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We study the optimal timing of adoption of a service innovation that a new entrant firm brings to a market
populated by two incumbent firms. Our analysis is based on a model of competitive diffusion dynamics that
extends the monopolistic Bass model to include customer churn processes, as well as a potential market
expansion resulting from the introduction of the innovation. We obtain expressions for the time trajectories
of the customer bases, i.e., the numbers of customers that use old and new service processes for the competing
firms in a general setting, as well as sharper, closed-form characterizations for the setting with a stable
market and homogeneous imitation process.

In modeling competitive dynamics we consider settings where incumbents anticipate a potential failure
of the innovation. We use the trajectories for the customer bases to model an optimal adoption response
problem faced by one of the incumbent firms in the setting in which the adoption time for the other incumbent
can be anticipated or is pre-announced, and analyze this problem in the absence of market expansion or
intra-generational customer churn. Using the optimal response results, we provide the Nash equilibrium
analysis of the adoption decisions by competing incumbent firms and derive sufficient conditions for the
“now-now”, “now-never” and “never-never” adoption equilibria. We use the trading volume data from the
foreign exchange markets to estimate the parameters of the competitive diffusion dynamics for our model
and to conduct a numerical investigation of the impact of the uncertainty associated with the success of the

innovation on the incumbents’ Nash equilibrium adoption times.
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1. Introduction

Innovations driven by new technologies are being introduced at increasing speed (Ringel et al.
2015). The shorter life-cycle times underscore the importance for firms to appropriately time their
innovation adoption decisions. Multiple studies have shown that an innovation adoption time is
an important marketing decision, which can determine the success of the innovation (Golder and
Tellis 1993; Shankar et al. 1998; Frattini et al. 2013; Bhargava et al. 2013). In the present work, we
consider a service setting in which a market entrant firm, leveraging a new technology to launch
an innovation, enters the market populated by two incumbent firms. We use the term “customer
base” to denote the numbers of customer accounts that, at a given time, use a particular firm-
business model combination. The incumbents with differing initial customer bases need to respond
by deciding when to adopt the innovation. Such a setting is commonly found in many industries,
and it has long been observed that some incumbent firms are quick to adopt an innovation while
others appear to be very slow.

For example, incumbent firms adopted online business models at different times in the equity
brokerage market and the foreign exchange market in the US. Charles Schwab, the major firm in
equity brokerage market, adopted the online brokerage model before the minor firm, Ameritrade.
In contrast, Atriax, formed by the consortium of major banks in the foreign exchange market
adopted an online foreign exchange model only after the minor banks adopted such a model via a
consortium called FXAIL. These contrasting observations about the timing of adoption of innovation
by incumbents raise the question about the underlying reasons that drive the innovation adoption
decision.

The issue of innovation adoption in a competitive setting is the focus of a number of papers
in the economics literature. Benoit (1985) argues that the time when the incumbent firms adopt
innovation depends on the expected profits that the innovation brings: the greater the expected
profits from innovation, the earlier the adoption. However, the greater expected profits also increase

the likelihood of adoption by rival firms, which might decrease the expected gains. These forces



Pag, Savin, and Velu: When to Adopt a Service Innovation: Nash Equilibria in a Competitive Diffusion Framework
Article submitted to ; manuscript no. 3

work in opposite directions and the net result might depend on one firm’s evaluation of the other
firm’s response.

Several studies have also shown how uncertainty regarding the profitability of an innovation
affects the adoption decision (Doraszelski 2004; Jensen 1988; Mamer and McCardle 1987; McCardle
1984). As argued in Rogers (1962), innovation adoption is often a contagious process due to the
presence of strong imitation effects. Furthermore, it has been argued that contagion effects could be
strengthened by the potential for substitution of the existing market by the market created by the
innovation (King and Tucci 2002) or by a gradual reduction in uncertainty about the attractiveness
of the innovation (Gilbert and Lierberman 1987; Haunschild and Miner 1997). In addition, several
studies have shown that the introduction of an innovation could increase the size of the potential
market, which in turn might affect the speed of response by incumbent firms (Golder and Tellis
1993; Sorescu et al. 2003; Aboulnasr et al. 2008)

All the papers described above consider static adoption settings. In particular, none of the above
studies provide a detailed analytical account of customer adoption dynamics and how this might
affect firms’ profits and influence innovation adoption decisions. On the other hand, the marketing
literature contains a well-developed stream of papers, starting with the seminal work of Bass (1969),
focusing on the dynamics of innovation adoption by customers.

The literature on the diffusion of products and services in competitive settings has seen signif-
icant growth in recent years (Libai et al. 2009a; Libai et al. 2009b; Guseo and Montarino 2012;
Guseo and Montarino 2014; Guseo and Montarino 2015). While a review paper by Peres et al.
(2010) calls for an increased focus on the analysis of the optimal market entry timing, the literature
on when to adopt an innovation or launch a new product in a competitive setting remains rela-
tively sparse. Savin and Terwiesch (2005) and Guseo and Montarino (2010) looked at the optimal
market entry time by considering a two-firm competitive diffusion model to study the life-cycle
market shares of competing firms. A model of the optimal market entry with a single incumbent is

analyzed in Joshi et al. (2009). In the present analysis, we extend Savin and Terwiesch (2005) by
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considering simultaneous diffusion processes of old and new business models in a three-firm setting.
Our ultimate goal is to address the limitation of the extant literature and analyze the equilibria
of innovation adoption decisions emerging under a setting with competitive diffusion dynamics.
Given the complexity of the analysis of the optimal adoption timing decisions, we assume in our
modeling, similar to Savin and Terwiesch (2005) and Joshi et al. (2009), that the marketing-mix
variables, such as pricing and advertising, are predetermined. This assumption describes an envi-
ronment where the innovation adoption decisions are made in the presence of the independently set
marketing-mix levels. Our diffusion model includes the intra-firm and inter-firm imitation processes
in a Bass-like setting and increases in market potential for both the existing business model, as well
as the new business model, upon the introduction of innovation (Mahajan et al. 1993; Krishnan et
al. 2000). In addition, we incorporate intra-generational churn, whereby customers switch between
firms within the same business model (Gupta et al. 2004; Libai et al 2009a).

Our modeling and the results of our analysis can be summarized as follows:

1. We extend the classical Bass-like approach to describe dynamics of adoption of a new service
business model in a market populated by two incumbent firms and a single entrant firm. We
consider a generalized setting in which the speed of the imitation adoption depends on whether
the new business model is also offered by one of the incumbent firms or only by the entrant firm.

2. We provide a characterization of the diffusion trajectories of the customer bases for each com-
peting firm and each service business model in the general setting and derive closed-form expressions
in homogeneous and asymmetric imitation settings (Propositions 1-5). We also derive expressions
for the terminal customer base values, which are often viewed as proxies for overall profits and for
the strength of firms’ competitive positions, both with and without intra-generational customer
churn (Proposition 6). These values are expressed in terms of a few easy-to-estimate parameters.
We also analyze the impact of the market expansion resulting from the introduction of the service
model innovation and show that the incumbents may initially benefit from its introduction, as it

attracts new potential customers for all competitors in the market.
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3. We model setting where the business model introduced by the entrant firm has a risk of failing
and derive the closed-form expressions for the diffusion trajectories of the incumbent firms after
potential failure of the service innovation (Proposition 7).

4. For the setting with asymmetric churn processes, we obtain closed-form expressions for the
terminal values of customer base for the cases when the new service model fails as well as when it
succeeds (Proposition 8).

5. The optimal adoption response problem faced by an incumbent firm is analyzed in a setting
where the adoption time of the other incumbent can be anticipated or is preannounced. Using the
expressions for the diffusion trajectories, we establish quasiconcavity of the firm’s profit function
(Proposition 9) and show that the optimal adoption response time is a non-decreasing function of
the firm’s initial profit-adjusted customer base values (Proposition 10) in the absence of market
expansion or intra-generational customer churn.

6. For the same setting, we provide Nash equilibrium analysis of adoption decisions by compet-
ing incumbent firms and derive sufficient conditions for the realization of three adoption equilib-
ria: immediate adoption by both incumbents, maximum-delay adoption by both incumbents, and
immediate-delayed mixture of equilibrium adoption times (Proposition 11). We also show that in
settings where the time discounting of profits is negligible, these equilibria are the only ones that
can be observed.

7. We use the the FX market data, shown in Appendix B, to estimate the parameters of our
model (Section 3) and apply the estimates to the numerical evaluation of the Nash equilibria in
the new service model adoption times by the incumbents (Section 5).

Our paper is organized as follows. In the next section we introduce our model and derive expres-
sions for the diffusion trajectories of the customer base values for each competing firm. Section 3
describes the analysis of the optimal adoption response decisions and the Nash equilibria adop-
tion times. The implications of our findings and the directions for future research are discussed in

Section 4.
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2. Competitive Diffusion Dynamics in the Presence of Innovation
Consider a market populated by two incumbent firms (major incumbent and minor incumbent),
which is faced (at ¢ =0) with the entry of a new firm. In reality, the major incumbent and the
minor incumbent firms can represent clusters of firms that form a consortia (e.g., top 3 vs. the
rest of the market), which are similar in the way they approach the introduction of a new business
model. We assume that the entrant firm employs only the new service model. In order to account
for the uncertain, unproven nature of the service innovation and the possibility of its “failure”, we
assume that the new model fails with probability Pr € [0, 1] and succeeds with probability 1 — Pr.
In the case of success, the new firm (and the new service model) remains in the market at any
t > 0. In the case of failure, the new entrant (and the new service model) remains on the market
for t € [0,TF|, and then exits the market. We assume that the time-to-failure T, if failure occurs,
is a random variable distributed on [0, +00] according to the CDF & (-). In our analysis, we treat
both the value of the failure probability Pr as well as the distributional information describing the
time-to-failure T as known to both incumbents.

In our analysis, we assume that incumbents 1 and 2 commit, at time ¢ = 0, to adopting the
innovation at t =¢; > 0 and t =t5 > 0, respectively, provided that the new entrant remains on the
market at those times. We model the dynamics for the customer base for the old and the new
service model using the classical framework proposed by Bass (1969) for describing adoption of
durable goods and extended by Libai et al. (2009b) to include the diffusion of services.

The specific form of the customer base trajectory equations at any time ¢ depends on whether
by this time the service innovation has been adopted by one (or both) of the incumbents.

In particular, the customer base dynamics proceeds through a set of distinct phases. For example,
consider the case where the innovation is successful and the new entrant remains on the market for
any positive t. Then, in phase I corresponding to the time period [0, min (¢;,¢5)], the entrant firm
is the only one to employ the new service model. Phase II (¢ € [min (¢1,%;), max (¢1,t3)]) describes

the competitive market-share dynamics in the period when the innovation has been adopted by
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only one of the incumbents. Next, in phase III (¢ € (max (t1,t2),+00)) both incumbents employ
the new service model. Note that, if the innovation fails, then the customer base dynamics will
contain an additional phase that starts at time ¢ = Tr. In this phase, which we call phase IV, both
incumbents compete using the old service model.

Thus, at any time ¢ > 0, the customer market base M can potentially be comprised of as many
as 6 customer groups: two customer groups, m$(t) and m3(t), which continue to do business with
one of the incumbent firms using the old service model, three customer groups, m! (¢), mj (¢), and
mj (t), which switch to the new service model offered by either one of the incumbents (firms 1
and 2) or by the new entrant (firm 3), and the group of customers who have not yet adopted any
service model.

Figure 1 provides an illustration of this market structure. Two features of the customer dynamics
we model deserve a separate mention. First, in addition to the adoption of the new service model
by customers who previously used the old one, we also consider the “churn” adoptions, that is,
switching between firms within the same type of service model. This “churn” feature is common in
the models of inter-generational product adoption and diffusion of services (Gupta et al. 2004; Libai
et al. 2009a, Libai et al. 2009b, Peres et al. 2010). Second, we assume that the introduction of the
new service model by a “newcomer” firm leads to the expansion in overall market size for both new
and old models from m$(0) +m3(0) to M> mg(0) +m3(0), with M —m$(0) —m3(0) representing
the size of the market increase; in other words, the initial number of customers who have yet to
adopt any service model. The increase in the overall market potential upon the introduction of
innovation we use in our model is consistent with previous research on technological substitution
and diffusion (Mahajan et al. 1993; Golder and Tellis 1993; Sorescu et al. 2003; Aboulnasr et al.
2008). The market potential expansion is modeled in the form of a one-off increase following the
introduction of the innovation (Wilson and Norton 1989; Mahajan and Muller 1996; Krishnan et
al. 2000).

Table 1 summarizes the notation we use in our model.
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Notation Description

ty Innovation adoption time by the 1st incumbent

to Innovation adoption time by the 2st incumbent

Pr Probability that the innovation fails

Tr Time when the innovation fails, given the failure

me(t) Customer base of the “old” service model for incumbent i =1,2 at time ¢
mp(t) Customer base of the “new” service model for incumbent ¢ =1,2 at time ¢
my(t) Customer base of the “new” service model for the new entrant at time ¢

M Total market potential

Do Innovation coeflicient for the “old” service model

Qo Imitation coefficient for the “old” service model

Doc Innovation “churn” coefficient for the “old” service model

Goc Imitation “churn” coefficient for the “old” service model

Dn Innovation coefficient for the “new” service model

Qn Imitation coefficient for the “new” service model offered by the new entrant
Qn Imitation coefficient for the “new” service model offered by an incumbent
Dne Innovation “churn” coefficient for the “new” service model

Table 1 Description of notation.

Below we conduct a detailed analysis of the competitive diffusion dynamics for each of the four
adoption phases described above. We first consider the case where the new model succeeds and
describe the dynamics of the first three phases of the market-share dynamics. Then, we add the
description of the phase IV that appears if the new model fails.

2.1. Phase I: “New Entrant Only”
In this phase the new entrant is the only firm that uses the new service model. Let t; = min (¢, ¢5).

Then, at any time ¢ € [0,¢/], the entire market M consists of four groups of customers: m?(t), i =1,2



Pag, Savin, and Velu: When to Adopt a Service Innovation: Nash Equilibria in a Competitive Diffusion Framework
Article submitted to ; manuscript no. 9

Major incumbent: Total market potential
“old” model M

New entrant:
“new” model Minor incumbent”

® 6 O

Major incumbent:
“new” model

Minor incumbent:
“old” model

N /

Figure 1 Customer groups in a competitive market

- those that continue to do business with the incumbent firm i through the “old” service model;
mj(t) - those who opt to do business with the entrant firm; as well as those (M—m3(t) —m3(t) —
mj(t)) who have not yet adopted either service model. We assume that the new entrant operates
exclusively through the new service model. We also assume that at the time when the innovation
becomes available, the customer base for the major incumbent is higher than that for the minor
incumbent: m$(0) = M >m =m3(0). In addition, the initial customer base for the new entrant is 0:
mj (0) =0 (in other words, at ¢ = 0 the number of customers who have not yet adopted any business
model is given by M—M —m). In describing the competitive diffusion dynamics, we will follow the
diffusion approach widely used in the marketing literature to describe the adoption of innovations.
In his seminal paper, Bass (1969) has applied contagion biological models to describe the process of
adoption of durable products in a monopolistic setting. Since then, Bass’ approach has been shown
to be a reliable descriptor of innovation dynamics in many settings, and the definition of innovation
was extended to include new services (Peres et al. 2010). We propose the following generalization

of Bass diffusion dynamics for the competitive setting described above:

dmo 4o o o o n
dtl — (po + ﬂml> (M—m{—m3 —m3)
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Goc o o Gn n Goc o o
+ (poc + ﬂm1> m2 - ( n + ﬂmz)) +poc + Hm2> mla (1>
dmo 4o o o o n
dt2 = (po + ﬂ”%) (M—=mj —mj3 —mg3)
Goc o o Gn n Goc o o
+ ( oc + ﬂ’rnﬂ) my; — (pn + ﬂm:& +poc + ﬂ’rnﬂ) my, (2)
dmn Gn n n
2 = (pat Ty (M —m3). (3)

Equation (1) describes the evolution of customer base of the “old” service model through the major
incumbent in the presence of a new service model. Such evolution proceeds through two major
channels: 1) increase through both innovation and imitation adoption processes from customers who
were either using the old service model through the minor incumbent (the term (po. + %<ms) ms)
or were not using any service model, old or new (the term (p, + gom$/M) (M—m$ —m§ —m})),
and 2) decrease caused by customers switching over to the old service model provided by the
minor incumbent (the term (poC + %mg) m$) or to the innovation provided by the new entrant
(the term (p, + gumi/M)mg). In (1), innovation and imitation diffusion processes that result in
the adoption of an old (new) service model are characterized by parameters p, (p,) and ¢, (¢.),
respectively. Similarly, the intra-generational churn is characterized by the innovation parameter
Doc, and the imitation parameter ¢,.. The intra-generational churn innovation and imitation are not
firm-specific and occur through symmetric coefficients. In other words, the churn adoption from
firm 1’s customer base into firm 2’s service model occurs through identical innovation/imitation
terms (po. and ¢o.) with the churn adoption from firm 2’s customer base into firm 1’s service
model. Note that the term describing intra-generational imitation from firm 2 to firm 1 (%m?mg)

is equal to the similar term describing intra-generational imitation from firm 1 to firm 2. Hence,

the churn-imitation terms (‘i{jmi’m‘;) can be dropped from the diffusion equations, as we will do
for the rest of the paper. Equation (2) describes the dynamics of the minor incumbent’s customer
base in a similar fashion, while equation (3) reflects the growth of the entrant firm’s customer base

(associated with the new business model). We note that equation (3) has the standard Bass form,

which, subject to the initial condition m} (0) =0, produces a closed-form Bass-like solution:

7@@=M<1‘”W“) (4)

G+ ppelmto!
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Equations (1)-(2) differ from the classical Bass form in a substantial way; yet, combined with initial
conditions mg(0) = M and m3(0) =m (m + M < M) they also admit closed-form solutions. In
order to describe these solutions, it is convenient to introduce the following notation. For a given

set of diffusion parameters p,, ¢,, pn, and ¢,, define

o 2po +Put+ 4o 2 Po+Pnt+ Gn —(2po+pn+an
FI (p07pn7QO7QIl7t) = 2F1 <71_ 7a¥>_7 _62 (2P0 tPntan)t
R In o+ Pn Pn
S F <2po+pn+qn - 2(190+pn+qn)'_qne_(,,n+qn)t> 5)
Wt @ @tpn T Do ’

where 5 Fi(a,b;c; z) is the hypergeometric function:

oFi(a,b;c;x) = 1+ibx+ ala+1)b(b+1) ,

1le 2lc(c+1)
_ io ax..x(a+n—1)xbx..x(b+n— 1)$n: <= (a n(b)nxn (©)
s nlex ... x (c+n—1) “— nl(c)n
In addition, let
67(2po+pn+qy1)t (((In“rpn)((j(qiﬁLPr;t)i ) (qnq;qo )
~ eldnTpPn
G (poapnanth) =1- ( )‘I(n;:Z;r;) ) (7)
M qdo 1_,’_% an /) -~
(M—m—]\/f - 2P0Z‘Pn+‘1n FI (povpnu 9o, QIHt))
~ (M*m) (QH +pn) e(q0_2pOC)t —qo tG (Po,pn,90,qn,7)dT
HI (po:pocvpn7QO7th) = qn+pn€(qn+pn)t e fo Grtpe pasgers ’ (8>

Using the definitions (5)-(8), the time evolution of the customer base trajectories for competing

firms in this phase of the diffusion process can be described as follows.

PROPOSITION 1. Fort € [0,tf], the market share functions

o 1 ~ Gn + Pn =
ml(t) = 5 (M <G1 (poapnaQOant) -1+ W) ‘I’HI (poapocapmqoaqmt)) )

o 1 ~ QH +pn ¥
m2(t) = 5 (M <G1 (pmpnvqovqn:t) -1+ WW—W) _HI (poapocapn7qo7th)> 3

mg(t)—M<1—q“+p“>, (9)

qu + pne(erH?n)t

solve the competitive diffusion dynamics equations (1)-(3) subject to the initial conditions m$(0) =

M, m3(0) =m, and mj (0) =0.
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Proposition 1 states that in a setting where the new entrant is the only provider of the new
service model, the time evolution of its customer base is still described by the Bass-like dynamics.
However, the corresponding dynamics for the incumbent firms may be substantially different from
the one predicted by the monopolistic Bass analysis. The expressions of (9) take a simpler form
in two special settings. In the first setting, there is no “word-of-mouth” effect in the old service
model dynamics, namely, ¢, = 0. In the second setting, diffusion dynamics proceed without market

expansion (M = M +m) or customer churn (p,. =0).

COROLLARY 1.1. If g, =0, the customer base trajectories for the competing firms for any t €

[0,tf] can be expressed as

o t _ 1 (ql’l +pn) (M_ei2pot(M_m—M)+(M—m)672poct)
m1( ) - 5 qn+pne(qﬂ+pﬂ)t ,
o(f) — 1 (qn —i—pn) (M—e*2pot(M_m_M>_(M_m)ef2poct)
m2( ) T2 Gn + pnelantrn)t )
n I QI’I +pn
m (1) = M <1 B q+pe<q+p>t> : (10)

In the second special setting, the introduction of the innovation does not cause an expansion in the
overall market potential (M =M +m), and there is no intra-generational customer churn (p,. = 0).
In this setting the diffusion dynamics are solely governed by customers switching from the old

service model to the new one.

COROLLARY 1.2. For M =M +m and p,. =0, the customer bases of the competing firms for

any t € [0,t¢] can be expressed as

() = M () e = () g = m (1 B

Gn —|—pn@(Qn+pn)t qn +pn€((In+pn)t o n +pn€(qn+pn)t

2.2. Phase II: “New Entrant and One Incumbent”

In order to counteract the detrimental effect of the new business model on their customer base,
the incumbents may decide to adopt the new service model. Let ¢;, ¢ = 1,2 be the time at which
incumbent 7 starts offering a new service model alongside its old model, and denote min (¢,%;)

as t; and max (t1,t2) as ts. Consider the period of time t € [t;,t;] after the adoption of the new
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service model by the first incumbent, but before adoption by the second incumbent. Without
the loss of generality, we consider the situation where the minor incumbent is first to adopt the
new model, namely, t; = ¢, and t; = ¢;. In the time phase between ¢; and ¢, two firms (the
entrant and the minor incumbent) offer a new service model, and the market base M is split into
five distinct customer groups. As before, m$(t), i = 1,2 denote the customers who remain with
incumbent firms and with the old service model, m?(¢t), i = 2,3 correspond to the customers who
do business with the minor incumbent or with the entrant using the new service model, while
M —m3(t) —m3(t) —m5(t) —m}(t) corresponds to the group of customers who have not yet adopted

any service model. The competitive diffusion dynamics in this phase are described by

dgf = (po + %m‘{) (M —m3 —m§ —my —m3) + Pocms
= (-t s+ L) (12)
dzg = (po + %mg) (M —m$ —m3—my —m3) + Do
—(m+m+%@+ﬁwy@ (13)
dzg = (Pn + %mg) (M —mjy —m3) + puciy — pucmy, (14)
T = (b L) (M= = m3) + o — pucin, (15)

with the initial conditions

M (GI (Pos Pus Gos Gy tp) — L+ %)

o 1 e
ml (tf) — 5 R gn+pn R (16)
+HI (p07pocvpn7Qann7tf)
. 1 [ M (@1 (meQOqnutf)_l—'_%)
my(ty) = 5 R ntpne ) (17)
_HI (pmpompnv(Jqunatf)
mi (i) = 0,mi (t)) = M [1— — D TPn (18)
2 \bf s Heg \bf 0 +pn6(qn+pn)tf ’

reflecting the results of Proposition 1.
Equations (12) and (13) describe the customer base of the incumbents’ old business models,
m$ and m$, which evolve via innovation and imitation by non-adopters (p, and ¢, terms), intra-

generational churn (p,. terms) and adoption of the new service model (p,, ¢., and @, terms). In
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this diffusion phase, we allow the imitation terms for the new service model to have an asymmetric
form. In particular, the probability of adopting the new model depends on whether the imitation
contact occurred with the incumbent or the entrant firm’s customer. In numerous settings, incum-
bents enjoy a stronger imitation process due to brand awareness. We model this by using different
parameters to describe the imitation of the incumbent’s new service model (@, ), and the entrant’s
service model (¢, with ¢, < @,). Strong brand awareness results in shorter take-off periods for the
incumbent’s customer base, as suggested by equation (14). Modeling the brand awareness effect
provides an additional layer of realism to the model, while increasing its analytical complexity.
Finally, equation (15) describes the dynamics of the new entrant’s customer base, evolving through
innovation, imitation and churn. Note that in (14)-(15) the parameter p,. describes the inter-firm
churn process for customers that use the new service model.

The diffusion dynamics (12)-(15), while providing a detailed description of a competitive diffu-
sion setting, yield closed-form solutions for the customer base trajectories in two special settings

described below.

2.2.1. Ballooning Market with Symmetric Brand Effect In this section we consider
a setting allowing market expansion (M >M + m) and intra-generational churn (poc,pnc > 0).
In addition, we assume that the imitation process in the adoption of the new service model is
symmetric. In other words, we assume that the incumbent’s new service model adoption does not
enjoy a brand awareness advantage over the new entrant’s one, so that @), = ¢,. This assumption is
along the lines of the brand communication model of Krishnan et al. (2000), whereby cross-brand
and intra-brand influences are equal.

For a given set of diffusion parameters p,, q,, p», and gq,, define

200 + Gu) (qn + pae®r i)ty
o ><p ~ ) g, (19)

)

2P0+ 2P0 +Gn | Qo 2P0+ 2Put ). G
2pn + ¢n Gn 20+«

F\II (poapn7QO7qn7t) - 2F1 (17

do
—(2pn+an)(t—tf) \
— o~ (2Po+2pntan)(t—tf) <a+qne P ! >q

a+qn



Pag, Savin, and Velu: When to Adopt a Service Innovation: Nash Equilibria in a Competitive Diffusion Framework
Article submitted to ; manuscript no. 15

% 2F 1 2po + 2pn + + @. 2(po + 2pn + qn) . _@e—(Qpn-&-qn)(t—tf)
' ’ 2pn + G an ’ 2pn + B’ ‘

In addition, let

(ant2mm) -t )\ (P722)
e—(2Po+2pn+an)(t—ts) ( (anta)e ™ TS n
(gn+2pn)(t—ty)

GII (poamemQH?t) =1- L]r;JrOte ) N ) (21)
1 Go(+3gn
<lé[(p07pn7q05qnatf) B a(2p0+2pn+qn)FII (poapn7QO7qnat)>
= Hi (Do, Pocs Pus o s ) (0 + o) 072000 (211)
Hy; (PovpoquQQOt) = ’ ’q —’f—ae(zn""Qpn)(t_tf)
Xe*qo fttf éII(PmPn#]oJInﬂ')dT’ (22>
n(t) = M (1— —2Po (23)
ae(zpn‘FQD)(t*tf) _|_ qn ’

B mg (tf) 6(2(Pnfpnc)+11n)(t7tf)(a + qn)
ae(2p11+QH)(t_tf) + Qn

0 2 0 _'_ o (2pn*2pnc+¢h1)(t*tf) (pn+Qn)tf' _ 1
(ae(?pn"l‘(hl)(t tf) +qn)(pn+qn)
Then, the diffusion dynamics in this phase can be described as follows.
PROPOSITION 2. For any t € [t;,ts] the market shares can be expressed as
o _ MGII (poupn7QO7QHat) - n(t) + HII (p(npocvpna 4o, QHat)
ml (t) - 2 ’
o _ MGII (poapnv(IOv(Imt) - n(t) - HII (pmpocapna Qo ant)
mQ(t) - 2 ’
n n(t)—a(t) ... _n)+a(t)
() = " gy = MO, (26)

We can get simpler closed-form expressions for customer base trajectories, considering the case

where there is no “word-of-mouth” effect for the old service model.

COROLLARY 2.1. If q, =0, the customer base trajectories of the competing firms for any t €

[0,tf] can be expressed as

oy L (gn +2pn) (M — e*2pot(M —m— M)+ (M- m)€*2poct)
mi(f) = 2 o + et t2rn)(t=t5) )

o 1 ((qa+2p)) (M —e 2Pt (M —m— M) — (M —m)e?roct)
m2 (t) N 5 qn + ae(9n+2pn)(t—tf) )

n n(t) —a(t n n(t)+a(t
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2.2.2. Mature Market with Asymmetric Brand Effect As in the previous phase, we
restrict the focus to a setting where a) the new service model does not cause an expansion in
the overall market potential (M =M +m), and b) there is no intra-generational customer churn
(Poc = Pne = 0). This assumption is similar to the brand communication model of Kalish et al.
(1995), whereby the influence of communication is only within brand. However, we allow the
incumbents to enjoy a brand awareness advantage in customer imitation by letting @, > ¢,. For
the convenience of future analysis, we introduce the following notation corresponding to relative

(percentage) customer bases:

0i(t) = mj‘v(lt),i:1,2,ni( )= m/iv(lt),i: 1,2,3,

and 0 = % Also, for @, >0, let

Qn
dn
& ((’;21322 )" - 1) >0,
Qu(z—=z)
—g; (e Pn —1), . =0.

PROPOSITION 3. If the introduction of the new service model does not expand the overall market

S(x,2)= (28)

potential (M =M + m), and there is no intra-generational customer churn (poe = puc =0), the

percentage customer base trajectories of the competing firms for any t € [ty,ts] can be expressed as

n3(t)

d
t—t; = i

- (P + @y) (1 =y —S(y,ns(ty)))’
na(ty

o1(t) = 0(1—ns(t) = S (ns(t), ns(tr))),

05(t) = (1 =0) (1 —ns(t) = S (n3(t), ns(ty)))

ny(t) = S (ns(t),ns(ty)) - (29)

Proposition 3 expresses the customer bases of present firm/service model combinations at any
point in time through the value of an easy-to-evaluate integral. The expressions of (29) can be
further simplified in the case when the word-of-mouth effects of the new service model are firm-

independent, so that ¢, = Q,,.
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COROLLARY 3.1. When the introduction of the new service model does not expand the overall
market potential (M =M +m), there is no intra-generational customer churn (poe = pne =0), and
imitation occurs through symmetric terms (g, = Qn > 0), the customer bases of the competing firms

for any t € [ty,t5] can be expressed as

P (1= 2) + (u+ gu)ms (1)
2pn + quns ()
(P (gn +Pn) + @u(2Pn +gu)ns (7)) <pn <1 - %) —n3 (t7) (Pn — G + qus (tf))>
(pn (2o tanna (t7) ) +ntan—pn) tan(entanima (1)) (=11
(o +duns (t7)) (200 +duns (t7)) (onranna(ry)) +1

or(t) = 6 (1 —ny(t Ziﬂnns )) ,02(t) = (1—0) <1 —n3(t) —pu (M)) ’
m@zm(()www )

Dn + qnnS(tf)

ns(t) =

Y

2.3. Phase III: “New Entrant and Two Incumbents”
For any time ¢ > t,, in addition to the customer groups described in the previous section, there
appears mj(t), the group of customers who adopt the new service model through the incumbent

firm 1. The diffusion dynamics are now described by the following set of differential equations:

@f:@+ﬁmﬂM—w—@—M—%—%H%m3

- (poc +3p, + ffj(ml +mj) + /qwm3> ms, (31)
T = () (M=~ m = i = — ) + pomd

— (poc + 3pu + %; (mf +ms3) + /qclm§> ms, (32)
dgtb? <pn + ff/rllmrl‘> (M=m} —mjy —my) + pnc (M5 +m3) — 2ppemy, (33)
d;rzg‘ <pn + .%llm;> (M —mi —my —m3) + pne (M} +m3) — 2ppemsy, (34)
D5 — (ot L) (M~ — )+ pac (i m3) — 2py (35)

augmented by the initial conditions following from the solution of the previous phase. For example,

the initial conditions in the case of symmetric imitation (Q, =q,) (31)-(35) are

o Mall (poapn7q07Qn7ts) - n<t) "’ﬁll <p07pocapnaQOaQn7ts>
m(t,) = 5 , (36)
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P Mé][ poapn7QO7QH7ts —n(t _ﬁll p07p007p117QO7QI17ts
my(t.) = 2461 Jontt) = ) (37)
n(ts) +a(ts)

n(tS) — a(tS)

m?(tS) = O,m’;(ts) = 2

v (ts) = (38)

2.3.1. Ballooning Market with Symmetric Brand Effect As in the previous phases, we
first consider the setting allowing market expansion (M >M + m) and intra-generational churn
(Pocs Pue > 0), while restricting ourselves to symmetric word-of-mouth effects for the new service
model (@, = ¢q,). For a given set of diffusion parameters p,, q,, p,, and ¢,, define

(3pn + qn)(qn + ae(zpn+Qn)(tsftf-))

A=
2Py + qn

— (39)

- 206 +3p0+ @0 Go 2(Po +3Dn+¢n)
FIII (p07p117QO7Qnat) = 2F1 <17 — ( ) ~

3pn + n Gn ’ 3p 0+ Gn ’ A
40
—(3 n n —tls an
_e_(2po+3pn+%)(t—ts) <A+qn€ ( e )(t t )> ’ (40)
A+ n

X o F, (122?+3p+q @ 20+ 30t @) qnewpﬁqn)(“s)) |

3P + n & 3patad A

In addition, let

4n —do
67(2po+3pn+qn)(t7ts) (Qn+)\)g(qn+3pn)(t*t5) ( qn )
gn+e(an+3pn)(t—ts)

~ )
1 _ 9o (A +qn) F
1—61[(po7pn,407qmts) X(2po+3pn+an) IIr (poaPQOQn,t)

GIII (poapm(IQOt) =1- <

HII (pmpocypna 905 qn, te) ()\ + Qn) e(q072poc)(t7ts)
qn + Ae(an+3pn)(t—ts)

HIII (poapocapnv(IQOt) =

t A
X 6*‘10 fts GIII(PO’pnaQO#vaT)de

R 3pn +qn
n(t) = M <1 - )\e(3pn+(1n)(t_t3) —I—Qn> ’

a(ts)e(g(Pn—Pllc)""qn)(t_ts) ()\ + qn) —~ mg(ts)6(3(Pn—Pnc)+qn)(t_tS) (A -+ qn)
Ae(?’Pn"F‘Zn)(t_ts) + qn 7b( ) - /\e(3pn+qn)(t—t5) + qn

at) = .

The diffusion dynamics in this phase can be described as follows.

PROPOSITION 4. Fort >t,, the competitive diffusion dynamics can be expressed as

— MGIII (poapnaQOant) _ﬁ(t) +HIII (po7pocapn7QO7Qnat)

m‘l’(t) 2 )
o _ MGIII (poapnaQOant)_ﬁ(t)_HIII (poapompnaqovqmt)
mQ(t) - 2 ?

() = ey = O+ bge) A1) gy = PO b(é) £2(0) e

(43)

(44)
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Similar to the dynamics in the previous phase, generalized expressions of (45) convert to simpler

closed-form when there is no “word-of-mouth” effect for the old service model.

COROLLARY 4.1. When there is no word-of-mouth effect for the old service model (q,=0), the

customer bases of the competing firms for t >ts, can be expressed as

o t o 1 (qn + 3pn) (M — 6_2p°t(M —m — M) ( —2poct
ml( ) B 5 qn —+ )\e(‘hl"r?)])n)(t_ts)
°(t) = 1 (QH + 3pn) (M - 6—2p0t(M —-m — M) ( 2Poct
mz( ) N 5 qn —|— )\e(QH“FSPn)(t*ts)
. nt) —2b(t) —a(t) A LD —alt) . B +D(t)+2a
oty = TO=BOZG0) ) GOLO-G0) ey AOLHOLBO

2.3.2. Mature Market with Asymmetric Brand Effect Once again, we focus on the
adoption of the new service model, assuming that the new model does not expand the potential
market (M = M + m) and there is no intra-generational customer churn (p,. = pn. = 0). Never-
theless, we allow for asymmetric imitation (@, > ¢,) to reflect the incumbents’ potential brand

awareness advantage.

PROPOSITION 5. When the introduction of the new service model does not expand the overall
market potential (M =M +m), and there is no intra-generational customer churn (po. =pn.=0),

the percentage customer bases of the competing firms for t > t,, can be expressed as

n3(t)

t—t, = dy :
s Gt a) (1= 8 (nalte) ma () =y = S(mats)) (2+ 28 (ma(t),ma(t)) ) )
o1(6) = 0 (1= ma(0) = 8 (nat) ) 2+ L2 e )malt) ) = 8 (e mate) ).
ou(t) = (1-0) (1= na(e) = S (a(0)ma(1)) (2 L8 e ma(07)) = S (a(thmat) )
m(6) = 8 (), (0.0 a0 = S () m(2.) (14 228 (na(e)omalt))) 48 () mate) . (47

As in the previous phase, expressions in (47) convert to the closed-form in the environment where
the imitation coefficients do not depend on the firm through which the new service model was

adopted:
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COROLLARY 5.1. When the introduction of the new service model does not cause an expansion
in the overall market potential (M =M +m), there is no intra-generational churn (poe = pne =0),
and imitation occurs through symmetric terms (¢, = Qn > 0), the customer base trajectories for the

competing firms for t > t,, can be expressed as

0 n3(ts) (qn +3pn) + pu (1 — e (@ t3o)(i=te)) (1 — S (na(t,),nalty)) n3(ts)>
ns t) = — 5
G+ 30 — o (1 — s 0=9) (1= 8 (my ), ms (t)) — ns(t,))

G (
o1(t) = % (1 —ng(t) — (W) <2pn+QH§(n3(ts)’n3(tf))) _§(n3(ts)7n3(tf))> ,
)

~—

m

0a(t) = v <1 —na(t) —
n(t) = pa (ns(t) — st

ns (t) ns (tb
+ gnT3 (

\/\/

)@m+%5(@%mﬁﬁ0—§WWQmﬁﬂo,

~

ls
(TL3 > (pn + qn§(n3(ts),n3(tf))> + S (ng(ts),ng(tf)) . (48)

p + QHn3

where

§mw»w@m—m(%@*”“”) (49)

P+ quns(ty)

As expected, in the case where the new service model turns out to be successful, the diffusion
dynamics described in the above Propositions have important implications for the values of terminal
customer base percentages of competing firms, n{° = lim, , . n1(t), n3° = lim,; ,,, n2(t) and n° =
lim; ,, n3(t). These terminal values are often viewed by firms themselves, as well as by investors
as proxies for overall profits and as indicators of the strength of firms’ competitive positions. In
particular, given the multi-product nature of most established incumbents, large market share in
a particular product often increases the perceived attractiveness of other components of the firm’s
product portfolio. In addition, a large volume of transactions in which a firm participates provides
valuable market information, which can be used for more effective cross-selling of the product
portfolio.

In the following Proposition, we describe the terminal customer base values for the different
diffusion settings described above. We find that the presence of inter-generational churn plays a

significant role in the distribution of these terminal values.
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PROPOSITION 6. a) If there is positive intra-generational customer churn and the adoption
occurs through symmetric terms (Q, = qn), the terminal customer base values of the new entrant

and the incumbents are identical:
(50)

b) If there is no intra-generational customer churn (po. = puc = 0), and no market expansion
resulting from the introduction of the new business model, M = M +m, the terminal customer base

value of the new entrant, n$°, is a root of the following equation:

n“=1g<<%)+(%>2) o

while the terminal customer base values of the incumbent firms are given by

s ()

where nz(ty) and ns(ts) are the customer base values for the new entrant firm at times t; and t, at
which firms 1 and 2, respectively, adopt the new service model, and v = p“, o= %. In particular,

in a homogeneous imitation setting (6 =1), the terminal customer base values are

o By + 1Dy +ns(ty)) (v +na(ts)) .

(v +ns(ty)) (v +ns(ts)) +v (27 +ns(ts) +ns(ty))

o _ YB3y +1) (v +ns(ty))) .

P (v ns(ty) (Y4 ns(ts) 4y (29 +ns(ts) +ns(ty)
oo — By + 1D (v +ns(ts))) . (53)

2 ) .

(v +nalty)) (v +ns(ts)) +7 (27 +ns(ts) +ns(ty))

Figure 2 shows the terminal customer base values in the setting where both incumbents enter
at the same time, determined by the customer base of the new entrant. The two sets of curves on
this figure correspond to different relative “speeds” of the incumbent diffusion, @),, = dq,, with § =1
and 6 = 5. Note that in the case of symmetric imitation (6 = 1), the simultaneous entry of the new
entrant and of the incumbents splits the new service model market into three equal parts; on the
other hand, if incumbents wait until the new entrant captures 25% of the market before adopting,

their terminal customer base values of the new market will rise only up to around 10% each, leaving
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Terminal Customer Base

t New entrant, 6=

New entrant, =5

Incumbent, 5= 5

=~ —
Incumbent, 5=1. =~ — — == .
0.2 0.4 0.6 0.8 1

New entrant customer base when incumbents adopt

Figure 2 Terminal customer base values when both incumbents enter at the same time (7 =0.05,0 =1,5)

80% for the new entrant. As expected, the setting with fast incumbent diffusion (§ =5) is more
forgiving to incumbent delays: incumbents can allow the new entrant to capture 15% of the total
customer base, and still catch up with it in terms of terminal customer base value. In a similar
manner, the new entrant will have to capture around half of the potential market before adoption
by incumbents in order to keep their terminal customer base values at a 10% level.

2.4. Phase IV: “Two Incumbents”

The analysis above pertains to the case where the new service model turns out to be successful. If,
however, the new model fails at t = T, then, starting at that point in time, the only firms present
in the market are incumbents, both of them employing the old service model. Below we consider
the diffusion dynamics in such a case for ¢ > T%. The diffusion dynamics for this time period is

described by the following set of differential equations:

dms$ 9d o o o o

L= (po+ Smb) (M = mg = m3) + pocms = puc, (54)
dms 4o o o o o o

dt2 — (po + ﬂm2> (M —m$ —m3) + Poc — Pocms, (55)

augmented by the initial conditions following from the solution of phase III equations, m{ (Tr) and
mg (Tr). The dynamics expressed by (54)-(55) with these initial conditions admit a closed-form

characterization.
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PROPOSITION 7. Consider the setting where the new model fails at t =Tr, and define, fort > Tk

Qo _ o
fl(t) — 1 eQPoc(t—TF) 2F1 2p0c _ 1 14 QPOC M (M m (TF)) (e—(QPO'HZO)(t—TF))
2Poc 2po + 4o ’ 2po + qo ’ 2po + qo ’ 2p, + %mo (TF>

_WE< I S %M;<_mmw—m%ﬂm)>) 56)

2]90 + 4o 2100 + 4o 2]90 + 4o 2]30 + %mo (TF)

200+ ¢ 2P0+ G0 2P0+ Qo o+ 4eme (Tp)

(e e ((EM T )

200 +q% 200+ ¢ 2P0+ 4o 2p, + 4gme (T,

_ 1 Mo 1 Mo 9o (M—m
12(t) — <62Poc(t—TF) 2F1 < p 1— -1 + P . ( /;l ( mo( ))> (e_(2po+<I0)(t_TF))>

where m (Tr), i=1,2 is the customer base of incumbent i at time Tr, and m® (Tr)=mS$ (Tr) +
m3 (Tr). Then, the customer bases of the incumbents for t > T are given by

1
9o (M—m°(TF)) 2po+do
M AR
1+ ( 2po+ 4G m°(Tr) )

mS (t) = e~ 2Poct=Tr)
(t) 14 (q—O(Mme(TF))) e—(2Po+a0) (t—TF)

290+ g m° (Tr)
(mg (Tr) 1
+ ! (B M+ (Poc — po) m® (Te)) Tu(£) + (Poc — po) (M — m (Tp)) T(®)) |,

g M- mo(TF))>
1+ ( 2po+ 95 m°(TF)

i=1,2. (58)

The results of the Proposition 7 indicate, in particular, that lim; . . m?(t) = %,z’ =1,2: upon the
failure of the new model, the diffusion dynamics reflects the competition between the incumbents
that end up, in the long run, splitting the market equally. This result is a direct consequence of
our assumption on the symmetry of the process of adoption of the old service model.

2.5. Terminal Customer Base Values in the Settings with Asymmetric Churn

The terminal customer base values serve as important indicators of relative strength of competing
firms in settings where the new model succeeds as well as in settings where the new model fails. In
the former case, the terminal customer base values reflect the relative strength of the incumbents

under the old model, while in the latter - the relative strength of the newcomer and the incumbents

under the new model. Below we derive the expressions for the terminal customer base values in
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both cases in the general setting with asymmetric churn among the incumbents employing the old
model as well as the asymmetric churn between the incumbents and the newcomer when they all
employ the new model. In particular, we assume that the diffusion dynamics in the general setting

with asymmetric churn with three firms present is described by

dmo qO o o o n n n o
dtl = (po + M’”h) (M —m$ —mg —m} —my —my) ‘f‘p(l)ng
21 3 Qn n n an n o 59
— | Poc T pn"‘ﬂ( 1+m2)+ﬂm3 my, (59)
dmo 9o o o o n n n o
dt2 = (po + ﬂmz) (M —m§ —mg —m} —my —my) +pi<1;m1
12 3 Qn n n an n o
— | Poc T pn"‘ﬂ( 1 +m2)+ﬂm3 my, (60)
dmj @n o n n n 12, n 13, n 21 31\ . n
dt = pn+ﬂm1 (Miml —my 7m3)+pncm2 +pncm3 - (pnc +pnc) my, (61)
dmg Qn n n n n 21, n 23, . n 12 32 n
a Dn+ ﬂmZ (M —m} —my —my) + premi + premy — (pnc +pnc) msy, (62)
dmg n 4 n n n 31 _n 32 _n 13 23\ _n
dt = (pn—i_ﬂmg) (M_ml — My _m3)+pncml +pncm2 - (pnc+pnc) mg, (63)

where p% > 0 is the parameter that describes the churn from the customer group that uses the new
model offered by the firm j to the customer group that uses the new model offered by firm i # j,
and pd > 0 is the parameter that describes the churn from the customer group that uses the old
model offered by the firm j to the customer group that uses the old model offered by firm ¢ # j.

The terminal customer base values of competing firms are expressed by the following result.

PROPOSITION 8. a) In a setting where the new model succeeds, the terminal customer base values

corresponding to the old service model, 07° = lim; ,o, 0;(t),i = 1,2 are zero, while the terminal

customer base values corresponding to the new technology, n® = lim, .. n;(t),i=1,2,3, are given
by
o PuePhe + PucPac + PucPue (64)
D palpRtH PR PRI PP+ DDA DRepi + PP + papR 4 papi
o PiicPe + PhePac + PhcPhe (65)
S R R PRI P+ R piEpE T pREpR+ AR P
nse = PhePac + PacPre + PacPhec (66)

T 912,923 2113 3112 23731 13,32 32021 12,13 21923 319y32°
pncpnc + pncpnc + pncpnc + pncpnc + pncpnc + pncpnc + pncpnc + pncpnc + pncpnc
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b) In the setting where the new model fails, the terminal customer base values corresponding to the

old service model are given by

p21
o = —Loe __ 67
U R (67)
12
o0 pOC
o = —Poc (68)
2 pl24p2!

Part b) of Proposition 8 outlines the impact of asymmetry in the inter-incumbent churn processes
on the way the market is split when all potential customers have made their adoption decisions in
the setting where the old model manages to stave off the innovation threat. If the new model fails,
the ratio of incumbents’ relative customer bases is equal to the ratio of their churn parameters. Part
a) of Proposition 8 describes an opposing setting where the new model survives and completely
replaces the old one. In this setting, the segmentation of the market dominated by the new model
follows a much more complex pattern. The terminal customer base expressions (64)-(66) reflect
the most general, and entirely asymmetric, churn dynamics between the incumbents and the new
entrant. Note that, in the trivial special case where all churn coefficients are equal, the three firms,
as expected, split the market equally. Figure 3 provides an illustration of the terminal market
coverage in the case where the churn processes between the incumbents and the new entrant are
symmetric (i.e, pl2 = p3l = p?3 = p32 = p), but the churn process between the incumbents is not
(so that, in general, p!? £ p2! £ p). Figure 3a looks at the subcase where the churn between the
incumbents and the new entrant is very slow (p=0.01 << pl2 =1), while the Figure 3b describes
the subcase where the churn between the incumbents and the new entrant is very fast (p =100 >>
pl2 =1). There are two important observations that can be made in such semi-asymmetric setting.
First, the symmetry in the incumbent-new entrant churn ensures that the customer base of the
new entrant is equal to %, and is not affected by the intra-incumbent churn processes. Second, the
way the incumbents split the remaining % of the market can be strongly affected by the presence
of the new entrant. Note that, as (64)-(65) imply, for pl? = p3! = p?3 = p32 = p the ratio of the
terminal customer base values for the two incumbents is

ne _ pu+2p

— . 69
ny - pl4ap (69)
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Comparing this expression with the ratio justified by the intra-incumbent churn processes alone,

Pae : v o Do o012 21 :
5F, we observe that (69) is greater than o3¢ if and only if J8¢ < 1. Note that if p,; < pj., the incum-

n
nc nc nc

bent 1 is less “attractive” to consumers than the incumbent 2 and, therefore, has smaller terminal
customer base values in the absence of a newcomer. Thus, the presence of the new entrant allows
for the incumbent 1 to have higher terminal customer base. As (69) indicates, such moderating
effect of the new entrant becomes especially pronounced if the churn that involves the new entrant

dominates other churn processes.

3. An Empirical Example: FX market
In this section, we illustrate the application of our model by examining the empirical context
mentioned briefly in the Introduction section, namely, the foreign exchange (FX) market. Obtaining
detailed firm-level data to illustrate our model is not trivial. Most previous studies of new product
diffusion have been conducted at the category level (Libai et al. 2009a, p. 24). We have collected
our data from archival material (press releases and industry reports), and supplemented our data
with detailed interviews with senior managers in the industry.

The foreign exchange market displays four characteristic that make it appropriate context in

which to illustrate the application of our model. First, this market had a traditional service model
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with the potential to be transformed into a new one. Second, there was a new entrant that launched
the new service model. Third, incumbent firms with different sizes of customer bases existed.
Fourth, the markets displayed different adoption times for the innovation by the major and minor
firms respectively.

The major customers in the foreign exchange market are corporations such as investment man-
agement firms, pension funds and insurance firms. Customers typically use the foreign exchange
market for international trade, cross-border investments and hedging against currency risks. Tradi-
tionally, the trading on the foreign exchange market was done in an over-the-counter mode whereby
the customer had to make several phone calls to dealers to obtain quotes. Dealers, in turn, offered
both buy and sell quotes to customers. Once a price has been agreed upon, the transaction was
executed with one of the dealer banks. In the traditional process, the dealers’ business model was
based on generating revenues from the spread between buy and sell prices. Dealers are able to
charge a spread because of their ability to match buyers and sellers as well as to take on inventory
risks. Often dealers might not be able to match buyers and sellers at the same time and hence,
would need to hold the currencies in inventory until a corresponding customer is found.

The advent of the Internet enabled more efficient means for price information dissemination and
execution of trades via electronic trading technology. In this new service model, dealers post their
bid and offer prices, or customers can request quotes from multiple dealers and transact accordingly
on the electronic platform. In April 2000, Currenex, a new entrant, launched a new model of foreign
exchange trading via the Internet. Currenex started attracting customers away from the incumbent
dealer banks onto its platform. In response, the dealer banks formed two consortia to adopt the
new foreign exchange trading model. The first consortium consisted of three of the world’s largest
dealers in foreign exchange, namely Citibank, JP Morgan Chase and Deutsche Bank, with the
combined share of 28.9% of total daily trading volume; the second consortium was formed by seven
smaller /minor banks with the combined daily trading volume adding up to 25.5% of the total

(Euromoney 2000). Thus, from the point of view of the adoption of the new business model the
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dealer banks essentially acted like a duopoly. The consortium led by the minor banks adopted the
new business model by launching a platform called FXall in May 2001 (13 months after the new
entrant). This was then followed by the consortium led by the major banks launching a similar
platform, Atriax in June 2001 (14 months after the new entrant). Atriax, however, stopped its
operation in April 2002.

We have estimated the overall market potential M as well as the innovation and imitation
parameters using the average daily trading volume data for competing bank consortia shown in
Appendix B. Since the numbers of customer accounts are not publicly available, in our estimation
analysis we used the daily transaction volume as a proxy for the sizes of customer bases in foreign
exchange e-trading. In addition, since all of the available data estimates relate to the trading
volumes for the new service model, we have used the estimate for the total daily trading volume
at around the time of the introduction of the new model ($1 trillion, Reuters News 2001) and
the pre-innovation customer base estimates for the major and the minor incumbents to set their
respective values at M = $289 billion, and m = $255 billion, and focused on establishing the values
for M, Do, Goy Pocs Pus Gns @n and p,. (8 parameters) that provide the best fit for the available data.

We established the best-fit parameters by minimizing the sum of the equally-weighted squared
deviations between the analytical and the actual customer bases values. For the fitting procedure,
we have used the discretized version of our model, with the discrete time unit equal to 1 month
to reflect the empirical data. To account for the finite time that the major incumbent invested
in the Atriax platform, we have set the customer bases values corresponding to the new model
offered by the major incumbent to 0 after April 2002, thus estimating the model where the minor
incumbent and the new entrant share the new model market. The minimization was done using
Excel Solver with "GRG Nonlinear” option with multiple random restarts. After obtaining the
best-fit values, we have run the ”Evolutionary Solver” on the resulting values to ensure that they
cannot be improved upon. The resulting estimated values are reported in Table 2.

Figure 4 illustrates the fit between the analytical model with parameters from the Table 2 and
the empirical data for Currenex, the new entrant (Figure 4a) and FXAIl, the minor incumbent

(Figure 4b).
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Parameter Estimated Value, $bn

M 544.00

1
month

Parameter | Estimated Value, x107°

Do 8.74
Qo 0.23
Doc 96.23

1
month

Parameter | Estimated Value, x107°

Pu 1.10

0 7233.87
Qu 1645.64
Pre 0.00

Table 2 The best-fit parameter values.
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Figure 4: The actual vs. predicted average daily trading volumes a) for the new entrant (Currenex), and b) for the

minor incumbent (FXAII).

Table 2 prompts several observations regarding the diffusion dynamics in the environment
described by the FX trading data. First, the introduction of a new service model has resulted, in
this environment, in a redistribution of the existing market (M = M + m). Second, the customer

base dynamics under the old service model and under the new service model appear to have very
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different features: the old model is driven mostly by innovation in the presence of a strong customer
churn, while the new model expands almost exclusively through imitation, with no customer churn.
Finally, the new entrant have a clear first-mover advantage in terms of the speed of the “imitation”
process as compared to the incumbents. In Section 5 we will use the best-fit estimates from Table 2
to conduct a numerical study of the impact of these features of the customer base dynamics on the

emerging Nash equilibria in adoption of the new service model by the incumbent firms.

4. Optimal Response Decisions and Nash Equilibria Analysis:
Successful Innovation in the Absence of Market Expansion or
Intra-Generational Churn

In this section we analyze the optimal response and the equilibrium entry-time decisions of the
incumbents. While under the general model the analysis of the equilibrium market-entry decisions
appears intractable, we managed to provide characterization of such decisions for the special setting
where the introduction of the new service model is guaranteed to be successful (i.e. Pr =0), does not
expand the overall market (M = M +m), and there is no intra-generational churn (p,. = p,. =0),
as described in Corollary 1.2 and Propositions 3 and 5.

The analysis of the competitive diffusion dynamics developed in the previous section connects
the new service model adoption decisions by two incumbent firms with the resulting customer base
trajectories. Below we adopt a perspective of one of the incumbent firms and use these trajectories
to build a framework for making the optimal adoption decisions. Without loss of generality, we
select firm 1, and assume that the time ¢, at which the other incumbent, firm 2, commits to
adopting the new service model is known. We also assume that firm 1’s objective is to maximize

its discounted profits II; over the infinite planning horizon:

+oo

I (t, ) = / e (001 (£) + mana (1)) d, (70)

0

where 7,(m,) is a per-unit-of-time profit contribution from each firm 1 customer using old (new)
service model, and  is the time discounting factor. Note that, in practice, the profit contributions

themselves may be affected by the respective customer base values. To maintain the tractability of
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the analysis of the adoption times, we use the simplified approach that assigns to the profit margins
constant values that reflect the average profit margins earned over a large range of customer base
values.

For simplicity, we consider the adoption times to be between 0 (“adopt immediately”) and some
maximum time ¢, (“delay adoption as much as possible”). In other words, the profit maximization

problem for firm 1 can be expressed as

max H1 (tl,tQ) 5 (71)

0<t3 <tmax

so that the optimal adoption response time is defined as

tP =arg max Il (t1,t,). (72)

0<t3 <tmax

The choice of t,,.,, while somewhat arbitrary, can be tied to the time characteristic of the customer

base dynamics of the new firm ns(t) in the first phase of the competitive diffusion: the rate of change

of ns(t), as shown in Bass (1969), peaks at T = ——1In (q—“> and becomes negligible after 27T

Pn+dn Pn

Thus, setting, for example, t.c = - iqn In (571:,) appears to be a reasonable choice. The optimization
problem (71) is well-behaved under a mild assumption on the time parameters of the underlying

dynamics:
PROPOSITION 9. For 8 < 3p, the profit I1; (t1,t2) is a quasiconcave function of t;.

The assumption of Proposition 9, ensuring that the profit function of firm 1 has unique local max-
imizing adoption time, is both mild and easy-to-interpret: in order for the profit function to be
well-behaved, we require that the process of time discounting of profits proceeds at a relatively
slow rate and does not interfere with the dynamics of adoption of the new service model. Such
an assumption seems quite reasonable in cases of computer/Internet-related technology diffusions,
since it is likely that such “digital diffusions” exhibit much faster innovation dynamics than tradi-
tional ones (Rangaswamy and Gupta 1999). For example, Lilien, Rangaswamy and Van den Bulte
(2000) report the innovation parameter p, =0.121 per year for PC adoptions in the US - as com-

pared to the average of p, =0.037 across multiple categories of agricultural, medical equipment,
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production technology and consumer electronics products. For a diffusion similar to the PC adop-
tion, the maximum value of time discounting factor 3 satisfying the assumption of Proposition 9
is 3p, = 36.3% per year, which is high enough to accommodate any realistic discount rate. While
in real business settings the value of 3 is likely to exceed this level, our extensive numerical tests
show that the quasiconcavity of the profit function is preserved even for much higher values of time
discounting factor.

For a given value of t,, the optimal response time #,** depends on the underlying parameters
of the diffusion problem, in particular, on the values of firm 1’s initial customer base 6, as well
as the profit contributions m, and m,. The monotonicity properties of the response time ¢, are
formalized by the following Proposition:

PROPOSITION 10. The optimal response time t{** is a non-decreasing function of the profit-

adjusted customer base Tof

Proposition 10 indicates that high initial customer base predisposes a firm to delay its innovation
response.

The equilibrium analysis of the adoption decisions in a competitive environment can be recast
in terms of finding a pair of Nash equilibrium adoption times ¢ and ¢} such that ¢t* = ¢;"" (t5) and
t5 =t5°" (t¥). In a more general setting the equilibrium analysis may also include the endogenous
determination of the diffusion parameters. While the existence of pure equilibrium in terms of
adoption times is not guaranteed, mixed equilibrium strategies for the model we analyze do exist
for any combination of problem parameters, as implied by the continuity of our profit functions
(Gliksberg 1952; Dasgupta and Maskin 1986). Despite the absence of guarantees for the existence of
pure Nash equilibrium in the general case, the partial characterization of pure equilibria is possible

for a broad range of problem parameters:

o (1—6)

TTn

PROPOSITION 11. Define py =" and p, =

a) Suppose that py <1 and p, <1. Then, t; =t5=0.

Pn(gn+3pn) 1 1 _ _
b) Suppose that < be ikl and py > Btz P2 > eV Then, t; =15 = tmax-
pn(qn+3pn) pn(gn+3pn)

c¢) Suppose that < % and p; > W, p2 < 1. Then, t7 =tyax and th=0.
pn(gn+3pn
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Figure 5 Nash equilibria with respect to new service model adoption times (8 =p, =1.3 x 1074, gn = 0).

The statements of Proposition 11 are illustrated on Figure 5 for the case of 23 = p, = 1.3 x 1074,
¢n = 0. For this parameter combination, (1 — %) - = 1.5, and Proposition 11 identifies the
Nash equilibria for a wide range of problem settings. Clearly, in the cases not covered by the
statements of Proposition 11, the existence of a pure-strategy Nash equilibrium and the values of
the matching adoption response times have to be established through the numerical evaluation of
the profit functions of competing firms. Note that the “grey areas” of the parameter space not
covered by Proposition 11 shrink as the time discount factor 5 goes down, reflecting the growing
attractiveness of the “delay as much as you can” option for both incumbents. In particular, in the
limit of B — 0, Proposition 11 completely describes the adoption behavior of both incumbents for
any combination of problem parameters. Table 3 provides a detailed illustration of this limit. Note
that the types of possible adoption equilibria in this case are determined by the relative discount
offered to customers switching to the new business model, :—2 In particular, in the “deep discount”
case (:—2 < 0.5) the major incumbent always delays its adoption as much as possible, while the
minor incumbent uses the “delay as much as possible” approach when the initial customer base

of the major incumbent is not too high (# <1 — ™), and the “ adopt now” approach otherwise.

To

On the other hand, when the new model does not offer a significant discount (:—2 > 0.5), the minor
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Profit Discount, :—2

Market Dominance, 6 Moderate (:—2 > 0.5) Deep (:—“ < 0.5)

° —

Moderate <0 < max (@, 1-— ”—“)) Major Incumbent-“Now” | Major Incumbent-“Delay”

To To

Minor Incumbent-“Now” | Minor Incumbent- “Delay”

Strong (9 > max <:—2, 1-— @>) Major Incumbent-“Delay” | Major Incumbent- “Delay”

To

Minor Incumbent-“Now” | Minor Incumbent-“Now”

Table 3 Adoption Nash-equilibrium strategies in the absence of time discounting.

incumbent adopts the new model immediately, while the policy of the major incumbent changes
from “adopt now” in settings where its market dominance is limited (6 < :—2) to “delay as much
as possible” when it is pronounced (6 > :—z) The results of Proposition 11 indicate that in the
business settings where the customer base values of competing firms follow Bass-like dynamics
introduced in Section 2, major incumbents (dominant firms) are prone to delays in innovation. An
intuitive, simple nature of the equilibria described in Table 3 offers competitors an appealing recipe

for building their adoption strategies in settings where the time discounting factors are negligible.

5. Nash Equilibria Adoption Times in the FX Market: A Numerical
Study

The analytical results presented in Section 4 relate to the special setting where the innovation is
guaranteed to be successful, does not affect the overall market potential, and where the customer
base dynamics exhibits negligible intra-generational churn. The FX market example introduced in
Section 3 describes an environment without the market expansion upon the introduction of new
service model, no intra-generational churn in the diffusion dynamics of the new service model, but
where the intra-generational churn in the dynamics of the old service model is prominent. For such
a setting we have conducted numerical tests of the Nash equilibria in the adoption times for the new
service model. In particular, we have used the diffusion parameters and the market size estimates
reported in Table 2 and varied the parameters that describe the incumbents’ beliefs about the risk
associated with the new service model, i.e., their beliefs regarding the probability and the time of

its potential “failure”.
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Note that, in addition to the diffusion, market size, and risk parameters, the Nash equilibrium

Tn

adoption times are determined by the ratio 7= of the profit margins associated with the old and
the new service model, as well as the time discount factor 5. We have estimated the profit margin
associated with the the traditional, phone-based, business model, 7,, to be 11% by averaging the
profit margins for 1998-2000 from the 10-k reports for the Bank of New York and Merrill Lynch
(Bank of New York Mellon 2001, Merrill Lynch 2002). The interviews we have conducted with
senior executives in the industry have confirmed a significant reduction in the profit margin upon
switching to the online trading model, with 7, being about 5%. In our numerical tests, we have
used these estimates for the m, and m,, respectively, resulting in the ratio of o= 45.45%. For
the time-discounting factor, we have used 8 = 0.01 (per month), corresponding to 12% annual
discounting rate.

In calculating the Nash equilibria adoption times, we have assumed that each incumbent commits
to entering at a particular (integer) month value between the launch of the new model and the
finite horizon of t,,,, = 30 months. We have selected the moderately high finite horizon value to
ensure that the numerical search for the Nash equilibria can be accomplished in reasonable time.
For each combination of problem parameters reported below, the Nash equilibrium in incumbent
adoption times exists and is unique when the incumbents’ choices are limited to the set of integers
between 0 and t,,.x-

Figure 6 reports the Nash equilibrium incumbent adoption times as functions of the “failure”
probability Pr for two fixed values of the “failure” time, Tr = 15 and Tr = 60. We have selected
these two values to illustrate the difference in incumbents’ responses to the failure that occurs
“early” (Tr < tmax) and to the one that occurs “late” (Tr > tiay). The adoption-time Nash equilib-
ria described in Figure 6 reflect a rather interesting competitive dynamics among the incumbents.
Note the “discontinuity” in the Nash equilibrium pattern observed in Figure 6a that describes the
case of an early failure (Tr = 15 < tyay). In this setting, when Pr =1, i.e., when the failure is

certain, both incumbents react to such early and certain failure by abandoning the adoption of
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Figure 6 : The Nash equilibrium adoption times for the two incumbents in the FX example as functions of the

failure probability Pr for the determinsitic failure times 7% =15 (a), and Tr =60 (b).

the innovation. However, as soon as there appears to be a finite probability for the innovation to
survive, both incumbents immediately hedge by committing to an adoption at the potential failure
time Tr = 15. When the failure probability is reduced further, there emerges a range of probability
values such that the “minor” incumbent favors immediate adoption, while the “major” incumbent
commits to a delayed adoption at T = 15. Finally, as the failure becomes even less likely, both
incumbents choose immediate adoption. In our numerical tests, a similar Nash equilibrium pattern
is observed for any fixed 0 < Tr < tpax.

Figure 6b illustrates a corresponding monotonicity in the incumbents’ responses when failure,
if it occurs, happens fairly late, beyond the allowable horizon of incumbents’ responses. In this
case, incumbents cannot commit to adopting at T, and the “adopt now” response directly follows
“never adopt” response as the survival of the new service model becomes increasingly likely.

We observed a similar response pattern for all values of Tr > ., With the region of “never
adopt” response shrinking as the failure time becomes more distant. In particular, for T% > 115,
both incumbents choose “adopt now” response irrespective of the probability of failure. For such
high values of TF incumbents behave as if failure does not occur at all and immediately move to

protect their profit streams.
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Figure 7: The Nash equilibrium adoption times for the two incumbents in the FX example as functions of the

expected failure time E[Tr] for the geometric distribution of the failure time period (Pr =0.8).

Figure 6 illustrates the properties of the Nash equilibria in settings where the failure of the new
model, if it occurs, happens at a given time period. A more interesting setting is shown in Figure 7,

where the time-to-failure, if it occurs, follows the variant of geometric distribution, i.e.,
P(Tr=k)=p(1—p)* k=6,12,18,24, ... (73)

Note that, under the probability distribution (73), the failure of the new model can occur at 6-
month increments (i.e., at ¢t = 6,12,18,24, ..., months), and is “memoryless”. The latter feature
of this distribution provides an appropriate match to the open-loop nature of the incumbents’
decision process on when to adopt an innovation. In other words, under the geometric time-to-
failure distribution, the incumbents cannot improve their decision making process by adopting
a dynamic, “closed-loop” policy that would entail making an adoption decision based on time
elapsed since the introduction of the new service model. Figure 7 shows the Nash equilibrium
adoption times for the incumbents as a function of the expected time-to-failure for the setting

where the failure is quite likely (Pr = 0.8). This high value of the failure probability reflects an
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important outcome we have observed: both incumbents choose “immediate” adoption (i.e, the Nash
equilibrium is ¢} = t3 = 0) for all values of E[Tr| as long as the failure probability P is low. Hence,
in Figure 7 we report the results for the value of Pr that results, at least for some values of Tr, in
“delayed-adoption” Nash equilibria.

There are three key observations that we can make based on the results shown in Figure 7.

First, the insight outlined in Proposition 10 continues to hold in a more general setting of the FX
market example. In particular, the customer base dominance in terms of the old model translates
into “inertia” in adopting the new service model: the “major” incumbent never leads in terms of
adoption of the new service model, and either enters simultaneously with the “minor” incumbent,
or lags behind it.

Second, in the FX market setting, incumbents must estimate the failure of the new model to be
quite likely to abandon the “immediate adoption” equilibrium. In particular, for Pr =0.8 (i.e., for
the setting where the failure of the new model is likely, but not certain), we observe an emergence
of the “delay equilibria” when the expected failure time is neither too small nor too large.

Third, the equilibrium adoption responses of the incumbents exhibit a clear non-monotone pat-
tern as Tr grows. In particular, when the failure is expected in a “near future”, the marginal
impact of failure delays on the adoption delays is positive, as the incumbents react by increasing
the protection of their old customer bases and delaying their adoption decisions. However, when
the T reaches a particular threshold, the failure of the new model, even if it happens with high
probability, is late enough to lose most of its impact. From the incumbents’ perspective, the situa-
tion begins to look more and more like the setting where the new model succeeds, and this forces
the incumbents to reverse their assessments and lean towards the “immediate” adoptions.

As mentioned in Section 3, in the FX market example the “minor” incumbent has adopted the
new model at t, =13, and the “major” incumbent - at ¢; = 14 months. These adoption times are
close to the Nash equilibria in the setting where incumbents assign a high probability of failure to

the new model, expecting the failure to occur at around a two-year mark.
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6. Conclusions and Managerial Implications

The question of when an incumbent firm should cannibalize the customer base from an existing
service model as a result of adopting a new service model introduced by a “new entrant” firm
is of major importance in a number of business settings. In particular, is market dominance of
the incumbent a hindrance or an incentive for an early adoption? The theoretical and empirical
literature on this issue provides conflicting answers. Our paper addresses the limitations of the
existing literature and provides a detailed analytical account of customer adoption dynamics and
how it might affect firms’ profits and influence innovation adoption decisions. Our approach to
describing customer base trajectories extends the classical Bass adoption dynamics to the setting
where two incumbent firms compete with an entrant proposing a new service model.

In our analysis, we model a setting that includes the market expansion upon the introduction
of the new service model, as well as the intra-generational customer churn. We derive closed-form
expressions for the customer base trajectories of competing firms in two special settings. In the
first setting, we assume that the introduction of the innovation leads to an expansion of the market
potential and the diffusion dynamics includes intra-generational customer churn. In the second
setting, we assume that there is no intra-generational churn and the market potential remains
unchanged upon the introduction of innovation, but there are brand awareness effects whereby the
incumbents enjoy a larger customer imitation effect compared to the new entrant. For the latter
setting, we analyze the optimal adoption response decisions and the Nash equilibria adoption times.
Our results show that under the Bass-like competitive dynamics, the market dominance translates
into lagged response to innovation as long as the size of the pre-innovation customer base is the
main distinguishing feature between the incumbents.

One important aspect of our work is the analysis of potential risks associated with the new
service model. In particular, we analyze, analytically, the diffusion dynamics of the two incumbents
following the new model failure, and, numerically, the Nash equilibrium adoption decisions for the

incumbents that share estimates for the probability of failure of the new service model and the



Pag, Savin, and Velu: When to Adopt a Service Innovation: Nash Equilibria in a Competitive Diffusion Framework
40 Article submitted to ; manuscript no.

distribution of time at which such failure may occur. For the latter investigation, we use the actual
trading volume data from the FX markets to identify the best-fit diffusion dynamics parameters
and to study the effects of the likelihood and the imminence of the new model failure on the
responses of the incumbents. Our results, in particular, help to quantify an important connection
between the delays in the adoption of the new business model and the incumbents’ perception of
the expected duration for the new model to remain on the market.

The model we propose and the analysis we conduct have several managerial implications. First,
for managers it is important to distinguish between innovation and imitation effects of not only
one’s own firm but also those of competitors when introducing new products, services and business
models. Managers have increasingly come to realize the importance of market research and ways
to affect interpersonal communications, such as word of mouth, especially in a world where social
media is increasingly playing a major role. However, as a result of easier data availability, firms
often focus on measuring and understanding their own innovation and imitation effects as part
of marketing communications but less on those of their competitors. In particular, the brand
awareness effect often comes through the imitation effect, whereby communication about the new
adoption experience from an existing customer of the firm might have a stronger effect on the
willingness of other customers to switch to the innovation introduced by the firm, as compared to
the imitation effect coming from customers of a new entrant. Managers need to evaluate fully the
relative influence of these two effects and use this knowledge for prediction and planning on when
to adopt an innovation.

Second, it is important for managers to have reliable estimates of the churn rate for existing
services. Often, customers switch between incumbent firms that provide an old service even when
new one is launched. Some of these customers may churn and choose a different service provider due
to selection or quality-related reasons. This customer switching pattern creates intra-generational
churn, which is an important factor influencing customer base trajectories and profits for the

competing firms.
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Third, as the introduction of innovation can result in market expansion for both the existing
service model and the new service model, managers need to understand how the various sources of
interpersonal communication influence such market expansion. While a number of previous studies
on the subject of innovation have looked at the implications of a new entrant on the incumbent’s
incentive to innovate (Schumpeter 1942; Ghemawat 1991; Chandy and Tellis 2000), we adopt a
more nuanced view of how the effect of the new entrant works through the incentives of other
incumbent firms. In our analysis, the adoption decision of other incumbent firms is just as important
as that of the new entrant. Managers can use our model to assess changes taking place in the
diffusion process because of adoption by another incumbent firm and to analyze possible “what if”
scenarios to understand the impact of their actions on the terminal sizes of their customer bases
and profitability.

In the present paper we focused on the diffusion dynamics and assumed a pre-set marketing-mix
environment and a symmetry in the incumbents diffusion parameters. One promising extension
to our work is to model the influence of dynamically set prices on the resulting adoption-time
Nash equilibria. Another avenue for future research relates to the “now” or “never” innovation
adoption prescription described by Wilson and Norton (1989) and refined by Mahajan and Muller
(1996). In particular, whether such a policy remains an optimal response for competing firms in
the presence of intra-generational churn and post-innovation market expansion is an important
question for further investigation. Finally, the important question we left outside of the scope of
our present investigation is how robust the inertia in adopting the innovation is in settings with
asymmetric incumbents. We anticipate that a reversal of such market entry order can only be
observed in settings where the pre-innovation customer base asymmetry is complemented by a
substantial additional asymmetry in the incumbents’ diffusion parameters. Identifying such settings
is an important future step in characterizing competitive market-entry equilibria.

In our analysis we have assumed that the competing firms have ample capacity to handle the

consumer demand. It is possible, however, especially in the case of the new entrant, that the
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limited ability to accommodate growing demand may slow down the process of innovation diffusion
(Balakrishnan and Pathak 2014). Extending our analysis to constrained-capacity settings is a

promising direction for future research.
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Appendices for “When to Adopt a Service Innovation: Nash Equilibria
in a Competitive Diffusion Framework”

Appendix A: Proofs of Analytical Results
Proof of Proposition 1
The Bass-like form of mj(¢) (4) is obtained by directly integrating (3) with the initial condition

m3(0) =0. Let us denote m™*(t) =ms(t) + ms(t) +mj(¢). Then, adding equations (1)-(3), we get

dmtot mtot Gn—q
_ 2 n o n _ ytot . Al
Denoting X (t) = 522w, we can rewrite (A1) as €X — f(t)X = —q, with f(t) = 2p, 4+ pu + ¢o +
(4% ) m3(t) and the initial condition X (0) = ;2%—;. The solution to the latter equation with
this initial condition is given by

t

x(t)=[-—-M / dr ex / flu ox / F(r)dr (A2)
"\ M-m-M P P ’
0

t
Note that /f(T)dT
0

t

_ —(gn+pn)t
qu QO qﬂe —"_pn
2po+pn+qo+( )m“T)dT— 2po + Pn + G t+< >log< ) A3
/< M 3(7) ( ) n Gn + P (A3)

0
t
and /dTexp /f
0
(-
9n n 2po+pPn+qn o. 2(pot+pn+an) . n
() fan (et ) e nenran|
2po+pn+qu o n n o 2 o n n n ’
XoFy (Bntin ] o 2eetitin i oxp (— (p, +q,)t))
where 5 Fy(a,b;c;x) = Z:ico %w" is the hypergeometric function. Using (5), we get
ﬁ 1 dn (17373) (Cln*(lo)
X(t) o M _ I (poapna 9o5 qn, t) 9o ( + p:) dn +pn€(‘In+Pn)t an e((2p0+pn+qn)t)
M—-—m—-M 2o + Pn + ¢ (qn —|—pn)e(qn+Pn)t )

(A5)
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and
4n —do
_ gn+ppelintrn)t )( an )
ety = | 1 O Bt @)Y (esmi (A6)
9o 1+q7?1 (1_%) =
(M_An:,l_]w - (zpoz_p)n_i_qn FI (poapm 9o, qﬂ7t)
Now, using (7), defining m~(t) =m$(t) —m3(t) and subtracting (2) from (1), we get
dm~(t) ~ T o\
dt = (_zpoc_pn+QO_quI (poapn)qO)qnvt)_ﬂm:g)m (t)v (A7)

with the initial condition m~(0) = M — m. The solution to (A7) with this initial condition is

(M - m) (qﬂ +pn) eXp ((qO - 2p0C) t) e(*(]o jot é[(pOaPmCIo,qn,T)dr) — 7

mi (t) B qn + pne(‘Zn‘f‘Pn)t HI <p07p0C7pn’ qo’ qn’ t) . (A8)

~

Given that m$(t) +ms(t) = m™ (t) — m4(t) = MG (Do, Pus Qos @ns t) — M3 (L), we get (9).

Proof of Corollary 1.1

The customer base of the new entrant, mj(¢), remains identical to that in Proposition 1. Plugging
in ¢, =0 into equation (Al) we get

dmtot
dt

_ & n _ tot
= <2p0+pn—|— Mmg) (M—m'"). (A9)

with the initial condition m™*(0) =m + M. The solution to (A9) with this initial condition is

(M=m — M)(gn + pn)e” "
dn +pn€(‘Zn+Pn)t '

mt(t) = M — (A10)

Using, m~(t) = m{(t) — m3(t) and plugging in ¢, = 0 into (A7), we get dmd;(t) =

(—2poc — pu — 92mf) m~(t), with the initial condition m~(0) = M — m. The solution to these is

m~(t) = <M;m+>;qj;j§g;;i”°“ . Given that mS(t) +mg(t) = m'°*(t) — mi(t), we obtain (10).

Proof of Corollary 1.2
The Bass-like form of m}(¢) remains identical to that in Proposition 1. Plugging in the conditions
of Corollary 1.2 into (1)-(2), we have

dmg
dt

n dms3 n
= —p.mj — q—mg‘m‘f, dt2 = —p.mg — q—mgmg (A11)

M M

Dividing the first equation in (A11l) by the second one, and integrating the result with with the

initial conditions m$ = M and m$ =m, we obtain mg(t) = m$(¢) (2 ). Combining this with m$(t)+

m3(t) +mi(t) = M, we get m3(t) = (%) (M—=mj(t)) and m3(t) = (%) (M—m}(t)).
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Proof of Proposition 2

Assuming @), = q,,, we denote n(t) =m5(t) +mj5(t). Then, adding (14)-(15), we get

dn N
b (2pn + qﬂn) (M—n). (A12)
Integrating (A12), with the initial condition n(t;) = m}(t;) = M <1 - %) , we get the
. g (qutpnePran)ty
Bass-like form of n(t) = M (1 — ae@pnf’;‘;[fftf)ﬂn), where o = 2nta )(qp:fqn ) — .. Let
a(t) =mj4(t) —mj(t). Then, subtracting (14) from (15), we get
da In
il (72pnC +qn— ﬂn(t)) . (A13)

()P )
ae<2pn+qn>(t7tf)+qn :

Solving (A13) with the initial condition a(t;) =mj(ts), we get a(t) =

Combining this with m5(t) + m4(¢t) = n(t) and, mj(t) — m5(¢t) = a(t), we get the expressions for
m3(t) and mj(t). Next, denote m'*(t) = m3(t) + m3(t) + m5(t) + mj(t). Then, adding equations
(12)-(15), we get

tot tot

= <2po +2py + qon}\/l + (q“/\_/(q°> m§;> (M—m'"). (A14)

dm
dt

Denoting X (t) = 2w, we can rewrite (A14) as

— M—mtot>

dX
=X~ o, (A15)

with f(t) = (2]90 + 200 + qo + (QHM;Qo)n(t)) and the initial condition X (¢;) = M_Mal(pfo""pmqqumtf).

The solution to (A15) with this initial condition is given by

- t
s [ s
X(t)= _ M — / dre e's : (A16)
M= MG (PosPusor Gurts) )
Note that
t t
/f(T)dT = / <2po+2pn+qo + (q“/\_/t%) n(T)) dr
ty ty

_ —(gn+2pn)(T—ty)
dn — Go gn€ +a
= (2p, +2pn +qn) (t—t¢) + lo , Al7
( D P q )( f) ( @ ) g( @ ) ( )
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and

—/Tf(u)du .

t ((111—(10)
dn
dre ' — | dre—(2Pot2pntan)(T—ty) I T
qne—(qu+2pt\)(7—tf) +«
tf tf
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where o Fi(a,b;c; ) is the hypergeometric function. Using (20), we get

1 o (0 + qu) 7
X(t) = ~ - Fi1 (o, Pus Gos @ t
( ) (1_GI (povpn7QO7thf) a(2p0+2pn+qn) II( )
4n —do
o + qne—(QD"l'an)(t—tf) ( an )
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and
—4o
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mtt) =M |1- dntoc (A20)
1 _ go(+qn) o
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Now, using (21), defining m™~(¢) =mS$(t) — m3(¢) and subtracting (13) from (12), we get
dm_ t o qn —
dt( ) = (_2poc - 2pn +q — quII (pmpm 4o, th) - ﬂn(t)) m (t)a (A21)

with the initial condition m™~(t;) = Hi Doy Pocs Pr» Qo n,ts). The solution to (A21) with this initial
condition is given by

~

HI (poapocapnv(Imqnvtf) (OZ + n
ql’l + ae(‘]n“’zpn)(t*tf)

) e(‘ZO*QPOC)(t*tf)

o % fttf G11(Po:Pn,do,qn,T)dT

m~(t)

= HII (poapocapnvqovqnat)' (A22)

Combining the above with m$(t) +m3(t) = m'™(t) — n(t), we get the expressions for m$(t) and

ms(t).

Proof of Corollary 2.1
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The customer base of the new entrant, mj(¢), and that of the second incumbent’s new business
model, m3(t), remain identical to those in Proposition 2. Plugging in ¢, =0 into equation (A14)

we get

dmtot

dt

= (200 + 200+ n(t) ) (M—m'). (A23)

2pot

Given the initial condition m'*(t;) = M— (Mom=M)Cpatan)e 2) e solution to (A23) is

gn+o

(M—=m — M)(2p, + q.)e P!

tot _
m(t) =M — T I iy) (A24)
Using, m™~ (t) =m$(t) —m$(t) and plugging in ¢, =0 into equation (A21), we get
dm”(t) T -
— (—2py. —2p, — I t) 1), A2
= (2P0 =200 = Lonl®) ) 7 (1) (A25)

—2poct
with the initial condition m~(t;) = (Mfmj(qnquﬁ;n); ! The solution to (A25) with this initial
dnTPné

condition is given by m™(t) = (M;m)((‘zziiiggftjﬁ&. Given that mS(t) +m3(t) = m*(t) — n(t), we
qnt+ae

get the expressions for m$(t) and m$(t).
Proof of Proposition 3

Plugging in the conditions of Proposition 3 into the diffusion equations (12)-(15), and using (?7?)

we get:
doy
i —2pn01 — QuN201 — ¢uN30q, (A26)
% = —2p,0y — Qun202 — GuT302, (A27)
% = pn(01 +02) + Quna(o; + 02), (A28)
% = pu(01 + 02) + qunz(01 + 02), (A29)
with the initial conditions:
e )
oa(ts) = (1—0) (Qnﬁ;:@fﬁpn)g)v (A31)
na(ty) = 0, (A32)
ns(ty) = 1 — — It P (A33)

Qn +p[le(QIl+pxl)tf ’
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Dividing (A26) by (A27), we get

do, _ do, (A34)

01 09

Using the initial conditions (A30) and (A31), we obtain, as in phase I,

0a(1) = 01 (1) <?> . (A35)

Similarly, dividing (A28) by (A29), we have

dng dng

= . A36
Dn + an2 Dn + @uns ( )

For g, > 0, integrating (A36) with initial conditions (A32) and (A33) yields

Qn
Pn Pn + an3(t) ) m
na(t) = — _ —-1]. A37
2( ) Qn ((pn+an3(tf) ( )
Similarly, when ¢, =0, integration of (A36) with initial conditions (A32) and (A33) yields

ma(t) = g (9 (uOmra0) ). (A38)

Combining (A37) and (A29) with the conservation of market potential equation o;(t) + o02(t) +

ny(t) +ns3(t) =1, we obtain

Qn
dns Dn < Do + quns(t) ) "
T (oot qumg) (12 [ (P T BT ) ) A39
dt (p ! n3) ( Qn ( Pn anS(tf) s ( )
Using the definition (28), we get

ng(t)

d
t—t;= i

(pn + QHy) (1_Sl(y) - y) .
ng(ty)

(A40)

Combining (A40) with (A35) and 0 (t) 4+ 02(t) + na2(t) + ns(t) = 1, we get (29).
Proof of Corollary 3.1

For Q,, = ¢u, (28) becomes
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Then, (A40) can be expressed as

n3(t)
t—t;= (P + quns(ty)) dy | )
n3(ty) (pn + qyny) (pn (1 — %:) + (pn + Qn)n?,(tf) — (2pn + qnn3(tf)) y)
or
By A
ns (t) =A- In . (A43)
(w) ex qu(2le+qlln3(tf))(%-’—A)(t_tf) + 1
Afng(tf) p (pn+qnn3(tf))
where
Pn ( B E) + (Pn + dn)ns(ty)
A= (Ad4)

2pn + T3 (tf)
Using no(t) = 51 (ns(t)), we get

ng(t) =28 ((W) - 1) . (A45)

Gn Pn + QHn3(tf

Now, since 0;(t) 4 02(t) + na(t) + ns(t) =1, and 05(t) = 04(¢) (152), we get

01 (t) pn+an3 ) )
4 b T —1, A46
0 g ((pn+qnn3 (ts) na(t (A46)

n nn —0
or, equivalently, o (t) =0 (1 —ng(t) — £ ((p‘;;‘in?):”ttj’))) )) (19 Loy (t).

Proof of Proposition 4

Throughout the proof, we use @, = ¢,. Denoting n(t) =m!(t) +m5(t) + m4(t) and adding (33)-

(35), we get
dn In
— = o+ -n). A4
= (3pa+ Mn) (M—n) (A47)
Similar to the analysis in previous phases, we get n(t) = M (1 — )\e(SpniZ:;‘?gEtS)Jrqn)’ where A\ =
et ) i (1) = mB(2) — mB (1), and subtracting (35) from (34
T — ¢n. Denoting a(t) = m}4(t) —m3(t), and subtracting (35) from (34), we
get
da A( 3 + Gn (t)) (A48)
—J =al— nc hn T SN .
dt Pre 0 = g

Solving (A48) with the initial condition a(t;) = mj(ts) — mb(ts), we get a(t) =

mi —-m e(3(Pn—pnc)+an)(t—ts) . .
(m3 (ts) 2(;:()3,)pn+§n>(f qu Atan) - Similarly, let b( ) =mj3(t) —mj(t). Subtracting equation (33)

from (34) for Q, = ¢., we get

== (=3pue + g — nlD)) (Ad9)
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m2(ts)e(3(p“ Pnc)+an)(t— ts)()\+q )
Ae(3pn+an)(t— t3)+lJn

Solving (A49) with the initial condition B(ts) =mj(ts), we get g(t) =

Combining the above with m[ () +m5(t) +mj(t) = n(t), mi(t) —mi(t) =a(t), and, m5(t) —mj(t) =
g(t) we get the expressions for m!(t), m3(t) and mj(t). Further, let m™*(¢) = m(¢t) + m3(t) +

mi(t) +ms(t) + m5(t). Then, adding equations (31)-(35), we get

dmtot mtot qn _ qo tot
o= (s a5+ (52 ) (M-, (A50)
Denoting X (t) = %4, we can rewrite (A50) as
dX
i =Xf(t) = o, (A51)
with f(t) = <2pO +3pn+ o+ (an;qo) (t )) and the initial condition X (t;) = - MGH(?AP P

The solution to (A51) with this initial condition is given by

: /Tf(U)du /tf(T)dT

X(t) = = M - qo/dTG ts ets . (A52)
M - MGII (pmpquants)

ts

Note that

/f(T)dT - /t (2po+3pn+qo+ (q“_ >n(7)> dr
ty ty

o
M
—(gn+3pn)(T—ts)
dn — 4o dn€ + A
= (2po +3pn+qn) (t —1t,) + lo , A53
2o+ + ) (¢ )+ (B g (B TEEEER)  ay

and

/f(u)du

dre s
¢ (‘Zn*qO )
— | dre—(2pot3pntan)(T—ts) G+ A "
qne*(qn+3pn)(7'*t5) + A
Ly
2po+3pn+aqn QO . 2(po+3pn+f1n)
2F1 < ? 3pn+qgn + 3pn+qn DY )
— )\(2 )—\I——;qn + ) _6—(2Po+3pn+Qn)(t—ts) ()\+q ne (?)’\Pn"!‘QIl)(t tg )) , (A54)
Do Pn T Gn +an

(3pn+(1n)(t—t3))

2po+3pn+4gn QO . 2(p0+3pn+(hl) e _4n ,—
2F1 (1’ 3pn+tdgn + 3pn+dn ’ €
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where 5 Fi(a,b; c;x) is the hypergeometric function. Using (40), we get

1 oA\ ta) 5
X(t) = = - FIII (povpnaQOaQIlat)
(1_GII (poaPQOQn,ts) >\(2po+3pn+Qn)

()\ 4 g e (@3-t ) (#5%2)
X

exp ((2po + 3pn +qn) (t— 1)), A55
N P (2P0 + 3pn + qu) (t —t5)) (A55)
and
3 s (QD*QO)
o~ (2po+3pn-+an)(t—ts) ((qn+x)?(q":3 P‘;zi . >)) an
eldn Pn)(t—ts
mt () =M | 1- : q(: — (A56)
9o gdn
<1—611(p07pn71107(h)7ts) — X 2po+3pn+an) FIII (p07p117 4o qn7t))
Now, using (41), defining m~(t) = m$(t) — m3(t) and subtracting (32) from (31), we get
dm~(t o~ n —
dt( ) = <_2poc - 3pn + 4o — quIII (povpn7QO7th) - qﬂ”(ﬂ) m (t)a (A57)

with the initial condition m™ (t,) = Hyr (Pos Pocs Ps Gos @ns ts). The solution to (A57) with this initial
condition is given by m™ (t) = Hipy (Pos Pocs Pns Gos @u» ). Combining the above with m$(t) +m3(t) =
m'°'(t) — n(t), we get the expressions for mS(t) and m$(t).

Proof of Corollary 4.1

The customer base of the new entrant, mj(¢), and those for the incumbents’ new business models,
mY(t), m5(t), remain identical to those in Proposition 4. Plugging in ¢, =0 into (A50) we get

dmtot

dt

= (2004 3p, + Ln(®) ) (M—m'™). (A58)

—2pots .
Given the initial condition m'°*(¢,) = M— (M_m_M)é?’T;q“)e ™ the solution to (A58) becomes

(M—=m — M)(3p, + qu)e 27"

tot _ _
m(t) =M 0o + Al t3p) (—t) (A59)
Using, m™~(t) =m$(t) — m$(t) and plugging in ¢, =0 into equation (A57), we get
dm™(t) Gn -
=(-2 oc — n — T, ) 5 A
= (2= 3m = n)) mo () (A60)

_ (M—m)(gn+2py)e”2Pocts

with the initial condition m™(¢s) (ntapm) i+ Lhe solution to (A60) with this initial

gntae
condition is given by

(M —m) (qu + 3pa) e
Gn + Aelan+3pn)(t—ts)

m~(t) =
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Given that mg(t) +m3(t) = m™*(t) — n(t), we get the final expressions for m$(t) and m3(t).
Proof of Proposition 5

Plugging in the conditions of Proposition 5 into (31)-(35), and using (??) we have:

d
% = —3pn01 — Qn(n1 +n2)o; — qunzon, (A61)
d02
- —3Pn02 — Qn(n1 4+ N2)0s — ¢un30, (A62)
dn
ditl = pn(01 +02) + Quni(01 +02), (A63)
d’l’LQ
at = pu(01 + 02) + Quna(01 +02), (A64)
dn
d7t3 = pu(01 + 02) + qunz(01 + 02), (A65)
with the initial conditions:
01(ts) = 0(1—ns(ts) — S (na(ts), na(ty))), (A66)
0a(ts) = (1=0) (1= na(ts) — S (ns(ts), na(ty))), (AGT)
na(t) = S (na(ts), na(ty)), (A69)
n3(ts) d
Yy
ts—t, = . AT70
/ (o T 409) (1 =y — 55, m5(7)) (A70)
77.3(tf)
Combining (A63) and (A64), we get
dn1 d?’LQ

= ) AT1
Pn + anl Pn + an2 ( )

or

0= (Geramin) 1) )

Similarly, putting together (A63) and (A70) yields

Qn
_Pa (Pt ans(t)\ ™
ny(t) = 0. ((pn —i—qnn(ts)) 1> . (A73)

Qn
P Pat @ \ ™
Sa(w) = @n ((pn + quns (ts)> 1) (AT4)

Denoting
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and using 01 (t) + 02(t) +ny(t) + n2(t) +n3(t) = 1, we convert (A70) into

dn: n
cTtS = (Pu + quna) (1 —na(ts) — S2(ns) <2 + Qn2(ts)> - ’fl3> ) (AT75)
so that
n3(t) d
tt, = i . (A76)
ity ot y) (1=ma(t) —y = Saly) (2+ Lnalr)))
Further, combining (A61) and (A63), we get
doy _ @’ (A77)
01 02
and
Og(ts)
= ) A
02(t) ot (t) (A78)

Finally, from o;(t) + 02(t) + n1(t) + no(t) + n3(t) = 1 we obtain

on(t) = (W) (1—n3(t) — S, (ns(®)) <2 + Q‘”Z(ts)> _ n2(t5)> L (AT9)

and
02 (tS)

0s(t) = ((Woz(t)> (1—n3(t) — S, (ns(t)) <2 + pn> - ng(ts)> . (AS0)

Proof of Corollary 5.1

For ¢, = Q., (28) becomes Sy(z) = p, (st)’ and

Pn+qnns(ts)

ng(t)

dy
(pa+ay) (1= a(t) —y = S:(y) (2+ (1)) )

_ dy
N Pn (1—na(ts))pn+n3(ts)(ZPnt+qn)
ng(ts) <(In +y) ( 3pn+an(n3(ts)+na(ts)) y>

0 (1= ns(ts) = ns(ts)) (Pu + guna(t)
)1 g ((1—n2(ts)_ns(ts))(pn+qnn3(t))+(n3(ts)_n3(t))(qn+3pn)>. (A81)

- <qn+3pn

The last expression is equivalent to

n3(ts) (qn +3pn) + pu (1 —exp (= (gu +3pn) (t—1,))) (1 —na(ts) — ns(ts))
(gn +3pn) — @ (1 —exp (= (gu +3pa) (t —t.))) (1 = na(ts) — ns(ts))

na(t) = (A82)

Finally, substituting (A82) into (47), we get (48).
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Proof of Proposition 6
a) Using the expression for n(t) = m} (t)+ mj(t) +mj5(¢) from (43), and taking the limit we have:

( 3pn+ Gu >:M, (A83)

lim n(t) = lim M | 1— NeGrntan (-t 4 g

t—o0 t—o0

Then, using a(t) = m}5(t) —m3(t) and taking the limit we get

ts (3(Pn—pnc)+an) (t—ts) )\ n
o ) — ALL)e (At a)
t—00 Ae(Bpn+an)(t—ts) + qn

- t]i()o \e3pnc(t—ts) | qne—(3(Pn—Pnc)+qn)(t—ts)

For E(t) =m3(t) —mj(t) the limit gets us
m121(ts)6(3(pn_pnc)+QrA)(t_ts)()\+qn)

tlir?o b(t) = tlirélo Ae(Bpntan)(t—ts) 4 In
1 ms(ts) (A + qn) _
- tlif{.lo /\e3p"c(t—ts) -+ qne_(g‘(pn_Pnc)"!‘Qn)(t_ts) - 0 (A85>
M
3 -

Combining equations (A83)-(A85) yields m$® =m3 =ms°
b) Note that in Corollary 3.2, 01 (00) =05 (00) = 0. Then, as it follows from (47),

1= 03— § (0 ma(t.) (2+ Q“s<n3<ts>,n3<tf>>) S(na(t)ma(t) =0, (AS6)

Pn
Introducing v = &* and § = %, we can transform (A86) into
v v+ N yns)\" v ((atn)
np=1-1 (3) 1 1+<6> i <> 1), (as)
6 \ \ v +ns(ts) v+ ns(ty) 6 \ \v+ns(ty)

which, in turn, is equivalent to (51). Further, (52) are obtained by substituting (A87) into the last

2 equations in (47). For Q, = ¢, (51) becomes

(ts) — ng(tf)> <n§° —ns(t

5)
v +ns(ty) v+ ns(ts) >’ (A88)

v (ns(ts) —ms(ty) o n;
b vty P _7<2+

or, equivalently,
oo = (b ma(ts) —ans(ts) +ama(ty)) (v +na(ts)) +9 (27 +ns(ts) + ns(tr)) na(ts)
(v +ns(ty)) (v +ns(ts) +7 (27 +ns(ts) +ns(ty))

_ By + Dy +ns(ty)) (v +n3(ts)) .,
(v +ns(ty) (v +ns(ts)) +7 (27 +ns(ts) +nsty))

(A89)
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Then, using (52), one gets

o P _ Y3y + 1) (v +ns(ty))) B
" T T GG G ) 1 @) ) A
and
. (374 13 + (1))

—. A91
O mal) (14 i) £ (4 (e Fali)) A
Differentiating (51) with respect to ns(t,), we get

(#:5) ) )
onge T\ s s (is)

y+ng®

Brs(L) - o N > 0. (A92)
() () (S Gee)
y+n3(ty) y+n3(ty) v+n3(ts) y+n3(ts)

Monotonicity of ng® with respect to nz(t;) is shown in exactly same way. Further, using (52),
get

Y +n3(ts)

i (G5 (o) (i 258)) o

Now,

ons®  y+ng
8ng(ts) Y + TL3(tS)

(#55) ) (i)

T st g (ts) Ayt

1 y+ng° -1 1 y+ng° o-1 1 v+ ns (ts)
T (’Y+”3(tf)> <v+n3(tf)> T <7+n3(ts)> (v+n3(ts)>

o \ O
— (y+ng) - (52255

. y+ns(ty)
- ” ( e )5_1< ) >+< i )5_1< 1 > i) <0, (A94)
v y+n3(ty) y+n3(ty) y4+n3(ts) v4n3(ts) 7T slts

so that anl

7 < 0. On the other hand,

82351«) -7 ((%)6 (w;(ts))) ai?(i) =0 (A95)

Similarly, since n¢® turns into n3° upon exchange of nz(t;) and ns(t;)

ons°

,an(t)>()and

6712

5 < 0.
Now, consider a symmetric imitation setting, 6 = 1. Noting that since n3° can be re-expressed as

By +1)(y+ns(ty))) (v +ns(ts))

—y= ol -7, (A96)
("Y+7’L3(tf))(’y+7’l,3( ))+7(27+n3( 6)+n3(tf)) 1+'y+n’;(tf) +’Y+”Z(ts) 7
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it is a monotone increasing function of both ns(t;) and nz(t,). On the other hand, for fixed values

of n3(ty) and ns(t,),

_na(ty)  ng(ts) . ng(ty) ns(ts)
ong 3 (3 T Fns(ts) ’Y+n3(ts)) (3v+1) <<v+n3(tf>)2 T <v+n3<ts>>2) .

oy <3_ ns(ty) _ _mg(ts) )2

Yng(ty)  y+ng(ts)

(A97)

This expression is negative if and only if

< ns(ty) n n3(ts) ><3 ns(ty)  mas(ts) )><(37+1)(( ns(ty) " ns(ts) >

v+ns(ty)  y+ns(ts)) " v+nslty) v+ ns(ts YHns(ty)? (v +ns(ts))?
(A98)

which is equivalent to

5 < <(27+1) N (2y+1)

) 2v° _( (2y+1)y (2v+1)y
Y+na(ty)  y+nsts) ) (v+nsty) (v+ns(ts)  \(

ety ('y+n3(ts))2>' (499)

Note that for a given value of ns3(t;), the market share value ns(ts) is greater or equal to ns(ty)

but, as follows from (29) and (49), it cannot exceed 13 = 2+ Ins ) 1y other words, the value of
2v+n3(ty)
2. = m belongs to the interval [2711 (1 + wn’;(tf)) , ’Y+”13(tf)j|' Then, for given value of ns(ts),

we only need to check validity of (A99) at the boundary points of this interval. In particular, for

2, = 2w1+1 (1 + ,an(tf)), (A99) is equivalent to

v+l (2y+ 1) (v+1) N Y24 (14 293) (1+27)°
2y+1 v +ns(ty) (1+27)° (v +ns(ty))?

(A100)

which is trivially satisfied for ns(t;) =1, and, therefore, for any ns(t;) € (0,1). Further, for z, =

1 . .
TR (A99) is equivalent to

2y+1  y(y+D) (A101)

v+ns(ty)  (v+ns(ty))?

which, in turn, is trivially satisfied for any ns(t;) € (0,1).
Proof of Proposition 7

Adding (54) and (55), we have a Bass-like equation for m°(t) = mS(t) +ms(t) for t > Tr:

o

dm
dt

= <2po + %mo) (M—m°), (A102)
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with the initial condition
m® (Tr) =ms (Tr) + m3 (TF). (A103)
Defining, for t =t — T},
m® (t) =m° (t) —m° (Tr), (A104)
we note that (A102)-(A103) is equivalent to
d;,;o - (Zpo + %mo (Tr) + qﬂm) (M —m® (Tr) — m°), (A105)
with the initial condition
m° (F=0)=0 (A106)
Solution to (A105)-(A106) is given by
7 (?%ETQT:;((??)) 4 1) o (200t 4gm® (Tp)+ 48 (M—m®(TR) )i
() = (M —m® (7)) [ 1 -~ 5 . (A0

M=—m°(Tp))\ —(2po+92mO(Tp)+9% (M-mo°(TR)))E
MM—mPEFR)) 12
1 (BT ) o BT+ )

resulting in

2Po+qﬂomo(TF)

45 (M=m°(TF)) +1> ef(onJrqmomO(TF)Jrqﬁo(Mme(TF)))(thF)

m? (t) =m® (Tp) +(M —m®(Tr)) [ 1 - (

+ (%(M—m"(TF))) o~ (2P0 35 mO (Tp)+ 4% (M—me(Tp)) ) (t—Tp)

2po+ l]ﬂomo (Tr)

for t > Tr. Then, (54) is equivalent to

dmg
dt

— B(t) +m2 (1) A(1),
where
B(t) =DPo (M - mo(t)) +pocmo(t)7

A(t) = 55 (M = (1)) = 21,

(A108)

(A109)

(A110)

(A111)

and m°(t) is given by (A108). Solution to (A109) for ¢t > T} with the initial condition m$ (TF) is

given by
t
mS(t) = eJp AT <m‘f (Tr) + B(u)due ™ I7p A(”)dv) :

Tp

(A112)

)
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Consider
t
/ A(r)dr
TR
q ' (zp(fim + 1) ¢ (2ot Jgm® (Tp)+45 (M=m® (Tp))) (r=T)
:./\il(M_mo(TF))/ dr ’ (M 7:(T ) 2 o(T, M—mo(T, -T
o 1+(2p+%70(f))6 (2p0+ 45 m (Tp)+ 4% (M=m°(T§)) ) (1=Tr)
oT AL F
e (t—T). (A113)
Note that
; (q" (M m ((TF)) +1) o~ (2P0t Jgm® (Tp)+ 55 (M—m®(Tp)) ) (r—TF)
2po+ o mO(Tk)
d
/T ’ 1+ M o~ (2P0t Jgme (Tp)+ 45 (M—m°(Tp)) ) (r—TF)
r 2pot Jgm° (Tr)
B 1
2po + fgme (Tr) + 45 (M —me (Tr))
45 (M=m°(Tp))
L+ (B
o+ 33 m°(TF)
x 1 All14
! 1+ (LM(TF)))) (2P0t $gmO (Tp)+ 85 M=m (Tp)) ) (¢~ T) |’ (A114)
2po+ mo TF
so that
fTF (m)dr
— o (2poc(t=Tp))
1
4 (M) 2po+ 3G mO (Tp)+ 3G (M—m®(T))
2po+ 33 m°(TF)
X q
4q (M—mo(Tr) 2po-+ 49 me (T )+ 94 (M—m®(Tp)) ) (t=Tr)
1+(2po+qm°m°(TF) e M P0)T
1
9o (M—m°(Tr)) %P0 tdo
! (“—o )
— efzpoc(t*TF) + p +q m (TF) (A115)
14 (M MZmOTE) Y o (2pota0) (t-Tr)
2po+ 4G m°(Tr)
Next,
1
4o (M—m°(Tr)) —(2po+qo)(u—Tx) 2po+4qo
' u ' 1+(W)€(p° e
B(U)due‘fTFA(”)d”:/ B(u)du (e*oc=Tr)) Pt AT (ii o(T))
95 (M—mo (Tp
Tp Tp 1+ <%ﬂo+qﬂ°mo(Tp) )
1
¢ (M) —(2potq0)(u—Tg) \ 2PoTd0
oclU— 2p0+ mO(TF) o
- /T du (2roc=Tr)) P (DM + (Poc — po) m° (1))
F

1
1+ < Hq (M- mo(TF))>

2po+3&m® (Tr)

2po +

b
1+ ( om0 (Tp) )

1
2po+4qo

I(t), (A116)
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where

- t—Tp 9 (M —me°(Ty)) oo
I(t)= due?Poc" 1+<M ) <2Po+%)“) oM =+ (Poc — po) m®(u+T.
*) / ue < () )¢ (o M+ (Poc — po) m®(u+ T))

t=T, o o o e
_ / F duePoct <1 n </q\/l (M q— m (TF))> e_(2po+qo)u) 2po+a
0 2p0 + ﬂomo (TF)

M —me (T
< poMt (o) [ (1) 4 | T
1+ ( 2po+ 45 m°(TF) > e~ (rotao)u
— (DM + (pac = ) (Te) T (0) + (poc — 1) (M =m0 (T) L), (A117)

with

B t—Tp Qo (M —me (T m
L(2) :/ due®Poc <1 + (M ( m° ( F?) e_(2p°+q°)“>
0

2p0 + qfomo (TF

1
o (10 (M= T (s 77
2p, + dome (Tr)
01

eQPoc(t*TF)

= —1 e2poc(t=Tp) o F 2Poc 1 + 2P0 = ;1\70 (M —m°(Tr)) (e(2p0+llo)(tTF)>>
2Poc ot ¢’ 2otda’ 2Wotdo \  2p0+ f5me (Tp)
2 oc 1 2 oc ae (M —me (T
—2F1< p ,— 7 p ;<_M( - O( F))>>>’ (A118)
2po + 4 2p0 + 4o 2]90 + 4 2190 + ﬂm (TF)
and

- t=Tp 9o (M —m° (T Zo o !
L(t) :/ due2roct <1 + </;l ( — m ETFi)) e_(2P0+QO)u>
0 Do Homo
(170
_ 1 <€2p0c(tTF) JF) ( 2Doc 1— 1 2Poc < M (TF))> (6(2p0+q0)(tTF))>
me (
(

o tas 2ot | 2ptay 2p + ome (T)
2p00 1 2poc ( TF))
— F ,1— i1+ ; A119
o <2p0 + 9 2p0 + 4 2170 + ¢ < 2p0 + 4o mo TF) ( )

Thus, (A112) is equivalent to

t t U
m3(t) = elte AT <mf; (Tr) + / B(u)due™ ' A<v>dv>

Tp

1
9o (M m (TF)) 2po+do
JM—

1 + ( 2p0+mm°(TF) >

— efzpoc(thF) 7
1+( 4o (M— mO(TF))) e—(2po+a0)(t—TF)

2p0+MmO(TF)
x (my (TF)
1 m
+ 9o (M—mO(Tx)) ((p0M+(pOC_pO) m° (TF))jl(t)+(pOC_p0) (M —m° (TF))jQ(t))
14+ (s
( 2po+ 45 m°(TF) >

(A120)
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Using the same approach, we obtain

t
ms(t) = eltp AT (mg (Tr)+ / B(u)due ITg Aw)d”)
Tp

1

qfO(M—mO(TF)) 2po+4qo
L+ (B gy )

= C_QPOC(t_TF) + 2p°+qmmo(TF)

14+ (M) e—(2po+40)(t—TF)

2po+ 4G m° (Tr)
x (m3 (Tr)
1 m
q—O(M—mO(T )) ((poM + (poc _po) mo (TF)) -[_1 (t) + (poc _po) (M - mo (TF)) I_Q(t))
1+ MV ACE))
( on_,,_qumo(TF) )

_l’_

(A121)

Proof of Proposition 8
a) Consider a setting where the innovation succeeds. In this setting, the terminal customer base
values can be obtained by equating the right-hand sides in (59)-(63) to 0, in the limit of ¢ — co. In

particular, adding the right-hand sides of (61)-(63), we get
ni® +ns® +n3® =1. (A122)
Then, the right-hand sides of (61) and (62) imply that

Pens” + pens” — (Phe + Phe) ni° =0, (A123)

Prens +Png = (poe + i) n5° = 0. (A124)

Combining (A123)-(A124) with (A122), we obtain

n° 1
Plone|=|0]: (A125)
nge 0
where
1 1 1
P=—@2+pi)  p2 pid |- (A126)

Pre  —(pact+pid) PR
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Then,
ne 1
ne | =P o] (A127)
ng’ 0

Note that

Prabie + Pre (Do + Pia) —(ph2 + o2 +p32) Phe — Pho
1
-1 _
= det (P) (P2t +pit) P22+ plip2t pR-p2l  —(pE4pRlapll) |, (AL28)

(P2 +p3t) (P2 +p32) — pZipi2 (24 p32 4+ +p2L)  (pli2+pZt +pit)
where
det (P) = pl2p2 + p2ipid + (ple + p3L) (ph2 +p32) — phipat +p2 (2L +piL) +pis (phz + p32)
= propi + patpee + pEipZl + 3 (ph + p22) + p22 (pil +p3L) + pit (a2 + p22)

= DhoDie + DasDae + DacDae + DieDis + Daabise + DocDiae + Daelne + Dielie + Doebin- (A129)

Thus,
nge PreDie + Dhe (Phe +D32) PraDae + Phapis + phapas
1 1
n | T qer @) | Phe TP PR A Pckie | T deg (P) | PacPue +Packhc T PhePie |
ng (P2t 4+ P3L) (P2 4+ p22) — paipn Poipae + DD 4 Diepis
(A130)

which is equivalent to (64)-(66).

Now, using the limit of ¢ — oo for the right-hand sides of (59)-(60), and noting (A122), we get

— (Po + @o07°) (07° 4 05°) + P20y — (p2h + 3pu + Qn (R +13°) + qung) 07 =0,

= (Po+4005°) (07° + 05°) + P5c0r” = (Poc +3pu + Qu (nf° +13°) + qang”) 03 = 0. (A131)
Adding the two equations in (A131), we get
= (2po + qo (07 +057)) (07" 4+ 05°) — (Bpn + Qu (n7° +13°) + qun3”) (07" +05°) =0, (A132)

that results in 0{° = 05° = 0.
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b) In the setting where the innovation fails at ¢t = T, for any ¢ > T the customer base dynamics

is described by the modified version of (54)-(55):

dms$ .

. <p° * qﬂml) (M —=m3 —m3) + poems — piems, (A133)
dm$ .

M = (ot L2mg) (M= mg — m3) + b — plimg. (A134)

In the limit of t — oo, these result in

12 oo 21 oo

(pO + qOOTO) (1 - OTO - OSO) +p0002 —Poc01 = 07

(Po + 2:057) (1= 077 = 05°) + Poc0f° — Pocos” =0. (A135)
Adding the two equations in (A135), we get
1—0 -0 =0, (A136)
so that the solution to (A135) is given by the combination of
poioy — paior =0, (A137)

and (A136). Then, (67)-(68) follow.

Proof of Proposition 9

We will prove the quasiconcavity of the firm’s 1 profit function by showing that this function
cannot have unconstrained local minima. Define T, as a set of local unconstrained optima of
I, (¢, t0):

I, (£, ¢
T. = (0 <t<tmax\8la(t1’2)\tl_t :o) . (A138)
1

The statement of the Proposition will be established if we show that

lty=t+ <0 (A139)

for any t* € T... Consider the case where t* > t, (the proof for the case of t* <t, follows similar

steps). Then,

+oo +o0
5H1 (tl, tQ) . —Bt 8013(75, t*, tg) / Bt anl(t, t*,tg) _
o, 1= =00 / ‘ o )" o )M =0
t* %
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where p= % and
Tn

+oo +oo
_ on (tat*at )) - *d?’bg(t*) Pn / _ <Qn
pr (A" 0 72) ) gy — =Bt Fu [ ZRS (ng(t t*)+1
/6 < ot* € dt* pn—i-qnng(t*) J c Pn (ng( ),ng( ))+

ny(t) = ng(t) = S (na(t), ma(£)) (2+ 228 (ng (), ma (1))

X 1= 8 (s (), 13 (ta)) — 1 (") du, (Aldl)

and

+oo 400
/em Oois(t:1712) \ e /eﬁu dois(t,1",1a) \ o
ot ou
0

+*

+oo
_ eiﬂt* dng(t*) / eiﬁu <8013(t,t*,t2) 4 8013(t,t*,t2) 87@3(1/') ) du

0
“+o0
— _ / efﬁt <an1(t7t*7t2)> dtefﬂt* _ dn?)(t*) Pn 1
375* dt* Pn + qnMs (t*) 1-— S (TL3 (t*), ns (tg)) — N3 (t*)

t*

+o0 .

X /e"a“ [1+ g“S(ng(t)mg(tz)) +pn+]‘in”3( )]
0

X <1 — S (n3(t*),n3(t2)) — ns3(t) — S (nz(t), nz(t*)) <2 + %S (ng(t*),n3(t2))>> du. (A142)

n

The sign of the second derivative of the profit function at a local optimum depends on whether

the ratio e
[ e Bt <3013(({;£:*7t2)> dt
R=-"— (A143)

t‘[ e*ﬁt (6n1((;;t:7t2)) dt

is an increasing or a decreasing function of ¢*. Using a shorthand notation ns = ns(t), n} = ns (t*),

n3 =mns (t2), we get

+o00
of e Pu (1 + %S’ (n3,n) + 7”“;‘?"3> (1 — S (n%,n2) —nz— S (n3,nk) (2 + %S (ng,ng))) du

R=-1-
?oe—ﬁu <%S(n3,n§) + 1) (n§ —n3— S (n3,n3) (2 + %S(n;,ng)» du
(A144)

so that now we need to check the monotonicity of

—+o00
~ of e Pu (1 + %S’ (n3,n) + 7”“;‘51“"3) (1 — S (n%,n2) —nz— S (n3,n}) (2 + %S (ng,ng))) du
R =

?oe—ﬁu <%S(n3,n§) + 1) (n§ —n3 — S (n3,n3) (2 + %S(n;,ng)» du
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(14—%5(71;,713) f e PudS (n3,n3) + < f e PUnadu — n3>

—(1—s<n;,n§>—n§>fe—ﬁu(%smg,ngm)d f ~0udS (ng,n3)

<1+%S(n§,n3) f e ﬁ“S(n3,n3)du+ < f e PUngdu — n3>
0
- _

(1= S (n3,n2)—n3) [ e (%S(w,n;j—i—l) dut 2 [ e (ng,n3) du
0 0
O By nt)du

(pn+qnn3); N ge (n3—n3z)d 1
oo qn *
(pn+Qr1n5)T +f Ciﬁus(nd ng)du 2 % + pnA(n?))

- : = Bt (A145)
B (n3)

with

)

1+ (n5+ 8 (ng,n3) —1) [ & 4 —o—2
B2 ({ e_B“S(ng,,ng)du
B(n3) = A146
(nB) (pn + an;;)(S ’ ( )

where we have used § = % >1.
Below we will show that under the assumptions of the proposition A is a non-increasing, and B
is a non-decreasing function of nj. For convenience, we state these results as Lemmata.

Lemma Al

For 3 <3pn, A is a non-increasing function of nj.

Proof
First,
+oo +o0
5 [ e (g —n3)du L 0 e+ guns) = (pu+ guns)du
A(nz):+oo ) 5 5 :64_000 J 4
[ e—pu ((pn+qnn3) — (Pa+ qun3) )du | e ((pn+qn”3) — (ot @an3) )d“
0 0
+o00
) J f e P ((1+y)— (14 y*)du
_ (A147)

5—1 400 )

#Pn J e—Bu ((1+y)6—(1+y*)5> du
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where y = q“”3 and y* q‘;nd Note that the monotonicity of A with respect to nj is equivalent to

the monotonicity of

5 [ eo((1+y) — (1+y)du
D=—"° (A148)

—+o0

[ e (<1+y>" (1+y)") du

d

—+oo

5 /eﬁ" 7—1 *ﬁ“ 1+y)5—(1+y*)6>du

+oo +oo
X /eﬁ“ ((1+y)6—(1+y*)5> du—(1+y*)51/65“(y—y*)du . (A149)
0 0
Note that
+o0 +oo
[ (e =y du- gy [ ey
0 0
+oo 1+ s 1+
—_ 1 *\0 —Bu y y d
) /e <<1+y> (1+y !
0
+oo 1+y 1+y S5—1
= (1+94*)° —Pu -1 > Al
A+y7) /e <1+y*> <<1+y*> )du =0 (A150)
0
dy Z"i’ and
_ * o 02) _ * Qn x 02
dn (P + quns) (1= 5 (n3,n5) —ns — S (ng,n3) (24 525 (n3, n3)
s _ - (A151)
dn; (Pn + gun3) (1= S (n3,n3) —n3) ’
so that

+oo +oo dn3 * 2 *
n n 1- s 103 ) 7 T:
/due‘ﬁ“ ( dy* _ 1) _ / due—"Pv < ( — (Pn +¢un3) ( S(”32 n3) i na)) ' (A152)

pn+Qﬂn3) (1 S(n§7n3) —7”L3)
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Now,
o0 d
/ due=P (d:Lj _ (pn + qnng) (1 -9 (n};,ng) — n;))
0
+oo 1
= —ni+p3 / nadue " — 3 (Pn + @uns) (1= S (nj,n3) —nj)
0
< my—nj— 3 (pn + qun) (1= 5 (nj,n3) —n3). (A153)

where 75 =lim,,_, | » (n3) is the limiting customer base indicator of the new entrant firm, for given

values of n; and nj. According to (47), 75 is the solution to the following equation

1— 5 (n%,n3) —ns — S (n5,n3) (2+ %S (ng,ng)) =0. (A154)

n

Note that the left hand-side of (A153) is non-positive for any 5 < 5*, where

g (Erani)oS0am) )

— ”
n3,m3>ng ng —MNg

S (5,m3) (2428 (ng,n3))

= n%,i%fzng Pn + ang + (pn + QHnB) ﬁ; _ n§ (A155)
Now, consider the expression
S g 3 n n n 3 n n Ili* 6
N3 — N3 (pn + qnng) - (pn + and) Qn DPn + gnT3
A\ 0
Pn+gnng _
5 (pn+erﬁ§> _ 1 5 F !
pn+Q1177«§
where
F= <p“+q”3> —1>0. (A157)
Pn + @guns
Note that
5— 5
G p, (F0+F) 1F—((1+F) —1) JF
dny 6 F? dn}
e (1= (+F) T P (1+F)" dF
4] F? dn
6—1 1 _ o
o [OFF) (G +6-DF-1)\ gF .
) F? dn}’
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Since W + (6 —1)F — 1 is an increasing function of F' for F' >0, the smallest value for this

expression is 0 (reached at F'=0). Thus, the sign of jﬁ is the same as the sign of ;f;. Now,
3 3
dnj * —%
dF _ Qa (Pot &%) — da(Pa+6aT3) g, (p, + gu73) <(pn +qunz)dn; 1) (A159)
dn§ (pn + qnn§)2 (pn + an§)2 (pn + qnﬁé) dn§ ‘

Using (A154), we get

prl Qn * 2 > dﬁ;)
0=-——=" (14225 (nn2) ) -
P+ qunt} ( P (n3m3) dnj
pn dﬁ; pn ) < Qn % * ) ( Qn * 2 )
————2-—" ) [1+25(m,n 2+ —S5(n3,n
<pn + QHn3 dn}; pn + QHn3 n ( 3 3) n ( 3 3)
L) L (14 L g ). (A160)
Dn Dn + a3 n
or
(pn‘f‘an;,)dﬁ; 1 _(pn"i'Qnﬁ;) — Pn <1+%S(ﬁ;’n§)> (1_'_%5(”;7”%)) <0 (Alﬁl)
(Pa + guT13) dnj pot @ity + oo (1428 (@5,m5) ) (24 LS (ngmd))
so that :g <0. Then,
3
f* = inf (pn +aqun; +G <2+ Crg (@mﬁ)))
n3,n3>n3 Pn
. . . Qn .
> e+ (02 0 o)
3,3 ZN3 3»M3 N3 n
. Qn * 2 o
Z Dn +pn ng,iggng (2 + Dn S (n?n 713) - 3pn7 (A162)

where we have used monotonicity of G and S functions. Thus, any 8 < 3p, also satisfies g < g*.
Thus, A is a non-increasing function of n} for 5 < 3p,. O

Lemma A2

For B <3p,, B is a non-decreasing function of nj.

Proof

From (A146),

L+ (ny+ S (ng,n3) —1) | G+ ——2
B2 (j) 675“S(n3,n§)du

(Pn + qun3)°

* * 02) * * 02)
— 1 +%(n3+s(n3’n3) ]‘)+ pn(n3+5(n37n3) 1) . (A163)

n+ qun3)° n+ qun3)° e
Pt rd)? PRI ety gung)s T eovS (g, ) du
0
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d <n§+5(n§,n§)_1>_ d (ng—gjl— )_(pn+qnn§)5—5qn(pn+qnn§)‘s1 (@—%—1)

dny \ (pata@ni)® ) dni \(pa+qun3)® (Pn + quns)?
1
= oty (gan3 (1—0) +2p, +dq) (A164)
n n't3
and
a | sy | o o (St 1)
dn; oo 0 dnj n + qun3)°
(ot aun)? | ePS (a,ng)du | B2 [ eovS (ngmg)du TN (Pt B
0 0
Lo (n5 S (ng,n5) —1Y d 1 (A165)
B2\ (pataqns)® ) dng | 2 S |
[ e PuS (ng,n3) du
0
Further,
d o
d 1 an3 <0f G_BUS(”San’é)dU>
dnj | t - +o0 2
P\ S euS (ng,n3) du <f e—ﬂ“S(ns,HE)dU>
0
+oo _g » » dn Q
[ e (i) — (s ) ) (1 828 (o) )
=2 . (A166)

+o0 2
(f 6—5“S(n3,n§)du>

0

As (47) indicates,

dn(t) (0ot @uns(0) (1= 8 (), ma(12)) = (1) = 5 (n5(6), 2 (1)) (24 928 (1 (1), m5(12)) )

dns(t) (P + g (t)) (1 — S (ng (1), na (L)) — na(t))
(A167)

Using (A167), we get

—+oo

d
/eﬁu << Pn ) d”j — <p“ *>> <1+Q“S(n3,n§)> du
A Pn + GgnT3 ng Pn + qnM3 DPn
(pn+QHn3>

g, (M Sy (24 BS@i D)\ o g, N
/ u =S (mond) =) (* <”3’”3))’ (A168)

n

0
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and

d 1 Pn
dng | *2° Pn + qun3

| efuS (ng,n}) du
0

+oo n _nk n nk Qn ntn2

| 6—6u< 3()=n3+S(ng(®).n3) (2+ 32 S (n3, 3))> (1+ f:S(ng,n;;)) du
o ;

X

> 0. (A169)

Putting these results together, we get

dB(ng) _ 0 @ P (gum3 (1= 8) +2p, + 54.)
* o %19 0o *
dnj (Pn + qun3) i s 32 +f e=BuS (ng,nt) du (Pn + qun3)ot!
0

Pn (n§+5(n§,n§)—1> d 1
2 *)0 dn* 400
B (pn+qnn3) N3 f e_ﬂuS (ng,ng)du
0

5%1 + Qn + Pn (qn; (1 - 6) + 2pn + 5qn)
6+1 %) *) 541
AT e Femseunan | Pt e
0

(Pa + qun3
N s N <Qn+pn> (gun3 (1 —0) 4 2pn + 6¢n)
(po+ qun)" ™ BB (Pn + qun3)° !
n n n n —"_ 2 n
o © 1T <Q + p> < ]: ()5+1 =
(pn + QDTL;) /8 5 (pn + qnn3)

for any 8 < w, in particular, for 8 < 3p,. Note that in deriving (A170) we have used

v

Y

Vv

(A170)

(A169), as well as S (n3,n3) <1 and nj <1.

O

Thus, the second derivative of the profit function at any local optimum is non-positive - the
profit function is quasiconcave.

Proof of Proposition 10

Let p= %}0 and define T,,, as a set of local unconstrained maxima of Il; (¢,,):

011, (t1,t5)
—_— < .
O(t1)? =t < O)

81_[1 (tl, tg)
oty

Tm — <O < t < tmax| |t1:t - O, (Al?l)
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The statement of the Proposition will be established if we show that
— >0 (A172)

for any t € T},,. Consider an arbitrary t* € T,,. Then,

8H1 (tl y tg)

8t1 |t1:t* == O, (A173>

and

011, (t1,t5) | N ot* 011, (ty,ts)
otiop T T 0p 9(t)?

|t1:t* - 0

Consider t* > t, (the proof for the case of t* < t, follows similar steps). Then,

+oo +oo
I, (t,,t ¢t "
Ahltnta), e /e"t <8013(tt?)> dt | + /eﬁt (M> dt | =0,

oty ot* ot*
t* *
t (A174)
and
+oo
621_[1 (tl t2) _ 62013(t t* t2) s 5013(75 t* tg)
) L < Bt ) ] _ Bt ) ) .
oy =0T /e < or)? )dt ’ < o '“>
t*
o OPny(t,t*,ty) Oy (t,t*,ty)
—Bt ny(t, 1,12 __—pt* ny(t, 0,12 .
av < o(t")? >‘“ ‘ ( o )
t*
<0, (A175)

Differentiating (A174) with respect to p, we get

+oo
gt [(Oo13(t,t* 1) ot* (0?11, (ty,ts)
Bt 13\ ¥ » b2 ) L =
/e <6t* )dt + o <a(t1)2 |ty =t 0. (A176)

t*

Note that, as (A174) indicates,

+oo +oo

/eﬁt (8013(;,; ’t2)>dt 1 /eat (8”1%’; ’t2)>dt . (A177)
p

t* t*

Now, noting that ns(t) for ¢ > t* is actually a function of u =¢ —t* and a parameter nz(t*),
n3(t) = f (u,n3(t*)), we can re-express the integral on the right-hand side of (A174) as

+oo
/B_Bt <3n1(t,t*,t2)>dt
ot*

t*
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+oo 8
— e Bt /65“ <8nu1> du
0

g dns(t*) +/Ooeﬁu <8S (n3(t),ns3(t*)) IS (nz(t),nz(t*)) dns(t)
dt* ons(t*) Ons(t) dns(t*)

) du,  (A178)

0

where we have dropped the notation for a fixed value of t,. Note that the second term in brackets

in (A178) contains the limit of the ratio of the change of the function S at any point ¢ to the change

85 (na(t),na(t*))

in the function value nz(t). Strictly speaking, we need to use the variance notation O

here to denote such limit - however, we retain the “partial derivative” notation for simplicity. Using

(28), we get

98 (ns(t),ns(t"))  pa Qugi o o
ons(t) pn+qnn3<t*>(pn5< a(t), malt >>+1>7 (A179)

and

05 (n3(t),ns(t*)) Do Qu P
Ins(0) _pn+qnn3(t)< S (na(t), ma(t >>+1)o (A180)

Recall that from (A167),

dny(t) (Pt aana() (1= (ns(t),ns(t2)) = na(t) = S (na(t), ma () (24228 (ns (1), ms (12)) ) )

dns(t*) (Pn + @uns (7)) (1= S (n3(t*), na(t2)) — ns(t*))
(A181)
Substituting (A179)-(A181) into (A178), we get
L (Ot t)
/e A <8t* )dt
+o0
o e,gt* dn:}(t*) Pn e B, % e T (F)) . 10a (1
- dt* po+ quna(t7) o/ a (pn § (7, na(t"),malf ))+1>
() = £ (u,ma(t)) = S (F (wsma(t)ma(t) (24 L8 (nat),ms (1))
x (A182)

1 — S (n3(t*),ns(t2)) — n3(t*)

Now, since %U) >0, 1 — S(ns(t*),n3(tz2)) — n3(t*) > 0 (follows from (47)), and ns(t*) —
flu,ns(t*)) — S (f(u,ns3(t*)), ns(t*)) (2+ %S(ng(t*),ng(tg))> <0 for any u >0 (equality is true
only at w =0), integrals in (A182) are negative. Thus, the left-hand side of (A177) is positive.

Combining this result with (A175) and (A176), we establish that % > 0.
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Proof of Proposition 11

a) Without loss of generality, consider the setting in which ¢; > t,. Then,

=~ I1, (t1,t2)

Iy (t1,t2) = - = pIl, (t1,t2) + 10, (t1,22) (A183)
where p= g:—no, and
to t1 400 +o0
T, (t1, 1) = / e on (H)dt + / e Pron ()dt + / e ons ()t T, (b, 1) = / S (ns (), ms(t1)) dt. (A184)
0 to t1 t1
Similarly, for firm 2 we get, after some algebra,
_ IL (t,t:) _— — n
fa (1, 82) = 2002 L, 1, ) 4T o) (14 228 (a0 )
t1
e bt ;
+ /8 S (ng(tl),ng(tg)) +/€_ﬁ S (’I’l3 (t),n3 (tg)) dt, (A185)
to

where p= %.

Further, the first derivative of (A183) with respect to the adoption time ¢; is

+0oo +oo

81_[1 S /e_ﬁtaolg(t) dt + /e_mas (ng(t),ng(tl))dt
oty oty

t1 t1

oty

—+oo

d 3\t1 n — n
— (1—p)e P ”dflt )p +;’n3(t1) /due pu <1+QS(n3(u),n3(t1))>

na (1) = () = S (na(u), s (0) (24 2 (ms (), ma(t2)))
1— 8 (n3(ti),ns(tz)) —ns (t1)
iy dng(t) Dn
pe dty  pa+quns(ty)
+o0 i 1—5(ns(t1),ns(tz)) —ns(u) — S (nz(u),ns (1)) <2+%S(n3(t1),n3(t2)>
x o/d“e 1= S (ns(t1), 5 (t2)) — 113 (1)

Qn pn+an3(U)
X <1 + p—nS(ng,(u),ng(tl)) + pn> )

X

(A186)

where we have used (A141) and (A142). Similarly, the first derivative of (A185) with respect to t,

is given by

n

6ﬁ2 - _OIl, (t1,t2) o1, (t1,t2) %
oty P Oty Ot 1+ —5 (n3(t1),na(t2))
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Hn t 7t - 1 75 t 5 t
(T ) 22 ) (15 228 e ) ) 51
( DPn dnB (tl) DPn >
X J—
Do+ @uns(ty) dns(ts)  pn+ gquns(ts)
t1
+d’fl3 (tQ) /e_/@t < Pn dn?)(t) - DPn >
dt, Pn+quns(t) dns(ty)  po+ quns(ts)
to
G
Further,
OL (t1,6) [ _0o(t) . [ o dous(t) . dns(ts) [
o\t1,02) _pt Y012 dt / _pt9Y013 dt — N3 (2 /dt _Bt
ity / © o, e o, dt, €
to tq t2

X<;§%<m+$mo$%gm+$mm)o+%wmﬂwmmo>

+oo
4 dns (t2) / dte""

dty

t1

« <_1 - (M) <1+%S(n3(t),n3(t2)> <2+ ?;‘S(nS(tl),ng(tZ))>>

dns(t) dns(ty) = dns(ts) T _ Bt Dn dns(ty)
ang(tl)dng(t2)+ dt, / ' <pn+qnn3(t1)dn3(tz)>

1

X (2 + %S (ng(tl),ng(tQ))> (1 + %S (ng(t),ng(t1)> dt

n n

_dn;t(jz) 706—/% <1 + %S (ng(t)7n3(t1)))

n

t1

X ( P dns(t) Do (t2)> <1+ QUS(ng(tl),ng(tg))) dt

Do+ quna(ty) dns(ty)  pa+ quns Dn

—+oo

__dns (t2)€—6t2 /e—,Bu dng(u) gt
dtg dnS(tQ)

+oo
dn; (t2) Pa st / y 0.
2 uqyxn ) ,
* dty (pn+qnn3(t2)>e € +pn5(ns(u)7n3(t2) du

0

dn;t(:fg)e_mz 70e—5" < Pn dng(u)> <1+ Qng(ng(u),ng(tzo du

Dn + quns (U) dns (752> n

—+oo

) o [ oo () ()

dt, Pn + quns(u) dns(ty) dns(tz)

X (1 + QnS(ng(u),ng(tg)> <1 + Q‘S(n?,(tl),ng(tz))) du

n n
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dns (t2) —— +Oo€,5u Pn dns(t1) @n na(w). n
* dt, o/ (Pn + guns(ty) d”s@z)) <1 - Pn 5 (ns(u) 3<t1)) dt, (A188)
with
dns(ti) _ (Po+guns(t1)) (1 —ns(ts) — S (na(th),ns(t2)))
dns(ts) (P + quns(t2)) (1 —ns(t2)) ’ (A189)
and

dny(u) (ot @uns () (1= ng(u) = S (ng(tr), my(t2)) — 8 (ns(w),ns (1)) (24 228 (ns(tr), ms(t2)) ))

dns(ty) (Po + quna(t1)) (1 —na(ts) — S (ns(t1),ns(t2))) ’
(A190)
for u > 0. Also,
O, (t1,t2) _ dns(ty) dnS(tZ)e—ﬁtl +/°°6ﬁu < Dn dns(u) B Dn )
Oty dns(ty) dty Po+quns(u) dns(ty)  pa+quns(ty)
X (Q:S (nz(u),n3(t1)) + 1) du. (A191)

We would like to establish conditions under which % (t1,t2) <0 for all ¢; > t,. Now, according to

(A186) the sign of %—1?11 is the same as the sign of

(1—p) yoodueﬁu <1 + %S (n3(u),n3(t1))>

Pn

X <n3 (t1) —nz(u) — S (ng(u),ns (t1)) (2+ %S(ns(h)v”s(tz))))
—p :/oodueﬁ“ (1 + %S (ng(u), n3(t1))>

X (1 — S (n3(ty),ns(ts)) —ns(u) — S (ns(uw),ns (t1)) (2 + %S (n3(f1)v”3(t2)>>

n

fﬂp% 0/ due™P" (ng (u) — ns(t))

(1—p) yoodueﬁu <1 + %S (n3(u),n3(t1))>

IN

Pn

X <n3 (t1) —ns(u) — S (ns(u),ns (t1)) (2 + %S (ns(t1), TL3(t2))>) , (A192)

n
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which is non-positive for p < 1. In a similar fashion, p <1 implies that % (t1,t2) <0 for all t5 > ;.

The two conditions together imply that

o1, otl,
< _ =
oty 0,0)=<0, Ot

(0,0) <0, (A193)

so that the adoption Nash equilibrium is ¢] =5 =0.

b) Now,
aﬁ1 _ dns(ty) pue P X (n3 (t1),n3 (t2))
oty dty  (pa+quns(ty)) (1 =8 (ns(t), ns(t2)) —ns (t1))’

(A194)

where %@ >0, 1—5(n3(ty),n3(tz)) —ns3 (1) >0 and

X (a,b) = (1-p) +/ooalue—ﬁu (1 + i?S(nz(u),aO (a— ns(u) — S (ns(u), a) <2 n %S(a’b)>>
—P +/ood“e_ﬂu <1 + i‘:s (n3(u),a) + W)

X (1 — S (a,b) — na(u) — S (ns(u), a) (2 + @g(, b))) . (A195)

pll

Further, in order to compute the limit of t; = t,,.x and ty = tax, We set a =b and let a =1 — ¢ with

e << 1. Then, starting at n3(0) = a, and noting that ns(u) — a is of the order of ¢ for all u >0, we

get
Qn
Pn [ [ Pn +qnn3(U)> an Puis(u)
S ,a) = — _ —1])|=—">="=+0(¢), A196
(1), a) @n (( Pn+ qna Pn+ qna °(©) ( )
where
n3(u) =nz(u) — a. (A197)
Denoting nz(u) = %, we have the evolution equation for n3(u) as
dns . ~ ~
T = (14 7) (€ = (3pn + 0a)75(w)) = € = (3pa+ ga) s (w), (A198)

where we have only kept terms linear in €. Then,

fia (1) = ﬁ (1 — e~ @Gpntany) (A199)
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so that
€(pn + qn) _(3
ng(u) = a+ ———222 (1 — ¢~ Gpatan)u) A200
() 30t a, | ) (A200)

and

S (nz(u),a) = b (1— e Gpotan)n) (A201)

3Pn+

where, as before, we neglected terms of the order o(g). Combining these results, we get

: Gn + 3Pu In €
lim X (a,a) = —-1)————p|2+— || =———2>0
a—1 (@.a)=](p=1) B p( pnﬂ B+ 3pn + qu

iffﬁ<mandp2

s . In a similar way, %—112 is positive for high values of both t; and

1
1— B(2pn+4gn)
pn(3pn+aqn)

ty iff B < % and p > m. Thus, both firms delay their adoption as much as possible
" p(3pn+an)

< Pn(gn+3pn) )

when both p and p exceed m > 1, provided that, in addition, 3 s

pn (3Pn+an)

c) We would like to establish sufficient conditions guaranteeing that ¢} = .y, t5 = 0. As it follows

from (A194) and (A195), for the first incumbent we need to evaluate

X
lim (a,0)

it 1—8(a,0)—a’ (4202)

where 1 — S (a*,0) —a* = 0. Now, consider a such that 1 — .S (a,0) —a =¢ with ¢ << 1. Then,

similarly to (A200) and (A201), we get

5(pn + QHG*) —(3 +qna*+Q S(a* 0))u
. — 1 _ PnTAdn n s A2
ns(u) =a+ on T g £ 0u5 (@ .0) ( e ) ; (A203)
and
o EPn _ 7(3pn+qna*+QnS(a*,0))u
= 1 . A204
S (nslw), @) = 5 ( e ) (A204)

Thus, keeping terms linear in €, we get

: 3pn + qua* + QuS (a*,0) < qna*)] €

lim X (a,0) = —1 — 24+ >0
Jm. X (@0) [@ ) B P2 ) B g 1 Qo5 (@,0)
if and only if 8 < pn(qna*:iiig;o)%pn) and p > g(zp,ll+qna*) . Further, in the case of

1= 5 Bpn Fana* +QnS(a®,0))

t; — 400, the first-order condition for the adoption time of the second incumbent is

+oo

—/am%+@amwm>

0

O, T, (ty,t,)
at, T ot
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X <n3(u) +S(a*,0) + S (ns(u),a*) <2+ %S(a*,O))) du
< 706‘5"du (P + QuS (n3(u),0))

x <p (n3(u) — S (n3(u), 0)) — ng(w) — S (a*,0) — S (ns(u), a*) <2 + Q“sm*,m)) <0,

Pn

for p<1.
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Appendix B: Estimates of FX Trading Volumes and Their Sources

Below we report the data and its sources for the FX example we used to estimate the diffusion
parameters.
In particular, Table B1 shows the estimates for the average daily trading volumes for the “new

entrant”, Currenex, while Tables B2 and B3 show these for the Atriax (“major” incumbent) and

the FXAIl (“minor” incumbent).

Date Average Daily Trading Volume, $bn Source
Oct. 2000 0.5 Reuters News, 07/13/2001
Jul. 2001 1.0 Reuters News, 07/13/2001
Jul. 2002 1.5 Reuters News, 07/15/2002
Apr. 2003 3.5 Reuters News, 04/14,/2003
Feb. 2004 4.5 Dow Jones International News, 02/20/2004
Mar. 2005 5.0 Reuters News, 03/02/2005
Feb. 2007 40.0 Dow Jones Capital Markets, 02/26,/2007
Nov. 2010 250.0 Global Finance, 01/01/2011
Table Bl  The average daily trading volumes for the Currenex: estimates and their sources.
Date Average Daily Trading Volume, $ bn Source
Oct. 2001 0.22 Financial News, 10/29/2001
Apr. 2002 0.4* American Banker, 04/26/2002
Table B2 The average daily trading volumes for the Atriax: estimates and their sources. *The estimate for

Apr. 2002 was obtained by averaging the lower estimate (0.3bn) and the upper estimate (0.5bn)
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Date Average Daily Trading Volume, $ bn Source
Aug. 2001 0.2 Reuters News, 03/15/2002
Apr. 2002 1.5 Reuters News, 05/04,/2002
Jan. 2003 4 Reuters News, 04/14,/2003
Apr. 2003 7.5 Reuters News, 04/14/2003
Jul. 2003 10.6 Reuters News, 07/09/2003
Nov. 2003 13.0 Financial Times, 12/03/2003
Mar. 2004 18.0 Financial Times, 04/14/2004
Oct. 2004 25.0 Financial Times, 10/28/2004
Dec. 2004 30.0 Reuters News, 01/10/2005
Mar. 2005 35.0 Reuters News, 03/14/2005
Oct. 2005 43.0 Reuters News, 10/10,/2005
May. 2006 54.0 Reuters News, 05/05/2006
Nov. 2006 64.0 Reuters News, 11/06/2006
Oct. 2007 90.0 Reuters News, 10/04/2007
Mar. 2010 100.0 Dow Jones, 03/26/2010
Nov. 2010 125.0 Global Finance, 01/01/2011

Table B3 The average daily trading volumes for the FXAIIl: estimates and their sources.



