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Abstract

We prove that the free Boltzmann quadrangulation with simple boundary and fixed perimeter, equipped
with its graph metric, natural area measure, and the path which traces its boundary converges in the
scaling limit to the free Boltzmann Brownian disk. The topology of convergence is the so-called Gromov-
Hausdorf-Prokhorov-uniform (GHPU) topology, the natural analog of the Gromov-Hausdorff topology
for curve-decorated metric measure spaces. From this we deduce that a random quadrangulation of the
sphere decorated by a 2I-step self-avoiding loop converges in law in the GHPU topology to the random
curve-decorated metric measure space obtained by gluing together two independent Brownian disks along
their boundaries.
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1 Introduction

1.1 Overview

A planar map is a connected graph embedded in the sphere with two such maps declared to be equivalent if
they differ by an orientation-preserving homeomorphism of the sphere. Random planar maps are a natural
model of discrete random surfaces. In recent years, it has been shown that there exist continuum random
surfaces, i.e. random metric spaces, called Brownian surfaces which arise as the scaling limits of uniform
random planar maps of various types in the Gromov-Hausdorff topology. The convergence of uniform random
planar maps toward Brownian surfaces is expected to be universal in the sense that different uniform random
planar map models (e.g., triangulations, quadrangulations, general maps) with the same topology all converge
in the scaling limit to the same Brownian surface.

The best-known Brownian surface is the Brownian map, which has the topology of the sphere and has
been shown to be the scaling limit of a number of different uniform random planar map models on the
sphere in [Miel3,Le 13, ABA17,BJM14, Abr16, BLG13]. In this paper, we will primarily be interested in the
Brownian disk [BM17], which is the scaling limit of uniform random planar maps with the topology of the
disk. Other Brownian surfaces include the Brownian plane, which is the scaling limit of the uniform infinite
planar quadrangulation [CL14]; and the Brownian half-plane, which is the scaling limit of the uniform infinite
planar quadrangulation with general or simple boundary [GM17¢, BMR16].

A quadrangulation with boundary is a random planar map Q whose faces all have degree four except for
one special face, called the external face, whose degree is allowed to be arbitrary. The boundary 9@ of @ is
the border of the external face and the perimeter of @ is the degree of the external face. One can consider
both quadrangulations with general boundary, where the boundary is allowed to have multiple edges and
multiple vertices; and quadrangulations with simple boundary, where the boundary is constrained to be
simple.

Tt is shown in [BM17] that the Brownian disk is the scaling limit of uniform random quadrangulations
with general boundary as both the perimeter and number of internal faces properly rescaled converge to
given positive values. However, [BM17] does not treat the case of quadrangulations with simple boundary
since their proof is based on a variant of the Schaeffer bijection [Sch97, BDFG04] for quadrangulations with
boundary which does not behave nicely if one conditions the boundary to be simple. In [Bet15, Section 8.1],
it is left as an open problem to show that the Brownian disk is also the scaling limit of uniformly sampled
quadrangulations with simple boundary.

The main purpose of this paper is to prove a variant of this statement for quadrangulations with simple
boundary having fixed perimeter, but not fixed area. In particular, we will consider the free Boltzmann
distribution on quadrangulations with simple boundary with fixed perimeter (defined precisely in Definition 1.1
below) and show that a quadrangulation sampled from this distribution converges in law in the scaling limit
to the free Boltzmann Brownian disk, a variant of the Brownian disk with fixed boundary length, but random
area.

We will prove this scaling limit result in a stronger topology than the Gromov-Hausdorff topology. Namely,
we will show that a free Boltzmann quadrangulation with simple boundary equipped with its natural area
measure and the path which traces its boundary converges to a free Boltzmann Brownian disk equipped with
its natural area measure and boundary path in the Gromov-Hausdorff-Prokhorov-uniform (GHPU) topology,
the natural analog of the Gromov-Hausdorff topology for curve-decorated metric measure spaces [GM17c].

Our scaling limit result for free Boltzmann quadrangulations with simple boundary will be deduced
from another theorem which says that a uniform random quadrangulation with general boundary and its
simple-boundary core, which is the largest sub-graph which is itself a quadrangulation with simple boundary,
converge jointly in law in the scaling limit to two copies of the same Brownian disk in the GHPU topology.

Free Boltzmann quadrangulations with simple boundary are particularly natural since these quadrangu-
lations arise as the bubbles disconnected from oo when one performs the peeling procedure on a uniform
infinite planar quadrangulation either with no boundary or with simple boundary. More precisely, if we reveal
the face incident to the root edge, then the bounded complementary connected components of this face are
free Boltzmann quadrangulations with simple boundary. One also gets free Boltzmann quadrangulations with
simple boundary from the peeling procedure on a free Boltzmann quadrangulation with simple boundary,
which gives these quadrangulations a natural Markov property. Peeling was first introduced in the physics



literature by Watabiki [Wat93], was first studied rigorously in [Ang03], and was developed further in several
works including [BC13,CLG17,CM15, Ang05, AC15]. See Section 3 for more on the peeling procedure.

In the course of proving our main results, we obtain several results of independent interest concerning
free Boltzmann quadrangulations with simple boundary and the uniform infinite half-plane quadrangulation
(UIHPQs) which is their infinite-boundary length limit. We prove half-plane analogs of some of the results
in [CLG17] for peeling processes on the uniform infinite planar quadrangulation as well as estimates which
enable us to compare the local behavior of a free Boltzmann quadrangulation with simple boundary and the
UIHPQs (see in particular Lemma 3.6, Lemma 3.7, and Proposition 4.6).

The results of this paper enable us to prove that various curve-decorated random quadrangulations
converge in the scaling limit to 1/8/3-Liouville quantum gravity surfaces decorated by independent SLEg /3 or
SLEg [Sch00] curves. For v € (0,2), a y-Liouville quantum gravity (LQG) surface is, heuristically speaking, the
random Riemann surface parameterized by a domain D C € whose Riemannian metric tensor is e’ dz @ dy,
where h is some variant of the Gaussian free field (GFF) on D (see [DS11,Shel6,DMS14] for more on v-LQG
surfaces). This does not make rigorous sense since h is a distribution, not a function, so does not take
values at points. However, it is shown in [DS11] that a /8/3-LQG surface admits a natural measure and
in [MS15b,MS16a,MS16b], building on [MS16d, MS15a, MS15¢], that in the special case when v = /8/3, a
v/8/3-LQG surface admits a natural metric.

Certain special /8/3-LQG surfaces are equivalent as metric measure spaces to Brownian surfaces. In
particular, the Brownian disk (resp. half-plane, map) is equivalent to the quantum disk (resp. 1/8/3-quantum
wedge, quantum sphere). Moreover, it is shown in [MS16b] that the conformal structure of a 1/8/3-LQG
surface (represented by the distribution h) is a.s. determined by its metric measure space structure. This
gives us a canonical embedding of a Brownian surface into a domain in C.

Quadrangulations with simple boundary can be glued together along their boundaries to obtain uniform
random quadrangulations decorated by some form of a self-avoiding walk (SAW); see [BG09, BM17] for the
case of quadrangulations with finite simple boundary case and [CC16] for the case of the UTHPQg. It is shown
in [GM16a] that the uniform infinite SAW-decorated quadrangulations obtained by gluing together UTHPQg’s
along their boundaries converge in the scaling limit in the local GHPU topology to the analogous continuum
curve-decorated metric measure spaces obtained by gluing together copies of the Brownian half-plane along
their boundaries. These limiting spaces can be identified with 4/8/3-Liouville quantum gravity surfaces
decorated by SLEg/3-type curves using the results of [GM16b].

As a consequence of our scaling limit results for free Boltzmann quadrangulations with simple boundary
and the results of [GM16a], we obtain finite-boundary analogs of the results of [GM16a]. In particular, we
prove that a random quadrangulation of the sphere decorated by a self-avoiding loop of length 2[, which can
be obtained by identifying the boundaries of two independent free Boltzmann quadrangulations with simple
boundary, converges in the scaling limit in law as | — oo with respect to the GHPU topology to a pair of
independent Brownian disks glued together along their boundaries. Due to local absolute continuity between
the Brownian disk and the Brownian half-plane and the results of [GM16b], this latter metric measure space
locally looks like a /8/3-Liouville quantum gravity surface decorated by an independent SLEg,s-type loop.

The results of this paper will also be used in [GM17b] to prove scaling limit results for a free Boltzmann
quadrangulation with simple boundary (resp. the UTHPQgs) decorated by a critical (p = 3/4 [AC15]) face
percolation exploration path toward the Brownian disk (resp. Brownian half-plane), equivalently the quantum
disk (resp. \/8/3-quantum wedge) decorated by an independent chordal SLEg [Sch00]. It is shown in [GM17a]
that the law of a chordal SLEg on a quantum disk with fixed area is uniquely characterized by its equivalence
class as a curve-decorated topological measure space plus the fact that the internal metric spaces corresponding
to the complementary connected components of the curve stopped at each time ¢ > 0 are independent free
Boltzmann Brownian disks. The scaling limit results proven in the present paper allows us to check these
conditions for a subsequential scaling limit of face percolation on a free Boltzmann quadrangulation with
simple boundary.

Acknowledgements J.M. thanks Institut Henri Poincaré for support as a holder of the Poincaré chair,
during which part of this work was completed. We thank an anonymous referee for helpful comments on an
earlier version of this article.



1.2 Preliminary definitions

In this subsection we give precise definitions of the objects involved in the statements of our main results.

1.2.1 Quadrangulations with boundary

Here we state several definitions for quadrangulations; see Figure 1 for an illustration.

=)

Core(

@)

Figure 1: A rooted quadrangulation (@,@) with general boundary and its simple-boundary core Core(@)
(light blue). Note that the root edge & can be in 9 Core(Q) or 9Q \ d Core(Q) (as shown in the figure).

A quadrangulation with (general) boundary is a (ﬁnite or infinite) planar map @ with a distinguished
face fw, called the exterior face, such that every face of Q other than fo has degree 4. The boundary of Q,
denoted by 8Q is the smallest subgraph of Q which contains every edge of Q incident to foo. The perimeter
Perlm(Q) of @ is defined to be the degree of the exterior face, with edges counted according to multiplicity.
We note that the perimeter of a quadrangulation with boundary is always even.

For n € Ng and [ € N, we write Q7 (n,l) for the set of pairs (Q, &) where @ is a quadrangulation with
boundary having n interior faces and perimeter 2/ and @ is an oriented edge of 8Q, called the root edge.

We say that @ has simple boundary if 8Q is a simple path, i.e. it has no vertices or edges of multiplicity bigger
than 1. We will typically denote quadrangulations with general boundary with a hat and quadrangulations
with simple boundary without a hat.

For n € Ny and [ € N, we write Qg (n,!) for the set of pairs (@, ) where Q is a quadrangulation with
simple boundary having 2] boundary edges and n interior edges and e is an oriented edge in 9Q), called the
root edge. By convention, we consider the trivial quadrangulation with one edge and no interior faces to be a
quadrangulation with simple boundary of perimeter 2 and define Qg (0, 1) to be the set consisting of this
single quadrangulation, rooted at its unique edge. We define Qg (0,1) = 0 for [ > 2.

For a quadrangulation @ with general boundary, we define its simple-boundary components to be the
maximal sub-quadrangulations of Q having at least one interior face whose boundary is simple and is a
sub-graph of (‘3Q Equivalently, the simple-boundary components of Q are the interior faces of the planar
map 8@ We define the simple-boundary core Core(Q) of Q to be the simple-boundary component of Q with
the largest boundary length, with ties broken by some arbitrary deterministic convention.

A boundary path of a quadrangulation Q with simple or general boundary is a path ﬁ from |0, Perim(Q)]Z
(i aQ is finite) or Z (if HQ is infinite) to 5(8@) which traces the edges of 9Q (counted with multiplicity) in
cyclic order. Choosing a boundary path is equivalent to choosing an oriented root edge on the boundary.
This root edge is B( ), oriented toward B( ).

We define the free Boltzmann partition function by

81(31 — 4)!
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where here we set (—1)! = 1.

Definition 1.1. For | € N, the free Boltzmann distribution on quadrangulations with simple boundary
and perimeter 2! is the probability measure on (J;- , Qg (n, 1) which assigns to each element of Qg (n,l) a
probability equal to 127"3(21)~*

It is shown in [BGO09] that 3(21) = Y07 127 "#0Qg (n, 1).

The uniform infinite half-plane quadrangulation with simple (resp. general) boundary, abbreviated UTHPQg
(resp. UTHPQ) is the infinite rooted quadrangulation (Q°,e°) (resp. (@O",@"O)) with infinite simple (resp.
general) boundary which is the Benjamini-Schramm local limit [BS01] in law based at the root edge of a
uniform sample from Q7 (n, 1) (resp. Q7 (n,1)) as n, then I, tends to oo [CM15, CC15].

When we refer to a free Boltzmann quadrangulation with perimeter 2l = oo, we mean the UITHPQg.

1.2.2 The Brownian disk

For a,[ > 0, the Brownian disk with area a and perimeter [ is the random curve-decorated metric measure
space (H,d, u,&) with the topology of the disk which arises as the scaling limit of uniform random quadran-
gulations with boundary (see [BM17] for the case of uniform quadrangulations with general boundary). The
Brownian disk can be constructed as a metric space quotient of [0, a] via a continuum analog of the Schaeffer
bijection [BM17], using a Brownian motion X conditioned to first hit —[ at time a and a “label process” Z on
the continuum random forest constructed from the excursions of X above its running minimum. We will not
need this construction here so we will not review it carefully; see [BM17, Section 2] for the precise definition.
The area measure p is the pushforward of Lebesgue measure on [0, a] under the quotient map. The path
€:[0,1] = OH, called the boundary path, parameterizes H according to its natural length measure. Precisely,
&(r) for r € [0, £] is the image under the quotient map of the first time at which the encoding function X hits
—r.

Following [BM17, Section 1.5], we define the free Boltzmann Brownian disk with perimeter [ to be the
random curve-decorated metric measure space (H,d, u, ) obtained as follows: first sample a random area a

from the probability measure %e & 1(4>0) da, then sample a Brownian disk with boundary length [ and
area a. Note that the law of the area of the free Boltzmann Brownian disk with perlmeter [ can be obtained
by scaling the law of the area of the free Boltzmann Brownian disk with perimeter 1 by [2. Consequently, it
follows from [BM17, Remark 3] that the free Boltzmann Brownian disk with perimeter [ can be obtained
from the free Boltzmann Brownian disk with perimeter 1 by scaling areas by 12, boundary lengths by [, and
distances by /2.

1.2.3 The Gromov-Hausdorff-Prokhorov-uniform metric

In this subsection we will review the definition of the Gromov-Hausdorff-Prokhorov-uniform (GHPU) metric
from [GM17¢], which is the metric with respect to which our scaling limit results hold.

For a metric space (X,d), we let Cy(IR, X) be the space of continuous curves n : R — X which are
“constant at 0o,” i.e. n extends continuously to the extended real line [—00, 00]. Each curve 7 : [a,b] — X can
be viewed as an element of Cy(IR, X) by defining n(t) = n(a) for t < a and n(t) = n(b) for t > b.

e Let dYf be the d-Hausdorff metric on compact subsets of X.
e Let d be the d-Prokhorov metric on finite measures on X.
e Let dY be the d-uniform metric on Co(RR, X).

Let MSHPU be the set of 4-tuples X = (X, d, u,n) where (X, d) is a compact metric space, p is a finite
Borel measure on X, and n € CO(IR X)

Given elements %1 (X1 d', ptnt) and X2 = (X2, d%, 42, n?) of MGHPU 4 compact metric space (W, D),
and isometric embeddings ¢! : X' — W and 2 : X2 — W, we define their GHPU distortion by

DisGlRY (W, D, !, 02) = dB (tH(X1), 2(X2)) +db (((1)aphs (D) ep?)) +dP (F ont, 2 on?). (1.2)



We define the Gromov-Hausdor{f-Prokhorov-uniform (GHPU) distance by

GHPU (41 42y _ . GHPU 12
d (xh,x%) = (W,g)lil,ﬂ Dis3r 2 (W, D, o', 0%), (1.3)

where the infimum is over all compact metric spaces (W, D) and isometric embeddings ¢! : X! — W and
2. X% - W. It is shown in [GM17c, Proposition 1.3] that d“"FV is a complete separable metric on M©HFPU
provided we identify two elements of MSHFPU which differ by a measure- and curve- preserving isometry.

There is also a local variant of the GHPU metric for locally compact curve-decorated length spaces
equipped with a locally finite Borel measure, which is obtained from the GHPU metric by restricting to
metric balls centered at 7(0), then integrating over all the possible radii of these balls; see [GM17¢] for more
details.

Remark 1.2 (Graphs as elements of MSHFPU). In this paper we will often be interested in a graph G
equipped with its graph distance dg. In order to study continuous curves in G, we identify each edge of G
with a copy of the unit interval [0, 1] and extend the graph metric on G by requiring that this identification is
an isometry. If A is a path from some discrete interval [a,b]z into £(G), we extend A from [a, b]z to [a — 1, b]
by linear interpolation. If G is a finite graph and we are given a finite measure p on vertices of G and a curve
A in G and we view G as a connected metric space and A as a continuous curve as above, then (G, dg, i, A) is
an element of MGHPU,

1.3 Main results

1.3.1 Joint convergence of a quadrangulation with general boundary and its simple-boundary
core

Our first main result shows that a uniform random quadrangulation with general boundary and its simple-
boundary core converge jointly in the scaling limit in the GHPU topology to the same Brownian disk; note
that the boundary paths are scaled differently.

Let a,[ > 0 and let {(a™,1")}en be a sequence of pairs of positive integers such that (2n)~!a™ — a and
(2n)~Y/2" — [ as n — oo. For n € N, let (Q™,@") be sampled uniformly from 9 (a™, ") and view Q™ as a
connected metric space by identifying each edge with an isometric copy of the unit interval as in Remark 1.2.

For n € N, let d™ be the graph metric on Q", rescaled by (9/8)1/4 —1/4 Let i be the measure on
V(Q™) which assigns a mass to each vertex equal to (4n)~! times its degree. Let [3” : [O 21”] — OQ™ be the
boundary path of Q" started from @" and extended by linear interpolation and let £"(t) := 3" (23/2n1/2¢) for

e [0, (2n)~1/21m).

Also let Q™ := Core(Q”) be the simple-boundary core of Q” let d™ be the graph metric on Q" rescaled by
(9/8)1/4 ~1/4 50 that d" := d"|Qn Let u™ be the measure on Q” which assigns to each vertex a mass equal

to (4n)~1 tlmes its degree, and note that p™ coincides with ™ on Q™ \ dQ™. Let f™ : [0, #£(0Q™)] — Q™
be the boundary path of Q™ started from the first edge of 8Q” hit by 8" and extended by linear interpolation;

and let £"(t) := ﬂ"(zs/ 1/215) for t € [0, (3/23/2)n=1/2#E(0Q™)]. (The reason for the extra factor of 3 in

the scaling for 0Q™ as compared to 8@” is that, as we will see, typically only about 1/3 of the edges of 3@"
are part of 9Q™.)
For n € N, define the curve-decorated metric measure spaces

" = (©n7dn7ﬁn7£n) a’nd Qn = (Qn7dnﬂun’€n)' (1'4)
Also let $ = (H,d, i, &) be a Brownian disk with area a and boundary length [, equipped with its natural
metric, area measure, and boundary path.

Theorem 1.3. We have the joint convergence (Q", Q") — (,9) in law with respect to the Gromou-
Hausdorff-Prokhorov-uniform topology as n — oc.

Since we already know Q" — § in law in the GHPU topology [GM17¢c, Theorem 4.1], the main difficulty
in the proof of Theorem 1.3 is showing the uniform convergence of the rescaled boundary path £" of Q™;



indeed, the “Hausdorff” and “Prokhorov” parts of the Gromov-Hausdorfl-Prokhorov-uniform convergence are
easy consequences of [BM17, Theorem 1] and the fact that the boundary of the Brownian disk is simple. The
convergence of the boundary path will be deduced from the explicit law of the “dangling quadrangulations”
of the UTHPQ with general boundary (see Section 2.3) and a local absolute continuity argument.

1.3.2 Scaling limit of free Boltzmann quadrangulations with simple boundary

Theorem 1.3 implies in particular that certain quadrangulations with simple boundary having random area
and perimeter converge to the Brownian disk in the GHPU topology. Our second main result shows that one
also has convergence of random quadrangulations with simple boundary having fixed perimeter, but random
area, toward the Brownian disk.

For I € N, let (Q',e') be a free Boltzmann quadrangulation with simple boundary of perimeter 21
(Definition 1.1) and view Q' as a connected metric space by identifying each edge with an isometric copy of
the unit interval as in Remark 1.2.

For [ € N, let d' be the graph metric on @', rescaled by (21)~/2. Let u! be the measure on V(Q') which
assigns mass to each vertex equal to 1871/~2 times its degree. Let £ : [0, 2l] — 0Q' be the boundary path
of Q' started from @' and extended by linear interpolation and let &!(¢) := B!(2lt) for t € [0, 1]. Define the
curve-decorated metric measure space Q' := (Ql, d,pt, §l). (Note that the scaling factors are different here
than in Theorem 1.3 since we are fixing the perimeter rather than the area.)

Also let = (H,d, 11, &) be a free Boltzmann Brownian disk with unit perimeter equipped with its natural
metric, area measure, and boundary path.

Theorem 1.4. We have Q' — § in law with respect to the Gromov-Hausdorff-Prokhorov-uniform topology
as | — oo.

Theorem 1.4 will be deduced from Theorem 1.3 by using the peeling procedure to compare a free Boltzmann
quadrangulation with simple boundary and fixed perimeter to the core of a free Boltzmann quadrangulation
with general boundary.

1.3.3 Quadrangulations of the sphere decorated by a self-avoiding loop

For I € N, let (Q-,e" ) and (Q',,€',) be independent free Boltzmann quadrangulations with simple boundary
of perimeter 2I. Let B4 be their respective boundary paths, started from the root edges. Let QlGlue be the
quadrangulation of the sphere obtained by identifying the edges ' (k) and ﬁi(k) for k € [0,2l]z and let
Bhine ¢ 10,207 — E(QL,.) be the path corresponding to 84 under this identification.

It is easy to see from Definition 1.1 that (Q4),0, B51ue(0)s Bhpye) is distributed according to the free
Boltzmann measure on triples (9, ¢, b) consisting of an edge-rooted quadrangulation of the sphere and a
self-avoiding loop of length 2/ based at the root edge, i.e. the measure which assigns to each such triple a
probability proportional to 12-#7 () where F(Q) is the set of faces of Q. In particular, the conditional
law of ﬂélue given QlGlue and 5&1%(0) is uniform over the set of all self-avoiding loops of length 2/ on QlGlue
based at 84;,.(0)-

We now state a scaling limit result for this self-avoiding loop-decorated quadrangulation in the GHPU
topology, which is an exact finite-volume analog of [GM16a, Theorem 1.2]. For [ € N, let lelue be the graph
metric on QlGlue rescaled by (21)*1/ 2, let ul(;lue be the measure on QlGlue which assigns to each vertex a mass
equal to 187112 times its degree, and let &4, . () := BL,.(2ls) for s € [0,1]z. Define the curve-decorated
metric measure spaces QlGrIue = (QlGlue’ lerlue7 MlGlue7£lGrlue)'

Let (Hy,d+,p+,é+) be a pair of independent free Boltzmann Brownian disks with unit perimeter
equipped with their natural metrics, area measures, and boundary paths (each started from the root edge).
Let (HGlue, dGlue) be the metric space quotient of (H_,d_) and (H4, d4) under the equivalence relation which
identifies £_ (¢) with &4 (¢) for each ¢ € [0, 1] (we recall the definition of the quotient metric in Section 1.4.3). Let
UGlue be the measure on Hgye inherited from p4 and let £gue be the two-sided path on pglue corresponding
to the image of {4 under the identification map. Define Hgiue := (HGlues Glues AGIues EGluc)-

Theorem 1.5. In the notation just above, Qlee — 9Glue n law with respect to the Gromov-Hausdorff-
Prokhorov-uniform topology as | — .



Theorem 1.5 will be a consequence of Theorem 1.4, the scaling limit results for infinite-volume random
SAW-decorated quadrangulations in [GM16a], and a local absolute continuity argument. Using essentially
the same argument used to prove Theorem 1.5, one can also obtain analogous scaling limit results when
one instead glues Q' along a connected boundary arc rather than along their full boundaries; or when one
identifies two [-length boundary arcs of a single free Boltzmann quadrangulation with simple boundary of
perimeter 2]. These statements are finite-volume analogs of [GM16a, Theorems 1.1 and 1.3]. For the sake of
brevity we do not include precise statements here.

In the infinite-volume case treated in [GM16a], the scaling limit of infinite SAW-decorated quadrangulations
obtained by gluing together UTHPQg’s along their boundaries are identified with certain explicit \/%—LQG
surfaces decorated by various forms of SLEg,3. Due to the local absolute continuity between the Brownian
disk and Brownian half-plane, we see that $gue locally looks like a \/%—LQG surface decorated by an
independent SLEg,3 curve.

1.4 Notational conventions

In this subsection, we will review some basic notation and definitions which will be used throughout the
paper.

1.4.1 Basic notation
We write IN for the set of positive integers and Ny = N U {0}.

For a,b € R with a < b and r > 0, we define the discrete intervals [a, ],z := [a,b] N (rZ) and (a,b),7 :=
(a,b) N (rZ).

If a and b are two quantities, we write a < b (resp. a = b) if there is a constant C' > 0 (independent of the
parameters of interest) such that a < Cb (resp. a > Cb). We write a < b if a < b and a = b.

If a and b are two quantities depending on a variable x, we write a = O,(b) (resp. a = 0,(b)) if a/b remains
bounded (resp. tends to 0) as © — 0 or as * — oo (the regime we are considering will be clear from the
context).

1.4.2 Graphs and maps

For a planar map G, we write V(G), £(G), and F(G), respectively, for the set of vertices, edges, and faces of
G.

By a path in G, we mean a function A : I — £(G) for some (possibly infinite) discrete interval I C Z, with
the property that the edges of A can be oriented in such a way that the terminal endpoint of A(¢) coincides
with the initial endpoint of A(i + 1) for each 7 € I other than the right endpoint.

For sets A1, Ay consisting of vertices and/or edges of G, we write dist(Ay, A2; G) for the graph distance
from A; to Ay in G, i.e. the minimum of the lengths of paths in G whose initial edge either has an endpoint
which is a vertex in A; or shares an endpoint with an edge in Ay; and whose final edge satisfies the same
condition with A, in place of A;. If A; and/or As is a singleton, we do not include the set brackets. Note
that the graph distance from an edge e to a set A is the minimum distance between the endpoints of e and
the set A. We write diam(G) for the maximal graph distance between vertices of G.

For r > 0, we define the graph metric ball B,.(A;;G) to be the subgraph of G consisting of all vertices of G
whose graph distance from A; is at most r and all edges of G whose endpoints both lie at graph distance at
most r from A;. If A; = {x} is a single vertex or edge, we write B, ({z}; G) = B, (x;G).

1.4.3 Metric spaces

Here we introduce some notation for metric spaces and recall some basic constructions. Throughout, let
(X, dx) be a metric space.



For A C X we write diam(A;dx) for the supremum of the dx-distance between points in A.

For r > 0, we write B,(4;dx) for the set of x € X with dx(x,A) < r. We emphasize that B.(A;dx) is
closed (this will be convenient when we work with the local GHPU topology). If A = {y} is a singleton, we
write B.({y};dx) = B, (y;dx).

Let ~ be an equivalence relation on X, and let X = X/ ~ be the corresponding topological quotient space.
For equivalence classes Z,7 € X, let Q(Z,7) be the set of finite sequences (z1,y1,. .., Zn, yn) of elements of X
such that 1 € T, y, € 7, and y; ~ x;41 for each i € [1,n — 1]z. Let

n

d oy inf d Tis Yi)- 1.5
@) = (w17y17"~ﬂﬂmyn)€Q(§7g); x(z4,93) (1.5)

Then dx is a pseudometric on X (i.e., it is symmetric and satisfies the triangle inequality), which we call
the quotient pseudometric. The quotient pseudometric possesses the following universal property. Suppose
[ (X,dx) = (Y,dy) is a 1-Lipschitz map such that f(z) = f(y) whenever x,y € X with z ~ y. Then
[ factors through the metric quotient to give a 1-Lipschitz map f : X — Y such that fop = f, where
p: X — X is the quotient map. To see this, we define f(T) := f(x), where x is any element of the equivalence
class T (this is well-defined by our assumption on f). To check that f is one-Lipschitz, observe that for any
7,7 € X and any € > 0, we can find (21,91, .., Zn,yn) € Q(T,7) such that the sum on the right side of (1.5)
differs from dx (%, 7) by at most e. Since f is 1-Lipschitz and by the triangle inequality,

dx (7.7 +6>de i, i) EZ (i) = dy (F(Z), F(@))-

=1

Since € is arbitrary, we conclude.

For a curve v : [a,b] — X, the dx-length of v is defined by

#P

len(y;dx) := Sgp Z dx (y(ti-1),v(t:))
i=1

where the supremum is over all partitions P:a =1ty < --- < tzp = b of [a,b]. Note that the dx-length of a
curve may be infinite.

For Y C X, the internal metric dy of dx on Y is defined by

dy (z,y) = ng{‘/ len(y;dx), Vr,yeY (1.6)

where the infimum is over all curves in Y from z to y. The function dy satisfies all of the properties of a
metric on Y except that it may take infinite values.

1.5 OQOutline

The remainder of this paper is structured as follows.

In Section 2, we prove of Theorem 1.3 in the following manner. We first recall the Schaeffer-type
bijections for quadrangulations with general boundary and the UTHPQ and the “pruning” procedure which
allows one to recover the UTHPQg as the simple-boundary core of the UTHPQ. We use these bijections
to establish local absolute continuity estimates for the boundary paths of uniform quadrangulations with
general boundary and the UTHPQ. These estimates together with the explicit description of the laws of the
dangling quadrangulations of the UTHPQ enable us to show that the rescaled paths ™ and £™ in Theorem 1.3
are typically close in the uniform topology when n is large. We will then deduce Theorem 1.3 from this
statement and the scaling limit result [BM17, Theorem 1] for the Brownian disk. In Section 2.6 we explain
why Theorem 1.3 implies Proposition 2.9, which is a variant of Theorem 1.4 where the boundary length of
the free Boltzmann quadrangulation with simple boundary is a random variable L! which is typically of order



(1 + 0(1))l when [ is large; in particular, L! has the law of 1/2 times the perimeter of the core of a free
Boltzmann quadrangulation with general boundary of perimeter 61.

Most of the remainder of the paper is focused on deducing Theorem 1.4 from Proposition 2.9. The basic
idea of the proof is to use the peeling procedure to remove a small cluster from Q' whose complement has
the law of a free Boltzmann quadrangulation with perimeter Lf;, where § > 0 is small and Lf; is a random
variable with the law in Proposition 2.9 with | (1 + §)] in place of /, independent from Q'.

In Section 3, we recall the definition of the peeling procedure for quadrangulations with simple boundary,
introduce some notation to describe it, and review some relevant formulas. We then prove several estimates
for general peeling processes. We obtain in Proposition 3.3 a scaling limit result for the joint law of the
area and boundary length processes of an arbitrary peeling process on the UTHPQg analogous to the
result [CLG17, Theorem 1] for peeling processes on the UIPQ; and in Section 3.4 we prove Radon-Nikodym
derivative estimates which allow us to compare peeling processes on free Boltzmann quadrangulations with
simple boundary and the UTHPQg.

In Section 4, we introduce the peeling-by-layers process for quadrangulations with simple boundary, which
approximates the growing family of filled metric balls centered at an edge on the boundary. This process is a
variant of the peeling-by-layers process for the UIPQ introduced in [CLG17] (and the analogous process for
the UIPT introduced in [Ang03]). We then prove several estimates for this peeling process in the case of
the UIHPQg which will be transferred to estimates in the case of the free Boltzmann quadrangulation with
simple boundary using the estimates of Section 3.4.

In Section 5, we conclude the proof of Theorem 1.4 and use it to deduce Theorem 1.5.

2 Proof of Theorem 1.3 via the Schaeffer bijection

In Sections 2.1 and 2.2 we will review the Schaeffer-type constructions of quadrangulations with general
boundary and of the UTHPQ. We will also review the so-called pruning procedure by which one obtains an
instance of the UIHPQg from an instance of the UTHPQ. In Sections 2.4 and 2.5, we use these constructions
together with the results for the UTHPQ from [GM17c¢] to prove Theorem 1.3. In Section 2.6, we explain why
Theorem 1.3 implies a scaling limit result for free Boltzmann quadrangulations with simple boundary and
certain random perimeter.

We emphasize that this is the only subsection of the paper in which the Schaeffer-type constructions
discussed just below are used.

2.1 Schaeffer bijection for quadrangulations with boundary

For n,l € N, let O° (n,1) be the set of triples (@,@, V) where Q is a quadrangulation with general boundary
having n interior faces and 2! boundary edges (counted with multiplicity), @ € £(8Q) is an oriented root
edge, and ¥ € V(Q) is a marked vertex. By Euler’s formula, the number of vertices of an element of Q°®(n, 1)
is determined by n and [ (in particular, it is given by n -+ + 1), so a uniform sample from O~ (n,1) can be
recovered from a uniform sample from @'(n, 1) by forgetting the marked vertex ¥ (c.f. [BM17, Lemma 10]).

In this subsection we review a variant of the Schaeffer bijection for elements of Q° (n,1) which is really a
special case of the Bouttier-Di Francesco-Guitter bijection [BDFGO04]. Our presentation is similar to that
in [CM15, Section 3.3], [BM17, Section 3.3], and [GM17¢, Section 3.1].

For [ € N, a bridge of length 2[ is a function 8° : [0, 2l]z — Z such that b°(j + 1) — °(j) € {-1,1} for
each j € [0,2] — 1]z and b°(0) = v°(21) = 0. A bridge b° can be equivalently represented by the function
b: [0,l]z — Z which skips all of the upward steps. More precisely, let jo = 0, for k € [1,1]z let ji be the
smallest j € [jr—1 + 1,2l]z for which °(j + 1) — b°(j) = —1, and let b(k) := b°(j).

For n,l € N, a treed bridge of area n and boundary length 21 is an (I+1)-tuple (b%; (to, vo, Lo), - .., (t—1, 911, L;_1))
such that b° is a bridge of length 2[; and (tx, vy, Li) for k € [0,1 — 1]z is a rooted plane tree with a label
function Ly : V(t,) — Z satisfying Ly (v) — Ly (v') € {—1,0,1} whenever v and v’ are joined by an edge and
Li(vg) = b(k), where b is constructed from b° as above; and the total number of edges in the trees t; for
k € 10,1 — 1]z is n. Let T*(n,l) be the set of pairs consisting of a treed bridge of area n and boundary
length 2 together with a sign 6 € {—, 4} (which will be used to determine the orientation of the root edge).
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We now explain how to construct an element of O° (n,1) from an element of 7°(n,l). We first construct
a rooted, labeled planar map (F,eg, L) with two faces as follows. For each k € [0, — 2]z, draw an edge
connecting the root vertices vy and v;y;. Also draw an edge connecting v;_; and vy. Embed the cycle
consisting of the vertices vy, together with these edges into C in such a way that the vertices vy all lie on the
unit circle. We can extend this embedding to the trees t; in such a way that each is mapped into the unit
disk and no two trees intersect. This gives us a planar map F' with an inner face of degree 2n + [ (containing
all of the trees t;) and an outer face of degree I. Let eg be the oriented edge of F' from v;_; to vy and let L be
the label function on V(F) = 2_:10 V(tx) given by restricting each of the label functions Ly for k € [0, — 1]7.

To construct a rooted, pointed quadrangulation with boundary, let p : [0,2n + Iz — V(F') be the contour
exploration of the inner face of F started from vy, i.e. the concatenation of the contour explorations of the
trees tg,...,t—1. We abbreviate L(i) = L(p(¢)). Each i € [0,2n + []z is associated with a unique corner of
the inner face of F' (i.e. a connected component of B.(p(4)) \ F for small € > 0). Let ¥ be an extra vertex
not connected to any vertex of F, lying in the interior face of F. For i € [0,2n + [z, define the successor s(7)
of i to be the smallest ¢’ > ¢ (with elements of [0,2n + |z viewed modulo 2n + [) such that L(i') = L(i) — 1,
or let s(i) = oo if no such i’ exists. For i € [0,2n + {]z, draw an edge from the corner associated with i to
the corner associated with s(i), or an edge from p(7) to ¥ if s(¢) = co. Then, delete all of the edges of F' to
obtain a map Q. The root edge of @ is the oriented edge & € £(AQ) from by to p(s(0)) (if § = —) or from
p(s(0)) to vy (if # = +), viewed as a half-edge on the boundary of the external face.

As explained in, e.g., [CM15, Section 3.2] and [BM17, Section 3.3], the above construction defines a
bijection from T°(n,1) to Q%(n,1).

We now explain how an element of 7°(n, ), and thereby an element of O®(n, ), can be encoded by a pair
of integer-valued functions. For ¢ € [0,2n + ]z, let k; € [0, — 1]z be chosen so that the vertex p(i) belongs
to the tree t;, and let

C(i) :=dist(p(2), g3 ti,) — ki, Vi€ [0,2n+1—1]z and C2n+1) = —I, (2.1)

so that C is the concatenation of the contour functions of the trees t;, but with an extra downward step
whenever we move between two trees. Let

I(k) :=min{i € [0,2n + ]z : C(i) = -k}, Vk €0,z (2.2)

be the first time ¢ for which p(i) € t; (so that p(I(k)) = vy for k € [0, — 1]z and p(l) = vg). Also let
LO(i) := L(i) — b(k;). To describe the law of the pair (C, LY) we need the following definition.

Definition 2.1. Let [a, b]z be a (possibly infinite) discrete interval and let S : [a, b]z — Z be a (deterministic
or random) path with S(i) — S(i — 1) € {—1,0,1} for each i € [a + 1,b]z. The head of the discrete snake
driven by S is the (random) function H : [a,b]z — Z whose conditional law given .S is described as follows.
We set H(a) = 0. Inductively, suppose i € [a + 1,b]z and H(i) has been defined for j € [a,i — 1]z. If
S(i) — St — 1) € {—1,0}, let i’ be the largest j € [a,i — 1]z for which S(i) = S(i'); or i/ = —o0. If i/ # —o0,
we set H (i) = H(i'). Otherwise, we sample H (i) — H(i — 1) uniformly from {—1,0,1}.

The following lemma, which also appears in [GM17¢], is immediate from the definitions and the fact that
the above construction is a bijection.

Lemma 2.2. If we sample (@,@, V) uniformly from @'(n, 1), then the law of C is that of a simple random
walk started from 0 and conditioned to reach —1 for the first time at time 2n + 1. The process L° is the head
of the discrete snake driven by i — C(i) — minjeq 4, C(j). The pair (C, L°) is independent from b°.

2.2 Schaeffer bijection for the UIHPQ

In this subsection we describe an infinite-volume analog of the bijection of Section 2.1 which encodes the
UIHPQ which is alluded to but not described explicitly in [CM15, Section 6.1] and described in detail
in [GM17¢,BMR16]. See also [CC15] for a different encoding,.

We first define the infinite-volume analog of the bridge b°. Let >0 : Z — IN; be given by the absolute
value of a two-sided simple random walk with increments sampled uniformly from {—1,1}. Let {ji}xrez be
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the ordered set of times j for which v>0(j + 1) — b>:0(j) = —1, enumerated in such a way that j; is the
smallest j > 0 for which 6°°9(j + 1) — b>0(j) = —1. Also let b>°(k) := b>0(jy.).

Conditional on b9, let {(t°,05°, L$°) }rez be a bi-infinite sequence of independent triples where each
(£°,09°) is a rooted Galton-Watson tree whose offspring distribution is geometric with parameter 1/2; and,
conditional on each tree 7°, the function Lg° is uniformly distributed over the set of all functions V(t°) — Z
satisfying Lg° (0o k) = b°°(k) and L (u) — Lg°(v) € {—1,0,1} whenever u,v € V(t7°) are connected by an
edge.

To construct an instance of the UIHPQ from the above objects, we first construct a planar graph F*°
with two faces. Equip Z with the standard nearest-neighbor graph structure and embed it into the real line
in C. For k € Z, embed the tree t3° into the upper half-plane in such a way that the vertex v3° is identified
with £ € Z and none of the trees {7° intersect each other or intersect R except at their root vertices. The
graph F'*° is the union of Z and the trees t{° for £ € Z with this graph structure. Let L be the label
function on the vertices of F*° satisfying Loo|v(tg°) = L}° for each k € Z.

Let p™ : Z — V(F*) be the contour exploration of the upper face of F*° shifted so that p*> starts
exploring the tree t5° at time 0. Define the successor s (i) of each time i € Z exactly as in the Schaeffer
bijection (here we do not need to add an extra vertex since a.s. liminf; ,., L*°(i) = —oc0). Then draw an
edge connecting each vertex p™(i) to p>(s°°(7)) for each i € Z and delete the edges of F>°. This gives us
an infinite quadrangulation with boundary @"O. The root edge & of @‘X’ is the oriented edge &> which
goes from v3° to p°°(s°°(0)). Then (Q>°, &) is an instance of the UTHPQ with general boundary.

As in Section 2.1, we re-phrase the above encoding in terms of random paths. For i € 7Z, let k; be chosen
so that the vertex p> (i) belongs to the tree t7° and let

C™1) = dist(poo(i),nif;ti‘:) — ki ViETZ (2.3)
be the contour function of the upper face of F°°. Also let
I°(k):=min{i € Z : C*(i) = -k}, VKETZ (2.4)

so that p(I*°(k)) = vy. Finally, define L>(i) := L>°(p>°(i)) and L°*°(i) := L>(i) — b>°(k;).
The following is [GM17¢, Lemma 3.5].

Lemma 2.3. The pair (O, L>0) is independent from b> and its law can be described as follows. The
law of C*°|N, is that of a simple random walk started from 0 and the law of C*®(—)|n, is that of a simple
random walk started from 0 and conditioned to stay positive for all time (see, e.g., [BD9/] for a definition
of this conditioning for a large class of random walks). Furthermore, L°° is the head of the discrete snake
driven by i+ C°°(i) — minje(_co.q), C(j) (Definition 2.1).

2.3 Pruning the UITHPQ to get the UTHPQg

Recall from Section 1.2.1 that the UIHPQg is the Benjamini-Schramm local limit of uniformly random
quadrangulations with simple boundary, as viewed from a uniformly random vertex on the boundary, as
the area and then the perimeter tends to co. The simple boundary core (Section 1.2.1) of the UTHPQ has
the law of the UIHPQg. More precisely, suppose (Q\‘X’,@‘X’) is a UIHPQ and let Q> = Core(@"o) be the
quadrangulation obtained from °° by pruning all of the “dangling quadrangulations” of @‘X’ which are
joined to oo by a single vertex. Let € be the edge immediately to the left of the vertex which can be
removed to disconnect 8 from oo (if such a vertex exists) or let @ = &> if > belongs to 0Q°°. Then
(Q>,e>) is an instance of the UTHPQg.

One obtains a boundary path 8% : Z — £(0Q*°) with °°(0) = > from the boundary path B>for Q>
by skipping all of the intervals of time during which BOO is tracing a dangling quadrangulation.

There is also an explicit sampling procedure which reverses the above construction (c.f. [CM15, Section 6.1.2]
or [CCI5, Section 6]). Let (Q*°,@>) be a UIHPQs and conditionally on Q*°, let {(gy, €y) }vevag~=) be an
independent sequence of random finite quadrangulations with general boundary with an oriented boundary
root edge, with distributions described as follows. Let vy be the right endpoint of the root edge €*°. Each g, for
v # vg is distributed according to the so-called unconstrained free Boltzmann distribution on quadrangulations
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with general boundary, which is given by

Pl(gur e2) = (a,6)] = C! (é)(;)l 25)

for any quadrangulation q with n € Ny interior faces and 2l, [ € N, boundary edges (counted with
multiplicity) with a distinguished oriented root edge ¢ € dq, where here C' > 0 is a normalizing constant. The
quadrangulation g¢,, is instead distributed according to

Pl = 0ol =@ (1) (3) (2.

for a different normalizing constant C. We note that by [CC15, Equation (23)], the expected perimeter of ¢,
for v # vy is equal to 2.

If we identify the terminal endpoint of e, with v for each v € V(0Q>°), we obtain an infinite quadrangula-
tion @‘x’ with general boundary. We choose an oriented root edge &> for @"C by uniformly sampling one of
the oriented edges of £(9q,,) U {e>}. Then (Q>°,&>) is a UTHPQ which can be pruned to recover (Q>,e>).

2.4 Radon-Nikodym derivative estimates for quadrangulations with general
boundary

In the remainder of this section, we assume that we are in the setting of Theorem 1.3, so that (@”,@”) is
a uniform quadrangulation with general boundary with a™ interior faces and perimeter 2/". To describe
(Q™,@") via the bijection of Section 2.1, we let ¥" be a marked vertex sampled uniformly from V(Q™).

We denote the Schaeffer encoding for (@”,@") from Section 2.1 with an additional superscript n, so that
in particular C™ is the contour function, L™ is the label process, L% is the shifted label process, b%™ is a
random walk bridge independent from (C™, L%™), and b™ is obtained from b%™ by skipping the upward steps.
Also let I™ be as in (2.2).

We also let (@00,@00) be an instance of the UITHPQ with general boundary and define its Schaeffer
encoding functions C>°, L>=, L>Y p>0 p> and I as in Section 2.2.

The aforementioned Schaeffer encoding functions have easy-to-describe laws and determine the corre-
sponding quadrangulations in a local manner. This enables us to obtain Radon-Nikodym derivative estimates
for the law of some part of Q" with respect to the law of the corresponding part of Q°°. This technique has
been used in [GM17¢, BMR16] to couple a uniform quadrangulation with general boundary with the UTHPQ
in such a way that they agree with high probability in a small neighborhood of the root edge (see [CL14] for
an analogous statement for quadrangulations without boundary). In this subsection, we will prove weaker
Radon-Nikodym derivative estimates which hold for a larger part of the quadrangulations in question. We
start by proving a Radon-Nikodym estimate for the encoding functions.

Lemma 2.4. For each € € (0,1), there exists A = A(e) > 0 and n. = n.(e) € N such that the following
is true for each n > n,. On an event of probability at least 1 — € (for the law of (C™,L™)), the law of
(C™ L") (0,17 (1m —en1/2y), 8 absolutely continuous with respect to the law of (C°°, L°)jg e (in—eni/2y),, with
Radon-Nikodym derivative bounded above by A.

Proof. The proof is similar to that of [GM17¢, Lemma 4.7]. Recall from Lemmas 2.2 and 2.3 that the law of
C™ is that of a simple random walk conditioned to first hit —I" at time 2a™ + [ and the law of C*°|y, is
that of an unconditioned simple random walk.

By [GM17¢, Lemma 4.6] and Bayes’ rule (c.f. the proof of [GM17¢, Lemma 4.7]), the Radon-Nikodym
derivative of the law of C"|jg n(n_en1/2)), With respect to the law of €|y oo (n_en1/2)), is given by

fr(I°°(I™ — en'/?)) where for k € [0,2a" + I"]z,

6n1/2(2an 4+ k)*3/2 eXp(—m) + On(nfl)

I"(2am + [n)=3/2 exp(—iﬂﬁzziln)) + op(n—1)

fE(k) =

L(k<2an+in)-
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Since (2n)~1/2C™((2n)~!-) converges in law in the uniform topology to an appropriate conditioned Brownian
motion [Bet10, Lemma 14], we can find ¢ = ((e) > 0 and ng = ng(e) € N such that for n > ny,

P[E}] >1—¢€/2 where EJ:= {I"(l" _ €n1/2) <" 4+ 1" — Cn}

Since (2n)~'/2I" — I, we can find Ay = Ag(¢) > 0 and n; = ny(e) > ng such that for n > n; and
1<k <2a™ 41" —(n, we have fI(k) < Ap.

Hence for n > ny, on the event Ef the Radon-Nikodym of the law of C"[(g rn(n_cn1/2y), is absolutely
continuous with respect to the law of C*[( roc(jn_cp1/2y],, With Radon-Nikodym derivative bounded above
by Ag. Since the conditional law of the shifted label function L% 0,17 (17 —en1/2Y]y, 8IVen C™ g n(n _en1/2)),,
coincides with the conditional law of L°°’O|[O7Ioc(ln_ml/z)]z given C|jg oo (in—en1/2)),, We get the same
Radon-Nikodym derivative estimate with the pairs (C™, L") and (C°°, L>Y) in place of C™ and C*°.

Recall that L™ (resp. L*°) is obtained from (C™, L%™) and the bridge b%" (resp. (C°°, L>%) and the walk
b>°-9) in the manner described in Section 2.1 (resp. Section 2.2). Recall also the processes b™ and b> obtained
from %™ and b>°0, respectively, by considering only times when the path makes a downward step. A similar
absolute continuity argument to the one given above shows that there exists n. = n.(e) > n1, A1 = A1(e) > 0,
and an event E7 with P[E}] > 1 — €/2 such that for n > n., the Radon-Nikodym derivative of the law of
b™[j0,in —en1/2], With respect to the law of 6| jn_c,1/2), on the event ET is bounded above by Aj.

The pair (C™, L%") (resp. (C°°, L>°Y) is independent from %" (resp. b>Y), so for n > n, it holds on
E7 N EYT that the law of the pair ((C™, LO’")\[07”,(1”,_6”1/2)]%,b"|[0,ln_€n1/zlz) is absolutely continuous with

respect to the law of ((C*, L°°70)|[0’Ioo(ln,m1/z)]z,boo\[o’ln,mlp]z) with Radon-Nikodym derivative bounded
above by AgA;. Since these processes determine (C™, L")|1g 1n(n —en1/2y), and (C°, L) (g 1o (1n—en1/2)]5
respectively, via the same deterministic functional and P[E} N ET] > 1 — €, we obtain the statement of the
lemma with A = AgA;. O

Let A" : [0,20")7 — 5(8@”) and B> : Z — S(BQOO) be the boundary paths of our finite and infinite
quadrangulations with general boundary, respectively, started from the root edge at time 0. For k € [0, 20",
we can view B”([O7 k]z) as a planar map and B"“Qk]z as a path on it. This planar map can have non-trivial
structure since E” is not necessarily a simple path. Hence it makes sense to consider the law of Bn|[07k]z’
without reference to the underlying map @" Similar considerations hold for 3"0.

From Lemma 2.5, we obtain a Radon-Nikodym estimate for boundary paths, viewed without reference to
the underlying map in the manner described just above.

Lemma 2.5. For each € € (0,1), there exists A= A(e) > 0 and n. = n.(e) € N such that the following is
true for each n > n.. On an event of probability at least 1 — € (for the law of B"), the law of B"[jg aim —en1/2),

is absolutely continuous with respect to the law of 3°°|[072ln_m1/2]z, with Radon-Nikodym derivative bounded
above by A.

Proof. Tt is clear from the Schaeffer bijection (c.f. [GM17¢, Remarks 3.1 and 3.4]) and a basic concentration
estimate for the empirical distribution of the times when the simple random walk bridge 5% and the random
walk bV take a downward step that with probability tending to 1 as n — oo (with respect to the laws of
each of B" and 3"0)7 g"\[ogln_ml/z]z and BOO|[072171_€”1/2]Z are given by the same deterministic functional
of (C™, L™)|io,1n(1n—(e/ayn1/2)), and (C°, L>°)ig oo (1n—(c/4)n1/2)],» respectively. The statement of the lemma
therefore follows from Lemma 2.4. O

2.5 Proof of Theorem 1.3

In this subsection we will prove our scaling limit result for the simple-boundary core Q™ of @” The main
difficulty of the proof is the uniform convergence of the rescaled boundary path £" of Q™. This will be
extracted from the following proposition, which in turn will follow from the estimates of Section 2.4 and the
analogous statement for the UTHPQ which is proven in [GM17¢| using the pruning procedure of Section 2.3.
Here we recall that B” is the boundary path of @”
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Proposition 2.6. For each € € (0,1), there exists n. = n.(e) € N such that for n > n., it holds with
probability at least 1 — € that the following is true. For each ki,ka € [0,20")z with k1 < ko, the number

of edges in B”([kl, kalz) which belong to the simple-boundary core Q™ is between %(kz — k) — en'/?
%(k‘g — k‘1) + €TL1/2.

and

QOO
%7, = pt q> = pt q5° = pt
- . ‘oo ’
@
> = q%8 = 4597 % =497 =43
=6 =" =45,
90 =" =45

Figure 2: The UIHPQ @0" (blue and red) and its UTHPQg core Q°° (blue). The dangling quadrangulations
g2 for k € N, used in Section 2.5, are shown in red. The dangling quadrangulation g;° is the one which
contains the right endpoint of the boundary edge Eoo(k) if 3o (k) € 0Q> (i.e., Eoo(k) is one of the blue
edges) or the one which contains Boo(k) if Bm(k) is one of the red edges.

For the proof of Proposition 2.6, we will need to consider the pruning procedure described in Section 2.3.
Recall the UTHPQ (Q°°,@%°) and its boundary path 5°°. Also let (Q>°, @) be the UTHPQg with Q> =
Core(Q>), as in Section 2.3.

For k € 7Z, let ¢ be the dangling quadrangulation of @"O (i.e., the quadrangulation which can be
disconnected from the core @™ by removing a single vertex) such that either B\oo (k) € 0g5° or B‘X’ (k) € 0Q>
and ¢;° is attached to the right endpoint of B (k). Similarly, for k£ € [0,2{"]z let ¢ be the dangling
quadrangulation of Q" such that either B”(k) € Oqp or B"(k) € 0 Core(Q™) and ¢} is attached to the right
endpoint, of B”(k) See Figure 2 for an illustration of these definitions. We note that {¢p° }recz is the same, as
a set, as the set of dangling quadrangulations {gg°},ecv(ag-=) described in Section 2.3. However, the index k

in the present section corresponds to the boundary path of @0", so in particular it is possible that ¢p7 = gp;
for kl # kg.

The following lemma tells us that the size of a dangling quadrangulation is typically of constant order,
independently of k and n.

Lemma 2.7. For each € € (0,1), there exists N = N(¢) € N such that the following is true. For each n € N
and each k € [0,20"]z, we have P[#E(qp) < N|] > 1—¢€ and for each k € Z we have P[#E(q°) < N] > 1—e.

Proof. If we condition on @", then the root edge &" = 3”(0) is sampled uniformly from 8@”. It follows
that the law of (@”,@") is invariant under the operation of replacing &" with B”(k) for any k € [0, 2("]z.
Passing to the local limit shows that the law of the UTHPQ (@0",@0") is invariant under the operation of
replacing 8 by Boo(k) for any k € Z. Therefore, the law of ¢! (resp. ¢;°) does not depend on k. It is
clear that ¢;° is a.s. finite, so for each € € (0, 1) there exists N = N(¢) € N such that for k € Z, we have
P[#E(q°) < N] >1—¢/2.

It remains to prove an upper bound for the size of ¢fj. By [GMI17c, Proposition 4.5] there exists
a = ale) > 0 and n, = n,(e) € N such that for n > n,, we can couple Q" and Q> in such a way that it
holds with probability at least 1 — /4 that the following is true. The graph metric balls B,,1/:(&"; Q™) and
B,,,1/4(@%; @Oo) equipped with the graph structures they inherit from @” and @o", respectively, are isomorphic
(as graphs) via an isomorphism which takes & to & and Q™ N B,,1/4(@"; Q") to dQ% N By,1/4(@°; Q™).
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By [GM17c, Lemma 4.9], the maximal rescaled diameter n—1/4 maxje(o,in), diam(gy) tends to 0 in law as
n — oo. Hence by possibly increasing n., we can arrange that with probability at least 1 — €/2 our coupling
is such that ¢§° = ¢ . By combining this with the first paragraph of the proof we obtain the statement of the
lemma. O

Figure 3: Left: The quadrangulation @” with general boundary together with a segment B”([O, k.]z) of its
boundary path. The associated loop-erased path B\,’j 0, ki]z = € (8@”) used in the proof of Proposition 2.6
is obtained by replacing the segments ofA B”([O, ki]z) when it is tracingi the dotted edges by constant segments.
If k. is smaller than the time K™ when 3" finished tracing 9Q", then 3} ([0, k.]z) contains 0Q™ NS} ([0, k.]z)
and is contained in the union of Q™ N B\,Z* ([0, k«]z) and the dangling quadrangulations ¢ and gj; . Right:

The path B"|[O,k*]z, viewed without reference to the map @”, is absolutely continuous with respect to the
analogous boundary path increment for the UIHPQg.

Proof of Proposition 2.6. See Figure 3 for an illustration. For k, € [0,2{"]z, let E,‘;O [0, kilz — 5(8@“’) be
the path obtained by erasing the loops from B\OO“O,IC*]Z in the following manner. Let [a1,b1]z,. .., [an,bN]z
be the maximal discrete intervals [a,b]z in [1, k.]z with the property that 3°°([a,b]z) is a cycle which is not
contained in any larger cycle in Bw([l, k|z), ordered from left to right. For k € [0, k.]z let B,‘gf(k) = B> (k")
where k' is the largest s € [0, k]z which is not contained in Uf\;l [ai, b;]z. Similarly construct B]Z from B\”|[07k*]z.

Since the boundary of the UITHPQg Q*° = Core(@oo) does not contain a cycle and the boundary of each
g;° is a cycle traced by BO", it follows that for each 0 < k1 < ko < ki,

Q= N B[k, kalz) € B2 ([kr, kala) € (@ N B (ks kal) ) Ui U g (2.7)

Similarly, if we let K™ be the time at which g™ finishes tracing Q" then for 0 < k1 < ko < k., < K",
Q"1 B (kv kalz) € B ([k, kalz) € (@ 1 B™([kr, kalz) ) Uit U g (2.8)

Now fix € € (0,1) and set
k" (€) == | 20" — ent/?].

Also fix § € (0,1) to be chosen later, depending only on e.

Recall from Section 2.3 that the ordered (from left to right) collection of distinct dangling quadrangulations
other than ¢ is i.i.d., and the expected perimeter of each of these quadrangulations is 2; note here that the law
of the quadrilateral dangling from the jth edge of Q°° does not have the same law as g;; since ¢} is more likely
to be one of the dangling quadrangulations with longer perimeter. From this and the law of large numbers
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(see [GM17c, Lemma 4.12] for a careful justification) we infer that there exists n. = n.(¢,d) € N such that for
n > n., it holds with probability at least 1 — §/2 that the following is true. For each kq, ko € [0,21" — en'/2]y
with k1 < ko, the number of edges in B"O([kl, k2]z) which belong to Q° is between %(]fg —ky) — %enl/z and
(ky — k1) + $en'/2. By Lemma 2.7, by possibly increasing n. we can arrange that it holds with probability
at least 1 — /2 that #&(¢5° U qgjjl(ﬁ)) < Zen'/2. By (2.7), it holds with probability at least 1 — § that

1 -~ 1
g(k‘g — ]{/‘1) — €n1/2 < #ﬁgg(e)([kil,k‘g]z) < g(kﬁg — k?l) + enl/g, Y0 < kil < k‘g < k*"(e) (29)

By Lemma 2.5, by possibly increasing n, we can find A = A(e) > 0 that for n > n,, there is an event E"
with P[E"] > 1 — ¢/4 such that on E", the Radon-Nikodym derivative of the law of 5" |(g xn(c)], is absolutely

continuous with respect to the law of 3"0\[07;%(5)]%, with Radon-Nikodym derivative bounded above by A.
Set § = A~ e for this choice of A. By (2.9) for n > n,, it holds with probability at least 1 — ¢/2 that

1 ~ 1
5 k2 = k) — en'’? < #Bpn o ([, kalz) < 5 (k2 = k1) + en'’?, Y0 < ky < ko < k(e). (2.10)

By Lemma 2.7, by possibly increasing n, we can arrange that for n > n,, it holds with probability at least
1 —€/2 that #E(qg U g1l () < 1en!/2. If this is the case and (2.10) holds, then necessarily k7 (e) < K™ since

B ([k™(e),21™]z) C q. By (2.8), for n > n, it holds with probability at least 1 — ¢ that

1 . 1
S (ko — k) - 2ent/? < #(Q" n ﬂ”([kl,kg}z)> < 5lks — ki) + 2ent/2, Y0 < ki < ko <k"(e).  (2.11)

~
n Sn

By the re-rooting invariance of the law of (Q™,&") (which comes from the fact that " is sampled uniformly
from 5(8@”)), we can apply the same argument with Q" rooted at g"(tenl/ﬂ) instead of @™ = B"(o) to find
that with probability at least 1 — 2¢, (2.11) also holds for each [en'/?] < k; < ko < 21". By splitting a given
interval [k, k2]z C [0, 21"z into an interval contained in [0, k" (¢)]z and an interval contained in [en'/2, 21"z,
we obtain the statement of the proposition with 4e in place of €. Since € can be made arbitrarily small, we
conclude. O

Proof of Theorem 1.53. By [GM17c, Theorem 4.1], Q" — § in law in the GHPU topology. By the Skorokhod
representation theorem, we can couple {(@”,@”)}neN with § in such a way that this convergence occurs
a.s. By [GM17c, Proposition 1.5], for any such coupling we can a.s. find a compact metric space (W, D) and
isometric embeddings (Q",d") — (W, D) for n € N and (H,d) — (W, D) such that if we identify these spaces
with their images under the corresponding embeddings then a.s. @" — H" in the D-Hausdorff distance,
p™ = p in the D-Prokhorov distance, and {" — £ in the D-uniform distance. Henceforth fix such a coupling
and such a space (W, D). We note that the isometric embedding (Q™,d™) — (W, d) restricts to an isometric
embedding (Q",d"™) — (W, D), so Q™ is identified with a subset of W.

Since H has the topology of a disk, it follows that the maximal d"-diameter of the dangling quadrangulations
of Q™ tends to zero in probability as n — oo (see [GM17¢c, Lemma 4.9] for a careful justification). By possibly
choosing a different coupling we can take this convergence to occur a.s. From this we infer that a.s. Q" — H
in the D-Hausdorff distance and (since " — £ uniformly) that Q™ \ (Q™ \ dQ™) — 0H = £([0,1]) in the
D-Hausdorff distance. R

Since each of the measures "™ — u™ is supported on Q™ \ (Q™ \ dQ™), we infer that any subsequential limit
of the measures " — p™ in the D-Prokhorov distances is supported on H and is dominated by u. Since
w(OH) = 0 any such subsequential limit must be the zero measure. Therefore, ™ — p in the D-Prokhorov
distance.

To show the uniform convergence £" — £ of the re-scaled boundary paths, for n € N and ¢ €
[0, (3/23/2)n=1/24£(0Q™)] let 7(t) be the smallest s € [0, (2n)"'/21"] for which the number of edges
of dQ™ traversed by £ between times 0 and s is at least (23/2/3)n/2¢. Equivalently, 23/2n1/277(t) is the
smallest time at which the un-scaled boundary path B\” has traversed at least (23/ 2/ 3)n1/ 2t edges of 0Q™.
Then

R 3/2
& @) = 5 (S e (D) = €20+ 0a(1)
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where the 0, (1) comes from rounding error. Note that the scaling factors in the time parameterizations of £"
and ™ differ by a factor of 3. By Proposition 2.6, the function 7" converges uniformly to the identity function
in probability, whence £” — £ uniformly in probability. From this we infer that Q™ —  in probability, as
required. O

2.6 Scaling limit of free Boltzmann quadrangulations with random perimeter

In this brief subsection, we explain why Theorem 1.3 implies a scaling limit result (Proposition 2.9) for
a free Boltzmann quadrangulation with random boundary length. Most of the remainder of the paper
will be devoted to transferring this result to the case when we specify the exact boundary length of the
quadrangulation.

To state our result, we need to recall the definition of a free Boltzmann quadrangulation with general bound-
ary, which appears, e.g., in [BM17, Section 1.4]. The free Boltzmann distribution on quadrangulations with
general boundary of perimeter 21 is the probability measure on ;- o~ (n, 1) (defined as in Section 1.2.1) which
assigns to each (ﬁ,?) € O~ (1) a probability equal to Z(1)~112"#7 () where 2(1) =>0 12*”#@”@, 1) is
the partition function.

Free Boltzmann quadrangulations with general and simple boundaries are related by the following lemma.

Lemma 2.8. Letl € N and let (@,@) be a free Boltzmann quadrangulation with general boundary of perimeter
2l. If we condition on the rooted planar map (8@,@) then the conditional law of the collection of simple-
boundary components of @, each rooted at an oriented boundary edge which is chosen in a U(@@,@)—measumble
manner, is that of a collection of independent free Boltzmann quadrangulations with simple boundary with
perimeters given by the perimeters of the internal faces of 3@.

Proof. Let N by the (random) number of simple-boundary components of @ and let Q1,...,QN be these
components, enumerated in the order in which their boundaries are first hit by the boundary path of @
started from @. Also let e, € £(0Qy) for k € [1, N]z be a root edge for Qi chosen in a ¢(0Q, €)-measurable
manner. _ R

Let (%8,%) be a possible realization of (0Q, &), let n be the corresponding realization of N, and let (B, ex)
be the corresponding realizations of (0Qy,ey) for k € [1,n]y. Also let [, := %#8(%@ be half the perimeter
of Qk-

There is a bijection from the set of possible realizations of (Q,®) with (9Q,®) = (%,?) to Qg (1) x -+ %
Qg (Ih): the forward bijection is obtained by taking the n-tuple of simple-boundary components of such a
realization, each rooted at the corresponding edge e¢x; and the inverse bijection is obtained by identifying
the boundary of each of the n components of an element of Qg(l;) x - -+ x Qg([,) with the boundary of the
corresponding internal face of B via an orientation-preserving map which takes the root edge to e.

Suppose now that ((Qi,¢}),...,(Qu,¢,)) € Qg (i) X -+ x Qg (l,) and let Q be the corresponding
realization of @ satisfying 99 = B. Each internal face of 9 is an internal face of precisely one of the £j’s.
Therefore,

P
~

P[(Qurex) = (D, ¢h), Vi € [Lnz | (0Q,8) = (B.9)] = P|Q = ] (9Q.7) = (3,7

=P [(a@@) — (®,9)] 12T @ _p [(a@,@) = (%,3)} B [T 12~ #7@w. (2.12)
k=1

By Euler’s formula, if @ is a quadrangulation with simple boundary then #F(Q) = $#£(0Q)—1+#V(Q\9Q).
Hence the right side of (2.12) equals

n
C(%B,0) [ 12 #V @900
k=1

where C(%,E) is a constant depending only on (E%,?). Therefore, the conditional law of {(Q%,®x)}xe[1,n), 18
as described in the statement of the lemma. O
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From Lemma 2.8 and Theorem 1.3, we obtain the following variant of Theorem 1.4 when we randomize
the perimeter, which will be used in subsequent sections to prove Theorem 1.4.

Proposition 2.9. Fizl € N and for n € N let L' be a random variable whose law is that of %#5(001"6((,7)),

where @l is a free Boltzmann quadrangulation with general boundary of perimeter 61. Condition on L', sample
a free Boltzmann quadrangulation with simple boundary of perimeter 2L' and define the curve-decorated
metric measure Spaces Qr for 1 € N as in Theorem 1./ with L' in place of I. Then QL - 9 in law, where
$) is the limiting curve-decorated metric measure space from Theorem 1.4.

Proof. For | € N let (@l, @) be a free Boltzmann quadrangulation with general boundary of perimeter 6/ and
let L' be half the perimeter of its core. By Lemma 2.8, the conditional law given L' of Core(@l) (equipped
with an oriented root edge chosen in a manner which depends only on (aél,@l) is that of a free Boltzmann
quadrangulation with simple boundary of perimeter 2L!. Hence we can couple QLZ with @l in such a way
that QX' = Core(Q") a.s.

Let Al for I € N be the (random) number of faces of Q'. The proof of [BM17, Theorem 8] shows that
(2/9)I72 Al converges in law as [ — oo to the law of the area of a free Boltzmann Brownian disk with unit
perimeter (alternatively, this can be extracted from Lemma 3.4 below, which is a re-statement of a result
from [CLG17]). By Theorem 1.3 applied to the conditional law of (@l,@l) given Al we obtain the statement
of the proposition. O

3 Peeling processes on quadrangulations with simple boundary

In this section we will study general peeling processes on the UITHPQg and on free Boltzmann quadrangulations
with simple boundary, which will be our main tool in the remainder of the paper (we will not have any further
occasion to consider quadrangulations with general boundary or the Schaeffer bijection). In Section 3.1,
we review the definition of the peeling procedure, introduce some notation to describe it, and recall some
standard formulas and estimates for peeling steps in the UTHPQg.

In Section 3.3, we introduce the boundary length processes for a general peeling process on the UTHPQg;
this result is an analog for the UTHPQg of the scaling limit result [AC15, Theorem 1] for the peeling process
on the UIPQ, and is proven in the same manner.

In Section 3.4, we prove Radon-Nikodym estimates which enable us to compare peeling processes on free
Boltzmann quadrangulations with simple boundary to peeling processes on the UITHPQg. The results of
this latter subsection (especially Lemma 3.6) will be our main tool for studying peeling processes on free
Boltzmann quadrangulations with simple boundary, both in the present paper and in [GM17¢].

Remark 3.1. All of the results of the present section have exact analogs for triangulations with simple
boundary of type I (multiple edges and self-loops are allowed) or type IT (multiple edges, but not self-loops,
are allowed). The statements in either of the two triangulation cases are identical, modulo different choices
of normalizing constants, and the proofs are essentially the same but sometimes slightly easier due to the
simpler description of peeling in the triangulation case. See [Ang03, Ang05, AC15, Ric15] for more on peeling
of triangulations with simple boundary.

3.1 General definitions and formulas for peeling
3.1.1 Peeling at an edge

Let @ be a finite or infinite quadrangulation with simple boundary. For an edge e € £(9Q), let f(Q, e) be
the quadrilateral of () containing e on its boundary or let f(Q,e) = 0 if Q € Qg (0,1) is the trivial one-edge
quadrangulation with no interior faces. If §(Q, e) # (), the quadrilateral §(Q, e) has either two, three, or four
vertices in 0Q), so divides @ into at most three connected components, whose union includes all of the vertices
of @ and all of the edges of @ except for e. These components have a natural cyclic ordering inherited from
the cyclic ordering of their intersections with 9Q.

If there are m € {1,2, 3} connected components of @ \ f(Q, e), we write P(Q,e) € (Ng U {oco})™ for the
vector whose ith component for i € {1,...,m} is #£(Q; N 0Q), where Q; is the ith connected component of
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Q\ f(Q, e) in counterclockwise order started from e. We define B(Q,e) = 0 if §(Q, e) = 0. Note that
P(Q, ) € {0} U (No U {oo}) U (No U {o0})* U (No U {oo})’ (3.1)

We refer to PB(Q, e) as the peeling indicator. Several examples of quadrilaterals (@, e¢) and their associated
peeling indicators are shown in Figure 4.

We note that P(Q, e) determines the total boundary lengths of each of the connected components of
Q\ f(Q,e), not just the lengths of their intersections with Q. Indeed, if the ith component of B(Q,e) is k,

then the total boundary length of the ith connected component of Q \ f(Q, €) in counterclockwise cyclic order
is equal to

e k + 3 if there is only one such component (Figure 4, leftmost illustration),

e k + 1 if there is more than one component and k is odd (Figure 4, three rightmost illustrations),
e k+2if k is even (Figure 4, second to the left and rightmost illustrations), and

e oo if k is co.

The procedure of extracting f(Q, e) and P(Q, e) from (Q, e) will be referred to as peeling Q at e.

(=3 () (G (G
(& ; (’z € ‘ (I

Figure 4: A finite rooted quadrangulation with simple boundary (Q,e) € Qg (n,20) together with four
different cases for the peeled quadrilateral f(Q,e) (shown in light blue). The peeling indicators from left to
right are given by B(Q, €) = 19, B(Q, ¢) = (7,12), B(Q, ¢€) = (9,5,5), and P(q,e) = (0,19).

Cx

Peele, (Q, )
Exe* (Qa 6) =1

f(Q,e)
Coe, (Q,€) =12

€

Fe. (@, €)

Figure 5: Tlustration of various definitions associated with peeling. The peeled quadrilateral §(@, e) is shown
in blue. the connected component Peelg, (@, €) of @\ f(Q, e) containing the target edge is shown in grey, and
the union Fe, (@, ) of the other connected components is shown in light green. Individual vertices and edges
of these components are not shown.

Suppose now that e, € 9Q \ {e} or that 9Q is infinite and e, = oco.
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e Let Peelg, (Q, ) be the connected component of @ \ (@, €) with e, on its boundary, or Peele, (@, €) = 0
if f(Q, e) = 0 (equivalently (Q,e) € Q5(0,1)).

e Let Fo, (Q, €) be the union of the components of @ \ f(Q, e) other than Peele, (Q, €) or Fo, (Q,€) = 0 if
f(Q.e) = 0.

o Let Exg, (Q, e) be the number of exposed edges of §(Q, ), i.e. the number of edges of Peels, (Q, €) which
do not belong to Q) (equivalently, those which are incident to f(Q, e)).

e Let Coe, (@, €) be the number of covered edges of 9Q, i.e. the number of edges of dQ which do not
belong to Peel,, (Q,€) (equivalently, one plus the number of such edges which belong to Fe, (Q,€)).

See Figure 5 for an illustration of the above definitions.

3.1.2 Markov property and peeling processes

If (Q,e) is a free Boltzmann quadrangulation with simple boundary of perimeter 2 for | € N U {co} and
we condition on (@, e), then the connected components of @ \ f(Q, e) are conditionally independent. The
conditional law of each of the connected components, rooted at one of the edges of f(Q, ) on its boundary
(chosen by some deterministic convention in the case when there is more than one such edge), is the free
Boltzmann distribution on quadrangulations with simple boundary and perimeter 2l (Definition 1.1), for a
o (P(Q, €))-measurable choice of [ € N U {oo}. These facts are collectively referred to as the Markov property
of peeling.

Due to the Markov property of peeling, one can iteratively peel a free Boltzmann quadrangulation with
boundary to obtain a sequence of quadrangulations with simple boundary with explicitly described laws. To
make this notion precise, let I € N U {oo} and let (Q,e,) be a free Boltzmann quadrangulation with simple
boundary with perimeter 2{; we also allow e, = co in the UTHPQg case (when [ = 00).

Suppose we are given a sequence of (possibly empty) quadrangulations with simple boundary @j C Q for

j € Ng and edges é; € 8@j_1 for each j € N with Qj # () such that

A e e
) ‘]717 .

RN

We refer to the quadrangulations Qj as the unexplored quadrangulations. We also define the peeling clusters
by
Qj = (Q\Q;)U(0Q;\0Q), Vje N, (3.2)

equivalently Qo = 0 and Qj = Qj_l U f(@j_l, éj) U S(@j_l, é;). We also define the peeling filtration by
Fj = a(qs@i,l, ¢:), Qi i€l — 112), Vj € No. (3.3)

We say that {@J }ien, is a peeling process targeted at e. if each of the peeled edges é; for j € Ny is
chosen in an F;_;-measurable manner. It follows from the Markov property of peeling that in this case, it
holds for each j € Ny that the conditional law of (Q;,é;41) given the o-algebra F; of (3.3) is that of a free

Boltzmann quadrangulation with perimeter 2 for some [ € No U {o0} which is measurable with respect to F;
(where here a free Boltzmann quadrangulation with perimeter 0 is taken to be the empty set).
We will typically denote objects associated with peeling processes on the UTHPQg by a superscript oo.
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3.2 Peeling formulas for the UTHP Qg

As explained in [AC15, Section 2.3.1], one has explicit formulas for the law of the peeling indicator (3.1) in
the case when (Q>°,e*) is a UITHPQgs. With 3 the free Boltzmann partition function from (1.1), one has

PIRQ™, o) = oc] = &
PIR(Q™,0%) = (k,o0)] = 15

PIP(Q™,e>) = (k,00)] = %54"“/23(1@ +2), Vke Ny even

541=F)/23(k 4-1), Vk e N odd

PIR(Q™,e®) = (ki, kg, 00)] = 54~ F1Fk2)/23(k) 4 1)3(ky +1), Vi, ko € N odd. (3.4)

We get the same formulas if we replace (k, 00) with (oo, k) or (k1, ke, 00) with either (0o, k1, k2) or (k1, 00, k2).
By Stirling’s formula, the partition function 3 satisfies the asymptotics

3(1) = (c+01(1))54/217°/% VI € N even (3.5)
where ¢ > 0 is a universal constant. From this, we obtain approximate versions of the probabilities (3.4).

P[B(Q™,e™®) = (k,00)] < k~*/2, VkeN
P[B(Q™, &) = (ki, ko, 00)] = k; ™ %k; /%, Vki,ky € N 0dd, (3.6)

and similarly with the orders of the components of P re-arranged. One can also write down the exact law of
the peeling indicator variable in the case of a free Boltzmann quadrangulation with simple boundary, which
is slightly more complicated than the formulas (3.4). We will not need this exact law here, however, since
all of our estimates for peeling processes on free Boltzmann quadrangulations with simple boundary will be
proven by comparison to the UTHPQg, using the estimates of Section 3.4.

By [AC15, Proposition 3], the number of covered and exposed edges (notation as in Section 3.1.1) satisfy

E[Exo(Q, 0™)] = E[Cow (Q™,e)] = 2, (3.7)

in particular the expected net change in the boundary length of Q> under the peeling operation is 0. We
always have Exo,(Q%°,e*) € {1,2, 3}, but Cox(Q, @) can be arbitrarily large. In fact, a straightforward
calculation using (3.4) shows that for k € N,

o (0% 6% — K — (e 1o (INE-52 with e — 28V2
P[Cou (Q%, @) = k] = (cs + k(1)K with ¢, Wers (3:8)

3.3 Boundary length and area processes and their scaling limits

Definition 3.2 (Boundaiy length and area processes). Let (Q, e) be a quadrangulation with simple boundary
and let {Q;}jen, and {Q,}jen, be the clusters and unexplored quadrangulations of a peeling process of
(Q,e). For j € Ny we define the exposed, covered, and net boundary length processes, respectively, by

X; = #€(0Q;10Q;), ;= #(00;00Q), and W= X, - Y.

Note that Qj and @j intersect only along their boundaries, so 8Qj N 8@j = Qj N @j. We also define the

area process by A; = #V(Qj). In the case of a peeling process on the UIHPQg, we include an additional
superscript oo in the notation for these objects.

In the remainder of this subsection, we specialize to the case of the UITHPQg. We will prove scaling limit
results for the boundary length and area processes for this peeling process analogous to the scaling limit
results for general peeling processes of the UIPQ and UIPT proven in [CLG17].

Let (Q>,@>) be a UIHPQs and let {Q5°}jen,, {Q;O}je]No, {€3°}jen,, and {F;°}jen,, respectively, be
the clusters, unexplored quadrangulations, peeled edges, and filtration of a peeling process of the UTHPQg
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targeted at co. We consider the scaling limit of the joint law of the net boundary length and area processes W
and A*. For n € N and ¢ > 0, define the scaling constant b, := (4/3)y/7c., where ¢, is the constant in (3.8).
Define the rescaled boundary length and area processes by

oo,Nn — — o0 oo,N 2 — — o0
ZM =0 T AW s and U = ot A ) (3.9)

To describe the limit of the joint law of the processes (3.9), let Z* be a totally asymmetric 3/2-stable
process with no positive jumps, normalized so that its Lévy measure is i\ﬁ|t|’5 /21 ;<) dt. Conditionally

on Z*, let {s;}jex be an enumeration of the times when Z has a downward jump and write AZ°° =
lim, , .- Z; — Z,, be the magnitude of the corresponding jump. Also let {x;}jen be an ii.d. sequence of

random varlables with the law

t~>s

1 1
me 2a ]l(aZO) da (310)

and for ¢ > 0 define

UZ =Y (AZX)x

jis; <t
Proposition 3.3. For any peeling process of the UITHPQs, we have the joint convergence (Z°™ U™) —
(Z°°,U°) in law with respect to the local Skorokhod topology.

For the proof of Proposition 3.3, we will use the following result from [CLG17], which is the quadrangulation
version of [CLG17, Proposition 9] (c.f. [CLG17, Section 6.2]).

Lemma 3.4. Let | € N and let (Q',e') be a free Boltzmann quadrangulation with simple boundary of
perimeter 21. Then as | — oo,

9
E[#V(Q\ Q)] = (5 + ) (3.11)
and 9
H#V(QN\ Q1) = ox (3.12)
in law, where x is a random variable with the law (3.10).

Proof of Proposition 3.3. This is proven using essentially the same argument as the proof of [CLG17, Theo-
rem 1], but we give the details for the sake of completeness.

By (3.8) and the heavy-tailed central limit theorem (see, e.g. [JS03]), Z°" — Z°° in law in the local
Skorokhod topology. Hence it remains to check the joint convergence.

For e >0,n € N, and t > 0 let

[tn3/4]
2€en >e .
ue = 21/3), Z (A7 = A D)l wpewpe )<z and Uit = Z (AZ;);))QXJ’H(AZS?SEN
Jj=1 Jisj<t

We first argue that for each € > 0, one has
(Zoo,n7 UZs,n) - (Zoo7 UZS) (3.13)

in law in the local Skorokhod topology. To see this, suppose that we have (using the Skorokhod representation
theorem) coupled our UTHPQg with Z* in such a way that Z°°™ — Z° a.s. in the local Skorokhod topology.

Fix T > 0 and ¢ € (0,1/4). We introduce a regularity event which will be used to get around the fact
that a single peeled quadrilateral can disconnect two distinct free Boltzmann quadrangulations with simple
boundary from co. For n € N let E™ = E™((,T) be the event that the following is true: there does not
exist j € [1,Tn%/4)z such that the disconnected quadrangulation SOO(QJ 1,€5°) has more than one connected
component with perimeter at least n'/4+¢. (Note that 1/4 + ¢ < 1/2 due to our choice of ¢). By (3.6),
for each j € Ny and each kq, ko € IN the probability that S(Q] 1:€5 ) has two connected components with
perimeters k; and ks is bounded above by a universal constant times k; 5/ 2/4;2 5/2, Summing this estimate
over all ki, ko > n'/4+¢ and all j € [1,Tn%/4)y shows that P[E"] =1 — 0 (n=3¢).
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For n € N let j7 < --- < j%, for n € N be the times j € [0, Tn3/4]; for which W — W, < eb.n'/?
and let t; < -+ < t be the times ¢t € [0,T]z for which AZ; > e. By the local Skorokhod convergence
Z>" — 7, we infer that a.s. N = N for large enough n € IN and that n_3/4j}j — t, for each k € [1, N]z.

For k € [1, N"]z let Q} be the larger simple-boundary component of the disconnected quadrangulation
Foo (@;Z_l, ]OE) If E™ occurs, then the conditional law of (QF, ..., Q%) given W and the perimeters of
these quadrangulations is that of a collection of independent free Boltzmann quadrangulations with simple
boundary. The increment AZ: — AT:_, is at least #V(Qp\ 0Q7) and is at most 4 plus the total number of

vertices in Foo (@Jozfl, %) The above estimate for IP[E"] together with Lemma 3.4 (applied to the smaller
component of the disconnected quadrangulation) shows that

1 o0 o0 n n
kelﬁ%(]z n (Aj;; — AR - #V(QF \an)> —0
in probability. From the convergence in law (3.12) in Lemma 3.4 and since T' > 0 can be made arbitrarily
large, we obtain (3.13).

We next argue that for e > 0 and ¢ > 0,

IE[UEO’" - UE“"} < tel/? (3.14)

with universal implicit constant. For each j € Ny, the conditional law of A5°—A%°, given W is stochastically
dominated by 2(W°—W?°;)+4 plus twice the number of interior vertices of a free Boltzmann quadrangulation
with simple boundary of perimeter W2 — W2, (the factor of 2 comes from the fact that Feo (@;‘117 é5°
have two connected components). By Lemma 3.4,

) can

E[AS° — A [W™] < (W° = W2))2
By (3.8), we infer that

[baent/?]
E[(AF = AF )L v _wie papoenrs| X D K2 S0l
k=1

Summing over all j € [1,n3/4)z shows that (3.14) holds.
It is easy to see that a.s. UP® — U7 — 0 uniformly on compact intervals as e — 0 (c.f. the proof

of [CLG17, Theorem 1]). Hence the proposition statement follows from (3.13) and (3.14) upon sending
e— 0. O

3.4 Comparing peeling processes on free Boltzmann quadrangulations and the
UIHPQg

Let (Q°°,@>) be a UIHPQg, let 5> be its boundary path with 5°°(0) = @>°, and fix [ € N and an initial edge
set A C B°°([1,201—1]z). Let {Q‘J?o}jelNo, {@;‘)O}je]No, {€3°}jen,, and {F3°}jen,, respectively, be the clusters,
unexplored quadrangulations, peeled edges, and filtration of a peeling process of the UTHPQg targeted at oo
which satisfies the following property: for each j € Ng, the peeled edge é; belongs to A or 6@;0 N 8@;07 SO
that we never peel at an edge of 9Q°° which is not in A.

In this subsection we will compare unconditional law of the peeling clusters {Q;X’} jeN, and the conditional
law of these clusters given the event that the boundary arc 3°°([1,2l —1]z) is precisely the set of edges of Q>
which are disconnected from oo by the peeled quadrilateral f(Q°,e°°). Since the bounded complementary
connected components of f(Q>°, @>) are free Boltzmann quadrangulations with simple boundary, the estimates
of this subsection enable us to compare peeling processes on the UIHPQg and peeling processes on free
Boltzmann quadrangulations with simple boundary of perimeter 2. We remark that similar ideas to the ones
appearing in this subsection (but in the case of triangulations) appear in [Ang05, Section 4].

For the statements of our estimates, we will use the following notation, which is illustrated in Figure 6.

Definition 3.5. Let [ € N and consider a peeling process and edge set A C §°°([1,2] — 1]z) as above.
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e We write I for the smallest j € N for which Q;X’ contains an edge of £(0Q) \ f°([1,2] — 1]z).

e With P(Q>,e™) the peeling indicator from Section 3.1.1, we write F! = {B(Q>,e>) = (2 — 1,00)}.
Equivalently, ! is the event that the terminal endpoint of 3°°(2[—1) is a vertex of the peeled quadrilateral
F(Q>°,@>), and this quadrilateral has one vertex which is not in dQ°, so that 5>°([1,2l — 1]z) is
precisely the set of edges of 9Q°° disconnected from oo by f(Q°,e>).

o (L2 1)

Figure 6: Illustration of the setup considered in Section 3.4. If we condition on the event F! that the
blue arc 8°°([1,2l — 1]z) is precisely the arc disconnected from oo by the light blue peeled quadrilateral
f(Q%°,e>) (and this arc lies on the boundary of a single complementary connected component of the light
blue quadrilateral), then the bounded complementary connected component of this peeled quadrilateral (grey
and green regions) is a free Boltzmann quadrangulation with simple boundary of perimeter 2. We consider a
peeling process on Q> which does not peel any edges of Q> \ A for an edge set A C 5>°([1,2] — 1]z) (a
cluster of this peeling process is shown in light green). If we stop this process at a time before the first time
I' that it disconnects an edge of Q> \ 3°°([1,2l — 1]z) from oo, then we can apply Bayes’ rule to compute
the Radon-Nikodym derivative of conditional law of the process given F! with respect to its unconditional
law (Lemma 3.6). This allows us to compare peeling processes on the UIHPQg to peeling processes on free
Boltzmann quadrangulations with simple boundary.

We note that if F! occurs, then I' is the same as the first time at which the peeled quadrilateral f(Q°, @)
belongs to Q°° Indeed, since we cannot peel any edges in Q' \ A, the cluster @ must contain a path in
the dual of Q°° from a quadrilateral which contains an edge of A to a quadrilateral which contains an edge
of Q> \ B°([1,2l — 1]z), so must contain f(Q>,e>) if F! occurs. On the other hand, f(Q°,e>) contains
the edge > € 9Q> \ *([1, 2l — 1]z), so cannot belong to Q‘;O for j < I'.

By the Markov property of peeling if we condition on F! then the conditional law of the disconnected

quadrangulation @ := F(Q°,e>) is that of a free Boltzmann quadrangulation with simple boundary of
perimeter 21 and our given peeling process run up to time I' is a peeling process of . Hence comparing
peeling processes of @ and Q> is equivalent to comparing the conditional law given I' of our peeling process
run up to time I to its unconditional law. The main tool which we will use for this purpose is the following
elementary lemma.
Lemma 3.6. Suppose we are in the setting described just above. Let 1 be a stoppmg time for {]—'joo}je]N
which is less than I' with positive probability. Then the conditional law of {Q (QOO 1,€5°) el given F!
restricted to the event {1 < I'} is absolutely continuous with respect to the unconditional law of this same
peeling process, with Radon-Nikodym derivative given by

w1y 3(W + 21)
W /2
54~ 3020

where here W is the net boundary length process from Definition 3.2, 3 is the free Boltzmann partition
function as in (1.1), and the o(1) tends to zero as I A (W + 21) tends to oo, at a deterministic rate.

Wee 5/2
]]‘(L<Il) = (1 + O(l))( 2} ) ]]‘(I,<Il) (315)

Proof. Write S = {( ;’0,‘43( 2°1,€3°)) e, and let &% be a realization of S for which + < Il
(equivalently, the realization of Q> does not contain any edges outside of 3°([1,2l — 1]z)). By Bayes’ rule,
P[F'| S = 6®|P[S® = 6]

P[F!] '

P[S* =& |F!] = (3.16)
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By (3.4),
P[F'] = %54143(21). (3.17)

By the Markov property of peeling, if we condition on {82 = G°°}, then the conditional law of the unexplored
quadrangulation (QLOO,(BOC), with the original root edge, is that of a UIHPQg. Note that since ¢ < I', the

edge @ and the terminal endpoint of 5°°(2] — 1) both belong to 6@?0 The distance along 3@?0 from e*° to
the terminal endpoint of 5°°(2] — 1) is equal to W + 2] — 1. By (3.4),

. 1 -
P[F'|S® = &>] = P[‘B(QL ,em) = (W +21—1,00)| §7° = 6% | = 547" 23w 4 20).
(3.18)
with universal implicit constants. We obtain the first formula in (3.15) by combining (3.16), (3.17), and (3.18).
The second formula follows from Stirling’s approximation (c.f. (3.5)). O

Lemma 3.6 will be our main tool for estimating the probabilities of events associated with peeling processes
on a free Boltzmann quadrangulation with simple boundary. However, for the sake of completeness we will
also record a slightly different estimate with a deterministic Radon-Nikodym derivative which will be needed
in [GM17b]. The reader who only wants to see the proof of Theorem 1.4 can skip the remainder of this
subsection.

Let A = [ar,ag]z be a discrete interval which is contained in [1,2] — 1]z and such that 8°°(A) contains
the initial edge set A and let

L(A) = mm{j eN:E£(QF NIQ™) ¢ ﬁ‘”(A)}.

We note that if F' occurs, then necessarily ¢(A) < I'.

Lemma 3.7. For any event E belonging to the o-algebra .7-'L°(<’A)71 Vo((4)),

5/2
PE|F'] < (W) P[E] (3.19)

with universal implicit constant.

In the statement of Lemma 3.7, it is crucial that E does not depend on the peeling step at time ¢(A).

The idea of the proof of Lemma 3.7 is to prove deterministic estimates for the conditional law of Wf(oA) given

Fay—1 vV o(u(A)), which will in turn lead to estimates for the conditional expectation of the Radon-Nikodym

L
derivative appearing in Lemma 3.6 at time ¢ = ¢(A) given this o-algebra.

Lemma 3.8. Suppose we are in the setting of Lemma 3.7. Also let Ky, (resp. Kg) be the largest k € Nq for
which > (ar, — k) (resp. B> (ar + k)) belongs to @4y, or 0 if no such k € Ny exists (note that either Ky, or
Kg must be positive). Then for kr,kr € N,

P[Ky = ki, Kn = hr | Foay_y v o((A)] = (b + k)2 g

with universal implicit constant.

Proof. Let £, (resp. £g) be the 8@§A)_l—graph distance from €77, to B>(ar) (resp. 8°(ag)). Note that
these quantities are well-defined since 8°°(ar) and 5*°(ag) belong to 5‘@?14)_1.

Let i € N. By the Markov property of peeling, if we condition on F°, and the event {¢(A) = i}, then the
conditional law of the peeled quadrilateral f(@fl, €2°) is the same as its conditional law given that it covers
up at least £, edges of 8@(21 to the left of é3° or at least {r edges of 8@(21 to the right or é°. By (3.6), the

probability that this is the case is proportional to (¢1 A ¢ R)_3/ ?. By combining this with (3.6), we obtain

P[Kp = kr, Kr = kr|u(A) =i, F?°,] < (£ A Cr) 2 (ky, + £1) 2 (kg + €r) /2. (3.20)



Suppose without loss of generality that £, < £g. Then the right side of (3.20) is at most Ei/Q(k:L +01) 7% (kr+
¢1,)~5/2. This quantity is maximized over all possible values of £, at £}, = %(\/k:% +23kpkr + k% — ki — kR)

where it equals

3/2
344v/7(\/RE + 23k kn + K3, — ki, — )

5 = (b + kr)Y 2k Pk

5/2
(6K — ki + /KT + 93kekn + R%,) (6 — kn + /T + 23k o + K7
O

From Lemma 3.7, we deduce estimates for the conditional law given F* of the left and right overshoot
quantities K, and K appearing in Lemma 3.8. For the statement of the estimates, we recall that on F', we
have 1(A) < I', so K; < ap and Kr <2l —1 — ag.

Lemma 3.9. Suppose we are in the setting of Lemma 5.9 and let E € F Ty |V o(L(A)). Forky € [1,ar]z
and kg € [1,2[ —1- aR]Z,

l5/2(kL +kR)3/2
KPE2 (21 — ap + ap — kp — kg)®/?

P[EN{KL =k, Kr =kg}|F'] =

P[E]. (3.21)

with universal implicit constant. In particular,

1 1 15/2(21 — 3/2
IP{EH {KL > —ay and Kp > = (20 — aR)} |Fl} < g o + ) g (3.22)
2 2 aL/ (21 — aR)5/?
with universal implicit constant.
Proof. To make the symmetry in our formulas more apparent, we define
mr:=a; and mpr:=2[—1—ag. (3.23)

On the event {k;, = ki, Kr = kr}, the number of covered edges at time ¢(A) (Definition 3.2) satisfies
Yb?il) <agp—ar+kr+kr=2l—1—(mp+mg—kr —kg).
The number of exposed edges always satisfies X LO(OA) > 1, s0
Wf&) >mr +mp—kr — kg — 2. (3.24)

By applying (3.24) to bound the Radon-Nikodym derivative from Lemma 3.6, we find that for E as in
the statement of the lemma,

21
mp+mp—kr —kr+1

5/2
P[EN{KL =k, Kr =kg}|F'] = < ) PEN{Ky =kr, Kr = kgr}]. (3.25)
By Lemma 3.8 and since E € F,_; V o(.(4)),

P[EN{Ky = ki, Kr = kr}] < (kz + kr)* k. **k;°*PlE). (3.26)

Combining (3.25) and (3.26) yields (3.21). We obtain (3.22) by summing (3.21) over all (kr,kr) €
[mL/Q,mL]Z X [mR/Q,mR]Z. O

Proof of Lemma 3.7. Let K, and Kg be as in Lemma 3.8 and let

1 1
G := {KL > iaL and KRE 2(2110,3)}.

27



For an event F as in the statement of the lemma, we have by Lemma 3.9 that

15/2(9] — 3/2 5/2
PENGIF) < bl < () PIE] (3.21)
a?? (2l — ag)®/? (2l —agR) Nay,

On the other hand, if G°¢ occurs then either K; < %aL or Kp < %(2[ — ag) so by (3.24), Wf(oA) >

1(ar A (20— ag)) — 2l. By Lemma 3.7,
; 5/2

P[ENG°|F| < ———] PENGY. 3.28

[ | ]_((2l—aR)/\aL> [ ] ( )

Summing (3.27) and (3.28) yields (3.19). O

4 Peeling by layers

In this section we introduce the peeling-by-layers process of a free Boltzmann quadrangulation with simple
boundary, which is the only peeling process we will consider in the sequel. This peeling process is an analog
for quadrangulations with boundary of the peeling-by-layers process for the UIPQ studied in [CLG17]. (A
more complicated two-sided version of this peeling process for a pair of UTHPQg’s glued together along their
boundaries appears in [GM16a, CC16].)

We will define the peeling-by-layers process in Section 4.1. In Section 4.2, we prove some estimates for
the peeling-by-layers process on the UTHPQg, which can be transferred to estimates for free Boltzmann
quadrangulations with simple boundary using the results of Section 3.4. In Section 4.3, we explain how the
estimates of this paper enable us to couple a UIHPQg and a free Boltzmann quadrangulation with finite
simple boundary in such a way that they agree in a neighborhood of the root edge with high probability.

4.1 The peeling-by-layers process

Let | € NU {oo} and let (Q,e) be a free Boltzmann quadrangulation with simple boundary of perimeter 2!
(so that (Q,e) is a UTHPQg if | = 00). Also let e, € £(9Q); we also allow e, = co in the case when | = oco.
Fix a finite connected initial edge set A C £(JQ) which does not contain e, in a manner which depends
only on (9Q, e, e,)

We will inductively define a peeling process for @ targeted at e, called the peeling-by-layers process started
from A. Let Q, = Q, let Qo be the quadrangulation with no internal faces whose edge set is A.

Inductively, suppose j € N and @, and Q; have been defined for i € [0, j —1]z. If @J;l = (), we set @j =0
and Qj = Q. Otherwise, let é; be an edge in 5(8@j71 N 5‘Q]~_1) which lies at minimal Qj_l—graph distance
from A, chosen in a manner which depends only on 8Qj_1 and 3@j_1 N 8Qj_1. Recalling the notation of
Section 3.1.1, we peel Q;_; at é; to obtain the quadrilateral f(Q,_,,é;) and the planar map Foo(Q,;_;, €;)
which it disconnects from e, in @, ;. Define

Qj = Qj—l U f(@j—h éj) U Je. (@j—lv é;) and @j := Peels, (aj—h éj)~

By induction @j is a quadrangulation with simple boundary, @j and Qj intersect only along their boundaries,

and QQ = @j UQj.
Define the peeling filtration

Fii=o(Qu B@ioy i) si€[lila), Vi€ N, (4.1)

where here (-, -) is the peeling indicator variable from Section 3.1.1. Note that Qj and é;41 are F;-measurable
for j € Np.

Also define the boundary length processes {X;}jeng, {Yj}jen,, and {W;};en, as in Definition 3.2 for
the peeling-by-layers process.

We record for reference what the Markov property of peeling tells us in the setting of this subsection.
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Lemma 4.1. Let ¢ be an a.s. finite stopping time for the filtration {F;}jen, from (4.1). The conditional
law of (Q,,é,41) given F, is that of a free Boltzmann quadrangulation with simple boundary with perimeter
20 + W,, where W is the net boundary length process from Definition 3.2.

Proof. This is immediate from the Markov property of peeling. O

For r € Ny, let
Jp = min{j € Ny : dist(éj+1,[A; QJ) > r} = min{j € Ny : dist(@@j N 8Qj,1A; QJ) > r}, (4.2)

so that J, for r € Ny is a stopping time for {F;};en,. The following lemma is the main reason for our
interest in the peeling-by-layers process.

Lemma 4.2. For r € Ny, let B2(A;Q) be the filled graph metric ball of radius r centered at A, i.e. the
subgraph of Q which is the union of B,(A; Q) and the set of all vertices and edges which it disconnects from e,
(or B2(A;Q) =Q if ex € Br(A;Q)). For each r € Ny,

Br(A;Q) C Q. C By (A Q). (4.3)

Proof. Tt suffices to show inclusion of the vertex sets of the graphs in (4.3), since an edge in either of these
graphs is the same as an edge of Q whose endpoints are both in the vertex set of the graph. We proceed
by induction on r. The base case r = 0 (in which case J, = 0) is true by definition. Now suppose r € N
and (4.3) holds with r — 1 in place of r.

If we are given a vertex v of B,.(A; Q)\V(Q,_,), then thereis aw € B,_1(A; Q) with dist(w, A; Q) = r—1.
By the inductive hypothesis, w belongs to V(@@Jr_l NdQy,_,). By the definition (4.2) of .J,, we have

w ¢ V(0Q,; NIQy,) so we must have v € V(Qy,). Hence B,(A;Q) C Q,. Since Q, contains every vertex
or edge which it disconnects from oo, we obtain the first inclusion in (4.3).

For the second inclusion, we observe that the definition of J,. implies that each of the peeled quadrilaterals
f(@jfl,éj) for j € [Jr—1 + 1,J;]z has a vertex which lies at Qj,l—graph distance at most r — 1 from A.
Hence each vertex of this quadrilateral lies at Qj,l—graph distance at most r 4+ 2 from A. Every vertex in
Q. is either contained in Q _,, incident to one of the quadrilaterals f(Q,_1,€;) for j € [Jo_1 +1,J,]z, or
disconnected from oo in @ by the union of Q J._, and these quadrilaterals. By combining these observations
with the inductive hypothesis that Q; _, C B® 1+1(A;Q), we obtain the second inclusion in (4.3). O

4.2 Estimates for the peeling-by-layers process on the UIHPQg

For the proof of Theorem 1.4, we will require several estimates for the peeling-by-layers process introduced
in the preceding subsection. Throughout this subsection, we consider only the case of the UTHPQg (i.e.,
I = 00) and we target our process at e, = oo (we will eventually transfer these estimates to the case of free
Boltzmann quadrangulations with finite boundary using Lemma 3.6). We use the notation of Section 4.1 but
include an additional superscript co to denote the UIHPQg case.

Our first estimate is a bound for the number of covered edges in the radius-r peeling-by-layers cluster,
which is essentially proven in [GM16a].

Lemma 4.3. Let A C £(0Q%) and define the times {J>°}ren, when the peeling-by-layers clusters reach
radius v, as in (4.2). Also let Y>° be the covered boundary length process, as in Definition 3.2. For each
p € (1,3/2) and each r € Ny, it holds that

P 2p
B|(viz) ] = (r+ #0))
with implicit constant depending only on p.

Proof. For convenience we will deduce the lemma from [GM16a, Proposition 5.1], which gives a moment
estimate for the analog of the peeling-by-layers process in the planar map obtained by gluing together two
independent UTHPQg’s along their boundary. The statement of the lemma can also be obtained directly
using an argument which is similar to but slightly simpler than the proof of [GM16a, Proposition 5.1].
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By Lemma 4.2, the peeling-by-layers cluster Q%‘:oo is contained in the radius-(r + 2) filled metric ball
in Q> centered at A (with respect to co). If we glue Q*° to another independent UTHPQg along their
positive boundaries to obtain an infinite quadrangulation with boundary @iy, then the radius-(r + 2) filled
metric ball centered at A in Q° is contained in the radius-(r + 2) filled metric ball centered at A in Qp.
By [GM16a, Lemma 4.3], the radius-(r + 2) glued peeling cluster for @i, started from the initial edge set A
(as defined in [GM16a, Section 4.1]) contains this latter filled metric ball. Hence the statement of the lemma
follows from [GM16a, Proposition 5.1]. O

We next prove an estimate which enables us to compare filled metric balls in the UIHPQg, which by
Lemma 4.2 are essentially the same thing as peeling-by-layers clusters, to ordinary filled metric balls.

Lemma 4.4. For each e € (0,1), there exists R = R(€) > 1 such that the following is true for each r € N. Let
B2 (@>°;Q%) be the filled metric ball of radius r centered at the root edge, i.e. the subgraph of Q> consisting
of Br(€%°; Q%) and all of the vertices and edges which it disconnects from co. Then

P[B?(e; Q%) C Br,(¢;Q%)] > 1 —«. (4.4)

The statement of Lemma 4.4 is not immediate from the scaling limit result [GM17¢, Theorem 1.12] for
the UIHPQg toward the Brownian half-plane in the local GHPU topology since filled metric balls are not a
continuous functional with respect to the local GHPU topology. We will still use [GM17¢, Theorem 1.12] to
prove Lemma 4.4, but the argument is not as straightforward as one might expect.

Proof of Lemma 4.J. Let 8> be the boundary path of Q@ satisfying 8°°(0) = @*°. By Lemma 4.3, there
exists T = T(e) > 0 such that for each r € N, it holds with probability at least 1 — ¢/2 that Y3 < Tr?
which by Lemma 4.2 implies that

B> ([Tr?, 00)z) N B, (€>;Q) = 0. (4.5)

We will now apply the scaling limit result [GM17¢, Theorem 1.12]. Let (H,d>, >, £°°) be a Brownian
half-plane equipped with its natural metric, area measure, and boundary path, with £°°(0) the root vertex.
For p > 0, let B3(£>(0);d>) be the continuum filled metric ball, i.e. the union of B,(£*°(0);d*°) and the set
of points in H°® which are disconnected from oo by Bj(£>°(0);d>). Since the Brownian half-plane has the
topology of the ordinary half-plane (see, e.g., [BMR16, Corollary 3.8]), it is one-ended. Consequently, each
B3(£°°(0);d>°) has finite diameter.

After possibly increasing the parameter T in (4.5), we can find R = R(e) > 4 and S = S(e) > R such that
with probability at least 1 — €/4, the following hold.

L. B3(£(0);d>) C Bry2(£>(0);d>).
2. £2(T) € Br(£>(0);d>) \ B (£>(0);d>).

3. The diameter of Bsr(£°°(0);d>) \ B3(£°°(0);d>) with respect to the internal metric of d> on H*> \
B3 (£%°(0);d) is at most S.

If this is the case, then for each x € B3r(£°°(0);d>) \ B3(£°°(0); d*>°), there is a path of d*°-length at most S
from x to £>°(T") which does not enter B2(£°°(0); d*°). Hence for each such z, there exist k+1 < 100S points
xo, ...,z € H® \ B3(£>°(0);d>) such that d*°(zo,z) < 1/100, d>*°(z;j,xj_1) < 1/100 for each j € [1,k|z,
and d*(zy, £°(T)) < 1/100.

This latter condition behaves well under Gromov-Hausdorff limits. In particular, GHPU convergence of
the UTHPQg to the Brownian half-plane [GM17¢, Theorem 1.12] implies that for large enough r € IN, it holds
with probability at least 1 —¢/2 that the following is true. For each vertex v in Bog,(€%; Q%) \ By, (€%; Q%),
there exist k < 25 vertices vy, ..., v € V(Q™ \ Ba,(@>; Q%)) such that the Q>°-graph distances between
each of vy and v, v; and vj_; for j € [1,k]z, and vy and 3°°([Tr?]) are at most r/50. Let E, be the event
that this is the case and that (4.5) holds, so that P[E,] > 1 — ¢ for large enough r.

We claim that if E,. occurs, then the event in (4.4) holds. Indeed, suppose to the contrary that there
is a vertex v € V(B2 (e™; Q%)) \ Brr(e*;Q>)). By possibly replacing v by an appropriate vertex along
a geodesic from e™ to v, we can assume that v belongs to Bag,(@*; Q). Choose vertices vg, ..., vk as
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in the definition of E, for this choice of v. By (4.5), 8<([Tr?]) is separated from v by the “annulus”
B, (€°;Q%) \ B (e>;Q>), so since the spacing between the v;’s is at most /50, one of these vertices has
to belong to this annulus, contrary to the definition of F,.

Thus (4.4) holds with probability at least 1 — € for large enough r. By possibly increasing R (in a manner
depending only on €), we can arrange that this is the case for every r. O

We next prove an estimate which says that the times J2° for the peeling-by-layers process started from the
root edge are typically of order 3. Such an estimate does not follow immediately from [GM17¢, Theorem 1.12]
since the time parameterization of the peeling-by-layers process is not encoded in a simple way by the metric
measure space structure of Q°°. We expect that one has a scaling limit result analogous to [CLG17, Theorem 2]
for the times J2°, but we do not need such a strong result here. So, for the sake of brevity we will instead
prove only the following bound.

Lemma 4.5. Let {J>°}ren, be the radius-r times for the peeling-by-layers process of the UIHPQs with
A = {e>*}. For each € € (0,1), there exists C = C(e) > 1 such that for each r € N,

]P[C’flr3 <Jr < C’r?’} >1—ce

Proof. We will use the local GHPU scaling limit result for the UTHPQg to obtain upper and lower bounds
for the area of B,.(@>°;Q°°), then use Proposition 3.3, Lemma 4.2, and Lemma 4.4 to argue that these lower
bounds are violated if J2° is either too small or too large.

First choose R = R(e) > 0 such that the conclusion of Lemma 4.4 is satisfied with R/2 in place of R, so
that by Lemma 4.2, for r > 2 it holds that

P[nggo c BRr(eo‘”;Qo")} > 1 ¢/d. (4.6)

Let (H®,d>, u®,£%) be an instance of the Brownian half-plane, equipped with its natural metric, area
measure, and boundary path, so that £°°(0) is the marked boundary point. The measure u> a.s. assigns
positive mass to open subsets of H*, so for each p > 0 there exists Cy = Cy(e, p) > 8 such that

P | (By(£2(0):d%)) > 4C5™ and p(Br, (6%(0);:d)) < {Co| > 1~ e/4 (4.7)

By [GM17¢, Theorem 1.12], the UTHPQg equipped with its graph metric rescaled by (9/8)Y/4r~1, the

measure which assigns mass to each vertex equal to ir“l times its degree, and its boundary path re-

2/3

parameterized by t — ZTrg’t converges in the local GHPU topology to (H°,d>, u>°,£>). By Lemma 4.2,

(4.6), and (4.7) there exists ro = ro(€) > 2 such that for r > r,
PlCylr < #V(Q5%) < Cor| 21— ¢/2, (4.8)

By Proposition 3.3, the number of vertices in Q;’o is typically of order j%/2, i.e. we can find C} = Ci(e) >1
and j. = j.(€) € Ny such that for j > j,,

PCTH < #v(QF) < G| 21— ¢/2 (4.9)

Set C' = (CoC1)* and r, = ro V (Cj.)Y/3. By (4.8) and (4.9) (the latter applied with j = |C~73]), for
2> Ty,
Pl < 7] < P[#V(Q5% ) < Gt + P[4y (@) ) 2 G| <
We similarly find that for large enough r, it holds that P[J* > Cr?®] < e. By possibly increasing C' to deal

with finitely many small values of r; we obtain the statement of the lemma with 2¢ in place of €. Since
e € (0,1) is arbitrary, we conclude. O
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4.3 Coupling a free Boltzmann quadrangulation with the UTHP Qg

In this subsection we will prove a lemma which gives that one can couple a UTHPQg and a free Boltzmann
quadrangulation with simple boundary in such a way that they agree in a metric neighborhood of the root
edge with high probability. Actually, we will prove a slightly stronger statement with filled metric balls in
place of ordinary metric balls. The result of this subsection is not needed for the proof of Theorem 1.4, but it
is of independent interest and is an easy consequence of our other estimates so we include it for the sake of
completeness.

Let (Q>,e>) be a UIHPQg and for I € N, let (Q',@') be a free Boltzmann quadrangulation with simple
boundary of perimeter 21. Let @, be the edge of Q' directly opposite from the root edge ! (i.e., if 3 is the
boundary path started from e then e, = (1)). For 7 > 0, let B2 (e°°; Q) (resp. B2 (e!; Q")) be the filled
metric ball relative to oo (resp. e.).

Proposition 4.6. For each ¢ € (0,1) there exists a > 0 and n, € N such that for n > n,, there is a
coupling of (Q>,e>) with (Q',e') with the following property. With probability at least 1 — e, the filled metric
balls B2, ,.(e*;Q>) and B?,, (e'; Q) equipped with the graph structures they inherit from Q> and Q',
respectively, are isomorphic (as graphs) via an isomorphism which takes @ to @' and Q> N B2 1,2 (@%;Q%)

to Q' N B2,/ (el QY.

Proposition 4.6 is an analog in the setting of free Boltzmann quadrangulations with simple boundary
of [GM17¢, Proposition 4.5] (which treats the case of quadrangulations with general boundary) or [CL14,
Proposition 9] (which treats the case of quadrangulations without boundary).

Proof of Proposition /.6. For r > 0, let Q"]%o (resp. Qfﬂ) be the radius-r peeling-by-layers cluster of Q>

(resp. Q') started from > (resp. e!) and targeted at oo (resp. e!). By Lemma 4.2, it suffices to prove the

statement of the lemma with Q%uz and Qfﬂllm in place of B?,, ), (@°; Q) and B (e; QY.

By Lemmas 4.3 and 4.5, there exists Co = Cp(€) > 0 such that for r € N,
P{Yﬁ < Cor? and JX < CoT3i| >1—€/2.

By Proposition 3.3, the supremum of the net boundary length process W™ up to time Cyr? is typically of
order r2, so there exists C' = C(e) > Cp such that for r € N, it holds with probability at least 1 — € that
Y72 < Cr? and W5S, < Cr?. If this is the case, then the exposed boundary length satisfies X2, < 2Cr2.

Choose o < (2C)~/2€'/2, For | € N, applying the above estimate with r = |«l'/?] shows that it holds
with probability at least 1 — € that Y% p vV Xf}&m < €l. By Lemma 3.6 (applied with the root edge of Q>
atl al

translated [ units to the left) we infer that on the event that this is the case, the Radon-Nikodym derivative
of the law of the triple ( .577’-’ oQ! N Qf}j,» @l) with respect to the law of (wa,aQ“ N wa,@“) is of order
(1+0;(1))(1 + 2€)=%/2. Since € € (0,1) is arbitrary, the statement of the proposition follows. O

5 Proofs of Theorems 1.4 and 1.5

5.1 Proof of Theorem 1.4

In this subsection we assume we are in the setting of Theorem 1.4 so that for I € N, (Q', @') is a free Boltzmann
quadrangulation with simple boundary of perimeter 2/ and Q' = (Q', d', u!, ¢') is the corresponding rescaled
curve-decorated metric measure space. We will deduce Theorem 1.4 from Proposition 2.9 in the following
manner. For § > 0, we let L} be a random variable whose law is as in Proposition 2.9 with (1 + §)!] in place
of 1, independent from (Q',e!). We grow the peeling-by-layers process of Q' started from @’ up to the first
time Té that the boundary length of the unexplored quadrangulation is exactly 2Lf5.

On the event {Tg < 00}, this unexplored quadrangulation @ng has the law of free Boltzmann quadrangu-

—1
lation with simple boundary of perimeter 2Lﬁs7 so by Proposition 2.9 QTé (equipped with its rescaled graph
metric, area measure, and boundary path) converges in the scaling limit in the GHPU topology to a free
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—1
Boltzmann Brownian disk of perimeter 1+ §. We will show in Lemma 5.1 that QTg is a good approximation

for Q' in the GHPU topology provided a certain regularity event occurs; and in Lemma 5.3 that this regularity
event occurs with high probability. We will then deduce Theorem 1.4 by combining these statements.

We now proceed with the details. For [ € N, we consider the peeling-by-layers process of (Q', @!) with initial
edge set A = {e'} targeted at the edge @, directly opposite from e in Q. We define the clusters {Ql7 Fien,

the unexplored quadrangulations {@é }ien,, the peeled edges {éé }ieN,, the radius-r times {J!},en,, and the
o-algebras {.7-']1 }jen, for this process as in Section 4.1 and we define the boundary length processes XLyt
and W' as in Definition 3.2. R R

For § > 0 and | € N, let L} be a random variable whose law is that of $#&(Core(Q})), where QY is a
free Boltzmann quadrangulation with general boundary of perimeter 6| (1 + 6)I], independent from (Q',e').
Define the time

T} :=min{j € No : W} = 2L} — 21} = min{j € No : #£(0Q) = ng}. (5.1)

By Lemma 4.1, on the event {Tg < o0}, the conditional law of the unexplored quadrangulation @ng
given Lk and the peeling o-algebra Fu is that of a free Boltzmann quadrangulation with simple boundary
s

of perimeter 2L%. Let Ef; be the internal graph metric on @lTé rescaled by (2/3)71/2171/2  let 1} := ﬂl|§z .

Ts

let Big be the boundary path of QlTé started from the rightmost edge of GQfﬂ N 3@;; and extended by linear
5

interpolation, and let E;(t) = Bl(Qlt) for t € [0,171LY]. Also define the curve-decorated metric measure space
=1 — =l =
Qs = (Qry 5. 75,85 (5.2)

so that by Proposition 2.9, the conditional law of 52 converges weakly to the law of a free Boltzmann
Brownian disk of perimeter 1 4 § with respect to the GHPU topology .

=
The first main input in the proof of Theorem 1.4 tells us that Qy is a good approximation to Qf in the
GHPU sense on a regularity event which (as we will see below) occurs with high probability. We split this

event into two parts, one which is flT,—measurable and one which is a(@lTé )-measurable.
S
For € € (0,1), let E%(e) be the event that the following hold:

Tg < 00, YTlg <, #V(Qth%) < €l?,

max dist(v,ael;QlT,) <el'?, and Lk < (14 €)l. (5.3)
vGV(QZTé) s

The event Eé(e) is in the peeling o-algebra .7-',}1; this is why we consider internal graph distances in QlTl
5 S

instead of graph distances in Q' itself.
For a € (0,1), also let

Fl(e,a) == {aﬁs (Eg(s),gg(t)) <a, Vs, t €[00 L] with |s —t| < 46}. (5.4)
Lemma 5.1. For each € € (0,1) and each o € (0,1), there exists l. = l.(a,€) € N such that for 1 > 1, and
each § > 0, it holds on E(e) N Fl(e,a) that dGHPU(Dl,ﬁg) < 6ar + 18e.
For the proof of Lemma 5.1, we will use the following general lemma about the GHPU metric.

Lemma 5.2. Let X, = (X1,dy, p1,m) and Xz = (X, da, 2, 12) be elements of MSHPU (recall Section 1.2.3).
Let € > 0 and suppose there is an injective map f : X1 — Xo (not necessarily continuous) such that the
following is true.

1. For each x,y € X1, one has |d1(x,y) — do(f(z), f(y))] <e.
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2. The dyo-Hausdorff distance between f(X1) and Xs is at most e.

3. The dg-Prokhorov distance between f.p1 and po is at most €.

4. The da-uniform distance between f ony and ny is at most e.
Then dSHPU (X, X5) < 6e.

Proof. Define a metric d, on the disjoint union X; LI X5 by

dy(z,y), z,y € Xy
d'—’(x?y) = dg(ﬁ,’]j), xayeXQ
infuex, (di(z,u) + da(y, f(u)) +e€), z € X1,y € X

and define di, in a symmetric manner if x € X5 and y € X;. It is easily verified using condition 1 that d|,
satisfies the triangle inequality, so is a metric on X7 U X5. By condition 2 and since d\,(z, f(z)) = € for each
x € X1, we infer that the d ,-Hausdorfl distance between X; and X5 is at most 2e. Condition 3 implies that
the d_-Prokhorov distance between pq and po is at most 2¢ (here is the only place where we use injectivity
of f) and condition 4 implies that the d_-uniform distance between 17, and 7 is at most e. O

Proof of Lemma 5.1. Suppose Ef;(e) N Fg(ha) occurs. We will check the hypotheses of Lemma 5.2 with
X = ﬁig, Xy = !, and f the inclusion map @épé — QL

Since YTlg < el and WYZ‘; = Lf; — 21 < 2€l, the exposed boundary length process satisfies XZT(é < 3el and
hence #&£(9Q!) < 4el.

We first check that d* and Eig distances are comparable. Suppose z,y € @épg It is clear that d'(z,y) <
Ef; (x,7). To obtain an inequality in the reverse direction, let «y : [0, d'(z,y)] — Q' be a d'-geodesic from z
to y (extended by linear interpolation). If v does not enter QT§7 then clearly d'(z,y) = Ef; (z,y). Otherwise,
let 1 (resp. t2) be the first (resp. last) time that v enters (resp. exits) Qng Then (t1),v(t2) € 3QlTé SO

since X}s < 3el the rescaled @lTéz—boundary length distance from 7(t1) to y(t2) is at most 3e. By definition of

_ -l
Fl(l,«), there exists a path 9/ in Qépg from (1) to y(t2) with ds-length at most a. Concatenating 7|0+,
7', and |, at (z,y)) Shows that

d'(z,y) < Eg(x,y) < d'(z,y) + .

Since diam(Qng :d') < 2¢, the d'-Hausdorff distance from Q' to @g is at most 2¢. Since #V (QITQ < €l? and
Qng is a quadrangulation with simple boundary, an Euler’s formula argument shows that s ( . ng> < 2e+0(1)
with the rate of the o;(1) deterministic and universal (it comes from the fact that #&(0Q}) < 4el). Hence the
d'-Prokhorov distance between u! and Ef; is at most 2e. By definition of FL(I, ), since #E(9Q!) < 4el, and

since diam( .lT,;dl) < 2¢, the d'-uniform distance between ¢! and Ef; is at most a + €.
5

Thus, for large enough [ € IN, depending only on € and «, the conditions of Lemma 5.2 are satisfied on

El(e) N FL(l, o) with Xy = 527 X5 = 9!, f the inclusion map, and « + 3¢ in place of e. So, the statement of

the lemma follows from Lemma 5.2 O

Before we can deduce Theorem 1.4 from Proposition 2.9 and Lemma 5.1, we need to argue that the
regularity event in Lemma 5.1 occurs with high probability. Actually, we will only explicitly write down
an estimate for the probability of the event EY(¢); the estimate for P[F}(e, )] is an easy consequence of
Proposition 2.9 and is explained in the proof of Theorem 1.4.

Lemma 5.3. Define the events Ek(€) as in (5.3). For each €, a0 € (0,1/4), there exists 5. = 6.(€,a) > 0 such
that for each 6 € (0,0,] there exists I, = 1.(0,¢,a) € N such that forl > I,

P[Ei(e)] >1-a.
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We will deduce Lemma 5.3 from an analogous estimate for the peeling-by-layers process on the UIHPQg
and local absolute continuity, in the form of Lemma 3.6. Let (Q>,e>) be a UIHPQg independent from L}
and consider the peeling-by-layers process of Q> started from e* and targeted at co. We define the objects
associated with this process as in Section 4.1 and as per usual we denote these objects by a superscript co.

In analogy with (5.1), define

T3>! = min{j € No : W = 2L} — 21}

where here W is the net boundary length process for our peeling-by-layers process. For € € (0,1), let
E;>'(€) be the event that

Tyl < oo, Vo <d, #V(Q) <€,
5 )

max  dist (U7(BOO;Q;ODQJ) <e? and L, < (1+e€)l (5.5)
’UEV(Q;OOOJ) s
8

Lemma 5.4. For each e, € (0,1/4), there exists §, = d.(e, ) > 0 such that for each § € (0,0,] there exists
I =1.(,¢,) € N such that forl > l,,

P [Ego’l(e)} >1—a.

Proof. Fix e, € (0,1/4) to be chosen later. By Lemma 4.3 | there is a §p = dg (€, @) € (0,€/2] such that for
leN,

P {Y&jlg/ﬂ < el} >1-a. (5.6)

Note here that j — Y is non-decreasing. By Proposition 3.3, by possibly shrinking dp we can arrange that
also

P [#V (Qf‘gelg/zJ) < elz} >1-a. (5.7)
By Lemma 4.4, we can find 6; = 01 (€, @) € (0,p] such that for [ € N,
PGS, € B a0 21-a (53)
1

By Lemma 4.5, by possibly shrinking §; we can arrange that also
P [Jfglll/zJ < 50z3/2] >1-a. (5.9)

By Proposition 3.3, the process t — l’ll/I/'f’;l’S/2J converges in law in the local Skorokhod topology to a

totally asymmetric 3/2-stable process with no upward jumps. In particular, there is a d3 = d2(€, ) > 0 and
an lg = lp(e, @) € N such that for [ > I,

IP{ max W > (52l] >1-—a. (5.10)
J€[0,8013/2]7 -

By Proposition 2.9, the random variable Z*ILg converges in law to the constant 1+ ¢. Hence for § € (0, 1),
there exists {1 = 11(d, ¢, ) > Iy such that for I > Iy,
P[LS € [(1+6/2)1, (1 + (3/2)0)]]] > 1 -« (5.11)

Now set § = §./3 and suppose that the events in (5.6)—(5.11) occur, which happens with probability
at least 1 — 6. We claim that Ego’l(e) occurs. Indeed, since W — W22, < 2 for each j € N, the event
in (5.10) implies that W°° hits every even integer in [0, d2l]z before time dg. The event in (5.11) implies that
2LL — 21 € [0,050)z, so T;o’l < §0l3/2. The events in (5.6), (5.7), and (5.9) immediately imply that

0o oo 00,1 00
YTK;OO’Z S 6[, #V(QT;O1> S 612, and Té S JL(;IZJ'

35



It remains only to check the distance condition in the definition of Ego’l(e). Since T5* t<g (5,1)> the event

in (5.9) tells us that each vertex of Q;OOQJ lies at Q>-graph distance at most (e/2)I'/? — 4 from @>. We need
5 .
5!

’ -
00,1
Ty

to v. If 4 stays in Q% ,, then dist(e>, v; Q>°) = dist (<B°°, v; Q;OOOJ) and we are done. Otherwise, let r, be
S5

oo,l
T5

the largest time in [1, |y|]z for which v(r) does not belong to Q;’f’x, and let v, be the terminal endpoint
s

to convert this to a bound for graph distances. Let v € V( ) and let v be a Q°°-geodesic from &>

of y(ry). Then v, € aQ;S,CJ so by Lemma 4.2,
s

dist (@w,v*; Q;}o,l) < 5ol 4 < (e/2)1Y2 4 4.

By concatenating a Q;Om,l-geodesic from > to v, with the path v|j., 1 |y, from v, to v in Q;’f’m,l, we obtain
s S
the desired distance bound. O

Proof of Lemma 5.5. For | € N, let S4>(e) := min{j ENp: Y>> el}. Since j — Y is non-decreasing,
the event E§°(e) is F§i (- measurable. Since Wy () = —I /4, the statement of the lemma now follows from
Lemma 3.6 (applied at time S“*°(¢)) and Lemma 5.4. O

Proof of Theorem 1.4. Fix a € (0,1/100) and for [ € N and ¢ > 0, let ﬁf; be the curve-decorated metric
measure space as in (5.2). For [ > 0, let $; = (Hy,dy, i, &) denote a free Boltzmann Brownian disk with

perimeter I. Then with $ as in the statement of the lemma, £; < (H,1"2d, p, £(1-)). From this we infer
that there exists 09 = do() € (0,1) such that for 6 € (0, do], the Prokhorov distance between the laws of £
and $); with respect to the GHPU metric is at most «.

=
Since the conditional law of Qr, given L} and Fri on the event {T! < oo} is that of a free Boltzmann
quadrangulation with simple boundary of perimeter 2L%, Proposition 2.9 implies that for each & € (0, &)

there exists ly = lp(J, @) € N such that for I > [y, the Prokhorov distance between the conditional law of ﬁf;
given {T} < oo} and the law of 7,5 with respect to the GHPU metric is at most . Hence the Prokhorov

distance between the law of $ and the conditional law of ﬁf; given {T} < oo} with respect to the GHPU
metric is at most 2a.

By Proposition 2.9 and the above scaling argument, there exists ¢y = eg(a) € (0,1/4) such that for each
§ € (0,80] and I € N, on the event {T} < oo} it holds with conditional probability at least 1 — a given L}
and ]:ng that the event F!(eg, ) of (5.4) occurs.

Set € = ¢9 A @. By Lemma 5.3, there exists 0 € (0,d0] and 1. = [.(J, ¢, @) such that for [ > L., the event
El(€) occurs with probability at least 1 — a.
By combining the preceding two paragraphs with Lemma 5.1 we find that with probability at least 1 — 2q,

we have Tt < oo and d“HPU (Ql,ﬁg) < 24a. Hence the Prokhorov distance between the law of Q! and the

conditional law of ﬁf; given {T} < oo} is at most 100c. Combining this with the conclusion of the second
paragraph and using that o can be made arbitrarily small concludes the proof. O

5.2 Proof of Theorem 1.5

Throughout this subsection we assume we are in the setting of Theorem 1.5, so that for [ € N, (Q',el)
are free Boltzmann quadrangulations with simple boundary of perimeter 2! identified along their boundary
paths 3% to obtain the curve-decorated graph (QL, .., B51ue)-

Now that Theorem 1.4 has been established, the key difficulty in the proof of Theorem 1.5 is showing that
paths between two given points of QlGlue which cross the gluing interface Bélue more than a constant order
number of times are not substantially shorter than paths which cross only a constant order number of times
(recall from Section 1.4.3 the definition of the quotient metric); this is analogous to the key difficulty in the
proofs of [GM16a]. In the present setting, this difficulty will be resolved using the results of [GM16a] and a
local absolute continuity argument. We now state the key lemma needed for the proof.
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For I € N, ko, k1 € [0,2l]z, and N € N, let FJZ\[7C(1€O> k1) be the event that there exists a path 5 in QL.
from B4, (ko) to BLy,e(k1) which crosses 84, at most N times and has length at most

diSt(ﬂg}lue(kO)v ﬁé}lue(kl); QlGlue) + Cll/2'

Lemma 5.5. For each € € (0,1), there erists a = afe) > 0 and an event E' = E'(e, ) such that for
each ¢ € (0,q], there exists l, = l.(¢,{) € N and N = N(¢,{) € N such that for each | > l, and each
ko,kl e [0,21]2,

PIET=1-c and P[E' N {dist(Bhe(ko), Be(k1); Qhinne) < 0l } 0 F (o, k)| <.

Lemma 5.5 will be deduced from the infinite-volume scaling limit results of [GM16a] and a local absolute
continuity lemma which follows from Lemma 3.6. Let us first record some consequences of [GMI16a,
Theorem 1.2], which is the infinite-volume analog of Theorem 1.5.

Let (Q,e3) be a pair of independent UTHPQg’s, let 83° be their respective boundary paths started
from the root edge, and let Q& be the map obtained by identifying 5°°(j) and £5°(j) for each j € Z. Also
let B3 @ Z — E(QA ) be the path corresponding to 3 and 3.

By [GM16a, Theorem 1.2], the graph Q2. equipped with its rescaled graph metric, its rescaled natural
area measure, and a re-scaling of 33, converges in law in the local GHPU topology to a curve-decorated
metric measure space HZue = (HSuer ues Lluer Eque) consisting of a pair of independent Brownian half-
planes with their (full) boundary paths identified. By definition of the quotient metric (Section 1.4.3), it
follows that graph distances in Q3 can be approximated by the lengths of paths which cross the gluing
interface 33}, only a constant order number of times, in the following sense.

Lemma 5.6. For each C > 0 and each ¢ € (0,1), there exists . = 1.(C,{) € N and N = N(C,() € N such
that for 1 > 1, and ko, k1 € [—CI, Cl]z, it holds with probability at least 1 — { that the following is true. There
exists a path ¥ in QF,e from B e (ko) to B, (k1) which crosses B3, at most N times and has length

|§| < diSt(ﬁéﬁue(kO)v 68:)1ue(k1); Q%olue) + <l1/2'

By [GM16a, Corollary 1.5], %, has the same law as a certain 1/8/3-LQG surface (namely a weight-4
quantum cone) decorated by an independent two-sided SLEg,3-type curve (which can be described in terms
of a pair of GFF flow lines in the sense of [MS16¢,MS17]). This curve is a.s. simple, so for a,b € R with
a < b, the intersection ), B,(£&,c([a; b]); &) contains no points of £&5,.(R \ [a,b]). From this and the
above described local GHPU convergence, we infer the following.

Lemma 5.7. For eacha,b € R witha < b, each ag > 0, and each e € (0,1), there exists l. = l.(a,b,ap,€) € N
and « € (0, ag] such that for 1 > I,

]P[Ballm(géolue([alabl]z); Q%ﬁue) C Baol1/2 (fio([alabl]z)’ Qio) U Ba0l1/2 (gio([alvbl]z)va)] > 1—e

The following local absolute continuity statement will be used to transfer the above lemmas to finite-volume
statements.

Lemma 5.8. Forl € N, let (Q',e') be a free Boltzmann quadrangulation with simple boundary of perimeter
21 and let 3" be its boundary path with 51(0) = &'. For each d,¢ € (0,1), there exists a = a(8,¢) > 0 and I, =
1.(6,€) € N such that the following is true for eachl > l.. On an event of probability at least 1—e (with respect to
the law of (Q',@')), the law of the curve-decorated graph (Ball/Q (ﬂl([él7 (1=9)z); Ql),ﬂl|[5l’(2,5)l]z> 1s abso-
lutely continuous with respect to the law of its UIHPQs analog (Bay /2 (B%([6, (2 — 8)l12); @), Blist.(1-8)1z) -
with Radon-Nikodym derivative bounded above by a universal constant times §5/2.

Proof. By Theorem 1.4 and since the boundary path of the Brownian disk has no self-intersections, there
exists @ = «(d,€) > 0 and I, = 1.(d,€) € N such that for I > L,

)2

P[E)] >1—¢ where Ej:= {dist(ﬁl([él, (2 —0)lz), B([0, 811z, [(2 — 2)I,21]z); Q") > d'/? +2}.
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By Lemma 4.2, on the event E} the radius-al'/? peeling-by-layers cluster of Q' started from B'([8l, (2 — 6)l]z)
and targeted at ¢’ = 8'(0) contains no edge of Bl([O, gl]z, [(2— g)l7 2Z]Z) so the peeling-by-layers clusters
reach radius al'/? before hitting @' and its net boundary length process at time J (ll /2 (Definition 3.2) satisfies
W}Il . > (2 —0)l. The statement of the lemma follows by combining this with Lemma 3.6. O

al

Proof of Lemma 5.5. Define
I :=0,31], Ij:=[31,2l], and I:=[0,31],U[30,21],.

Then B4 (1}) for i € {1,2,3} are connected, overlapping arcs of Q' and any two edges of Q' are contained
in one of these three arcs. We will prove the lemma by applying Lemma 5.8 on each of the arcs If for
i € {1,2,3} to transfer the estimate of Lemma 5.6 from Q> to Q.

By Lemma 5.8 (applied with § = 1/4 and ¢/6 in place of ¢) and the invariance of the law of @', under
re-rooting along the boundary, there exists ag = ap(€) > 0 and Iy = lp(e) € N such that the following is true.
For each i € {1,2,3}, there is an event E! = E!(e, o) such that for [ > Iy, we have P[E!] > 1 — ¢/6 and on

E!, the law of the curve-decorated graph (Baoll/z (Bli(lf); Ql)7ﬁli|1;> is absolutely continuous with respect

to the law of (Baoll/Z (ﬂf (I{); Q°°)7ﬁf|li), with Radon-Nikodym derivative bounded above by a universal
constant.

By combining the preceding Radon-Nikodym derivative estimate with Lemma 5.7, we find that there
exists a = a(e) € (0,a0/2] and Iy = I1(€) > ly such that for [ > I, we have P[E!] > 1 — € where

3
El = ﬂ Ell N {7 B2al1/2 (5%}1119(11;); QlGlue) - Bozoll/2 (Sl— (Ill)’ Ql—) U Baoll/2 (51(15)7 Ql-t,-) } (512)

i=1

Note that on E', each path in QL . between points of &4, (1}) with length at most 2al'/? (e.g., the path
7 in the definition of the event Fjlv,g (ko, k1) just above the lemma statement for ¢ € (0,a] and ko, k1 € I!
if dist(B1ue (ko) BGine (k1); QGre) < 0l'/?) must stay in Bz (€1(11); QL) U Boyura (€4.(1]): Q). In
particular, for ko, k1 € I} the occurrence of the event {dist(85),0(k0)s B&1ue (F1); Qbine) < all/2}ﬂF}V,<(k07 k1)©
is determined by what happens inside of B, ;1,2 (52([;); Qﬂ) U B, /2 SEL(ID; Qi)

By our Radon-Nikodym derivative estimate when we restrict to E;, the preceding paragraph, and our
bound for the probability of the infinite-volume analogue of FJZ\T,C(kO’ k1)¢ from Lemma 5.6, for each ¢ € (0, o],
there exists I, = l.(6,() € N and N = N(¢, () € N such that for [ > I,, each i € {1,2,3}, and each ko, k; € I},

i |:El N {diSt(ﬁlCilue(kO)7ﬁé}lue(kl); QlGlue) < all/z} N F]lV,C(kO7 k/)1>ci| < C

Since any two integers ko, k1 € [0, 2l]z are both contained in one of I}, I}, or I}, we obtain the statement of
the lemma. ]

Proof of Theorem 1.5. For | € N, let d', be the graph metric on Q! rescaled by (21)7'/2, let p! be the
measure on ', which assigns to each vertex a mass equal to 18 711~2 times its degree, and let &' (s) := 5L (2ls)
for s € [0,1]z. Define the one-sided curve-decorated metric measure spaces QY := (QY,d!y, uly,€4L).

Since the restriction of the graph metric on Qlclue to each of Q! is bounded above by the graph metric on
Q! , we easily deduce GHPU tightness of 9%, from GHPU tightness of Q) (Theorem 1.4) and the GHPU
compactness criterion [GM17¢, Lemma 2.6]. Hence for any sequence of positive integers tending to oo, there
exists a subsequence £ and a coupling of a random curve-decorated metric measure space H= (fi: , [1: 1, E)
with two independent free Boltzmann Brownian disks 4+ = (Hi,dx, pt, &4 ) with unit boundary length such
that _

(Qee: 21, 2%) = (95,9, 94)

in law with respect to the GHPU topology on each coordinate as £ > [ — oo. By the Skorokhod representation
theorem, we can couple so that this convergence occurs a.s.

Let Hciue = (HGlue, AGlues HGIues clue) be the curve-decorated metric measure space obtained by metrically
gluing $H_ and $H together along their boundary paths as in the theorem statement. By elementary limiting
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arguments directly analogous to those in [GM16a, Section 7.3] (but somewhat simpler, since we are working
with compact spaces so there is no need to “localize”) and the universal property of the quotient metric,
we infer that there a.s. exists a surjective 1-Lipschitz map fgiue : HGlue — H such that (fctue) « hGlue = I,
fatue © €Glue = 5, and the restrictions faiue|m,\om, are isometries from (Hi \ 0H+,d+) to f(H+ \ 0H<),
equipped with the internal metric induced by d. We need to show that fGlue 1s itself an isometry. We will
accomplish this by taking a limit of the estimate of Lemma 5.5.

To this end, fix € € (0, 1)7 let a = a(e) be as in Lemma 5.5, and for I € £ let E' = E'(e, a) be the event of
that lemma. Also let {(to, ¥)}ren be an enumeration of the pairs of rational times (tg,1) € [0, 1] and (using
Lemma 5.5 with ¢ = ¢27%) choose for each k € N a N¥ € N and an [¥ € N such that for [ > I,

P B 1 {dist(Blonue (12066 )), Bbruol 12085]); Qbie) < al'/2} 1 Pl (1205, [2085])°] < e27".

For I € N, let E' be the event that E! occurs and F]lv,g(LQItha |2{t¥]) occurs for each k € N with [ > [¥ and
dlSt(ﬂclue(LQZtOJ) ﬁGlue(L2lth) Glue) < Oéll/2 so that IP[~ ] >1—2e
Let E be the event that E' occurs for infinitely many [ € £, so that P[E] > 1 — 2e. Passing to the limit in
the definition of E' shows that on E, it is a.s. the case that for each pair of rational times (tk, tk) for ke N
such that with d(£(t k), £(th)) < (2/3)1/2a there exists points §(t0) = 20,21,..., 26 = &(tF) € H and signs
X0y -+, Xnk € {— +} with
Nk
D di(zi-1,25) < d(E(t), E(4)) +e27".
j=1
Hence dGlue(éGlue(tloc)v gGlue(tlf)) S J(g(tlg)»g(tlf)) + 62ik'
Since {(t§,t¥) : k > k.} is dense in [0,1]? for each k. € N, faiue is a curve-preserving isometry, and £giue
and ¢ are continuous, we infer that on F,

daue(€ame(to), Same(t1)) = d(&(to), €(t1)),  Vto, 11 € [0,1] with d(&(to),€(t1)) < (2/3)"?a (5.13)

By breaking up a d- geodesic between two arbitrary points in H into segments of time length (hence diameter)
at most o and recalling that fgue is an isometry for the internal metrics on the two sides of the curves &aiue
and § , we see that (5.13) implies that fae is an isometry. Therefore $giue = S’J as curve-decorated metric
measure spaces, so since our initial choice of subsequence was arbitrary we obtain the theorem statement. [
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