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ABSTRACT: We classify the topological terms (in a sense to be made precise) that may
appear in a non-linear sigma model based on maps from an arbitrary worldvolume manifold
to a homogeneous space G/H (where G is an arbitrary Lie group and H C G). We derive
a new condition for G-invariance of topological terms, which is necessary and sufficient
(at least when G is connected), and discuss a variety of examples in quantum mechanics
and quantum field theory. In the present work we discuss only terms that may be written
in terms of (possibly only locally-defined) differential forms on G/H, leading to an action
that is manifestly local. Such terms come in one of two types, with prototypical quantum-
mechanical examples given by the Aharonov-Bohm effect and the Dirac monopole. The
classification is based on the observation that, for topological terms, the maps from the
worldvolume to G/H may be replaced by singular homology cycles on G/H. In a forth-
coming paper we apply the results to phenomenological models in which the Higgs boson

is composite.
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1 Introduction

A sigma model on a homogeneous space is a quantum field theory whose degrees of freedom

are maps from some p-dimensional worldvolume >? to a target space which is a homoge-

neous space G/H and whose dynamics is described by a G-invariant action. Such models

are ubiquitous in physics. As examples, in p = 1 we find many exactly-solvable models in

quantum mechanics [1] (e.g. particles moving in uniform magnetic fields and rigid bodies),

while p > 3 covers all cases in which only some subgroup H of a dynamical symmetry

group G is linearly realized in vacuo, leading to the appearance of Goldstone bosons in

the low-energy effective theory. These find applications in particle physics (e.g. the chiral



lagrangian [2] and composite Higgs models [3]), condensed matter (e.g. fluids [4] and super-
fluids [5]) and cosmology (e.g. galileons [6]). In between, in p = 2, we find many interesting
examples of conformal field theories and string theories. In short, such sigma models are
everywhere.

Given a system with such degrees of freedom, it is desirable to find all of the possible
G-invariant terms that may appear in the action. One construction of such action terms
was given by Callan, Coleman, Wess, and Zumino [7]. It requires additional structure in
the form of a metric on the worldvolume together with a G-invariant metric on G/H.!
But it has been known for some time that there exist other G-invariant terms, which are
topological in the vague sense that they do not require either metric.

Our goal here is to provide a more-or-less rigorous classification of such topological
terms. In order to achieve this goal, we shall need to make some assumptions. In the
present work, the assumptions, in a nutshell, are that the degrees of freedom of the theory
can be replaced by p-cycles on G/H and that the action is obtained by integrating (possibly
only locally-defined) differential forms on G/H over the cycles. The first assumption allows
us to use the power of de Rham’s theorem in the classification, whilst the second one
guarantees that the action is manifestly local.

These assumptions (which we shall make precise in section 3) are strong ones, but they
nevertheless lead to a classification which includes many of the known topological terms.
The terms that result are topological in the precise sense that the only additional structure
required to define them is that of an orientation on the worldvolume.

Ultimately, we find that the possible terms come in one of two types, whose names hark
back to prototypical examples. The first type of terms, which we call Aharonov-Bohm (AB)
terms,? are classified by a quotient (by some subspace) of the pth de Rham cohomology of
G/H. The action for a given term is obtained straightforwardly by integrating any p-form
in the given cohomology class on p-cycles. The need to take a quotient accounts for the
fact that not all such forms lead to distinct values for the integrand of the path integral,

2miS and which we call the action

which we write, in unconventional units where h =1, as e
phase. Specifically, we take the quotient by the integral classes (defined as those whose
integral over every cycle is an integer). At least when G is connected, G-invariance of the
action is automatic.

The second type of terms, which we call Wess-Zumino (WZ) terms, are classified by a
subspace of the closed, integral (p+ 1)-forms on G/H. The action is not so straightforward
in this case, requiring us to integrate locally-defined forms of degree p,p —1,...,0 (which
are constructed from the original (p + 1)-form, call it w, via Cech cohomology) over p,p —
1,...,0-chains (which are constructed from the original p-cycle by subdividing and taking
boundaries). The need to take a subspace arises from the requirement that the action be
G-invariant. Expressed at the level of the globally-defined (p + 1)-form w, this requirement
turns out to be rather subtle, and is one of the main results of this paper: at least when G

is connected, we will show that G-invariance requires that the closed p-forms ¢ xw be exact,

1'We note in passing that such a G-invariant metric does not necessarily exist.
2The epithet ‘theta terms’ is common in the literature.



for all vector fields X € g that generate the G action on G/H. This requirement, which we
call the Manton condition (for reasons that we will explain in section 2), is stronger than
that which one might naively have guessed, namely that the (p + 1)-form be G-invariant.

These WZ terms are so called because they include, as a special case, the term of the
same name arising in the chiral lagrangian describing low-energy hadronic physics. Many
readers will, no doubt, be familiar with the construction of that term given by Witten [8].
Thus, in order to orient the reader, and to motivate the need for the formalism we shall
develop, we now briefly review that construction.

Witten’s construction is based on homotopy arguments, as follows. If the pth homotopy
group of G/ H vanishes, then any worldvolume homeomorphic to a p-sphere is the boundary
of a (p+ 1)-ball in G/H. Then, one can write a topological action as the integral of the
closed, integral, globally-defined (p + 1)-form w over this ball. Requiring the (p + 1)-
form to be closed and furthermore integral guarantees that the resulting action phase is
independent of the choice of ball (since any two balls bounding the same worldvolume
taken with opposite orientation define a cycle, such that the difference in the action is an
integer). Finally, requiring G-invariance of the (p + 1)-form guarantees invariance of the
action, without any need to worry about the more subtle Manton condition we described
above.

Given the elegance of this construction, and the simplicity of the resulting condition
for G-invariance, the reader might wonder why one should bother to instead use our more
cumbersome construction of a WZ term (in terms of locally-defined forms).

Witten’s approach has, in our opinion, two limitations. The first of these is that,
because of the use of homotopy arguments, it is valid only for worldvolumes that are
homeomorphic to SP. But, it is clear that we might want to consider worldvolumes of
other topology. As Witten himself noted [9], the dynamics of the chiral lagrangian in
the background of a skyrmion requires us to define the theory on SP~! x S!. Similarly,
in condensed matter, we might wish to employ periodic boundary conditions, giving rise
to a toroidal topology; in cosmology, we might wish to consider a Universe of non-trivial
topology. In fact, if one believes in quantum gravity, one can make a compelling argument
that a physical theory should be defined on worldvolumes of arbitrary topology (subject
to the requirement that they admit the necessary structures, such as spin, that are present
in nature). To accommodate this, we switch to homology and provide a construction of
topological terms that is valid on worldvolumes of arbitrary topology (subject only to the
requirement that they admit an orientation, such that we can integrate differential forms).

The second limitation of Witten’s approach is that (in the homotopy language of
Witten) it works only if the map from the p-dimensional worldvolume to the target is
homotopic to the constant map. If not, one cannot define a (p 4+ 1)-ball on which to
integrate the (p + 1)-form. It does not work, for example, for worldlines homeomorphic
to S! on the torus, as we shall see in section 2. Switching to homology already allows
a significant generalization of Witten’s approach, in that it allows us to consider p-cycles
that are the boundary of an arbitrary (p + 1)-chain. Thus, we are free to consider a
worldvolume which is not bounded by a ball, but rather by some more general manifold
with boundary. Even then, the homological version of Witten’s construction only goes



through when the pth singular homology of G/H vanishes, such that every p-cycle is a
boundary. But switching to homology and allowing locally-defined forms allows us to
construct and classify topological terms that can be defined on all cycles even when G/H
has non-vanishing pth singular homology, as we describe in section 5.1. In the general case,
we will prove that G-invariance of WZ terms requires the full Manton condition.

In the special case of our classification where the homological version of Witten’s
construction goes through, namely when the pth homology of G/H vanishes, there are
significant simplications: in this case, our classification shows that not only are there no
AB terms, but also the Manton condition reduces to requiring G-invariance of the form.
Moreover, we show in section 5.1 that the WZ term defined in terms of local forms is, in
this special case, indeed equal to that prescribed by Witten’s construction. In this case,
the space of topological terms is classified straightforwardly by the space of closed, integral,
G-invariant (p + 1)-forms on G/H.

Despite the generality of our classification, the reader might be forgiven for thinking
that topological terms are the exception rather than the rule, in the sense that they appear
only sporadically in sigma models of physical interest. In fact, they occur in all of the
examples of sigma models that we mentioned in the first paragraph of this Introduction (cf.,
e.g., [10-13]). They are thus, arguably, almost as ubiquitous as sigma models themselves.

The outline of the paper is as follows. In the next section, we seek to familiarize
the reader with AB and WZ terms through a series of (mostly well-known) examples of
both types of term from quantum mechanics. These examples shall, taken together, draw
out all the important features of our classification. In section 3, we discuss the technical
assumptions required, along with their physical justification. In sections 4 and 5 we derive
the classification of AB and WZ terms, and describe a number of quantum field theory
examples relevant for physics. In section 6, we discuss how one may compute the space of
topological terms for a given G/H and compare with earlier partial classifications [14, 15].
Section 7 concludes the discussion.

2 An invitation: examples from quantum mechanics

For an example of an AB term, consider quantum mechanics (such that p = 1), with G =R
and H = Z, such that G/H = S1. We can think of this as a particle constrained to move
on a circle (in R?, say), with dynamics that is invariant under translations around the
circle.?> Now suppose, as in the AB effect, that a solenoid pierces the centre of the circle.
The dynamics remains translationally-invariant, and the solenoid couples to the particle
via the magnetic vector potential 1-form A = bdx (where z € R/Z, = ~ x + 1, provides
us with a coordinate on the circle, and b € R). Avoiding the homological intricacies for
now, we may write the topological action term simply as the integral of the pullback of
A over the particle’s worldline. For a worldline beginning and ending at the same point,
but wrapping the circle n times, the action is given by bn and corresponds (after we have

3This set-up also describes the motion of a rigid body in a plane, in which case the AB term can be
thought of as assigning anyonic character to the rigid body, in that the wave function acquires an arbitrary
phase under a complete rotation.



multiplied by the factor 27 in our normalization of the path integrand) to the AB phase
acquired by the wavefunction of the particle during its evolution. Shifting b — b+ m
for any integer m doesn’t change this phase, and so the couplings b and b + m describe
the same physics.* Thus, the topological terms for quantum mechanics on S* are seen to
be in one-to-one correspondence with R/Z = U(1). The same result is obtained in our
homological classification. Moreover, since all 2-forms vanish on S, we find that there are
no WZ terms in this example.’

The prototypical (although, as we shall see, not the simplest) example of a WZ term
in quantum mechanics arises for a particle moving on S? in the presence of a magnetic
monopole at the centre of the sphere. The physics is rotationally-invariant, so we take
G/H = SO(3)/SO(2) = S%. The electromagnetic field strength is a closed 2-form pro-
portional to the area form on S? and may be given, in spherical polar co-ordinates, by
F= g sin 8df N d¢. This is the globally-defined form of degree p + 1 = 2 that appears in
our classification. Since F' is not exact, we cannot write it as the exterior derivative of a
globally-defined 1-form A. At best, we can write it in terms of 1-forms Ay = £ (1—cos 6)d¢
and Ag = g(—l — cos 0)d¢, which are singular on S?, but locally well-defined on an open
cover consisting of sets Uy and Ug, excluding the South and North poles respectively.
Dirac obtained his famous quantization condition B € Z (which is equivalent to requiring
that I’ be an integral form) by requiring that Ay — Ag = %d(ﬁ be a well-defined gauge
transformation on Uy N Ug = S! x R. To write the action for a worldline that traverses
multiple open sets, requires, as noted by Wu & Yang [16], contributions not just from
integrating the different 1-forms on segments of the worldline where they are well-defined,
but also requires contributions from evaluating 0-forms (corresponding to Dirac’s gauge
transformations) at points where we switch between 1-forms.

This prototypical example is indicative of the general story for WZ terms. In gener-
alizing, we adapt ideas of Alvarez [17] to a rigorous homological context. Thus, we use
a good cover on S?, namely an open cover (containing at least 4 open sets) in which not
only the sets themselves, but also their (finite) intersections, are contractible. Rather than
integrate on a worldline, we integrate on a 1-cycle which has been sufficiently subdivided
that its constituent chains are contained in individual open sets. As we will see, the twin
requirements of adding contributions from 0-forms and the quantization condition arise
explicitly from the desire that the action phase be invariant under diffeomorphisms of the
worldvolume that preserve orientation, meaning that the definition of the topological term
requires only the structure of an orientation on the worldvolume.

The example of the Dirac monopole has two special features which do not generalize
to arbitrary p and arbitrary G/H. The first of these is that the coefficient of a WZ term
does not have to take integer values, in general, even though the (p + 1)-form must be
integral. For a counterexample, consider what is arguably the simplest example of a WZ

4As a check, in the presence of a kinetic term [ %3'52 in the action, the spectrum of the Hamiltonian is

given by Ei (b) = % (k — b)?, k € Z, which is indeed invariant under b — b+ m.

A variant of this example, in which we replace R/Z = SO(2) = S* by 0(2)/ O(1) = S illustrates the
subtleties that can occur when G is disconnected. Invariance under O(2) restricts 2b € Z, such that the
space of AB terms is reduced to Z/2Z.



term, which arises for a particle moving in a plane. We thus take G = R? and H the
trivial subgroup, with dynamics that is invariant under translations. A uniform magnetic
field perpendicular to the plane corresponds to a closed, translationally-invariant 2-form
F = BdxAdy, with B € R. This form is exact, since we can write it as dA, with A = Bxdy.
As a result, its integral over any (p + 1)-cycle is zero by Stokes’ theorem and so it is an
integral form for all B € R.® This topological term, when added to the canonical kinetic
term for a particle on the plane, yields the Landau levels in quantum mechanics.”

The second feature of the Dirac monopole example which does not generalize is as
follows. The action (or rather the action phase, which is the physical object) must be
G-invariant. For G/H = SO(3)/SO(2) it turns out that SO(3)-invariance of the 2-form F
is enough to guarantee invariance of the action phase. But in general this is a necessary
but not sufficient condition; the loophole arises because the action phase for WZ terms
cannot, in the general case where there are non-trivial p-cycles, be expressed directly in
terms of the (p + 1)-form appearing in the classification, but rather is expressed in terms
of derived, locally-defined p,p — 1,...0-forms. The upshot is that we need the stronger
condition given earlier.

As ever, a simple example, namely quantum mechanics on the torus, serves to illustrate
the point. To this end, let us modify our previous G = R? example, now setting H = Z2,
such that G/H = T?. Explicitly, at the level of co-ordinates, we identify z ~ z + 1
and y ~ y + 1. By analogy with the R? example, one might think that there exists
an RZ-invariant WZ term corresponding to the closed, translationally invariant 2-form
F = Bdx A dy, provided we choose B € Z so that the integral of F' over a fundamental
cycle on the torus 7?2 is an integer.

But, in this example, translation invariance of the 2-form is not enough to guarantee
a translationally invariant action. To see the problem, consider a cycle representing a
worldline that wraps the y-direction once at some constant x = xg, on which we may try
to use the locally-well-defined vector potential A = Bxdy. But integrating this 1-form over
the cycle yields action phase e2™*5%0_ which is not invariant under (all) translations in the
x-direction. In fact, there is no choice of local 1-forms that yield a translationally-invariant
action for all cycles.

The absence of a WZ term in this example is confirmed by our classification, because
the stronger (necessary and sufficient) condition for G-invariance is violated: the interior
product of the 2-form with the vector field a,0, + a0, induced on T’ 2 by the action of the
Lie algebra is a closed, but not exact form. Indeed, Laydetaydy (BdxzANdy) = azBdy—ayBdx
(where ¢ denotes the interior product), which is not exact on T2 unless a, = ay = 0.

The curious fact that quantum mechanics on the torus does not admit a translation-
ally invariant magnetic field was noticed long ago by Manton [18, 19]; we thus call the
generalization of the condition for G-invariance of the action phase (which we derive in

SFor an even more trivial example, note that an AB term, which can be thought of as a WZ term with
vanishing (p + 1)-form, will never have a quantized coefficient.

"This example also makes it clear that even exact (p 4+ 1)-forms can lead to topological terms with
physical effects and so the classification of WZ terms for general G/H should involve closed forms rather
than cohomology classes, as is oft assumed elsewhere.



section 5.2) to arbitrary p and G/H the Manton condition.® As we shall see in section 5.4,
the Manton condition even has consequences at the level of classical physics.

3 Formalism

A classification of topological terms requires a concrete mathematical starting point, which
we now describe, and seek to justify. We assert, on very general physical grounds, that we
may equip both the worldvolume and the target space with a smooth structure and insist
that the maps between them be smooth. Indeed, our experimental apparatus may only be
set up, and measurements may only be performed, with finite precision; the mathematical
description of what happens on scales beyond this precision is metaphysics rather than
physics, and we are free to choose it to be as smooth as we like, without loss of generality.

We may also assume, without loss of generality, that ¥? is connected. Indeed, discon-
nected components of X may be considered as completely decoupled and so to compare
actions on them is to stray once more into the realm of metaphysics.

We also assume, now with loss of generality, that ¥P is orientable and we choose an
orientation on it. Doing so allows us, for example, to integrate differential p-forms on
3P, to obtain objects that are invariant under the group, O, of orientation-preserving
diffeomorphisms of >P. Thus, such objects require only the existence of an orientation
structure on the worldvolume. We define, correspondingly, a topological term as one that
requires only this structure and so is invariant under ©.°

In fact, we will not define our topological terms by integrating p-forms on »P. The
reason is that we wish to bring to bear the power of de Rham’s theorem, which requires
us to integrate not on manifolds, but on smooth singular chains.'® To enable us to do so,
we make one further assumption on P, which is that it is closed (i.e. compact without
boundary). This assumption requires some discussion. Whilst worldvolumes that are not
closed are certainly physically reasonable, one finds in many examples that it suffices to
work on closed worldvolumes. In the path-integral approach to quantum mechanics (for
which p = 1), for example, one computes the action phase for all worldlines beginning at
some initial point in the target and ending at some final point. But what is physical is not
the action phase, but rather the relative difference in the action phase between any two
worldlines. So we can formulate things equivalently by fixing one worldline and appending
it to all other worldlines (with its orientation reversed and smoothing out the endpoints),
making closed worldlines that are all orientation-preserving diffeomorphic to S'.

8We note that, according to our classification, quantum mechanics on the torus does admit topological
terms in the form of AB terms (which vanished on R?), given by integrating any linear combination of the
closed forms dx and dy over cycles.

9This is in accordance with Atiyah’s axioms for topological quantum field theory [20]. The functorial
axiom, which is needed for locality, is automatically satisfied here because the action is expressed in terms
of an integral of a local lagrangian (albeit one supported on chains of various degrees).

10We recall that a smooth singular p-simplex on G/H is a map from the standard simplex AP C R? to
G/H that extends to a smooth map in a neighbourhood of AP. A p-chain (we drop the qualifier ‘smooth
singular’ henceforth) is an element of the free Abelian group on (equivalently a formal finite sum of) such
simplices and one defines a boundary operator 9 on chains that lowers p by one and is such that 8> = 0. A
p-cycle is a chain without boundary and a p-boundary is a cycle that bounds some (p + 1)-chain.



Similarly, when we move to quantum field theory (p > 1), we often find that the
boundary conditions associated to a given physical situation allow us to assume closure.
Consider, for example, a Euclidean quantum field theory living on the usual RP, which is
certainly not compact. Nevertheless, the requirement that the non-topological part of the
action be finite typically forces the quantum fields living on it to tend to a common value ‘at
infinity’, so that we can consider the corresponding worldvolume to be a sphere, SP; with
orientation. Alternatively, we may wish to consider quantum dynamics in the background
of some topologically stable object such as a soliton, in which case the Euclidean theory
may be considered as a product of spheres. As another example, in doing condensed matter
physics we might wish (e.g. in studying crystals) to employ periodic boundary conditions
in space, in which case the worldvolume may be taken to be an oriented torus, TP.

The upshot of all these assumptions on the worldvolume is that it defines a fundamental
class, [XP], as follows. The (connected) worldvolume ¥? has pth homology isomorphic to
Z and [¥P] is defined to be a generator thereof. Now, the fundamental class is O-invariant
and so provides us with a natural object on which to try to define an action (phase) for a
topological term.

There exists a natural way to define such an action: take a p-form on >P and integrate
it on any fundamental p-cycle (that is, a p-cycle in the fundamental class). The p-form,
being a top-degree form, is necessarily closed, and so, by Stokes’ theorem, our definition is
independent of the choice of cycle, resulting in an action that is well-defined on [XP].

Moreover, there is a natural source of suitable forms: we take any p-form on G/H
(which need not be closed) and pull it back to P via the map ¢ : ¥ — G/H that defines
the field configuration in the quantum field theory. We can, completely equivalently, define
the action by instead integrating the original form on G/H on the cycle on G/H that is
obtained by pushing-forward a cycle in [¥?] to a cycle in G/H, where the push-forward is
defined by taking the maps o : AP — ¥P defining the constituent simplices of the cycle in
[¥P] and composing with the map ¢.

We thus arrive at a formulation of the dynamics in terms of p-cycles and p-forms on
G/H. We now wish to modify this in 2 ways. The first way amounts to a restriction on
the possible dynamics: we insist that the action be defined on all cycles in G/H, not just
on the subset that can be obtained via the push-forward map. We insist on this restriction
because it allows us to use de Rham’s theorem. In particular, we shall make frequent use
of the following results:

p-chain vanishes.
A differential p-form has vanishing integral over every < p-cycle iff. it < is closed.
p-boundary is exact.

(3.1)

The second modification amounts not to a restriction, but rather to a generalization of
the dynamics. To wit, we allow the p-forms on G/H to be only locally well-defined. That
is, a ‘form’ may consist of distinct pieces, each of which is defined only on a single set, U,
say, of an open cover. In doing so, we must revise our definition of the action, since the



definition we just gave cannot be used for cycles in G/H that intersect multiple open sets.
A way forward is found by using the subdivision operator (a standard object in algebraic
topology [21]) to replace the original cycle by a new cycle whose constituent simplices are
contained in single sets in the cover. One may then try to define an action by integrating
the locally-defined forms on the simplices where they are well-defined, but this leads to an
ambiguity in the following way: suppose that subdivision results in a simplex contained in
a double intersection U, M Upg of sets. Then there exists a choice of locally-defined p-forms
which we could integrate on the simplex.

To remove this ambiguity requires a modification of the action, which we shall discuss
in detail in section 5. We end up with an action written in terms of integrals of locally-
defined p,p — 1,p — 2,...,0-forms on chains of corresponding degree, in such a way that
the action is well-defined on every cycle in G/H. Moreover, as we show in section 5, the
definition leads to a well-defined action on [¥P], ergo an O-invariant of the worldvolume.

Our further assumptions regarding the target space G/H are few. The group G may
be an arbitrary Lie group and H any closed subgroup thereof.!’ Neither G nor H need
be compact or connected, in general, and we will see that there exist plenty of interesting
physical examples where these conditions do not hold.'? Nevertheless, since we have argued
that the worldvolume may be taken to be connected and the map ¥P — G/H to be smooth,
we may freely take G/H to be connected, if we wish.!?

In what follows, we will see that it is possible to arrive at a straightforward condition
for invariance of topological terms under the subgroup of G consisting of elements that
are continuously connected to the identity. The extra conditions that must be imposed for
elements of G that are disconnected from the identity are somewhat subtle for both AB
and WZ terms. We will therefore assume throughout the paper that G is connected, and
postpone our discussion of the case of disconnected G to Apppendix C.

We now discuss the two types of terms arising in our classification, beginning with the
rather simpler AB terms.

4 Aharonov-Bohm terms and their classification

Since we are defining our action on p-cycles, it obviously makes sense to start by considering
integrating p-forms, albeit only locally-defined ones. It will be helpful to divide our analysis
into two cases, namely in which the local p-forms are, or are not, closed. The closed case
corresponds to the AB terms, which we discuss in this section; the other case corresponds
to the WZ terms, which we discuss in section 5.

"1t is then a theorem that G/H admits the structure of a smooth manifold with a smooth transitive
action of G.

12There are also interesting physical examples where G is modelled on an infinite-dimensional manifold
and so is not, strictly speaking, a Lie group. A prototype is given by a perfect fluid, which may be
described, both classically [22] and quantum mechanically [4], as a sigma model in which G contains the
group of volume-preserving diffeomorphisms of the manifold on which the fluid flows.

13Lest there be any confusion, we remark that neither G nor H need be connected, even when G/H is,

cf. O(n+1)/0(n) =2 8™ or SO(n+1)/O(n) = RP".



For the AB terms, it turns out that we can, without loss of generality, take the closed
p-form to be not just locally, but globally defined (the proof of this is technical and requires
the formalism of section 5, so we postpone it to appendix A).

Thus, let A be a closed, globally-defined p-form on G/H. Define a topological action,
evaluated on a generic worldvolume YP, by its integral over a p-cycle z in G/H which is
the push-forward of a cycle in [¥P]:

S[z] = / A (4.1)

This integral vanishes for any exact form by (3.1), and so only depends on the de Rham
cohomology class of A. Since any two fundamental cycles differ by a boundary, and any
p-boundary in the source pushes forward to a p-boundary in the target, then by (3.1)
every fundamental cycle yields the same action (4.1), because A is closed. Hence, (4.1) is
well-defined on the fundamental class [¥P], and is therefore O-invariant.

The action for AB terms has 3 other special properties, none of which will hold for WZ
terms. The first is that, by the Poincaré lemma, an AB term is locally exact; like a total
derivative in the lagrangian, it therefore gives no contribution to the classical equations of
motion, such that its effects are purely quantum-mechanical. The second is that it gives
no contribution to perturbative Feynman diagrams (for p > 2). The third property is that
the AB terms only yield non-trivial action phase when G/H admits p-cycles that are not
p-boundaries, i.e. when the pth homology is non-vanishing.

Having identified the source of AB terms, namely closed, global p-forms, we now
consider their classification.

4.1 Classification

Generally, we shall need to check three things when we classify the possible topological
terms, which we refer to as consistency, invariance, and injectivity. In more detail, the
notions are as follows:

e consistency: we have prescribed that the action must be defined on every p-cycle in
G/H. If we are constructing an action from differential forms that are only locally
defined on open sets, we must ensure there are no ambiguities where sets overlap.
Moreover we must check that the action is well-defined on the fundamental class after
we pull back to the source;

e invariance: the action must be G-invariant;

e injectivity: nalvely, every coupling g that appears in an action is just a real number
(though consistency may force it to be an integer). But if two different numbers lead

27iS

to the same value of e on all possible cycles, then the physics will be the same.

So we need to check that the space of couplings injects to the space of action phases.

We have defined an AB term as the integral of a globally-defined p-form over any cycle
in G/H, and so there are no ambiguities pertaining to the integration of local forms. We
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have shown above that such an integral is well-defined on [¥P], and therefore O-invariant.
The integral (4.1) thus defines a consistent topological action. Moreover, an AB term is
invariant under G, if (as we are assuming for the present purposes) G is connected. To see
this, consider an infinitesimal G transformation, generated by vector field X on G/H. The
action (4.1) varies by

5Xs[z]:/LxA:/dbe:/ LXA:/LXAZO, (4.2)
z z 0z 0

where Lx is the Lie derivative. In the second equality, we applied Cartan’s homotopy
formula, Ly = divx + txd, together with dA = 0, and in the third equality we applied
Stokes’ theorem. Finally, 0z = 0 because z is a cycle.

The vector fields X define, via their integral curves, an action of the subgroup of G
given by the image of the exponential map, exp : g — G. So (4.2) implies invariance under
the action of exp(g) C G. Unfortunately, the exponential map is not surjective in general,
even when G is connected. It is, however, a theorem that any element g of a connected
group G can be written as a product of a finite number of elements in exp(g). Hence, an
AB term is invariant under the action of the connected group G, for any closed p-form A.

It remains to check injectivity. To do so, note that if (and only if) two p-forms A and
B differ by a form that is integral, i.e. such that fz(A — B) € Z for any p-cycle z, then
the corresponding action phases exp(2mi [, A) and exp(2xi [, B) will agree on all p-cycles.
We saw this explicitly in the example of quantum mechanics on S! in section 2. Thus, we
must take the quotient

HE (M. R)/ H3 (M, 2), (43)

of the real de Rham cohomology with respect to its subgroup of integral classes to define
the space of physically inequivalent AB terms.

We remark that the set of inequivalent AB terms thus obtained has the structure of an
Abelian Lie group. This is no accident, in that it accords with one’s physical expectation
that two topological actions can be added (in either order) to make a third action which
is also topological, &c., and also that small enough changes in the values of the couplings
should be physically indetectable. The same structure will be present on the set of WZ
terms, and we will have occasion to exploit it in what follows.

We now give 3 more examples of AB terms in field theory, namely the CPY model and
a model exhibiting T-duality in p = 2, and the minimal composite Higgs model in p = 4,
where we point out the existence of a new topological term.

4.2 Examples
4.2.1 The 2-d CPY model

Consider a p-dimensional sigma model on complex projective space, CPY, which may be
realised as a homogeneous space with G/H = U(N +1)/(U(N) x U(1)). Its pth homology

MFor a slicker proof, one may simply note that the action of the connected component of G takes cycles
into homologous cycles; it then follows immediately that the AB term is invariant, because the integral of
a closed form over a cycle depends only on the homology class of the cycle.
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(with integer coefficients) is given by Z for p even between 0 and 2N, and vanishes otherwise.
The corresponding real cohomology groups are equal to R or 0.

The model with p = 2 is well studied in physics, particularly at large N, where various
simplifications occur [23, 24]. Recall that CPY may be parametrized by N + 1 projective
co-ordinates, that is, a set of complex numbers z; € C, ¢ = 1,..., N + 1, together with
the constraint Y z¥z; = 1 and the U(1) equivalence z; ~ e*®z;. The second de Rham
cohomology H gR((CPN ,R) = R has a single generator, which we can take to be the Kéhler
form, %dzi A dZ' in our co-ordinates. Hence, there is an AB term for any choice of N,
obtained by integrating a 2-form proportional to the Kihler form over 2-cycles in CPY.
Taking the quotient by the subgroup of forms that are integral, the space of topological
terms is given by R/Z = U(1).

This term is often called a ‘theta term’ in the literature, because it is a close analogue
of the theta term in QCD. Indeed, the constraint ) zz; = 1 and the equivalence relation
z; — €'z; can be enforced in field theory via a lagrange multiplier A(z) and a U(1) gauge
field A(z), respectively. If one just has the quadratic kinetic term plus the theta term in
the lagrangian, one can integrate out the z; in the (Gaussian) path integral to obtain a
theory involving only the fields A(x) and A(x). If one then takes the large N limit!'® of the
resulting effective lagrangian the theory reduces to that of a dynamical gauge field with
the usual theta term of electromagnetism in p = 2, studied by Schwinger and others as a
two-dimensional model for real-world QCD [25].

4.2.2 T-duality on the torus

Suppose that p = 2 and that G/H = (R/Z)? = T?. Since H3z(T? R) = R, our classifi-
cation indicates that there is an AB term given by the integral of a form proportional to
the translationally-invariant volume form on G/H. This will result in a non-trivial action
phase only when the worldvolume has itself the topology of a 2-torus, so let us suppose
that this is the case. We thus have a model with maps from a worldsheet T to a target T2
with a topological AB term with values in R/Z. Adding the usual two-derivative kinetic
term results in a model exhibiting T-duality, in which the topological term plays a key réle,
pairing up with the geometric area of the torus to make a complex parameter which gets
interchanged under T-duality with the complex structure parameter of the torus.

4.2.3 The 4-d minimal composite Higgs model

For a final example, consider the minimal composite Higgs model (MCHM) [26] in p = 4,
in which the electroweak hierarchy problem is ‘solved’ by postulating that the Standard
Model Higgs field emerges (as a composite pseudo Nambu Goldstone boson) from some
strongly-coupled dynamics whose form at high energies is unspecified, but which can be
described at low energies by a sigma model with target space G/H = SO(5)/SO(4) = S*.
Since HgR(S‘l,R) = R, and HﬁR(S‘l,Z) = Z, there is an AB term given by the integral
of a 4-form proportional to the volume form on S*. The space of inequivalent topological
action phases is thus, yet again, R/Z = U(1). While a topological term (of WZ type) is

15C P> plays a special role in mathematics too: it is the Eilenberg-Maclane space K(Z,2).
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known to exist in a non-minimal composite Higgs model with G/H = SO(6)/SO(5) [27]
(see section 5.5.2), this topological term in the minimal model has not been noticed so far
in the literature, to our knowledge.

We postpone a fuller discussion of the resulting phenomenology to [28]. For now, we
remark that, while the low-energy effects are expected to be very small, the fact that the
term violates both P and C'P may nevertheless lead to interesting effects. We will see
more examples of topological terms in composite Higgs models in section 5.5.2, when we
consider WZ terms.

5 Wess-Zumino terms and their classification

Now we turn to topological terms corresponding to p-forms on G/H that are not closed,
which we call WZ terms. In this case, one cannot capture all such terms by requiring the
p-form A to be globally defined. Nevertheless, even if A is only locally defined, consistency
demands that dA (which is now non-zero) is globally defined. Perhaps the easiest way to
see this is to take the classical limit. One finds that dA appears directly in the classical
equations of motion, and so should be well defined everywhere on G/H for the classical
limit to exist. Thus, a useful starting point for constructing a WZ term is a globally-defined
(p+ 1)-form w on G/H. Such a form is necessarily closed since, at least locally, w = dA.

To see the kind of restrictions we will have to place on w, it is helpful to first consider
the special case when A is itself globally defined, and then return later to the general
case. If A is globally defined, then w is exact, and we can define an O-invariant, and thus
topological, action simply by integrating A over p-cycles.'® In this case, the p-form A can
be regarded as a lagrangian for the theory, but we shall see that when A is only locally
defined, there is no well-defined notion of the lagrangian.

To be G-invariant, we must require [ (L; —1)A = 0 for all p-cycles 2. By (3.1), this
is true iff. (L; —1)A is exact, for all g. In other words, the ‘lagrangian’ A may be ‘quasi-
invariant’, in the sense that it shifts by a total derivative under the symmetry.'” It follows
that the (p + 1)-form w is strictly invariant, (L — 1)w = 0, because the exterior derivative
commutes with pullback. As we mentioned in section 2, the Landau problem on R? is an
example of this special case.

Now let’s go back to the general case, where A need only be locally defined. In other
words, we suppose that w is not exact. We choose an open cover {U,} of our target space,
such that A is well defined on each open set, taking value A, on U,. Given such a collection
{A,} of local p-forms, it is no longer obvious, a priori, how to write down an action phase
e2mi5[2] for each p-cycle z in G /H, which is consistent, let alone G-invariant. If it is the case
that the worlvolume cycle z is in fact a boundary, z = 9b, then one can follow Witten’s
construction and integrate a G-invariant (p + 1)-form w directly over the (p + 1)-chain b to

16Note that, unlike for the Dirac monopole example, there is no quantization condition on the coefficient of
w in this case, because exactness implies that its integral is zero over any (p+ 1)-cycle (so w is automatically
an integral form).

"We note that, in general, it is meaningless in general to try to define a WZ term, as others have done,
as a term in the lagrangian that shifts by a total derivative under the action of G; in general, as we have
just remarked, there is no lagrangian!
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obtain a manifestly G-invariant action [8]. If not, we must deal with local forms directly
(and there is certainly no well-defined notion of a lagrangian). We do so, following Wu &
Yang [16] and Alvarez [17], by writing a topological action phase in terms of contributions
on the open sets in our cover, and on finite intersections thereof.

We shall again need to make sure that the action phase so defined satisfies our triumvi-
rate of criteria, namely consistency, invariance, and injectivity. For WZ terms, consistency
leads to the quantization condition (specifically, the requirement that w be an integral
(p+ 1)-form), as we explain using tools borrowed from Cech cohomology and sheaf theory
in section 5.1; invariance leads to the Manton condition, which we derive in section 5.2;
injectivity follows straightforwardly, as we show in section 5.3. Together, these restric-
tions define the appropriate subspace of closed (p + 1)-forms that are, as claimed in the
Introduction, in one-to-one correspondence with G-invariant WZ terms on G/H.

5.1 Consistency and the quantization condition

We now describe (in a very simplistic way; for more details, see [29]) the elements of Cech
cohomology and sheaf theory that we need.

We assign, to each open set U C G/H, an abelian group F(U); we will, according to
our needs, variously take F(U) to be the smooth g-forms, A?(U), on U, or constant maps
U — R, or constant maps U — Z.!® Every smooth manifold (and thus every G//H) admits
a good cover, U = {U,}, namely an open cover satisfying the additional property that the
open sets Uy, and all finite intersections (where we define Uy, NUqy, N- - ‘NUq,, = Uaoal...ap)
thereof, are contractible. For example, R™ has a good cover with 1 open set, S has a good
cover with 3 open sets, and S? has a good cover with 4 open sets.!” The utility of a good
cover is that we can use the Poincaré lemma on the open sets and their finite intersections.
Given a good cover U we define a Cech p-cochain on U with values in F to be an element
of the group

CPU,F)= Y. FUaor.ap)- (5.1)

ap<al<--<ap

Thus w € CP(U, F) may be characterized by the set of values {waga,..ap € F(Unoas...ap)}
that it takes on the (p + 1)-fold intersections.?’ The Cech coboundary operator op
CP(U,F) — CPTL(U, F) is defined via its action on Wagay...ap DY

p+1

(5w)aoa1---ap+1 = Z(_l)iwao--'din-ap+l ) (5'2)
=0

18The objects F thus defined are, in fact, examples of presheaves, but we will sidestep the technicali-
ties here.

19Note that the open cover of S? considered in section 2 with just two open sets, Ux = S%\{S} and
Us = S*\{N}, is not a good cover because the intersection of these two sets is clearly not contractible;
rather, a good cover can be formed by projecting the four faces of a tetrahedron onto the sphere, and
enlarging them slightly such that they intersect.

20Hereafter, we will allow the indices specifying the components of a Cech cochain to be in any order
(not just ascending), subject to the condition that Wagayg...ap 1S antisymmetric on all pairs of indices.
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where a~ denotes omission of the index, whence one may check that d, 0d,—1 = 0. We
define the pth Cech cohomology of G/H with values in F, H(G/H,F) to be the usual
cohomology of the complex C(U, F), viz. ker &,/im 8,_1.

As our notation suggests, the cohomology H(G/H,F) turns out to be independent
of the choice of good cover U. In fact, when we choose F(U) to be the constant real-
valued functions on U, we find that the cohomology that results is isomorphic to the usual
de Rham cohomology.

To see the relevance of this mathematical formalism to our physical problem, let us re-
turn again to our starting point: we consider a globally-defined, closed (but not necessarily
exact), (p + 1)-form on G/H, which we denote by w. The idea is that w, provided that it
satisfies some additional criteria, can be used to define a topological term. To see how the
term comes about, we first note that w defines an element of C°(/, AP*!) by restricting
w to each of the Uy: wy := w|q. Using the Poincaré lemma, we may then construct an
element {AL} € CO(U, AP) via

dAE = wy, on U,. (5.3)

Since w is globally defined, we must have that w, = wg on U,. Hence d(A% —Ag) = 0 and,

again by the Poincaré lemma, we may construct an element {AZ?} c CY (U, AP~1) via

AP — AL =dAPSY on Uag. (5.4)

This set of conditions on double intersections can be expressed concisely using the Cech
coboundary operator, as

§{AP} = {dAggl}. (5.5)

We note, moreover, that the Cech 0-cochain {w.} = {dAL} is in fact a Cech cocycle:
MHwa} = {wa —wg} =0, because w is globally defined.

Now let us use this formalism to construct a consistent topological action phase for
any p-cycle z in G/H. In order to integrate the p-forms {A%5} which are locally defined
on the open sets in U = {U,}, the chains on which we are to integrate must be contained
within these open sets; such chains are referred to as U-small. Thus, we first apply the
subdivision operator, Sd, as many times, n say, as is necessary (we refer the reader to,

g., [21] for details of the construction). The original cycle z we started with is mapped
to a homologous cycle Sd™ z, which is a formal sum of a set of U-small p-chains, which we
denote {cp o}, where Imc, o, C U, and such that Sd" z = ) ¢, on which we can now
integrate the local p-forms {A%}.

Having done so, one might naively try to define the action to be S = )" fcp’a AL
This is not a good definition, however, because there is an ambiguity whenever a particular
p-simplex is contained not just in an open set U,, but rather in the intersection of two
open sets, say Uyg. The naive action is ambiguous because we could choose to integrate
AL or Ag on this simplex. To fix this problem, we shall need to add pieces to the action
corresponding to integrals over (p — 1)-chains of the (p — 1)-forms Aggl defined in (5.4)
to compensate for the ambiguity. However, such a fix introduces further ambiguities to
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fix up. Rather than fixing up the ambiguities one by one, we shall now cut to the chase
and explain from the top down how to construct an action phase from local forms which
is ambiguity-free.

It turns out that to construct such an action, one needs not just the local forms
{AL} and {AZEI} that we have so far constructed, but rather a whole tower of locally-
defined forms of degree p,p — 1,...,0. We have already constructed, using the Poincaré
lemma, an element {AL} € CO(U, AP) and an element {Aigl} e C' (U, AP~1), which satisfy
{dA%} = {wa} and {dAZgl} = §{ABL}. We proceed in a similar way to construct elements
{AB4, .} € CUU,AP79) (that is, in words, a set of (p — g)-forms defined locally on
(¢ + 1)-fold intersections of the open sets in our good cover) for each 0 < ¢ < p, which
satisfies

{dAP—1 = §{AP—atl (5.6)

QQ...0q—10q QQ...0q—1

Using this equation, we can construct each {AP~9} from {AP~9"1} (where we shall some-
times suppress the indices for clarity) by first applying the Cech coboundary operator,
and then using the Poincaré lemma to “undo” the exterior derivative d. Thus, starting
from the local p-forms { AL}, we construct a whole tower of locally-defined forms of degree
p,p—1,...,0.

The Cech cochains thus defined are also cochains in the de Rham complex (restricted
to open sets and appropriate intersections thereof). In this sense, they sit inside a double
cochain complex acted upon by both the exterior derivative d and the Cech coboundary
operator §. We can illustrate the consistency relations (5.6) conveniently by gathering the
double cochains we have constructed into a tic-tac-toe table (see [29] for details), whose
(¢,7)th entry is an element in C" (U, A9):

AP+2 0
AP {wa} 0
AP (AR} 6{AR) = {dAT,")
AP ] {AP2y
S : (5.7)
Al {Ahg . ap 1} H{Abgay 1} 0
AO ctt {Agzo...ap} 5{A300¢p} 0
d 1 . {Kao...ap+1}
5§ —| C° Ct o el Crt?

The action of the exterior derivative d moves us one step up in the table (with two steps
up always yielding zero because d? = 0), and the action of the Cech coboundary operator 8
moves us one step to the right (with two steps right always yielding zero because 62 = 0).
Conversely, if an element lies beneath a zero entry (which means the locally-defined forms
are closed), we can use the Poincaré lemma to move one step down,?! and if an element
lies to the left of a zero entry, the existence of a partition of unity enables us to “undo” ¢

21We note that the result of doing so is not unique.
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and move one step to the left, analogous to the Poincaré lemma for “undoing” d.?? The
element in the bottom right of the tic-tac-toe table, which we denote by {K} := §{A"},
is a set of O-forms defined on (p + 2)-fold intersections, which is both d and ¢ closed. The
importance of this object shall become clear after we have written down the action (phase),
and so we postpone further discussion for now.

The action shall be a sum of integrals of all of these locally-defined forms. We now
describe how to obtain the set of chains on which to integrate these forms. Having applied
Sd", we thus far have chosen a set of ¢-small p-chains {c, o} on which to integrate {A%}
(wherever a U-small simplex lies in a double intersection, say U,g, simply make a choice to
include this simplex in either ¢, or ¢, g). Given each ¢ o, its boundary can be written as
a sum over (p — 1)-chains which are contained in the double intersections of U, with each
of the other open sets, viz. dc, o = Z@ C(p—1),a3- By taking the boundary of each ¢, o and
collecting terms defined on each double intersection, we thus obtain a set of (p — 1)-chains
{¢(p—1),a3}> which are Y-small in the sense of being contained wholly in double intersections,
on which we can integrate the local (p — 1)-forms {A*Zgl}.

Proceeding, given a set {¢(,_q41),a0...a_1 } ©f (P — ¢+ 1)-chains defined on g-fold inter-
sections, we construct the appropriate (p — ¢) chains in the obvious way: simply take the
boundary, expressed as a sum of (p — g)-chains lying wholly in the (g + 1)-fold intersections
of our good cover. Thus, in analogy to how we started from the global (p + 1)-form w and
constructed a tower of local forms, we can start from a p-cycle and construct a tower of
U-small chains of degree p,p —1,...,0, right down to a set of points (0-chains) {co,aq...a, }
defined on (p + 1)-fold intersections.

We have now constructed all the objects that we need to write down a consistent
action. We define the action to be the following sum of integrals, of the locally-defined
forms on the corresponding U-small chains:

Sl =3 / ar -3 A (S A (o) (53)
a Yoo af

C(p—1),a8 QQ...Op41

One can show that this action is free of any ambiguities in degree > 0, which potentially
arise when there is a choice of local forms to integrate on a particular simplex. The
argument is a rather technical digression, which we therefore reserve for appendix B. The
essential idea behind this argument is that any ambiguity in forms of a given degree is
removed by the presence of forms constructed in one degree lower, by virture of the relations
coded in the tic-tac-toe table 5.7.

However, once we get all the way down to the ambiguity in the O-forms, it is no longer
possible to remove the ambiguity by adding forms of one lower degree, since no such forms
exist. Thus, there is a seemingly irremovable ambiguity in the presence of non-vanishing
(p + 2)-fold intersections, since then we can choose to evaluate one of (p + 2) different
0-forms on a 0-chain contained therein. This O-form ambiguity between different choices

2 A partition of unity is a collection of functions {p. } on the open sets such that po >0, >°_ pa = 1, and
Po has compact support in Uas. If {Tagay..an} € CT(U, A?), then the object {Sagay...an_;} € CTHU,A?)
defined by {Sapar...ar_1} = {EZ+Tagar...a,_1vP~} satisfies {T'} = 6{S}.

17 -



can, in general, be written as
S -8 = Koy...apyss (5.9)

where Ko,..a,,, is an element of the Cech (p + 1)-cochain {K} := §{A%}. For example, in
p = 1, the ambiguity occurs when a 1-simplex o is contained in a triple intersection, say
Uagy- In this case, choosing to integrate either A,, Ag, or A, over the simplex o leads to
actions that differ by §' —S = A, + Agy + Aya. Sure enough, the r.h.s. is an element
of {K} = 6{A"}.

Thus, consistency appears to require that { K}, which are, a priori, real-valued func-
tions on UOKO_“O(H17
phase needs to be well-defined, so that each Ky,. qa,,; need only equal an integer. Even

must vanish. In fact this is too strong, because only the action

this seems to require a miracle, but it is, very nearly, a fait accompli. To see this, re-
call from the tic-tac-toe table (5.7) that {K} is closed under both d and §. Given
{K} is valued in O-forms, d-closure implies that each Koy, a,,, is, in fact, constant on
the (p + 2)-fold intersection on which it is defined. Thus, {K} defines an element in
CPHL(U,R) c CPH (U, A%). So the only miracle that need occur is that the real constants
{K} be integers. Moreover, d-closure implies {K} is a Cech (p 4 1)-cocycle, and thus
defines a cohomology class, [{c}] € HPT'(G/H,R). Therefore, in the usual language of
cohomology, [{c}] € HP*'(G/H,7) must be an integral class for the action to define a
well-defined path integral [17] for all p-cycles in G/H.

The desired integrality of the Cech (p + 1)-cocycle [{c}] is equivalent, via the Cech-
de Rham isomorphism, to the requirement that w be an integral (p + 1)-form,

[w] € HPYY(G/H, 7). (5.10)

The Cech-de Rham isomorphism can be seen from the tic-tac-toe table (5.7). The external
row of the tic-tac-toe table is reserved for real-valued Cech cocycles, such as { K}, on which
0 has non-vanishing cohomology (since using the partition of unity construction would take
us out of the space of constant functions). The external column is reserved for globally-
defined forms, on which d has non-vanishing cohomology (since using the Poincaré lemma
would us out of the space of globally-defined forms). The tic-tac-toe table allows us to
move between Cech and de Rham cocycles of the same degree, by successive applications
of (say) the exterior derivative d and a partition of unity to undo ¢ (if going from Cech
to de Rham, that is, from bottom right to top left of the table). This provides an explicit
construction of the isomorphism on cohomology [29].

For a more physical way to see the integrality condition, consider the case p = 1. In
p = 1, the action specializes to that first introduced by Wu & Yang [16] in their formulation
of the action for the Dirac monopole, with the additional terms in the action due to the
0-forms {A°} being precisely the transition function insertions that Wu & Yang introduced.
In this simplest case, the integral of w over a 2-cycle y in G/ H, which can be written in terms
of a sum over U-small 2-chains ¢y, contained in Ua, viz. [,w =37, f%a Wla = fcm dAL.
Using Stokes’ theorem twice, one obtains

/w:ZKam, (5.11)
Yy

afy
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where on the r.h.s. we sum (the appropriate number of times) over those triple intersections
which have non-vanishing intersection with the image of y. Since the r.h.s. is an integer
for any 2-cycle, w is therefore an integral 2-form. This generalizes to higher p.

It is instructive, at this point, to return to our earlier, prototypical examples. We now
see that, whenever w lies in a non-trivial de Rham cohomology class, we obtain a “quan-
tization condition” on the coupling in the action, just as we did for the Dirac monopole.
But if w is de Rham exact, as in the case of the Landau problem, the integral over any
(p + 1)-cycle vanishes automatically, and there will be no quantization condition on the
coupling in the action. Moreover, the Cech-de Rham isomorphism guarantees that the
correspondence goes the other way, such that for every integral (p + 1)-form, there exists a
corresponding choice of integer Cech (p+1)-cocycle, and hence a well-defined action phase.

How does the definition (5.8) of the action for a WZ term connect with Witten’s
construction, in the special cases where the latter may be used? When the action (5.8) is
evaluated for a cycle z = 9b that is in fact the boundary of a (p+ 1)-chain b, one can show
that the action phase does indeed reduce to Witten’s exp(27i fb w). To see this, consider
to begin with the special case p = 1, and consider a 1-cycle z whose image intersects three
double intersections U,g, Ugy, and Uy,. The action (5.8) may in this case be written as

S[z]:/ A;—Agﬁ(co,agwr/ Aé—Agy(co,gv)Jr/ AL = A (coqa).  (5.12)
Cl,c C1,8 Cl,y

If 2z is in fact the boundary of a 2-chain b, then the three open sets share a non-vanishing

triple intersection, U,s, # @. Let ¢ be an arbitrary O-chain (point) whose image is

contained in this triple intersection, Im ¢y € U,g,. After subdivision, the 2-chain b may be

written as the sum of three ¢/-small 2-chains, b = b, + bg + b, each contained within the

open sets, with common point ¢y in the triple intersection. Moreover, the boundaries of

these 2-chains define a set of 1-cycles, z, = 0b,, etc., which are necessarily also U-small.
One can then show, using §{A'} = {dA"}, that (5.12) is equal to

S[z] :/ Al +/ Ap +/ Al — AD5(2) — AR, (6) — AD,(8). (5.13)
Zo 25 Z"/

Using Stokes’ theorem on each open set, this reduces to

Sl = [ wat /b s+ [ = Ko @) (5.14)

~

where we have also used {K} = §{A"}. But since the 2-form w is globally defined, and
K3+ is constant throughout triple intersections, we have simply that

Slz] = /bw — Koy (5.15)

Moreover, we know that the Cech 2-cocycle {K} must be valued in integers, for consis-
tency’s sake. Hence,
e?miSle] = g2mi fbw, z = Ob. (5.16)
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That is, the action phase prescribed by (5.8) does indeed reduce to that prescribed by the
Witten construction. This argument generalizes straightforwardly to generic boundaries
and higher dimensions.

The action (5.8) we have defined, which is free of ambiguities over which local forms
to integrate, is moreover well defined on the fundamental class, ergo is a well-defined O-
invariant of X?. Indeed, let z and 2’ be two fundamental cycles on 3, and let ¢,z and ¢,z
be the corresponding cycles on G/H. Suppose that n subdivisions are enough to split the
simplices in both z and 2’ sufficiently.?? The difference in the action for the two cycles is
then 05 = S[SA" ¢.z] — S[SA™ p.2].

Using the facts that all maps are homomorphisms, that the 2 cycles z and 2’ are
homologous, and that 0 is a natural map, this simplifies to

58 = S[SA™ ¢ (2 — 2')] = S[SA" ,9b] = S[ASA™ p,b]. (5.17)

The shift in the action is thus expressed as a contribution on a boundary, which we have
already shown (5.16) reduces to [gqn 4 w0 = [4 gqn, @ = Jgqn ¢*w, where we used the fact
that the subdivision operator is also a natural map. Now, Sd" b is a (p+ 1)-chain on ¥P, so
pulling back w to the constituent simplices and integrating must yield 0. Hence the action
S is well-defined on [¥P] and XP.

Before we continue, let us pause to give more detail on the interpretations on the math-
ematics and physics sides in p = 1. Mathematically, given the quantization condition on
the closed 2-form w, the collection of 1-forms { AL} defines a connection on a U(1) principal
fibre bundle with base G/H, with w (or rather its pullback via the bundle map) being the
curvature of that connection [30].24 The quantization of w corresponds to the condition,
necessary for the existence of the bundle, that the first Chern class ¢; be an integer. The
action phase we have defined using local forms on G/H is, from the bundle perspective,
nothing but the holonomy of the connection on the cycle z. In physical terms, {AL} con-
stitutes a U(1) gauge field, with {Agﬁ} denoting gauge transformations on the overlaps,
and w being the gauge invariant electromagnetic field strength. The integrality of w means
that the magnetic flux through any 2-cycle is quantized. When G/H = SO(3)/S0O(2) is
homeomorphic to the 2-sphere, such that the cohomology is generated by a single class,
this is equivalent to Dirac’s quantization condition on the charge of a magnetic monopole.

5.2 Invariance and the Manton condition

With a consistent action for WZ terms in hand, we may now turn to the issue of invariance
under the action of the Lie group G. Indeed, in quantum field theory we would like the G-
action on G/H to be a symmetry of the path integral. We can use the left Haar measure to
define the path integral measure and so (at least in the absence of fermions and associated

20nce the chains are U-small, further applications of the subdivision operator do not change the value
of the action.

24In higher dimensions p > 1, A, is a p-form generalization of a background gauge field, also known as
a p-form connection [31]. The action phase becomes the appropriate higher dimensional generalization of
the holonomy [32].
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anomalies) we can, in what follows, concentrate our attention on G-invariance of the action
phase.

We already argued in section 5.1 that, when the worldvolume cycle z is the boundary
of a (p + 1)-chain, z = 0b, the action can be written as the integral of a (p + 1)-form
w over b, and so is invariant under the G-action when w is invariant under pullback by
the action of G. (As usual, we call such a form a G-invariant form on G/H.) However,
when the worldvolume cycle is homologically non-trivial, the action must be written in
the form of equation (5.8), with contributions from a slew of locally-defined p,p — 1,...
forms, so G-invariance of the action does not necessarily follow from G-invariance of w
alone. What is worse, it is difficult, a priori, to even imagine how a simple condition for
G-invariance can be obtained, given that the pullback of forms by the action of G on G/H
takes locally-defined forms out of the patches on which they are defined. Thus, there is no
simple notion of G-action on, let alone G-invariance of, locally-defined forms. Nonetheless,
there is a well-defined action of the Lie algebra of G on locally-defined forms, given by the
Lie derivative. By requiring invariance of (5.8) under this infinitesimal action, we will be
able to obtain a necessary and sufficient condition for invariance when G is connected.

Let us start by considering, for simplicity, the variation of the action (5.8) when p =
1 under an infinitesimal G transformation, generated by vector field X on G/H. A 1-
cycle that is not the boundary of a 2-chain in G/H must intersect at least three double
intersections in a good cover of G/H, so let us consider this minimal non-trivial possibility.
The action for a cycle z which intersects three double intersections U,g, Ug,, and U, is
given by (5.12), except that the triple intersection is now taken to vanish, U,gy = @. The
infinitesimal variation of the action is

dxS[z] :/ LxA(lx—LxAgB(Coyaﬁ)—F/ LxAé—LxA%V(C()’gV)—F/ LxA,ly—LxAga(coﬁa),
Cl.« (&

1,8 Cly
(5.18)
where Ly is the Lie derivative. Applying Cartan’s formula Ly = dvx + txd to the local
forms appearing in the action, we have

«

LxAé = LXxWq + dLXA(ll, and LxAgﬁ = LXdA?xﬁ = Lx(Al — Aé), (519)

since Agﬁ, &c., are just O-forms in p = 1, and since §{A'} = {dA°}. Hence, integrating
and using Stokes’ theorem, we are left with

5XS[z}—/ waa—i—/ waﬂ—i-/
1,a c1,8 c1

where in the second step we have used the fact that w, and therefore txw, is globally

LXWy = /wa, (5.20)
z

Y

defined. By a straightforward generalization, this applies for any 1-cycle z in G/H.

This argument for p = 1 generalizes straightforwardly to p > 1. For example, in p = 2,
a consistent topological term corresponds to a global closed 3-form w such that w, = dA2 on
patches, for locally-defined 2-forms {A42}. On double intersections we have A2 — A% = dA! 3
for locally-defined 1-forms {A}w}, which in turn satisfy Aéﬁ + A}iv + AL, = dAgﬁv on
triple intersections for 0-forms {Agﬁ,y}. Consider, for simplicity, a 2-cycle z contained
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within four open sets U,, Ug, U, and Us,?® which we write as a sum of U-small 2-chains,
Z = €30 + C28 + C2y + c25. The boundaries of these 2-chains provide the 1-chains over
which we will integrate { A} 5} (for example, Oc 4 is a sum of U-small 1-chains contributing
to €1,08s Cl,ay, and ¢ 45, &c.), and the boundaries of the resulting 1-chains provide the

points on which we evaluate {Agﬁv}' The action (5.8) for this cycle is then

S =% / 2=y / ALy + 37 A% (coasn), (5.21)
o C2 af Cl,ap affy

where we sum over all 2-chains, 1-chains, and O-chains just described. Taking the Lie
derivatives, using relations (from the tic-tac-toe table (5.7)) such as 6{A?} = {dA'}, and
using Cartan’s formula, we obtain

LxAi = LXwa-i-dbei, LXA}Iﬁ = Lx(Ai—A/ZB)—FdeA}Xﬁ, LXAgﬁ'y =1lx (A(l)[/B—FA/lBV—FA,lya) .
(5.22)
Again using Stokes’ theorem, the variation of the action reduces to

dxS[z] :/ waa—F/ wag+/ LXw7+/ LXw(;:/LXw, (5.23)
C2, C2.8 Cc2 €25 z

exactly as we found for p = 1. The equations relating the Cech-de Rham double cochains

Y

which appear in our action (which follow from consistency) will guarantee similar cancel-
lations in general p, such that

oxS[z] = /wa (5.24)

holds in general p.?

For the action to be invariant under all infinitesimal G transformations, fz txw must
therefore vanish for all vector fields X that generate the G-action, on all p-cycles z €
Zy(M,Z). From (3.1) we conclude that ¢:xw must be an exact form for all such X. In
other words, the interior product of w with each vector field must lie in the trivial de Rham
cohomology class

[txw]ar = 0, VX, (5.25)

where [-]gr indicates the de Rham cohomology class of a form.

We call the condition (5.25) the ‘Manton condition’, since its failure in the case of
p=1and G/H = T? which corresponds to the quantum mechanics of a particle on the
torus in a uniform B field, leads to the breaking of translation invariance, an ‘anomaly’
that was first appreciated by Manton [18, 19]. Manton’s derivation relied on an explicit
solution for the wavefunctions of the corresponding quantum mechanics problem. We now
see that it has a rather broad generalization to any homogeneous space sigma model in
quantum field theory, which can be phrased in terms of a simple, geometric condition,
whose derivation, serendipitously, does not require a solution of the field theory, but can

Z5This is the minimal possibility for a non-trivial cycle in p = 2.
26We note that the shift in the action reduces to an AB term. In fact this remains true even when G is
disconnected.
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be derived directly from the topological action. Explicitly, it may be understood as arising
from the requirement that the action be invariant for all cycles. This is non-trivial in a
general quantum field theory, because even defining the action for all cycles is, as we have
seen, non-trivial.

At the beginning of this subsection, we saw that, for homologically trivial cycles, G-
invariance of the action follows from G-invariance of the (p+1)-form w. At the infinitesimal
level, this is equivalent to the vanishing of the Lie derivatives, Lxw = 0. How does this
relate to the Manton condition? Applying Cartan’s formula to w, which is closed, tells
us that Lxw = duxw, and so left-invariance of w only implies that ixw is closed, but not
necessarily that it is exact. Hence, the Manton condition is a stronger condition than G-
invariance of w. When there exist non-trivial homology cycles, such that Hy(G/H,Z) # 0,
the weaker condition Lxw = 0 is insufficient for the existence of a G-invariant WZ term,
as we have already seen from the torus example. At least at the infinitesimal level, the
Manton condition strengthens the necessary condition of vanishing Lie derivatives to a
necessary and sufficient condition.

As a consistency check, we show that when all cycles are boundaries, i.e. when
H;y(G/H,Z) = 0 (such that the Witten construction can be applied), the Manton con-
dition is equivalent to Lxw = 0. We have already shown that the action (5.8) can in
this case be written as S[z] = [, w, where b is any (p + 1)-chain such that z = 9b. The
variation of the action is then dxS[z] = [, Lxw, which must vanish on all chains, so in-
variance is obtained if and only if Lxw = 0, using (3.1). To show that (in this situation)
this is equivalent to the Manton condition, we note firstly that if H,(G/H,Z) = 0, then
H,(G/H,R) = 0 too. But the real (smooth singular) cohomology is simply the dual of
real homology, and is moreover isomorphic to the pth de Rham cohomology. The latter
therefore vanishes, and hence the closed p-form ¢xw is automatically exact. Therefore, our
procedure is seen to be equivalent to (the homological version of) Witten’s construction in
all cases where the latter is valid.

We have shown that the Manton condition is necessary and sufficient for invariance
under infinitesimal G transformations generated by vector fields X. By arguments similar
to those given in section 4, this invariance extends at the group level both to the image
of the exponential map in G and thence to the component connected to the identity.
The Manton condition is thus both necessary and sufficient at the group level when G is
connected, as we here assume.

5.3 Injectivity of WZ terms

We have shown that there exists a consistent, G-invariant topological term for every closed,
integral (p + 1)-form w on G/H satisfying the Manton condition. We should be careful,
however, that this topological term may not be unique. Indeed, w = 0 is such a form,
and corresponds to, in general, a whole set of topological terms, namely the AB terms of
section 4. Thus, any non-uniqueness in w corresponds to an AB term. And so, there is a
map from such (p + 1)-forms w to WZ terms. We now show that this map is injective.

To do so, let b be any (p+1)-chain in G/H. Two (p+1)-forms w and w’ could yield the
same action phase only if they agree on cycles z = 9b for all b. But for such p-cycles which
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are the boundaries of (p+1)-chains, we can write the action phase directly using the Witten
construction as exp 27 [, (w’ — w), whence we would need [, (w'—w) € Z in order for the two
action phases to coincide. In fact, we will now show that [, (w'—w) would have to vanish for
all (p+ 1)-chains b. To wit, given any (p+ 1)-simplex o : AP*! — G/H, consider the maps
Ty : APTY 5 APHL 2 ¢, with ¢ € [0,1] and form the simplex o; = o o T;. The simplex
oy defines a chain, so the integral fot (w' —w) must be a continuous, integer-valued function
ont € [0,1]. But fgo (W' —w) = 0. Therefore, by continuity, 0 = fal (W —-w)= [ (W —w).
The integral thus vanishes on all simplices and thence vanishes on all chains. By (3.1),
this means that w’ = w. In other words, the only topological terms which can lead to the
same action phase on all cycles have w = 0, i.e. they are of AB type (where we know from
section 4 that the injectivity requirement leads to a quotient by closed integral d forms).

5.4 The classical limit and Noether currents

By Noether’s theorem, the invariance of the action under the action of a Lie algebra g
implies the existence of conserved currents, at least at the classical level. We now explore
the status of these currents in the presence of topological terms. We find an interesting
connection with the Manton condition. To wit, whilst the weaker condition of G-invariance
of w ensures G-invariance of the equations of motion, a corresponding Noether current exists
only when the stronger Manton condition is satisfied. Thus, the Manton condition, which
we derived as the condition for G-invariance of the quantum theory, has a physical vestige
even in the classical limit.

To derive the Noether currents associated with G-invariance, we take the variation of
the action (5.8) induced by the vector field €* (x) X,, where a runs over the vector fields
generating G, for some non-constant functions € (z). Recall that when the €* are constants
the action is G-invariant, and so the variation of the action will be proportional to the 1-
form de®. We can then read off the Noether current and deduce that it is conserved on the
classical equations on motion.

We first consider, for simplicity, p = 1, with the action given by (5.12) (i.e. evaluated
on a 1-cycle intersecting three double intersections). The variation in the local 1-forms is
given by Leax, AL = ¢2Lx, Al + 1x, ALde®. Since the action is G-invariant, the Manton
condition holds and there exists a set of globally-defined O-forms, f,, one for each vector
field X,, such that

Lx,w = dfq . (5.26)
Therefore, we may write
Leax, Al = d[e(fa + 1x,AL)] — fade®. (5.27)
The variation in the O-forms that appear in the action is
Leax,Ads = €"1x, (A} — Ap). (5.28)

The only piece that survives in the variation of the action (noting that we have already
used the fact that X generates a symmetry by writing ¢x,w = df,,) is

Sex Sl = — / fade®. (5.29)
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When the equations of motion hold, any field variation vanishes. We can integrate by parts
to deduce that df, = 0, and so the functions @, = f, are conserved on-shell and may be
identified as the 0-form Noether charges in p = 1.

In general p, the f, are (p — 1)-forms, and the variation of the action (on a generic
p-cycle z) induced by € (z) X, is

5ox S = — / e A . (5.30)
Again, when the equations of motion hold, we deduce that
df, =0, (5.31)

and so may identify the f, as the (p — 1)-form Noether currents corresponding to G-
invariance, with (5.31) being the equations for current conservation on-shell.?” In a Lorentz-
ian theory, we may obtain the conserved Noether charges by integrating the (p — 1) forms
fa over spatial hypersurfaces.

Thus, G-invariant topological terms in the action result in a shift of the conserved
currents. Now, let us examine more closely the role played by the Manton condition in the
argument just given. If the Manton condition does not hold, then the (p—1)-forms f,, while
guaranteed to exist locally by the Poincaré lemma, are not globally defined. Thus, there is
no way to patch together the locally-defined currents to make a bona fide, globally-defined,
conserved current.

Nevertheless, it is still possible that classical dynamics is G-invariant, even when the
Manton condition fails to hold. Indeed, we know that the equations of motion only feature
the (p+1)-form w. Thus, the classical dynamics will be invariant under the weaker condition
of G-invariance of w, but there will be no conserved current associated to X unless txw is
also exact.

For the example of particle motion on the torus in the presence of a uniform magnetic
field, specified by the electromagnetic field strength Bdx A dy (which is invariant under
U(1) x U(1)), with  ~ 2+ 1 and y ~ y + 1, the equations of motion have U(1) x U(1)
symmetry, but there are no conserved currents even classically, and in the quantum theory
the true symmetry is at most a discrete subgroup of U(1) x U(1). Indeed, as we saw in
section 2, the action phase for a cycle wrapping the y direction is e>™*5%0 which is invariant
under a translation x — z+a only ifa € {0,1/B,2/B,...,(B—1)/B} = Z/BZ (we recall
that consistency forces B to be an integer). A similar argument for a cycle wrapping the
direction shows that the full unbroken subgroup is (Z/BZ)2. The order B? of this subgroup
is of course the degeneracy of the ground state Landau level in the presence of a uniform
B field with periodic boundary conditions.

Finally, it is interesting to note from (5.26) that the contribution from the topological
term to the current is conserved off-shell if 1xw = 0, VX. This can only happen for
AB terms, as the following argument shows. Since G acts transitively on M = G/H, the

271t is usual, in the presence of a metric, to define a Noether current as a 1-form via the Hodge dual, viz.
ja = *fa, with df, = 0 being equivalent to divj, = 0. But since a metric is not presumed to be available,
we prefer to formulate Noether’s theorem directly in terms of the (p — 1)-forms f,.
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vector fields {X } span the tangent space TM at each point. Moreover, ¢x(w) = 0 implies
tx, (txy - (tx,(w))) = 0, where X1, Xo,..., Xy € TM. Hence, wis a (p + 1)-fold skew-
symmetric linear map that yields zero on all elements of TPT1 M, that is, it is the zero map.
Thus, off-shell current conservation implies (and is implied by) w = 0, such that the off-
shell conserved currents are in one-to-one correspondence with the AB terms classified in
section 4. In retrospect this is hardly surprising, since an arbitrary infinitesimal variation
of fields takes cycles into homologous cycles, on which the value of an AB term (but not a
WZ term) is unchanged.

5.5 Examples

5.5.1 The chiral lagrangian

In the case of the chiral lagrangian, describing the low energy limit of QCD with 3 mass-
less flavours of quarks, we have p = 4 and G/H = SU(3) x SU(3)/SU(3) = SU(3).
Since Hir(SU(3)) = 0, the homological version of Witten’s construction can be employed
and our classification suggests that the topological terms correspond to closed, integral,
SU(3) x SU(3)-invariant 5-forms. Now, no such form can be the exterior derivative of
an SU(3) x SU(3)-invariant 4-form, because SU(3) x SU(3)/SU(3) is a symmetric space
and all invariant forms are closed on such a space [33]. Hence the topological terms cor-
respond to integral classes in the Chevalley-Eilenberg cohomology of invariant forms [34]
(cf. section 6), which in turn (since G is compact and connected) correspond to integral
classes in H3,(SU(3)) = Z. Thus, there is a WZ term given by integrating an integral
SU(3) x SU(3)-invariant 5-form over any 5-chain bounding the 4-cycle ¢.[%4].

Though these results are superficially identical to those obtained by homotopical argu-
ments by Witten [8], there is a small, but significant, difference. If one fixes the worldvolume
to be homeomorphic to S4, then one may define the action by integrating the 5-form on
a 5-disk and the possible ambiguity that arises from the choice of 5-disk may be removed
from the action phase by insisting that the integral of the 5-form over any 5-sphere be inte-
gral. In our homological language, such 5-spheres correspond to a restricted set of 5-cycles;
it turns out that a 5-form whose integral over every cycle is an integer has an integral over
this restricted set of cycles given by an even integer. Thus, if one is only interested in
topological terms in a theory with worldvolume S*, one may safely take the 5-form to be
a ‘half-integral form’.?®

This fact, which corresponds to Witten’s observation [8] that ‘the normalization of
w is a subtle mathematical problem’, follows straightforwardly, provided one is willing to
accept that m5(S%) = m4(S%) = Z/2Z. Since SU(3) may be regarded as a fibre bundle
S3 22 SU(2) — SU(3) — SU(3)/SU(2) = 85,29 we have a long exact sequence in homotopy,
as well as a long exact sequence in homology arising from the Serre spectral sequence. Now,
the Hurewicz map h is a natural map from homotopy to homology, meaning that we have

281n fact, the same is true for any worldvolume manifold admitting a spin structure [35].
29T0 see this, note that SU(3) has a transitive action on unit vectors in C* with any such vector stabilized
by some SU(2) C SU(3).
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a commutative diagram
75(S%) —— 7w5(SU3)) —— 75(S°) —— ma(S3) —— m(SU(3))
hl hl (5.32)
H5(S%) —— H5(SU(3)) —— H3(S%) —— Hy(S®)

given explicitly by

7.)27. . 7 Vi 7.)27 —— 0
hl hl (5.33)
0 . 7 Vi 0.

The right-hand arrow in the square is an isomorphism by the Hurewicz theorem, while
the bottom arrow in the square is an isomorphism. A bit of algebraic su doku shows
that the top arrow in the square can only be multiplication by 2, so the Hurewicz map
75(SU(3)) — H5(SU(3)) must be given by multiplication by 2 as well. Hence the integral
of the 5-form over a cycle corresponding to a 5-sphere results in an even integer.

5.5.2 Beyond the minimal composite Higgs model

We now use our results to briefly discuss two WZ terms that have been claimed to exist in
the literature on non-minimal composite Higgs models and exploited for phenomenological
purposes [27, 36]. Recall that we have already seen there is a topological term for the
minimal composite Higgs model, but that it is of AB type.

For our first example, consider the model based on the homogeneous space G/H =
SO(6)/SO(5) = §5.30 Our classification shows that the effective lagrangian contains a WZ
term, corresponding to a closed, integral 5-form w, proportional to the SO(6)-invariant
volume form on S°, in agreement with [27]. The Manton condition is obviously satisfied,
because the fourth de Rham cohomology of S® vanishes; for the same reason, there are no
AB terms. Since the fourth homology vanishes, we can follow Witten’s construction and
write the action on ¥ = S4 as the (manifestly SO(6)-invariant) integral of w over a 5-ball
whose boundary is our worldvolume.

In the second example, our classification shows that there is in fact no WZ term. This
example is based on homogeneous space G/H = (SO(5) x U(1))/SO(4) = S* x St [36].3!
The problem here is that the closed, integral 5-form employed in [36] (which, again, is
just proportional to the volume form) does not satisfy the Manton condition. Indeed, the
interior product of the volume form on S* x S with the vector field generating the U(1)
factor can be pulled back to S* resulting in a form which is proportional to the volume
form on S%. This form is obviously not exact, and since the exterior derivative commutes
with the pullback, the Manton condition cannot be satisfied.

39The principal appeal of this model, compared to the minimal model, is that, since SO(6) is locally
isomorphic to SU(4), one can easily imagine a UV completion in the form of a (technically natural) strongly
coupled gauge theory with fermions.

31The principal appeal of this model was that the additional pseudo-Goldstone boson could explain a v
resonance observed at 750 GeV in LHC data. Sadly, this appears to have been a statistical fluctuation.
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The erroneous term in [36] was proposed based on a classification given by Weinberg
and d’Hoker [14]. As we show in section 6.1, this classification is invalid if G is disconnected
or if 74(G/H) # 0.

A fuller discussion of these terms, as well as others arising in composite Higgs models,
will be given in [28].

6 Computing the spaces of AB and WZ terms

Now we would like to summarize our classification, and also to show how the computation
of the space of possible terms may be achieved in a given case. The classification states that
there are two types of topological term in p-dimensional sigma models on G/H, subject to
our physical assumptions of section 3, which we have classified for general G/H (at least
for connected G). These are:

1. Aharonov-Bohm (AB) terms, classified by the quotient of the pth de Rham cohomol-
ogy by its integral subgroup:

Hg(G/H,R)/Hig(G/H,Z). (6.1)

2. Wess-Zumino (WZ) terms, classified by the space of closed, integral, (p+ 1)-forms on
G/H satisfying the Manton condition, that is

{we zPTNG/H,Z) | VX €gIfx € AP"H(G/H) s. t. ix(w) = dfx}, (6.2)
where ZPT1(G/H,Z) is the space of closed, integral (p + 1)-forms.

As we have seen, both the spaces of AB terms and WZ terms have the structure of an
abelian Lie group; addition in the group corresponds to addition of the associated actions
(or, equivalently, multiplication of the U(1)-valued action phases).

We now turn to the question of how to compute these two groups in a given case. The
group of AB terms (6.1) is relatively easy to compute, being directly related to de Rham
cohomology, for which a variety of tools are available. One of those, which is especially
pertinent here, is that when M = G/H and G is connected and compact, the pth de Rham
cohomology is isomorphic to the Chevalley-Eilenberg cohomology [34] obtained from the
complex of G-invariant p-forms on G/H under the exterior derivative d.

This complex is, moreover, useful for the computation of WZ terms, because they arise
as a subspace of the closed G-invariant forms on G/H in degree p + 1.

So, how do we compute the G-invariant ¢g-forms on GG/H (where we are interested in ¢
being p or p+1)? Starting from the Maurer-Cartan form on G itself, we form left-invariant
g-forms on GG by choosing a basis for the Lie algebra and taking ¢-fold wedge products of
the basis 1-forms. From these forms, one constructs well-defined (and G-invariant) g-forms
on G/H by restricting to the subset {2} which are projectable onto G/H, that is, those
) for which there is a unique g-form Q on G /H which pulls back to 2 under the canonical
projection onto cosets.
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At least if H is connected, the algorithm simplifies further to a computation at the level
of the Lie algebras of G and H, in that projectability is guaranteed by the local conditions
Ly = 0 and 1y = 0, for all vector fields Y on G generating right H transformations [34].
In this case, the cohomology of such forms under d is isomorphic to the relative Lie algebra
cohomology of g with respect to b [34].

Thus, if G/H is compact and H is connected, we may compute the space of AB
terms algebraically, by finding the pth relative Lie algebra cohomology, and quotienting
by integral classes. Moreover, given only that H is connected (G/H may now be non-
compact), we may compute the space of WZ terms by finding the space of (p+ 1)-cocycles
in the relative Lie algebra cohomology (over integers),3? and then restricting to the subset
that satisfy the Manton condition. This last step is not, in general, reducible to algebra.

How then, in practice, does one enforce the Manton condition? In fact, the Manton
condition is automatically satisfied for all vector fields X € [g, g] C g, and so need only be
checked for generators of the Abelianization of g, that is the quotient g/[g, g]. The proof
is as follows. For each vector field X € [g, g], one can write X = [Y, Z], for Y, Z also in
g. This, together with the identity [Ly,tz]a = t[y,zja (where a is any differential form),
implies that

LXW = Ly,z|w = Lytzw = d(rytzw), (6.3)

where in the second equality we used Lyw = 0, and in the final equality we used Ly =
tyd + diy and that d(tzw) = 0. This proves the claim. Furthermore, this argument gives
us an explicit construction for the Noether current (p — 1)-forms associated with those
vector fields X € [g, g]; we simply contract w with two vector fields Y and Z whose Lie
bracket is X. We find it striking that a local version of the result (6.3) was formulated by
Manton and collaborators, in the context of spacetime symmetries of gauge theories [37, 38];
however, considerations of the global topology of G and G/H, which have been central to
the present work (most evidently in the formulation of the Manton condition), were not
considered there.

As an important corollary, if G is a semi-simple Lie group (i.e. when g = [g, g]), the
Manton condition for G-invariance is necessarily satisfied for any G-invariant form; thus, in
this case, the computation of the space of WZ terms indeed reduces to algebra (assuming
only connectedness of H).

Finally, we address the subtlety that arises when the subgroup H is disconnected.
When H is disconnected, one can no longer restrict to the subset {Q2} of G-invariant forms
that are projectable to G/H using only local conditions (at the level of the Lie algebra).
Rather, one must check in addition that the putatively projectable form on G is in fact
invariant under the group of disconnected components of H. As an example in p = 1 of
the consequences of disconnected H for our classification, consider the difference between
quantum mechanics on $? = SO(3)/SO(2) vs. RP? = SO(3)/ O(2), the real projective

32An important distinction to note is that, unlike the AB group, the possible WZ terms are properly
classified by cocycles, not cohomology classes. Nevertheless, because these cocycles are a subspace of the
space of G-invariant forms on G/H, they are guaranteed to form a subspace of a finite-dimensional vector
space. Thus, even in the worst-case scenario, the computation of the space of topological terms can be
carried out in an algorithmic fashion.
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plane. The first case corresponds to the Dirac monopole, and there is a WZ term as we
have discussed, which can be established using the conditions above at the level of the Lie
algebra alone. But despite the fact that O(2) and SO(2) have the same Lie algebra, there
is no WZ term for SO(3)/ O(2), for the simple reason that any candidate SO(3)-invariant
2-form must be proportional to the volume form, and there is no volume form on the
non-orientable manifold RP2.

The reader may have noticed that of the examples we have discussed so far, none have
featured both AB and WZ terms. It is nonetheless easy to construct examples which do.
For example, consider quantum mechanics on G/H = R3/Z = S' x R? for which the
AB group is R/Z = U(1) and the WZ group is R. A highly non-trivial example featuring
both AB and WZ terms is provided by a Composite Higgs theory based on the coset
G/H = S0(6)/SO(4). We shall describe the topological terms in this model in [28].

6.1 Comparison with previous classifications

We have already given some indication of how our homological approach to topological
terms differs from a homotopic approach (which applies only for worldvolumes that are
homeomorphic to p-dimensional spheres). In this section, we comment in more detail on
how our classification compares with previous partial classifications of topological terms
presented in [14] and [15].

The classification by Weinberg and d’Hoker in [14] is based on homotopy and purports
to apply to arbitrary G/H, provided only that G is compact. The claim is that WZ terms
(defined there as terms in the lagrangian which shift by a non-vanishing total derivative un-
der the G-action) are in one-to-one correspondence with the (p+1)th de Rham cohomology
of G/H.

It is claimed in [14] that when the sigma model map ¢ : SP — G/H is not homotopic
to a constant map, one can nevertheless define the action as the sum of two pieces, as
follows. One piece is an action assigned to any one fixed representative in each homotopy
class; the other piece is the integral (as in the Witten construction) of a closed (p+1)-form
over a (p + 1)-dimensional submanifold (call it V) defined by a homotopy linking the map
¢ to the fixed representative.

This prescription is not only somewhat cumbersome (especially in cases where there
are infinitely many homotopy classes), but also leads to problems with G-invariance, as we
now discuss.

Let us start by considering the closed (p 4+ 1)-form. It is claimed in [14] that ‘The
group G acts transitively on the manifold G/H, so a G transform of a form define[s| the
same de Rham cohomology class.” The simplest example that shows this claim to be false
in general is given by G = Z/2Z acting on itself. We have that H{(Z/2Z) = R?, whose
2 generators may be represented by the 0-forms taking value unity on one component and
vanishing on the other. The G-action does not send these forms (nor their classes) into
themselves, but rather interchanges them.?> What is true is that the action of any g € G
on G/H (or indeed on any manifold on which it acts) is a diffeomorphism of G/H which

33To give a more physically-relevant example, the classification given in [14] also yields the wrong answer
for a non-minimal composite Higgs model based on G/H = O(6)/ O(5) = S®, featuring custodial protection
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induces an automorphism on de Rham cohomology and that when g is connected to the
identity the diffeomorphism is homotopic to the identity map and so induces the identity
automorphism on de Rham chomology, sending each class into itself.

Thus the specific claim in [14] would be valid if one additionally assumes that G is
connected. But even this further restriction is not enough to guarantee G-invariance of the
action, because the action of G on G/H moves the image of the worldvolume, but not the
fixed representative. Therefore, the G-action results in a new submanifold N’, which is
not the one induced from N by the action of G on G/H. As a result, G-invariance of the
(p + 1)-form does not guarantee invariance of the action.

This problem invalidates the classification given in [14] when 7,(G/H) # 0, and it
is far from clear how to fix it in a homotopy-based approach. But from the homological
perspective, the problem is already fixed: a topological term is possible iff. the Manton
condition (which is stronger than the condition of G-invariance of w) is satisfied. Moreover,
this condition is also valid for non-compact G.

Our examples of quantum mechanics on the torus and the composite Higgs model
based on SO(5) x U(1)/SO(4), where the relevant homotopy groups are non-vanishing,
show that, in many cases, the classification in [14] suggests the existence of a WZ term
when in fact there is none. But it is also quite possible that there do exist WZ terms
even when m,(G/H) # 0. Good candidates for G/H are those for which m,(G/H) # 0 but
G is semi-simple, such that the Manton condition is implied by G-invariance of w. The
Composite Higgs theory with p = 4 and G/H = SO(6)/SO(4) (for which 74 = Z), provides
such an example.

Turning to the other partial classification, it is claimed in a paper by Dijkgraaf and
Witten [15] that topological terms in a p = 2 sigma model with target space being a compact
group G (not necessarily connected or simply connected) are classified by H?(G,Z).

One can see that our classification agrees with that of Dijkgraaf and Witten [15] in the
case where G is semi-simple. In this case the Manton condition is necessarily satisfied,3*
and we are interested in the space of closed, integral, invariant 3-forms. In fact, Dijkgraaf
and Witten are considering chiral models with G x G-invariance; because G is a symmetric
space, every bi-invariant form is closed [33], and so the aforementioned space is in one-to-
one correspondence with the cohomology classes of integral, bi-invariant 3-forms. Finally,
because GG is assumed compact and connected, we have a one-to-one correspondence with
the 3rd de Rham cohomology group [34]. Our classification also contains, in general, AB
terms, but these vanish because H?(G,R) = 0. There is, however, a piece coming from
torsion, which is missed by our classification based on differential forms. The classification
based on differential characters [39] shows that it is just given by the space of maps from
the torsion subgroup, Ts, of Ho(G,Z) to U(1), which is itself isomorphic to T5. Putting
everything together we find, by the universal coefficient theorem for integral cohomology,

of Z — bb. Elements in O(6) that are disconnected from the identity send the volume form (and hence the
de Rham class) to minus itself, such that there is no O(6)-invariant topological term. We discuss invariance
of AB and WZ terms under disconnected groups in appendix C.

341n fact, when G/H = G/. is a Lie group, G being semi-simple implies H?(G,R) = 0, such that any
closed 2-form is necessarily exact.
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that the full space of topological terms is given by H3(G,Z), in agreement with Dijkgraaf
and Witten.

When G is not semi-simple, Dijkgraaf and Witten claim that a topological term is
given by “any differential character” and that the space of such terms contains extra pieces
“corresponding to generalized 6 angles on the torus H2(G,R)/p(H?*(G,Z))”. We certainly
agree with the second claim, since the generalized 6 angles are just our AB terms. But
we do not agree with the first part of the claim, because it neglects the requirement of
G-invariance. The differential characters include those corresponding to all closed, integer,
3-forms, whereas in fact only those satisfying the Manton condition lead to a G-invariant
action. Given our discussion in section 6, we see that it remains to check the Manton
condition on g/[g, g].

A simple example should suffice to highlight the discrepancy. Let G = U(1)3, for which
H3(G,Z) = H3(T3,Z) = 7, generated by the 3-form w = dx A dy A dz which integrates to
unity over the 3-torus (where z ~ x+ 1, y ~y+ 1, and z ~ z + 1). Exactly as we have
seen for quantum mechanics on the 2-torus, the Manton condition fails for each vector field
generating GG, and one cannot write down a G-invariant WZ term. Explicitly, the problem
is that one cannot write down an invariant action for cycles corresponding to non-trivial
classes in Ho(T3,7Z), corresponding to toroidal worldsheets.

7 Discussion

We have classified, from a homological perspective, the space of topological terms for a
generic non-linear sigma model on a homogeneous space G/H, assuming those terms can
be written in terms of local differential forms. We divide the space of such terms into two
parts, corresponding to contributions from (local) p-forms which are either closed or not
closed, and we have called these AB and WZ terms respectively. At least for connected
G, the physically-inequivalent AB terms are in one-to-one correspondence with the pth
de Rham cohomology of G/H, quotiented by the subgroup of integral classes. The WZ
terms are in one-to-one correspondence (for connected G) with those closed, integral, (p+1)-
forms whose interior products with the generators of the G-action are exact p-forms. This
condition for G-invariance, which we call the Manton condition, was derived by requiring
G-invariance of the action on all (smooth singular) homology p-cycles, which implies that
we allow worldvolumes of arbitrary topology (subject to the requirement that they be
smooth, orientable manifolds of dimension p).

Our formulation of topological terms started from representing worldvolumes by ho-
mology cycles. In general, homology groups contain both free and torsion subgroups, but
the effect of our insistence on writing the action using differential forms has resulted in the
torsion part being ignored. It is natural to ask whether such torsion elements in homology
can also give rise to topological terms in sigma models on G/H.

The answer is that they can, as we illustrate by means of an example. The quantum
mechanics of a rigid body may be described by a worldline on SO(3) =2 RP? (representing
the configuration space of the rigid body as described by, say, its Euler angles). The first
homology group of RP? is isomorphic to Z/2Z. At the level of the fundamental group
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(which, by Hurewicz’ theorem, is isomorphic to the first homology group), the non-trivial
element may be represented by a loop connecting a point in S% =2 SU(2) to its antipode
(which becomes a closed loop in SO(3) once we identify). Evidently, we can define two
distinct topological action phases by either associating a phase of unity to all loops (or
cycles) or associating unity to trivial cycles and negative unity to non-trivial cycles. The
physical interpretation is that, in the former case, the rigid body is bosonic, while in the
latter case it is fermionic. There is an elegant formalism, using differential characters,
which captures these torsion effects, in addition to the AB and WZ terms which we have
considered in this paper. The details will be described in a forthcoming work [39].

Even with such terms added, it is known that there exist yet more topological terms
for sigma models on homogeneous spaces, which cannot be captured by a homological
classification. To give just one example, consider a worldvolume homeomorphic to S* and
G/H = SU(2) = S3. Since m4(S%) = Z/27Z, there are two homotopy classes of maps and
one may define a non-trivial O-invariant action phase by assigning a phase of —1 to maps
¢ : S* — SU(2) in the non-trivial homotopy class. Since Hy(S3) = 0, it is clear that such
terms cannot be captured by a homological classification. The physics of such a term is
as follows [9, 40]. Since 73(S®) = Z, the theory contains solitons. A map ¢ corresponding
to a process in which a solition-antisoliton pair is created and the soliton is rotated by 27
before the pair annihilates lies in the non-trivial homotopy class. The topological term
may thus be interpreted as assigning fermionic character to the solitons of the theory.
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A Locally-defined Aharonov-Bohm terms

Suppose an Aharonov-Bohm term is defined from a set of closed p-forms which are at
first defined only locally on patches. How do we classify the corresponding physically-
inequivalent theories?

We content ourselves with an explicit analysis of the case p = 1; generalization is
straightforward, but tedious. Thus, we take {AL} to be a collection of closed 1-forms
defined on the open sets {U,}, satisfying AL — Aé = dAgﬁ on double intersections. We
define the action to be the p = 1 specialization of (5.8), regarding this locally-defined AB
term as a WZ term for which the (p+ 1)-form w = 0. Closure of { AL} means we can write
Al = dB,, using the Poincaré lemma, for local O-forms B,,. Define a set of O-forms Xap for
each double intersection by

Xaﬁ = Ba - Bﬁ - Agﬁ on Uag, (Al)

which can be written in terms of the Cech coboundary operator as {x} = 6{B} — {4°},
and are evidently antisymmetric. Using {A'} = {dB} and §{A'} = d{A°}, we have
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that dx.s = 0 throughout U,g, that is, the 0-forms X,z are in fact constants on double
intersections. Evaluating the action on a cycle z whose image intersects three double
intersections Uyg, Ugy, and U, q, gives

S[Z] = onﬂ(co,ozﬁ) + X,BW(CO,BV) + X’yoa(CO;ya)’ (A2)

where ¢ g &c. are O-chains whose images are in the double intersections. Thus, the action
is a sum over constants defined on double intersections.

The constant-valued Cech 1-cochain {x} is furthermore closed under the Cech cobound-
ary operator §. To see why, suppose our good cover on M contains non-vanishing triple
intersections, and consider a cycle z* whose image is contained in a particular U,g,. We
can therefore choose to write z* = ¢; ,, and integrate AL over the whole cycle, which yields
S[z*] = 0 because Al is closed and therefore exact on U,. But, the action is invariant
under repeated subdivision of our cycle, and so we could subdivide z* until it consists
of at least three 1-chains, and then choose to write Sd" z* = ¢1,o + 1,8 + ¢1,4, With the
boundaries between these 1-chains being a set of three 0-chains. The action then evaluates
to S[2*] = Xap + X8y + Xya Which is therefore equal to zero. This implies

{Xap} =0, (A.3)

and hence {x,s} is a Cech 1-cocycle valued in constants,?® and therefore defines a coho-
mology class [{xas}] € H2(M,R). Moreover, the action only depends on this cohomology
class, because it vanishes identically when evaluated on any Cech 1-coboundary (i.e. if
{xap} = 0{ea} = {€a — eg}, where e, are constant on the open sets U,). The space of
such locally-defined AB actions is therefore seemingly equal to the 1st Cech cohomology.

The Cech-de Rham isomorphism theorem then tells us the space of inequivalent actions
is just as well classified by the 1st de Rham cohomology of M, which we can show explicitly.
Because {x} is both Cech and de Rham closed, following Alvarez [17] we can “invert” §
to construct a set of O-forms B, out of the constants Xag such that B,y — Bﬂ = XaB ON
each double overlap (explicitl~y, B, = ZW XayD~, Where the collection of functions {p,} is a
partition of unity). That 6{B} = {x} follows only from the antisymmetry of x,g and the
cocycle condition. Then define a new set of local 1-forms {AL} = {dB,}. These satisfy
6{A"Y = §{dB} = d6{B} = d{c} = 0 using the commutativity of d and §. Hence the local
1-forms {A'} in fact agree on double overlaps and therefore define a global, closed 1-form.
The WZ action on the cycle z for this globally-defined 1-form is

Jar= [ A [ [ A= (BamBo)(coas)H(Ba-By) o+ (By—Ba) coa).
z Cl,« C1,B8 Cl,~v

(A.4)
which sure enough equals (A.2). The upshot is that, given locally-defined closed 1-forms
{A'}, the WZ action just evaluates to

Swylz] = //Nll, (A.5)

350f course, if our manifold doesn’t have any triple intersections, any Cech 1-cochain is trivially a 1-
cocycle because there are no nonzero Cech 2-cochains.
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for the global 1-form A' constructed out of {A'} via a partition of unity as above, which
is the action for an AB term (4.1). This argument generalizes to any cycle, and higher p.

B Consistency of the Wess-Zumino action phase

As we described in section 5.1, the action for a WZ term is written as a sum of integrals
of locally-defined forms (which are constructed from a closed (p + 1)-form w) over U-small
chains of the appropriate degree, and contained within the appropriate intersections of open
sets (which are constructed from the worldvolume cycle by repeated subdivision). In this
appendix, we show that the action (5.8) constructed in this way is free of any ambiguities
that might arise when there is a choice of locally-defined forms to integrate on a given
chain.

First consider a p-simplex o which is contained in a double intersection U,g, and on
which we can therefore integrate either A%, or A’é. The boundary of ¢ is the sum of two
(p — 1)-chains, which we denote e, and eg (that is o = e, + eg), which originate from
taking the boundary of ¢, and ¢, g respectively. If we choose to integrate A% on o, the

a_/Ap / APt (B.1)

If we choose to integrate A’é on o, the relevant pieces of the action are

-1
S5 = /UAg _/e At (B.2)

relevant pieces of the action are

The difference is

Sa—Sﬁz/ —az) / 4! _/ (A7 — AD — aarh, (B.3)

where in the second equality we have used Stokes’ theorem. Hence, the ambiguity vanishes
if {dAL; 1Y = §{AL}, as encoded in the tic-tac-toe table (5.7).

However, as we anticipated above, there are further ambiguities. Suppose there exists a
p-simplex o which is contained not just in a double intersection, but in a triple intersection
of open sets, Uypgy, and on which we can therefore integrate A%, AZ,, or AY. We suppose
that cq, cg, and cy all intersect U,g,, and that the boundary do is thus now the sum of
three (p — 1) chains, viz. 0o = e, + €3 + e, each originating from the boundary of ¢, 4,
¢p,3, and ¢, 5. To be concrete, let us consider the case p = 2, in which case o is a 2-simplex
at which the U-small 2-chains c,, cg, and ¢, meet, and e,, eg, and e, are 1-chains whose
sum is do. The boundaries of these 1-chains are themselves three O-chains (i.e. points),
call them A, B, and C, corresponding to the vertices of the 2-simplex o. Specifically, let
A be the point common to deg and de, let B be the point common to de, and Je,, and
C' be the point common to de, and deg. The situation is depicted in figure 1.
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If we choose to integrate, respectively, Aa,A% or A% on o, the relevant pieces of the
action are, respectively,

2 1 1 0
Sa:/Aa—/ Aaﬁ_/ AL 4 40, (A),
o eg ey

Sp = / A — / Ab — / Abo+ AR o (B), (B.4)
o ey eq

S,yz/Ag—/ A%a—/ Alg+ A 5(0).
o eq [F]

The difference between, say, S, and Sz is

Sa —Sp = /(Aa —Ap) - / (Aay + Ayp) = /  Aap+Aapy(A) — Aapy(B)  (BD)

, do—e,

(where we have suppressed the superscripts indicating the degree of the forms). This is
equal to

S — Sﬁ = /(Aa — Aﬁ — dAaﬁ) — / (Aay + A,y/j + Aﬂa — dAafg,y), (B.G)

€y

where Stokes’ theorem has been used twice, noting that A — B = e, (we obtain a permu-
tation of this expression for each pairwise difference of the three actions in (B.4)). The first
term is guaranteed to vanish given we have removed the ambiguity in (B.3). Hence, this sec-
ond ambiguity due to triple intersections vanishes, in general p, when {dAgg?y} =0 {AZEI},
again as encoded in the tic-tac-toe table (5.7).

In a similar way, the tower of terms that we have included in the action, and the
tic-tac-toe relations between them (5.7), are such that there are no ambiguities over which
form to integrate at any degree greater than zero, with the ambiguity in forms of a given
degree being removed by the presence of forms of one degree lower. In the case of general
p, schematically, one has to remove ambiguities arising from p + 1 diagrams, where in
the gth diagram we consider the ambiguities in our definition of the action when a p-
simplex is contained in a (q + 1)-fold intersection, for ¢ = 1,...,p + 1. For this gth
diagram, there will be ¢ + 1 possible ways of writing the action, and insisting that their
differences vanish thus yields ¢ independent constraints; (¢ — 1) of these constraints will
be satisfied by the conditions that arise from the preceding (¢ — 1) diagrams (which will
all be successive relations from the tic-tac-toe table), with the final gth constraint being
that {dAP~9} = §{AP~a+1}

C The case of disconnected G

In this appendix we discuss, as a somewhat technical aside, how the conditions for G-
invariance of both AB and WZ terms must be modified when G is a disconnected Lie
group. We first discuss the story for AB terms, and then WZ terms.
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Figure 1. In p = 2, there is a potential ambiguity in the action when a 2-simplex o in our U-small
chain complex lies in a triple intersection of open sets. In this diagram, U,, is the region to the left
of the curved red line, such that Im ¢, C Uy, and Ug (Uy) are the regions to the right of (below)
the curved blue (orange) lines respectively. The 0-, 1-, and 2-chains depicted are labelled as in the
main text.

C.1 AB terms

Let Gy be the normal subgroup of G given by the maximal component connected to the
identity in G. The group of components G/Gy is then a discrete group. A Go-invariant AB
term (constructed as in section 4) will be G-invariant iff. the corresponding closed p-form
A shifts by an exact form under the action of G/Gg, by (3.1). Indeed, the action on a
cycle z, S[z] = [ A, shifts to [ L}, A under the action of gGo € G/Gy, where in general
L7 denotes the action of G that is induced on forms via pullback of the action of g € G
on G/H. So the action phase will be invariant iff. [ ( 9Go — 1)A € Z for all z and for
all gGo € G/Gy.

This condition is inequivalent to the (stronger) condition that A be G/Go-invariant, as
the following example shows. Let G/H = O(2)/O(1) = S'. The action of the non-trivial
element in G/Gy = 0(2)/S0O(2) = Z/2Z sends the SO(2)-invariant 1-form bdx to minus
itself. Hence, we obtain an O(2)-invariant action upon integrating bdz iff. 2b is integral
(despite bdx not being an O(2)-invariant 1-form). But if b is integral, then we obtain a
trivial action phase. Hence the space of AB terms for O(2)/ O(1) are isomorphic with the
group Z/27, generated by dx /2.

This example illustrates that, even though the group of components is finite, one cannot
obtain the full set of G-invariant AB terms simply by averaging the p-form appearing in
a Go-invariant term with respect to the G/Go-action. Indeed, in this example, averaging
any such p-form yields 0.

C.2 WZ terms

Again let Gg be the normal subgroup of G given by the maximal component connected
to the identity in G. For WZ terms, we have shown in section 5.1 that the integral over
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a boundary may be written in terms of the (p + 1)-form w. So the action phase will be
invariant only if fb( ;Go —1)w € Z for all chains b. In fact, by the arguments of section 5.3,
we have the stronger requirement that f,( 9Go — 1)w = 0, for all chains b, which by
de Rham’s theorem (3.1) implies that w must be G-invariant. Thus G-invariance of w is a
necessary condition.

Evidently, G-invariance of w cannot be a sufficient condition, since it fails in the case
where G is in fact connected (in which case we need the stronger Manton condition if the
action is to be invariant on all cycles, not just those which are boundaries). It also fails
when w = 0, such that we are, in fact, describing an AB term. Indeed, we have already seen
that G-invariance of AB terms is automatic only when G is connected, and is otherwise
non-trivial.

It is, however, possible to establish that, when w is G-invariant, the shift in the cor-
responding topological term is itself a topological term, but of AB type. In other words,
it is always possible to write the shift in the action on a p-cycle in terms of an integral of
some closed, globally-defined p-form over the cycle. In particular, the shift due to g € G
of an AB term described by p-form A can be written as the integral of the closed p-form
(L; —1)A, and the infinitesimal shift of a WZ term described by (p + 1)-form w can be
written as the integral of the closed p-form ¢xw.

We postpone proof of this result, and exploration of its consequences, to [39], contenting
ourselves here with an illustrative example: consider quantum mechanics (p = 1) on G/H =
0(3)/0(2) = S2%. The action of the non-trivial element in G/Go = O(3)/SO(3) = Z/2Z
sends the SO(3)-invariant 2-form w to minus itself. The physics action in this case can
be written using Witten’s construction as the integral of the volume form over a 2-chain
b (representing a disk) bounding the 1-cycle representing the worldline. The shift in the
action may be written as fb( ;Go —Dw = -2 fb w, which must equal an integer. Shrinking
the worldline and disk to a point shows that it must equal zero, and hence w = 0.

We will return to the issue of the general classification of both AB and WZ terms for
disconected G in [39].
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