br) ds dt.

n” ,
m=1 (k,@)EA;’m’jm =1 msJjm

Moreover, for all B > 2 we have

1 r d r
e L5 Sty |1 GalSke S0 S T [ 1668 podsar,
Dg m=1 m=1

iln ) Im

where in the sum above we take (k1, 1, ..., ky,£;) € Dg. Finally, in both cases we
also have convergence in expectation.

LEMMA 6.9. There exists a positive constant C so that for all r > 1 and all
i1y 1o ...y ir, jr (satisfying jm <2m=' for all m < r and possibly with repetition),
one has

E[H Z Gd(Sk,Se):| <Cn'.

m=1 (k’Z)EA?mq_/’m

REMARK 6.10. Since we allow repetition of the indices, Lemma 6.9 shows
that the random variables

1 r
- [T Y. GaSe.So

m=l1 (k,£)eA”

im,Jjm

are bounded in L? for all p € N.

PROOF OF LEMMA 6.9. The proof of the lemma follows directly by the
Cauchy—-Schwarz inequality together with [4], Lemma 3.2. [

PROOF OF LEMMA 6.7. For shorthand notation, we write for k > 0, x € Z4,
a>0,and A C Z9,

Ag(k,x, A) = {R[k — nag. k +nso 1N (x + A) =2, Sk =x ¢ Rlk — naq. k)}.

Now for multi-indices i = (i1, ...,i,) and j = (ji, ..., jr), write as above Al'-”]‘-" =

A?l’f"jl X e X A:’ro;) Let (R™),, and (R™),, be the ranges of independent walks
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starting from 0. Then we have

E|: 1_[ Xn,ot(irm Jm):|

m=1

(6.19) = Z P(h (Aa (ks xm, R™) ﬂAa(Em,ym,ﬁm)))

n,o _
Ay} Ba m=l

.
x [T GaCem: ym).

m=1

where in the sum above we take (ki, £1, ..., k-, ¢,) € Aﬁ’j‘-’ and (X, ym) € By for
allm <r.
First of all, it is obvious that

E|: 1_[ Xn,oz(im» ]m):|

m=1

(6.20) =3 (ﬂ (Aa (ki Xom, m)”Aa(ﬁm’Ymﬁm))>

Dy, Eq m=1

X l_[ Ga(Xm,s Ym)-

m=1

Next, we establish that for a suitable 8 > o we have
r
E|: 1_[ Xn,oz(im, Jm):|

(6.21) <y ]P’(ﬂ (A (ki , X, ’")mA,g(em,ym,vim))>

Dg,Eg m=1

x [T Gam, ym) + o(n” /(ogn)™").

m=1

Indeed, we decompose (6.19) into two parts, one over the set Dg x Eg and one over
the complementary set. Since 8 > «, we notice that A, (k, x, A) € Ag(k, x, A) for
all k, x, A. It remains to show that the sum over (Dg x Eg)° is o(n’/(logn)zr).
Forgetting about the intersection events, we can upper bound this sum by

Z P( ﬂ {Skyy = Xm, St,, :)’m}> : 1_[ Ga(xm, ym)

AL Df B, =] m=1
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+ Z P( m {Skyy = Xm, St,, :ym}) : 1_[ Ga(Xms Ym)-

A:f*j?‘,Dﬂ,Ba,Eg m=1 m=1

We start by bounding the first sum appearing above. Using that G4(x, y) < 1/n2,
for all (x, y) € B, gives

r r
> P(ﬂ{skm = Xm, St,, =ym}>- [1 GaGms ym)
n,o c =1 =1
(622 NPl "

2r—1 r

< n n

~ (n2e)" A= (logn)p—2ar’

where we used that if 8 > «, then A? , C A? P _jm- We now turn to the second

sum. Using again the bound on G4(x, y) for (x, y) € B, as above and that on the
set Dg all the indices are within distance at least ng apart, we get

Z (m {Skm = Xm, ng :ym}> . 1_[ Gd(xm’ ym)

A" % Dg,By,E m=1 m=1
(6.23) poBec B
2r

— - sup P(||S; || < /n2p)-

a (n2ol) t>ng

Note that we used that n” is an upper bound on the cardinality of A:’Ja
Using now (2.4), we can upper bound the second sum by

> P( () Sk, = Xm. Se,, = ym}> 1 GaGms ym)

A} .Dg,By,Ef M=l m=1

nr

~ (logn)Zﬂ—Z(xr '
Thus taking 28 > 2ar + 2r + 1 proves (6.21).
We next show that for all B sufficiently large we have the following: for any
0=ko <k <--- <k and any 0 = xo, x1, ..., x, satisfying |k;y1 — k;| > ng,
lx;i 1 — xill = /m2p and [|x;]| < Vn(logn)? for all i < r we have

P<h A,g(km,xm,R’")>

m=1

2 1\ L
(6.24) = <_ : ) : 1_[ Phyy—kpy 1 (Xm—1,Xm) - (1 + 0(1))
8 logn mei

+@<M TT fonton s (Gom l—xm)/z))

(logn)H'Z m=1
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We show (6.24) by induction on r. The case r = 1 follows from Proposition 5.2.
We now assume r > 1. We write j = k,_1 + n4g and define for x € 74

B(x)={z:llz — x| < /mag - (logn)*#/*} "and D ={S; € B(Sk, ,)}.

We now obtain

P(h A,g(km,xm,Rm)) =}P’<h Apg(km, xm, R™), D)

m=1 m=1

(6.25) .
—HP( () Ap(km, xm, R™), DC).

m=1
For z € B(x,—_1) by the Markov property, we have

P(ﬂ Ag(kr, x-, R"), S; =z> =P(Ag(kr, x,, R")IS; =2)

m=1

r—1
x ]P’( () Aglkm, xm, R™), S; :Z).

m=1

Taking B satisfying 8 > 8 and applying Proposition 5.2 to the first term appearing
on the right hand side above, we obtain as n — oo

2
1
P(Ag (k. 27, RIS; =2) = ogn Pl ) (14+0(D)

(6.26) loglogn
O(W S j( xr)/2)>'

Then by Claim 2.2 and (2.3) since 8 > 8 we get that

Pk —j (2, %) = Pry—k,— (=1, %) - (1 +0(1))

and similarly for f. Substituting this into (6.26) gives

2
P(Aﬂ(kr,xr,Rr)lszz)z% ogn Pt (Gr=to) (1 0(1)
logl
((1(())gg O)g?),//lz fk —k,_ 1((xr xr—l)/z))-
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Hence overall we obtain

P(h Aﬂ(km,xm,Rm),D>

m=1

r—1
= ) P(mAﬂ(kmvxm’Rm)’Aﬂ(kr’xr’nr)’Sj:Z>

Z€B(xp-1) \m=l
w? 1
= — 0 — pkr_krfl (-xr—ls xr) : (1 +0(1))
8 logn
(6.27) i
" P( (1) Ak, xm, R™), D)
m=1

+O<]P’(H A,g(km,xm,Rm),D)

m=1

loglogn

X Gogm 2 Sty ((er — xr_l)/2)>'

By the Markov property and (2.2), we have

r—1 r—1
P(ﬂ A (K, Xm, R™), DC) < [T Prw—tins Gm—1. Xm) - exp(—(logn)*#/?).

m=1 m=1

4
Now note that pr_i _, (x,_1, x,) > e~ 2loem’*

positive, since we have taken k, — k1 > ng and ||x, — x, 1] < Zﬁ(logn)z.
Taking 8 such that 35/2 > B + 6, we have

whenever py ., (x,—1, %) is

r r—1
IP’( (M) Ap (k. xm. R™), DC) < [T Pt Gm—1, Xm) - exp(—(log n)P+©)

)
< [T Pt Gm—1, Xm) - exp(—(logn)?).

m=1

Therefore, the two inequalities above together with (6.25) and (6.27) give

P<h A,g(km,xm,nm)>

m=1

r—1

Pk, —k, 4 (Xr—1,x7) - ]P)( ﬂ A,B (kma Xm Rm)) (1 + 0(1))

m=1

2

- 8logn

+ 0( T Prw—t Cm—1, Xm) exp(—(log n)2)>

m=1
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-l | loglogn
+O<P(ﬂ Aﬁ(km,xm,R ))Wfk —ky_ 1((xr Xp— 1)/2)>

m=1

+ O(fkr—krl ((xr — Xr—1 )/2)

r—1
< ] pkm_km1<xm_1,xm>exp(—(logn>3ﬂ/2)).

m=1

Note that for (x;) and (k;) as above, we have from (2.3) that

Pn—ky1 Cm=1Xm) S frn—kpy1 ((om — Xm—1)/2).

So we can replace the product appearing in the last O term above by
]_[:n_:ll S —kp_1 (X — xm—1)/2). We use the previous equation to complete the
inductive proof of (6.24).

We now explain how to conclude the proof of the lemma from (6.24).

Since (6.24) holds for all 8 > 12 and since o > 12, we can plug (6.24)
into (6.20) to get

E|: l_[ Xn,a (im, ]m)i|

m=1

7[2 1 2r
> <? . ) |:Z (St » Sty ) m<r €Eq 1_[ Ga(S, ng):|(1 +0(1))

logn mel

logl
+(10;i)7(2)rg—i-nl/2 (Z Hffz—fl 1 (Zz—Z, 1)/2 HGd(xm,ym))

Dy, Eqy m=1

where (s;) is the increasing rearrangement of the indices (k,,) and (¢,,) and (z;)
are the corresponding rearrangement of (x,,) and (y,,). Similarly, plugging (6.24)
into (6.21) we obtain

E[ [T xn.aGim. m}

m=1
<o(n"/(logn)™")
7T2 1 2r r
+(—- ) E| S 15 50 merers [T GaSi. S | (1+0(D)
8 logn Dy el

loglogn 2r ’
+ WO< Yo I fomsii(G—zi-0/2) T Gd(xm,ym)>.

Dg,Eg m=1 m=1
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By Lemma 6.8, since both sequences appearing below converge in expectation to
the same limit, we get that as n — oo,

E[Z (st Sep mereEs | | G (St Szm)} ~E|:l_[( > Ga(S. Sz))}-

Dg m=1 m=1 "(k,l)c A"

im,Jjm

Using that fi(x/2) < far(x) < par(x) + pak+1(x) and Lemma 6.9, we get that
the O terms appearing in the two inequalities above are O(n") and this now com-
pletes the proof of the lemma. [

6.4. Proof of Proposition 6.1. In this section, we give the proof of Proposi-
tion 6.1. We start by proving Lemma 6.8.

PROOF OF LEMMA 6.8. We start by proving the first statement of the lemma.
Let ¢ > 0 and ¢, be a continuous function satisfying

1(llxll = &) < @ (x) < 1(llx]l = &/2).
Recall from (2.6) that

1

To simplify notation, we now write

X(m)= > Ga(Sk Se), Xc(m)
(k’e)eA;lm-]'m
= Y GalSk.S09 (Sk_se) and
- ’ &
(k’Z)GA?nI,jm 2ﬁ
- Sk — Se
Zmy= Y 4GS Se)%( )
(k’e)eA?m-jm Zﬁ

Using Lemma 6.9, it is straightforward to check that

1 r r -
(6.28) — .E[]"[ Xe(m)— ] Xg(m)} =0(/n).

m=1 m=1

Note that the function G(x)g.(x) is continuous and bounded, and that by
Donsker’s invariance principle (Sp,:1/2+4/n,t > 0) converges in law to a standard
Brownian motion. Hence we obtain as n — 00,

1 roo r
629 - [] et B ] /A 16G (B, B)we (Bs — Br)ds dr.
m=1 i

m=1 mJjm
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For all m < r, we have

X(m)—Xem)< Y Ga(Sk, SOL(IISk — Sell < 26¢/n),
(k,£)eA”

im,Jjm

and hence using Lemma 6.3 we get

(6.30) E[X (m) — Xo(m)] <n - sloge).

For each ¢ > 0, we now define

| R | R
Ru(e) = — - [] Xx(m) - - [ Xe(m).
m=1 m=1
In view of (6.28) and (6.29), in order to complete the proof of the first statement,
it suffices to prove that E[R,(¢)] — 0 as ¢ — 0 uniformly in n.
With the definitions above, we can upper bound R, (¢) by

1 r r
Ry(e) = —- D (X w) = Xew) - [T Xm).
w=1 m=1
m#w
We now set Z(w) to be equal to the product appearing above. Using the obvi-
ous upper bound X (m) — X, (m) < (X (m) — Xo(m))'/? . (X (m))'/? and Holder’s
inequality applied twice gives the following bound for E[R, (¢)]:

r

D EX )~ Xe) 2 X)) B[(Z) )

-
w=1

Lemma 6.9 and (6.30) now give that

(6.31) E[R,(e)] <Cy - 810g(§> -0 ase— 0
and this proves the first convergence.

For the second statement, we note that using Cauchy—Schwarz and similar ar-
guments as in Lemma 6.2 one can remove the sets Dg and Eg and then apply the
first part of the lemma.

Finally, we get the convergence in expectation as a consequence of weak conver-

gence together with uniform integrability which follows directly from Lemma 6.9.
O

PROOF OF PROPOSITION 6.1. By Cramer—Wold in order to deduce the weak
convergence, it suffices to prove that all linear combinations of variables on the
left converge weakly to the corresponding linear combinations of variables on the
right. Lemma 6.5 shows that one can replace the terms ¥, (i, j) by their localised
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versions, Xn.q (i, j). Lemmas 6.7 and 6.8 show that the moments of all linear com-
binations of the x, (i, j) do actually converge to the corresponding moments. We
only need to ensure that the moments of the limiting object uniquely characterise
the distribution. This now follows from Proposition 4.1 using Carleman’s crite-
rion (see Section 3.3.5 in [12]). Indeed, for any variable X on the right of (6.2),
Proposition 4.1 gives that

E[X?] < CPp?P.

Therefore, if X and Y are two of the variables on the right, then by the triangle
inequality for the L?-norm we get

IE[(X—i— Y)P]l/P SE[XP]I/p +E[Yp]1/P <2C. p2.

Therefore, Carleman’s condition also holds for the sum X + Y, hence its distribu-
tion is uniquely characterised by its moments. [

7. Central limit theorem. In this section, we finally give the proof of Theo-
rem 1.2.

We start by proving an upper bound on the variance of Cap(R,,) using the same
technique as Le Gall did for the range in dimension 2.

LEMMA 7.1.  We have E[(Cap(R,) — E[Cap(R,)D*] < n*/(ogn)d.

PROOF. The proof follows in the same way as [28], Lemma 6.2, and [4],
Lemma 3.5. We write X, = Cap(R,) and X = X —E[X]. We now write £ = [n/2]
and m = n — £. Then from Proposition 2.3, we get

M _x®) 2
m | =

X, — X, —X (1, 1) + 5.

Lemmas 6.7 and 6.9 give that

2

and  E[(3(1, D)’] < —

<
E[x. (1, )] < ~ (logn)*’

n
(logn)?

Also from Proposition 2.3, we have that E[e,] = O(logn) and E[sﬁ] =
O((logn)?). The rest of the proof follows in exactly the same way as in [4],
Lemma4.2. O

PROOF OF THEOREM 1.2. For any fixed p > 1, Proposition 2.3 shows that

p 2[71

2P
Cap(Ry) = ) Cap(RP7) =3 xuli j) + n.

j=1 i=1j=1
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We write X = X — E[X]. Subtracting the expectation in the equation above, we
obtain

p 21'—1

w
Cap(R) = Y Cap(R{") = 3N 3@, ) + .

j=1 i=1j=1
Lemma 7.1 and the independence of the ranges R,(,p ) immediately give that

220 2
E[(aoin) Cap(R,’;’f)> }52—1’.

Jj=l1

Since E[e,] = o(n/(log n)?) from Proposition 2.3, we get that

(logn)* _
-5, — 0 asn — o0o.

n
Moreover, using Proposition 6.1 we get that for a fixed p, as n goes to infinity

21 2 p 217 p 21 1
(logn) S 0D 64,

4
Tren i=1j=I i=1j=1
From Proposition 4.5, we also have in L?-norm:

lel

hm ZZ)/G(A,J)—)/G(C) —J/G([O 11%).

i=1j=1
By first taking p large enough, and then letting n — oo completes the proof. [J
PROOF OF COROLLARY 1.5. Lemma 7.1 shows that (logn)*/n?(Cap(R,) —

E[Cap(R,)])? is uniformly integrable. Hence this together with the convergence
in distribution from Theorem 1.2 proves the corollary. [J

APPENDIX
In this section we prove the two lemma that were used in the proof of Proposi-

tion 4.1.

PROOF OF LEMMA 4.3.  First, using the explicit density of the Brownian mo-
tion we get
1 _ k 1 k utxl2
f E[(a + [log || Bs 2XII|) ]ds < f ds [ (a+|logllulll)” _wee?
0 1Bs — xl 0

s2 Jrs lua]?

(a+|log ullD* _ \u+2x“2 du
~ R4 ull? - lu + x||?
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using Fubini at the second line. Now define

Fu,x) i @108 llDE e

loell? - flu + x|

We bound F as follows:

(a+ [logllullD* w2 .
(a+ [logllullD*  _ =2 . x|
. 8 f > —— and
R il + ) = 5= an
lull < 2|1,
k MX2
(a+12+|10g||x||2|) TR it x] < ||x||.
02 flu+ x|l

Then we obtain with appropriate changes of variables

[, P du S 1)+ 1) + 1),
with
o 1 k 2
Il(x)Z/ e v,
2l || r

llx[12

2l )
8 / r(a+ |logr|)*dr,
0

L(x)=|x| % e

1+1 ko ellxll
I3(x) = at —m | ”(;g 1) / re™ 12 dr
x 0

Note that I3(x) < (a4 14 |log || x]| |)k. Moreover, I1(x) and I;(x) will be bounded
using the two following claims.

CLAIM A.1. Foralla>0,b>0andk > 1, we have

b k
/ (a+Nogrl)rdr <62 (a+ loghl)* " k",
0 =0

PROOF. Using the change of variable r = exp(—u), we obtain
b X 00 K —ou
f(k):z/ (a+|logrl) rdr:/ (a+ul) e ™ du.
0 —logb

Assume first that b < 1, so that — log b is nonnegative. Then an integration by parts
gives

b? vk
fk)= 3(61 + |logbl)" + S/ k=1,
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leading to the desired result by induction. Now if b > 1, one has

ﬂm=A

and an integration by parts gives similarly
fk) S b (a+1ogh)* +kf (k — 1),

and the claim follows by induction. [

logb 00
(a+u)k62” du+/ (a—i—u)ke_z” du,
0

CLAIM A.2. Foralla>0,b >0, and k > 0 we have
k
/OO (a + |10g1’|) e_r2/8dr
b

;
k+1
_ (a+logh))

k
< P +e 783" @k  (a + [logbl)<

£=0
PROOF. Assume first that b > 1, and note that

/oo (a+ |10gr|)ke
b

—r2/8 o0 k *"2/8
dr =gk, )i= [ (a+ l1ogrl)re B
r b

Moreover, an integration by parts yields
gk, b) < 4(a + logh)ke™0"/8 4 dkg(k — 1, b),
which gives the result by induction. Now if b < 1, we have

~ 1 k l(g—1 k
[t lloerh g [Tty
b b :

.
_(a+ |log b|)*+1
B k+1

and using the previous estimate for g(k, 1), this concludes the proof of the claim.
O

+g(k, 1),

Now we can just apply these two claims with b = 2||x || and use that | log2||x||| <
1 + |log||x|||. This gives the desired upper bounds for /;(x) and />(x) and con-
cludes the proof of Lemma 4.3. [

PROOF OF LEMMA 4.4. We have

/01 E[(a + [log 1B 1I|)*] dt

1 dy
[ o ot
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k
< [ (a+llog]lulll)

e IuIP2 gy < /oo(a + [logr|)<re™ /2 dr
~ Jra | ~Jo

1 X 00 ko 2
S| (a+|logr|)'rdr+ | (a+|logr|)re dr.
0 1

Now using the same argument as in the proof of Claim A.2 for the second integral
and Claim A.1 with b = 1 for the first one, we obtain the lemma. [
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