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Abstract—Approximate message passing (AMP) refers to a
class of efficient algorithms for statistical estimation in high-
dimensional problems such as compressed sensing and low-rank
matrix estimation. This paper analyzes the performance of AMP
in the regime where the problem dimension is large but finite.
For concreteness, we consider the setting of high-dimensional
regression, where the goal is to estimate a high-dimensional
vector 3y from a noisy measurement y = AfBy + w. AMP is
a low-complexity, scalable algorithm for this problem. Under
suitable assumptions on the measurement matrix A, AMP has
the attractive feature that its performance can be accurately
characterized in the large system limit by a simple scalar iteration
called state evolution. Previous proofs of the validity of state
evolution have all been asymptotic convergence results. In this
paper, we derive a concentration inequality for AMP with i.i.d.
Gaussian measurement matrices with finite size n x V. The result
shows that the probability of deviation from the state evolution
prediction falls exponentially in n. This provides theoretical
support for empirical findings that have demonstrated excellent
agreement of AMP performance with state evolution predictions
for moderately large dimensions. The concentration inequality
also indicates that the number of AMP iterations ¢ can grow no
faster than order loloi = for the performance to be close to the
state evolution predictions with high probability. The analysis can
be extended to obtain similar non-asymptotic results for AMP in
other settings such as low-rank matrix estimation.

Index Terms—Approximate message passing, compressed sens-
ing, state evolution, non-asymptotic analysis, large deviations,
concentration inequalities.

I. INTRODUCTION

Onsider the high-dimensional regression problem, where
the goal is to estimate a vector 3y € RY from a noisy
measurement y € R” given by

y = Afo + w. (1.1)

Here A is a known n x N real-valued measurement matrix,
and w € R" is the measurement noise. The sampling ratio
% € (0,00) is denoted by 4.

Approximate Message Passing (AMP) [1]-[l6] is a class of
low-complexity, scalable algorithms to solve the above prob-
lem, under suitable assumptions on A and 3. AMP algorithms
are derived as Gaussian or quadratic approximations of loopy
belief propagation algorithms (e.g., min-sum, sum-product) on
the dense factor graph corresponding to (LI).
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Given the observed vector y, AMP generates successive
estimates of the unknown vector, denoted by Bt € RY for
t=1,2,....Set 5% = 0, the all-zeros vector. Fort = 0,1, ...,
AMP computes

t—1 NV
t_ —A t z / A* t—1 tfll_ 1.2
=y - AP+ — ;mq([ 275, (12)

Bt = (A2 + BY), (1.3)

for an appropriately-chosen sequence of functions {n;}:>0 :
R—R. In and (L.3), A* denotes the transpose of A, 1
acts component-wise when applied to a vector, and 7} denotes
its (weak) derivative. Quantities with a negative index are set
to zero throughout the paper. For a demonstration of how the
AMP updates and are derived from a min-sum-like
message passing algorithm, we refer the reader to [1]].

For a Gaussian measurement matrix A with entries that are
i.id. ~ N(0,1/n), it was rigorously proven [I, [7] that the
performance of AMP can be characterized in the large system
limit via a simple scalar iteration called state evolution. This
result was extended to the class of matrices with i.i.d. sub-
Gaussian entries in [8]]. In particular, these results imply that
performance measures such as the L2-error +[|8o — 8*[|? and
the L'-error || 8o — 8'||1 converge almost surely to constants
that can be computed via the distribution of Sy. (The large
system limit is defined as n, N — oo such that z = 6, a
constant.)

AMP has also been applied to a variety of other high-
dimensional estimation problems. Some examples are low-
rank matrix estimation [9]—[14]], decoding of sparse superposi-
tion codes [[15]—[17], matrix factorization [18], and estimation
in generalized linear and bilinear models [5], [19], [20].

Main Contributions: In this paper, we obtain a non-
asymptotic result for the performance of the AMP iteration
in (L2)-(T3), when the measurement matrix A has i.i.d.
Gaussian entries ~ MN(0,1/n). We derive a concentration
inequality (Theorem that implies that the probability of
e-deviation between various performance measures (such as
+ 1180 — B!||?) and their limiting constant values fall exponen-
tially in n. Our result provides theoretical support for empirical
findings that have demonstrated excellent agreement of AMP
performance with state evolution predictions for moderately
large dimensions, e.g., n of the order of several hundreds [2].

In addition to refining earlier asymptotic results, the con-
centration inequality in Theorem [I] also clarifies the effect of
the iteration number ¢ versus the problem dimension n. One
implication is that the actual AMP performance is close to the
state evolution prediction with high probability as long as ¢ is
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of order smaller than lololg" . This is particularly relevant for
glogn

settings where the number of AMP iterations and the problem
dimension are both large, e.g., solving the LASSO via AMP
[6].

We prove the concentration result in Theorem [1] by analyz-
ing the following general recursion:

b= Afi(h", Bo) — Aegi—1 (0" w),
ht+1 = A*gt(btu ’U}) - gtft(htu BO)

Here, for ¢t > 0, the vectors b* € R”, htt! € RN describe
the state of the algorithm, f;,9; : R — R are Lipschitz
functions that are separable (act component-wise when applied
to vectors), and A, &; are scalars that can be computed from
the state of the algorithm. The algorithm is initialized with
fo(h® = 0,8p). Further details on the recursion in (L4),
including how the AMP in (IL.2)-(1.3) can be obtained as a
special case, are given in Section [V-Al

(1.4)

For ease of exposition, our analysis will focus on the re-
cursion (L.4) and the problem of high-dimensional regression.
However, it can be extended to a number of related problems.
A symmetric version of the above recursion yields AMP
algorithms for problems such as solving the TAP equations
in statistical physics [21] and symmetric low-rank matrix
estimation [10], [12]. This recursion is defined in terms of
a symmetric matrix G € RY*N with entries {Gy;}i<; i.i.d.
~ N (0, %), and {G;;} i.id. ~ N(0, %) for i € [N]. (In other
words, G can be generated as (A+ A*)/2, where A € RV*N
has i.i.d. N'(0, %) entries.) Then, for ¢ > 0, let

m'Th = Ap,(m') — by p_1(m'). (1.5)

Here, for ¢ > 0, the state of the algorithm is represented by a
single vector m* € R, the function p; : R — R is Lipschitz
and separable, and b; is a constant computed from the state
of the algorithm (see [1, Sec. IV] for details). The recursion
(I9) is initialized with a deterministic vector m' € R¥,

Our analysis of the recursion can be easily extended to
obtain an analogous non-asymptotic result for the symmetric
recursion in (L3). Therefore, for problems of estimating
either symmetric or rectangular low-rank matrices in Gaussian
noise, our analysis can be used to refine existing asymptotic
AMP guarantees (such as those in [9]-[11]), by providing a
concentration result similar to that in Theorem [l We also
expect that the non-asymptotic analysis can be generalized to
the case where the recursion in generates matrices rather
than vectors, i.e, b € R®*9 and hit! € RNX? (where ¢
remains fixed as n, N grow large; see [7] for details). Ex-
tending the analysis to this matrix recursion would yield non-
asymptotic guarantees for the generalized AMP [5] and AMP
for compressed sensing with spatially coupled measurement
matrices [22].

Since the publication of the conference version of this paper,
the analysis described here has been used in a couple of recent
papers: an error exponent for sparse regression codes with
AMP decoding was obtained in [23]], and a non-asymptotic
result for AMP with non-separable denoisers was given in
[24].

A. Assumptions

Before proceeding, we state the assumptions on the model
and the functions used to define the AMP. In what
follows, K,k > 0 are generic positive constants whose values
are not exactly specified but do not depend on n. We use the
notation [n] to denote the set {1,2,...,n}.

Measurement Matrix: The entries of measurement matrix
A e RN are iid. ~ N(0,1/n).

Signal: The entries of the signal 3y € RY are i.i.d.
according to a sub-Gaussian distribution pg. We recall that
a zero-mean random variable X is sub-Gaussian if there exist
positive constants K,  such that P(| X —EX| > ¢) < Ke <,
Ve > 0 [25].

Measurement Noise: The entries of the measurement noise
vector w are i.i.d. according to some sub-Gaussian distribution
pw with mean 0 and E[w?] = 02 < oo for i € [n]. The sub-
Gaussian assumption implies that, for € € (0, 1),

1
P(\—|w||2—02
n

for some constants K, x > 0 [25].

The Functions 7;: The denoising functions, 7; : R — R,
in (I.3) are Lipschitz continuous for each ¢ > 0, and are
therefore weakly differentiable. The weak derivative, denoted
by n;, is assumed to be differentiable, except possibly at a
finite number of points, with bounded derivative everywhere
it exists. Allowing 7; to be non-differentiable at a finite number
of points covers denoising functions like soft-thresholding
which is used in applications such as the LASSO [6].

Functions defined with scalar inputs are assumed to act
component-wise when applied to vectors.

The remainder of the paper is organized as follows. In
Section [[Il we review state evolution, the formalism predicting
the performance of AMP, and discuss how knowledge of
the signal distribution pg and the noise distribution p,, can
help choose good denoising functions {7;}. However, we
emphasize that our result holds for the AMP with any choice
of {n:} satisfying the above condition, even those that do
not depend on pg and p,. In Section [I=Al we introduce
a stopping criterion for termination of the AMP. In Section
[ we give our main result (Theorem [I)) which proves that
the performance of AMP can be characterized accurately via
state evolution for large but finite sample size n. Section
gives the proof of Theorem [Il The proof is based on two
technical lemmas: Lemmas 3] and 3l The proof of Lemma 3]
is long; we therefore give a brief summary of the main ideas
in Section and then the full proof in Section [Vl In the
appendices, we list a number of concentration inequalities that
are used in the proof of Lemma [5Sl Some of these, such as
the concentration inequality for the sum of pseudo-Lipschitz
functions of i.i.d. sub-Gaussian random variables (Lemma
[B.4), may be of independent interest.

(1.6)

> e) < Ke e,

II. STATE EVOLUTION AND THE CHOICE OF 7,

In this section, we briefly describe state evolution, the
formalism that predicts the behavior of AMP in the large
system limit. We only review the main points followed by



a few examples; a more detailed treatment can be found in
(0, [41].

Given pg, let 3 € R ~ pg. Let o = E[$%]/§ > 0,
where § = n/N. Iteratively define the quantities {77};>0 and
{oF}i>1 as

1
TfZUQ—FUf, 0t2= S]E (nt—l(ﬁ‘*‘Tt—lZ)_ﬁ)Q} ’
2.1

where 8 ~ pg and Z ~ N(0,1) are independent random
variables.

The AMP update is underpinned by the following key
property of the vector A*zt + ¢ for large n, A*zt + Bt is
approximately distributed as o + T:Z, where Z is an i.i.d.
N(0,1) random vector independent of (3. In light of this
property, a natural way to generate 3'*! from the “effective
observation” A*z% + 3% = s is via the conditional expectation:

BTs)=E[B| B+ Z = s], (2.2)

ie, B! is the MMSE estimate of 3, given the noisy
observation 3y + 7. Z. Thus if pg is known, the Bayes optimal
choice for 7;(s) is the conditional expectation in (2.2)).

In the definition of the “modified residual” z¢, the third
term on the RHS of is crucial to ensure that the effective
observation A*z* + 3 has the above distributional property.
For intuition about the role of this ‘Onsager term’, the reader
is referred to [1, Section I-C].

We review two examples to illustrate how full or partial
knowledge of pg can guide the choice of the denoising
function 7. In the first example, suppose we know that each
element of [y is chosen uniformly at random from the set
{+1, —1}. Computing the conditional expectation in with
this pg, we obtain 7:(s) = tanh(s/7?) [I]. The constants 77
are determined iteratively from the state evolution equations
2.1D.

As a second example, consider the compressed sensing
problem, where § < 1, and pg is such that P(3y = 0) = 1—¢.
The parameter £ € (0,1) determines the sparsity of 3. For
this problem, the authors in [2], [4] suggested the choice
n(s) = n(s;6;), where the soft-thresholding function 7 is
defined as

(s—6), ifs>0,
n(s;0) =< 0 if —0<s<49,
(s—0), ifs<—0.

The threshold 6, at step t is set to §, = amy, where « is
a tunable constant and 7; is determined by (2.I), making
the threshold value proportional to the standard deviation of
the noise in the effective observation. However, computing 7,
using (2.I) requires knowledge of pg. In the absence of such
knowledge, we can estimate 77 by 1 ||z*[|?: our concentration
result (Lemma [5(e)) shows that this approximation is increas-
ingly accurate as n grows large. To fix «, one could run the
AMP with several different values of «, and choose the one
that gives the smallest value of 1 ||z||? for large ¢.

We note that in each of the above examples 7, is Lipschitz,
and its derivative satisfies the assumption stated in Section [=A]

A. Stopping Criterion

To obtain a concentration result that clearly highlights the
dependence on the iteration ¢ and the dimension n, we include
a stopping criterion for the AMP algorithm. The intuition is
that the AMP algorithm can be terminated once the expected
squared error of the estimates (as predicted by state evolution
equations in (2.I)) is either very small or stops improving
appreciably.

For Bayes-optimal AMP where the denoising function 7;(-)
is the conditional expectation given in (2.2), the stopping
criterion is as follows. Terminate the algorithm at the first
iteration ¢ > 0 for which either

!
5— > 1 — ey,
01

02 <&y, or (2.3)
where €9 > 0 and ¢, € (0,1) are pre-specified constants.
Recall from that o2 is expected squared error in the
estimate. Therefore, for suitably chosen values of ¢y, 56, the
AMP will terminate when the expected squared error is either
small enough, or has not significantly decreased from the
previous iteration.

For the general case where 7;(-) is not the Bayes-optimal
choice, the stopping criterion is: terminate the algorithm at the
first iteration ¢ > O for which at least one of the following is
true:

ol <ey, or (0})* <eq, or (177)? <es, 2.4

where ¢€1,62,63 > (0 are pre-specified constants, and
(0i)2, (1+)? are defined in (@I9). The precise definitions of
the scalars (o;-)2, (;-)? are postponed to Sec. as a few
other definitions are needed first. For now, it suffices to note
that (07)2, (ri-)? are measures of how close o7 and 77 are
to 07, and 77 ,, respectively. Indeed, for the Bayes-optimal
case, we show in Sec [[V=C] that

2 2
142 2 0y 142 2 Ti
= 1-— = - — .
(@) ot ( Ut21> (1) Tt ( Tt21)
Let T > 0 be the first value of ¢t > 0 for which at least

one of the conditions is met. Then the algorithm is run only
for 0 <t < T™*. It follows that for 0 <t < T,

(TtJ')2 > €3.

(2.5)
In the rest of the paper, we will use the stopping criterion to
implicitly assume that o2, 72, (o;-)2, (i-)? are bounded below
by positive constants.

2 2 2 142
o; >e1, T >0 +e1, (07) >eq,

III. MAIN RESULT

Our result, Theorem [1l is a concentration inequality for
pseudo-Lipschitz (PL) loss functions. As defined in [1], a
function ¢ : R™ — R is pseudo-Lipschitz (of order 2) if
there exists a constant L. > 0 such that for all x,y € R™,
6(x) = d(y)| < L1+ [[z]| + [y ]|z — yl, where ||-[| denotes
the Euclidean norm.

Theorem 1. With the assumptions listed in Section the
following holds for any (order-2) pseudo-Lipschitz function



¢:R?2 =R, e€(0,1) and 0 <t < T*, where T* is the first
iteration for which the stopping criterion in (2.4) is satisfied.

| )

< Kte—mn62'
3.1

In the expectation in 31), 8 ~ pg and Z ~ N(0,1) are
independent, and T; is given by @I). The constants Ky, k;
are given by K; = C?'(t)'0 k, = W, where C,c > 0
are universal constants (not depending on t, n, or €) that are

not explicitly specified.

N
¥ 298 o) ~ El(m (5 + 72),9)

The probability in is with respect to the product
measure on the space of the measurement matrix A, signal
o, and the noise w.

Remarks:

1. By considering the pseudo-Lipschitz function ¢(a,b) =
(a—b)?, Theorem [Tl proves that state evolution tracks the mean
square error of the AMP estimates with exponentially small
probability of error in the sample size n. Indeed, for all ¢ > 0,

1
P (| - ol -

> e> < Kie ™ (3.2)

Similarly, taking ¢(a,b) = |a — b| the theorem implies that the
normalized Li-error |3 — fy||1 is concentrated around
Elne(B+7mZ) — Bl

2. Asymptotic convergence results of the kind given in [1],
[6] are implied by Theorem [II Indeed, from Theorem [ the
sum

oo N
1
> P(|5 o 0B Bo) — Elb(m(8 +m2), 8))| = <)
N=1 i=1

is finite for any fixed ¢ > 0. Therefore the Borel-Cantelli
lemma implies that for any fixed ¢ > 0:

N
. 1 t+1 a.s.
Jim ; OB, Bo) = Elp(m(B + 7 2), B))-

3. Theorem [l also refines the asymptotic convergence result
by specifying how large ¢ can be (compared to the dimension
n) for the state evolution predictions to be meaningful. Indeed,
if we require the bound in (3.1) to go to zero with growing

n, we need ryne? — oo as n — oco. Using the expression for
logn
loglogn /*

k¢ from the theorem then yields t = o (

Thus, when the AMP is run for a growing number of itera-
tions, the state evolution predictions are guaranteed to be valid
until iteration ¢ if the problem dimension grows faster than
exponentially in ¢. Though the constants /;, x; in the bound
have not been optimized, we believe that the dependence of
these constants on ¢! is inevitable in any induction-based proof
of the result. An open question is whether this relationship
between ¢ and n is fundamental, or a different analysis of the
AMP can yield constants which allow ¢ to grow faster with n.

4. As mentioned in the introduction, we expect that non-
asymptotic results similar to Theorem [If can be obtained for
other estimation problems (with Gaussian matrices) for which

rigorous asymptotic results have been proven for AMP. Ex-
amples of such problems include low-rank matrix estimation
[9]-[11], robust high-dimensional M-estimation [26], AMP
with spatially coupled matrices [22], and generalized AMP
(70, [27].

As our proof technique depends heavily on A being i.i.d.
Gaussian, extending Theorem [I] to AMP with sub-Gaussian
matrices [8] and to variants of AMP with structured measure-
ment matrices (e.g., [28]—[30]) is non-trivial, and an interesting
direction for future work.

IV. PROOF OF THEOREM[I]

We first lay down the notation that will be used in the proof,
then state two technical lemmas (Lemmas [3] and B) and use
them to prove Theorem [Il

A. Notation and Definitions

For consistency and ease of comparison, we use notation
similar to [[L]. To prove the technical lemmas, we use the
general recursion in (.4), which we write in a slightly
different form below. Given w € R", 8y € RY, define the
column vectors A!T1 ¢ttt € RY and b*,m! € R™ for t > 0
recursively as follows, starting with initial condition ¢° € R":

b= Agt — \ym!tTE,
htJrl — A*mt _ ftqty

m' = g (b", w),
qt = ft(htvﬁo)-

where the scalars & and \; are defined as

.1

n N
— 1 E t . 1 § t
gt D E P gé(bza w’i)a )\t L 6N pa ft/(h’zvﬁ(h) (42)

In (@.2), the derivatives of g; : R2 — R and f; : R? - R
are with respect to the first argument. The functions f;, g
are assumed to be Lipschitz continuous for ¢ > 0, hence the
weak derivatives g; and f] exist. Further, g; and f/ are each
assumed to be differentiable, except possibly at a finite number
of points, with bounded derivative everywhere it exists.

Let of := E[f3(0,8)] > 0 with 3 ~ pg. We let ¢° =
f0(0, Bp) and assume that there exist constants K, x > 0 such

that
(

Define the state evolution scalars {77};>0 and {07}+>1 for
the general recursion as follows.

(4.3)

1
LIPIP -] 2 ¢) < e

7 =E[(9:(0:ZW))?], o = %E [(fe(re—12,B))?],
4.4)
where 8 ~ pg, W ~ py, and Z ~ N(0,1) are independent
random variables. We assume that both o2 and 7¢ are strictly
positive.

The AMP algorithm is a special case of the general recur-
sion in and (.2). Indeed, the AMP can be recovered by
defining the following vectors recursively for ¢ > 0, starting
with 4% = 0 and 20 = 4.

ht+l _ BO _ (A*Zt +ﬁt),

bt =w — 2, m

qt :ﬁt _ﬁ07

t_ _t

(4.5)



It can be verified that these vectors satisfy (4.1) and (&.2) with
fi(a, Bo) = nt—1(Bo — a) — Bo,

and  gi(a,w) =a—w.

(4.6)
Using this choice of f;, g; in (#4) yields the expressions for
o2, 77 given in @.I). Using (#.6) in (#2), we also see that for
AMP,

&=1. 4.7

N
_ 1 * pt—1 t—1
A= 3N ;77;&—1([14 BT+ 2 ),

Recall that By € R is the vector we would like to recover
and w € R" is the measurement noise. The vector h!*1! is the
noise in the effective observation A*z* + 3¢, while ¢* is the
error in the estimate 3¢. The proof will show that h* and m?
are approximately i.i.d. A'(0,77?), while ¢* is approximately

i.i.d. with zero mean and variance 2.

For the analysis, we work with the general recursion given

by (@) and @.2). Notice from (.1} that for all ¢,
b+ amit = Ag', R 4 gt = A*mt. 4.8)

Thus we have the matrix equations X; = A*M; and Y; =
AQ:, where

Xii=[n' + & | PP+ &g | [ R+ &g,
Y= [0 | o+ Aam | L b 4+ Al imiT?,
=1 O| 1t71| | t—1m" ] 49)
My:=[m”|...|m"™ ],
Qu=1g"1... 147"
The notation [c; | ¢2 | ... | cx] is used to denote a matrix

with columns cy,...,c,. Note that My and Qg are the all-
zero vector. Additionally define the matrices

Ht = [h1||ht], ;gtfl)v
4.10
Bt = [b0| e |bt71], i) At71>- ( )

Note that By, Hg, Ao, and = are all-zero vectors. Using the
above we see that Y; = B;+[0|M;_1]A; and X; = Hi+Q+=s.

= := diag(&o, . . -
Ay = diag(No, . .

We use the notation mﬁ and qﬁ to denote the projection of

m! and ¢’ onto the column space of M; and ;, respectively.
Let

t

ol = (ah, .. ak ) Y= (Vi) (41
be the coefficient vectors of these projections, i.e.,
t—1 t—1
mﬁ = Zaf-mi, qﬁ = vaqi. 4.12)
i=0 i=0

The projections of m? and ¢* onto the orthogonal complements
of M, and @, respectively, are denoted by

t t t t t_ ot
my i=m’—my, q1=q —q (4.13)
Lemma [5] shows that for large n, the entries of a! and ~* are
concentrated around constants. We now specify these constants
and provide some intuition about their values in the special
case where the denoising function in the AMP recursion is

the Bayes-optimal choice, as in (2.2).

B. Concentrating Values

Let {Z;:}1>0 and {Z,},;>0 each be sequences of of zero-
mean jointly Gaussian random variables whose covariance is
defined recursively as follows. For r,t > 0,

C

= Er st r
E[Z,Z) = ==Y, E[Z,Z]=—L, (4.14)
O0r0t TrTt
where
- 1 - -
E,. = <E[f(Tr-1Zr-1, 1241, )
=5 Ur(Tr—1Zr—1, B) fi(Te—1Z¢—1, B)] @.15)

Er,t = E[gr (UTZT) W)gt (UtZtv W)]v

where 3 ~ pg and W ~ p,, are independent random variables.
In the above, we take fo(-, 8) := fo(0, 3), the initial condition.

Note that By ; = o2 and E,; = 72, thus E[Z?] = E[Z?] = 1.
Define matrices C'*, C'* € R*** for ¢ > 1 such that
éf+l,j+l = Ei)j, and éf+17j+1 = Ei,ju 0 < 7/,] <t-— 1.
(4.16)

Witl} these definitions, the concentrating values for ~¢ and ot
(if C* and C* are invertible) are

Ati=(CH'E, and &= (CH'E;, (4.17)

E; = (EO tee Et—lﬂf)*v and Et = (Ev'o)t ey Evt_l)t)*.
(4.18)
Let (03)? := 02 and (73°)? := 72, and for ¢ > 0 define
(0i)? =07 — (’AYt)*Et = Et,t - E:(C’t)_lEt,
(") =77 — (&')'E, = Et,t — EX(CH'E,.

Finally, we define the concentrating values for \; and &; as

(4.19)

o = SEL (1 Zer, 8)], and & = Bl (o 20, W)
(4.20)
Since {f:}t>0 and {g:}+>0 are assumed to be Lipschitz
continuous, the derivatives {f/} and {g;} are bounded for
t > 0. Therefore \;,&; defined in (#2) and ;\t,ét defined
in @.20) are also bounded. For the AMP recursion, it follows
from (4.6)) that

“ 1 5 3
At = _S]E[nifl(ﬁ —Ti-1Zi-1)], and & = 1.

Lemma 1. If (o;5)? and (1i-)? are bounded below by some
positive constants (say ¢ and ¢, respectively) for 1 < k < t,
then the matrices C* and C* defined in @16) are invertible
for 1 < k<t

4.21)

Proof: We prove the result using induction. Note that
C' = 02 and C" = 72 are both strictly positive by assumption
and hence invertible. Assume that for some k < ¢, C* and C*
are invertible. The matrix C**1 can be written as

~ M; M
k+1 _ [V 2
o=l )

M3
where M; = CF € R¥*F My = Ey, = 07, and My = Mj =
Ey € RFX1 defined in (#.I8). By the block inversion formula,
C*+1 is invertible if M; and the Schur complement My —
MnglMQ are both invertible. By the induction hypothesis



M; = C* is invertible, and

My — MsM[ My = By — Ef(CH)LE, = (o) > &> 0.
~ (4.22)

Hence C**! is invertible. Showing that C**! is invertible is

very similar. ]

We note that the stopping criterion ensures that C* and C*
are invertible for all ¢ that are relevant to Theorem [Il

C. Bayes-optimal AMP

The concentrating constants in (@.I14)—(@.19) have simple
representations in the special case where the denoising func-
tion n:(-) is chosen to be Bayes-optimal, i.e., the conditional
expectation of 5 given the noisy observation 5 + 7.7, as in
2.2). In this case:

1) It can be shown that Er,t in @.13) equals af for 0 <
r < t. This is done in two steps. First verify that the
following Markov property holds for the jointly Gaussian
Z., Zy with covariance given by (£.14):

BB | B+7:2i, B+702,] = BB | B+7:24),

We then use the above in the definition of Ent (with f;
given by (#.6)), and apply the orthogonality principle to
show that ET L= at for r <t.

2) Usmg EM =o? in and ( , we obtain EM =
o + at = Tf

3) From the orthogonality principle, it also follows that for

0<r<t.

0<r<t,
E[||8°]%) = E[5*6"], and E[|8"]°] = E[(8")*5],
where (' = [[3 | B+ e 1 Zs 1]

4) Wlth ET ;= at and EM = Tt for r < ¢, the quantities
in [4.19) simplify to the following for ¢ > 0:

,0,07 /Ut o at = [O,...,O,Tf/Tt{l],

where 4%, &t € RE.

For the AMP, m! = —z* is the modified residual in iteration
t, and ¢* = B — B is the error in the estimate 3%. Also recall
that 4% and of are the coefficients of the projection of m?
and ¢' onto {m", m!~1} and {¢°,...,q' "1}, respectively.
The fact that only the last entry of 4’ is non-zero in the
Bayes-optimal case indicates that residual z° can be well
approximated as a linear combination of z/~! and a vector
that is independent of {z°, ..., 2/=1}; a similar interpretation
holds for the error ¢* = 3% — 5.

D. Conditional Distribution Lemma

We next characterize the conditional distribution of the
vectors h'*! and b’ given the matrices in as well as
Bo, w. Lemmas [3] and [ show that the conditional distributions
of h**! and b? can each be expressed in terms of a standard
normal vector and a deviation vector. Lemma [3] shows that the

norms of the deviation vectors are small with high probabil-
ity, and provides concentration inequalities for various inner
products and functions involving {h**!, ¢t bt mt}.

We use the following notation in the lemmas. Given two

random vectors X,Y and a sigma-algebra ., X|y Ly

denotes that the conditional distribution of X given .¥ equals
the distribution of Y. The ¢ x ¢ identity matrix is denoted by
I;. We suppress the subscript on the matrix if the dimensions
are clear from context. For a matrix A with full column rank,
P[|4 := A(A* A)~1 A* denotes the orthogonal projection matrix
onto the column space of A, and Pj = - Pllx. If A does
not have full column rank, (A*A)~! is interpreted as the
pseudoinverse.
Define .}, 1, to be the sigma-algebra generated by

0 t1—1 , 0 t1—1 71 ta 0 t
b”, .0 T mY . omP T R, L kg, .., q", and By, w

A key ingredient in the proof is the distribution of A condi-
tioned on the sigma algebra .%;, ; where ¢, is either t+1 or ¢
from which we are able to specify the conditional distributions
of b* and h'*! given .#; ; and .} 1 4, respectively. Observing
that conditioning on .%%, ; is equivalent to conditioning on the
linear constraints]

AQtl - }/%17 A*Mt = Xtu

the following lemma from [1] specifies the conditional distri-
bution of Al ,.

Lemma 2. [lIl Lemma 10, Lemma 12] The conditional
distributions of the vectors in satisfy the following,
provided n >t and My, Q¢ have full column rank.

* d « _ «
A mt|yt+1,t = X (M M) IM mﬁ

+ Qua1(Qi 1 Qur1) Y m! + PG, +1A*mm
d * — * *
Ad' |z, = Yi(QrQ0) Qg + My(M; M) ™' X[ g,
L AdL,

where mH,ml,qH ,q" are defined in @I12) and @I3). Here

AA L Y A are random matrices independent of ;41,1 and
St

Lemma 3 (Conditional Distribution Lemma). For the vectors
Rt and bt defined in @), the following hold for t > 1,
provided n >t and My, Q¢ have full column rank.

0 d /
b |=5”0,0: UOZO + AO,Oa

- 4.24)
Vo, 2 S AW+ 0 Z) + A,
1 d
h |5”1,0 =T94p + A1,07
=1 (4.25)
d N T
ht+1|yt+1,t = Zaih i + Ttth + At—i—l,ta
r=0

where Zo,Zy € RN and Z\,Z] € R" are i.id. standard
Gaussian random vectors that are independent of the corre-

'"While conditioning on the linear constraints, we emphasize that only A
is treated as random.



sponding conditioning sigma-algebras. The terms 4! and &
for i € [t — 1] are defined in @17 and the terms (1;-)* and
(o5)? in @I9). The deviation terms are

Ao, = (% - 00)267
sua= (20— )y - 0

1,0 NG o)Iv =%
(Y (I

and for t > 0, defining Q; := Q; Q¢ and M, := M} M,,

(4.26)

Ply| Zo

t—1

_ t atypr H(Ji” L ||th” I /
Ay = ;(% — )b+ {(W ~ 0 )'n - WPMJZt
ot () (2 - ],

n n n =1
(4.28)
t—1
Appre=) (of —al)n !
r=0

(IR e, e

b Qu () (Bl Binife e Sty
i=0

(4.29)

Proof: We begin by demonstrating @.24). By (£.1I) it
follows that

L (|lgll/v/n) Zg,

where Zj € R" is an i.i.d. standard Gaussian random vector,
independent of %% o.

b0|«5’70,0: Aqo

For the case t > 1, we use Lemma [2| to write
(Aq" — )

£Y,Q, ' Qial + MM, X; ' + Py, Agl —
= Btht_lQIQﬁ + [O|Mt71]AtQ;1QIQﬁ + MtMt_lH:qi

t—1

t t—1
b |§ﬂtt )\tm

)\tmt_l

JLwt AQi —Am

The last equality above is obtained using Y; = B +

[0|Mi—1]At, and X; = + Z:Q:. Noticing that

— * i e d

B/Q;'Q;q = Y125 Vb and PL Agh = (1- P, )Ag) <

(I- Plll\/[t)%Zg where Z; € R" is an i.i.d. standard Gaussian
random vector, it follows that

q +Z,7tbz

+ [0|Mt—1]AtQt thQﬁ + MtMt_lH:‘Ji -

bt'«?]nt i (I - P|]|Wt

)\tmt_l .

(4.30)

All the quantities in the RHS of @30) except Z; are in
the conditioning sigma-field. We can rewrite (£.30) with the

following pair of values:

b, < iﬁf_b’” + 07 2+ Ay,
=0
A :ti( LA 4 [(”q—i”— l)l—”q—i”P” }Z’
t,t 2 Yr = Vr NG O NG M, |4t
+ [0[M;1]A:Q; ' Qrqff + MM T Hy g — Aym T

The above definition of A;; equals that given in (4.28) since

t—1
= i’yfm; —Aam
Z/\ i—1 A t—1
Z/\m " 1)

This completes the proof of @,ﬂ) Result (@23) can be shown
similarly. [ ]

- )\tmtf

01M,-1)AQ; Q3

— MMM ()\tm

The conditional distribution representation in Lemma [3
implies that for each ¢t > 0, htt1l is the sum of an i.i.d.
N(0,7?) random vector plus a deviation term. Similarly b°
is the sum of an i.i.d. A'(0, 0?) random vector and a deviation
term. This is made precise in the following lemma.

Lemma 4. Fort >0, let Z, € R", Z; € RY be independent

standard normal random vectors. Let bpu]re 00}, hpu]re =
T0Zo, and recurszvely define for t > 1:
pure Z pure + 0} Zt7 hgt%e Z df‘h;ﬁrle + TtJ_ Zt.
(4.31)
Then for t > 0, the following statements hold.
1) For j € [N] and k € [n),
d 9 o
(bourc ceey bturc ) = (O'Ozo, RPN ,O'tZt),
? e i (4.32)
(héurckv" h?‘;l}ck) = (T()ZO,...,TtZt),

where {Z;}i>0 and {Z;}1>o are the jointly Gaussian
random variables defined in Sec. [[V-B|

2) Fort >0,

Zz’ Zz .,

where the constants {ct}o<i<¢ and {d'}o<;<; are recur-
sively defined as follows, starting with ¢ = 1 and d3 =
For t > 0,

(4.33)

pure pure

(4.34)

c=1, d —Zc%, Jor 0 <i<(t—1),
di=1, d _Zdl al, for0<i<(t—1). (4.35)

3) The conditional distributions in Lemma 3| can be ex-



pressed as

P

t
§ t
pure + Cr AT,T’
r=0

t (4.36)
ht+1|yt+1 t h;ﬁe + Z di ArJrl,r-

Proof: We prove (@32) by induction. We prove the b, ,,..
result; the proof for hpum is very similar. The base case of
t = 0 holds by the definition of bpu]re Assume towards induc-

tion that @.32) holds for (b2 .., - . ., b;urle) Then using @.31),
bt ..o has the same distribution as Z -0 %UTZ +0}-Z where

pure
Z € R™ is a standard Gaussian random vector independent of
Zo,v...,Z_l. We now show that 3 \_ BﬁﬁarZ ‘otz 4
otZy by demonstratlng that:

1 var(z O‘yTUTZ +0i-7) = 0?; and

(ii) E[akzk(zjﬁ,éarz + 01 2)] = oo Bl Z1Z4] = By
for0<k<(t—1).
The variance is
t—1 t—1 t—1
E(Z %UTZUT +oi2) = Z Z:Yﬁ:YltcEkr +(0)? = o7,
r=0 r=0 k=0

where the last equality follows from rewriting the double sum
as follows using the definitions in Section [V-AL

S Atk B = (3170 = (B (G ICHC T B
r.k

= Ef(C") "By = Eyy — (o)
(4.37)
Next, for any 0 < k& <t — 1, we have
—1 @ =1
Elow Zi( Z%arz +0Z)] =) ErAl
r=0
b) = . c) ~
0 [CAk41 © Ejt.

In the above, step (a) follows from (@I4); step (b) by
recognizing from (£16) that the required sum is the inner
product of 4% with row (k + 1) of C%; step (c) from the
definition of 4* in @.I7). This proves (&32).

Next we show the expression for b, . in (#33) using
induction; the proof for h!  _ is similar. The base case of t = 0

pure
holds by definition because of = oy. Using the induction

hypothesis that @33) holds for b .., ..., b5 k. the defintion
(@3T) can be written as
purc Z (Z )+Ut Z

=0
t
ZZ’ l(Zv )—i—ot —ZZ{UZ-LC)&
i=0

where the last inequality follows from the definition of ¢! for
0 < i <t in (&33). This proves (#.33).
The expressions for the conditional distribution of b and

htt1in @38) can be similarly obtained from (@.24) and (@.23)
using an induction argument. ]

E. Main Concentration Lemma

For t > 0, let
1
_ 2t 10 _
Ky =C7(t) ™, "it—W,
/ . ) K (4.38)
Ky =C(t+1)° Ky, M= )

where C, ¢ > 0 are universal constants (not depending on ¢, n,
or €). To keep the notation compact, we use K, x, k' to denote
generic positive universal constants whose values may change
through the lemma statement and the proof.

Lemma 5. The following statements hold for 1 <t < T* and
e€ (0,1).
(a)

1 ’
P(N”At-i-l,tHz > e) < KPK[_je i/t 439)

7/<l~et,1ne/t4

1
P(—||At,t|\2 > e) < KK, 1e . (4.40)
n

(b) i) Let X,, = ¢ be shorthand for P(| X, —c| > €) <
’ 2 /.7
Kt3K| e fri-ine /*". Then for pseudo-Lipschitz func-

tions ¢p, : R7T2 5 R
1 . .
2o BT o) = Edn (oo, 1o, ).
i=1
(4.41)

The random variables Zy,...,Z; are Jjointly Gaussian
with zero mean and covariance given by @14), and are
independent of 8 ~ pg.

ii) Let ¢, : R2 — R be a bounded function that is
differentiable in the first argument except possibly at a
finite number of points, with bounded derivative where it
exists. Then,

P(%iwh(hﬁ“,ﬂoﬂ—E‘/’h(”z’ﬁ)} > <) (4.42)
=1 ‘

S Kf2K£71€_m£2*1n62/t4.

As above, Z, ~ N (0,1) and § ~ pg are independent.

iil) Let X,, = c¢ be shorthand for P(|X,, — c| > €) <
2 /.7

Kt3K,_ e~ "=/t Then for pseudo-Lipschitz func-

tions ¢p : R1T2 - R

—Z¢b b wy) =

- E¢b(00207 ceey UtZt, W)

(4.43)

The random variables ZO,...,Zt are jointly Gaussian
with zero mean and covariance given by (@14, and are
independent of W ~ pq,.

iv) Let ¢, : R — R be a bounded function that is
differentiable in the first argument except possibly at a
finite number of points, with bounded derivative where it
exists. Then,

P(‘%i%(bﬁ,wi)—E¢b(“t2t’w>‘ 26) (4.44)
=1 ’

—nnt,1n€2/t4

< Kt?K, e



As above, Z; ~ N(0,1) and W ~ p,, are independent.
(c)

~(h")"¢" =0, %(htﬂ)*ﬁo =0, (4.45)
%(bt)*w =0 (4.46)
(d) Forall 0 <r <t,
%(h’”“)*ht“ =By, (4.47)
%(br)*bt = Epy. (4.48)
(e) For all 0 <r <t,
%(qO)*qH—l s EO,t—i—la %(qr+1)*qt+l s ~r+l,t+17
(4.49)
Ly mt = B (4.50)
(f) Forall 0 <r <t
VD l(htﬂ)*qTJr1 = ;\r+1Er,t7
n 4.51)

1

n(hrJrl)*thrl o ;\t+1Er,t;

.8 1 N\ - EF 1 VR ORI 5
gt = gtu _(b ) mt = gtEr,ta _(bt) m = grEr,t-
n n
(4.52)

(g) Let Qi1 := %Q:.HQtJrl and My :
P (Qt+1 is singular) < tKy_qe ft-thn,
P (M, is singular) < tK;_je” 15",

LM M. Then,

(4.53)
(4.54)

When the inverses of Qu11, My exist, for 1 <¢,7 <t+1,
P(lQih = €7,
P(1t =312 ) < KK oo

2 6) S KKéile—mdelnei

(4.55)
For1<14,5 <t,

3

P(|vrt = (€7

> e) < KI_qerrimime
P(lafy =6l |2 €) < Kt' Ky e/,
(4.56)
where 41 and &t are defined in @17).
(h) With Utl+1a ;- defined in (19),

1 /
P(|= gt = (0102 ] > €) < KOE e/,
n

(4.57)

1
(e G D

n
(4.58)

F. Remarks on Lemma 3]

The proof of Theorem 1l below only requires the concen-
tration result in part (b).(i) of Lemma[5] but the proof of part
(b).(1) hinges on the other parts of the lemma. The proof of
Lemma[3] given in Section [V] uses induction starting at time
t = 0, sequentially proving the concentration results in parts
(a) — (h). The proof is long, but is based on a sequence of a
few key steps which we summarize here.

The main result that needs to be proved (part (b).(i), (E.41))
is that within the normalized sum of the pseudo-Lipschitz
function ¢y,, the inputs h',... h!'T! can be effectively re-
placed by 7p 20y Tt 24 respectively. To prove this, we use
the representation for A‘*! given by Lemma[3] and show that
the deviation term given by (@) can be effectively dropped. In
order to show that the deviation term can be dropped, we need
to prove the concentration results in parts (¢) — (h) of Lemma
Parts (b).(i1), (b).(iii), and ().(iv) of the lemma are used to
establish the results in parts (c) — (h).

The concentration constants kg, K;: The concentration re-
sults in Lemma [5] and Theorem [Tl for AMP iteration ¢ > 1 are
of the form K;e~"""| where k¢, K are given in (@.38). Due
to the inductive nature of the proof, the concentration results
for step ¢ depend on those corresponding to all the previous
steps — this determines how k;, K; scale with t.

The t! terms in k¢, K; can be understood as follows.
Suppose that we want prove a concentration result for a
quantity that can be expressed as a sum of ¢ terms with step
indices 1,...,t. (A typical example is A4y in (@).) For
such a term, the deviation from the deterministic concentrating
value is less than € if the deviation in each of the terms in
the sum is less than €/¢. The induction hypothesis (for steps
1,...,t) is then used to bound the ¢/t-deviation probability
for each term in the sum. This introduces factors of 1/¢ and ¢
multiplying the exponent and pre-factor, respectively, in each
step t (see Lemma [A.2)), which results in the ¢! terms in K,
and K.

The (C2)" and (c2)! terms in ky, K; arise due to quantities
that can be expressed as the product of two terms, for each
of which we have a concentration result available (due to
the induction hypothesis). This can be used to bound the
e-deviation probability of the product, but with a smaller
exponent and a larger prefactor (see Lemma [A3). Since this
occurs in each step of the induction, the constants K;, x; have
terms of the form (C2)?, (¢2)!, respectively.

Comparison with earlier work: Lemmas[3and [3 are similar
to the main technical lemma in [[1, Lemma 1], in that they both
analyze the behavior of similar functions and inner products
arising in the AMP. The key difference is that Lemma
replaces the asymptotic convergence statements in [1]] with
concentration inequalities. Other differences from [1, Lemma
1] include:

— Lemma[3l gives explicit values for the deterministic limits
in parts (c¢)—(h), which are needed in other parts of our
proof.

— Lemma[3] characterizes the the conditional distribution of
the vectors ™! and b? as the sum of an ideal distribution
and a deviation term. [1, Lemma 1(a)] is a similar



distributional characterization of A**1 and b?, however it
does not use the ideal distribution. We found that working
with the ideal distribution throughout Lemma[3]simplified
our proof.

G. Proof of Theorem|ll

Applying Part (b).(i) of Lemma [3 to a pseudo-Lipschitz
function of the form ¢h(ht+1, Bo), for 0 <t < T* we have

2
—Kne
6) < Kte ¢ N

(4.59)
where the random variables Z ~ N(0,1) and 5 ~ pg are
independent. (Though Lemma [3 is stated for 1 < ¢ < T*, one
can see that (@.39) holds for ¢ = 0 by considering the pseudo-
Lipschitz (PL) function ¢y, (h', 8o).) Now let ¢p, (i, By,) ==
d(ne(Bo, — hiT), Bo,), where ¢ is the PL function in the
statement of the theorem. The function ¢y, (hi™, By,) is PL
since ¢ is PL and 7 is Lipschitz. We therefore obtain

(‘NZ¢ (B

—E[p(m (8 —12),8)]| >

The proof is completed by noting from (1.3) and (4.3) that
B = (A2 + BY) = m(Bo — AT, u

N
P(|5 Yo on(h o) -Bign(nZ, 0] 2
=1

ht+1) ﬂoz)

e) < Ktef’“”éz.

V. PROOF OF LEMMA[3]
A. Mathematical Preliminaries

Some of the results below can be found in [1, Section III.G],
but we summarize them here for completeness.

Fact 1. Let u € RY and v € R™ be deterministic vectors,
and let A € RN be a matrix with independent N'(0,1/n)
entries. Then:

(a)

- 1 - 1
Avd —|ul|Z, and AL —|jv||Z,,

Vn Vn
where Z, € R"™ and Z, € RYN are i.i.d. standard Gaussian
random vectors.

(b) Let W be a d-dimensional subspace of R™ for d < n.
Let (wy, ...,wq) be an orthogonal basis of W with ||wy||? =
n for £ € [d], and let Pll/v denote the orthogonal projection
operator onto W. Then for D = [wy | ... | wq], we have

bt d d .
PHNAu = \/LRHUHPQ,VZ = %H’UJHDI ?/vhere r € Rlisa
random vector with i.i.d. N'(0,1/n) entries.

Fact 2 (Stein’s lemma). For zero-mean jointly Gaussian
random variables Zy,Z>, and any function f : R — R
for which E[Z1f(Zs)] and E[f'(Z2)] both exist, we have
E[Z1f(Z2)] = E[Z1 Zo]E[f'(Z2)]-

Fact 3. Let vy,...,v: be a sequence of vectors in R™ such

that for i € [t], X ||vl - P|Z| 1(v)||? > ¢, where c is a positive

constant that does not depend on n, and PL‘_l is the orthogonal
projection onto the span of vy, ...,v;—1. Then the matrix C €

10

R with Cy;; = v}v;/n has minimum eigenvalue Amin > ¢},
where ¢, is a positive constant (not depending on n).

Fact 4. Let g : R — R be a bounded function. For all
s, A € R such that g is differentiable in the closed interval
between s and s + A, there exists a constant ¢ > 0 such that

lg(s +A) — g(s)] < c|A].

We also use several concentration results listed in Appen-
dices [A] and [Bl with proofs provided for the results that are
non-standard. Some of these may be of independent interest,
e.g., concentration of sums of a pseudo-Lipschitz function of
sub-Gaussians (Lemma [B.4).

The proof of Lemmal[3] proceeds by induction on ¢. We label
as Heq 1 the results @.39), @.41), @.42), @.45), @.47), @49,
@31), @33), @33), @37 and similarly as B; the results
(@38), [@38). The proof consists of showing four steps:

1) Bg holds.

2) H;1 holds.

3) If B,., Hs holds for all » < ¢ and s < t, then B; holds.

4) if B,.,Hs holds for all » < ¢ and s < ¢, then H;41 holds.

For the proofs of parts (b).(ii) and (b).(iv), for brevity
we assume that the functions ), and 1 are differentiable
everywhere. The case where they are not differentiable at a
finite number of points involves additional technical details;
see Appendix

B. Step 1: Showing By holds

We wish to show results (a)-(h) in (@.40), @.43), @.44),

(a) We have

P(1|\Aoo||2 > )

2 p(|oll - od] 2 \[5) + P(| 510 - 1] 2 f5)

< Ke —H€2’ﬂ6/4+26—’ﬂ6/8

Step (a) is obtained using the definition of Ag o in (#.26), and
then applying Lemma[A.3] For step (b), we use (&.3), Lemma
[A4] and Lemma

(b).(iii) For ¢t = 0, the LHS of (@.43)) can be bounded as

P(ls

ll

L (’ ng)b 002, + [Dooli, wi)

- E[¢b(UOZO,W)]‘ > 6)

- E[gbb(aozo,W)]} > e)
EI(ES s

— Elgy(o0Zo, W[ = £)

5.1

+

3|*—‘

Z [be 00Zg, + [Do,0is wi)

_ ¢b(O'OZOi7wi):| ‘ > %)



Step (a) uses the conditional distribution of b° given in (@&.24),
and step (b) follows from Lemmal[A.2] Label the terms on the
RHS of (3I) as T and T5. Term T} can be upper bounded
by K e—rne’ using Lemma [B.4l We now show a similar upper
bound for term 7T5.

T

(a) L
< P(E Z(1+2|00Z01 + 10,0, | + 2wi])|Ao,0,;| > )
i=1
© Aol [Aoo] | Z}| |w)| c
< . > €
< P( 5 ||f+f+2 S22 = o)
1B0.0ll 1Zoll o Iwl ¢
: , .
(0 5 wam f+2f)‘4é)£>

where inequality (a) holds because ¢y, is pseudo-Lipschitz with
constant L > (. Inequality (b) follows from Cauchy-Schwarz
(with 1 denoting the all-ones vector). Inequality (c) is obtained
by applying Lemma [C.3] From (3.2), we have

>0 +1)+P(”\/(l| >2)

>em1n{1,(4L) })
vn T 44409+ 20

_ 2
’n.+Ke nn57

TQSP(”\/—'

+P(

(5.3)

(a)
< Ke ™ +e

where to obtain (a), we use assumption (L.6), Lemma
and By(a) proved above.

(b).(iv) For ¢t = 0, the probability in (#.44) can be bounded
as

n

(EICA™
i=1

@ (’:L Zﬂfb 00Zg, + [Ao,0li; wi)

— Efb (00 Zo, W)]’ > 6)

Elun(00Z0, W)]| = )

(b) n
% P(E > [We(o02h, + (Do), ws)

i=1
€

23)
— 2

1 n
n ;:1 V(o0 0,0 W )

— hy(00Z), , w;)]

Elyu(00Z0, W)]| = 5)-
(5.4)

Step (a) uses the conditional distribution of ° given in (24),
and step (b) follows from Lemma Label the two terms
on the RHS of (3.4) as T} and 75, resEectively. We now show
that each term is bounded by Ke """ Since |1;| is bounded
(say it takes values in an interval of length B), the term 7%

can be bounded using Hoeffding’s inequality (Lemma [A.T)) by
2€7n52/(2B2) )

Next, consider T7. Let Iy be the event under consideration,
so that 77 = P(Ilp), and define an event F as follows.

Fi= {]%nq% — 0] 2 @}, (5.5)

11

where eg > 0 will be specified later. With this definition,
T, = P(Ily) < P(F) 4+ P(II|F)

< Ke "% 4 P(IIo|F°). (5.6)

The final inequality in (3.6) follows from the concentration of
l¢°| in @3). To bound the last term P(IIy|F€), we write it
as

P(Ip|F¢) = E[{TIo }| 7] = E[E[K{IIo }| 7, Z0,0] | 7]
= E[P(H0|]:cay0,0) | ]_-0]7

(5.7)

where I{-} denotes the indicator function, and

P (Ip|F¢, H,0) equals

(5o (0,0
- 1/1b(0026i7wi)}‘ > E‘]‘-C,«VO,O)-

To obtain (5.8), we use the fact that 09Zjy, + [Agoli =
f||q0|\Z0 which follows from the definition of Agg in
Lemma 3l Recall from Section [l that . o is the sigma-
algebra generated by {w, S, q° } so in (Iﬂl) only Z| is
random — all other terms are in .%5 . We now derive a bound
for the upper tail of the probability in (5.8); the lower tail
bound is similarly obtained. From here on, we suppress the
conditioning on F°¢, % o for brevity.

(5.8)

Define the shorthand diff(Z) ) := ||q0HZ0 , W;)

Yy(00Z),, w;). Since ¢y, is bounded, so is d| ). Let [¢p] <
B/2, so that |diff(Zg,)| < B for all i. Then the upper tail of

the probability in (5.8) can be written as
e 1<
( Zdlff Z),) ~ Eldiff(23,)] > 5 - ~ Z [diff(2,) )
i (5.9)

We now show that |E[diff(Z{ )]| < 1eforalli € [n]. Denoting
the standard normal density by ¢, we have

E[diff(2),)]| < / 6(2) |diff(2) |z

(%)/Rgb(z)clz(%—ao)

The above is bounded by %e if we choose ¢y < ¢/8C. In
the chain above, (a) follows by Fact M for a suitable constant
C > 0 as vy is bounded and assumed to be differentiable.
Step (b) follows since |%Hq0|| — 09| < €o under F°.

(b)
dz < 2Ce¢.

The probability in (3.9) can then be bounded using Hoeffd-
ing’s inequality (Lemma [A.T):

( Z diff(25,)

Substituting in (3.8) and using a similar bound for the lower
tail, we have shown via (5.7) that P(Il, | F¢) < 2¢~"¢"/(8B%),
Using this in (5.6) with ¢y < ¢/8C proves that the first term
in (5.4) is bounded by Ke "~

TL€2

E (8B2)

E[diff(25,)] > 1

Fe, 5”0,0) <e

(¢) The function ¢y (b9, w;) := bYw; € PL(2) by Lemma



By By (b).(ii),

1 o
P(‘—(bo)*w - E[UOZOW]‘ > e) < Kerne
n

This result follows since E[ooZoW] = 0 by the independence
of W and Zo.

(d) The function ¢y (b?, w;) :=
By By (b).(iii),

1 0112
P(|= el

This result follows since E[(c0Z0)?] = 02.
(e) Since go is Lipschitz, the function qﬁb(b?,

(90(07,
1
P(|=1m)?
n

(b9)? € PL(2) by Lemma

- E[(UOZOV]‘ > e) < Kerne

wi) =
w;))? € PL(2) by Lemma [CIl By By(b).(ii),

~ El(go(00Zo, W))?]| = €) < Ke™e"

This result follows since E[(go(o0Zo, W))2 = ¢ by @4).
(f) The concentration of &, around {0 follows from
By(b).(iv) applied to the function 1, (b9, w;) := g(b?, w;).
Next, the function ¢ (b0, w;) := b9 go(b?,w;) € PL(2) by
Lemma Then by By (b).(iii),
1 0y*, 0
(i

— E[Uozogo(dozo, W)]’ 2 6) S Ke fne

ElooZogo(o0Zo, W) =

This result follows since
02E[gh(00Z0,W)] = &nFoo by Stein’s Lemma given
in Fact

(g) Nothing to prove.

(h) The result is equivalent to By(e) since ||m9 || = ||mO||

and (15-)% = 78.

C. Step 2: Showing H1 holds

We wish to show results (a)—(h) in @39), @41), @42),
(a) From the definition of A; o in @27) of Lemma 3l we

have
[m _Tl) _m°ld°Zo

A10—Z0( Jn 0 NG
n 0 *mO 012
+q0(||q0|2)((b)n _éoHZ [ )

where ¢ = ¢°/||¢°||, and Zy € R is a standard Gaussian
random variable. The equality in (3.10) is obtained using Fact

[[ to write P¢|1|° Zo % §°Z,. Then, from (5.10) we have

ppimmar =) 2 r(|lol o[l )

0)*4 0 0 €
+P((b) _éo\l/qﬁlllz\/%)_

V|l
5.11)

Step (a) follows from Lemma applied to A; in (310)
and Lemma Label the terms on the RHS of (5.11) as
Ty — T3. To complete the proof, we show that each term is

(5.10)
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bounded by Ke™""¢ for generic positive constants K, x that
do not depend on n,e.

Indeed, 77 < Ke "¢ using Lemma [A3] Lemma [A.4]
result By(e), and Lemma [B2] Similarly, 75 < Ke™*"¢ using
Lemma [AJ3] Lemma [A4] result By(e), and Lemma [B1l

Finally,
12 p(| L > 1, /5)
+P(‘§M—§COUO‘Z% %)

Step (a) follows from Lemma and step (b) from Lemma
A3l Bo(f), the concentration of ||¢°|| given in (#3), and
Lemma

(b)(i) The proof of @.41) is similar to analogous By (b)(iii)
result (£.43).

(b)(ii) First,

1 N
P e
i=1

N
(;) P(‘% ;wh(TOZOi + [Al,O]iu 601)

- ]EW)h(ToZo,ﬁ)]’ > 6)

—E[ﬂfh(ToZo,ﬂ)]‘ > 6)
(‘ i [¥n(T0Z0, + [A1,0lis Bo,)

—in(rZo o] | = 5)

P(‘% i"/’h(TOZONBOi) — E['l/]h(TQZO7ﬁ)]‘ > %)
i=1

(5.12)

Step (a) follows from the conditional distribution of h'! stated
in (#.23) and step (b) from LemmalA.2] Label the two terms on
the RHS as 7T and 75. Term 75 is upper bounded by K e=rne’
by Hoeffding’s inequality (Lemma [A.J). To complete the
proof, we show that 7% has the same bound.

Consider the first term in (3.12). From the definition of A o
in Lemma [3]

1
70Z0, + [A10)i = ﬁHmOH[(I — Pl Zoli +ui,  (5.13)
where (9 m
(W)
o "
. For ¢g > 0 to be specified later, define event F as
0 HOYE 0 02
Fo_ { Imfl _70’ ZEO}U{’( )rm §0||q | ’>€ }
n
(5.14)

Denoting the event we are considering in 73 by II;, so that
Ty = P(I1;), we write

T, = P(IIy) < P(F)+P(I; | F¢) < Ke "%+ P(I1; | F°)
(5.15)



where the last inequality is by By(e),Bo(f) and the con-
centration assumption @3) on ¢°. Writing P(II;|F¢) =
E[P(I11|F¢, S0) | F¢|, we now bound P(II;|F¢,.%1 o). In
what follows, we drop the explicit conditioning on F¢ and
A1,0 for brevity. Then using Lemma [A2] P(II;|F¢,.% )
can be written as

1 N
(G

[wh(”L\/;”[(l = Plo) Zol; + ui, o, )

- iﬂh(ToZoi,Bov)} ‘ > %)

<P+ th(”mo” |~ Plo) Zols + i o, )
. (5.16)
_wh(|m\/—||201+u1760 ) Z)
A )

- wh(TOZOi’/BOi) > i)

Note that in (3.16), only Z, is random as the other terms are
all in .#7 9. Label the two terms on the RHS of (3.16) as
T1,q and T . To complete the proof we show that both are
bounded by Ke """,

First consider 71 ,.

Tiq (%)P(%i |”\/TE|[P| 2z 2 %)
i=1

< p(% ém vl [Phzol| > )

%)P(%i 7 )

(i) P(J/—ZN| > M) (2) —

Step (a) holds by Fact ] for a suitable constant C > 0. Step
(b) follows because we are conditioning on F¢ defined in
(314). Step (c) is obtained by writing out the expression for
the vector PL'O Zo:

¢

N

I g’

P = |—Z %, % 17?
- q

where Z € R is standard Gaussian (Fact[I). Step (d) follows
from Cauchy-Schwarz and step (¢) by Lemma [B.11

Considering T} , the second term of (5.16), and noting that
all quantities except Z, are in .%o, define the shorthand

diff(Zo,) := ‘/’h(ﬁHmOHZOi + ui, Bo;) — (1020, Bosi)-
Then the upper tail of 7' ; can be written as

N
( Zdlff Zo.) —E[diff(Zo,)] i— Z [diff(Zo,) )

5.17)
Since vy, is bounded, so is diff(Zp,). Using the conditioning
on F¢ and steps similar to those in By(b)(iv), we can show
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that L+ SV E[diff(Zo,)] < e for ¢ < Croe, where
c > O can be explicitly computed. For such g, using
Hoeffdlng S 1ne(2]uahty the probability in (3.17) can be bounded
by e—"¢"/(1288%) \when 1), takes values within an interval of
length B. A similar bound holds for the lower tail of 77 p.
Thus we have now bounded both terms of (3.16) by K e e,
The result follows by substituting the value of €y (chosen as
described above) in (5.13).

(c),(d),(e),(f) These results can be proved by appealing to
H1(b) in a manner similar to By (c)(d)(e)(f).

(g) From the deﬁnltlons in SectlonIIEIand defining Q :=

L¢° H2 we have 7§ = Q"2 (¢°)*¢" and 4} = Ey,1/Foo =

EQJO’O Therefore,
. (@) _ o -
Pl —%l> ) < P(Qr" — 097> &)
) ~ (5.18)
+P(|3 e = Far[ = 9)
where (a) follows from Lemma [AJ3] with ¢ =

min{+/e/3, ¢/(3Eo1), €o2/3}. We now show that each
of the two terms in (m) is bounded by Ke e,
Since 02 > 0, by Lemma [A.6l and (#3), we have
PIQ;Y — 052> 9 < 2K e rnésmin(Lod) The
concentration bound for 1 (¢%)*¢* follows from #; (e).

(h) From the definitions in Section [V=Al we have ||¢ lH2
la'1* - Hq”H2 = llg"lI” = (70)*lla°II*. and (01)* = oF —

(48)?02. We therefore have
P(}luql R ED
@ Qllq [ z%)
+P(\<v> M2 iyag] 2 £)

n
(®)
< K exp{—rne’} + Kexp{

—HTL€2

4(9) max(1, (?6)4703)}

In the chain above, (a) uses Lemma and (b) is obtained
using H1(e) for bounding the first term and by applying
Lemma [A3] to the second term along with the concentration

of ||¢°|| in @3), H1(g), and Lemma (for concentration
of the square).

D. Step 3: Showing B; holds

We prove the statements in B; assuming that By, ..., B;_1,
and Hi,...,H: hold due to the induction hypothesis. The
induction hypothesis implies that for 0 < r < (¢t — 1),
the deviation probablhtles P(1 A, || > €) in @40) and

P(L[|Arj1,0][* > €) in are each bounded by K,.e~"r"€,
Slmllarly, the LHS in each of #41) - @38 is bounded by
Kre—m\ne .

We begin with a lemma that is required to prove B;(a). The
lemma as well as other parts of B; assume the invertibility of
M, ..., M,, but for the sake of brevity, we do not explicitly
specify the conditioning.

Lemma 6. Let v :=

t—1 . %Ht*qj. - %Mt*[/\tmtil -
Y oicd Nivim=Y) and M, =

LMyM,. If My, ..., M, are



invertible, we have for j € [t],

P(|[M; "0];|> €) < Kt?K; 1 exp{—nrri_1€2/t*}.

Proof: We can represent M, as
_ 1 nM;_1
M=l oyt

Then, if M;_; is invertible, by the block inversion formula
we have

Mt*,lmt71 :|
||mt—l||2 )

1 no t— 1( t— 1) nozt71
e R - I Pl

M; ! = e T (5.19)
[l "2 [l "2

where we have used of~! = IM;' M7 m'~' and

(Mt*_lmtfl)*atfl — (mtfl)*mt 1 Therefore

I
((a)

M;llv[t_l] + at~1

M- ly = Ult—1] — Ut)atl] 7
0 —((@ 1) vp1) — ve)ara
(5.20)
where a, := n/||m" ||? for r € [t], and v,y € R denotes

the vector consisting of the first r elements of v &€ R?. Now,
using the block inverse formula again to express Mt_ 1V[t—1]

and noting that o'~ = (a7, ... al"3), we obtain

M; v
M;—lzv[tfz] + a2 ((a t1_2) Vpg—9] — Us—1)at—2
+04ft 2](( 71)*0[15—1] —v)ag-1
= | —((a" ) vp_g) — vi—1)ar—2
+ad (@) vy — ve)ar—
—((Oét_l)*v[tq] —vg)ag-1
Continuing in this fashion, we can express each element of
M; ' as follows:

M o], =
viag + Y521 af((a?) vy — v )ay,
— (A1) Vlk— 1]~ Uk)ak-1
+3 ol (@) vy — v )ay, 2< k<t
—((a=1)* Ult—1] —vg)a-1, k=t.
(5.21)

k=1,

We will prove that each entry of M, v concentrates around 0
by showing that each entry of v concentrates around zero, and
the entries of o/, a; concentrate around constants for j € [¢].

For k e [] bound |vi| as follows. Substituting ¢, =

qt — Z 0 Vi tq? in the definition of v and using the triangle

inequahty, we have

(hk)*qt ) (mkfl)*mtfl (hk)*qo }
n t
t—1 .
hk mk—l *mz—l
T O At L
1=1

(5.22)
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Therefore,

P(|1}k| Z 6) S P(‘%(hk)*qt _ )\t%(mkfl)*mtfl‘ Z 6/)

1
+ Pl (1) *qO\ > ¢)
t—1
+ P(|% )\_( k 1)*mz—1‘ ZEI)
i=1
(5.23)
where €’ = 5. The first term in (5.23) can be bounded using

Lemma [AJ3] and induction hypotheses H:(f) and B;_1(e) as
follows.

(e

(e

P(
KKi_]mne

< Ky_je it L oK, e mOREEL L)
For k € [t], the second term in (5.23) can be bounded as
Pl (5| 2 a)
P((1 — 381+ BRI ()] = ¢
< P(g — 4l = Ve)
+ P(I%(h’“)*qol > %/min{l, |%|*1})

’ 12
—KKt_1M€ —KKt_1M€
< K;_1e t + K;_1e t R

k—1\*,,t—1

m
) ‘ = 6/)
n

P 5/
- )\tEk—l,t—l} > 5)
k—l)*mt—l

~

(m

,

—MEg_1-1

At

>

)

N |

where the last inequality follows from induction hypotheses
H:(g) and H;(c). Similarly, for k € [t], 7 € [t — 1], the third
term in (3.23) can be bounded as

k\* i k—1\*,,1—1
P(Ivfl (g’ ) m ‘26’
n
k\* 4 k—1\*,i—1
P(( — a1+ S\ s
< Py} =4l = Ve)
hk * 1 k—1\%*,,,i—1 /
+P(‘( iq ol im > S min{1, (3)) )

< Kt_le—nm,lne' +2Kt_1e—nm,1ne'2

€

oo,
Substituting €’ = 5

them in (3.23),

in each of the above bounds and using

P(log| > €) < KtK,_je rree/t, (5.24)
Furthermore, from induction hypotheses By(g) — B:—1(g), for
0<i<j<(t—1)

P(jod — &l > €) < K;_je e (5.25)

Also, using induction hypotheses By (h)—B;—1(h) and Lemma
A8 for 0 <r < (¢ —1):

Pla, — ()72 > €) < Ky_ye 1< (5.26)



Finally, from (3.21)), we have for k € [t],
P(IM 0l =€)

(a)
< P((Uker {ox] > €} Uosra {lar = (1)) > mre/t}
Uosicj<t ol — & = rae/t})

7m~efct,162/t2

®
S Kt Kt,1€

where in step (a), K1,k are appropriately chosen positive
constants, and step (b) follows from the bounds in (G.24),

(523), and (5.26). [ ]

(a) Recall the definition of A;; from (4.28). Then using
Fact [l it follows \/LﬁnthHPIlet g0 41 H‘M”Mtzé’ where the

columns of M, € R"*t form an orthogonal basis for the
column space of My with M;M; = nl;, and Z, € R? is an
independent random vector with i.i.d. A/(0, 1) entries. Then,

t—1
1
Bui= Y0k =400+ Zi(—=lla Il - o)
r=0 \/ﬁ

1 ~ = _
- EHth”Mtzé + MM o,
where M, € RtXt and v € R? are defined in Lemma
Writing MM; v = Zt_lo m’[M; 'v];41 and using Lemma
we have

1Aul? _ 1 2
; < t_ AEV2 (1T I2 Z’2(— t _J.)
S 1y < 208~ I 2 (et - o
t—1
—|\qu\ IMZIP + " [lm? 2 o],
7=0

Applying Lemma
[ I =
PPz ) < YoP(hi -3t 2 Va)
t Y4
+P(||3%| 1M Zi]] V)
ZI
II\/%I 2\/5)

+PQ ”i]/% —UtJ‘
+2P(’[Mt_lv]j+l’% > \/E),

Jj=

(5.27)

where €; = We now bound each of the terms in

G.2D.

€ __
4(t+1)2"
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For 0 < r <t — 1, the first term is bounded as
1
(1t =4t ==l = V&)
f
< Ptk 1] ) 2 V)
f
< P(1t -4tz Y minf1, 1)
o7
P o
Vi
(a)

< Kt 1€ —KKt— 1net+Kt 1€ —KKt—1MNE

67| — o

> V)

)

where step (a) follows from induction hypotheses H:(g),
Bo(d) — Bi—1(d), and Lemma [A4l Next, the third term in
(527 is bounded as

(}fnqln ot | =1z = V&)
< P(| =l - ot 2 L2) + P(= 1202 V2)

®) —KK¢_1MEt 7n/8
< K;_qe +e

where step () is obtained using induction hypothesis H;(h),
Lemma[A:4] and Lemma[B.2] Since ﬁ ll¢", || concentrates on

oi- by H.(h), the second term in (5.27) can be bounded as
1 1, - 5 =
P(anin INLZY = V)

< P(|=latl—o| > ve)
+ P32 > 5y/Emin{1, (o))

—KKt_1NE¢ —KK neéy/t
< K;_1e 1€ L KK, e t—1 r/,

(5.28)

where the last inequality is obtained as follows. The concentra-
tion for ||¢’ ||/+/n has already been shown above. For the sec-
ond term, denoting the columns of Mt by {mo, ..., Mt_1}, we

have || M, Z{|* = 3232 lul*(Z] ) = nYM(Z])? since
the {m;} are orthogonal, and anlH =nfor0<i<t-—1.
Therefore,
1. =1
P12 > &) = P(;(Zt’i)2 > né, )

(d) nEy
© ZPOZt | > ,/E) < ote™

Step (c) is obtained from Lemma [A2] and step (d) from
Lemma [B.1] This yields the second term in (3.28).

Finally, for 0 < j < (¢ — 1), the last term in (3.27) can be



bounded by

Pyt 2L > )

[l |

= P(IM ol (|7 -7
0

+ P(IM; 0] 12 gmln{l %})

+Tj) > \/3)

(e)
< Kt 1€ TRkt 1nE+Kt Kt

7Knt,1n€t/t2
)

where step (e) follows from induction hypothesis B;_1 (e), and

Lemma [6l Substituting €; = m, we have bounded each
term of (3.27) as desired.

(b).(iii) For brevity, let E¢y, := E[¢y (0020, ..., 012, W),
and
a; = (b? . 7b§7 ) (bgurel 7b1t:oure ’ 1) (529)
Using Lemma [A2] we have
(’ Z(bb ey zuwi)_]E¢b‘ 26)
— >
< P(‘ - Z¢b(cz —Egy 2) (5.30)

(= Zwb(an dnle))] = 5 )-

Lemma M| (Eq. (432)) shows the joint distribution of
(bgurez s bpure;) 18 jointly Gaussian for i € [N]. The first
term in (3.30) can therefore be bounded as

P(‘%i(bb(ci) —E%‘ > %)
= P(’% i ¢b(00201i, ey
=1

rne /43
<2 Kne</ ,

01 2 iy W) — E¢b’ > %)

(5.31)

where the last inequality is obtained from Lemma [B.4l Here
K > 0 is a generic absolute constant.

We now bound the second term in (3.30) using the pseudo-
Lipschitz property of ¢;. Denoting the pseudo-Lipschitz con-
stant by L, we have

E Zwb a) - av(er)]

L n
< [5 S+ 2l + s — el —eil]

=1

Zna]—cjn [1+—Z||cz|\2 =S e —eil?],
i=1
(5.32)

where the last inequality is obtained by first applying Cauchy-
Schwarz, and then using Lemma
For j € [N], note that E||¢;||? = o} + ..

’_ ¢b a”L ¢b C’L ’

.+ 02 + 02 Now
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using (5.32) we bound the second term in (3.30) as follows.

P(’% zn:(qﬁb(ai) - be(ci))’ = %)

2

= (‘%i Pv(ai) — du( Cz))r > ez)
( i”a . ”2 € mln{l, 12L2} )
N T 24 8(0f + .. 4+ 0f 4 02)

P(— 112 > (02
n;nc]n > 200t +

Label the two terms above as 77 and T5. We bound 75 as
1 n t
P(= Y llesl? = 20 + " o))
Jj=1 r=1
1 & )
= P(= 2 (llesl* = Elles |
j=1

O 02)). (5.33)

t

2) 2 (02 + Y 02)) < e/t

r=1

(5.34)

for an absolute constant x > 0, where the last inequality is
obtained by applying the concentration result in Lemma [B.4]
to the pseudo-Lipschitz function ¢y (c;) = ||c;?.

n
ZHai_ciH2 ZZ pure; _bk
i=

i=1 k=0
n t k
D MPICII |
i=1 k=0 r=0
n t k k
<[ D) Yo (An)’]
i=1 k=0 r’=0 r=0
t k k
=3 | DY lAnP] = ZHA Y3 e
k=0 =0 r=0 k=rr'=0
(5.35)

where the inequality is obtained by applying Cauchy-Schwarz.

Comparing (@.32) and @33) in Lemma [4] we observe that
for k >0 and j € [n],

t
E(bpue;)” = 01 = (07 )7(ch)*. (5.36)
i=0
Therefore,
k 2 2
k\2 Ot Ok
g)yr<—7=r < -E 5.37
;( D ming<i<k(077) ~ €2 637

where the last inequality follows from the stopping criterion

in 2.3). Using (3.37) and (3.33) we have
n t
1 , 1
DILEETEE) e

to 2

22:%
e

k=r 2



Therefore we can bound the first term 7} in (3.33) as follows.

T, =
P(s ZHAMHZ

2\ (@)
< ZP(EHANHQ < %) < K3 ;e e/t
r=0

ea(0? + ...+ 02) L2 min{l, 1222})
(2+8(‘71 -+Ut +02))

(5.38)

where K, > 0 are some absolute constants. The inequality
(a) follows from steps Bo(a) — B:(a).

Finally, substituting (3.38) and (3.34) in (3.33), and then
combining with (3.31) and (3.30), we obtain

(‘ Z%

< KB3K,;_ e rre-1ne’/tT,

b wi) — By | > )
(5.39)

(b).(iv) For brevity, we write by ; := Zi Bﬁtbr Then using

the conditional distribution of b’ in (#24) and Lemmal[A.2] we
write

P(12 3wttt )

1 n
:P(‘—E: bei + 0 Z) + [Ardi, wi
ni:11/’b( ti + 03 2y, + [Are]iswi)

— Efthy (02 Z, W)]} > e)

- E[wb(UtZt, W)]‘ > e)

:IH

=

i [0 (bt + 024, + [Audliy i)
o Un(bui + o 2, wi)| ’ = %)
(g ot i)

o Ez;[(bei + ot 2}, wi)]] | > £)

+ PO% ; Ez:[vo(be,i + 0724, wi)]
- E[wb(UtZt,W)]‘ > g)
(5.40)

Label the terms of (3.40) as T} — T53. First consider T5. Since
2
1y is bounded, Hoeffding’s inequality yields 75 < 2e™ "7,

To bound T3, first note that the R? — R function Ez [y, (z+
Z,y)|, Z ~N(0,1), is bounded and differentiable in the first
argument (due to the smoothness of the Gaussian density).
Hence, using induction hypotheses By (b).(iv) — Bi_1(b).(iv),
the probability of each of the following events is bounded by
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K1 exp{—ki—1ne*/t?}:

1 n t—1 R
\;;Ew;vﬁ

t—2
br v €
— B (Y A0 + 31100171 +UtLZ£¢’W)’ Z 1
r=0
1 n t—2
’_ S B A + A 10121 + 0 Z], W)
n =1 r=0
t—1 .
) s St Zos 4 07 W ‘ > £
1/}17(277 [ t,;27r g +Ut t;o ) = t
t—1
‘_ZE% Aob¢ + Z a0t Z + 01 2] W)}
=1 r’'=1
t—1 .
—-E o Ly + o 20 W) > =
1/”7(2)%” + oy Ly, )| > .
(5.41)

In the above, the expectation in each term is over the random
variables denoted in upper case. Recall from the proof of
Lemma [ above that Z s 1 Aoy \Zio1 + o} Zt 4 A
Thus T3, the third term in (3.40), can be bounded by the
probability of the union of the events in (3.41), which is no
larger than tK; 1 exp{—r;_1ne?/t?}.

Finally, consider Ty, the first term of Mﬂ) From the
definition of A, ; in Lemma[3] we have b, ;+07-Z] +[As4); =

br.i + Ll¢% 1[0 — PM)Z] T, where uw= (ul, o u) s

defined  — S })(% AL + 32— mI M )40, with
v and M; defined as in Lemma For €o > 0 to be specified
later, define the event F as

t 2
F :{ laoll _ s >€O}U{HUH >€0}
n

1 [ 107]]
Urzo{\ﬁ‘ /| 2 o}
Denoting the event we are considering in 7) by II; and

following steps analogous to (B.I3)-(E16) in Hi(b).(ii), we
obtain

P(Ty) < P(F) +E[P(IL; | F¢, F14) | F€]

< K$2K, qe "/t L R[P(L, | F, %) | F,
(5.43)

(5.42)

where the bound on P(F) is obtained by the induction
hypotheses H(h), Bo(d) — Bi—1(d), Lemma [A.4] and steps
similar to the proof of B;(a) for the concentration of ||u||?/n

(cf. (S.27)).

For the second term in (3.43), we have



P(IL|F®, S4)

(D
i=1

Nl

NG
— (bt + 072, wl)} } > e)

(- Pljlw )Z1li + wi, w;)

\/ﬁ ti +u17wl)

— ulbi + 0t 2] wi)] | = £)

< (3 X [t +

i=1

(5 2 ftons+ -l 2
— (b + ”\q/J‘_”Z’ H> )
(5.44)

where we have omitted the conditioning on the RHS to shorten
notation. Label the two terms in (5:44) as Ty , and T} . To
complete the proof we show that both terms are bounded by
Ke—rne /t

First consider 77 ;. We note that

B e R 8

r=0

Pl 2t = (5.45)

where m”, 0 < r <t —1, are columns of ]\th, which form an

orthogonal basis for M; with M;‘Mt = nly, and Uy,...,U;
are i.i.d. ~ N(O 1). Then,
(@) ”qJ_H I onl< €
T, <P PMtZt]Z > 5
(b)
< P( ] o; +50)[P|1|\/[tZ£]i =
1=1
C n t—1 ¢
— p(‘_ ) (5.46)
P XX 2 v

t—1

c - 1/2 €
:P(’%;(TZ_% M52 )

d)
P(fH21 Y <rmn
n 2C|of + €0

In the above, (a) follows from Fact [ for a suitable constant
C > 0. Step (b) holds since we are conditioning on event F°
defined in (5.42). In step (c), Z ~ N(0,1) since >, m[U, is
a zero-mean Gaussian with variance Y, (m!)?. Step (d) uses
the Cauchy-Schwarz inequality and the fact that ||/ || = /n
for0 <r <t.

Finally T} ,, the first term in (3.44), can be bounded using
Hoeffding’s inequality. Noting that all quantities except Z, are
in .7, define the shorthand diff(Z; ) := ¢y(3 1 é‘ytb’”
g 12, + usyws) — 6(SUh A + o 21, w,). Then
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E[diff(Z;,)]

3|'—‘

the upper tail of T , can be written as
€ - ’
> 2 Z diff(Z], )

( Z diff(2,.)
(5.47)

Using the conditioning on F¢ and steps similar to those in
Bo(b).(iv), we can show that 1Y E[diff(Z] )] < le for
€0 < C(oi)e, where the constant C' > 0 can be explicitly
computed. For such €g, using Hoeffding’s mequahty the prob-
ability in (5.47) can be bounded by e~"<"/(32B%)  where B
is the upper bound on |diff(-)|. A similar bound holds for the
lower tail of T} ,. Thus both terms of (5.44) are bounded by
K exp{—rne?/t}.

The proof is completed by collecting the above bounds for
each of the terms in (3.4Q), and observing that the overall
bound is dominated by P(7}) in (3.43). Hence the final bound
is of the form Kt?K; 1 exp{—rr;_1ne?/t*}.

(c) The function ¢ (bt, w;) := blw; € PL(2) by Lemma
Then by By(b).(ii), +(b")*w = 0y E[Z,W] =

(d) The function ¢, (b7, b, w;) := b7b € PL(2) by Lemma

(2 17

The result then follows from By (b).(iii).

(e) The function ¢ (b7, bk, w;) = gT(bZ,wZ)gt(bz,wz) €
PL(2) since g; is Lipschitz continuous (by Lemmal[CT)). Then
(

by B:(b).(iii),
1 o

E(m ) m - E[gT(UTZT7 W)gt(UtZtu W)] - ET,t'

where the last equality is due to the definition in (@.13).

(f) The concentration of &; around ét follows from B;(b).(iv)
applied to the function (bt w;) = g;(bt, w;). Next, for r <
t, dp(b0, ... bt w;) == blge (b, w;) = bim; € PL(2), by
Lemma Thus by B (b).(iii),

1
- (br)*mt

n

= E[JTZvT gt(atZt, W]
and
0,2y gi(00 Ze, W) Y 0,0,E[Z, ZEg (00 20, W)
= ~r,tE[9£(UtZut7W)] = Er,t§t7
where (a) holds due to Stein’s lemma (Fact [2)).

(g) For 1 < r,s < t, note that [My],., = (m"~')*m*1.
Hence by B;_i(e), [M],s concentrates on [é’t]r s =
E,_14-1. We first show @&34). By Fact B if 1|m’ [? >
c>0forall 0 <r <t-—1, then M; is invertible. Note from
Bi—1(h) that L||m", ||? concentrates on (7;-)?, and (7;5)% > 3

by the stopping criterion assumption. Choosing ¢ = %Eg, we
therefore have
t—1 1 1
P (M, singular) < TZOP(’EHmUQ — L)Q’ > 553)
t—1
B
r=0
(5.48)
where the second inequality follows from By(h) — Bi_1(h).

Next, we show ([@.36). Recall the expression for M; ' from



1 nat~!(at"1) at-1
Mt | MO TR T | (540
t RGN n )
e e

Block inversion can be similarly used to decompose C* in
terms of C'~!, which gives the concentrating values of the
elements in (5.49).

Let F, denote the event that M ! is invertible, for r € [t].
Then, for 4, j € [t], we have

P(|Mis = (67| 2 €| 7)
< P(F_1) +P( M5 = [C | > €| ft,ft—l)
< (t — 1) K,_geFri—2n
PV = (67| 2 €| i Fia),
(5.50)

where the final inequality follows from the inductive hypothe-
sis B;—1(g). Using the representation in (3.49), we bound the
second term in (3.30) for 4, j € [t]. In what follows, we drop
the conditioning on JF;, F;_1 for brevity.

First, consider the entry at ¢ = j =
Lemma [A.6

t. By B;_1(h) and

P('”Hm#—l” 2 (Tt 1) 2| >5) <Kt 1€ —Kki_1ne’

Next, consider the i*" element of —n|lm’ || "2at~!. Fori €

[t =1,
P(Infm T 7%aim1 = (r52) *4i51[= o)

2
—KK¢—1N€
< 2Kt—le ot )

1” 2
(5.51)

which follows from B;_1(g), the concentration bound obtained
above for n|m’ |72, and combining these via Lemma [AJ3]

Finally consider element (i,j) of M, +
n|m" |72t~ (e 71)* for 4, € [t — 1]. We have
=1, t—1 At—1At—1
no;_ o y A
P + S~ 67 - | 2 )
e [l Y2 ’ (7i=1)?
(a) -1 ‘1 €
< P(|IMEi = 167 = 5)

€
+ P(Jnllm 72l = (it )26l = )

(b) '”'t—1"52 '”"”'t—1”5/2 mt,lne/2

< K;_1e” +2K; 17 1
< 4Kt_1e—r€ﬁt71’ﬂ62'

Step (a) follows from Lemma and Lemma [AJ] with
¢ = min (\/;7 %, 371) Step (b) follows from the
inductive hypothesis, H:(g), "and (551).

Next, we prove the concentration of o around &'. Re-
call from Section [V-A] that o' = LM;'M;m' where
M, := LM;M, Thus for 1 < i < t, o, =
%Z;Zl[Mfl]M(mJ—*l)*mt. Then from the definition of &!

t
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in @17, for 1 <4 <t,

P(|0<zt'—1 - d§—1|2 €) =

P(\ Zt: {E[M;l]i,j(mj_l)*mt —~ [(ét)—l]i,jEj_l,t] } > e)

(%) P(’%(mj—l)*mt — B> €j>
+ Zt:P(HMtl] —[(C) sz &)

< Kt K, e mine/ L gifg, et e

Step (a) uses €; := min{\/ 3t 3tE 1] 3t[(C’5) 1]m} and

follows from LemmalA.2land Lemma Step (b) uses B (e)
and the work above.
(h) First, note that [|m", [|* = [|m’||* — [lm]||* = [lm"]* -

| Mt ||%. Using the definition of ;- in (#.19),
1
P(|=lmt )2 = (2| = )
1
= P(|-|m|2 -

1 Aty
—[Mial|? - 7 + (8 F
t)12
2.

o =)

[Mea|> ] €
el > ).
P(‘ n (@) Et’ - 2)
(5.52)

The bound for the first term in (3.32) follows by B;(e). For
the second term,

-9

—~

n(a’)*Mzal &

t—1
= (a")*M;m' = Z ak(m
i=0

where (a) holds because o = M; ' M;m!/n. Hence

1Myt = (o) MM My m!

1 o €
P(]—HMtatH?—( VB2 )
o €
—P(iZ[ - aiE| > 5)
(a) t—1 t—1 1
< OP<|a;f—oﬁ|>ez>+Z%P(y5<mz>*mt—E” > )

< Kt Kt e —KK¢{_1MN€E /t +Kt4Kt 1e—nnt,1n€2/t9.

Step (a) follows Lemma [A2] and Lemma [AJ3] using ¢; :=

ARy W}’ and step (b) using Bi(e) and the

proof of B;(g) above.

min

E. Step 4: Showing H41 holds

The statements in H;41 are proved assuming that By, H;
hold due to the induction hypothesis.

(a) The proof of H;41(a) is similar to that of B;(a), and
uses the following lemma, which is analogous to Lemma



t—1 ;
Zi:o a%i q')

Lemma 7. Let v := 1By ymi — 1Q7 (&4
and Qi1 = Q71 1Qr11. Then forje [t +1],

P(|[Qt_+11“]j|2 €) < KtQKé—l eXp{—’f:e—lng/tQ}-

(b)—(h) The proofs of the results in Hiy1(b) — Hey1(h)
are along the same lines as B:(b) — B:(h). By the end of
step Hy1(h), we will similarly pick up a t°K term in the
pre-factor in front of the exponent, and a xt~!! term in the
exponent. It then follows that the K, k; are as given in (4.38).

APPENDIX A
CONCENTRATION LEMMAS
In the following, € > 0 is assumed to be a generic constant,
with additional conditions specified whenever needed.

Lemma A.1 (Hoeffding’s inequality). If Xi,...,X, are
bounded random variables such that a; < X; < b;, then for

v =203 (b —a;)?] !
( zn:X EX)>E)<8 ynie?,

7(;

> (Xi —EX;)| >
=1

Lemma A.2 (Concentration of Sums). If 2rcmdom variables

X1, .., X satisfy P(|X;| =€) < e ™ for1 <i <M,

then

) < 2671/77,252'

M M
P(|Z Xi|> 6) < ZP (|Xi| > %) < Me—nmini r)e*/M?
i1 i=1

Lemma A.3 (Concentration of Products). For random vari-
ables X,Y and non-zero constants cx,cy, if

P(X —cx|>¢€) < Ke "<,

and
P(lY —cy|>¢e) < Ke "¢

)

then the probability P (|XY — cxcy| > €) is bounded by
P —exl 2 min (1. 55))
+ P(|Y — cy| > min (\/g, i

rne

< 2K€_ 9 max(1,c%,c2) )

)

Proof: The probability of

P (| XY — cxcy| > ¢€), equals
P (|(X —cx)(Y —cy)+ (X —ex)ey + (Y — Cy)CX| >e).

The result follows by noting that if |X —cx| <

mm(\/;, 3;/) and |Y —c¢y| < mln(\/;, 3;{ ), then the
following terms are all bounded by

(X —ex)ey |, [(V

interest,

— Cx)Cyl, and |(X — Cx)(y — Cy)|.
Lemma A.4 (Concentration of Square Roots). Let ¢ # 0.

IFP(IX2— > €) < e

3
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then )
P(||Xn] = le]|> €) < emrnlele

Proof: If € < ¢?, then the event ¢ — e < X2 < c? +¢
implies that v/¢? — e < |X,,| < v/ + €. On the other hand,
if € > c?, then ¢ — e < X2 < % + ¢ implies that 0 < | X,,| <
Vc2 + €. Therefore, | X2 — c?|< e implies

V(1= (e/e)1, V1 + (e/c?)-1),

where 7, := max{z,0}. Note, (1 + z)/2 < 1 + 1z for
z>0,and (1 —2z)/2 >1—2 for z € (0,1). Using these,
we conclude that | X2 — ¢2|< e implies

€ €
0=l < e (1 [(1= %)y 1)
|| Xn| = lel| < |¢| max \/ z) o\t

€ € - €
< ldmax (3, 5.2) T

[1Xn| = [e]] < Je| max(1

Lemma A.5 (Concentration of Powers). Assume ¢ # 0 and
0 < € < 1. Then for any integer k > 2,
2

if P(|Xn —¢[>€) <e7™,

then

P(IXE — cF|> ) < emmne /10D —Ie?

Proof: Without loss of generality, assume that ¢ > 0.
First consider the case where ¢ < ¢. Thenc—e¢ < X,, <c+¢
implies

k

5

i=1

(c—ef =P <XF P <(ct+ef - =

Hence, |X,, — c| < € implies | X* — ¢*| < ecp, where

k
CO_Z<>1€1611<Z<) 1+C> k
=1
Therefore,
P(IXE—c*|> €) < P(IX, — ¢ > €/cg) < erne’/[(1+e) ="

(A.1)

For the case where 0 < ¢ < e < 1, X,, € [c —€,c+ €]
implies (c—€)* —c* < X* —ck < (c+¢€)F —cF. Using e < 1,
we note that the absolute values of

S (5)eier

=1

"k
k_ k _ k—i i
c E (Z>c €',

i=1

(c—e)F —cF =

and

(c+e)

are bounded by ¢; := (14¢)* —c*. Thus | X,, —c| < € implies
|XF — k| < ecy. Therefore the same bound as in (A) holds
when 0 < ¢ < € < 1 (though a tighter bound could be obtained
in this case). [ |

Lemma A.6 (Concentration of Scalar Inverses). Assume ¢ # 0
and 0 < e < 1. If

—H”l€2

P(| X, —c|>¢€)<e



then
P(anq . c’1|2 €) < 2677”@5%2 min{cz,l}/4'
Proof: Without loss of generality, we can assume that
¢ > 0. We have
P(X, " —c7l<e)
=Plct—e< X' <ctte).

First consider the case 0 < € < c¢~'. Then, X, is strictly
positive in the interval of interest, and therefore

Plcl—e< X' <cl4e) (A2)
:P( —ec <X, < ec )

cl+e cl—e
>1— efnreezcz/(éJrc*l)2 >1— efnnezc4/4' (A.3)

Next consider 0 < ¢~! < € < 1. The probability to be bounded
can be written as

PX;'>c '+ +P(—(e—cH <X, 1 <0)
:P(Xn—cg
€
2.2

—€C ) + P( —€C
+c! e—c!

- ad _ 2 _ 24 _ 2 _ 2y
< g Tete 02 | gnkc <e nkc”/ 4 e ke < 2 nkc”/ ,
(A.4)

SXn—cg—c)

where the last two inequalities are obtained using ¢ > ¢! and
€ < 1, respectively. The bounds (A2) and (A4) together give
the result of the lemma. ]

APPENDIX B
GAUSSIAN AND SUB-GAUSSIAN CONCENTRATION

Lemma B.1. For a random variable Z ~ N(0,1) and € > 0,
P(|Z| > e) < 2e73¢,

Lemma B.2 (y2-concentration). For Z;, i € [n] that are i.i.d.
~N(0,1), and 0 < e < 1,

1« 2
P(‘— 22—1’> )<2*”E/8.
n; ; >e) <2

Lemma B.3. [25] Let X be a centered sub-Gaussi(gn random
variable with variance factor v, i.e., InE[e!X] < tT”, for all
t € R. Then X satisfies:

22

1) Forall x >0, P(X > 2)VP(X < —z) < e 2, forall
x> 0.
2) For every integer k > 1,

E[X2*] < 2(kD)(2v)* < (k) (4v)F. (B.1)

Lemma Bd4. Let Zy,...,7Z; € RN be random vectors
such that (Z1,...,2Z;;) are iid. across i € [n], with
(Z1iy---,Z1;) being jointly Gaussian with zero mean, unit
variance and covariance matrix K € R, Let G € RN
be a random vector with entries G1,...,GyN iLid. ~ pg,
where pg is sub-Gaussian with variance factor v. Then for
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any pseudo-Lipschitz function f : R**Y — R, non-negative
constants o1, ...,0¢ and 0 < € < 1, we have

N
P(‘% Z f(o1 214,024, Gi)
i=1

~Elf(Z11, -+, 201, Q)| > €)
< 2ex { —Ne? }
= P UG 2+ 2+ (0, + o))

where L > 0 is an absolute constant. (L can be bounded
above by three times the pseudo-Lipschitz constant of f.)

Proof: ~ Without loss of  generality, assume

E{f(01Z14,...,002:4,G;)] = 0 for i € [N]. In what
follows we demonstrate the upper-tail bound:
N
1 ~Neé?
P(N ;f(alzl,ia o0t 245, Gy) > 6) < exp{ 17, }7
(B.2)

where

t
Rp =320t + 1)’ (v + 47 + > (07, +407,)).  (B.3)

m=1
The lower-tail bound follows similarly.

Using the Cramér-Chernoff method, for any s > 0 we can
write

N
1
P(N > fo1 20001205, Gi) 2 €) (B.4)
=1
S E[es Eivzl f(Ulzl,i ..... UtZt,i,Gi):|efsNE' (B.S)

To prove (B.2), we will show that for 0 < s < %ﬁ,

N
E{exp{sz fo1Z14,. .. 00204, Gl)}} < exp{N&s?}.

i=1
(B.6)
Then, using (B.6) in (B.3) and taking s = €/2&; yields the
upper tail bound in (B2).

We now prove (B.6). For i € [N], let (ZLZ-, .. .,Zt_,i,éi)
be an independent copy of (Zi,...,Z:,G;). Since
E[f(alzlﬁi, .. .,atZtﬁi,éi)] = 0, using Jensen’s inequality
we have

E[exp(—sf(alzl,i, ..
> exp(—sE[f(alzu, ..

. 7UtZt,i7 éz))]
AN UtZt,ia Gz)]) = 1
Therefore, using the independence of Z and Z we write

(B.7)
< E[es.f(o'lZl,i7~~~;0'tZt,i7Gi)] . E[e_sf(o'lZl,i7~~~;at2t,i7éi)]

E[esf(alZl,i ..... G'tZt,i,Gi)]

— E[GS(f(UIZI,i »»»»» 0t Z4,1,Gi)— (0121 iy UtZt,iqéi))]' (B.8)

Using (B8) we prove (B.6) by demonstrating that for each

i€ [N],

E[es(f(olZl,i ..... O’tZt’i,Gi)ff(O’lzl’i ..... G’tZt’i,éi))] S eXp{f%tSQ},
(B.9)



| we have

for 0 <s < /7. Forie[N

]E[es(f(o'lZl,i;~~~7UtZt,'L;Gi)_.f(o'lZl,i;~~~70't2t,i7éi))]

= Z—E{f(o’lzl)i,...,UtZt)i,Gi) (BlO)
— 4
q=0
~ ~ ~ q
— flo1 214, .., 06244, Gi)}
i [ Ulzl)i,...,UtZt)i,Gi) (Bll)
k=0
~ - - 2k
— flo1 2100200 G|, (B12)

where step (a) holds because the odd moments of the differ-
ence equal 0. Next, using the pseudo-Lipschitz property of f,
for an absolute constant L > 0, we have for k > 1:

- . 12k
|:f(0'1Z1,i7 s, Gi) — flo1Zvi, .., 002, Gz):|
t k
< L% [1 + Z o2 (Z2 i+ 20 )+ GE + éﬂ X
m=1 , .
[ Z 02 Lmi— Zm,i)2 + (G; — GZ)Q:|
m=1
t k
< L%[H >R (Z2+ 230+ G2+ G X
m=1 , .
ok { S on(Zh i+ Z2) + G+ éﬂ
m=1

() i .
< (2L2)k[ > o2+ 22,) + G+ G

m=1

+(2t+2)(iafn(Z4 + Z4 )+G§‘+é§l)r,

m=1
© L2t + )" 1~ o on | son -
< ——F o (Z2 + 22 ) + G+ G
> |
(2L2(4t + 4)(2t + 2))* Z sk pak L sk
Om (Zm,z + Zm,i)
>
Gk é;}k)}
t
< (2L(42§:j))2k { Z 07275(221@ sz) Gfk sz}

(2L(2t 4 2))* 4k " Ak | Ak
At + 4 [ + Zma) + G+ G }
(B.13)

where inequalities (a), (b),(c) are all obtained using us-

ing Lemma Using (BI3) in (BI2) and recall-

ing that {(Z,,,i)1<k<t,Gi} are identically distributed as
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{(Zm,i)lgkgta éi}, we get
E[ S(f(UlZl,i7~~~,<7tZt,i,Gi)—f(alZl,i,~~~,0t2t,i,éi))]

t

82L 2t+2)) ok 1 2 ok
2[ E EZ2', + EG;
4t—|—4) 710m m,i A

T Z oEEZI + EG‘*’“}

o0

Z

t

[ 3 o2 (kl)2t

m=1

(@ & ($2L(2 4 2))2
= +Z;: 2012 + 2)

2(k1)(20)F + ztj otk 9(21)22k 4 2(2k!)(2y)%]

m=1
) S (s2L(2t +2))2F [ = o2 U
SEDY H—l[Z T T
k=1 m=1
t
+ 3 (dah)k + ()]
m=1
> k
<1+ Z(S2L(2t+2))2k[u+4u + Z o2, + 4o )}

1 m=1

el
Il

,\
e

t
(1 — $216L2(¢ + 1)%[v + 42 + Y (02, + 40;;)])
m=1

d
(<) 65232L2(t+1)2[V+4u2+an:1(072n+4afn)]'

(B.14)

In the chain of inequalities above, (a) is obtained using
the sub-Gaussian moment bound (B.I); step (b) using the
inequality (2—k,)' > 2%k! which can be seen as follows.

(2K)!

B =l =0 1 ()=

The equality (c) holds because s lies in the range specified by
(B6), and (d) holds because -~ < €* for x € [0, ]. This
completes the proof of (B.9), and hence the result. [ |

(k)2k.

APPENDIX C
OTHER USEFUL LEMMAS

Lemma C.1 (Product of Lipschitz Functions is PL(2)). Let
f:RP - R and g : R?P — R be Lipschitz continuous. Then
the product function h : R? — R defined as h(z) = f(x)g(z)
is pseudo-Lipschitz of order 2.

Lemma C.2. Let ¢ : R""2 — R be PL(2). For (cy,...,¢i41)
constants and Z ~ N(0,1), the function ¢ : R'"*' — R
deﬁned as (b(vlu <oy Uty ’U}) = ]EZ[¢(U17 <o Uty Zi:l CrUp +
cir1Z,w)] is then also PL(2).

Lemma C.3. For any scalars ai, ...,a; and positive integer
m, we have (lai|+ ...+ |a;])" < tm 121 1|az|m Conse-
quently, for any vectors uy,...,u, € RY

t
Dy [T

Proof: The first result follows from applying Holder’s in-
equality to the length-t vectors (|a1],...,|a:|) and (1,...,1).
The second statement is obtained by applying the result with
m = 2. [ ]




APPENDIX D

SUPPLEMENTARY MATERIAL: PROOF OF LEMMA [3] PARTS

(B).(1I1) AND (B).(1V)

The supplement available at http://bit.ly/2iWMgbr| contains
the proof of Lemma [3] parts (b).(ii) and (b).(iv) for the case
where the denoising functions {n:(-)}+~o are differentiable in
the first argument except at a finite number of points. The
proof in Sec. [V] covers the case where the denoising functions
{nt(-)}+>0 are differentiable everywhere. The proof of the
general case is longer and somewhat tedious, so we include it
in the supplement.
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