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Abstract. The observation of primordial correlators by cosmological surveys is a very promising
avenue to probe high energies and the perturbative regime of quantum gravity. Hence, it is
imperative that we understand how these observables are shaped by the pillars of fundamental
physics, namely unitarity, locality and symmetries. To this end, we study the three-point
correlators of gravitons and scalar curvature perturbations around a quasi de Sitter spacetime.
We identify a set of Bootstrap Rules that fully fix the form of these correlators in the asymptotic
future, i.e. at the “boundary”, and make no reference to “bulk” time evolution. Importantly,
our Boostless Bootstrap accounts for the ubiquitous (spontaneous) breaking of de Sitter boosts
caused by any inflationary background. We show how all bispectra involving gravitons in
single-clock, canonical inflation can be easily derived in this approach. We also derive for
the first time the scalar bispectrum in the Effective Field Theory of inflation to any order in
derivatives. In many cases, our derivation is computationally simpler than the corresponding
explicit calculation, and makes particularly transparent the implications of locality, the choice
of vacuum, and the underlying symmetries.
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1 Introduction

Because of the expansion history of our observable universe, the cosmological perturbations
we observe must be of primordial origin. This provides a unique opportunity to study physics
beyond the standard model, the quantum dynamics in curved spacetime and the perturbative
regime of quantum gravity. In quantum theories of gravity, the only well-defined, gauge invari-
ant observables are associated with the (conformal) boundary of spacetime. For Minkowski and
Anti-de Sitter spacetimes, these are scattering amplitudes and conformal field theory (CFT)
correlators, respectively. For an expanding, accelerated FLRW spacetime, as appropriate to
model inflation, the relevant observables are equal-time correlators in the asymptotic future.
The simplest correlator, namely the two-point function or power spectrum of curvature per-
turbations has been measured and strongly constrained by cosmological observations, while
higher-point correlators, sensitive to primordial non-Gaussianity, as well as correlators involv-
ing tensor modes are the main targets of current and future cosmological surveys [1]. Because
of their theoretical and phenomenological relevance, a better understanding of correlators is one
of the primary goals of much research in cosmology in the 21st century.

In much the same way that perturbative calculations in QFT obscure some of the struc-
ture and simplicity of scattering amplitudes [2, 3, 4], the standard in-in formalism employed to
compute correlators in cosmology fails to take advantage of some powerful general properties of
the final result. The goal of this paper is to develop an alternative way to arrive at correlators.
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In particular, we shall identify a series of properties that correlators must obey and show that
these are so constraining that they completely fix the result. Our focus here will be on tree-level
three-point correlators, or bispectra, because these are particularly relevant phenomenologically
and particularly simple to study. We will be able to reproduce many results already known in
the literature as well as derive new ones.

We will adopt the same general philosophy as that of on-shell methods for amplitudes, an
intellectual descendant of the S-matrix program of the 60’s [5]. Namely, we will focus exclu-
sively on the well-defined observables, i.e. the correlators at the future “boundary”, and avoid
discussing the un-observable time-dependent “bulk” dynamics that leads to these correlators.
What in this approach substitutes the direct calculations of the in-in formalism are symmetries
as well as general principles such as locality and unitarity. In fact, it has been known for quite
some time that in de Sitter spacetime many correlators are completely fixed by symmetries. For
example, in [6] it was shown that the isometries of de Sitter fix the non-perturbative graviton
bispectrum. A similar result was found in [7] for the bispectrum of a spectator scalar (see
also [8]). Approximate versions of de Sitter isometries were also shown to fix mixed correlators
[9, 10, 11, 12], as well as the leading curvature bispectrum in single-clock slow-roll inflation in
the limit of negligible tensor modes [13]. More recently, a systematic formalism to compute
four-particle correlators or trispectra in the presence of de Sitter isometries has been developed
in a nice series of papers [14, 15, 16, 17, 18, 19] and dubbed the “cosmological bootstrap”. In
particular, building on [20], this work has emphasized the role of unitarity, locality and the
choice of vacuum in constraining the resulting correlators.

Given these results, it is clear that de Sitter invariant correlators are very constrained by
symmetries, in an analogous way to how CFT correlators and amplitudes are restricted by the
conformal and Poincaré symmetries respectively. However, it is much less clear how one can
develop a “Boostless” Bootstrap, which does not rely on the full set of de Sitter isometries. This
is in fact a crucial point. On the one hand, we have no observational evidence that de Sitter
boosts are a good symmetry of primordial correlators because they act trivially on the only
observable we have measured so far, the power spectrum. On the other hand, all models of
inflation (and in fact all cosmological backgrounds) break de Sitter boosts! This is because the
background foliates spacetime with approximately homogeneous and isotropic spacelike hyper-
surfaces. This breaking of boosts can be small, as in canonical slow-roll models or very large,
as in all single-clock models that generate a phenomenologically interesting level of primordial
non-Gaussianity. To see this, recall that, assuming scale invariance, large non-Gaussianity re-
quires a sub-luminal speed of sound, cs � 1, which separates the sound cone from the light
cone, hence breaking boosts. This observation is a particular case of a more general theorem,
recently proven in [21], which states that the only single-clock theory of curvature perturbations
that displays full de Sitter invariance in the slow-roll, decoupling limit is a free theory. In this
work we will therefore see how far we can go without ever invoking de Sitter boosts. We will
see that the results for the bispectrum are very encouraging.

In the rest of the paper, we will identify a set of Bootstrap Rules for the bispectrum of
massless scalar and spin-two fields that become constant in the asymptotic future. Some of these
rules are already implicit in the previous literature, while others are new. Some Bootstrap Rules
will be derived directly from first principles, others will be deduced or inferred from explicit
calculations in the in-in formalism. This is somewhat similar to the historical development of
on-shell methods for amplitudes, where the simplicity of certain results was first observed at
the end of a lengthy explicit calculation and only later understood in more fundamental terms
(the poster child being the Parke-Taylor amplitudes [22]). Because of this, many of the results
presented here draw from the large set of theoretical data available in the literature and the
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progress recently achieved in direct calculations [20, 23, 24, 25, 26, 18].

All of our examples will involve only spin-0 and spin-2 fields. We expect our approach
to generalize to other spins but we have not checked that in detail. Our approach can also
be extended to higher-point functions and many of the principles invoked and discussed in the
following have a broader validity than just the bispectrum. However, for higher-point functions
additional input is certainly needed. For example, there is clearly more structure to be explored
in the trispectrum because of the existence of exchange diagrams, which do not arise in the
(tree-level) bispectrum. As we will discuss elsewhere, the recently derived Cosmological Optical
Theorem [27] provides the necessary information to extend the current Boostless Bootstrap
beyond the bispectrum.

The rest of the paper is organized as follows. In the next section we summarize our main
results. In Section 2 we identify and discuss the Bootstrap Rules, namely covariance under
rotations, translations and scale invariance (Rule 1 in Section 2.1), tree-level bispectrum in
de Sitter (Rule 2 in Section 2.2), the amplitude limit (Rule 3 in Section 2.3), Bose symmetry
(Rule 4 in Section 2.4), locality and the Bunch-Davies vacuum (Rule 5 in Section 2.5) and
soft limits (Rule 6 in Section 2.6). In Section 4 we will use the Bootstrap Rules to derive all
correlators involving curvature perturbations ζ and tensor modes γij in single-field canonical
inflation, namely 〈γγγ〉 in Section 4.1, 〈γζζ〉 in Section 4.2, 〈ζζζ〉 in Section 4.3 and finally
〈ζγγ〉 in Section 4.4. We conclude with a discussion and an outlook in Section 5.

1.1 The Bootstrap Rules

For the convenience of the reader, we summarize in the following the Bootstrap Rules. All the
rules are formulated on the boundary in terms of the actual observables, namely the future
asymptotic of equal-time correlators. Notice that invariance of the correlators under de Sitter
boosts is not assumed.

• Rule 1: Because of homogeneity, isotropy and scale invariance, the bispectrum for fields
of any spin can be decomposed into a polarization factor and a trimmed bispectrum B,

B =
∑

contractions

[
εh1(k1)εh2(k2)εh3(k3)kα1

1 kα2
2 kα3

3

]
× B , (1.1)

with index contractions left implicit. For αtot = α1 + α2 + α3, the trimmed bispectrum
must satisfy

B = B(k1, k2, k3) , B(λk1, λk2, λk3) = λ−(6+αtot)B(k1, k2, k3) . (1.2)

• Rule 2: At tree level around quasi de Sitter spacetime, for fields with an arbitrary but
constant speed of sound cs, the trimmed bispectrum B must be a rational function of the
norms k1, k2 and k3 of the momenta1,

B =
Polyβ(k1, k2, k3)

Poly6+αtot+β(k1, k2, k3)
, (1.3)

for some non-negative integer β.

• Rule 3: For any n-point correlatorBn, the residue of the total energy pole kT ≡
∑n

a=1 ka →
0 is related to a corresponding amplitude An by [6, 28, 27]

lim
kT→0

Bn =
(−1)nHp+n−1(p− 1)!

2n−1
×

Re
(
i1+n+pAn

)
(
∏n
a=1 ka)

2 kpT
. (1.4)

1The exception are potential logarithms, which are discussed in Section 4.3.
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Here the order of the pole p must be positive (see (2.26) for p = 0) and is related to the
mass dimensions Dα of the interactions responsible for the correlator by the expression

p = 1 +
∑
α

(Dα − 4) . (1.5)

• Rule 4: For the bispectrum of three identical fields, the trimmed bispectrum must be
symmetric under permutations if the polarization factor is. Any symmetric polynomial
can be written in a unique way in terms of sums and products of Elementary Symmetric
Polynomials (ESP). Hence

BXXX =
Polyβ(kT , e2, e3)

Poly6+αtot+β(kT , e2, e3)
, (1.6)

where

e1 ≡
3∑

a=1

ka = kT , e2 ≡
3∑
a<b

kakb , e3 ≡ k1k2k3 . (1.7)

• Rule 5: Locality and the choice of the Bunch-Davies vacuum restrict the denominator of
the trimmed bispectrum to take the following form

BXY Z =
Poly3m+p−6−αtot

(k1, k2, k3)

kpT e
m
3

. (1.8)

where p is determined by (1.5) and in general m ≥ 3. For the symmetry breaking pattern
of the Effective Field Theory (EFT) of inflation [29, 30], one has m = 3. We argue that
a necessary condition for locality is simply

lim
q→0

Bn(q,k1, . . . ,kn)

P (q)
<∞ , (1.9)

where Bn is an n-point correlator and P (q) is the power spectrum of the soft field.

• Rule 6: In single-clock cosmologies, correlators of curvature perturbations and gravitons
are defined by the soft theorems they must obey. Explicit expressions for soft scalars and
soft gravitons are given in (2.61) and (2.64), respectively.

1.2 Summary of the results

Using these rules we were able to obtain the following results

• The 〈γγγ〉 and 〈γζζ〉 bispectra in canonical slow-roll inflation follow straightforwardly
from the Bootstrap Rules above (quadratic order in derivatives).

• We re-derived the 〈ζζζ〉 bispectrum in canonical single-field inflation, discussing how its
associated amplitude breaks boosts at O(ε). In two cases, we were able to fix all but a
part of one free coefficient in the bootstrap Ansatz: (i) at finite ε and to leading order in
slow roll and (ii) in the limit ε → 0 and to next-to-leading order (NLO) in slow roll. In
the more general non-canonical model these are indeed free parameters.

• We derived the 〈ζζζ〉 bispectrum to any order in derivatives in the EFT of inflation, (4.44).
As an example, we discuss explicitly the case of up to cubic order in derivatives, (4.49).

• We re-derived the 〈ζγγ〉 bispectrum in canonical slow-roll inflation. To this end we made
use of an ad-hoc model of the flat-space amplitude.
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• We emphasize that the residue of the total-energy pole in 〈ζγγ〉 and 〈ζζζ〉 is a not mani-
festly local amplitude, and indeed has inverse powers of momenta. We trace this back to
the existence of constrained fields in the Lagrangian descriptions, as required by gauge in-
variance. Ultimately, the presence of these not manifestly local terms is probably required
by locality when coupling to massless spinning fields on curved spacetime.

Notation and conventions We use mostly-plus signature for the metric, (−,+,+,+). Our
definition of slow-roll parameters are as follows

ε ≡ − Ḣ

H2
, η ≡ ε̇

εH
, ξ ≡ η̇

ηH
, s ≡ ċs

csH
, (1.10)

where a dot denotes derivative with respect to cosmological time t and a prime a derivative with
respect to conformal time, adτ ≡ dt with a the FLRW scale factor and H ≡ ȧ/a the Hubble
parameter.

2 The Bootstrap Rules

In this section, we will outline and discuss a set of Bootstrap Rules that constrain the form
of the bispectra of scalar and tensor fields. These rules apply to the three-point correlators of
scalar and tensor fluctuations of massless fields around a background that is well approximated
by de Sitter spacetime,

ds2 =
−dτ2 + dx2

H2τ2
. (2.1)

Any flat FLRW spacetime, and in particular the flat slicing of de Sitter spacetime, is invariant
under rotations and translations, which form the 3-dimensional Euclidean group ISO(3). As-
suming that these isometries are also symmetries of the theory, we can classify fields according
to the irreducible representations (irreps) of this group (see Appendix A). Spatial translations
are straightforwardly diagonalized working with Fourier space fields X(k, η) (indices on X are
left implicit). At finite momentum, k ≡ |k| 6= 0, one can choose to work with fields that are
eigenvectors of rotations by θ around k with eigenvalue eihθ, where for bosons h is an integer
known as the helicity. If the theory is invariant under parity (point inversion), both h and
−h fields must exist. These definite-helicity fields are represented by tensors Xi1...ih that are
totally-symmetric, transverse and traceless over all their indices. As it is customary in dealing
with cosmological tensor modes, it will be convenient to write these fields in terms of some
polarization tensors2

Xi1...ih(k, η) = εhi1...ih(k)Xh(k, η) + ε−hi1...ih(k)X−h(k, η) . (2.2)

For scalar fields we have simply ε0(k) = 1. For gravitons, h = ±2, we have the following useful
properties

εhii(k) = kiεhij(k) = 0 (transverse and traceless) , (2.3)

εhij(k) = εhji(k) (symmetric) , (2.4)

εhij(k)εhjk(k) = 0 (lightlike) , (2.5)

εhij(k)εh
′
ij (k)∗ = 2δhh′ (normalization) , (2.6)

εhij(k)∗ = εhij(−k) (γij(x) is real) . (2.7)

2It would be much nicer to use the spinor-helicity formalism, as it’s well known that it makes the analytic
structure of amplitudes explicit. Indeed the spinor helicity formalism was adapted to cosmology in [6] and has
been recently used to study boost-breaking theories [31], with applications to correlators in mind (see also [32]).
However, due to the lack of energy conservation in cosmology, the familiar spinor-helicity expressions need to be
modified. A detailed discussion will appear elsewhere.
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In the following, we will compute equal-time correlators of (usually three of) these fields in the
asymptotic future

lim
τ→0−

〈Xh1(k1, τ)Y h2(k2, τ)Zh3(k3, τ)〉 = (2π)3δD

(∑
a

ka

)
BXY Z(k1,k2,k3, h1, h2, h3) , (2.8)

We will sometimes leave the helicity and field-type dependence of B implicit when no confusion
arises. We will denote a generic spectator scalar by φ, while we will use ζ for curvature pertur-
bations on constant-energy hyper-surfaces. We assume that perturbations become constant in
the asymptotic future τ → 0−, as it is known to be the case for ζ in single-clock3 inflation and
for tensor modes in a wide class of models.

2.1 Rule 1: Rotations, translations and scale invariance

By rotation invariance, all bispectra must be written in terms of contractions of the three
momenta and the polarization tensors with the Kronecker delta δij . Since the polarization
tensors must appear linearly, the most general form is

B =
∑

contractions

[
εh1(k1)εh2(k2)εh3(k3)kα1

1 kα2
2 kα3

3

]
× B (2.9)

=
∑

contractions

(polarization factor)× (trimmed bispectrum) , (2.10)

where the contractions of all spatial indices in the polarization factor (the square brackets in
the first line) are implicit, the sum is over all relevant contractions with different non-negative
integer powers α1,2,3 and the trimmed bispectrum B for each contraction is defined by this
expression. For scalars h1,2,3 = α1,2,3 = 0 and so B coincides with the full bispectrum B.
However this is not the case in the presence of spinning particles.

For a generic n-point correlation function, B must be invariant under rotations and trans-
lations and therefore can only depend on 3n − 6 independent, rotation-invariant combinations
of the n momenta, for n ≥ 3. A useful simplification takes place for the bispectrum, n = 3,
for which the three variables can be chosen to be the norms of the momenta, {k1, k2, k3}. Con-
versely, all higher-point correlators, with n ≥ 4, depend also on some of the angles between
different momenta. This feature of n = 3 makes it particularly easy to impose Bose symmetry,
as we will see in Rule 3. Scale invariance implies that B must be a homogeneous function of
{k1,k2,k3} of degree −6. In models of inflation, this scaling generally receives small slow-roll
corrections, typically of order ε and η, where

ε ≡ − Ḣ

H2
, η ≡ ε̇

Hε
. (2.11)

We will not attempt to recover these small corrections to the scaling exponents, but we will
recover all bispectra in which the slow-roll parameters appear as overall prefactors. The reason
is twofold. First, these corrections are very small in most models, and might be challenging
to detecte observationally (see e.g. [45, 46, 47, 48, 49, 50, 51]), with some exceptions such as
for example resonant non-Gaussianity [52, 53, 54, 55, 56, 57, 58, 59]. Second, in single-clock
inflation, scale invariance can only be an exact symmetry if n-point correlators scale exactly
as k−3(n−1). As shown in [21], this can be proven directly at the level of the algebra for any

3By single-clock we mean models that satisfy all the soft theorems [33, 34, 35, 36, 37] that generalize Malda-
cena’s consistency relation [38]. This definition in particular excludes non-attractor models such as ultra-slow-roll
inflation [39, 40], for which different soft theorems can be derived [41] (see also [42] and the mututally divergent
claims in [43] and [44]).
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correlator. Alternatively for the bispectrum one can simply notice that, if we denote by ∆ζ the
scaling dimension of ζ, scale invariance combined with the soft theorems require

1

k6−3∆ζ
∝ Bζζζ

!
= P 2

ζ ∝
(

1

k3−2∆ζ

)2

, (2.12)

for which the only solution is ∆ζ = 0.

Scale invariance can also be understood from a bulk perspective, i.e. considering the evo-
lution of the fields as dictated by some bulk action. From this point of view, scale invariance
is a consequence of the existence of an unbroken diagonal combination of time translations and
some internal symmetry, both of which are individually broken (for detailed discussion see e.g.
[41, 60, 61, 62, 63]). When combined with the assumption that the fields become constant in
time in the asymptotic future, this symmetry implies the scale invariance discussed above.

Before concluding it is worth mentioning discrete symmetries. Since we will only be dis-
cussing neutral bosons and time is out of the picture, the only relevant discrete symmetry is
parity (point inversion), k→ −k. For the bispectrum of scalars, invariance under parity follows
from invariance under rotations. In particular, since all three-vectors in a bispectrum must lie on
the same plane by momentum conservation, a rotation U by 180◦ around the axis perpendicular
to the plane inverts the direction of all momenta, just as parity would:

〈φ(k1)φ(k2)φ(k3)〉 = 〈UU−1φ(k1)UU−1φ(k2)UU−1φ(k3)UU−1〉 (2.13)

= 〈φ(Uk1)φ(Uk2)φ(Uk3)〉 (2.14)

= 〈φ(−k1)φ(−k2)φ(−k3)〉 , (2.15)

where we used (with abuse of notation) that Uφ(k)U−1 = φ(Uk) and that the vacuum is
invariant under rotations. The last expression is precisely the parity transformation of the first
one, and so scalar bispectra must always be invariant under parity. In passing, notice that since
φ(−k) = φ∗(k) the above equation implies that the scalar bispectrum must be real.

Conversely, spinning particles invariance under parity does not follow from rotation invari-
ance, and one can indeed have parity-violating bispectra. For example, for a graviton one finds
the following transformations4

P : γ±(k)→ Pγ±(k)P−1 = γ∓(−k) (parity) , (2.16)

U : γ±(k)→ Uγ±(k)U−1 = γ±(−k) (180◦ rotation) , (2.17)

under parity or a rotation of 180◦ of the plane of the momenta, respectively. All the explicit
examples in this work will be invariant under parity.

Summarizing, Rule 1 can be stated at the level of the trimmed bispectrum B (defined in
(2.9))

B = B(k1, k2, k3) , (2.18)

B(λk1, λk2, λk3) = λ−(6+αtot)B(k1, k2, k3) , (2.19)

where αtot ≡ α1 + α2 + α3 ≥ 0. For example, for three scalars αtot = 0.

4These transformations follow from the definitions in (2.2) and the fact that the graviton has two spatial indices
and therefore under parity Pγij(k)P = γij(−k), while under rotations one has the standard transformation
Uγij(k)U−1 = Rii′γi′j′(Rk)(R−1)j′j .
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2.2 Rule 2: Tree-level bispectrum in quasi de Sitter spacetime

The bispectrum must be a rational function of rotationally invariant contractions of the mo-
menta ka and of the possible polarization tensors εsb with helicity sb = ±|sb| for a, b = 1, 2, 3.
Given the definition in (2.9), this means that the trimmed bispectrum B is simply a rational
function of the three norms of the momenta,

B =
Polyβ(k1, k2, k3)

Poly6+αtot+β(k1, k2, k3)
, (2.20)

where numerator and denominator are two polynomials in the norm of the momenta of degree
β and 6 + αtot + β, respectively. Rule 2 is not a consequence of Rule 1, which allows for
arbitrary functions of scale-invariant combinations such as ka/kb. Rather, Rule 2 is tantamount
to assuming that (i) the bulk evolution is described by a weakly coupled, local effective field
theory (EFT), (ii) the free theory is well-approximated by the de Sitter mode functions for a
massless fields with arbitrary but constant speed of sound cs, up to an arbitrary normalization5,

Xh(k, τ) ∝ H√
2csk3

[
(1 + icskτ)e−icskτak + (1− icskτ)e+icskτa†−k

]
. (2.21)

Note that when cs 6= 1, these mode functions are not invariant under de Sitter boosts. Intuitively
this is evident in the flat-space limit where a Lorentz boost leaves the light cone invariant, but
in general displaces the sound cone, unless they coincide as happens for cs = 1. When the mode
functions deviate appreciably from the de Sitter mode functions, such as for example when the
slow-roll approximation breaks down or the speed of sound has a strong time dependence, Rule
2 is generally violated (see e.g. the terms subleading in slow-roll in [64, 65]).

As the saying goes, there’s an exception to every rule. The exception to this rule is a
possible logarithm of the sum of the norms, arising even when the mode functions are precisely
those in (2.21). This term features several peculiarities. First, it must be symmetric under
the full group of de Sitter isometries and therefore results from the triple-K expression [66] for
conformally invariant three-point functions, as shown in [13]. Second, this term is not exactly
scale invariant. Instead, its variation produces a purely local term, in a way that is analogous
to a conformal anomaly in a CFT. In the context of ζ correlators in single-field inflation, the
existence of this term can be thought of as a consequence of Maldacena’s consistency relation
when accounting for the small slow-roll deviation from the scaling k−6 in the bispectrum [13].
Finally, it’s worth mentioning that unitarity dictates that logarithmic terms are related to
the imaginary part of the corresponding wavefunction coefficient [27]. We will discuss these
logarithmic terms in Section 4.3.

2.3 Rule 3: Amplitude limit

In the limit in which the sum of the norms of the momenta vanishes6,

kT ≡ k1 + k2 + k3 → 0 , (2.22)

any n-point correlator Bn is fixed by the UV-limit of a corresponding amplitude (the precise
coefficient was derived in [27])

lim
kT→0

Bn =
(−1)nHp+n−1(p− 1)!

2n−1
×

Re
(
i1+n+pAn

)
(
∏n
a=1 ka)

2 kpT
, (2.23)

5The reference normalization we have choosen corresponds to a Lagrangian 1
2

[
c−2
s φ̇2 − (∂iφ)2

]
.

6When the fields in the correlators have different speeds of sound, the pole appears at
∑
a c

(a)
s ka → 0. In this

work, we will only consider cases where cs is the same for all fields and so this reduces to the stated condition.

– 8 –



for some interaction-dependent positive integer exponent p to be discussed in the following, and
where we assumed canonically normalized fields for concreteness. For the bispectrum, n = 3,
this reduces to

lim
kT→0

B3 = −H
p+2(p− 1)!

4
× Re (ipA3)

(k1k2k3)2 kpT
, (2.24)

which holds for p a positive integer. In the limiting case p = 0, the correlator evaluated at time
τ0 possesses in general an IR logarithmic divergence7 as τ0 → 0−. In this case, the same formula
(2.23) holds with the substitution8 [27]

(p− 1)!

(−ikT )p
→ log (−τ0kT ) , (2.25)

and so

lim
kT→0

B3 = − H2

(k1k2k3)2
log(−τ0kT ) ReA′3 . (2.26)

These stated results deserves some explanation. A relation between cosmological correlators
and amplitudes was first observed in [6, 28] and then discussed in [23, 14, 25]. A careful proof
in the in-in formalism has recently been presented in [27], where several details of the exact
form of the relation were derived that had not previously appeared in the literature. Following9

[23], we will refer to kT = 0 as the “total-energy pole”. This nomenclature originates from
thinking of k = |k| as the energy component of a hypothetical light-like four-vector (k,k).
From this perspective, k can be thought of as the energy associated to the wavenumber k. In
flat spacetime, when computing amplitudes (in time-translation invariant theories), we always
find an energy-conserving delta function that forces the sum of all energies to vanish, and arises
from a time integral of the form∫ +∞

−∞
dt
∏
a

eiEat = 2π δD (ET ) , (2.28)

where ET = E1 + E2 + . . . . Conversely, cosmological correlators do not conserve energy and
are non-vanishing for generic positive values of kT . The reason for this is twofold. First, in
cosmology we are interested in expanding spacetimes, for which time translations are sponta-
neously broken. This is evident for example in the form of the mode functions (2.21), which are
different from the familiar Minkowski counterpart, eikt. Second, unlike amplitudes, correlators
are obtained from the product of fields at some equal time, which also breaks time translations.
In fact, even in Minkowski spacetime, equal-time correlators do not feature any energy conserv-
ing delta function. Instead the delta function is replaced by a pole in the total energy. For
Minkowski correlators computed in the usual interaction-picture formalism, this arises from an
integral over the time of the interaction, of the form∫ 0

−∞
dt
∏
a

eiEat =
1

ET
, (2.29)

7For correlators of ζ this divergence is absent at tree-level and the log τ0 factor is substituted by some reference
time around the time when modes exit the Hubble radius.

8Note that it is only the coefficient of the log (−τ0kT ) term that can be fixed by the amplitude, but not the
coefficient of k0T . This is because the amplitude is invariant under field redefinitions while the term k0T is not.

9Notice that (2.23) is more naturally written in terms of the coefficients of the wavefunction of the universe,
rather than in terms of correlators. In this paper, we avoid discussing the wavefunction of the universe because
we are mostly interested in the bispectrum and the relation to the cubic wavefunction coefficient ψ3 is very simple

P (k) =
1

2Re ψ′2(k, k)
, B3(k1,k2,k3) =

2Reψ′3(k1,k2,k3)∏3
a=1 2Re ψ′2(ka, ka)

. (2.27)
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where we chose to evaluate the correlator at t = 0 and we left implicit the rotation of the
integral into the complex plane that projects onto the vacuum at early times and guarantees
convergence. This pole at ET can also be understood in a different way starting from the
Lippmann-Schwinger equation, a.k.a. using old-fashioned perturbation theory (see e.g. [67]). It
arises when inverting the time-independent Schrödinger equation to obtain the formal solution

|ψ〉 = |φ〉+
1

E0 −H0 ± iε
Hint |ψ〉 . (2.30)

Using this expression to compute correlators in Minkowski and setting the reference energy to
zero, E0 = 0, we find that H0 acts on energy eigenstates to give a total energy pole 1/ET . In
cosmology, a total energy pole also arises from an integral over the conformal time τ of the
interaction, but now the order of the pole can be higher than one due to the additional powers
of τ coming from the time dependent interactions,∫ 0

−∞
dττp−1

∏
a

eikaτ =
1

kpT
, (2.31)

where again we evaluated the correlator at τ = 0 and left the iε prescription implicit. The
special case p = 0 gives the logarithmic terms we discussed in Rule 2. It would be nice to find
an alternative derivation of this higher-order pole that, as in the Lipmann-Schwinger discussion
for Minkowski, does not involve any time integral.

Using dimensional analysis and scale invariance, we can derive a useful expression for the
order p of the pole for any n-point correlator Bn, defined analogously to the bispectrum B in
(2.8). By dimensional analysis, in (3 + 1)-spacetime dimensions, an n-particle amplitude and
an n-point correlator have mass dimension

[An] = 4− n , [Bn] = n− 3(n− 1) , (2.32)

respectively, where we assumed that each of the fields in the correlator has mass dimension one,
as it is the case for canonically normalized scalars and tensors. Notice that the amplitude is
independent of the normalization of the fields, but the correlator is not. Now consider a set of
interactions of dimension Dα

L ⊃
∑
α

Oα
ΛDα−4
α

, (2.33)

where Λα determines the corresponding coupling constant. For an amplitude generated by V
vertices the scaling must be (at any loop order)

An ∼
E4−n+

∑V
α (Dα−4)∏V

α′ Λ
Dα′
α′

, (2.34)

where E collectively represents the energy or spatial momenta of the external particles. On
the other hand, scale invariance fixes the scaling with k of all (time-independent) correlators to
be10

Bn ∼
1

k3n−3
. (2.35)

10The missing factors to make up the mass dimension in (2.32) are the coupling constants Λα and factors of
the Hubble parameter H.
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By using the momentum/energy dependence in (2.34) and (2.35) in the relation (2.23), one
finds

E4−n+
∑V
α Dα =

k3−3n+p+2n

kpT
⇒ p = 1 +

∑
α

(Dα − 4) . (2.36)

Specifying this general formula to tree-level contact diagrams we find

pα = Dα − 3 (contact interaction) , (2.37)

for any interaction of mass dimension Dα. One can use some graph theory to rewrite this
formula in an alternative way. First recall that for any graph with α = 1, . . . , V vertices of
valence nα (i.e. the number legs coming out of each vertex), I internal and E external lines one
has ∑

α

nα = 2I + E . (2.38)

Then recall that the number of loops L is the first Betti number of the graph and for connected
graphs it is given by

L = I − V + 1 . (2.39)

Using these relations in (2.36) we find the alternative expression

p = 4L+ 2E − 3 +
V∑
α=1

(Dα − 2nα) . (2.40)

In this paper we are interested in p for the tree level bispectrum, for which (2.36) simply tells us
that pα is precisely the total number of time and space derivatives appearing in the interaction

p = number of derivatives (bispectrum, n = 3) . (2.41)

Summarizing, we have found that near the total energy pole, kT → 0, any correlator is
fixed by a corresponding amplitude as in (2.23), with p given in (2.36). In particular, this means
that for contact interactions such as the tree-level bispectrum, a Laurent expansion in powers
of kT corresponds directly to the EFT expansion in operators of higher and higher dimension!
This observation will prove very powerful in bootstrapping the bispectrum.

2.4 Rule 4: Bose symmetry

Since we will consider only correlators of integer-spin fields, which must obey Bose statistics,
the correlators must obey Bose symmetry when identical fields are considered. Let’s begin with
the case in which all three fields in the bispectrum are the same scalar. Then, the bispectrum
must be symmetric under any permutation of the norms of the momenta, {k1, k2, k3}. While
of course one can write a symmetric function just by starting with any non-symmetric term
and summing over all permutations (“orbits”), it is very useful to make the symmetries of the
problem manifest through our choice of variables11. Fortunately, thanks to Rule 2 this is indeed
possible.

Recall that by Rule 2 the trimmed bispectrum must be a rational function, so we can
use a powerful result in commutative algebra to uniquely write down the polynomials in the
numerator and denominator of (2.20). The fundamental theorem of symmetric polynomials

11An analogous point for amplitudes has been recently made in [68, 69]. The author is thankful to W. Haddadin
and especially to S. Melville for introducing him to this branch of mathematics and explaining to him some nifty
results.

– 11 –



says that any symmetric polynomial (for us on the field of real numbers) in a set of n variables
can be written uniquely as sum and products of the first n elementary symmetric polynomials
(ESPs)12 and numerical factors. Our interest is on n = 3, in which case the relevant ESPs are

e1 ≡ k1 + k2 + k3 = kT , (2.42)

e2 ≡ k1k2 + k2k3 + k1k3 , (2.43)

e3 ≡ k1k2k3 . (2.44)

Notice that the first ESP is precisely the total energy, and so in the following we will write
kT instead of e1. We are not the first to use ESPs to write scalar bispectra, and examples
have already appeared in the literature, see e.g. [70, 71]. However, it is worth stressing a few
additional points:

• The fact that the decomposition in ESPs is unique is extremely useful to bootstrap the
bispectrum, as we will see in the next section. If one tried to proceed by brute force
writing down all possible monomials and summing over their permutations, one would
end up with a very large number of parameters whose degeneracy cannot be constrained
by any bootstrap rule.

• ESPs are very convenient to study various limits of the bispectrum. As we discussed, the
limit e1 = kT → 0, with e2 and e3 finite is fixed by a corresponding amplitude. Also, we
will see later that the squeezed limits, which are constrained by the very powerful soft
theorems, can be studied naturally by taking e3 → 0 while keeping kT and e2 finite13.

• The permutation group is particularly simple for the bispectrum, but is more complicated
starting with the trispectrum because then some angles between different momenta must
be kept as independent variables. Nevertheless, using results from the Hilbert series and
the Hironaka decomposition one can find a complete and mutually independent set of
basis polynomials, which will be presented elsewhere.

The discussion above generalizes straightforwardly to the case in which one of the three
scalars is different from the other two. The situation in which spinning fields are present is
instead more interesting. Let’s focus on three identical spinning fields, such as in the graviton
bispectrum Bγγγ . Now the bispectrum is given by a sum of terms, each of which is the product
of a polarization factor times the trimmed bispectrum B as in (2.9). When the polarization
factor is permutation invariant by itself then so must be B, which can hence again be written
uniquely in terms of ESPs. This is the case for example for the bispectrum generated in GR
[38]. However, it might also be the case that some polarization factors are not fully permutation
invariant, in which case B is also not permutation invariant and cannot be written in terms of
ESPs. This happens for example for some (higher-order) interaction induced by the coupling
with the time-dependent inflation, as for the operator in SΛ3 in [72].

Summarizing, when the polarization factor in (2.9) is invariant under permutations, the
trimmed bispectrum of three identical fields can be written in terms of elementary symmetric
polynomials as

BXXX =
Polyβ(kT , e2, e3)

Poly6+αtot+β(kT , e2, e3)
, (2.45)

where β is a non-negative integer and αtot was defined below (2.19).

12In principle one could choose to use other families of symmetric polynomials, such as power-sum symmetric
polynomials, but it turns out that the ESPs are the most convenient choice.

13This leads to the natural question of what is the physical interpretation of e2 → 0 with kT and e3 finite.
Unfortunately, we don’t have an interesting answer at the moment.

– 12 –



2.5 Rule 5: Locality and the Bunch-Davies vacuum

When combined into a single fraction, the denominator of any bispectrum can only be the
monomial kpT e

m
3 . This fixes the order of the numerator in terms of the integers p (discussed in

Rule 3) and m,

BXY Z =
Poly3m+p−6−αtot

(k1, k2, k3)

kpT e
m
3

. (2.46)

This rule follows from locality and the choice of the Bunch-Davies vacuum. Under the most
conservative notion of locality one should choose m = 3, which indeed is what appears in almost
all known models. However, under a more open-minded and yet precise definition of locality
one should also consider m > 3, which indeed appears in solid inflation [73], where m = 5. It
would be nice to study that possibility further, especially given that the soft theorems for solid
inflation are already known [74, 75]. We leave this for the future. Let’s start discussing the
choice of vacuum and move on later to tackle locality.

Bunch-Davies vacuum It is well known that if we assume a modified initial state, e.g. a
Bogoliubov transformation of the Bunch-Davies state, we obtain additional poles in the bis-
pectrum [64, 76]. These poles can be reached even for physical configurations (i.e. with real
momenta) and manifest themselves in divergences for flattened configurations, in which all three
momenta become collinear k1 ∝ k2 ∝ k3. As pointed out in [20], requiring the absence of these
singularities is tantamount to imposing the Bunch-Davies vacuum. This fact can be seen clearly
within the in-in formalism. Schematically, for contact interactions we have

B ∼ Im

∫ 0

−∞
dτ ′〈Hint(τ

′)
∏
a

X(ka, 0)〉 . (2.47)

In the interaction Hamiltonian Hint, only the annihilation operators contribute, which all come
with the mode function fka(τ ′), rather than its complex conjugate. For the Bunch-Davies
vacuum fk ∝ e−ikτ

′
and so the time integral over τ ′ takes the form of (2.31) and gives only

inverse powers of kT . Conversely, for modified initial states that can be parameterized as
Bogoliubov transformations of the Bunch-Davies, both positive and negative frequencies appear
in the mode functions fk ∼ e−ikτ

′
+eikτ

′
. Then the time integral contains terms of the schematic

form ∫ 0

−∞
dτ ′τ ′p−1ei(ka+kb−kc)τ ′ =

1

(ka + kb − kc)p
, (a 6= b 6= c) , (2.48)

leading to divergences for flattened configurations ka + kb = kc [76]. In passing, note that the
absence of these divergences was proposed in [77] as a litmus-test for the quantum nature of
cosmological perturbations.

Locality Locality is a pillar of our understanding of physics and science more generally. Yet,
the word locality is used in a variety of different contexts to mean different things. In the
following, we will introduce a precise notion of locality for equal-time correlators and use it to
constrain the form of the bispectrum.

Let’s start by clarifying our nomenclature. First, we are considering (spontaneously) boost-
breaking theories, as opposed to Lorentz-invariant theories, and so the inverse spatial Laplacian
(∂i∂i)

−1 = ∂−2 will play a key role. When writing Lagrangian interactions, we will use the
expression “manifest locality” to denote the absence of inverse spatial Laplacians. So, for
example, (2φ)n φ̇m(∂iφ)2l is a manifestly local interaction, while φ̇2∂−2φ̇ is not manifestly local.
Manifest locality is by far too strong a restriction on the set of allowed theories. For example,
already for a canonical scalar minimally coupled to general relativity we know that after solving
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the ADM constraints we find interactions that are not manifestly local, such as for example
ζ̇2∂−2ζ̇ [38]. As another example, when written in terms of a canonical scalar, the interactions of
a solid also have inverse Laplacians. These examples motivate us to find a more useful definition
of locality. One could imagine some notion of “bulk locality”, in which the time evolution of a
given theory is studied and constraints are enforced on the propagation of signals. Here instead
we will propose a definition of locality that is intrinsic to the boundary and can be defined and
tested by exclusively inspecting the boundary correlators.

To gain some intuition, let’s consider the simplest case of an (n+1)-point scalar correlator
and make the momentum-conserving delta function manifest,

〈φ(q)
n∏
a

φ(ka)〉 =

∫
x,{y}n

e−i(q·x+
∑
a ka·ya)〈φ(x)

n∏
a

φ(ya)〉 (2.49)

= δ3
D

(
q +

n∑
a

ka

)∫
x̃,{ỹ}n−1

e−i[q·x̃+
∑n−1
a (ka−kn)·ỹa]〈φ(x)

n∏
a

φ(ya)〉 , (2.50)

where x̃ ≡ x − yc and similarly for ỹ, with yc ≡ n−1
∑n

a ya the “center” of the ya locations.
We can tentatively re-write the correlator by trading one field, say φ(x), for a modification of
the background (background-wave method)

〈φ(x)
n∏
a

φ(ya)〉 = 〈φ(x)〈
n∏
a

φ(ya)〉φ〉 (2.51)

〈
n∏
a

φ(ya)〉φ =

∞∑
n=0

∂nφ(yc)

[
δ

δ∂nφ(yc)
〈
n∏
a

φ(ya)〉

]
φ=0

. (2.52)

This is where locality enters: we are assuming that the product
∏n
a φ(ya) is sensitive to the value

of the background perturbation φ and its derivative at some nearby point yc. In particular we
are not allowing any dependence on, say, terms like ∂−2φ(yc). Substituting the above expression
in the soft limit q→ 0 of the correlator (2.50), we find

〈φ(q)
n∏
a

φ(ka)〉′ →
∫
x̃,{ỹ}n−1

e−i[q·x̃+
∑n−1
a (ka−kn)·ỹa]〈φ(x)

n∏
a

φ(ya)〉 , (2.53)

=

∫
x̃
〈φ(x)φ(yc)〉e−iqx̃ × F (k1, . . . ,kn) +O(q) (2.54)

= P (q)× F (k1, . . . ,kn) +O(q) , (2.55)

where F is some function of the momenta ka that does not depend on q. This derivation tells
us that locality demands that the soft limit of a correlator is controlled by the power spectrum,
namely

Local scalar theory ⇒ lim
q→0

Bn(q,k1, . . . ,kn)

P (q)
= F (k1, . . . ,kn) <∞ . (2.56)

The idea is now to use this equation, which depends exclusively on the behavior of correlators,
to define what we mean by a local theory. To do that we have to first account for spinning fields.
To this end, let’s switch to the (superficially) more formal language of the operator product
expansion (OPE). Concentrating on the bispectrum and working in Fourier space we write

lim
q→0

Y hy
(
k− q

2

)
Zhz

(
−k− q

2

)
→ C +

∑
hx

[
εhy(k)εhz(−k)εhx(−q) f(k,q)

]
Xhx(−q) + . . . ,

(2.57)
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where C is a constant (the power spectrum of Y Z), and the square brackets indicate some con-
traction of the indices in the polarization tensors ε and in the model-dependent OPE coefficient
f . The dots indicate terms that are subleading when using this OPE to compute the soft-X
limit of the bispectrum BXY Z . These are terms with higher powers of the fields, which are
subleading in perturbation theory, or with more powers of q, which vanish in the soft limit.
The OPE limit (2.57) leads to the soft bispectrum

lim
q→0
〈Xhx(q)Y hy

(
k− q

2

)
Zhz

(
−k− q

2

)
〉′ = PXhx (q)×

[
εhy(k)εhz(−k)εhx(q) f(k,q)

]
. (2.58)

We now impose the condition that for a theory to be local f(k,q) must be regular as q → 0:

Local theory ⇒ lim
q→0

f(k,q) <∞ . (2.59)

This is necessary condition, but it might not be sufficient. When applied to the context of this
paper, this requirement of locality says that in general the denominator of the bispectrum may
contain a factor of em3 with m ≥ 3. We will mostly consider m = 3 here, which is sufficient to
capture non-Gaussianity in EFT of single-clock inflation, but it would be interesting to show
that by allowing for m = 5 one can bootstrap the bispectrum of solid inflation [73].

For a general local theory we can expand f in the soft limit as

lim
q→0

f(k,q) =

∞∑
s=0

∑
∆A

Cs,∆A
(k)
( q
k

)∆A

Ps

(
k̂ · q̂

)
, (2.60)

where ∆A ≥ 0 are some exponents that must be positive14 by locality and Cs,∆A
are arbitrary

functions, with implicit spatial indices, which reduce to arbitrary constants over k3 for scale-
invariant theories. Notice also that when Y = Z one must have C2s+1 = 0 by symmetry in
k→ −k.

To make contact with explicit Lagrangian calculations at tree-level, notice that in the
EFT of single-clock inflation, the dependence of f on q and q̂ is analytic and so the ∆A’s are
(non-negative) integers. Then, for interactions that are manifestly local one finds ∆A ≥ s
because the angular dependence only arises from k ·q = kq (k̂ · q̂). However, it is clear from our
discussion that this definition of locality is too restrictive. For example, the soft limit of the
scalar bispectrum of solid inflation [73] has C2,0 6= 0. In the OPE, such a term can only come
from allowing inverse Laplacians, as in (k · q)2 /(kq)2. Despite the appearance, these theories
are perfectly local according to (2.59), in the sense that it is only the value of the fields and
their derivatives at some point that are locally measurable.

Furthermore, when integrating out degrees of freedom of mass M , there can be additional
effects on observables that are non included in the EFT of inflation because they are non-
perturbative in M . This results in a non-analytic dependence of f (equivalently the bispectrum)
on k and q [78, 79, 20]. When the field that has been integrated out has non-trivial spin, this
leaves a characteristic angular dependence that is referred to as cosmological collider physics in
the literature [20]. This class of models obey the definition of locality introduced here as long
as M ≥ 0. One interesting observation is that there is connection between “saturating” the
locality bound (2.59), namely having a finite and non-vanishing soft limit of f(k,q), and the
existence of interacting massless particles. We hope to come back to this issue in the future.

Finally, it’s worth mentioning that higher n-point correlators also display factors of k−pT and
emn , but they have also other poles generated from exchange diagrams (Bulk-to-Bulk propagators
in the holographic language). These singularities have been the focus of much recent interest
in the literature [23, 25, 26, 14, 15, 19, 27].

Summarizing, the trimmed bispectrum must be a rational function whose denominator is
fixed by locality and the choice of the Bunch-Davies vacuum to take the form of (2.46) with p
given in (2.36) and m ≥ 3 (with m = 3 in the EFT of inflation).

14In principle ∆A could have an imaginary part, which does not change the following argument.
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2.6 Rule 6: Soft limits

The rules outlined so far apply to any massless scalar or tensor fields on a (quasi) de Sitter
background. However, one specific scalar and one specific tensor field are of particular interest:
curvature perturbations on constant-energy hyper-surfaces ζ and graviton perturbations γij .
The former are the seed of the anisotropies in the cosmic microwave background and of the large
scale structures in our universe and can therefore be measured from cosmological observations.
Graviton perturbations have so far eluded observation but are the target of a major observational
effort that will improve the current sensitivity by two orders of magnitude in the coming decades.

When working in the bulk within a certain class of models, we carefully define ζ and
γij from the fields in the action and then compute their correlators. But from an exclusively
boundary perspective, where we don’t assume an action to begin with, how can we know if a
given correlator is the correlator of ζ or of γij as opposed to the correlator of some other scalar
or tensor field? The answer to this question has been recently given in [21]. Within single-clock
inflation and without any further assumptions about the particle content, a given correlator
is a correlator of ζ (in some cosmological model) if and only if it obeys all the soft theorems
[37, 34, 33, 35] that generalize Maldacena’s consistency relation [38]. This statement is also
true for correlators of γij mutatis mutandis. Focusing on the bispectrum, when the momentum
kl of ζ is much smaller than the two other short momenta, the bispectrum must obey the soft
theorem

lim
kl→0
〈ζ(kl)X(ks − kl/2)Y (−ks − kl/2)〉′ = Pζ(kl)

∂

∂ log ks

(
k3〈X(ks)Y (−ks)〉′

)
+ . . . , (2.61)

where the dots stand for terms that are suppressed by at least a factor of (kl/ks)
2 [38, 80, 37, 34]

and the correct normalization for the ζ power spectrum is the standard expression

〈ζ(k)ζ(−k)〉′ = Pζ(k) =
H2

4εcsM2
Pl

1

k3
. (2.62)

There is also a soft theorem for soft gravitons, γij(kl). The leading order (LO) term in the limit
kl → 0 is fixed by diff invariance to be [38, 34]

〈γh(kl)X(ks − kl/2)Y (−ks − kl/2)〉′ → −1

2
Pγ(kl)ε

h
ij(kl)k

i
s∂kjsPXY (ks)

[
1 +O

(
kl
ks

)]
. (2.63)

In general, diffeomorphisms cannot be used to fix the whole next-to-leading order (NLO) con-
tribution. However, here we notice that the NLO must vanish upon averaging over the angle θ
between kl and ks, as a consequence of parity in kl → −kl.

In the specific case of the bispectrum of a soft graviton and two identical fields, the full
NLO soft limit is fixed to vanish15

〈γh(kl)X(ks − kl/2)X(−ks − kl/2)〉′ → −1

2
Pγ(kl)ε

h
ij(kl)k

i
s∂kjsPX(ks)

[
1 +O

(
k2
l

k2
s

)]
(2.64)

=
3

2
Pγ(kl)

εhij(kl)k
i
sk
j
s

k2
s

PX(ks)

[
1 +O

(
k2
l

k2
s

)]
, (2.65)

15Our expression is identical to that given in [38], but we claim it is valid also to next-to-leading order in
kl because we are taking the symmetric squeezed limit, which makes the next-to-leading order term vanish by
symmetry. Our expression indeed agrees with asymmetric squeezed limit [34]

〈γh(kl)ζ(k2)ζ(k3)〉 → 3

2

H2

M2
Plk

3
1

H2

4εM2
Plk

3
2

εhij(kl)k
i
2k
j
2

k22

(
1− 5

2

kl · k2

k22
+ . . .

)
,

upon the redefinition k2 = ks − kl/2 so that k2 ' ks − k̂s · kl/2 + . . . .
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where we assumed scale invariance, PX ∝ k−3
s , and the properly normalized graviton power

spectrum is16

〈γh(k)γh
′
(k′)〉′ ≡ δhh′Pγ =

H2

M2
Pl

δhh′

k3
. (2.66)

The fact that there are no NLO corrections, namely corrections at order kl/ks, when X = Y
simply follows from our symmetric way of taking the squeezed limit (see e.g. [81] or Appendix
A of [82]) and is true both when the soft field is a scalar and a graviton. In the following, it will
be useful to take the squeezed limit in expressions written in terms of the elementary symmetric
polynomials. In the symmetric squeezed limit defined by

|k1| = kl , k2 = ks − kl/2 , k3 = −ks − kl/2 , kl � ks , (2.67)

the leading and next-to-leading order expressions are found to be

kT = e1 = 2ks + kl +O(k2
l ) , (2.68)

e2 = k2
s + 2klks +O(k2

l ) , (2.69)

e3 = k2
skl +O(k3

l ) . (2.70)

Notice in particular that 8e3 = 4e1e2 − e3
1 + O(k2

l ) and so only two variables are necessary to
describe the squeezed limit at these orders17.

3 Field redefinitions and boundary terms

In contrast to flat-space amplitudes, correlators are not invariant under perturbative field re-
definitions and do depend on total time derivatives, both in flat and curved spacetime. In this
section, we characterize these contributions to the bispectra of massless scalars, leaving a more
general discussion of spinning fields and higher-point correlators for the future. The upshot will
be that field redefinitions and boundary terms only contribute to the part of the correlator that
is finite as kT → 0. This issue was also previously discussed in [83], with focus on manifestly
local terms.

3.1 Field redefinitions

By field redefinitions we mean transformations of the fields in the correlator of the form

X(k)→ X(k) + ∆X(k) , (3.1)

where ∆X is of quadratic or higher order in the fields. Notice that these are boundary field
redefinitions, i.e. all the fields are evaluated at the boundary. From a bulk perspective, one
might expect time derivatives of the fields to appear in the possible field redefinitions. However,
in quasi de Sitter spacetime, these time derivatives can always be removed to leading order in
(conformal) time in favor of only spatial derivatives because the equations of motion become
first order near the boundary. Furthermore, not all bulk field redefinitions affect the correlators.
In particular, there are field redefinitions that vanish at future infinity. For example for a
scalar field, consider the following “bulk” field redefinitions in position and momentum space
respectively,

φ(x)→ φ(x) + c1φ(x)ḡij∂i∂jφ(x) + c2ḡ
ij∂iφ(x)∂jφ(x) + . . . (3.2)

φ(k)→ φ(k) +H2τ2

∫
q

[
c1q

2 + c2(k− q) · q
]
φ(q)φ(k− q) + . . . , (3.3)

16One can also define the quantity PT by PT ≡ 〈γij(k)γij(k
′)〉 = 4Pγ so that the tensor-to-scalar ratio is

r = PT /Pζ = 16ε, at some pivot scale.
17At the next order one needs a third variable, which can naturally be chosen to be cos θls = k̂l · k̂s
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where c1,2 are numerical parameters and ḡij the background inverse de Sitter metric. Since
the boundary is located at τ → 0, these field redefinitions are trivial at the boundary. These
transformations might be useful for removing redundant operators in the Lagrangian descrip-
tion, as e.g. in [84, 85, 72]. However, they are not relevant in the present discussion, which
is exclusively focused on the future boundary. Instead we will be interested in boundary field
redefinitions, i.e. transformations that do not vanish as τ → 0. If we insist on “manifestly local”
field redefinitions, namely with only positive powers of derivatives, then the only possibilities
are monomials in the fields. For example, for a single scalar field one has

φ(x)→ φ(x) + a2φ
2(x) + a3φ

3(x) + . . . , (3.4)

where an are numerical coefficients. Here and in the rest of this section, we focus exclusively on
the momentum dependence and systematically omit the numerical normalization of the power
spectrum. The only term that contributes at leading order to the scalar bispectrum is the
quadratic field redefinition, which generates the much studied “local” non-Gaussianity [86]

∆Bφ2 = 2a2

∑
a k

3
a

k3
1k

3
2k

3
3

= 2a2
e3

1 − 3e1e2 + 3e3

e3
3

. (3.5)

This class of field redefinitions is too restrictive though. Even for the simplest model of a canon-
ical scalar field coupled to gravity, we should also consider “not manifestly local” redefinitions,
i.e. redefinitions that include inverse Laplacians (as were used in [38]). For example, the most
generic redefinitions with a single inverse Laplacian to quadratic order in the scalar field is18

φ(x)→ φ(x) + ∂−2
[
b1φ(x)∂2φ(x) + b2(∂iφ(x))2

]
+ (3.6)

+ b3 (∂iφ(x)) (∂i∂
−2φ(x)) + b4

(
∂−2φ(x)

) (
∂2φ(x)

)
, (3.7)

where ∂2 = ∂i∂i, ∂
−2 is the inverse spatial Laplacian and b1,2,... are numerical coefficients.

These particular combinations of derivatives have been chosen to have a net zero number of
derivatives. This ensures that the induced correlators are scale invariant. From the bulk point
of view, matching the number of derivatives to that of inverse Laplacians cancels the factors of
τ in the inverse metric that contracts the spatial indices, and makes these redefinitions finite
at the boundary. Not all these redefinition are allowed in a local theory because of the locality
condition discussed in Section 2.5. For example, let’s calculate the leading contribution to the
bispectrum from the redefinitions in (3.6)

∆B∂−2(φ∂2φ) =
(k2

3 + k2
1)

k2
2k

3
1k

3
3

+ 2 perm’s =
e1e2 − 3e3

e3
3

, (3.8)

∆B∂−2(∂iφ2) = 2
(k2

2 − k2
3 − k2

1)

k2
2k

3
1k

3
3

+ 2 perm’s = 2
e3

1 − 4e1e2 + 6e3

e3
3

, (3.9)

∆B(∂iφ)(∂i∂−2φ) =
1

2e5
3

[
−2e6

1e3 + e5
1e

2
2 + 10e4

1e2e3 − 5e3
1(e3

2 + 3e2
3) (3.10)

−e2
1e

2
2e3 + 4e1(e4

2 + 3e2e
2
3)− 4e3

2e3 − 6e3
3

]
,

∆B(∂−2φ)(∂2φ) =
e1e

4
2 − 4e2

1e
2
2e3 − e3

2e3 + 2e3
1e

2
3 + 7e1e2e

2
3 − 3e3

3

e5
3

. (3.11)

It is straightforward to check that only the first three of these four contributions obey the
locality constraint

Locality: lim
k1→0

B(k1, k2, k3)

P (k1)
<∞ . (3.12)

18The operator ∂2
(
φ∂−2φ

)
can be re-written in terms of the others.
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The last contribution, from the redefinition (∂iφ)(∂i∂
−2φ) cannot appear (by itself) in a local

theory. Furthermore, the three redefinitions that contribute to order e−3
3 , namely φ2, ∂−2(∂iφ)2

and ∂−2(φ∂2φ) are not independent from each other. They are related by

∆B∂−2(∂iφ)2 = ∆Bφ2 − 2∆B∂−2(φ∂2φ) . (3.13)

Also, the redefinition (∂iφ)(∂i∂
−2φ) contributes to the correlator at order e−5

3 , rather than e−3
3 .

While this scaling is allowed by locality, since it obeys (3.12), it does not occur in models with
the standard symmetry breaking pattern, namely in the EFT of inflation. We speculate that
this redefinition might be useful when computing the gravity contributions to the bispectrum
of solid inflation [73]. In summary, there are only two independent field redefinitions that can
change bispectra at order e−3

3 . Remarkably, both of them were used in [38].

Now let’s discuss a very useful property of all field redefinitions: they only contribute to
the part of the correlator that is finite in the vanishing total-energy limit, kT → 0. In full
generality, the reason for this is that, as we saw in Rule 3, the residue of the total-energy pole
of a correlator is an amplitude and (perturbative) field redefinitions should leave amplitudes
invariant. Hence field redefinitions may not have kT poles. We can show this more explicitly for
the bispectrum of a single scalar to leading order in the redefinition. Consider the redefinition

∆φ(k) =

∫
q
F (q,k− q)φ(q)φ(k− q) , (3.14)

where the kernel F is symmetric under the exchange of its arguments, and can only depend on
their scalar products. We allow F to be a rational function of momenta, but its denominator
can only contain powers of q2, |k−q|2 and k2, to account for the presence of inverse Laplacians.
The correction to the bispectrum is

∆B =
F (−k1,−k3)

k3
1k

3
3

+ 2 perm’s . (3.15)

This expression does not contain any pole as kT → 0, confirming our previous claim. This is of
course to be expected since in the explicit bulk calculation all kT poles arise from time integrals,
which are absent here.

There is an interesting corollary of this result. The most general form of the part of the
scalar bispectrum that may be affected by field redefinitions is

1

e3
3

 ∑
i,j,l≥0

Cijlk
i
T e

j
2e
l
3 δ3,i+2j+3l

 =
1

e3
3

[
C300k

3
T + C110kT e2 + C001e3

]
, (3.16)

for some numerical coefficients Cijl. Since there are three coefficients at this order but only
two independent field redefinitions (see (3.13)), there is one linear combination of Cijl that is
field-redefinition invariant, namely

Field redefinition invariant: 2C300 + C110 +
1

3
C001 . (3.17)

So the non-singular terms of the scalar bispectrum must contain some physical information
about the interaction that can be expressed without any reference to fields. This information is
in addition to the flat space amplitude, which is encoded in the residue of the kT → 0 limit. An
alternative perspective on this result is given by considering the wavefunction of the universe19.
Field redefinitions correspond to contact terms in the position space wavefunction coefficients

19We are thankful to Austin Joyce for discussions on this point.
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(but not in the position space correlators), which can be interpreted as correlators in a putative
dual boundary CFT. In Fourier space, contact terms correspond to functions in which two or
more momenta appear analytically. Up to permutations, there are only two possibilities, namely
k3

1 and k1k
2
2. The function k1k2k3 may also appear but it is not analytic, and therefore cannot

be changed by a field redefinition (it would correspond to correlations at separate points in the
dual CFT). This indeed corresponds to the combination in (3.17).

In summary, all field redefinitions lead to contributions to the bispectrum that are finite
as kT → 0, but not viceversa: there are terms that are finite in the vanishing total-energy limit
and that are invariant under field redefinitions.

3.2 Boundary terms

Interactions living on the boundary, at τ = 0, commonly arise after performing integration
parts in time. These boundary terms change correlators, a fact which has been discussed
several times in the literature [65, 87, 13]. Here we show that contributions from boundary
terms to correlators cannot diverge as kT → 0. Also, we show that for every field redefinition,
including those involving inverse Laplacians, we can find a boundary term that gives the same
contribution to the bispectrum, a fact already noticed in [83] for field redefinitions without
derivatives.

Consider a boundary term in the Hamiltonian of the form

H∂ =

∫
x
O(x) , (3.18)

for some operator O(x), which is the product of three fields and their time or space derivatives.
The contribution of this term to the correlators at leading order follows from the standard in-in
formula

B3 = i〈[H∂ , φ(k1)φ(k2)φ(k3)]〉′ (3.19)

= i

∫
x
〈[O(x), φ(k1)φ(k2)φ(k3)]〉′ . (3.20)

Since all fields are evaluated at the same time, namely at the boundary τ = 0, the commutator is
non-zero only if at least one power of the conjugate momentum Π of φ appears in O. To leading
order in perturbations for a canonical scalar field this is just Π = a3φ̇. After using equal-time
canonical commutation relations, the above expression reduces to the expectation value of the
product of four fields (at equal time), which can be computed using Wick’s theorem. The only
non-polynomial appearances of momenta can result from inverse Laplacians in O. Since there
is no time integral, poles in kT cannot appear.

In fact, for any field redefinition

φ(x)→ φ(x) + ∆φ(x) , (3.21)

where ∆φ contains the product of φ’s and their spatial derivatives, we can consider a corre-
sponding boundary term

H∂ =

∫
x

Π(x)∆φ(x) , (3.22)

which, upon using (3.19) and canonical commutation relations gives the same contribution to
correlators as the field redefinition ∆φ.
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4 A Boostless bootstrap

In this section we use the Bootstrap Rules to fix the bispectra containing ζ and γij in single-
clock inflation. We will be able to reproduce both the results of [38], which assumed a canonical
scalar field, as well as the bispectra that arise in more generic models captured by the Effective
Field Theory of inflation [29, 30], such as for example P (X,φ) theories [88] or theories with
higher derivatives.

4.1 Three-graviton correlator 〈γγγ〉

Let’s start with the graviton bispectrum to lowest-order in derivatives, i.e. in general relativity.
To determine the polarization factor in the bispectrum, we use the amplitude limit. The most
general flat-space amplitude for three gravitons to lowest order in derivatives is that of GR and
it is given by (see e.g. [89, 38])

AGR(1h1 , 2h2 , 3h3) = − 1√
2MPl

εh1ii′ (k1)εh2jj′(k2)εh3ll′ (k3)tijlti′j′l′ , (4.1)

where tijl = ki2δjl + kj3δil + kl1δij . Using the amplitude limit of Rule 3, (2.24), this amplitude
fixes the polarization factor of the correlator for this particular interaction. Now we notice that
all three fields in the correlators (equivalently particles in the amplitude) are the same and that
the polarization factor above is fully invariant under the permutation of any two fields, i.e. the
permutation of their momenta as well as their helicities. Hence the trimmed bispectrum Bγγγ
can be written in terms of the three elementary symmetric polynomials discussed in Rule 4.

We now make the most generic Ansatz for the trimmed bispectrum Bγγγ that is compatible
with all the Bootstrap Rules. Since the GR action has only two derivatives, which is the lowest
possible number for massless particles, we should take p = 2. Furthermore, we should impose
the correct kT pole using (2.24) while adding three factors of

√
2/MPl to account for the fact

that the standard normalization of the graviton γs differs from that of a canonical scalar. The
resulting Ansatz is

Bγγγ =

( √
2

MPl

)3
H4

4

Re (AGR)

k2
T e

3
3

[
e3 + C1kT e2 + C3k

3
T

]
(4.2)

= −1

2

(
H

MPl

)4 εh1ii′ ε
h2
jj′ε

h3
ll′ tijlti′j′l′

k2
T e

3
3

[
e3 + C1kT e2 + C3k

3
T

]
. (4.3)

where C1 and C3 are numerical parameters (and the label represent the corresponding power
of kT ). Notice how powerful Rules 1 through 5 are: the calculation of the graviton bispectrum
has been reduced to determining C1 and C3, which are just two numbers! To fix these, we
will use the (symmetric) squeezed-limit soft theorem discussed in Rule 6, namely (2.64). In the
symmetric squeezed limit, we have

lim
kl→0

Aγγγ = εh1ii′ (kl)ε
h2
jj′(ks − kl/2)εh3ll′ (−ks − kl/2)tijlti′j′l′ (4.4)

= 2δh2h3k
i
sε
h1
ii′ (kl)k

i′
s + . . . . (4.5)

Comparing the soft limit of our Ansatz (4.3) with (2.64) to leading and next-to-leading order
in kl/ks we find

−(C1 + 4C3) = 3 1 + 3C1 + 4C3 = 0 , (4.6)
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which has the unique solution C1 = 1, C3 = −1. So we can finally write down the graviton
bispectrum as

Bγγγ = −1

2

(
H

MPl

)4 εh1ii′ ε
h2
jj′ε

h3
ll′ tijlti′j′l′

k2
T e

3
3

[
e3 + kT e2 − k3

T

]
(4.7)

= − H4

2M4
Pl

εh1ii′ ε
h2
jj′ε

h3
ll′ tijlti′j′l′

k3
1k

3
2k

3
3

[
k1k2k3

k2
T

+

∑
a>b kakb

kT
− kT

]
, (4.8)

which indeed matches the result found in [38] via direct calculation.
A few comments are in order. Notice that the graviton bispectrum can also be boot-

strapped using exclusively de Sitter isometries, as was first done in [6], where a second higher-
derivative contribution to the graviton bispectrum was also derived. That approach is very
powerful as it does not rely on perturbation theory. However, all models of inflation break
de Sitter isometries via the scalar condensate. In general this breaking can be communicated
to the graviton sector, although in some models such as P (X)-theories this does not happen.
Indeed in [84, 85, 72] several higher-derivative graviton bispectra were derived and studied, all
of which stem from the coupling of the graviton sector to the boost-braking condensate that
drives inflation and are therefore not de Sitter invariant. The bootstrap method we propose in
this paper is different from (but heavily influenced by) the one in [6] and [14]. In particular,
nowhere in the above derivation did we assume invariance under de Sitter boosts. Because of
this, we expect that the rules we have formulated here should be helpful to bootstrap the more
general graviton bispectra that can arise from the breaking of these isometries. We leave this
avenue for future work.

4.2 One graviton and two scalars correlator 〈γζζ〉

The next correlator that we will bootstrap is the mixed γζζ bispectrum in canonical single-field
inflation, first derived in [38]. Again we start by considering the flat-space limit. In Minkowski
the only amplitude corresponding to two scalars and a graviton is20

Aγζζ = A(1h, 20, 30) =

√
2

MPl
εhij(k1)ki2k

j
3 . (4.11)

From this we see that the corresponding cubic coupling has two derivatives, and so we should
choose p = 2. Naively, the boostless bootstrap would start from an Ansatz of the form

Bγζζ
??∼
εhijk

i
2k
j
3

k3
1k

3
2k

3
3

[
e3

k2
T

+
k2

1 + k2k3

kT
+ k1 + kT

]
, (4.12)

with some implicit free numerical coefficients. But this is too general. Since there are no time
derivatives in the interaction, the only asymmetry between scalars and tensors appears in the
polarization factor, which is fixed by the amplitude to be εhijk

i
2k
j
3. Hence, we should instead

start from the more restrictive “symmetric” Ansatz where the trimmed bispectrum is the most

20This can be derived also from the spinor helicity formalism

A(12, 20, 30) ∼ 1

MPl

(
[12][31]

[23]

)2

, A(1−2, 20, 30) ∼ 1

MPl

(
〈12〉〈31〉
〈23〉

)2

, (4.9)

using the standard formulae for the polarization tensors. From this expression we immediately see that the
corresponding interaction must have two derivatives, since [ij], 〈ij〉 ∼ k. The correct normalization follows from
canonically normalizing the graviton through the redefinition γ̃ij = MPlγij/

√
2 applied to

L = −1

2
∂µφ∂

µφ− M2
Pl

8
∂µγij∂

µγij −
1

2
γij∂iφ∂jφ . (4.10)
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general polynomial of degree three written in terms of the elementary symmetric polynomials,
namely

Bγζζ =

√
2

MPl

(
1

MPl

√
2ε

)2 H4

4

ReAγζζ
e3

3k
2
T

[
e3 + C1e2kT + C3k

3
T

]
(4.13)

=
1

4ε

H4

M4
Pl

εhij(k1)ki2k
j
3

e3
3k

2
T

[
e3 + C1e2kT + C3k

3
T

]
, (4.14)

where the normalization was again fixed by matching the leading kT pole to the flat space
amplitude, as described in (2.24) while including one factor of

√
2/MPl to account for the non-

canonical normalization of the tensor and two factors of 1/(MPl

√
2ε) for the non-canonical

normalization of ζ ∼ φ/(MPl

√
2ε).

Now we can use both the scalar and the graviton soft theorems. However, both the leading
and next-to-leading orders in the (symmetric) soft-scalar limit, with k2 = kl, are trivially
satisfied because the polarization factor already scales as k2

l

lim
kl→0

Bγζζ ∝
εhij(ks − kl/2)kil(−k

j
s − kjl /2)

e3
3k

2
T

(2C1 + 8C3)k3
s (4.15)

∝
εhij(ks)k

i
lk
j
l +O(k3

l )

k5
sk

3
l

∼ 1

k5
skl

, (4.16)

where we used that the polarization tensor is perpendicular to its momentum. So all our hopes
to bootstrap this correlator rest on the soft graviton theorem. This constraint indeed fixes the
correlator completely. Using the definitions in (2.67), the symmetric squeezed limit must obey
(2.64), namely

lim
kl→0

Bγζζ
!

= −1

2
Pγ(kl)

εsij(kl)k
i
sk
j
s

ks

∂

∂ks
Pζ(ks) (4.17)

=
3

2

H2

M2
Plk

3
l

H2

4εM2
Plk

3
s

εsij(kl)k
i
sk
j
s

k2
s

+O(k−1
l ) . (4.18)

Taking this limit on (4.14), we find again

−(C1 + 4C3) = 3 , 1 + 3C1 + 4C3 = 0 , (4.19)

which is again solved by C1 = 1 and C3 = −1. Replacing these values in our original Ansatz
(4.14) delivers the correct result, namely [38]

Bγζζ =
1

4ε

H4

M4
Pl

εhij(k1)ki2k
j
3

k3
1k

3
2k

3
3

[
k1k2k3

k2
T

+

∑
i>j kikj

kT
− kT

]
. (4.20)

A few comments are in order. This bispectrum, originally derived in [38], was re-derived
using an approximated version of de Sitter invariance in [10]. Most recently, again using de Sitter
isometries as input, but adopting a more systematic formalism, this correlator was bootstrapped
in [19] from a related correlator involving conformally coupled fields by means of an appropriate
weight-raising operator. The fact that in this section we were able to derive 〈γζζ〉 without ever
mentioning de Sitter boosts might be at first surprising. What’s happening is that the soft-
graviton consistency relation as well as the choice of a Lorentz invariant amplitude are supplying
the constraining power that comes from de Sitter boosts in the other approaches. This is an
important difference because, as first stressed in [37], the soft theorems do not depend on the
isometries of de Sitter. Rather a conformal group emerges when considering adiabatic modes
[90] in any accelerating FLRW at future spacelike infinity.
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4.3 Three-scalar correlator 〈ζζζ〉

Let’s consider the most phenomenologically relevant of correlators, the scalar bispectrum of
curvature perturbations 〈ζζζ〉. A pleasant simplification occurring in this case is that the
polarization factor in (2.9) is trivial and so the full bispectrum coincides with the trimmed
bispectrum.

Before we can write down an Ansatz that respects all of the Bootstrap Rules, we need
to consider what amplitudes will appear on the total-energy pole. In particular, we have to
specify whether these amplitudes display linearly-realized Lorentz invariance, as is customarily
assumed in the amplitude literature [2, 3, 4], or if they (spontaneously) break Lorentz invariance
[31] (see also [91, 92]). People that are used to working with particle physics in flat spacetime
might think that the former is the natural choice, however this is not the case in cosmology. As
is well-known, and discussed at length recently in [31], Lorentz boosts are generically broken
in cosmology. During inflation, the breaking is induced by the presence of the homogeneous
and isotropic inflaton background, which picks out a preferred frame. In single-field inflation
with a canonical kinetic term, the coupling of perturbations to this boost-breaking background
is suppressed by the slow-roll parameter ε. Therefore, as proven in detail in [13], in the limit
ε→ 0, the flat spacetime limit of the theory should enjoy Lorentz invariance, which for the full
correlator becomes an (approximate) conformal symmetry21. Hence, to reproduce the result
of Maldacena for canonical single-field inflation [38] in the limit ε → 0, we should consider
Lorentz-invariant amplitudes.

However, there are other possibilities. It is well known that when a non-canonical kinetic
term is present, such as in P (X,φ)-theories, the coupling with the boost-breaking background
can be arbitrarily strong (so much that it can make the theory non-perturbative). Indeed, this
is made manifest in the formalism of the Effective Field Theory of inflation [29, 30], where
infinitely many terms arise that are not individually invariant under boosts. Rather, boosts
are spontaneously broken and therefore non-linearly realized. To bootstrap the predictions
of this more general class of theories, we should consider the recently derived boost-breaking
amplitudes of [31]. The most generic (analytically continued) local amplitude for three identical
massless scalars in a perturbative boost-breaking EFT is

Aφφφ = A(10, 20, 30) = F (E1E2 + E1E3 + E3E2, E1E2E3) , (4.21)

where F is an arbitrary polynomial of its two variables, which can be recognized as the second
and third elementary symmetric polynomials (ESP’s) for the three energies. When the theory is
boost invariant, the function F must reduce to a constant (since there are no other non-vanishing
Lorentz invariants). Let’s consider these cases separately.

Boost-invariant amplitudes, a.k.a. the conformal limit of canonical inflation

The only local, Lorentz-invariant amplitude for three massless scalars is a constant and therefore
the associated number of derivatives is zero. So we should choose p = 0 in our Ansatz for the
bispectrum. This limiting value for p should be interpreted as the fact that the polynomial
divergence in kT → 0 becomes a logarithmic one, as in (2.26). The coefficient of the logarithmic
divergence is the fixed by the flat space amplitude according to (2.26), where as usual we
should include three factors of (

√
2εMPl)

−1 to account for the non-canonical normalization22 of
ζ. To make contact with the standard discussion, we can write the constant, Lorentz-invariant
(LI) amplitude simply as V ′′′(φ̄) where V (φ) is the inflaton potential. Using the background
equations of motion in the limit ε → 0, this can be conveniently written as (see e.g. [13] for a

21By Theorem 2 of [21] the conformal symmetry cannot be exact or else all connected correlators would vanish.
Indeed the conformal symmetry here is weakly broken by small corrections of order η to the scale dependence.

22Since we have in mind canonical inflation, we have set cs = 1 in this normalization.
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derivation)

ALIφφφ = lim
ε→0

V ′′′ = −3

2

H2

√
2εMPl

η̇ + . . . , (4.22)

where the dots stand for terms of higher order in slow-roll, such as η2 and ηη̇. Our Ansatz
therefore takes the form

Bζζζ =

(
H2

4εM2
Pl

)2
1

e3
3

[
η̇

2H
log (−kT τ∗)

(
3e3 + C1kT e2 + C3k

3
T

)
+D0e3 +D1kT e2 +D3k

3
T

]
,

(4.23)

where C1,3 and D0,1,3 are five numerical parameters that we wish to determine and τ∗ is some
fixed time, which without loss of generality can be chosen to be the Hubble-crossing of the
shortest mode in the correlator. The soft limit (2.61) to next-to-leading in slow-roll for ε→ 0 is

lim
kl→0

Bζζζ

(
kl,ks −

kl
2
,−ks −

kl
2

)
= (1− ns)Pζ(kl)Pζ(ks) (4.24)

= Pζ(kl)Pζ(ks)

[
η∗ +

η̇

H
(γE − 2 + log 2) +O

(
k2
l

k2
s

)]
,

where η∗ = η(τ∗) and we can safely neglect to specify the time at which η̇ and H are evaluated
because it is higher order in the slow-roll expansion. Imposing this condition on our Ansatz, we
find the two constraints

D0 + 5D1 + 12D3 +
η̇

2H
[C1 + 4C3 + log(8) + C1 log(32) + 2C3 log(64)] +

+
η̇

2H
(3 + 5C1 + 12C3) log(−ksτ∗) = 0 , (4.25)

2D1 + 8D3 − η∗ +
η̇

H
(2− γE + (−1 + C1 + 4C3) log(2))+

+(−1 + C1 + 4C3)
η̇

H
log(−ksτs) = 0 . (4.26)

Since the terms proportional to log(−ksτs) must vanish separately, we find the following solu-
tions

C1 = −3 , D0 =
1

2

[
−4D1 +

η̇

H
(5− 3γE)− 3η∗

]
, (4.27)

C3 = 1 , D3 =
1

8

[
−2D1 +

η̇

H
(−2 + γE) + η∗

]
. (4.28)

Notice that the Bootstrap Rules completely fix the logarithmic term. Unfortunately, in this
particular setting, we were not able to fix the last parameter D1 without appealing to de Sitter
boosts23. To account for boost invariance, the condition to be imposed is (see e.g. [66])

(Ka −Kb)Bζζζ(k1, k2, k3) = 0 , (4.29)

for a 6= b, a, b = 1, 2, 3, where

Ka =
∂2

∂k2
a

+
4

ka

∂

∂ka
. (4.30)

23The part of D1 proportional to η∗ can actually be determined by the following argument. If we set η̇ = 0 the
correlator must come exclusively from a field redefinition and therefore must satisfy (3.17), which can be used to
find D1 = −3η/2. Alternatively, one can demand that the bispectrum does not depend on the choice of time to
this order in slow-roll, which gives the same result. Both of these arguments do not say anything about the part
of D1 proportional to η̇.
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Substituting the solutions (4.27) and (4.28) into our Ansatz (4.23) and imposing boost invariance
we find

D1 =
η̇

H

(
1− 3

2
γE

)
− 3

2
η∗ . (4.31)

This leads to the final result

Bζζζ =

(
H2

4εM2
Pl

)2
1

e3
3

{
η∗
2

(k3
T − 3kT e2 + 3e3) +

η̇

2H
(k3
T − 3kT e2 + 3e3) log(−kT τ∗) (4.32)

+
η̇

2H

[
e3(1 + 3γE) + e1e2(2− 3γE) + k3

T (γE − 1)
]}

(4.33)

=

(
H2

4εM2
Pl

)2
{
η∗
2

k3
1 + k3

2 + k3
3

k3
1k

3
2k

3
3

+
η̇

2H

1

k3
1k

3
2k

3
3

× (4.34)

[
(−1 + γE + log (−kT τ∗))

3∑
i=1

k3
i −

∑
i 6=j

k2
i kj + k1k2k3

]}
,

which indeed agrees with the direct calculation [93, 94, 7]24 and the symmetry-based derivation
in [13].

Boost-breaking amplitudes at two derivatives: canonical inflation and locality

We now move on to consider boost-breaking amplitudes [31] for three scalars at quadratic order
in derivatives. We begin with a discussion of the ζ bispectrum with at most two derivatives
(p = 2). This will lead to canonical single-field inflation, whose bispectrum was originally
derived in [38]. In the next subsection we will move on to any higher number of derivatives,
p ≥ 3, and re-derive and generalize the bispectrum in the EFT of inflation.

Since this case is the most complicated of all bispectra considered here, to gain some
intuition we start from the solution of the explicit calculation [38]25

Bζζζ =
1

2

(
H2

4εM2
Pl

)2
1

k3
1k

3
2k

3
3

(η − 2ε)
∑
a

k3
a + ε

∑
a

k3
a +

∑
a6=b

kak
2
b + 8

∑
a>b k

2
ak

2
b

kT


=

1

2

(
H2

4εM2
Pl

)2 [
(η − ε)(k3

T − 3kT e2 + 3e3)

e3
3

+ ε
kT e2 − 3e3

e3
3

+ 8ε
e2

2 − 2kT e3

e3
3kT

]
. (4.36)

The first remarkable fact is that the leading total-energy pole is k−1
T , corresponding to p = 1.

We can interpret this in two distinct but related ways: the consequence of non-linearly realized
boosts that forbid p = 2 or as integrating out non-dynamical fields. Let’s consider these two
points of view in turn.

The absence of k−2
T poles The first possibility is to recall that both gravity and the canonical

scalar field are theories with at most two derivatives, hence we would expect p = 2. While
there are certainly boost-breaking amplitudes with two derivatives (e.g. A3 ∼ e2 from ζζ̇2),
when boosts are non-linearly realized it is not possible to have such two-derivative interactions

24As pointed out in [94], the result quoted in (25) of [93] missed a few terms. The problem is that the decaying
part of the mode functions at the boundary cannot be dropped as it is usually done for correlators with a larger
number of derivatives. See Sec 3.3 of [95] for a pedagogical derivation.

25Here we used

2φ̈

φ̇H
= η − 2ε , ε =

φ̇2

2M2
PlH

2
. (4.35)
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without having also three derivative interactions, which in this subsection we are assuming to
vanish. To see this, it would be nice to have an elegant on-shell derivation based on the Ward-
Takahashi identities of Lorentz boosts. Instead here we limit ourselves to a more pedestrian
argument. In the covariant field-theoretic formulation of the theory, the only cubic interaction
with two derivatives are φ(∂µφ)2. But in flat space this interaction can be removed by a field
redefinition and so the corresponding amplitude must vanish26. When the amplitude vanishes,
the relation (2.23) tells us that the total-energy residue of the correlator is zero and so the
leading total-energy pole appears at the next order (a similar phenomenon was also noticed in
[96] for DBI), which for us is p = 1. In passing, this argument implies that the residue of k−2

T

in canonical single-field inflation should vanish to all orders in the slow-roll parameters. By
carefully studying27 the lengthy results of [65] we checked that this indeed happens at next-to-
leading order in slow-roll, O(ε2, εη, η2, ηξ).

We are now in the position to bootstrap the bispectrum starting from the following Ansatz
with p = 1

Bζζζ =
1

2

(
H2

4εM2
Pl

)2
C0e

2
2 + C1kT e3 + C2k

2
T e2 + C4k

4
T

e3
3kT

, (4.37)

where as usual C0,1,2,4 are numerical constants to be determined and without loss of generality
the normalization has been chosen for future convenience. We can now impose Maldacena’s
consistency relation, (2.61) and find

1

4
(C0 + 4C2 + 16C4) = 1− ns , 7C0 + 4C1 + 20C2 + 48C4 = 0 . (4.38)

We can use these two expressions to fix two coefficients, say C2 and C4 in terms of 1 − ns
and the other two C’s. Then the result of the Boostless Bootstrap is a bispectrum with 3
free parameters, namely C0, C1 and ns − 1. The value for C0 can be determined from the
normalization of the flat space amplitude, which we will discuss in the next subsection, around
(4.41)-(4.42). From the exact result in (4.36) and standard slow-roll results we see that

C0 = 8ε , C1 = 3η − 22ε , C2 = 4ε− 3η , C4 = η − ε , (4.39)

which indeed satisfies (4.38) recalling that 1 − ns = 2ε + η. This tells us that actually the full
result has only 2 free parameters, namely ε and η. In other words, to leading order in slow-roll
there is an additional relation among the free parameters that is not captured28 by our current
Bootstrap Rules. It is possible that either to higher order in the slow-roll expansion the relation
found to leading order breaks down, or that we are indeed missing some important constraint,
perhaps related to the non-linear realization of boosts. We do not pursue this further because
all these contributions to the bispectrum end up being degenerate with others that arise when
considering more general theories with non-canonical kinetic terms and higher derivatives, as
captured by the EFT of inflation.

26The flat space limit of the EFT of inflation offers an alternative perspective. The building blocks of the EFT
are Mn(t + π)[2π̇ − (∂µπ)2]n for n ≥ 2. Hence, the only possibility for a two-derivative interaction comes from
expanding M2 into Ṁ2ππ̇

2. But this term comes also with interactions that have a higher number of derivatives,
e.g. Ṁ2ππ̇(∂π)2 or M2π̇(∂π)2. There is a somewhat singular case when at some instant in time M2 = 0 and
Ṁ2 6= 0. At this instant one can indeed have cubic interactions that have two derivatives but not more. However
interactions with three or more derivatives always appear at any other time as well as in quartic and higher
interactions.

27There is a typo in Table 2 in the expression for Za corresponding to ζ(∂ζ)2, the factor of 3 in front of c2s
should be removed.

28Actually the η dependence of C1 can be fixed. In the next subsection we will show that C0 = 8ε by computing
the normalization of the flat space amplitude. Then, we notice that as ε → 0, C1 must arise exclusively from a
field redefinition and therefore it must satisfy (3.17). This fixes limε→0 C1 = 3(1− ns), which indeed agrees with
the explicit calculation, (4.39).
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Exchange or contact? The strange case of constrained fields There is a second way to
understand why the ζ bispectrum has p = 1, which highlights the peculiar behavior of gravity
in curved spacetime. Indeed, we know from [10, 20] (see also the discussions in [14, 19]) that the
ζ bispectrum arises from the “graviton-exchange” scalar trispectrum29 after “putting a leg on
the background”, i.e. after taking one of the momenta to zero and appropriately rescaling the
correlator. This procedure generates the leading k−1

T pole that appears in Maldacena’s explicit
computation. Following this intuition and in contrast to the alternative interpretation presented
in the previous subsection, here we attempt to interpret the residue of the k−1

T pole in (4.36) as
a flat space amplitude, as suggested by the Bootstrap Rule 3.

Interpreting the k−1
T pole in (4.36) as a flat spacetime amplitude seems immediately prob-

lematic. No manifestly local perturbative three-particle amplitude exists with just one deriva-
tive! Even in the boost-breaking case, the amplitude starts quadratic in derivatives because
the only symmetric linear term is kT , which vanishes by conservation of energy (see (4.21)). So
how can this interpretation be tenable? The key to the answer is that locality has different im-
plications in flat and curved spacetime. In more detail, in the presence of a non-trivial inflaton
background, gravity leads to an apparently non-local amplitude in the flat-space limit, namely

AGR(10, 20, 30) ∝ (E1E2 + E1E3 + E3E2)2

E1E2E3
=
e2

2

e3
, (4.40)

where, with an abuse of notation, we used e2 and e3 to also denote the elementary symmetric
polynomials of the three energies E1,2,3. The expression (4.40) appears non-local because of
the inverse powers of energy, e−1

3 . One can check that this amplitude corresponds to the not
manifestly local interaction ζ̇2∂−2ζ̇, which is indeed the only interaction that contributes to the
bispectrum30.

The emergence of this apparent non-locality is clear in the explicit field theory calculation
[38], and we provide a field theory toy model in Appendix B that captures the main features of
this mechanism. Equivalently, we can derive (4.40) from the four-particle amplitude in a theory
with local interactions of a massless scalar with a non-dynamical scalar with propagator i/|k|2.
The interaction should be the same as that of two scalars with a spin-2 particle, namely (4.11),
but we should substitute the polarization tensor εµν with δµ0δν0. The four-particle amplitude
is then simply dictated by factorization (see (B.13) in Appendix B for an explicit calculation)

A4 = −2
E1E2

MPl
× i

|k1 + k2|2
× E3E4

MPl
+ 2 perm’s . (4.41)

To obtain the three-particle amplitude, we need to “put a leg on the background”. To this end,

we send one of the four-momenta to zero, say E4,k4 → 0, and rescale by a factor ˙̄φ/(iE4) to
account for the normalization of one-particle states, where the particle energy E4 differs from

the “background energy” ˙̄φ. We therefore obtain

Aϕϕϕ = lim
E4,k4→0

˙̄φ

iE4
A4 = 2i

˙̄φ

M2
Pl

E1E2E3

(
1

E2
3

+
1

E2
2

+
1

E2
1

)
(4.42)

= 2i
˙̄φ

M2
Pl

e2
2

e3
= i

2
√

2εH

MPl

e2
2

e3
, (4.43)

where we re-wrote ˙̄φ in terms of ε. In addition to reproducing the correct scaling of the non-
local amplitude, this derivation fixes the overall coefficient. In particular, the amplitude must
be suppressed by the slow-roll parameter ε. This argument can be used to fix the free coefficient
C0 in (4.37) to precisely the value found in the explicit calculation, (4.39).

29This is not the trispectrum from the exchange of a transverse-traceless graviton computed in the in-in
formalism in [97], which does not contribute to the soft trispectrum.

30This interaction is responsible for the last term in (4.36), while the first two terms come from field redefinitions
(see (3.5) and (3.8))
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Boost-breaking amplitudes to any order in derivatives: the EFT of inflation

We can now extend our discussion to any order in derivatives. This derivation will reproduce all
possible bispectra generated by all possible operators in the EFT of single-clock inflation [30].

For a theory with p derivatives, we start from the Ansatz

Bζζζ =
Polyp+3(kT , e2, e3)

e3
3k
p
T

(4.44)

=
1

e3
3k
p
T

∑
i,j,l≥0

Ci,j,l k
i
T e

j
2e
l
3 δp+3,i+2j+3l (4.45)

=
1

e3
3k
p
T

b p+3
3 c∑
l=0

b p+3−3l
2 c∑
j=0

C(p+3−2j−3l),j,l k
(p+3−2j−3l)
T ej2e

l
3 , (4.46)

where Ci,j,l are numerical coefficients and the Kronecker delta ensures that the numerator has
the correct degree. The symbol b.c inicates the floor of its argument. This Ansatz is subject
to two types of constraints. First, the residue of the leading kT pole should correspond to an
appropriate flat-space amplitude. If we restrict ourselves to the EFT of single-clock inflation,
then we want to require that the corresponding amplitude is manifestly local, namely that it is a
polynomial in e2 and e3. This constrains the leading term as kT → 0 to have at least one power
of e3 in the numerator, and therefore C0i0 = 0 for i > 2 (the case C020 correspond to the not
manifestly local amplitude generated by gravity that we discussed in the previous subsection).
Second, the soft scalar theorem should be imposed to leading and next-to-leading order. This
produces the constraints

b p+3
2 c∑
j=0

22−2j C(p+3−2j),j,0 = (1− ns) , (4.47)

b p+3
2 c∑
j=0

41−j(3 + 2j)C(p+3−2j),j,0 +

b p2c∑
j=0

4−j C(p−2j),j,1 = 0 . (4.48)

This gives the final bispectrum to p-th order in derivatives in the EFT of inflation. All the re-
maining parameters correspond to linear combinations of the coupling constants in the theory.
Their relative size is unconstrained by our current approach but it should be possible to include
an additional rule that account for the existence of an approximate diagonal time-translation
symmetry or whatever other symmetry is at play.

As an example, let us consider the most studied case of one derivative per field, as appro-
priate if the perturbations enjoy some (approximate) shift symmetry. For the bispectrum this
gives a total of p = 3 derivatives, and the Ansatz becomes

Bζζζ =

(
H2

4εcsM2
Pl

)2
C0e

2
3 + C̃0e

3
2 + C1kT e2e3 + C2k

2
T e

2
2 + C3k

3
T e3 + C4k

4
T e2 + C6k

6
T

e3
3k

3
T

, (4.49)

where we have simplified the notation by keeping only the first index in the free coefficients
Ci = Ci,j,l. Manifest locality of the corresponding amplitude demands C̃0 = C0,3,0 = 0. This
avoids the appearance of the not manifestly local amplitude A3 ∼ e3

2/e3. We are therefore left
with 7− 1 = 6 free parameters. These parameters are further constrained by the leading (LO)
and next-to-leading order (NLO) of the soft limit as in Bootstrap Rule 6:

1

4
(C2 + 4C4 + 16C6) = 1− ns , (C1 + 7C2 + 4C3 + 20C4 + 48C6) = 0 . (4.50)
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The next-to-leading order soft limit eliminates one parameter, while the leading order one trades
another parameter for ns − 1. So the final result has 6 − 1 = 5 free parameters, which can be
taken to be {1 − ns, C0, C1, C2, C3}. When computing the bispectrum explicitly in a generic
P (X,φ) model [64], one finds also 5 free parameters at this order, namely {cs, λ, s, ε, η} where cs
is the speed of sound of scalar perturbations, s ≡ ċs/(csH) parameterizes its dimensionless time
variation, λ ≡ X2PXX + 2X3PXXX/3 and ε and η are the usual slow-roll parameters defined
in (1.10). The two sets of parameter are related by31

C0 = 18

(
1− c2

s

c2
s

− 2
λc2

s

εH2

)
[1 +O(ε, η, s)] + 18s(3− 2γE) , (4.51)

C1 = −2

(
1− c2

s

c2
s

)
[1 +O(ε, η, s)] + 2s(2γE − 3) , (4.52)

C2 = −2

(
1− c2

s

c2
s

)
[1 +O(ε, η, s)] + 2s(2γE − 1) + 4ε , (4.53)

C3 =
11

2

(
1− c2

s

c2
s

)
[1 +O(ε, η, s)]− 11(sγE + ε) +

3

2
η , (4.54)

C4 = −3

2

(
1− c2

s

c2
s

)
[1 +O(ε, η, s)] + s(1 + 3γE) + 2ε− 3

2
η , (4.55)

C6 =
1

2

(
1− c2

s

c2
s

)
[1 +O(ε, η, s)]− sγE +

1

2
(η − ε) , (4.56)

where γE is the Euler-Mascheroni constant. These expressions indeed satisfy the soft limit
constraints in (4.50) with 1−ns = 2ε+ η+ s, which is the correct spectral tilt at this order. So
the Bootstrap Rules were able to fully determine the EFT scalar bispectrum to this order.

The main shortcoming of the current implementation of the Boostless Bootstrap is clear
here: we can recover the correct bispectrum in terms of five free parameters, but we don’t yet
have a rule to tell us which of these parameters may be large and which must be small. For
example, it is known from explicit P (X,φ) models or from the EFT of inflation that two of the
free parameters above can be large, namely 1/c2

s and λc2
s/(εH) (equivalent to M2 and M3 in

the EFT of inflation). Linear combinations of these lead to the bispectrum templates known
as equilateral and orthogonal non-Gaussianity. Conversely, other parameters must be much
smaller than one, namely ε, η and s. In the Bootstrap derivation we can see a hint of this
in the fact that both C0, which contains λc2

s/(εH), and the specific linear combination of C’s
that corresponds to (1 − c2

s)c
−2
s are not constrained by the squeezed limit (4.50). Conversely,

ε, η and s, which must be small, also survive and contribute to the squeezed limit. It would
be nice to find additional Bootstrap Rules that tell us which parameters can be large. This
would presumably require enforcing the non-linear realization of Lorentz boosts, which provides
the main constraining power in the structure of the EFT of inflation. We leave this for future
investigation.

4.4 One scalar and two graviton correlator 〈ζγγ〉

As a last example, let’s see how to derive the mixed scalar-tensor-tensor bispectrum 〈γγζ〉 from
the Bootstrap Rules. We will only discuss the result for General Relativity (GR) minimally
coupled to a canonical scalar field and postpone to a future publication a systematic derivation
of all mixed correlators arising in the EFT of inflation (which, to the lowest orders in derivatives,
were discussed in [84, 85, 72]). This correlator displays characteristics that are similar to the
scalar bispectrum, including a not manifestly local amplitude as the residue of the total energy

31In principle one should be able to extract from [65] the subleading slow-roll corrections that are left implicit
in these formulae.
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pole [38]32

Bζγγ =
H2

4εM2
Pl

H2

M2
Pl

ε

2

εh2ij ε
h3
ij

k3
1k

3
2k

3
3

[
−1

2
k3

1 +
1

2
k1

(
k2

2 + k2
3

)
+ 4

k2
2k

2
3

kT

]
. (4.57)

To bootstrap this correlator, we begin by noticing that the only Lorentz invariant, manifestly
local amplitude for one scalar (with momentum k1) and two gravitons (with momenta k2 and
k3) has four derivatives (corresponding to [23]4 in spinor helicity variables). Since we focus on a
theory with at most two derivatives, the residue of the k−2

T pole must vanish. As we did for the
scalar bispectrum, the residue of the k−1

T pole can be extracted from the flat space amplitude of
a toy model with a massless scalar, a massless graviton and a constrained scalar, as discussed
in Appendix B. This gives us the following amplitude (see (B.18))

A(10, 2h2 , 3h3) = i
φ̇

M2
Pl

εh2ij (k2)εh3ij (k3)
E2E3

E1
. (4.58)

Note that this amplitude is not allowed in Minkowski spacetime because it does not obey
consistent factorization [31]. However, it may be consistent in the presence of an IR modification,
such as for example the curvature of spacetime in an FLRW universe. The most generic Ansatz
that reproduces this amplitude is then

Bζγγ =
H4

M4
Pl

εh2ij (k2)εh3ij (k3)

e3
3k

1
T

[
A4k

4
T +A3k

3
T (k2 + k3) +A2k

2
T (k2 + k3)2 (4.59)

+B2k
2
Tk2k3 +A1kT (k2 + k3)3 +B1kT (k2 + k3)k2k3 +

1

2
(k2k3)2

]
(4.60)

where we used MPlH
√

2ε = φ̇. The soft graviton theorem discussed in Bootstrap Rule 6 to
linear order enforces

A1 + 2A2 + 4A3 + 8A4 = 0 . (4.61)

The NLO term in the (symmetric) soft limit contains two terms: one proportional to the cosine
of the angle θ between the long and short modes and one that is independent of the angle. As
discussed below (2.64), the spherical average NLO must vanish, which leads to (after using the
solution of A4 in (4.61))

6A1 + 10A2 + 16A3 + 24A4 + 2B1 + 4B2 = 0 . (4.62)

Using this to eliminate A1, the LO and NLO of the soft scalar limit enforce respectively

−2
H4

3M4
Pl

(−3 + 10A2 + 16A3 + 8B1 + 22B2) =
H2

4εMPl

H2

MPl
2ε , (4.63)

−1 + 6A2 + 8A3 + 2B1 + 6B2 = 0 , (4.64)

where we used (2.6). Overall, solving these 4 constraints eliminates 4 variables and leaves 2,
say A3 and B2 for concreteness. The part of the Ansatz containing free parameters is all non-
singular in kT , since the only kT pole was fixed to match the amplitude (4.58). Terms that are

32The original result in [38] contained a typo in the coefficient of k31, which should be −1/2 as opposed to
−1/4, as also noticed in [98]. This can be checked by recomputing the contribution from the field redefinition in
3.18 of [38]. Alternatively, one may notice that with the incorrect factor of −1/4 the soft graviton limit does not
vanish to LO, which it should.
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finite as kT → 0 are related to boundary terms in time at the level of the Lagrangian and/or to
field redefinitions. To discuss these terms, it is convenient to re-write them by reintroducing k1

M4
Pl

H4e3
3

Bζγγ ⊃ εs2ij (k2)εs3ij (k3)

{
(k2 − k3)2(k2 + k3)

224
(5 + 32A3 + 88B2)

+
k1

32

[
(1− 2B2)

(
k2

2 + k2
3

)
+ 2k2k3(1 + 8B2)

]
+ (4.65)

+
k2

1(k2 + k3)

224
(−9 + 32A3 − 24B2) +

k3
1

224
(−3− 64A3 − 8B2)

}
.

Now we notice that k1 may not appear analytically in these terms. The reason is that the
only field redefinitions that contribute to this correlator are those of ζ. Upon inspection, there
are only two such independent field redefinitions that do not vanish at the boundary, namely
∆ζ ∝ γijγij and ∆ζ ∝ ∂−2(γij∂

2γij). Their contribution to the bispectrum may only contain
integer powers of k2

1. Hence, when rescaled by e3
3 as in (4.65), k1 must appear non-analytically,

e.g. as k1 = |k1 · k1|1/2 or k3
1, but not as k0

1 or k2
1. In particular, there are no field redefinitions

of γij that contribute to this correlator because it is not possible to write something at order
O(ζγij) that maintains the transversality of γij . An equivalent way of thinking about this result
is in terms of the hypothetical dual boundary CFT, whose partition function is the wavefunction
of the universe in the bulk. In the boundary theory, one cannot have contact terms when the
real-space positions of ζ and γij coincide. As a consequence, the momentum k1 of ζ may not
appear analytically in the Fourier-space wavefunction, which is precisely proportional to the
right-hand side of (4.65). By imposing that the terms where k1 appears analytically in (4.65)
vanish, we find

−9 + 32A3 − 24B2 = 0 , 5 + 32A3 + 88B2 = 0 , (4.66)

which we can solve to find the remaining parameters, A3 = 3/16 and B2 = −1/8. Plugging this
back in our Ansatz we finally find

Bζγγ =
H4

M4
Pl

εs2ij ε
s3
ij

k3
1k

3
2k

3
3

[
− 1

16
k3

1 +
1

16
k1

(
k2

2 + k2
3

)
+

1

2

k2
2k

2
3

kT

]
, (4.67)

which indeed coincides with the result (4.57) of the explicit bulk calculation [38].

5 Conclusions

In this paper, we established a set of Bootstrap Rules that enforce symmetries, locality and
the choice of vacuum on the bispectrum of massless scalars and gravitons around a quasi de
Sitter spacetime. Then, we showed that many results in the literature as well as new ones
follow from these rules. The general strategy is to start from a “flat space” amplitude33 and
use the precise relation recently derived in [27] to fix the normalization of the correlator as well
as its polarization-dependent part. Then, the assumption of working at tree-level in de Sitter
spacetime with a Bunch-Davies initial state allows us to write down an Ansatz for the corre-
lator with just a finite number of free numerical coefficients. The number of these coefficients
grows with the total number of derivatives that one would like to include in the effective field
theory derivative expansion, as expected. Finally, these free coefficients are constrained by soft
theorems and symmetries. The remaining free coefficients correspond to linear combinations of

33It should be noted that the amplitude that appears as the residue of the total-energy pole does not in general
satisfy all the locality and unitarity constraints that apply to amplitudes in Minkowski. For example, boost
breaking interactions are forbidden in Minkowski when coupling to a massless spin 2 field [31]. Furthermore, we
stressed here that the amplitude associated to 〈ζγγ〉 and to 〈ζζ〉 have inverse powers of energy and therefore
correspond to not manifestly local interactions.
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coupling constants in the Lagrangian description.

The promising results derived here are an invitation to extend and generalize this approach.
This can be done in several directions:

• The graviton bispectrum is constrained non-perturbatively by de Sitter isometries to be a
linear combination of two possible terms [6]. In the presence of additional massive spin 2
fields, while still maintaining de Sitter isometries, additional interactions are allowed [83].
However, in all models of inflation, de Sitter boosts are broken and this breaking is large for
interactions that are produced by the coupling to the background foliation of time. This
generates an infinite set of new correlators involving the graviton, including additional
graviton non-Gaussianities. These have been studied to leading order in derivatives [84,
85, 72]. It would be interesting to find a general expression to any order in derivatives for
spinning correlators, analogous to the general expression we found here for scalars, (4.44).

• In this work we did not invoke unitarity explicitly. The only rule where some information
about unitarity might be implicitly hiding is Bootstrap Rule 6 about soft theorems. Con-
versely, four- and higher-point correlation functions involving exchange diagrams are very
strongly constrained by unitarity. To extend the Boostless Bootstrap to exchange cor-
relators we need therefore a new ingredient. The Cosmological Optical Theorem (COT)
recently derived in [27] and further discussed in [99] is probably that ingredient (see also
[100] for parallel developments on the AdS side). The COT is a constraint on the analyti-
cal continuation of boundary correlators, and the corresponding wavefunction coefficients,
that is dictated by unitary evolution in the bulk. The COT determines four- and higher-
point correlators/wavefunction coefficients in terms of lower ones up to “contact” terms,
namely terms with a vanishing right-hand side. It would be interesting to use the bispectra
derived here to bootstrap trispectra using the COT.

• It would be advantageous to exploit the spinor helicity formalism to better understand the
analytic structure of correlators and the wavefunction in the presence of spinning fields.
This approach should be particularly interesting in the presence of massless particles, just
as it is the case in flat spacetime.

• In the study of amplitudes in Minkowski, the role of locality at tree level is well under-
stood and encoded in the consistent factorization. However, when boosts are non-linearly
realized, the implications of locality become important already at the level of contact
interactions. Indeed, we emphasized here that both 〈ζζζ〉 and 〈ζγγ〉 have not manifestly
local amplitudes appearing on their total-energy poles. As expected since we are dealing
with gravity, these amplitudes and the corresponding correlators are local in the sense
defined in Rule 5. Further interesting models of non-manifest locality arise in several of
the possible ways in which boosts can be broken [101]. Furthermore, saturating locality
constraints should be related to the existence of interacting massless particles, which can
mediate long range forces. Given the prominent role that locality plays in fundamen-
tal physics and in on-shell approaches, it is important to develop a more thorough and
coherent understanding of the observations above.

While a few aspects of the current approach are still not completely satisfactory, we believe
that our findings are very encouraging and one should be able to develop a more systematic
and robust understanding of cosmological correlators from the boundary without any reference
to de Sitter boosts. More ambitiously, we may hope and speculate that the rules we found
here and their generalizations and extensions might one day play the same role that the ad hoc
rules in Bohr’s atomic model played for quantum mechanics. Eventually, all these rules should
be understood as elements of a more fundamental notion of de Sitter holography and a new
perspective on the notion of time in quantum theories of gravity.

– 33 –



Acknowledgments

There have been many interesting discussions over the past two years that have influenced
the ideas presented here. I am particularly thankful to Nima Arkani-Hamed, Daniel Baumann,
Paolo Benincasa, Giovanni Cabass, Harry Goodhew, Tanguy Grall, Daniel Green, Maria Alegria
Gutierrez, Aaron Hillman, Sadra Jazayeri, Austin Joyce, Scott Melville, Guilherme Pimentel,
David Stefanyszyn and Jakub Supe l. I would also like to thank the organizers and the partici-
pants of the “Amplitudes meet Cosmology” workshop, where this project started. The author
has been supported in part by the research program VIDI with Project No. 680-47-535, which
is (partly) financed by the Netherlands Organization for Scientific Research (NWO).

A Irreducible representations of ISO(3)

In this section, we classify cosmological perturbations around FLRW according to the irreducible
representations of the Euclidean group. The discussion follows closely the one in Chapter 2 of
[102]. To find the irreps of ISO(3) we need to find a set of matrices U(R,α) for each ISO(3)
element {Rij , αl} that act on some Hilbert (vector) space of perturbations. In the following I
will borrow the language from Quantum mechanics and refer to perturbations as “states” or
“state-vectors”. To begin, we note that “the components of the three-momentum all commute
with each other and so it is natural to express physical state-vectors in terms of eigenvectors
of the three-momentum.” [102]. This is the usual Fourier transform: we consider state-vectors
that are eigen-functions of translations

P̂ iψkσ = kiψkσ , (A.1)

where σ is some other (discrete) quantum number that we have to figure out. Translations are
represented by the unitary transformation

U(1, α)ψkσ = e−ik
iαiψkσ . (A.2)

Now, we want to find the action of rotations U(R, 0) ≡ U(R). Using the group properties, we
note that

U(R)ψkσ = Cσσ′(R, k)ψRkσ′ , (A.3)

that is, a rotation changes the three-momentum of the state. We want now to find irreducible
Cσσ′ (i.e. that cannot be decomposed into smaller blocks by changing the basis for ψkσ). For this
we will use the method of induced representations. The subgroup of ISO(3) we will be interested
in is SO(3). The only invariant under SO(3) is the norm of a vector (and any function thereof),
kikjδij = k2. Let us play some algebraic tricks now. For a reference vector qi, define the rotation
S(k) that transforms it into any other vector ki as

S(k)q = k ⇒ S−1(k)k = q . (A.4)

We can then re-write any state with momentum k as a transformation of a state with reference
momentum q,

ψkσ = U(S(k))ψqσ . (A.5)

Then, the action of a general rotation R can be massaged as follows:

U(R)ψkσ = U(R)U(S(k))ψqσ (A.6)

= U(S(Rk))U(S−1(Rk)RS(k))ψqσ (A.7)

= U(S(Rk))Dσσ′ψqσ′ (A.8)

= Dσσ′U(S(Rk))ψqσ′ (A.9)

= Dσσ′ψRkσ′ , (A.10)

(A.11)
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where in the third line we recognised that S−1(Rk)RS(k)q = q and so

U(S−1(Rk)RS(k))ψqσ ≡ Dσσ′ψqσ , (A.12)

i.e. it must be some linear combination Dσσ′ of states with momentum q. From this definition
of Dσσ′ , we see that is it provides a representation of the little group, namely the subgroup of
SO(3) that leaves the representative vector q invariant. For every little group rotation r, we
have

U(r)ψqσ = Dσσ′(r)ψqσ′ . (A.13)

Summarising, choosing a representative vector q and given a representation Dσσ′ of the little
group for q, we get a representation of the full group ISO(3) defined by

U(1, α)ψkσ = e−ik
iαiψkσ ,

U(R, 0)ψkσ = Dσσ′(r(R, k))ψRkσ′ ,
(A.14)

where the little group element r(R, k) is given by

r(R, k) ≡ S−1(Rk)RS(k) . (A.15)

Little groups

While for the Poincaré group there are 6 little groups, of which only three have physical signif-
icance (the vacuum, massive particles and massless particles), for cosmology there are only two
little groups: SO(3) itself for qiqi = 0, and SO(2) for qiqi 6= 0.

The irreps of SO(3) are well known from the study of angular momentum in quantum
mechanics. They are classified by the Casimir operator J2, with eigen-values l(l + 1) for l =
0, 1/2, 1, . . . and are of dimension 2l+1 with states |l,m〉 and |m| ≤ l. Focussing on the bosonic
irreps with integer l, we know they correspond to spin zero, one, two, etc. The field operators
that generate those states are:

Spin zero: φ, hii, . . . (A.16)

Spin one h0i, ui, . . . (A.17)

Spin two: h〈ij〉 ≡ hij −
1

3
hkkδij , . . . . (A.18)

Notice that the splitting between the trace of the two-tensor hij , which has spin zero, and its
traceless part h〈ij〉, which has spin two, is purely algebraic and does not involve any (inverse)
Laplacians. These q = 0 irreps are relevant to classify and discuss the background and adiabatic
modes. For physical perturbations, we have to consider the other representative vector.

For qiqi 6= 0, we can choose as representative vector qi = {q, 0, 0} so that the little group is
recognised as two-dimensional rotations, namely SO(2), which is an abelian group. All complex
representations of an Abelian group are one-dimensional by Schur’s lemma (all real represen-
tations are two dimensional). There are infinitely many such representations, enumerated by
an integer m ∈ N. Physically, we can interpret m as the “helicity” of the state, i.e. how it
transforms under a rotation around the direction of its momentum. If the underlying theory is
parity invariant, which is sometimes assumed in cosmological applications, for every state with
helicity m there as to exist a state of helicity −m. So we have classify states as helicity 0, 1, 2
etc.
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φ, γ

φ, γ

χ φ

Figure 1. The Feynman diagram for the ϕϕϕ and γγϕ amplitudes mediated by the massless, non-
dynamical scalar field χ.

B Apparent non-locality from a non-dynamical field

In this appendix, we present a toy model of how the presence of the non-dynamical lapse and
shift in the calculation of the scalar bispectrum from gravitation interaction leads to apparent
non-locality [38]. While we partially use the amplitude language to tell this story, we explicitly
resort to a toy Lagrangian to make the discussion most explicit and familiar. We start with a
scalar amplitude and then include gravitons as well.

Scalar theory Consider the simple “local” but non-Lorentz invariant Lagrangian34

L = −1

2
(∂µφ)2 −

M2
Pl

4
(∂iχ̃)2 +

1

2
χφ̇2 − Λ̃4χ , (B.2)

= −1

2
(∂µφ)2 − 1

2
(∂iχ)2 +

1√
2MPl

χφ̇2 − Λ3χ , (B.3)

where φ is a canonical scalar field derivatively coupled to a non-dynamical, canonically-normalized
scalar χ (related to the non-canonical χ̃ by χ = MPlχ̃/

√
2), which plays the role of the lapse.

The tadpole for χ has been introduced just to get a suitable classical background and does not
play a role at the perturbative quantum level. We would like to expand around some non-trivial
homogeneous background φ = φ̄+ϕ. The homogeneous equations of motion in Minkowski give
us

φ̈

(
1 +

2

M
χ

)
+

√
2

MPl
φ̇χ̇ = 0 , (B.4)

1√
2MPl

˙̄φ2 − Λ3 = 0 , (B.5)

which is solved by χ = 0 and φ = t ˙̄φ, with ˙̄φ = 21/4
√
MPlΛ3 and the missing integration

constants were chosen to vanish for convenience. Now we would like to compute the tree-level
three-ϕ amplitude. We can do this in three ways:

34The normalization of the χ-φ interaction is obtained by replacing γµν with χNCδµ0δν0 in the minimal coupling
to gravity, where χNC is the non-canonically normalized version of χ,

L = −1

2
(∂µφ)2 +

M2

4
(∂iχNC)2 +

1

2
χNC φ̇

2 − Λ̃3χNC . (B.1)
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1. Integrate out χ at tree-level in perturbation theory. Its equations of motion are

∂2
i χ =

√
2

MPl

˙̄φϕ̇+ . . . , (B.6)

where we can neglect the quadratic term in ϕ. Plugging this back into the Lagrangian we
find

L =
1

2
∂µϕ

2 +
˙̄φ

M2
Pl

ϕ̇2∂−2
i ϕ̇ . (B.7)

Not surprisingly, integrating out a massless (non-dynamical) field has generated some
form of non-locality. Furthermore, the non-local cubic interaction above is precisely the
interaction leading to the amplitude

Aϕϕϕ = 2i
˙̄φ

M2
Pl

E1E2E3

(
1

E2
1

+
1

E2
2

+
1

E2
3

)
(B.8)

= 2i
˙̄φ

M2
Pl

e2
2

e3
, (B.9)

where in the last line we used conservation of energy ET = 0. This amplitude has the
correct mass dimension to correspond to p = 1, namely 2× 2− 3 = 1 overall derivative.

2. We can keep χ and derive the relevant Feynman rules directly for (B.15), which work-

ing perturbatively in M−1
Pl will include a quadratic mixing

√
2 ˙̄φχϕ̇/MPl. The Feynman

diagram in Figure 1 then gives again the same amplitude

Aϕϕϕ = −i× 2i
E1E2√
2MPl

× i

|k3|2
×
√

2 ˙̄φ

MPl
E3 + (2 perm’s) (B.10)

= 2i
˙̄φ

M2
Pl

E1E2E3

(
1

E2
1

+
1

E2
2

+
1

E2
3

)
(B.11)

= 2i
˙̄φ

M2
Pl

e2
2

e3
. (B.12)

3. We can derive Aϕϕϕ from a two-to-two scattering amplitude by “putting a leg on the
background”. The four-ϕ scattering amplitude mediated by χ is

A4 = (−i)× 2(−i) E1E2√
2MPl

× i

|k1 + k2|2
× 2(−i) E3E4√

2MPl

+ 2 perm’s . (B.13)

The cubic amplitude then is obtained rescaling by a factor ˙̄φ/(iE4), which substitutes ϕ̇

with ˙̄φ and sending one leg to zero, say E4,k4 → 0:

Aϕϕϕ = lim
E4,k4→0

˙̄φ

iE4
A4 = 2i

˙̄φ

M2
Pl

E1E2E3

(
1

E2
3

+
1

E2
2

+
1

E2
1

)
= 2i

˙̄φ

M2
Pl

e2
2

e3
. (B.14)

Scalar-tensor theory We will now proceed similarly to the scalar case, but add gravitons into
the discussion. Our final goal is to derive the apparently non-local amplitude for two gravitons
and one scalar, which appears on the residue of the k−1

T of the corresponding cosmological
correlator 〈ζγγ〉. We start from the toy model

L = −1

2
(∂µφ)2 +

M2
Pl

8

[
−2(∂iχ̃)2 − (∂µγ̃ij)

2 + χ̃ ˙̃γ2
ij

]
+

1

2
χ̃φ̇2 − Λ̃4χ̃ (B.15)

= −1

2
(∂µφ)2 − 1

2
(∂iχ)2 +

1√
2MPl

χφ̇2 − 1

4
(∂µγij)

2 +
1

2
√

2MPl

χγ̇2
ij − Λ3χ . (B.16)
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There is a similar diagram as in Figure 1 with the two left φ legs substituted by two γ legs.
The three-particle amplitude for this diagram, namely for one scalar and two gravitons that is
mediated by the non-dynamical field χ is found to be

Aϕγγ = (−i)× (−i)2
iE2iE3ε

s2
ij ε

s3
ij

2
√

2MPl

× i

|k1|2
× (−i) 2φ̇√

2MPl

iE1 (B.17)

= i
φ̇

M2
Pl

εs2ij ε
s3
ij

E2E3

E1
. (B.18)
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