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Summary
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In recent years, more and more efforts have been expended on the study of n-dimensional

asymptotically anti-de Sitter spacetimes (M, g) as solutions to the Einstein vacuum equations

2
n—2

Ric(g) = Ag (EVE)

with negative cosmological constant A. This has been motivated mainly by the conjec-
tured instability of these solutions. The author of this thesis joins these efforts with two
contributions, which are themselves independent of each other.

In the first part, we are concerned with a superradiant instability for n = 4. For
any cosmological constant A = —3/¢? and any a < 9/4, we find a Kerr-AdS spacetime
(M, gkads), in which the Klein-Gordon equation

[0
Ogt) + 759 =0

has an exponentially growing mode solution satisfying a Dirichlet boundary condition
at infinity. The spacetime violates the Hawking-Reall bound r% > |a|¢. We obtain an
analogous result for Neumann boundary conditions if 5/4 < a < 9/4. Moreover, in the
Dirichlet case, one can prove that, for any Kerr-AdS spacetime violating the Hawking-Reall
bound, there exists an open family of masses a such that the corresponding Klein-Gordon
equation permits exponentially growing mode solutions. Our result provides the first rigorous
construction of a superradiant instability for a negative cosmological constant.

In the second part, we study perturbations of five-dimensional Eguchi-Hanson-AdS
spacetimes exhibiting biaxial Bianchi IX symmetry. Within this symmetry class, the system
(EVE) is equivalent to a system of non-linear partial differential equations for the radius r of
the spheres, the Hawking mass m and B, a quantity measuring the squashing of the spheres,
which satisfies a non-linear wave equation. First we prove that the system is well-posed as
an initial-boundary value problem around infinity Z with B satisfying a Dirichlet boundary
condition. Second, we show that initial data in the biaxial Bianchi IX symmetry class

around Eguchi-Hanson-AdS spacetimes cannot form horizons in the dynamical evolution.
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1. Preface

"Hrol pév npwtiota Xdoc yévet|o.]
In truth, at first Chaos came to be.

Hesiod, Theogony, v.116

Every real object — as it presents itself to our consciousness — occupies a certain amount
of space at a particular time. In other words, space and time are among the most basic
concepts that can be derived from immediate sense perception and therefore need to be part
of every natural philosophy. The most intuitive notions of space and time are beautifully
woven into Hesiod’s Theogony (around 700 BC).! His epic poem sings of the origin of the
cosmos; natural forces appear as deities that ultimately give way to the Olympic gods.
In this epos, at the beginning of time, Chaos, the gaping emptiness of space, came to be
and thus marked out the room for the emergence of deities, gods and men. This space,
Chaos, was needed, so everything could evolve. Time comes to be in two different guises:
explicit and implicit. Personified time, Kronos, is a cruel god emasculating his father and
devouring his children; it is the reality of time as a passing yet unceasing threat to our
existence. Abstract time, however, did not need creation, nor any direct mentioning: it is
always present as the poem begins (npdtiota) and moves forward, and as the inhabitants of
space change. Time is the measure of change, as Aristotle would put it over four centuries
later. Here, philosophically abstract space and abstract time are thought of as a continuum
of copies of gaping emptiness, constituting the background for physical events.

In contrast, the theory of general relativity, formulated by Albert Einstein, has taught us
that space and time should not be imagined as the canvas upon which physical events are
painted, but rather as forming a dynamical continuum, a physical object called spacetime,
interacting non-trivially with matter and its movements. The dynamics of spacetime is
governed by the Einstein equations, a system of non-linear partial differential equations; a
spacetime is an (n + 1)-dimensional smooth manifold and is equipped with a Lorentzian
metric?, whose curvature is described by the Einstein equations. More precisely, the Einstein

equations with cosmological constant A are given by
. 1
Ric(g) — SR(g)g+Ag=8nT, (1.0.1)

where g is the metric of the spacetime, Ric is its Ricci curvature, R(g) its scalar curvature,

L Qur presentation here is far from philological scholarship and merely abuses Hesiod’s breathtaking
imagery as a source for illustration.
2 A semi-Riemannian metric of an (n+1)-dimensional manifold is Lorentzian if it has signature (—1,1,...,1).
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A is the cosmological constant and T the energy-momentum tensor of the matter contained
in the spacetime. Moreover, we have used geometrised units, where the speed of light and
the gravitational constant both take a value of one. It is a remarkable property of the
Einstein equations that they still exhibit non-trivial solutions in the absence of matter. In
other words, curvature can curve itself.

Since its discovery, Einstein’s theory has become a powerful predictive and theoretical
tool in physics, from performing astrophysical computations to helping to formulate theories
in high energy physics. However, to fully understand its implications, its limits, its internal
structure and its relation to pre-scientific concepts more work and research by physicists,
mathematicians and philosophers alike are still needed. The mathematician views (1.0.1)
as an evolution problem: given an initial configuration of ‘space’, the Einstein equations
yield its evolution over ‘time’.3 This point of view makes (1.0.1) accessible to the theory
of partial differential equations, a mathematical subject that made significant progress
between Einstein’s days and ours. PDE theory establishes a robust framework in which
conjectures and heuristics from the physics literature can be proven and open problems can
be clarified. In particular, the mathematical study of Einstein’s theory has recourse only to
abstract mathematical tools and the Einstein equations; thus it focuses on understanding
the internal structure of the classical theory, instead of prediction and modification, which
is often the focus of physical research. However, reliable modification of existing theories
presupposes a solid understanding of those theories, and here mathematical research can be
an active part of the perennial effort to understand the structure of space and time.

A theoretical prediction from high energy physics, the AdS-CFT correspondence, has
sparked recent interest in the physics community in asymptotically anti-de Sitter (asymptoti-
cally AdS) spacetimes, which are solutions to the Einstein equations for negative cosmological
constant. This thesis is concerned with (1.0.1) for A < 0 for T = 0, i.e. with the system of

equations

2
n—1

Ric(g) = Ag. (1.0.2)
The Einstein vacuum equations allow for a well-posed initial-boundary value problem (IBVP)
— see [Fri95]. In the language of the IBVP, stability of a spacetime means that if we perturb
‘space’ initially and the perturbation is sufficiently small, then ‘at late times’ the perturbed
and unperturbed geometries are close in a suitable norm.* This thesis studies instability
phenomena in two different types of asymptotically AdS spacetimes.

Since settling the question of stability for a given spacetime is very difficult, one has
recourse to an intuition developed over the last two or three decades — see [CK94] and
[DR13] — which links the problem of stability to the study of waves on a fixed black hole
spacetime. Put differently, a prerequisite for treating the stability problem of the Einstein

3 Here space and time are used more as a blurred short-hand than as having a specific content, and we
shall refrain from trivialising what has been said before.

4 Small perturbations always occur in nature. Hence a theoretical model without the stability property
cannot produce observable predictions.



vacuum equations around a spacetime with metric g is a robust understanding of solutions

to (non-linear) wave equations

Ogtp = F(1,04), (1.0.3)

where [J; is the d’Alembertian associated with g. Much recent effort has been expended
on understanding (1.0.3) for asymptotically AdS metrics g. In Chapter 2, we prove an
instability result for solutions to the Klein-Gordon equations in the superradiant parameter
range of the Kerr-AdS family, which is in sharp contrast to the known stability results in
the complementary regime.®

In Chapter 3, we study the Einstein vacuum equations (1.0.2) in five dimensions directly,
but restricted to biaxial Bianchi IX symmetry. Within this symmetry class, the system
(1.0.2) is equivalent to a system of non-linear partial differential equations for the radius r of
the spheres, the Hawking mass m and B, a quantity measuring the squashing of the spheres,
which satisfies a non-linear wave equation. First, we prove that the system is well-posed as
an initial-boundary value problem. Second, we show that initial data with negative mass
cannot form horizons in the dynamical evolution.

The author of this thesis feels humbled that he has been given the opportunity to pursue
research in mathematical general relativity during his time at the University of Cambridge,
and that he could take however minor a place in the long line of thinkers questing after the

nature of space and time.

5 This part of the thesis has been published separately as [Dol17].






2. Unstable mode solutions to the

Klein-Gordon equation in Kerr-AdS

spacetimes

2.1. Introduction

2.1.1. The Klein-Gordon equation in asymptotically anti-de Sitter spacetimes

The Einstein vacuum equations

1
Ry — iRgl“’ + Agu =0

(2.1.1)

with cosmological constant A can be understood as a system of second-order partial differ-

ential equations for the metric tensor g of a four-dimensional spacetime (M, g). Solutions

with negative cosmological constant have drawn considerable attention in recent years,

mainly due to the conjectured instability of these spacetimes. For more details, see [And06],
[DHO6a], [BR11], [DHS11b], [DHMS12], [HLSW15] and references therein.

In appropriate coordinates, (2.1.1) forms a system of non-linear
wave equations. A first step in understanding the global dynamics
of solutions to (2.1.1) — and thus eventually answering the question
of stability — is the study of linear wave equations on a fixed
background. For A < 0, efforts have focused on understanding the

dynamics of the Klein-Gordon equation
o'
Oyt + 6—21& =0 (2.1.2)

for an asymptotically AdS metric g with cosmological constant A =
—3/¢? and a mass term « satisfying the Breitenlohner-Freedman
bound a < 9/4 [BF82], which is required for well-posedness of
the equation — see [Warl2], [Holl1] and [Vas09]. The conformally

H+

7—[\
The Penrose diagram of the
exterior of the Kerr-AdS

spacetime shows the time-
like nature of null infinity.

coupled case o = 2 encompasses scalar-type metric perturbations around an exact AdS

spacetime [IW04].

For g being the metric of an exact AdS spacetime, the massive wave equation (2.1.2)

allows for time-periodic solutions due to the timelike nature of null and spacelike infinity

Z; in particular, general solutions to (2.1.2), while remaining bounded, do not decay. The

behaviour of solutions to (2.1.2) on black-hole spacetimes is very different. Given a Kerr-AdS
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spacetime with parameters ¢, M and a satisfying |a| < ¢, define the Hawking-Reall Killing
vector field

K:=T+ -2 3,
ri + a?
where, using Boyer-Lindquist coordinates, T" = J; and ® = 0z; see Section 2.1.4 for
definitions of = and r;. The vector field K is the (up to normalisation) unique Killing
vector field that is null on the horizon ‘H and non-spacelike in a neighbourhood of H. It is
globally timelike in the black hole exterior if the Hawking-Reall bound r% > |a|¢ is satisfied.
If the bound is violated, K becomes non-timelike far away from the horizon.
In [HR99], Hawking and Reall use the exis-

tence of a globally causal K for r2 > |a|l to argue

towards the stability of these spacetimes. Indeed,
uniform boundedness of solutions to (2.1.2) in
the full regime a < 9/4 was proved for r2 > |a|l
in [Hol09] and [HW12]. Moreover, in [HS11al, it
was shown that solutions with the fastest radial
decay (Dirichlet conditions at infinity) in fact
decay logarithmically in time! and [HS13] proves

that this logarithmic bound is sharp.

0 7’+/£ 1

For spacetimes violating the Hawking-Reall
Figure 2.1.: For 1 < ¢, the two shaded regions

bound, the global behaviour of solutions to represent the set of admissible pa-
(2.1.2) has not been investigated rigorously, but it rameters for [a|/¢ and 7y /£. Within

. . the plain grey area (bottom right),
was argued in the physics literature — see [CD04], the Hawking-Reall bound is satisfied,
[CDLY04]’ [CDYOG] and [DHSllb] — that at whereas it is violated in the striped

. (intermediate) domain.
least for small black holes, i.e. for |a| < ¢ and

la] < r4, instability of solutions to (2.1.2) is to

be expected if ri < |a|¢.? As, in this regime, there is no Killing vector field which is globally
timelike in the black hole exterior, this parallels the situation of asymptotically flat Kerr
spacetimes, where superradiance is present. For the present discussion, we will understand
superradiance loosely as energy extraction from a rotating black hole. We will make this

more precise in Lemma 2.1.1.

2.1.2. Unstable modes and superradiance in spacetimes with A =0

The study of energy extraction from black holes in asymptotically flat spacetimes has a
long history in the physics literature and two different, but related mechanisms have been

proposed. On the one hand, Press and Teukolsky [PT72] suggested that the leakage of

! Slightly stronger restrictions on « and the spacetime parameters were imposed in [HS11a] for technical
reasons, but the result is believed to hold in full generality by virtue of [HW12].

2 Building on similar arguments, there are also investigations into unstable modes to the Teukolsky equation
in the same parameter regimes; see [DS13] and [CDH™14]. Periodic solutions to the Teukolsky equation
are expected to produce resonator solutions; see [DHS11a] and [DSW15].
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energy through the horizon of a rotating black hole could be used to create a black hole
bomb by placing a mirror around it. Superradiance would increase the radiation pressure on
the mirror over time until it finally breaks, setting free all the energy at once.? On the other
hand, it was argued that energy could be extracted by the aid of massive waves acting as a
natural mirror. This goes back to Zel’dovich [Zel71] and was explored further by Starobinsky
in [Sta73]. Numerous heuristic and numerical studies on the superradiant behaviour of
solutions to the Klein-Gordon equation followed, e.g. [DDR76], [ZE79], [Det80], [Dol07] and
[Dol12]. These studies found exponentially growing solutions to the massive wave equation

on Kerr spacetimes.

Remarkably, this instability is not present at the level of the massless wave equation
g =0,

see [DRSR14b], where boundedness and decay for such solutions is proved in the full
subextremal range |a| < M. Even though energy can potentially leak out of the black hole,
superradiance can be overcome here as the superradiant frequencies in Fourier spaces are
not trapped. In particular, in the context of scattering [DRSR14al, a quantitative bound

on the maximal superradiant amplification was shown.

In accordance with the above heuristic of massive waves acting as a natural mirror for a

black hole bomb, this situation changes dramatically for the Klein-Gordon equation
Ogtp — p*h =0 (2.1.3)

with scalar mass p > 0. A first rigorous construction of exponentially growing finite-energy
solutions in Kerr spacetimes was given by Shlapentokh-Rothman [SR13]. The constructed

solutions were modes. Mode solutions are solutions of the form
Y(t,r,9,@) = e e™P S, (cos V) R(r) (2.1.4)

in Boyer-Lindquist coordinates (¢, 7,9, ¢) for w € C, m € Z and | € Zs,,|, where the smooth
functions S,,; and R satisfy ordinary differential equations arising from the separability
property of the wave equation in Boyer-Lindquist coordinates [Car69]. We call a mode
unstable if it is exponentially growing in time, i.e. if Imw > 0. Shlapentokh-Rothman
showed that, for any given Kerr spacetime with 0 < |a| < M, there is an open family of
masses i producing unstable modes with finite energy. The construction starts from proving
existence of real modes and hence produces in particular periodic solutions. We will adopt

this strategy.

3 In the asymptotically AdS case, infinity could serve as such a mirror due to the timelike character of
spacelike and null infinity.
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2.1.3. Unstable modes and superradiance in Kerr-AdS spacetimes

Let us return to the Kerr-AdS case and connect the existence of unstable modes to
superradiance. Recall that the energy-momentum tensor for the Klein-Gordon equation
(2.1.2) is given by

_ 1 «
T;u/ = Re (V;ﬂ/JV:ﬂ/)) - 59;11/ (\VIW - ﬁhﬁp)
and that, for each vector field X, we obtain a current
I =T X

While in Kerr spacetimes, T' = 0, (see Section 2.1.4) is the (up to normalisation) unique
timelike Killing field at infinity, the family of vector fields T'4 A® with ® = 03 is timelike

near infinity in Kerr-AdS spacetimes if and only if

2l +a) <A< L2l —a). (2.1.5)

JE““I’ encapsulates the energy

Hence, in this range of values for A, the conserved current
density of the scalar field measured by different (rotating) observers at infinity. The vector
field T' 4+ A® becomes spacelike or null at the horizon.

Recall that the Hawking-Reall vector field K is tangent to the null generators of the

horizon H. Therefore the energy density radiated through the horizon is measured by

JZ“‘I)K”‘H = Re (T4 + A\®v) K9)) ‘H

Ty

aZ
since g(T' + A®, K) = 0 on the horizon. For mode solutions (2.1.4), this yields

maz maz
JE“‘DK“‘H = <Iw!2 ~Re (W) 53— 5 +mA (M — Re (W)>) ¥l (2.1.6)

+ +

H
A non-trivial mode solution radiates energy away from the horizon if and only if the

expression (2.1.6) is negative for all A in the range (2.1.5).

Lemma 2.1.1. Let r2 < |a|f. Let ¢ be a mode solution with w(e) = wgr(e) + ic for
sufficiently small € > 0, wr(e) € R and wr(0) = maZ/(r? + a?). If

wR(O)%?(O) <0, (2.1.7)

then JEJ”\‘I’K“ N < 0 for sufficiently small e > 0 and X in (2.1.5).

Proof. Since JItA® K = ( at the horizon for € = 0, it suffices to differentiate (2.1.6) with
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respect to € and evaluate at € = 0. We see that the derivative is negative if and only if

&uR 6wR
0)——(0) —mA——(0 0.
wr(0)—5(0) =mA—5=2(0) <
This, however, can be easily checked to hold using (2.1.5) and r2 < |alC. O

Remark 2.1.2. If r% > |a|¢, then K induces an energy density at infinity and J, /5{ K" >0, in
accordance with the intuition of not being in the superradiant regime if the Hawking-Reall

bound is satisfied.

We will show that our constructed growing mode solutions — as the modes of [SR13]
— satisfy the assumptions of Lemma 2.1.1. This corroborates our interpretation that the
unstable modes are a linear manifestation of the superradiant properties of Kerr-AdS

spacetimes.

2.1.4. The Kerr-AdS family

Before stating our results, we introduce the Kerr-AdS family of spacetimes. For a more
exhaustive presentation, we refer the reader to [HS11a]. Kerr-AdS spacetimes depend on
three parameters (¢, M, a), where £ is related to the cosmological constant A via A = —3//2.
The parameter M > 0 relates to the mass of the black hole and a to the agnular momentum.

More precisely, the total energy E and the angular momentum J are

M M
E=2> and J=22

=2 =2
= =

The parameter a is assumed to satisfy |a| < ¢. This condition guarantees for the metric to

be regular. Let

A_(r) = (r* +d?) (1 + 7;) — 2Mr.

We require for the polynomial A_ to have two real roots, denoted by r— < r4, thus avoiding

naked singularities. We can write
A(r) = 72— r) (PP + 12y (2 4 a? 4 2) — a2, (2.1.8)

whence

1

aTA_ (r+) = EQ

(37‘?’F +rpa® +ro 07— (12627”;1).

This expression imposes some restrictions on the range of |a| in terms of r; as shown in the

following

Lemma 2.1.3. Let (¢, M, a) be spacetime parameters such that the corresponding Kerr-AdS



2. Unstable mode solutions to the Klein-Gordon equation in Kerr-AdS spacetimes

spacetime does not contain a naked singularity. Then, if r4 < £,

a? <ri (2.1.9)

If ry > ¢, |a| can take any value in [0,£).

Proof. These statements follow from 9,A_(ry) > 0, which is a necessary condition for

r_ < ry. Note also that ry > £ implies r%r > lalf. ]

Therefore, under the restriction of Lemma 2.1.3, there is a bijection between Kerr-AdS
spacetimes with parameters (¢, M, a) and spacetimes with parameters (¢, ,a). Henceforth
we will use the shorthand notations Mgaqgs(¢, M, a) and Mxgaqgs(¢,7+,a) to denote Kerr-
AdS spacetimes with parameters (¢, M,a) and (¢,7r,a) respectively. The restriction of
Lemma 2.1.3 can be seen in Figure 2.1.

Given (¢, M,a), a chart covering all of the domain of outer communication is given by
Boyer-Lindquist coordinates (¢, 7,1, ) € R x (ry,00) x S2. The metric in these coordinates

is

A_ — Aya®sin? 9 Ay(r? 2)—A_ by
gAdS = — va S de? — 2 o(r ta ) asin? 9 dtdp + — dr?
hM =2 A_
Yoo Ag(r?P+a®)? - A _a?sin?Y ., .,
+A—ﬂd19 + =h sin” 9 dg~,
v where
2 2 2 a’ 2 a’
X =7"+a"cos’ v, Aﬁzl—g—zcos Y, Ezl—ﬁ.

Since Boyer-Lindquist coordinates break down at r = r4, we introduce Kerr-AdS-star

coordinates (t*,r, 9, ¢). These are related to Boyer-Lindquist coordinates by
t*:=t+ A(r) and ¢:=¢+ B(r),

where

dA 2Mr dB  aZ
_— and — = -
dr  A_(1+172/0?) dr  A_
In these coordinates, the metric extends smoothly through r = r,. One sees that the
boundary r = r of the Boyer-Lindquist patch is null and we shall call it the event horizon
H.
Finally, we introduce the tortoise coordinate r* which is related to r by

dr* r2 + a?

dr A_(r)

with 7*(+00) = m/2. We will denote the derivative with respect to r* by '.

10



2.1. Introduction

2.1.5. Statement of the results

The analysis in this paper yields two types of instability results:

A. Given a cosmological constant A and a mass «, there is a Kerr-AdS spacetime for this

A in which (2.1.2) has an exponentially growing solution.

B. Given a Kerr-AdS spacetime violating the Hawking-Reall bound, there is a range for
the scalar mass such that, in this spacetime, (2.1.2) has an exponentially growing

solution.

To make this more precise, recall that mode solutions are Fourier modes that take the

form
W(t,r, 0, @) = e e™ S, (cos V) R(r)

in Boyer-Lindquist coordinates (t,7,9, ) for w € C, m € Z and | € Z> |- It should always
be understood implictly that S,,; additionally depends on w, and that R depends on w as
well as m and . Define u(r) := (r2 4+ a®)'/?R(r). Use Smode(a,w,m, 1) to denote the set of
all mode solutions with parameters w, m,l to the Klein-Gordon equation with scalar mass
a. Set

K2 :=9/4 —a. (2.1.10)

We require that all mode solutions are smooth. For the S,,; this is ensured automatically
by the definition — see Section 2.2.1. Hence we only need to impose a regularity condition
on the function w, given parameters ¢, r,, a, m and w, which will come from requiring
regularity in ingoing Eddington-Finkelstein-type coordinates, that are regular on the future

horizon.

Definition 2.1.4 (Horizon regularity condition). A smooth function f : (r;,o00) — C
satisfies the horizon regularity condition if f(r) = (r — r4 )% for a smooth function ¢ as

well as a constant

Eam — (r1 4+ a®)w

R NN (3%

(2.1.11)

Remark 2.1.5. The horizon is a trapped surface. Therefore the boundary condition at the
horizon has to be chosen such that the group velocity of the wave is ingoing. The horizon

regularity condition guarantees an infalling observer of finite energy; see [Sta73].

Henceforth we will only call a mode 1 a mode solution to (2.1.2) if its radial part R (and
hence u) satisfies the horizon regularity condition. At infinity, we will study two different

boundary conditions for w.

11



2. Unstable mode solutions to the Klein-Gordon equation in Kerr-AdS spacetimes

Definition 2.1.6 (Dirichlet boundary condition). Given a mass o < 9/4 (i.e. a kK > 0), a
smooth function f : (r4,00) — C satisfies the Dirichlet boundary condition if

7‘1/2_”]" -0

as r — o0.

We say that a 1 € Spode(a, w, m, 1) satisfies Dirichlet boundary condition if its radial

part w satisfies the Dirichlet boundary condition.

Mode solutions satisfying these boundary conditions are analogous to the modes considered
in [SR13].

We are able to show the following result.

Theorem 2.1.7. Given a cosmological constant A = —3/0?, a black hole radius 0 < r, < ¢
and a scalar mass parameter ag € (—00,9/4), there are a spacetime parameter a satisfying
the reqularity condition |a| < £, mode parameters m and | and a § > 0 such that there are a

smooth curve
(_5a 6) — R2a € (OZ(E),UJR(€))

with

=am

a(O) = and WR(O) == m
+

(2.1.12)
and corresponding mode solutions in Syoede(c(€),wr(e) + ie,m,l) satisfying the horizon
reqularity condition and Dirichlet boundary conditions.
For all € € (0,6), these modes satisfy

0 0

Z20)>0 and  wr(0) 2 (0) < 0.

Oe
Remark 2.1.8. The w in the theorem has finite energy and hence the spacetime parameters
of the theorem must violate the Hawking-Reall bound as explained in the previous sections;
this is explained further in Lemma 2.2.18 and Remark 2.3.9. By Lemma 2.1.3, we know

that the a can be located anywhere in the range

We remark that our result does not restrict to small |a|. In fact, we can enforce |a| to be as

close to ¢ as we wish by choosing r; /¢ < 1 large.

Lemma 2.1.1 implies that the constructed modes are superradiant and indicates that the

instability is driven by energy leaking through the horizon.

12



2.1. Introduction

Our next theorem builds on the first, but allows for the construction of an unstable

superradiant mode with Dirichlet boundary conditions for each given o < 9/4.

Theorem 2.1.9. Let ¢ > 0 and o < 9/4. Then there is an Mgaqs({,r+,a) and a super-
radiant ¥ € Syode(, wr +ie, m,l) for an wr € R and € > 0 satisfying the horizon regqularity

condition and the Dirichlet boundary condition at infinity.
The methods used in our proof also show the following statement:

Corollary 2.1.10. Let £ > 0, « < 9/4 and 0 < ry. < £. Then for all ¢ > 0 there is an
a with |a| € (r3/¢,r% /0 + €) such that the Klein-Gordon equation with mass o has an

exponentially growing mode solution in Mgaqas(?, 7+, a).

Remark 2.1.11. These results also apply to the massless wave equation, which is an important

difference to the asymptotically flat case.

Furthermore, although this will not be pursued explicitly in this paper, one can also show
the analogue of Shlapentokh-Rothman’s result in our setting by only adapting the proof
slightly.

Theorem 2.1.12. Given a Kerr-AdS spacetime Mgpaas(¢, 7+, a) satisfying, |a| < £, r4 >0
and r2 < |all (and the restrictions of Lemma 2.1.3), there are mode parameters m and [ as
well as a § > 0 such that, for each € € (=9,0), there is an open family of masses a(e) and a
mode solution in Smede(a(€),wr(e) +ie,m, 1) satisfying Dirichlet boundary conditions with
wr(0) as in (2.1.12).

Remark 2.1.13. 1. Conversely, in the asymptotically flat Kerr case of [SR13], it is also
possible to prove an analogue of Theorem 2.1.9 instead of only the analogue of
Theorem 2.1.7, using our strategy explained in the next section.

2. To contrast our case to the asymptotically flat setting, we add three observations.
First, in [SR13], the curve € + (u(g),wr(e) + ie) must satisfy p(0)? > wr(0)2. There
is no equivalent condition for Kerr-AdS spacetimes as the instability is not driven
by the interplay of frequency and mass, but by the violation of the Hawking-Reall
bound. Second, in both cases, dwr/0s < 0 for small €, so wr(0) can be seen as the
upper bound of the superradiant regime. Third, the result in Kerr holds for all m # 0,

[ > |m/|. In contrast, our result is a statement about high azimuthal frequencies.

It is known — see [HW12] and references therein — that, for 0 < K < 1,i.e. 5/4 < o < 9/4,
we also have well-posedness for different boundary conditions at infinity. This underlies the

following

Definition 2.1.14 (Neumann boundary condition). Given a mass 5/4 < a < 9/4 (i.e.
0 < k < 1), a smooth function f: (ry,oc0) — C satisfies the Neumann boundary condition
if
d
2 <r%_”f) —0
dr

as r — o0.

13



2. Unstable mode solutions to the Klein-Gordon equation in Kerr-AdS spacetimes

Using the techniques of twisted derivatives, introduced in [Warl2], we can prove versions

of Theorems 2.1.7 and 2.1.9 for Neumann boundary conditions.

Theorem 2.1.15. Given a cosmological constant A = —3/¢2, a black hole radius 0 < v < £
and a scalar mass parameter ag € (5/4,9/4), there are a spacetime parameter a satisfying
the regularity condition |a| < £, mode parameters m and | and a 6 > 0 such that there is a

smooth curve
(—0,9) — R? ¢ (a(e),wr(e))

with (2.1.12) and corresponding mode solutions in Spode(c(€), wr(e) +ie,m, 1) satisfying
the horizon regularity condition and Neumann boundary conditions at infinity. If € € (0,0),

then the modes satisfy

d—a(0)>0 and wR(O)ag)—ER

e (0) <.

Theorem 2.1.16. Let ¢ > 0 and 5/4 < o < 9/4. Then there is an Mgaas({,r+,a)
violating the Hawking-Reall bound and a superradiant ) € Spode(,wr + ie,m,1) for an

wr € R and € > 0 satisfying Neumann boundary conditions.

Let us conclude this discussion with a general remark on boundedness. From [HW12], we
know that solutions to the Klein-Gordon equation with Dirichlet boundary conditions remain
bounded for all r2 > |alf. A similar statement holds for Neumann boundary conditions
under more restrictive assumptions on the parameters. For r%r = |al¢, one can easily repeat
the proof of the second theorem of [HS11a] to see that there are no periodic solutions. One
can potentially also extend the decay result of [HS11a] to r2 = |al. Our results do not rule
out boundedness in the entire parameter range in which 73 < |a|¢ since we did not show
that for any given Kerr-AdS spacetime and any «, there are unstable mode solutions; they
do, however, impose restrictions on the ranges of spacetime parameters and masses « in
which boundedness could potentially hold. It is believed that, using more refined spectral
estimates, our results can be shown to hold in the full regime 2 < |a|¢, but we will not
pursue this further.

Having shown existence of unstable modes for two types of reflecting boundary conditions,
it is natural to ask if this instability is present for non-reflecting boundary conditions.
We can show that at least for optimally dissipative boundary conditions at infinity — as
considered in [HLSW15] —, unstable modes are absent.

Definition 2.1.17. Let 0 < K < 1. A mode solution satisfies the optimally dissipative

boundary condition at infinite if

52% (T3/2—n¢) n rlHn% <r3/2—ﬁ¢) 50

as r — 0OQ.

In Section 2.5, we show the following

14



2.1. Introduction

Theorem 2.1.18. Let ¢ > 0 and o € (5/4,9/4). Then there is no Kerr-AdS spacetime
Miags(l,r4,a) such that the Klein-Gordon equation with mass o has an exponentially
growing mode solution v satisfying the horizon regularity condition and the optimally

dissipative boundary condition at infinity.

2.1.6. Outline of the proof

The difficulty lies in the construction of the radial part u, for which we use the strategy
of [SR13], which, as our present work shows, can be applied to more general settings than

Kerr spacetimes. The technique contains two main steps.
I. Construct u corresponding to a real frequency wy € R.

II. Obtain a mode solution corresponding to a complex w with Imw > 0 by varying

spacetime and mode parameters.

We note that both steps are completely independent of each other, in particular step II
does not rely on the method by which the periodic mode solution was constructed, but only
requires existence of such a mode.

Let us first only deal with Dirichlet boundary conditions. To complete step I, u needs to
satisfy the radial ODE

u — (V —wd)u=0 (2.1.13)

for the given boundary condition — see Section 2.2.1. Lemma 2.2.20 then already restricts
wo to wy :=maZ/(r? + a?). It is important to note that the boundary value problem does

not admit non-trivial solutions in general.

Lemma 2.1.19. If u satisfies the horizon reqularity condition and the Dirichlet boundary

condition for real wy and V — wg >0, then u=0.

Proof. Define Q(r) := Re (v'u), note that Q(ry) = Q(o0) = 0 and integrate dQ/dr as in
Section 2.2.4. O

Hence, in a first step in Section 2.2.3, we will find spacetime and mode parameters such
that V — w? < 0 on some subinterval of (r,00) for given £ and «q by a careful analysis
of the shape of the potential V' in Lemma 2.2.13. This requires proving an asymptotic
estimate for the eigenvalues of the modified oblate spheroidal harmonics (Lemma 2.2.12).
The spacetime parameters will necessarily violate the Hawking-Reall bound.

The radial ODE is the Euler-Lagrange equation of the functional

=" (ﬁg

The functional is not bounded below, so we need to impose a norm constraint, which we

2

df

dr

A_

r? + a?
+(V —w?) f\2> dr. (2.1.14)

choose to be || f/r| 2 y = 1. Then Lemma 2.3.3 gives a coercivity-type estimate. To

4,00
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2. Unstable mode solutions to the Klein-Gordon equation in Kerr-AdS spacetimes

carry out the direct method of the calculus of variations, we use the weighted Sobolev spaces
that arise naturally from the functional — see Section 2.3.1. This setting of the minimisation
problem then guarantees that the minimiser satisfies the correct boundary conditions. We
remark that we will directly work with the functional (2.1.14) instead of regularising first at
the horizon and then taking the limit, as in [SR13]. Then, in Lemma 2.3.7, we obtain an
ODE

A_  w
/i 2 _
u — (V—wo)u—{—l/amﬁ =0
with a Lagrange multiplier v, < 0 that depends continuously on the spacetime parameter a.
By varying a, we find an a such that v; = 0 (Proposition 2.3.8) and hence a solution to the
radial ODE.

To carry out step II, we need the asymptotic analysis of (2.1.13) that is worked out in

1/2+4k 1/2—k

Section 2.2.2. There are two branches that asymptote r— and r~ , respectively, at

infinity. Let hq denote the branch with slow decay and ho the one with fast decay. Then
u(r, a,w) = Ala,w)hy(r, a,w) + B(a, w)ha(r, a,w).

For the parameters from step I, A(ap,wp) = 0. By varying w and a simultaneously in

Section 2.3.2, the implicit function theorem yields a curve
e (wr(e) +ig, ale))
with wgr(0) = wp and a(0) = ag such that
A(a(e),w(e)) = 0.

along the curve. As Imw(e) > 0 for € > 0, these modes grow exponentially whilst satisfying
Dirichlet boundary conditions. In Section 2.3.3, we show that
Oowpr Oa

52 (0) <0 and —-(0) >0, (2.1.15)

wr(0) 9%

which proves Theorem 2.1.7. A careful analysis of the domain of the implicit function
theorem in Section 2.3.4 yields Theorem 2.1.9. Here, the analysis heavily exploits several
continuity properties in the parameters. A difficulty is caused by a being defined as the
infimum of an open set.

For Corollary 2.1.10, one observes that, by Lemma 2.2.13, once the Hawking-Reall bound
is violated, one can always make the potential V' negative on some interval by choosing |m|
sufficiently large. This yields periodic modes for very small violation of the Hawking-Reall
bound and hence growing modes by repeating the above argument.

The situation is more complicated if u satisfies the Neumann boundary condition. Since,

1/24k

in this case, u ~ r~ as r — oo, L, is not well-defined and hence cannot be used to

produce periodic modes. To carry out the construction of step I, we use twisted derivatives
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as introduced in [Warl2] and used extensively in [HW12]. To find the minimiser via the
variational argument, we also need to modify our function spaces and use twisted weighted

Sobolev spaces. All details are given in Section 2.4.1.

The main technical problems, however, arise in the second part of the argument. The
underlying reason is that the proofs for step II rely severely on establishing monotonicity
properties for the functional when varying a. Since the twisting necessarily depends on «,
proving monotonicity in « is more involved and indeed the monotonicity properties shown
in the Neumann case are weaker; nevertheless, the ideas introduced in Section 2.4.2 are
sufficiently robust not only to construct the growing modes, but also to be applicable to
showing (2.1.15) and to transition from Theorem 2.1.15 to Theorem 2.1.16. It is also in the

Neumann case, where the independence of steps I and II — alluded to above — is exploited.

2.2. Preliminaries

2.2.1. The modified oblate spheroidal harmonics

Following [HS11a], we define the L?(sin¥ ddd@) operator P acting on H'(S5?)-complex
valued functions as

—P(w, ! )f—ia (Ag sin 90 f)+E—2L82f

Wit @1 = G P\ v Agsin29 ¥

Za

Ay 12

a’w?
+ = cos? U f — iaw cos? V05 f.
Ay

For w € R, P is self-adjoint. We also define

P(w,l,a) + %a*sin® 9 if a >0

Py(w,l,a,a) =
P(w,l,a) — Fa*cos® 9 if a <O0.

For equivalent definitions in Kerr spacetime see [DR10] and also [F'S04] for a more detailed
discussion. From elliptic theory [cf. HS11a], we can make the following definitions: P(w,?,a)
has eigenvalues /N\ml(w,ﬁ, a) with eigenfunctions €™ S,,(w, ¥, a,cosV); P(w,l,a,) has
eigenvalues A\(w, £, a, o) with eigenfunctions ™% S,,;(w, ¢, a, a, cos?). The eigenfunctions
form an orthonormal basis of L?(sindddd@). Below we will suppress (w,/,a,a) in the

notation.

If a <0, S, satisfies the angular ODE

1 , =2 m? E g 9
sinvﬂaﬁ (Ay sin 90y Sy (cos 1)) — (AﬁsinQﬁ — A—ﬁa w” cos” 1 oo
— 5 2.
— QmeAiﬁZ—Q cos? ¥ — %cﬁ cos? 19) Sini(cos ) + S (cos9) = 0

17



2. Unstable mode solutions to the Klein-Gordon equation in Kerr-AdS spacetimes

for Ape(w, a,a) € C. If a > 0, the angular ODE takes the form

52 m2 =
A si . 2,2
sinﬂaﬁ( 9 sin Y0y Sy (cos ) <A19 snZ Ay —a?w? cos® ¥
o (2.2.2)
— 2mawA—£—2 cos? 9 + 7 2 a2sin 19) Smi(cos ) + A\ Smi(cosd) = 0.

Using these modified oblate spheroidal harmonics, one obtains that, for fixed m and [,

u = V1?2 + a?R satisfies the radial ODE
u(r) + (w* = V(r)u(r) =0, (2.2.3)
with

V(r) =Vi(r) + Vo(r) 4+ Val(r)

3r? 5oy + 317 (1+;—§>—4Mr+a2
Vi(r)= -0 55— + A
* (r2 4 a?)4 (2 + a2)?

A (M + w?a?) — Z2a’m? — 2mwaZ(A_ — (r? + a?))

‘/O(T) - 2 2)2
(r?2 + a?)
a A 9 )

Val(r) = - (r* + ©(a)a?).

2 (r2 4+ a?)?

Here O(x) = 1 if 2 > 0 and zero otherwise. We will use the shorthand V := V — w?. Note
that Vj has an explicit dependence on w, whence V depends on w explicitly. Recall that ’
denotes an r*-derivative

d A d
dr* r24+a2dr’

To indicate the dependence upon a, we will often write V, and V, for V and V respectively.

2.2.2. Local analysis of the radial ODE

To see which boundary conditions are appropriate for u, we perform a local analysis of the
radial ODE near the horizon r = r and at infinity, using the following theorem about
regular singularities, which we cite from [Tes12], but it can also be found in [SR13| or
[Olv74].

Theorem 2.2.1. Consider the complexr ODE

Suppose f and g are meromorphic and have poles of order (at most) one and two, respectively,
at zo € C. Let fo(v) and go(v) be the coefficients of pole of order one and two, respectively,

in the Laurent expansions. Then we say that zo is a reqular singularity. Let s1(v) and so(v)

18
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be the two solutions of the indicial equation
s(s=1)+ fo(v)s+ go(v) =0

with Re (s1) < Re(s2).
If so(v) — s1(v) ¢ Ny, a fundamental system of solutions is given by

hj(z,v) = (z — zo)sj(l’)gj(z, v),

where the functions pj are holomorphic and satisfy ;(zo,v) = 1.

If so(v) — s1(v) = m € Ny, a fundamental system is given by

hi = (z — 20)% 01 + clog(2)hs

ha = (z — 20)*202.

The constant ¢ may be zero unless m = 0.

In both cases, the radius of convergence of the power series of o; is at least equal to the

minimum of the radii of convergence of the Laurent series of f and g.

The horizon

Adopting the notation of the previous section, and, after expressing the radial ODE (2.2.3)

with r-derivatives, we have

- oA 2r (P +a?)?
AL r24a? 97 A2

Thus we obtain

fo=lim(r—ry)f=1

r—ry
=i =T ) = i O ot ) -z = e
with
¢ = 1Eam —w(rt +a?)

O A_(ry)

as 0, A_(ry) > 0. Thus, the indicial equation is solved by s = +¢.
Therefore if € # 0, a local basis of solutions u (or R) is given by

{(- = r)%01, (- —ry) Cpa}

for holomorphic functions ¢; satisfying ;(r4) = 1. For £ = 0, a local basis is given by

{e1,01 (1 +clog(- — 7))}
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2. Unstable mode solutions to the Klein-Gordon equation in Kerr-AdS spacetimes

for ¢1(r4) =1 and some constant ¢, where x as in (2.1.10).

Lemma 2.2.2. If u extends smoothly to the horizon, then there is a smooth function

0: [ry,00) = C such that
u=(- "”+)EQ-

Proof. Boyer-Lindquist coordinates break down at the horizon, so we need to change to

Kerr-star coordinates. Then the solution i takes the form

. ¥ 0y —iw(t*—A®r) Lim(e*—B(r)) o)
¢(t TP 719) =e € Sml(aw,cosﬁ) (T2+a2)1/2’

where

da (r2+a®)(1+7r2/0%) - A_ dB a(l —a?/0?)
dr A_(1+7r2/02) ’ dr A

Hence u extends smoothly to the horizon if and only if there is a smooth function f such
that

U(T’) _ efi(wA(r)me(r)) f(T’)
Therefore the claim reduces to showing that
Q(T) — (7” . 7,+)—§ e—i(wA(r)—mB(r)) f(T‘)

is smooth. Since

d , . 13
— (=i(wA(r) —mB = 1
g (@A) —mB@) = =+ (1)
we have
o(r) = e—Elog(r—ry) (Llog(r—ri)+0(r—ry) f(r),
which proves the claim. ]

Corollary 2.2.3. Assume u satisfies the horizon reqularity condition. Then a local basis

of solutions to the ODE at the horizon is given by
(- —r+)0
for a holomorphic function o defined around r = r.

This asymptotic analysis at the horizon motivates the horizon regularity condition of
Definition 2.1.4.
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Infinity

The radial ODE has a regular singularity at r = co. To analyse it using the Theorem 2.2.1,
we rewrite equation (2.2.4) by introducing = := 1/z. This yields

r 22

d’H 2  f\dH g
- — +ZH=0.
dx? < > dz * x? 0

For the radial ODE, we have x = 1/r. We obtain

flx=0)=0, lim£:2, g(z =0) =0, limg:(), lim J

z—0 T x—0 T z—0 X

The indicial equation becomes

P?—s+a—2=0,

which is solved by si:%:l:\/%—a. Set
9 — k2
= ckeN;.
& { 1 e}

Then, for a ¢ £, a local basis of solutions near infinity is given by

{r VAT (1), 12V g 1))

with functions g1, g2, smooth at oo and satisfying g1 (c0) = g2(c0) = 1. For a € &, a local

basis is given by
1
{037,—1/2—/@ log ; T—1/2+AQ2’ T—1/2—\/9/4—a92(,’,)} )

If u extends smoothly to r = r4 and we specify a boundary value u(ry), then the arguments
of Section 2.2.2 show that C3 has to be zero.

Lemma 2.2.4. Let u satisfy (2.2.3) on (r4,00) and extend smoothly to r = ry, then, for

large v, u is a linear combination of

_ 7,—1/2+/€

hi(r,a,w, a) o1(r,a,w, a)

ha(r,a,w,a) = 7"_1/2_“92(7“, a,w,a)
for functions o1 and g2 holomorphic at r = 0o and satisfying p1(00) = p2(c0) = 1.

Corollary 2.2.5. If u satisfies the horizon reqularity condition and the Neumann boundary
condition at infinity, then, for 5/4 < o < 9/4,

u = Clhl
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for a constant Cy € C.

If u satisfies the horizon regularity condition and the Dirichlet boundary condition at
infinity, then, for all « < 9/4,

u(r) = CQhQ
for a constant Co € C.

Remark 2.2.6. The asymptotics near infinity do not change if we add v(r? + a?)/(r?A_) to

g as in Section 2.3.1.

Uniqueness of solutions and dependence on parameters

As one would expect, choosing a value of u at r = r; determines the solution to the radial

ODE uniquely, which is being made more precise in the following

Lemma 2.2.7. Let Cy € C. Then there is a unique classical solution to (2.2.3) on (r4,00)

satisfying u(ry) = Cy and extending smoothly to r = r.
Proof. There are constants r, < rg < Ry < oo such that, by Corollary 2.2.3,

u=(—r)0

in (r4,70) and, by the previous section, is linear combination of two branches on (Ry, c0).
The boundary condition at the horizon hence defines u uniquely on (r4,79). Moreover, the
corresponding linear first-order ODE is Lipschitz continuous in [rg, Ry + 1], so u can be
uniquely extended to this interval, but now w is a solution to (2.2.3) on [Rp, Ry + 1] and is

hence a unique linear combination of the branches near infinity. O

Lemma 2.2.8. Let ug be a unique solution to (2.2.3) for a certain set of parameters
(o, wo, ag) with fixed u(ry) satisfying either the Dirichlet or Neumann boundary condi-
tion. Let there be a neighbourhood of these parameters such that for all (a,w,a) in said
neighbourhood, there is a unique solution uq ., o with the same boundary conditions. Fix an

7€ (ry,00). Then
(o, w,a) — Ugwa(T)
18 smooth.

Proof. 1t is known that an initial value problem

dg

E:F(gaA% 9(0):90

for a smooth function F' with parameter A depends smoothly on initial data. By defining
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the initial value problem

d g\ _ (F(g,N) 9(0)\ (90
dr\x) \ o )7 \N0)) \\)’

one deduces the smooth dependence on parameters. By dividing (r, 00) in three intervals

(r4,70), [r0, Ro] and (Rp,00) as in the previous proof, we obtain the claim O

Let u be a solution to (2.2.3) that extends smoothly to the horizon. Fixing u(r4), we can

uniquely define reflection and transmission coefficients A(a,w,a) and B(«a,w,a) via
u(r, o, w,a) = A(a,w,a)hi(r,a,w,a) + B(a,w, a)ha(r, a,w, a) (2.2.5)

for large r. Here h; and hy are the local basis near infinity from Section 2.2.2. Let W
denote the Wronskian. Then

W(u, hg)

A=
W (hy, h2)

and similarly for B.
Lemma 2.2.9. A and B are smooth in o, w and a.

Proof. Note that A and B are independent of r and apply Lemma 2.2.8. O

2.2.3. Detailed analysis of the potential

From the analysis in [HS11a] we know that the angular ODE has countably many simple
eigenvalues A, labelled by [ = |m|,|m|+ 1,... for any given m € Z, and corresponding
real-valued eigenfunction S,,; if w € R. For later use, we need a bound from below which

can be found in [HS11a]. We state it here for the sake of completeness.

Lemma 2.2.10. Let w € R. If the Hawking-Reall bound ri > |a|l is satisfied, the eigenval-
ues can be bounded below as
At + a%w? > Z2m|(|m| + 1)

(2.2.6)
At + @*w? > Z2m|(Im| + 1) + a*w? — Cyalmllw — wyl,

where Cy, > 0 depends on £ and a only and

—_

ma=

wi (4,74, a,m) == 2 e
+

We will also need an asymptotic upper bound on the ground state eigenvalue A;,,,. For

a < 0 and by the min-max principle, we know that

2 —9 2 —_
i du =< m =

: = 2 = 99 9 2

= min Ay |==| + = |u|| — ——a“w” cos® V|ul
" uev,nunl/o <[ 9| ' Agsin?¥ Ay
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2. Unstable mode solutions to the Klein-Gordon equation in Kerr-AdS spacetimes

2

- 2mawA—€—2 cos® 9|ul?* —

™
< min / A
uel, |lull=1 Jo

for U = {(sin®)™lp(¥) : o analytic}, which is the subspace of L? which contains all S, —

see appendix A.1. We obtain exactly the same estimate for a > 0.

%az cos? 19u|2> sin 9 dd

=2 2

=4 m a?

d 2
“ ]u\2> sind dd + (|a| + 2|mal - jw — w+\) —

| do

A,g sin?

Lemma 2.2.11. Let n € N. Then

™ T n+1 ™ r n+1
/ sin™ ¢ dv = f ( i ) and / sin”ﬁCOSQﬁdgzﬁ ( 2 )
0 2 0

e > T (5)

i particular

/ sin" 9 dd ~ vV2rn Y2 and / sin™ ¥ cos2 9 dv ~ v/ 2mn~3/2
0 0

as n — o0.

Proof. The exact identities can be proved by induction. For n = 0 and n = 1 use

I'(1/2) = /7 (from Euler’s reflection formula) and the duplication formula

L(2/2)D((1+2)/2) = VA2 "T(2)

for z #0,—1,— . The induction step follows by integration by parts:
s ™ ™
/ sin” ¥ dd = / sin" !9 sind dv = / (n —1)sin" 2 9(1 — sin® ) dv
0 0 0

The formula involving cos? ¥ follows immediately. For the asymptotics, we use the Stirling

formula
T(z) ~ VorA 12,
yielding the result. O
Define

Upy 1= W—F(]m\—l—l) _1/2Sin‘m‘
wi= (Vg am) v

Then um € U and [[tm|[ 12((0,r)sin 9 a9 =1 As 1 — cos? ¥ < Ay < 1, we hence know that

Amms/
0

du, |2 2 ,
519 ' +EZSi?40!um,2> sind dd + (Ja| + 2|mal - |w — w4 |) %2
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2.2. Preliminaries

Lemma 2.2.12.

lim =2
m—o0

IN

)\mm
m
Proof. To prove the result, we compute
1 / ™ (| duy, |2 —2 m?
m2 0

_ 1jaD (| +3/2)
dv sin® ¢

L (jm|+1)

\um\Q) sinddd =7
X / (cos2 Jsin® 9 + 52) sin2l™l=3 qy
0
~ 232 B2 1/2,,—1/2

by the previous lemma. Hence limy, o0 Amm/ m? < 22 ]

Lemma 2.2.13. Let £ > 0 and o < 9/4 be fized and let N, L > 0. Moreover assume the

spacetime parameters ro and a satisfy

4 292

e —al
—— < —N. 2.2.7
(T_Qi_ +CL2)2 ( )

Then there is an mg > 0 such that for all mode parameters |m| > mgy and | = m, we have

A_m?=?
V-uw<-N——o 2.2.8
Wz (r2 + a2)2 ( )
on an interval (Ry, Ra) of length L at w = wy (4,74, a,m).
Proof. Let us first rewrite the potential:
V — UJ2 = V+ + Voz
T <H2 ? 2a2E2m2 m2a*=?  m2a®=2 (r? — Tif)
=*m” — _
(r2 4+ a?)? r2 +a®  (r2 +a?)? A (11 4 a?)?
A_
S (A -2
+ (r2 + a2)2( m’)
- 2,,2 A_m?E? 4 22
:V++Va+m()\—: m”) + (7“2+a2)2(7“_2~_+a2)2(r+_a )
A_m?E? a? 2 2, 2 2,2 —1 , 3
" (r2 +a?)?(rl + aQ)QI@” —rlr@ri 4o+ 65) = a i 4y
A_m?E?
a2/ =
(r? 4+ a?)?
2r? A a? r?—a?> 2Mr o 1 9 9
[EQmQW * (r2+a2)2m?222 " (r2+a2)2m222 (2252 (r* +©(a)a’)
A ri — a?0?
=)t e 2.2.9
+ (EQmZ > + (T-Zi- +CL2)2 ( )
a*(r —ry) 2 2, 2 292 —1 3
+T[T(2T++a +07) —a®lir +ry]
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2. Unstable mode solutions to the Klein-Gordon equation in Kerr-AdS spacetimes

Note that
[r(2r% + a® + %) — a*Crt + 13|, = A (r4) > 0.

Moreover A — Z2m? > 0 by (2.2.6) if the Hawking-Reall bound is satisfied. To obtain
negativity, we will violate the Hawking-Reall bound in the boxed term. First we can choose
|m| large such that A/=2m? — 1 is bounded above by a sufficiently small constant, in virtue
of Lemma 2.2.12. Since the term in the last line is decaying, we can find an R; such that
the last term is bounded on [R;, Ry + L]. By making |m/| possibly larger, the terms of the

first line are also bounded on the interval.

Let
4 242
el P N
(rt +a?)? ~

Now we choose m sufficiently large such that

A €
—2mm2_1< o
=m 3

There is an R; such that

aX(r—r4)
A_

Em

[r(2r} +a® + %) — a*Prit 3] < 3

for all r > Ry. Set Ry := Ry + L and choose m such that

1 272 n A_ a® n r?—a? 2Mr ar? Em
m2 \ 222 (r2+a?)222  (r2+4a2)?2 =2 (2=2 3
on [R1, Ry]. Putting everything together, the lemma follows. O

Remark 2.2.14. The same proof yields the analogous negativity results for V — w? + F,
where F' is any continuous function on (r4,00) that is independent of m. This will be used
in Section 2.4.1.

Define the functional

> A_
Ea,r ,a(f) ::/ <
+ vy \ 72+ a?

on C3°(r4,00). We often suppress some of the indices and write £, and V, in view of
Section 2.3.1.

df

dr

2 2\(,.2 2
(V —w?)(r® + a”)
+ A |f|2> dr

Lemma 2.2.15. Choose (14, a,?) and (m,l) as in Lemma 2.2.13. Then there is a function
f € C5°(ry,00) such that

La(f) <0.
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2.2. Preliminaries

Proof. We have the following estimate for the functional if f is supported in (R, R2):

2 2 =
canz [ (MR) e f|2> "

R r?r +a? R + a?

df

dr

Choose an f such that fis 1 on [Ry+ L/4, Ry — L/4] and 0 outside of (R1, Ry). Furthermore

we require that

a7l o2
dr|~ L
Hence
Lalf) < 64A_(R2) N m2Z2L
T (2 +a?)L 2(R3 +a?)’
If necessary, we can increase m further to make the expression negative. O

Remark 2.2.16. Fix £ > 0 and 0 < 74 < £. Choose ap < 9/4 and a = ag such that (2.2.7)
holds. Then there is a non-empty open interval I C (—o00,9/4) with o € I, a non-empty
open Interval I’ around ag and an mg such that Lemma 2.2.15 holds for all « € I, a € I’

and |m| > my.

We want to conclude this section by showing that £, is always non-negative if the

Hawking-Reall bound is satisfied. We borrow the following Hardy inequality from [HS11a].

Lemma 2.2.17. For any rey > 74, we have for a smooth function f with fri/z = o(1) at

infinity that
L[ ., * A
= dr < 0=
452/7« 7l T_/T r2 + a?

cut cut

2

df
dr

Proof. We include a proof for the sake of completeness. Integrating by parts and applying
the Cauchy-Schwarz inequality yields

© ) 00 o |df 2
g — I'cu d S 4 — Icu g d .
| gl <a [* o na? | ar
The lemma follows by estimating reys > 7. ]

Thus we can prove the

Lemma 2.2.18. Let 72 > |a|¢. Then for all f € C§°(r4,00),
La(f)>0.

Proof. Noting that 2 > ri > a2, one deduces

2—a A 9
r
2 (r? 4 a?)?

(a*A + (r* — a*)2Mr) >

27



2. Unstable mode solutions to the Klein-Gordon equation in Kerr-AdS spacetimes

and one sees from (2.2.9) that

Vi, > 2-a_ A 7"2>—L7A_ r?
2 (r?2+4a?)? 402 (r2 +a?)?

IS}

Using Lemma 2.2.17, we conclude L,(f) > 0. O

An analogue of Lemma 2.2.15 can be proved for the twisted functional used in Section 2.4.1.
For 0 < k < 1, define

~ o0 A
La(f) = / (r”?””
re \ 72 +a?

with V! as in Section 2.4.1.

1)

2 9. 2
+vah’”A+“|fy2> dr

Lemma 2.2.19. Choose (14, a,?) and (m,l) as in Lemma 2.2.13. Then there is a function
f e C5°(ry,00) such that

La(f) <O0.

Proof. For f € C$°(ry,00), Lo(f) = La(f) by choice of V1. O

2.2.4. Periodic mode solutions

Lemma 2.2.20. Suppose we have a ¢ € Syod(a,w,m,l) such that w € R. Then the
following statements are true:

(i) We have maZ — (12 + a®)w =0, i. e. that w = wy(l,r4,a,m).

(ii) We have am # 0.

Proof. We wish to show (). First let us only deal with the Dirichlet branch. Then u is

decaying at infinity. Define the microlocal energy current
Q7 :=1Im (u’ﬂ) .
We have Qr(c0) = 0. Moreover

dQr _

I "— 12 —
g = m (u'u+ [u'|*) =0

by the radial ODE. By Lemma 2.2.2, we obtain

o= () 00 0) = S (S - o)

r—rL Cor24a? \r—ry

and so
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2.3. Growing mode solutions satisfying Dirichlet boundary conditions

‘We conclude

0= (13 +aQr(r) = 02 + @)t (310D ) = (e = 7% + )t )

(2.2.10)
If u(ry) = 0, then u vanishes identically by Lemma 2.2.7. Hence we conclude that
maZ — (ri + a®)w = 0.
For the Neumann branch of the solution we observe that
Qr =Im (réJr“di* (r%*”u) u> .

From the boundary condition, we immediately get Qr(occ) = 0 as well and the rest follows
as above.

Part (ii) follows immediately from (r2 + a?)w = Zam. O
2.3. Growing mode solutions satisfying Dirichlet boundary

conditions

2.3.1. Existence of real mode solutions

We now fix £ >0, @ < 9/4 and 0 < ry < {. Recall the variational functional

o A
*Ca(f) = /’r+ <T2+(12

for w = wy = amZ/(r? + a?). Define

2

df

dr

22
+ 7 yf|2) dr.

A:={a>0:3f €eC°: Lo(f) <0}

By Lemma 2.2.15, there is an mg such that A is non-empty for all |m| > mgy and | = m.
Fix m and [ henceforth.

If the bound r2 > |a|¢ is satisfied, then £,(f) > 0 for all compactly supported f by
Lemma 2.2.18. Hence A is bounded below by a strictly positive infimum. Moreover A is

open as a — L4(f) is continuous for any fixed f.

Remark 2.3.1. We restrict ourselves to a > 0, but we could have defined the set A to also

include negative values of a.

Our aim is to show that £, has a minimiser for a € A. We will apply the natural steps
of the direct method of the calculus of variations. First, we will specify an appropriate
function space, then we will show that the functional obeys a coercivity condition and that
the functional is weakly lower semicontinuous. The existence of a minimiser follows by an

application of compactness results.
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2. Unstable mode solutions to the Klein-Gordon equation in Kerr-AdS spacetimes

For U C (r4,00) define the weighted norm

1
) = | zlrPar
and the space
L*(U) := {f measurable : £l L2y < oo}

This is clearly a Hilbert space with the natural inner product (-, -) L2(U)-

For U C (r,00), we define the weighted Sobolev space H' via the norm

2
f)dr

dr

||f”2gl(U) = /U (\f|2 +r(r—ry)

Note that for U C (r4,00) compact, the H' norm is equivalent to the standard Sobolev

norm. As usual, let H{(U) be the completion of C$°(U) under e (-

Lemma 2.3.2. Let u € Hj(ry,00). Then u is also in C(ry +1,00) (after possibly changing

it on a set of measure zero) and

. T 1/2—k _
TIEEO u(r) = Thﬁlgor u(r)=0

for all kK > 0.

Proof. Let v € C§°(ry,00) and > ry + 1. Then
T

|ww3Mm+nH/'\mwmmﬂ
ry+1

0 1 1/2 0o )
/ /
<Cllollmg oo+ ([ gz} ([ r
T4 T4+

< C' ol

@
dr’

9 1/2
dr’)

There is a sequence (u,) in C§° such that u,, — u in H} and pointwise almost everywhere.

T‘+,OO) ’

Choose an R such that (u,,) converges pointwise there. For any 8 < 1/2, we have

Or (rﬁ(u - um)) ‘ dr

< R |u — up| (R) + C" |ju — Unn| g1 -

r—00

lim rﬁu(r)‘ < RP |u — up| (R) +/R

Therefore, the claim follows. O
To establish a coercivity-type inequality, we use the Hardy inequality of Lemma 2.2.17:

Lemma 2.3.3. Let a € A be fized. There exist constants r < By < By < 0o and constants
Co, C1,Co > 0, such that, for sufficiently large m, we have for all smooth functions f with
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2.3. Growing mode solutions satisfying Dirichlet boundary conditions

fri/2 = o(1) at infinity that

/%( A
- r2 + q?

Here we can choose Co =1 if o < 2.

dr

2 B
+001[BO,BI]c|f|2> dr < 4 / |f12dr 4 CaLa(f).

Bo

Remark 2.3.4. Note that the dependence of the expression on « is via V in £,. Recall from
Section 2.2.1 that

V=V-uw=V,4+Vy+V,—u?

Proof. First, we have to study the potential again:

N

3 +T+ 1+£2 _CL2
(T«Qf‘FG)I(H) ( >

(r2 + a?)?

Vo « 1
(12 4 )3 (1)) = — % (% + O(a)a?)
A_ 2y —l—

Vo — w? A—{—w — 2mwa=z

2 2 + +a

ry +a")———(ry) =

(3 +af) =5 () ri +a?
=2m? 4

~ (r? +a?)3 "+

Thus for sufficiently large |m|, the expression is greater than zero. Furthermore, note the
asymptotics

AL 22— a) (2.3.1)

(7"2 +a2)
as r — 00.

We will deal with the cases a < 2 and a > 2 separately. First, let o < 2. The
function 7"1“'77“217 is only non-positive on an interval [R;, R2]. Choose constants such that
ry < By < R1 < Ry < By < 0. Set Cj to be the minimum of TQA%“QV on (r4,00)\[B1, B2
and set —C to be its minimum on [Bj, Bs]. This immediately yields the result.

Now let av > 2. There exist Ry, Ry such that %f/ is positive on (74, Ry) and

2 4+ a2 -~ 1

A V> 462(1_6)

on (Rg,00) for an € > 0 because of (2.3.1). Hence

© 2 4 a2 - —€/2
VIf?dr > — 2dr / 2q
R > 22 [ Cipars o [T irpar

e\ [ A |df? ,
T e o R . d
( 2) /R2 r2 +a? |dr * 852/ P dr
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2. Unstable mode solutions to the Klein-Gordon equation in Kerr-AdS spacetimes

by Lemma 2.2.17. Choose By, By as before. Let C be the minimum of TZA%“QV on (r4, By).
Let €Cy/2 be the minimum of C' and ¢/(8¢?). Moreover, set —C7/2 to be the minimum of

TQA%GQV on [By, Bs|, we obtain

o A_
Pl
/r+ r2 4+ a2

and hence the inequality. d

df
dr

2 B1
+8001[BO,31]C\f’2> dr < 5(3’1/ |f2dr + La(f)

Bg

Lemma 2.3.5. The functional L, is weakly lower semicontinuous in H'(ry,c0) when

restricted to functions of unit L? norm.

Proof. As the functional is convex in the derivative, the statement is standard and a proof
can be extracted from [Eval0, §8]. We note that the boundedness from below comes from

the norm constraint. The r weight deals with (r4, c0) having non-finite measure. O

Lemma 2.3.6. Let a € A. Then there exists an f, € H{(ry, 00) with unit L*(ry,00) norm

such that L, achieves its infimum over

{f € Hy(r,00) = | fll2 =1}

on fq.

Proof. By Lemma 2.3.3,

/°°< A
- r2 + q?

holds for all f € HJ. From this, it is evident that

af
dr

2 B
+ Col[BO,Bl]c|f|2> dr < Cl/ |f|?dr + CoLa(f) (2.3.2)

By

Lo(f) > —o0
if || fll2 = 1, whence
vo = f{La(f) : [ € HY, ||fll2 =1} > —occ.

We can choose a minimising sequence of functions of compact support by density. Thus let
{fa,n} be a sequence of smooth functions, compactly supported in (r, 00) with || fonll ;2 = 1,
such that

ﬁa(fa,n) — Vg.

The bound (2.3.2) implies that || fo5|| ;1 is uniformly bounded. Thus by the Banach-Alaoglu
theorem, it has a weakly convergent subsequence in H, (1)(7“+, 00). Recall a simple version of
Rellich-Kondrachov: H'[a,b] embeds compactly into L?[a,b]. Hence by the equivalence of

norms, the subsequence has a strongly in L? convergent subsequence on compact subsets
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2.3. Growing mode solutions satisfying Dirichlet boundary conditions

of (r4,00). Relabelling, we have a sequence {f,,} that converges to f, weakly in H} and
strongly in L? on compact subsets of (r;,00). The space H} is a linear (hence convex)
subspace of H' that is norm-closed. Every convex subset of a normed space that is

norm-closed is weakly closed. Therefore, f, € HJ.

We claim that || fa||;2 = 1. We have

a2 = 1) < 1 fall 2oy sy = Wfanllzzgr,oamm)

Wl g2rssrsmanye = ol 2oy 1m0

Due to the L? convergence on compact subsets, the claim follows if

lim hm || fa, nHL2

aim ((rs 00\ +1/N,N) = O

Suppose not. Then there is a g such that, for any N, there are infinitely many of the f, .,
such that

HfanHL ((r+4,00)\[r++1/N,N]) >Q>07

i.e. the norm must concentrate either near the horizon or near infinity. Suppose first that

”fa:””LQ(r_._,r_._—i-é) >0>0

dfa n dfa,n

dr’

dr’

for infinitely many f,,, and any 6 > 0. By (2.3.2), we have for r € (ro,r; +1):
dfan

r++1 00
| fan(T) / dr +/
ry+1
r++1 / 1/2 41 / 9 / 1/2
< — dr) /r (r' —ry) G dr
1/2
0o 1 1/2 0o Afon 2
([ mre) (/ dr=
7‘++1 7‘++1

dr’
1
§C<1+ logr r)
— T4

for a constant C' > 0. Since r — +/|log(r — 74 )| is integrable on compact subsets of [ry, c0),

we obtain — 0 as 6 — 0, a contradiction. Hence we only need to exclude

L?(ry,r4+9)
the case that the norm is bounded away from zero for large r. Thus, suppose that

Hfavn”LQ(Rg,oo) > 09 > 0

for infinitely many f, , and any Ry > 0. However,

Roo2 < Hffl,nHLQ(ROPO) e
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2. Unstable mode solutions to the Klein-Gordon equation in Kerr-AdS spacetimes

for a constant C’ > 0 by (2.3.2) and any Ry, a contradiction. This shows that

[ fall 2 = 1.

By the infimum property, we have

Vg < ﬁa(fa)'

By Lemma 2.3.5, we get

Lo(fa) < lirr_l)inf Lo(fan)-

Ea(fa,n) — Vg,
the latter equals v,. Thus the minimum is attained by f,. O

We would like to derive the Euler-Lagrange equation corresponding to this minimiser.

Lemma 2.3.7. The minimiser f, satisfies

o0 2 2 o)
/ (ﬂA dfady Vaﬁfa@b) dr=—v, [ L2pdr (2.3.3)

+a2 dr dr . 72
for all 4 € Hi(ry, ).

Proof. The proof can be extracted from [Eval0]. The analogous proof for twisted derivatives

is given for Lemma 2.4.6. O

Proposition 2.3.8. There is an a and a corresponding non-zero function fz € C*(r4,00)
such that

A d( A df
r2+a2dr \r2+a2 dr

)-Vafazo

and f; satisfies the horizon reqularity condition and the Dirichlet boundary condition at

infinity.

Proof. First we would like to show that v, is continuous in a. We will use the notation A%

to denote the A_ corresponding to a. Given a; and ao, we have

Vay = Eal(fm)
e o] Ati2
_/,Nr T’2+a%

0o A™ A2 dfa1
+/ 2+ a2 124 a2 dr
T4 1 2

dfa, |2

dr

- r? 4+ a2
+Va2 2|fCLl|2 dT

A*
2 2 2 2 2
- " +a ~ T ta
+ (Val L VaQ 2) |fa1|2] dr.

A" A
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2.3. Growing mode solutions satisfying Dirichlet boundary conditions

Due to the continuity of £,(f) in a, the first line is greater or equal than v,, if a; is sufficiently
close to ao. Since the coefficients in the second line are continuously differentiable in a, we

can use the mean value theorem to obtain

o0
Va, ZVaZ—C\al—a2|/ (r—ry)
T4

for some constant C' > 0. We obtain an analogous inequality reversing the roles of a; and
az. Using (2.3.2) and [|fa[2 = 1 yields

dfa,
dr

2
+ |fa1|2> dr

oo d " 2
|1/a1—1/a2|§C]a1—a2|/ ((r—r+) ({1 +|fa1|2) dr < C’|ay — as).
T4 r
Since A # (), we set
a:=inf A.

As stated in the introduction to this section, A4 is open, so a@ ¢ A. By continuity of v,, this
implies that v; = 0.

Now choose a sequence a, — & and corresponding minimisers f,, € Hp satisfying
|| fanllz2 = 1. Then, as in the proof of Lemma 2.3.6, by Lemma 2.3.3, f,, is bounded in
H' and there is a subsequence (also denoted (a,)) such that f, — fi weakly in H' and
strongly in L? on compact subsets for a f; € H, [1). Again by Lemma 2.3.3 and the strong L?
convergence on compact subsets, we see that f; is non-zero. Moreover, we have sufficient
decay towards infinity by Lemma 2.3.2. Hence we get the desired asymptotics.

From the weak convergence of (f,, ), Lemma 2.3.7 yields that f; satisfies

e A_ dfsdy  ~ r?4+a? B
/T <r2+&2 drﬁ—i_va A_ fay ) dr =0

+

for all ¢ € H{(ry, 00). Since this is the weak formulation of an elliptic problem with smooth

coefficients, we readily obtain f; € C°°° and

A 4 s a
r24+a2dr \r2+a2 dr

> —Vafa=0.

It remains to check the boundary condition at the horizon. The lower semi-continuity of

convex functionals with respect to weak convergence implies that

o A_ |dfy,|? - r2+add .
= Va z a d < Qan
[Jr (7“2—|—a% d?" + n A, |fn| T—Z/n
whence
o AL JdfaP P +a?
S 'L . 12] dr <o.
/7«+ <r2+a2 ar | TVamaz Vel pdrs0
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Hence

2

ol 4 < 0. (2.3.4)

dr

< AL
/r+ r2 4+ a2

Near r, the local theory (Theorem 2.2.1) implies that there exist constants A, B and

non-zero analytic functions ¢; such that

fa = Ap1 + B(log(r — ry )2 + ¢3).

If B # 0, then
* AL |dfal?
RS dr = oo,
r TP+ as | dr
whence B = 0. Hence f; satisfies the horizon regularity condition. O

Remark 2.3.9. From Lemma 2.2.18, we conclude that |a| > 72 /¢. An alternative way to see
this comes from [HS11a]. There it is shown directly that, if the Hawking-Reall bound is
satisfied, there are no periodic solutions. One can easily see that the proof generalises to

the case when the Hawking-Reall bound is saturated. Thus we obtain |a| > 2 /¢.

Corollary 2.3.10. Assume our choice of parameters, a = a and w = wy. Let Cy € C.
Then the radial ODE (2.2.3) has a unique solution satisfying u(ry) = Coy and the Dirichlet

boundary condition at infinity.

2.3.2. Perturbing the Dirichlet modes into the complex plane

We have shown that, for given ¢ > 0 and o < 9/4, there exists a real mode solution in a Kerr-
AdS spacetime with parameters (¢, ,a) and w = wg(0) := Zam/(r3 + a*). Henceforth,
we shall denote the chosen a simply by a. Now we wish to vary w and «, keeping all the
other parameters constant. Keeping u(r;,w, «) fixed, satisfying |u|(r4,w,«) = 1, the local

theory yields a unique solution to the radial ODE of the form
u(r, a,w) = A(a,w)hy (r, a,w) + B(a, w)ha(r, o, w) (2.3.5)

for large r, c¢f. Lemma 2.2.7 and (2.2.5). The functions A and B are smooth in w
and . Finding a mode solution is equivalent to finding a zero of A. We already have
A(a(0),wr(0)) =0. Write A = Ar +1iAs. Recall

Qr(r) = Im (u'n)

and that

dQr (r) = 2+ a?
dr AL

Im (V — w2) \u(r)|2
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2.3. Growing mode solutions satisfying Dirichlet boundary conditions

Eam — wR(ri + a2)
r2 + a?

Qr(ry) =

i

where we have used |u(ry)| = 1. Therefore,

Qr(r) =

=am — (r_%_ + a®)wp N /’" ()2 + a?
Ty

I 17) 24,
ri—i—a? A_ <m [ul* dr

Differentiating at wrp = wr(0) and o = ap with respect to wr and « yields

0Qr
Owg
0Qr

da a=oQ, W=w

=—1 (2.3.6)

a=op, w=wi

—0 (2.3.7)

for all r € (r4,00). In a similar way, for large r, using (2.3.5), we have

A_ dh A dh
_ 2 el 7— 1057
A_ dh27 2 8- A_ dh2

Upon differentiation at wr = wr(0) and a = ag with respect to wr and «, the first term
vanishes for all r. Therefore, combining (2.3.8) with (2.3.6) and (2.3.7), we obtain

+ Tﬁ—aQIm (de}fA ) +|BP ﬁ‘aQIm (dd}fm))
+ Tﬁ‘aQIm (B(L}”Ah > - yB|2mIm (ffjm))

for all r sufficiently large. Note that these equations imply that the right hand sides are

a=op, Ww=wi

constant. Evaluating in the limit » — oo yields
2 /9 12 dA 2 /9 V2 9A; dAR
—-1=—=(-- I Bl==(-- —Br——B8B 2.3.
(ie) (B =a (i) (Gamn-nm) @

2 (9 \'* r9A_\ 279 \'?ro4 8AR
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2. Unstable mode solutions to the Klein-Gordon equation in Kerr-AdS spacetimes

To extend the coefficient A(a,wgr) = 0 to complex w, we want to appeal to the implicit

0Ar O0Agr
8wR da
det oA DAy £ 0.

Owpr oo

function theorem establishing

From equations (2.3.9) and (2.3.10) we see that this holds if

92 (0(0),on(0)) £0.

This is true indeed:

Lemma 2.3.11.

O (0(0),wn(0)) £0.

Proof. Suppose 0A/da = 0. Then we have

O (1, 0r(0), 0(0)) = 20 (w(0), a(0) el wor(0), a(0))
+ B(o(0),9(0) 22 1, w1(0), 0(0)).

—1/2—1/9/4—a(0)

Thus Ou/0« is polynomially decreasing at infinity as r and extends smoothly

to r = r4. Defining the derivative u, := du/0da, we get from the radial ODE

A_ d A_ du ~ A ox 1 A_
— ) Vuy=|— - =72+ 0 2y 1 .
r2 +a?dr (7“2 + a2 dr ) [(ﬂ Ta®)28a 212 +a2)2(r +06()a”) | u

Multiplying by @ and integrating by parts, we obtain at wgr(0) and a(0)

/OO (A (gi - zi?(’g + 9(0‘)“2)> Jul* dr = 0. (2.3.11)

2 + a?)?

Now the two cases @ < 0 and 0 < o < 9/4 have to be treated separately. If o < 0, then
Proposition A.1.3 readily gives 0\/da < 0, so that u would vanish identically.

For o > 0, we need to use the formula for 9\/da from Proposition A.1.3. Together with
(2.3.11), this yields

00 A T .
/ W/O 2] (= — a*cos®¥) |S|? sind|ul* dY dr = 0,
T+

whence we get the same contradiction. O
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2.3. Growing mode solutions satisfying Dirichlet boundary conditions

2.3.3. Behaviour for small £ > 0 for Dirichlet boundary conditions

From the analysis of the previous section, we have a family of mode solutions u(r, ) to the

radial ODE parameters (w(e), m,l, a(e)), where
w(e) = wr(e) +ie.

The mode u satisfies the horizon regularity condition and the Dirichlet boundary condition
at infinity. This proves the first part of Theorem 2.1.7. To prove the second part, we would
like to study the behaviour of w(e) and a(e) for small € > 0.

To obtain the following statements, we potentially need to make |m| even larger than in

the previous sections.

Proposition 2.3.12. If |m| is sufficiently large, we have

wR(o)%"—:(o) <.

Proof. Define
QT :=Im (u’@) .
Let ¢ > 0. We have

Qrlra) =1 (5@ loPr) =0

+

since ¢ has a positive real part (see (2.1.11)), u ~ (r —r, )¢ and hence |u|(r;) = 0. Moreover,

QT(r) — 0 as r — oo since u ~ r~1/2=%_ Furthermore, using the radial ODE, one computes

dQT A_ ldul? 2 +a? PN 9
=— = Im ((V, — .
dr £ +a? |dr A ((V “ )w) [ul
Hence
o0 A ldul* 2+ a2 o 9
/r+ (ew o A m (Vo —w?)w) [u]* | dr=0 (2.3.12)
with
—Im (Vo — w2)w) = 7(1"2 ‘ECLQ)Q <V+(7’2 + a2)2 + ]w\Q(r2 +a?)? — 22a%m?
@ A 2 2
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2. Unstable mode solutions to the Klein-Gordon equation in Kerr-AdS spacetimes

From Proposition A.1.2, we know that —Im (Aw) > 0. Hence

—Im ((V, — w?)@) > 702 fa2)2 <V+(r2 +a®)? + |wA(r? + a?)? — 22a®*m?
o ) , A - (2.3.13)
_ ﬁA_(T +a @(Oé))) — m@ €|W| .
We set
K(r) = |w]?(r? + a*®)? — 22a*m? — A_d®|w|?.
We have
iK(r):|w|2 4 1—f 3+ 2a%M + 2a* 1—a—2 r) >0 (2.3.14)
dr 02 02 ) o
As already used in Section 2.3.1, there is an R > ry such that, for r > R,
1 A
VetVe>—mmpra
By an application of Lemma 2.2.17, we conclude
0 A d 2 2 2
/ (EQ—}—Q diu — r ; a4 Im ((Va —U.)Q)w) ’UP) dr
RO\ TAT A - (2.3.15)

For the sake of contradiction, suppose K(r4) > 0. Then, by (2.3.14), K > 0 on (r4+,0),
whence we obtain strict positivity for (2.3.15). As

m2a252

2 _
‘w(())‘ - (ri—i—aQ)Q

and as, for fixed r4, a is bounded away from zero for all m,
w(0)|> > Cm?.

Since € + w(e) is continuous, |w|? scales as m? for small €, so dK/dr can be chosen as large
as possible at r = ry, in particular, it can be used to overcome the potentially non-positive
derivative of the remaining terms of the right hand side of (2.3.13) on (74, R). Then, (2.3.12)

implies © = 0, a contradiction.

Hence K (ry) < 0 which is equivalent to

— 2
2 2 ~am
wrE) " +eo < | 5—= .
nle) <r1+a2>

This in turn is equivalent to the claim. O
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2.3. Growing mode solutions satisfying Dirichlet boundary conditions

In the following, we will fix an |[m| > mg such that Proposition 2.3.12 holds.

Remark 2.3.13. The choice of m could have been made right at the beginning as the choice

of mg in Lemma 2.2.13 is independent of the largeness required for Proposition 2.3.12.

The next proposition shows that the mass « is at first increasing along the curve obtained
by the implicit function theorem. The proof requires a technical lemma which is given at

the end of this section.
Proposition 2.3.14. Let a(0) < 9/4. Then

oo

g(0) > 0.
Proof. Define
w = 28
C e’

Then

0 A_ Oue (V —w?)(r? + a?) o (r*+a? -
87"<r2+a2(f97“>_ A ug_&s( A V)“
We would like to multiply this equation by @ and then integrate by parts, Using u ~ r—1/2=5()
for all £ by Section 2.3.2, u. ~ logr(r —r,)~1/27* and hence satisfies the Dirichlet boundary
condition at infinity.

At r = r4, ue does not satisfy the horizon regularity condition. Thus we have to compute
the boundary term created by the integration by parts. We know that

Eam — (r1 4+ a?)w(e)

f(r,e) == exp <—i A log(r — m)) u(r, e)

is smooth, whence

0 1 - 0
87:5 =i(r} +a?) gfg_(T?r)) < “E i) f(re)

Eam — (11 + a®)w(e)

+ exp (—1 oA (] log(r — r+)> Ue

and

0 0
Ug('l", O) = m (1 — lg;%> log(r — T+)u + 87;:)(7", 0)

We have
(A dw, d( A dw) d( A da
dr \r2 + a2 dr dr \r2+a? dr dr \r2 +a2 “dr

+ i Af dj
uadr r2 +a2dr
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2. Unstable mode solutions to the Klein-Gordon equation in Kerr-AdS spacetimes

and

dugﬁ_u da _ r? + a? 1_iawR 1 f?
dr “dr o 0.A_(ry) O ) r—ry

2 2
ri+a _ .Owgr _ du_
+ A () <1 e )log(r r4)Im <dru>’

‘We note that

A du_

is zero at r = r4.. Thus evaluating the radial ODE at ¢ = 0, multiplying it by @, taking real
parts and integrating by parts yields

00 .2 2 ()
B 2 r“+a ov
) = [ e (85>

For a # 0, the derivative is given by

Re (%‘;) ‘80 = (7’2—A|—a2) [Re (gﬁ) +2a2wR(O)8;)j(0)]

ul*dr (2.3.16)

A_ _Owp Owp , 12— ri
- 2maz -2
(12 4 a?)? ma= de (0) = 2wr(0) Oe ( >r2 + a?
10a A_

“Ea eyl T

_ A [Re (8)‘ _ QTin(O)awR(O)) - ia—a(r2 + O(a)a?)

(r2 4 a?)? Oe Oe 02 Oe
Ow r? —r2
— 2wg(0) aj( )3 Mg. (2.3.17)

Noting that [j [S|*sin9dd = 1 and using Lemma 2.3.15 to eliminate the dependence on A
and then Proposition 2.3.12, we conclude that da/0¢(0) needs to be positive to make the
integrand of (2.3.16) negative. The restriction to a # 0 can by removed by continuity from

the left of the reflection and transmission coefficients A and B. O
Lemma 2.3.15. Ate =0, for a <0,

™ 2 2 a2
/0 (2 [Ha +(ri+a )62} A, WR— + 72 © 19—8 + Re <8 |S]“sinvdd =0

and, for a >0,

™ 2 2 2
- 9 9 9 0’| cos®y  Owr a 22 o oA 9
/0 (2 [Ha +(ri +a )62] A, YR @S 29—8 + Re (8 )]S| sind dd = 0.

Proof. Let a > 0. Set Se := 05/0¢e. Then, differentiating the angular ODE with respect to
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2.3. Growing mode solutions satisfying Dirichlet boundary conditions

e, evaluating at ¢ = 0, multiplying by S, taking the real part and integrating by part yields

the claimed identity. An analogous computation yields the result for o > 0. ]

2.3.4. A continuity argument

We now deduce Theorem 2.1.9 from Theorem 2.1.7. In this section, we fix £ > 0 and
ap < 9/4. In the previous sections, we have produced a curve € — ap(¢) of masses with
0ap(0)/0e > 0. This means that the constructed mode solutions will solve a radial ODE
with a different scalar mass. This section formalises the intuitive idea of “following up” the
curves € — «(e) starting at an « close to ap until one “hits” the desired mass, which is made
possible by da(0)/0e > 0. The proof consists simply in establishing necessary continuity

and carefully choosing neighbourhoods. This can be divided into two independent steps.
1. We show that the function mapping « to the corresponding a is left-continuous.

2. We show that, for a and corresponding & sufficiently close to ag and the corre-
sponding ag, the implicit function theorem guarantees a curve, starting at a and the

corresponding @ and real frequency w.y, which exists “long enough” to “hit” ag.

Note that, for any f € C§°, (a,ry,a) — Loy, o f) defines a continuous function. For a
given f € C§°, define the family of sets

Ao (f) ={a>0: Lo, a(f) <0}

and

Aa,r+ = U Aa,r+(f)

fecse
={a>0:3feCi: Loy, alf) <0}

Remark 2.3.16. A, corresponds to the set A from Section 2.3.1.

Define the function
¢ (—00,9/4) x (0,00) = (0,00), ®(a,ry) :=inf Ay,

if Ay, # 0.

Lemma 2.3.17. Let 0 < r < £. Then there is an interval I C (—o00,9/4) with ap € I and
an mq such that ®(-,ry) is well-defined for all « € I and |m| > my.

Proof. The set A, ,, non-empty, open and bounded away from zero for all v € I C (—00,9/4)
by Remark 2.2.16, whence ®(-,74) is well-defined. O

We shall fix 4 now. Moreover, we shall fix mg such that Lemma 2.3.17 holds and an
m > mqg > 0.
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2. Unstable mode solutions to the Klein-Gordon equation in Kerr-AdS spacetimes

Lemma 2.3.18. The function ®(-,r4) is non-increasing in o € 1.
Proof. Suppose ®(-,74) was not non-increasing. Then
inf Ay, <inf Ay,
for some o < . Hence there is an a > 0 with
inf Ay r, <a <inf Ay,
and an f € C§° such that
Loy alf) <0< Loy alf)-
This contradicts that Lo, o(f) > Lo s, a(f) for all f and a if a < /. O
Lemma 2.3.19. The function ®(-,r1) is left-continuous at oy, i. e.

lim ®(a,r4) = ®(apg,74).
atTag

Proof. Suppose ®(-,r1) was not left-continuous at ag. Then there is an € > 0 such that,

for all 4 > 0, there is an o < o with
apg—a <9
and
D(a,ry) — P(ag,ry) > €.

Then there is an a between ® (g, r4) and (o, 74 ) such that there is an f with a € Aq, . (f),
but, for each d, there is an o with a ¢ Aq,, (f). Since Lo, o(f) < 0 and due to the
continuity of £.(f), there is a § > 0 such that for all ap — o < §, we have Lo, o(f) <0,

i.e. a € Aa,y, (f), a contradiction. O

For a € I, we define

o m®(a,ry) (1 - 7‘1"‘3;5”2) yais
rl@) = 2+ ®(a, r4)? ‘ (2:3.18)

As shown, this is left-continuous at ay.

Now we turn to the second step. Recall that, for all o € I, there is a periodic Dirichlet mode
with frequency w = Qr(«) € R in a Kerr-AdS spacetime with parameters (¢,74, ®(a,r4))
by Proposition 2.3.8. Using Section 2.3.2, we can find unstable Dirichlet mode solutions
with frequency w = wg + iwr = wr(e) + ie (where wr(0) = Qr(a)) to the Klein-Gordon
equation with mass a(e) (where a(0) = ). As by Lemma 2.3.17 the results of Section 2.3.3
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2.3. Growing mode solutions satisfying Dirichlet boundary conditions

hold, we know that

O ow R

E(O) > 0, K(O) < 0. (2.3.19)

In this section, B,(x) will denote an open ¢°° ball of radius ¢ centred around x € R4, i.e.

By(z) == {y eR?: jlriax4|xj -y < g}.

=1,...

We view the column vectors (o, wg,wr, a)? as points in R*.

0Ar 0OAgR
R Owr O
D :=det oA, oA |-

Owr Oa

Consider

It was shown in Section 2.3.2 that D(a, Qr(a),0,®(a,74)) # 0 for all a € 1.

From Lemma 2.2.9, we know that A is smooth in «, w and a. Hence there is an
L > 0 such that D # 0 in Bp(ao, Qr(ap),0,P(,74+)) and such that, for all values
(o, Qr(a),0,®(a,74)) € Br(aw, Qr(), 0, P(ag, 74 )), we have a € I.

Hence in this neighbourhood, the vector field

0Ar  9AR 0 9AR

Oa OwRr Owr

(9A[ BA] 0 0 aAI

W .= — Oa OwRr Owr
0 0O -1 0 1
0 0 0 -1 0

is well-defined. It is this vector field whose integral curves describe the solutions given by

the implicit function theorem as applied in Section 2.3.2. In particular, solving the ODE

%(a(‘?)vw}%(g)vw[(g)v a(e))’ = W(al(e),wr(e),wi(e), ale))

with initial conditions (o, Qg(a),0, ®(a,74)) (o € I) gives the previously introduced a(e)
and wr(e).
Set W := (W, W<r, W, We)t. By (2.3.19),

W (g, Qr(a), 0, ®(ap,r4)) >0
and
WYE (o, Qr(ap), 0, P(ag,7+)) < 0.
Let 6 > 0. Again by smoothness of A, there are o > 0 and L’ < L such that

W — W (g, Qr(a0),0,@(a0,74)) ||, <6 and W* > o, W¥E < —p
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2. Unstable mode solutions to the Klein-Gordon equation in Kerr-AdS spacetimes

in Br/(ap, Qr(ap), 0, P(ag, r4)).
We now study integral curves of W in B/ (ag,wr(ap),0, ®(ap,74+)). Let

7= (7 p)
be the integral curve of W with (0, p) = p € B/ (o, Qr(a0), 0, ®(av, 7+ )). Define the map

T: BQL//3<040,QR(CV()),O,(I)(OJQ,T'_;,_)) — R,

T(p) = inf {T >0: ’Y(T?p) € BQL’/3(a05 QR(QO)’ 05 (I)(a(]vr'i‘))b} .

The set {7‘ >0 : y(7,p) € Barsyz(ao, Qr(), 0, @(ao,hr))b} is non-empty since

d
Therefore T is well-defined.

Lemma 2.3.20. T is continuous.

Proof. For this proof use the abbreviation B := By, 3(a0, Qr(), 0, ®(ap,74)). Let pg € B,
70 := T'(po) > 0. Let 0 < ¢ < 79 such that y(7,pp) € B for 704+ ¢ < 7 < 79 + 2¢, which
exists by (2.3.20). Define

dy := min{dist(y(7,po),0B) : 0 <7 <719 —¢}

We claim that d; > 0. Suppose not. Then there is a 7/ € (0,79 — €] such that
dist(y(7', po),0B) = 0. Since

W >0, W@R<—p W=1 W*=0, (2.3.21)

whence W is not parallel to any side of the boundary 0B of the £°° ball, this would imply that
(7, po) € B° for a range of 7’s in a small neighbourhood of 7/. This, however, contradicts
70 = T'(po). Hence d; > 0.

Furthermore define
da := min{dist(y(7,po),0B) : 0 +¢& <7 < 79 + 26}

Using (2.3.21), we can see again that do > 0. Set d := min(dy, d2).
Set

G :={y(r,po) : T € [0,70 + 2¢|\[10 — &, 70 + €|}

Since the solutions of linear ODEs depend continuously on the initial data, there is a
d > 0 such that, for all p € Bs(po), v(7,p) is in a d/2-neighbourhood of G for all 7 €
[0, 70 + 2¢]\ (70 — &, 70 + €). Thus for all p € Bs(po), T'(p) > 10 — € and T'(p) < 10 + ¢, i.e.
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2.3. Growing mode solutions satisfying Dirichlet boundary conditions

T(p) = T(po)| <e. O

Hence there exists a Ty > 0 such that

T(p) > To

for all p € By, 3(ao, 2r(a0), 0, ®(ag,7+)). As continuous functions attain their minimum
on compact sets, Ty can be chosen to be positive. This shows that all integral curves
of W starting in By 3(ao, 2r(a),0, ®(ag, 7)) exist for 0 < 7 < Ty and remain in
Br/ (o, Qr(ap),0, P(ap, 74)).

We can prove the following
Lemma 2.3.21. Given («(0),wr(0),w(0),a(0))" € Brs/3(a0, Qr(ao),0, ®(ag, 7)) with
ap — Too < a(0) < av,
let
s = (a(s),wr(s),wr(s), als))’

be the integral curve starting at (a(0),wr(0),wr(0),a(0))t. Then there is a T € (0,Tp] such
that (1) = ap.

Proof. The ODE yields

To
a(Tp) = a(0) + ; W a(s),wr(s),wr(s),a(s))ds
> a(0) + Toe.

If ag — Too < a(0) < ap, then a(Ty) > ap and, by the intermediate value theorem, there is
a 7 € (0,Tp] such that (1) = ayp. O

The function ®(-,74) induces the curve
I':awm (Oé, QR(a)a 0, q)(aa T+))t

for o € I; it is continuous on the left at ag. The result of the previous section says that
along this curve, the implicit function theorem produces parameter curves that correspond
to superradiant modes; these parameter curves are exactly the integral curves of W starting

on a point of I". Since I is left-continuous,
['N B s(ao, Qr(a), 0, @(ao, 7+)) N {ag — Too < a(0) < ag} # 0.

This shows Theorem 2.1.9
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2.4. Growing mode solutions satisfying Neumann boundary

conditions

2.4.1. Existence of real mode solutions

In this section, we will construct growing mode solutions satisfying Neumann boundary
conditions. Every result has a counterpart in Section 2.3. In the following, whenever
proofs will be short in detail, the reader can extract those from Section 2.3. The two novel
techniques in this section are the use of twisted derivatives with appropriately modified
Sobolev spaces and a new Hardy inequality (Lemma 2.4.2).

Fix ¢ > 0 and r4. In this section, we look at the range 5/4 < a < 9/4,i.e. 0 < Kk < 1,
for Neumann boundary conditions.

To treat the Neumann case variationally, we need to modify the functional, so it becomes
finite for Neumann modes. We achieve this by conjugating the derivatives by a power
of r; more precisely, we consider the twisted derivative h% (h‘l-), where h = r~1/2ts,
This “kills off” the highest order term of the Neumann branch. Moreover, squaring the
twisted derivative term does not introduce any “mixed terms” in f and its derivative; it
only produces a zeroth order term that also makes the potential finite.

Thus introduce the twisted variational functional

~ > A_
Lo(f) = /r+ (MhQ

where f/ah as in appendix B.1, i.e.

~ ~ 1 A 1. d A_ 3
h __ S—K —S+kK
V(l —Va+<2—/€) r2+a27“2 C17“<T2+Q2T 2 >

By Lemma B.1.2, V" = O(1) and V/* is positive near infinity for sufficiently large |m/|, which

hf)

‘AL

22 2
ar ( + P !f|2) dr,

shall be assumed henceforth. Moreover, V" is chosen such that the twisted variational

problem leads to the same Euler-Lagrange equation as the untwisted one.

2
) dr.

Note that for U C (ry,00) compact, the H: norm is equivalent to the standard Sobolev

For U C (r4,00), we define the twisted Sobolev norm

(h7'f)

2 ,_ Loce 2| d
1z oy -—/U<Tg\f| +r(r—ry)h q

r

norm. For U = (ry,00), let H!:(U) be the completion of functions of the form

f(r)=r"2"%g(r) (2.4.1)

under [|[| 17y, where (z + g(1/2)) € C§°[0,1/r4). Henceforth, we will sometimes refer to

such a function g as being “compactly supported around infinity”.
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2.4. Growing mode solutions satisfying Neumann boundary conditions

Lemma 2.4.1. Let f € Hl(ry,00), then f is also in C(ry + 1,00) and r/>=%f(r) is
bounded.

Proof. The existence of a continuous version follows as in Lemma 2.3.2. Then, there exists
a sequence (f,) € C* as in the definition such that f, — f in H.. Let R > R > r, and
let f,(R) converge to f(R):

R
RV (1u(B) — £(R)| < |V (4(B) - )|+ [

R
< |2 (fu(R) — £(R)

L (g - f))‘ dr
+ </ROO r(r —ry)r T2

dr
9 1/2
dr) X
o 1 1/2
d
qAE ==t

Hence r'/2=% (f,(r) — f(r)) converges uniformly for all > R. Hence we even have conver-

r-1/z+N% [TI/Q—/{ (o — f)}

gence at r = co. Since lim,_, rl/z_"‘fn(r) = oo for all n, we obtain the result. O

As in Section 2.3.1, choose mode parameters such that the conditions for Lemma 2.2.19
are satisfied. Let

A:={a>0:3(zw g(1/z)) € CF[0,1/ry) : La(r~/?T g) < 0}. (2.4.2)

Note that A4 is non-empty, open and bounded below.

Lemma 2.4.2. Forrey > 74 +1, 0 < k < 1 and a smooth function f with fr'/2=% = O(1)

2
dr)

at infinity, we have that

|f’2 1 1 c /Tcut 9 1 Tcut
dr < —rah [ 5 fRdr+ -
/”\cut T2 1 out 2 Tcutfl‘ | 26 reut—1
1 /Oo —142k d 1/2— 2
+ r — (r “f)
(1=£)2 Jrou dr

for any ¢ > 0 sufficiently large.

df

dr

dr

Proof. We compute:

’ 1
/Tcuc |£L dr = ﬁ Cut|f| (Tcut)

1 * okeo 12—k 4 (12w
+1_K/wr Re <1“ = (r2==7) ) ar

Using the Cauchy-Schwarz inequality, one easily sees that

fI? 1
/ ’7“ dr < 17 Cult’f’ (rCut)
Tcut
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2. Unstable mode solutions to the Klein-Gordon equation in Kerr-AdS spacetimes

% <r1/2_”f) ’2 dr.

1 > 1+2
+ / TR
(1 - "{‘7)2 Teut

Let x > 0 be a smooth function of compact support with x(rcyt) = 1 and xy = 0 for
r < reat — 1. Then

’f‘Z(rcut) S ‘f|2(rcut)X(rcut)

c Tcut 1 Tcut
<5 [ ke,
2),

cut_l 2C Tcut—l

2

df dr

dr

for any ¢ > 0 sufficiently large. O

Lemma 2.4.3. There exist constants r+ < By < B; < oo and Cy,Cy > 0, such that, for

large enough m, we have for all smooth functions f (for which the following integrals are

defined) that

R
- r2 4 g2

forall a € A.

d , _
4 (v

2 2 B ~
+001[BO,BI]C'Q> ar<Cy [ i ar 22,
0

Proof. The proof follows the strategy of Lemma 2.3.3. The analysis of the potential goes
through as in Section 2.3.1 as the twisting part of Vah does not depend on m and has the
right asymptotics. Thus we know that there is an Ry such that

2 2
TAJFQ V>0

on (74, R1). Moreover, there is an Ry > R; such that

T2 + a/2 ~h C C Af
~Z and
A_ Vo' > orz (1-k)2 S ra

for r > Ry. Hence

0o .2 2 00
A =T
Ry A- Ry—1 7%+ a@?

2 Ry
i (7“1/2_”]‘">‘ dr—C'/R |f|2dr

dr 5—1

for some large constant C’ > 0 by the Hardy inequality of Lemma 2.4.2. Choosing By, B,
Cp and C; appropriately (as in the proof of Lemma 2.3.3), we obtain the inequality. O

Lemma 2.4.4. The functional L, is weakly lower semicontinuous in H (1, 00).
Proof. See the comments to Lemma 2.3.5. O

Lemma 2.4.5. Let a € A. There exists an f, € H:(ry,00) with norm [ fall L2 y =1

4,00

such that L, achieves its infimum in

Hi(r4,00) 0 {IIFll 2, o0y = 13
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2.4. Growing mode solutions satisfying Neumann boundary conditions

on fq.

Proof. The proof is similar to the one in Section 2.3.1. We obtain a minimising sequence
(fan) that converges weakly in H} and strongly in L? on compact subsets of (r,00). In
analogy to the Dirichlet, the f,, are can be taken from a dense subset and can be chosen to

be of the form f,, = Y 2+K9a,n for g,n smooth and compactly supported around infinity.

We will show that the norm is conserved. Suppose not. Then, for any N, there are

infinitely many of the f, , such that

| fonll 2, con e +1/my 2 €> 0-
Suppose
anll2 s 2 02> 0

for infinitely many f,, and any 6 > 0. Because of the L? convergence on compact subsets,
there is an R such that f,,(R) — f.(R) as n — oo, in particular f, ,(R) is bounded for all
n. By Lemma 2.4.3, we have for r € (r4, R):

1/2—x < f d e / 1/2—x
|T fa,n(r)| > dr r fa,n dr'+ R fa,n(R)

R 1 1/2
< (/ ; dr') X
r =Tt
R
> / (7"/ _ r+),r/—1+2fe

+ R1/27ﬁfa,n(R)

§0<1+ 1ogR_”>
r—r4

for a constant C' > 0. Since r — +/|log(r — r4)| is integrable on compact subsets of [r4, 00),

9 1/2
dr')

g (7" n)

we obtain Hfa,nHy( — 0 as 6 — 0, a contradiction.

4,74 +6)
Hence we only need to exclude the case that the norm is bounded away from zero for

large r. Thus, suppose that

”fa?n”L2(RO,OO) >02>0

for infinitely many f,, and any Ry > 0. Since f, ,(r4+) = 0, we have

Al < [ |5 (47 )
4 (r%% fam)

%) 1 1/2 5%
142k
: (/ i) (/ T

dr’

1/2
dr> ,

o1



2. Unstable mode solutions to the Klein-Gordon equation in Kerr-AdS spacetimes

which is uniformly bounded for all n. Hence

[e'¢) 2 [e%¢)
/ | 3 dr < C"/ r3t2% dr 50
Ro r R0

as Ry — oo, a contradiction.

As in the proof of Lemma 2.3.6, we have
Va < La(fa) <liminf Lo (fan) = Va
n—oo

and the rest follows. O

We would like to derive the FEuler-Lagrange equation corresponding to this minimiser.

Lemma 2.4.6. The minimiser f, satisfies

r2+a2 dr

s 2 2
I Gty 072 g 00+ 02w ) ar = [ var 243)

for all ¢ € HE(ry,00).
The proof of Lemma 2.4.6 can be found in appendix B.2.

Proposition 2.4.7. There is an a and a corresponding non-zero function fz € C*(r4,00)
such that

A d( A df
r2+a2dr \r2+a2 dr

>—Vafa=0

and f, satisfies the horizon regularity condition and the Neumann boundary condition at
infinity.
Proof. As in Proposition 2.3.8, we find an f; € H. such that

/OO< g (T%_Hf&) ddr (?“2 ”w) +Vhr +a faw) dr = 0.

r2 + a2 dr

Choosing ¥(r) = PR g(r) with g having compact support around infinity and integrating
by parts, we obtain

A* —14+2k d 1k
2 1a? 5(” f&)g_)O

as r = oo for all g as in (2.4.1). This yields the asymptotics.
Moreover, as in the proof of Proposition 2.3.8, we retrieve the ODE. The boundary
condition at the horizon follows analogously to Section 2.3.1. O

2.4.2. Perturbing the Neumann modes into the complex plane

In Section 2.4.1, we constructed real mode solutions for 5/4 < a < 9/4 satisfying Neumann

conditions. For the growing radial parts, we proceed as in Section 2.3.1 with the difference
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2.4. Growing mode solutions satisfying Neumann boundary conditions

that here, finding a mode solution is equivalent to finding a zero of B. The present
case is considerably more difficult than the Dirichlet case. A first manifest difference is
the asymmetry in the definitions of Dirichlet and Neumann boundary conditions since a
Dirichlet mode has more decay than required by Definition 2.1.6. This means that if a
function satisfies the Dirichlet boundary condition for a mass «j, it also does so for every as
sufficiently close to . As Definition 2.1.14 is tighter, this is not true in the Neumann case.
Another difficulty stems from twisting as the dependence of the equations on « becomes

more complicated.
We have already chosen B(a(0),wr(0)) = 0. Recall from Section 2.2.4 that

Eam — wgr(r? + a?)
r? + a?

~ ulr)I

Qr =Im (T_é'mdd <r%_”u> u) , Qr(ry) =

Hence, analogously to Section 2.3.2, the problem reduces to showing that

%5 (a(0),wn(0)) £ 0.

Again, for the sake of contradiction, suppose that this is not the case. Then, near infinity,

we have

04 1(0), wr(0)) o (1 (0), wr (0))

~%a
+ A((0),wr(0)) 5 (r, (0 wr(0).

ua(r, (0),wr(0))

By the horizon regularity condition, u ~ (r — 7, )¢ near the horizon, u, is smooth at r = r,.
However, u, does not satisfy the Neumann condition at infinity as the second term behaves

as r~1/2t5 Jog .
Let f: (ry,00) = C be C! and piecewise C2. Then the function

_Os
da

o(r) 1= () — S F(r)ulr) = alr) + 5 F(r)u(r),

does satisfy the Neumann boundary condition if, for large r, f(r) = logr + O(r~7), where
v > 0.

From the radial ODE, we obtain

d (A dua _r2+a2‘~/u 1 @—l(rz—i—aQ) u
dr \r2+a? dr A YT 2462 |0 12 '

Lemma B.1.1 yields a twisted version

1d A_ o d fug ~ 72+ a? 1 ox 1,5 5
- — (=) ) — = — - — . 2.4.4
h dr (r2+a2h dr(h)> Va Al T 12142 |0a KQ(T Fa)ju | )

We will use the previous twisting, i.e. h = r—1/2%%,
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2. Unstable mode solutions to the Klein-Gordon equation in Kerr-AdS spacetimes

For the second term of v, we compute:

1d/ A ,d/.u A/ AL LdfN
2 2= (2 =t =2 ) (b7t
hdr <r2+a2 dr <fh)> dr (7“2 + a? dr) (h™"u)

AL Ldfd
op~1 2
+2h r24+a?2  drdr F G
d A_ d
1,4 2 1
th fdr <T2+a2h dr e )>

We add this to the equation to (2.4.4) multiplied by 2x. Then we multiply the resulting
equation by u and integrate by parts, noting that v satisfies the Neumann boundary

condition. Hence we obtain
0= /00 72,€ <8>\ a2> ]u\er
ry T24+a? \Oa 12
/Oo %LM?,E — 2df )
vy \ 212 +a? dr 7“2—|—a2
0 A 2 T‘ +a (245)
_/ / (r2+a2h2 (h7tu)| + V3 Ju |2> dr

¢ AL
2
/ fT2+CL2

dr.
Our aim is to show that the right hand side of (2.4.5) is negative, which yields the desired

Q-‘Q_,

< (h )

dr

contradiction.

From Section 2.3.2, we already know that

< 2k o\ a? 9 < 2k ™ a?
_ dr = — v 29|52 sind|ul?> d¥ d
/T+ a2 <8a £2> |u|® dr /r+ Zra? ), 72 Co8 || sin ¥|u| r

has the right sign. We set

lo T+LR—2:, r>R
f(r):= & 2’1 r o (2.4.6)
log R+ 5, r<R

for an R > r4 + 1 to be determined. Note that f is continuously differentiable. For r > R,

af 1 R
(1=
dr() 7‘< 7‘2“>>0’

whence f is monotonic.

First, we choose R sufficiently large such that Vah > 0 for r > R according to Lemma B.1.2,

whence
o0
A_
h?
/,4+ / <7‘2 + a?

o4

S (h)




2.4. Growing mode solutions satisfying Neumann boundary conditions

~(toerr ) [ (h
> r 1 [ R2%* A_
log— 4+ — (2 1)) [ -2 p?
+/R (OgR+2/€<T2“ >> <T2+a2

which is non-negative since the first integral with the constant coefficient is zero and the

d , _
5 (h 1U)

22 2
+VahrA+a\u|2> dr

d

dr

(h™"u)

2 2 2
+ Vahw|u]2> dr,

second integral is positive. For r > R, one easily computes

25 1? h_2d( A h2df>__2/€a2/€2+(2/€—2)_ R?* 1

A 2 o2
02 r2 4 g2 dr \r2+a?2 dr +0(r™)

r2 r26 p2

Therefore, there is a Cy > 0 such that

® (25 12 9 o _od A_ ,df 9 2 Jul?
AL R n2<l ar>-0 [ "“Ca
/R (62 r2 + a2 [ dr (7“2 +a?2 dr [uf*dr > l/R 2

We can prove the following Hardy inequality:

Lemma 2.4.8. Let u satisfy the Neumann boundary condition at infinity and let 5 > 0.

Then
<1 1, |2 .28 1, 2
/R e L drgrlggoﬁ 72 u(r)‘
© 8\ 2 d ruy|?
2 228 (1 _ (T 218 (2
*45/3 . <1 (R))h L) e
Proof. We compute:
> 1 1. 2 o B ﬂ 1k 2
/R g |7 dT:/R 8T<_7“5+R5> r2 "yl dr
B 1, |2 o 1 q 1, |2
Sﬁ rz "y (oo)+/R 57158 |72 U dr
o 2| d /1 2
+2ﬁ2/ rt+h (r B R*5> (Tif'{u) dr,
R dr
yielding the result. O

Since

2 2
Cq lim —g TE_“U(T)‘ —0
r—00

as R — oo, by choosing R possibly larger, we obtain

28 . |1, |2 * 2% [(ON a®\, o
C]_Ri lim |r2 U(T)‘ <—/r+ m (60[_62) |U| dr.

B r—00
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2. Unstable mode solutions to the Klein-Gordon equation in Kerr-AdS spacetimes

Since V* = O(1), we need to show that

0 ‘ |2 00 1 R2K A
Cy dr < log — —1) ) 5—h°
Jo <[ (ot (5 -1))
We will deal with the two cases 0 < k < 1/2 and 1/2 < k < 1 separately. Let us first
consider 0 < k < 1/2. We choose 3 = 2k. Note that in this case

e’} ’u‘Q [e’¢) 1
—dr < —|r
/R 7‘2 — R T1+2n

Lemma 2.4.9. Let C > 0. There is an R such that, for all r > R,

o) = Criean (7))

Proof. 1t suffices to show that

2 2K
4k T\ 2K r 1 R
Cr <1 (R) > 1OgR 2K ((r) 1)

As this holds at r = R, it suffices to show the statement for the derivatives. Substituting

x := r2* we need to show

2

d dr.  (2.4.7)

1 (hilu)

12| dr.

u

0 <22 — (R* +4rCR™*)z 4 4rC = (z — R**)(x — 4xCR™%).

Therefore, the result holds if R* > 4xC. O

This lemma immediately yields (2.4.7) for 0 < k < 1/2. Let us now turn to 1/2 < k < 1.

Here we choose 5 = 2 — 2k.

Lemma 2.4.10. Let C >0 and 1/2 < k < 1. There is an R such that, for allr > R,

(G e oo (D7)

Proof. As equality holds for r = R, it suffices to consider the derivatives, i.e. we would like

to establish
g -4 L 52“ Y E AN
OgR 2K " T r r
2—2kK
_ _ . 242k, 1-2k
2C<(R) 1) (2 — 2) ™22y 128 > .

This again holds for r = R, so, after dividing the inequality by r, it suffices to prove the
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2.4. Growing mode solutions satisfying Neumann boundary conditions

corresponding inequality for the derivatives, i. e.
ocou—m (B ") ACH(2 — 26)— (1)_1_%
r r R2\R
+2C(2 — 2k)(4k — 2)R™A74rp1 =48 >,

The last term on the left hand side is always positive. Thus the left hand side is greater

than
5 gon@ -2t (BY "5 (2 _acl) !
r " R\ " —\2 R/’
which is positive for sufficiently large R. O

Therefore, for both ranges of x, the right hand side of (2.4.5) is bounded above by
Ryl 42 9 e r 1 [ R%* 1% +a?
- = —2 log— + — [ —— —1) ) VAT jy?
- £2r2+a2|u’ dr /R (OgR—{_Qn(rQ“ ))Va A fuldr

o0 A_
_ T j2
/” f7“2 + a?

for non-trivial u, a contradiction. Thus we have shown the following

2

(hlu)| dr<o0

d
dr

Lemma 2.4.11.

0B

=~ (a(0), wr(0)) #0.

2.4.3. Behaviour for small ¢ > 0 for Neumann boundary conditions

The main new idea of this section can be found in the proof of Proposition 2.4.13, where the
insights of Section 2.4.2 are essential to overcome the difficulties outlined at the beginning

of the previous section.

Proposition 2.4.12. For sufficiently large |m|,

8wR

wr(0)52(0) < 0.

Proof. We define an appropriate modified microlocal energy current

~ /
Qr :=Im <1"_§+’i (r%_“> wu) .

Let € > 0, then Qp(ry) = Q7(c0) = 0. This yields

o A
/ <5 5 2h2
e r“4+a

d 2

a (h_lu)

7“2—|-a2

Im (Vahw)|u2> dr =0. (2.4.8)
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2. Unstable mode solutions to the Klein-Gordon equation in Kerr-AdS spacetimes

Similarly to Section 2.3.3, we obtain

_ Ths)~ & 2., 22 & 2, 2
Im (Va w) > RV (K(r)+V+(r +a”) EQA_(T +a )) »
2 r2 4 a2 dr \ r2 4+ a2

with the additional term due to the twisting. Again
K(r) = |wf*(r* + a®)? — Z2a*m? — A_a?|w|?.
Recall from Section 2.3.3 that
dK 2 a®\ 3 2 2 a’
g(r): w| (4 <1—€2>r +2a"M + 2a 1—£—2 > 0. (2.4.10)
By Lemma B.1.2, there is an R > r such that

1 A_ d A_ C
Vv Vv - 1/2—&7 = —3/2+/€ ~
++ CH_<2 R) rz—l—aQT dr <r2+a2r <2r2

for any C' > 0. Thus, by an application of Lemma 2.4.2 as in the proof of Lemma 2.4.3, we

have
o0 Al Lold P 4
/R <€Mh & (h ) — A Im (Va (.U)|’U/’ dr (2 ) 11)
Ty T B
7 Jp Gttt f i

for sufficiently large R and a large constant C’ > 0.
For the sake of contradiction, suppose that K(ry) > 0. By (2.4.10), this means that

K > 0on (ry,00). Since € — w(e) is continuous and

w(0)]* > Cm?,

2

|w|? scales as m?, so dK/dr can be chosen to be as large as possible by increasing m?, in

particular, it can be used to overcome the potentially negative derivative of the remaining
terms of the right hand side of (2.4.9) on (r4+, R) and in (2.4.11) on (R — 1, R). Using (2.4.8)

and (2.4.11), we conclude u = 0, a contradiction. O

From now on we fix m — see Remark 2.3.13.

Proposition 2.4.13.

oo

g(0) > 0.

Proof. The proof proceeds as in Section 2.3.3, adapting the idea used already in Section 2.4.2.
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2.4. Growing mode solutions satisfying Neumann boundary conditions

Set u. := OQu/0¢e. For an f as in (2.4.6) with an R to be determined,

0K 1 O«

o(r) = uelr) = SEF)ulr) = uelr) + 52 f(rulr)

satisfies the Neumann boundary condition at infinity. As fu extends smoothly to the
horizon, the behaviour of v at » = ry is dominated by wu.. Using the h of Lemma B.1.2
yields the ODE

d A d /v 2 +a® -
-1 4 2 d (UNY h
h dr <r2+a2h dr (h)) A Vo'v

r? + a2 v, 1(‘9ah_1d< A h2df>(

Bl
A e "2k 0e dr \r2+a2 dr u)
1 da A df d 1 da d A d
ht 2=t — (bt — — fht— R?— (h ) ).
2k O¢ r24a2 drdr ( u) + 2k Oe dr \r24+a2 dr ( u)

Observe that as in the proof of Proposition 2.3.14

d (A 42d g0 4 A L fd g o d
i (v 07w )= 4 (et (5 07w g, 07h)

d A_ d
hl—(——n>— (h'u)).
T+ dr <r2+a2 dr ( u))

This yields

> (1?2 +a? oV
—2k|u(ry)? —/ ( 2kRe ()
oy A_ Oe

804 d A_ Qdf —1 2
0+85dr <r2+a2h dr)’h u‘ dr

e=

Oac [ A d 2t a?
- = h?|— (b} Vi |u*] d
aE /r+ f <T2+CL2 dT( u) + a A_ ’U/‘ T
do [* . A d ?
- = ————h*|— (h! dr.
de /TJr fr2 +a?  |dr (W) dr
(2.4.12)
The expression for Re (%) ‘ __can be taken from (2.3.17). First, one can eliminate the

explicit A dependence via Lemma 2.3.15 and one obtains a lower bound on terms involving
wr(0) on the right hand side of (2.3.17) using Proposition 2.4.12. Now suppose for the
sake of contradiction that da/0ds < 0. Then Re (%—Z) . is as before in the proof of
e=

Proposition 2.3.14. It follows immediately from Section 2.4.2 that the remaining terms on

the right hand side of (2.4.12) are positive, a contradiction. O

2.4.4. The continuity argument for Neumann boundary conditions

To apply the continuity argument to the Neumann case, we need to take the two steps
outlined in the introduction to Section 2.3.4. The second step merely relied on continuity

properties of A and the monotonicity properties of w(e) and «(e) established in Sections 2.3.3
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2. Unstable mode solutions to the Klein-Gordon equation in Kerr-AdS spacetimes

and 2.4.3, respectively; in particular, it did not rely directly on properties of the functional.
Hence this part of the argument can be carried out almost verbatim. Therefore, we only

need to deal with the first step here.

We make the analogous definitions for A, -, and ® as in Section 2.3.4. For f = r Y2ty
x> g(1l/x) € C§°[0,1/r4), we define

Aari (f) i={a>0: Loy, o(f) <0}

and

Aapei= U Ay (00 7 245g(1/r)))

9€CEe0,1/r+)

—{a>0:3(x— g(1/z)) € CL0,1/r4) : Loy, o(r~ /> "g) <0}
Moreover, we define
®: (5/4,9/4) x (0,00) = (0,00), ®(a,r4) :=inf Ay,

if Aa,r, # 0. Instead of showing monotonicity for ®, we will define a left-continuous function
U that can play the role of ® in the continuity argument. For each o € (5/4,9/4), there will
be a value ®(a, ) for a such that there is a real mode solution satisfying the Neumann
boundary condition for @ and this a. The function ¥(-,r,) will essentially look like ®(-, ),
but will be modified on potential jump points to achieve left-continuity. The arguments of
Sections 2.4.2 and 2.4.3 (which depend only on the existence of a Neumann mode solution)
can be repeated for ¥(«,ry) instead of ®(a, ), thus we can substitute ® by ¥ in the

remainder of the proof of Section 2.3.4.

Lemma 2.4.14. There is a left-continuous function ¥ (-,ry) such that there is a real mode
solution satisfying the Neumann boundary condition for each 5/4 < a < 9/4 and each
a=Y(a,ry).

To prove this lemma, we need a monotonicity result about the twisted functional. Note
that for a fixed g (where (z — ¢g(1/z)) € C§°[0,1/ry)), the function

(@, 0) = Loy, alr”/*g) (2.4.13)

is continuous.

Lemma 2.4.15. Let 5/4 < ro < 9/4. Fiz all spacetime parameters. Let ug == r—/>tr0g,
be a solution to the radial ODE at kg. Define u(r, ) := r~1/**%gy. Then
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2.4. Growing mode solutions satisfying Neumann boundary conditions

Proof. We start from the identity

d A_ d /u _ 72 4 g2 d A_ du ~ 2 4 g2
14 B .9 _ h _ 4 /8- du) grran
h dr <r2+a2h dr (h)) Ya A- T ar <r2+a2 dr) Va A

where we always take h = r— /2% Set u, := Ou/dk. Let f be as in (2.4.6) with an
R > 7. + 1 to be determined and set v := u, — fu. Then we have

8 —ld A, 2d h'f' “+a
Ok <h dr<r2+a2h dr(h)) Va A u>

_i A_ du,i f/r —i—a 8Vr +au
T dr \r2+a2 dr A_ Ok A_
d A_ 24 a2 AV, r? + a?
h 1 YK _Vh . — a
dr(r2+a2 (h)) Al " ok A
. pd (A i(ﬁ) T +a2v_6f/a7“2+a2u
dr \r24+a2 dr \h Va _ Ok A_
d A ,d -2 4+ a?
O — —vh :
+ dT’ <7’2+CL2 d ( )) a A_ fu

Multiplying by u, integrating over (ry,00), integrating by parts as in Section 2.4.2 and
evaluating at kK = kg yields:

* 9 d A_ d su _ 72 4 g2
-~ h*li h27 et __1/h ad
/T+ Ok < dr <r2 +a?  dr (h)) Va A u> we

K=K0
< 1 o\ a?
:2/<a/ _ < > \u|2dr
vy T2+ a? da 02 I
® (25 12 5  d A_ 2df
- = h-
/T+ <€2 o L R <r2+a2 [’ - (2.4.14)
o A_ d 2 o
_/ f <r2+a2h T (h™ u) +V, N lu|* | dr -

2
dr,

/ fr2+a2

By repeating the proof of Section 2.4.2, one shows that the right hand side is negative.

(h ')

K=KQ

For the left hand side, we compute:
d

0 A,
%<T2+a2h dr (h u)
9?2 A o, d 1
- Orok <r2+a2h dr (h u)h u>
o ( ,d A od quN) . prttad®
O <h dr (r2+a2h dr (h))“ Vo

0 ([, 4d A ,d /u o
B 8/€<h dr<r2+a2h dr(h)) Va N A

QTR kil A*_“ |u\2>

61



2. Unstable mode solutions to the Klein-Gordon equation in Kerr-AdS spacetimes

d A_ d su _ 72 4 g2 ou

(14 B o d U\ gu

(h dr <r2 +a2h dr (h)) Ya A_ u> Ok
82 A_ 2 d -1 1
+87“8/£ <r2+a2h @(h u)h u)

Again we have

d A_ d su - 12 4 g2
Wl (——h*— (<)) -V =0.
< dr (7'2 +a? dr <h>) “A u) K=k
Moreover,
o ( A ,d . 14200 4 (17250
- (73 s () b - (r/2="0ug ) 10g 7.
Therefore,
o - © 9 d A d /u -+ a?
~Loria = Z (s ()] -v" ud
O T (U(Ta /1)) . /rJr Ok < dr (7-2 + a2 dr (h)) a A u | udr,

whence positivity by (?7. O

Corollary 2.4.16. For all o € (5/4,9/4), there is a § > 0 such that ®(-,r4) is decreasing
in [a,a+0)

Proof. Lemma 2.4.15 shows that monotonicity is an open property. ]
Now we can prove the main lemma.

Proof of Lemma 2.4.14. Let € > 0. By Corollary 2.4.16, there is an indexing set X and
disjoint half-open intervals Ig, B € X, containing their left endpoints, such that one has
UgexIp = [5/4+¢€,9/4) and CI>(-,7“+)‘Iﬁ is decreasing for all 8 € X. For a € U,Bexjﬂ, set

U(a,ry) == P(a,r4).

Let ag € 0Ig, N Ig,. Choose a sequence (o) C Ig, such that oy — . As the sequence
(®(ag,r+)) is monotonically decreasing and bounded below, it is convergent. We set
ap = limy, ®(ag, r4). Let f,, be the unique solution to the radial ODE with parameters oy,
ar = P(ag,r4+) and wi, = Qr(aoy) — see definition (2.3.18). Let f,, be the unique solution
corresponding to the parameters ag and ag. Since all f,, satisfy the Neumann boundary
condition, continuity of the reflection and transmission coefficients yields that f,, satisfies

the Neumann boundary condition as well. We set
(oo, r+) = ao.

As we can repeat this construction for all ¢ > 0 and all jump points ag, we obtain a function
U(-,ry) defined in (5/4,9/4), whose values correspond to parameters a with periodic mode

solutions.
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Since we have left-continuity at the jump points by construction, it remains to show that
U(-,ry) is left-continuous in « € Ugexfg, which can be proved as Lemma 2.3.19: Suppose
not. Then there is an € > 0 such that, for all § > 0, there is an o < a with

a—ao <
and
U(dry) = V(a,ry) > e

Then there is an a between ¥(a,ry) and ¥(a/,r) such that there is an g with a €
Ao (7‘_1/2+“g), but, for each 0, there is an o' with a ¢ Aq/ ;. (r‘1/2+“g). Therefore, since
ﬁa77«+7a(7‘_1/2+“g) < 0 and due to the continuity (2.4.13), there is a § > 0 such that for all
a — o < 4, we have Za/’u’a(r_l/z*'“g) <0,ie a€ Ay, (r=1/2t%g). a contradiction. [

2.5. Optimally dissipative boundary conditions
This section is devoted to the proof of Theorem 2.1.18, i.e. we want to show that there are
no non-trivial exponentially growing mode solutions

_ —iwt im@ u
P =e“"e" S, (cos 19)7(7’2 EENTe
satisfying the optimally dissipative boundary condition

9

£2
ot

<T3/2—“¢)) + T‘H—QH% (r3/2_”¢) =0

as r — 00, studied in [HLSW15]. In terms of reflection and transmission coefficients, this

imposes

on the modes.

Using the microlocal energy current

Qr(r) =Im (u'ﬂ) ,

we know that

Im <Vah —w2) |u|? dr :2—Hlm (AB) = wr|A* (2.5.1)

Eam — (r1 4+ a®)wgr /OO r? + a?
2
: /

2 2
i +a N A_

for a mode v satisfying the optimally dissipative boundary condition; the calculation is the
same as in in Section 2.3.2.

Let us assume now that 1) is an exponentially growing mode solution. We will show that
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2. Unstable mode solutions to the Klein-Gordon equation in Kerr-AdS spacetimes

u = 0. Since u solves the radial ODE,

. ee A_
—IW|A’2+/ (’[WhQ
T4

or, in terms of real and imaginary parts:

d 2

_ r? + a?
a(h] 1U)

+———Vu y2> dr=0

A_

2

e A_ d r? + a? ~
2 1 AP _
(/L)[‘A| + /r; (Mh di (h ) + A_ Re <Va > |’U/’ dT =0
2 *r?+a? Y ANE
—wpr|A] +/ Im (Va) |uldr = 0. (2.5.2)
v A
Comparing with (2.5.1), we see that
o — Zam
= r2 +a?’

We compute

A_ A_ A_—(r® +a?)
h 2\ 2 -
m <Va — W ) = mlm)\ + mZUJRWIQ - QMCLHWI (7‘2 +a2)2 - 2WRWI
A
= Im A
2 +a2)2
2wRwr 27 2 2\ A 2, 2v/.2 2 2 | 2\2
(r2 + a?)? [a - =i+ a)A_+ (" +a’)(rl +a”) = (r" +a%) }
_ 2WRWT 9
_ (T2+a2)21m)\—|— (2 + a?)2 [ 1A — (7“ —T+)(T’ +a )]

Multiplying the angular ODE for w by S, multiplying the angular ODE for @ by S,

integrating by parts and subtracting the two, we see

T ) = 2
)\—)\:—/0 <Aj9a2(w2— @?) cos® ¥ 4 2ma(w — w)A—%cos 19) |S|? sin ¥ dv,

whence

Im)\:—Qwal/ <: a +r++a >|S|2cos 9 sin ¥ dv.
0o \Ay Ay

If wy > 0, there is a constant C' > 0 such that

A

le (Vah ) < Cm I

WR

which contradicts (2.5.2) unless u = 0.
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3. Absence of horizons in perturbations of
Eguchi-Hanson-AdS spacetimes

3.1. Introduction

3.1.1. The Einstein vacuum equations with negative cosmological constant

The Einstein vacuum equations in n dimensions (n > 2)

2

Ric(g) = —

Ag (3.1.1)

with cosmological constant A can be understood as a system of second-order partial
differential equations for the metric tensor g of an n-dimensional spacetime (M, g). Solutions
with negative cosmological constant A = —(n —1)(n —2)/(2¢?) < 0 have drawn considerable
attention in recent years, mainly due to the conjectured instability of these spacetimes.

The system (3.1.1) is of hyperbolic nature, and studying the dynamic evolution of initial
data is very difficult in general, leading us to take recourse to settings with high degrees of
symmetry. In particular, it is desirable to reduce the dimension of the dynamical problem
to the simplest case of 1 + 1 dimensions. This approach has a longer history for A = 0.
There, for n = 4, the only symmetry group achieving the reduction to a (1 + 1)-dimensional
problem whilst consistent with the spacetime being asymptotically flat is spherical symmetry.
However, the well-known Birkhoff theorem prevents any dynamical consideration since such
a four-dimensional spacetime is necessarily static, embedding locally into a subset of a
member of the Schwarzschild family.

To study spherically symmetric gravitational dynamics in four dimensions, one can follow
the approach of the seminal work by Christodoulou and couple gravity to matter. In a
sequence of papers — see his own survey article [Chr99] for references — he initiated the
rigorous analysis of spherically symmetric gravitational collapse for A = 0 by studying the
Einstein-scalar field system. The model of a real massless scalar field was chosen because, on
the one hand, this matter model does not develop singularities in the absence of gravity and,
on the other hand, its wave-like character resembles the character of general gravitational
perturbations of Minkowski space. Christodoulou’s work led to a complete understanding
of weak and strong cosmic censorship for this model. His approach has later been extended
to other matter models; see [Kom13] for a systematic overview and references.

Christodoulou’s approach was adapted to the context of A < 0 by Holzegel and Smulevici
in [HS11b] and by Holzegel and Warnick in [HW13], who show well-posedness of the Einstein-
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3. Absence of horizons in perturbations of Eguchi-Hanson-AdS spacetimes

Klein-Gordon system with the scalar field satisfying various reflecting boundary conditions
at infinity. The work [HS11c] shows stability of Schwarzschild-AdS in this symmetry class
for Dirichlet boundary conditions. A recent breakthrough has been achieved by Moschidis
in [Mos17a] and [Mos17b]; in his work, he shows instability of exact anti-de Sitter space as
a solution to the Einstein-null dust system in spherical symmetry with an inner mirror.

Another possibility of evading the restrictions of Birkhoff’s Theorem is to study (3.1.1) in
higher dimensions. Working in five dimensions and imposing biaxial Bianchi IX symmetry, a
symmetry corresponding to a subgroup of SO(4), still reduces the system to 141 dimensions
and introduces a dynamical variable B, not dissimilar to the scalar field in the coupled
system. This model was introduced by Bizén, Chmaj and Schmidt. In [BCS05], they
initiated the study of gravitational collapse for A = 0 in this symmetry class by numerical
computations; investigations along those lines were continued in [DH06b] and [BCSO06].

The study of this system in the realm of negative A has been initiated by Dafermos and
Holzegel in 2006. In [DH06a] — now mostly cited for the conjecture of the instability of exact
AdS space —, our Corollary 3.1.21 has been put forward without rigorous proof. Back then,
the problem of proving local well-posedness for the system in biaxial Bianchi IX symmetry
was not solved, thus no extension principle sufficiently strong was available. The present
paper can be seen as a completion of [DH06a], building on the insight into problems in
asymptotically locally AdS spacetimes obtained over the past decade; for an overview of
this work, see [HW13], [EK14] and references therein.

In five dimensions and for A < 0, (3.1.1) has many static solutions which are asymptotically
locally AdS. A spacetime is asymptotically locally AdS if the asymptotics of the metric
towards conformal infinity Z is modelled after AdS space, but Z need not be R x S3
topologically. Prominent examples of such static solutions are exact AdSs space with
spherical conformal infinity! and the AdS soliton of [HM98b] with toric Z. Eguchi-Hanson-
AdS spacetimes form another such family with Z = R x (S3/Z,,) for n > 3.2

3.1.2. Spaces of Eguchi-Hanson type

We introduce four-dimensional Riemannian manifolds modifying Eguchi-Hanson space to the
asymptotically locally AdS context. These will serve as initial data for the five-dimensional

Einstein vacuum equations
. 2
Ric(g) = gAg (3.1.2)

via the local well-posedness Theorem 3.1.7. Our data also exhibit an SU(2) x U(1) symmetry,
thus giving rise to spacetimes with biaxial Bianchi IX symmetry. Then Eguchi-Hanson-AdS

spacetimes form particular examples of the spacetimes thus obtained.

! Numerical studies within the biaxial Bianchi IX symmetry class for perturbations of AdSs were carried
out recently in [BR17].
2 The space S*/Z, is defined in the usual way as the lense space L(n, 1).
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3.1. Introduction

Definition 3.1.1. We say that an initial data set (S, g, K) to (3.1.2) exhibiting SU(2) xU(1)
symmetry is of Eguchi-Hanson type if

S = (a,00) X (5’3/Zn)

for fixed @ > 0 and n > 3 satisfying

(in particular a > /), and if

1 1 1
de? +~v with = 172 e?B (Uf + U%) + —r2e B o3,

9= 4

o |

where t € (a,00) and (01, 02,03) is a basis of left-invariant one-forms on SU(2) (see below)

and
A, r, B: (a,00) = R

are smooth functions such that the following conditions hold:

(i) Around the centre v = a, the functions satisfy the regularity conditions

A :nj(t_ a) + O ((r — a)?)

r=23¢%6(t —a)/6 4+ O ((t — a)7/6)
B+ logr =loga+ O((t — a)).
(ii) The function A is non-zero on (a,c0). Moreover

2

T

as v — o0.

(iii) The function r is the radius of the topological 3-spheres at . Moreover
r=t+0(1)

as v — oQ.

(iv) For an R > a, we have

/ <t332 + o7 (8tB)2) de<C and sup [30.B| < C.
R te(R,00)

We require that
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3. Absence of horizons in perturbations of Eguchi-Hanson-AdS spacetimes

where H is the mean curvature of the symmetry orbits, is finite; we call M the mass of
(8,9, K) at infinity.

Remark 3.1.2. 1. The left-invariant one-forms satisfy
do1+ 092 Ao3 =0, dos +03ANo1 =0, dog+ 01 Aog =0.

One can choose Euler angles (¢, ¢,%), 0 <9 <7, 0 < ¢ <27, 0 <1 < 4w on SU(2)
such that

o1 =sin® siny dy + cosy dd, o9 =sind cosy dp —siny dd, o3 =cosvdy + dip.
In terms of the left-invariant one-forms, the Minkowski metric on R® is given by
1
gMink = —dt? +dr? + ETQ (a% + 03 + a§) .

The Euler angles (9, ¢, ¢) parametrise the 3-sphere away from the poles. By restricting
1 to have period 47 /n, we obtain coordinates on S3/Z,.

2. By identity (C.1.1), the notion of mass at infinity is consistent with the renormalised
Hawking mass introduced in Definition 3.1.4.

3. The triple (S,7, K) is asymptotically locally AdS, consistent with Definition 3.1.5.

Prima facie it seems as if g had a singularity at v = a. However, one should compare this
situation to that of spherical symmetry in spherical coordinates. This intuition is made

more precise in the following

Proposition 3.1.3. Let (S,9) be of Equchi-Hanson type. Then there is a b > 0 such that
for 0 € (a,b), (SN {e < b},9l0<p}) has topology R? x S? and can be smoothly compactified

by adding a 2-sphere at o = a. The resulting manifold is smooth and has no boundary.

Proof. Define

z::%(g—a)lﬂ.

To leading order, we have
6
_ r 1
r2e 4B o — ~da(v—a)= —n2?
a 4
around t = a. Thus the metric becomes

1 2
G~ 1 (d,z2 + 22 (de + cos ﬁdcp)Z) + tz (d192 + sin? 19dg02)

to leading order. For fixed (1, ¢), the restriction on the range of 1) (see Remark 3.1.2)
guarantees that the metric can be extended smoothly to v = a. By adding an S? at v = a,

we obtain a manifold without boundary that has local topology R? x S2. O
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3.1. Introduction

Figure 3.1.: A general Penrose diagram of the future maximal development of initial data of Eguchi-Hanson
type via Theorem 3.1.7

Given Eguchi-Hanson-type initial data, the Einstein vacuum equations (3.1.2) are well-
posed in the biaxial Bianchi IX symmetry class, which is the first fundamental result of this

chapter of the thesis.

Definition 3.1.4. Let (M, g) be a five-dimensional spacetime. Then (M, g) exhibits a
biaxial Bianchi IX symmetry if, topologically,

M= Qx (s%/1)

for Q@ a two-dimensional manifold (possibly with boundary) and a discrete group I' €
{0,Z2,7Zs3, ...} such that

1
g=h+ ZTQ (e*B(o? + 03) +e 4B o3). (3.1.3)

Here h is a Lorentzian metric on @, and r and B are smooth real-valued functions on Q.

The value 7(q) is the area radius of the squashed sphere through ¢ € Q, i.e.
2123 = vol (ng),

where Sf;’ is the sphere at ¢. In this symmetry class, we introduce the renormalised Hawking
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3. Absence of horizons in perturbations of Eguchi-Hanson-AdS spacetimes

mass (henceforth referred to as Hawking mass)

m: Q@ —R

T‘2 ’1“4

m:?(l—g(Vr,Vr))—i—@.

Definition 3.1.5. A spacetime (M, g) exhibiting biaxial Bianchi IX symmetry is asymp-
totically locally AdS with radius ¢ and conformal infinity Z if it is conformally equivalent to
a manifold (M, §) with boundary Z := M such that
(i) Conformal infinity Z has topology R x (S3/T).
) The inverse 7 := r~! is a boundary defining function for Z, i.e. ¥ = 0 and d¥ # 0 on Z.
(iii) The rescaled metric r~2g is a smooth metric on a neighbourhood of Z in M.
) For small 7 > 0, there exist coordinates (¢,7) on Q such that, locally,
h (}af }&:) =272 4+ 0 (7).
7297 52
in a neighbourhood of 7.
(v) The quantity B satisfies a Dirichlet boundary condition, i.e. B =0 on Z.

Remark 3.1.6. If B = 0, a Birkhoff-type theorem implies that the spacetime is a member
of the five-dimensional Schwarzschild-AdS family. This can be seen explicitly and directly
from the system of equations for 2 and r in Theorem C.2.1: If we impose asymptotically
AdS boundary conditions at infinity and integrate the equations, we obtain a spacetime
that is a member of the Schwarzschild-AdS family.

Then the following theorem can be proven, whose sketch of proof is contained in Sec-
tion 3.1.4:

Theorem 3.1.7. Let (S,g, K) be an initial data set with mass M at infinity such that
(8,9, K) is of Equchi-Hanson type. Then there is a T > 0 and a manifold M := (=T,T) x
S equipped with a metric g exhibiting biaxzial Bianchi IX symmetry such that (M,g) is
asymptoticall locally AdS, g solves (3.1.2) and {0} x S has induced metric § and second
fundamental form K. Moreover, (M, g) is the unique asymptotically locally AdS solution to
(3.1.2) with initial data (S,7, K).

Remark 3.1.8. 1. The local well-posedness theorem for an initial data set (S, g, K) yields
the existence of a unique maximal development in the sense of [HS11b].

2. The proof of the local well-posedness theorem in this thesis proceeds along the lines
of [HW13]. Well-posedness of the Einstein vacuum equations for A < 0 in four
dimensions without symmetry assumptions was shown by Friedrich in [Fri95], and a
recent generalisation to higher dimensions by Enciso and Kamran is also available; see

[EK14]. In particular, Theorem 3.1.7 follows from their work. However the theorem
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as stated is too general for an extension principle (Section 3.3.2); so to exploit the
monotonicity of the Hawking mass (see Section 3.3.3), a local well-posedness result in

norms propagated by the mass is required.

The explicit examples behind this well-posedness theorem are Eguchi-Hanson-AdS space-
times, constructed in [CMO06]. They form a family of solutions (Mgm,q, gEH,q) to (3.1.1)
in five dimensions. For fixed A = —6/¢? < 0, they form a one-parameter family of static

spacetimes exhibiting biaxial Bianchi IX symmetry. If we define

4\ 1/6 2 4
_ (1 _“ 2_1,. % __1 _ o
r—t<1 t4> , —1+€2, B = 610g<1 t4>

and choose coordinates such that
12
h = —59 (du ® dv + dv ® du),

with

the metric takes the form

o2 2 1 2
JEH,a = — 1+€3 dt” + ; ~ do
(1+5) (1 -%)
41 @ v? (dyp + cos 9 d )2+f(dz92+sin%9d 2)
1 o L 14

in (¢,t,9, ¢, ) variables with v € (@, 00). In the limit £ — oo, the metric ggn 4 restricted to
hypersurfaces of constant ¢ yields the Riemannian Eguchi-Hanson metric, which was first
presented in [EHT78].

We immediately note:
Proposition 3.1.9. Let (MgH.q, 9EH,q) be an Equchi-Hanson-AdS spacetime. Then

) 5 a*
MEH,a = tlg})lom = —gﬁ

is negative. At the centre v = a, the Hawking mass is ill-defined, tending to —oo.

Proof. First note that

"= 2 & 3¢t
) AN 1/2

o, (E)(=%) 7 a a

"o =g T 9 ol 3¢l
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Thus,

Therefore
! o 2/3 o -1/3 1a*\2
m—w[(l‘«l) (%) (%)
2 X o 1/3 , o -1/3 - 1at\?2
v v 3t '

v
_l’_ R
The terms in brackets are of order t=*. Therefore the mass is obtained from the leading

2

order term of the first expression:

R O S SRR W IS 7 o I O T R T ¥
202 vl vd 3t Y2 vd 302 98|

Lad

This yields the value for Mgy 4. O]

3.1.3. The significance of Eguchi-Hanson-AdS spacetimes

The main motivation that sparked recent interest in asymptotically locally AdS solutions
to the Einstein vacuum equations within the physics community is a putative connection
between spacetimes of this form and conformal field theories defined on their respective
boundaries: the AdS-CFT correspondence. It is of interest to understand what the positivity
of gravitational energy means in the conformal field theory and thus ‘ground states’, lowest
energy configurations classically allowed, deserve consideration — see [Mal99], [GKP9S8],
[Wit98], [AGMT00] and [GSW02] for more details and references on the issue of gravitational
energy in this context.

A ground state depends heavily on the topology at infinity. If the spacetime is asymptoti-
cally AdS, this ground state is exact anti-de Sitter space with vanishing mass — see [BGH84].
For asymptotically locally AdS spacetimes with toroidal topology at infinity, the works
[HM98a], [HM9I8b] and [GSWO02] lend support to the conjecture that the so-called AdS
soliton is the ground state in a suitable class of spacetimes.

The article [CM06] was motivated by searching for a spacetime that asymptotically
approaches AdSs/T", where I' is any freely acting discrete group of isometries, but has
energy less than that of AdSs;/I". This led to the Eguchi-Hanson-AdS solution in five
dimensions. These spacetimes have also been conjectured in [CMO06] to have minimal mass

among asymptotically locally AdS spacetimes with topology AdSs5/Z,, at infinity:

Conjecture 3.1.10. Let (S,g,K) be of Eguchi-Hanson type with S = (a,00) x (S%/Zy,),
then

M > Mgnq
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with equality if and only if the data agree with those induced by the Eguchi-Hanson-AdS

spacetime with parameter a.
In a neighbourhood of Eguchi-Hanson-AdS solutions, this was indeed shown to be true:

Theorem 3.1.11 ([DHO06a], see also [CMO06]). Given any a > 0, assume initial data
(S,9,K) of Eguchi-Hanson type with S = (a,00) x (S%/Z,) which are a sufficiently small,
but non-zero perturbation of the data induced by the Eguchi-Hanson-AdS spacetime with

parameter a, then the mass M at infinity satisfies
Mgn, < M <0. (3.1.4)

Motivated by the static uniqueness theorem for exact AdS space, one conjectures — see
[DHO6a]:

Conjecture 3.1.12. There are no static, globally reqular asymptotically locally AdS solutions
to (8.1.2) with topology S®/Z,, with mass M satisfying (3.1.4).

Thus, fixing a, the Eguchi-Hanson-AdS spacetime satisfying (3.1.4) can be seen as the
ground state in the biaxial Bianchi IX symmetry class. There is a folklore statement
that such ground states would be stable under gravitational perturbations. However, in
contrast, the present work, paired with the above conjectures, heuristically hints at an
instability: Perturbing an Eguchi-Hanson-AdS spacetime slightly increases its mass at
infinity, whilst remaining negative; therefore, by Corollary 3.1.21, the future maximal
development cannot contain a black hole, but by Conjecture 3.1.12, there is no static end
state for the perturbation, which intimates that a first singularity forms, emanating from the
centre. Therefore, such perturbations are potential candidates for examples of the formation
of naked singularities.

It is interesting to note that a dual situation is found for perturbations of AdSs, as
investigated in [BJ13]. There, small perturbations of three-dimensional AdS space were
studied numerically as solutions to the Einstein-scalar field system. The parallel to our
case is that in three dimensions, there exists a mass threshold below which no black holes
can form. In contrast, while the numerical computations of [BJ13] suggest turbulence
which cannot be terminated by a black hole formation, they provide evidence that small
perturbations remain globally regular in time since the turbulence is too weak.

Finally, studying five-dimensional static spacetimes for various values of A or, more
precisely, classifying their four-dimensional Riemannian counterparts is still an active field
of research in geometry. It is known that there are exactly four complete non-singular
four-dimensional Ricci flat Riemannian spaces: Euclidean space, Eguchi-Hanson space,
self-dual Taub-NUT space and Taub-Bolt space. See [Gib05] for further details. Moreover,
Eguchi-Hanson space has been used in geometric gluing constructions; see [Biql3] and
[BK17]. For more results in this realm, both classical and recent, see [BGPP78], [LeB88],
[EH79], [BK17] and references therein.
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Q+

fHJr

Na

M

Figure 3.2.: We can achieve that the initial data slice touches null infinity and does not reach I" by moving
from a slice such as N7 to Ns.

3.1.4. The main results

In biaxial Bianchi IX symmetry, the system (3.1.1) is equivalent to a system of non-linear
partial differential equations for the radius r of the spheres, the Hawking mass m and the
quantity B. In this work, we first prove that the system is well-posed as an initial-boundary
value problem and then show that initial data sufficiently close to the Eguchi-Hanson-
AdS metric restricted to a spacelike hypersurface cannot form horizons in the dynamical

evolution.

Well-posedness in biaxial Bianchi IX symmetry

Given Eguchi-Hanson-type initial data, the Einstein vacuum equations (3.1.2) are well-posed:

Proof of Theorem 8.1.7. To construct the solution, one splits up & in four regions and solves
the Einstein vacuum equations over each region. Afterwards, the solutions are patched
together using domain of dependence arguments.

First, by a soft argument, one proves that we can always solve the Einstein vacuum
equations around the centre of §: By Proposition 3.1.3, the local topology around o = a
is R? x $%? and we can choose a finite cover (U;); of U := {|z| < 1 : = € R?}. Let
Vi € D(U;) N (R x 8) be the domain of the local solution (V;, gy,) over U;. By patching the
solutions together, we obtain a solution ((—7,T) x U), gr7). Since (S, g) has biaxial Bianchi
IX symmetry, the evolution exhibits the same symmetry by standard arguments. Therefore,
we can change back to coordinates adapted to biaxial Bianchi IX symmetry in (=7,7) x U.

Second, we solve (3.1.2) for over {R; < p < Ra} for 0 < Ry, R2 < oo. This is standard for
each such choice of Ry and Ry. Third, we solve (3.1.2) of {Ry < p < oo} for Ry sufficiently

large. The fourth region is a triangular region where the past boundary is the outer future
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Figure 3.3.: The third and fourth region of the proof of Theorem 3.1.7 are shown in this Penrose diagram.

boundary of the solution in the third region and the outer boundary is null infinity. See
Figure 3.3. The proof of existence in this region is the most difficult and will be the content
of this chapter.

The proof for the existence in the third region can be extracted from the proof given for
the forth region. In particular, the same norms on the metric quantities and the Hawking
mass can be used, and the analogous estimates can be proved. The difference is that the
equations have to be rewritten in terms of a timelike and a spacelike coordinate instead of
the double null coordinates.

Uniqueness of the solution thus obtained can be shown using the arguments for geometric

uniqueness from [HS11b]. O

Remark 3.1.13. The local well-posedness theorem for an initial data set (S, g, K) yields the
existence of a unique maximal development in the causal future of S UZ, where null infinity

7 is timelike since the resulting spacetime is asymptotically AdS.

Proving local well-posedness in the context of negative cosmological constant around infin-
ity has been achieved for the four-dimensional Einstein-Klein-Gordon system in [HS11b] and
[HW13]. Several differences arise in the present context, which are outlined in Section 3.1.5.

However, we can follow the general strategy of [HW13]. We first define the triangle
Aj o = {(u,v) ER? :ug<v<ug+d6,v<u<ug+d}
and the conformal boundary

T = Dy \ A g
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3. Absence of horizons in perturbations of Eguchi-Hanson-AdS spacetimes

See Figure 3.4 for a visualisation. Our dynamical variables are
(F,m, B) : Aga, — Ry x R2.

We treat these as defining auxiliary variables

2 02 ArtFy iy

2 1—p

1 2m r
=, 1 — ILL = 1 — 72 +
T r

The general discussion of Appendix C.2 show
that the correct notion of a solution to the Ein-
stein vacuum equations in the triangular region

is encapsulated in the following
(uo + d,up + 9)
Definition 3.1.14. A weak solution to the Ein-

stein vacuum equations in As,, is a triple

(7,m, B) € Cloc(Lsu0) N Wige (Bsu0) N Hige (D)

loc

such that 7, By, m, € C'I%C and the equations

1
Fuy =77 <—1 + R 2mf2> (3.1.5)  (uo+6,u0)
T 2 4 7, 5
o 2 4 7y, )
Opym = — 3 <1 - 3R> + B (By)* (3.1.7)
37 37 1 (uo,up)
By =~ 'RB 7lBu _ 792~2 —2B -8B
57Dt 5% ST (e e %),

(3.1.8)

Figure 3.4.: The triangular domain As ,, of local

where .
existence

R=2¢%B 1 e 8B
2 )

are satisfied in the interior of Aj,, in a weak

sense.

Definition 3.1.15. A classical solution to the

Einstein equations is a weak solution with
- 2 1 2
(7,m,B) € Oloc(At;,uo) N Oloc(A(iuo) N Cloc(A&Uo)

such that (3.1.5), (3.1.6), (3.1.7) and (3.1.8) are satisfied classically

Remark 3.1.16. From Theorem C.2.1 and its proof, one sees that a classical solution in the
sense of Definition 3.1.15 yields a C? curvature, such that (3.1.2) holds classically.
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3.1. Introduction

Equations (3.1.5), (3.1.8) and (3.1.7) will be treated as the dynamical equations, whereas
we will see that (3.1.6) can be treated as a constraint equation that is propagated.

The local well-posedness result shown in this chapter is the following

Theorem 3.1.17. Let (7, M, B) be a free data set in the sense of Definition 3.2.1 on
N = (ug,u1]. Then there is a 6 > 0 such that there exists a unique weak solution (7,m, B)

of the Einstein equations in the triangle As,,, such that

1. 7 satisfies the boundary condition

2. B satisfies the boundary condition

n a weak sense
3. ¥ and B agree with ¥ and B when restricted to N .
We can also obtain classical solutions from sufficiently regular initial data.

Theorem 3.1.18. Let (7, M, B) be a free data set giving rise to H? initial data in the sense
of Definition 3.2.1. Then the solution of Theorem 3.1.17 is a classical solution.

We conclude this section with a remark about the Hawking mass. The mass is a dynamical
variable and does not have to be conserved at infinity a priori. However, a geometric version

of conservation holds:

Proposition 3.1.19. Let (7,m, B) be a classical solution. Set

1
T ::@ (ryOy — T40y)

1
R =02 (ryOy + 14,0y

Then T and R are invariant under a change of the (u,v) coordinates that preserves the

form of the metric and

Proof. From (C.2.6) and (C.2.7), we find

Tm = —%ﬁ [r3(B)? — ri(By)?] = —4r* (TB) (RB).

If B is at least H? around infinity, the result of Appendix D applies and we conclude that
the limit of the right hand side vanishes as r — oo. O
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3. Absence of horizons in perturbations of Eguchi-Hanson-AdS spacetimes

Absence of horizons

The main novel result of this chapter consists in showing that for initial data of Eguchi-

Hanson type with negative mass, a Penrose diagram such as Figure 3.5 cannot arise.

Theorem 3.1.20. Let (S,g, K) be of Equchi-Hanson type with negative mass M < 0 at
infinity. Then there is no future horizon in the maximal development, i. e. the causal past

of null infinity is empty.

Corollary 3.1.21. Small perturbations of Equchi-Hanson-AdS spacetimes do not contain

future horizons.

It is important to stress that the absence of a horizon is a stronger statement than the
absence of trapping — shown in Proposition 3.3.2 — for a horizon concerns the causal past of
null infinity and hence the global geometry of the spacetime, whereas trapping is a local
phenomenon.

Combining Theorem 3.1.20 with the arguments in Section 3.3.1 leaves us with the following
dichotomy: either the future development of Eguchi-Hanson-type data with negative mass
contains a first singularity in I'\I', where I is the centre — see Figure 3.6 —, or no first
singularities form at all.

In virtue of the properties and conjectures described in the next section, our result,
restricted to perturbations of Eguchi-Hanson-AdS spacetimes, can corroborate the conjecture
put forward in in [DHO6al:

Conjecture 3.1.22. Small perturbations of Equchi-Hanson-AdS spacetimes have a Penrose

diagram as depicted in Figure 3.6. Moreover, T is future incomplete.

In contrast, in a comparable context where no horizons can form, the work [BJ13] allows
for growth of perturbations and global existence of the solution without the formation of a
naked singularity. A similar behaviour is observed in [DHMS12]. Thus the dynamics is very

complicated and the question of the formation of naked singularities remains open.

3.1.5. Outline of the proofs
Theorems 3.1.17 and 3.1.18

The proof follows the strategy of [HW13] and adopts the structure of its exposition; however,
twisting is not required in our context since we are only treating Dirichlet boundary
conditions, which allows for streamlining some parts of the proof. The crucial step is
contained in Section 3.2.2. There we define suitable function spaces for (7, m, B) and set up
the system (3.1.5), (3.1.7) and (3.1.8) as a fixed point problem. In particular, the correct
weights for the H!'-based function spaces for B, which differ from [HW13], had to be found.
A map

®: (F,m,B) — (¥',m/, B
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3.1. Introduction

o+ it

fH—i—

Figure 3.5.: The Penrose diagram depicts the sit- Figure 3.6.: The Penrose diagram depicts the for-

uation of a horizon. The endpoint
of Z, denoted by i, is either in T
or its completion; the latter case cor-
responds to future complete Z, the
former one to an incomplete Z. We

mation of a first singularity emanat-
ing from the central wordline I'. The
singularity is denoted by the circled
dot; the dotted line is not part of the
spacetime.

will show the absence of a horizon,
that is the impossibility of either of
those two cases.

is defined and shown to be a contraction map in Sections 3.2.3 and 3.2.4, so by Banach’s fixed
point theorem, the system has a unique weak solution in the function spaces (Theorem 3.2.5).
The constraint equation (3.1.6) holds as a consequence, which is shown in 3.2.5. Achieving
higher regularity is a simple matter of commuting with 7" := 9,, + 9, (see Section 3.2.6).

To define the contraction map ®, we need to show well-posedness for the inhomogeneous
wave equation governing the evolution of B’ in As,,. One could appeal to the work by
[Warl2] and use Warnick’s well-posedness theorem. However, [Warl2] does not deal with
initial data on a null hypersurface, so the problem at hand would need to be reduced to the
setting of spacelike initial data. Moreover, [Warl2] uses twisting, which is not necessary
here. Therefore, a direct elementary proof of well-posedness is given in Appendix D, which
also allows us to use the function spaces of Section 3.2.2.

The reader wishing to understand the estimates on B’ in the fixed point argument
without delving into the coupled non-linear system can extract all the ideas from the simpler

estimates of Appendix D.

Theorem 3.1.20

From the local well-posedness theorem (Theorem 3.1.7), we obtain the existence of a
maximal development of Eguchi-Hanson-type data, with B satisfying a Dirichlet boundary
condition at infinity. The global geometry of spacetimes arising from such data is described
in Section 3.3.1. We also prove in that section that the spacetime is either globally regular
without a horizon, or forms a horizon, or evolves into a first singularity at the centre. We

proceed to show that no horizons can form in the dynamical evolution.
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3. Absence of horizons in perturbations of Eguchi-Hanson-AdS spacetimes

Proving the absence of horizons will take the structure of an argument by contradiction
(Section 3.3.3). Suppose that the Penrose diagram of the spacetime looks like Figure 3.2. By
soft arguments relying on the well-posedness result, we show that one can always find a null
hypersurface such as N5 that does not intersect the initial hypersurface, but reaches from
the horizon to null infinity. In Section 3.3.2, an extension principle is shown for triangular
regions around null infinity — such as the one enclosed by H™, A5 and Z —, which permits
to extend the solutions to the future to a strictly larger triangle, provided uniform bounds
hold in the triangular region. The proof of the extension principle uses the local existence
result. We then proceed (Section 3.3.3) to establish that those quantities can indeed be
bounded only in terms of their values on N>, where they hold by compactness of Ao and
the local well-posedness result. Thus we can extend the solution along Z beyond H™, which

is a contradiction.

3.2. Local well-posedness

This section contains proof of local well-posedness of the Einstein vacuum equations around
null infinity. As pointed out before, the exposition parallels that of [HW13]. This will allow
the read familiar with that argument to gain quick access to the problem at hand.

3.2.1. Initial data

Definition 3.2.1. Let N = (ug,u1]. A triple (7, M,B) € C*(N) x R x C*(NV) is a free
data set if the following hold:

1.7 > 0and 7, > 0 in N, as well as limy_,, 7(u) = 0, limy_yyu, 7 = 1/2 and

limy, o Puu = 0.

2. There is a constant Cy such that

ul 1 — 9 o 9
LB @) <
uo ('LL - UO)
sup ‘?QEI + sup )?qﬁuﬁ‘ < Cy.
N N
From this, we obtain a complete initial data set

(7, B, T, 7) € CEHN) x CL(N) x CHN) x CL(N).

First, we integrate

R (1 - 2R> _ (1 —omi + 1~2> (B.)? (3.2.1)

with boundary condition
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3.2. Local well-posedness

for the Hawking mass M at infinity. Note here that
2 —2 —3

whence the first term on the right hand side of (3.2.1) is regular as 7 — 0 due to the bounds
on B. The function 7, is obtained from solving the ODE

OuTy 47 R —
L (—1 +o - 2mf2>
Ty F—omr 4 - 3

027

with boundary condition

lim 7, = —=
uU—uUQ 2

In the proof, we require additional weights, which can be obtained by potentially truncating

the initial data ray in accordance with the following lemma.

Lemma 3.2.2. Let (7, M, B) a free data set. Then, for any 0 < s < 1 and € > 0, there is
a § > 0 such that the following bounds hold on the truncated ray N5 := N N{u < ug+ §}:

= - 1 — 1 _
HTHCO+ Tu— 7% Tt 5 =+ HTUUHCO <e (322)
2 ol 2 Co
Wt g 9] =3
/ (B.)?+B°| 7 au < (3.2.3)
uQ
F_Hs/ B <e (3.2.4)
[ — M| co <e (3.2.5)
T1+57
| <e. (3.2.6)
Moreover, for 6 > 0 sufficiently small,
2
r

on Ns for a ¢ > 0.

Proof. The function 7 is C2, so the (3.2.2) follows immediately. Expression (3.2.3) follows
from the continuity of the integral together with 7(u) < Cu for some C' > 0 as a consequence
of (3.2.2). Introducing an additional smallness factor 7/ yields (3.2.4). Inequality (3.2.5)
comes from the continuity of m. To obtain (3.2.6), we multiply (3.2.1) by 7. This yields
that the first term 01/1 the right hand side is bounded by s up to a constant factor and
2

the second one by 7/~ up to a constant. O

Remark 3.2.3. The s is introduced for technical reasons to achieve e-smallness.
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3. Absence of horizons in perturbations of Eguchi-Hanson-AdS spacetimes

3.2.2. Function spaces and the contraction map

We denote by C’;JF(A(;,UO) the space of all positive functions that are C'' and agree with
7 on A and are such that the uu- and uv-derivatives both exist and are continuous. We

define the following metric

. 1 - _ ~ _
di(T1,72) = 10gg + [log [(71)u| — log |(F2)ulll co + [llog |(=71)w| — log |(=72) |l co
CO

+ ”(fl)uv - (f2)uv||co + ||(7Z1)uu - (7:2)uuHCO )

m

0 0

where o = (u—v)/2 and T = 9y, + Oy.
We denote by COF(As.,) the space of all C? functions that agree with 72 on A/ and are

such that the u-derivative exists and is continuous. We define

1+s ((

dm (M1, m2) = |lmy — ma|lco + || ((M1)w — (M2)u) || o

for 0 < s < 1.
We denote by C’%JF(A(;,UO) the space of all functions that are continuously differentiable in
u, agree with B on A/ and are continuous in v with values in H!(v) and continuous in u

with values in H}(u). Here the spaces H.(u) and H.(v) are equipped with the norms

ol = | lonlan e + glus!] o)
Vg
2 o uotd ! 2 / 2 ! -3 /
Il = loulus0)? + g(u/v)?] olul,v) = du,

We define the metric

dp(B1, B2) = |Bi = Ballcoggs + |07 (Bu = Bo)l|go + 077/ (9uB1 — 0,B2)|

)

CO
where
2 2 2
lgllcogr == sup gl + sup llgllf,
UEA&uO 'UGAL?,U,O
We define

X 1= CH (Dgug) X COF (Asug) X OB (Asag)

as well as

d((r1,my, B1), (F2,m2, Ba)) := di(F1,72) + dm(ma,m2) + dp(B1, Ba),
which makes (X, d) into a metric space. Define the map

®: (X,d) — (X,d), &, m,B)=(7,m' B
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3.2. Local well-posedness

by

7 (u,v) =F(u, ug) — 7(v, up)

/ / ( o) <—1+;Rw’,v’)+2m<u’7v’)f<u’,v’)2>> dv'du’

! (4, ) =m(u, ug) +/u0 ( = <1 - R’) + %"ﬁ—g( ;)2> do'.

Note that on the right hand side of the equation of m’, B’ appears and not B. The function

B’ is defined as the unique H' solution to
2
Ou(r*Bl) + 0,(r3B.) = —§Q27“ (e_QB — e_8B) (3.2.7)

or, equivalently,

_3ru

B+ BT“B’ _ 1o 72 (0728 _ o~8B)

Buy 27 3
satisfying the Dirichlet boundary condition at infinity. Existence and uniqueness are obtained
from Proposition D.6.1.

Let By be the ball of radius b centred around ((u — v)/2), M, 0).

Proposition 3.2.4. There is a 0 > 0 such that ® : By, — By is a contraction map from By
into itself.

Proof. The proof is the content of Sections 3.2.3 and 3.2.4. O

Theorem 3.2.5. There is a § > 0 such that ® has a fized point. This fixed point is a weak

solution to the Einstein vacuum equations.

Proof. An application of the contraction mapping theorem yields the fixed point. Together
with Section 3.2.5, the rest follows immediately. O

3.2.3. Map B, — B,

We have to show that ® maps By, into itself. Thus we assume (7, m, B) € B, and want to
show (7, m/, B') € B,. We will denote by Cj, a constant depending only on b and the initial
data. We use the algebra of constants where Cy - Cp = Cj.

Radial bound

We first check that the contraction map satisfies the right boundary conditions. It suffices
to show that the integrand is integrable in v. We have that

1

-9 >
72 mit + —= 2 o

[2
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3. Absence of horizons in perturbations of Eguchi-Hanson-AdS spacetimes

for 0 small, depending on M and b. Thus one obtains

Q2 47, 7
— u'v < Cb~
,

TP 2mit 12|

Moreover,

|R| <Cy (1 +|B|) < Cy
im|i? < (IM| + b) 72 < Cyi

Therefore, the absolute value of the integrand satisfies
|27 (=14 R+ 2mi?)| < Gy

Hence it is integrable in v and therefore 7 is zero on the boundary. Moreover, 7 (u, ug) = 7(u).

We now turn to estimating 7,,,. We have
v
f;u = fuu(u7 UO) + / 8u (927:3 (—1 + R+ 2mf2)) dv'.

uo

From the choice of §, we have

7| < &
Moreover
O <—1 + %R + 2mf2> ’ < Oyt =/ 4 Oyt Gy < Gyt

and

() ()
We have

/dev' < Cy /v odv' = Cy ([v — ug)? — [u— v]?) < Cyo>.
ug uo

Therefore

10 (Q27 (=1 + R+ 2mi?)) | < Gy,
whence

|7, ()| < e+ Cyo2.
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3.2. Local well-posedness

Analogously, we obtain
|7 0] < Cpo.
The lower derivatives are

1—e6 —Cyo? <427, <1+ &8+ Cpd>
1 —e6— Cpo? < — 27 < 1+4¢e6 + Cyd>

since 7 = 0 on the boundary and hence T'# = 0. Therefore

U—v
2

u—v

(1 —e6 — Cyo?) 5

<7 < (1466 + Cyb?)

which yields

=/

r - e
log E + |log 27| + |log(—27,)| < Cy.

The missing estimate comes from
u
T(7) (u,v) = / (70 (1, 0) + 7 (', 0)) il
v
where we have used T7/(v,v) = 0. From the estimates above, we obtain

IT(7)| < Cy (e 4 6%+ ) 0.

Bound for B’
We compute that

8u (TS(B;)Q + 7"3B/2) + 8@ (TS(B;)2 + 7"3B/2)

:%T(f)B;B; — %T(F)B’Q — gQQT (e 2B —e B T(B') + 2r°T(B") B’
T T

holds in a weak sense. Integrating® the identity over the domain
{(u’,v') € Nsyy t u' <u, v < v}
yields on the left hand side
[ [ 100302+ 52 + 0, (B + 1°(8)7)]
ug Jv'
§

u

= / 3 ((BY,)? = (B})?) (uo + t,ug + t) dt — / 3 ((B')? + (BL)?) (v, up) du/

0 uo

3 All integrals are to be viewed as Lebesgue integrals in R? and not as integrals in a geometric sense in
R+, This means that we use the standard divergence theorem in RZ.
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3. Absence of horizons in perturbations of Eguchi-Hanson-AdS spacetimes

+ /u s ((B')2 + (B;)Z) (v, v)du’ + /U 3 ((B’)2 + (BT’})Q) (u,v") dv’

— /u r3 ((B')2 + (B{L)2) (v, v) du/ +/ r3 ((B/)2 + (B:,)2) (u,v") dv’

0

—_ /“ -3 ((B/)Q + (B’:L)2) (u/’uO) du’.

0

We estimate each term on the right hand side separately.

3
/ ﬁT(F)B;B; du/dv’
A

1

<Gy / — | B, Bl | du/dv’
Aé,uo

/

B/ 2 B 2
<Cy 7( %) dv/dv’ + G 7( g) du/dv’
A(S,uo Q Aé,uo

<O 1B o

Similarly we can estimate the second term. The third term is estimated as follows

2
/ Q% (6_23 - e_SB) T(B')du'dv
A

S,uq

SCb/ r3T(B)? du'dv’
A

d,uqg

Q4 B B\2
+ Cb/ — 3 (6_2 —e 8 ) du/dv’
A

4
S,uq

<Ch6 || B || o + Co0®
since

Q4
/ —47“3 (e_QB — e_gB)2 du'dv’ < C’b/ odu/dv’ < Cy6°,
A

8,uq AE,uO

where we have used the pointwise bound on B. The fourth term can be dealt with as

follows:
B/ 2 B/ 2
/ 2r3T(B')B du/dv’ SCb/ (%)du’dv'—i-cb %du'dv'
Aé,uo Aé,uo 0 Aé,uo
B/ 2
+ Gy / ( 3) du/dv’
A(S,uo
<Cyd || B || o1 -
We conclude that
Cy0®% + e

HB/ < e+ Gyo.

\bma—atfgﬁﬁ

The pointwise bound on B’ follows from

u
/ Bl du/
v

| B (u,v)| = < Coo? || B'|| o
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3.2. Local well-posedness

since B’ = 0 on the boundary. It remains to show that we can retrieve the bound on the

first derivative. Consider the transport equation
a. (r32B" = 3 172 B 192 -1/2 (,—2B _ -8B
o | 7 w) = —5r truBy - g (e —e )
Integrating from N, we obtain

r(u, 0)3/QB{L(U,U)‘ Sr(u,u0)1/2r(u7u0)]B;(u,u0)\ + Cb/ 1’_5/2]B;| dv’

ug
1 v QQ 1/2 v 1/2
+ = / — do / 0?r ‘e*w — e*BB‘ dv’ ,
3\ Sy 2 o
where we have used 7, = —7, /7% and 7(u,v") < r(u,v) for v/ < v. We estimate

v v 1/2 v 1/2
/ff’/?\B;ydv’g(/ f3|B;2dv’> (/ f2dv’>
uo ug uo
v 1/2
<GB o ()
)

<Cyr(u,0) || B'|| o g
since

/U o 2dv =2 (Q(u,v)fl — o(u,up) ™) < 20(u,v) "

0
After estimating the remaining terms

v QZ
/ dv' < Cpd

2
OT

v
/ O?r ‘e_QB —e_SBF dv' < Gy | Bllogr < Ch,
U

0

we conclude

‘T(U,U)l_s/4B;L(U,U)‘ < €+CbHB,HCOH1 QS/4+C()51+8/4.

Bound on the mass

We have

(1, v) — M| < m(u, ug) — M| +

<< 4GB o
<e + Cb(S
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3. Absence of horizons in perturbations of Eguchi-Hanson-AdS spacetimes

Taking a u-derivative yields
Oy (u,v) = d,m(u) —I—/ I(u,v")dv’.

uo

The full integrand is given by

r 2 P 2 87y [ _om s
o)== T (1 SR st (1 Sm) = 55 (e -

2y — 2my 7t — 8mFF, o PR =2mit B F, o
—~ o B)) +3 - = (B
() R ()
~2 ~4 1 = ~4 1
TE=2mrt + g N2 T=2mrt 4y,
g Tw (B})" - 25— BiBl

The first term can be bounded by C || B’ Héo gt the second one by

Cy
7(u,v)

2
1Bl co g
and all the other terms correspond to one of the two cases. Therefore

‘Ql-l—sauml’ < Cb€ + Cb53+8 + Cb62+s-

3.2.4. Contraction property

Let

D := d((71,m1, By), (T2, m2, B2)).

Radial bound
Let us first turn to (7] )uy — (75)uw. To bound the integral, we need to estimate

@B 9 (A)u()e — (F)u(P)

3 2 ~ ~3 1
1 5 T — 2m17“1 + 27

1 1
~ ~ 1 = ~ 1
1 — 2mlri3 + P To — 2m2r§’ + T2

+ 4(72)u(72)w [
The first term on the right hand side is easily estimated by

(fl)u(fl)v — (7:2)11(7:2)1;

- - 1
1 — 2m1r§ + o

_4 <Cpo (|(T1)u — (T2)u| + [(F1)w — (T2)s])

(71)u (71)v
(7:2)1& (fQ)v

<Chod; (T1,T2) .

<Cpo + Chpo

log

log
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3.2. Local well-posedness

Note that

T1

T1— T2
Y

< Cyds (71, 72)

1
log —
T2

T1<Tz—1>‘§0b
0 0

and therefore

1 1

1 — 2mi7 + ﬁ Fo — 2moTs +

1
027

<Cyo? <Qdf(7’1, 7o) + 0%dym (M1, ma)
2 (= = P
+ 0°di(T1,T2) + Edf(h,m)
<Cyo*dy(m1, ma) + Chodz (71, 72).

We also need to estimate

02 /1 _ _
7:? <3(R1 — Rp) +2 (m1f — mz?"%)) ' <Cy0’d(By, Ba) + Cy0’dim(ma, my)
2
+ Cbggdf(fl, 7:2).
Therefore
|(FDuw — (7F)uv| < Cyd - D.
We also readily obtain
|(F)u = (7)u] + () = (75)u] < Cy6% - D
and
~/

T
log T?
™

S =t 1
log <1+T2r,”>‘ <Gy, [ — | < Cyo% - D.
1

Now we turn to (7)uu — (75)uw. We have

Q2 Q3 - 4
Oy T73 — T73 < de;(’l“l,TQ) + Cpo dm(mlam2)7
1 2

whence

Q% Q% 1 ~2 ~ = 4
Ou P -1+ gRl + 2mq 7] <Cydi (1, 72) + Cpo™dpm (M1, m2)
i 5

+ Gy (0di (71, 72) + 0*dpn(mi1, m2)) o' /4
<CyD.

Moreover,

1 N N _
Oy (3(R1 — Ry) + 2(mq 7} — m27“§> ‘ <Cyo*~*/4dp(B1, Ba) + Cpo*dp(m1, ms)
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3. Absence of horizons in perturbations of Eguchi-Hanson-AdS spacetimes

+ Cyo?di (71, 72)
<Cpo® - D.

Thus

QQ
Ou [ ( (Ry — Ry) + 2(m17% — m2r2>” < Cyo® - D.

7”1

Therefore
‘(f’l)uu (7, uu’ < Cyd-D.

It remains to estimate (T'(7) — T'(7%))/o. Since, as above,

T, — ) (u,v) = / (7 — 7t 0) + (7 — )l 0)) it
we conclude

|T (7 — )| < Cydo - D.

Bound for B] — B)

Due to the absence of twisting, this section differs significantly from the analogous part of
[HW13]. As above, we need to begin with some term manipulations. To ease the notation,

we set
A :=B] — B}

02
N; =L (e7?Pi —e

—8B;
3’/“1' )

for ¢ = 1,2. Therefore

0y (r{((B1)u — (By)u)? + 11(B] — B3)?) + 0u (r{ ((B1)v — (B3)w)* + r1(By — B3)?)
=3r7 ((r1)oA% + (r1)uA2) + 21T (A) Ayy + 3r7T(r1) A% + 207 AT (A)
= — 33T (1) Ay Ay + 3r3T (1) A2 + 2,3 AT (A) — 213 [Ny — Ny T'(A)

St (2= ) ray g, - g (2 U2 7y,

1 T2 1 T2

Integrating the identity yields on the left hand side

/ / — (By))? + (B, - By)?)

0, (F(BY)y — (BY).)* + ri(B — BY)?) | du/d

5
:/ T?(AiAg)(UoH,UoﬂLt)dt/ ri (A% + A7) (0, uo) du’
0 U

0
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3.2. Local well-posedness

v

—I—/ 3 (A2+Ai) (u',v)du'—i—/

—/ s (A2 +Ai) (v, v) du —|—/

v uQ

3 (A2 + A?]) (u,v") dv’

0

3 (A% + A2) (u,v') do/

— / 3 (A2 + Ai) (v, up) du’.
U

0

Turning to the right hand side, we can immediately estimate the first three terms by

/ (33T () Auo| + [3r2T (1) 42| + |23 AT (A)]] dude’ < Cys [ Al gg -
d,uq

For the fourth term, note that

Q% —2B -8B —2B -8B 1 Q% Q% —2B -8B
Nl—szng%(e Lo 851 _g72P2 4 ¢ 2)+§ g—g (7272 —e®P2)
Therefore
/ |2(N1 — No) T(A)] du'dv’
Aé,uo
2
<Cpé ||A||CO£1
—2B1 _ —8B1 _ =2B> | 678B2)2 du/dv’

Q4
+ Cb/ —41 r“;’ (e
A(S,uo 7ﬂ].

QQ QQ 2
cof  (H-B) e e
A5,u0

1 )

<Cy0 || Allg g1 + Cb/ 0

S,uq

<Cy6 |A[|Z, 1 + Cyo' D2,

The pointwise bound on B — B} can be retrieved directly via a Sobolev inequality. It

remains to show the pointwise bound on the derivative. We have the transport equation

Oy (r?/zAu>
=—0y ((r?ﬂ - Tg/2>(Bé)U>
3 3
- 57"}/2(7“1)1“41; ~3 (Tiﬂ(rl)u - T;/2(T2)u) (B5)w

1 .o 172, _ _ _ _
_79%741 / (e 2B1 _ o=8B1 _ —2B> | 8B2)

3
_ % (Q%rl_l/Q o 937"2_1/2) (e—QBz N e—SBz) )
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3. Absence of horizons in perturbations of Eguchi-Hanson-AdS spacetimes

After integrating in v and multiplying by r, —1/2=s/4

hand side. The first term yields

, we can estimate all terms on the right

‘Tl_l/Z_SM (r?ﬂ - r§/2>’ (B3), (u,v) < Cy |0~ "+, By| di (71, 72) < Cy - D
the second term

2ﬂ4ﬂ*“/'ﬁ”umnAuduscw”4mmwm,
uo

the third term

3 1/2-s/4 1 1/2 1/2 s/4
5 1 /uo T%/? (Tl (11)u — 73 (T2)u) (B3)y dv' < Cyd / HB/Hcoﬂl D,

the fourth term

1 _ _
o 1/2— 5/4/ Q2] 1/2 (e72B1 — ¢ 8B1 _ o=2B2 | ¢=8B2) gy < O, 51/ 1Al go gt
)

and the fifth term

1 _ s - N - - #
a7 (@ - 0 ) (e - < OB g D-

Bound on the mass

Let us first note some useful inequalities:

=t — 2= <Coo O (1) (7 — 7)) + 173 ((F1)w — (F2))])

<Cyo 3d;(71,72)
(")u  (P2)u | l=m 1
Q2 Q275 71(F2)y  T2(72)v

<Cyo? (dr(F1,72) + dp(my1, m2))

4

From these estimates we deduce

‘mll(u7v) m?(u U)’ <Gy HB/ HCOHl d (fbf?) + dm(m17m2)) + Gy HB/ BQHQOHI .

The estimate for d,m} — d,m, can be derived analogously to above. We will refrain from

writing out this straightforward, yet tedious calculation.

3.2.5. Propagation of constraints

It needs to be shown that in addition to the above equations, the constraint equation

2 4
Oum = 11y <1 — 3R> 02 — 131, (By)?
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3.2. Local well-posedness

is satisfied as well. First, consider the equation
2 4 32 2 2 2\ 7 5 2
Oym = —T (r / Bv) m—|—-rry(1—=-R)+ |1+ ) — (r / BU> . (3.2.8)
Ty 3 2 ) 7,
or schematically,
Oym = am + (. (3.2.9)

With (7, B,m) € By, we have r € C', m, d,m, 7yy, B, B, € C° and B, € COL2. Moreover,

we have

2
Oy (7“3/231,) = —%rl/QrUBu - 3?1/2 (e_QB — e_SB) ,

where the left hand side is in CY. Therefore, integrating (3.2.9) yields

/

m(u,v) = exp </ a(u,v') dv’) [m(u,uo) —l—/ Bu,v')e” Jug w) d” gt
U uo

0

Differentiating the identity (3.2.9) for m by u shows that my, = my, is in CSL},.

Now, we write the constraint as a transport equation in v. Define

2 4
X = —0ym + 17y (1 - 3R> - @7’3% (Bu).
We have
2 2 2 v
8UX - — 8vaum + rury <1 - 3R> + Ty <1 - 3R> - gTTuaUR - 48’0 <%) TS(BU)2
12(ry)?
=0.

Since x is zero initially, we conclude that x = 0 in Ag,,.

3.2.6. Higher regularity

In this section, we shall show that by imposing higher regularity on the initial data, the

fixed point argument above yields a classical solution to the Einstein vacuum equations.

Construction of initial data

Here we will derive conditions on the free data set (7, M, B) to give rise to a suitable full
data set (7, B,m,7,, 17, TB,Tm,T7,), where T = 9, + 0,. From above we can already
define

T uw+ T

<0
il
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3. Absence of horizons in perturbations of Eguchi-Hanson-AdS spacetimes

We will assume that there exists a constant B; such that
— 1_ 3
OuB = 5317’ + Bg,

where B = O (?4). We assume moreover that

9,8 = —%Bl?‘? + Bg,
where Bp, is defined via the transport equation

0. (F°PBB) = SF B, - 0P (7P ). (3.2.10)
Note that upon integrating in u, the right hand side will reproduce the leading order term

3 u___ 3 u 1
Bl/ fvfl/gdu’N—Bl/ 9 1/21/2 gy ~ — = B3/2,
TR 8" Ju 2

This suffices to define

We can also define

T 2 4 7y ——\2
Do 1= 1 (1 _ 33) AN aB).

T T

and
Tm := 0,m + Oym

Setting
47, 1 — —

@i e (-1 +IR- 2mf2> ,

1-nr

we define 7, by integrating

8u (fvv) = @m + avﬁ-
We note that @, can be expressed merely in terms of quantities already defined. We set

Ty = (72),, + Fov.

Definition 3.2.6. A free data set (7, B) gives rise to H2-initial data if we can construct

(T7, TB,Tm) as above and if, for any 0 < s < 1, there is a C > 0 such that the following
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3.2. Local well-posedness

bounds hold on the initial data ray N:

77l co + 1T7)ullco + [ TFullco + [1(T7) i llco <€

wall o
L 7 [(0. (TB)) + (TB)’] du <C

<C
CO

) <

Hﬁﬁ\

|1Tmlleo <C

7, ()| o <C

Lemma 3.2.7. For free data giving rise to H?-initial data, we can obtain C < § for any

0 > 0 by truncating the initial data ray.

Proof. The proof proceeds verbatim as that of Lemma 3.2.2. O

Propagation of regularity

Definition 3.2.8. The commuted ball Bg is the subset of By such that T'7,, T7,,, TTy.,
Tm, (T'm),, TB, TB, are C satisfying

H TTr

+ ||T'Fuv||00 + HTfuuHco <b
Co

ITmll o + || +°0u (Tm)]| o <b
ITBllgog + e ™*TB| o + |18, <.

Moreover, 7, T7, m, B and T'B are required to agree with the initial data at u = wy.

Remark 3.2.9. Morally and intuitively (but not actually rightly and correctly because of
T7, and T7,), elements of Bg should have (T'7,T'm, T B) bounded with respect to d. The
above definition makes this idea more precise. We would like to justify this schematically
here. Let F' be continuously differentiable function of (7, 7y, 7y, T'F, Tuw, Fuw, M, My, B, By,)
and assume that F' can be written as a product of functions of only one variable. We see
that

OF OF OF OF OF OF
TF =TFo 4 Ty oo 4 Ty S 4 TTF e 4 iy + Ty
Tor T var Y e, T Tamey T TR, T s
OF OF OF OF
Tme & Ty + TBY 4 TB, 25
e T g, T e T P,

Inspecting the arguments of Sections 3.2.3 and 3.2.4, we see that — to repeat the arguments
for TF — we will need that the terms involving differentiation with respect to 7, TF, m,, B
and B,, will require smallness, whereas boundedness will suffice for the other term. Assuming
that F' is indeed a product, Definition 3.2.8 guarantees exactly this. We observe that for

estimates on 17, and T'7,, one obtains a bound on 17, = Ty, + T4, immediately from the
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3. Absence of horizons in perturbations of Eguchi-Hanson-AdS spacetimes

estimates for elements of B. For T'7,, we get a bound by integrating from the boundary:
u u
T7y(u,v) = Try(v,v) —I—/ TFy du’ = =TF,(v,v) +/ Ty du/
v v

Proposition 3.2.10. Suppose that (7, M, B give rise to an H?-initial data set. Then
d: By, — By maps Bg into itself for & sufficiently small.

Proof. First, let us turn to 7/. To compute T7, we remark that

u+h pv+h u v
</ / G, v") dv'du —/ / G(u',v") dv'du')
1 u+h
:</ Gu ;o) do'du’ — //Gu v)dvdu)
h v+ uo+h
u+h ug+h
/ / G/ vy dv'du
v+ uo

—>/ / G(u',v’)dvldu'—f—/ T(G(u', ")) du
v Jug v

SRS

as h — 0 for a suitable function G. Therefore,

u v 1
+/ / T <Q(u/,v/)2f(u',v/)3 (—1 + gR(ul,v/) + 2m(u',v’)?(u/,v')2>> dv'du’.

0

In the light of Remark 3.2.9, a repetition of the arguments above yields smallness for

sufficiently small §.
We shall now deal with TB’. From the local theory of the wave equation in Appendix D.5,

/ 2 . . .
. ) :
we know that B’ € Hj . Therefore, we can commute the wave equation with 7'

TB,, 2TfTB'+2~TB'+Z)T< >B’+§T< >B’

T o 2B 8B
3 T (QQ 1 ( 2 8 ))
Again, one computes

ou (7 (TB))* + 77 (TB)*) + 0, (i (TB,)" + 7 (TB)*)
_3 (T7) (TB,) (TB,) — % (T7) (TB")? + 273 (TB') (TTB')

- % (TTB') [;T (%72 (6728 —e788)) — gT < ) B, — gT <T ) B{L} .
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3.3. The global problem

The rest follows as before once we have established that
()
T
()
7
It suffices to prove only the statement involving the derivative in u since
(3)r ()2 ()
T 7 T T
is bounded. We can write

r 1 1 Tr (T 1
T —TZL =— oIy, — =T7r | — —Nr —TZL - — .
T 0 2 T T 20

Clearly, the second term on the right hand side is bounded. For the first term, we observe
that

< Cpo.

1 1
By <ngu - 2Tf> ‘ = ‘QT@U — S TT7

After integrating in u, we see that the first term is bounded too.
For T'm/, we have

el v 7;1) 2 4 fu

uo

and proceed as before. O

3.3. The global problem

This section is devoted to studying the global dynamics arising from Eguchi-Hanson-type
initial data. The existence of a maximal development is guaranteed by Theorem 3.1.7 and
Remark 3.1.13. In Section 3.3.1, we specify our choice of coordinates on the orbits of the
SU(2) x U(1) action and derive some geometric properties; here, we follow the exposition
of [Daf04a] and [Daf04b] mutatis mutandis. Proving that the existence of a horizon would

be contradictory is the content of Sections 3.3.2 and 3.3.3.

3.3.1. Global biaxial Bianchi IX symmetry

Let (S,7,K) be of Eguchi-Hanson type with negative mass M at infinity. Then, by
Theorem 3.1.7 and Remark 3.1.13, there is a unique maximal forward development (M, g)
which is asymptotically locally AdS. There is a projection map 7 : M*™ — O onto a
two-dimensional manifold with boundary QT such that every ¢ € QT represents an orbit
under the SU(2) x U(1) symmetry. The manifold Qt can be embedded smoothly into

(R?, grtink) and its boundary consists of a one-dimensional curve ¥ (initial hypersurface)
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3. Absence of horizons in perturbations of Eguchi-Hanson-AdS spacetimes

and a one-dimensional curve I' (central worldline, where r = 0). Choosing standard null

coordinates (u,v) on R'*1 Q% shall be endowed with a metric
Lo
h = —59 (u,v) (du @ dv 4+ dv ® du) .

We choose u such that the curves of constant u are outgoing and such that u as well as v
are increasing to the future along I'. A coordinate chart (u/,v") preserves these assumptions
if and only if

o' ov’ ou o

— >0, — >0 =0. 3.3.1

v Ou
With respect to h, ¥ is spacelike and I' timelike. Conformal infinity Z C @\QJr is defined

as follows: Set

U:=<u: sup r(u,v)=00,.
(u,v)eQt

For each u € U, there is a unique v*(u) such that
(u,v*(u)) € TR\Q.

Note here that the closure is always taken with respect to the topology of R?. Now define

null infinity as

Z:= U (u, v*(u)).

uel

Since the spacetime is asymptotically locally AdS, null infinity Z is timelike. We have
ot =D (Xu1l),

i.e. QT isin the future domain of dependence of ¥ and Z. By a simple change of coordinates
satisfying (3.3.1), we achieve that u = v on Z. Note that in general, we cannot achieve that
both Z and I are straightened out in this way. We know that B extends continuously to Z
and vanishes there. Moreover, we know that the Hawking mass m extends continuously to

7 and equals a constant value M < 0.

Lemma 3.3.1. The following hold:
(i) r is unbounded on X.
(i) m — M <0 as r — oo.
(iii) 1, > 0 for points in ¥ with large r and

Ty

92—>Co>0

as r — o0.
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3.3. The global problem

Proof. The radius r is unbounded on ¥ by the definition of Eguchi-Hanson-type data. By
M < 0, we immediately obtain that m < 0 on around Z. For the Hawking mass to be finite
at infinity,

TuTvy 7"2

- Q2 = —ﬁ‘f'O(T‘)

as r — oo. Moreover, by the above choice of (u,v)

,
= -1
Ty

2

as 7 — 00. The conformal factor Q2 grows as r? since the spacetime is asymptotically locally

AdS. Therefore, we deduce that r,/Q? is positive and finite as r — oco. O

Proposition 3.3.2. The above manifold M™ does not have any trapped or marginally

trapped surfaces, i. e.
re < 0andr, >0
globally in QF.
Proof. Define the set
A= {(u,v) € Q" : m(u,v) < 0}.

Evidently, A is open. From Lemma 3.3.1, we know that the points of ¥ with r sufficiently
large are contained in A. Call this set U;. Moreover, since M is negative and m is continuous,
A contains a neighbourhood of Z. Call this neighbourhood Us;. Let C be the connected
component of A containing U; and Us. Clearly, C is open as well. In C, we have

2 4

T TuT T
0>m=— (1 il ”) I 3.3.2
>m= 3 + a2 + 572 ( )

from which we conclude that r,r, < 0 wherever r is finite because C is connected. Since
there is a point on 3, contained in C, where r, > 0, we have that r, < 0 and r, > 0 in C.
From (C.2.6) and (C.2.7), we obtain d,m < 0 and d,m > 0 in C, thus also in C. Therefore,
m < 0 in C. Hence C is open and closed. We conclude that C = QT and the statement
follows from (3.3.2). O

Remark 3.3.3. The absence of anti-trapped surfaces can also be guaranteed by fixing the

sign of r, on ¥ and Z and then using (C.2.1).

This fact already allows us to prove a weak geometric statement about the potential

singularities that can arise in the time evolution.

Definition 3.3.4. Let p € Q. The indecomposable past subset J~(p) N Q7 is said to be
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3. Absence of horizons in perturbations of Eguchi-Hanson-AdS spacetimes

eventually compactly generated if there exists a compact subset X C OV such that
J(p) C DH(X)UJ (X).

Here we denote by J7(S) the causal past of a subset S.

Definition 3.3.5. A point p € QT\ Q7 is a first singularity if J~(p) N Q7 is eventually
compactly generated and if any eventually compactly generated indecomposable past proper
subset of J~(p) N QT is of the form J~(q) for a ¢ € OF.

Lemma 3.3.6. Let p € QF\QT be a first singularity. Then
pe T\l

Proof. Suppose p ¢ T'. Since the compact set X of Definition 3.3.5 has to be wholly contained
in @F, we know that p ¢ Z. In particular, p is the future endpoint of a rectangle, whose
remainder is completely contained in the interior of QT; see Figure 3.7. By Proposition 3.3.2,
ry < 0 and r, > 0 in this rectangle. Therefore, we can apply the standard extension principle
away from infinity and the central worldline — in a manner as e. g. in [Daf04a] — to conclude

that p € Q7, a contradiction. O

Theorem 3.3.7. If Q"\J(Z) # 0, then there is a null curve H™ C QT such that

HE=J-(D\([I (D)vI). (3.3.3)

Note that I~ (S) denotes the chronological past of a

subset S. (2, vo)

Proof. The horizon is given by

HT=J (Z)n Q™.
(u2,v1)

Let p be the future endpoint of the horizon. Since (uy,v2)
ON\J(Z) # 0, p ¢ T\I. If p € T, there is an open X
neighbourhood U of p such that U N Q1 # (). Therefore

p would not be the future endpoint of the horizon. If (ug,v1)
p ¢ TUZ, then p is a first singularity and we have a

contradiction to Lemma 3.3.6. Therefore p € Z. O
Figure 3.7.: The extension property in

the interior

Sections 3.3.2 and 3.3.3 are devoted to showing Theo-
rem 3.1.20.

3.3.2. An extension principle

We formulate and prove an extension principle tailored to extending a solution beyond a

supposed horizon.

100



3.3. The global problem

Theorem 3.3.8. Let (7,m,B) be a classical solution to the Einstein equations (3.1.5),
(8.1.6), (3.1.7) and (3.1.8) in the punctured triangle A := Ag o \{(uo + d,up + d)}. Let
Taux = Dguo \{Adue U{(uo + d,uo + d)}}. Assume that

=M<0, Bl =0

=0, m
Iaux :Z-?LUX

I&UX

and that

lim 7(ug + d,v) =0.

v—ug+d

Suppose that
7o >0and 7, <0
in A, that

inf 7, > 0 and sup 7, <0

aux Taux

and that there is a C > 0 such that

ug+d

sup / 73 (B2 + (By)?) du’ + sup ‘fﬁlauB’ <C.
uo<v<uo+d Jv A

Then there is a 0 > 0 such that the solution (7, m, B) can be extended to the strictly larger

triangle Agqis,u,-

Proof. Extending beyond the domain of existence means using the local well-posedness
result to extend the solution further into the future. We will first need to make sure that on
each constant v-slice, the function 7 satisfies the correct boundary conditions. Reformulating
equation (3.1.5), we obtain

) A7y Ty ) 1 S
. 14 -R—2mi?).
fuv f2+2|m|f4+£2T< HERE

Therefore 7, = 0 on Zy,x. Using a coordinate change, we want to fix the value of 7,. By

the assumptions and since 7, = —7,, on Zayx, |Tul, |Tv| = ¢ > 0. Then
du’ N dv’ .
a(uvv) = QTU(U,U), a = 2TU(U,’L)),

where ©/ = u and v/ = v on Z, defines a regular change of coordinates that preserves the

biaxial Bianchi IX symmetry. Moreover, in (u/,v") coordinates,

1
T = 07 f’u/ - 57 f’u/v’ = 0. (334)

IﬂllX IELUX IEIUX

Hence we can assume without loss of generality that (3.3.4) already holds in the original
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3. Absence of horizons in perturbations of Eguchi-Hanson-AdS spacetimes

(u,v) coordinates.

To increase the domain of existence, we also need initial v-slices of increased length. This
can be achieved by an application of the standard local existence theorem away from infinity
in double null coordinates whose proof proceeds by the same methods as for A = 0, which
is standard by now. Prescribing data on the slice (ug,ug + d + ¢'] of constant v = ug (for
a &' > 0), we infer that for every € > 0, there is a ¢’ > 0 such that the solution can be
extended to the set

A =AU (Ad+5',u0 N{v<ug+d-— 5}) .

For each constant v-ray in A., we have a initial data set, whose functions have norms
uniformly bounded by 2C. Note that the condition 1 — g > r2/£? holds everywhere because
M < 0.

Therefore, by the local existence theorem, there is a §* independent of € such that each
slice of constant v in A, yields a solution in a triangular domain of size §*. Now we choose
e = 0*/2 and see that the solution (7, m, B) extends to a strictly larger triangle Agys .,
where § = €. ]

The proof above yields another version of the extension principle that we formulate

separately for the sake of clarity.

Corollary 3.3.9. Suppose the assumptions of Theorem 3.3.8 hold. Moreover, let us assume
that the classical solution on A has an extension to the extended initial data slice N' =
(uo,up +d+¢€]. Then there is a § > 0 such that the solution (7,m,B) can be extended to
Adtsu, such that it agree on NU Adtugue With the given values. Furthermore, the extension

is unique for sufficiently small § > 0

3.3.3. A priori estimates

In this section, we first establish what was described through Figure 3.2 in Section ?? as the
soft argument. This is the content of Lemma 3.3.10. The remainder of the section contains

the argument by contradiction, using the extension principle in form of Corollary 3.3.9.

Lemma 3.3.10. Let QT be as in Theorem 3.1.20. Set AL := Ay, \{(u+ d,u +d)} and
N = {v=u} N AL Then for any AL C QF, there is a ug > w1 and do := dy — (o — u1)
such that

(i) r =19 >0 in Ab.

(ii) There are q1,q2 > 0 such that

N <5 <@ (3.3.5)

in Ago. The constants q1 and qs depend on the choice of 1.
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3.3. The global problem

Proof. If Agll touches I', then by moving the initial slice of constant v to the future — as
depicted in Figure 3.2 —, we achieve that r > r¢ > 0 since , > 0 globally by Proposition 3.3.2.
Fixing ug and dy, choose rp maximal such that r > ry holds.

By assumption, the bound on r,/Q? holds on X. Set
R:={r=ro}n{u<ug+dy}NnQt.

The set R is closed and touches {u = ug + dg} and X. The continuous function 7, /92 is
positive in Q1 by Proposition 3.3.2. Therefore the bound on 7, /92 holds in R. We will
show that (3.3.5) holds in the causal future of

S:=RUEN{r>ro})

such that the constants ¢; and g2 depend on the values of r,/Q? on S. We rewrite the

constraint equation (C.2.2) as

2, (%) - (—47;’;“ (Bv)2> <—72(12_m) s (3.3.6)

Given (u,v) € J*(S), there is a (v/,v') € S such that (u,v) and (u’,v’) are connected by a

null curve. We integrate (3.3.6) along a ray of constant u to find

Tw U 437, 9 2 ” Ty P
<§) (u,v)exp(/v/ a7 (By) T2(1—u)dv>'<§22> (u',v")
2 [V —4r3r, 9 Ty
a4 ) )

0 0
> exp (_fg (m(u,v) — m(u’,v'))) : <%) (u',0")

For the first inequality, we have used 1 — u > 1 and r > rg. For the second inequality, we

have used (3.1.7) and have dropped a non-negative term. Therefore, we obtain

ei % [M—m(up+d,uo)] T

oz < = . (3.3.7)

<
— 2
@y

This yields (3.3.5). O

Remark 3.3.11. A bound of the form (3.3.7) can always be achieved, independently of the

exact value of M.

Now assume for the sake of contradiction that QT possesses a horizon HT. According to
Lemma 3.3.10, we find a A := Agg such that (up+d,ug) € H* and such that the conclusions
of the lemma hold. In particular, the constants and bounds will be fixed henceforth. Again,
let Zaux = Aguo \{Adyuo U {(uo + d,ug + d)}}. Let N := N, We always have that

=M<0, Bl =0,

aux Iaux
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3. Absence of horizons in perturbations of Eguchi-Hanson-AdS spacetimes

and that
e < 0 and r, > 0.

We will show that all the assumptions of the extension principle hold. Let us first turn to
estimating the norms of B. The mass achieves its minimum at (ug + d, ug) and its maximum

on Z,ux. Therefore, upon integration over constant v, we obtain

ut 2 4
/ <—rru <1 — 3R) + Q27“37@U(Bu)2) du =M —m(up +d,v) <M — m(uy, up).
Note that we have

2
1-ZR> min{B?/2,1}.

We need to estimate the coefficients in the integral. From

1
S
Tu 47“2%( N)
and (3.3.6), we obtain
1 ! 2 [M—m(uo+d,uo)] -
= M —m(u U

—5 ( max % > < Fy <e't o ( min % > x  (3.3.8)
44 uo<ulug (u,u0) ug<u<ui (u,u0)

><7:—2 1+2‘M|+ﬁ
4 r2 02

and see that 7, is uniformly bounded above and below by a constant depending only on
data on N. Therefore

Ci(u—v) <7< Cou—w)

and
lim 7(up+d,v) =0. (3.3.9)
v—ug+d
Furthermore,
1+ A7y g2 1
T am Tae
(u,v) o2

T
maXeyy<u<uq STUQ
(u,uo)

Therefore there is a constant C,, depending only on values of 7, 7, and m on v = ug such
that

/u1 r? (min{B%, 1} + (B,)?) du < C, (3.3.10)
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3.3. The global problem

uniformly in A.

Thus,

It follows that
":_2|B’ < Cpointwise (3.3.11)

uniformly. Together with (3.3.10), this yields

ul
/ r? (B? + (By,)?) du < CJ,. (3.3.12)

In a similar way, one also obtains
v
/ 3 (32 + (BU)Q) dv < C
U

for v € [ug, u1) from integrating d,m and then deriving a bound on r,/Q? as (3.3.7). Here

one uses that

Tul _ v
02\, 02|,
Using the wave equation for B in the form
10, (r3/zB ) = —§r1/2r B, — @ (e_zB—e_BB) (3.3.13)
v u 2 u v 3”"1/2 b

yields
r(u,v)?’/QBu(u,v)’ Sr(u,uo)3/2|Bu(u,u0)| —I—C/ r(u,v')5/2|Bv(u, o) do’
uo

1 v QQ 1/2 v 1/2
+ = (/ 5 dvl) (/ 0%r ‘6_2B —6_8B‘2 dv'>
3 uw T w0

Since 02 /r? is bounded by virtue of the bounds established above, the third term is easily

seen to be bounded. The second term is estimated as

v v 1/2 v 1/2
/ r5/2]BU| dv' < </ T3(BU)2dU/) (/ r2dv’>
uQ uo ug
v 1/2
<C (/ 8er dv')
uQ (_TU)
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3. Absence of horizons in perturbations of Eguchi-Hanson-AdS spacetimes

Therefore,
|7 By| < r(u,u0)|By(u,up)| + C,

where C' depends on values on N and on Cy, Cs,, C!. Since B is a classical solution up to

and including the horizon, there is an « > 0 such that
B = 0% (ao(t) + a1(t)o + o(0)) (3.3.14)

for smoothly differentiable functions ag and a; of ¢t = (u+wv)/2. From above, the asymptotics
of r, ry, 7, and Q2 are known as we approach the boundary. Inserting (3.3.14) into (3.3.13),
we obtain o = 4. Therefore, 7B, is bounded on N and we have established the desired
pointwise bound on rB, in A.

An application of the extension principle (Theorem 3.3.8) yields Theorem 3.1.20 if it also
holds true that

inf 7, > 0 and sup 7, < 0.

aux Taux

This has been established already in (3.3.8), thus finishing the proof of Theorem 3.1.20.
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A. More ODE theory

A.1. The angular ODE

Assume throughout the section that m # 0. Recall equations (2.2.1) and (2.2.2). We will
only give details for a < 0. The other case can be treated analogously. Define x := cos 9.

Then the equation becomes

d o, dS =2 m? 2 5 9 Z a2 a5\
I(Aﬁ(l—l') >—< (aw—ZmawAﬁp—ﬁa z“ ] S+ A8 =0.

d a? a? a2
K(z) = - ((1 - 52902) (1- $2)> = 472963 — 2z (1 + 62) .

Using the language of Theorem 2.2.1, we see that at +1, we have
fO = 17 go = _m2/4

Thus for m # 0, 1, we have two zeros which do not differ by an integer. Then we know that

solutions are linear combinations of (z F 1)~!"l/2 and (z F 1)/™I/2 near +1.

Proposition A.1.1. Suppose that for some fixed wg,ag € R, we have an eigenvalue \g.
Then, for k sufficiently close to kg, we can uniquely find a complex analytic function A\(w, o)

of eigenvalues for the angular ODE with parameter (w,a) € C x R such that \g = AMw, «).

Proof. We can use the proof in [SR13]. If S is an eigenfunction, we clearly must have
S~ (15 2)lm1/2

as x — 1. For any w, a and A, we can uniquely define a solution S(¥,w, a, A) by requiring
that

S(z,w,a, \)(1 4 z)~Imi/2
is holomorphic at x = —1 and

<S(~,w,a,)\)(1 + _)—\m\/2) (x=-1)=1.
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A. More ODE theory

Then we have holomorphic functions F'(w, a, A) and G(w, o, A) such that
S(@,w, 0, A) ~ F(w,a, ) (1 —2)" ™2 + Gw, o, ) (1 — )1/

as x — 1. Since )¢ is an eigenvalue, we have F'(wp, ag, A\g) = 0. We want to appeal to the
implicit function theorem and define our function A\(w, ) uniquely near (wg, ap). Suppose

(for the sake of contradiction) that

OF
a(wO, Qgp, )\()) = 0.

Set Sy := 0S/IA. Since OF/OX = 0, S, satisfies the boundary conditions of eigenfunctions.

Moreover, we have

Multiplying both sides by S, integrating over (0, 7) with measure sin 1 dv, integrating by
parts and using that S satisfies the angular ODE implies

s
/ |S|? sin g d = 0,
0
which is a contradiction. The proof for ¢ < 0 proceeds similarly. O
Proposition A.1.2. If w; > 0, then
—Im (Aw) > 0.

Proof. Let o < 0. Multiplying the ODE by wS, integrating by parts and taking imaginary

parts gives

4 4 ds|? =2 m? «
— | Im(\@)singdd = Ay | == = — —a*cos? V| |S|? | sinv d¥
/0 m (A\w) sin /0 w1< 59 + |:A19 Zg e s ] |S]* | sin

+ / = cos?¥Im (a*w’@)|S|? sin 9 Ao,
0o Ay

which is positive for w; > 0. For a > 0, the proof proceeds almost verbatim. ]
Proposition A.1.3. When w is real, we have

o\ a2 4 2 2 .
804__62/0 cos” 9| S|* sin 9 dd

for a <0 and

ox  a® [T, 9 .
90 ), sin” 9|S| sin 9 dv
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A.1. The angular ODE

for a > 0.

Proof. Let S, := 0S/0a. First, let o < 0. First one differentiates (2.2.1) with respect to «,
then multiplies by S and then integrates by part. Since w € R, S satisfies the angular ODE,
which yields the result. Similarly we obtain the result for o > 0. O
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B. Twisting

B.1. Twisted derivatives and the modified potential

To deal with the slow decay or even growth of modes satisfying the Neumann boundary

condition, we need to use renormalised derivatives

d
o (hh)

with a sufficiently regular function h. Defining the modified potential

- -1 A_ d A_ dh
vVh.—v

@ C hr2+a2dr +a2dr
we obtain a twisted expression for the radial ODE:

Lemma B.1.1. For all f € C! that are piecewise C2,

(s o)) - = (A Sty

dr \r2+a?2 dr A_ T \rPradr “OAL
By virtue of twisting, the modified potential can be chosen to be positive for large r:

Lemma B.1.2. Let h:=r— /25 [f |m| is sufficiently large, then there is an R > ry such
that V* > 0 for v > R. The choice of R is independent of a and a. Moreover V" = O(1)

as r — OQ.

Proof. We look at the asymptotic behaviour of the different parts of V:

1 1
7 (/\ +a’w? — QmeE) > €—2sz2 >0

Vy = 2 a2)2£—2 + Tt (a A_+(r*—a )QMT)
2A_ 2 N atA2
(r2+a2)2 02 " (12 +a2)!

Vo —w?~

One easily computes that

2%—a A, . A d[{ A dn
= —h — — | =0(1
v(r) 2 (r2+ a2)2r r2 + a2 dr (1“2 + a2 dr> o),

which yields the result. O
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B.2. The twisted Euler-Lagrange equation

B.2. The twisted Euler-Lagrange equation

We give here the derivation of the weak twisted Euler-Lagrange equation.

Proof of Lemma 2.4.6. The following proof can be extracted from [Eval0]. We give the
extension to twisted derivatives here for the sake of completeness. The minimiser f, is a

minimiser of the functional

o0
- A_
Ea(f) = / ( T_1+2R
- 72 + a2

under the constraint

2 +a
+ VP —— |f|2>

J(f)=0,
where
f) = /:Gw)dr, Gl ) = 5 (2 =)
Moreover, define g(r, f) = 2f/r%. Fix ¢y € Hp(ry,00). We assume in a first step

that g(r, fo) is not 1dentlcally zero almost everywhere on (r4,00). Then we can find a
Y9 € H}-(r4,00) such that

/ " g, fan(r) dr £ 0.

T+

Define j(1,0) := T (fa+ 71 +0s2) for 7,0 € R. Clearly, j(0,0)—0. Since 20(fatrditova) ),

T

and 29f “Jgfﬁa@)wg are integrable on (71, 00), j is in C'. In particular, we have

9j

5(0,0) = /°° g(r, fa)a(r) dr # 0.

T+
By the Implicit Function Theorem, there is a x : R — R such that x(0) = 0 and
j(7, k(7)) = 0.

In other words, the function f, + x(7), where

X(7) = 11 + K(T)2, (B.2.1)

satisfies the integral constraint. Thus, setting i(7) := Lo(f, + x(7)), we obtain i(0) = 0.
Note here that i is differentiable in 7 since f, € H.(r,00). We have

di

o (e ) (e ()

dr
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B. Twisting

+Vhr o

fultr + #(0 )1/12)) dr

From (B.2.1), we deduce

Setting

[ (TQAJF—azT—l—i—Qnd ( 5 f ) éir( %7”@02) +Vhr2+a fa¢2) r

Ai=2
fro_f g(T7 fa)wQ dr

yields that

/Oo< = r*1+2ni(r% ”f)(%( “¢1)+V” e 2fa¢1>dr:)\ f;wd

r2 4 g2 dr

for all 1 € HX(ry,00). We have f, € H.(r,,00), whence \ = —v,.
It remains to deal with the case g(r, f,) = 0 a.e. This, however, would yield that f =0

in contradiction to the norm constraint. O
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C. Biaxial Bianchi IX symmetry

C.1. SU(2) and Euler angles

To introduce Eguchi-Hanson space and the biaxial Bianchi IX symmetry class, we need
to understand SU(2), the space of linear maps C? — C? which are unitary and have unit

determinant. As a set

SU(2):{<Z _“’> . z,w € C, \z|2—|—|w2:1}.
w z

Henceforth, we shall identify each matrix A € SU(2) uniquely by a pair (z,w) € C2.
Decomposing z = &1 + i1, w = &2 + iy immediately yields an isomorphism from SU(2) to
83 C R*. This isomorphism allows us to introduce coordinates on S3. Since |z|? + |w|? =1,
there are ¥ € [0, 7] and ~,d € [0, 27] such that

) . ] .
— — -y — qj — —i
z cos<2) e and w sm<2> e 9.

:L—HO and (5:L_¢

2 2

We will write

v

for 0 < ¢ < 27 and 0 < ¢ < 4w. Note that this choice of coordinates (9, p,1)) breaks
down when either z or w vanish. The angles (9, , ) are the Euler angles on S3. Following
[Bigq13] in defining

Q1 :=21dZo — T9dZ1 + T3dTy4 — T4 d23
Q9 :=21dZ3 — 3dZ1 + T4 dTo — T2 d2g

a3 :=21d2T4 — T4dT1 + TodT3z — T3 dZo,

we can easily calculate identities with the left-invariant one-forms:

o1 =209
o9 =203
o3 = — 204,
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C. Biaxial Bianchi IX symmetry

where

o1 =sind siny dy + cosy dd
o9 =sin¥ cos dy — sin dv
o3 =cos ¥ dp + di.

The Euler angles induce coordinates (7,9, ¢, 1) (r > 0) on R*\{0}. We set
== (r1dxg — x9dxy + x3dry — 24 das)
r

[65) ::7 (xl dxg — I3 dJZ1 + x4 dIQ — T2 d$4)
r

ag :=—3 ((L‘l dxy — x4 dx1 + 2o dag — 23 dx2>
T

in analogy to the definitions above and immediately observe that «; = &; for i = 1,2, 3.

Then one can easily see that the flat metric on R* takes the form
Gfiat =dr? + 12 (oz% + a% + oz%)
=dr? + %"2 (O‘% + ag + ag) .
Let us denote by T'S? the tangent bundle of S?, which can be viewed as
TS?={(z,y) e R*xR* : [z =1,2-y=0}.
We will denote by ST'S? the unit tangent bundle, which is given by
STS? ={(z,y) eR*xR® : [z]* = |y[*=1,2-y=0}.

Theorem C.1.1. There is a differentiable surjective map P : SU(2) — STS%. Moreover,
SU(2) is a double cover (in fact the universal cover) of STS? via P.

Proof. We will define P from SU(2)\{z =0 or w = 0} onto ST'S? with the poles removed.
This suffices to define P taking into account the usual issue with spherical-type coordinates.

Let A € SU(2) be represented by (z,w). Set

X =Zw + zw
Y :i=—i(Zw — zw)

7 =27 — ww.
We see

X =sinv cosp
Y =sind sing
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C.1. SU(2) and Euler angles

Z =cosv.

Therefore (X,Y,Z) € S? C R3. Now we use 9 as a polar coordinate on the tangent plane.
Set

X' =cos cosp cos — sin p sin
Y’ =cos1 cos + cos ¢ sin)
Z' = — sin¥ cos ).

Set ¥(z,w) = (X,Y, Z),(X',Y', Z")). Since ¢ has period 47, P covers STS? twice.  [J

Remark C.1.2. One can show that ST'S?, SO(3) and RP? are diffeomorphic.

This statement can be paraphrased as follows: R*\{0} can be thought of as T'S? with the
zero vectors of each tangent plane removed and the tangent plane being ‘attached twice’,
or, more concretely, Ry x (S3/Zy) = (R*\{0})/Zs — where we have taken the quotient with
respect to the antipodal map induced by Zg — is diffeomorphic to the tangent bundle of S?

with the zero vectors removed.

C.1.1. Formulae related to the renormalised Hawking mass

In this section, we collect some useful calculations and identities related to the renormalised
Hawking mass. Let us first start generally with an n-dimensional Lorentzian manifold
(M, g) with Levi-Civita connection V and a spacelike hypersurface (N,g) with induced
second fundamental form K. Let n be the timelike normal on NV. Let (X,~) be a compact
three-dimensional submanifold of N, separating A into an inside and an outside. Let v be
the unit normal pointing outside. Set I+ :=n +v. For X and Y tangent to X, we define

the symmetric null second forms
X+ (X,Y):=¢(Vxly,Y).
Clearly,
X+ = %ﬁzig-
The associated null expansion scalars are defined by
Oz = tryxe = 7P (xa)ap = v Va ()5
Let H be the mean curvature of ¥. Then we immediately obtain

U4 =tr, K + H.
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C. Biaxial Bianchi IX symmetry

Let us now assume that N is foliated by topological 3-spheres X,., where
4r’r = Vol (%,) = / dpy = / V7 dpegs.
r S3
We compute

&gwmmnzl;gk

Assuming that ¥4 is constant on X,, we obtain

1
L1, (dety) dpugs = /S SV L1) 4p VA duise = /Z 9y dps, .

,
lor = §tr7X:|:.
Therefore,
r r? 2 2
9(Vr, Vr) = =3 (brx4) (t1,-) = =75 <(tr7K) _H ) . (C.1.1)

C.2. The Einstein vacuum equations reduced by biaxial

Bianchi IX symmetry
We quote the following result from [DHO06a] and do not present a derivation:

Theorem C.2.1. Let (M, g) exhibit a biaxial Bianchi IX symmetry. Then the Einstein
vacuum equations (3.1.2) for A = —6/0? < 0, understood as a classical system of partial

differential equations, are equivalent to the system of two constraint equations

Du (%) S % (Ba)? (C.2.1)
9, (%) S % (B,)? (C.2.2)

and four evolution equations

_ O2R _ 2rure Q27

Tuy = — 5 TR (C.2.3)
2R 3 0?
(10g Q)U’U :W + ﬁTuTv — BBU,BU + 27€2 (024)
3 Tu 3 TU QQ —92B —_8B
Bun=m g B g B g (7m0, (C.25)

where

1s the scalar curvature of the group orbits.

Proof. One needs to compute the components of the Ricci curvature. The constraints are
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C.2. The Einstein vacuum equations reduced by biaxial Bianchi IX symmetry

the wu and vv components. The equation (C.2.4) comes from the uv component. The

equations (C.2.3) and (C.2.5) are the content of the remaining components. O

Now our aim is to reformulate the equations of Theorem C.2.1 in terms of the renormalised

Hawking mass. The derivatives of the mass are given by

_ 2 4 3 2
Oum =17y, <1 3R> el 7y (Buy) (C.2.6)
Dy = 1 _2R) - 4, (By)? (C.2.7)
T =TTy, 3 gz’ Tu(Bo)”. 2.

Since x — 2e72% —e~8% /2 is positive for |z| — co and has no extremum, we conclude that
Oym <0and O,m >0if r, <0 and r, > 0.

Proposition C.2.2. Assume that (C.2.3), (C.2.5), (C.2.6) and (C.2.7) hold. Moreover,
define Q via (??). Then the constraints (C.2.1) and (C.2.2) hold. If the right hand side of
(C.2.3) can be differentiated in u, then also (C.2.4) holds.

Proof. The proof is a calculation. We obtain

a1
02 o, r2r, 2r,
from (?77). This yields
) (ﬁ):_@rﬂ Lmy mry 177
“\Q2 o Q2 2720, iy, 2027,
o [ 1 R R 1 m r r 1lr m 2 9
= _—— — _—— — _— — _— = — = — _ — B
To <2r 3r+3r 2r+r3 2£2+£2 2 (2 7“3) QQT( w)
2
:—@T(Bu)2

The second constraint equation is obtained analogously. To obtain the equation for (log(2),,,,

we multiply (C.2.1) by Q2 and differentiate with respect to u:

Q
—2ry (log Q)uv + Tuuw — 2ruvﬁu = —2r, (Bu)2 — 4r B, By

Using (C.2.3), we obtain

Qu Q2 492 _9B —8B QQTu (Tu)2 2
Tuuw — ZTWE = T—2ruR + STBu (e —e ) + 5 +6 2 Ty + 4ry(By)”.
Applying (C.2.5), the desired equation follows. O
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D. Well-posedness of the wave equation

D.1. Function spaces and weak formulation

In this section, we prove well-posedness of the wave equation
O (h(u,v) >y + 0y (h(u,v) ) = f (D.1.1)
for a fixed h € C* (Ag’uo), or equivalently

3 hy, 3 hy

h3
Yup = 5;% + if%bu + ?f

in As .y, as an initial-boundary value problem (IBVP).
We shall use the spaces Hl(u), Hl(v) and C°H' as in Section 3.2.2. Denote by
COH}(Asu,) the closure of C§°(As,,) under the CYH! norm. Recall that only the null

boundaries are part of the set Ay ,,. In addition, we also define

2 uotd -3 / 2 !
ol = [ oo du
v

u
HgHzg(u) 5:/ 0 3g(u, v )2 dv'.
Ul

0

Furthermore,

I9020s2(asn) = 5w lglZzy +  sup Nl
o "o uo<uLuo+4 = up<v<ug+9 =u

‘We will also use

2 R -3 2
912 sy, = [, o7 dudo

S,uq

2 a2 2
HgHﬂl(Aa,uo) = HQHE(A&,%) + Hg”ﬂl(Aé,uo) )
Evidently,
2 2
HgHL2(A5,uO) <0 HgHCOLQ(A&uO)
2 2
||g||ﬂ1(A5’u0) <6 Hg‘|00ﬁl<A6,uo) .

Definition D.1.1. We say that ¢ € Coﬂé (As,u,) is a weak solution of the Dirichlet IBVP
(D.1.1) for f € L*(As,) in Agy, with initial datum 1y € (ﬂi)o (up) if
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1. For all ¢ € Coﬂé(A&uO) and all 0 < s < 4, we have

/ K3 (Yupy + Poipn) dudo
As,uo

uo+s

uo+s
+ / h_Swu(uo + s,0)p(ug + s,v)dv — / h_31/)v(u, uo)p(u, ug) du

0 uo

= —/ fwdudo. (D.1.2)
As,uo

2. 1 satisfies the initial condition ¢ on the initial data slice N' = Ag,,, N {v = up}.

Henceforth we shall make some assumptions on the smooth function h. We will assume
that there are C'1, Cy, C3 > 0 such that

T
Clg < h < CQQ and ELh) < Cg. (Dl?))

Recall that T = 0, + 0,.

D.2. A priori estimates

For k£ € N, we define
Dy := A5 1/ uor1/k U{(0,0) € Agyy t u=v=1ug+1/k}.

Lemma D.2.1. Let ¢y € C5° (N) and f' € C§° (Asw,)- Then for k sufficiently large, there
is a unique function Y*) € C> (Dy) satisfying

A (h=20) + 0, (h=2ul) = ' in Dy

P = b on v = ug (D.2.1)
p*) =0 onu=uv=uy+ 1/k.
and
9 2
Hw(k)‘ oot <C (H%HHi(UO) + Hggﬂfl L2(A5,u0)) 7 (b-22)

where the constant C only depends on §.

Proof. The finite linear problem (D.2.1) always has a solution for k sufficiently large, by
standard theory of the wave equation in 141 dimensions.

Now, we compute

o (2 () e () 0 0 o 02

=20y IT () + 47 () + STRuEpP - 1w (v)
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D. Well-posedness of the wave equation

Integrating the left hand side over the domain
{(,v") € Asy = 0/ <y <w}

yields

[ [ (e (o) 7 (09)) o0 (32 (60 s (u0)”) | v
-/ o <(¢5k>)2_ (wgk>)2> a- [ - ((¢<k>)2 b (50’

() s () e () (o)) o
where

u—+v
5

t=

The first term vanishes due to our boundary conditions. The right hand side yields

min(u’,v)
<(2+303) / / (k>)2 + (1/15,’“))2} dv'du/
ug

2+303//h3 w““ + (plk )}dudv

+ / / R3 2 dv'du’.
ug Jug

Putting everything together, we obtain the inequality
v uo

<Co+ (2 + 3C;) / ' / s {(zp(’“))Q + (w&’“f] o' du! (D.2.4)

+ (24 3C3) h3 w“ﬂ Py du/dv’, (D.2.5)
L ) ()]

U1 2 ul pul
CO = / h_3 <<¢(k)) + (¢£k))2> du’ _|_/ / h3f2 du/dv’
uQ uQ v/

is a constant. We claim that

Jore (o) () aie [ ((90) < () ) o 20

0

<2Cpexp (16 + 24C5 [(u — up) + (v — up)]) (D.2.7)

h

where
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D.3. Existence and regularity

for all (u,v) € As,,. We will prove this by bootstrap. Thus consider the set
S = {(u,v) € Asy, : (D.2.3) holds}

This set is evidently closed. Moreover, it is non-empty since (ug,up) € S. We we can show
that S is open, we know that S = As,,,. Substituting the bootstrap assumption (D.2.6)
into (D.2.3) yields

/vu B3 <(¢(’“))2 + (w}jﬂ)Q) du'—i—/u

S;Co o 16424C5 [ (u—uo)+(v—u0)]

v

s ((W’”)Z + (%’“)2) &'

0

Therefore, S is open. The result (D.2.2) follows no by recalling the assumptions (D.1.3). [

D.3. Existence and regularity

Theorem D.3.1. Assume that h satisfies (D.1.3). For all 1o € HL(ug) and all f such
that ((u,v) — o(u,v)*2 f(u,v)) € L? (Asu,), the wave equation has a weak solution 1. The
constructed Y satisfies

3

LQ(A‘WO)

2
¥l onst () < Cs (19013300 + 2]
as well as

I loo(as,,) < O Wllcon (ag.,) -

If moreover, the initial datum g also satisfies

le™ dutboll oy < o0

for an e >0, then

7 0t len(as ) < Cs (190100 + o Outoll sy + 221 (D3.1)

)

Proof. This existence proof follows the approach of [Warl2|. For each n € N, pick w(()n) €
C (NN Dy) and f € Cg°(D,) such that ¥ — vy in H.(ug) and f™ — f in
COH' (As.,) as n — oo. Let 9™ be the solution of the finite problem (D.2.1) on D,
associated to (wén), f (”)>. Define W to be (™ in D, and 0 in Asuo \Dr. Similarly, we

define 8, and 8,1 by continuing 9,1™ and 9,1 by 0. From above, we know that

<C

w7

up <v<ug+9

L3 (v)
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D. Well-posedness of the wave equation

wp [, <

up<u<ug+4d L?) (w)

sup HW <C

up<v<ug+4 L2 (v)

(n) <
0 L2(u) =

sup ‘
up <u<ug+0

uniformly. By weak compactness and passing to a subsequence, there are v, ¥1 and 9 such
that

P ¢ in COL?
Ourp™ — 1y in L2
Opp(™) —apy in L2

weakly. By integrating against a compactly supported function, one easily sees that
Oy = 1 and 9y = 1hs. Therefore v € COH' (As,,) and even ¢ € COH'(As,,) since
linear subspaces are weakly closed. By weak convergence 1) also satisfies the wave equation

in a weak sense.

Each (™ agrees with (™ on A. The convergence @b(()n) — 1 is pointwise almost

everywhere. By the Rellich-Kondrachov Theorem, the sequence (@b(")) converges almost

everywhere on A. Therefore ¢(") — 1 pointwise almost everywhere on A and the initial

condition is satisfied.

The C°H' estimate follows from combining the above Li and Lf, estimates and the fact
that ¢ € COH' (Asup)-

Let us turn to the addendum about higher regularity. Here we simply choose a sequence
1/1(()") such that in addition

— 0.

Hg_la’“ <w(()n) B wo) ’ COW)

Then one can estimate the corresponding (™ from the transport equation

3 1
=325 = 3p p-52pm L 372 )
28 (h Y ) LI R T A

Integrating from A, using the assumptions on h and the fact that h,, is bounded since it

extends smoothly to the boundary yields

o(u, v) =3/ 2

sc(@<u,uo>-3/2rw5"><u,uo>+ / 052 dof + / Qfdv’)

0 uo

for a C' > 0. Since

[ erwiar <o

0
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D.4. Uniqueness

we obtain

o) < (oo

oo

pve H03/2f‘

)

The inequality for v follows after passing to the limit. O

cog! cog!

D.4. Uniqueness

Theorem D.4.1. Assume that (D.1.3) holds. Let 1) € COH} (As.,) be a weak solution.

Then Y is unique.

Proof. The standard trick from [EvalO] cannot be applied right away to this setting since
we work in double null coordinates; the following proof modifies the argument to apply to
the case at hand.

It suffices to show uniqueness for ¢9 = 0 and f = 0. Let ¢ be a weak solution. Fix any
s €]0,0). Define

s+ug—u

0 Y(u+ 1,0+ 71)dr for (u,v) € Ag .y,
0 for (u,v) € Agug\As,uo-

o(u,v) ==

Evidently ¢ € COH} (As.,), satisfying T = —1 and ¢ = 0 for u = ug + s. In particular,

/ hig (%% + wv()@u) dudv =0 (D.4.1)
As,uo
from (D.1.2). We rewrite

Yupy + ooy =TVT P — (Yupu + Pupu)
=- %T (¥*) + %T (¢ +e0)-

Note here that (T'y), and (T'¢), are well-defined.
Recalling that 1 = 0 on N, we obtain

ug+s
/ h=34(ug + s,v")? dv’ + 3 / 4T (h) (Y2 — 2 — ¢2) dudv

0 As,'u,o

ug+s
:/ B3 (apu(uo + s, v’)2 + pu(up + s, 1/)2) dv’
U

0

uo+s
— / h—3 (@u(ul,uo)Q + gov(u,,uo)Q) du’

0

from (D.4.1) because the boundary integral over the portion of Z vanishes. On the slice

{u = up + s}, we have ¢, = 0. Since T'p = —1), this implies ¢, = —¢) on {u = ugp + s}.
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D. Well-posedness of the wave equation

Therefore,

uog+s
/ h3 (goﬁ + 903,) du' + 3/

0 As,uo

T (h)y* =3 / AT (h) (92 + 2) du'dv’
AS’ uo
and
ug+s
/ h3 (cpu(u' u0)2 + o, (v u0)2) du’ (D.4.2)
<C’/ (pu(u’, ") + @p (v, 0))?) du/dv
S UO
for a C' > 0. Now let us define
v—uQ
D (u,v) := / Y(u—T1,0v—7)dT.
0
The relationship between ¢ and ® is expressed by
o(u,v) = ®(ug + s,v —u~+ug+ s) — ®(u,v).
Moreover,

(Oup)(u,up) = — (0u®P)(uo + 8,2up — u + s)
(Ovp) (u,up) =(0p®)(up + 8, 2up — u + 8)

for (u,v) € Agy,. Thus (D.4.2) becomes

ug+s 9 9
/ B3 (@u (uo + s, v') + &, (uo + s, v') ) dv’
uQ
uo+s 9 9
§65C3/ B3 <<I> (uo + s v’) + &, (uo + s,v’) ) do’
u0+T 9
+6C3// u (uo + s, v) +‘I>v(uo+s,v'))dv’.
Let &' € (0, ] such that
1-C8 > —.
We conclude that for all s € [0,0],

uots 2 2
/ Q_3 (<I> (uo + s v') + &, (ug + s,v') ) dv’

uo+7 9
<C// uo—i-sv) +¢Jv(uo+s,v’)>dv'.
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D.5. Higher regularity

By Gronwall’s inequality, this implies

almost everywhere in A ., in particular T® = 0 almost everywhere. As

D, (u,up) = /Ov—uo (Ou) (u — Tyv —71)dT
By (1, 10) = /0 T 0u) (w— v — ) dr,

we conclude T = 0 almost everywhere in Ay ,,, whence ) = 0 by integrating from N.

Now one immediately obtains that ¢ = 0 in
Agup N{v <ug+ 6}

Iterating the argument, yields ¢ = 0 in Ag . O

D.5. Higher regularity

Definition D.5.1. We say that the IBVP has H? initial datum v € (ﬂi)o (up) if

1
Outpo = 5 V0" + Y,
where ¥ € R is a constant and ¢Yp = O (94).

This allows us to define

0y = 50" +

via the transport equation
_3/2 3 52 L 3
0u (072 (0u1)y) = =70~ 0utho + 502,
We will impose the additional assumption

()] fe ()] < D

We have the following a priori result:

Lemma D.5.2. Assume that assumptions (D.1.3) and (D.5.1) hold. Then under the

assumptions of Lemma D.2.1, we have

o]

COHT <C (HTwéHili(uo) + “93/2 (Tf/)

(o)
L? (A&uo) 7
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D. Well-posedness of the wave equation

where C only depends on §.

Proof. Commuting the wave equation with T yields

(T} = 2, 4 BhTqurhTerST(h)%+3T(h>wu+3h2Thf

Therefore,
Ou (W7 (T + 07 (0,T0)?) + 0, (K7 (T9) + ™ (uTw)’)
=213 (T) (TT) — 3h™*Th (T¥)? + 3h~*ThT, Tib,
+2h73(T'T) [ R3Tf + Thh2f+ 3T <h ) y + 3T < ) wu} .
We obtain the estimate as in the proof of Lemma D.2.1. O

Combining all of this with the previous results, one obtains the

Theorem D.5.3. Given H? initial data there is a unique classical solution for the wave

equation.

Proof. 1t is easy to deduce an estimate for || T || oz . Boundedness of ||0y1)[|co gt has been
established already above. This yields boundedness for Hg‘”savszCo. The wave equation
being satisfied, one deduces that Y, = Yy, € C'I%C, which means that 1 is a classical

solution. O

D.6. Application to the contraction map

Proposition D.6.1. Let (7,m, B) € By. Then there is a unique weak solution to (3.2.7)
in COH' (As.,) such that (D.3.1) holds.

Proof. The initial data satisfy the assumptions of Theorem D.3.1 and the right hand side
of (3.2.7) satisfies the conditions for f. Moreover, (D.1.3) holds for 7, but 7 is not smooth.
Since clearly (C‘;+ (Asug) ,df) is the completion of C*° under djy, there is a sequence of
smooth function (7,) converging to 7 with respect to d; such that (7,,m,B) € By, and
such that (D.1.3) holds for each 7,. Each 7, gives rise to a unique B],. Repeating the
computation of Section 3.2.4 shows existence and regularity. For uniqueness, we note that

the proof of Theorem D.4.1 does not require smoothness for 7. O
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