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Leaky exciton condensates in transition metal dichalcogenide moiré bilayers
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We show that the “dark condensates” that arise when excitons form a Bose-Einstein condensate in a material
with an indirect band gap are not completely dark to optical emission. Rather, such states are “leaky conden-
sates” in which optical emission is facilitated by many-body interactions. We analyze the properties of these
leaky condensates in the context of twisted bilayers of transition metal dichalcogenides, which host strongly
interacting excitons and an indirect band gap. We show that this interaction-driven “leaky” emission dominates
photoluminescence at low temperatures, with distinctive qualitative features. Finally, we propose that in these
materials unique intervalley physics can lead to crystal symmetry-breaking excitonic ordering, with implications

for optical processes.

DOI: 10.1103/PhysRevResearch.4.1.022042

Excitons, bound electron-hole (e-h) pairs, give rise to a
plethora of quantum-coherent phenomena in solids, including
light-matter hybridization [1,2], long-range order [3], phase
coherence [4], and Bose-Einstein condensates (BECs) [5].
Novel atomically thin transition metal dichalcogenide (TMD)
structures [6], featuring tightly-bound excitons with long life-
time [7-12] and valley pseudospin with contrasting optical
selection rules [13], have spearheaded a new generation of
excitonic devices. In parallel, the maturing field of twistronics
[14] predicts phenomena such as flat [15] and topological
excitonic bands with chiral edge modes [16]. This versa-
tility is promising for realizing quantum emitters [17,18],
simulators [19], and exciton BECs [20,21], and many-body
exciton physics is being explored in electrostatically gated,
optically inert excitonic insulators [22—28] and cavity exciton-
polaritons [29-33].

In twisted TMD heterobilayers, interlayer excitons [34]
formed by electrons and holes in opposite layers lie at low
energies [35], and provide a compelling platform for pumped
exciton condensates. First, the spatial separation of electrons
and holes leads to long exciton lifetimes. The interlayer twist
then rotates electron bands in momentum space [36], result-
ing in an indirect band gap [37] and even longer lifetimes
[7,38]. Second, the misaligned layers form a large-scale moiré
superlattice, with a spatially modulated band gap [17,39-43]
that traps excitons in localized orbitals [44—48]. This, and the
excitons’ interlayer electric dipole, place them in the strongly
interacting regime [17]. These BECs thus merge strong cor-
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relations, quasiequilibrium dynamics, and opto-, twist-, and
valleytronics. Clearly, new approaches are called for.

In this Letter we show that the intersection of strong in-
teractions and indirect gap leads to striking optical properties
in these moiré BECs. The indirect band gap suggests that
the exciton ground state forms a so-called dark condensate
that cannot emit light directly [49]. However, as we will
show, no condensate is completely dark if interactions are
considered. In this strongly interacting system such effects
are dominant, driving emission from the BEC even at vanish-
ing temperature, which we describe as a “leaky condensate.”
These “leaks” give rise to distinctive qualitative features in
the optical emission of TMD moiré excitons at low tempera-
tures.

Model. We consider a tight-binding lattice model for the in-
terlayer excitons on the TMD moiré superlattice, as proposed
in previous works [17,40,47—-49]. The superlattice inherits the
triangular symmetry of the underlying monolayers, and has
three high-symmetry locations labeled A, B, and C, as seen in
Fig. 1(a) [50]. Sites A and B are local energy minima hosting
bound states while C is a higher local energy maximum. A
and B are generally not degenerate, and their energetic order-
ing may depend on the choice of monolayer compounds and
whether they are stacked near O or 180 degrees [17,40]. How-
ever, for simplicity we consider only the lowest-energy locale
and our results hold whether it is A or B. Additionally, the
triangular symmetry of each monolayer lends it a hexagonal
Brillouin zone, with gapped valleys at the two inequivalent
+K-point corners. e-h pairs are pumped optically via vertical
interband transitions, and so excitons can be photogenerated
in either valley, labeled by t = £1 [13].

We thus consider the Bose-Hubbard [51] Hamiltonian
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FIG. 1. (a) The moiré triangular superlattice formed by a twist
of 3°. The diamond outlines the moiré unit cell, with the three high-
symmetry rotation centers A, B, and C highlighted in blue, green,
and red. (b) 5. The nearest-neighbor-hopping exciton dispersion in
the moiré Brillouin zone. The blue and orange regions represent the
condensate and the optical light cone (of ¢ = +1 excitons, not to
scale) respectively.

where )A(IL is the bosonic creation operator of the lowest
Wannier state in supercell R (at either locale A or B) and
valley 7. f(]jr, defined shortly, creates plane-wave states with
dispersion ex. We use ex = —t[4 cos(kya/2) cos(\/gkya/2) +
2 cos(kya) — 6], corresponding to nearest-neighbor hopping
with amplitude # > 0 and moiré period a [50], and plotted in
Fig. 1(b). Ey is the exciton formation energy (band gap minus
binding energy). U;, > 0 are valley-dependent [52] on-site
repulsion strengths; due to moiré localization a strongly
interacting system with t/U;, < 0.1 is predicted [17,49],
which we will treat accordingly. Vimr is the light-matter
interaction, addressed below.

A specific gauge is fixed in Eq. (1): Exciton momentum
eigenstates superpose e-h pairs with fixed momentum transfer
P, — P, = P. Due to the indirect gap, the lowest-energy tran-
sition occurs at p = —tK # 0, where K = K;, — K, is the
momentum mismatch between the T = +1 valley extrema of
the two layers [17,36,37], coinciding with the moiré Brillouin
zone (MBZ) corner. It is convenient to define the shifted wave
vector k = p + 7K, so real- and k-space states are related by
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with N the number of supercells. Indeed, the hopping ampli-
tudes (Rt |H|R't) are complex. Their phases are fixed by the
momentum mismatch [17], which guarantees [50] that in this
unique gauge € is valley independent and minimal at k = 0.
This momentum mismatch implies that the excitonic
ground states cannot recombine radiatively: The nearly verti-
cal photon dispersion gives rise to the well-known optical light
cone (LC) of states with |p| < Ey/kc that can recombine, with
c the speed of light in the surrounding medium. The light cone
of each valley is thereby centered at k = 7K, i.e., the MBZ
corners; see Fig. 1(b). Crucially, the k = 0 states lie outside
both cones, and thus they are momentum dark.
Under a broad set of conditions, the Hamiltonian (1) has a
many-body ground state that is Bose-condensed, with a large
phase-coherent occupation of the single-particle ground states

at k = 0. In direct-gap systems, where these states are bright,
this would lead to a pronounced phase-coherent emission
similar to superradiance [5]. Yet the twist-induced momentum
mismatch renders the BEC a “dark condensate” from which
direct optical emission is forbidden by translation symmetry.

Breaking translation symmetry can enable emission from
momentum-dark excitons. This has been realized externally in
TMDs, with electronic charge order [53,54] and incommensu-
rate substrates [55]. Indeed, translation symmetry breaking is
a hallmark of indirect-gap exciton coherence [22,56,57]. The
interplay of two interacting valleys in Hamiltonian (1) can
cause the excitons to break translation symmetry and form
exciton density waves, which we explore in the Supplemental
Material [50]. We find that while these density waves have
precisely the required geometry, threefold rotation symmetry
prevents direct emission and the condensate remains dark.

Leaky condensates. While its coherent component cannot
emit directly, the many-body condensed ground state is not
completely dark. Rather, exciton-exciton interactions induce
an incoherent component that can radiate. Emission is driven
by excitonic collective modes [58], which have attracted re-
cent attention as insightful probes of excitonic many-body
states [57,59—64]. Here, the collective modes supply the mo-
mentum necessary for the excitons to recombine. Collective
modes exist in normal phases, and so Bose coherence is
not a prerequisite for this mechanism. However, below we
demonstrate that in twisted bilayers this is the dominant
emission channel at low temperatures. Thus, many-body in-
teraction effects will determine the optical character of the
low-temperature condensed phases, which we call “leaky con-
densates.”

The essential physics of our mechanism is captured by a
single-valley model. This may be realized experimentally by
pumping a valley-contrasting circularly polarized intralayer
exciton resonance, followed by rapid interlayer charge trans-
fer [65]. Excitons exhibit long valley depolarization times
[11,48,65,66] thanks to the large e-h vertical separation [34],
suggesting the exciton population can be treated as valley
polarized over radiative timescales. Projecting onto valley
T = +1 and suppressing v henceforth, H reduces to
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Equation (2) notwithstanding, all excitons now carry the same
momentum mismatch so it is gauge eliminable, and Eq. (3)
realizes the usual Bose-Hubbard Hamiltonian.

We model the light-matter interaction by

Vi = Y liply, iy, + (8po g Rxcip, +HC) (4)

Py.pL.0

where &EU creates a photon with momentum p with the in-
dicated in- and out-of-plane components and polarization o.
We have incorporated the exciton momentum mismatch, and
made the rotating-wave approximation [67]. The coupling
constants gy, are obtained from electronic interband transition
dipole matrix elements, and depend on the exciton pairing
wave function [38] etc. The recombination rate 'y of each
exciton at k inside the light cone can be computed [38] using
Fermi’s golden rule [68]. This defines a natural timescale,
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the lifetime of a localized exciton in a single moiré site,
Toe = x Y kerc Ik The relative size of the light cone com-
pared to the total MBZ = %ZkeLC ~ (Epa/hc)* gives the
fraction of the localized wave function that is contained in the
light cone, and provides the estimate tjo. ~ (hc/Epa)? /T ~
10 ns [17]. Note 11, 1s not the exciton mean radiative lifetime,
which is associated with a thermal averaging over I'y [38].

Let us assume that exciton recombination is sufficiently
slow to maintain quasiequilibrium, with an associated chemi-
cal potential ;1 and grand-canonical potential & = H — ,uN
We will study the ground state of the excitonic sector of &
and treat Vi as a weak perturbation that generates photons
which probe it. This picture is made consistent by shifting the
photon energies to (fiwp — ) [50].

Weak interactions: Bogoliubov theory. Though the excitons
we consider are strongly interacting [17,49], we first present
our emission mechanism in the familiar weakly interacting
Bogoliubov theory to build our intuition.

A BEC with all excitons at k =0 will be depleted
by interactions that eject pairs of counterpropagating ex-
citons from the condensate. If one lands within the light
cone, it may recombine. Bogoliubov theory lets us neatly
resum these virtual processes and find the depleted ground
state.

Consider a state with total filling (number of excitons per
site) v and condensate filling v.(v). Equation (3) leads to
the standard [69] mean- -field (MF) Bogohubov—de Gennes
(BdG) Hamiltonian EMmF = Dk ka b with the familiar
dispersion Qk = ex(ex +2v.U), u = Eo + v.U, and the Bo-
goliubov modes

. Qk — ex
sinh G = o &)
The ground state of the theory is the BdG vacuum. Yet the
mixing of particle creation and annihilation in Eq. (5) implies
that it nevertheless contains some excitons also at k # 0, most
notably inside the light cone.

Consider recombination in terms of the collective modes.
Transcribed into BdG modes Eq. (4) contains terms such
as —gpo s1nh(6?K_H,H )ap<7 “Kop which represent a sponta-
neous emission of a photon and a BdG mode, the latter
assuring momentum conservation in analogy to phonon-
assisted exciton recombination [5]. Therefore, interactions
enable an otherwise-dark exciton condensate to “leak” pho-
tons with

b, = cosh(B) %, + sinh(B)7.

ha)p = MU — Q_K_pH = E() + VCU — Q_K_P\I < E(). (6)

As expected, some energy is lost to the Bogoliubov mode.

We compute the total emission rate I' with Fermi’s golden
rule via transitions between the BdG vacuum and single quasi-
particle states. The redshift in Eq. (6) is negligible compared
to Ey, so this is equivalent to counting the number of excitons
present within the light cone,

1 vy 2
I~ Mgk ~ Nt 'lng ~Nt ' ——=). (7
k§: k7K rloc nK 100(18t/U) ()

Here we approximated ng = ( )A(lj X)) RNk = sinh? fg in-
side the light cone, assuming it is much smaller than the

MBZ, and expanded around small densities. The total fill-
ing is found by integrating ng [69], and in two dimensions
ve = v[1 — O(U/t)]. Thus, unlike spontaneous decay, I is
quadratic in density.

The generality of this construction suggests that exciton
condensates in any indirect-gap system are leaky. Moreover,
emission is accomplished without additional degrees of free-
dom. This contrasts with external optical probing [70] and
other mechanisms that involve phonons [71] or carrier ex-
change in larger exciton complexes [72].

Interactions deplete excitons into excited bands as well,
and so leaky condensates can also occur in systems that are
dark due to a spin-forbidden transition, etc. Previous stud-
ies have shown that, for sufficiently strong interactions (or,
equivalently, above a threshold density), a dark condensate
can transition into a so-called gray condensate [73-76]. Our
finding of leaky emissions is distinct from these previous
works: (i) Emission from the leaky condensate grows contin-
uously with increasing density, with no threshold value. (ii) In
indirect-gap materials, the bright and (momentum-)dark states
are smoothly connected along the same Bloch band, unlike
the usual scenario where they are spin-split and form separate
bands. This prevents fragmentation into a gray condensate.
(iii) The gray condensate emission is coherent whereas the
leaky condensate emission is incoherent, due to its entangle-
ment with the generated collective modes.

Condensate depletion by interactions has recently gained
significant experimental attention [77-81]. Relatedly, BAG
modes are used to renormalize phonon-assisted photolumines-
cence line shapes, e.g., in Cu,0 [5,82,83]. However, the role
of collective modes in enabling recombination of indirect-gap
excitons, to the best of our knowledge, has not been pointed
out so far. Additionally, these descriptions focus on weakly
interacting excitons.

Strong interactions: Hard-core bosons. We now explore
how leaky condensates manifest under strong interactions.
Consider the U — oo limit corresponding to hard-core
bosons, which, with the transformation (S = % henceforth
implied)

[N
J.

=

=
>

>

8 =it =S, (®)

map to a spin—% XX ferromagnet in a transverse field. The
grand-canonical potential becomes

E=—t ) Gl + S8+ Eo—w))_ (Sx+9). ©
(R,R) R
The recombination rate remains I'tjoc/N = ng = <§E§§)’
where S = \/Lﬁ Y pe KRS
This limit readily manifests ground state emission: With
t =0, Eq. (9) factorizes into independent sites each with
MF solution /v |f}) + +/1 — v |{}), yielding [50] ng (v) = v?.
As nonzero hopping allows repelling excitons to separate,
leading to anticorrelations, this is an upper bound. Addi-
tionally, an emergent particle-vacancy duality [50] S'lj{ — S‘;{F
connects the ground states of Eq. (9) with fillings v and 1 — v,
providing the identity ng(v) —ng(l —v) =2v — 1. Thus,
ng(v) > max(2v — 1, 0). These bounds already demonstrate
the interaction-driven nonlinearity of I'(v).

L022042-3



BENJAMIN REMEZ AND NIGEL R. COOPER

PHYSICAL REVIEW RESEARCH 4, 1022042 (2022)

4
3
2
1

i

00 0.05 0.10 0.15 0.20

0.0 02 04 06 08 10

FIG. 2. Emission rate I'(v) at T = 0 versus filling [86] within
the Holstein-Primakoff expansion [50] (solid black), compared
with exact diagonalization on a 6 x 3 lattice (filled circles) and
a least-squares fit derived from two-body states (dashed blue).
The solid and dashed gray lines are upper and lower bounds ex-
plained in the text. Inset: The crossover temperature 7* between
interaction- and thermally-dominated emission. The solid and dashed
thin lines mark the Berezinskii-Kosterlitz-Thouless superfluid transi-
tion and quantum degeneracy crossover, estimated at kT /t = +/37v
and 4+/37v, respectively [50]. Interactions dominate the cold
regimes.

A quantitative treatment of emission is again found in
terms of spontaneously excited collective modes, now taking
the form of spin waves. We perform a Holstein-Primakoff
(HP) 1/S expansion [84] similar to that of Bernardet et al
[85], with details provided in the Supplemental Material [50].
The qualitative features of Bogoliubov theory are reproduced:
we obtain a quadratic & = Y QkBLlA)k, now with dispersion
Q = ex[Qumr — 1)?ex + 24vyp(1 — vyp)t] and = Ep +
6(2vmr — 1), where the filling vy is the mean-field order
parameter (cf. v, in the previous section). The exciton occupa-
tion in the spin-wave vacuum, or equivalently at temperature
T =0, is now

nk = [vmr cosh O + (1 — vyp) sinh 6, ]°. (10)

Ok and the emission spectra are still given by Eqs. (5) and (6).

We plot the T = 0 emission rate I' o ng in Fig. 2 [86].
Comparing it against small-scale exact diagonalization, we
find very good agreement across a wide range of fillings. In
the dilute limit,

4
v« 1)~ §ng; V- (11)

The apparent quadratic dependence in Eq. (11) does not im-
ply an absence of correlations, which cause vyg(v) and v
to differ. Exciton correlations can be inferred from two-body
states [76], from which we deduce [50] the asymptotic form
I' ~ (v/logv)?, revealing the expected suppression. Numer-
ics confirm [50] that vy ~ (v/logv) for v < 1, indicating
correlations are successfully captured.

Our HP theory also allows us to treat nonzero temper-
atures. Thermal excitations enhance emission and unlock
a second channel whereby a collective mode is absorbed
instead of emitted, leading to two emission lines. In the
inset of Fig. 2 we plot the crossover temperature 7* at

which depletion (due to interactions) and thermal excitations
contribute equally [50] to the total emission rate, and below
which interactions dominate. This crossover occurs above
the Berezinskii-Kosterlitz-Thouless (BKT) transition [87,88],
indicating that leaky emission will be the dominant emission
channel characterizing the superfluid phase and much of the
quantum-degenerate regime. Remarkably, in this strongly in-
teracting system, at small filling “leaks” dominate emission
even in the hot gas phase that can be treated semiclassically.
Unlike the Stokes and anti-Stokes lines in phonon-assisted
emission [5], the two BdG processes have unequal matrix
elements with different density dependences. The anti-Stokes-
like line dominates above T*, and the net annihilation of
BdG modes may evaporatively cool the BEC, similarly to a
mechanism recently suggested [89]. Finally, the strength of
interactions can be inferred from the ratio of emission line
intensities [50].

The leaky condensate picture thus predicts a distinctive
property of moiré exciton emission: a dominant redshifted
emission line with quadratic density dependence below T*,
compared to a dominant blueshifted line with linear density
dependence above T*. We do not expect a qualitative change
at the BKT transition.

Experimental consequences. We assess the parameters un-
der which a leaky condensate may be observed. Comparing
Eq. (7) with (11) suggests that this mechanism saturates once
U > 12t, which should hold across a wide range of twist an-
gles [17]. For a = 10 nm (twist ~2°) and corresponding ¢ ~
0.2 meV [17], and at a demonstrated [90] photoexcited ex-
citon density of n ~ 10! cm™? (v ~ 0.1), T* ~ 5 K. Larger
twist angles or intercalated hBN spacers would increase ¢ and
thus T* [17,49], and mitigate inhomogeneity effects. Further-
more, electrostatic gating might modify the moiré symmetry
[17] or its elastic reconstruction [91,92], allowing in situ tun-
ability. Above T* the two emission lines are split by ~20¢ ~
4 meV and should be resolvable.

Leaky emission will manifest in a quadratic loss
on = —)/nz, with n the exciton number density. With
Eq. (11) and 1joc ~ 10 ns at @ ~ 10 nm [17] we estimate a
rate constant y ~ a”/Ti,c ~ 107* cm?/s. Exciton density is
controlled with pumping fluence, and tracked with transient
absorption [93,94], emission blueshift [cf. Eq. (6)] [70,74,90],
or time-resolved photoluminescence (PL) [90]. These reveal
such quadratic dependence, which is attributed to Auger
recombination. In TMDs this process is associated with a
high-energy conduction band that supports bound excitons
at energies close to 2Ep, making Auger recombination
nearly resonant [95,96]. Yet crucially, for nonzero detuning
Auger recombination freezes out at 7 — 0 [97] and leaky
emission will dominate. Comparisons at nonzero temperature
are not straightforward; estimates are available mostly
for room-temperature monolayers, suggesting an intrinsic
Auger constant y ~ 103 cmz/s [95,98,99]. However,
moving to cryogenic temperatures or to bilayers could
each reduce y by orders of magnitude [97,100]. Thus,
the dominance of leaky recombination over Auger could
feasibly extend to 7* and above. This unique regime of
emission linear in continuous fluence yet nonlinear in
instantaneous density might be important in interpreting PL
experiments. In settings demonstrating population lifetimes
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approaching microseconds [9-12], the short “leaky
lifetime” Tieqrs ~ (¥n)~' ~ 10ns induced at high fluences
could also play a significant role in the complex population
dynamics.

Conclusions. We have shown that strong interactions chal-
lenge the picture of dark condensates in moiré bilayers,
where they dominate optical processes. This prompts further
material-specific modeling to compare these effects to other
recombination and loss mechanisms. Additionally, while here
we mostly considered a single-valley model, the physics of
two-valley moiré condensates is very rich. As we remark
above, excitonic density waves put such condensates on the
verge of optical activation which is prevented only by vesti-
gial rotational symmetry [50]. Therefore, direct emission with

long-range phase coherence may be achieved in these systems
by external fields, strain, layer separation, and pressure, with
possible sensing applications. We leave this and other novel
intervalley phenomena to future work.

Data sharing is not applicable to this article as no datasets
were generated or analyzed during the current study.
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