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Abstract

We study a continuous-time random walk on Z¢ in an environment of random conductances
taking values in (0, 00). For a static environment, we extend the quenched local limit theorem
to the case of a general speed measure, given suitable ergodicity and moment conditions on the
conductances and on the speed measure. Under stronger moment conditions, an annealed local
limit theorem is also derived. Furthermore, an annealed local limit theorem is exhibited in the
case of time-dependent conductances, under analogous moment and ergodicity assumptions.
This dynamic local limit theorem is then applied to prove a scaling limit result for the space-
time covariances in the Ginzburg—Landau V¢ model. We also show that the associated Gibbs
distribution scales to a Gaussian free field. These results apply to convex potentials for which
the second derivative may be unbounded.
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1 Introduction
1.1 The Model

We consider the graph G = (Z¢, E;) of the hypercubic lattice with the set of nearest-
neighbour edges E; := {{x,y} 1 x,y € 74, |x — y| = 1} in dimension d > 2. We place
upon G positive weights w = {w(e) € (0, 0) : e € E;4}, and define two measures on Vi

W@ = Yoty )=y

o o y)

Let (2, F) := (Rf"’, B(R,)®E¢) be the measurable space of all possible environments.
We denote by P an arbitrary probability measure on (€2, F) and E the respective expectation.
The measure space (€2, F) is naturally equipped with a group of space shifts {‘CZ izeZf }
which act on 2 as

(zw)(x,y) = wox+2z,y+2), Vi{x,y}eky. (L.1)

Let 0° : Z¢ — (0, 00) be a positive function which may depend upon the environment
o € Q. The random walk (X;);>o defined by the following generator,

1
§f ) = Do, y) (fO) = f),
y~x

0 (x) ¢

acting on bounded functions f : Z¢ — R, is reversible with respect to ¢, and we call this
process the random conductance model (RCM) with speed measure 6. We denote P the
law of this process started at x € Z¢ and E¢ the corresponding expectation. There are two
natural laws on the path space that are considered in the literature - the quenched law P (-)
which concerns [P-almost sure phenomena, and the annealed law EPZ(-).

If the random walk X is currently at x, it will next move to y with probability
w(x,y)/u®(x), after waiting an exponential time with mean 6% (x)/u®(x) at the vertex
x. The main results of this paper are statements about the heat kernel of X,

PP (X =y)
6 (y)
Perhaps the most natural choice for the speed measure is 6 = u®, for which we obtain the
constant speed random walk (CSRW) that spends i.i.d. Exp(1)-distributed waiting times at
all vertices it visits. Another well-studied process, the variable speed random walk (VSRW),
is recovered by setting 0 = 1, so called because as opposed to the CSRW, the waiting time

at a vertex x does indeed depend on the location; it is an Exp(u® (x))-distributed random
variable.

pet x,y) = , t>0,x,yeZ

1.2 Main Results on the Static RCM

As our first main results we obtain quenched and annealed local limit theorems for the static
random conductance model. A general assumption required is stationarity and ergodicity of
the environment.

Assumption 1.1 (i) P[0 < w(e) < oo] = 1 and E[w(e)] < coforalle € E,;.
(ii) PP is ergodic with respect to spatial translations of Z¢,i.e. Po 7! = P for all x € Z¢
and P(A) € {0, 1} for any A € F such that t,(A) = A forall x € 74.

@ Springer



Local Limit Theorems for the RCM Page 3 of 35 35

(iii) @ is stationary, i.e. 0 (x + y) = 62 (x) forall x,y € 74 and P-a.e. w € Q. Further,
E[6°(0)] < oo and E[0*(0)/®(0)] € (0, 00).

In particular, the last condition in Assumption 1.1(iii) ensures that the process X is non-
explosive. During the last decade, considerable effort has been invested in the derivation of
quenched invariance principles or quenched functional central limit theorems (QFCLT), see
the surveys [14,37] and references therein. The following QFCLT for random walks under
ergodic conductances is the main result of [5].

Theorem 1.2 (QFCLT) Suppose Assumption 1.1 holds. Further assume that there exist

p, q € (1, 00] satisfying % + % < % such that E[a)(e)f’] < 00 and E[w(e)"’] < 00

forany e € Ey. Forn € N, define X,(”) = %ant, t > 0. Then, for P-a.e. w, X" converges
(under Py’) in law towards a Brownian motion on R? with a deterministic non-degenerate
covariance matrix %2,

Proof For the VSRW, this is [5, Theorem 1.3]. As noted in [5, Remark 1.5] the QFCLT
extends to the random walk with general speed measure 6 provided E[6“(0)] € (0, c0).
See [2, Section 6.2] for a proof of this extension in the case of the CSRW. ]

Recently the moment condition in Theorem 1.2 has been improved in [11].

Remark 1.3 If we let £ denote the covariance matrix of the above Theorem in the case of
the VSRW, the corresponding covariance matrix of the random walk X with speed measure
0® is given by S2=F [9“’(0)]7l 2 _see [5, Remark 1.5].

Assumption 1.4 There exist p, g, r € (1, oo] satisfying

1 1r—1

r P r

+] 2 (1.2)
<= .
q d

such that

w
E [(gw((g)))p 9“(0)} +E[? 0] +E[0°0) ']+ E[6°0)] < oo.  (13)
While under Assumptions 1.9 and 1.4 Gaussian-type upper bounds on the heat kernel pg
have been obtained in [7], in the present paper our focus is on local limit theorems. A local
limit theorem constitutes a scaling limit of the heat kernel towards the normalized Gaussian
transition density of the Brownian motion with covariance matrix $2, which appears as the
limit process in the QFCLT in Theorem 1.2. The Gaussian heat kernel associated with that
process will be denoted

ke (x) = K (x) = xp(—x : (Ez)_lx/(2t)>. (1.4)

1
— ¢
V(@2rt)d det ©2

Our first main result is the following local limit theorem for the RCM under general speed
measure. For x € R? write [x| = (|x1], ..., [xa]) € Z7.

Theorem 1.5 (Quenched local limit theorem) Let T» > T} > 0, K > 0 and suppose that
Assumptions 1.1 and 1.4 hold. Then,

lim sup sup [n?p@(n’t,0, lnx]) — ak,(x)| =0, forP-ae. w,
90 |x|<K t€lTy, T2l

with a := E[6(0)] .
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Remark 1.6 (i) In the case of the CSRW or VSRW Assumption 1.4 coincides with the
moment condition in Theorem 1.2. Indeed, for the CSRW, 6“ = u®, choose p = oo and
relabel r by p; for the VSRW, #® = 1, choose r = oo.

(ii) For the sake of a simpler presentation, Theorem 1.5 is stated for the RCM on Z? only.
However, its proof extends to RCMs with ergodic conductances satisfying a slightly
modified moment condition on a general class of random graphs including supercritical
i.i.d. percolation clusters and clusters in percolation models with long range correlations,
see e.g. [28,43]. The corresponding QFCLT has been shown in [27] and a local limit
theorem for the VSRW in [4, Section 5].

(iii) The quenched local limit theorem has also been established for symmetric diffusions in a
stationary and ergodic environment, under analogous assumptions to the above theorem.
This is the main result of [20], see Appendix A therein for a discussion of the general
speed case.

Theorem 1.5 extends the local limit theorem in [6, Theorem 1.11] for the CSRW to the case
of a general speed measure. In general, a local limit theorem is a stronger statement than an
FCLT. In fact, even in the i.i.d. case, where the QFCLT does hold [2], we see the surprising
effect that due to a trapping phenomenon the heat kernel may behave subdiffusively (see
[13]), in particular a local limit theorem may fail. Nevertheless it does hold, for instance, in
the case of uniformly elliptic conductances, where P(c ! <w(e) <¢)=1forsomec > 1,
or for random walks on supercritical percolation clusters (see [9]). For sharp conditions on
the tails of i.i.d. conductances at zero for Harnack inequalities and a local limit theorem to
hold we refer to [17]. Hence, it is clear that some moment condition is necessary. In the case
of the CSRW under general ergodic conductances the moment condition in Assumption 1.4
is known to be optimal, see [6, Theorem 5.4]. Further, for the VSRW a quenched local
limit theorem has very recently been shown in [10] under the weaker moment condition
with 1/p 4+ 1/g < 2/(d — 1). Local limit theorems have also been obtained in slightly
different settings, see [22], where some general criteria for local limit theorems have been
provided based on the arguments in [9]. Finally, stronger quantitative homogenization results
for heat kernels and Green functions can be established by using techniques from quantitative
stochastic homogenization, see [8, Chapters 8-9] for details in the uniformly elliptic case.
This technique has been adapted to the VSRW on percolation clusters in [23], and it is
expected that it also applies to other degenerate models.

The proof of the local limit theorem has two main ingredients, the QFCLT in Theorem 1.2
and a Holder regularity estimate for the heat kernel. For the latter it is common to use a
purely analytic approach and to interpret the heat kernel as a fundamental solution of the
heat equation (9, — £F)u = 0. Here we will follow the arguments in [4] based on De
Giorgi’s iteration technique. This approach to show Holder regularity directly circumvents
the need for a parabolic Harnack inequality, in contrast to the proofs in [6,9], which makes it
significantly simpler. As a by-product to our argument we do obtain a weak parabolic Harnack
inequality (Proposition 2.15) and a lower near-diagonal heat kernel estimate (Corollary 2.16).
In [23, Theorem 3], following again the approach in [8], stronger Lipschitz continuity of the
heat kernel on i.i.d. percolation clusters has been shown, which matches the gradient of the
Gaussian heat kernel.

Applications of homogenisation results such as FCLTs and local limit theorems in sta-
tistical mechanics often require convergence under the annealed measure. While a QFCLT
does imply an annealed FCLT in general, the same does not apply to the local limit theorem.
Next we provide an annealed local limit theorem under a stronger moment condition, which
we do not expect to be optimal.
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Theorem 1.7 (Annealed local limit theorem) Suppose Assumption 1.1 holds. There exist
exponents p, q,ri,ry € (1,00) (only depending on d) such that if

E[u?0)?] + E[v?(0)?] + E[6“ )] + E[6°(0)?] < oo
then the following holds. For all K > 0 and 0 < Ty < T»,

lim E[ sup sup |n?p@(nt, 0, Lnxj)—ak,(x)|]:0. (1.5)

n=00 | |x|<K te[Ty, T3]

Remark 1.8 In the case of the VSRW, i.e. 6 = 1, the moment condition required in The-
orem 1.7 is more explicitly given by E[w(e)z("/vl’)] + E[w(e)_z("’vq)] < 00, e € Eg,
for some p, g € (1,00) such that 1/p + 1/q < 2/d and &' = «'(d, p, g, o) defined in
Proposition 3.1 below. Similarly, in the case of the CSRW, 6® = u®, the condition reduces
to E[w(e)“"’vzﬁ] +E[w(e)’(4"/+2)vzq] < 00, e € Ey, again for some p, ¢ € (1, 00) such
that 1/p + 1/q < 2/d and k' = k'(d, 00, q, p) defined as in Proposition 3.1.

As mentioned above, the proofs of the quenched local limit theorems in [6] and Theo-
rem 1.5 rely on Holder regularity estimates on the heat kernel, which involve random constants
depending on the exponential of the conductances. Those constants can be controlled almost
surely, but naively taking expectations would require exponential moment conditions stronger
than the polynomial moment conditions in Assumption 1.4. To derive the annealed local limit
theorem given the corresponding quenched result, one might hope to employ the dominated
convergence theorem, which requires that the integrand above can be dominated uniformly
in n by an integrable function. We achieve this using a maximal inequality from [7]. Then it
is the form of the random constants in this inequality that allows us to anneal the result using
only polynomial moments, together with a simple probabilistic bound.

1.3 Main Results on the Dynamic RCM

Next we introduce the dynamic random conductance model. We endow G = (Z4, Ey),
d > 2, with a family v = {w;(e) € (0,00) : e € Eg4, t € R} of positive, time-dependent
weights. Forr e R, x € 74, let

1
B0 = Yoy, o=y
AGS

y~x y~x

We define the dynamic variable speed random walk starting in x € 7% at s € R to be the
continuous-time Markov chain (X; : t > s) with time-dependent generator

(L2 f) @) =Y @ (x. y) (f () — (X))

y~x

acting on bounded functions f : Z? — R. Note that the counting measure, which is

time-independent, is an invariant measure for X. In contrast to Sect. 1.2, the results in this
subsection, like many results on the dynamic RCM, are restricted to this specific speed
measure. We denote P, the law of this process started at x € Z¢ at time s, and EY . the
corresponding expectation. For x, y € Z4 and t > s, we denote p®(s, t, x, y) the heat kernel
of (X;);>s, that is

pP(s.1,x,y) = PO [X; = y].
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Let  be the set of measurable functions from R to (0, 00)£¢ equipped with a o-algebra F
and let [P be a probability measure on (€2, F). Upon it we consider the d + 1-parameter group
of translations (7 x)(; y)erxz4 given by

Ty Q2 —> Q, (a)S(e))ng, ecEy ™ (@45 (x + e))sER, ecEy *

The required ergodicity and stationarity assumptions on the time-dependent random envi-
ronment are as follows.

Assumption 1.9 (i) Pis ergodic with respect to time-space translations, i.e. for all x € Z¢
andr € R, Po ‘L';xl = PP. Further, P(A) € {0, 1} forany A € F such that 7, ,(A) =
Aforallx € Z9,t € R.

(ii) For every A € F, the mapping (w, t,x) — 14(7; yw) is jointly measurable with
respect to the o-algebra F @ B (R) ® 22"

Theorem 1.10 (Quenched FCLT and local limit theorem) Suppose Assumption 1.9 holds
and there exist p, q € (1, oo] satisfying

1 1 1 2

+ + - <
p—1 (p—Dqg ¢ d

such that E[wo(e)”] < 00 and ]E[a)o(e)’q] < oo forany e € Eg.

(i) The QFCLT holds with a deterministic non-degenerate covariance matrix =2,
(ii) Forany T, > Ty > Qand K > O,
lim sup sup |ndp‘”(0, nzt, 0, [nx]) — k,(x)| = 0, forP-ae o,

"0 x| <K 1€l T2]
where k; still denotes the heat kernel of a Brownian motion on R? with covariance 2.

Proof The QFLCT in (i) has been proven in [3], see [15] for a similar result. For the quenched
local limit theorem in (ii) we refer to [4]. ]

Similarly as in the static case we establish an annealed local limit theorem for the dynamic
RCM under a stronger, but still polynomial moment condition.

Theorem 1.11 (Annealed local limit theorem) Suppose Assumption 1.9 holds. There exist
exponents p,q € (1, 00) (specified more explicitly in Assumption 4.2 below) such that if
E[wo(e)p] < 00 and E[wo(e)"’] < oo for any e € Eg, then the following holds. For all
K>0and0 <T <71,

lim E[ sup sup |n9p?(0,n%,0, [nx]) —k (x)|] =0. (1.6)
"o Lix|=K telTy. 1)

An annealed local limit theorem has been stated in the uniformly elliptic case in [1]. We
do not expect the moment conditions in Theorem 1.11 to be optimal and that they can be
relaxed. In an upcoming paper [26] an annealed local limit theorem is obtained for ergodic
conductances uniformly bounded from below but only having a finite first moment by using
an entropy argument from [12].

Relevant examples of dynamic RCMs include random walks in an environment generated
by some interacting particle systems like zero-range or exclusion processes (cf. [38]). Some
on-diagonal heatkernel upper bounds for a degenerate time-dependent conductance model are
obtained in [38]. Full two-sided Gaussian bounds have been shown in the uniformly elliptic
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case for the VSRW [24] or for the CSRW under effectively non-decreasing conductances [25].
However, unlike for the static environments, two-sided Gaussian-type heat kernel bounds are
much less regular and some pathologies may arise as they are not stable under perturbations,
see [34]. Moreover, in the degenerate case such bounds are expected to be governed by the
intrinsic distance. Even in the static case, in contrast to the CSRW, the intrinsic distance of
the VSRW is not comparable to the Euclidean distance in general, cf. [7], and the exact form
of a time-dynamic version of the distance is still unknown. These facts make the derivation
of Gaussian bounds for the dynamic RCM with unbounded conductances a subtle open
challenge.

1.4 Application to the Ginzburg-Landau V ¢ Model

A somewhat unexpected context in which one encounters (dynamic) RCMs is that of gradient
Gibbs measures describing stochastic interfaces in statistical mechanical systems. One well-
established model is the Ginzburg-Landau model, where an interface is described by a field
of height variables {¢;(x) : x € Z¢, ¢ > 0}, whose stochastic dynamics are governed by
the following infinite system of stochastic differential equations involving nearest neighbour
interaction:
1
¢ (x) = B (x) — / Y V@) - dt +V2wi(x),  xeZl (1)

O yix—yl=1

Here {w(x) : x € Z4} is a collection of independent Brownian motions and the potential
V e C*(R,Ry) is even and convex. The formal equilibrium measure for the dynamic is
given by the Gibbs measure Z -1 exp(—H (¢)) [, d¢(x) on RZ with formal Hamiltonian
H(¢p) = % way V(¢ (x)—¢(y)). Investigating the fluctuations of the macroscopic interface
has been quite an active field of research, see [30] for a survey.

We are interested in the decay of the space-time covariances of height variables under an
equilibrium Gibbs measure. By the Helffer-Sjostrand representation [33] (cf. also [24,32])
such covariances can be written in terms of the annealed heat kernel of a random walk among
dynamic random conductances. More precisely,

(COV[/. (¢0(0)s ¢t()7)) = /0 E/L [pw(()’t_’_s’Os )’)] dS,

where the covariance and expectation are taken with respect to an ergodic Gibbs measure
wn and p® denotes the heat kernel of the dynamic RCM with time-dependent conductances
given by

o (6, ) ==V (¢ () — ), {x,y} € Eq, 1= 0. (1.8)

Thus far, applications of the aforementioned Helffer-Sjostrand relation have mostly been
restricted to gradient models with a strictly convex potential function that has second deriva-
tive bounded above. This corresponds to uniformly elliptic conductances in the random walk
picture. However, recent developments in the setting of degenerate conductances will also
allow some potentials that are strictly convex but may have faster than quadratic growth at
infinity. As our first main result in this direction, we use the annealed local limit theorem
of Theorem 1.11 to derive a scaling limit for the space-time covariances of the ¢-field for a
wider class of potentials.
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Theorem 1.12 Suppose d > 3 and let V € C*(R) be even with V"' > c¢_ > 0. Then for all
h € R there exists a stationary, shift-invariant, ergodic ¢-Gibbs measure . of mean h, i.e.
Eul¢(x)] = h forall x € Z4. Further, assume that

IEM[V”(d)(y) — d)(x))ﬁ:l < oo, forany{x,y) € Eq, (1.9)
withp = 2 +d)(1 +2/d + /1 +1/d?). Then forallt > 0 and x € R?,

o
tim 192 Cov, (40O, gz, (1mx)) = [ kisstords,
n—oo 0
where k; is the heat kernel from Theorem 1.10 with conductances as given in (1.8).

Here E,, and Cov,, denote expectation and covariance w.r.t. the law of the process (¢;):>0
with initial distribution . Theorem 1.12 extends the scaling limit result of [1, Theorem 5.2]
to hold for potentials V for which V" may be unbounded above. Note that Theorem 1.12 also
contains an existence result for stationary, shift-invariant, ergodic ¢-Gibbs measures whose
derivation in the present setting requires some extra consideration. We obtain the existence
from the Brascamp-Lieb inequality together with an existence and uniqueness result for
the system of SDEs (1.7), see Proposition 5.3, which in turn can be derived following the
arguments in [41, Chapter 4].

Our final main result is a scaling limit for the time-static height variables under the ¢-
Gibbs measure towards a Gaussian free field (GFF). We refer to [39, Theorem A], [32,
Corollary 2.2], [16, Theorem 2.4] and [40, Theorem 9] for similar results. For f € Cgo (]Rd),
we denote a rescaled version of this f;, (x) := n—(1+d/2) f(x/n)forn € Z.We will consider
the field of heights acting as a linear functional on such a test function,

O (fy) = n= 1+ /R P e dx. (1.10)

Theorem 1.13 (Scaling to GFF) Suppose d > 3 and let V € C*(R) be even with V" >
c_ > 0. Let u be a stationary, ergodic ¢p-Gibbs measure of mean 0. Assume

E V(¢ —¢w)] < oo, foranyx.y) € Ea,

for some p > 1+ %. Then for any > € Rand f € CSO(R‘I),

. 2 1
Jim Bu[espacin] =ew (5 [ Feo@ ),

d

where Q™1 is the inverse of Qf = Y § i1

from Theorem 1.10 with conductances given by (1.8).

S _ 32 : :
4ij 7 3, and q = X° the covariance matrix

Remark 1.14 (i) Note that in (1.10) the height variables are scaled by n~(1+4/2) while the
conventional scaling for a central limit theorem is n~¢/2. This stronger scaling is required
due to strong correlations of the height variables (cf. [16,39]), in contrast to the scaling
limit of the gradient field, which has weaker correlations and only requires the standard
scaling n=%/2 (cf. [32,40]).

(i) Having established Theorem 1.12, a natural next goal is to study the equilibrium space-
time fluctuation of the interface and to derive a stronger, time-dynamic version of
Theorem 1.13. See [32, Theorem 2.1] for the case where the potential additionally has
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second derivative uniformly bounded above. However, this requires extending Theo-
rem 1.12 from a pointwise result to a scaling limit for the covariances of the ¢-field
integrated against test functions, cf. [32, Proposition 5.1]. In order to control the arising
remainder term, we believe such an extension would require upper off-diagonal heat
kernel estimates for the dynamic RCM in a degenerate, ergodic environment, which are
not available at present, as discussed at the end of Sect. 1.3.

Finally, we provide a verification of the moment assumptions in Theorems 1.12 and 1.13
for a class of potentials V with V" having polynomial growth.

Proposition 1.15 Suppose d > 3 and let the potential V € C*(R) be even, satisfying V"' >
c— > 0. Let u be any ergodic, shift-invariant, stationary ¢-Gibbs measure. Then for all
p >0, IEM[|¢,(x)|p] < oo foranyx € Z4 and t > 0.

Example 1.16 The above proposition shows that Theorems 1.12 and 1.13 apply to polynomial
potentials of interest, for example the anharmonic crystal potential V (x) = x2+x* (A > 0),
for which the spatial correlation decay is discussed in [18].

1.5 Notation

We finally introduce some further notation used in the paper. We write ¢ to denote a positive,
finite constant which may change on each appearance. Constants denoted by ¢; will remain
the same. We endow the graph G = (Z¢, E;) with the natural graph distance d, i.e. d(x, y)
is the minimal length of a path between x and y. Denote B(x,r) := {y € Z¢ : d(x, y) <r}
the closed ball with centre x and radius r. For a non-empty, finite, connected set A < 74,
we denote by dA := {x € A : d(x,y) = 1 forsome y € A} the inner boundary and
by 0TA := {x € A° : d(x,y) = 1 forsome y € A} the outer boundary of A. We write
A = AU A for the closure of A. The graph is given the counting measure, i.e. the measure
of A C Z4 is the number |A| of elements in A. For f: Z¢ — R we define the operator V by

VfiE;—>R, Ej3er— Vf(e) = f(e") — f(e).

We denote inner products as follows; for f, g : Z¢ — R and a weighting function ¢ :

Zd - R: (f? g)ZZ(Zd,g{)) = erZd f(x)g(x)¢(x) and if fv 8 Ed - ]R9 (f5 g)ZZ(Ed) =
D ec E f(e)g(e). The corresponding weighted norm is denoted || f]l;2(z4, ®)- The Dirichlet
form associated with the operator £ is

Ef,8) = ([, —ﬁ(é)g)ﬂ(zd,e) =(V/f, ng)KZ(Ed)v

acting on bounded f, g : Z¢ — R. We will use the shorthand £“(f) := £2(f, f). For non-
empty, finite B € Z¢ and p € (0, oc), space-averaged £”-norms on functions f : B — R
will be used,

1 1/p
Ifllp.B = <ﬁ > If(X)I”> and [ flloo,p := max|f(x)].

xeB

Now let Q = I x B where I € R is compact. Let u : 0 — R and denote u; : B — R,
us () :=u(t, ) fort € I. For p’ € (0, 00), we define the space-time averaged norms

1/p
1 ,
. p .
u r o= u dt and |lu = max ||u .
lullp,p.0 <|I|/,” iy, 5 ) llull p,oo, 0 na lle |l p, B
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35 Page 100f35 S. Andres, P. A. Taylor

Furthermore, we will work with two varieties of weighted norms

1/p

1 /p 1
||f||,,,3,¢:=(MZBv(x)V’«p(x)) : |f|p,B,¢,:=<|B|ZB|f<x>|p¢<x>) :

1/p
1 ,
lullp,pr, 0,6 = (m/; ||Mz||z,3,¢ df) s Mullpoo,0.0 = max lluell p, B,

1 p 1/p
|u|p,p’»Q,¢ = <m/1 s p.B.¢ dl) ’

for a weighting function ¢ : B — (0, 00), where ¢(B) := Y .5 ¢ (x).

1.6 Structure of the Paper

Section 2 is devoted to the proof of the quenched local limit theorem for general speed mea-
sures - Theorem 1.5. The annealed local limit theorems for the static and dynamic RCM,
Theorem 1.7 and Theorem 1.11, are shown in Sects. 3 and 4, respectively. Finally, the appli-
cation to the Ginzburg-Landau interface model is discussed in Sect. 5.

2 Local Limit Theorem for the Static RCM under General Speed Measure

For the proof of Theorem 1.5 we shall follow a method first developed in [22] and [9], for
which the main ingredients are the QFCLT in Theorem 1.2 and a Holder regularity estimate
for the heat kernel. To derive the latter we adapt the techniques employed in [4] to the
general speed measure case. The key result in Theorem 2.5 is an oscillation inequality for
solutions of d,u — LFu = 0, such as the heat kernel, which implies the required Holder
regularity by a simple iteration argument (see Proposition 2.13 below). For the proof of the
oscillation inequality, we first derive a maximal inequality (see Theorem 2.3) using a De
Giorgi iteration scheme in Sect. 2.2. Then we bound the sizes of the level sets of a solution
u in terms of (—Inu)4 (see Lemmas 2.8 and 2.9 below). These two steps are sufficient to
prove the oscillation inequality following an idea in [44], see Sect. 2.3. To begin with, we
collect the required functional inequalities in Sect. 2.1.

2.1 Sobolev and Weighted Local Poincaré Inequalities

One auxiliary result which will prove useful is a modification of the Sobolev inequality
derived in [5].

Proposition 2.1 Letd > 2 and B C 7 be finite and connected. For any q € [1, 0o] there
exists ¢| = c¢1(d, q) such that for any v : Z¢ — R withv = 0 on 9B,

£ ()

2 2/d w
Ivllp,8 = c1IBI7 v g8 10%111,B o7
o q. )

where p :=qd/(q(d — 2) + d).
Proof By [5, equation (28)],
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)
|B]

and since [|0“|[1,p = 6“(B)/|B] this gives the claim. ]

2 2/d
1v2llp.8 < c1 B |vl,.8

)

Another input is a weighted Poincaré inequality which will be applied in deriving the
aforementioned oscillations bound. We denote the weighted average of any u : Z¢ — R
over a finite subset B C Z¢ with respect to some ¢ : 74 — R,

W)y = ¢(B) Zu(xw(x)
We shall also write (1) p := (4)p,1 when ¢ = 1.

Proposition 2.2 Let d > 2. There exists co = c2(d) < oo such that for any ball B(n) :=
B(xg, n) with xg € 74 andn > 1, any non-empty N C B and u : 74 > R,

n2
llu — () B, 9||1 B = 2AT™) Z w(x,y) (u(x) — u(y))z’ 2.1
B | ‘Fw
EB
and
flu — (M)N,GH%,B(n),G
Y 0°(B(n)\* n* 2
= A (1 M) ) Boyl 2 0@ [ —u) 22)
X.yxifiy(n)
with AP (1) := [11/6°1 g 10°17 5oy 1V llg, By

Proof By a discrete version of the co-area formula the classical local £'-Poincaré inequality
onZ4 canbe easily established, see e.g. [42, Lemma 3.3.3], which also implies an £%-Poincaré
inequality for any o € [1, d). Note that, by [21, Théoreme 4.1], the volume regularity of
balls and the local £%-Poincaré inequality on Z¢ implies that for d > 2 and any u: Z¢ — R,

. 1 N 1/a
jg{{llu—alljfaa,g(n) < cn<m E |u(x) — u(y)| ) . (2.3)
x,yeB(n)
x~y

Further, for any « € [1, 2), Holder’s inequality yields
1

1
1 o\ 1 1
<|B(n)| Z |u(x) — u(y)| ) =lv ||1/2 <|B(n)| Z o, ) (ux) — u(y))2> .

x,yeB(n) x,yeB(n)
x~y x~y

2.4)
Note that by [29, Lemma 2], we have for any a € R,

lu — @) gyl B0 < cllu—alli,Bm).o-

Now we prove (2.1) by distinguishing two cases. In the case r > 2 we have by Cauchy-
Schwarz,

lu —alli, poy.e < 16117} B 10°12,8) llu — all2, 8-
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Hence we obtain the assertion (2.1) by using (2.3) and (2.4) with the choice @ = 2d /(d+2)
and Jensen’s inequality. Note that /(2 — @) = d/2 < q.

Similarly, in the case r € [1, 2), denoting its Holder conjugate r, we have by Holder’s
inequality

—1
lu —alli s, =< 10°17 gy 10°1r8a) lu = allr, B

and we may use (2.3) and (2.4) with the choice @ = dr,/(d+r,). Notice thatda /(d —a) = 1y,
o/(2—a) <ganda € [1,2)since r € [1, d] and satisfies (1.3). This finishes the proof of
2.1).

To see (2.2), note that by the triangle inequality

lu — @rrplltBm.e < lu—@amw.elliBm.e + |@rno — @) sl

< = @ao sl sme + m 37 [u ) = @] 07 )
yeN
0“(B(n))
< (1 + W) lu — W B@.oll1.Bm).0,
so (2.2) follows from (2.1). ]

2.2 Maximal Inequality

For the rest of Sect. 2 we assume d > 2 and we fix p, g, r € (1, co] such that

1 1r—1 1 2
+ — + - < —. (2.5)
r p r q d

For the analysis, we work with space-time cylinders defined as follows. For any xo € Z¢ and
to € Rlet I, := [ty — tn?, tp] and B, := B(xg, on) foro € (0, 1], T € (0, 1]. We write
Q(n) := [to — n?, to] x B(xo, n) and

Qr,a(n) =1 x B, and Q, := Qs(n) := QU,U(”)-
The main result in this subsection is the following maximal inequality.

Theorem2.3 Let 1y € R, xo € Z9 and u > 0 be such that d,u — gu < 0on Q(n)
for any n > 1. Then, for any 0 < A < 2/(d + 2) there exists N = Ni(A) € N and
¢3 = c3(d, p,q,r) such that for aln > N, h > 0 and 1/2 < o/ < o < 1 with
o—o' >n8

AS ()

K
u(t,x) < h + c3 <m> l(u — ) l12p,.2,00m),0-

max
(t,x)eQ,r(n)
Here p, :== p/(p — 1), k := 1+ p.p/2(p — p«rs) With p as in Proposition 2.1, and

AZ () = |11V (U0l p, Bwy.o 11V vZllg. By 11V QMIIE,B(,,) 11V (1/0)1,B0n)-
2.6)

An energy estimate is required in proving the above, cf. [7, Lemma 3.7].

Lemma 2.4 Suppose Q = I x B where I = [s1, s2] C R is an interval and B C 74 is finite
and connected. Let u be a non-negative solution of d;u — Lgu < 0on Q. Letn : 74 — [0, 1]
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and & : R — [0, 1] be cutoff functions such that suppn € B, supp& € [ and n = 0 on 9B,
&(s1) = 0. Then there exists cq4 such that for any k > 0 and p, p, € (1, 00) with % + i =1,

5“’(771))
_ — )2
+ L en? — k2 o0 + — - /s( ) Goeg d
= ca (11216101 Ve e, + 116 ||Loo<1>) =02l pr06. 27
Proof This follows by a simple modification of the argument in [4, Lemma 2.9]. O

Proof of Theorem 2.3 The proof is based on an iteration argument and will be divided into
two steps. First we will derive the estimate needed for a single iteration step, then the actual
iteration will be carried out. Set o := 1+ — p — p = with ry := r/(r — 1). Notice that for any
p,q,r € (1,00] satlsfylng (2.5), @ > 1 and therefore 1/ay :=1—1/a > 0.

Step 1: Let 1/2 <o’ <o < 1land 0 < k < [ be fixed. Note that, due to the discrete
structure of the underlying space Z¢, the balls B, and B, may coincide. To ensure that
B, C B, we assume in this step that (o — o’)n > 1. Then, it is possible to define a spatial
cut-off function 7 : Z¢ — [0, 1] such that suppy € By, n = 1 on By, n = 0 on 9B,
and [|Vnllj=gy < 1/((c — o')n). Further, let § € C*°(R) be a cut-off in time satisfying
suppé C Ip, & = 1 on I, &(tg — on®) = 0 and ||&]| 10,00 < 1/((o — 0’)n?). By
Holder’s inequality, followed by applications of Holder’s and Young’s inequalities,

2 2
I (u — l)_,_”p*,l,Q(,/,O < Ilu— k)_'_”otp*,ot,Q(,/,O 1Mzl pys. 0,00
2 1/as
< <||(u - k)+||1,oo,Qg/,6 + II(u — k)%,.”p/r*,l,Qg/,(?> (M= 1y III,/fLQU,,g- (2.8)

Note that by Jensen’s inequality

6 (Bs)
6 (Bo')

< clo®l,5, 11/6°11,8,,- 2.9)

We use Holder’s inequality, the Sobolev inequality in Proposition 2.1, the fact that r,./p < 1
and Lemma 2.4 to obtain

2 = 2
1= )3 srt,0 = ¢ (16°05, 11/6%108,)" 160> (4 = k) ot 0000

0 . o VE £° (0 Gy — k-,
< en® 105, (1615, 11/6%11.8,) 7 |/ £0) (ew(’B) ) a
o 15 o
Ag(n) 5
e et [ P (2.10)

with Ag’(n) =AS(m)/ Il Vv (1/6°)|1,B, - Further, again by (2.9) and Lemma 2.4,

2 2

(= k) lloo.0,0 < clOl1,8, 11/6°1.8,, I1En? (u — k) 100,050
||1 V(10 p.B,.0 10118, 11/6% 11,8,

B p(a —o0’)2 I =3l p.1.0,.0

AC()
U ,))2 (= £) Nl p.1.00.0- @.11)

<c
(o

@ Springer



35 Page 14 0f 35 S. Andres, P. A. Taylor

Moreover, note that

Mu=nllp..1.0,6 < cllO®ll1,8, 1176018, | Mu—tk=1-k}ll p..1.0,.6
w
_ Ao
T (—-k)?
Therefore, combining (2.8) with (2.10), (2.11) and (2.12) yields

(1 = k)2 Ml py 1.0, .6- (2.12)

cAw(n)l+ 2 14
1= D100 = G pi0m g gz 1 =B 000

- 1
Introducing ¢(l,0’) = ||(u —1)2+||p*717Q0,,9 and setting M = CA%’(n)Hﬂ the above
inequality reads
M 1+-L
l,o') < k, o) ta 2.13
01.0) = G o = ) 2.13)

and holds forany 0 <k </and 1/2 <o’ <o < 1.

Step 2: For any A € [0,2/(d + 2)) let n > N2(A) where N2(A) < oo is such that
n2/@+D=A > 2 foralln > N,. Let h > 0 be arbitrary and 1/2 < ¢’ < o < 1 be chosen in
such a way that 0 — ¢’ > n~2. Further, for j € N we set

oj =2 -0, kj=h+K(1-27),

where K = 22(1+"‘*)2(M/(o - o/)z)“*/2<p(h,a)1/2, and J := |dInn/2a,In2]|. Since
o, > (d +2)/2, we have

(0j—1—ojn =27 —am > 1, Vj=1,...,J.

Next we claim that, by induction,

@(h, o)

pkj,0;) < "y

Vi=1,...,J, (2.14)

where r = 24042 Indeed for j = 0 the bound (2.14) is trivial. Now assuming that (2.14)
holds forany j — 1 € {0, ..., J — 1}, we obtain by (2.13) that

)\ 2/ 2 2 et

(2)" () o

M(ﬂ)”“*( 2 ) (so(h,(f))l*a‘* _ oo
K (o0 —0o)) ri—1 I A

which completes the proof of (2.14). Note that by the choice of J, (n2d4227) /r’ < 1 and
(o7 —oj+)n = 1.
By using the Cauchy-Schwarz inequality, (2.11) and (2.14), we have that

IA

pkj, o))

d w)1/2 2 .1/2
s () —kssr), < en /6905 1 = ko) 50, 0
1/2 » 1/2
1/2 2d ~27 ( ) Ag(”l)
< c|1/6”ll,' (n 2 ©—o? w(k1,01)> < C<m<ﬂ(h,0)
AZ(m) \'/?
=c (m | (u _h)+||2p*,2,Qg(n),€'
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Hence,
A2(n) \'/2
t,x) < h+ K L2 —h ,
(t,g)lg)él,, ut,x) < h+ K +c¢ <(G gy l(u —h)112p,.2,05m),0
and the claim follows with k = (1 4+ «.)/2 as in the statement. ]

2.3 Oscillation Inequality

The next significant result allows us to control the oscillations of a space-time harmonic
function. We denote the oscillation of a function u# on a cylinder Q € R x 74, 0sCo u =
max xyep u(t, x) —ming y)cg u(t, x). Recall the definition of A{ (n) and A% (n) in Propo-
sition 2.2 and (2.6), respectively. For n > 4 we also set A5 (n) := [|[1/6| 1.B(%) 16¢]| 1,B(%)-

Theorem 2.5 (Oscillation inequality) Fix tg € R, xo € 74, Letu : 79 — R be such that
u — LGu = 0 on Q(n) for n > 1. There exists N3 = N3(d) (independent of x¢) such that
for all n > N3 the following holds. There exists

¥ (xo, n) = y (A7 (n), A5 (n), AL (), 114”1, Bmy 10111, B0y 11/0€111,B(ny) € (0, 1),

which is continuous and increasing in all components, such that
w
osCom/mpu < y“(xg,n) osco)u.

Before we prove Theorem 2.5 we briefly record the following continuity statement for space-
time harmonic functions as one of its consequences.

Corollary 2.6 Suppose that Assumptions 1.1 and 1.4 hold. Let§ > 0, xo € Z¢ and \/t9/2 > &
be fixed. Suppose d;u — LPu = 0 on [0, o] x B(xg, n). For P-a.e. w, there exist Ny =
N4(xg, w) and y € (0, 1) (only depending on the law of w and 0%) such that if n > Nu,
then for any t € n2(tog — 82, t0] and x1, x» € B(xg, én),

S 4
u(t,x1) —u(t, x2) SCS< ) max u,
| | V10 ) [3io/4.101% B(x0./l0/2)

where o := Iny /In(1/4) and cs5 depends only on y.

Proof This follows from Theorem 2.5 as in [4, Corollary 2.6], see also Proposition 2.13
below for a similar proof. O

In the remainder of this subsection we will prove Theorem 2.5 by following the method
in [4], originally used in [44] for parabolic equations in continuous spaces. Consider the
function g : (0, 00) — [0, 0o0), which may be regarded as a continuously differentiable
version of the function x — (—1Inx), defined by

—Inz ifz € (0, c],

—1? . -
8(2) = s ifz € @ 11,

0 if z € (1, 00),

where ¢ € [%, %] is the smallest solution of the equation 2¢In(1/c) = 1 — c¢. Note that
g € C1(0, 00) is convex and non-increasing. Although g(u) is not space-time harmonic, we
can still bound its Dirichlet energy as follows.
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Lemma 2.7 Suppose u > 0 satisfies o;u — LFu = 0on Q = I x B with I and B as in
Lemma 2.4. Let 1 : Z¢ — [0, 1] be a cut-off function with suppn € B and n = 0 on 0B.
Then,

E2 (gu)) _ IV i°lup
66°(B)  ~ ° 6°ls

where ost(n) := max{(n(y)/n(x)) vV 1[{x, y} € Eq, n(x) # 0} and
EXT(f) = Y () Anten) wle) (V1))

I’ gl + ost (> [Vnlife(g,).  (2.15)

ecEy
Proof This follows by the same arguments as in [4, Lemma 2.11]. O
Now, define
M, = sup  u(t,x) and m, = inf  u(t, x). (2.16)
(t,x)eQ(n) (t,x)eQ(n)

For the purposes of the next lemma, given ko € R, we denote
ki == My, —277(M, —ko), jeN. (2.17)
Also recall the definition of .Af (n) right before Theorem 2.5.

Lemma2.8 Letty € R, xg € Z9, and u be such that d,u — LZu =0o0n Q(n) forn > 4. Let
n: 74 — [0, 1] be the spatial cut-off function n(x) := [1 — 2d(xo, x)/n]+. Suppose, for
some ko € R,

1 [ 1
EA)7”2 ”]][utfk()}”],B(n),ﬂZG dt Z 5 (218)

Then there exist c¢, c7 > 0 such that for any § € (0, 1/4c7.A5 (n)) and any

co 11V N1, By 11V (1/6°)11,Bn)
1 =849

j=14

we have that

I, <ty B0y = 8. Vi€ [to— n? 10].
Proof Set
My — uy(x) i
vt(x)::ﬁ, ]’l/:€j =277, jeN.
n

Then 0;(v +€;) — LF(v +€;) =0o0n Q(n) forall j € N and, for any x € 74, up (x) > kj
if and only if v, (x) < h;. By (2.18) there exists so € [to — n?, to — $n°] such that

3
1M, <0yl By 20 = vh (2.19)

To see this, assume the contrary is true, that is || Ty, <1311y pory.20 > % forall s € [ty —
n?, ty — n?]. Then

1 1 fo 1 fo
Sz = M, k01111, 5,20 47 = *f i<y lls, .20 4t
2 n? Jig—n2 ' o n? Jig—n2 [ o
1 [lo—3n% 3 1
> - —dt = —,
n to—n2 4 2
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which is a contradiction. Let t € [ty — %nz, to]. By integrating the estimate (2.15) over the

interval [so, ¢], noting that || Vn|ljecgy < 2/n,08r(n) <2andt — 59 < n2,

g + €l paye < 18Ws + €N sum2e + €11V 1l1Bw 16217 5 -
Since g is non-increasing and identically zero on [1, 00), using (2.19) we have
3
g sy + €)1, By, 20 = &(€j) ||11{v50<1}||1,3(n),,72@ = Zg(fj),
and

I8 + €l Bny2e = 8hj+€j) 1My, <njpllv, Bny.n20-

So, combining the above, for j > 2

3 g(€j) 1
1 : < - 1vu® 0¢
Il {v,<h_/}”l,B(n),7]20 =2 g(hj+€]) g(h]—i—é]) l 18 ”l,B(n) Il ”1,3(,1)
T ) I s IV (/67
=2 j 1 j 1 Mll1, B(n) 1,B(n)-

Then, since n = 0 on B(n/2)¢,

. _ 00°, Dpga) "
Il {utfkj}”l,B(n/z),e = W( = {Ut<hj}”1,B(n),ﬂ29)

(Uzgw, 1>e2(zd) 1 c
> - — 1vp® 1v(1/6° . 2.20
Z 0o Bn2) <4 P IVl Bw 1TV (1/ )HI,B(n)) (2.20)

Note that (n29“’, 1)[2(Zd)/9w(3(n/2)) € (0, 1) and since n > 1/2 on B(n/4),

0?0°, 1) 274

w w—1
09 (B(1/2)) = cll0%M1.Bw/a) 1071} 52y
By combining this inequality above with (2.20) and using that

co 1TV ul1, gy 11V (1/0°) 11, Bw)
1= 78101 B4y 16°11,8w/2)

-1 =

by Jensen’s inequality, we get the claim. O

Lemma2.9 Sett :=1/4ando = 1/2. Lettg € R, xo € Z%, n > 4, and suppose u satisfies
ou — LGu = 0 on Q(n). Assume there exist § > 0 and iy € N such that

1, <t 1. Bo.om.0 = 8, Vi € Iy = 10— §n°, 0] .21)

Let € € (0, 1) be arbitrary. Then there exists
jo = jo(e. 8, io, AL (). 11”1, 8wy 10°111,801)) €N with jo > o,

which is continuous and decreasing in the first two components and continuous and increasing
in the other components, such that

M=k l1,0.0m0 < € Yji>jo
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Proof Letn : Z4 — [0, 1] be a cut-off function such that suppn € B(n),n =1 on B, and
n = 0 on 9B (n) with linear decay on B(n) \ Bs. So [|[Vn|lexg,) < 2/n and osr(n) < 2.
Now, let
My — u;(x) _j
w;(x) ;= ——= and h;=¢; =277,
! Mn - kio ! !

Then w > 0 and d;(w + €;) — LF(w +€;) = 0 on Q(n) for j € N. For any t € I, let
N; :={x € By : g(w;(x) +€;) = 0}. Since g = 0 on (1, 00) by its definition,

6N
6(Bs)

= Mgw+en=0yl1,8,.6 = IMpw=3ll1,8,.6 = Mg, <kip)ll1,8,.6 = 8,

where we used (2.21) in the last step. By Proposition 2.2 we have

’

ew(Ba))2 £ (g +¢)))
6N\, B, |

so that by Jensen’s inequality and by integrating (2.15) over I,

lg@wi + €25 4 = c7n? AL(on) (1 +

1
I8+ )R 10,0 = 7oz [ NsCui+ €I 5, ot

£ (g(w; +€)))

c w w
< 87A1 (on) |16 ||1,B(n)/ 9« (B(n))

T

< = AP0 (116° 11,50 107wy a2 + €D 118000 + 11V 1018
= 527 B(n) to—tn L, B(n), ,B(n) )-
Since g is non-increasing and w; > 0 for all 7 € I,

llg(w + ej)”%,l,Qm,,e

2
||]lw<hj||1,1,Qr.U’9 =

g(hj +¢€j)?
< & ‘“(n><||9||13 8D v s %)
= 52 B0 eh; +€)? B e+ €))7
c J 1
< — A% 1ve® 1v u® . 2.22
< AL IV 6l 1TV g ||1,B<n><(j_1)2 T (,-_1)2> 222)

Thus, for any € > 0, there exists some jy > 1ip as in the statement such that
1My l1.1,0c0.0 = Mgw<n;_i 1 l11,1,0. 5.0 < € forall j = jo. o

Proof of Theorem 2.5 We may assume without loss of generality that u > 0, otherwise con-
sideru —inf g, u.Sett = 1/4,0 = 1/2asbeforein Lemma2.9. Define kg := (M,,+m,)/2
with M,, and m,, as in (2.16) and let k; be defined by (2.17). Further, let  be the cut-off
function n(x) := [1 — d(xo, x)/on],. We may assume

: 1
'TZ/II ||]l{uz§ko}”1,3(n)’n29 dt > 5

Otherwise, consider M, +m, —u in place of u. Set € := (2c3 (443 (an))")_ZP* with A5 (n)

as in Theorem 2.3. Fix any A € (0, d%) and N3 > 2N (A) such that % > (0 N3)~2. Now
for all n > N3, applying consecutively Lemma 2.8 and Lemma 2.9, there exists

1 =1%(xo, n) = (A} (n), A5 (n), AL (), 11”1, Bowys 10€111,B6)» 1170111, B(n))

@ Springer



Local Limit Theorems for the RCM Page 19 of 35 35

which is continuous and increasing in all components, such that
M=kl o ome < € Vji=L
By an application of Jensen’s inequality,

I = kD) l2pe2.010m0 < (M — ki) 1 M=k ll2p,.2, 00n).0

1/2 * £
=< (Mn - kl) ||]1[u>k1}||1,/1,le(0n)’9 =< (Mn - kl) 61/21) .
Now, let ¥ = % = %. Then Theorem 2.3 implies that

Mgy < max u(t,x) < ki +c3(4A5(0n) I — k)4 ll2p,.2,010m).0
Q12(on)

= kl + %(Mn _kl) = M, — 2_(Z+2) (Mn _mn)-
Hence
Myp —myn, < My — 2_(1+2) (Mn - mn) —my, = (1 - 2_(l+2)) (Mn - mn),

and the theorem is proven. O

2.4 Proof of the Local Limit Theorem

As mentioned at the beginning of this section, we will derive the required Holder regularity
estimate from the oscillation inequality in Theorem 2.5. The following version of the ergodic
theorem will help us to control ergodic averages on scaled balls with varying centre-points.

Proposition 2.10 Let B := {B . B closed Euclidean ball in Rd}. Suppose that Assump-
tion 1.1 holds. Then, for any f € L'(RQ),

lim sup
n—o0 BeB

1
— > foun —IBI-E[f]| = 0. Puas.,

n
xe(nB)NZd

where | B| denotes the Lebesgue measure of B.
Proof See, for instance, [36, Theorem 1]. O

Lemma 2.11 Suppose Assumptions 1.1 and 1.4 hold. Let y® be as in Theorem 2.5. Then,
P-a.s., for any x € R% and 8§ € (0, 1),

limsup y®(|lnx],dn) < y € (0, 1),

n—oo

with y only depending on the law of w and 6®.

Proof Recall that y is continuous and increasing in all components. By Proposition 2.10
we have, for instance, for any x € R and § € O, 1),

limsup |11, B(nx).omy < E[u®©)] =z, P-as.

n—oQ

Analogous statements hold for the other components of y®, that is A}, AJ etc. Since y“ is
continuous and increasing in all components we get the claim for some y € (0, 1) depending
only on the respective moments of u®(0), v*(0) and 6*(0) . m]

@ Springer



35 Page 20 o0of 35 S. Andres, P. A. Taylor

Lemma 2.11 facilitates applying the oscillations inequality iteratively with a common,
deterministic constant. Together with the upper heat kernel bound cited below, this will
produce a Holder continuity statement for the rescaled heat kernel in Proposition 2.13 below.

Lemma 2.12 Suppose Assumptions 1.1 and 1.4 hold. For P-a.e. , any » > 0 and x € 7¢
there exist cg = cg(d, p,q,r, L) and Ns = Ns(x, ) such that for any t with /t > N5 and
all y € B(x, A/1),

Py x,y) < eyt

Proof This can be directly read off [7, Theorem 3.2] or derived from Theorem 2.3 by the
method in [4, Corollary 2.10]. ]

Proposition 2.13 Let § > 0, \/1/2 > 8 and x € R? be fixed. Then, there exists co > 0 such
that for P-a.e. w,

. 5\

lim sup sup n | pg (n*s1,0, y1) — pg (n*s2,0, y2)| < co (7) 472

=00 yi.y2€B(lnx].én) NG
s1,52€[1—82,1]

where o = In(y)/In(1/4).
Proof Set 8 := 47%./1/2 and with a slight abuse of notation let
O = n*[t — 8¢, 11 x B(lnx], &n), k> 0.

Choose ko € N such that §g, > 8 > 0k,41. In particular, for every k < ko we have
8k € [8, +/t]. Now apply Theorem 2.5 and Lemma 2.11, which give that there exists Ng =
Ng(w, x, 8) such that for P-a.e. w and all n > Ng,

0scg, p(‘;’(-,O, ) < y oscg, pé‘)(~, 0, ~), Vk =1, ..., ko.
We iterate the above inequality on the chain Qg D Q1 D -+ D Oy, to obtain

oscgy, P (+0.) = 7% max pg (-0, ). (2.23)

0

Note that
Qky = n’lt — 8. 1] x B(lnx], 8,,n) D n’[t — 8%, 1] x B(lnx]. én).
Hence, since 7% < ¢(8/+/1), the claim follows from (2.23) and Lemma 2.12. O

We shall now apply the above Holder regularity to prove a pointwise version of the local
limit theorem.

Proposition 2.14 Suppose Assumptions 1.1 and 1.4 hold. For any x € Z¢ and t > 0,

lim [n? pg(n*t,0, [nx)) —ak/(x)] = 0, P-as.
n—oo

with k; as defined in (1.4) and a := IE[O“’(O)]il.
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Proof Forany x € R and§ > Olet C(x, 8) := x+[—8, 8] and C" (x, 8) := n C(x, §)NZ4,
i.e. C(x, 8)is aball in R? with respect to the supremum norm. Note that the cubes C" (x, §)
are comparable with B(|nx], dn) and we may apply Proposition 2.13 with B(|nx], dn)
replaced by C”"(x, §). Let

J = (pg’(nzt, 0, Lnxj) —n ak,(x)) Hw(C"(x, 8)).

4
i=1

ni= Y (pE0Pn0, 1nx)) - p(n%,0,2)) 69,
zeC"(x,0)

Jp = p(gv[x,“) € C(x,(S)] —/ ke(y) dy,
C(x,0)

We can rewrite this, forany § > 0,as J = Y ;_, J; where

Js = k(o) (0)7 = 0°(C"(x, ) n ™ a),
s [ ()~ k) dy.
C(x.8)

with X ,(") = %X 22:»1 = 0, being the rescaled random walk. It suffices to prove that, for each
i =1,..,4, asn — oo, |Ji|/n_d9“)(C” (x, 8)) converges P-a.s. to a limit which is small
with respect to §.

First note that J, — 0 by Theorem 1.2 and n=99“(C"(x,8)) — (26)?/a by the
arguments of Lemma 2.11. Thus, lim,_, s |Ji|/n_d0‘°(C” (x, 5)) = 0 fori = 2, 3. Fur-
ther, by the Lipschitz continuity of the heat kernel k; in its space variable it follows that
lim,, o0 | J4]/n ¢ 0“’(C" (x, 8)) = 0($). To deal with the remaining term, we apply Propo-
sition 2.13, which yields

Q

limsup max n¢ |p§’(n2t, 0, z) — p(é)(nzt, 0, LnxJ)| < ¢ 5%,
n—oo 2€C™(x,0)
Hence, limsup,,_, o, |[J11/n~4 6°(C"(x, 8)) = 0(89), P-a.s. Finally, the claim follows by
letting 6 — 0. O

Proof of Theorem 1.5 Having proven the pointwise result Proposition 2.14, the full local limit
theorem follows by extending over compact sets in x and ¢. This is done using a covering
argument, exactly as in Step 2 in the proof of [4, Theorem 3.1], which in turn is a slight
modification of the proofs in [22] and [9]. |

2.5 Weak Parabolic Harnack Inequality and Near Diagonal Heat Kernel Bounds

The above method of proving the local limit theorem is simpler than the derivations of [6,9],
in part because it does not require a full parabolic Harnack inequality. However, the above
analysis still provides a weak parabolic Harnack inequality.

Proposition 2.15 Suppose Assumptions 1.1 and 1.4 hold. For any xo € Z%, ty € R and P-a.e.
w, there exists N7 = N7(w, xo) such that for all n > N7 the following holds. Let u > 0 be
such that du — LFu = 0 on Q(n) := [tg — n2,t9] x B(xg,n). Assume there exists € > 0
such that

1 o 1
ﬁ/twnz 1M, >3l By, p20 T = 3 (2.24)
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with 1 as in Lemma 2.8. Then there exists y = y (€, p, q,d) (also depending on the law of
w and 0°) such that

ut,x) 2y V(t.x) € Q1(n/2) = lto —n*/8, 10] x B(xo, n/4).

Proof This follows by the same method as [4, Theorem 2.14]. Theorem 2.3, Lemma 2.8 and
Lemma 2.9 are all necessary ingredients. O

Finally, we can also derive from Theorem 1.5 a near-diagonal lower heat kernel estimate,
which complements the upper bounds obtained in [7].

Corollary 2.16 Suppose Assumptions 1.1 and 1.4 hold. For P-a.e. w, there exists Ng(w) > 0
and c19 = c10(d) > 0 such that for all t > Ng(w) and x € B(0, /1),

Py (t,0,x) > ciot 42,

Proof This follows from the local limit theorem exactly as for the constant speed case in [6,
Lemma 5.3]. o

3 Annealed Local Limit Theorem Under General Speed Measure
3.1 Maximal Inequality for the Heat Kernel

The first step to show the annealed local limit theorem in Theorem 1.7 is to establish an
L! form of the maximal inequality in [7], which involves space-time cylinders of a more
convenient form for this section. So for € € (0, 1/4), xo € 74, we redefine

Qs (n) = [(1 — o)enz, n? — (1 - a)enz] X B(xg,on)
where n € Nand o € [%, 1].

Proposition 3.1 Fixe € (0,1/4), xg € 74 and let p.q,r € (1, 00] be such that (1.2) holds.
There exists c11 = c11(d, p, q,r) such that foralln > 1and 1/2 <o’ <o <1,

A% (n) s
max Qt,0,x) <cplllv(1/6® A . @0, - ,
(t,X)EQG/(I‘l)pe( ) = 11” ( / )”l,B(n)(é(o_ _0_,)2 |p0( )|111/17*,Q¢7(Vl),9

where k' = «'(d, p,q,r) == psx + pzp/(p — r«Px) With p as in Proposition 2.1 and

A(n) = |1V (M’”/Q”)|p,3(m,9 1TV vllg.Bw 11V 0N By I1 v (1/6“)]l4. B@w)-
3.1
Proof For abbreviation we set u = pg'(-,0, ) and 0} := 0 — (0 — 0/)27k . Further, write

By = B(xp,0xn) and Qi = Q,, (n). Note that |Bi|/|Brs1| < c2. Let y = 1/(2py).
Then by Holder’s inequality

’u|2p*,2,Qk,9 = |u|)1/,2y,Qk,(9 ”u”iO_,JC/XD,Qk’

and by the proof of [7, Proposition 3.8] (cf. last line on page 14), setting ¢ = 1 and § = 1

there, we have
A’f(n) K/ Ps
it lloo.00, 001 < C(7> ll3). 2000

€(ox — ox—1)?
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with k =« (d, p, ¢, r) as throughout [7]. Combining the above equations yields

I—y

2kk 14
llloo00,0i = 2P T [ull 5, o g lullog e 0y

where we have introduced J := C(Aj’ (n)/e(c — o’ )2)K/ P* > 1 for brevity. By iteration, we
have for any K € Z,

K—11_ .k
< 2 X w0 (g NPT g0 6

lulloo,c0.0,, 1,2y,00.6 00,00,0k "

Note that pg'(z, 0, x) 0“(x) < 1forallz > O and x € Z4 . Therefore,

lullso,co,0x < max 6°(x)~" max u(t,x)0°(x) < |Bg|lI1/6“ll1, -
x€Bg (t,x)eQ(n)

Y ¢
Since limsupg_, o IBKI(I’V)K < ¢ with ¢ independent of n and ||1/9“’||(1{BI’(/) <
clll v (1/6°)I1,B(n), we obtain by letting K — oo in (3.2),

2K

lulloc,c0.0, = 277 1LV (1/0) 11,560 IV [u], 5, 6 40

which completes the proof, with " := 2«. O

3.2 Proof of Theorem 1.7

Here we anneal the results of Sect. 2 to derive the annealed local limit theorem for the static
RCM under a general speed measure stated in Theorem 1.7. This will require a stronger
moment condition. For any p, g, r1,r € [1, 0o] set

M(p.q.ri.r2) == E[p?0)?]+E[*0)?]+E[6“©0) "]+ E[6°0)?] € (0, c0].

Proposition 3.2 Suppose Assumption 1.1 holds. Then there exist p, q,r1, 2 € (0, 00) (only
depending on d) such that, under the moment condition M (p, q,r1,r2) < oo, forall K > 0
and 0 < T < Ty,

IE[ sup n? pg’(nzt, 0, Lnxj)] < oo.
n=1, |x|<K, te[T1,Ts]

Before we prove Proposition 3.2 we remark that it immediately implies the annealed local
limit theorem.

Proof of Theorem 1.7 Given the quenched result in Theorem 1.5, the statement follows from
Proposition 3.2 by the dominated convergence theorem. O

The rest of this section is devoted to the proof of Proposition 3.2. We start with a conse-
quence of the maximal inequality in Proposition 3.1.

Lemma3.3 Let p, q, r € (1, 00] be such that (1.2) holds. For all K > 0,0 < T1 < T»,
there exist c1p = c12(d, p,q.r, K, T, T>) and c13 = c13(K, T) such that

sup 4 p2,0, lnx]) < e 1V (/091 sy Af(c13n)<,  Vn > 1,
|x|<K, te[T1,T2]

with A as in (3.1).
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Proof First note that by definition of the heat kernel pj,

1 1 1/px« P
w — . [ w
|pg (.0, ')yl,l/p*,Ql(n),G = <|11|/11 <|B(n)| E pg(t,0,y)0 (y)) dt)

yeB(n)

1 P«
< cn (m/ PO[X, € Bm)]Y" dt) < cen, (3.3)
1 Jn

for all n € N. Choose xo = 0 and set N = cy3n for any c13 > 2[K Vv /T>]. Then we can
find € € (0, 1/4) such that

{0t [nx]): t € [T, 2], x| K} S Qup(N) = [SN? (1 — $HN?] x B(0, N/2).

The claim follows now from Proposition 3.1 with the choice o = 1 and ¢’ = 1/2 together
with (3.3). O

Proof of Proposition 3.2 By Lemma 3.3 it suffices to show that, under a suitable moment
condition, E [ sup,~; 11 vV (1/60°) |11, pn) A (c13n)* | < 00. Recall that

AP = [1V /0], g o 1TV VO llgBon 11V 071 B IL v (1/0) g, 50

for any p,q,r € (1, o00] satisfying (1.2). After an application of Holder’s inequality it
suffices to show that E [ sup,> [[v¢ ||3’( B( n)] < 00 and similar moment bounds on the other
terms. Now suppose that E[v®(0)*"V'] < oo for any ¢’ > g¢. Then, if 4c’ > g, given

Assumption 1.1, we can apply the L”-version of the maximal ergodic theorem (see [35,
Chapter 6, Theorem 1.2], cf. Proposition 4.5 below) to deduce

E[sup ||v“’||3’f;;(n)] < cIE[v“’(O)‘“‘/] < o0.
n>1

In the case 4’ < g < ¢’, we have by Jensen’s inequality and again the maximal ergodic
theorem,

7
rava 4’

4!
/ 1 q |4 s 4!
-+ [SUP ””w”;“fB(n)] = E[sup <m Z l)w(x)q> } < cE[u?0)7 ] < oo.
n>1 n>1 xeB(n)

The other terms involving [|0“ ||, B(n) etc. can be treated similarly. ]

4 Annealed Local Limit Theorem for the Dynamic RCM

Similarly as in the static case our starting point is establishing an L' maximal inequality
for space-time harmonic functions. Once again, we redefine our space-time cylinders. For
toeR, xoeZ neN, ando € (0, 1], let

Qo (n) := [to, to + on’] X B(xo, an).

Throughout this section we fix p, g € (1, oo] satisfying

1 1 1 2
e+, 1 2 (4.1)
p—1 g¢q g d
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Proposition4.1 Lettg € R, xg € Z¢ and A € (0, 1). There exist No = No(A) € N and

c14 = c14(d, p, q) such that for all n > Ng and% <o <o <lwitho —o' >n4,

0 A Y b,
by P OO0 = <m> 17700 g,
where k' := azp*/(a —Dwitha := — + —( — 7)q+1 p as in Proposition 2.1, and
Ky—1
AL = 11V 1lpp.om 1TV Vlgg. 005 Br = 0 Y (1=,

with 9 == 1/Qapy) € (0,1) and K, := | A1nlnlo=eD |
Proof Write u(-,-) = p®(,-,0,-)and oy ;=0 — (0 — 0’)2"‘ for k € N. Then,
“u”Zap* 20 ps, Qo =< ”””1 1,04, ”u”oo 00,00,

by Holder’s inequality. Note that by the definition of K, we have oy — 03— > n~2 for all
k e{l,..., K,}. By [3, Theorem 5.5] (notice that f = 0 in the present setting which leads
to y = 1 therein), there exist ¢ = c(d) € (1, 00), N9(A) € N such that for n > Ng(A) and
kell,.. K},

Ag(m)  \* 2wk
||L¢||c>o,oo,Q(,k_1 =c m ”u”Zotp* 20 py, ng <27%J ||u||1 1,04, ||M||oo 00,00, °

. A?(n) \¥ . .
with k := ﬁ and J :=c¢ (((Tid/)z) > 1. Then by iteration,
Kp—1 L
Kn-1 ok k=0 (1=9) 1—9)Kn
lloo,cc,, = 22 X0 GEDA=D" (gp? o ) el gy
26c/9% 11 n
< 220 7V gy
where we used that u < 1. O

Assumption 4.2 Suppose that E[wy(e)>* V"] < oo and E[w(e) 2«V9] < oo for any
e € E4 with p, q € (1, oo] satisfying (4.1) and «’ as in Proposition 4.1.

Proposition 4.3 Suppose Assumption 1.9 and Assumption 4.2 hold. Then for all K > 0 and
0 < Ty < T», there exists c15s = c15(d, p, q, K, T, T») such that

IE|: sup ndp‘“(O, n3t,0, [nxj)] < ¢is.
neN, |x|<K, te[T1.T»)

We postpone the proof of the above to the end of this section. First, we deduce the annealed
local limit theorem from it.

Proof of Theorem 1.11 The statement follows from the corresponding quenched result, see
Theorem 1.10-(ii) above, together with Proposition 4.3 by an application of the dominated
convergence theorem. Note that the moment condition in Assumption 4.2 is stronger than
the one required in Theorem 1.10. O

The proof of Proposition 4.3 begins with a consequence of Proposition 4.1.
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Lemma4.4 Forall K > 0, 0 < T| < T, there exist Nig = N1o(T>, K) € N and constants
ci6 =c16(d, p,q, K, T1, T), c17 = c17(K, T2) such that for all n > Ny,

sup  nd p?0,n%,0, lnx]) < ci6 AL(c1on)*
|x|<K,te[Ty,T2]

with AS and k" as in Proposition 4.1.

Proof First note that by definition of the heat kernel p®,

1
7“0, -, 0, )1, = — p®(0,1,0, y)dt
VAN VTP ,Z
yeB(n)
—ent L[ pp [X, e Bm)]dr < en™ 4.2)
- LN - '

forall n € N. Set xo = 0, to = T} and let N = c;g n with c¢;g chosen such that
{0t |nx]) s t € [T, T, x| <K} S Q1/2(N) = [to, 1o + N?] x B(xo, N/2).

Then by applying Proposition 4.1 with the choice A = 1/2, 0 = 1 and 6’ = 1/2 we get that
forall n > fi\%} v 4,

sup n? p®(0,n’t,0, lnx]) < CAg)(Cnn)K/ nd1=hn)
|x|<K, te[Th,T2]

Since n91=An) — 1 asn — oo the claim follows. O

For the proof of Proposition 4.3 we also require a maximal ergodic theorem for space-time
ergodic environments.

Proposition 4.5 Suppose Assumption 1.9 holds. Let xo € Z¢, ty > 0 and p > 1. Then there
exists c1g = c18(p) > 0 such that for all f € LP(RQ),

1 t()+n2 1 14 ,
E|:<sup2/t.0 oo > for,,xdt> } < csE[f7]. (4.3)

n=1 1 x€B(xq,n)
Proof See the discussion following [35, Chapter 6, Theorem 4.4, p.224]. O

Proof of Proposition 4.3 By Lemma 4.4, it suffices to bound E[ sup,> A5 (c17n)”* /] under the
moment condition of Assumption 4.2. This follows by using the maximal ergodic theorem
of Proposition 4.5, similarly to the proof of Proposition 3.2. O

5 Applications to the Ginzburg-Landau V ¢ Model

In this section we apply the homogenization results for the dynamic RCM in Theorems 1.10
and 1.11 in the context of a stochastic interface model, the Ginzburg—Landau V¢ model. The
survey [30] provides a comprehensive review of this class of models. We write A € Z¢ for
A a finite subset of Z¢. A* denotes the set of all undirected edges in A, i.e. A* = {{x, y} €
Ey: x,y € A}, and we write P(S) for the family of Borel probability measures on some
topological space S.
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5.1 Setup and Existence of ¢-Gibbs Measures

The Ginzburg-Landau V¢ model describes a hypersurface (interface) embedded in d + 1-
dimensional space, R*!, which separates two pure thermodynamical phases. The interface
is represented by a field of height variables ¢ = {¢p(x) € R : x € I'}, which measure
the vertical distances between the interface and I' € Z9, a fixed d-dimensional reference
hyperplane. The Hamiltonian H represents the energy associated with the field of height
variables ¢. In general, for ' = Z% or I' € Z9,

H($) = HY! (§) = D V) —d(ky). (.1

{x.ytel™

Note that boundary conditions ¥ = {y(x) : x € 87T} are required to define the sum in the
case ' € Z9,ie. weset ¢ (x) = Y (x) for x € dFT. The sum in (5.1) is merely formal when
I' = Z¢. The dynamics of the V¢ model are governed by the following infinite system of
SDEs for ¢, = {¢;(x) : x e} € R,

oH
dey(x) = ———(¢p) dt +V2dw,(x), x €T, t>0,
3¢ (x)
where w;, = {w;(x) : x € Z4} is a collection of independent one-dimensional standard
Brownian motions. Due to the form of the Hamiltonian, only nearest neighbour interactions
are involved. Equivalent to the above in the case I' = Z is

t
$:(x) = go(x) — f Y V@@ - d+ V2w, xeZd (52

O yix—yl=1

Similarly, if I' € Z¢, we define the finite volume process by

t
¢,F"”<x)=¢5"”(x>—f Yoo V@@ -k ) de + V2w (), x €T,

yel:|lx—y|=1

subject to the boundary conditions qb,r ’w(y) = Y (y), y € 97T. The evolution of ¢; is
designed such that it is stationary and reversible under the equilibrium ¢-Gibbs measure /Lllg
or i (see (5.4) below). We denote PP, the law of the process ¢, started under the distribution
w (and E,, the corresponding expectation). By a slight abuse of notation we will also write
E,, Var, and Cov,, for the expectation, variance and covariance under j.

Most of the mathematical literature on the V¢ model treats the case of a suitably smooth,
even and strictly convex interaction potential V such that V" is bounded above. However,
we will relax these conditions; throughout the rest of this section we work with V' as in the
following assumption.

Assumption 5.1 The potential V € C2(R) is even and there exists c_ > 0 such that

c_ <V"(x), forallx e R. (5.3)

Note that under Assumption 5.1, the coefficients of the SDE (5.2) are not necessarily globally
Lipschitz continuous. However, it is still possible to construct an almost surely continuous
solution ¢,, see Proposition 5.3. The assumption that the potential has second derivative
bounded away from zero is helpful for the existence of an equilibrium ¢-Gibbs measure. For
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I' € Z4, the finite volume ¢-Gibbs measure for the field of heights ¢ € R? is defined as

=V de) = - exp (—HY
K9 = pE @) = o oxp (—H' @) dgr. (5:4)

with boundary condition ¥ € R3+r, where d¢r is the Lebesgue measure on RF and Zﬁ

is a normalisation constant. Then (5.3) implies Zl‘f < oo for every I' € Z? and hence

uﬁ e P(RT) is a probability measure. In the infinite volume case I' = Z4, (5.4) has no
rigorous meaning but one can still define Gibbs measures as follows.

Definition 5.2 A probability measure p € ’P(]RZd) is a ¢-Gibbs measure if its conditional
probability on Fre = o{¢(x) : x ¢ I'} satisfies the DLR (Dobrushin-Lanford-Ruelle)
equation

wClFro) @) = pl(), for p-ae. v, (5.5)
forallT € 7.

In order to study the properties of solutions to the system of SDEs (5.2), it is necessary
to restrict to a suitable class of initial configurations. Let S := {(¢ (X)), cz¢ : [@(x)| < a +
|x|", for some a € R, n € N} denote the configurations of heights with at most polynomial
growth.

Proposition 5.3 Given any initial configuration ¢o € S, there exists a unique solution to the
system of SDEs (5.2) such that for any x € Z¢ the process ¢;(x) is almost surely continuous
and for all t > 0 the configuration ¢, € S almost surely. Any Gibbs measure concentrated
on S is stationary and reversible with respect to the process ¢;.

Proof The proof follows by similar arguments as for the Ising model case of [41, Theorem
4.2.13]. The key observations are that equation (4.2.5) there holds for our Hamiltonian and the
relation (4.2.12b) holds for our interaction potential V', where p isdefined as p(x) = c_1 |y =1
for x € Z4. O

Brascamp-Lieb inequalities state that for I' € Z¢, covariances under the aforementioned

¢-Gibbs measure ,u# are bounded by those under /L# G, the Gaussian finite volume ¢-Gibbs

measure determined by the quadratic potential V*(x) = %xz.

Proposition 5.4 (Brascamp-Lieb inequality for exponential moments) Let T € Z%. For every
v e Rl

1
E, s [exp (109 —E 16Dy |)] <2exp (5 Varvo (0. 0)em)).  (56)

Proof See [30, Theorem 4.9]. Note that the condition V”(x) < ¢y, Yx € R, for some
¢+ > 0, is not needed for the proof. O

This inequality is pivotal in proving the following existence result, which constitutes the
first part of Theorem 1.12. We shall also employ the massive Hamiltonian

2
Hu(@) = HY, () = HY + =Y 0% m>0. (5.7)

xel
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Remark 5.5 Note that Proposition 5.4 also holds for the massive Hamiltonian Hllp’ » and in
. 2

that case the Gaussian potential can be taken to be V*(x) = #x;

Theorem 5.6 (Existence of ¢-Gibbs measures) If d > 3 then for all h € R there exists a

stationary, shift-invariant, ergodic ¢-Gibbs measure |1 € P(de) ofmeanh, i.e. E, [¢p(x)] =

h for all x € 7%

Proof Let m > 0 and first take a sequential limit as n — oo of finite volume ¢-Gibbs mea-
sures /,L& r,, With periodic boundary conditions, corresponding to the massive Hamiltonian

HY ,, on the torus I, := (Z/nZ)". Since V iseven, Eo [¢(x)] = 0. When d > 3, the
variance of the Gaussian system corresponding to the potential V*(x) = %‘x is uniformly
bounded in n, so by the Brascamp-Lieb inequality,

sup Eu&.rn [exp(Alp(x))] < o0, VA > 0.

xe€Z4, neN

In order to show tightness of (/‘31, r, )neN We introduce a weighted 12(Z4) norm

g1 ==Y ¢p)?e > forr > 0.

xezd

Then sets of the form Ky = {¢ € RZ' . ||l < M} are compact, cf. e.g. [30, proof of
Proposition 3.3]. For any n € N,

P“Q, ' (KM) |:”¢|| /MZ:I M2 Z EMM ,,[ (0)2]6—2r Il

xezd

where we have used shift-invariance of u?n r,- Then the above Brascamp-Lieb inequality
implies

e—2r x| c

N VERE Ve

xezd

sup P o (K,CW) <c

n
neN m, Tn

This tends to zero as M — oo. Therefore (/,Lgl r, )neN is tight and along some proper
subsequence there exists a limit /L?n = limg— 0o /L?n T, , a shift-invariant Gibbs measure on

7@ of mean 0. Now for all m > 0 and x € Z¢, aaf(mg‘f) > c¢_ so by the Brascamp-Lieb

inequality again (taking an infinite volume limit)

sup B0 [exp(Al@p(x)D] < o0, VA >0.

xeZ4d 0<m<]1

With this bound we can then show that the limit ©° = lim,, 10 u?n exists, analogously to
the above argument. The distribution of ¢ + & where ¢ is ° distributed is a shift-invariant
¢-Gibbs measure on 74 under which ¢ (x) has mean A for all x € 74, Having shown that
the convex set of shift-invariant ¢-Gibbs measures of mean / is non-empty, there exists an
extremal element of this set which is ergodic, see [31, Theorem 14.15]. Finally, by Proposition
5.3 this Gibbs measure is reversible and hence stationary for the process ¢;. O

Remark 5.7 The ¢-Gibbs measures exist whend > 3 but not ford = 1, 2. Aninfinite volume
(thermodynamic) limit for “(1)“ as ' 4 Z4 exists only when d > 3.
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5.2 Proofs of Theorems 1.12 and 1.13 via Helffer-Sjostrand representation

Our first aim is to investigate the decay of the space-time correlation functions under the
equilibrium Gibbs measures. The idea, originally from Helffer and Sjostrand [33], is to
describe the correlation functions in terms of a certain random walk in a dynamic random
environment (cf. also [24,32]). Let (X;);>0 be the random walk on 74 with jump rates given
by the random dynamic conductances

wr(e) == V' (Vetp) = V(¢ () = (x)),  e={x,y} € Eq. (5.8)

Note that the conductances are positive by Assumption 5.1 and, since V is even, the jump
rates are symmetric, i.e. w,({x, y}) = w;({y, x}). Further, let p®(s, t,x,y), x,y € Z¢,
s < t, denote the transition densities of the random walk X. Then the Helffer-Sjostrand
representation (see [30, Theorem 4.2] or [24, Equation (6.10)]) states that if F, G € C ; (S)
are differentiable functions with bounded derivatives depending only on finitely many coor-
dinates then for all ¢+ > 0,

o0 oF G s
Cowxfx¢m,60@)>=~4 3 Eu[ (¢w‘A—QEtlprLt+s,xMW]ds(59)
x, yezd

dp(x)  39(y)

where w is a stationary, ergodic, shift-invariant ¢-Gibbs measure. Note that for d > 3 the
integral in (5.9) is finite due to the following on-diagonal heat kernel estimate.

Lemma 5.8 There exists deterministic c19 = c19(d, c—) < o0 such that
pPO.1,x,y) < ciot™ ¥ Vi=1,x,yeZ. (5.10)

Proof Note that by Assumption 5.1, w;(¢) > c_ forallz > 0 and e € E;, which implies
the Nash inequality, i.e. for any f : Z¢ — R,

1/2

1l < clo®T7IZ2 17172,

from which the statement follows by standard arguments, see [19] and [38]. O

A consequence of the above is the following variance estimate, an example of algebraic decay
to equilibrium, in contrast to the exponential decay to equilibrium which would follow from
a spectral gap estimate or Poincaré inequality. For this model, these inequalities hold on finite
boxes but fail on the whole lattice.

Corollary 5.9 Supposed > 3 andlet u € P(de) be any ergodic, shift-invariant, stationary
¢-Gibbs measure.

(i) There exists ca9 = c20(d, c—) > 0 such that forall F, G € CI(S) andt > 0,

|Cov, (F(¢o). G(g)] < — 22— E[ (¢)] [ w>]
OVM( 0 ) ’E:Zd (3¢() 0) (3¢>() 0)

(tv 15!

(i) B, [¢(0)%] < oo

Proof (i) follows by the Cauchy-Schwarz inequality applied to (5.9) together with Lemma 5.8
and stationarity of w. Further, by taking ¢ |, 0 we deduce from (i) and dominated convergence
that sup,, E,, [(d)o O) A M)2] < 00, which gives (ii). ]
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Proof of Theorem 1.12 In Theorem 5.6 above, the existence of a stationary, shift-invariant,
ergodic ¢-Gibbs measure p has been shown. Further, the environment @ defined in (5.8)
satisfies Assumption 1.9 by the ergodicity of . Note that w;(e) > c_ for any e € E; and
t > 0 by Assumption 5.1, so we may set ¢ = oo in Assumption 4.2, which then reduces to
(1.9). The Helffer-Sjostrand relation (5.9) gives

Cov, (00 4,6 = [~ B [0, +5,0.] ds.

Now, applying Theorem 1.11,

nd_z(Covu(qbo(O),qﬁnzt(|_nxj))=/ E, [ndp")(O,nz(t—i-s),O, Lnxj)] ds
0

o0
— kiys(x)ds, (5.11)
n—oo 0
which is the claim. Note that Theorem 1.11 gives uniform convergence of the integrand
on any compact interval [0, 7] and Lemma 5.8 tells us that the integrand is dominated by
czos’%, integrable on [T, co) since d > 3. Therefore, by dominated convergence we are
justified in interchanging the limit and the integral. O

Having applied the RCM local limit theorem to prove the above space-time covariance
scaling limit, we now present an application of the invariance principle in Theorem 1.10-(i).
We use this to characterise the scaling limit of the equilibrium fluctuations as a Gaussian free
field. Recall that for f € Cg° RY andn € Zy,

Fo) =D £y and @(f,) = nm 14/ / F9(lnx))dx.
R

Proof of Theorem 1.13 Let n € Z, and set G,(A) = E,[exp(A¢(fn))], A € R. By the
Brascamp-Lieb inequality Proposition 5.4, {G,(})},>1 is uniformly bounded for A in a
compact interval. So differentiating gives

dG, (A
d}f ) =Eu[¢(fu) exp(hd (f))]-

Recall that (X;);>0 denotes the random walk on Z4 under the conductances given by (5.8).
For simplicity, we write P, for the law of the walk started from x € Z¢ at time s = 0 and E,
for the corresponding expectation. Then by the Helffer-Sjostrand relation (5.9), the above
equals

kn—(d+2)/0 3 Eu[f(x/n) Ex[f(X,/n)]exp(Ad)t(fn))]dt

xezd
= an™? /0 D2 F/m B EF (X, /n) ] expCuye, (fi)]
xezd

where we have employed a simple change of variable. The key step of the proof is to show
that

lim n~¢ fo Yo fO/m) Ex[f (X2 /)] dit = /R L@@ N dx i L.

n—00
xeZd

(5.12)
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Once this is proven, we can deduce that

dGn(2)
dxr

— A Ga () [R FEQ () dx + ho(D),

as n — oo. This relies on the fact that by stationarity of the Gibbs measure,
E, lexp(Ap,2,(fu))] = E,lexp(A¢(fr))] for any A and ¢ > 0, and this term is uniformly
bounded in n. Therefore, denoting G (A) = lim,_,~, G, (L), we have by letting n — oo,

dG(A)
dxr

— 2 GO /Rd FEQ () dx

which together with G(0) = 1 gives the claim.

Thus, it remains to show (5.12). This follows from the same arguments as for the corre-
sponding result in [16, Proposition 4.4], cf. [40, Proposition 14] also. We omit the details
here but since the right hand side of (5.12) can also be written as a time integral, the main
idea is to decompose it into an integral over [0, 7] and [T, 00), for some suitably large 7. We
then obtain the desired convergence from the integral over [0, T'] by applying the annealed
functional central limit theorem for the random walk X, which is an immediate consequence
of the QFCLT in Theorem 1.10-(i) with ¢ = oo. The remaining integral over [T, c0) can
be neglected due to heat kernel decay of order #~¢/? in Lemma 5.8. Note that in dimension
d > 3, as explained in [16, Remark 4.6], such a heat kernel estimate may serve as a replace-
ment for the decay estimate on the spatial derivative of the heat kernel in [16, Lemma 3.6].

O

5.3 Moments of ¢p-Gibbs Measures

Finally, we shall derive Proposition 1.15 giving polynomial moment bounds on the heights
¢ under any ergodic, shift-invariant, stationary ¢-Gibbs measure. Hence we can verify
the conditions in Theorem 1.12 and Theorem 1.13 for any polynomial potential satisfy-
ing Assumption 5.1. The proof will require the following comparison estimate for ¢, and
¢ where L, :=[—n,n]? N Z4 forn € N.

Lemma 5.10 Let (v be a shift-invariant Gibbs measure. There exists a positive, symmetric,
summable sequence o = (a (x))x ozd Such that the following holds. There exist constants
c21, €22, ¢23 > 0 such that for any n € N, t > 0 and any bounded Lipschitz function f on
P2 ),

Eu[(£(60) = £(0F)] = ot 1 1pa e (14 Bu[4002]),  (5.13)
where | £ lip.o = SUpszgr | £ () — F@)ID — 1510

Proof By the same arguments as the Ising model case in [41] (see (4.2.14), (5.1.5) and the
proof of Corollary 5.1.4 therein) we have for any c2p > 1 + 8dc_,

O B[ (F(9) = (@ )] = e 17 1paBiu| D o xa@) go(0? +clala)]

x¢L,

where in our setting o = Z,fio(a’)_k (xp)¥ is constructed from the sequence p(x) =
c—1jx|=1 for any ¢’ > 2dc_. Then by the shift-invariance of  and exponential decay of «
and o * o on Z4¢, we get (5.13) (cf. also [45, Section 1.1]). ]
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Proof of Proposition 1.15 Since p is stationary and shift-invariant it suffices to show that
]EM[|¢0 (0)|1’] < oo forall p > 0. By Jensen’s inequality it is enough to consider p > 2. For

any M > 1let fy(¢) := (|¢(O)| A M)p/2 which is Lipschitz continuous on 1224, o) with
||fM||121p’a < ¢ MP~2 For arbitrary r > Oandn € N,

B [ @0°] = Ba (fulor) — (O [+ B [fuot ] 614

To control the first term on the right hand side of (5.14), we fix € > 0. As argued in [41,
Theorem 5.1.3], for arbitrary A > 0 we introduce an increasing sequence of boxes L, ;) such
that co4t < n(t) < cr4(t + 1) where cp4 > 0 is chosen such that cpot — co3n(t) < —At,
with ¢33, ¢23 as in Lemma 5.10. Therefore, by (5.13) and Corollary 5.9-(ii), there exists
Te, y > 0 such that

B[ () — (@ )] < e’ (14 B, [0 )e M <€ (515)

for all t > T, p. For the latter term in (5.14), the constant zero boundary condition allows
us, via the DLR equation (5.5), to reduce the expectation to that over a finite Gibbs measure
as defined in (5.4),

EM[fM(fi’; "’0)2] =B [fM(¢; "’0)2]. (5.16)

Now, the finite volume process ¢ is stationary with respect to //L(z so by the Brascamp-
. . . . n
Lieb inequality, as argued in Theorem 5.6,

2 2
sup B [fM(qs, n0) ]: sup B, [fM(¢é”’0) ] <00, (5.17)
neN, M>0, >0 n neN, M>0 n

Substituting (5.17) and (5.15) into (5.14) gives
Eu[ (11 A M)"] < e +c. (5.18)

for all t > T, py, with the constant ¢ independent of M. However, ¢, is stationary with
respect to  so (5.18) in fact holds for all # > 0. We conclude by the monotone convergence
theorem, letting M 1 oo, that IEM[|¢0(O)|P] < 00. O

Acknowledgements We thank the referee for the careful reading and constructive suggestions. We also thank
Alberto Chiarini and Martin Slowik for discussions.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Andres, S.: Invariance principle for the random conductance model with dynamic bounded conductances.
Ann. Inst. Henri Poincaré Probab. Stat. 50(2), 352-374 (2014)

2. Andres, S., Barlow, M.T., Deuschel, J.-D., Hambly, B.M.: Invariance principle for the random conductance
model. Probab. Theory Relat. Fields 156(3—4), 535-580 (2013)

@ Springer


http://creativecommons.org/licenses/by/4.0/

35

Page 34 of 35 S. Andres, P. A. Taylor

23.

24.

25.

26.

217.

28.

29.

30.

31.

Andres, S., Chiarini, A., Deuschel, J.-D., Slowik, M.: Quenched invariance principle for random walks
with time-dependent ergodic degenerate weights. Ann. Probab. 46(1), 302-336 (2018)

Andres, S., Chiarini, A., Slowik, M.: Quenched local limit theorem for random walks among time-
dependent ergodic degenerate weights. arXiv:2001.10740, to appear in Probab. Theory Relat. Fields
(2020)

Andres, S., Deuschel, J.-D., Slowik, M.: Invariance principle for the random conductance model in a
degenerate ergodic environment. Ann. Probab. 43(4), 1866-1891 (2015)

Andres, S., Deuschel, J.-D., Slowik, M.: Harnack inequalities on weighted graphs and some applications
to the random conductance model. Probab. Theory Relat. Fields 164(3—4), 931-977 (2016)

Andres, S., Deuschel, J.-D., Slowik, M.: Heat kernel estimates and intrinsic metric for random walks with
general speed measure under degenerate conductances. Electron. Commun. Probab. 24 (2019)
Armstrong, S., Kuusi, T., Mourrat, J.-C.: Quantitative Stochastic Homogenization and Large-Scale
Regularity. Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathemati-
cal Sciences], vol. 352. Springer, Cham (2019)

Barlow, M.T., Hambly, B.M.: Parabolic Harnack inequality and local limit theorem for percolation clusters.
Electron. J. Probab. 14(1), 1-27 (2009)

Bella, P., Schiffner, M.: Non-uniformly parabolic equations and applications to the random conductance
model. arXiv:2009.11535 (2020)

. Bella, P., Schiffner, M.: Quenched invariance principle for random walks among random degenerate

conductances. Ann. Probab. 48(1), 296-316 (2020)

Benjamini, I., Duminil-Copin, H., Kozma, G., Yadin, A.: Disorder, entropy and harmonic functions. Ann.
Probab. 43(5), 2332-2373 (2015)

Berger, N., Biskup, M., Hoffman, C.E., Kozma, G.: Anomalous heat-kernel decay for random walk among
bounded random conductances. Ann. Inst. Henri Poincaré Probab. Stat. 44(2), 374-392 (2008)

Biskup, M.: Recent progress on the random conductance model. Probab. Surv. 8, 294-373 (2011)
Biskup, M., Rodriguez, P.-F.: Limit theory for random walks in degenerate time-dependent random
environments. J. Funct. Anal. 274(4), 985-1046 (2018)

Biskup, M., Spohn, H., et al.: Scaling limit for a class of gradient fields with nonconvex potentials. Ann.
Probab. 39(1), 224-251 (2011)

Boukhadra, O., Kumagai, T., Mathieu, P.: Harnack inequalities and local central limit theorem for the
polynomial lower tail random conductance model. J. Math. Soc. Jpn. 67(4), 1413-1448 (2015)
Bricmont, J., Fontaine, J.-R., Lebowitz, J.L., Spencer, T.: Lattice systems with a continuous symmetry.
II. Decay of correlations. Commun. Math. Phys. 78(3), 363-371 (1980/81)

Carlen, E.A., Kusuoka, S., Stroock, D.W.: Upper bounds for symmetric Markov transition functions. Ann.
Inst. H. Poincaré Probab. Statist. 23(2), 245-287 (1987)

Chiarini, A., Deuschel, J.-D.: Local central limit theorem for diffusions in a degenerate and unbounded
random medium. Electron. J. Probab. 20(112), 30 (2015)

. Coulhon, T.: Espaces de Lipschitz et inégalités de Poincaré. J. Funct. Anal. 136(1), 81-113 (1996)

Croydon, D.A., Hambly, B.M.: Local limit theorems for sequences of simple random walks on graphs.
Potential Anal. 29(4), 351-389 (2008)

Dario, P., Gu, C.: Quantitative homogenization of the parabolic and elliptic Green’s functions on perco-
lation clusters. arXiv:1909.10439, to appear in Ann. Probab. (2019)

Delmotte, T., Deuschel, J.-D.: On estimating the derivatives of symmetric diffusions in stationary random
environment, with applications to V¢ interface model. Probab. Theory Relat. Fields 133(3), 358-390
(2005)

Dembo, A., Huang, R., Zheng, T.: Random walks among time increasing conductances: heat kernel
estimates. Probab. Theory Relat. Fields 175(1-2), 397-445 (2019)

Deuschel, J.-D., Kumagai, T., Slowik, M.: Gradient estimates of the heat kernel in the random conductance
model. Preprint, in preparation

Deuschel, J.-D., Nguyen, T.A., Slowik, M.: Quenched invariance principles for the random conductance
model on a random graph with degenerate ergodic weights. Probab. Theory Relat. Fields 170(1-2),
363-386 (2018)

Drewitz, A., Réth, B., Sapozhnikov, A.: On chemical distances and shape theorems in percolation models
with long-range correlations. J. Math. Phys. 55(8), 083307 (2014)

Dyda, B., Kassmann, M.: On weighted Poincaré inequalities. Ann. Acad. Sci. Fenn. Math. 38(2), 721-726
(2013)

Funaki, T.: Stochastic interface models. In: Lectures on Probability Theory and Statistics, vol. 1869 of
Lecture Notes in Math., pp. 103-274. Springer, Berlin (2005)

Georgii, H.-O.: Gibbs Measures and Phase Transitions. De Gruyter Studies in Mathematics, vol. 9, 2nd
edn. Walter de Gruyter & Co, Berlin (2011)

@ Springer


http://arxiv.org/abs/2001.10740
http://arxiv.org/abs/2009.11535
http://arxiv.org/abs/1909.10439

Local Limit Theorems for the RCM Page 35 of 35 35

32.

33.

34.

35.
36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

Giacomin, G., Olla, S., Spohn, H.: Equilibrium fluctuations for V¢ interface model. Ann. Probab. 29(3),
1138-1172 (2001)

Helffer, B., Sjostrand, J.: On the correlation for Kac-like models in the convex case. J. Stat. Phys. 74(1-2),
349-409 (1994)

Huang, R., Kumagai, T.: Stability and instability of Gaussian heat kernel estimates for random walks
among time-dependent conductances. Electron. Commun. Probab., 21:Paper No. 5, 11 (2016)

Krengel, U.: Ergodic Theorems, vol. 6. Walter de Gruyter, Berlin (1985)

Krengel, U., Pyke, R.: Uniform pointwise ergodic theorems for classes of averaging sets and multiparam-
eter subadditive processes. Stochastic Process. Appl. 26(2), 289-296 (1987)

Kumagai, T.: Random Walks on Disordered Media and Their Scaling Limits, volume 2101 of Lecture
Notes in Mathematics. Springer, Cham (2014). Lecture notes from the 40th Probability Summer School
held in Saint-Flour, (2010), Ecole d’Eté de Probabilités de Saint-Flour

Mourrat, J.-C., Otto, F.: Anchored Nash inequalities and heat kernel bounds for static and dynamic
degenerate environments. J. Funct. Anal. 270(1), 201-228 (2016)

Naddaf, A., Spencer, T.: On homogenization and scaling limit of some gradient perturbations of a massless
free field. Commun. Math. Phys. 183(1), 55-84 (1997)

Newman, C.M., Wu, W. et al.: Gaussian fluctuations for the classical xy model. In: Annales de I’Institut
Henri Poincaré, Probabilités et Statistiques, vol. 54, pp. 1759-1777. Institut Henri Poincaré (2018)
Royer, G.: An Initiation to Logarithmic Sobolev Inequalities, volume 14 of SMF/AMS Texts and Mono-
graphs. American Mathematical Society, Providence, RI; Société Mathématique de France, Paris (2007).
Translated from the 1999 French original by Donald Babbitt

Saloff-Coste, L.: Lectures on finite Markov chains. In: Lectures on Probability Theory and Statistics
(Saint-Flour, 1996), volume 1665 of Lecture Notes in Math., pp. 301-413. Springer, Berlin (1997)
Sapozhnikov, A.: Random walks on infinite percolation clusters in models with long-range correlations.
Ann. Probab. 45(3), 1842-1898 (2017)

Wu, Z., Yin, J., Wang, C.: Elliptic & Parabolic Equations. World Scientific Publishing Co., Pte. Ltd.,
Hackensack (2006)

Zitt, P.-A.: Functional inequalities and uniqueness of the Gibbs measure - from log-Sobolev to Poincaré.
ESAIM Probab. Stat. 12, 258-272 (2008)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Local Limit Theorems for the Random Conductance Model and Applications to the Ginzburg–Landau φ Interface Model
	Abstract
	1 Introduction
	1.1 The Model
	1.2 Main Results on the Static RCM
	1.3 Main Results on the Dynamic RCM
	1.4 Application to the Ginzburg–Landau φ Model
	1.5 Notation
	1.6 Structure of the Paper

	2 Local Limit Theorem for the Static RCM under General Speed Measure
	2.1 Sobolev and Weighted Local Poincaré Inequalities
	2.2 Maximal Inequality
	2.3 Oscillation Inequality
	2.4 Proof of the Local Limit Theorem
	2.5 Weak Parabolic Harnack Inequality and Near Diagonal Heat Kernel Bounds

	3 Annealed Local Limit Theorem Under General Speed Measure
	3.1 Maximal Inequality for the Heat Kernel
	3.2 Proof of Theorem 1.7 

	4 Annealed Local Limit Theorem for the Dynamic RCM
	5 Applications to the Ginzburg–Landau φ Model
	5.1 Setup and Existence of φ-Gibbs Measures
	5.2 Proofs of Theorems 1.12 and 1.13 via Helffer-Sjöstrand representation 
	5.3 Moments of φ-Gibbs Measures

	Acknowledgements
	References




