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Abstract

We prove that a uniform infinite quadrangulation of the half-plane decorated by a self-avoiding walk
(SAW) converges in the scaling limit to the metric gluing of two independent Brownian half-planes
identified along their positive boundary rays. Combined with other work of the authors, this implies the
convergence of the SAW on a random quadrangulation to SLEs,3 on a certain 1/8/3-Liouville quantum
gravity surface. The topology of convergence is the local Gromov-Hausdorff-Prokhorov-uniform topology,
the natural generalization of the local Gromov-Hausdorff topology to curve-decorated metric measure
spaces. We also prove analogous scaling limit results for uniform infinite quadrangulations of the whole
plane decorated by either a one-sided or two-sided SAW. Our proof uses only the peeling procedure for
random quadrangulations and some basic properties of the Brownian half-plane, so can be read without
any knowledge of SLE or LQG.
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1 Introduction

1.1 Overview
1.1.1 Self-avoiding walk

Suppose that G = (V(G),E(G)) is a graph and z,y € V(G) are distinct vertices. The self-avoiding walk
(SAW) on G from z to y of length n is the uniform measure on paths from z to y in G of length n which do
not self-intersect. The SAW was first introduced as a model for a polymer by Flory [Flo53]. There is a vast
literature on the SAW in both mathematics and physics and we will not attempt to survey it in its entirety
here, but we will now briefly mention a few of the basic results which are most closely related to the present
work.

The first question that one is led to ask about the SAW is how many are there? If G is an infinite,
vertex transitive graph (such as Z?) and ¢, denotes the number of SAWs in G starting from a given vertex
with length n, then it is not difficult to see that ¢,,4n < cmey for each m,n € N. Consequently, the limit

po=lim,_ o 071/ ™ exists and is the so-called connective constant [Hamb57]. There is an extensive literature on
the connective constant for various graphs. See, e.g., the survey provided in [GL13,GL17] and the references
therein. We mention that the connective constant in the case of the two-dimensional hexagonal lattice was

shown to be v/2 4+ /2 in [DCS12], but identifying this constant for other lattices remains an open problem.

The next natural question that one is led to ask is whether the SAW possesses a scaling limit, and this is
the question which will be the focus of the present work. Building on work of Brydges and Spencer [BS85], it
was shown by Hara and Slade that the SAW on the integer lattice in dimension d > 5 converges to Brownian
motion when one performs a diffusive scaling [HS92]. The scaling limit of the SAW is also conjectured to
be given by Brownian motion when d = 4, but with an extra logarithmic correction in the scaling. This
has not yet been proved, although a number of theorems about weakly self-avoiding walk have been proven;
see [BBS16] for a recent survey. It is not known what the scaling limit (or factor) should be for d = 3,
though various exponents associated with this case have been derived numerically. We refer to the survey
articles [Slall,BDCGS12,GL17] and the book [MS93] and the references therein for more results on the SAW.

The main focus of the present work is the case d = 2. It was conjectured by Lawler, Schramm, and
Werner [LSWO04] that in this case the SAW converges upon appropriate rescaling to the Schramm-Loewner
evolution (SLE) [Sch00] with parameter x = 8/3. This conjecture was derived by making the ansatz that the
scaling limit of the SAW should be conformally invariant and satisfy a certain Markov property. The value
k = 8/3 arises because SLEg /3 satisfies the so-called restriction property [LSWO03], which is the continuum
analog of the fact that a SAW conditioned to stay in a subgraph is the same as a SAW on that subgraph.
This conjecture has been supported by extensive numerical simulations due to Tom Kennedy [Ken02]. Prior
to the present work, no scaling limit result for the SAW in two dimensions has been proved, however.

We will study and prove scaling limit results for the SAW in two dimensions on certain types of
random planar maps. The SAW in this context was first studied (non-rigorously) by Duplantier and
Kostov [DK88,DK90] as a test case for the KPZ formula [KPZ88], which relates exponents for critical models
on random surfaces with the corresponding exponents on planar lattices. We will establish the existence
of the scaling limit of the SAW on a random planar quadrangulation, viewed as a curve-decorated metric
measure space equipped with the SAW | the graph distance, and the counting measure on edges. Although



the proof of this scaling limit result uses only the theory of random planar maps, the results of [GM16] allow
us to identify the limiting object with SLEg/3 on a /8/3-Liouville quantum gravity wedge, a certain random
metric measure space with the topology of the upper half-plane. We will discuss this identification further in
Section 1.1.4, but first let us say more about SAW on random planar maps.

Recall that a planar map is a graph together with an embedding in the plane so that no two edges cross.
Two such maps are said to be equivalent if there exists an orientation preserving homeomorphism which takes
one to the other. A map is said to be a quadrangulation if every face has exactly four adjacent edges.

The theories of statistical mechanics models like the SAW on random planar maps and on deterministic
lattices are equally important: both are well-motivated physically and have been studied extensively in the
math and physics literature. There are many questions (such as scaling limits of various curves toward SLE)
which can be asked in both the random planar map and deterministic lattice settings (in the former setting,
one has to specify a topology). It is not in general clear which setting is easier to analyze.

The convergence of the SAW toward SLEg,3 is particularly interesting since in both the random planar
map and deterministic lattice settings, the SAW is easy to define and important both mathematically and
physically; the convergence toward SLEg /3 is supported by heuristic evidence; and, prior to this work, the
convergence was not proven rigorously in either setting.

1.1.2 Gluing together random quadrangulations

We will now describe a simple construction of a finite quadrangulation decorated with a SAW and then
describe the corresponding infinite volume versions of this construction.

Suppose we sample two independent uniformly random quadrangulations of the disk with simple boundary
with n quadrilaterals and perimeter 2/ and then glue them together along a boundary segment of length
2s < 2l by identifying the corresponding edges (Figure 1, left). The conditional law of the gluing interface
given the overall glued map will then be that of a SAW of length 2s conditioned on its left and right
complementary components both containing n quadrilaterals. One can also glue the entire boundaries of
the two disks to obtain a map with the topology of the sphere decorated by a path whose conditional law
given the map is that of a self-avoiding loop on length 2 conditioned on the two complementary components
both containing n quadrilaterals. See, for example, the discussion in [Betl5, Section 8.2] (which builds
on [BG09,BBG12]) for additional explanation.

The uniform infinite half-planar quadrangulation with simple boundary (UTHPQg) is the infinite-volume
local limit of uniform quadrangulations of the disk with simple boundary rooted at a boundary edge as
the total number of interior faces (or interior vertices), and then the number of boundary edges, is sent
to oo [CM15,CC15].

It is shown by Caraceni and Curien [CC16, Section 1.4] that the infinite volume limit of the aforementioned
random SAW-decorated quadrangulations can be constructed by starting off with two independent UTHPQg’s
and then gluing them together along their boundary (Figure 1, right). In this case, the gluing interface
is an infinite volume limit of a SAW. There are several natural constructions leading to SAW decorated
quadrangulations that one can build with these types of gluing operations:

e Chordal SAW on a half-planar quadrangulation from 0 to co: Glue two independent UTHPQg’s along
their positive boundaries, yielding a random quadrangulation of the upper half-plane with a distinguished
path from the boundary to oco.

o Two-sided SAW on a whole-plane quadrangulation from oo to 0 and back to co: Glue two independent
UIHPQg’s along their entire boundaries, yielding a random quadrangulation of the plane together with
a two-sided path from oo through the root vertex and then back to oco.

o Whole-plane SAW from 0 to oo on a whole-plane quadrangulation: Glue together the two complementary
rays of the boundary of a single UIHPQg, yielding a quadrangulation of the plane together with a
distinguished path from the root vertex to oo.

In each case, the infinite random planar map, decorated by the curve corresponding to the gluing interface, is
the infinite volume local limit of finite random planar maps decorated by a self-avoiding walk [CC16]. Hence
these infinite random maps can be viewed as infinite SAW-decorated maps.
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Figure 1: Left: Two independent uniformly random finite quadrangulations with boundary glued together
along a boundary arc to get a uniformly random SAW-decorated quadrangulation with boundary. Right:
The infinite-volume and boundary length limit of the left panel: two independent UTHPQg’s glued together
along their positive boundary rays to obtain an infinite-volume uniform SAW-decorated quadrangulation
with boundary.

1.1.3 Gluing together Brownian half-planes

Building on the scaling limit result for finite uniform quadrangulations with boundary in [BM17], it was
proved in [GM17b] that the UTHPQg converges in the scaling limit to the so-called Brownian half-plane (see
also [BLR17] for more general scaling limit results for half-plane quadrangulations with general boundary).
This is a random metric space with boundary which has the topology of the upper-half-plane whose definition
is reviewed in Section 2.4. This metric space comes with some additional structure: an area measure and a
boundary length measure. One can perform each of the aforementioned gluing operations with the Brownian
half-plane in place of the UIHPQg by identifying Brownian half-planes together along their boundaries and
taking a metric space quotient (see Figure 3).

The main results of the present work, stated precisely in Section 1.2, are that in each of the above three
itemized cases the construction built from the UTHPQg converges in the scaling limit to the corresponding
construction built from the Brownian half-plane (see Remark 1.4 for a discussion of the case where we glue
together finite quadrangulations with simple boundary). Combining this with the main results of [GM16],
we conclude that the SAW on random quadrangulations converges to SLEg/3 on \/%—Liouville quantum
gravity (LQG). We will explain this latter point in more detail just below.

The topology in which the scaling limits in this paper take place is the one induced by the local Gromov-
Hausdorff-Prokhorov-uniform (GHPU) metric on curve-decorated metric measure spaces, which is introduced
in [GM17b] and reviewed in Section 2.3 below. The local GHPU metric is the natural analog of the local
Gromov-Hausdorff metric when we study metric spaces with a distinguished measure and curve. Roughly
speaking, two compact curve-decorated metric measure spaces are said to be close in the GHPU metric if
they can be isometrically embedded into a common metric space in such a way that the spaces are close in
the Hausdorff distance, the measures are close in the Prokhorov distance, and the curves are close in the
uniform distance. Here, the Hausdorff, Prokhorov, and uniform distance are all defined w.r.t. the common
metric space into which our given spaces are isometrically embedded. Two non-compact curve decorated
metric measure spaces are close in the local GHPU topology if their metric balls of radius r are close in the
GHPU topology for a large value of r. See Section 2.3 below for a precise definition of the local GHPU metric.
(See also [GM17a] for an analogous GHPU convergence result for percolation on random quadrangulations
with simple boundary to SLEg on 4/8/3-LQG.)

Since we already know that the scaling limit of the UIHPQg is the Brownian half-plane, to prove our
main results we need to show that the operation of passing to the scaling limit of two independent UTHPQg’s
to get two independent Brownian half-planes commutes with the operation of gluing the surfaces together



along their boundaries. It is natural to expect this to be the case, but proving this commutation of scaling
limits and gluing operations is highly non-trivial. Indeed, it is a priori possible that paths which cross the
gluing interface more than a constant-order number of times are typically much shorter than paths which
cross only a constant-order number of times (see Example 2.2 below). If this is the case, then a subsequential
scaling limit of the discrete glued maps in the GHPU topology might not coincide with the metric gluing
of the scaling limits of the UTHPQg’s on either side of the SAW. Here we emphasize that distances in the
continuum metric gluing are given by the infimum of the lengths of paths which cross the gluing interface at
most finitely many times; see the definition of the quotient metric in Section 2.2.

For similar reasons, it is not a priori clear that gluing together Brownian half-planes along their boundaries
produces a metric space decorated by a simple curve. The results of [GM16] imply that this is indeed the case
(and identifies the law of the curve-decorated metric space with a certain type of SLEg3-decorated \/8/73—LQG
surface). As a by-product of the arguments in the present paper, we obtain another proof that the gluing
interface is simple, and show that it is in fact locally reverse Holder continuous of any exponent p > 3/2, i.e.,
for each fixed L > 0 there exists ¢ > 0 such that the interface n,i, satisfies dyip(sip (t1), Mip(t2)) > clta — t1]P
for each t1,t2 € [0, L] (see Lemma 7.3 below). See [GM16, Section 2.2] for some additional discussion of the
issues which can arise when performing metric gluings.
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Figure 2: A chart of the different components which serve as input into the proof that self-avoiding walk
on random quadrangulations converges to SLEg/3 on /8/3-LQG. The present article corresponds to the
blue box and implies that the discrete graph gluing of random quadrangulations of the upper half-plane
converge to the metric gluing of Brownian half-planes. Combined with [GM16] (i.e., the article indicated
in the box immediately to the right of the blue box), this implies that the self-avoiding walk on random
quadrangulations converges to an SLEg/s-type path on 1/8/3-LQG.

1.1.4 Identification with SLEg 3-decorated /8/3-LQG

In order to explain how the main results of this article allow us to identify the scaling limit of the SAW
with SLEg,3 on \/8/73—Liouvﬂle quantum gravity (LQG), we first need to briefly discuss the basics of LQG
surfaces (see Section 2.5 and the references therein for more detail). Such a surface is formally described
by the metric eV/3/3h gy ® dy where dr ® dy is the Euclidean metric tensor and h is an instance of some
form of the Gaussian free field (GFF) [She07,5513] on a domain D C C. This metric tensor does not make
rigorous sense since h is a distribution, not a function. However, it is shown in [DS11] that one can make



rigorous sense of the volume form py, = eV®/3"

procedure.

It was further shown in [MS15a,MS15b, MS15¢, MS16a, MS16b], building on [MS16d], that every \/8%-
LQG surface can be endowed with a canonical metric space structure. Certain special \/%—LQG surfaces
are equivalent to Brownian surfaces, like the aforementioned Brownian half-plane and the Brownian map [Le
13, Miel3], in the sense that they differ by a measure-preserving isometry. In particular, the Brownian
half-plane is equivalent to the so-called weight-2 quantum wedge, a \/%-LQG surface described by a certain
variant of the GFF on the upper half-plane H.

By the main result of [MS16b], the metric measure space structure of a \/8/73—LQG surface a.s. determines
the surface. This implies in particular that the Brownian map has a canonical embedding into H (modulo
conformal automorphisms) obtained by identifying it with a weight-2 quantum wedge parameterized by H.
Furthermore, there is an infinite family of random metric measure spaces which locally look like Brownian
surfaces, obtained by considering different variants of the GFF on different domains. We provide in Section 2.5
below a more detailed exposition of LQG and its relationship to Brownian surfaces.

It is shown in [Shel6,DMS14] that one can conformally weld two \/8/73—LQG surfaces according to the
\/%—LQG length measure along their boundaries to get a new LQG surface, and the interface between such
surfaces after welding is an SLEg,3-type curve [Shel6,DMS14]. It was proved in [GM16] that the V/8/3-LQG
metric on the welded surface coincides with the metric quotient of the two smaller surfaces; such a statement
is not at all obvious from the construction of the 1/8/3-LQG metric in [MS15b, MS16a, MS16b].

The preceding paragraph and the equivalence of the Brownian half-plane and the weight-2 quantum
wedge together imply that the curve-decorated metric measure spaces obtained by gluing together Brownian
half-planes which arise as the scaling limits of random SAW-decorated quadrangulations are equivalent to
certain explicit \/%—LQG surfaces decorated by SLEg,3-type curves.

We emphasize, however, that the present work does not use any LQG machinery (see Figure 2 for the
dependencies). The LQG machinery in [MS15b, MS16a, MS16b, GM16] is what allows us to deduce the
correspondence with SLEg/3 on \/%-LQG from the results proved here.

dz, where dz denotes Lebesgue measure, via a regularization
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1.2 Main results

In this subsection we state our main results, which say that infinite random quadrangulations decorated
by self-avoiding walks converge to \/%—LQG surfaces decorated by SLEg/3 curves, in the metric space
sense, in the half-plane (chordal), two-sided whole-plane, and one-sided whole-plane cases. The theorem
statements in the three cases are similar, so the reader may wish to read just one of the statements (probably
the chordal case) and skim the others. See Figure 3 for an illustration of the limiting objects in each of the
three statements.

Since our convergence results are with respect to the Gromov-Hausdorff-Prokhorov-uniform (GHPU)
metric, we need to work with continuous curves. To do this, we view graphs as connected metric spaces
by identifying each edge with an isometric copy of the unit interval, and extend the definitions of curves
from discrete intervals to continuum intervals by linear interpolation; c.f. Remark 2.4 below. A review of the
definitions of the objects involved in the theorem statements (in particular, the GHPU metric, the Brownian
half-plane, and the particular \/8/73—LQG surfaces obtained by gluing together Brownian half-planes) can be
found in Section 2.



1.2.1 Chordal case

Let (Q—,e_) and (Q4,e;) be independent UTHPQg’s. Let Quip' be the infinite quadrangulation with
boundary obtained by identifying each edge on the positive infinite ray of 9Q_ (i.e., each edge to the right of
e_) with the corresponding edge of 0Q . Let A, : {0,1,2,...} = £(Quip) be the path in @, corresponding
to the identified boundary rays of Q1. Then (Qyip, Azip) is the infinite-volume limit of uniform SAW-decorated
quadrangulations with boundary based at the starting point of the SAW [CC16].

For n € N, let d}},, be the graph metric on Qip, re-scaled by (9/8)Y/4n =14, Let fz;, be the measure on
which assigns to each vertex a mass equal to (4n)~! times its degree. Extend the path A, to [0,00) by

2%/ n1/2t) for ¢ > 0.

sip
linear interpolation (in the manner discussed above) and let 7} (t) == Aip

3

Let (X_,d_,z_) and (Xy,ds,2z4) be a pair of independent Brownian half-planes (weight-2 quantum
wedges) with marked boundary points. Let pu4 be the canonical area measure” on X1. Also let ny : R — 90X
be the curve which traces X in such a way that 74 (0) = 0 and for each ¢; < t9, the length of n ([t1, t2])
with respect to the canonical boundary length measure on 90X is to — 1.

Let (X,ip, d,ip) be the metric space quotient of the disjoint union of (X_,d_) and (X;,d+) under the
equivalence relation which identifies their positive boundary rays according to boundary length: that is,
n—(t) ~ ny(t) for each t > 0. Let i, be the measure on X, inherited from the area measures on X4, i.e.,
the sum of the pushforwards of u_ and py under the quotient map X_ UXy — Xyip. Let 1, 0 [0,00) = Xyip
be the path which is the image of 17_|jp o) (equivalently, 14 |jo,o)) under the quotient map.

By [GM16, Corollary 1.2], (Xyip, dyip, tsip, TMip) 1S equivalent as a curve-decorated metric measure space
to a certain \/8/73—LQG surface called a weight-4 quantum wedge decorated by an independent chordal
SLEg/3 curve from 0 to oo. That is, there is a GFF-type distribution A, on H, which is a.s. determined by

(Xzips daip, Hzip), and a map X, — H which a.s. takes dgp and pip, respectively, to the 1/8/3-LQG metric
and /8/3-LQG area measure, respectively, induced by h,i, and takes 7,ip to a chordal SLEg/3 curve from 0

to oo in H sampled independently from h,;, then parameterized by 1/8/3-LQG length with respect to hyp.
See Section 2.5 below for more details.

Theorem 1.1. In the setting described just above,

(inpv d;Lipv /‘L;Lip7 ﬂzp) — (Xip, daips Haips Taip) (1.1)

in law in the local Gromov-Hausdorff-Prokhorov-uniform topology. In other words, the scaling limit of uniform
random SAW-decorated half-planar maps in the local GHPU topology is a weight-4 quantum wedge decorated
by an independent chordal SLEg,3 parameterized by \/8/3-LQG length, viewed as a curve-decorated metric

measure space equipped with the \/8/3-LQG metric and area measure.

It follows from [GM17b, Theorem 1.12] that the independent UTHPQgs’s Q4+, equipped with their graph
metric, area measure, and boundary path, (with the aforementioned scaling) converge in law to a pair of
independent Brownian half-planes. Theorem 1.1 says that the metric gluing operation for the UIHPQg’s (or
Brownian half-planes) commutes with the operation of taking the limit as n — co. A similar statement holds
in the settings of Theorems 1.2 and 1.3 below.

1.2.2 Two-sided whole-plane case

Next we state a variant of Theorem 1.1 for the case when we identify two UIHPQg’s along their entire
boundary (not just their positive boundary rays).

Let (Q+,e4) and (X4, d4,x4), respectively, be UIHPQg’s and Brownian half-planes as above. Let Qg
be the quadrangulation without boundary obtained by identifying every edge on 0Q)_ to the corresponding
edge on 0Q+ (equivalently, the map obtained by identifying the left and right boundary rays of Q). Let
Afull : Z — E(Qrun) be the two-sided path corresponding to the identified boundary paths of QL. Then

1The reason for the subscript zip is that (Quip,> Azip) is the discrete analog of the so-called quantum zipper [Shel6] obtained
by gluing together two LQG surfaces along an SLEg /3 curve.

2In the Schaeffer-type construction of the Brownian half-plane, the area measure is the pushforward of Lebesgue measure
under the quotient map R — X+. The boundary length measure is the pushforward under the quotient map of the local time of
the “contour function” encoding process at its running minimum. See Section 2.4 for details.
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Figure 3: Left: The limiting space X, in Theorem 1.1, which is a weight-4 quantum wedge decorated by an
independent chordal SLEg,3 and is obtained by gluing two independent Brownian half-planes X along their
positive boundary rays according to boundary length. Middle: The limiting space Xz, in Theorem 1.2,
which is a weight-4 quantum cone decorated by a two-sided SLEg,3-type curve and is obtained by gluing
two independent Brownian half-planes X1 along their full boundaries according to boundary length. (This
SLEg,3-type path can be described as a pair of GFF flow lines [MS16¢, MS17].) Right: The limiting space
Xcone in Theorem 1.3, which is a weight-2 quantum cone decorated by a whole-plane SLEg,3 curve and is
obtained by gluing together the left and right boundary rays of a single Brownian half-plane X, according
to boundary length.

(Qfun1, Mran) is the local limit of uniformly random SAW-decorated quadrangulations of the sphere based at a
typical point of the SAW [CC16].
For n € N, let d;, be the graph metric on Qgu, re-scaled by (9/8)/4n=1/4, Let pgq be the measure on

» . which assigns to each vertex a mass equal to (4n) ! times its degree. Let 0% (t) := Apu 222 01/24) for
full full 3

t € R, where here we have extended Ag,1 be linear interpolation in the manner discussed above.

Let (X, dea1) be the metric space quotient of the disjoint union of (X_,d_) and (X;,d;) under the
equivalence relation which identifies their entire boundaries according to boundary length in such a way that
the marked points z_ and x, are identified. In other words, if we define the boundary-tracing curves ny as
in the preceding subsection, then n_(s) is identified with n; (s) for each s € R. Let pg be the measure on
Xgun inherited from the area measures p+ on X4. Let mp 0 R — Xy be the path which is the image of 7_
(equivalently, n4) under the quotient map.

By [GM16, Corollary 1.5], (Xtun, deuns ffull, Dean) is equivalent as a curve-decorated metric measure space
to a \/8/73—LQG surface called a weight-4 quantum cone decorated by a two-sided SLEg/3-type curve in
C passing through the origin. More precisely, there is a GFF-type distribution hgy on € which is a.s.
determined by (Xtun, dran, eun) and a map Xg — C which a.s. takes dga and pgy, respectively, to the
\/%—LQG metric and \/8/73—LQG area measure, respectively, induced by hgy and which takes g1 to a
two-sided SLEg,3-type curve sampled independently from hgy then parameterized according to \/%—LQG
length with respect to hgn. The law of this SLEg/3-type curve can be sampled from as follows: first sample
a whole-plane SLEg/3(2) curve n; from oo to 0; then, conditional on 71, sample a chordal SLEg,3 curve 7,
from 0 to oo in €\ ;. Then concatenate these two curves. (These two curves can also be described as a pair
of GFF flow lines [MS16¢, MS17].)

Theorem 1.2. In the setting described just above,

(Qsutts diys i Nian) = (Xtall, deall, fgatls Meant) (1.2)

in law in the local Gromov-Hausdorff-Prokhorov-uniform topology. In other words, the scaling limit of uniform
random full-planar maps decorated by a two-sided SAW in the local GHPU topology is a weight-4 quantum
cone decorated by an independent two-sided SLE8/3 -type curve as described above parameterized by \/%-LQG
length, viewed as a curve-decorated metric measure space equipped with the \/%—LQG metric and area
measure.



1.2.3 One-sided whole-plane case

We next state a variant of Theorem 1.1 for the case when we glue a single UTHPQg to itself along the two
sides of its boundary.

Let (Qs,es) be a UIHPQg. Let Qcone be the quadrangulation without boundary obtained by identifying
every edge on the positive ray of 0Qg (i.e., the ray to the right of eg) to the corresponding edge on the
negative ray of 0Qs. Let Acone : {0,1,2,...} = E(Qcone) be the one-sided path corresponding to the
identified boundary rays of Qs. Then (Qcone, Jcone) is the local limit of uniformly random SAW-decorated
quadrangulations of the sphere based at the starting point of the SAW [CC16].

For n € N, let d7, ., be the graph metric on Qcone, re-scaled by (9/8)Y/4n=1/4. Let u” . be the measure on

cone
3/2
23 nt/2t

for t € R, with Acone viewed as a continuous curve via linear interpolation, as discussed at the beginning of
this subsection.

Let (X0, doo, Too) be a Brownian half-plane with marked boundary point. Let 7o : R — 90X be the
path which parameterizes the boundary according to its natural length measure, as described just before
Theorem 1.3. Let (Xcone, deone) be the metric space quotient of (X, ds) under the equivalence relation
which identifies the positive and negative rays (i.e., the rays to the left and right of z,) of 90X, according to
boundary length. That is, 700 (8) ~ 70 (—$) for each s > 0. Let pcone be the measure on Xeone which is the
pushforward under the quotient map of the area measure on Xo,. Let 7cone : [0,00) = Xcone be the path
which is the image of 70,00y (equivalently, 7o (—-)|[0,00)) under the quotient map.

By [GM16, Corollary 1.4], the metric measure space (Xcone, deones ficone) 1S €quivalent to a curve-decorated
metric measure space to a \/SW—LQG surface called a weight-2 quantum cone decorated by an independent
whole-plane SLEg,3 curve. That is, there is a GFF-type distribution heone on € which is a deterministic
functional of (Xcone, dcones ficone) and a map Xcone — € which a.s. takes deone and ficone, respectively, to the
\/%—LQG metric and \/8/73—LQG area measure, respectively, induced by hgq and which takes 7, to a
whole-plane SLEg /3 curve from 0 to oo sampled independently from heone then parameterized according to

/8/3-LQG length with respect to heone-

Q" . Which assigns to each vertex a mass equal to (4n)~! times its degree. Let n . (t) := /\COﬂe(

Theorem 1.3. In the setting described just above,

(Qconea deones Heones nffone) - (XconEa dcones Hcones 77c0n8) (1~3)

in law in the local Gromov-Hausdorff-Prokhorov-uniform topology. In other words, the scaling limit of uniform
random full-planar maps decorated by a one-sided SAW in the local GHPU topology is a weight-2 quantum
cone decorated by an independent whole-plane SLEg;3 parameterized by /8/3-LQG length, viewed as a

curve-decorated metric measure space equipped with the \/8/3-LQG metric and area measure.

Remark 1.4. In [GM19], we obtain analogs of the results of this paper for the finite uniform SAW-decorated
planar quadrangulations obtained by gluing together finite quadrangulations with simple boundary along
their boundaries. The main inputs in the proof in this case are the results of the present paper and a scaling
limit result for free Boltzmann quadrangulations with simple boundary toward the Brownian disk, which is
also proven in [GM19].

1.3 Outline

In this subsection we give a moderately detailed overview of the main ideas of our proof and the content of the

remainder of this article. We will only give a detailed proof of Theorem 1.1. The proofs of Theorems 1.2 and 1.3

are essentially identical. We will remark briefly on the proofs of the latter two theorems in Remark 7.13.
Before we describe our proof, we make some general comments.

e Our proof does not use anything from the theory of SLE or Liouville quantum gravity. In fact, the
only non-trivial outside inputs are the definition of the GHPU topology, the scaling limit of the
UIHPQg [GM17b], and some basic estimates for the peeling procedure of the UIHPQgs (see Section 3).

e By [GM17b], we know that the two UTHPQg’s (Q+, @4 ) converge in law in the local GHPU topology
to the two Brownian half-planes (X4,d+). Due to the universal property of the quotient metric
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Proposition 5.1:  size
bounds for the glued peel-
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Sections 7.1 and 7.2:
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Zero mass.
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Proposition 6.1:  paths
which cross the gluing inter-
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are at most C' times longer
than geodesics.

Section 7.3: There is a
1-Lipzchitz map f,, from
the metric gluing of Brow-
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sequential limit space.

¥

Lemma 7.11: The map
f;pl is C-Lipschitz.

Proposition 6.2: discrete
geodesics spend positive frac-
tion of time outside of the
gluing interface.

Lemma 7.12: Subsequen-
tial limit geodesics spend
a positive fraction of time
outside the gluing interface.

C' =1, hence the true limit
exists and is equivalent to
metric gluing of Brownian
half-planes.

Figure 4: Map of the main statements in the core of the paper (Sections 5-7) and how they fit together. It
is not necessary to read the proof of each of these main statements in order to understand the proofs of the
others.

(recall Section 2.2), we expect that the metric on any subsequential scaling limit of our glued maps
(Quips A3}y 15 My 18 in some sense no larger than the metric dgip, on Xyip. It could a priori be strictly
smaller if paths in @, which cross the SAW 77 more than a constant order number of times are
shorter than paths which cross only a constant order number of times. Hence most of our estimates are
devoted to proving lower bounds for distances in Qip (equivalently upper bounds for the size of metric

balls) and upper bounds for how often @),ip-geodesics cross the SAW.

e Similarly to Brownian surfaces, the random planar maps considered in this paper satisfy a scaling rule.
Heuristically, a graph distance ball of radius » € N typically has boundary length ~ r? and contains at
most ~ r2 edges of the SAW or the boundary of the map; and contains ~ r* total edges.

Before beginning the proofs of our main theorems, in Section 2 we will establish some standard notational
conventions and review some background on several objects which are relevant to this paper, including the
Gromov-Hausdorff-Prokhorov-uniform metric, the Brownian half-plane, and the theory of Liouville quantum
gravity surfaces. The sections on the Brownian half-plane and on LQG are not used in our proofs and are
provided only to make the statements and interpretations of our main results more self-contained.

The main tool in this paper is the peeling procedure for the UIHPQg, which is a means of exploring a
UIHPQgs one quadrilateral at a time in such a way that the law of the unbounded connected component of
the unexplored region is always that of a UIHPQg. In Section 3, we will review the peeling procedure and
some of the estimates for peeling which have been proven elsewhere in the literature. We will also use peeling
to prove some basic estimates for the UTHPQg which will be needed later.

In Section 4, we will introduce the glued peeling process, a peeling process for the glued map @i, = Q- UQ+
appearing in Theorem 1.1 which approximates the sequence of @ ,i,-graph metric neighborhoods B, (A; Qyip)
for r € N together with the points they disconnect from oo on either side of the SAW. This will be the main
peeling process used in our proofs.

Roughly speaking, if one is given a bounded connected initial edge set A C 0Q_ UJQ 4, the glued peeling
process started from A is the family of quadrangulations {QJ }j>0 obtained as follows. We start by peeling
some quadrilateral of Q_ or @4 which shares a vertex with A, and define Q" to be the quadrangulation
consisting of the union of this quadrilateral and all of the vertices and edges it disconnects from oo in either
Q- or Q4. We continue this procedure until the first time J; € N that every quadrilateral which shares a
vertex with A belongs to Q’'. We then continue in the same manner, except we peel quadrilaterals incident
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to Q71 instead of quadrilaterals incident to A. There is a natural sequence of stopping times {Jr}r>0
associated with the glued peeling process, with the property that Jy = 0 and J,. is the smallest r € N such
that Q7 contains every quadrilateral of Q.ip incident to Q1. One easily checks (Lemma 4.3) that the
Quip-graph metric ball satisfies

B, (A;Quip) C Q7 ¥r=0,1,2,..., (1.4)

although the inclusion is typically strict. Hence we can use the precise estimates for peeling described in
Section 3 to obtain upper bounds for the size of graph metric balls in Qyip.

The glued peeling process is similar in spirit to the peeling by layers algorithm studied in [CLG17]; c.f.
Remark 4.1. This peeling process is also introduced and studied independently in [CC16], where it is shown
that the number of SAW edges contained in radius-r glued peeling cluster is typically at most O,.(r?). Our
estimates for the glued peeling process, described just below, are sharper than those of [CC16].

We write Y7, j € N, for the number of edges of 9Q_ U dQ, which are contained Q7. Note that Y7 is
at least the number of SAW edges belonging to @7, but it could be larger since not every edge of dQ_ is
identified with an edge of Q. In keeping with the fact that SAW lengths should behave like the square
of distances, we expect that Y7 is typically of order r2. A key task in our proofs is to prove that this is
indeed the case, in a sufficiently quantitative sense. Section 4.2 contains some basic estimates for Y which
are proven using the basic peeling estimates from Section 3.

e (Bound for the sum of the small jumps) For each fixed p > 1, each r € IN, and each n € N, the pth
moment of the sum of the truncated “jumps” (Y; — Y;_1) An up to time J, is bounded above by a
constant times (2 V n)?; see Lemma 4.5.

e (Bound for the number of large jumps) For each € N and each n € N, the number of j < J,. for which
Y; —Y,;_1 > n is stochastically dominated by a geometric random variable with success probability
proportional to n~1/2r; see Lemma 4.6.

Sections 5—7 form the core of the paper. See Figure 4 for a map of how the main statements of these sections
fit together. In what follows, we will provide a more detailed outline of how these statements are proved.

In Section 5, we will prove our key estimate for the glued peeling process (Proposition 5.1), which says that
for r € N and p € [1,3/2), both E[(Y7)?] (in the notation just above) and the pth moment of the length of
8Q‘]’" are bounded above by a universal constant times r??. This estimate is proven by using results from
Sections 3 and 4 and the inductive manner in which the glued peeling clusters are constructed to set up
various recursive relations between quantities related to the glued peeling process, then solving the recursions
to obtain estimates. R

To be more precise, we will first show that the first moments satisfy E[Y /"] = O(r?) and E[J,] = O(r?).
To do this, we use basic peeling estimates to bound the conditional expectations of the increments Yo -y
and J, — J,_; given the peeling process up to time .J,_ in terms of Y/~=1 and the number of edges in BQ.JT'*.
This gives us a recursive relation between the expectations of these quantities which we then solve to get
the desired moment bounds. A key tool in setting up these recursions is the fact that the net number of
edges added to the boundary of the unexplored UTHPQg when we peel a single quadrilateral is zero. This
implies that the net number of edges added to the boundary after j peeling steps, i.e., (number of edges of
Q7 N Q<+) — (number of edges of QL+ N Qj), is a martingale. In Sections 5.2 and 5.3, these estimates will
be combined with the estimates for the jumps of Y proven in Section 4.2 to set up another recursive bound
(Proposition 5.9) in terms of the times of the big jumps of Y/ (i.e., those of size proportional to r2). Solving
this last recursion gives the desired moment bounds for Y7 and the length of 9Q7.

Section 5.4 contains several consequences of Proposition 5.1 which imply qualitative statements about
subsequential limits of the curve-decorated metric measure spaces (Q7;,, iy Hyips Taip) Of Theorem 1.1 in the
GHPU topology. These estimates include the following.

e A reverse Holder continuity estimate for the SAW (Lemma 5.10) which implies that the curve in any
subsequential GHPU limit is simple.
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e An upper bound for the diameter of a (),ip-metric ball with respect to the metrics on the two UIHPQg’s
Q4+ (Lemma 5.12).

e A bound which says that when p > 0 is small, any path in @Q),i, which stays in the the pr-neighborhood
of the gluing interface (i.e., the SAW) has to be much longer than a Q,ip-geodesic with the same
endpoints (Lemma 5.13). This bound is useful to prevent Q,ip-geodesics from staying close to the gluing
interface.

In Section 6, we will prove two estimates which will be used to identify the law of a subsequential limit of
our SAW-decorated quadrangulations in the GHPU topology.

Proposition 6.1 tells us that two given points of the re-scaled SAW 7z - can typically be joined by a
path which crosses n;;, at most a number of times which can be bounded independently of n; and whose
length is at most a universal constant C' times the dj,-distance between the two points. Recall that the
quotient metric dyip on Xyip is defined in terms of paths which cross the gluing interface 7,i, at most a finite
number of times (see Section 2.2). Hence this result will imply that if ()Z' , c?, 1, 1) is a subsequential limit of
Q% Mip» Haips Miip) fnen in the GHPU topology, then there is a C-Lipschitz map (X,d) — (Xsip, daip)-

Proposition 6.2 tells us that there is a universal constant 3 € (0,1) such that a dj; -geodesic between two
given points of n,;, typically spends at least a [ fraction of times time away from Myip-

To prove the above two propositions, we will show that if we run the glued peeling process from a given
initial edge set, then with high probability there is a radius R, which is not too large, for which a certain
“g00d” event occurs for the cluster Q7%. We will then cover a given segment of the SAW by such good clusters
and study the behavior of a @Q,i,-geodesic when it passes through them. In the case of Proposition 6.1,
the “good” event corresponds to the condition that the Q_-diameter of Q7% N Q_ and the Q+-diameter of
0Q7r N Q@+ are each most C'R, for a constant C' > 1. This means that there is a path between any two points
of Q7% of length at most 2C' R which crosses the gluing interface at most once. In the case of Proposition 6.2,
the “good” event corresponds to the condition that a Q,ip-geodesic from 8@‘] R to the initial edge set has to
spend at least SR units of time outside of a small neighborhood of the SAW.

The existence of the desired radius R is deduced from the estimates of Section 5 together with a multi-scale
argument. In particular, we start the glued peeling process at a given initial edge set A and consider certain
random radii 1 = rg < r; < ry < ... such that the J,, ’s are stopping times for the glued peeling process
and 7, typically grows like an exponential function of k (see (6.5) for a precise definition of these radii). We
show that, for each k, the conditional probability given the peeling process up to time .J., , that the annulus
Q7 \ Q71 is “good” is close to 1 when C' is large (or f is small) uniformly over the choices of k and A.
Hence, by multiplying over k, we get that the smallest k for which the radius rj is “good” has an exponential
tail, and the coefficient inside the exponential can be made arbitrarily large by making C' large enough (or
small enough). The estimates from Section 5 are used both to lower-bound the probability of the event at
each scale and to control the ratios ri/r,—1, so as to upper-bound the size of the smallest good radius.

In the end, we get that for p slightly smaller than 3/2, the smallest good radius R for the glued peeling
process started from A satisfies

IP[R > 5(#A)1/2} = 0(S~), VS > 1

see Lemmas 6.3 and 6.4. The 3/2 appearing here is related to the fact that we get moments up to order 3/2
in Section 5. We then apply this estimate to O(d~2) initial edge sets A which each have #A = §2r2, for § > 0
small but independent of r, and take a union bound. This allows us to cover a given segment of the SAW
by good clusters of the form Q”%, for varying choices of the initial edge set, in such a way that most of the
clusters do not contain the endpoints of the SAW segment (Lemma 6.14). As explained in Section 6.2, this
leads to the conclusion that a @),ip-geodesic has to cross between the boundary of one of these good clusters
and its initial edge set (nearly) every time it hits the gluing interface. This, in turn, leads to Propositions 6.1
and 6.2.

As explained in the earlier parts of Section 7, the results of Section 5 together with the scaling limit result for
the UIHPQg [GM17b, Theorem 1.12] already imply the convergence of (Q},, m.%,, k75, My%,) along subsequences
to a non-degenerate limiting curve-decorated metric measure space. Using this, the universal property of
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the quotient metric (Remark 2.1), and elementary limiting arguments based on the general deterministic
properties of the GHPU metric from [GM17b], one can show that if ()N( , cz i, m) is a subsequential limit, then
the following is true. There exists a bijective 1-Lipschitz map fyip : Xzip — X satistying (fip)«fbzip = & and
faip © Nyip = 1 which preserves the length of any path in X,;, which does not hit 7,;, (Proposition 7.6).

In Section 7.4, we will show that the map f,ip is an isometry as follows. The results of Section 6 discussed
above imply that there are universal constants C' > 1 and 8 € (0, 1) such that the following is true. The map

—1 . . . . . . . . . . . ~
4ip 18 a.s. Lipschitz with Lipschitz constant C'; and almost every pair of points on the gluing interface 7 can

be joined by a (igeodesic which spends at least a -fraction of its time away from 7. Note that at this point
we have not ruled out the possibility that a d-geodesic traces 7 for a positive Lebesgue measure set of times
(a posteriori, this follows from the SLE-decorated LQG description of the limiting object). We can take C' to
be the smallest constant for which the above Lipschits property holds. We want to show that C' = 1.
Suppose 7 is a d-geodesic between two points of 77 which spends at least a S-fraction of its time away from
7. We decompose v into finitely many segments of total length at least (5/2)|y| during which it does not hit
7 and finitely many complementary segments during which it may hit or cross 7, with total length at most
(1= 25/2)|7|- The map f;i; is an isometry away from 7], so the d-length of each segment of « which does not

hit 77 is the same as the d,i,-length of the image of this segment under ;;. On the other hand, since f;i; is

C-Lipschitz, the c?—length of any segment of +y is at most C' times the d,i,-length of its image under f;i;. By
summing over the finitely many intervals in our decomposition of 7, we see that the J—length of v is at most
(1—-8/2)C + B/2 times the d,ip-length of j"Z_ip1 (7). Since C was chosen to be the optimal Lipschitz constant
for fz_ipl7 this shows that C' < (1 — 3/2)C + 3/2, so since C' > 1 we must have C' = 1. Thus any subsequential
limit of the SAW-decorated quadrangulations agrees with (Xip, dyip, faip, Nsip) as curve-decorated metric
measure spaces.

Appendix A contains an index of the commonly used symbols in the paper.

2 Preliminaries

In this section we will introduce some notation and review several objects from other places in the literature
which are relevant to the results of this paper. In Section 2.1, we will fix some (essentially standard) notation
which we will use throughout the remainder of this article. In Section 2.2, we review some notation and
definitions converging metric spaces. In Section 2.3, we review the definition of the Gromov-Hausdorff-
Prokhorov-uniform metric from [GM17b] and some of its basic properties. This is the metric with respect
to which the convergence in our main theorems takes place. In Section 2.4, we recall the definition of the
Brownian half-plane, which can be used to construct the limiting objects in our main theorems. In Section 2.5,
we review the theory of Liouville quantum gravity and explain why the limiting objects in our main theorems
are equivalent to \/%—LQG surfaces decorated by independent SLEg,3-type curves.

Most of the content of this paper can be understood independently of this section. In order to understand
the proofs in Sections 3-6, one only needs to be familiar with the notation described in Section 2.1. In order
to also understand the proofs in Section 7, one only needs to be familiar with Sections 2.1, 2.2, and 2.3.

2.1 Notational conventions

2.1.1 Basic notation

We write IN for the set of positive integers and Ny = N U {0}.

For a < b € R, we define the discrete intervals [a, b]z := [a,b] N Z and (a, b)z := (a,b) N Z.

If a and b are two quantities, we write a < b (resp. a = b) if there is a constant C' (independent of the
parameters of interest) such that a < Cb (resp. a > Cb). We write a < b if a < b and a = b.

2.1.2 Graphs and maps

For a planar map G, we write V(G) for its set of vertices, £(G) for its set of edges, and F(G) for its set of
faces.
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By a path in G, we mean a function A : I — £(G) for some (possibly infinite) discrete interval I C Z, with the
property that the edges {A(¢)}ier can be oriented in such a way that the terminal endpoint of A(¢) coincides
with the initial endpoint of A(i+ 1) for each ¢ € I other than the right endpoint of I. We define the length of A,
denoted |A], to be the integer #1. It is convenient to require that the edges can be oriented in a consistent
manner since it allows us to “linearly interpolate” along the path in a canonical way; see Remark 2.4.

For sets A1, Ay consisting of vertices and/or edges of G, we write dist(Ay, A2; G) for the graph distance
from A; to As in G, i.e. the minimum of the lengths of paths in G whose initial edge either has an endpoint
which is a vertex in A; or shares an endpoint with an edge in A;; and whose final edge satisfies the same
condition with Ay in place of A;. If A; and/or As is a singleton, we do not include the set brackets. Note
that the graph distance from an edge e to a set A is the minimum distance between the endpoints of e and
the set A.

For r > 0, we define the graph metric ball B,(A;; G) to be the subgraph of G consisting of all vertices of G
whose graph distance from A; is at most r and all edges of G whose endpoints both lie at graph distance at
most r from A;. If A; = {z} is a single vertex or edge, we write B,({z}; G) = B, (z; G).

2.1.3 Quadrangulations with boundary

A quadrangulation with boundary is a (finite or infinite) planar map @ with a distinguished face fo, called
the exterior face, such that every face of @ other than f., has degree 4. The boundary of @, denoted by 0Q),
is the smallest subgraph of @ which contains every edge of @ incident to fo. The perimeter Perim(Q) of Q
is defined to be the degree of the exterior face.

We say that 0Q) is simple if the exterior face has no vertices of multiplicity strictly larger than 1. In this
paper we will only consider quadrangulations with simple boundary.

A boundary path of Q is a path A from [1, Perim(Q)]z (if 0Q is finite) or Z (if JQ is infinite) to £(AQ) which
traces the edges of 9Q (counted with multiplicity) in cyclic order. Choosing a boundary path is equivalent to
choosing an oriented root edge on the boundary. This root edge is A(Perim(Q)), oriented toward A(1) in the
finite case; or A(0), oriented toward A(1), in the infinite case.

The uniform infinite planar quadrangulation with simple boundary (UTHPQg) is the infinite boundary-rooted
quadrangulation (Qg,eg) with simple boundary which is the limit in law with respect to the Benjamini-
Schramm topology [BS01] of a uniformly random quadrangulation with simple boundary (rooted at a uniformly
random boundary edge) with n interior vertices and 2! boundary edges if we first send n — co and then
I = oo [CM15,CC15]. Tt can also be constructed from the uniform infinite planar quadrangulation with
general boundary (UTHPQ) by “pruning” quadrangulations which can be disconnected from oo by removing
a single vertex; see [CM15, CC15, GM17b].

2.2 Metric spaces

Here we introduce some notation for metric spaces and recall some basic constructions. Throughout, let
(X, dx) be a metric space.

For A C X we write diam(A;dx) for the supremum of the dx-distance between points in A.

For r > 0, we write B,(4;dx) for the set of x € X with dx(x,A) < r. We emphasize that B,.(A;dx) is
closed (this will be convenient when we work with the local GHPU topology). If A = {y} is a singleton, we
write B, ({y};dx) = Br(y;dx).

Let ~ be an equivalence relation on X, and let X = X/ ~ be the corresponding topological quotient space.
For equivalence classes Z,7 € X, let Q(Z, ) be the set of finite sequences (x1,y1,...,Zn, Yn) of elements of
X such that 1 € T, y, €7, and y; ~ x;41 for each i € [1,n — 1]z. Let

n

dx (zT,7) == Qi(r%f@ > dx(wi, yi). (2.1)
=1
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Then dy is a pseudometric on X (i.e., it is symmetric and satisfies the triangle inequality), which we call the
quotient pseudometric.

To define the limiting metric space (Xyip, dsip) in Theorem 1.1, we are applying this definition with X equal
to the disjoint union of the two Brownian half-planes (X_,d_) and (X4, d;) and with the equivalence relation
which identifies the boundary points 7_(s) and 74 (s) for each s > 0. We know a priori that (Xyip, dsip) is a
metric space instead of just a pseudometric space thanks to the results of [GM16], but this statement also
follows from our proof. Similar statements apply in the settings of Theorems 1.2 and 1.3.

Remark 2.1 (Universal property of the quotient metric). The quotient pseudometric possesses the following
universal property. Suppose f : (X,dx) — (Y,dy) is a 1-Lipschitz map which is compatible with ~ in the
sense that such that f(x) = f(y) whenever z,y € X with  ~ y. Then f factors through the metric quotient
to give amap f: X — Y such that fop = f, where p: X — X is the quotient map.

For a curve v : [a,b] — X, the dx-length of v is defined by

4P
len(v;dx) = sup > dx(v(t:), 7 (ti-1))

=1

where the supremum is over all partitions P:a =1ty < --- < tgp = b of [a,b]. Note that the dx-length of a
curve may be infinite.

For Y C X, the internal metric dy of dx on 'Y is defined by

dy (z,y) := vnclg/ len(y;dx), Vr,yeY (2.2)

where the infimum is over all curves in Y from x to y. The function dy satisfies all of the properties of a
metric on Y except that it may take infinite values.

We say that (X, dx) is a length space if for each 2,y € X and each € > 0, there exists a curve of dx-length at
most dx (x,y) + € from z to y.

The end this subsection, we give an example which illustrates some of the subtleties involved when trying
to take limits of metric gluings.

Example 2.2 (Discontinuity of metric gluings). Let (X;,d;) and (X3, d2) be two copies of [0,1] x [0, 1], each
equipped with the Euclidean metric. For an increasing function f : [0,1] — [0, 1], we can define the gluing of
(X1,d1) and (X2, ds) according to f to be the pseudometric space (Y7, df) obtained as the metric quotient of
the disjoint union of (X;,d;) and (X5, dy) under the equivalence relation which identifies (s,0) € X; with
(f(s),0) € X5. We define the gluing interface to be the subset of Y/ which is the image of the two copies of
[0,1] x {0} under the quotient map. As a simple example, if f is the identity map then (Y, df) is isometric
to [0,2] x [0, 1], equipped with the Euclidean metric.

The above gluing operation is wildly discontinuous with respect to f. Indeed, we will give an example
of a sequence {f™},en of gluing maps for which f™ converges uniformly to the identity map but all of the
corresponding gluings (Y/",d’") are degenerate in the sense that the d/”-distance between any two points of
the gluing interface is zero.

To this end, let {"},en be a sequence of non-atomic Borel probability measures on [0, 1] which are each
mutually singular with respect to Lebesgue measure, but which converge to Lebesgue measure with respect
to the Prokhorov distance (for example, v™ could be the v"-LQG boundary length measure, normalized to
have total mass 1, for some sequence v — 0). For n € N and s € [0,1], let f™(s) := v™([0, s]). Then f"
converges uniformly to the identity map [0, 1] — [0, 1], but it is easy to see (see [GM16, Lemma 2.2] for a
proof) that the d"-distance between any two points of the gluing interface for Y7/ is zero.

One can modify the above example so that one still has f™ — Id uniformly, each (Y/",d’") is homeo-
morphic to [0,2] x [0, 1], but the d/"-diameter of the gluing interface converges to zero, so the glued spaces
become degenerate in the limit. This can be arranged by replacing v™ with a measure which is absolutely
continuous with respect to Lebesgue measure but very close to v™ in the Prokhorov distance (much closer
than the Prokhorov distance between v™ and Lebesgue measure).
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2.3 The Gromov-Hausdorfl-Prokhorov-uniform metric

In this subsection we will review the definition of the local Gromov-Hausdorff-Prokhorov-uniform (GHPU)
metric from [GM17b], which is the metric with respect to which our scaling limit results hold.

We start by defining the metric in the compact case. For a metric space (X, d), we let Cy(R, X) be the
space of continuous curves 1 : R — X which are “constant at co,” i.e. n extends continuously to the extended
real line [—o0, 00]. Each curve 7 : [a,b] — X can be viewed as an element of Cy(IR, X) by defining n(t) = n(a)
for t < a and n(t) = n(b) for t > b.

e Let dlf be the d-Hausdorff metric on compact subsets of X.
e Let d be the d-Prokhorov metric on finite measures on X.
e Let dY be the d-uniform metric on Co(RR, X).

Let MSHPU be the set of 4-tuples X = (X,d, p,n) where (X, d) is a compact metric space, d is a metric
on X, p is a finite Borel measure on X, and n € Cy(R, X).

Given elements X, = (X1, dy, u1,m) and Xo = (Xo, da, 2, 12) of , a compact metric space (W, D),
and isometric embeddings ¢1 : X1 — W and t3 : Xo — W, we define their GHPU distortion by

MGHPU

Dis§ixy (W, D, 11,19) i= dl (11(X1), 02(X2)) + ) (1) eir, (12)wpsa)) + dB (1 0 M1, 02 0 12). (2.3)
We define the Gromov-Hausdorff-Prokhorov-Uniform (GHPU) distance by
dS"PU(%), %) = inf  Dis$MRV(W, D, 11, 00), (2.4)
(W,D),e1,t2 1,22

where the infimum is over all compact metric spaces (W, D) and isometric embeddings ¢; : X; — W and
L3 : Xo — W. It is shown in [GM17b] that this defines a complete separable metric on M%HPU provided we
identify two elements of MSHPU which differ by a measure- and curve- preserving isometry.

We now define the local version of the GHPU metric. Following [GM17b], we let MSHFPU be the set of
4-tuples X = (X, d, u,n) where (X,d) is a locally compact length space, p is a measure on X which assigns
finite mass to each finite-radius metric ball in X, and 7 is a curve in X which satisfies one of the following two
conditions. Either n: R — X or n: (a,b) — X for some open interval (a,b) C R (with possibly one of a or b
equal to co) and 7 extends to a continuous curve from the closure of (a, b) to the one-point compactification
X U{oo}. In the latter case, we view 7 as a continuous function R — X U {oo} which is constant outside of
[a, b].

Let MOGOHPU be the set of equivalence classes of elements of MSHPV under the equivalence relation whereby
(X1,d1, p1,m) ~ (Xa,da, 2, n2) if and only if there exists an isometry f : X3 — X5 such that f.pu1 = pe and
fom =mng.

Definition 2.3. Let X = (X,d, i, n) be an element of MSHFPYU. For r > 0, let
)= (—r)Vsup{t <0 : d(n(0),n(t)) =r} and 7] :=rAinf{t>0: d(n0),nt))=r}. (2.5)
The r-truncation of n is the curve B,n € Cy(R, X) defined by
n(zh), t<z}

%rn(t) = 77(07 te (Inv?:”)
n(@), t>7].

The r-truncation of X is the curve-decorated metric measure space
B,X = (B(n(0);d),d
The local GHPU metric on MSHFU is defined by

Bo(n(0);d)s 1] B, (n(0):0)» Br).-

dSOHPU(ael,aeg):/ e " (LA AP (B, %1, B, X)) dr (2.6)
0

where d“HFU is as in (2.4). It is shown in [GM17b] that d$HPV defines a complete separable metric on M$HPU
provided we identify spaces which differ by a measure- and curve-preserving isometry.
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Remark 2.4 (Graphs as elements of MGHPY). In this paper we will often be interested in a graph G equipped
with its graph distance dg. In order to study continuous curves in G, we need to linearly interpolate G. We
do this by identifying each edge of G with a copy of the unit interval [0,1]. We extend the graph metric on G
by requiring that this identification is an isometry. If A is a path in G, mapping some discrete interval [a, b]z
to £(G), we extend A from [a,b]z to [a — 1,b] by linear interpolation, so that for i € [a,b]z, A traces each
edge A(7) at unit speed during the time interval [i — 1,4]. If we are given a measure p on vertices of G and we

view G as a connected metric space and A as a continuous curve as above, then (G, dg, i1, A) is an element of
MGHPU
i

In the remainder of this subsection we explain how local GHPU convergence is equivalent to a closely
related type of convergence which is often easier to work with, in which all of the curve-decorated metric
measure spaces are subsets of a larger space. For this purpose we need to introduce the following definition,
which we take from [GM17b].

Definition 2.5 (Local HPU convergence). Let (W, D) be a metric space. Let X" = (X", d", u™,n") for
n € N and X = (X,d, ,n) be elements of MSHPU such that X and each X™ is a subset of W satisfying
D|x =d and D|x» = d". We say that X" — X in the D-local Hausdorff-Prokhorov-uniform (HPU) sense if
the following are true.

e For each r > 0, we have B,(n"(0);d") — B,.(n(0);d) in the D-Hausdorfl metric, i.e. X" — X in the
D-local Hausdorff metric.

e For each r > 0 such that p(0B,(n(0);d)) = 0, we have u"|g_(yn(0);dn) = K| B, (n(0);a) in the D-Prokhorov
metric.

e For each a,b € R with a < b, we have ™[(45] — 7|[a,5] in the D-uniform metric.
The following result, which is [GM17b, Proposition 1.9], will play a key role in Section 7.

Proposition 2.6. Let X" = (X", d", u™,n") forn € N and X = (X,d, u,n) be elements of MSGHPU. Then
X" — X in the local GHPU topology if and only if there exists a boundedly compact metric space (Z, D) (i.e.,
one for which closed bounded sets are compact) and isometric embeddings X™ — Z forn € N and X — Z
such that the following is true. If we identify X" and X with their embeddings into Z, then X™ — X in the
D-local HPU sense.

2.4 The Brownian half-plane

A Brownian surface is a random metric measure space which locally looks like the Brownian map (see [Mie(9,
Miel4, Le 14] and the references therein for more on the Brownian map). Brownian surfaces arise as the
scaling limits of uniformly random planar maps. Several specific Brownian surfaces have been constructed
via continuum analogs of the Schaeffer bijection [Sch97], including the Brownian map itself, which is the
scaling limit of uniform quadrangulations of the sphere [Miel3,Le 13]; the Brownian disk, which is the scaling
limit of uniform quadrangulations with boundary [BM17]; the Brownian plane, which is the scaling limit
of uniform infinite quadrangulations without boundary [CL14]; and the Brownian half-plane, which is the
scaling limit of uniform infinite half-planar quadrangulations [CC15, GM17b, BMR16]. See also [BMR16] for
some additional Brownian surfaces which arise as scaling limits of certain quadrangulations with boundary.

The limiting objects in our main theorems are described by gluing together Brownian half-planes along
their boundaries, so in this section we give a brief review of the definition of this object. We will not use
most of the objects involved in this construction later in the paper, except for the definition of the area
measure, boundary length measure, and boundary path. We review it only for the sake of making this work
more self-contained. We use the construction from [GM17b]. A different construction, which we expect to be
equivalent, is given in [CC15, Section 5.3] but the construction we give here is the one which was been proven
to be the scaling limit of the UTHPQ and UTHPQg in [GM17b].

Let Wy : R — [0,00) be the process such that {Wx(¢)}:>0 is a standard linear Brownian motion and
{Weo(—t) }1>0 is an independent Brownian motion conditioned to stay positive (i.e., a 3-dimensional Bessel
process). For r € R, let

Too(r) :==inf{t € R : W (t) = —r},
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so that 7+ T (r) is non-decreasing and for each r € R,

(Weo (Too(r) + 1) + 7}eer £ {Weao () }rer-

Also let T ! : R — R be the right-continuous inverse of 7.
For s,t € R, let
dw_(s,t) :=Ws(s) + W (t) —2  inf W (u). (2.7)
uE[sAt,sVit]
Then dy_ defines a pseudometric on R and the quotient metric space R/{dw_, = 0} is a forest of continuum
random trees, indexed by the excursions of W, away from its running infimum.
Conditioned on W, let Z2, be the centered Gaussian process with

Cov(Z% (s), 2% (t)) = inf (Woo(u) — inf VVOO(U)>7 s,t € R. (2.8)

u€E[sAt,sVi] v<u

By the Kolmogorov continuity criterion, Z2. a.s. admits a continuous modification which satisfies Z% (s) =
Z9_(t) whenever dy__(s,t) = 0.
Let bo : R — R be /3 times a two-sided standard linear Brownian motion. For ¢ € R, define

Zoo(t) = Z3, (1) + boo (T (1))

For s,t € R, let
dz. ($,t) = Zoo(s) + Zoo(t) =2 inf  Z(u). (2.9)

u€[sAt,sVt]

Also define the pseudometric
k
(s, t) = inf Y " dg(si,t:) (2.10)
i=1

where the infimum is over all £ € N and all (2k + 2)-tuples (tg, s1,%1, ..., Sk, tr, Spp1) € R2¥T2 with ¢o = s,
Sp+1 = t, and dw__ (t;—1,8;) = 0 for each i € [1,k + 1].

The Brownian half-plane is the quotient space Xo, = R/{d% = 0} equipped with the quotient metric d..
We write po : R = X, for the quotient map. The Brownian half-plane comes with a natural marked
boundary point, namely p(0). The area measure of X, is the pushforward of Lebesgue measure on R under
Poo, and is denoted by pioo. The boundary of X is the set 0Xo = p({Too(r) : ¥ € R}). The boundary
measure of X, is the pushforward of Lebesgue measure on IR under the map 7 — poo (Too(r)). The boundary
path of X is the path 7. : R = X defined by 100 (1) = Poo (T (7)), which satisfies 15(0) = p(0). Note
that this path traverses one unit of boundary length in one unit of time.

We observe that

(Xoor doo, ooy o) € MoGoHPUv (2.11)

where MGHPU is as in Section 2.3.

2.5 Liouville quantum gravity

In this subsection we review the definition of Liouville quantum gravity (LQG) surfaces and explain their
equivalence with Brownian surfaces in the case when v = \/8% We do not use LQG in our proofs, but LQG
is important for motivating and interpreting our main results. In particular, we will explain in this subsection
why the limiting objects in our main theorem are equivalent to SLE-decorated LQG surfaces.

For v € (0,2), a Liouville quantum gravity surface with k € Ng marked points is an equivalence class of
(k + 2)-tuples (D, h,x1,...,x), where D C C is a domain; h is a distribution on D, typically some variant
of the Gaussian free field (GFF) [DS11,She07,5513, Shel6, MS16¢, MS17]; and z1,...,2, € DU ID are k
marked points. Two such (k + 2)-tuples (D, h,x1,...,x) and (lN)JL, Z1,...,2) are considered equivalent if
there is a conformal map f : D — D such that

f@)=x;, Vie[LLklz and h=hof+Qlog|f| where Q==+

o2

(2.12)

=N
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Several specific types of v-LQG surfaces (which correspond to particular choices of the GFF-like distribution h)
are studied in [DMS14], including quantum spheres, quantum disks, a-quantum cones for a < @, and a-
quantum wedges for a < Q + /2.

In this paper we will be particularly interested in a-quantum wedges and a-quantum cones for a < @,
so we provide some additional detail on these surfaces. See [DMS14, Section 4.2] for a precise definition.
Roughly speaking, an a-quantum wedge for a < @ is the quantum surface (H, h,0,00) obtained by starting
with the distribution h — alog| - |, where I is a free- boundary GFF on H, then zooming in near the origin
and re-scaling to get a surface which describes the local behavior of this field when the additive constant is
fixed appropriately. An a-quantum cone is the quantum surface (C, h, 0, 00) which is defined in a similar
manner but starting with a whole-plane GFF plus an a-log singularity rather than a free-boundary GFF plus
an a-log singularity.

Instead of the log-singularity parameter «, one can also parameterize the spaces of quantum wedges and
quantum cones by the weight parameter 1o, defined by

= 'y(% +Q - a), for wedges and 1o =2v(Q — «), for cones (2.13)

with @ as in (2.12). The reason for using the parameter to is that it is invariant under the cutting and gluing
operations, which we will describe below.

It is shown in [DS11] that a Liouville quantum gravity surface admits a natural area measure py,, which can
be interpreted as “e?"(?) dz” | where dz is Lebesgue measure on D, and a length measure v, defined on certain
curves in D, including D and SLE,-type curves for k = v2. It was recently proven by Miller and Sheffield that
in the special case when v = 1/8/3, a 1/8/3-LQG surface admits a natural metric 9;, [MS15b, MS16a, MS16b],
building on [MS16d]. All three of these objects are invariant under coordinate changes of the form (2.12).

Several particular types of \/8/73—LQG surfaces equipped with this metric structure are isometric to
Brownian surfaces:

e The Brownian map is isometric to the quantum sphere;

e The Brownian disk is isometric to the quantum disk;

e The Brownian plane is isometric to the weight-4/3 quantum cone;

e The Brownian half-plane is isometric to the weight-2 quantum wedge.

It is shown in [MS16b] that the metric measure space structure a.s. determines the embedding of the quantum
surface into (a subset of) C. Hence a Brownian surface possesses a canonical embedding into the complex
plane.

One can take the above isometry to push forward the \/8/73—LQG area measure to the natural volume
measure on the corresponding Brownian surface and (in the case of the disk or half-plane) one can take
it to push forward the \/8/73—LQG boundary length measure to the natural boundary length measure on
the Brownian disk or half-plane. In particular, if we let (H, k,0,00) be a \/8/73—quantum wedge, equipped
with its area measure pup, boundary length measure v, and metric 95, and we let 7, : R — IR be the curve
satisfying 1, (0) = 0 and v, (nx([a,b])) = b — a for each a < b, then the curve-decorated metric measure spaces
(H, 01, ttn, M) and (Xoo, doos floo, Moo ), the latter defined as in (2.11), are equivalent as elements of MGHPU.

It is shown in [Shel6,DMS14] that one can conformally weld a weight-t_ quantum wedge and a weight-to
quantum wedge together according to quantum length along their positive boundary rays (corresponding
to [0,00) in our parameterization of the quantum wedge) to obtain a weight-(tv_ + w_) quantum wedge
decorated by an independent chordal SLE.2(w_ — 2;w, — 2) curve parameterized by quantum length with
respect to the wedge. Similarly, one can conformally weld two such quantum wedges together according to
quantum length along their entire boundary to obtain a weight-(tv_ 4 tv) quantum cone decorated by a
two-sided chordal SLE.»-type curve parameterized by quantum length with respect to the wedge. One can
also conformally weld the positive and negative boundary rays of single quantum wedge of weight 1w to each
other according to quantum length to get a quantum cone of the same weight decorated by an independent
whole-plane SLE.2 (to — 2) curve.

Tt is proven in [GM16] that in the case when v = 1/8/3, when one performs these gluing operation the
\/%—LQG metric on the glued surface is the metric space quotient of the metrics on the wedges being
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glued. Due to the equivalence between the weight-2 quantum wedge and the Brownian half-plane, we find the
following (recall Figure 3):

e Gluing two independent Brownian half-planes together along their positive boundaries and embedding
the resulting metric measure space into H produces a weight-4 quantum wedge decorated by an
independent chordal SLEg,3 curve.

e Gluing two independent Brownian half-planes together along their entire boundaries and embedding the
resulting metric measure space into C produces a weight-4 quantum cone decorated by an independent
two-sided SLEg/3-type curve which can be sampled as follows. First sample a whole-plane SLEg,3(2)
curve 71 from 0 to oo; then, conditional on 71, sample a chordal SLEg /3 curve 7, from 0 to co in C \ ;.
Then concatenate these two curves and parameterize the two-sided curve thus obtained by \/%—LQG
length. (This SLEg,3-type path can be described as a pair of GFF flow lines [MS16c, MS17].)

e Gluing the two boundary rays of a single Brownian half-plane together along their entire boundaries
and embedding the resulting metric measure space into C produces a weight-2 quantum cone decorated
by an independent whole-plane SLEg,3 curve.

Thus the limiting objects in Theorems 1.1, 1.2, and 1.3 are 1/8/3-LQG surfaces decorated by independent
SLEg/3 curves.

3 Peeling of the UTHPQ with simple boundary

In this section, we will study the peeling procedure for the UTHPQg (also known as the spatial Markov
property ), which will be one of the key tools in the proofs of our main theorems. The idea of peeling was first
used heuristically in the physics literature to study two-dimensional quantum gravity [ADJ97]. The first
rigorous use of peeling was in [Ang03], in the context of the uniform infinite planar triangulation. The peeling
procedure was later adapted to the case of the uniform infinite planar quadrangulation [BC13]. In this paper,
we will only be interested peeling on the UTHPQg, which is also studied, e.g., in [AC15, AR15, Ric15].

In Section 3.1, we will review the definition of peeling on the UIHPQg, introduce notation for the objects
involved, and review some formulas for peeling probabilities from elsewhere in the literature. Then, in
Sections 3.2 and 3.3 we will use peeling to prove some particular estimates for the UIHPQg. The reader may
wish to temporarily skip these last two subsections and refer back to them when the corresponding estimates
are used.

3.1 Peeling of quadrangulations with boundary
3.1.1 General definitions

Let @ be an infinite quadrangulation with simple boundary. For an edge e € £(9Q), let f(Q,e) be the
quadrilateral of @) containing e on its boundary. The quadrilateral f(Q,e) has either two, three, or four
vertices in 0Q), so divides @ into at most three connected components, whose union includes all of the vertices
of @ and all of the edges of @Q except for e (if f(Q), e) has an edge other than e in 0Q), this single edge counts
as a connected component). Exactly one such component is infinite. These components have a natural cyclic
ordering inherited from the cyclic ordering of their intersections with 9Q). We define the peeling indicator

PB(Q.e) € (No U {oc}) U (No U {oo})* U (No U {oc})?, (3.1)

to be the vector whose elements are the number of edges of each of these components shared by 0Q), listed in
counterclockwise cyclic order started from e. Note that if ¢ € {1,2,3} and the ith component of P(Q, e) is k,
then the total boundary length of the ith connected component of @ \ (@, ) in counterclockwise cyclic order
is k41 (resp. k + 2; 00) if k is odd (resp. even; co).

We refer to PB(Q, e) as the peeling indicator. The procedure of extracting f(Q, e) and B(Q, e) from (Q, €)
will be referred to as peeling @ at e. See Figure 5 for an illustration of some of the possible cases that can
arise when peeling @ and e.

We now introduce notation for some additional objects associated with peeling.
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Figure 5: An infinite quadrangulation @ with simple boundary together with three different cases for the
peeled quadrilateral §(Q,e) (shown in light blue). In the left panel PB(Q,e) = co. In the middle panel,
PB(Q, e) = (00, 3). In the right panel, P(Q,e) = (3,00, 1).

A
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e

e Let Peel(Q, e) be the infinite connected component of Q \ f(Q, e).
e Let §(Q,e) be the union of the components of @ \ f(Q, ) other than Peel(Q, e).

e Let Co(Q, e) be the number of covered edges of 9Q), i.e. the number of edges of 9Q which do not belong
to Peel(Q, e) (equivalently, one plus the number of such edges which belong to F(Q,e)).

e Let Ex(Q, e) be the number of exposed edges of §(Q, e), i.e. the number of edges of Peel(Q, e) which do
not belong to dQ (equivalently, those which are incident to f(@, e)).

3.1.2 Peeling the UTHPQ with simple boundary

In this subsection we will give explicit descriptions of the laws of the objects defined in Section 3.1.1 when we
peel the uniform infinite half-plane quadrangulation with simple boundary (UTHPQg). These laws will be
described in terms of the free Boltzmann partition function which is defined by

8(31 — 4)!
(1 —2)1(20)!"

where we set (—1)! = 1. The reason for the name is that 3 is the partition function for the so-called free
Boltzmann quadrangulation with simple boundary of perimeter 21 [BG09], but we will not need this model
here.
Suppose now that (Qs,es) is an instance of the UIHPQg. As explained in [AC15, Section 2.3.1], the
distribution of the peeling indicator of Section 3.1.1 when we peel at the root edge is described as follows.
3

P[B(Qs, es) = oo] = 3

P[B(Qs,es) = (k,00)] = %54(1"”/23(/{ +1), VkeNodd

3(20) = 3(2041):=0, VIeN, (3.2)

PB(Qs, es) = (k,00)] = %54"”23@ +2), Vke Ny even
P[B(Qs, es) = (k1, ko, 00)] = 54~ F1TR2)23(k) + 1)3(ky + 1),  Vki, k2 € N odd. (3.3)

We get the same formulas if we replace (k, 00) with (0o, k) or (k1, k2, 00) with either (oo, k1, ka) or (ki, 00, k)
(which corresponds to changing which side of eg the bounded complementary connected components of
f(Qs, eg) lie on). The probabilities (3.3) are computed in [AC15, Section 2.3.1].

If we condition on P(Qs, es), then the connected components of @\ f(Qs, &s) are conditionally independent.
The conditional law of the unbounded connected component Peel(Qs, es), rooted at one of the boundary
edges it shares with f(Qs,es) (chosen by some deterministic convention in the case when there is more than
one such edge) is again that of a UTHPQg. This fact is referred to as the Markov property of peeling.

3.1.3 Peeling processes

Due to the Markov property of peeling, one can iteratively peel a UITHPQg to obtain a sequence of quadran-
gulations which each has the law of a UTHPQg. To make this notion precise, let (Qs,es) be a UTHPQg. A
peeling process on Qs is a sequence of quadrangulation-edge pairs {(Q*~!, ei)}ie[l,I]z with Z € N a possibly
infinite random time, called the terminal time, such that the following is true.
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1. Q° = Qs and for each i € [1,Z]z, we have €' € £(0Q"!) and Q" = Peel(Q"71, ¢%).

2. Each edge e’ is chosen in a manner which is measurable with respect to the o-algebra G:~! generated
by the peeling indicator variables (Q7 1, e?) for j € [1,i — 1]z and the planar map Q°~!. Furthermore,
{Z < i} € G for each i € Ny.

It follows from the Markov property of peeling that for each i € N, the conditional law of (Q*~1, ) given
the o-algebra G'~! of condition 2 on the event {Z > i — 1} is that of a UIHPQs.
We will have occasion to consider several different peeling processes in this paper.

3.1.4 Estimates for peeling probabilities

In this subsection we will write down some estimates for the probabilities appearing in Section 3.1.2.
Throughout, we let (Qs, es) be a UTHPQg.
Stirling’s formula implies that for each even k € N, the free Boltzmann partition function (3.2) satisfies

3(k) = 54%/2E=%/2 for k even (3.4)
with universal implicit constant. From this we infer the following approximate versions of the probabilities (3.3).

PB(Qs, es) = (k,00)] < k~%2, Vk € N odd
P[R(Qs, es) = (k,00)] < k75/2, Vk € N even
PIR(Qs, es) = (k1, k2, 00)] < ky 7 *ky /%, ki, ks € N odd. (3.5)

We get the same approximate formulas if we replace (k, 00) with (0o, k) or (k1, k2, 00) with either (oo, k1, k2)
or (kq,00,ks).

Let (Qs,es) be a UTHPQg and recall the definitions of the number of exposed edges Ex(Qg, @s) and the
number of covered edges Co(Qs, es) from Section 3.1.1 As explained in [AC15, Section 2.3.2], one has the
following facts about the joint law of these random variables. We have the equality of means

E[Co(Qs, es)] = E[Ex(Qs, es)]; (3.6)

i.e. the expected net change in the boundary length of g under the peeling operation is 0. We always have
Ex(Qs,es) € {1,2,3}, but Co(Qs,es) can be arbitrarily large. In fact, there is a constant ¢, > 0 such that
for k € N,

P[Co(Qs, es) = k] = (cu + 0x(1))k™/2. (3.7)

3.2 Peeling all quadrilaterals incident to a vertex

Suppose we want to use peeling to approximate the graph-distance ball centered at a vertex v € V(9Q) for a
given quadrangulation Q with boundary 0Q. If v has high degree, it is a priori possible, e.g., that we need
to peel a large number of edges in order to cover the graph metric ball By (v; Q). Similar issues arise when
trying to use peeling to approximate metric balls with bigger radius. The purpose of this subsection is to
show that versions of the estimates of Section 3.1.4 are still valid if instead of peeling a single edge incident
to v we continue peeling edges incident to v until we disconnect v from the target edge. In particular, we will
prove the following lemma.

Lemma 3.1. Let (Qg,®s) be an instance of the UIHPQg and let v € V(9Qs) be one of the endpoints of es.
Let Q,, be the set of quadrilaterals ¢ € F(Qs) which are incident to v and let EX (resp. ER) be the set of
edges of OQs lying to the left (resp. right) of v which are disconnected from oo in Qg by some quadrilateral
q € Q. Then for k € N,

P[#EL = k] < k™2 (3.8)

with universal implicit constant. The same is true with “R” in place of “L.”

The proof of Lemma 3.1 will be a straightforward application of the following peeling process, which is
illustrated in Figure 6.
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Definition 3.2 (One-vertex peeling process). Let (Qs,es) be an instance of the UTHPQg and let v € V(9Qs).
The left one-verter peeling process of Qg at v is the sequence of infinite planar maps {Qi,L }ie[o,va}Z and
edges {e{,L }ie[l,I\,L]z defined as follows.

Let Q%L = Qs. Inducﬁively, if i € N and an inﬁnite quadrangulatiog Q;}l with simple boupdary has
been deﬁned we define Q5. as follows. If v ¢ V(OQ'1), we set QZVL = “1. Otherwise, we let e, be the
edge of QY. ! immediately to the left of v and we set QY1 = Peel(Q; VL , {,L) We define the terminal time
Ty to be the smallest ¢ € N for which v ¢ 5(8QQL). The edge e\I/LL is chosen in an arbitrary manner.

We define the right one-vertex peeling process in the same manner as above but with “left” in place of
“right,” and denote the objects involved by replacing the superscript “L” with a superscript “R.”

(AN

Figure 6: An illustration of the left one-vertex peeling process at v. The blue quadrilaterals incident to v are
enumerated by the order in which they are peeled.

The one-vertex peeling process is also studied in [Ric15, CC16].

Lemma 3.3. Let (Qg,es) be an instance of the UIHPQs and let v be one of the endpoints of es. If Iyt
is the terminal time of the left one-vertex peeling process of Qs at v as in Definition 3.2, then Iy has a
geometric distribution with some parameter b € (0,1).

Proof. The time Zyx is the smallest i € N for which the peeled quadrilateral f(Q" v 2 ey, ) is incident to an
edge of 8@;3 to the right of evL' Hence the statement of the lemma follows from (3.3) and the Markov
property of peeling. O

Proof of Lemma 3.1. We consider the left one-vertex peeling process of Qg at v as in Definition 3.2 and use
the notation of that definition. The final (time-Zy;) one-vertex peeling cluster disconnects v from oo in
Qs, so must disconnect each edge in EX from oo. Since the time-(Zy — 1) cluster does not disconnect any

edge in EF from oo, it follows that each edge in EZ is disconnected from oo in Qv Tyt by the last peeled

quadrilateral f(Q Ve~ 1,6%”

) Hence #EZX is the same as the number of quadrilaterals of 8Q ! lying to
the right of e; VL which are disconnected from oo by this peeled quadrilateral.

If we Condltlon on {Zy: =i} for some ¢ € N, then the conditional law of the quadrllateral f(QVL , VL)
is the same as its conditional law given that it covers up at least one edge of 9Qy; ! to the right of ey
By (3.3) the probability of this event is a universal constant, so the estimate (3.8) (with “R” in place of “L”)
follows by taking an appropriate sum of the probabilities in (3.5). The analogous estimate for E* follows by
symmetry. O

3.3 Peeling all quadrilaterals incident to a boundary arc

Let (Qs,es) be an instance of the UIHPQg. Let A® and A% be the infinite rays of Qs lying to the left and
right of eg, respectively, defined in such a way that es € £(AL) \ £(A), the left endpoint of es belongs
to AL, and the right endpoint of eg belongs to A™.

The goal of this subsection is to estimate the number of edges of A® which are disconnected from co by
quadrilaterals incident to A” if we disregard the “big” jumps made by the peeling process. In particular, we
will prove the following lemma.
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Lemma 3.4. Let {(Q~1,&")}
vertex in AY. For i € Ny, let

i1,z be a peeling process of Qs such that each edge € is incident to some

O = #(5(AR) \5(3@2‘))

be the number of edges of AR which have been disconnected from oo by step i. For n € N, let

7
Z O’Ll

For each n € N and each p > 1,
]E[)/(\'(n)p} < nP~1/?

with implicit constant depending only on p, not on the particular choice of peeling process.

We will first prove Lemma 3.4 for a particular peeling process which is in some sense maximal, which we
now define.

Definition 3.5 (Linear peeling process). The linear peeling process of Qg started from eg is the sequence of
infinite planar maps {Q% }ien, and edges {el }ien defined as follows Let QY := Qs. Inductively, ifieN
and QL has been defined, let v¢ be the rightmost vertex of 8QL which also belongs to AX. Let ei be the
edge of aQi ! lying immediately to the right of v} and let Qf := Peel(Q} eL)

* t

Figure 7: lustration of the left linear peeling process run for 6 units of time. Quadrilaterals are numbered
in the order in which the are peeled. Each vertex vi lies in the intersection of A¥ with the boundary of
the peeled quadrilateral at time ¢ — 1. Consequently, if ¢ = I, + 1 for some m, i.e., the previous peeled
quadrilateral intersects A%, then the Qﬁ’"-graph distance from eﬁ’"“ to A® is at most 2. Here this is the
case for i =1,2,3,4,7.

AL

R

o
|
N
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See Figure 7 for an illustration of the above definition. We now devote our attention to proving Lemma 3.4
in the special case of the left linear peeling process.

Lemma 3.6. Suppose we are in the setting of Definition 3.5. For i € N, let
Of = #(£(A™)\ £(0QL))

and forn € N, let

For each n € N and each p > 1,
with implicit constant depending only on p.
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For the proof of Lemma 3.6, we will use the following notation. For i € Ny, let
Gi = (B(QL ) s jeLila) (3.10)

be the o-algebra generated by the first ¢ peeling steps of the left linear peeling process.

Let In = 0 and for m € N, let I,,, be the mth smallest i € N for which Of — O};—l # 0, or m = oo if there
are fewer than m such times i. Observe that each I, is a stopping time for the filtration (3.10). Let M be
the smallest m € N for which I,, = oco.

Let {vy}yen, be the vertices of AL, ordered from right to left. For y € Ny, let E, be the set of edges of
A" which are disconnected from oo by some quadrilateral of Qs which is incident to vy, so that

EQinA" c|JE, VieN. (3.11)

y=0
The key observation in the proof of Lemma 3.6 is the following Markov property; see Figure 7 for
an illustration. For each i > 2, the vertex v! is incident to the peeled quadrilateral f(Qi_Q,ei_l) at
the previous step. Hence for each m € N for which I,,, < oo, the 3Q£m—graph distance from ei"”'l to
E(AR) N E(DQ™) is either 0,1, or 2 (since there is a path of length at most 2 around df(Qi™~*, el™) from

ei’"“ to £(AT) N 5(6Q£’")). By the Markov property of the peeling process, we find that the random

variables OIIJ” — O]{m”lﬂ are almost i.i.d., except that, depending on Qﬁm, we could peel started at distance

either 0, 1, or 2 from £(AR) N E(@Qﬁ’"’l).
Lemma 3.7. In the setting described just above, there is a universal constant b > 0 such that for each m € N,
P|M=m+1|G{" | Liarsm) > bL(arsm)- (3.12)
Proof. By the Markov property noted just above the statement of the lemma, it suffices to show that
P[M =1]>0. (3.13)
By Lemma 3.1, with E, defined just above (3.11), for each y € IN and each k£ € N we have
P[#E, > k] < (k+y)~*? (3.14)

with universal implicit constant. Taking k = 1 and summing over all y > y, we see that there exists some
1o € N such that

1
P [f(Qs, {vy, vy4+1}) does not share a vertex with AR vy > yo| > 3 (3.15)

where here {v,, vy4+1} is the edge from v, to vy41. Furthermore, by (3.3) and the Markov property of peeling
there exists kg € N such that with positive probability dQF contains no edges of A¥ and the edge e’fo lies
at QF-graph distance at least yo from A®. By (3.15) and another application of the Markov property of
peeling, we obtain (3.13). O

Proof of Lemma 5.6. Fix p > 1. We first prove a pth moment bound for O™t An. If O™t > k for some k € N,
then by (3.11) there exists y € N such that #E, > k. By (3.14),

plo 2 < S0y e

Therefore, for n € N,

]E[(O£1 A n)P} = ]ékp—lﬂj {01{1 > k} < ]ékp—?)/Q < P12,
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By the Markov property described just above Lemma 3.7 (and a trivial modification to the above argument
to treat the case when we start at distance 1 or 2, rather than 0, from A®) we also have

E[((0f —0f ) an) g{"] <nr 12, WmeN. (3.16)

By Lemma 3.7, for each m € IN the conditional law of M given QI{’" is stochastically dominated by m plus
a geometric random variable with parameter b (where b is as in the statement of Lemma 3.7). In particular,

IE[M”*1 \g{m} = i(m + )P 1= b)) = mP

t=1

Since O'm € Gi™ and {M >m} = {M <m —1}° € QI”L !, we infer from this and (3.16) that

M P
(Z(oim -0 ) An> ]

E[((O]{m — OI{m’l) A n)pMp_llMZm] (by Jensen’s inequality)

E[Xy(n)"] = E

ol

3
I

M

E[E[((Oim — Oy A n)pE |:Mp—1 |g£m} |Gl 1} ]lem}

3
Il

oo
< np—l/Q Z mp—l(l _ b)m < np—l/Q

m=1

which is (3.9). O
We will now extend Lemma 3.6 to get our desired estimate for general peeling processes.

Proof of Lemma 3.4. Let us first observe that the left linear peeling process must peel (not just disconnect
from oo) every quadrilateral of Qs which is incident to both A” and A%. Indeed, suppose that ¢ is such a
quadrilateral, let v be the rightmost vertex of A lying on the boundary of ¢, and let e be the edge of ¢ which
is immediately to the right of v when we stand on A’ and look inward. Then ¢ disconnects from oo in Qg
each quadrilateral ¢’ of Qg such that either (a) ¢’ is incident to a vertex of A* which lies to the right of v or
(b) ¢ is incident to an edge which has v as an endpoint and which lies to the right of e. Hence the union
of all such quadrilaterals ¢’ does not disconnect ¢ from co. On the other hand, the definition of the linear
peeling process shows that each quadrilateral peeled by this process before it either peels g or disconnects g
from oo must satisfy either (a) or (b) above. Since the linear peeling process eventually peels or disconnects
every quadrilateral incident to AL it follows that this process must peel q.

Now consider i € [1, I]Z and let q:= f(Q’ 1e). If O — O~ # 0, then ¢ must be incident to both A”
and A®. Consequently, the preceding paragraph shows that exists j € N such that ¢ is equal to the jth
peeled quadrilateral f(Q7 ™", el ) in the left linear peeling process.

Continuing to assume that O' — 0"~ £ 0, we now argue that, in the notation of Lemma 3.6,

0l —0i 7' <0 -0 (3.17)

We first observe that every quadrilateral ¢’ of Qs \@J ~! which intersects both A and A® must be disconnected
from oo in Qg by g, since otherwise ¢’ would disconnect ¢ from oo, contrary to the fact that ¢ € F(Q'~1).

Every quadrilateral of Qg which is incident to both A* and A and which is disconnected from oo by g is peeled
by the linear peeling process at or before time j. Tt therefore follows that £(Q7~1)\ E(AR) C £(QI )\ E(AR),
ie, 0l "> > O'L. Furthermore, £(Q?) \ £(A%) and E(Q1)\ £(AR) are each equal to the set of edges of AF
Wthh are disconnected from oo by ¢, so Oj = O'. Thus (3.17) holds.

Since every quadrilateral which is peeled or disconnected from oo by our given peeling process is also
peeled or disconnected from oo by the left linear peeling process, we have

7
Z(az 751‘ 1 Z Og 1
i=1
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By (3.17), every non-zero term in the sum on the left is greater than or equal to a unique corresponding
non-zero term in the sum on the right. Hence the inequality continues to hold if we truncate each of the
terms in each of the sums at level n. That is, X(n) < X1,(n) so the statement of the lemma follows from
Lemma 3.6. O

4 Peeling the glued map

In this section we will introduce a two-sided peeling process for a pair of UIHPQg’s glued together along
their boundaries, which we call the glued peeling process and which will be an important tool in the proofs
of our main theorems. The main reason for our interest in this peeling process is that it satisfies a simple
Markov property (Lemma 4.2) and provides an upper bound for metric balls in the glued map (Lemma 4.3).
We will also prove in Section 4.2 some basic estimates for how many edges of the boundary of our original
pair of UIHPQg’s are swallowed by this peeling process. These bounds will later be used to deduce moment
estimates in Section 5.

4.1 Glued peeling process

Let (Q—,e—) and (Q4,eyt) be two independent samples of the UTHPQg. Let A_ : Z — £(0Q-) (resp.
Ay 1 Z — E(0Q)) be the boundary path for Q_ (resp. Q4 ) started from @_ (resp. @) and traveling to the
right.

Fix gluing times x,x_, x4 € N with x <x_ A x4 and let @i, be the planar map obtained from ¢)_ and
Q@+ by identifying A_(z) with A\;(z) for each z € [0,x]z and A_(x_ + y) with A (x4 + y) for each y € Ny.
See Figure 8, left, for an illustration. Taking x = x_ = x; corresponds to gluing Q1 together along their
positive boundaries, which is the setting of Theorem 1.1 and the main case we are interested in. Other choices
of x and x4 result in a “hole” in @i, with left/right boundary lengths x_ — x and x; — x. We need to
consider the case when there is such a hole due to the Markov property of our peeling process (Lemma 4.2
below).

We slightly abuse notation by identifying () and @4 with the corresponding subsets of Qip, so we write
Ao (x) = Ay (x), ete.

Choose a finite, non-empty, connected initial edge set A C 9Q_ U 9@+ (which is where we will start our
peeling process). Note that since we are identifying ()— and Q1 with the corresponding subsets of @iy, the
set A can be connected even if it intersects both 9Q_ and 9@y (which is the main case we are interested in).
In the case when either x; or x_ is not equal to x, we require that

A (fz %)) U s ([, x4]) € A (4.1)

so that A contains every edge along the boundary of the hole in Qyp.

We will define a joint peeling process for @_ and Q4 (i.e., edges of both _ and Q4 will be peeled),
called the glued peeling process started from A, whose clusters at certain special times J,. contain the radius-r
graph metric ball centered at A in Q. See Figure 8, right, for an illustration. The glued peeling process
will be described by a sequence of finite planar maps {QJ }jen, contained in Qyip, a sequence of infinite
quadrangulations with boundary {th} jeN, contained in )+ which intersect Qi only along their boundaries
with the property that Q,p, = QiU QU Qﬂr for each j € N, and an increasing sequence of non-negative
integer stopping times {.J, }ren,. We define Q7 = Q7 N (0Q” U BQi) Note that in the case when the map
Qzip has a hole, the outer boundary of this hole need not be part of 007

Remark 4.1. The glued peeling process described just below is similar to the so-called peeling by layers
algorithm for infinite planar quadrangulations or triangulations without boundary which is studied in [CLG17].
However, unlike the clusters produced by the peeling by layers algorithm, our glued peeling clusters do not
closely approximate filled metric balls (instead they are just larger than metric balls) since we peel edges
which are disconnected from oo on one side of the gluing interface but not the other. Furthermore, the glued
peeling process is equivalent to the peeling process introduced and studied independently of the present work
in [CC16, Section 2], but the estimates proven for this process in the present paper are stronger than those
in [CC16].
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Figure 8: Left: Illustration of the gluing procedure for @ and @4 which produces a glued quadrangulation
Qip with possibly a single hole. The purple (resp. green) boundary arcs of Q— and Q4 are identified, but
the black arcs are not identified. Right: Illustration of the glued peeling process run for several peeling steps
in the case when x = x_ = x; (so there is no hole) and A is a single edge e. Quadrilaterals are numbered
by the order in which they are peeled. Quadrilaterals peeled during the first (resp. second, third) layer are
colored blue (resp. orange, purple). Disconnected regions are colored light green. Here J; = 3, Jo = 8, and
Js = 13. The map Q' is the union of the 13 colored quadrilaterals and the light green regions which they
disconnect from oo in either Q_ or Q. The unexplored quadrangulations Q' and Qf are glued together in
the manner described in this section with a “hole” which is filled in by Q3.

To start the definition, let Q° be the smallest subgraph of 9Q_ U 0@, containing A. We can view Q°
as a planar map with at most two faces, one of which is unbounded and the other of which is the “hole”
surrounded by A, in case such a hole exists. Let Q) = Q. Also let Jy = 0.

Inductively, suppose j € N, Q%, Q" , and QQ have been defined for ¢ < j — 1, and J,. for » € Ny has been
defined on the event {J, < j —1}. Let r;_1 be the largest » € Nq for which J, < j — 1, and suppose that
BQJTJ' -1 shares a vertex with Q7! 4 .

Let ¢/ be an edge in £(8Q7~1) (which we recall is contained in £(0Q’ ' U 8@3;1)) which has at least
one endpoint in V(Q”7-1), chosen in a manner which depends only on @7~ and V(Q”7i-1) (the precise
manner in which the edge is chosen is not important for our purposes). Such an edge exists by our inductive
hypothesis. If ¢/ € Q7" we set &/ = — and otherwise (in which case ¢/ € Q") we set &=+

Recalling the notation of Section 3.1.1, we peel Q27" at é7 to obtain the quadrilateral f( jgj_l, ¢7) and the

planar map %’(le, ¢7) which it disconnects from oo in le We let
Q= QT UHQL T ) UF(QL ¢,
La=Peel(QL ), and @, = Q7.

By induction Qi are infinite quadrangulations with boundary, Q7 is a finite quadrangulation with boundary
(possibly with a single hole corresponding to the hole in Quip) and Quip = Q7 UQ’, U Q7. If dQ7 shares
a vertex with 8@‘]"1*1, we declare that Jri 41 > 7, and otherwise we declare that Jr; 41 = J- These

definitions imply that 8QJU‘ shares a vertex with dQ7, which completes the induction.
Define the filtration

Fi = U(Q’i, PQL ) s ie [1,j]Z), Vj € No, (4.2)

where here (-, -) is the peeling indicator variable from Section 3.1.1 Note that Q7 and é711 are Fi-measurable
for j € Ny, and J, for r € Ny is a stopping time for {F7};en,-
The glued peeling process satisfies a Markov property, described as follows.

Lemma 4.2. With the above definitions, the following is true for each F’-stopping time v. The quadran-
gulations Q' and QY are conditionally independent given F*, and the conditional law of each is that of a
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UIHPQs. Furthermore, if v = J, for some r € Ny, then there exists F'r-measurable x’7, x‘]r, xJJFT € Ng with

x <x" A xi" such that Qir are glued together in the manner described at the beginning of this subsection

with this choice of gluing times and {QI+7r tien, is the set of clusters of the glued peeling process of Q7 UQ_{_’"
started from A = E(OQT).

The second statement of Lemma 4.2 is the main reason why we allow general choices of x, x_, and x4 in
the above construction—cutting out the cluster 7~ produces a hole in Quip-

Proof of Lemma /.2. This is immediate from the above inductive construction of the glued peeling process
and the Markov property of peeling (recall Section 3.1.2). O

The following lemma is the main reason for our interest in the planar maps QI

Lemma 4.3. For each r € Ny, )
By (A; Quip) C Q. (4.3)

Proof. Tt suffices to show inclusion of the vertex sets of the graphs in (4.3), since an edge in either of these
graphs is the same as an edge of ()i, whose endpoints are both in the vertex set of the graph. We proceed
by induction on r. The base case r = 0 (in which case J, = 0) is true by definition. Now suppose r € N
and (4.3) holds with  — 1 in place of 7. If we are given a vertex v of B,.(A; Qyip) \ V(Q771), then there is a
w € By_1(A; Qyip) with dist(w, A; Quip) =7 — 1. By the inductive hypothesis, w belongs to V(@Q‘]"*l). By
definition of .J,., we have w ¢ V(8Q”") so we must have v € V(Q”"). O

It is not clear a priori that Q‘]’" is typically contained in a graph metric ball of radius comparable to r.
Indeed, at each step of the glued peeling process we are allowed to peel at an edge which is only disconnected
from oo on one side of the gluing interface, so @7~ can potentially be much larger than B,.(A; Qzip). However,

we have the following lemma which gives an upper bound for the size of Q7 in terms of the size of its
intersection with 0Q_ U 0Q .

Lemma 4.4. For each r € Ny,

90" N Q- € Boy(Q7 190 Q" NQ-), (4.4)

“_

and similarly with “+” in place o
Proof. As in the proof of Lemma 4.4, it suffices to show an inclusion of vertex sets. We proceed by induction
on r, noting that the base case r = 0 is trivial. Suppose r € N and (4.4) holds with » — 1 in place of r.
Let v € V(OQ'  NQ_). If v € V(dQ_), then v € V(Bo (QJT NoQ_; Q7' n Q_)), so we can assume that

v & V(0Q-_).

Every vertex of Q7 N (Q_ \ dQ_) which does not belong to one of the peeled quadrilaterals f(Qj_ e )
for j € [J,_1 + 1, J,]z with &/ = — is disconnected from oo in @Q_ by some such quadrilateral, so does not
belong to dQ”r. Therefore v must be a vertex of one of these peeled quadrilaterals. By definition of .J,, this
quadrilateral has a vertex in 9Q7 —1. Hence v lies at @ _-graph distance at most 2 from dQ7 1, so by the

inductive hypothesis v € V(BQT (QJT NoQ_; Q7 n Q_)>. O

4.2 Bounds for the size of jumps

Suppose we are in the setting of Section 4.1. In light of Lemma 4.4, in order to prove an upper bound for the
size of Q77 we need estimates for the number of edges of 9Q_ U dQy (which includes the gluing interface)
contained in the glued peeling clusters Q7. To this end, for j € Ny, let

Vi = ¢ (Qﬂ‘ N(AQ_ U 8Q+)) (4.5)

so that Y0 = #A. For n € N, also define
A . j A . A .
Vi = Z(Yl - Yl‘l) An (4.6)
i1
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so that 5/},{ is the sum of the upward jumps made by Y before time J truncated at level n.

The goal of this subsection is to prove an upper bound for ffn‘] " (which implies an upper bound for the
total length of the small jumps made by Y before time Jr) and an upper bound for the number of big jumps
made by Y before time J. These bounds will be used in Section 5 to prove various moment bounds for the

glued peeling procedure. We first state our bounds and give a rough idea of how they are proven, then give
the details.

Lemma 4.5 (Upper bound for total length of small jumps). In the notation of (4.6), for each r,n € N and
each p > 1, we have

~ . \P
E[(Y,;’r) } < (2 V)P (4.7)
with implicit constant depending only on p.

Lemma 4.5 is a consequence of Lemma 3.4. We consider for r € IN the one-sided peeling processes obtained
by restricting the glued peeling process to each of the UITHPQg’s Q7 and QJJ:, restricted to the time interval
[Js + 1, Jst1]z. Lemma 3.4 gives us a bound for the sum of the truncated jump sizes for each of these peeling
processes, which we then sum over all s <r — 1 to get Lemma 4.5. R R

The other main result of this subsection bounds the number of j € [1,.J,]z for which Y7 — Y7~ is
unusually large.

Lemma 4.6 (Upper bound for the number of big jumps). Forr >0 and n € N, let K,.(n) be the number of
j €11,J:]z for which Yi —Yi=1 > n. There is a universal constant a > 0 such that for each k € N,

P[K,(n) > k] < (an~'/?r)*,

The proof of Lemma 4.6 is based on the fact that the times of the big jumps (i.e., the values of j for
which Y7 — Y7=1 > n) are stopping times for the filtration {F;};en of (4.2). Using basic peeling estimates,
we will show in Lemma 4.8 that if we condition on everything which happens before a stopping time ¢ for
{F;}jen, then with conditional probability at least 1 — On(n_1/2) we do not see any more big jumps before
reaching the next time of the form J,. which comes after ¢. Applying this lemma with ¢ equal to either the
time of the kth big jump or one of the times J,. and combining the resulting estimates in the appropriate
manner will yield Lemma 4.6.

We now prove our upper bound for the total length of the small jumps.

Proof of Lemma 4.5. By Holder’s inequality it suffices to prove (4.7) for p € N. For r € Ny, let Aﬁi (resp.
Afi) be the arc of 8Qir N 0Q+ lying to the left (resp. right) of Q7. Then Qi”l is obtained from Qir by
removing some of the quadrilaterals of Q7" which are incident to vertices of dQ7" \ Aﬁ 1 together with the

vertices and edges which they disconnect from oo in Qir. It therefore follows from Lemma 3.4 and Lemma 4.2
(together with left/right symmetry) that for each p € N,

E[(V = Vlp | Frm] 2 nrts2 (4.8)

with implicit constants depending only on p.
Now let 7 € N and for s € [1,7]z, let X, := Y7 — ¥,/*~*. Then for p € N we have

(ZXHj > E[X, X, (4.9)
s=1 (51’“

.,SP)E[LT]%

[V )] =E

For ¢ € [1,p]z, let S, be the set of p-tuples (s1,...,sp,) € [1,7]}, with exactly ¢ distinct indices. By (4.8), for
(s1,...,8,) € S, the corresponding term in the sum on the right side of (4.9) is bounded above by n?~9/2.
We have #S5,; < r¢ (implicit constant depending on p) since we need to choose ¢ of the r possible indices.
Therefore, (4.9) is bounded above by a p-dependent constant times

P
an_Q/qu =< (7’2 vV n)P O

q=1
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For the proof of Lemma 4.6 we will need the following notation.
Definition 4.7. For j € Ny, let p(j) be the smallest » € N for which J,. > j + 1. For a vertex v €
V(@Qj N 8@1), let Ef),i be graph distance from v to 8@1 \ 0Q7 in 8jS, i.e., the number of edges in the
boundary arc of (’“)jS between v and BQZE \ 007

Note that for r € Ny, we have p(J,) =r+ 1.
Lemma 4.8. Let ¢ be a stopping time for the filtration {F7}jen, of (4.2). Then forn € N,

P [Hj €L+ 1,J,0))z with V7 — Vi1 > n| P] < n1/2
with universal implicit constant.

Proof. Define ¢, | for v € V(@QL N 8@;) as in Definition 4.7. By the construction in Section 4.1, the time

J

(1) is the smallest j > ¢+ + 1 for which no element of V(@QL N aQJmH) belongs to Q7. Furthermore,

every edge ¢! for i € [+ 1, Jywlz is incident to some vertex in V(@Q‘ N 8@#(071)_ Hence if there is a

j € [t+ 1, Jy)]z for which Y7 —Y3=1 > n, then either there is a v € V(BQL N 8QL_> and a quadrilateral of
Q" incident to v which disconnects at least £, _ +n edges of Q" from oo in JQ"; or the same holds with
“+” in place of “—.” By Lemmas 3.1 and 4.2, if v € V(@QL N OQY is chosen in an F*-measurable manner, then
the conditional probability given F* that such a quadrilateral exists is at most a universal constant times
(€, +n)752

For each k € N, there are at most 2 vertices v € V(@QL N 8@1) with £;, _ = k; and the same holds with

“+” in place of “—.” Consequently, we can sum the estimate at the end of the preceding paragraph over all
v € V(OQ7) to get that

P[3j € [t 41, J,0))z with V7 — V91 > n|]-'L} = Y S (e tn)

€e{— 4} veV(0QinaQy)

< Z(n+k)—3/2 < p/2
k=1

with universal implicit constant. O

Proof of Lemma /.6. Let Ty = 0 and for k € N let T}, be the kth smallest j € N for which Yi_—Yi-l>np,
If Ty, < J, then there exists

JEMhr+ 1,0z C [T+ 1, J 1,1 )4rlz
such that Y7 —Y7-1 > n. By applying Lemma 4.8 for each of the stopping times T 1, J,(1, 1 )s Jo(Ti1)+15 - - -5 Jp(Th_ 1) 4r—1
and taking a union bound, we find that
IP[T;C < J, |.7-'T’“*1] < n~ 12

Iterating this estimate k times yields the statement of the lemma. O

5 Moment bounds for the glued peeling process

Suppose we are in the setting of Section 4.1 for some choice of gluing times x,x_, and x; and initial edge
set A satisfying the conditions of that section. Define the clusters {Q’ }jen,, the stopping times {J; }ren,,
and the complementary UTHPQg’s {jS }jen, for the glued peeling process of Q;, started from A.

The main goal of this section is to prove the following upper bound for the boundary length of the clusters
Q7" and the number of edges of Q_ U 0@+ which they intersect. It is natural to expect these quantities
to be of order r2 because it is natural to expect that Q7 is roughly comparable to a graph metric ball of
radius 7.
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Proposition 5.1. Suppose we are in the setting described just above. For each p € [1,3/2), we have

2p

E[#€(Q7 N (0Q-00Q)' | < (r+@#a)"?) (5.1)

and

EK max #5(5@]))1 < (r+(#A)l/2)2p (5.2)

JEL, Jr]z

with implicit constant depending only on p.

Proposition 5.1 is our most important estimate for the glued peeling clusters. The reason why we get
moments up to order 3/2 is related to the 5/2 exponent appearing in (3.7).

We will deduce several consequences of Proposition 5.1 in Section 5.4 below. Since QJ" dominates from
above a @Qip-graph metric ball of radius 7, an upper bound on Q7" leads to lower bounds on Qzip-graph
distances. This will lead to the fact that the gluing interface does not form loops at large scales, which will
be quantified by a reverse Holder continuity estimate for the gluing interface with respect to the Q,ip-graph
metric (Lemma 5.10). We will also use (5.1) to obtain an upper bound for the size of a @Q,i,-metric ball in
terms of @1-metric balls (Lemma 5.12). Finally, we will obtain a lower bound for the length of a path in
Qip which stays near 0Q_ U 0Q+ (Lemma 5.13). We will use these consequences as well as Proposition 5.1
itself several times in the later sections.

The proof of Proposition 5.1 is carried out in Sections 5.1-5.3 below. One may skip the details of the
proof on a first reading of the article, since this section is connected to the rest of the paper only through the
statement of Proposition 5.1 and its consequences deduced in Section 5.4.

The proof of Proposition 5.1 is based on an analysis of certain discrete processes associated with the
boundary lengths of the clusters @7, which are illustrated in Figure 9. For j € Ny, let Y7 be the number
of edges in 0Q)+ U 0Q_ which are contained in the glued peeling cluster Q7 at time Jj, as in (4.5). Then
Yo = #A and (5.1) of Proposition 5.1 is equivalent to a pth moment bound for =

A

v
Figure 9: Illustration of the boundary length processes for the glued peeling process used in Section 5. The

cluster Qj is shown in light blue and the notation for each process is shown in the same color as the arc
whose length it represents. We also have X7 = X7 + X7 Y7 = Y?+Y?, and 29 = X9 — Y9,

Let
x4 = #(£(007 0 0QL) \ £(0Qu)) (5:3)
be the number of edges of Q7 which belong to the interior of Q4. Also let
vi = #(£00:)\ €(0QL)) + #A (5.4)

be the number of edges of Q-+ which are disconnected from oo in Qi by Q7 plus the number of edges in
the initial edge set. Define

X=X +X), Y=Y/ +Y], and Z7:=XI Y7 (5.5)
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Note that X0 =0, Y = 24#A, Z° = —2#A, and
Y/ <yl <2yid. (5.6)
Furthermore, in the notation of Section 3.1 (recall also the signs £’ from Section 4.1), we have
7 =27 = (XY =) — (XL =i = Bx(QL 1 ¢) - Co (@4 ¢) (5.7)

Hence Lemma 4.2 implies that the increments {Z7 — Z7~!},cn are i.i.d. and adapted to the filtration (4.2).
Furthermore, since the number of covered and exposed edges for a peeling step have the same expectation,
we find that Z is an F/-martingale.

The proof of Proposition 5.1 consists of three main steps, which we outline below.

Step 1: First moment bound for the total number J,. of quadrilaterals revealed by the time that r layers have
been peeled (Section 5.1). The idea is first to bound the conditional expectation of J, 1 — J,. given
F7'r in terms of X7 and Y. This is a natural bound since the number of quadrilaterals revealed in
the (r 4+ 1)st layer should only depend on the total boundary length of the cluster when r layers have
been peeled. To complete the proof, we then deduce a recursive bound for X7 + Y/ which leads to a
first moment bound for X7 4+ Y/~ and thereby our desired first moment bound for .J,..

Step 2: Establish a bound for the pth moment of max;eq1,s,1, (27 — Z°) for p € [1,3/2) (Section 5.2). This will
follow from the first moment bound for J,. from the previous step together with a standard estimate
for sums of i.i.d. heavy-tailed random variables. In particular, since Z7 is a sum of i.i.d. random
variables which have probability of order k=%/2 of being equal to k (recall (3.7)), it follows that |Z7| (at
a deterministic time j) is of order j2/3. Therefore the first moment bound for .J, will indeed suffice to
control the p € [1,3/2) moments of the maximum of Z7 — Z° up to time J,.

Step 3: Complete the proof of Proposition 5.1 (Section 5.3). The bound (5.1) is equivalent to a moment bound
for Y7r. We will prove such a bound by first bounding the moments of }A’Tk/\‘]h where T}, is the kth
time at which Y7 has a macroscopic jump (i.e., at least 72 edges of Q_ U 0Q are disconnected from
oo simultaneously). This is done in Lemma 5.9 using a recursive argument together with our upper
bound for Z7 and our bound for the moments of ¥/~ when we skip the big jumps (Lemma 4.5). We
then conclude (5.1) using Lemma 4.6, which gives an upper bound for the number of big jumps. The

bound (5.2) follows easily by writing X7 < ZJ + 2Y7 and using (5.1) and our bound for the maximum
of Z7.

As we mentioned earlier, in Section 5.4 we deduce a number of consequences of Proposition 5.1.

When reading the estimates in this section, it will be helpful to keep in mind that a radius r metric ball
in a uniformly random quadrangulation typically has outer boundary length of order r2, the glued peeling
process up to radius r typically reveals of order 3 quadrilaterals, and the total number of quadrilaterals cut
off from oo is typically of order r4.

5.1 First moment bounds

In this subsection we will prove recursive bounds for the number J,. of quadrilaterals revealed in the glued
peeling cluster Q7 when r layers have been peeled and the number Y7/» of edges in 6Q_ U 0@+ which are
contained in the glued peeling cluster, also when r layers have been peeled. These bounds will eventually
lead to the following first moment bound for J,.

Lemma 5.2. For each r € N,
3
ElJ) < (r+ (#8)?) (5.8)
with universal implicit constant.

We emphasize that the exponent 3 on the right side of (5.8) is natural because the same power arises
for the number of quadrilaterals revealed when one peels a radius-r metric ball rooted at a vertex on the
boundary of the UIHPQg or at the root vertex of the UIPQ.
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To prove Lemma 5.2, we first prove a recursive bound for the conditional expectation of J,;11 — J, given
F7 in terms of X/r + Y/r. This comes because the number of peeling steps necessary to cover a vertex on
the boundary has a geometric distribution (Lemma 5.3), and in particular has finite expectation. We then
prove a first moment bound for X7~ + Y/ using another recursive argument (Lemma 5.6). Combining these
two lemmas and summing over s < r will imply Lemma 5.2.

Lemma 5.3. There is a universal constant ¢y > 0 such that each r € Ny,

E[Jrp1 | F7] < T+ (X7 +Y7).

Proof. For v € V(@QJ’“ n Qi"), let I”Li (resp. Iffi) be the terminal time of the left (resp. right) one-vertex

peeling process of Qi” at v (Definition 3.2). If v € V(@Q"T N Q:Jg), then every quadrilateral of Qi* incident

to v which is peeled by the glued peeling process between times J, + 1 and J,.41 is peeled by either the left or
right one-vertex peeling process of QiT at v. Furthermore, by definition every quadrilateral which is peeled
by the glued peeling process started from A and targeted at co between times J, and .J,.;; is incident to
some v € V(dQ’). Therefore,

Jrp1 — Jr < Z Z (IyL,g +Ifg)~

Ee{—+}vev(aQirnQ{")
By Lemmas 3.3 and 4.2, BE[Z}, + Z[, | /] is bounded above by a universal constant. Hence
E[Jr1 — Jr | F7] 2 #V(0Q7).
On the other hand,
#VOQ™) < #£(0Q7) +2 2 X+ T (5.9)

v/ghere in the last inequality we recall that Yy > #A > 1. The statement of the lemma follows since
Y7r < Y7 (recall (5.6)). O

Lemma 5.3 gives us the necessary integrability in order to deduce that the stopped process Z7r is a
martingale with respect to the filtration F/r.

Lemma 5.4. Forr € No we have E[Z7r+ | F/r| = Z/-.

Proof. By Lemma 5.3, we have E[J, ;1 — J,. | F/] < oo for each r € N. The discussion just after (5.7) tells
us that Z is a F/-martingale. By (3.7),

E[|Z) - Z77Y|F ) =E[|Z2' - 2°|] <

for each j € IN. Therefore, the statement of the lemma follows from Lemma 5.3 and the optional stopping
theorem applied to the martingale {Z7};> j» (see [Durl0, Theorem 5.75] for the precise statement we use
here). O

The following lemma gives us a recursive bound for lA/JT, which will be used to prove a moment bound
for X/r + Y7, The (X7r +Y7/7)1/? term which appears on the right side below comes from peeling the
quadrilaterals on the boundary of Q7r. The specific power 1 /2 arises because we are taking the mean of a
distribution which equals k& with probability of order (¢ + k)"r’/ 2. where ¢ is the distance from the peeled
edge to 0Q_ U JQ+ along Q7" , and then summing ¢ over the boundary length of the glued peeling cluster
(recall (3.7)).

Lemma 5.5. There is a universal constant ca > 0 such that for r € N,

B[P | 77| < 97 4 (X + P2, (510)
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Proof. Define €ij‘i for v € V((’?Q"’" N BQiT) as in Definition 4.7. For v € V(@QJT' N 8Qi’) let E{,]Ti be the

set of edges of 8Qi’" N 0Q+ which are disconnected from oo in Qi" by the union of the quadrilaterals of Qi’
incident to v. ) '

Every edge of Q7+ N (0Q_ U dQ) which does not belong to Q7 N (AQ_ U Q) belongs to E{,]T_ or
E{,])’“Jr for some v € V(dQ’r). Therefore,

vl —yh <} > #E]. (5.11)

ge{—,+} uev(aQJrnanr)

We will now bound the right side of (5.11) using peeling estimates.
Ifve V(@Q"T N BQiT) and #E;J]fi > n for some n € N, then there are at least n + 8;{& edges of 8QiT

which are disconnected from oo in Qi‘ by the union of the quadrilaterals of Qi incident to v. Therefore,

Lemma 3.1 implies that
oo

E[#E]% | F7| 23 (n+ )™ 2 ()7

n=1

For each m € N, there are at most two elements of V(AQ” N Q) with é;{ji = m. Hence

B[V -7 Fr < Y > E[#EL|F"]
ge{—+} veV(@QJTOBQgT)
=Y > W) 2 #vE™)2,

Ee{—+}vev(aQirnaQ!")
where the implicit constants in < are universal. By combining this estimate with (5.9) we conclude. O

From Lemmas 5.4 and 5.5 we obtain a first moment bound for X7/r + Y. As we mentioned earlier, it is
natural to expect that Q”r is a good approximation for a filled Q,i,-metric ball of radius r hence it is natural
to expect that its boundary length should be of order 2.

Lemma 5.6. For each r € Ny,
E[X7+Y7] < (r + (#A)1/2)2
with universal implicit constant.
Proof. For j € Ny, let W7 := AYJ 4 Zi. Since Y9 < 2Y7 (recall (5.6)) and Z9 = X7 — Y7, we have
WJ>X7+Y7 >0. By Lemmas 5.4 and 5.5, for r € N,
IE][W"T“ ‘]_—JT} < 47 I + 77 +402()’}JT +XJT)1/2 < W —|—63(W']T)1/2
for ¢3 > 0 a universal constant. Therefore
E[W/+] <E[W] + csE[W7]"”

where here we have used Holder’s inequality to move the square root outside the expectation. Iterating this
estimate yields

r—1
E[W”"] < Y EW]% (5.12)
s=0
Since W0 = 2#A, we infer from (5.12) and induction that E[W7r] < oo for each r € N.

In fact, one has the following elementary inequality, which can be proven by induction: if {z,},cn, are
real numbers and ¢ > 0 such that z, < czz;é x;/Q for each s > 0, then z, < (gc(l)/2 + r)z, with an implicit
constant depending only on c. By (5.12), we can apply this with z, = E[W7r] to get that
2

E[X7 4+ Y] <BWH] 2 (r+ (#4)"2)
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Finally, we deduce our expectation bound for J,.

Proof of Lemma 5.2. By Lemmas 5.3 and 5.6, for s € Ny we have
2

BlJot — Ju | F] < coB[X% + Y] < (s + (#A)"?)

Summing from s =0 to s = r — 1 yields the statement of the lemma. O

5.2 Upper bound for the martingale

We next deduce from Lemma 5.2 a tail bound for Z“» which improves on the tail bound implied by Lemma 5.6.

Lemma 5.7. For each C > 1 andr > 1,

IP{ max (27 — 2% > cﬂ] < (log C)2C—3/? (5.13)
J€[0,J,]z

with universal implicit constant. In particular, for each p € [1,3/2),

IEK max (27 —ZO)>1 < r? (5.14)

J€[0,Jr]z
with implicit constant depending only on p.

In the statement of Lemma 5.7, we recall that Z° = —2#A. The tail bound in (5.13) is natural because
|Z7| is of order j2/3 for a deterministic value of j and .J, is typically of order r2. For the proof of the lemma,
we will need the following basic tail bound for sums of i.i.d. random variables with heavy tails. (One can skip
the proof of Lemma 5.8 on a first reading.)

Lemma 5.8. Let o € (1,2) and b > 0. Let {X;}jen be a sequence of i.i.d. mean-zero random variables such
that X; <b a.s. and for r > 0, we have P[X; < —r] ~7~%. Let So = 0 and forn € N, let S, := 37| Xj.
For C' >0 andn € N,

P| max S, > Cn'/*| < age ™€
me[l,n]z

where ag, a1 > 0 are constants which do not depend on n or C.

Proof. Let Iy = 0 and for k € IN, inductively let
I = mln{] >l 1+1: Sj > S[k_l}.

Note that the vectors of random variables (X, ,+1,...,X1,) for & € N are i.i.d. and we always have
St — 81—, € (0,b]. Furthermore, S7, = max,,c(o,1,]; Sm- For n € N and t > 0, let H}" := nilsma”. By
the classical scaling limit theorem for stable processes, H® — H in law in the local Skorokhod topology,
where H is an a-stable Lévy process with only downward jumps.

Let 0™ :=n~“I, and for s > 0, let 75 := inf{t > 0 : H; = s}. Then

n 1 -
Hcr’" = ﬁ Z(Slk - Slk—l)

k=1

.. — [ in probability, where 8 := E[S},] € (0,b]. The time o™ is equal to
the first time that H™ hits s™ for some random s™ > 0. Since the upward jumps of H™ have size at most
Bn~1, necessarily satisfies s™ — 3 in probability. Since H has no upward jumps, we infer that ¢ — 75 in
law.

By the converse to the heavy-tailed central limit theorem,

so by the law of large numbers H”,

P[I; > s] ~s /% as s— oc.
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If max,,e(1,n) Sm = Cn'/*, then I\(¢—pyn1/a < n. We therefore have (for an appropriate n, C-independent
constant a > 0)

—(C—b)nt/=
) Al < age” ™€,

P| max SmZC’nl/a] SIP[ max (I — I—1) Sn} < (1—57171/0‘
me(L,nlz kE[L,(C—bynt/a]g

with ag,a; > 0 as in the statement of the lemma. O

Proof of Lemma 5.7. Recall from the discussion just after (3.7) that the increments Z7 — Z9=! for j € N are
i.i.d. with zero mean. Furthermore, Z7 — Z7=1 < 2 a.s. and by (3.7), for s € N

P27 — 277! < —s] ~ s7%/2,

By Lemma 5.8, for n € N and A > 0 we have
113{ max (27 —Z%) > AnQ/S} < e ud (5.15)
je[o,n]z

for a1 > 0 a universal constant.
If we are given C' > 1 and we set N = |(log C)~2C3/273|, then by (5.15)

P| max (Z7— 2% >Cr?, J, < N} < ]P{ max (27 — 7% > (log C)4/3N2/3] < e O)® 4 0=3/2,
j6[07‘]7‘]z je[lvN]Z
On the other hand, Lemma 5.2 and the Chebyshev inequality imply that
P[J, > N] < (log C)*C~3/2.

The estimate (5.13) now follows from a union bound.
The moment bound (5.14) follows from (5.13) and the formula

oo
E[W?] = / ptPTIP[W > t] dt
0
applied to the non-negative random variable W = r—2 max;e(o, 7, ]z (Z1 - 29). O]

5.3 Proof of Proposition 5.1

We now turn to complete the proof of Proposition 5.1. In view of the results of Section 4.2, in which we
bounded the moments of the number Y7 of edges of 0Q_ U dQ cut off from co by the glued peeling cluster
Q7 after truncating away the macroscopic jumps, the main input in the proof of (5.1) in Proposition 5.1
is the following bound for the pth moments of Y stopped at the times when it makes a macroscopic jump.
These macroscopic jumps occur whenever the glued peeling cluster cuts off a macroscopic region from oo
upon revealing a quadrilateral which is adjacent to the gluing interface.

Lemma 5.9. Suppose ¢ > 1 and r € N. Let Ty = Ty(cr?) = 0 and for k € N let Ty, = Ty(cr?) be the kth
smallest j € N for which Y7 —YJ=1 > ¢er?. For each p € [1,3/2), there exists a constant A, > 1, depending
only on p, such that for each r € N, each ¢ > 1 and each k € N,

E[(?TMJT)Z)} < Aber(r+ (#AA)VQ)QP (5.16)

with implicit constant depending only on p.

The key point of Lemma 5.9 is that A, and the implicit constant in (5.16) do not depend on c. As we
will see below, choosing ¢ > 1 sufficiently large and applying Lemma 4.6 will allow us to cancel out the
exponential factor A’; in (5.16) using the fact that the largest k for which Ty < J,. has an exponential tail
(Lemma 4.6).
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~ P
Proof of Lemma 5.9. We will prove the lemma by deriving a recursive bound for £ [(YTkAJT> } in terms

—~ p
of IE[(YT’%MJT> } For k € N let ¢T* be the 8@?{1—graph distance from the Tjth peeled edge é7* to
EOQTE )\ £(QT+). Note that

&k
ng < XTk—l +YTk—1 < ZTk—l +4}’}T,€—1.

If K € N and we condition on o(T}) V FT*~1  then the conditional law of the Tjth peeling step is the

same as its conditional law given that the peeled quadrilateral f(QgTq’?k ,éTk) disconnects at least cr? edges

in& (aQET%C) \ £(Q™) from oo in Q?k. This is the case provided f(QET%C ,éTk) disconnects at least ¢7% + cr?
edges of 6@?& lying either to the left or to the right of ¢”* (where the choice is F7*~!-measurable) from oo

in QéTéik. By (3.7), for m € N with m > ¢r? we have
P [?T’“ — YT >mlo(Ty)V .FT’“_l} < (KT"‘ + cr2)3/2(m + ka)_B/Q.
Therefore,
]E[()A/T’C — )A/T’Fl)p |o(Ty) Vv }'T’Fl] = (ZT’“ + cr2)3/2 i mP = (m 4 (T)=3/2

m=|cr?]

< (éTk +C7’2)3/2 Z (m_i_ETk)pfS/Z

m=|cr?]

~ p
= () (B0 (VR ) e (5aT)
If T}, > J,, then YTeATr _ Y (Te=DAJr — (. Hence (5.17) implies that
~ p
]E[(YT’C/\JT') |0’(Tk) V. ./_-'T’“71:|
<E[ (PO o (P - PO () v P

~ P P/ P
<<Y(T,rl)AJT> n [(Z(kal)/\‘],« v 0) + (y(Tzrl)AJr> + CPTQP] Lir,<J,)- (5.18)

By Lemma 5.7,
E[(z(Tk—l)/\Jr \/ O)p] j T2p- (5.19)

In the notation of (4.6), Y(Tx=DATr _ yThandr < ?c‘ig so by Lemma 4.5,

E[(}’}(Tk—l)/\Jr)p] _<1E{(5}Tk,1/\Jr)p} FE[(Fon _}’}(Tk—l)/\JT)p}
le[(f/Tk—l“r)p] F P2, (5.20)

Taking expectations of both sides of (5.18) (ignoring the indicator function) and plugging in the estimates (5.19)
and (5.20) gives

E[(?Tk“rﬂ < E[(?Tk—“*’r)p] + P2, (5.21)

implicit constants depending only on p.
We now use the following elementary inequality, which is easily checked by induction: if {xj}ren, are
real numbers and Cy,Cy > 1 such that x, < Cizp_1 + Cs for each k£ € Ny, then

C{C(CQ + (01 — 1)330) — Oy
C;—1 ’

), < (5.22)
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We have Y7o = Y0 = £ A, By (5.21), we can apply (5.22) with z;, = IE[(YT’C/\JT) }, C; <1, and

Cs = cPr?P (implicit constants depending only on p), drop the —Cs term, and absorb some C;-dependent
constants into the implicit constant in < to get

ST AT\ k(.p,2 k 1/2)?
IEKY " ) } < AE(Pr? 4 #A) < Apcp(rp + (#A)Y ) : (5.23)
for an appropriate constant A, > 1 as in the statement of the lemma. O

Proof of Proposition 5.1. Fix p € [1,3/2) and r € N. Let ¢ > 1 to be chosen later, depending on p and for
k € N let Ty = Ty,(cr?) be the kth largest j € N for which Y79 — Y91 > ¢2, as in Lemma 5.9. Also let
K, = K,(cr?) be the largest k € N for which Ty < J,. and let }Afc‘iz be the sum of the truncated jumps be as
n (4.6). For each p € [1,3/2), we have the crude bound

~ 7 \P ~ 7 \P ~ P
with implicit constant dependlng only on p. There is a large amount of over-counting in (5.24) since YT,
includes all of the jumps of Y up to time Tk,. The term Y -5 is only needed to deal with the jumps between

times Tk, and J,. Nevertheless, it turns out that this rather crude estimate is sufficient for our purposes.
By (5.24) and Lemma 4.5,

E[(7)'] < v+ B[(77)'). 529

~ p
so it remains to bound [E KYTKT) }

To this end, let ¢ € (1, 3p~!). By Hélder’s inequality,

K, p
(Z '}//\'Tk/\J,,,> ‘| S
k=1

<

e[ (77 <

E {Kf_ll(mzk) (?TkAJr)p]

NgERTNgE

a(p—1) 17% —~ qp %
]E{Kr ! ]]‘(Krzkf):| ]E[(YTk/\J") } . (5.26)

x>
I

1

By Lemma 4.6, there is a universal constant a > 0 such that the law of K, is stochastically dominated by
that of a geometric random variable with parameter ac~'/2. Consequently, if we take ¢ > a?, say, then

a(p—1) 17%
IE|:KT q—1 ]l(KTZk)] jcibk

with b > 0 and the implicit constant depending only on p and ¢. By Lemma 5.9,

2p

E[(QT,CAJTYP}% jA’(%qc”(r+(#A)1/2)

with Ag, > 1 and the implicit constant depending only on p and ¢. If we choose c sufficiently large that
b > Aél/,q, then (5.26) implies that

B[(77)] = (r+ #a)2)”,

where now the implicit constant is also allowed to depend on ¢. By combining this with (5.25) we obtain (5.1).
Next we deduce the boundary length estimate (5.2) from (5.1). For j € [1, J,]z,

#5(8Qj) < X7 4 g < max (Zj - ZO) 13y
jel,Jrz

where here we have used that X7 = Z/+Y7 < ZJ +2Y7, that Z° = —24A < 0, and that Y7 is monotone non-
decreasing. We have a pth moment bound for Y/~ by (5.1) and a pth moment bound for max;e(1,J,], (27— 29)
by Lemma 5.7. O
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5.4 Consequences of the moment bound

In this subsection we will deduce some consequences of Proposition 5.1 which will play an important role
in later sections for controlling the large scale geometry of the gluing interface and are also of independent
interest. Throughout this section, one should think of r as being large — it will eventually be sent to oo
when we pass to the scaling limit.

5.4.1 Reverse Holder continuity estimate for the curve

Here we prove a reverse Holder continuity estimate for the boundary path A_ of Q_ with respect to the
graph metric on Q,ip, which will eventually be used to show that the gluing interface for any subsequential
scaling limit of the maps Qi is a simple curve. Note that A_|n, coincides with the SAW A, in the case
when there is no “hole” in @i, and that (by symmetry) the same estimate is true with Ay in place of A_.

Lemma 5.10. Fiz L > 0. For 6 € (0,1), r € N, and 8 € (0,2/3),
P [dist(A— (z), A= (y); Quip) > |07], Va,y € [—Lr?, Lr?]y with |z — y| > 6°r?] > 1 — §32=B)=2+0s(1) (5 97)
with the rate of the os(1) depending only on L and 8 (not on ).

Proof. The idea of the proof is to use Proposition 5.1 and a union bound to cover A_([—Lr?, L1?]z) by graph
metric balls which do not contain any points of 0Q _ U dQ+ which are unusually far apart. For this purpose,
the fact that we get a moment of order > 1 in Proposition 5.1 is essential.

For § € (0,1) and = € [—Lr? Lr?z N (|6r?]Z), let Ef(z) be the event that the Qi -graph metric
neighborhood Bs,. (A—([z — 012, 2]z); Quip) does not contain A_(y) for any y € Z with |z — y| > (67 — §)r?.

Also let
Ef = N E5(z).
z€[—Lr2,Lr2|zN(|82r2|Z)

If E%(x)¢ occurs, then by Lemma 4.3 we can find y € Z such that |z — y| > 6°r? and A_(y) belongs to
the glued peeling cluster started from A = A_ ([x —0r?, x]z) grown up to time J|5,. Since a glued peeling
cluster contains every edge of @) which it disconnects from oo in @ _, it follows that this cluster contains at
least (607 — §)r? edges of OQ_. By Proposition 5.1 and the Chebyshev inequality, for each p € [1,3/2)

P[Ej (x)] < 6370P,
implicit constant depending only on p. By the union bound,
P[(E5)] < 6¢Pr=2

with the implicit constant depending only on p and L. Sending p — 3/2 gives P[(E})°] < §3(2=F)—2+os(1)
which tends to 0 as 6 — 0 provided 8 < 2/3.

On the other hand, suppose Ef occurs and we are given € [—Lr?, Lr?]y. Choose 2’ € [—Lr?, Lr?]; N
(10%r?|Z) for which z € [x — §?r?, z]y. Then

Bér()\f (1’), inp) - Bér ()\7([1'/ - (527’2, x/]Z); inp)

does not contain A_(y) for any y € Z with |z — y| > §°r2. O

5.4.2 Holder continuity for distances along the boundary

For our next two results (and at several later points in the paper) we need the following bound for the
modulus of continuity of distances along the boundary of the UIHPQg, which follows from the scaling limit
result for the UTHPQg in [GM17b]. Note that the natural scaling for distances is r~! while the natural

scaling of boundary lengths is 2.
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Lemma 5.11. Let (Qs,es) be an instance of the UIHPQs and let Ag : Z — E(OQ) be its boundary path. For
each a € (0,1) and each L > 0, there exists C = C(«, L) > 0 such that the following is true. For each € > 0,
there exists r. = ri(«, L,€) > 0 such that for r > r,,

r—y

1 12 2 2
P - dist(Ag(z), As(y); Qs) < C - <10g<|xr_ y|)> +e, Vo,y € [—Lr? Lr¥z| >1—a.  (5.28)

The same holds (with a larger constant C') if we replace graph distances in Qg with (internal) graph distances
n Br()‘S([l‘7 y]Z), QS)

Proof. Since the UTHPQg converges to the Brownian half-plane in the local GHPU topology [GM17b,
Theorem 1.12], the first statement follows from the bound [GM16, Lemma 3.2] for distances along the
boundary of the Brownian disk and local absolute continuity of the Brownian half-plane with respect to the
Brownian disk [GM17b, Proposition 4.2]. The second statement follows from the first by concatenating at
most C'L'/? paths of length at most 7 between elements of As([x,y]z) to get a path from z to y which stays

in B, (As([z,y]z); Qs)- -

5.4.3 Comparison of two-sided and one-sided metric balls

In this subsection we will prove an estimate for Q,ip,-metric balls in term of ()+-metric balls.

Lemma 5.12. For each € > 0, there exists R = R(e) > 0 such that for each v € N and each edge
e € E(0Q-)NE(DQ4) chosen in a manner which depends only on 0Q_ U Q4

P[B,(e; Quip) C Brr(e;Q-)UBpr(e;Q+)] > 1—e. (5.29)

In the statement of Proposition 5.12, the edge e is allowed to be random so long as it is a measurable
function of 0Q_ U 0Q .

Proof of Proposition 5.12. Let Q7" be the radius-r glued peeling cluster with initial edge set A = {e}. By
Lemma 4.3, B,.(&;Qip) C Q7. Choose x4 € Ny such that Ay (z1) = e. By Proposition 5.1, there exists
L = L(e) > 0 such that with probability at least 1 — €/2,

Q7 NoQ_ c A ([ = Lr*,z_ + Lr?]z) (5.30)
and the same is true with “+” in place of “—.” By Lemma 5.11, there exists p = p(e) > 0 such that with
probability at least 1 — €/2,

diam(A_ ([z— — Lr®,z_ + Lr*]z);Q_) < pr (5.31)

”

and the same is true with “+” in place of “—.

Any vertex or edge in B, (e; Q,ip) can be connected to e by a path in B, (e; Qip) of length at most r. By
considering the segment of this path run until it first hits 0Q_ or 9Q,, we see that every vertex or edge
in By(€; Quip) N Qu lies at Q1-graph distance at most r from B,.(e; Quip) N 0Q+. Hence if (5.30) and (5.31)
hold, then

Br(e; inp) C Br(Br(e; inp) N aQ*? Q*) U Br(Br(e; inp) N 8Q+; Q+) C B(p—&-l)r(e; Q*) ) B(p—&-l)r(e; QJr)

This happens with probability at least 1 — €, so the statement of the lemma is satisfied with R=p+1. O

5.4.4 Lower bound for distances in a small neighborhood of the SAW

The last result of this section is a lower bound for the length of a path in @, which stays in a small
neighborhood of 0Q_ U 0Q+ (which we recall contains the SAW )i, in the case when x = x_ = x, so that
Qip has no hole). This statement will be used in the proof of Proposition 6.10 to show that a @ ,,-geodesic
is unlikely to spend too much time near 0Q_ U Q) ;.
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Lemma 5.13. Fiz L > 0. Forp >0 andr € N, let d}; be the (internal) graph metric on By, (A_([=Lr?, L1*]z); Quip) -
For each o, ¢ € (0,1), there exists p. = p«(a, ) € (0,1) such that for each p € (0, p.) and each sufficiently
large 7 € N, it holds with probability at least 1 — « that

TR
LY Va,ye[-Lr?, Lr¥s. (5.32)

O (@) A () 2 07

The basic idea of the proof of Lemma 5.13 is to use Proposition 5.1 to bound for each &k € IN the number
of Qyip-metric balls of radius pr which contain edges of A_([—Lr?, Lr?]z) separated by a boundary arc of @
of length of order 2"p*r? (Lemma 5.14). This will eventually allow us to show that when p is small, d/-graph
distances can be bounded below in terms of the lengths of boundary arcs of @_. We need to consider dyadic
scales rather than just taking a union bound and looking at the largest possible separation between edges
of A_([~Lr?, Lr?]z) which lie at Q,,-distance at most pr from each other (as in the proof of Lemma 5.10)
since the latter approach does not yield a lower bound for distances which can be made arbitrarily large for
points z,y with |z — y| =< 7? by making p small enough.

Lemma 5.14. Fizx L >0, p € (1,3/2), and Ce (0,p—1). Forr €N, p€ (0,1), and k € Z, let A}(k) be the
set of x € [—Lr%, Lr®]y for which

max{|z — y| : A_(y) € Bioopr(A—(2); Quip)} > 2 p%r®. (5.33)

Also let _ _ .
B = {#A;(k) < 9~ (=Okp2 k€ N with 2~ P=1=Ok < 2,¢ } (5.34)

For each a € (0,1), there emists pg € (0,1) such that
P[E}| >1—a, Vpe(0,po]. (5.35)

Proof. By Lemma 4.3, Proposition 5.1 (applied with |pr| in place of ), and the Chebyshev inequality, for

each fixed x € [—Lr?, Lr?]z,
p2p,r.2p

r _ o—pk

with implicit constant depending only on p. Therefore,
E[#AL (k)] = 27P%?, (5.36)

with the implicit constant depending only on p and L. We obtaﬁm (5.35) for small enough py by applying the
Chebyshev inequality to # A7 (k) for each k € N with 2= (P=1=0Ok < 91 ,¢ then taking a union bound. O

Proof of Lemma 5.13. See Figure 10 for an illustration of the proof.

Step 1: defining a regularity event. Fix L > 0, p € (1,3/2), and (e (0,p—1). For p € (0,1) and r € N, let

G} = {dist()\,(x),)\,(y);Q,) < pr, Yo,y € [-Lr?, Lr?|z with |z —y| < p2+gr2} (5.37)

and let E7 be the event of Lemma 5.14. By Lemmas 5.11 and 5.14, there exists p1 = p1(a, p, () € (0,1) such
that

lim inf P [E;NG) >1—a, Ype (0,p]. (5.38)
It therefore suffices to show that for an appropriate choice of p and Z depending only on ¢, (5.32) holds on
E} N G, for small enough p € (0, p1] (depending only on p, ¢, L, and «). Henceforth assume that £}, NG}
occurs.

Step 2: approximating a dj,-geodesic by points on 0@ _. Since the estimates in Lemma 5.14 concern distances
between edges on 0Q_ (i.e., those of the form A_(z)) we will need to approximate distances between
pairs of points on a dj-geodesic by distances between pairs of such edges. Let z,y € [~ Lr?, Lr?]z, and let

42



8B4p7‘()\— (22)7 inp)

Q+ N/

A_([=Lr?%, Lr?)z)

Figure 10: Tlustration of the proof of Lemma 5.13. We have shown the case when 0Q_ and 0Q; are glued
along all of A\_([~Lr?, Lr?]z) (purple line), but we also allow them to be glued along only part of this

boundary arc, as in Figure 8, left. Given a dj-geodesic v, ,, we set N := {#d;(k_(z), )\_(y))J and we choose

for each j = 1,..., N a number z; € [—Lr?, Lr?]z such that the edge A_(z;) is close to v, (| prj]). We get
an upper bound for the quantities |z; — z;_1| since we know that the Q,ip-distance between A_(z;_1) and
A_(z;) is at most 4pr and Proposition 5.1 allows us to upper-bound how far away two points of 0Q_ U JQ+
which are contained in a small Q,p,-metric ball can be (see Lemma 5.14). On the other hand, the sum of
|zj—1 — zj| over all j =1,...,N is at least |z — y|. This leads to a lower bound for N and hence a lower
bound for dj(A—(x), A—(y))-

Yoy [0, dp(A—(2), A-(y))] = E(Quip) be a dj-geodesic from A_(z) to A_(y). We will prove a lower bound
for the length of v, ,. Write

N = rdr(x_(x), A_(y))J . (5.39)

pr”
By the definition of dJ, for each j € [1, N — 1]z there exists z; € [~Lr?, Lr?]z such that
dist(A—(2)), Ya,y (Lori]); Quip) < pr. (5.40)

Set zp = « and zy =y, so that (5.40) holds for all j € [0, N]z. By the triangle inequality and since v, , is a
geodesic for the metric dj, (which is dominates the graph metric on Qip), for j € [1, N]z we have

dist(A—(2j-1), A= (2); Quip) < 207 + dy (v (Lor (G = 1)])s 12y (Lori])) < 4pr. (5.41)

Step 3: bounding the number of z;’s which are separated by long arcs of 0Q—. We now split up our points z;
based on the lengths |z; — z;_1]| of the arcs of Q) _ separating z;_1 and z;. We will use (5.34) to upper-bound
the number of j’s for which |z; — z;_1| is large. Since we know the sum of |z; — z;_1| over all j € [1, N]z has
to be at least |z — y|, this will provide a lower bound for the number N from (5.39) and hence a lower bound
for d(A—(z),A-(y)). For k € 7Z, let

X*:={j € [1,N]g : 2"(4pr)® < |zj — zj_1| < 28 (4pr)?}. (5.42)
If z € [=Lr?, Lr?]y with A_(2) € Byr(A_(25); Quip), then by (5.41) and the triangle inequality, A_(z) lies at
Q.ip-graph distance at most 7pr from each of z; and z;_;. By the definition of X*,if j € X* then either

|z — zj| or |z — z;_1] is at least 28~1(4pr)2, so 2 € A7 (k) (defined as in (5.33)).
Since we have assumed that G, occurs, for each j € [1, N]z either

A ( [zj, zj + p2+E7“2} Z) or A_ ( [zj — p2+zr2, zj} Z)

is contained in B, (A-(z;); Qyip), whence

#{Bpr(M_(2)); Quip) N A_([—Lr2, Lr2]z)} > p?+or2. (5.43)
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By the discussion just after (5.42), whenever j € X* and z is such that A_(z) belongs to the set in (5.43), it
holds that z € A;(k‘). Furthermore, by the triangle inequality and since v, is a geodesic, each of the sets
in (5.43) for j € [1, N]z intersects at most a universal constant number of other such sets. Therefore,

HAT(R) = p*HCr2 X

with a universal implicit constant. Recalling the definition (5.34) of E7, we find that for each k € N with
9=(=1-0k < QLpE7
#XF < 27Ok y=2=¢, (5.44)

Step 4: upper bound for N. We will now upper-bound |z —y| by 3=, ¢y n, |25 — 2j—1] and use (5.44) to say
that N cannot be too small relative to |z — y|. It turns out to be convenient to treat the values of k for which
k > ko and those for which k < ko separately, where kg is defined in (5.45) just below. To lighten notation,
set s:=p—1— E Fix a small constant ¢ € (0, 1), to be chosen later, and let kg € N be chosen so that

275190,],.2 S Cp2|.’E _ y| S 2*5(’@0*1)7-2' (545)

Since |z — y| < 2Lr?, we have 275F0 < 2Lp5. By breaking up the sum based on the value of k& for which
j € X%, using that |z; — z;_1| < 2¥p%r? for j € X* (by (5.42)) and applying (5.44), we get

o0 o0
z—y| < zi —zi_1] 2 2k 202 XF 4 ok 202 N < ¢ 275kp2 4 oko 2.2 v
Y J J p p p P
J€[L,N]z k=ko k=kq

= p_EQ_SkOTQ + 2k p2p2 N < |z — y| 4+ 2K p?r2 N,

with implicit constant depending only on p, (, and L, where here in the last inequality we used (5.45). If we
choose c sufficiently small, depending only on p, ¢, and L, then we can re-arrange to get |z — y| =< 2k p?r2 N,

with the implicit constant depending on p, ¢, and L. Recalling the definitions of ky and N from (5.39)
and (5.45) we see that this implies that

|z —y|
’/‘2

@

=<p'

:cT—Q y‘s (r—ld;()\,(a:), A (v)))

and hence )
1 L
T—y *s

. 148
rl (A (@), A () = o g

(5.46)

Recalling that s =p—1— E , if we choose p sufficiently close to 3/2 and E sufficiently close to 0 we can arrange
that (/s < (/2 and 1+ 1/s <3+ (. Then (5.46) gives

r—y

3+¢
N R e

Hence (5.32) holds on £} N G7, for small enough p. O

6 Properties of geodesics in the glued map

Throughout this section we assume that Q,ip, = @— U @+ is as in Theorem 1.1 (equivalently, as in Section 4
with x = x_ = x4 ). We will use Proposition 5.1 to prove two qualitative properties of the graph metric
on Q,ip which will be used in Section 7.4 to identify the law of a subsequential limit (in the local GHPU
topology) of the curve-decorated metric measure spaces in Theorem 1.1 as the metric gluing of two Brownian
half-planes. Propositions 6.1 and 6.2 are the only results from this section which are needed in Section 7, so
the latter section can be fully understood without reading the rest of the present section.

Our first result will eventually be used to show that any such subsequential limit can be mapped to the
metric gluing of two Brownian half-planes via a bi-Lipschitz function.
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Proposition 6.1. There is a universal constant C > 1 with the following property. For each o € (0,1) and
each L > 0, there exists 0. = dx(a, L) > 0 such that for each 6 € (0,4d,) there exists n, = ny(a, L,§) € N
such that the following holds for each n > n,. Let 29,z € [—Lnl/27 Lnl/Q]Z. With probability at least 1 — «,
there exists a path ¥ in Quip from A_(z) to A_(z1) which crosses A_([—Ln'/?, Ln'/?]z) at most 2L5~2 times
and which has length

7| < Cdist(A_(20), A\_(21); Quip) + 6/ 2nt/%. (6.1)

The quantity 2062 in the proposition statement comes from the fact that in the proof, we will divide
[—Ln'/2, Ln'/?]y into 2L6~2 intervals of length 6%n'/? and consider a glued peeling cluster centered at each
such interval.

When we apply Proposition 6.1, we will first rescale both sides by n~'/%, take a (subsequential) limit as
n — 00, and then finally let § — 0. We emphasize that when we take limits in this order, we do not have to
send C to oo to get an event which occurs with probability close to 1. This is important because it will allow
us to get a uniform Lipschitz constant for a map from a subsequential scaling limit of @, to the metric
gluing of the scaling limits of Q_ and Q.

Our next result gives a uniform lower bound for the amount of time a @Q,i,-geodesic spends away from

9Q_ UAQ. .

Proposition 6.2. There is a universal constant 8 € (0,1) such that the following is true. For each o € (0,1)
and each L > 0, there exists 6, = .(cv, L) > 0 such that for each § € (0, ], there ezists n. = n.(a, L,§) € N
such that the following holds for each n > n.. Let 2,z € [—Ln'/?, Ln'/?]y. For each Qip-geodesic vy from
A_(z0) to A_(z1), let TE(0) be the set of times t € [1, ][]z such that y(t) lies at Qyip-distance at least Bont/4
from A_([—=Ln'/?, Ln'/?)y). With probability at least 1 — a, for each such geodesic 7y it holds that

#T5(8) = Bly| — 6"/ 2n!/%. (6.2)

Note that we do not prove that the fraction of time that a Q),i, geodesic spends in 9Q_ U 9Q+ tends
to 0 as n — oo. Rather, Proposition 6.2 only implies that the fraction of time that a @, geodesic spends in
0Q_ U 0@+ is uniformly bounded away from 1. In our application of Proposition 6.2, we will take limits in
the same order as in the case of Proposition 6.1. Thus, as in the case of Proposition 6.1, we do not have to
send 8 — 0 in order to get an event which occurs with probability close to 1.

The proofs of Propositions 6.1 and 6.2 proceed via similar arguments. We will show in Section 6.1 that,
roughly speaking, the following is true. If we grow the glued peeling clusters {QJ }jen started from a given
arc A C £(0Q- U 0Q+), then with high probability there exists a radius » € N which is not too much
bigger than (#ZA)l/2 such that a certain “good” event occurs. In the case of Proposition 6.1, this event
corresponds to the existence of a path in @), between any two points of Q" which crosses 9Q_ U 0Q+
at most once and whose length is at most a constant times r. In the case of Proposition 6.2, this event
amounts to the requirement that every Q,ip-geodesic from a point of dQ”" to a point near A must make an
excursion away from 0Q_ U Q) of time length at least a small constant times r. In Section 6.2, we will
prove Propositions 6.1 and 6.2 by arguing that most of the intersection of the geodesic with the SAW can be
covered by the good scales of Section 6.1.

6.1 Existence of a good scale

Fix a finite connected arc A C £(0Q_ U 0Q+ ). Define the glued peeling clusters {QJ }jen, started from A,
the stopping times {J,},en,, the complementary UTHPQs’s {Q” } en, and {Qi}jENm and the o-algebras
{F7},en, as in Section 4.1. In this subsection we will prove two lemmas to the effect that there typically
exists a radius 7 € N for which a certain good condition is satisfied. Our first lemma is needed for the proof
of Proposition 6.1.

Lemma 6.3. For C > 1, let R(C) be the smallest v > (#A)Y? for which the following are true.

1. diam(@@‘h N Qg;Qg) < Cr for each § € {£}.

2. #E (QJT N(Q_ U 8Q+)) < 022,
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For each p € [1,3/2) there exists C = C(p) > 1 such that for each S > 0,
]P[R((J) > (#A)V25] < 57 (6.3)

with implicit constant depending only on p.

The key condition in Lemma 6.3 for the proof of Proposition 6.1 is condition 1, which says that restricting
attention to paths in QJ'f which do not cross the gluing interface increases distances along 8@‘” by a factor
of at most C. Note that a path which does not cross the gluing interface is contained in either Q_ or Q.
This will be used in the proof of Proposition 6.1 to re-route a @,ip-geodesic in such a way that it crosses the
gluing interface a constant order number of times and its length is increased by a factor of at most C.

It is crucial for our purposes that the probabilistic estimate in (6.3) holds for some p > 1. The reason
for this is as follows. We will eventually take a union bound over several different choices of the initial edge
set A in order to cover an interval along the SAW by clusters of the form Q77 for varying choices of A,
most of which do not contain either of the endpoints of the interval (see Lemma 6.14). The requirement that
p € [1,3/2) comes from the fact that we get moments up to order 3/2 in Proposition 5.1.

Our second lemma is needed for the proof of Proposition 6.2.

Lemma 6.4. For C > 1, let R(C) be the smallest r > (#A)Y/2 for which the following are true.

1. Fach Quip-geodesic 7y from an edge of Qip lying at Quip-graph distance at most (#A)UQ from A to an
edge of Q7" hits a vertex of Quip which lies at Qyip-graph distance at least C~ 1 from 0Q_ U 0Q.

2. #e(c}h N(0Q_ U 6Q+)) < %2,
3. diam (9Q"; Quip) < Cr.
For each p € [1,3/2) there exists C' = C(p) > 1 such that for each S > 0,
IP[E(C) > (#A)V28] < 5~ (6.4)

with implicit constant depending only on p.

The key condition in Lemma 6.4 for the proof of Proposition 6.2 is condition 1, which says that a
Quip-geodesic started outside of Q7" cannot get close to A without first spending at least C~'r units of time
away from 0Q_ U 0Q . In the proof of Proposition 6.2, this will be used to show that such a geodesic cannot
spend most of its time tracing 0Q_ U Q4. As in Lemma 6.3, it is crucial here that (6.4) holds for some
p>1.

Remark 6.5. Let R,(C) be the smallest » > (#A)'/2 for which the conditions of Lemmas 6.3 and 6.4 hold
simultaneously. It is possible to show that the conclusion of Lemma 6.3 (equivalently, that of Lemma 6.4)
holds for R.(C), i.e., one can prove a single stronger lemma which supersedes both Lemmas 6.3 and 6.4.
However, we find it more clear to treat Lemmas 6.3 and 6.4 separately since (a) one is used in the proof of
Proposition 6.1 and the other is used in the proof of Proposition 6.2 and (b) the proof of Lemma 6.4 is much
more involved than that of Lemma 6.3.

Lemmas 6.3 and 6.4 are the only results in this subsection which are needed for the proofs of Propositions 6.1
and 6.2, so the reader does not have to read the proofs of either before reading the rest of the paper.

To prove the lemmas, we will work with scales of approximately exponential size in & and prove that for a
large enough choice of C, the conditions in the definitions of the times R(C) and R(C) of Lemma 6.3 and 6.4
have probability close to 1 to be satisfied at each scale.

More precisely, we will consider the following setup. Let 7o = 0 and Lo = #A. Inductively, if k € N and
rp_1 and Li_1 have been defined, let

=2 + [LY2] and Ly o= #E (aQL’%) + #S(QJ% N (aQ‘fH U anH)). (6.5)
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Figure 11: Tllustration of the radii ry and the quantities Ly defined in (6.5) for a single glued peeling cluster
Q”rr. Note that in the definition of Ly, the overlap of the orange and purple arcs is double counted.

That is, Ly gives the boundary length of the glued peeling cluster at the kth stage plus the number of edges
of the gluing interface and the glued peeling cluster at the previous stage that have been separated from oo
on at least one of the two sides of the gluing interface. See Figure 11 for an illustration. The term [L,le/_z 1] in
the definition of 7 is likely to be comparable to ry_; (Proposition 5.1), so it is likely that the graph distance
across the annulus Q"*k \Q‘]T’ffl is comparable to rx_1.

The proof of Lemma 6.3 is given in Section 6.1.1, and follows roughly the following outline.

Step 1: We define for each C' > 1 and k € N a “good” event Ej(C) which belongs to the o-algebra F7rx of (4.2)
and such that the conditions in the definition of R(C') are satisfied with r = r;_; provided Ej(C) occurs
(Lemma 6.7). The event Ej(C) is a slightly modified version of the conditions in the definition of R(C)
with r = 74_1, with the modifications made so that Ey(C) € F7rx.

Step 2: We show that P[Ey(C) [ Fy,, ] s close to 1 if the constant C' is chosen to be sufficiently large (Lemma 6.8).

Step 3: We multiply the estimate from Step 2 over a logarithmic number of values of & (so that one of the Ei(C)
is very likely to occur or at least one scale) and apply Lemma 6.6 just below to bound the value of rj at
the last scale. This leads to Lemma 6.3.

Lemma 6.4 is proven in Section 6.1.2 using a similar argument, with the same radii r; but with the events
Ei(C) replaced by different events. The main difference in this case is that the analog of Step 2 (Lemma 6.10)
is much more involved, and requires us to use most of the estimates in Section 5.4. The main estimate we
need for the radii 7y, is the following lemma, which says that they typically grow at most an exponential rate.

Lemma 6.6. For each p € [1,3/2), there exists a constant A, > 1 depending only on p such that for each
k e N,

E[r,‘ﬂ < AR(#A)P.

Proof. We first observe that for each k € IN| {Q‘]T”kfl \Q‘]kal }r>0 is the set of clusters of the glued peeling

Jrk—l

process in the glued map Qir’”l uQy started from the initial edge set aQJrk_l, which has cardinality at
most Lj_q < T,%. The cluster QJW is obtained by growing this peeling process up to radius ry — rp—1 < .
By Lemma 4.2 and Proposition 5.1, we can find A, > 0, depending only on p, such that for each k € IN,

]E{Li |erk—1} < A2, (6.6)
Since 41 = 21, + [L,lﬁ/zw,

£lin] <2 sler] e sl < )

for a constant A, > 1 as in the statement of the lemma. Since r = (#A)'/2, iterating this estimate k times
yields the statement of the lemma. O
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Figure 12: Left: Illustration of the event Ej(C) used in the proof of Lemma 6.3. If Et(C) occurs, then Ly, is
not too much bigger than r | and any two points in OQ']Tk—l N @+ can be connected by a path of length at
most C'rj,_; which stays in Q7+ and does not cross 9Q_ U 0Q+ (two such paths are shown in blue). The
paths in the figure stay in the annulus Q‘]ﬂc \Q‘]"kfl; our proof shows that we can arrange for this to be the
case, but it is not necessary for the proof of Proposition 6.1. A similar comment applies in the illustration on
the right. Right: Illustration of the event Fj(C) used in the proof of Lemma 6.4. On Ey(C), Ly is not too
much bigger than rZ_,; any two points in 8@‘]”6 1 N Q4+ can be connected by a path of length at most Cry_;
which stays in Q77 and does not cross 0Q_ U0Q4; and every geodesic with respect to the internal graph
metric on Q7+ from a point of 8Q "k=1 to a point of 3@ "-2 (such as the one shown in orange) must exit
the C~1/2r),_y-neighborhood of @’ N (AQ_ U Q) (outlined in red in the figure).

6.1.1 Proof of Lemma 6.3

In order to prove Lemma 6.3, we will consider the following events defined in terms of the quantities r; and
Ly, of (6.5). See Figure 12 for an illustration. For £k € N and C > 8, let E}(C') be the event that the following
are true.

1. We have Ly_; < £(C% = 8)rf_,.

2. The diameter of Q71 N Q_ with respect to the graph metric on Q7 N Q_ is at most Cry_1; and
the same is true with “+” in place of “—.”

Note that Ej(C) belongs to the o-algebra F/ defined as in (4.2) (which is why we measure distances with
respect to the graph metric on Q7" N Q., rather than that on all of R+1). Let K(C) be the smallest k > 2
for which Ej(C) occurs.

We now proceed to complete the proof of Lemma 6.3 following the outline indicated above by showing
that the good radius R(C) occurs before 7xcy—; (Lemma 6.7) and then by obtaining a uniform lower bound
for the conditional probability of Ex(C') given F JTk*?, which allows us to stochastically dominate K (C) by a
geometric random variable.

Lemma 6.7. For each C > 8, we have R(C) < rg(cy—1, with R(C) as in Lemma 6.5.

Proof. We will show that if & > 2 and Ej(C) occurs, then the conditions in the definition of R(C) are satisfied
for r = r_1. By definition, r,_; > r; = (#A)'/2 for k > 2, so we just need to check conditions 1 and 2 in
the definition of R(C).

Since the graph metric on Q_ restricted to Q7 NQ_ is bounded above by the graph metric on Q7 NQ_,
if E(C) occurs then

diam(aQJfk—l no_: Q,) < Cry_1.
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Symmetrically, the same is true with “+” in place of “—”. That is, condition 1 in the definition of R(C)
holds for r = rj_;.

We now check condition 2 in the definition of R(C) for r = ri_;. For this purpose, we first observe that
for any k£ € N,

ke k-1 0\ Y2
Z2k 1=irpl?) ZZ L2 > (ZL) (6.7)
i=0 i=0

where in the last inequality we used that z — /2 is concave, hence subadditive.
We now argue that

5(Q%—1 NOQ_UdQ, ) U 5(QJn N (aQ L UaQT )) (6.8)

Indeed, suppose e € E(Q "1 N (0Q - U 6Q+)) and let i, be the smallest i € [1,k — 1]z for which e € Q7.

Then e ¢ Q”"ic—1 so since e € Q_ U Q.+, e must belong to aQiT’:rl U 5‘ine*1,
By (6.5), (6.7), and (6.8),

k—1
#e(Q 1 N(0Q-VOQY)) <Y Li <7} (6.9)
=0

By (6.5) and the elementary inequality (a + b)? < 2a® + 2b%, we have r2 = (2ry_; + fL,lv/fJ)z <8ri |+

Q(Lllﬁ/_mz <8r?_, +3L%_,. By combining this with (6.9) and condition 1 in the definition of Ex(C), we get
that if Ey(C) occurs, then

#5(@ o1 (9Q - an+)) r2 <82 4301 < ¥,

which is condition 2 in the definition of R(C) for r = r_1. Thus the conditions in the definition of R(C') are
satisfied for r = r,_1. The result follows by the minimality of R(C). O

We next prove a lower bound for the probability of the events E}(C'), which in particular implies that the
time K (C) is stochastically dominated by a geometric random variable with success probability which can be
made arbitrarily close to 1 by making C' sufficiently large.

Lemma 6.8. For each o € (0,1), there exists C = C(a) > 8 such that for each k > 2,
P[Ek(C) | Fe2] 21 - a.

Proof. By (6.6) and the Chebyshev inequality, we can find Cy = Cp(«) > 1 such that with conditional
probability at least 1 — /2 given F =y
Lk—l S Co’l“i_l. (610)

The first relation in (6.10) immediately implies that condition 1 in the definition of Ei(C) holds for each
C>+3Cy+8

Iry .
Since the restriction of the graph metric on Q” Tty QY Tt Q_*" is bounded above by the graph

metric on Q_ ' since 1y — rp_1 > rk—1, and by Lemma 4.3,
. T Jr
B, (6@‘]%—1 nQ 1, ) cONnQ..

Jr
Since the conditional law of Q_ """ given F7rr-1 is that of a UIHPQg, Lemma 5.11 implies that we can
find C7 = C1(a) > 0 such that with conditional probability at least 1 — a;/4 given F Jri-1 | the diameter of

- JIr . . : .
Q"1 N Q™ with respect to the graph metric on Q7 NQ_ is at most ClLi/_Ql. By symmetry, the same
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holds with “+” in place of “—.” With conditional probability at least 1 — « given F Jrk727 this condition holds
for both — and 4 and the event in (6.10) occurs. If this is the case, then

diam<3QJ”“‘l NQe; Q7 N Qf) < Clelg/i < 03/2017%—1, vEe{—,+}

Hence Ej(C) occurs for C' = maX{C’é/2Cl, Vv3Co + 8}. O

Proof of Lemma 6.5. By Lemma 6.7, R(C) < rg(c) so it suffices to bound rx (¢ for an appropriate C' =
C(p) >8. Fix 1 < p <p < 3/2 and let A, be as in Lemma 6.6 with p’ in place of p. Let a € (0,1) be a
small parameter, to be chosen later depending only on p and p’, and let C = C'(«) > 8 be as in Lemma 6.8.
By Lemma 6.8, for each k € N,
P[K(C) > k] < alk/2],
For S > 1, let
__4plog §
5 loga—1

so that P[K(C) > ks] < S~2?P. By Lemma 6.6 and the Chebyshev inequality,

+1

P TkS > (#A)l/zs S Ap]f;gs_Qp’ S S_2p/+0a(1)

where the rate at which the 0,(1) term tends 0 as @ — 0 depends only on p and p’. By choosing « sufficiently
small (and hence C sufficiently large), depending only on p and p’, we can arrange that this 0,(1) is smaller
than p’ — p. Recalling that R(C) < rg(c), we get

P|R(C) > (#A)Ws] <P [TK(C) > (#A)lﬂs} <P [rks > (#A)W‘s} +P[K(C) > ks] < S~2.

6.1.2 Proof of Lemma 6.4

The proof of Lemma 6.4 follows a similar outline as the proof of Lemma 6.3, but we work with different events
which are somewhat more complicated. See Figure 12 for an illustration of the definition of these events.

For k € N, define 7, and Ly, as in (6.5). Also let d, be the (internal) graph metric on Q7. For C' > 8,
let Ex(C) be the event that the following are true.

1. L oV L 1V L < %(02 _ 8)1"%72 and 1, < CY2rp_,.

2. The diameter of Q71 N Q_ with respect to the graph metric on Q7 N Q_ is at most Crj_o; and
the same is true with “4” in place of “—.”

1/2

3. No dg-geodesic from a vertex of (’“)Q‘.]”vfl to a vertex of BQJWZ is contained in the C~
neighborhood (with respect to d) of Q7 N (AQ_ U Q).

Tk—2-

As in the case of the event Fj(C) from Section 6.1.1, the event Ej, (C) belongs to the o-algebra F7m defined
as in (4.2).

Let K(C) be the smallest k > 3 for which Ej(C) occurs. The following lemma, which is the analog of
Lemma 6.7 in this setting, is the reason for our interest in the above events.

Lemma 6.9. For each C > 8, we have R(C) < TR(c)—1s With R(C) as in Lemma 6./.

Proof. Suppose k > 3 is such that E, (C) occurs. We have r,_; > (#A)'/? by definition. By condition 1 in
the definition of Ey(C) together with (6.9),

#5(va%—1 N(OQ_ U 6Q+)) <12 <82, 4+ 2Ly < C2_,.
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Thus condition 2 in the definition of E(C) is satisfied for r = r;_1. It is clear from condition 2 in the

definition of Ek(C) that condition 3 in the definition of E(C) is also satisfied.
_ Now we will check condition 1. Note that this is not quite immediate from condition 3 in the definition of
E},(C) since the definition of Ej(C) involves dj-distances instead of Q,ip-graph distances. Hence we will need
to compare the two types of distances. Let v be a @Q,ip-geodesic from some edge of Qyip lying at Q,ip-graph
distance at most (#A)'/2 from A to some edge of dQ”r. Let to (resp. t1) be the largest t € [1, |||z such
that ~v(¢) has an endpoint in dQ”*2 (resp. Q”™+-1). Since ry_p > r1 > (#A)/2, Lemma 4.3 implies that
v(1) € E(Q7x-2) so to and t; exist.

The curve 7|, +,] is a di-geodesic from a vertex of BQ.J”H to a vertex of 8@‘]”%1. By condition 3 in the
definition of Ey(C), there exists t, € [to, t1]z such that

dy, (fy(t*)7 O N (8Q_ U 8Q+)) > 02y, (6.11)

By Lemma 4.3 and the definition (6.5) of ry,
dist (8QJ*'¢ , Q71 inp) > Tk = Th—1 2 Th—1 > Tk_2. (6.12)

Hence any path started from ~(¢,) which exits Q"Tk must travel graph distance at least r;_o. By this and
the definition of dj, we can upgrade (6.11) to the statement that

dist(v(t), 0Q_ U Q4 ; Quip) > C~ Y2y . (6.13)

By condition 1 in the definition of Ej(C),
071/27%_2 >0t > C . (6.14)
By (6.13) and (6.14), condition 1 in the definition of R(C) is satisfied for 7 = ry_1. O
We next have an analog of Lemma 6.8 for the events Ek(C), which takes significantly more effort to prove.

Lemma 6.10. For each o € (0,1), there exists C = C(a) > 8 such that if k is at least some constant
depending only on «, then

P[Eu(C) | Fes] 21 - a

Most of the proof of Lemma 6.10 will be carried out in Lemmas 6.11-6.13 below. We give an outline
before proceeding with the details. It is straightforward to obtain a lower bound for the probabilities of
conditions 1 and 2 in the definition of Ej(C'), using the same argument as in the proof of Lemma 6.8 (see
Lemma 6.11). The main difficulty is proving a lower bound for the probability of condition 3. To this end,
we will prove the following two statements, which correspond to Lemmas 6.12 and 6.13, respectively.

1. The Q”"*-graph distance from any point of 8QJW2 to any point of BQJWI is typically at most some
constant A > 0 times 75_s.

2. For any given A > 0, we can find a small enough p € (0, 1) such that with high conditional probability
. . J,
given F’mk-3 | every path from dQ7"+—2 to Q"1 which stays in the pry_s-neighborhood of Q"2 U
JIr
0Q, "* has length at least Arj_s.

The first statement is proved using the upper bounds for graph distances arising from Lemma 5.11 and
Lemma 4.4, and the second is proved using the lower bound for the lengths of paths which stay near Q- U0Q +
from Lemma 5.13.

Combining the above two statements will show that with high conditional probability given F Jrk—s  a path
from Q72 to AQ”"+-1 which stays in the pri—s-neighborhood of 0Q _ UOJQ 1 cannot be a geodesic. Indeed,
such a path must have a sub-path which travels from 8QJW2 to 8@‘]’%4 and stays in the prg_s-neighborhood

of 3@{”“2 u 8@1”“’2, so the length of the original path must be larger than the Q” «-graph distance between
its endpoints. This gives condition 3 with C' = p~2. _

We first give the (easy) proof that the first two conditions in the definition of Ej(C) hold with high
conditional probability given F Tris,
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Lemma 6.11. For k € N and C > 8, let Eg(C) be the event that conditions 1 and 2 in the definition of
Ey(C) are satisfied, i.e.,

1
Ly oV L, 1VL< 5(02 —8)ri_ , and 71 < CY2p_y (6.15)
and _ J '
diam(@Q‘]"kfl N Qér’“_l;Q‘]”« N Qg) < Cri_a, VE&e{— +} (6.16)
For each « € (0,1), there exists C = C(«) > 8 such that a.s. IP[E,?(C’) |]-"J”<—3} >1-a.

Proof. By (6.6) and the Chebyshev inequality, we can find C; = C1(«) > 1 such that it is a.s. the case that
with conditional probability at least 1 — /2 given Flre-s,

Lyo <Ciri_y, Ly <Ciri_y, and Ly < Cirf. (6.17)

As in the proof of Lemma 6.8, if (6.17) holds then (6.15) holds for an appropriate C' > 8 depending only on
C1. Again arguing as in the proof of Lemma 6.8, we deduce from Lemmas 4.3 and 5.11 that for a possibly
larger choice of C' > 8, the relation (6.16) also a.s. holds with conditional probability at least 1 — «/2 given
Flri-a, O

In the next two lemmas, we focus our attention on condltlon 3. The first step is an upper bound on the
maximal graph distance in Q‘]Tk between a vertex of GQ "k-1 and a vertex of BQ‘JW 2,

A

Figure 13: Left: Illustrat_ion of the proof of Lemma, 6.12. We want an upper bound for ‘ghe maximal distance
between any point of Q71 and any point of Q"> along paths which stay in Q”"*-1. The set A is

7 J’V‘ .
the union of a boundary arc of the UIHPQg Q_*~* and a boundary arc of the UIHPQg *=2 which each
have length at most CZr?_,. The set A contains Q72 on the event Ek (Cp) of Lemma 6.11. Lemma 5.11
T J, . , . .
(applied to each of @_*"* and Q. "~?) allows us to bound the Q7 -graph distance diameter of 9Q”™*—2 .
Lemma 4.4 allows us to bound the maximal Q”r«-distance from a given vertex v; € AQ7mk -1 to Q2.

Right: Illustration of the proof of Lemma 6.13. The arcs A*, AR C 3@{”“2 N an’“’Z each have length
equal to a small constant times r7_,. The red set 9B, is the boundary of a small neighborhood of the
purple set A. Lemma 5.13 tells us that if p is small, then a di-geodesic cannot spend a long time in this
neighborhood (otherwise its length would be longer than the distance between 1ts endpomts) This allows us

to force such a geodesic to spend a positive fraction of its time away from 3@ 2y Q. T z.

Lemma 6.12. For each « € (0,1), there exists C = C(a) > 1 such that for each k € N, it a.s. holds with
conditional probability at least 1 — a /4 given Flme-s that

max{dist (vl,vQ; Qc’w) v € v(aQJ%—l), v € v(aQ‘”k—z)} < Cre_s (6.18)
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Proof. See Figure 13, left, for an illustration of the proof. We will first use Lemmas 6.11 and 5.11 to bound
the Q7rx-graph distance diameter of Qw2 Actually, we will prove a stronger estimate than we need,
namely a bound for the Q7 N 8Qir’“’2—graph distance diameter of each of Q‘]"kfl N 8Qir’“’2 (see (6.21)).
The union of the latter two sets contains 8@‘]’%*2. We will then use Lemma 4.4 to bound the maximal
Q7 -distance from a given vertex v; € 8@‘]ka1 to 8@‘]”9*2. Combining these estimates will yield (6.18).
Let Cy > 8 be chosen so that the conclusion of Lemma 6.11 is satisfied with C'= Cj and «/3 in place

of a. Let A be the set of edges e of 8Qi7"“‘2 U 3Qir’“‘2 which can be connected to 9Q”"+—2 by an arc of
8Qir’“‘2 or 8@17"“‘2 with length at most C2r7_,. By (6.15), Ly < 1C3r2_, on EY(Cp) so on EY(Cy),

e(@"n (an 2y aQi"H)) c A (6.19)

I, . .
By Lemma 4.2, the conditional law of Q_*~* given FIm—2 is that of a UIHPQg, so by the last statement

of Lemma 5.11, we can find a constant C; = Cy(«) > 0 such that the conditional probability given F Trk—2 of
the following event is a.s. at least 1 — a/3:

diam (X; B, , (X;Q7 ) < Cimia, WX CE(ANOQT ). (6.20)

By symmetry, the same holds with “+” in place of “—".
Henceforth assume that E(Cp) occurs and (6.20) is satisfied with both choices of sign, which happens
with probability at least 1 — ce. We will verify (6.18) for an appropriate choice of C.

. : . .
By Lemma 4.3, Q7" contains the ry — 74,_1 > r_o-neighborhood of Q‘]”v—l NoQRL " * with respect to
Trg_s

Iy R . JIr Iy e,
the graph metric on Q_""* UQ, (recall that we have identified Q_*"* UQ, "* with its image under the
_2

. J'r
gluing map), which in turn contains the rj_s-neighborhood of Q710 Q"
T .
metric on @ *~*. Hence (6.19) and (6.20) together imply that

with respect to the graph

diam(Q‘]Wl NaQ ™. Q" n Q‘f’”) < CiTp_s (6.21)

and the same holds with ‘4+” in place of “—".

By Lemma 4.4, 9Q”7%-1 N Qirk’z is contained in the 2(rg_; — r,_2)-neighborhood of Q710 3@?’“’2
with respect to the graph metric on QJTk—l N Qir'“’z and the same holds with ‘+” in place of “—”. By (6.15)
from the definition of Eg (Cp), we have rp_1 — rp_o < 03/27%72-

Consequently, each v; € V(Q”-1) can be joined to a vertex v} of Q71N (’“)Qir’“’2 by a path of
length at most QCé/Zrk,g which stays in Q‘]Wl C Q"Tk. By (6.21), the Q*’%-graph distance diameter
of Q71N 8Qir’“‘2 is at most Ciry_s. Since Q72 c Q71 N 8Qir’€‘2, the point v} lies at Q7rv-
graph distance at most Cyrj_s from any given vertex vy of dQ”™*~2. Hence (6.18) is satisfied with C' =
2002 4 Cy. O

The second step in our verification of condition 3 in the definition of B, (C) is the following lower bound

Iy JIr . .
for distances when we restrict attention to paths which stay close to dQ_""? UdQ,*~*, which will be deduced
from Lemma 5.13.

. Jr Jr )
Lemma 6.13. For p € (0,1), let B, be the pri_o-neighborhood of Q710 (8@7 TPUoQ, '“’2) with respect

to the internal graph metric dy on Q7. For each A > 0 and each o € (0,1), there exists p = p(ca, A) € (0,1)
and k. = k«(a, A) € (0,1) such that for each k > k., it is a.s. the case that the conditional probability given
Flrs of the following event is at least 1 — «:

dist (9Q”++ 1By, 0Q7+-2 N B, B, ) > Arg_a. (6.22)
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Proof. See Figure 13, right, for an illustration of the proof. As in the proof of Lemma 6.12, we let Cy > 8 be
chosen so that the conclusion of Lemma 6.11 is satisfied with C = Cy and «/3 in place of a and we let A

Jr Jr ) . I
be the set of edges e € £(0Q_""* UJQ,"?) which can be connected to Q"2 by an arc of Q"2 or
JIr .
Q. *? with length at most Cgri_,.
. . Jr . - J
We first establish a lower bound for the number of edges along Q_* > between 3Q'I”v—2 and 9Q 3rr-2.
One expects there to be of order r7_, such edges since the graph distance from 8Q‘]"k72 to 3QJ%W2 is of
order at least r,%_2.
Fix a constant C; > 0 to be chosen later, in a manner depending only on «, and let A" and A%,
J’I‘ . JT .
respectively, be the set of edges in the length-[C'r?_,] arc of 9Q” ™"~ (equivalently, of Q +"7?) lying
. JIr . .
immediately to the left and right, respectively, of Q‘J”vf?. Lemma 5.11 applied to the UTHPQg Q_*~? implies
that if Cy is chosen sufficiently small, in a manner depending only on «, then with conditional probability at

JIr .
least 1 — «/3 given F're-2 the Q" *-diameters of the segments AL and AR are cach at most %rk,g —1.1If
this is the case, then Lemma 4.3 implies that

AL U AR ¢ 5(@"%m—1 \ QJM) (6.23)

. . - J - J: [ . . .
note that %T‘k_g <rp_1-— %Tk_g). Since the boundaries of Q 37+-1-1 and Q" %7+-1 are disjoint, (6.23) implies
that Lp_1 > Cf%“ii2 and

dist (e, Q72,0072 LOQY ) = T iy, veeg(0QT* LOQT )\ e(Q12). (6.29)

J"'k*Z

Jrk
Note that here we are considering distances along paths in 0Q_""* U0Q,

Iy Jy
We now use Lemma 5.13 to prove a lower bound for graph distances in a neighborhood of 0Q " *UdQ ™" *
Jrp_o

Jn ) .
in terms of graph distances along 0Q_""* U 9Q_, itself. For p > 0, let B; be the pri_s-neighborhood
of the set A (defined at the beginning of the proof) with respect to the graph metric on the unexplored

Jr Jr . .
quadrangulation Q_"*"* UQ, . Since ry, > rp_1 + 1, we have 7,_3 > k — 2. By Lemma 5.13 applied to the
Jr JIr .
glued quadrangulation Q_** UQ.™** and with r = [C§ry—2] and ¢ = 1/2, we can find p, = p.(@) € (0,1/2)
such that for p € (0, p«] and each k € N which is at least some p-dependent constant, it holds with conditional
probability at least 1 — a/5 given F Tri—2 that

1 . 7. 7/2
dist(el,eggB’p) > 00_12p1/27“k_2(r2 dist <e1,e2;6Qi 2 U 3Qi’“2>> , Vei,es € A (6.25)

k—2

Henceforth assume that E?(Cy) occurs, (6.24) is satisfied, and (6.25) is satisfied for some fixed p € (0, p.],
which happens with probability at least 1 — « provided k is chosen sufficiently large, depending only on p.
We will show that (6.22) holds provided p is chosen sufficiently small, depending only on o and A. This will
conclude the proof.

We claim that

dist (aQ%—l NB,,aQ" =2 B;) > (05120;7/ )12 p) re—s. (6.26)

Note here that Q7 2 is contained in Bj, by (6.19). By (6.19), the occurrence of EQ(CO) implies that
then E(GQJ”%l ﬂ(‘?QiT’“’z) C A and the same holds with “4” in place of “—.” Consequently, if v €
V(0Q -1 N B)), then there is an e € A with dist(v, e; B),) < pri_s. Since p € (0,1/2) and by Lemma 4.3,

3 . - J
Pri—z <Th—1 = 5Tk=-2 < dist (’U,Q %T’“’Z;inp)-
Consequently, the edge e cannot belong to QJ%W?. By (6.24), the distance from e to 8Q‘]ka2 along

8@?’“2 Uank’Z is at least C'r2_,. By (6.25) (applied with e; = e and ey € £(dQ”™+~2)) and the triangle
inequality, we infer that (6.26) holds.
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The relation (6.19) implies that with B, as in the statement of the lemma, we have B, \ Q72 C B,
Hence (6.26) implies (6.22) upon choosing p sufficiently small that Cy '2Cy "/?p=1/2 — p > A. O

Proof of Lemma 6.10. Given a € (0,1), choose Cy = Cy(c) > 8 sufficiently large that the conclusions of
Lemmas 6.11 and 6.12 are satisfied with this choice of C' and with «/3 in place of «; and p € (0,1) and
k.« € N such that the conclusion of Lemma 6.13 is satisfied with A = Cjy and with «/3 in place of a. Then
for each k > k., it a.s. holds with conditional probability at least 1 — a given F Jri—s that conditions 1 and 2
in the definition of Ey(Cy) are satisfied and both (6.18) and (6.22) hold. We now assume that this is the case
for some k > k, and deduce condition 3 for an appropriate C' > Cj.

By (6.18) and (6.22), if we let B, be as in (6.22) then the dji-distance from any vertex v; € V(9Q”-1)
to any vertex vy € V(@Q‘I"k—2) is smaller than the distance from 9Q”*1 N B, to 0072 N B, along paths
which stay in B,. Therefore, any dy-geodesic from vy to vy must exit B, before hitting Q2. Since the
pri—s-neighborhood of Q7 N (0Q—- U 0Q+) with respect to dj, is contained in B, U Q‘]"kﬂ, we infer that
condition 3 in the definition of Ej(C) holds for any C' > p=2. We thus obtain the statement of the lemma
with C = Cy Vv p~2. O

Proof of Lemma 6.4. This is deduced from Lemmas 6.6, 6.9, and 6.10 via exactly the same argument used in
the proof of Lemma 6.3 (the requirement that k is at least some a-dependent constant only results in an
additional p-dependent constant factor in (6.4)). O

6.2 Proof of Propositions 6.1 and 6.2

In this subsection we will deduce Propositions 6.1 and 6.2 from Lemmas 6.3 and 6.4, respectively. To this
end we will use the following notation. Fix L > 0. For n € N and § € (0, 1), let

7(6) := {[:c — 8202 2]z : x € [-Ln/?, Ln}/?] N (w%”ﬂz)} (6.27)

so an element of Z"(0) is a discrete interval I of length 6?n'/2 (up to rounding error). For I € Z"(6), let
{Qj]}je]No be the clusters of the glued peeling process of @i, started from the initial edge set A = A_(I),
where here we recall that A_ is the boundary path of Q)_. Also let {Jj ,}ren, be the stopping times as in
Section 4.1 for these clusters and for C' > 2, let R;(C) and ﬁI(C) be the random “good” radii defined in
Lemmas 6.3 and 6.4, respectively, for these clusters. To lighten notation, we abbreviate the glued peeling
clusters at the good radii by

Qr(C):= Qil’R’(c) and @1(0) = Q?’EI(C). (6.28)

We emphasize that the glued peeling processes for different choices of I are defined separately, and are allowed
to overlap. We make no claims about the correlation between them.

The following lemma tells us that the radii R;(C) and R;(C) are typically not too big, uniformly over
all I € Z™(§). It will eventually be used to show that most points of a specified boundary/SAW segment
A_([z0, 21]z) are contained in one of the good clusters Q;(C) or Q;(C) which does not contain either of the
endpoints A_(zp) or A_(z1). Note that for the proofs of Propositions 6.1 and 6.2, we do not care about the
size of the clusters Q;(C) aside from the requirement that they do not contain the endpoints of the segment
of interest.

Lemma 6.14. For each ¢ € (0,1), there exists C = C({) > 1 such that the following is true. For each L > 0,
each n € N, each § € (0,1), and each z € [—Ln'/?, Ln'/?]y, we have (in the notation introduced just above)

P [A_(z) ¢ £(Q1(C)), VI € T(6) with dist(z, I) > 52*3<n1/2} — 1 - 05(5%), (6.29)

where here dist(z, I) denotes one-dimensional Euclidean distance and the rate of the Os5(5¢) depends only on
L and ¢. The same holds with Q(C) in place of Qr(C).
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Proof. We give the proof in the case of Q;(C); the proof for Q;(C) is identical. Fix L > 1, § € (0,1), and
z € [~Ln'/?, Ln'/?]y. Also fix p € (1,3/2) and let C = C(p) > 1 be as in Lemma 6.3 for this choice of p.

By condition 2 in the definition of R;(C), if I € Z™(J) then each edge of Q;(C) N IQ_ lies at IQ_-graph
distance at most C?R;(C)? from I. Hence if R;(C) < (2C)~'dist(z,1)"/? then A\_(z) ¢ £(Qr(C)). By
Lemma 6.3 (applied with #A = |§?n'/2] and S = (20) ! dist(z, I)'/2/(#A)/?), for I € I™(6),

2ppp/2
PA-(2) € £(Qi(O))] < P |Ri(C) > (20)7 dist(z, 1)!/?] = d(st(I)

(6.30)
with the implicit constant depending only on p. For each k € N, there are at most 2 intervals I € Z"(§) with
dist(z, I) equal to 6>n'/?k (up to rounding error). Summing the estimate (6.30) over all such intervals I with
dist(z,I) > 62~3¢n'/2 shows that the probability in (6.29) is at most a constant (depending only on p, L,
and () times

[2L6 2] 1
PO Ll (6.31)
k=|5-3¢|
which is at most 6¢ provided we take p > 4/3. O

6.2.1 Proof of Proposition 6.1

Fix a small parameter ¢ € (0,1) (for our purposes we can take ¢ = 1/4, but we find it more transparent to
allow for an arbitrary ¢ since this makes the source of various exponents more clear). Let C' = C(¢) > 1 be
as in Lemma 6.14 for this choice of . Also fix n € N, L > 0, and 6 € (0,1). Let Z™(J) be as in (6.27) and for
I € I™(6), define the good radius R;(C) and the cluster Q;(C) as in (6.28) and the discussion just preceding
it.

Fix 29,21 € [~Ln'/?, Ln'/?)z. Throughout the proof, we truncate on the event E™ defined as follows.

1. Neither A_(zp) nor A_(z;) belongs to £(Q;(C)) for each I € T(8) with dist(z;, I) > 62~3n!/2.

2. For each z € Z with |z — zp| < 20%73n'/2, we have dist(A_(20), \_(21); Q_) < §'~%n'/%. The same is
true with “+” in place of “—” and “z;” in place of “zy”.

By Lemmas 5.11 and 6.14, for each e € (0, 1) there exists 0, = . (e, L, ) > 0 such that for each ¢ € (0, ],
we have P[E™] > 1 — « for large enough n € N. Hence it suffices to prove the existence of a path 7 as in the
proposition statement on the event E™.

The rest of the argument is purely deterministic. Let v be a Qip-geodesic from A_(zp) to A_(z1), chosen
in some measurable manner. We will prove Proposition 6.1 via the following steps.

Step 1: We replace v by a slightly modified path 4’ which does not cross A_([—Ln'/?, Ln'/?]3) in any of the
“bad” intervals A_(I) for I € Z(8) with dist({z, 21}, 1) < 62~3¢n'/? (i.e., the ones for which we don’t
know that A_(29),A_(z1) ¢ £(Qr(C))). This makes it so that 7’ has to cross between 0Q;(C) and I
for some I € Z"(J) every time it crosses A_([—Ln'/2, Ln'/?]z).

Step 2: We iteratively replace the segment of 4’ inside one of the at most 2L 2 good clusters Q7(C) for
I € T7(6) with dist({z0, 21}, I) > §273n'/2 by a new curve segment which crosses A_ ([—Ln'/2, Ln'/?]z)
at most once and whose length is at most 2C' times the length of the original segment. The reason we
are able to do this is condition 1 in the definition of R;(C) from Lemma 6.3. One of the replacement
steps is shown in Figure 14.

Step 3: We argue that the final curve after all of these replacement steps crosses A_([—Ln'/2, Ln'/?]z) at most
2L6~2 times and has length at most 2C|y| (plus a small error).

Step 1: modifying v near its endpoints. We now deal with the small number of intervals I € Z"(§) near 2
and z; for which A_(zg) or A_(z1) might belong to £(Q;(C)) by replacing v by a slightly different path '
whose length is not too much longer than || (see (6.32)). Let Ty (resp. T1) be the largest (resp. smallest)
t € [1,|y[]z for which ~(t) is incident to an edge A_(z) for z € Z with dist({z0, 21}, I) < 20%~3n'/2. We will
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Ym[sm,|Vm ]

A

\_]A(Z)

Y (Sm) = Ym+1(tm+1)

Q1,,(C)

Figure 14: Tllustration of the proof of Proposition 6.1. We iteratively construct paths ~,,, each of which
agrees with the slightly modified Q,,-geodesic 7/ after a certain time t,, and crosses A\_([—Ln'/2, Ln'/?]z) at
most m times. Here, the path =, is the concatenation of the purple, orange, and blue segments; the orange
and blue segments are also part of /. To construct 11, we run ~,, up to the first time 7, after t,, at
which it hits A_([—~Ln'/2, Ln'/?)z) and consider the §?n'/2-length interval A_(I,,,) which it hits at this time.
Choose a path S, (green) between the points at which ~y,, which enters and exits the cluster @y, (C) (light
blue) which crosses A_([—Ln'/2, Ln'/?]z) at most once and whose length is most 2CR;, (C). Such a path
exists by definition of Ry, (C'). The path v,,11 is the concatenation of (part of the) purple, green, and blue
segments. Since 7, takes at least Ry, (C) units of time to get from 8Q;,, (C) to I, (by Lemma 4.3), f,, is
at most 2C times as long as the segment of 7/ it replaces. Iterating this procedure until we get to A_(z1)
constructs the path ¥ in the proposition statement.

replace /i, 1,1, and v|ir, |y, by different paths which do not cross the gluing interface. To this end, let
(resp. 7;) be a Qg¢-graph distance geodesic from A_(zg) (resp. ¥(To)) to v(T1) (resp. A_(z1)), with the sign
& € {£} chosen so that v(Tp) (resp. v(T1)) belongs to Q.

To produce the desired path +', we first concatenate v, Y1y, 11]2> and ~1 and then erase (chronologically)
any loops that this concatenation makes. Then 4’ is a simple path from A_(zp) to A_(z1) whose image is
a subset of v, U~([Ty,T1]z) U~;. By condition 2 in the definition of E™ and since v}, and ~; are one-sided
geodesics, |5 V 7| < 6'72n!/4. Hence

V| < |y| 4 200 n /4 = dist(A_(20), A_ (21); Quip) + 2012 n1/4, (6.32)
We now introduce some notation to describe +’. For each edge e hit by +/, let

oe = (v)7'(e) € [1,17']]z- (6.33)

Note that this is well-defined since 7’ is simple. Analogously to the definitions above, let T{ (resp. T7)
be the largest (resp. smallest) ¢t € [1,|7/|]z for which 4/(¢) is incident to an edge A_(z) for z € Z with
dist({z0, 21}, 1) < 20%~3¢n'/2. By the definition of 7/,

Y ([0,Tp)z) C v and A ([T1, Y ]lz) € 1, (6.34)

so in particular 4/ does not cross A_([—Ln'/2, Ln'/2]y) before time T}, or after time 77 (it is still allowed to
touch A_([—Ln'/2, Ln'/?]z)).

Step 2: inductive construction of paths. To construct the path 7 in the proposition statement, we will
inductively define paths v, from A_(zp) to A_(z1) and times t,, € [1, |||z for m € Ny with the following
properties.

1. (Path after time t,, has not been modified) v,
same time length.

[t ym ]z COINCides with the final segment of 4" of the
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2. (Bound for number of crossings) The number of times that v, |1 4,1, crosses A_([—Ln'/2, Ln!/?]y) is

at most m.

mlz

3. (Bound for length of initial segment of the path) With o, (,.) as in (6.33), we have t,,, <2Co, «, ),
i.e., the modification steps we have made so far have increased the length of the part of 4’ which has
been modificed by a factor of at most 2C'.

We will eventually take ¥ = 5, where M is the time, to be defined below, after which all of the paths ,,
are equal. A typical step of the inductive construction is illustrated in Figure 14.

Recall the times T} and 77 defined just above (6.34). Let 79 = 4/ and tg = T. Inductively, suppose
m € Ny and 7, and t,, have been defined. We will define v,,4+1 and t,,4+1. Let

Tm = 1Infqt € [ty + 1, |[Ym|]z : Ym (t) is incident to A_ an1’2,Ln1/2 Z) (s 6.35
Y. Y,

Or Ty = |Ym| if no such t exists. If |y, — 7 < |Y/| = T4, i.e., the edge v, (1) is part of the segment of 4/
traced after time Ty, we set Y, = V41 (Which terminates the induction).

Now suppose |Ym| — 7m > |7/| = T1. Let I, € Z™(J) be chosen so that v,,(t,,) € A_(I;). By condition 1
in the inductive hypothesis, the definition of T}, and condition 1 in the definition of E", it follows that
neither A_(29) = Ym (1) nor A_(21) = ym(|7m|) belongs to the glued peeling cluster @y, (C). Consequently,
if we let S,,, (resp. s,,) be the first (resp. last) time s € [1, |ym|]z such that v,,(s) is incident to Qy,, (C), then
1< 5m < 8m < |¥ml-

We claim that there exists a path 3, from 7,,(5,m) t0 Vi (sm) which crosses A_([—Ln'/2, Ln'/?]z) at
most once and which has length |5,,] < 2CR;, (C). To see this, suppose without loss of generality that
Ym (5m) € E(Q-) (the case when v, (5m) € Q4 is treated similarly). By definition of Rj, (C) (recall
Lemma 6.3), there exists a path in @Q_ from 7,,(5,,) to any other given edge e of 9Q;, (C) N Q_ with
length at most CRy, (C). If vm(sm) € E(Q-), we take S, to be such a path for e = v, (s,,). Otherwise, if
Ym (8m) € Q4+, we let e be an edge of 0Q, (C) N Q_ which is incident to an edge €’ of 0Q;, (C) N Q4 and
concatenate a path in Q_ of length at most CRy, (C) from ~,,(5y,) to e and a path in Q4 of length at most
CRy, (C) from €' t0 Y (8m)-

Let vm41 be the path obtained from +,, by replacing ym|s,,,s,.] With B, i.e. the concatenation of
Yl (1,50 =11z B> A0A Vi[5, 41, /vl AlsO let Ty, 11 be the time for 7,11 at which it finishes tracing 3,
so that Ym41(tm+1) = Ym(Sm). By the inductive hypothesis v,,+1 is a path from A_(zp) to A_(z1) which
coincides with ~ after time ¢,,41, so condition 1 in the inductive hypothesis is satisfied with m + 1 in place
of m.

By our choice of £, the path v, 11][1,4,,,,], crosses A_([~Ln'/? Ln'/?)z) at most one more time than
Yml[1,t,]+ S0 condition 2 in the inductive hypothesis is satisfied with m + 1 in place of m.

We will now check condition 3. For this, we recall the times o, = (7/)~!(e) from (6.33). By condition 3 in
the inductive hypothesis, t,, < 2Co,, (;,.)- By condition 1 in the inductive hypothesis, v, traces the final
segment of 7' after time t,,. Combining the two preceding sentences shows that the time when ~,, hits any
given edge e is at most 2C times the time when 4’ hits e. In particular,

tm V Sm < 2C0—’ym(tmvf§m)' (636)
Furthermore, using that ~,, traces 4" after time ¢,, and v, (Sm) = Vm+1(tm+1), we get that

Sm — (tm \/ gm) = O"Ym(srn) - U’Wn (tmvgm) = 0.'7771+1(tm+1) - U’Ym(tmvgnl)' (6'37)

Lemma 4.3 implies that each edge of 9Qy,, (C) lies at Q,ip-graph distance at least Ry, (C) from A_(Ip,).
In particular, since 7., € [t V S, Sm], we have s, — (En V S ) = S — T > Ry, (C). Combining this with
the definition of (3,, shows that
1 < Sm 4 Bm| < Sm +2CR;, (C) < (b V Sm) +2C (8 — (tm V Sm))- (6.38)
By combining this with (6.36) and (6.37), we get

tm""l S QCO-'Ym(tmvgm) + 2C(O—'Ym+1(tm+1) - U’Ym(tmvgm)) = 2CO—'Ym+1(tm+1)’
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which is condition 3 with m + 1 in place of m. This completes the induction.

Step 3: definition of the path 5. To conclude the proof, let M be the smallest m € N for which |vy,| — 7 <
|v'| = T7, equivalently the smallest m € IN for which v,, = vas for each m > M. We will now check that
the conditions in the statement of the lemma are satisfied for ¥ = 7. It is clear that v, is a path from
A_(20) to A_(z1). With the discrete interval I,,, as above, the path +" does not hit A_(I,,) after hitting
Y41 (tm+1) = Ym(Sm) by the definition of s,,. Since 7,41 and 4’ coincide after hitting 7,41 (tm+1), it
follows from the definition of I,,, that I,,, # I,,,41 unless m > M — 1. Since there are at most 2L5~2 elements
of Z"(4), we infer that M < 2L5~2.

By condition (2) for m = M, the path ~yar|[1,,], crosses A_([=Ln'/?,Ln'/?)z) at most 202 times.
By (6.34) the path v,s traces a segment of the one-sided geodesic 7| after time ¢,,, so does not cross
A_([~Ln'/?, Ln'/?)y) after time t5;. Therefore vy crosses A_([—Ln'/2, Ln'/?]) at most 252 times. By
condition 3 for m = M and (6.32),

Ivar] < 2C1H'| < 2C dist(A_(20), A_(21); Quip) + 405 ~26nt/4,

Setting ¢ = 1/4 and possibly shrinking 0, yields (6.1) with C' = 2C(1/4). O

6.2.2 Proof of Proposition 6.2

Figure 15: Illustration of the proof of Proposition 6.2. Let v be a Q,ip-geodesic from A_(zg) to A_(z1). Given
an interval [6n'/4(j — 1), 0n'/45]z which contains a time ¢ for which y(t) lies within distance 2C~16n!/* of
the SAW, let 7; be the smallest such time and choose a §?n'/2-length SAW segment A_(I;) which lies within
distance 1C~1n'/* of (7;) (the 2C~*én'/*-neighborhood of this SAW segment is outlined in red). Also let
o; and 7; be the first and last times at which ~ enters the glued peeling cluster @ 1;(C) (light blue), which
are finite for most choices of j by Lemma 6.14. By definition of EI]. (C) (recall Lemma 6.4), there must
be a time interval [t;,%;]z C [0;,7;]z of length at least iC‘lﬁlj (C) during which ~ is at distance at least
(20)_11?21]. (C) > (2C)~H(#1,)Y? > iC’_l(Snl/‘L away from the SAW (the image of this time interval under
is shown in purple). Furthermore, we have 7; — g; < QC’EQ (C). This leads to the conclusion ~ spends at
least a 3C~2-fraction of its time (minus a small error) at distance at least ic_lénl/‘L
segment of 0Q)_.

away from our given

See Figure 15 for an illustration of the proof. Fix a small parameter ¢ € (0,1/4] (for our purposes we
can take ¢ = 1/4, but we find it more transparent to allow for an arbitrary ¢ since this makes the source of
various exponents more clear). Fix L > 0, 20,21 € [~Ln'/?, Ln'/?]3. For § € (0,1) and n € N, define the set
of intervals Z"(8) as in (6.27) and the clusters Q;(C) for I € Z"(6) and C' > 1 as in (6.28).

Also recall from the statement of Proposition 6.2 that for 5 € (0, 1), Tf (&) denotes the set of “good”
times at which the geodesic 7 lies at Q,p-distance at least Bdn'/* from \_([—Ln'/2, Ln'/?]z).

The main idea of the proof is to use condition 1 of Lemma 6.4 to argue that whenever a @),ip-geodesic y
from A_(2g) to A_(21) gets close to one of the intervals I € Z"(9), it must subsequently spend a positive-length
interval of time away from 9Q_ U Q. The proof is divided into five steps.
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Step 1: We define a regularity event G™ which we will truncate on for most of the proof. On G, not too many
of the glued peeling clusters Q;(C') can contain the endpoints A_(zo) and A_(z1) and the graph-distance
diameters of the boundary intervals A_(I) for I € Z"(9) are bounded above. We then show that G
occurs with high probability when ¢ is small using Lemmas 5.11 and 6.14.

Step 2: We define a set J of “bad” indices j € [0,6 'n"/4|y|]z corresponding to time intervals [(j —
1)dn'/4, jon'/4]z during which our Q,;,-geodesic y gets within distance iC’_lénl/‘l of \_([=Ln'/2, Ln'/?)z).
We then show that for 3 € (0, C '], the quantity #Tf(é) can be bounded below by |y| — dn'/4# T
minus a small error corresponding to possible pathologies near the starting and ending points of ~.
See (6.41).

Step 3: Using the definition of the clusters @ 1(C), we show that for each “bad” index j € J, there must exist
a corresponding “good” time interval [tj,fj]z of length at least %C”l&ll/‘1 during which ~ is not too
close to A_([—=Ln'/?, Ln'/?)z).

Step 4: We prove for each 7 € J an upper bound for the number of j' € 7 for which the corresponding intervals
[t;,tj]z and [t;,, 1]z overlap. See (6.44).

Step 5: Using the previous step, we prove that #Tff (6) can be bounded below by a small constant times
on/44 T (see (6.46)). Combining this with the lower bound from Step 2 and considering the worst
possible value of #.J, we deduce our desired lower bound for #T,f (9).

Step 1: regularity event. We first define a regularity event which we will work on for most of the proof. For
C>1,1let G* =G"(C,0,(, L, z0,21) be the event that the following are true.

1. 20,21 ¢ Q(C) for each I € I(6) with dist(I, {z0, 2z }) > 62~¢/4nl/2,
2. diam(A_(I); Q_) < 6*=¢/4n'/4 for each I € I™(6).

By Lemma 5.11 (applied with §~¢/% in place of C, |[n'/2] in place of r, and recalling the fact that #1I ~ §2n!/2
for I € 7™(6)) and Lemma 6.14 (applied with ¢/100 in place of ¢, say), for each o € (0,1) there exists
dx = 0x(a, L, ¢) and C' = C(¢) > 1 such that for § € (0,d,], we have P[G"] > 1 — « for large enough values of
n. Henceforth fix such a C. We will prove that for an appropriate choice of 5 and small enough § € (0, d,]
(depending only on «, L, and (), the condition in the proposition statement is satisfied whenever G™ occurs.

Step 2: the set of “bad” indices. Assume now that G™ occurs and let v be a Qip-geodesic from A_(zp) to
A_(z1). For j € [0,67'n"Y4|y||z, let
sj = |on'/4j]. (6.39)
Let J be the set of “bad” indices j € 1,8~ 'n~1/4|y||z for which there exists ¢ € [s;_1 + 1, s;]z and I; € "()
for which
20,21 ¢ Qr,(C) and  dist(y(t), A—(I); Quip) < icﬂsnl/‘*. (6.40)

If we let 3 € (0, ;C '] and let T(6) be as in Proposition 6.2, then by condition 1 in the definition of G",
each t € [1, ][]z \ T2 (6) is either contained in [s;_; + 1, s;]z for some j € J or satisfies dist(y(t), I; Qzip) <
1C~1on!/4 for one of the intervals I € I"(5) with dist(I, {20, 21}) < 62~/*n!/2. There are at most 46-¢/4
intervals I € Z"(0) with dist(1, {20, 21}) < 6> ¢/*n!/2 and by condition 2 in the definition of G” each has
Quip-diameter at most §1=¢/4nt/4. Since v is a geodesic, the total amount of time that v spends in the
%C_lénl/‘l—neighborhood of the union of these §¢/* intervals is at most

<1015n1/4 + 514/4n1/4> x 467C/4 < 851/ 2pt/4,
5 <

In other words, the total number of times [0, |y|]z \ T2 (6) which are not contained in [s;_1 + 1, s;]z for some
j € J is at most 851~¢/2n!/4, Since each interval in J has length at most n'/%, it follows that

HTH(0) = | — on!/* (T +807</2), (6.41)
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We will now use the definition of EI(C) from Lemma 6.4 to prove another lower bound for #Tf(é) which is
increasing in #.J. Combining this bound with (6.41) and considering the worst possible value of #J7 will
give (6.2).

Step 3: bad indices give rise to intervals during which ~y is far from 0Q_ U 0Q,. For j € j let 7; be the

smallest ¢ € [s;_1 + 1, 5]z for which (6.40) holds. By Lemma 4.3 and since C' > 1, y(¢) € QI , which
is contained in @1]. (C) since EI (O) > #(A_(I;))*/? > |on'/*] by definition (recall Lemma 6.4).

Also let g; (resp. ;) be the first (resp. last) time ¢ € [1,]v|]z for which ~(¢) is incident to an edge
of 8@13. (C). By (6.40), 29,21 ¢ @Ij (C) so g; and 7; are well-defined and (by the preceding paragraph)
Tj € [Qj,?j]z.

By condition 1 in the definition of ]qu (C), for each j € J the path v must hit a vertex of @, which
lies at Q,ip-graph distance at least C’lﬁl (O) from A_([~Ln'/2, Ln'/?]z) between times 7; and &;, so must

spend at least %C’lﬁlj (C) units of time at distance greater than 1C~ 1R1 (C) from A_([~Ln'/?, Ln'/?)z).
Consequently, if we let [t;,%;]z C [7;,]v[]z be the largest discrete 1nterval contained in [75, |7]]z such that

1 JLonl/4)

_ 1
dist(’y([tj,tj}z), )\_([—Lnl/Q,Lnl/2]Z)) > S0t/ (6.42)

then 1
fj—;jzgc*R,j(C) and t; <7 (6.43)

Step 4: bounding the overlap. By (6.42), each of the intervals [t;,%;]z is contained in T (d) for 5 € (0, :C 1],
but it is possible that these intervals overlap. In order to get a lower bound for #T,f (6), we need to prove an
upper bound for the amount of overlap.®

We first argue that if j, 5’ € J with [t;,, %]z N [t;,%;]z # 0, then [t;,tj]z = [t;,{;]z. Indeed, by the
maximality of [t;,7;]z we must have £;; =#;. On the other hand, since '7(7] /) lies at Qip-distance at most
10~ 1on/4 from A_([—Ln'/?, Ln'/?]y), we have 7; ¢ [t;,tj]z and similarly with j and j’ interchanged, so
again by maximality ¢; =¢;.

We next claim that

_ C’2
#{i' €T : lytylz Nt Tz # 0} < 5 —ati—t), Yied. (6.44)

Indeed, suppose j € J. Condition 3 in the definition of El (C) implies that the Qle—diameter of 9Q ,(C) is
at most C'Ry,(C), so since v is a geodesic and (g ;) and v(7;) are incident to 6@1 (C),

0<t;—sj_1 <7;—a; <20R,(C). (6.45)

If j* € J for which [t;, %]z N [t;,t;]z # 0 (equivalently, [t;,%;]z = [t;,1;]z by the preceding paragraph)
then we have that,
0<t;—sj—1=ty —sy-1 (since t, = ﬁj,)
<2CR;,(C) (by (6.45) with j’ instead of j)
<4C*(tjy —t;) (by (6.43) with j' instead of j)
=4C%(t; - t;) (sincet; =t; and t; =1

— ).

t.] so (recalling (6.39)) the number of such j’

Therefore, every such j' € J satisfies s; 1 € [t; — 4C?(; —1;),t;

is at most the right side of (6.44).

30ne might think to try to bound the overlap of the [jj,fj}z’s by bounding the overlap of the @I(C)’s. This is not helpful,

however, since the overlap of the QI(C)’S can be quite complicated. For example, it is even possible for one of these sets to
contain another one.
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Step 5: conclusion. Since [t;,t;]z C T2(8) for each j € J and each 3 € (0, ;C '], we infer from (6.44) that
for each such g,

#T’B(é) > Z tji_ t; _ - Snl/4
T jET #{3' €T : [ty tilu Nty tilz # 0} — 4C2

#J. (6.46)

By (6.41) and (6.46),

1/4

on

#J, Y| = on'(#T + 85‘“2)}-
By considering the value of #.7 for which the right side is minimized, we get

_g§1—¢/2p1/4
(5 > 1
#1500) = = e

We now conclude by choosing § < min{ic_l, (1+ 402)_1} and shrinking §, in such a way that 8(1 +
402)~151=¢/2 < §1/2 for each § € (0, 6,]. O

7 Proof of main theorems

In this section we will complete the proof of Theorem 1.1. At the end, we will briefly remark on the minor
adaptations necessary to prove Theorem 1.2 and Theorem 1.3 in Remark 7.13. See Figure 16 for an illustration
of the objects involved in the proof.

We will begin in Section 7.1 by introducing some notation and establishing tightness of the 4-tuples
(Qzip» Ay P n;‘ip) in the local GHPU topology. By the Prokhorov theorem and since we already know
from [GM17b] that both of the 4-tuples (Q+,d%, u’t,n) converge to Brownian half-planes in the local
GHPU topology, we can find a random element ()Z’ , cz f,1) € MSHPU coupled with the Brownian half-planes
(X+,d+) and a subsequence N along which the joint law of (Qaip, Ay Hifips Myip)s (Q—,d2, p”,n™), and
(Q+,d}, 'y, m%) converges in the local GHPU topology to the joint law of ()2, d, 7, ), (X_,d_,p_,n_), and
(X4, doy pr s ) o

In the remainder of the section we fix such a subsequential limit and aim to show that (X,d,x,7) is
equivalent (as a curve-decorated metric measure space) to our desired limiting space (Xyip, dyip, tzips Mzip) s
which we recall is obtained as the metric quotient of (X_,d_) and (X, dy) identified along their positive
boundary rays, as in Section 1.2 and Figure 3. The measure p,;;, is the sum of the pushforwards of ;1 and p4
under the quotient map and the curve 7,;, is the gluing interface (i.e., the image of the positive boundary rays
under the quotient map). We now give a brief overview of how we show that ()~( , J, 2, 1) = (Xyip, duips Maips Maip)-

We begin in Section 7.2 by using the results of Section 5.4 to establish some qualitative properties of the
subsequential limiting curve 7. Namely, we will deduce that 7 is necessarily transient (i.e., it is a.s. the case
that the amount of time it spends in any compact set is finite), simple, and satisfies 1z(77) = 0.

In Section 7.3, we show that there is a bijective, 1-Lipshitz, curve-preserving, measure-preserving map
faip + Xzip — X which preserves the length of each path in X,;, which does not hit the gluing interface
Nzp- Roughly speaking, the reason that such a map f,, exists is as follows. Using that ()~( ,czﬁ, o) is a
subsequential limit of the glued maps (Qyip, Ay P n;p), one can produce 1-Lipschitz, measure-preserving
maps fi : (Xg,dy) — ()? , J) which preserve the lengths of curves which do not touch the gluing interface
and satisfy f-(X_)U f1(Xy) =X, f(X_)N fe(Xy) =7, and f-(n_(t)) = f1(ns(t)) for each t > 0 (see
Figure 16 for an illustration of these maps). The existence of fi is established using limiting arguments and
elementary metric space theory. The maps f_ and f; give rise to a 1-Lipschitz map from the disjoint union
of X_ and X, to X. By the universal property of the quotient metric (Remark 2.1) and the condition that
f-(n=(t)) = f+(n4(¢)) for each t > 0, we can factor the 1-Lipschitz map of the preceding sentence through
the quotient map X_ U X, — Xy, to get the desired map f,ip : Xzip — X.

In Section 7.4, we conclude the proof by showing that the above map f,i, is in fact an isometry, so that
()? , c?, 1, 1) = (Xyip, duip, Maip, Maip) as curve-decorated metric measure spaces. This is the most interesting part
of the argument, and is based on the results of Section 6. In particular, we first deduce from Proposition 6.1
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that f !

zip
exists a d- geodesic between and two fixed points of 77 which spends at least a S-fraction of its time outside of
7 for some 8 € (0,1).

We then look at such a cj—geodesic ~ between two fixed points of 7 and decompose it as the union of
finitely many segments during which it does not hit 7, with total length a|y| > (8/2)|7|; and finitely many
complementary segments with total length (1 — a)ly| < (1 — 5/2)|y| (see Figure 18 for an illustration),
where here a € [5/2,1) is random. The union of the latter collection of segments contains the intersection
of v with 7. Since f,ip preserves the lengths of paths which do not hit 7,i,, the total d,ip-length of the
images of the first collection of segments under fz]p is equal to aly|. Since lep is C-Lipschitz, the total
d,ip-length of the images of the second collection of segments under fzip is at most C(1 — a)|y|. Hence

|fz_ip1 V)| < aly| + C(1 — a)|y|. Since C' > 1, the right hand side is maximized when we make a > §/2 as
small as possible. Consequently, |fz_ip1 M| < (B/2)|v] + C(1 — B/2)|y|. Since v was an arbitrary geodesic, this
is a.s. (8/2+4 C(1 — B/2))-Lipshitz. As 8 € (0,1), we can therefore take C' = 1.

is a.s. C-Lipschitz for some deterministic constant C' > 1 and from Proposition 6.2 that there a.s.

implies that lep

7.1 Setup and tightness

For the proof of Theorem 1.1, we will use a slightly modified version of the notation used in the theorem
statement where we define the nth rescaled objects with respect to a different copy of the map. The reason
for this is that we will be applying the Skorokhod representation theorem for weak convergence, so that we
can couple everything together on the same probability space.

For n € N, let Q};, = Q" U Q' be a copy of the quadrangulation Qi from Theorem 1.1. We view Q7
and Q7 as connected metric spaces by identifying each edge with an 1sometrlc copy of the unit interval in R,
as in Remark 2.4. Let d”, d%, and dj;, be the graph metrics on Q7 , and respectively, re-scaled

by (9/8)/4n=1/4, Let p", wy, and ,ule be the measures on Q", Q, and Q
each vertex a mass equal to (4n)~! times its degree.
Let A% be the boundary paths of 7}, respectively, started from the root edge, viewed as paths from R to

z1p7

7ip» Tespectively, which assign to

Q" in the manner of Remark 2.4. For ¢t € R, let '} (¢) := Ay (%nlpt) Also let 17t := 10" 0,00), Which is
equal to 77 [j0,00) since Q7 are glued together along A’ ([0,00)) to obtain Q7.

As in Theorem 1.1, let (X_,d_) and (X4, dy) be a pair of independent Brownian half-planes. Let py
be the area measure on X4 and let 4+ : R — X4 be the parameterization of X4 according to boundary
length, normalized so that 74 (0) is the marked point of 90X 1 (see Section 2.4 for a definition of the boundary
length measure on the Brownian half-plane). Let (X,ip, dsip) be the metric space quotient of the disjoint
union of (X_,d_) and (X,d;) under the equivalence relation which identifies n_(t) with n(t) for each
t > 0. Also let p,i, be the measure on X3, which restricts to the pushforward of p4 under the quotient map
on the image of X1 under the quotient map. Let 7, : [0,00) = Xy, be the path which is the image of
7—([0,00)) (equivalently 74 (][0, 00))) under the quotient map.

Define the curve-decorated metric measure spaces

21p : (Qmpv 21p’/~L;Lip’n;Lip) Q?I: = (Qrzll:’ i#lvﬁl)
xzip = (Xzipadzipvﬂ'zipvnzip) xi = (Xiadia,ui7ni)' (71)

See Figure 16 for an illustration of the above objects (plus some additional objects, to be introduced later).

By [GM17b, Theorem 1.12], the joint law of (Q", Q") converges in the local GHPU topology to the joint
law of (X_,X;). We want to establish tightness of {%le}n@N in the local GHPU topology. For this purpose
we record the following estimate which will also be used several times in later subsections.

Lemma 7.1. Forn € N and R,p > 0, let G"(p, R) be the event that the following are true.
1.y ([R2,00)) 0 By (1, (0); djy,) = 0.
2. B, (np,(0);dz%,) € Br(n™(0);d™) UBr(n}(0);d%).
For each € € (0,1) and each p > 0, there exists R = R(p,€) > p such that for each n € N,
PG (p, B)] > 1~ <.
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Figure 16: Ilustration of the objects used in the proof of Theorem 1.1. Orange arrows indicate convergence
and black arrows indicate functions. The spaces on the left (resp. right) are isometrically embedded into
(Z_,D_) (resp. (Z+, Dy)) and the top two spaces are isometrically embedded into (Z,ip, D,ip). The functions
f+ (resp. faip) are shown to exist in Lemma 7.8 (resp. Proposition 7.6). The orange arrows between spaces
indicate convergence in the HPU topology of Definition 2.5 (along the subsequence NA) for the larger space into
which they are embedded. The orange arrows between maps indicate convergence in the sense of Lemma 7.8
(along a subsequence N/ C N'). To prove Theorem 1.1 we will show that f,, is an isometry which pushes
forward 7,ip to 77 and p,ip, to .

v
v

A

Proof. This is immediate from Proposition 5.1 and Lemma 5.12. O

Lemma 7.2. The laws of the curve-decorated metric measure spaces Q. are tight in the local GHPU

topology.

zip

Proof. Fix e € (0,1) and p > 0. Let R = R(p,€) > p be chosen so that the conclusion of Lemma 7.1 is satisfied
and let G"(p, R) for n € N be as in that lemma. Since (Q7,d’}, u™, 07 ) each converge to non-degenerate
limits in the local GHPU topology, we can find C;, N, > 0 depending only on p and € such that for each
n € N, it holds with probability at least 1 — € that the following are true.

1. G™(p, R) occurs.

2. Bgr (77 d") can be covered by at most N d”-metric balls of radius e.
3. p" (Br(n™(0);d")) < C.

4. d™(n™(s),n ( )) < & whenever s,t € [0, R?] with [s —t| <e.

5. The previous three conditions also hold with “+” in place of “—

Since p and e are arbitrary the desired tightness therefore follows from [GM17b, Lemma 2.12]. O
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By Lemma 7.2, [GM17b, Theorem 1.12], and the Prokhorov theorem, for any sequence of p051tlve integers
tending to oo, there exists a subsequence A, a curve-decorated metric measure space X = (X d, i L0, 7)€
MSHPU and a coupling of X with (X¥_, X, ) such that

(9

mvar—LvD:L—) — (%7 %_,%+) (72)
in law in the local GHPU topology as N’ 3 n — oo. Henceforth fix N, f%, and a coupling as above. We will
show that in any such coupling, X = X}, a.s.

By the Skorokhod representation theorem, we can couple the sequence {( mipy @ Q”)} with

(X,X_,X,) in such a way that the convergence in (7.2) holds a.s. For our proofs, it will be convenlent to
embed the spaces Q}, (resp. Q7, Q') for n € N together with their limiting space X (resp. X_, X ) into a
common metric space.
By Proposition 2.6, we can a.s. find (random) boundedly compact (i.e., closed bounded subsets are
compact) metric spaces (Z,ip, Dsip), (Z—, D_), and (Z4, D4 ) and isometric embeddings
L;Lip : ( Z1p7d;L1p) (ZZiP7DZiP)7 lzip * (X’d) - (ZZiP7DZip)7

LT:L : (Q:I:?dT:iL:) (Z:taD:i:)a and Lyt (X:tad:t) — (Z:taD:I:)
such that a.s.

QTL

i () = tap (X) and 1(Q1) = 12 (X2
in the D,ip- and Dy -local Hausdorff-Prokhorov-uniform (HPU) topologies respectively (Definition 2.5).

To lighten notation, we henceforth identify Q7 , Q" , , and X with their images under Lyip And Lyip,

zip?

respectively (so that Q7 = Q" UQ'"} and X are subsets of ZZ1p7 etc.). We similarly identify X4 with their
images under ¢+ and (since we have already identified Q7 with their images under ¢}; ) we define

v = (QudL. ALy ) = i (91) C Ze

Let? R
fE= 1o ()7 QL - QL (7.3)

be the map taking us from the embedding of @’i into Z4 to its embedding into Z,;,. Since ¢} is an isometry

and dy;,|on is dominated by the internal metric d’}, each f¥ is 1-Lipschitz with respect to the metric c/l\glE on

le|

the domain and the restriction of the metric dj;, on the range. Furthermore, f% (}51) =07%.

We will continue to use the objects introduced just above throughout the remainder of this section. See
Figure 16 for an illustration of these objects.

7.2 Basic properties of the subsequential limiting curve

Throughout the remainder of this section we continue to use the notation introduced in Section 7.1. We will
prove some basic facts about the curve 77 associated with the subsequential limiting object X which follow
relatively easily from estimates for @),i, proven earlier in the paper. In particular, we will show that it is
simple, transient, and has zero fi-mass.

We first show that the subsequential limiting curve 7 is simple, which is a consequence of Lemma 5.10.

Lemma 7.3. Almost surely, the curve 17 is simple. In fact, for each L > 0 and each p > 3/2, there a.s. exists
¢ > 0 such that for each 11,1 € [0, L],

d(7i(m1),71(r2)) > clr1 = TafP. (7.4)

4Here, to define (L’i)’l we restrict the co-domain of 1} to @1 C Z+ instead of Z4.
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Once we have concluded the proof of Theorem 1.1, Lemma 7.3 will imply that the limiting curve 7,
in that theorem is simple and that its inverse is locally Holder continuous of any exponent strictly smaller
than 2/3. The simplicity of n,i, can also be deduced from [GM16, Corollary 1.2], but the Hélder continuity
statement is not obvious from either the Brownian or the \/8/73—LQG descriptions of (Xip, dyip, taip, Maip)-

Proof of Lemma 7.3. Fix L > 0 and p > 3/2 and let 8 = 1/p € (0,2/3). Since n;}, — 7 uniformly
on compact subsets of [0,00), we can take the scaling limit of the estimate of Lemma 5.10 to find that
P[Es] > 1— 63@-A~2+0(1) where

Es = {g(ﬁ(Tl),ﬁ(Tg)) > 4, V11,72 € [0, L] with |7 — 72| > 6ﬂ}.

By the Borel-Cantelli lemma, there a.s. exists K € N such that E5—« occurs for each k > K. If this is the case
and 71, 75 € [0, L] are distinct times with |1; — 7| < 278K choose k > K such that 2-Bk+1) < |71 —7o| < 276k,
Then since Fy-« occurs, _

d(if(11),71(12)) > 27 = |11 — 7of

with implicit constant depending only on 3. On the other hand, if |73 — 72| > 2785 then since E,-x occurs,
d(ii(m1),7i(72)) 2 275 = |1y = 7l
with implicit constant depending on K. Hence (7.4) holds. O

Next we check transience of 7.

Lemma 7.4. Almost surely, the curve 17 is transient. That is, for each p > 0 there exists R > 0 such that

B, (7j(0); d) N7([R?, 00)) = 0.

Proof. Fix p > 0 and € € (0,1). By Lemma 7.1, we can find R > 0 such that for each n € N, the probability
of the event G™(p, R) defined in that lemma is at least 1 — e. Hence except on an event of probability at
most €, there is a sequence N/ C N such that G™(p, R) occurs for each n € N’. If this is the case, then
for each n € N’ and each T > R?, we have B,(n3:,(0);d,) N ng, ([R?,T]) = 0. Since Qf, — X in the

s Yzip zip

D,ip-local HPU topology, it must be the case that B,(77(0);d) N 7([R?,T]) = @ for each T > R?. Thus
B, (17(0); d) N 7([R?, 00)) = 0. O

Finally we show that 7 has zero mass.
Lemma 7.5. Almost surely, () = 0.

Proof. Fix T > 0 and € € (0,1). By Lemma 5.11, we can find p = p(T,€) > 0 such that for each n € IN, it
holds with probability at least 1 — ¢/3 that

ip ([0, T1) € By (133, (0); iy, )- (7.5)

By Lemma 7.1, we can find R = R(T,e) > 0 such that for each n € N, it holds with probability at least
1 —€/3 that

T];Lip([RZa OO)) N Bp+1 (n;p(o)a ;Lip) = @ (76)
If n € N is such that (7.5) and (7.6) hold, § € (0,1), and z € Q2 N B, (n;’ip(()); d;‘ip), then any path in @,
with d7} -length at least § from z to a point of Q% must hit 5 ([0, R?]). Therefore, with probability at least
1—2¢/3,

Bs (m35 ([0, T]): dif,) © Bs (0 ([0, R?));d) U Bs (nf ([0, R?]);dlt), Vo € (0,1).

s Yzip
Since X% — X1 in law in the local GHPU topology and p4(n4) = 0, there exists § € (0,1) such that with
probability at least 1 — €/3,

" (Bs (™ ([0, R?)); d™)) + p (Bs (™ ([0, R%)); 1)) < e.

Hence with probability at least 1 — ¢,

:U‘gip (85 (U;Llp([07 TDa d;p)) S €.
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Since X7;, — X,ip in law in the local GHPU topology as N 3 n — oo, we see that

]P[Bg (ﬁ([O,T]);J) < e} >1—e

The lemma follows since we took T' > 0 and € € (0,1) arbitrary. O

7.3 A 1-Lipschitz map from X, to X

A priori, we do not have any explicit relationship between the Brownian half-planes X and the subsequential
limiting metric space X. In this subsection, we will prove that there is a map from the desired limiting space
Xyip (which we recall is the metric gluing of X 1) to X which satisfies several properties.

Proposition 7.6. Almost surely, there exists a bijective 1-Lipschitz map faip : (Xuip, duip) — ()?,J) such
that fip © Nuip = 1 and (fuip)stbzip = f. Furthermore, the dgp-length of any curve v in X, which does not
intersect N,p s the same as the d-length of faip (7).

Once Proposition 7.6 is established, the only remaining step to show that X,i, = X as curve-decorated
metric measure spaces, and thereby finish the proof of Theorem 1.1, is to show that f,;;, is an isometry.
Equivalently, we need to show that it preserves the lengths of paths which are allowed to 7,i,, not just paths
which do not cross 7,i,. This will be accomplished in Section 7.4 using Propositions 6.1 and 6.2. Section 7.4
does not use anything from the present subsection except Proposition 7.6.

The proof of Proposition 7.6 uses only the qualitative properties of the curve 7 established in Section 7.2
and elementary metric space theory. The main step in the proof is establishing the existence of fy : X4 — X
which are subsequential limits of the maps f : @\1 — Qip (see Figure 16) and which give us a decomposition

of X = f_(X_) U f4(X4) analogous to the decomposition Xoip = X_ U X4

Proposition 7.7. Almost surely, there exist 1-Lipschitz homeomorphisms f+ : (X4,dy) — ()?,J) such that
the following are true.

1. We have f_(X_)U f(X4) =X and f_(X_)N f(X4) =7
2. (fe)epx = fily (xy) and fr(ne(t)) =n(t) for each t > 0.

3. Let d+ be the internal metric of d on f+(X+)\7l. Then each fy is an isometry from (X4 \nx([0,00)), d+)
to (fe(X£)\ 7, d+).

Before we give the proof of Proposition 7.7, let us explain why it implies Proposition 7.6. See Figure 16
for an illustration.

Proof of Proposition 7.6. Fix maps fy : X4 — X satisfying the conditions of Proposition 7.7. Endow the
disjoint union X _ X with the metric d_Ud which restricts to d+ on X4 and satisfies (d_Ud, )(z_,x4) = 0o
for z_ € X_ and x4 € X;. Let f_ U fi be the map from X_ U X, to X which restricts to f+ on
Xy. Then f_ U fy is 1-Lipschitz from (X_ U X ,d_ Udy) to ()?,J) By condition 2 of Proposition 7.7,
f-(m=(t)) = f+(n+-(t)) = n(t) for each ¢ > 0. That is, (f— U f1)(x) = (f- U f1)(y) whenever z,y € X_ L X
are identified under the equivalence relation defining X,i,. Let ¢ : X_ U X, — Xy, be the quotient map,
which sends 74 (t) to 7,ip(t) for each ¢ > 0. By the universal property of the quotient metric (Remark 2.1),
there exists a 1-Lipschitz map faip 1 (Xyip, duip) — ()?,J) satisfying f,ip 0q = f_ U fy.

By condition 1 of Proposition 7.7, f,, is surjective. Since each fi is injective and 7 is a simple curve
(Lemma 7.3), fuip is injective. By condition 2, f,i, o 7,p = 7 and by this same condition together with
Lemma 7.5, (fzip)«tzip = f. The length-preserving condition for f,;, follows from condition 3 of Proposition 7.7
since each curve in X,;, which does not intersect 7,;, is contained in either X_ or X and since each of
f— U fy and q preserve the lengths of curves which are entirely contained in one of X_ or X . O

In the rest of this subsection we prove Proposition 7.7. The proof is elementary but somewhat technical
since we need to check that several properties of the maps f7 of (7.3) are preserved under taking subsequential
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limits. Since Proposition 7.6 is the only result from this subsection used in Section 7.4, the reader can safely
skip the rest of this subsection on a first read. We start by establishing existence of subsequential limits of
the maps f} and proving some basic properties.

Lemma 7.8. Almost surely, there exist 1-Lipschitz maps f+ : (X4,ds) — ()?,J) and a random subsequence
N’ C N such that the following are true.

1. (Convergence [} — fi) The maps [ of (7.3) converge to f+ as N' 3 n — oo in the following sense.

Suppose given a subsequence N C N', a sequence of points z™ € Q\ﬁ forn e N, and v € X_ such
that D_(2",2) — 0 as N 35 n — co. Then D, (f"(z"™), f—(z)) = 0 as N 5 n — oo; and the same
holds with “+7” in place of “—7”.

2. (Convergence of distances to the gluing interface) For each sequence x™ — x as in condition 1,

o~

lim d%(a",A2) = N dp (fE), ) = de(z,n-([0,00))) = d(f-(2),7).

N 3n—0c0 N 3n—00

3. (Pre-images of convergent sequences are contained in compact sets) For each subsequence N C N’
and each sequence of points y" € Q'L for n € N such that y" — y € X (with respect to D) as
N > n — 0o, we can find a compact subset A of Z+ such that (f2)~1(y") € A for each n € N'.

4. (Images of f+ cover )?) We have f_(X_)U fi(X4) = X. In fact, for each p > 0, there exists R > 0
such that

B, ((0):d) € f-(Br(n-(0);d-)) U f+ (Br(ns (0);dy)). (7.7)

To establish the existence of the maps fi of condition 1 in Lemma 7.8, we will use the following general
lemma about subsequential limits of 1-Lipschitz maps, which is [GM17b, Lemma 2.1].

Lemma 7.9. Let (W, D, w) be a separable pointed metric space and let (/W,ﬁ) be any metric space. Let

{X"}nen and X be closed subsets of W and for n € N, let f*: X" — W be a 1-Lipschitz map. Suppose
that the following are true.

1. For each r >0, B.(w; D) N X™ — B,.(w; D) N X in the D-Hausdor(f metric.
2. For eachr > 0, there exists a compact set W, C W such that fM(Br(w;D)NX™) C W, for each n € N.

Then there is a sequence N' of positive integers tending to co and a 1-Lipschitz map f: X — W such that
f* = f as N' 3 n — oo in the following sense. For any x € X, any subsequence N of N’, and any sequence
of points z™ € X™ for n € N with 2" — z, we have f*(z") — f(z) as N 3 n — co.

Proof of Lemma 7.8. The proof can be summarized as follows. The existence of the maps f1 of condition 1
follows from Lemma 7.9 applied to each of f7. In fact, we can arrange that a.s. there is a subsequence of N’
of N such that condition 1 holds and also a certain regularity event, which is a minor variant of the event
G"(p, R) of Lemma 7.1, holds for each n € N’. Once this is established, the rest of the conditions in the
lemma follow from the convergence fI! — fi and elementary limiting arguments. Condition 1 of Lemma 7.1
is used in the proof of condition 2 of the present lemma to allow us to restrict attention to a finite-length
segment of 7. Condition 2 of Lemma 7.1 is the main ingredient in the proof of condition 3 of the present
lemma.

Fix € € (0,1). We will show that the objects in the statement of the lemma exist on an event of probability
at least 1 —e. For n € N and p, R > 0, define the event G™(p, R) as in Lemma 7.1. By that lemma, for each
k € N, there exists Ry > 0 such that

P[G™(k, Ry)] > 1 — 2.
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Let

oo

G" = ﬂG"(k,Rk) and G := ﬂ U G"

k=1 neN meN
m>n

so that G is the event that G™ occurs for infinitely many n € N and G andNé each have probability at least
1 — e. We will check that the conditions in the statement of the lemma on G.

Step 1: existence of fi+ and proof of condition 1. The maps fI' are 1-Lipschitz and for each p > 0, we
have B, (71(0);d") — B,(n+(0);d+) in the Di-Hausdorff metric. Furthermore, for each n € N and each

p > 0 we have fI (Bp(?fi (0); c?")) C B,(n;:,(0); dys,), which converges to B, (7(0); d) in the D,;p-Hausdorff
metric. In particular, each f} (Bp(ﬁ’i’(O);c?”)) is contained in an n-independent compact subset of Zy;p.

On the event é, we apply [GM17b, Lemma 2.1] along a subsequence of N for which G™ occurs and with
(W, D,w) = (Zy, Dy,n+(0)), (W, ﬁ) = (Zsip, Dyip), and X" = Q") C Z,i,. This shows that on the event G
there exists a subsequence N/ C N and maps f4 as in the statement of the lemma such that condition 1 is
satisfied and G™ occurs for each n € N,

Step 2: proof of condition 2. By symmetry it suffices to check condition 2 for f_. Suppose given a subsequence
N of N7, a sequence of points 2 € Q™ for n € N/, and an x € X_ with " — x. We know by condition 1
that f(z™) — f—(z). Since each f" is an isometry from (Q™,d") to (Q™,d™) and each path from Q" to

'}t in Q7 must pass through 7, for each n € N we have

e (fr (), me,) = d (2", 7). (7.8)

Since 2" — z there exists k € N such that 2™ € By (7" (0);6/[71) for each n € N”. Since d" > d , also
f2(x™) € B (n}},(0);d7 ) for each n € N, By condition 1 in Lemma 7.1 for G™(2k, Ray), for each n € N/

s Yzip

and each R > Ray, each of the quantities (7.8) is equal to
ar (i (0, B2 ) = dz (270 (10, B2) ) (7.9)

By the transience of 77 (Lemma 7.3) and of n_ (which is immediate from the definition of the Brownian
half-plane), we can a.s. find R > R such that

d-(z,n-([0,50))) = d_ (,n-([0.B) and d(f-(2),) = d(-(2), (10, B*))-

Since Q" — X_ in the D_-local HPU topology and 97, — X in the D,ip-local HPU topology, we can take a
limit along the subsequence N in (7.9) to get condition 2.
Step 3: proof of condition 3. We check the condition for f_ (which, again, suffices by symmetry). Suppose
we are given N/ C N” and y" € Q" for n € N such that y" — y € X. Since Q" C Q}};, and the latter
converges to X in the D,p-local Hausdorff metric, we can find k € N such that y" € By (3, (0); d7t,) N Q™
for each n € N.

By condition 2 of Lemma 7.1 for the event G™(k, Ry), we have y™ € Bg, (n™(0);d™) for each n € N, so

(f")~L(y") € Bg, (ﬁ’j (0); c?ﬁ) for each such n. Since Q" — X_ in the D_-local Hausdorff metric, there is a
compact subset A of Z_ such that Bpr, (ﬁﬁ (0); c/l\’l) C A for each n € N”’. Thus condition 3 is satisfied.

Step 4: proof of condition 4. Suppose given p > 0 and y € B,(7(0); J) Since @y, — X in the D,ip-Hausdorff
metric, we can find a sequence of points y™ € @, for n € N’ such that y™ — y. Either there is a subsequence
N of N such that y® € Q™ for each n € N/, or the same is true with “+” in place of “~”. Suppose we
are in the former situation. Then condition 3 implies that after passing to a further subsequence, we can
arrange that (f*)~1(y") converges to some x € X_ with respect to D_. By condition 1, f_(z) =y, which

gives the first part of condition 4. To obtain (7.7), choose k € N with k > p. Then y" € B, (n};,(0); d%,)
for large enough n € N, so since G" occurs for each n € N, (f*)~1(y") € B, (ﬁﬁ (0); c?’i) Therefore
y € f-(Br,(n-(0);d-)).
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From Lemma 7.8, we can deduce the following further properties of the maps f., again using the analogous
properties in the discrete setting and elementary limiting arguments.

Lemma 7.10. Let fy: (X4,dy) — ()Z,CA{) and N’ C N be 1-Lipschitz maps and a subsequence satisfying
the conditions of Lemma 7.8. Almost surely, the following conditions are satisfied.

1L foon_lpee) = f+ontl0,00) =1
2. f-(X)Nfe(Xy) =7

3. The maps f+ are local isometries away from Ny, i.e., for each v € X4 \ni([O 00)) and each 0 < p <
2di (2,14 ([0,00))), the ‘map f|B, (z:ay) @8 an isometry onto B,(f+(x); d) (with the metric dy on the

domain and the metric d on the range).
4. For x and p as in condition 3, we have 4 (A) = [i(f+(A)) for each Borel set A C B,(x;d4).

Proof. Step 1: proof of condition 1. each t > 0 and each n € N’, we have f"(L(t)) = nit(t) = n}i,(t).
Furthermore, D (7" (t),n-(t)) — 0 and Dy, (12, (£),7(t)) = 0 as NV 3 n — oo. Therefore, condition 1 of
Lemma 7.8 implies that fi(n4(t)) =7(t), i.e. condition 1 holds.

Step 2: proof of condition 2. By condition 1, we have f_(X_)N fy (X+) D 17, so we just need to check the
reverse inclusion. If z € f_(X_) N f4(X4), then there exists z” € Q" and zl € Q" for n € N’ such that
fr(z%) — z and fi(z'}) — 2. This implies that dj; (f(z2)), fi(2%)) — 0, so since Q' intersect only along
nt,

d (21, 7L([0,00))) = di (fL(z11),mjp) — 0. (7.10)
By condition 3 of Lemma 7.8, after possibly passing to a subsequence of the z'}’s we can find x4 € X4 such
that 2t — x4. By condition 1 of Lemma 7.8, fi(z+) = 2. By (7.10) and condition 2 of Lemma 7.8, z € 7.

Step 3: proof of condition 3. By symmetry it suffices to check this for f_. Let x € X_ \ n_([0,00))
and 0 < p < +d_(x,7-([0,00))) and choose € € (0,1) such that 0 < 3¢ < £d_(x,7-([0,00))) — p. Let

y1,Y2 € B,(x;d—) and choose points ™, y7, y5 € @’j for n € N’ such that D_(z™,z) — 0 and D_(y",y;) = 0
for i € {1,2}. By condition 1 in Lemma 7.8, Dy, (f™(y1), f—(y:)) — 0.

Since Q" — X_ in the D_-local HPU topology and by condition 2 of Lemma 7.8, for large enough n € N”,
d” (2", 77 ([0,00))) > 3p+ 3¢, and d" (z",y") < p+e, Vi € {1,2}.

If this is the case, then y]" and y§ are d"-closer to each other than to n™ ([0, 00)), so by the triangle inequality
and since every path from Q" to Q7 in @7, must pass through 7 ([0, c0)),

d2 (y1,y3) = d2 (f2 (), f2(y5) = di (F2 (07D, 2 (43))-
Taking a limit as n — oo shows that d_(y1,y2) = g(f_ (y1), f—(y2)). Therefore f_ is distance-preserving on
B,(z;d-).
We still need to show that f_(B,(z;d_)) = B,(f-(x);d). It is clear from the preceding paragraph that

f-(By(x;d-)) C B,(f- (z);d), so we just need to prove the reverse inclusion. Since f"(z") — f_(z) and

Qi — X in the D, ip-local HPU topology,

By (f2(2"); dz,) = By(f-(@);d) (7.11)

in the D,;,-Hausdorff topology. By (7.11), for each z € B (f J) there exists a sequence of points

2" € B,(f™(z"); dyy,) for n € N’ such that 2" — z. By condition 2 of Lemma 7.8 and our choice of p, for

large enough n € N7, 2" is d}; -closer to f_(z") than to nJ}, so 2" € Q™ and

i, (fr(a™), 2") = dn(f7(a"), 2") = d* (a", (f*) 7' (z")). (7.12)
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By condition 3 of Lemma 7.8, there is a subsequence N of N and a y € X_ such that (f*)"1(2") — y as
N" 3 n — oo. By condition 1 of Lemma 7.8, f_(y) = z. The left side of (7.12) converges to dJ},(f-(z),2) < p
and the right side converges to d_(z,y). Therefore y € B,(x;d_) so since our initial choice of z was arbitrary,

we obtain condition 3.

Step 4: proof of condition 4. Let x, p, and z™ € @71 be as above. Since i, and 1 are locally finite measures,
we can choose p' > p such that p/ < 1d_(z,n"([0,00))) and

faip (OB, (w:d_)) = ﬁ(é)Bp/ ( f_(2); Ez)) = 0.

By this condition together with the local HPU convergence Q" — X_ and Q;Lip S XasN' on— 0,

ﬁﬁ'BPI(z”;Jﬁ) — /'L*|Bp/(z;d7) (713)

in the D_-Prokhorov metric and

Haipl By (5 @)z, = Blp (- (2)d) (7.14)
in the D,;,-Prokhorov metric.

We now want to use condition 1 of Lemma 7.8 to study the pushforward of u_ under f_. For this purpose,
we need to produce a convergent sequence, which we do by means of the Skorokhod representation theorem
as follows. Conditional on everything else, for n € N’ let w™ be sampled uniformly from ™| B, (zn:dn)
(normalized to be a probability measure) and let w be sampled uniformly from p_| B, (x:d_) (normalized to
be a probability measure). By (7.13) w™ — w in law, so by the Skorokhod representation theorem, we can
couple together {w"},en~ and w (still conditioning on everything else) in such a way that a.s. w™ — w as
N’ 3 n — oco. By condition 1 of Lemma 7.8, f*(w™) = f—(w). Since p’ < $d_(z,7n™([0,00))), it follows from
condition 2 of Lemma 7.8 that for each sufficiently large n € N, we have B, (f—(2");d}},) = By (f-(2");d™).
For such an n the law of f™(w") is that of a uniform sample from M;Lip‘Bpl(fi(In);dn_ y- By (7.14), the

zip

conditional law of f_(w) given ()~( , c?, f,7) is that of a uniform sample from fi| 5 J(f- (a):d)- We similarly infer
o (= (@);
from (7.13) and (7.14) that

- (By(w;d-)) = i( By (J-(@);d) ).
Therefore,
(e 8yt = 00
which implies condition 4 for f_. By symmetry, the analogous relation holds for f;. O

Now we can establish the main desired properties of the maps fi.

Proof of Proposition 7.7. Let fi : (X+,ds) — (X,d) and N7 C N be 1-Lipschitz maps and a subsequence
satisfying the conditions of Lemma 7.8. We will check the conditions of the proposition statement for f_; the
statement for f, follows by symmetry.

Condition 1 follows from condition 4 of Lemma 7.8 together with condition 2 of Lemma 7.10. By condition 1
of Lemma 7.10, f_ on_|[9,0) = 7. By condition 4 in Lemma 7.10, (f-).«p— = fil_(x_)\5 and by Lemma 7.5,
f(n) = 0. Therefore (f_).pu— = fi|_(x_), i.e. condition 2 holds.

Next we check that f_ is a homeomorphism onto its image. We first argue that f_ is injective. Indeed,
condition 3 of Lemma 7.10 implies that f_(z) # f—(y) whenever z,y € X_ and either x or y does not belong
to X_\n_([0,00)). By condition 1 of Lemma 7.10 and Lemma 7.3, f_|,,_(j0,0)) is injective, so f_ is injective.

The relation (7.7) of Lemma 7.8 implies that if {z7},;cn is a sequence of points in X_ which tends
to oo, then for each p > 0, f_(z7) lies outside of Bp(ﬁ(());g) for large enough j € N. Therefore f_ is a
homeomorphism from X_ to f_(X_) (equipped with the restriction of (fiv, not élv_) In particular, f_ restricts
to a homeomorphism from X_ \ n_([0,00)) to f_(X_)\ 7.

Finally, we check condition 3. Given z € X_ \ 7_([0,00)), let 0 < p < 3d_(z,7—([0,00))). By condition 3

of Lemma 7.10, f_ maps B,(z;d_) isometrically onto B,(f_(x); d). The image of any finite continuous
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path v in f_(X_) which does not hit 77 can be covered by finitely many balls of the form B,(f_(x);d) for
z€X_\n_([0,00)) and 0 < p < d_(z,n-([0,00))). The d_-length of 7 is determined by its restriction to
the time intervals which it spends in these balls. Consequently, this d_ length is the same as the d_-length of
F71(7). Therefore, f_ is an isometry from (X_ \ 7_([0,00)),d_) to (f_(X_)\ 7,d_). O

7.4 Proof of Theorem 1.1

In this subsection we will conclude the proof of Theorem 1.1 by showing that X = Xip as elements of MGHFPY.
In order to prove this, it remains only to show that the map f,i, of Proposition 7.6 does not decrease distances.
This will be accomplished using the results of Section 6. We first use Proposition 6.1 to show that ;; is a.s.
Lipschitz with a deterministic Lipschitz constant.

n
7]zip

Ny (72)

- F )
p 70y (T1) <

< » < »
% L < >

Figure 17: Illustration of the proof of Lemma 7.11. Left: We fix times 0 < 71 < 7 < co. Proposition 6.1
allows us to find a subsequence of n values tending to co and paths 7™ from n;‘ip(n) to n™(72) of dy:,-length

at most C'd; (15, (1), 1" (2)) which cross the gluing interface 77} at most a constant order number of times.

Passing to the limit at recalling the definition of the quotient metric shows that dyip(Mip (1), Mip(72)) <

Cd(7j(t1),7(r2)). This gives the desired Lipschitz property for points along the gluing interface. Right:
To get the Lipschitz property in general, we decompose a path between to arbitrary points of X with
near-minimal d length into two red segments which do not cross the interface (whose d-lengths are the same
as the d,ip-lengths of their pre-images under f,,) and a blue segment which does cross the interface (whose

cfiv—length is at most C' times the d,ip-length of its pre-image under fip).

Lemma 7.11. Let f,ip : Xgip — X be as in Proposition 7.6. There is a universal constant C > 1 such that
almost surely

dZip(‘Thy) < Cd(fzip(‘r)7 fZip(y))’ Vx,y € XZip' (715)

Proof. See Figure 17 for an illustration and outline of the proof. Let C' > 1 be chosen so that the conclusion
of Proposition 6.1 holds. Also let 71,75 > 0. We will take limits of the paths produced in Proposition 6.1 to
show that almost surely

gip (Maip (T1), Naip (72)) < Cd(7(71),7(72)). (7.16)

Step 1: constructing discrete paths via Proposition 6.1. To this end, fix a € (0,1). By Lemma 7.1, we can
find R = R(71,72,a) > 0 and L = L(71,72,a) > 0 such that for each n in our original subsequence N, it
holds with probability at least 1 — «/2 that

ip (Miip (70), Qi \ Br(nip (03 djs,)) > 20y, (mgi (1), mfip (72)), Vi € {1, 2}, (7.17)

and

Br(n}ip(0); dy, ) NV (L, 00)) = 0. (7.18)
;lip
(nfip(ﬁ), nZ”ip(Tg)) can hit n;; ([L,o0)). By Proposition 6.1 and our choice of C, we can find

The use of these two conditions is that together they imply that no path in @i, from 71 to 7o with d

at most C'dy,

-length
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8. = 0.(71, T2, ) > 0 such that for each § € (0, ,] and each sufficiently large n € N, it holds with probability

at least 1 — a/2 that there is a path 5" from 7} (71) to n}},(72) in @}, which crosses n}; ([0, L]) at most
2L572 times and which has d;p—length at most Cdy, (n% (1), Mk, (72)) +0%/2. Let EJ be the event that (7.17)
and (7.18) hold and such a path 7™ exists; and let Es be the event that E} occurs for infinitely many n € N,

so that (by downward continuity of measure)

P[Es] =P | () UNE;; >1—a. (7.19)
m=1ne&

n>m

Step 2: decomposing discrete paths into excursions away from n,. Now fix 0 € (0,6,] and suppose that
Es occurs. Let N := [2L5~2|. For n € N for which E} occurs, let 3™ be a path as in the definition of
E}. By (7.17) and (7.18), if we choose § < C? then 3" N 0%, C njt ([0, L]). Let s§ =0, st = len(3";dy,),
and for j € [1,N — 1]z let s% be the jth smallest time s € [O,Ienﬁ";d;p)} at which 4" crosses n;},; or
= len (fy ,d;p) if there are fewer than j such times.
By our choice of 7", the times s7 include all of the times at which 4™ crosses n;;,. Hence each of the
path segments 7" ([s}_;, s7]) does not cross ny; , so for each j € [1, N|z we can choose {7 € {—, +} such that

" ([s7-1,87]) C an. Then for n € N such that E} occurs, the definition of 3 shows ‘that

N
Cd;p(nmp(Tl) 77z1p(7'2)) + d 1/2 > 1611(’)/ ’dmp Z ng" ( ] 1)7:)//”(8?))

Mz i

ag ((2) 7 F ), (8 3 E)), (7.20)

<.
I
—

where ff @’i — Q% C Q};, are the maps defined in (7.3).

Step 3: passing to the scaling limit. By compactness and since each point 3" (s}) lies in 5% ([0, L]), on the
event E5 we can a.s. find a random subsequence N/ C N such E} occurs for each n € N’ and for each
J € [0, N]z, there exists §; € {—,+} and t; € [0, L]z such that the following is true. We have {7 = §?l =¢;
for each n,n’ € N’ and each j € [0, N]z and

lim e, ((£2)7 (7)) e, (1)) = Jim De, ((£2) 7 (3 (55-0)) 7, (t51)) =0 (7.21)

N'35n—0 N’'3n—0

for each j € [1, N]z. Note that the reason why we can take the second limit to be zero as well (even though
we might not have ;1 = &;) is that n (t) = n}(t) = n;;,(t) for each ¢ > 0.
We have _
dglp (n;lip(’rl)’ n;nlp (7—2)) - d(ﬁ(’rl)v 5(72)) as N3n—oo
so taking the limit of the left and right sides of (7.20) along the subsequence A/ and applying (7.21) shows
that on Ej,

N
Cd(ii(m1),7(r2)) + 02 = " de, (ne, (tj-1),me, (1))

j=1
The right side of this inequality is at least
N
dep Naip (tj—1)s Maip (85)) = daip (Naip(T1), Maip (72))-
Jj=1

Sending ¢ — 0 and then « — 0 shows that (7.16) holds a.s. for each fixed 7,72 > 0.

Step 4: concluding the proof from (7.16). The relation (7.16) holds a.s. for a dense set of times 7,72 > 0, so
by continuity it holds a.s. for all such times simultaneously, i.e. the left inequality in (7.15) holds whenever
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Z,Y € Nzip- By the last statement in Proposition 7.6, the d,ip-length of any path in X, which does not hit
N.ip except at its endpoints is the same as the J—length of its image under f,,. By decomposing a geodesic
between given points z,y € X, into two paths which hit n,;, only at their endpoints and a path between
two points of 7,i,, we obtain (7.15). O

In order to show that the Lipschitz constant in Lemma 7.11 is equal to 1, we will use a lower bound for
the amount of time that a d-geodesic spends away from 7. This bound will be deduced from Proposition 6.2.

Lemma 7.12. There is a universal constant 8 € (0,1) such that the following is true. Fix distinct 71,72 > 0.
Almost surely, there exists a d- geodesic ~y from 1)(11) to 17(m2) such that with T, = {t € |0, d( (11),7(m2))] :

(1) ¢ 1), |
T, | = Bd(1(71),71(72)), (7.22)

where here | - | denotes Lebesgue measure.

Proof. Let 8 € (0,1) be chosen so that the conclusion of Proposition 6.2 holds. We will show that (7.22)
holds with /2 in place of 8 by applying Proposition 6.2 and using that geodesics behave well under
Gromov-Hausdorff convergence.

Since Proposition 6.2 is proven only for a fixed time interval [~Ln'/2, Ln'/?]y, we first need to ensure
that we can restrict attention to such a time interval. By Lemma 7.1, we can find R = R(7y, 72, ) > 0 and
L = L(7y, 72, @) > 0 such that for each n € N, it holds with probability at least 1 — a/2 that

d;llp (ngip (Ti)7 QZp \ Br (ngip(o)’ d;llp)) > 2d;p (n:ip (Tl)7 n;lip(TQ))’ Vie {L 2}' (7'23)

and
Br(n:,(0); dif,) Nty ([L, 00)) = 0. (7.24)

By Proposition 6.2 and our choice of 8, we can find é, = d, (71,72, @) > 0 such that for each ¢ € (0,d,] and
each sufficiently large n € N, it holds with probability at least 1 — /2 that every dyi,-geodesic 7" from
ko (1) to ni (72) spends at least Bdgy (n, (1), 7k, (72)) — 6/2 units of time at dJ} -distance at least 30
away from 1,3 ([0, L]). Let Fj* be the event that this is the case and (7.23) and (7.24) hold; and let Fs be the
event that F}* occurs for infinitely many n € N, so that IP[Fs] > 1 — « by the same argument as in (7.19).

On Fj, choose for each n € N such that Fj* occurs a d;ﬁp—geodesic 4" from 77k (71) to ’I7le(7'2) The dj},-
geodesics are 1-Lipschitz functions from [0, dj}  (n}%,(71), 15, (72))] to (X734, d3},). Since (X7}, d7% ) is isometri-
cally embedded into (Z,ip, Dyip), these geodeblcs are also 1-Lipschitz functions from [0, lep(nle( 1), My (72))]
t0 (Zzip, Dyip). By the convergence n;;, — 17, the intervals [0, dj}, (5, (T1), 73, (72))] on which 4™ is defined
are all contained in some fixed compact subset of RR.

By the Arzéla-Ascoli theorem, on Fj5 we can a.s. find a random subsequence N’ C A such that F}* occurs
for each n € N/ and a curve v from 7(m) to 77(2) in X such that 4™ — ~ in the D, ip-uniform topology.
Since each 7" is a dj -geodesic, it is easily seen that v is a c?—geodesic. This geodesic v spends at least
Bd(7i(1), 7j(72)) — 6/2 units of time away from 7([0, L]). By passing to the limit in (7.23) and (7.24), we see
that « cannot hit 7([L, 00)), so -y spends at least Bg(ﬁ(ﬁ), 77(12)) — 6*/2 units of time away from 7.

For each § € (0,4.], a geodesic v as in the preceding paragraph exists with probability at least 1 — «.
By Lemma 7.3, we can choose § € (0,6,] such that with probability at least 1 — a, we have §/2 <
(6/2)67(77(7'1), 7(72)). Then with probability at least 1 — 2a, there exists a d-geodesic v satisfying (7.22). Since
« is arbitrary, we conclude. O

We are now ready to prove our main theorem. See Figure 18 for an illustration of the proof.

Proof of Theorem 1.1. The map fyip : Xzip — X constructed in Proposition 7.6 is 1-Lipschitz, surjective, and
pushes forward p,i, to i@ and 7, to 7. We will show that f,i, does not decrease distances, so is an isometry.
This will imply that X and X, are equivalent elements MSHPU. Since X — X in the local GHPU topology
as N 2 n — oo and our initial choice of subsequence (from which N was extracted) was arbitrary, this will
imply that X};, — X,ip a.s. in the local GHPU topology.

By Lemma 7.11, there is a universal constant C' > 1 such that a.s.

dyip(@,y) < Cd(faip(@), fap (), Y2,y € Xyip. (7.25)
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Figure 18: Illustration of the proof of Theorem 1.1. Fix times 7,7 > 0 and consider a c?—geodesic v from
7(71) to 7(72). By Lemma 7.12 there exists 5 € (0,1) such that v a.s. spends at least a S-fraction of its time
away from 77, so we can find finitely many excursion intervals [s1, s1],...,[Sn, sy] during which ~ does not
cross 77 whose total length is at least /2 times the d-length of ~ (purple). The d-length of the restriction of ~
to each such excursion interval is equal to the d,ip-length of its pre-image under f,i, since fyi, preserves the
lengths of paths which stay entirely on one of the two sides of 77 (Proposition 7.6). The J—length of each of
the blue intermediate segments is at most C times the d,p-length of its pre-image under f,i, by Lemma 7.11.
Hence the d,ip-length of fzfip1 (v) is at most (1 — 3/2)C + /2 times the d-length of ~. Since this is true for
almost every pair of times (71, 72), we get C < (1 —3/2)C 4+ 3/2, s0 C = 1.

Suppose that C' > 1 is the smallest universal constant for which this is the case. We will show that in fact
C=1.

Let g € (0,1) be chosen so that the conclusion of Lemma 7.12 is satisfied. Almost surely, for each distinct
71,72 > 0 there is a d-geodesic v from 77(1) to 77(72) which spends at least a S-fraction of its time away from
7. For such a geodesic 7, we can choose finitely many times

0= So < gl <5 < < gN < sy < §N+1 = d(ﬁ(Tﬁ,ﬁ(Tg))

such that the following hold. For each j € [0, Nz, there exists ¢; > 0 such that v(5;) = 7(t;); for each
j € [1,N + 1]z, there exists t; > 0 such that y(s;) = 1(t;); each segment v((5;,s;)) for j € [1,N]z is
contained in either f,i,(X_)\ 7 or fuip(X4)\7; and

N

> (55— 55) = (B/2)d(ii(m1), 7(2)). (7.26)

=1

We note that the total length of the complementary segments of v (during which it might cross 77 many times)

satisfies
N

N
D Girr = s5) = d(i(n),7(r2)) = > (55 = 5;). (7.27)

Jj=0 j=1

By (7.25) and since v is a E—geodesic,
dyip (Mip (t5): Mip (511)) < C(541 — 5), Vi € [0, Nz (7.28)

The curve v is a d-geodesic and each segment ~v((5;,s;)) is contained in one of f,,(X+) \ 7. By the last
assertion of Proposition 7.6, fuip|x\n,,, 15 an isometry with respect to the internal metric of d,i, on X \ 7yip-
Therefore, _

dyip (Nip (£7), Nain (t7)) = 55 — 55, V5 € [1, Nz (7.29)
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Figure 19: Left: Illustration of the gluing procedure for a single UITHPQg used in the analog of Section 4.1
for the proof of Theorem 1.3. The purple (resp. green) boundary arcs of Qg to the left and right of Ag(0) are
identified, but the black arcs are not identified, which results in a hole. Middle: Illustration of the same
gluing procedure in the case when x = 0. Right: Illustration of the variant of the glued peeling process
used in the proof of Theorem 1.3, which is a peeling process of the the single UIHPQs Qs. Note that at
time J,.,, the clusters started from the two sides of the initial edge set A have merged. This makes it so

that the boundary of Qgrz is glued to itself in the manner of the middle figure. After time J,,, the glued

v

v

peeling process behaves like a standard peeling-by-layers process of ng started from the boundary arc

0Q7= C 0Q7.

By (7.27), (7.28), and (7.29),

N N
dZip(nzip(Tl)a 77zip(7'2)) < CZ(§j+1 - Sj) + (Sj — gj)
=0 j=1
~ N N
= C| d((71),1(72)) — Z(Sj -55) | + Z(Sj —35;).
Jj=1 j=1

Since C' > 1, the above expression only gets larger when we replace the term ij:l(sj —5;) by its lower

bound of (8/2)d(7(r1),7(2)) from (7.26). We therefore have that

yip (Mip (T1); Naip (12)) < C(1 = 5/2)d(7(1),71(72)) + (B/2)d(1)(71), 7(72)).- (7.30)

The inequality (7.30) holds a.s. for a dense set of pairs of times 71,75 > 0. By the same argument used at
the end of the proof of Lemma 7.11, we infer that (7.25) holds a.s. with (1 — 5/2)C + /2 in place of C. By
the minimality of C' > 1,

C<(1-8/2)C+8/2

therefore C' = 1. O

Remark 7.13 (Whole-plane cases). In this remark we explain the modifications to our proof of Theorem 1.1
which are needed to prove Theorems 1.2 and 1.3. The proofs of both of these theorems are essentially identical
to the proof of Theorem 1.1, with only minor cosmetic modifications. In the case of Theorem 1.2, the proof is
almost verbatim the same — we just always work with a pair of UIHPQg’s glued together along their entire
boundaries instead of just their positive boundary rays. In the case of Theorem 1.3, we only have a single
UIHPQg so a few more cosmetic changes are necessary, which we now describe.

We start with a UIHPQg (Qs,es) with boundary path Ag : Z — £(0Qs) and define a way of gluing
its left and right boundary rays in such a way that one is left with a “hole”, analogously to Section 4.1.
See Figure 19, left and middle, for an illustration. In particular, we fix gluing times x,x_,xy € Ngy with
x < x_ Axy and let Qcone be the planar map obtained from @_ and Q4 by identifying Ag(x) with Ag(—z+1)
for each = € [0,x — 1]z and Ag(—x_ —y + 1) with A} (x4 + y) for each y € Ny. Note that we allow x = 0,
in which case the root edge Ag(0) = eg is not identified to any other edge. For a fixed choice of connected
initial edge set A which contains the boundary of the “hole” of Q¢one, the glued peeling process started from
A as described in Section 4.1 still makes sense in this setting: it is simply a peeling process of the single
UIHPQs Qs. In particular, the Markov property of Proposition 4.2 continues to hold, except that there is
only a single unexplored UTHPQg @Y, instead of two unexplored UIHPQg’s QY .
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We note that after running the glued peeling process for a sufficiently long time, the clusters being peeled
from the two sides of the gluing interface will merge into one another and we will be left with only one “side”,
as illustrated in the right panel of Figure 19 (after this time, the unexplored UTHP Qg is glued to itself in such
a way that x = 0). This is not a problem for our purposes since the definition of the glued peeling process
still makes sense after this time. It simply behaves like a peeling-by-layers process of the unexplored UTHPQg
based at a single boundary interval, namely the one which corresponds to the boundary of the glued peeling
cluster.

The aforementioned Markov property enables us to apply the results of Section 3 to estimate the glued
peeling process. The statements and proofs in Sections 4, 5, and 6 carry through essentially verbatim in the
setting of a single UIHPQg with its boundaries identified. We can then apply the results of these sections
together with exactly the same argument given in Section 7 to prove Theorem 1.3. The only difference is that
we only have a single UIHPQg and a single Brownian half-plane, so there is only one function f" instead of
two functions f, etc.

A Index of notation

Here we record some commonly used symbols in the paper, along with their meaning and the location where
they are first defined.

e Q_,Q+,Qs: UIHPQg’s; Section 1.2 (c.f. Sec- ) ]i unexplored UTHPQg’s in the glued peeling
tion 2.1.3). procedure; Section 4.1.

A_, A+, Ag: boundary path of the UIHPQg; Sec-
tion 1.2.

Qzip: SAW-decorated map obtained by gluing
Q+; Section 1.2 (c.f. Section 5).

Azip: gluing interface (=SAW); Section 1.2.

Xy = (X4,dy, ps,ne): Brownian half-planes;
Section 1.2.

QFL = (QF,, dys 15 i, ) re-scaled glued
map; Section 1.2 (c.f. (7.1)).

%zip = (Xzipa dzip7 Hzip, nzip): Space obtained by
gluing X ; Section 1.2 (c.f. (7.1)).

PB(Q, e): peeling indicator; (3.1).
f(Q, e): peeled quadrilateral; Section 3.1.1.

Peel(Q, e): unbounded component of Q \ f(Q, e);
Section 3.1.1.

F(Q, e): union of bounded components of @ \
§(Q, e); Section 3.1.1.

Co(Q,e): # of edges of 9Q disconnected from
oo by (@, e); Section 3.1.1.

Ex(Q,e): # of exposed edges of §(Q,e); Sec-
tion 3.1.1.

A: subset of 0Q_ U JQ, where we start glued
peeling process; Section 3.1.1.

Q7 glued peeling cluster; Section 4.1.

7

J: number of peeled quadrilaterals before the
glued peeling process reaches radius r; Sec-
tion 4.1.

&7: sign indicating whether Q_ or Q. is peeled
at step j; Section 4.1.

FJ: filtration for glued peeling process; Sec-
tion 4.1.

Y4: number of edges of Q7N (Q_UAQ4); (4.5).

}A/,{ sum of jumps of Y7 truncated at level n;

(4.6).
Xi: outer boundary length of Q7 N Q+; (5.3).

Yi: number of edges of @4+ disconnected from
0o by Q7; (5.4).

X7 and Y7: X7 + X7 and Y? +Y7; (5.5).
Zi: X3 —Y7; (5.5).

R(C): good radius used in proof of Proposi-
tion 6.1; Lemma 6.3.

E(C’): good radius used in proof of Proposi-
tion 6.2; Lemma 6.4.

ri and Lg: radii and boundary lengths for clus-
ters used in Section 6.1; (6.5).

Z7(8): set of [2L5~2] discrete intervals of length
1620172 in [—~Ln'/2, Ln'/?)z; (6.27).



e Q;(C) and @I(C): good-radius glued peeling . fll = (@i, A’i,ﬁ’i‘,ﬁ’i): re-scaled UIHPQg’s

cluster for I € Z"(6); (6.28). viewed as subspaces of (Z1, Dy); Section 7.1.
e N: subsequence .along which we have GHPU e f7: identity map Z+ D @1 — QU C Zyip; Sec-
convergence; Section 7.1. tion 7.1.

o X = ()N(,cj,ﬁ,m: subsequential limiting space;

e f.: subsequential limits of f}; Lemma 7.8.

Section 7.1.
o (Zy,Dy), (Zsip,Dyip): big metric spaces ob- o fup: 1-Lipschitz map from X, to )~(; Proposi-
tained using Proposition 2.6; Section 7.1. tion 7.6.
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