ADJOINT SELMER GROUPS OF AUTOMORPHIC GALOIS
REPRESENTATIONS OF UNITARY TYPE

JAMES NEWTON AND JACK A. THORNE

ABSTRACT. Let p be the p-adic Galois representation attached to a cuspidal,
regular algebraic automorphic representation of GL,, of unitary type. Under
very mild hypotheses on p, we prove the vanishing of the (Bloch-Kato) adjoint
Selmer group of p. We obtain definitive results for the adjoint Selmer groups
associated to non-CM Hilbert modular forms and elliptic curves over totally

real fields.
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INTRODUCTION

Context. Let F' be a CM number field, with maximal totally real subfield F*.
Fix an algebraic closure F of F' and a complex conjugation ¢ € Gal(F/F+). We say
that a cuspidal automorphic representation 7w of GL,,(A ) is of unitary type if it is
conjugate self-dual, i.e. if it satisfies the relation 7¢ = 7V. If 7 is conjugate self-dual
and moreover regular algebraic (a condition on 7, ), then for any isomorphism
L Qp — C there is an associated p-adic Galois representation

et Gal(F/F) — GLn(Qp),

characterized up to isomorphism by compatibility with the local Langlands corre-
spondence at each finite place of F. The conjugate self-duality of = implies the
existence of an isomorphism 7%, = 7/ ® e!=" where € is the p-adic cyclotomic
character.

This paper concerns the adjoint Bloch-Kato Selmer group of such a representation.
To define it, we note that if V' denotes the space on which r , acts, then the conjugate
self-duality of r, is reflected in the existence of a perfect, symmetric, and Galois
equivariant bilinear pairing

(,):Vex Vet - Q,.
1
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The existence of this pairing allows us to extend the adjoint action of 7, on End(V)
to an action of Gal(F/F™), where ¢ € Gal(F/F*) acts by the formula ¢- X = —X*
(and X* is the adjoint with respect to (-,-)).

We are interested in is the Bloch—Kato Selmer group

H{(F*,End(V)) =
{z € H'(F",End(V)) : 2, € H}(F;'ZEnd(V)) for all finite places v}

where H}(F;F,End(V)) is ker (H'(F,f,End(V)) = H'(F,},End(V) ®q, Berys)) for
v|p and H} (F,f,End(V)) for v { p.

General conjectures predict the vanishing of this group (see the introduction of
[AII16] for a detailed discussion of this in the present context). We are content here
to note that this group parameterizes infinitesimal deformations of r, , which are
at the same time conjugate self-dual and geometric, in the sense of p-adic Hodge
theory.

Our results. The following is the main theorem of this paper.

Theorem A. Let F' be a CM number field, and let m be a reqular algebraic, cuspidal
automorphic representation of GLy,(AFr) of unitary type. Let p be a prime, and let
L Qp — C be an isomorphism. Suppose that r,,ﬁL(GF(CpM)) is enormous, in the
sense of Definition . Then H}(F"’, adrr,) =0.

For some examples of enormous subgroups, see For example, we note that
our condition is satisfied for any m such that for some finite place v of F', m, is a
twist of the Steinberg representation.

We compare Theorem [A] with some other results in the literature that are proved
using related techniques. Kisin [Kis04] proved the analogue of Theorem |A|for the
Galois representations attached to classical holomorphic modular forms under some
mild conditions on the residual representation. Allen [AII16] proved a result similar
to Theorem @ but assuming a stronger condition on the residual representation 7 ,,
requiring in particular that it be irreducible (similar results were also obtained by
Breuil-Hellmann-Schraen [BHSI17]). These works use variants of the Taylor—Wiles
method, which is a powerful tool for studying the deformation theory of automorphic
Galois representations.

Our main motivation for this work was to prove a result valid under very weak
conditions on the residual representation. In particular, we allow the case p = 2 and
T, trivial, which is rather far from the cases allowed by [AIIL6]. For example, we
obtain the following results for 2-dimensional representations over totally real fields.

Theorem B. Let F be a totally real number field, and let p be a prime.

(1) Letm be a non-CM, regular algebraic automorphic representation of GLa(AF).
Then for any isomorphism ¢ : Qp — C, H}(F, adry,) =0.

(2) Let E be a non-CM elliptic curve over F, and let r,(E) : Gp — GL2(Q))
denote the associated p-adic representation. Then H}(F, adr,(E)) = 0.

We emphasise that no additional conditions are required in either case in order
to conclude the vanishing of the adjoint Selmer group.

There are three main innovations that allow us to prove a result like Theorem
[A] The first is a control theorem for studying the pseudodeformation theory of a
representation p : I' = GL,(Z,) of a profinite group I'. We recall that p has an
associated pseudocharacter tr p, which can be defined following either Chenevier
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[Cheld] or Lafforgue [Laflg] (the proof that these two notions are equivalent being
due to Emerson [Emel8§]). If the residual representation p is absolutely irreducible
then it is known that deforming tr p is equivalent to deforming p. In general any
deformation of p gives rise to a deformation of tr p, but the two notions are not
equivalent.

Here we use Lafforgue’s definition of pseudocharacter to show that that if p@z, Q,
is absolutely irreducible, then there is a reasonably strong link between deformations
and pseudodeformations with coefficients in the ring Z, & €Z,/(p"). Informally,
deformations and pseudodeformations are “the same”, up to bounded torsion which
depends only on the image p(T'). See Proposition for a precise statement.

The second innovation is the formulation, by Wake and Wang-Erickson [WWE19],
of functors of pseudodeformations satisfying deformation conditions (e.g. conditions
arising from p-adic Hodge theory). This is an indispensable tool for making an
effective comparison between pseudodeformation rings and Hecke algebras acting
on classical automorphic forms.

The third innovation is related to the use of Taylor—Wiles systems in our proof.
To make use of Taylor-Wiles systems in the study of automorphic forms with
integral coefficients, one needs to show that if ¢ is a Taylor-Wiles place, then the
space of automorphic forms with unramified level at ¢ is isomorphic to the space
of automorphic forms with Iwahori level at ¢, after localization with respect to a
suitable eigenvalue of the U, operator (see for example [CG18, Lemma 5.8]). One
can argue along these lines only if the residual representation p, unramified at ¢
by hypothesis, has the property that p(Froby) has distinct eigenvalues. This is
the reason for condition (2) in the statement of [Kis04, Introduction, Theorem)]
and of course excludes the case where p is trivial. Without this “independence of
q” statement, one does not have the finiteness conditions needed to carry out the
Taylor-Wiles patching argument, at least as outlined in [Dia97].

In his thesis, Pan [Panl9] introduced a surprising technique to circumvent this
issue. Building on Scholze’s interpretation of the Taylor-Wiles patching argument
using ultrafilters [Schi18|, Pan constructs a huge “pre-patched module”, and then
shows that using suitable Hecke operators it can be cut down to a size making it
suitable for use in the Taylor—Wiles argument. We have adapted his arguments
to our context (in some ways more elementary, since we work with fixed weight
automorphic forms, whereas [Pan19] works with completed cohomology).

Applications. Results such as Theorem [A] have applications to the geometry
of eigenvarieties, and this is one of the main motivations for proving them (as was
already the case for Kisin [Kis04]). This is because one can embed (at least locally
around an irreducible point) eigenvarieties inside deformation spaces of trianguline
representations. In many cases, the vanishing of H} (F*,adr,,) can be used to
prove that this embedding is in fact a local isomorphism.

For example, the vanishing of the adjoint Selmer group is a significant part of
what it means for a p-refined Hilbert modular form to be decent, in the sense of
[BHI1T], and therefore to admit a p-adic L-function with good interpolation properties.
Another application is that one can use an understanding of the geometry of the
eigenvariety to prove modularity results for Galois representations. This possibility
is already suggested in Kisin’s work [Kis03| (11.13)]. We will take this point of view
in [NT], where Theorem [A]is one of the key inputs to prove the automorphy of the
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symmetric power liftings of level one Hecke eigenforms (for example, Ramanujan’s
modular form A).

Organization of this paper. In Section [2| we establish our control theorem
relating pseudodeformations and deformations (up to bounded torsion), and set up
the Galois theoretic ingredients for the Taylor—Wiles method. In the short Section
[3] we prove a simple representation-theoretic result which controls the difference
between spaces of automorphic forms with hyperspecial and Iwahori level at Taylor—
Wiles places. In Section [4 we carry out our variation on the Taylor—Wiles method
(inspired by Pan’s work) and prove a special case of Theorem [A] Finally, the general
case of Theorem [A] together with Theorem [B] and some other applications are
deduced in Section [5| using base change and potential automorphy.
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programme (grant agreement No 714405). J.N. would like to thank Carl Wang-
Erickson for helpful discussions about the work [WWEI9]. We are grateful to the
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1. NOTATION AND PRELIMINARIES

If F is a field of characteristic zero, we generally fix an algebraic closure F/F
and write G for the absolute Galois group of F' with respect to this choice. If F'
is a number field, then we will also fix embeddings F — F,, extending the map
F — F, for each place v of F’; this choice determines a homomorphism Gp, — Gp.
When v is a finite place, we will write O, C F), for the valuation ring, w, € OF,
for a fixed choice of uniformizer, Frob, € G, for a fixed choice of Frobenius lift,
k(v) = Op,/(w,) for the residue field, and ¢, = #k(v) for the cardinality of the
residue field. When v is a real place, we write ¢, € G, for complex conjugation. If S
is a finite set of finite places of F' then we write Fis/F for the maximal subextension
of F unramified outside S and G s = Gal(Fs/F).

If p is a prime, then we call a coefficient field a finite extension E/Q, contained
inside our fixed algebraic closure Qp, and write O for the valuation ring of F, w € O
for a fixed choice of uniformizer, and k = O/(w) for the residue field. We write Co
for the category of complete Noetherian local O-algebras with residue field k.

If Ais aring and p: T' — GL,,(A) is a representation, we write ad p for M, (A)
with its adjoint T-action, and ad® p C ad p for the A[I']-submodule of trace 0 matrices.
We will use the self-duality adp x adp — A, (X,Y) — tr XY, to identify ad p with
its dual when we e.g. define dual Selmer conditions using Tate duality (see for
example .

If G is a locally profinite group and U C G is an open compact subgroup, then we
write H(G, U) for the set of compactly supported, U-biinvariant functions f : G — Z.
It is a Z-algebra, where convolution is defined using the left-invariant Haar measure
normalized to give U measure 1; see [NT16] §2.2]. It is free as a Z-module, with
basis given by the characteristic functions [UgU] of double cosets.

Let K be a non-archimedean characteristic 0 local field, and let 2 be an alge-
braically closed field of characteristic 0. We write Wx C G for the Weil group
of K and Ix C W for the inertia subgroup. We use the cohomological normali-
sation of class field theory: it is the isomorphism Arty : K* — W& which sends
uniformizers to geometric Frobenius elements. We use the Tate normalisation of



ADJOINT SELMER GROUPS OF UNITARY TYPE 5

the local Langlands correspondence for GL,,: it is the bijection reck between iso-
morphism classes of irreducible, admissible [GL,, (K )]-modules and isomorphism
classes Frobenius-semisimple Weil-Deligne representations over € of rank n which
is normalised as in [CTT4] §2.1].

If p: Gg — GL,(Q,) is a continuous representation (assumed to be de Rham
if p equals the residue characteristic of K), then we write WD(p) = (r, N) for the
associated Weil-Deligne representation, and WD(p)¥'=*¢ for its Frobenius semisim-
plification.

Definition 1.1. We say that a Weil-Deligne representation (r,N) is generic if
there is no non-zero morphism (r,N) — (r(1),N). We say that a continuous
representation p is generic if WD(p) is generic.

We note that if W D(p)F' =% is generic, then p is generic. It follows from [AIIT6]
Lemma 1.1.3] that if 7 is a generic irreducible admissible Q,,[GL,, (K )]-module and
WD(p)F=% =reck (), then p is generic.

If p equals the residue characteristic of K and V' is the E-vector space on which
p acts (for some E C Q, finite over Q,, with p(Gx) C GL,(E)), we have subspaces

Hi(K,V)C H)(K,V)C H'(K,V)

defined by

H}(K,V)=ker (H'(K,V) —» H'(K,V ®q, Berys))

H,(K,V)=ker (H'(K,V) - H'(K,V ®q, Bar)) -
We have H}(K, End(V)) = H, (K, End(V)) if and only if p is generic [AI16, Remark
1.2.9]. Similarly, if p does not equal the residue characteristic of K, we have a
subspace H. . (K,V) =ker (H'(K,V) — H'(Ik,V)). For notational compatibility
with the p-adic case we write H}(K, V)=H,.(K,V)and H)(K,V) = H'(K,V).
Then we again have H}(K,End(V)) = H; (K, End(V)) if and only if p is generic.

Let F' be a number field, and let S be a finite set of finite places of F', containing

the p-adic places Sp. Let r : Gp s — GLn(Qp) be a continuous representation, with
underlying E-vector space V. We have global Selmer groups

H}{(F,V)C H, 4(F,V) C H'(Fs/F,V)
defined by

H(F,V) = ker <H1(FS/F, V)= [[ H'(F,V)/H}(F,, V))
veS

Hgl,S(F’V) = ker <H1(FS/Fa V) - H Hl(Fv,V)/H;(FU,V)>
vES

=ker | H'(Fs/F,V) — [[ H'(F,,V)/H}(F,,V)
vES)

We note our convention that H!(Fs/F,*) denotes group cohomology for the group
GF,s. The group H} (F,V) does not change when S is enlarged (this is why we do
not record S in the notation).

If F is a number field and 7 is an automorphic representation of GL,, (A ), we say
that 7 is regular algebraic if 7., has the same infinitesimal character as an irreducible
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algebraic representation of Resp/q GL,,. We recall (cf. [BLGGT14} §2.1]) that if F°
is a totally real or CM number field, then a pair (7, x) comprising an automorphic
representation 7 of GL,,(Ar) and a Hecke character y : (FT)*\(Ap+)* — C*
is said to be polarized if there is an isomorphism 7¢ = 7V ® (x o Ng/p+) and, if
F is CM, then x,(—1) = (=1)™ for each place v|oco of F. (The sign condition of
[BLGGT14] in the case that F is totally real can be suppressed, as a consequence of
[Pat15, Theorem 2.1].) The automorphic representations of unitary type discussed
in our introduction correspond to polarized automorphic representations (7, 6% / )
where dp,p+ is the quadratic character for F'/ FT.

If (,x) is a regular algebraic, cuspidal, polarized automorphic representation,
then for any isomorphism ¢ : Qp — C there is an associated Galois representation
(we refer to [BLGGTT14, Theorem 2.1.1] for its properties)

Trw - GF — GLn(Qp)

If Fis CM, then r, , extends to a homomorphism 7, : Gp+ — G,(Q,), with
multiplier character vor,, = €' ="r, , (G, is the algebraic group defined in [CHTOS,
§2.1]; here the word ‘extends’ is interpreted following the convention described at
the top of [CHTOS| p. 8]). This defines an extension of the G action on adr, , to
an action of Gp+. More explicitly, if we fix a choice ¢ € G+ of complex conjugation,
there is a perfect, symmetric pairing (-,-) on QZ such that

(1o (0)0, 77,0 (0%)w) = (€173 (0) (v, w)

for all 0 € Gp,v,w € QZ and c acts on adr,;, = End(QZ) by X — —X*, where
X* is the adjoint with respect to (-, ).

2. PSEUDOCHARACTERS

In this paper we use Lafforgue’s notion of pseudocharacter for a reductive group
in the case of GL,, (see [LafI8| §11] or [BHKT) §4]), and Chenevier’s notion of
group determinant [Chel4]. In fact, these are equivalent, but both definitions are
useful. We will prove a new result about the deformation theory of pseudocharacters
(Proposition using Lafforgue’s point of view, while we follow [WWE19] in using
Chenevier’s definition to impose deformation conditions on pseudocharacters.

2.1. Pseudocharacters vs. determinants. We begin by recalling the relevant
definitions. Let I" be a group and fix n > 1.

Definition 2.2. A pseudocharacter of I' of dimension n over a ring A is a collec-
tion © = (O,,)m>1 of algebra homomorphisms ©,, : Z[GL|%» — Map(I'™, A)
satisfying the following conditions:
(1) For all k,1 > 1 and for each map ¢ : {1,...,k} — {1,...,l}, each f €
Z[GLE]GL", and each v1,...,v € I, we have

®l(fc)(’yla s aFYI) = @k(f)(’)/((l)a s 77{(k))?

where f(g1,...,q1) = f(9cq)s > 9eh))-
(2) For each k > 1, for each v1,...,vut1 €L, and for each f € Z[GLF]G | we
have

®k+1(f)(717 e 77k7+1) = @k?(f)(’)/la e 7’Yk’Yk+1)7
where f(g1,- -, gr+1) = f(91, -, GkGr+1)-
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If p: T — GL,(A) is a representation, then we can define its associated pseu-
docharacter t = (¢, )m>1 = tr p by the formula

tm(f)('717 cee 7'Yn) = f(p(’yl)a s ’p(’}/m))'

One can define the operations of twisting and duality on pseudocharacters in a way
compatible with the usual operations on representations. For example, let ¢ : GL,, —
GL,, be the involution given by i(g) = tg~1. If ¢ is a pseudocharacter, then we define
a new pseudocharacter t¥ by the formula tY,(f)(v1,---sYm) = tm(f) (Y1, - - s Ym),
where [’ € Z|GL;'] is defined by

f,(gl,"'agm) = f(l(g1),,2(gm))

If t = trp, then t¥ = trpV.

Similarly, if x : ' — A* is a character, then we define the twist t ® x by
the formula (t @ X)m (f)(Y1s---sYm) = f' (71, -,7m), where f' € A[GL"%Ln is
defined by the formula f'(g1,...,9m) = fOa ()91, s Xm(Vm)gm). If t = trp,
then t @ x = tr(p ® x).

Before giving the definition of group determinant, we fix some notation. Let A
be a ring and let A-alg be the category of commutative A-algebras. If M is an
A-module, then we write hy; : A-alg — Sets for the functor B— M ®4 B.

Definition 2.3. A group determinant of I' of dimension n over a ring A is a natural
transformation of functors D : har) — ha satisfying the following conditions on the
induced map B[I'l — B for every B € A-alg:

(1) D(1) =1.

(2) For any z,y € B[['], D(xy) = D(z)D(y).

(3) For any x € B[I'], b€ B, D(bx) = b"D(z).

If p: T' — GL,(A) is a representation, then we can define its associated group
determinant D(z) = det(p(x)) (where we extend p to a homomorphism p : B[['] —
M, (B) for any A-algebra B). We omit the formulae for the dual or twist of a group
determinant.

We now describe the relation between pseudocharacters and group determinants.
For each i = 0,...,n, let \; € Z|GL,]"" be defined by the equation det(X — g) =
S o(=1)*Xi(g) X"t If ¢ is a pseudocharacter, we have functions (i = 0,...,n)

th.r— A

given by the formulae tl1(y) = ¢;()\;)(y). By [Don92, §3.1], for any m > 1
Z[GL™]G% is generated as a ring by the functions A\;(gi, ... g:.) (r € N,1 <

i1,...,0r < m), together with det(g; ...gm) *. The axioms defining a pseudochar-
acter show that we have
(2.3.1) tm(Xi(giy -+ 90.)) (015 -, vm) =t (Ni9)) (Vi - - - i)
It follows that the functions ¢l (i = 0,...,n) together determine ¢.
If D is a group determinant, then we define functions (i = 0,...,n)
pDil:1r A

by the formula D(X —v) = Y1 ;(=1)!Dl(7) X"~ (evaluation of D over the
ring A[X]). The functions DI (i = 0,...,n) together determine D (by Amitsur’s
formula, cf. [Chel4l Lemma 1.12]).
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Theorem 2.4. For any group I' and ring A, the pseudocharacters t of dimension
n are in canonical bijection with the group determinants D of dimension n. This
bijection is characterized by the equality t! = DU for each i =0,... n.

Proof. See [Emel8| Theorems 4.0.1 and 5.0.1], which explicitly construct a bijection
between the two classes of objects. Suppose that t, D are associated. Then for
any v € I', t;(y) determines a ring homomorphism Z[GL,]%" — A, hence a ring
homomorphism ¢ (7)[X] : Z|GL,]%" @7 Z[X] — A[X]. We may think of det(X — g)
as an element of Z[GL,]" ®z Z[X], and the proof of [Emel8, Theorem 4.0.1] shows
that if v € T' then D(X — ) = t1(y)[X](det(X — g)). This equality is equivalent to
equalities DU (v) = tll(y) (i =0,...,n). O

We now discuss continuity. Suppose therefore that I' is a profinite group and A
is a topological ring. The definitions are as follows.

Definition 2.5. Let t = (t,)m>1 be a pseudocharacter. We say that t is continuous
if for each m > 1, t,, takes values in the set Map,,,(I'"™, A) of continuous functions
rm— A.

Definition 2.6. Let D be a group determinant. We say that D is continuous if
each function D (i =0,...,n) is continuous.

It is clear from the definitions that if p : I' — GL, (A) is a continuous representa-
tion, then tr p is continuous as a pseudocharacter.

Proposition 2.7. Let t = (t,,)m>1 and D be associated under the bijection of
Theorem[2.]} Then t is continuous if and only if D is.

Proof. In light of Theorem [2.4] it is enough to show that if ¢ is a pseudocharacter

such that each function t/ (i =0,...,n) is continuous, then t is continuous. This
is again a consequence of (2.3.1) and [Don92l §3.1]. O

2.8. Pseudocharacters vs. representations. Now let p be a prime, let E/Q,, be
a finite extension, and let T be a profinite group. Let p : ' — GL,,(O) be a continuous
homomorphism which is absolutely irreducible over E. Let t = (tm)m>1 = trp
denote the pseudocharacter associated to p. We consider liftings of p and of ¢ to the
ring A = O @ eE/O (with €2 = 0). Clearly if p' : I' — GL,(A) is a lifting of p, in
the sense that p’ mod (€) = p, then t' = trp’ is a lifting of . We want to show that
in fact deforming p in this way is not too far from deforming ¢.

We write a, : A — A for the O-algebra homomorphism which acts as multiplica-
tion by p¥ on the ideal (¢) C A. We will prove:

Proposition 2.9. There exists an integer ko > 0, depending only on p(T'), with the
following properties:

(1) For any lifting t' of t to A, there exists a homomorphism p' : T — GL,(A)
lifting p such that trp’ = ay, ot’. Ift' is continuous, then p' can be chosen
to be continuous.

(2) If pi, ps : T — GL,(A) are two liftings with tr pj = tr ph, then ag, o p} and
Qg © phy are conjugate under the action of the group 1+ eMyxn(E/O) C
GL,(A); and if X € M, xn(E/O) is such that 1 + €X centralizes p}, then
p* X is a scalar matriz.

For any m > 1, we define X,, = (GL,,0)™, and Y;, = Spec O[GL}]%L». We
write 7, : X, — Y, for the tautological morphism. We fix elements v1,...,v, € T
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such that p(v1),...,p(ym) generate a Zariski dense subgroup of p(I'). We may
assume that m > 2.
Let

=(g1,---,9m) = (p(n1),-- -, p(ym)) € X (O).
If 4,6 € T, then we define

z(y) = (p(1)s -+ -5 p(Ym)s P(7)) € X111 (O)
and

JZ(’}/, 5) = (p(’h)a A ap(er)’ p(’}/)’ p(d)) € Xm+2(o)'

We define y = mm (), y(7) = Tmi1(2(7)), and y(v,6) = Tmy2(2(7,9)). Before
going further, we recall the following lemma.

Lemma 2.10. Let 7: X — Y be a separated morphism of schemes of finite type
over a base S. Let G be a separated group scheme, smooth and of finite type over S,
and suppose that G acts on X in such a way that w is G-equivariant for the trivial
action of G on'Y . Then:

1) There is a canonical morphism Qx/y — Home,(Lie G,Ox) of coherent
/ s
sheaves of Ox-modules.
(2) If w is a G-torsor, then this morphism is an isomorphism.

Proof. Let e : X — G x X be the morphism z — (e,z), and let p: GX X — X xy X
be the morphism (g, x) — (z, gx). Then p o e is the diagonal embedding, and both
e and p o e are closed immersions. The sheaf Home, (Lie G, Ox ) may be identified
with the conormal sheaf of the morphism e (see e.g. [GP11) II, Lemme 4.11.7])
while {2x/y may be identified with the conormal sheaf of the morphism poe. The
existence of the morphism therefore follows from [Stal3, Lemma 01R4].

Now suppose that 7 is a G-torsor. In this case p is an isomorphism, and the
statement is immediate. (]

Let g = Lie PGL,, 0 and g* = Hom(g, 0), g%, = ¢" ®o Ox,,. We apply Lemma
to the morphisms 7y, : X3 — Yy, with G = PGL,, 0, to obtain complexes (not
necessarily exact) of coherent sheaves on Xj:

(*k) 1 0 = mQy, j0 = Qx, /0 — 8, — 0.
We observe that e.g. i% (%) is the complex
in(xm) 10 = TV = Ty Xm — g" — 0.

Here we write T, X,,, = i;{2x,, /0, by definition, and call it the Zariski cotangent
space of X, at the point z.

Lemma 2.11. (1) The complex (%m)[1/p] on Xm[1/p] is an exact sequence of
locally free sheaves above a Zariski open neighbourhood of the point y.
(2) The complex (*m+1)[1/p] on Xpmi1[1/p] is an exact sequence of locally free
sheaves above a Zariski open neighbourhood of the point y(y), for any v € T.
(8) The complex (km12)[1/p] on Xpi2[1/p] is an exact sequence of locally free
sheaves above a Zariski open neighbourhood of the point y(v,d), for any
v,0 €T

Proof. We show that m,,[1/p] is a PGL,, g-torsor above a Zariski open neighbourhood
of y. The same proof shows the analogous statement for the points y(v) and y(v, ),
and in each case implies the statement in the lemma (since a PGL,, g-torsor is in
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particular smooth). Let U denote the open subset of X,,[1/p] corresponding to
tuples (u1, ..., u,) which generate an absolutely irreducible subgroup of GL,,. Then
[Ric88, Theorem 4.1] shows that U is precisely the set of stable points of X,,,[1/p]
(for the action of PGL,, g). In particular, 7, (U) is an open subset of Y,,[1/p] and
U =7, (mm(U)). Each point of U has a trivial stabilizer for the PGL,, i action
(Schur’s lemma), so it follows from [BR85, Proposition 8.2] that mp, |y : U — 7, (U)
is a PGL,, g-torsor, as required. O

We can use the compactness of I" to upgrade the previous lemma to the following
uniform integral statement.

Lemma 2.12. We can find an integer ki > 0 with the following properties:

(1) The cohomology of the complex i (x,,) is annihilated by p**.
2) For any v € I, the cohomology of the complex i*,_\(*m+1) is annihilated by
z(7)

pr.

(8) For any ~,0 € T, the cohomology of the complex iy 6)(*m+2) is annihilated
by p*r.

Proof. The first part of the lemma follows by Lemma In fact, we can find
numbers k, k(v), and k(v, ) such that the requirements of each point of the lemma
are satisfied if k; is replaced by k, k(v), and k(~,d) in each case. What we must
show is that we can find k1 which exceeds k, k(v), and k(v,d) for all ,0 € I.

To this end, let us suppose that k, k(v), and k(v,d) have been chosen to each
take their smallest possible values. It suffices to show that k(y) and k(v,d) are
locally constant as functions of v,6 € T'. Since I' is compact, this will imply that

they are in fact bounded. This local constancy is a consequence of the second part
of Lemma 2.13] below. O

Lemma 2.13. Let Z be a scheme of finite type over O. If z € Z(O), we write
i, : Spec O — Z for the corresponding morphism.

(1) Let F be a coherent sheaf on Z such that F[1/p] is locally free on a Zariski
open neighbourhood V,, of z € Z[1/p]. Then for any z € Z(O), there exists
an open (for the p-adic topology) neighbourhood U of z in Z(O) such that
for any 2 € U, i5, F = iiF as O-modules.

(2) Let z € Z(O) and let

(*x):0=F = Fp— F3 =0

be a complex of coherent sheaves on Z, not necessarily exact, but such that
on a Zariski open neighbourhood of z € Z[1/p)

(x[1/p]) : 0 = Fi[1/p] — Fa[1/p] — F3[1/p] = 0

18 an exact sequence of locally free sheaves. Then there exists a p-adically
open neighbourhood U of z in Z(O) and an integer N > 0 such that for all
2 e U, pNH*(i*, (%)) = 0.

Proof. In each case we are free to replace Z by a Zariski open neighbourhood of the
closed point specializing z. We can therefore assume that Z = Spec B is affine. In
the first case we can assume that F corresponds to a finite B-module M and that
there is an exact sequence

B* - B® - M — 0.
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We may assume that F[1/p] has constant rank b — k on V,, so we get a continuous
map Z(O) N V,(E) = Myxp(O) N Myxp i (E), where Mgy C Maxp is the locally
closed subscheme of matrices of rank & (equivalently with vanishing (k4 1) x (k+ 1)
minors but at least one non-zero k x k minor). Note that Z(O) N V,(E) is p-
adically open in Z(0). We are therefore reduced to showing that any matrix
T € Myxp(O) N Myxp 1 (E) has an open neighbourhood U such that for T7 € U,
Ob/T'O% is isomorphic to O?/TO%. In other words, we need to show that there is
an open neighbourhood U in which the Smith normal form of 7" is constant. Let
m be the largest valuation of a non-zero minor of 7. Choosing U so that for any
T’ € U, the minors of T” are congruent to those of T modulo @w™*!, we see that the
Smith normal forms of T and T” are indeed equal. (Note that the assumption that
the E-rank is constant is necessary; otherwise we have the example of M = O[z]/x
at the point x = 0, where O is a limit of O/(w")’s.)

We now turn to the second part. It suffices to show that we can find an integer
N > 0 and a p-adically open neighbourhood U of z such that for all 2/ € U, p
annihilates ker(i¥, Fo — i%, F3)/im(if, F1 — %, F3). Our hypotheses imply that for
2’ in a Zariski open neighbourhood of z, this group is contained in the torsion
subgroup of ¥, Fo/im(i%, F1 — i, F2) = i, (Fa/im(F; — Fa2)), so the result follows
on applying the first part to Fa/im(F; — Fa). O

We are now in a position to prove Proposition Recall that we write A =
OdeE/O. It is helpful to first note that if X is a scheme over O and z € X (0O), then
the fibre of X(A) — X (O) above x is canonically identified with Homep (T X, E/O).

Proof of Proposition[2.4 Let the integer ki be as in Lemma [2.12] We will show
that we can take ko = 6k1. Taking the Pontryagin dual of i} (x,) and 7} ) Gamt1)
gives us, for any v € I', a commutative diagram

0—— g ®0 E/O ——— Homo(T; Xy, B/O) ——— Homo (T} Yy, E/O) —— 0

T | T

0—— g @0 /O —— Homo (T X1, B/O) —— Homo (T}, Yins1, E/O) —— 0.

The first vertical arrow is the identity, while the other two vertical arrows correspond
to forgetting the last entry in GL™"*. Both rows have cohomology annihilated by
p*1. Consequently the induced map

(2.13.1)
Hom@ (Tf(,y)Xm_;,_h E/O)

x

— Homo(T;Xm,E/O) XHomo(T;Ym,E/(’)) Homo(T;(A/)Yerl, E/O)

has kernel and cokernel annihilated by p?*t. In particular, given an element z of
the target we can define an element of the source unambiguously as follows: choose
a pre-image 2’ of p?*1z. Then 2" = p**12’ depends only on z and has image p**1 2.

Now suppose given a pseudocharacter ¢ over A lifting ¢. The data of the pseu-
docharacter ¢’ (more precisely, t;,,) determines an element 3y’ € Hom(T}Y,,, £/O).
We fix a choice of ' € Homp(T¥X,,, E/O) with image equal to p¥'y’. This
corresponds to a tuple of elements (gi,...,4,,) € GL,(A)™ lifting the element
(g1,--,9m) = (p(71), ..., p(vm)). If " is any other choice of element with image
equal to pF1y/, then p*1z — pF12” is in the image of g ®p E/O.
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The pseudocharacter t' also determines elements

y'(v) € Hom(T})(,)Ym+1, E/O)

for any v € T, and the pair (p*12’,p?*1y/(7)) lies on the right-hand side of .
We may define p/(y) uniquely as follows: it is the lift of p**(pFia’, p?F1y/ (7))
associated to the map (2.13.1). Then p’ : I' — GL,(A) has associated trace function
tr p’ = agg, ot’, and its conjugacy class under 1+eg®p F /O is independent of choices.
We can verify that p’ is a homomorphism (i.e. that it respects multiplication) using
the fact that ¢’ is a pseudocharacter, together with a diagram with rows corresponding
to elements z(vd) and z(v,9).

Now suppose given two liftings p}, p5 of p to A with trp}| = trpy = t/, say.
This implies that for each v € T', the tuples (pi(71),...,05(vm), pi(7)) (i = 1,2),
when identified with elements of Horrlo(T;(,Y)XerhE/O)7 have equal image in
Homo (T}, Ym+1, E/O). Consequently there is X, in g ®o E/O taking oy, of the
first tuple to oy, of the second. Passing to the top row of the commutative diagram,
we see that for any v,7" € T, we have pF1 (X, — X.,/) = 0, hence X = p" X, is
independent of v € T'. It follows that X takes awgy, o p] to agg, © ph.

It remains to verify that if ¢’ is continuous, then so is p’. It is enough to show
that for each s > 1, there exists an open subgroup N C T" such that p/(IV) takes
values in the subgroup 1+ w@®M,,(O) of GL,(A). Since Z[GL7" ! is a finitely
generated Z-algebra and I' is compact, there exists 7 > 1 such that ¢/, takes
values in Map(I'™*1, A,.), where A, = O @ ew"0O/O C A. Increasing s, we can
assume that s > r, that p'(v1),..., 0 (7m) lie in GL,(As), and that there exists
an open subgroup N C T such that for all v € N, p(y) € 1+ @*M,(O) and
a1 (V- Yms ) = 1 (Y1, -+, Ym, 1) mod w®A,. We observe that for v € N,
there is a commutative square

Hom@(T*(7>X,,,L+1,w‘s(’)/(’)) —— Homo (T} X, w *0/0O) x Homp (T

z ;(“/)

Homo (T} ) Xm41, @ *0/O) —— Homo (T Xim, @ *0/O) x Homo (T 1) Ymt1, @ *0/0)

KVL+17 w_bo/o)

where the horizontal arrows are the ones already considered in (suppressing
the subscripts indicating the fibre product to save space), and the vertical ones
are bijections arising from the identification between Homo(T;(v)XmH, w*0/0)
and the fibre of X,,11(O/w® @ ew*0/0) — X, 11(O/w?) above z(y) mod w?® =
2(1) mod w*. The horizontal arrows have kernels annihilated by p?**. Our assump-
tions imply that the elements of

Homo (T () Xm+1, @ °0/O)

and
HOIHO (Y—Vk(l)AXyn_l,_l7 wiSO/O)

x

corresponding to the images of p'(y) and p/(1) in GL,(O/w® ® ew *O/O) are
identified under the above bijection. This is what we needed to prove. O

2.14. Pseudocharacters — Galois deformation theory. We again fix a prime
p and a finite extension E/Q, with ring of integers O and residue field k. Let Co
be the category of complete Noetherian local O-algebras with residue field k.
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Let F' be a number field, and let S be a finite set of finite places of F', containing
the p-adic ones. Let p : Grs — GL,(k) be a continuous representation. Let D
denote the associated group determinant over k.

We write Defﬁs : Co — Sets for the functor which associates to each A € Cp the

set of continuous group determinants D of G g over A such that D mod my = D.
Proposition 2.15. The functor Defy ¢ is represented by an object Ry ¢ € Co.

Proof. See [Cheldl §3.3]. (This reference deals with the case O = W (k), but the
extension to general coefficients is trivial.) (]

Lemma 2.16. Fiz an integer ¢ > 0. Then there exists an integer go = go(S, D, q)
such that for any set Q of finite places of F such that |Q| < q, there exists a
surjection O[X1, ..., Xg] = Rp g00-

Proof. Let L/F denote the extension cut out by p, and let Mgy denote the maximal
pro-p extension of L unramified outside SUQ. Then there exists g1 = ¢g1(.59, 7, ¢) such
that the group Gal(Mgsyg/F) can be topologically generated by g1 elements (because
the dimension of the space H'(GL sug, k) can be bounded in a way depending
only on ¢). Moreover, any deformation of D to Gpsuq in fact factors through
Gal(Msug/F) (by [Cheldl Lemma 3.8]). The statement of the lemma follows on
applying e.g. the results of [Cheldl §2.37]. d

Now fix integers a < b, and let Sl[ﬁfg] denote the category of finite cardinality
Z, |G s]-modules M such that for each place v|p of F, M is isomorphic as Z, |G, ]-
module to a subquotient of lattice in a semistable representation of G, with Hodge-
Tate weights in [a,b]. This defines a stable condition in the sense of [WWE19,
Definition 2.3.1].

[a,b]

We write DefB s C Def g for the subfunctor which assigns to A € Co the set of

determinants D over A satisfying the following condition:
There exists a Cayley-Hamilton representation (O[GFrs], D) — (B,D")

(2.16.1) over A such that for each n > 1, B/m’ B lies in 51[51)’5], when equipped
with its left G s-action.

The notion of Cayley—Hamilton representation is defined in [WWE19, Definition
2.1.8]. We recall that it is an O-algebra homomorphism p : O[Grs] — B, where
B is a finitely generated A-algebra and D’ : B — A is a determinant such that
D’ o p = D and the associated Cayley—Hamilton ideal CH(D’) C B is zero. Note
that in this situation B is necessarily finitely generated as an A-module ([WWEI9L
Proposition 2.1.7]).

Proposition 2.17. The functor Def[ﬁa’l;] is represented by an object R%a’l;] € Co.

Proof. See [WWE19, Theorem 2.5.5]. O

Now suppose given a lift p : Gp g — GL,(O) of p with the following properties:

® p®p F is absolutely irreducible.
e For each place v|p of F, p|g,, ®o E is semistable with Hodge-Tate weights
in the interval [a, b].
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Let D denote the associated group determinant over O. Then D determines a
homomorphism R[ﬁa’g] — O. We write q for the kernel. Let W = adp, Wg =
W&o E, Wg/o = Wg/W, W,,, = adp ®o O/w™. We have a Selmer group
Hé[a,b] (F, W,,) defined by local conditions: if v ¢ S, we take the unramified subgroup

F,S
of HY(F,,Wy,), if v € § — S, we impose no condition and if v € S, we take the
subspace of H'(F,, Wp,) corresponding to self-extensions of p|a,, ®o O/w™ which
are subquotients of lattices in semistable representations with Hodge—Tate weights
in the interval [a, b].

Proposition 2.18. There exists a canonical homomorphism
(2.18.1) ty + H o (F, Win) = Homo(q/4°, O/w™).

F,S

Moreover, there is a constant ¢ > 1 depending only on p (and not on S, [a,b], or m)
such that for any m > 1, the kernel and cokernel of tr,, are both annihilated by p°©.

In applications of the proposition we will enlarge S by adding Taylor—Wiles places.
This is why it is important that the constant ¢ is independent of the set S.

Proof. We first describe the map tr,,. Let 4, = O @ ew "O/O C A= 0@ eE/O.
If £ > 0, then we write oy, : A,, — A, for the O-algebra homomorphism that sends
€ to pFe. A class [¢] € H;[a,b] (F,W,,) corresponds to an equivalence class of liftings

F,S

Pe - GF,S — GLn(Am)

such that py mod (€) = p and for each N > 1, ps mod w? € Sl[ﬁf’g] (this can be
seen by considering the extension of scalars along the injective ring homomorphism
Ay = O x O/w™[e] and using the fact that Sl[;g] is closed under taking sub-
Z,|Gr s]-modules). On the other hand, we can identify Homo(q/q%, O/w™) with
the pre-image under the map

Homoe (R[ﬁa’g ,Am) — Homoe (R[ﬁa’? ,0)

of the classifying map of D. The map tr,, is the one which sends [¢] to the classifying
map of the pseudocharacter tr pg over A,,. Note that multiplication by p* on either
side of corresponds at the level of representations (resp. determinants) to
composition with ay.

Next we analyze the kernel of tr,,. Suppose that trps = trp. Let kg be the
constant of Proposition it depends only on p(Gr,s) C GL,(O). Then we can
find X € M, (E/O) such that

(L4 eX)pprog(1 — X) = p,

or equivalently such that p*°¢ becomes a coboundary in H(F, Wg /o). Since the
kernel of H'(F,Wy,) — H*(F,Wg/o) is isomorphic to H*(F,Wg,0) ® O/w™, it
is killed by a uniformly bounded power of p and we see that the same is true for the
kernel of tr,,.

Now we analyze the cokernel of tr,,. This is more subtle. Let D’ be a determinant
of G s over A,, corresponding to an element of the right-hand side of . By
assumption, there exists a Cayley—Hamilton representation r : A,,[Gp s] — B and a
determinant D" : B — A,,, such that D’ = D" or, and the finite quotients of B lie
in & l[él ﬁ}. We may assume without loss of generality that r is surjective. According
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to the characterization of ker(D’) C A,,[GF,s] given by [Cheld] Lemma 1.19], we
have ker(r) C ker(D’).

By Proposition there exists a homomorphism py : Grg — GL,,(A) such that
the associated group determinant is ay, o D’. It also follows from Proposition
that the associated cohomology class [¢] € H'(F, W) is killed by multiplication
by w™pro (as tr(pmme) = tr(p)). We deduce that pko[¢] is contained in the
image of H*(F,W,,) in H'(F,Wg/0). So we may in fact assume that we have
ps : Grs — GL,(A,,) such that the associated group determinant is aoy, o D'.

We must show that there is ¢ > 0 depending only on p such that for each NV > 1,
acopy mod w? defines an object of El[fg] (as then p°[¢] is a pre-image under
of Q2kg+c © D/).

Let Ay = py(An|Grs]) C Mp(A,). Let ki > 0 be an integer such that
pF1 M, (O) C p(O[Grs]) (this exists since p ®p E is absolutely irreducible, by
assumption, and hence p(E[GF,s]|) = M,(E)). Then A, , contains P M, (A).
Indeed, let E;; denote the elementary matrix in M, (O) with entries 1 in the (4, j)
spot and 0 elsewhere. Then p*' E;; € p(O[GFrs]), so there is X;; € M, (O/=™)
such that p*' By 4 €X;; € Ag and p™ Ej 4 ep*' X;j € Ay, 4. After multiplying by
€, we see that pF1eE;; € Apri g for all (i, j), hence PP E;; € Apks -

Let D" : Apriy — A denote the determinant induced by the natural inclu-
sion Ak gy — Mp(Ap). If 2 € ker D', then [Chel4, Lemma 1.19] shows that
tr(zp* E;j) = 0 for all 4,5. (Here tr : M,(A,,) — A,, is the usual trace of an
n X n matrix, not a pseudocharacter.) Hence ker D" is contained in the intersection
of Ak g with M, (A;,)[p"], and is therefore annihilated by the homomorphism
gyt Mp(Am) = My (Ap).

It follows that there exists a commutative diagram of A,,-algebras

Ppk1g

An[Grs] A M, (A

| | -

B—— Am[GF,S]/ker(QZko-&-kl ] D,) E— Mn(Am)

Indeed, the quotient map A,,[Gr s] = An[Gr,s]/ ker(agk,+k, © D) factors through
B because ker(r) C ker(D’) C ker(agk,+k, © D'), and bottom right arrow exists
because aogyyk, © D' = D" 0 p,r; 4. The existence of this diagram shows that the
finite quotients of M,,(A,,), with induced action of A,,[GF s] by left multiplication

via p,2k; 4, satisfy condition Eg’g] (since this holds for finite quotients of B). This
implies that the finite quotients of aa, o py also satisfy the condition £ 1[5 ’g}. We
deduce that the cokernel of tr,, is annihilated by p?*o+2k1 O

2.19. Pseudocharacters — Taylor—Wiles data. We continue our discussion of
the Galois deformation theory of pseudocharacters, now focusing on what happens
when we impose conjugate self-duality conditions and allow additional primes of
ramification. We thus fix the following notation:

e pis a prime and E/Q,, is a coefficient field.
e F/FT is a CM quadratic extension of a totally real field.
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e S is a finite set of finite places of F'* containing the p-adic ones. We assume
that each place of S splits in F', and fix for each v € S a choice of place v
of F lying above v. We set S, = {v | v[p} and S = {7 | v € S}.

o r: Gpr s — Gn(O) is a continuous representation such that r|q, s ®o E
is absolutely irreducible. We set p = r|q,. s : Grs — GL,(0) and write D
for the group determinant of p and D for its reduction modulo @. We set
x = vor. The existence of r implies that the O[GF, s|-module structure on
W = ad p extends to an O[Gp+ g]-module structure (set W = adr, where
adr is defined as in [CHTOS8|, §2.1]), and similarly for Wg, W,,, etc.

e a < b are integers such that D defines a homomorphism R[Ea’bs] — O. Thus

for each v € Sp, plg,. ®o E is semistable with all Hodgeante weights in
the range [a, b]. Note that x|¢,  is then semistable and there exists w € Z
such that xe” has finite order. We assume moreover that a +b = w

Let Rg denote the quotient of R[ bl corresponding to pseudocharacters D’ such

that (D")¢ = (D')Y @ x|ap.s- Then p determines a homomorphism Rg — O, and
we write qg for its kernel.

We define Selmer conditions Lg = {£,} = {Ewm} for W, as follows: if v € S,
then £, is the unramified subgroup of H*(EF,}f,W,,). If v € S — S, then L, =
HY(E},Wy,). If v € Sy, then L, is the subspace of H(F,", W,,) corresponding to
self-extensions of p|g,. ®o O/w™ which are subquotients of lattices in semistable
representations with Hodge-Tate weights in the interval [a, b]. We define dual Selmer
conditions £t = {£} to be given by the annihilators of £, under local duality.

The corresponding Selmer groups are defined by

Hp (FT,W,,) = ker <H1 (FY, Wy,) — HH1 (EF, W) /,cv,m>

Hp (F*,Wp(1)) = ker <H1(F+ ) — HH1 (1)/L ) .

These Selmer groups are finite length (’)—modules. We denote their length by

hp o (FH,Win), hy (T, Wi (1)). Taking inverse limits with respect to the projection
S

maps Wy,+1 — W, and direct limits with respect to the injections W,,, = wW,,+1 C

Wint1, we also define Selmer groups with characteristic 0 and divisible coefficients:

Hp (FT, Wg) = (y_ mHy. (F* Wm)> ®o E
H}p (FT, Wgo) = h_r)nHﬁs (F™, Wh,).

Proposition has the following consequence:
Proposition 2.20. For each m > 1, there is a canonical homomorphism
(2.20.1) trp,s : Hp (F', W,,) = Homo(qs/9%, 0/@™).

Moreover, there is a constant d > 0 depending only on r (and not on S, [a,b] or m)
such that p® annihilates the kernel and cokernel of trp,s.

Proof. The map ([2.18.1)) is Gal(F/F™)-equivariant for the action on the left-hand
side induced by the Gp+ g action on W, and the action on the right-hand side
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defined as follows: the non-trivial element ¢ € Gal(F/F ™) acts on R[Ea’g] by sending
a pseudocharacter D’ to (D')*Y @ x|q,. s, and this induces an action on the right-
hand side of . Note that this action makes sense because of our condition
a + b = w. The right-hand side of (2.20.1)) is the c-invariants in the right-hand side
of (2.18.1)). The left-hand side of ([2.20.1)) maps to the c-invariants in the left-hand

side of (2.18.1) with bounded kernel and cokernel. This is enough. (]

Here is a variant that will be useful when it comes to deduce our main vanishing
result.

Proposition 2.21. (1) There is an isomorphism trps : Hp (Ft,Wg) —
Homo(qs/4%, E).
(2) The natural map Hy (F*,Wg) — H'(Fs/F*,Wg) identifies Hy (F*, Wg)
with the geometric Selmer group Hgl’S(F‘”‘, Wg)
(3) Suppose that for each v € S, plg,_is generic. Then H, s(Ft,Wg) =
HY(F*, Wg).

Proof. The first part follows from Proposition [2.20] by taking the inverse limit over
m and inverting p. The main result of [Lin07] implies that H}_(F*, Wg) classifies
(polarized) semistable self-extensions of pg. A de Rham self-extension of pg is
automatically semistable [Nek93| Corollary 1.27], so the second part follows. The
third part follows from the equality of the respective local Selmer groups in the
generic case. (I

For m’ > m the inverse image of L, .,y in H'(F,", W,,) under the map
Hl(Fjan) — Hl(Fijm’)

induced by the injection W,, — W, equals L, ,,. Indeed, the natural map
HY(Ff,W,,) = HY(F;},W,,) corresponds to pushing forward a GL,,(A,)-valued
lifting to GL,, (A, ), which preserves semistability (cf. the argument of [Ram93|
Proposition 1.1] — here are are writing A,, = O ® ew ™0O/O, as in the proof of
Proposition . We record a consequence of this in the following lemma.

Lemma 2.22. The natural map H (F*,Wy,) = H} (F*, Wg0)l@w™] is surjec-
tive.

Proof. We consider the commutative diagram with exact rows:

0———— Hp (F* W) ————— H' (Fs/F* W) ——————— @5, H'(FS . Win) /[ Lom

v

| J |

0—— Hp (F*, Wgjo)[@™]| —— H'(Fs/F*, Wg/o)[@™] —— @es, lim , H' (ES W)/ Lo

v

The central vertical map is surjective. The right vertical map is injective (by the
observation preceding this lemma). So the left vertical map is surjective. (]

If Q is a set of finite places of F'T and N is a positive integer, we say that @ is a
set of Taylor—Wiles places of level N (relative to r, S) if it satisfies the following
conditions:

e QNS =0.
e For each v € Q, v = ww® splits in F'; and p(Frob,,) has n distinct eigenvalues
Oy 1s- -y Oy p € O
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e For each v € Q, ¢, = 1 mod p*.

A Taylor—Wiles datum of level N > 1 is a tuple (@, C~2, (w1, aﬁn)ae@)v where
Q is a set of Taylor-Wiles places of level IV, @ is a set consisting of a choice, for each
v € Q, of a place v of F lying above v, and (a1, ...,a5,) is a choice of ordering
of the eigenvalues of p(Frobg).
Lemma 2.23. Suppose that the following conditions are satisfied:

(1) For eachv € S, plg,. is generic.

(2) For each place v|oo, x(cy) = —1.
Then there exists d > 0 with the following property: for every N > 1, every Taylor—
Wiles datum (Q,Q, (w1, Q5n)sc5) of level N, and every 1 < m < N, we
have:

hlLSUQ (F+7 Wm) <d+ hlﬁis—UQ (FJrv Wm(l)) + mn|Q| + Z Z Ordm(a57i - ai,j)'
vER iF]

Proof. Fix a Taylor—Wiles datum. By the usual Greenberg—Wiles formula, we have
Moug (FF W) = hipy  (FF Wi (1)) + hO(F T, W) = BO(FF, Wi (1)
+ ) (o — hO(F, Win)) = D U1+ ) Win),

veSUQ v|oo

7eQ

where l, ,, = (L, ) and [ denotes the length of an O-module. The contribution
from the infinite places is m[F'T : Q]n(n — 1)/2, up to a uniformly bounded error.
The global terms h(F+, W,,) and h°(F+, W,,(1)) are both uniformly bounded, the
first since p is absolutely irreducible and the second since p is absolutely irreducible
and p, p(1) have different sets of Hodge—Tate weights.

If v e Q, then (I, — h(F5, Wy,)) = hO(Fg, Wy, (1)) = h%(F5, W,,,), since we are
assuming m < N, and this is bounded above by nm + 3, ords (a5, — ag,;). If
v €S —S,, then (I, — h°(F5, W,,)) is uniformly bounded, by [AII16, Proposition
1.2.2].

Finally, suppose that v € Sp. Let RE’[a’b] € Co denote the object representing the
functor of lifts of p|g . whose projections to Artinian quotients are subquotients of
lattices in semistable representations with all Hodge—Tate weights in the interval [a, b].
The representation p|a & determines a homomorphism RE bl o 1f q, denotes its
kernel, then by definition we have L, — h®(Fg, Wy,) = 1(q,/9% @0 O/@™) — mn?.
We wish to show that I, — h%(F5, W,,) — m[F,S : Qpln(n — 1)/2 is bounded
independently of m. This in turn will follow if we can show that q,/q? ®o E has
dimension n? + [F,} : Q,]n(n — 1)/2 as E-vector space.

However, the argument of [Kis09, Proposition 2.3.5], together with [Liu07, Con-
jecture 1.0.1] (stated as a conjecture but proved in that paper), shows that the
completed local ring of RE Lab] q g, represents the functor Cp — Sets of lifts of
ol Qo F whose Artinian quotients are semistable with all Hodge—Tate weights in
the interval [a, b]. The tangent space to this functor (which is equal to q,/q% ®e E) is
computed in the proof of [All16, Theorem 1.2.7], which gives the desired result. O

Lemma 2.24. Suppose M is a finitely generated O-module and let N > 1 and
d,g > 0 be integers. Suppose we know that for all m < N we have

(M/w™) < gm+d.
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Then there is a map O9 — M /™Y with cokernel of length < d.

Proof. We prove the lemma by induction on the number of generators of M. The
lemma is obvious if M is cyclic. For a general M, we can first replace M by M /w’v
without changing anything. Now let M’ = M/C where C is a cyclic submodule of M
of maximal length and let N/ < NN be the maximal length of a cyclic submodule of M’.
It suffices to prove that there is a map O9~!' — M’ /w™N' = M’/w™ with cokernel
of length < d. For all m < N’ we have [(M'/@™) = l(M/@w™) —m < (g —1)m +d.
By induction, we have the desired map ©O9~1 — M’/ O
Corollary 2.25. Suppose that p satisfies the hypotheses of Lemma |2.23, Then

there exists d € N such that for all N € N and every Taylor—Wiles datum of level
N, there is a map

onel _ HESUQ(FJerN)
with cokernel of length < d +hy,,  (F*, Wi (1)) + X ,c0 Yz Ordw(ag,; — oz ;).
sSu

Proof. Using Lemmal[2.23]and Lemma[2.24] we see that it is enough to find do,d; € N
such that for any 1 < m < N and any Taylor—Wiles datum of level N, we have

(2.25.1) W(Hp oo (FYWN)/(@™) < hpgo (F7, W) + do
and
(2.25.2) hlﬂéuQ(Fi Win(1)) < hl%uq(F*, Wi (1)) +dy.

We treat these in turn. For the first inequality, we note that Lemma shows
that the map
HESUQ (F+’ Wm) - H»:Cl‘/SUQ (FJr? WE/O)[wm]
is surjective, with kernel a subquotient of H(F* W o). It follows that there is a
surjective homomorphism
Hpg,o(FY W) /(@™) = Hpy o (FF, Wio)l@™]/(@™)
with kernel a subquotient of H?(F+, W /o). Since we have
UHE g o (FT Wejo)l@™]/(@™)) = U(HL,,(F", Wg/o)[@™]),

we see that (2.25.1)) holds with dy = RO (F*, Wg/0).
For the second inequality, we note that the kernel of the natural map

(2.25.3) HY(Fs/F* , W,,(1)) = H' (Fs/F*, Wx(1))
is contained in the kernel of the map
HY(Fs/F*, Wy, (1)) — H' (Fs/F*,Wg,0(1)),

which is a subquotient of HO(F+, Wg so(1)) (which is finite, by the same argument
showing boundedness of h®(F+ W, (1)) in the proof of Lemma [2.23). We see

that will hold with dy = h®(F*, Wg/0(1)) provided that the map
sends HﬁéuQ (F*,W,,(1)) into Hééu@ (FT,Wnx(1)). Recalling the definition of
our local conditions, this means we must show that if v € S,, then the map
HY(F}, Wn(1)) = HY(F},Wx(1)) sends £;,,, to Ly y. By duality, we must show
that if v € S, then the map H'(F,”, Wy) — H'(F,", W,,) induced by the surjection
Wy — Wy, sends L, ny into L, . However, this follows immediately from the
definitions. O
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For Corollary [2.25] to be useful, we need to be able to find Taylor-Wiles data
with good properties. To do this, we first introduce a useful definition.

Lemma 2.26. Let H C GL,(O) be a compact subgroup, and suppose the charac-
teristic polynomial of every element of H splits over E (this condition is always
satisfied after possibly enlarging E ). Denote the associated representation of H by
p, so we have O[H]|-modules W = ad p, Wi, Wg,o as above. Then the following
conditions are equivalent:

(1) For all simple E[H|-submodules V C W% = ad’ p® E, we can find h € H
with n distinct eigenvalues and o € E such that o is an eigenvalue of h and
trepoV # 0 (where e € Wg denotes the h-equivariant projection to the
a-eigenspace).

(2) For all simple E[H]-submodules V. C Wg, we can find h € H with n distinct
eigenvalues and o € E such that o is an eigenvalue of h and trep, oV # 0.

(3) For all non-zero E[H|-submodules V. C Wg, there exists h € H with n
distinct eigenvalues such that V ¢ (h — 1)Wg.

(4) For all non-zero divisible O[H]-submodules V- C Wg,o, there exists h € H
with n distinct eigenvalues such that V ¢ (h —1)Wg,o.

Proof. We note that (1) and (2) are equivalent because the scalar matrices Zp C Wg
give a complement to W}% in Wg, and the condition trey, Zg # 0 is satisfied for
any regular semisimple element h € H and eigenvalue a € E.

If h € GL,(O) has n distinct eigenvalues, then it acts semisimply on Wg. In
particular, there is a unique h-invariant direct sum decomposition Wg = W}% @
(h—1)Wg. If V C Wg is a h-invariant subspace, then there is a similar direct sum
decomposition V = V" @ (h — 1)V. The condition that there exists an eigenvalue
o € E of h such that trep oV # 0 is equivalent to the condition that the projection
of V to W2 is non-zero, or equivalently that V" 2 0. This is in turn equivalent to
the condition that V' ¢ (h — 1)Wg. This shows that (2) and (3) are equivalent.

Now we show that (3) and (4) are equivalent. For this we note that there is a
GL,,(O)-equivariant, inclusion-preserving bijection between the E-subspaces of Wg
and the divisible O-submodules of Wg,o; this sends V C Wg to V + W/W and
V' C WE/O to

V={veWg|Vn>0,o "vmod WeV'}

The proof in this case is complete on noting that (h — 1)Wg corresponds to (h —
1)Wg,o under this bijection. O

Definition 2.27. We say that a subgroup H C GL,(O) is enormous if for all
simple E[H]-submodules V. C Wg, we can find h € H with n distinct eigenvalues in
E and o € E such that o is an eigenvalue of h and trep oV # 0.

Remark 2.28. The above is a natural analogue of the definition of enormous sub-
groups in positive characteristic [KT17, Definition 4.10]. In contrast to the positive
characteristic case, we do not need to assume any vanishing of cohomology groups for
H. The necessary vanishing will follow from the purity of our Galois representations
(see [Kis04, Lemma 6.2], this goes back to Serre for Tate modules of abelian varieties
[Ser7)).

Lemma 2.29. Let H C GL,(O) be an enormous subgroup. Then H acts absolutely
irreducibly on E™, and in particular we have HO(H,W2) = 0.
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Proof. We need to show that the E-linear span of H in Wg is everything (by
Burnside’s theorem on matrix algebras). Consider

U={ueWg:tr(hu)=0 Vhe H}.

If U is non-zero, let V be a simple E[H]-submodule of U so we have an h € H with
o € E such that trep, oV # 0. This is a contradiction, since ey, o is a polynomial in
h. We conclude that U = 0 and since the trace pairing on Wg is perfect the span of
H is indeed Wg. (Compare with [Thol2l Appendix, Lemma 1].) O

Lemma 2.30. Let ¢ > corankp H'(Fs/F™, Wg0(1)), and suppose that p satisfies
the following conditions:
(1) For all but finitely many finite places vt S of F, the eigenvalues of p(Frob,)
are algebraic numbers which have absolute value q}f}/z
complex embedding.

(2) p(Gr(c,)) is enormous.
Then there ezists d € N such that for any N € N we can find a Taylor-Wiles datum
(Q,Q, (ow1, ... 7a'ﬁ,n)'ﬁe@) of level N with |Q| = q such that
(1) for allv € Q and i # j we have ord (0w, — ag ;) < d
(2) hL, (FF,Wy(1)) <d.
SUQ

with respect to any

Proof. If ) is a set of Taylor—Wiles places then we have an exact sequence
0= Hpy (FFWy(1) = Hp (FF Wy (1) = D H' (k(v), Wa (1)).
vEQR
Suppose we could find o1,...,04 € GF(¢,) such that

(a) for each i =1,...,q, p(o;) has n distinct eigenvalues in F;
(b) the kernel of the map

q q
H'(Fs/F*, Wg0(1)) = @ H(Z,Wg/0(1)) = @ Wg/0(1)/(0: = )Wg/0(1)
i=1 i=1
(product of restriction maps associated to the homomorphisms Z-G F.8
the i*" such homomorphism sending 1 to ;) is a finite length O-module.

Then consideration of the following diagram:

0 —— HY(FT, Wg,0(1)) /o™ —— HY (Fs/Ft, Wy (1)) — H (Fs/F*, Wg,0(1))[@"] — 0

J | J

0= @i, H'(0:), Wryo(1)) /@™ = @7, H' ({0:), Wn (1)) = @, H' ({0:), Wr/0(1))[@™] =0
shows that the kernel of the map
H'(Fs/F*, Wx (1)) = & H" ({0:), Wn (1))

has length bounded independently of N (note that H(F*,Wg,0(1)) is a finite
length @-module). An application of the Chebotarev density theorem would then
yield the theorem.

To complete the proof, it therefore suffices to show that for any non-zero homomor-
phism f: E/O — H'(Fs/F*,Wg/0(1)), we can find 0 € Gp(c,) such that p(o)

has n distinct eigenvalues in E and Resi’;ts of i E/O = Wg0(1)/(c—1)Wg,0(1)
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is still non-zero (as then we can argue by induction to get oy,. .., 0, satisfying con-
ditions (a), (b) above).

Let Foo = F((p=), let L_/FT be the extension cut out by Wg(1), and let
Lo =L, - Fy. Then HY (L' /F*,Wg(1)) = 0, by [Kis04, Lemma 6.2]. (It is
in our appeal to this result that we make use of the purity assumption in the
statement of the lemma.) The extension Lo, /L., is finite (as E(edp/p+) C Wg(1)),
s0 H'(Loo /F*,Wg(1)) = 0. It follows that H' (Lo /F*, Wg,o(1)) is killed by a
power of p and hence the homomorphism

Resg”™ " of : B/O —H(Fs /Lo, Wgo(1))%r+:s

Loo’SL
= HOHlGF_*_YS(GLO(MSLOQ , WE/@(l))
is still non-zero. Let M C Wg,0(1) be the O-submodule generated by the elements
f(z)(o), x € E/O, 0 € Gr_; it is a non-zero divisible O[Gp_]-submodule of
Wg/o(1). Using Lemma we see that there exists 0 € G such that p(o) has
n distinct eigenvalues in E' and M ¢ (0 — 1)Wg,0(1). Consequently, there exists
m >0 and 7 € G such that f(1/@™)(1) & (0 — 1)Wg,0(1).

If f(1/@@™)(0) & (0 —1)Wg/o(1), then we're done: ReSZI;Jr’S of is non-zero.

Otherwise, we can assume f(1/@™)(0) € (0 —1)Wg/o(1), and then Resix’s of is
non-zero. This completes the proof.

Putting everything together, we obtain:

Corollary 2.31. Let ¢ > corankp H!(Fs/F ™, Wg0(1)), and suppose that p satis-
fies the following conditions:
(1) For all but finitely many finite places v1 S of F, the eigenvalues of p(Frob,)

/2 with respect to any

are algebraic numbers which have absolute value qy
complex embedding.
(2) For eachv € S, pla,. is generic.
(3) For each place v|oo of F, x(c,) = —1.
(4) p(Gr(c,=)) is enormous.
Then there exists d € N such that for each N € N we can find a Taylor-Wiles

datum Qn of level N with |Qn| = ¢ and a map
O[[Il, ey Inq]] — RSUQN

such that the images of the x; are in qsug, and

qSUQN/(q%UQvila cee 7an)

is a quotient of (O/w®)%, where gy = go(S,P,q) is as defined in the statement of
Lemma 216

Proof. Combining Proposition Corollary and Lemma we deduce that
there exists a constant d such that for each N we can find @y of level N and an O-
module map O™ = qsuqy /d3ug,y @0 O/w™ with cokernel killed by w? (note that
the two O-modules qsuQN/qgquN ®0 O0/w and Home (qSuQN/qzsUQN, O/w") are
abstractly isomorphic). This allows us to define a map Ofz1,...,Zne] = Rsugn
with the 2; mapping to images of generators of O™ in qsuQy /dzuq,y @0 O/w?,
so that
qSUQN/(qquN’Ila s ’xm}) ®o O/wN
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is killed by @? We need to explain how to deduce the slightly stronger result
in the statement of the corollary. We first note that qsug,/ q%UQN is a quotient
of 0%, Indeed, it is a finitely generated O-module, and there is an isomorphism
qSUQN/q%'UQN ®Ro O/w = mRSUQN/(m%SUQN,w), so we can apply Nakayama’s
lemma together with Lemma [2.16

We may assume that N > d. In this case M = qquN/(q%UQN,xl, ceyTpg) 18
a quotient of O% with the property that M/(ww?) is killed by w?. This is only
possible if M is itself killed by w?, implying that M is a quotient of (O/w?)%. O

2.32. Some examples of enormous subgroups. Let E/Q, be a coefficient field,
and let H C GL,(O) be a compact subgroup.

Lemma 2.33. Suppose that for each h € H, the characteristic polynomial of h has
all of its roots in E.

(1) Let H C H be a closed subgroup. If H' is enormous, then so is H.

(2) Let G C GL,, denote the Zariski closure of H. If G° contains regular
semisimple elements and acts absolutely irreducibly on E™, then H is enor-
mous.

Proof. The first part is immediate from the definitions. For the second, we can
assume that G = G°. Since G acts absolutely irreducibly, G(E) spans Wg. Let
H"™9 C H denote the set of regular semisimple elements. It is Zariski dense in G.
Indeed, by hypothesis G is a non-empty Zariski open subset of G. The Zariski
closure of H is contained in the union of the Zariski closure of H"*Y and G — G"Y.
This forces the Zariski closure of H™*9 to be equal to G.

We must show that for any non-zero v € Wg, there exists h € H"®Y such that
trhv # 0. If tr hv = 0 for all h € H"®Y, then Zariski density implies that trgv =0
for all g € G. This contradicts the fact that the elements of G(E) span Wg. O

Ezample 2.34. Let F be a totally real or CM number field, and let 7w be a regular
algebraic, cuspidal automorphic representation of GLo(Ar). Let ¢ : Qp — C be an
isomorphism, and let p : G — GL,,(O) be a model of Sym"™ ! rr, defined over O.
If Sym? 7 is cuspidal, then (after possibly enlarging E) p(G F(¢,»)) I8 an enormous
subgroup of GL,,(O).

To see this, it is enough to note that the Zariski closure of the image of r,,
contains SLy, and therefore that the Zariski closure of r, ,(G F(Cpoc)) also contains
SLo (because passage to derived subgroup respects Zariski closure, cf. [Bor91l, Ch.
I, §2.1]). We can then appeal to Lemma

We justify the claim that the Zariski closure of r. ,(Gp) contains SLo. The
identity component of the Zariski closure of 7. ,(Gr) is a reductive subgroup of
GL; which contains regular semisimple elements (by [Sen73, Theorem 1]). The
only possibility we need to rule out is that r, ,(Gr) normalizes a maximal torus
in GLy. In this case, there is a quadratic extension F’/F such that Tw,L\GF, is
reducible. It’s therefore enough to show that for any quadratic extension F’/F,
7"7r7L|Gp/ is irreducible. We observe that if r,r7L|GF, is reducible, then it’s isomorphic
to a sum y1 @ x2 of characters. Moreover, x1, x2 are de Rham and almost everywhere
unramified, so therefore can be extended to compatible systems of 1-dimensional
Galois representations. It follows that rr |g,, is reducible for any other prime
p’ and isomorphism ¢ : Qp, — C. In particular, Sym? T, is reducible. However,
[BLGGT14, Theorem 5.5.2] implies that for a Dirichlet density 1 set of primes p’, the
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representation Sym? rx, is irreducible (note that for automorphic representations
of GL3(A ) the asssumption of ‘extremely regular weight’ in loc. cit. coincides with
the usual notion of regular weight).

Ezample 2.35. Let F be a CM field, and let m be a polarizable automorphic
representation of GL,(Ar) such that for some finite place vy of F, m,, is a twist
of the Steinberg representation. Let ¢ : Qp — C be an isomorphism. Then
rﬂyb(GF(Cpm)) is enormous.

Indeed, let G denote the Zariski closure of rr ,(Gr). Local-global compatibility
at the place vy implies that G° contains a regular unipotent element (if vg|p, we
argue as in [KS19, Lemma 3.2]), so in particular it acts absolutely irreducibly on E™.
Then [Sch06, Proposition 4] (see also [Kat88| Classification Theorem 11.6]) shows
that the derived group of G° is one of a finite list of possibilities, and that in any
case it contains regular semisimple elements. We can again appeal to Lemma [2.33

3. A RESULT ABOUT HECKE ALGEBRAS

Let p be a prime, let n > 2, and let F,/Q; be a finite extension for some [ # p.
Let G = GL,(Fy), U = GL,,(Op, ), and let I C U be the standard Iwahori subgroup
(i.e. the pre-image in U of the upper-triangular matrices in GL, (k(v))). Let E/Q,
be a coefficient field. For O sufficiently large (i.e. containing a square root of ¢, ),
the Iwahori Hecke algebra H; = H(G, I) ®z O has the Bernstein presentation

H = O[X.(T)RO[I\U/I).
The map O[X,(T')] — H; sends a dominant cocharacter A € X, (T')+ to the Hecke

operator ¢, Z(A)/Q[I)\(wv)I], where [(+) is the usual length function on the extended
affine Weyl group. The twisted tensor product indicates the usual tensor product
as O-modules, with the algebra structure on H; determined by the relations of
[Lus89, Proposition 3.6]. We identify O[X.(T)] = Olz1, 27", ...,z x, '] (2; is the
cocharacter embedding G, into the ith diagonal entry of T'). The centre, Z(H;), is
identified by the Bernstein presentation with the algebra of symmetric polynomials
O[X.(T)]% = Oley, ea,...,en,ext] (€1,...,e, are the usual elementary symmetric
polynomials in x1,...,z,).

Our identification of O[X.(T)] with a polynomial algebra allows us to speak of
polynomials as being elements of the Hecke algebra. In particular, we can think of
A =Tl <;cj<n(zi — x;) as being an element of H;, and its square A? as being an
element of the centre Z(H;).

To simplify notation, let R = O[X,(T)]°", S = O[X.(T)]. Then S is a free R-
module, a basis being given by the monomials x5 = 7' ... 2% fora = (a1,...,a,) €
Z" satisfying 0 < a; <i—1 for each i = 1,...,n. We write B for the set of tuples
a satisfying these conditions.

If M is an O[GL,,(F,)]-module M, then MY is an R-submodule of M’ (and in
fact, if z € Z(H;) and M € MY, then we have the formula z - m = ([U]z) -y m,
where -y denotes the action of Hy = H(G,U) ®z O on MY — see [HKP10, §4.6]).
Thus there there is a canonical (and functorial) morphism

(3.0.1) MY @r S — M,

given by the formula m ® s + sm. Since S is free over R, MY @ S may be
identified with ©acp MY, and the above map with (ma)acs — Y acn Ta Ma.
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The aim of this short section is to prove the following result, which will be applied
in Section 4| (see Proposition .

Proposition 3.1. Let N > 1, and let M be an O/w™ [GL,(F,)]-module. Suppose
that ¢, = 1 mod w™. Then the above morphism MY @r S — M has kernel and
cokernel annihilated by A™.

Note that A™ always lies in Z(#H;). This is important for us since it means
that in the global situation, A™ will be in the image of the pseudodeformation ring
(through which decomposition groups act via a homomorphism to the Bernstein
centre).

Before proving the proposition, we establish an auxiliary result.

Lemma 3.2. Consider the n! x n! matriz P with coefficients in Z]x1, ..., z,] given
by the formula Py a = 0(za) (0 € Sy, a € B). Then there exists a unique matriz
Q = (Qa,») with coefficients in Z[zy,. .., z,] such that PQ = QP = A™.

Proof. Tt suffices to show existence, since then uniqueness follows by linear algebra
over Q(z1,...,x,). The square of the determinant of P is equal to the discriminant
of the ring extension Zles,...,e,] = Z[z1,...,z,]. Using [Stal3) Tag 0C17], we
see that the discriminant of this ring extension equals A™ (the different ideal is
generated by A). Therefore the determinant of P is equal to A™/2, up to sign.
The existence of the adjugate matrix implies that there is a matrix Q' with
coefficients in Z[z, ... ,x,] such that PQ’ = A™/2, We then take Q = A™/2Q’. O

We observe that for all a € B, 0,7 € S,,, we have 0(Qa,r) = Qa,or. Indeed, this
follows from the identity o(P)o(Q) = A™ and the uniqueness of inverses.

Proof of Proposition[3.1]. Since g, = 1 mod w’, we can identify O/=™ [I\U/I] =
O/ [S,], and H(G, )@z 0O /=" with the group algebra of the extended affine Weyl
group X, (T) x S, (because the Iwahori-Matsumoto relations are a ¢-deformation of
the relations defining the group algebra of the affine Weyl group). Lete =) 5,0 €
O/w@N[S,] € H(G,I) ®z O/w™. Then e = [U], so in particular eM! C MY.
Recalling that [I] is the unit of #H;, we note that e need not be an idempotent, since
e? = [U : I]e (note that ¢, =1 mod w?¥ = [U: I] = n! mod @w!, and we do not
rule out the case p < n).

We have defined a map f : ®acg MY — M! by the formula (ma)acs — > acp Ta-
Ma. We define a map g : M1 — @a.cp MY by the formula g(m) = (eQa,1M)ac -

We now compute f o g and g o f. We have for m € M'

f(g(m)) = Z xaeQa,lm = Z Z xaU(Qa,l)U(m).
acB aceBo€ES,

This in turn we can rewrite as

Z Z Pl,aQa,oU(m) = An!m,

oce€S, acB

Similarly, we have for m = (Mma)acn € CacsMY:

g(f(m))a = eQa, Z Tpb - Mp = Z Z Qa,o Po o (mp).

beB ceS, beB
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Note that S,, acts trivially on MY. We can therefore rewrite the above expression

as
Z Z Qa,UPU,bmb = An!ma-
beB oceS,
This completes the proof. O

4. PATCHING
In this section we prove our main technical result (Theorem [4.2)).

4.1. Set-up. We suppose given the following data:

e A CM number field F' with maximal totally real subfield F'*. We assume
that F'/F7T is everywhere unramified and that [F* : Q] is even.
e An integer n > 2 and a cuspidal, polarized, regular algebraic automorphic
representation (m, 0% ) of GLy(AF) (ie. m is of unitary type).
e A prime p and an isomorphism ¢ : Qp — C. We assume that for each place
wlp of F, m,, has an Iwahori-fixed vector.
e A finite set S of finite places of F'T, containing the set S, of p-adic places
and all places above which 7 is ramified. We assume that each place of S
splits in F'.
We recall that under these conditions we define an extension of r, , to a homomor-
phism to G,,, which then gives the action of Gp+ on adr,, (see .

Theorem 4.2. With set-up as above, assume moreover that Tw,L(GF(gpoo)) 1S enor-
mous. Then
H}(F*,ad rr.) = 0.

We note here that the assumptions of Lemma hold for 7, by [BLGGT14
Theorem 2.1.1] (which collects together results of many people).

The proof of Theorem will use automorphic forms on definite unitary groups.
To this end, we can find the following data:

e For each place v € S, a choice of place v of F' lying above v. We set
S={v|veS}tand S, ={v|veS,}

e A Hermitian form (-,-) : F™ x F™ — F such that the associated unitary
group G (defined on R-points by G(R) = {g € GL,(F ®p+ R) | g*g = 1})
is definite at infinity and quasi-split at each finite place of F'T.

e A reductive group scheme over Op+ extending G.

e For each finite place v = ww® of F+ which splits in F, an isomorphism
L ° GOF + — Reso,. /O, ¢ GL,, of group schemes over O F- We assume

that the induced isomorpﬁism tw 1 G(FS) = GL,(F,) is in the same inner
class as the isomorphism given by inclusion G(F,[) C GL,(F,) X GLy(Fye),
followed by projection to the first factor.

e An automorphic representation o of G(A p+) with the following properties:

G(O.+)
— For each finite inert place v of ', o, s # 0 and o, 7, are related

by unramified base change.

— For each split place v = ww® of F'*, 0, = Ty 0 L.

— If v|oo is a place of F*| then the infinitesimal character of o, respects
that of 7, under base change. (We recall this relation more precisely
below.)
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e An open compact subgroup U = [], U, of G(AY¥,) with the following
properties:
— For each place v € S, U, = ¢ ' (Iwg), where Iwy C GL,(OF,) is the
standard Iwahori subgroup (defined as in .

— For each inert place v of F'*, U, = G(Op+).

~ (0®)Y 0.

— U is sufficiently small: for all g € G(A%,), gUg ' NG(FT) = {1}.
(We can find such a G because [FT : Q] is even. The existence of o is deduced
from that of 7 using [Labl1l §5].) We can regard o as an algebraic representation
of the group (Resp+,q G)c. Let I~p C Hom(F,Q,) denote the set of embeddings

inducing places v € Sp. Then our choices determine an isomorphism

(ReSF+/Q G)ap = H GL,.
'refp

Let A= (A7), ¢ i, € (Z7)» denote the highest weight of the algebraic representation

Vi of (Resp+/q G)g such that Vi ®, g C = oy. We can define a highest weight
P T p -

¢ for (Resp/q GLn)Q by letting &, = A; and & = —woA, for 7 € I, (wp is the

longest element in the Weyl group of GL,,). The infinitesimal character of 7o, is
the same as that of Vg\/ ®,q C

The Hodge-Tate weights of r,, may be described as follows: if 7 € fp, then
HT, (rz) ={ A1 +n—1Ar204+n—2,..., 0}

We fix once and for all integers a < b such that for all 7 € Hom(F, Qp), the elements
of HT /(rr,,) are contained in [a,b] and a +b=mn — 1.

Let E/Q, be a coefficient field containing the image of every embedding F' — Qp.
After possibly enlarging F, we can assume that there is a model p : Gp g — GL,(O)
of rr,, which extends to a homomorphism 7 : Gp+ ¢ — G,(O) such that vor =
61_"(5?; s Let D denote the group determinant of 5, which is then defined over k.

With these choices the pseudodeformation ring denoted Rg in is defined,
as well as the prime ideal qg = ker(Rg — O) determined by p. Moreover, for any
Taylor-Wiles datum (@, Q, (w15 -+, 05n)veq) We have the auxiliary ring Rgug.
We introduce one more object here: it is the maximal quotient Rsug — Rsug,ab
over which for each v € @), the restriction of the universal pseudocharacter to W,
factors through Wf,ié’ Thus we have a diagram

Rsug — Rsu,ab — Rs.

4.3. Hecke algebras. We can find a representation V) of the group scheme
(Resoﬁ/z G)o, finite free over O, and such that V) ®o Qp >~ V,. (For exam-
ple, use the construction of [Gerl9, §2.2].) Thus V) (O) is a finite free O-module
which receives an action of U, = [], s, U,. For any open compact subgroup
V =1I,V, C U, and any O-algebra A, we define S\(V, A) to be the set of func-
tions f : G(A,) — Va(A) such that for each v € V, v € G(FT), g € G(AY,),
vpf(ygv) = f(g). We observe that

ling S5 (UP Uy, A)
Ur
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has a natural structure of A[UP]-module, and the UP-invariants are Sy (U, 4). It
follows that S)(U, A) has a natural structure of H(G(A%;"),U?)-module. A stan-
dard argument (cf. [Gerl9, Lemma 2.2.5]) shows that there is an isomorphism of
H(G(ARP),UP)-modules

S)\(Uv O) ®L,O C= @M(NOO)U’
where the sum is over automorphic representations of G(Ap+) (with multiplicity)
such that peo = 0eo-

If V=[], Vu is an open compact subgroup of U and T is a finite set of places of
F* containing all places such that V, # G(O F+), then we write TT(V, A) for the
A-subalgebra of End 4 (Sx(V, A)) generated by the unramified Hecke operators at
split places away from T'. After possibly enlarging E, the existence of o implies the
existence of a homomorphism

hv,e : TA(V,0) = O

giving the Hecke eigenvalues of t710°. On the other hand, the results of [LabI1l
§5] imply the existence of a group determinant Dy, \ of Ggr valued in TZ (V,0)
(construction as in [Thol5, Proposition 4.11]).

Let m C T5 (U, O) denote the unique maximal ideal containing ker hy,, and set

So = SA(U, O)m, Ty = T3 (U, O).
Then there is a surjective homomorphism Rz ¢ — Ty classifying Dy ».

Lemma 4.4. The map Ry g — Ty factors through the quotient Rg.

Proof. If we invert p then Ty ®o Qp = Hu E, is a product of fields indexed
by automorphic representations p of G(Ap+) with u¥ # 0 and pioe = 00. To
prove the lemma, it suffices to show that each of the maps R+ Ds — Eu factors
through the quotient Rg: in other words, the conjugate self- duahty condltlon and
the semi-stability condition of m These conditions follow from local-global
compatibility for the Galois representation associated to the base change of y. O

4.5. Automorphic data associated to Taylor—Wiles data. Suppose given a
set @ of Taylor—Wiles places. In this case we define open compact subgroups

Uo(Q) =11, Uo(Q)y and U1(Q) = 1], U1(Q). as follows:

o If v & Q, then Ug(Q), = U1(Q)y = U,.
e Ifv e Q, then Up(Q), = Lgl(IWg) and U1(Q), is the smallest open subgroup
of U1(Q), such that Uy(Q),/U1(Q)y is a p-group.

We set Ag = Up(Q)/U1(Q), which may be naturally identified with [ [, k(v)* (p)".

We write mg for the intersection of m with TfUQ(U7 0), mg ¢ for the pre-image of
mg in T3 (Us(Q), ©), and my ¢ for the pre-image of mg ¢ in TS % (U (Q), O).
We define

s s
T07Q = T/\UQ(UO(Q)v O)mo,QvTQ = T/\UQ(U1 (Q)7 O)m1,Q'
As in Lemma we have a surjective map Rsyg — Tq. Note that the natural
map TfUQ(U7 O)mg — T is in fact an isomorphism, and so there are surjections
TQ — Tng — Ty.

So far we have not used any Hecke operators at places v € Q). For any v € (@,
aeFS and1<i<n,welett,;: FZ' = H(G(F,),U1(Q),) denote the composite
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with ¢5 ' of the homomorphism defined just above [ACCT18| Proposition 2.2.7] (and
denoted t, ; there). That proposition shows that if 7, is an irreducible admissible

Q,[G(F;")]-module such that 751 @ £ 0, then for any ¢ € Wi, and o € FZX such
that Artp, (a) = o|pes, the characteristic polynomial of recf, (m, o 13 1) on ¢ equals

n

(4.5.1) D (=DIX" ey (),

i=0
where e, ;(a) € H(G(F,}),U1(Q),) is the ith elementary symmetric polynomial in
tui1(a),...,tyn(a), and e, ;(a,m,) € Qp is the scalar by which it acts on ml,Jl(Q)“.

The elements e, ;(«) generate the centre of H(G(F;}),U1(Q)v) ®o Q,, by [FILi11,
Proposition 4.11].

We define T(?,Q C End(Sx(Uo(@Q),O)m, ) to be the subalgebra generated by
Ty, and the elements ¢, (o) for all v € Q, i =1,...,n and o € F.*. We define
Tg C End(Sx(U1(Q), O)m, ,) similarly. Thus Tg is an O[Ag]-algebra (the image
of O[Ag] in Tg is generated by the elements ¢, ;(a) with o € OF, ). Neither T(?’Q
nor Tg need be local rings. We denote by ag the augmentation ideal of O[Ag].

Lemma 4.6. S\(U1(Q),0) is a free O[Ag|-module and the trace map induces
S)\(UI(Q)7 O)/aQ = SA(UO(Q)a O)

Proof. The proof is identical to that of [CHTO08, Lemma 3.3.1], using that U (and
hence any subgroup of U) is sufficiently small. O

We let Ag = ®RycqO[tv1 ()T, ... ty.n(w,)*]. This is a polynomial subalge-
bra of @,eQH(G(F,), Un(Q)w) that receives an action of the group Wo =[], ¢ Sn-
For every m > 1, we have a canonical morphism of T g-modules

ng,m : SA(U, O/@™ ) ®AZQVQ Aq — SA(Uo(@), O/m™ g 0

as in (3.0.1)).

For each v € (), the universal pseudocharacter over Rgug . determines by
restriction an n-dimensional pseudocharacter ~, of W“g valued in Rsug,qp- Fach
restriction |7, factors through the quotient k(v)*(p) of Artr, (OF. ) (compare
[Cheldl Lemma 3.8]).

On the other hand, for each i = 1,...,n, there is a character o, ; : W}‘,lf — (Tg)X
given by the formula «, ;(Artp, (a)) = t, (o). We write o, for the pseudocharacter
Qy = Qy1 DD aynp.

These two families of pseudocharacters are related by the following lemma, which
is a formulation of local-global compatibility at v € Q.

Lemma 4.7. (1) The map
RSUQ — TQ

factors through the quotient Rguq,ab-

(2) Let v € Q. The composite of vy, with the map Rsug,ab — Tg — Tg equals
Q.

(8) The image of the map

RSUQ,ab — TQ — Tg
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contains the Hecke operators e, ;(a) for each v € Q,i = 1,--- ,n and
aeFr.

Proof. If we invert p then Tg ®o Qp =11 . By is a product of fields indexed by

automorphic representations p of G(Ap+) with ugllfg) # 0 and oo = 05- To prove

the first part of the lemma, it suffices to show that each of the maps Rsuq — £,
factors through the quotient Rgyg,qp. This follows from [ACCT18, Prop. 2.2.7].
The second and third parts of the lemma follow from the formula which
computes the characteristic polynomials of recl,T,]7 (pz ooz 1) evaluated on elements of
We,. O

We caution the reader that the map Rsug,qp — Tg is not in general surjective,
because of the presence of Hecke operators at () which do not lie in the Bernstein
centre.

The following proposition will be crucial for controlling our patched modules of
automorphic forms. As mentioned in the introduction, this is inspired by arguments
of Pan [Panl9].

Proposition 4.8. Fiz d € N. There exists a constant ¢ € N (depending only on d)
such that, for any N and any Taylor-Wiles datum (Q,Q, (az 1, ..., Oéa,n)ge@) for
Tx,. Of level N satisfying

Y ordg(agi —agy) < d,

veEQR 1<i<ji<n
there is an element fq € Rsug,ab such that

(1) fo kills the kernel and cokernel of ngm for allm < N
(2) The image fq . of fo under the composition of maps

h o
RSUQ,ab —)TQ Ulﬁ;)’ @)

satisfies ordo(fo.0) < c.
Proof. We set

?Q = H H ty K wv - tv,j('(ﬂv))nI S Tg

veEQR 1<i<ji<n

and let fo be a pre-image of fQ in Rsug,q» (such a pre-image exists by Lemma
4.7)). It follows from Proposition E 3.1 that fq kills the kernel and cokernel of 1g .,
for all m < N. If we take ¢ = n!d then, again using Lemma we see that the
second part of the proposition is satisfied. O

We give one last piece of structure. Suppose fixed an ordering @Q = {v1,...,v,}
and for each v € @ a surjection Z, — k(v)*(p). This data determines a surjection
(Z;)? = [1,eq k(v)*(p)" = Aq, hence a surjective algebra homomorphism Soc —

O[Ag], where Sy = O[[yy),...,yé) 1 < < n]. The group Wo = [[,cq 5
acts on So, by permutation of co-ordinates, and the invariant subring Swe may

be identified with O[[e(L) . (l) 1 < i < n], where e( " is the ith elementary

symmetric polynomial in y§ ), e ,y] ") The ring SOOQ also has a role to play as a

consequence of the following easy lemma.
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Lemma 4.9. The functor of deformations of the trivial pseudocharacter of Z,, of

dimension n is represented by O[X1, ..., X,]®", with the universal characteristic
polynomial x(t) of 1 € Zy, given by [T, ((t —1) — X;).

Proof. Indeed, a residually trivial pseudocharacter of Z,, of dimension n over a ring
A € Cp is precisely a point of (GL,, /GL,)(A) lying over the image of the identity
in (GL,, /GL,,)(k). Now we use the identification of the adjoint quotient GL,, /GL,,
with the quotient of the diagonal maximal torus by the Weyl group. The universal
deformation is given by the orbit of the matrix diag(1 + X1,...,1+ X,,). O

Consequently, there is a homomorphism S;ZQ — Rsug,ab, classifying the pullback
of the tuple (7,)veq to a tuple of n-dimensional pseudocharacters of the group Z,.
There is also a homomorphism Sw® — TC, classifying the pullback of (av)veq
to a tuple of n-dimensional pseudocharacters of the group Z,. This coincides
with the restriction to SOVZQ of the homomorphism S, — Tg determined by the

O[Ag]-algebra structure on Tg. Lemma 4.7 has the following corollary.

Lemma 4.10. The map SOMQ/Q — Tg factors through Tq, and the map RsuQ,ap —

Tq is a homomorphism of SOMO/Q -algebras.

4.11. The patching argument.
e Fix ¢ = corankpH'(Fs/F*,ad p(1) ®o E/O). Applying Corollary
we fix for each NV > 1 a Taylor—Wiles datum Qy of level N, and we write
Ay = AQN7 ay = agQy, By = Rsugy,ab, Tn = Tg,. We set Ry = Rg.

huy@n).o hu,o .
We set qn = ker(Ry O) and qo = ker(Ry —= O). Thus qy is
the pre-image of qo under the natural map Ry — Ry.

o Let Sy = (’)[[yy), ... ,yél) : 1 < i < n] and fix orderings of Qy and
generators of k(v)*(p) for all N and all v € Qn and thus surjective maps
Soo — O[AN]. Let an, C Sx be the augmentation ideal (equal to the
inverse image of ay under each of the previously defined maps).

e We moreover fix uniformisers w, for all v € Qn (for every N). This allows
us to think of the pseudocharacters v, as pseudocharacters of k(v)*(p) x Z.
Recalling that we have fixed a generator of k(v)*(p) and an ordering
on Qu, for every N we have a g-tuple (yn1,...,7n,q) of n-dimensional
pseudocharacters of (Z, x Z) with coefficients in Ry.

e We have actions of t, ;(w,) on Sx(Us(QN), O)my., and Sx(U1(Qn), O)m, o
for each v € QN and i = 1,...,n. Using these actions, together with the
fixed orderings on @)y, we obtain an action of the algebra

A= 0", ..., (1)

on these spaces, together with an identification of A with Ag, sending t;i) to

tv;,i(wy,;). We have characters al? Z,xXZ— (Seo®@p A)* fori=1,...,n
and j =1,...,q. By Lemma the pushforward of the pseudocharacter
a; =tr a§»1) oD a;n) to Endo (Sx(U1(@N), O)m, ) takes values in Ty
and equals the pushforward of vy ; there.

o We can identify all the Weyl groups Wq, (using our fixed orderings of
Qn for each N). We denote them all by W. There is a natural W-action

on S, compatible with the maps to O[Ay]. The invariants S are a
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regular local O-algebra, with S, a finite free S -algebra (SY is a power
series algebra over the elementary symmetric polynomials in ylgl), . ,y;")
for each j). Write a¥ = a,, N SY this is the ideal of S generated by the
elementary symmetric polynomials. There is also a natural W-action on A.

o We let ¢ = ng and Roo = Ofz1,...,24], and let qoo = (21,...,24) €
Spec(R~). For each N we have a map Ro, — Ry such that qooRy C qn
and qx/(q%, 9eo) is killed by a power of @ which is independent of N.

e Fix a non-principal ultrafilter 7 on N, and let R =[]y O. If I € F, then
we define e = (Oner)nven € R. Then S = {e; | I € F} is a multiplicative
subset of R, and we define R = S™'R. The natural map R — R is
surjective and factors through the projection []y~; O = [[y>,, O for any
m > 1. The ring Rz can also be described as the localization of R at the
prime ideal {(zn)nen | 3T € F,VN € I,zn € wO}.

Definition 4.12. We define

o M =lim (Rr @ [Tysp ($3U1@QN), Oy o /mE.))
o My=lim (R @R [y, S5Uo(QN), O/ my )
o M =lim (R; R [Inom AU, O/ )m @ 4w AQN>

Here AS’N acts on Sy(U,O/w™)y via the spherical Hecke algebra action at
places in Q. We note that we naturally obtain compatible actions of A on M,

My and M,. Identifying Sx(U,O)m with Jim (R; @R [Tyam SA(U, 0 /wm)m),
we equip Sy (U, O)n with an AW action (A" acts on the N factor in the product

via its identification with AZ?VN) and we see that we have a natural isomorphism
M = S\(U,O)m @aw A.

Lemma 4.13. (1) My is a flat Soo-module.
(2) The trace maps induce My /as = My.
(3) We have a map n: M — My induced by the 1Qy.m, which has kernel and
cokernel killed by f, where f = (f%N) € [Ivenw By and fq, is as in the
statement of Proposition [{.8

Proof. For the first two parts we apply [Panl9, Lemma 4.4.4(2)] (see also [Stal3]
Tag 0912]): it suffices to prove that for each m

My =Ry 9 [] (S\01(QN),O)m g, /)

N>m

is a flat Soo/mgnoo—module, the natural transition maps M ;41 — My, induce
isomorphisms M, 41/m3 = M ,, and the trace maps induce My /a0 = Mo m.
Flatness of My ,, follows from flatness of Sy (U1(Qn), O) over O[An] (note
that Soo/mY _is a quotient of O[Ay]).
We have

mi1,QnN

My /mg =Rron [ (S\U1(QN), O)myo, /mE.) = M
N>m+1
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and

Min/ae =Rr 9 [[ (S\(U1(QN).O)my g, /(@ +m.))

N>m
=Rr ®r H (S)\(UO(QN)’O/wm)mOYQN>
N>m

(see [Panl9l Lemma 4.5.9] for the first equalities).
The third part follows from [Panl9, Lemma 4.5.12]. O

Now we can define a patched pseudodeformation ring:

Definition 4.14. For m > 1 we define RY, = Rr ®r [[y>; Bn/(Mgy fon)™ and
then define RP = lglm RP. -

Lemma 4.15. For each m > 1 there is an integer n(m) (independent of N ) such
that (mpy fox)™™ annihilates S\ (U1(Qn), Oy gy /M, for all N > m.

Proof. By considering the a.-adic filtration on S\(U1(QnN), O)m, o, /me'_ it suffices
to prove that there is an integer n(m) (independent of N) such that (mg, fo, )"
annihilates Sx(Uo(Qn), O/@™ ), o, for all N >m.

Since fqySx(Uo(QN), O/w™ )m, o, is a finite length O-module with length
bounded by gn! times that of S\(U, O/w™ )y, its length as an Ry-module is bounded

independently of N and therefore it is annihilated by a m?{(;n) for some n(m)
independent of V. O

It follows from Lemma that RP acts on M; (this is why RP is defined the
way it is). We are going to use [Panl9, Lemma 4.5.3] a few times, so we restate it
here:

Lemma 4.16. Suppose for i € N, M; is an O-module equipped with a decreasing
filtration by O-modules M; D M; 1 D M; o ---. Then the natural map

[1M: = lim | Rr @r [ [ Mi/M;,n

i>1 m i>1

is surjective with kernel given by elements of the form (m;) such that for each m
there exists I, € F with m; € M; , for all i € I,,.

We have a natural map [[ -, Ry — RP which is surjective by Lemma We
also have a natural map RP — Ry given by taking the limit over m of

Rh, = Rr@r | ] Ro/(mg,)™ = Ro/(mp,)™.
N>1

Lemma 4.17. The map R? — Ry we have just defined is surjective.

Proof. We again apply Lemma this implies that the natural map

H Ry —lm | Rr ®r H Ro/(mg,)™

N>1 m N>1

is surjective; on the other hand it factors through our map RP — Ry. (]
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From the n-dimensional pseudorepresentations (yn,j)n>1 (j = 1,...,q) with
coefficients in [[,~; Rn, we obtain n-dimensional pseudorepresentations Voo ; (j =
1,...,q) of Z, x Z with coefficients in RP. On the other hand, M; has a natural

structure of S, ®» A-module, and we have defined characters al® Z,x7Z —

j
(Seo ®o A)* and pseudocharacters o; = tral” @ - @ a§n).

J
Lemma 4.18. Fix 1 <1 <q.

(1) Composing Voo, with the map RP — Ry gives a pseudorepresentation which
is inflated from the ‘unramified quotient’ Z, x Z — Z (i.e. projection to
second factor).

(2) The composite of Yoo,; with the map RP — End(M;) equals the composite
of aj with the map Soo @0 A — End(M7). Consequently, the map RP —
End(M;) is a homomorphism of S -algebras.

Proof. The first part follows from the analogous statement for each of the pseu-
dorepresentations 7y ; (which holds because the pseudorepresentations classified by
Ry are unramified at places in @y ). The second part follows from Lemma (I

Definition 4.19. We let qP be the prime ideal in RP given by the inverse image of
qo0 C Ro.

Lemma 4.20. The image of [[qn C [[y>; B~ in RP is equal to q®.

Proof. Write I for the kernel of [[y-, By — RP and I’ for the image of I in
[Iys1 Bn/an = [Iy>; O. It suffices to prove that the map [[y~; Ry — Ro
induces an isomorphism

II &~ ) /@ ]Jav) =[] @) /1" = Ro/ao = O.
N>1 N>1

The ideal I is the set of elements (zy) € [ Ry such that for each m > 1 there
exists I, € F with xy € (mp, fo, )™ for all N € I,,. We have (mg, fo,)" +qn =
(@™ f&,) +an C (@™) +qn. It follows that I” is contained in the kernel of the
map [[ys; O — O. We need to show that I’ equals the kernel. To this end, choose
a tuple of elements (yn) € [y, © which does lie in the kernel. Recall that there
is a constant ¢ such that the image of foy In Ry/qn = O has w-adic valuation
<c Let I, ={N >1|ordgyn > m(c+1)}. Then I D I D I D ... and
Nm>11m = 0. Moreover, each I, is in F (since (yy) is in the kernel of the map to
0).

We have (mgy fon )™ +dn = (@™ f, ) + dn, and this contains (w(“*)™) + qy.
Therefore we can for each m > 1 and N € I,,, find an element xn ., € (Mg, fou,)™
such that znm + qn = yn. We define a tuple (zn)n>1 € [[y>; Ry by taking zy
to be an arbitrary pre-image of yy if N € I1 and xn = xnm if N € Iy, — Lyi1.

Then (zy) lies in I and its image in [[ -, O equals (yn), as required. O
Lemma 4.21. (1) We have an equality of ideals [ [y, a3y = (HNZI qN) n
HN>1 Ry

(2) Form >1 the image of [Ins1 a8 in RP is equal to (q°)™.

The possibility of proving a statement like this one is mentioned in [Panl9l
Remark 4.6.10].
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Proof. Tt suffices to prove the first part. Recall from the proof of Corollary 2.31]
that there exists an integer gg such that for every N there exists a surjection
Olx, ..., a:goﬂ — Ry such that the images of the z; are in quy (since qN/q?V can
be generated by go elements). Now it suffices to prove that we have an equality
m
of ideals T]ysy (@1, @)™ = (HNZl(scl,...,xgo)) in TTys; Olz1s. .. 2]
We conclude using the fact that for any ring R and any ideal I C R we have
m
I [[ys R = (IHN21 R) , and we also have I[[y>; R = [[y>, I when [ is
finitely generated. U

For the statement of the next proposition, we recall that our data includes, for
each N > 1, amap Ro = Ofz1,...,24] — Ry sending the ideal g0 = (z1,...,24)
to qn. The diagonal map Re — [[y~; B~ induces a map Ro, — RP which sends
oo into gP. -

Proposition 4.22. (1) The O-module

°/((°)°, qe0)
1s killed by w®, where ¢ is as in Corollary[2.31]
(2) The natural map on completed local Tings
(Roo) g = (R”) gp
is surjective. In particular, (RP) qo is a complete Noetherian local E-algebra

with residue field E.

Proof. 1t follows from Corollary that the cokernel of the map

I aee/(a00)® = ] an/(an)?

N>1 N>1
is killed by w®. Applying Lemmas and [4.21] it remains to show that the image
of oo/ (Go0)? in qP/(gP)? is the same as the image of [Tns: Joo/(doo)?. This is done

as in the proof of [Panl9, Prop. 4.6.16]: it suffices to show that the composition of
maps

0o/ (d00)> = [ 900/(000)* = O @11, 0 [] do0/(90)?

N>1 N>1
is surjective. Here the first map is the diagonal embedding and we regard O as a
[1y O-algebra via the map [[ O — RP/qP = O. We conclude using Lemma
This shows the first part of the proposition. For the second, we see that the first
part implies that each of the maps

9i* (Roo/05)am — (BP/(aP)")gr
is surjective. To check that @Z g; is surjective, it is enough to note that the sequence
(ker g;);>1 satisfies the Mittag-Leffler condition (because each of these ideals has
finite length, being contained in an Artinian local ring). O
Lemma 4.23. Let R be a commutative ring and M o finitely generated R-module.
Suppose we have a R-algebra map HNZI R R. Then the composite map
M— [[M—=Ren,. » [[M
N>1 N>1

18 surjective.
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Proof. If M is finite free over R, then []y~,; M has a ([[y R)-basis given by
diagonally embedded basis elements for M, and the statement is clear. In general,
we write M as a quotient of a finite free R-module F'. The composition of F' —
R, Rl ns1 £ = R, r[Iy>1 M is surjective and factors through M. [

Remark 4.24. Note that we have not shown that gP is finitely generated, so we rely
on the comparison with R to show that gP-adic completion (RP) 4» is qP-adically
complete!

Now we are going to consider the modules:
o my = (Mi/al )
e mg = (Mo)qr

[ ] m:qu :MCIO'

Lemma 4.25. (1) my is a finite free S a., /a2, -module.
(2) The trace maps induce an isomorphism my/as = my.
(8) The map n induces an isomorphism 1 : m = my.

Proof. We start with the third part: this follows immediately from Lemma [4.13
since by Proposition the image of f in RP is not in qP. The second part also
follows immediately from Lemma It remains to show the first part. Since
the inverse image of qP in S¥ is a¥, the action of S,, on m; factors through
the localisation Soc @gw (Sovov)avog = Se,a., (note that a, is the unique point of
Spec(Ss) in the pre-image of a¥¥ under the finite map Spec(Ss,) — Spec(SY)).
We know from Lemmathat M; /a2 is a flat S, /a% -module, so the localisation
m; is a flat So/a% -module, and hence a flat So a_ /a2 -module. Since m;/a is
finite dimensional (combining the second and third parts), m; is finitely generated
over the Artinian local ring S a__ /aZ . g

Since mj is a finite dimensional F-vector space, the action of the local E-algebra
(RP)ge factors through an action by (an Artinian quotient of) (RP)7qe. It follows
from the third part of Lemma that the action of (RP) g on my = m factors
through the composition of surjective maps
(4.25.1) (RP)qr = (Ro) 4o — (Tp)gy = F

Now we consider again our pseudorepresentations vy ; (1 < j <¢q) of Z, x Z
with coefficients in RP.

Definition 4.26. For1 < j < g, we let 6; € RP denote the discriminant of the char-
acteristic polynomial x;(t) € RP[t] of (0,1) € Z,, x Z under the pseudorepresentation
Voo,5

Lemma 4.27. For1 < j <gq, 6; ¢ q°. Moreover, x,;(t) mod q® splits into linear
factors in E[t].

Proof. To show that §; # 0, it suffices to show that for some m > 1 the image of J;
under the composition

R® = Ry % O = O/w™
is non-zero. Recall the constant d from Lemma Choose m > dn(n — 1). Then
it follows from Lemma [2.30] that we will be done if we can identify the image of d;
in O/w™ with the image of the discriminant of the characteristic polynomial of a
Frobenius element o for some v € Q. Choose m’ so that our map Ry — O/w™
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factors through Ry /mﬁ;. Now we can identify the image of §; in Ry /m’ﬁ; with the
image of an element (6; n)n>1 € [[y>; Ro/m’ﬁ; in Rr ®r [[y>; Ro/m’]%;, where
0 n is the image of the discriminant for the Frobenius element at the jth element
of @n. We deduce that the image of J; in Ro/m’}g(; coincides with one of these
Frobenius discriminants.

The same argument shows that the image of x;(t) mod ¢ splits into linear factors
in O/w™[t] for all m > 1. Indeed, for each o3 € G, the characteristic polynomial
of p(oy) has all of its roots in O (this is part of the definition of an enormous
subgroup of GL,,(O)). Hensel’s lemma implies that x;(¢) itself factors in O[t]. O

For each j € {1,...,q} we fix an ordering x§.1)7 . 733§.n) of the (pairwise distinct)
roots in E of the polynomial x;(¢) mod q°. For each j, we may consider the
pseudorepresentation (Voo ;)qr Oof Zy, x Z with coefficients in (RP) g» given by
composing Yeo,; with the natural map RP — (RP) 4. This pseudorepresentation is
residually multiplicity free.

Lemma 4.28. There is a unique collection of continuous characters %@ 2Ly }XZ —

(RP) )" (i =1,...,n, j = 1,...,q) such that vj(-i) mod qP is the character
(n)

(a,b) — (xy))b and (Voo,j)qe = tr'y](»l) @Dy

Proof. This follows from, e.g., [BC0O9, Proposition 1.5.1], since in a commutative
GMA we have (using the notation of loc.cit.) A; jA;; = A; ;A ; CAi;NA; ;=0
for i # j. O

The characters 7](-1)|sz0 : Z, = ((RP) gr)* determine an extension of the
homomorphism S¥ — RP to a homomorphism Sy, — (RP) ge. This in turn
naturally extends to a map from the formally smooth FE-algebra (S ). and we
choose a lift of this through the surjective map (see Proposition |4.22))

(Roc) a0 = (BP) gr

to equip (Rs) q.. With a map from (Soo) a... We denote by A’ the localization of
A at the prime ideal (ty) - I;i) :1<j<¢q,1<i<n)and define

e m) =m ®4 A

e m=my®Ry A
(We recall that the ring A, defined at the beginning of is a Laurent polynomial
ring in elements (t;i))il (j=1,...,q, i =1,...,n) which represent the patched
version of the Hecke operators t, ;(w,)*! for Taylor—Wiles primes v.)

Remark 4.29. The above localization is our replacement for the usual ‘localization
with respect to a suitable eigenvalue of the U, operator’ which appears in the
Taylor—Wiles method. We can only do this after patching and inverting p because
we do not assume that p(oy) has distinct eigenvalues for Taylor—Wiles places v.

Lemma 4.30. (1) For eachi=1,...,n and j =1,...,q, the respective push-
orwards of the characters a(-z), 'y(-z) to End(m}) are equal.
J J 1

(2) The two structures of Soo-module on m} (the standard one, and the one
induced by the homomorphism S — (RP) g constructed above) are the
same.

(8) The map (RP) g» — (Ro) g, factors through the quotient (RP) gr/acc.
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(4) The trace maps induce m} /as = my.
(5) m} is a finite free (non-zero) Seo a.. /a2 -module.

Proof. Let X = {ag.i)(z),vj(.i)(z) | z€ Z, xZ,i=1,....,n, 5 =1,...,q}. By
construction, the elements of X commute with each other; let T" denote the E-

subalgebra of End(m)) generated by the elements of X. Then T is an Artinian

Q]

E-algebra. The pushforwards of the characters a;” and fy](-i) take values in T and

the pseudocharacters tr a§ )o.. 0 a§ " and tr 'yj( 2 ®--- D 7](@) are equal after
pushforward to T for each j = 1,...,q. To show that the characters ozg-i) and WJ@ are
equal after pushforward to T for each j = 1,...,¢ it is enough (after the uniqueness
assertion of [BC09, Proposition 1.5.1]) to show that they are equal after pushforward
to each residue field of T'. However, our construction shows that for eachi =1,...,n
and j = 1,...,q the elements ag»i)(O, 1) — a:y) and yﬁi)(o, 1) — xg.i) are commuting
nilpotent elements of End(m]) and therefore their difference a? 0,1) ffyj(i)(O, 1) lies
in the Jacobson radical of T'. This proves the first part of the lemma. The second is
an immediate consequence since the two So,-module structures are determined by
the two sets of characters a;i) and 7(i)

The third part of the lemma is equivalent to the assertion that characters

’yj | z,x0 become trivial after pushforward along the map (RP)"q» — (Ro) .- Since

the pseudocharacter tr 'y( ). ( ) is res1dually multiplicity-free, the desired
statement follows from uniqueness and Lemma {4

The fourth part of the lemma follows from the same statement before localisation
to A’ (Lemma [£.25). We now prove the final part of the lemma. Since m} is a
direct summand of mj, we just need to prove that m/ is non-zero, or indeed that
m}, is non-zero. For this, we note that it follows from Lemma [£.18] (compatibility
of Galois and automorphic pseudocharacters) and the observation above (4.25.1])
that the characteristic polynomial []}_, (t — ty)) of (0,1) under «; pushes forwards
to [T, (t— a:(z)) = x,(t) mod P in End(myp). It follows that A" acts on mg via

the map A" — E induced by t;i) — xy) Since the A-module mg is isomorphic to
SA(U,0)q, ®aw A, we deduce that the localisation mj is non-zero. O

To complete the proof of this section’s main theorem, we recall Brochard’s freeness
criterion:

Theorem 4.31 (Theorem 1.1 of [Brol7]). Let A — B be a local morphism of
Noetherian local rings satisfying the inequality on embedding dimensions:

edim(B) < edim(A).

Let M be a non-zero A-flat B-module which is finitely generated over B. Then M is
finite free over B.

Theorem 4.32. The map (Ro) g0 — (Tg)q, = E is an isomorphism, and as a
consequence we have
Hj(F*,adr,,) =0.

Proof. We apply Brochard’s criterion with A = Sy a_/a%, B = (Rx) 4. /2%,
M = m). Note that the embedding dimension of S .. /aZ is gn and, since
(Ro) 4o 1s a power series ring over E in gn variables, the embedding dimension of
(Reo) 4. /a2 is < gn.
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We conclude that m] is finite free over (Ro) .. /aZ and therefore my is finite
free over (Rx) 4. /ax. Since the action of (R )y, on my factors through the
action of (Ty)q,, we deduce that each of the surjective maps

(Roo) g /00 = (BP) gp /800 = (Ro) "y = (To)ao = E

are isomorphisms. The vanishing of the adjoint Selmer group follows from the
identification of this with the reduced tangent space of (Ry) 7, (i.e. Proposition
9.21)). O

Remark 4.33. We find it convenient (or amusing) to use Brochard’s freeness crite-
rion here, although we could alternatively have worked with the (S ) a,.-module
lim ((My/a%)qr) in place of m; and concluded using Auslander-Buchsbaum as in
the work of Diamond and Fujiwara.

5. APPLICATIONS

We now deduce our main theorems. We begin with a useful lemma.

Lemma 5.1. Let F be a number field, and let E/Q, be a coefficient field. Let
p: Gp — GL,(E) be a continuous representation which is unramified almost
everywhere. Let S be a finite set of places of F'. Then we can find a finite set T of
places of F with the following property:

e TNS=0.
e For any T-split finite extension F'/F, p(Gpi(¢,00)) = P(GF(cyee))-

Proof. After replacing p by p @ ¢, it is enough to show we can choose T so that
p(Gr) = p(Gp) if F'/F is T-split. Conjugate p so that it takes values in GL,(O),
and let Lo, /F be the extension cut out by p, Ly/F the extension cut out by
pn = p mod @ . We have p(Gr) = I'&HN pn(GF), so it’s enough to show that we
can choose T so that if F'/F is T-split, then pn(Gr) = pn(Gps) for all N > 1.

To this end, we let M/F be the compositum of all of the extensions of F' cut out
by simple quotients of Gal(Ly/F) (for any N > 1). The extension M/F is finite,
because simple quotients of Gal(Ly/F) (for varying N > 1) correspond to simple
quotients of p(GF) by closed normal subgroups. Since p(Gr) has a normal, closed
subgroup of finite index which is a topologically finitely generated pro-p group, these
quotients are finite in number.

We can therefore choose T to be any set disjoint from S and such that for each
intermediate field M/M'/F with Gal(M'/F) simple, there exists v € T which does
not split in M’. O

We prove a theorem for regular algebraic, cuspidal, polarized automorphic repre-
sentations. First we treat the case of a CM base field.

Theorem 5.2. Let F' be a CM number field, and let (7, x) be a regular algebraic,
cuspidal, polarized automorphic representation of GL,(Ar). Let ¢ : Qp — C be an
isomorphism, and suppose that TW’L(GF(@OO)) 1s enormous. Then H}(F"’, adry,) =
0.

Proof. As in the proof of [BLGHTTIL Theorem 1.2], 7 has a twist which is polarized
with respect to 5}/F+ (i.e. of unitary type). The twist does not alter adry ,, so we
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can assume that 7 is of unitary type. For any finite extension F’/F¥, the induced
map

Hj(F adry,) — Hj(F',adry,)

is injective. It is therefore enough to find a soluble totally real extension L*/F™
with the following properties:

e Let L =LTF. Then r, (GL(c,e0)) = Tru(GR o))

e Let 77, denote the base change of 7 (which exists and is regular algebraic,
after [AC89, Ch. 3, Theorems 4.2, 5.1]). It is cuspidal, because . ,|q, is
irreducible. Each place of L at Wthh 7, is ramified, or dividing p, is split
over LT.

e For every place w of L, 7, ,, has an Iwahori-fixed vector.

To achieve this, let S be the set of places of F* dividing p or above which 7 is
ramified, and let S denote the set of places of F' lying above a place of S. Let
Tr denote a set as provided by Lemma [5.1] disjoint from S, and let 7" denote the
set of places of F'T lying below a place of Tr. Then S and T are disjoint and if
LT /FT is T-split, then L/F is Tr-split. We can choose L™ /FT to be any T-split
soluble totally real extension which has the correct behaviour at the places in S, the
existence of such an extension being a consequence of [CHTO08, Lemma 4.1.2]. O

Next we treat the case of a totally real base field F. We consider a regular
algebraic, cuspidal, polarized automorphic representation (m, x) of GL,(AFr). Let
L Qp — C be an isomorphism, and suppose that 7, is irreducible. Let V
denote the space on which r, , acts. Then there is a unique G'p-equivariant pairing
() : VXV — e =", which is symmetric if n is odd or n is even and 7y, ,(c,) = 1
(v|oo), or antisymmetric if n is even and ry ,(c,) = —1 (see [BC11] and [BLGGT14,
§2.1]). We thus obtain a homomorphism

et Gr = GS(()(Q,)

to the general similitude group of the pairing (+,-). We write gs for the Lie algebra
of this reductive group over Q,,.

Theorem 5.3. Let F' be a totally real number field, and let (m,x) be a regular
algebraic, cuspidal, polarized automorphic representation of GL,(Ap). Let ¢ :
Qp — C be an isomorphism, and suppose that T‘IT,L(GF(CPOO)) is enormous. Then
H}(F,gs) = 0.

Proof. This can be deduced from Theorem using base change in the same
way that [All16, Theorem B] is deduced from [AII16, Theorem A]. We omit the
details. g

When n = 2, these results take a particularly simple form:

Theorem 5.4. Let F' be a totally real number field, and let m be a regular alge-
braic, cuspidal automorphic representation of GLa(AFp). Let ¢ : Q, — C be an
isomorphism. Suppose that one of the following holds:

(1) © does not have CM.
(2) m has CM by an extension K/F, and K ¢ F((pe).

Then H}(F, adry,) =0.



ADJOINT SELMER GROUPS OF UNITARY TYPE 41

Proof. When n = 2, gs = gl,. Our result will follow from Theorem if we can
verify that our hypotheses imply that r. ,(G F(cpoo)) is enormous. If 7 does not have
CM, this is example 2.34]

Suppose instead that 7 has CM by a CM quadratic extension K/F, and K is not
contained in F({pe ). To show that 7"7r7L(GF(§poo)) is enormous, it is enough to show
that we can find regular semisimple elements in the image of both Gg(¢,) and
GF(Cpoo) - GK(Cpoo)- Elements of the latter type exist because of our assumption
that K is not contained in F'((pee ).

Now suppose for a contradiction that r, , = Indgf( X is scalar on restriction to
Gk (¢ o)+ This implies that x/x is trivial on Gk (¢, ), and hence that (x/x%)?=1
(since ¢ acts trivially on Gal(K({pe)/K)). This contradicts the fact that x/x° has
infinite order (because its Hodge-Tate weights are all non-zero, because 7 is regular
algebraic). This completes the proof. O

We can also prove results for elliptic curves.

Theorem 5.5. Let F' be a totally real number field, and let E be an elliptic curve
over F. Let p be a prime, and suppose that one of the following holds:

(1) E does not have CM.

(2) E has CM by a quadratic field K/Q, and K ¢ F((peo).
Then H}(F, ad V,(E)) = 0.

Proof. If the elliptic curve E has CM, then its p-adic Galois representations are
automorphic and we can appeal to Theorem If E does not have CM, then there
exists a totally real extension F'/F such that the p-adic Galois representations of
Ep: are automorphic (for example, by [Tay06]) and we can appeal again to the
same theorem. O

Combining our results with potential automorphy theorems, we can prove some
more general vanishing results. Here is an example for symmetric powers of two-
dimensional representions.

Theorem 5.6. Let F' be a CM number field, and let (7, x) be a regular algebraic,
cuspidal, polarized automorphic representation of GLa(Ap) such that Sym? 7 is
cuspidal. Let p be a prime, and fix an isomorphism ¢ : Qp — C. Then for any
n>1, H}(F*,ad Sym™ tr. ) =0.

Proof. By [BLGGT14, Theorem 5.4.1], there exists a Galois, CM extension F”'/F
such that Sym" ™! Tr.lG,, is automorphic. It suffices to show the vanishing of
H}((F’)*, ad Sym™ ! 7, ), and this follows from Theorem once we verify that

Sym™ 'r. (G F'(¢ye)) 18 enormous. However, this follows from Example O

Finally, we give an application to vanishing results for anticyclotomic characters,
as predicted by the Bloch—Kato conjecture. Over a general CM field our main
theorem gives vanishing results which are not covered by known cases of the
anticyclotomic main conjecture (cf. those proved in [Hid09]).

Theorem 5.7. Let F' be a CM number field, and let x : F*\Aj — C* be a unitary
character of type Ag. Let ¢ : Qp — C be an isomorphism, and suppose that the
following conditions are satisfied:

(1) xx°©=1.
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(2) The integers n, (1 € Hom(F,C)) defined by x.,(z) = 7(z)" 7c(2)" < for
each place v|oco are of constant parity, and none of them are zero.
(3) F ¢ Ft((pee).
Then H}(F, ry,.) = 0.

Proof. The given conditions imply that there is a character ¢ : F*\A} — C* of
type Ag such that 1 /1¢¢ = x. Given this, let 7 denote the automorphic induction
of ¢ from F to FT. It is a regular algebraic, cuspidal automorphic representation
of GLy(Ap+) and Imdgi+ Ty, is a subquotient of ad rr ,, so the desired vanishing
follows from Shapiro’s lemma for Bloch-Kato Selmer groups and Theorem [5.4

Let us explain why 1 exists. Choose arbitrarily integers m, such that 2m., +
ny = w, is independent of 7. Then m,. = w — m,, so there exists a character
poo F*\AL — C* of type Ay such that p,(z) = 7(z)™ 71c(z)™e. Moreover

My — Mre = =Ny, 80 Xo = X (/1) has finite order and satisfies xox§ = 1. Lemma
[-8 implies that there exists another finite order Hecke character ¢ such that
#/¢° = X0, s0 we can then take 1) = ¢u~!. a

Lemma 5.8. Let F' be a CM field, and let x : Gr — Q/Z be a continuous character
such that xx¢ = 1. Then there exists a continuous character ¢ : Gp — Q/Z such

that ¢/¢¢ = x.

Proof. Tt is equivalent to ask that H'(F/F* H'(F,Q/Z)) = 0. We use the
Hochschild—Serre spectral sequence

HP(F/F*, HY(F,Q/Z)) = H""(F*,Q/Z).
We recall that if K is a number field, then the product
H'(K,Q/Z) — [ H"(K..Q/Z)
v|oo

of restriction maps is an isomorphism when r > 3 ([Mil06, Theorem 4.20]) and
that H2(K,Q/Z) = 0 (Tate’s theorem, see [Ser77, Theorem 4] or [Pat19, Theorem
2.1.1]). Since F has no real places, the groups H" (F, Q/Z) vanish when r > 2 and
so the spectral sequence in question has only two rows, and can be pieced together
into a long exact sequence (cf. [Wei94, Exercise 5.2.2]) including the terms

H*(F*,Q/Z)——H'(F/F*,H'(F,Q/Z))

H3(F/F*, H°(F,Q/Z))——H*(F*,Q/Z).

The edge morphism H?*(F/F*, H(F,Q/Z)) — H3(F*,Q/Z) is inflation, and
is injective because the extension F/FT is CM and the map H?*(F*,Q/Z) —

| J . H3(F;F,Q/Z) is bijective. This completes the proof. O
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