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ABSTRACT
Bluff-body stabilized turbulent premixed flames can ex-

perience hydrodynamic instability caused by the interaction of
the flame with small-scale vortices in the separated shear layer
around the recirculation region, as well as with the large-scale co-
herent structures in the far-wake. A globally hydrodynamically
unstable system, for example one which involves vortex shed-
ding, can exhibit limit-cycle behaviour due to the coupling be-
tween pressure oscillation and velocity fluctuations. In this work,
the hydrodynamic behaviour of a bluff-body stabilized turbulent
premixed propane/air flame in a model jet-engine afterburner
is investigated using Computational Fluid Dynamics (CFD). A
URANS approach was found to be appropriate for the range of
frequencies considered in this study. Combustion is modelled
using a modified flame surface density (FSD) approach. The ob-
served self-excited hydrodynamic oscillations are analyzed us-
ing a nonlinear dynamical framework which is capable of cap-
turing elaborate nonlinear behaviour including quasiperiodicity
and chaos. The results from the CFD are first validated using
available experimental data. The velocity at the inlet is gradually
increased from 14 m/s to 33 m/s and the global flame structure
is observed. With increasing inlet velocity, the flame first tran-
sitions from steady state to an oscillating state with a symmet-
rical flame structure, and eventually to an asymmetrical flame
structure at higher velocities. The flame is essentially steady
in the lower range of velocities considered before transitioning
to a limit cycle oscillation after a critical velocity is exceeded.

∗Address all correspondence to this author.

A doubling in the frequency of the hydrodynamic oscillation is
also observed at intermediate values of inlet velocity. This inves-
tigation demonstrates that turbulent premixed reacting flows can
exhibit strong hydrodynamic oscillation. An understanding of
such behaviour can assist in developing methods to control flow
instabilities and therefore help in suppressing thermoacoustic os-
cillation.

NOMENCLATURE
Roman Symbols
ac Hydrodynamic strain at extinction
a Hydrodynamic strain
C Correlation sum
c Reaction progress variable
Dc Correlation dimension
f Frequency
i Hypersphere
Io Strain correction factor
K Stiffness parameter
k Turbulent kinetic energy
L̂y Flame wrinkling length scale
m Embedding dimension
Ma Markstein number
p Pressure
p∞ Reference pressure
R Euclidean radius
SL Unstrained laminar flame speed
T Temperature
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t Time
tr Laminar flame residence time
u Velocity
uinlet Inlet velocity
u′ Turbulence intensity
w f Bluff-body width
Y Mass fraction
Greek Symbols
ε Turbulent dissipation
L Characteristic of pressure wave
ν Kinematic viscosity
ω Chemical reaction rate
φ Equivalence ratio
ρ Density
Rm Euclidean space
Σ Flame surface area per unit volume
τ Time delay
Subscripts
P Product
R Reactant
Other Symbols
− Time averaged
′′ Fluctuation about a Favre average
′ Fluctuation about a time average˜ Favre averaged
Acronyms
BML Bray-Moss-Libby
BV K Bernard von-Karman
CFD Computational Fluid Dynamics
FSD Flame surface density
ODE Ordinary differential equation
OpenFOAM Open Field Operation and Manipulation
PISO Pressure Implicit Splitting of Operators
URANS Unsteady Reynolds Averaged Navier Stokes

INTRODUCTION
Stabilization of turbulent premixed flames in fast flowing

gases is important to a range of combustion systems, including
gas turbines, industrial burners, ramjets and afterburners. One
means to achieve a stable flame is by using a bluff-body to gen-
erate a recirculation zone [1]. In this region, recirculating burned
gases at high temperature act as a source of continuous heating
of unburned reactants in the free stream. However, a stable flame
can only be achieved within a limited range of fuel/air equiv-
alence ratio and approach flow velocity. Beyond these operat-
ing limits, the flame can experience various instabilities that can
lead to global extinction [2, 3]. For example, the flame can be
subjected to strong hydrodynamic oscillations, primarily due to
large-scale vortices that tend to perturb the flame front and af-
fect the local heat release rate [4, 5]. Another commonly ob-

served phenomenon associated with flame instabilities is ther-
moacoustic oscillation, under which the pressure fluctuations and
unsteady heat release are in-phase [6]. Thermoacoustic oscilla-
tion is highly undesirable as it can affect the operation and struc-
tural integrity of the combustion system.

A wake-stabilized turbulent premixed flame such as that
found in a jet-engine afterburner configuration is highly suscep-
tible to hydrodynamic instabilities [7]. Large-scale motions such
as Karman type vortex shedding or shear-layer instabilities are
often observed in such a configuration. These flow instabilities
tend to be more prominent under isothermal conditions than in
reacting flows, as the combustion process introduces additional
physics including exothermicity and flow dilatation that are ab-
sent in non-reacting bluff-body flows, as evidenced in experi-
ments [8, 9] and numerical simulations [10–12]. In the presence
of a flame, thermal expansion acts as a sink for vorticity, while
baroclinic torque tends to counteract fluid-mechanical straining
effects [1,13,14]. Nevertheless, the interaction between the flow,
including the large-scale coherent structures and the small-scale
turbulent vortices and the flame can affect the global flame be-
haviour. Velocity fluctuations caused by large-scale flow struc-
tures can lead to changes in the flame surface area [15] and
entrainment of fresh mixture into hot products in the wake of
flameholders [16]. Moreover, the dynamics of the flame front
are strongly influenced by the hydrodynamic straining and curva-
ture [17]. Fine-scale turbulence can affect the heat release due to
changes in the local flame structure. Hydrodynamic oscillations
can also interact with pressure waves in a confined chamber. If a
system exhibits long range feedback involving pressure-velocity
coupling, a limit cycle would be expected and this will in turn
affect in the manner in which the flame behaves.

In this work, the hydrodynamic behaviour of a bluff-body
stabilized turbulent premixed propane/air flame in a model af-
terburner is investigated using Computational Fluid Dynamics
(CFD). To simulate the bluff-body stabilized flame, an unsteady
Reynolds-averaged Navier Stokes (URANS) approach using the
modified flame surface density (FSD) combustion model [18,19]
has been adopted. As low frequency flow instabilities such as
those associated with shedding of vortices past the bluff-body
or rollup of the flame front are of interest, a URANS approach
is adequate. The modified FSD approach can effectively cap-
ture changes in the flame surface area due to straining and cur-
vature effects, which has proved to be useful in modelling the
response of premixed flames interacting with large-scale coher-
ent flow structures [5]. Previous work in this area has demon-
strated that by using a well-resolved URANS approach, fully de-
veloped combustion oscillations can be captured [20, 21]. Suc-
cessful comparison against experimental data has been carried
out [19, 22], and theoretical methods have been able to predict
stability boundaries [23]. The current work builds upon the work
of Armitage et al. [22] that employed the URANS approach to
study flame instability in the presence of vortex shedding and
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rollup, and gain insight into the origins of nonlinear behaviour
during combustion oscillations.

Previous analysis of combustion instabilities has been car-
ried out in both the frequency domain and the time domain. Fre-
quency domain analysis is usually based on the Flame Describ-
ing Function [24, 25], and allows for the prediction of frequen-
cies and amplitudes associated with a particular mode of oscilla-
tion. In this work, a time-domain analysis is employed [26, 27].
The observed self-excited hydrodynamic oscillations are inves-
tigated using a nonlinear dynamical framework [28]. Such an
approach does not implicitly assume that a system exhibits only
a limit cycle, and instead is capable of capturing elaborate non-
linear behaviour including period-doubling, quasiperiodicity and
chaos [27]. The present work aims to demonstrate the nonlinear
behaviour of the flame with changes in the inlet velocity. The
flow behaviour past the bluff-body and far-wake region is known
to be sensitive to variations of the inlet velocity. This will have
an implication for the global flame dynamics and the nonlinear
behaviour of the system.

The first part of the work reported in this paper serves to vali-
date the URANS results for the current configuration. In the sub-
sequent section, the inlet velocity of the wake-stablilized flame
is varied and six flames at different inlet velocities are simulated.
For each flame, the self–excited hydrodynamic response is exam-
ined, revealing nonlinear behaviour and the corresponding bifur-
cations. Changes in the flame structure due to hydrodynamic in-
stability and the dynamics of the system are elucidated using the
results from CFD. The flame structure is shown to change dra-
matically across the bifurcations and a qualitative stability map
is constructed.

NUMERICAL FORMULATION
The governing equations for turbulent combustion CFD are

the compressible Navier-Stokes equations for mass, momen-
tum, and energy conservation. A Reynolds-averaged approach
is adopted and a second moment closure model is applied to cal-
culate the Reynolds stresses [29]. A reaction progress variable is
defined as

c =
YF −YFR

YFP−YFR
(1)

where YF denotes the mass fraction of fuel, and the subscripts R
and P indicate the reactants and the products, respectively. The
local flame properties such as temperature and density are deter-
mined from the reaction progress variable using the Bray-Moss-
Libby (BML) flamelet relationships [30]. The transport equation
for the Favre-mean reaction progress variable c̃ is

∂ ρ̄ c̃
∂ t

+
∂ ρ̄ ũic̃

∂xi
=

∂

∂xi
(ρ̄ ũ′′i c′′)+ ω̇ (2)

The turbulent scalar flux ũ′′i c′′ is modelled using a standard gra-
dient transport hypothesis [31]. The term ω̇ is the mean turbu-
lent reaction rate, expressed as the production rate of reaction
progress variable per unit volume. This quantity is modelled us-
ing a laminar flamelet concept, in which combustion is assumed
to take place within thin flame surfaces that separate the regions
of reactants and products. Locally, turbulence acts to wrinkle
and to distort these interfaces, however, the flame retains the lo-
cal structure of a strained laminar flame.

The reaction rate source term is given by:

ω̇ = ρRSLI0Σ (3)

The group of variables ρRSLI0 represents the reaction rate per
unit flame area and Σ is the surface area per unit volume. The
density of the mixture is ρR, which is a known quantity. The
unstrained laminar flame speed SL is obtained by means of an
empirical correlation [18]. The correction factor I0 accounts for
the mean effects of strain and curvature on the laminar flamelet.
This term is modelled from laminar flame computations with
detailed chemistry [32] and from Direct Numerical Simulation
(DNS) data from Bray and Cant [17], and was formulated by
Brookes et al. [19] as:

I0 =
∫ ac

−∞

P(a)da−Matr
∫ ac

0
aP(a)da (4)

where Ma is the Markstein number, obtained from the experi-
mental data of Searby and Quinard [33], tr is the laminar flame
residence time and ac is the hydrodynamic strain rate at extinc-
tion. The probability density function P(a) of the hydrodynamic
strain rate is described by a Gaussian function with mean ā and
standard deviation σa evaluated from DNS data [17].

The flame surface density (FSD) describes the effects of tur-
bulence on the flame structure, and is quantified using an alge-
braic expression. The specific form of the model for the flame
surface density was developed by Brookes et al. [19] and was
calibrated against the stagnation-plate flame data of Cheng and
Shepherd [34],

Σ =
Cwc̄1.2(1− c̄0.8)

L̂y
(5)

The model constant Cw = 5.50×10−3 and L̂y is the integral length
scale of flame wrinkling given by:

L̂y =
ν

SL

(
1+C f

u′

SL

)−1

(6)
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where u′ is the turbulence intensity and the model constant C f is
taken to be equal to 2.225.

The model is implemented in the open source CFD toolkit
OpenFOAM. The equations are discretized in space using a
central differencing scheme which is second-order accurate in
smooth regions of the solution and is flux limited to first-order
near steep gradients in order to guarantee boundedness. An
Euler-implicit time marching is employed to account for tran-
sient effects. The PISO pressure correction algorithm [35] is
used to solve the system of equations. The algorithm splits the
solution procedure into an implicit predictor step followed by
two corrector steps. In the predictor step, all quantities except the
pressure are updated by solving the momentum, energy and reac-
tion progress variable equation, whilst in the corrector steps, the
pressure Poisson equation is solved implicitly and other quanti-
ties are updated explicitly.

DYNAMICAL SYSTEMS THEORY
The state of a dynamical system is determined by its dynam-

ical variables and evolves according to the equations of motion
that govern the causal relation between the current and future
states. In the present work, the bluff-body stabilized turbulent
premixed flame is treated as a dynamical system. The change in
the behaviour of the flame when a control parameter, for exam-
ple the inlet velocity, is varied is known as a bifurcation. When
the control parameter moves outside a linearly stable regime, the
dynamical system transitions from a steady state without oscilla-
tion to a state with oscillation. The operating point at which the
dynamical system transitions from a steady to an oscillating state
is known as a Hopf point.

Phase space contains all possible dynamical states of a sys-
tem. An attractor refers to a well-defined geometrical structure
in the phase space that describes the asymptotic state of a non-
linear system. Each point contained in the phase space corre-
sponds to a unique state of the dynamical system at a particu-
lar time. If there are m dynamical variables, then the state at a
given time can be represented by a point in the Euclidean space
Rm. The representative points trace out a path in the phase space,
known as the phase trajectory. To construct the phase space, it
is necessary to know the dimension of the phase space which
is generally given by the number of the coupled set of ordinary
differential equations (ODE). This quantity is often not known
in advance and has to be estimated. The embedding theorem
proposed by Takens [36] allows the reconstruction of a phase
space from measurements obtained from experiments or CFD.
This method asserts that if a time series is one component of an
attractor that can be represented by a smooth d-dimensional man-
ifold then the topological properties of the attractor are equiva-
lent to the topological properties of the embedding formed by the

m-dimensional phase space vectors.

~Xi = (y(i∆t),y(i∆t + τ),y(i∆t +2τ)
...,y(i∆t +(m−1)τ))

(7)

where i denote the hypersphere considered, m is the embedding
dimension and τ is the delay time. In this study the variable
y of interest is the pressure. The pressure is selected as we
wish to understand how nonlinear hydrodynamics can affect the
global flame behaviour, and ultimately how this would have an
implication on thermoacoustic instability where pressure fluctu-
ations are of primary importance. For a proper reconstruction,
it is important to calculate the optimum delay time and the opti-
mum embedding dimension. The minimum value of m required
to capture the topological properties of an attractor depends on
the dimension of the attractor. The delay time has to be chosen
carefully. This is because reconstructions with high correlations
between consecutive phase space points will result if the delay
times are too small, whereas the deterministic structure linking
points along a single degree of freedom may be obscured for very
large delays. Using the method proposed by Abarbanel [37], the
optimal delay time is obtained by computing the first-zero cross-
ing of the autocorrelation function.

The phase portrait is employed to visualize the reconstructed
phase space. It is a three-dimensional plot of the system motion
against that same motion shifted by one delay time and by two
delay times. The topological manifold of the phase trajectory
provides valuable information about the system dynamics. When
the system is steady, a single point will be observed if no noise
is present. For a limit cycle, the attractor is a closed curve, indi-
cating that the solution is periodic in nature. For a quasiperiodic
oscillation, two incommensurate frequencies are present, which
modulate the amplitude of the solutions. As a result, the attractor
will take the form of a torus in the phase space.

The topological dimension of an attractor is given by its cor-
relation dimension. Like other fractal dimensions, it is used to
identify the underlying dynamics of a system. By considering a
simple Euclidean geometry, points have dimension 0, lines have
dimension 1, plane surfaces have dimension 2, solids have di-
mension 3. Analogously in the examination of the dynamical
system, the correlation dimension is zero for a steady flow (fixed
point), one for a periodic limit cycle (closed trajectory) and two
for quasiperiodicity (torus surface), fractional for chaotic motion
(self-similar fractal object), and infinite for purely random noise.

GEOMETRY AND BOUNDARY CONDITIONS
The Volvo afterburner experiment consists of a rectangular

duct of size 1.0 m (length) x 0.12 m (height) x 0.24 m (width)
containing a triangular-shaped bluff body that extends between
the two lateral walls in the enclosure and with its apex pointed
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towards the inlet. The sides of the bluff body triangular base
measure 0.04 m. The bluff-body is located 0.318 m downstream
from the inlet of the duct. The problem is formulated using two
dimensional planar coordinates by considering only the axial and
transverse directions. The computational domain is divided into
ten blocks as shown in Fig. 1. The mesh arrangement for the
blocks are: blocks 1 and 2 consist of 280 × 54 mesh points;
blocks 3 and 4 consist of 40 × 54 mesh points; blocks 5, 6 and
7 consist of 350 × 54 mesh points; blocks 8, 9 and 10 consist of
350× 54 mesh points. The mesh density around and downstream
of the bluff-body (blocks 3-7) is increased so the overall flame
structure at the stabilization point can be captured with sufficient
resolution.

At the inlet, the axial velocity and temperature of the fully
premixed propane-air mixture are fixed at 17 m/s and 288 K, re-
spectively. A constant equivalence ratio of 0.65 for the fuel-air
mixture is used. The progress variable is set to zero. The tur-
bulence intensity and turbulence dissipation at the inlet are cal-
culated based on the reported values from the experiment [39].
In the experiment [39], a low frequency pressure oscillation of
around 100 Hz was reported. This provides an indication of the
longitudinal acoustic mode in the combustor. To represent this, a
wave-transmissive boundary condition is used at the outlet. The
boundary condition is based on linear relaxation and the ampli-
tude of the incoming characteristics is L = K(p− p∞), where K
is the stiffness parameter and p∞ is the far-field reference pres-
sure [40]. The outlet becomes non-reflecting for small values of
K and becomes reflecting as K increases. Here, the amplitude of
the reflected wave is set to be close to one such that the boundary
can be treated as partially reflecting.

FIGURE 1: VOLVO EXPERIMENT (NOT TO SCALE)

The walls are treated as no-slip, impermeable and adiabatic.
A zero gradient assumption is specified for the progress variable,
temperature and pressure along the walls.

The computational domain is discretized such that resolution
is sufficient to provide grid independence, since no discernible
difference was observed in the flow field for both the cold and
reacting flows after halving the number of mesh points in each
direction. Once a steady non-reacting flow solution has been ob-

tained, ignition is achieved by artificially fixing the value of the
reaction progress variable at a particular position in the domain.
The self-excitation occurs naturally in the calculation without
imposing any external perturbations.

RESULTS AND DISCUSSION
Validation studies for the reacting flow are first performed

using the data from the Volvo experiment [41, 42] before con-
sidering the hydrodynamic behaviour of the flame. Both 2D and
3D URANS simulations are carried out to assess the accuracy of
these two approaches [43]. These results are used to provide a
preliminary evaluation in the ability of the URANS to represent
the flow field and global flame structure. An instantaneous snap-
shot of the temperature field for the 2D reacting case is shown in
Fig. 2(top) and the centreline time-averaged axial velocity is pre-
sented in Fig. 2(bottom).The flame is represented by a steep tem-
perature gradient in Fig. 2(top), and can be visualized as sheet-
like structures emanating from the upper and lower corners of
the flameholder. The flame exhibits a symmetrical structure. The
prediction of the recirculation zone length and the magnitude of
the normalized axial velocity in the reacting flow is also in good
agreement with experimental data (Fig. 2 bottom).
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FIGURE 2: FLOW FEATURES FOR THE REACTING FLOW
(TOP) INSTANTANEOUS TEMPERATURE FIELD (BOT-
TOM) CENTRELINE TIME-AVERAGED AXIAL VELOCITY
PROFILES. POINTS (EXP) AND LINES (CFD)

Comparisons of the time-averaged axial and transverse ve-
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FIGURE 3: NORMALIZED AXIAL (a-e) AND TRANSVERSE VELOCITY (f-j) FOR THE REACTING FLOW AT 0.375 w f , 0.95
w f , 1.5 w f , 3.75 w f and 9.4 w f . POINTS: EXPERIMENT, BLUE LINES: RESULTS FOR 2D URANS AND RED LINES: RESULTS
FOR 3D URANS

locity profiles for the reacting flow at five locations correspond-
ing to 0.375 w f , 0.95 w f , 1.5 w f , 3.75 w f and 9.4 w f are de-
picted in Fig. 3, where w f denotes the width of the flameholder.
The time-averaged axial velocities are shown in the top row and
the time-averaged transverse velocities are illustrated in the bot-
tom row. Both the axial and transverse velocities are normalized
against the inlet velocity. The points represent experimental data,
the blue lines denote the numerical results for the 2D simulation
and the red lines denote the numerical results for the 3D simula-
tion. Good agreement between the numerical and experimental
values is obtained. The normalized time-averaged axial velocity
indicates that the recirculation zone remains prominent up to a
downstream distance of 3.75 w f (Fig. 3(d)). The axial velocity
in the downstream region is almost two times larger than the in-
let flow velocity due to the heat release in the wake, as shown
in Fig. 3(e). Another notable aspect of the normalized transverse
velocity is the inflection point in the shear layers around the flame
stabilization region. This can be seen in the region of y = 0.5 and
y = -0.5 in Fig. 3(f) and (g). This behaviour corresponds to the
rapid change in velocity across the flame front.

Results for the mean temperature profile at three locations
3.75 w f , 8.75 w f and 13.75 w f are shown in Fig. 4. The tem-
perature is normalized by the inlet temperature and the distance
is normalized by the bluff body width. The normalized tempera-
ture field in the vicinity of the flameholder 3.75 w f matches well
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FIGURE 4: NORMALIZED TEMPERATURE PROFILE AT
3.75 w f , 8.75 w f and 13.75 w f . POINTS: EXPERIMENT,
BLUE LINES: RESULTS FOR 2D URANS AND RED LINES:
RESULTS FOR 3D URANS

with experimental data. Further downstream, underestimation of
the spreading rate in the time-averaged temperature profile can
be observed.

Results for the time-averaged velocities and temperature for
the 3D case are denoted by the red lines in Fig. 3 and Fig. 4 re-
spectively. In general, the 3D results offer a slight improvement
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in the agreement with experimental data for both velocities and
temperature profiles at different axial locations. Visually, the 3D
simulation results appear to be almost identical to the 2D sim-
ulation results extended in the spanwise direction. Despite the
slightly better agreement, the computational cost for the unsteady
3D simulation using the RSM model is significantly higher and
the improvement in the results does not justify its use for the
present investigation. As such, the 2D simulation is used to in-
vestigate the effects of inlet velocity on the flame behaviour and
extract the nonlinear dynamics on the system. It is recognized
that the use of a 2D simulation implies that vortex breakdown
is not properly accounted for. Nevertheless, for the cases of in-
terest in this study, large-scale coherent motion perturbing the
flame is expected to occur mainly along the longitudinal direc-
tion, and spanwise flow variation is assumed to be small in the
mean. Small-scale flame wrinkling along the spanwise direction
and in the far-field region is assumed not to have a significant
effect on the global flame behaviour.

EFFECTS OF INLET VELOCITY
In this section, the inlet velocity is varied to investigate

the nonlinear dynamics of the turbulent bluff-body flame. The
Reynolds stresses are specified to provide a turbulence intensity
of 4 % of the mean inlet velocity for all cases investigated. All
other parameters are kept constant. Six cases at different inlet
velocity were simulated, as shown in Table 1.

Case inlet velocity
1 14 m/s

2 (validation) 17 m/s
3 21 m/s
4 25 m/s
5 29 m/s
6 33 m/s

TABLE 1: CONDITIONS FOR NUMERICAL SIMULATION
AT DIFFERENT INLET VELOCITY

The normalized pressure (the amplitude of the pressure rela-
tive to its mean value and normalized by atmospheric pressure at
101325 Pa) plotted against the inlet velocity is shown in Fig. 5.
The pressures from the simulations are taken at three different
locations, at x = 0.325 m, 0.4 m and 0.5 m respectively down-
stream of the flameholder, and y = 0.038 m from the centreline.
Fig. 5 shows that the amplitude of the normalized mean pressure
varies with inlet velocity. The mean pressure is also observed to
be invariant with spatial location at inlet velocities below 21 m/s.
The increase in mean pressure is found to be small at the lower

range of inlet velocities from 14 m/s to 21 m/s. The amplitude
of the mean pressure increases as the inlet velocity is increased
from 21 m/s to 25 m/s, undergoes a dip at 29 m/s and increases
once again at 33 m/s.
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FIGURE 5: VARIATION OF MEAN PRESSURE (AS A PER-
CENTAGE OF THE ATMOSPHERIC PRESSURE) WITH IN-
LET VELOCITY

The instantaneous behaviour of the flame is shown in Fig. 6
at each inlet velocity. The three columns in the figure correspond
to reaction progress variable (first column), unsteady heat release
(second column) and transverse velocity (third column). The
flame structure exhibits distinct changes as the inlet velocity is
increased. At uinlet = 14 m/s (first row), the flame is steady with-
out much large–scale wrinkling. However, when the inlet veloc-
ity is increased to uinlet = 17 m/s (second row), some degree of
unsteadiness is immediately evident. A similar flame behaviour
is present at uinlet = 21 m/s (third row). At uinlet = 25 m/s (fourth
row), the flame becomes highly unsteady and symmetrical rollup
of the flame can be seen. An increase in the flame surface area
is present as the flame front is perturbed strongly by the vortical
structures formed due to the flow separation from the bluff body
flameholder. The extent of rollup decreases significantly at uinlet
= 29 m/s (fifth row) and the flame reverts to a steady behaviour.
At uinlet = 33 m/s (sixth row), the varicose flame structure as seen
at uinlet = 25 m/s is absent. Instead, a sinuous flame structure
can be seen. The out-of-phase behaviour between the upper and
lower shear layer suggests that the strength of fluid-mechanical
straining exceeds the baroclinic torque induced by the flame [1].
As a result, the flame is destabilized and strong hydrodynamic
instabilities [13] become evident.

The magnitude of global heat release is found to increase
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FIGURE 6: REACTION PROGRESS VARIABLE (LEFT), HEAT RELEASE RATE (MID) AND TRANSVERSE VELOCITY
(RIGHT) AT uinlet (a) 14 m/s, (b) 17 m/s, (c) 21 m/s, (d) 25 m/s, (e) 29 m/s, (f) 33 m/s

with inlet velocity over the range considered, except at uinlet =
29 m/s. At uinlet = 14m/s (first row), high heat release rate can
be observed along the upper and lower separated shear layer of
the recirculation zone. The magnitude of unsteady heat release
increases as the flame undergoes high stretch close to the flow
reversal region for uinlet = 17 m/s (second row) and 21 m/s (third
row). Large-scale coherent rollup of the symmetrical mode oc-
curs at uinlet = 25 m/s (fourth row) is accompanied by an increase
in heat release. A drop in the heat release, consistent with the re-
duction of large-scale unsteadiness, is evident at uinlet = 29 m/s
(fifth row). Intense heat release can be seen as a result of the
increase in flame surface area during the asymmetrical rollup at
uinlet = 33 m/s (sixth row). Hydrodynamic effects on the flame

structure are depicted by the contours of the transverse velocity.
Small variations in the transverse velocity are present at uinlet =
14 m/s when the flame is steady. Localized regions with higher
transverse velocity can be seen at uinlet = 17 m/s and 21 m/s.
At uinlet = 25 m/s, regions with alternating signs of transverse
velocity appear in the upper and lower halves of the duct along
the shear layer indicating the presence of strong rollup. This be-
haviour disappears at uinlet = 29 m/s. Instead, small-scale varia-
tions in transverse velocity are present along the separated shear
layers behind the flameholder. This effect diminishes further
downstream. The asymmetrical rollup of the the flame surface
at uinlet = 33 m/s is shown by the alternate change in sign of the
transverse velocity along the axial direction.
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FIGURE 8: (LEFT) PSD; AND (RIGHT) PHASE PORTRAIT. a) uinlet = 14 m/s, (b) uinlet = 17 m/s, (c) uinlet = 21 m/s, (d) uinlet = 25
m/s, (e) uinlet = 29 m/s, (f) uinlet = 33 m/s

The time series of the pressure fluctuations when the oscilla-
tion has saturated is shown in Fig. 7 to demonstrate the nonlinear
behaviour of the dynamical system. At uinlet = 14 m/s (Fig. 7a),
the pressure signal is incoherent as its amplitude fluctuates incon-
sistently with time. The pressure signal transitions to a sinusoidal
waveform at uinlet = 17 m/s, 21 m/s and 25 m/s (Fig. 7b, c, d).
The amplitude of the pressure fluctuations at uinlet = 25 m/s is

however found to be much higher than at uinlet = 17 m/s and 21
m/s. This indicates the presence of a limit cycle oscillation due
to strong organized vortical rollup. When the inlet velocity is in-
creased to uinlet = 29 m/s (Fig. 7e), the pressure signal translates
into a lower amplitude with less coherent behaviour. A possible
cause for the sudden change in the dynamical behaviour is the
transition of the flame from a varicose mode to a sinuous mode
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at uinlet = 33 m/s (Fig. 7f) or intermittent switching between the
two modes. At uinlet = 33 m/s, the pressure time series reverts
back to its sinosoidal form with similar amplitude to that at uinlet
= 25 m/s. The pressure signal is also found to be not perfectly
sinusoidal, suggesting the presence of multiple harmonics of the
fundamental frequency.

The frequency of oscillation can be revealed from the PSD
of the pressure fluctuations shown in the left column of Fig. 8.
The frequency of the oscillation increases with the inlet veloc-
ity. At uinlet = 14 m/s (Fig. 8a), the dominant frequency of flow
oscillation is 107 Hz. The Strouhal number is 0.31 based on the
flameholder width of 0.04 and inlet velocity of 14 m/s. The PSD
at uinlet = 17 m/s (Fig. 8b) shows a peak at 144 Hz, which cor-
responds to a Strouhal number of 0.32. At 21 m/s (Fig. 8c), a
dominant peak at 281 Hz (twice the frequency of uinlet = 17 m/s)
is present in the PSD, but its harmonics appear to be quite weak.
A low amplitude peak at the first ‘subharmonic’ of the dominant
frequency is also present in the PSD. Its presence suggests that
the flame is undergoing a period-doubling motion, commonly as-
sociated with vortex pairing. At uinlet = 25 m/s (Fig. 8d), a spec-
tral peak at the fundamental frequency of 312 Hz, along with
its harmonics, is evident in the PSD. The Strouhal number for
this case is 0.49. The presence of a distinct peak in the PSD is
however not visible at uinlet = 29 m/s (Fig. 8e). A strong peak at
342 Hz corresponding to a Strouhal number of 0.42 appears once
again at uinlet = 33 m/s (Fig. 8f).

The phase portraits of the pressure fluctuations are plotted
in the right column of Fig. 8 to illustrate the dynamics of the
system. The trajectory of the phase portrait for the flame with
uinlet = 14 m/s resembles a fixed point attractor. A distinct closed
loop is evident in the phase portrait at uinlet = 17-25 m/s. This
demonstrates that the flame undergoes a limit cycle oscillation
in this range of inlet velocities. It is also worth noting that the
phase trajectory at uinlet = 21 m/s is slightly contaminated by
background noise. A fixed point attractor affected by noise is
revealed at uinlet = 29 m/s. This is consistent with the appearance
of the multiple peaks in the PSD which is a result of broadband
excitation when the flame transitions from a varicose to sinuous
mode. At uinlet = 33 m/s, the system bifurcates into a limit cycle,
confirming that a self-excited periodic oscillation takes place.

To verify the topological dimension of the attractor, the cor-
relation sum C and correlation dimension Dc of the pressure sig-
nal are plotted in the left and right columns Fig. 9. The corre-
lation dimension is computed using the Grassberger–Procaccia
algorithm [38]. At uinlet = 14 m/s and 29 m/s, the correlation
dimension Dc ≈ 0 implies that the attractor is a fixed point. The
correlation dimension Dc cannot be obtained for the flame at both
these inlet velocities because the pressure signal only contains
random background noise over a mean value. Under this condi-
tion, Dc = m because the number of resolvable degrees of free-
dom becomes limited by the reconstruction dimension. A limit
cycle at uinlet = 17-25 m/s and 33 m/s is indicated by Dc ≈ 1 over

a large range of Euclidean distance. At uinlet = 17, 25 and 33
m/s, Dc ≈ 1 over scales ranging from R/Rmax from 0.05 to 0.5
and from 0.1 6 R/Rmax 6 0.5 at uinlet = 21 m/s.
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FIGURE 10: BIFURCATION DIAGRAM FOR INLET VE-
LOCITY VARIATION

The global flame stability due to hydrodynamic effects can
be understood by inspecting the bifurcation diagram which is
shown in Fig. 10. The “stable” region is present when uinlet =
14 m/s or lower, and is labelled as “steady”. When the flame
is steady, the pressure takes a single mean value and is affected
only by random noise. Hydrodynamic oscillation has yet to be
excited. Bifurcation of the flame to a limit cycle occurs at uinlet =
17 m/s. The same limit cycle behaviour is seen at uinlet = 21 m/s.
The transition from uinlet = 17 m/s to uinlet = 21 m/s occurs via
a vortex merging process along with the presence of a ‘subhar-
monic’ frequency. The amplitude of the limit cycle increases at
uinlet = 25 m/s where large-scale coherent structures of the sym-
metrical mode due to Kevin-Helmholtz instability are present.
The limit cycle at uinlet = 17, 21 and 25 m/s are represented by
two points in the bifurcation diagram and a distinct closed loop
in the phase portrait. At uinlet = 29 m/s, the flame reverts back to
a “steady” state as it transitions from a symmetrical to an asym-
metrical mode. It is important to note that this fixed point, how-
ever, is very sensitive to external noise and can bifurcate to a
limit cycle very easily when subjected to a slight perturbation or
with a change in the initial condition. The flame transitions back
to a limit cycle once again at uinlet= 33 m/s, but this time it ex-
hibits a sinuous mode instead of the varicose behaviour observed
at lower inlet velocities. The asymmetrical mode serves as an in-
dication that the flow (and flame) is dominated by an absolutely
unstable BVK instability [1, 44].
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FIGURE 9: (LEFT) CORRELATION SUM AND (RIGHT) CORRELATION DIMENSION. a) uinlet = 14 m/s, (b) uinlet = 17 m/s, (c)
uinlet = 21 m/s, (d) uinlet = 25 m/s, (e) uinlet = 29 m/s, (f) uinlet = 33 m/s
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CONCLUSION
Nonlinear hydrodynamics of turbulent premixed bluff-body

stabilized flames have been studied using turbulent combustion
CFD with dynamical systems theory. The Volvo afterburner rig is
used as the test case to elucidate the elaborate nonlinear dynam-
ics exhibited by the flame, as well as changes in the global flame
dynamics as the inlet velocity is varied. Validation cases for the
reacting flow were first performed using 2D and 3D URANS.
Results from the validation have shown that URANS is capable
of representing the fundamental flow features and global flame
structure adequately. Using dynamical systems theory, the flame
was found to exhibit elaborate nonlinear behaviour with changes
in inlet velocity. The flame is stable at uinlet = 14 m/s, before
transitioning into a limit cycle at uinlet = 17 m/s. A limit cy-
cle oscillation at uinlet = 21 m/s and uinlet = 25 m/s remains ev-
ident, except the amplitude of oscillation is much higher for the
latter. The system then transitions back into a steady condition
at uinlet = 29 m/s and undergoes a limit cycle oscillation again
at uinlet = 33 m/s. Unlike the symmetrical structure exhibited
by the self-excited flame at lower velocities, the flame becomes
strongly asymmetrical at uinlet = 33 m/s. The presence of the sin-
uous mode suggests that the flame is absolutely unstable at uinlet
= 33 m/s. The observed dynamical behaviour plays a crucial role
in identifying and understanding the operating conditions where
the flame is subjected to strong hydrodynamic instabilities. This
approach can also serve as a first step in determining the key
mechanisms that lead to the self-excited hydrodynamic oscilla-
tion, and therefore assist in developing methods to control flow
instabilities.
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