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LOCAL ASYMPTOTIC NORMALITY OF THE SPECTRUM
OF HIGH-DIMENSIONAL SPIKED F-RATIOS

BY PRATHAPASINGHE DHARMAWANSA, IAIN M. JOHNSTONE
AND ALEXEI ONATSKI

We consider two types of spiked multivariate F distributions: a
scaled distribution with the scale matrix equal to a rank-k perturba-
tion of the identity, and a distribution with trivial scale, but rank-k
non-centrality. The eigenvalues of the rank-k matrix (spikes) parame-
terize the joint distribution of the eigenvalues of the corresponding
F matrix. We show that, for the spikes located above a phase transi-
tion threshold, the asymptotic behavior of the log ratio of the joint
density of the eigenvalues of the F matrix to their joint density un-
der a local deviation from these values depends only on the k of the
largest eigenvalues A1, ..., A\x. Furthermore, we show that Ai,..., A
are asymptotically jointly normal, and the statistical experiment of
observing all the eigenvalues of the F matrix converges in the Le Cam
sense to a Gaussian shift experiment that depends on the asymptotic
means and variances of A1, ..., Ag. In particular, the best statistical in-
ference about sufficiently large spikes in the local asymptotic regime
is based on the k of the largest eigenvalues only.

KeY WORDS: Spiked F-ratio, Local Asymptotic Normality, multivari-
ate F' distribution, phase transition, super-critical regime, asymptotic
normality of eigenvalues, limits of statistical experiments.

1. Introduction. The roots of the equation
(1) det (H— AE) =0,

or equivalently the eigenvalues of the F-ratio E~'H, where matrices H
and E are the ‘hypothesis’ and ‘error’ sums of squares, are fundamental for
the multivariate statistics. They form the basis for many invariant tests,
including the classical tests of the equality of two covariance matrices and of
the linear hypotheses in the multivariate regression. In this paper, we study
the behavior of these roots when the F-ratio matrix is high dimensional as
is often the case in the contemporaneous statistical applications.

We assume that under the null, both H and E are central Wisharts,
whereas under the alternative, the ‘hypothesis’ sum of squares matrix H
contains a low-rank structure. This structure is revealed either in a low-
rank difference between the covariance parameters of H and E, or in a low-
rank non-centrality in H. The former corresponds to testing the equality
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2 P. DHARMAWANSA, I. M. JOHNSTONE AND A. ONATSKI

of two covariance matrices, whereas the latter corresponds to testing linear
hypotheses in multivariate regression.

We call the eigenvalues of the low-rank difference between the parameters
of H and E the spikes. Spiked models have attracted much recent research
attention. They were introduced in Johnstone (2001) as a useful abstraction
capturing the fact that the high-dimensional sample variation often concen-
trates along a small number of distinct directions.

In the case of testing the equality of two covariance matrices, these di-
rections may correspond to a few signals that are present only in one of the
two samples. We will refer to this as the signal detection case (SigD). In the
regression context (REG), an example of a low-rank alternative would be a
one-way MANOVA with unequal group means that belong to the same low
dimensional hyperplane. Another regression example is the structural break
in the number of factors in mean, with a small number of additional factors
potentially born by a break event which splits the sample.

The focus of this paper is on the F-ratios of high dimensionality p. We
consider the asymptotic regime where p goes to infinity proportionally to
the ‘sample sizes’ represented by the ‘hypothesis’ (matrix H) and ‘error’
(matrix E) degrees of freedom (d.f.). Our main results can be summarized
as follows.

First, we establish a phase transition threshold such that if the spikes are
below it, or sub-critical, then any finite number of the largest eigenvalues
of the F-ratio almost surely (a.s.) converge to the upper boundary of the
support of the limiting spectral distribution of E-1H, derived by Wachter
(1980). In contrast, when m of the spikes are super-critical, the m of the
largest eigenvalues of the F-ratio a.s. converge to locations strictly above
the upper boundary of the Wachter distribution. The threshold turns out to
be the same for SigD and REG cases.

Second, we prove the joint asymptotic normality of the m of the largest
eigenvalues of the F-ratio that correspond to the super-critical spikes. We
derive explicit formulas for the asymptotic means and variances. In both
SigD and REG cases, the asymptotic variance is highly sensitive to the ratio
of the dimensionality to the ‘error d.f.’. Even small non-zero values of this
ratio lead to very substantial variance increases.

Third, and most important, we establish quadratic asymptotic approx-
imations to the likelithood ratios corresponding to local alternatives for k
super-critical spikes. We find that the approximations depend only on the
k largest eigenvalues of the F-ratio, and that the statistical experiment of
observing all the eigenvalues is Locally Asymptotically Normal (LAN). The
limiting experiment is a simple k-dimensional Gaussian shift. This result im-
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LAN PROPERTY OF SPIKED F-RATIOS 3

plies that the asymptotically optimal inference on the k super-critical spikes
can be based exclusively on the k largest eigenvalues of the F-ratio.

We conduct a small-scale Monte Carlo experiment to assess the quality
of the LAN confidence sets for super-critical spikes. The experiment shows
that the coverage rate of the sets is very close to the nominal one. Moreover,
surprisingly, the coverage rate remains good even for low dimensional data.
Iain: I thought it would be nice to add the Monte Carlo results
from your second to the last Lumini slide. I have added some
experiments and removed reference on bootstrap intervals because
I thought that the consensus is that they do not work.

The previous literature on the eigenvalues of F-ratios is vast and old. The
finite sample null distribution of the eigenvalues was independently derived
by Fisher, Girshick, Hsu, Roy, and Mood in 1939 (see Wilks (1962) for ci-
tations). The non-null distributions were classified in James (1964). There
have been many subsequent finite sample research papers. These papers are
typically motivated by the fact that the power of various tests in MANOVA
context depend on the population non-centrality of an F-ratio. To choose
between the available tests, one can use the eigenvalues of the F-ratio con-
structed from a preliminary sample to estimate the non-centrality (see Leung
and Muirhead (1987)). As another motivation, Sheena et al (2004) cite the
need for estimating the non-centrality of an F-ratio in constructing modified
model selection criteria.

In the context of high dimensional data, much recent research focuses
on the eigenvalues of sample covariance matrices, which can be viewed as
degenerate F-ratios with E = [,,. Baik et al (2005) derive the asymptotic
distributions of a few of the largest eigenvalues of complex Wisharts. Paul
(2007) establishes the asymptotic normality of the fluctuations of a few of
the largest eigenvalues of real Wisharts in the super-critical case. Féral and
Péché (2009), Benaych-Georges et al (2011) and Bao et al (2014) show that
the fluctuations in the sub-critical real case have the Tracy- Widom distri-
bution, while Mo (2012) and Bloemendal and Virag (2011, 2013) establish
the asymptotic distribution of a different type in the critical regime.

In a setting of two independent and not necessarily normal samples with
different covariances (SigD case), the phase transition phenomenon has been
studied in Nadakuditi and Silverstein (2010). They obtain a formula for the
threshold and establish the a.s. limits of the largest eigenvalues correspond-
ing to the super-critical spikes. The asymptotic distribution of the eigenval-
ues is described in their paper as an open problem. Qur paper solves this
problem for the case of two normal samples, including the REG case, which
was not covered by Nadakuditi and Silverstein (2010).
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4 P. DHARMAWANSA, I. M. JOHNSTONE AND A. ONATSKI

We expect that our asymptotic normality results can be extended to the
F-ratios constructed from non-normal samples. In the one-sample case, an
extension of Paul’s (2007) asymptotic normality results has been done in
Bai and Yao (2008). For non-degenerate F-ratios, our asymptotic normality
result for SigD case has been recently extended by Wang and Yao (2015).
Iain: Bai and Yao’s theorem is incorrect, Wang and Yao’s proofs
are incomplete. How should we handle this?

The focus of this paper on normal data is dictated by our main goal:
establishing the LAN property for the eigenvalues of the F-ratio. To reach
this goal, we derive an asymptotic approximation to a log likelihood process
by representing it in the form of a multiple contour integral, and applying the
Laplace approximation method. The explicit form of the joint distribution
of the eigenvalues of E71H is known only in the normal case, and we need
such an explicit form for our analysis.

A decision-theoretic approach to the finite sample estimation of the eigen-
values of the “ratio” of the population covariances of H and E, or the eigen-
values of the non-centrality parameter of H was taken in many previous
studies (see Sheena et al (2004), Bilodeau and Srivastava (1992), and refer-
ences therein). In one of the first such studies, Muirhead and Verathaworn
(1985) explain that the ideal decision-theoretic approach that directly ana-
lyzes expected loss with respect to the joint distribution of the eigenvalues
of ET'H “does not seem feasible due primarily to the complexity of the
distribution of the ordered latent roots...” Instead, they focus on deriving
an optimal estimator from a particular class.

The proportional asymptotics used in this paper preserves a salient feature
of the finite sample, by making the dimensionality of the data non-negligible
relative to the sample size. From this perspective, our LAN result can be
viewed as an asymptotic implementation of the ideal decision-theoretic ap-
proach to the finite sample estimation. We overcome the complexity of the
joint distribution of the eigenvalues by using a tractable multiple contour
integral representation of the log likelihood process, which follows from the
multiple contour integral representation of hypergeometric functions of two
matrix arguments, established in Onatski (2013), Dharmawansa and John-
stone (2014), and Passemier et al (2014).

The LAN result of this paper stays in sharp contrast to the asymptotic
behavior of the likelihood ratio in the sub-critical regime. In a separate pa-
per, we show that the statistical experiment of observing the eigenvalues
of an F-ratio with a single sub-critical spike is not LAN. The correspond-
ing likelihood ratio depends only on a smooth functional of the empirical
distribution of all the eigenvalues of E"1H, so that asymptotically optimal
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LAN PROPERTY OF SPIKED F-RATIOS 5

inference about the spike may ignore information contained in the largest
eigenvalue. This is totally different from what happens in the super-critical
regime, as our LAN result implies that the asymptotically optimal infer-
ence about super-critical spikes can be based on the corresponding largest
eigenvalues only.

The rest of the paper is structured as follows. In the next section, we de-
scribe our setting. In Section 3, we explore the phase transition and derive
the a.s. limits of the super-critical eigenvalues. In Section 4, we establish
the asymptotic normality of the super-critical eigenvalues. In Section 5, we
derive an asymptotic approximation to the joint distribution of all the eigen-
values of E"'H for the case of k super-critical spikes. In Section 6, we show
that the likelihood ratio in the local parameter space is asymptotically equiv-
alent to a linear combination of k£ of the largest eigenvalues, and establish
the LAN property. Section 7 concludes.

2. Setup. Suppose that
(n1 + ]{Z)H ~ Wp (7”1,1 + k, X1, Ql) and mn9E ~ Wp (TLQ, 22)

are independent non-central and central Wishart matrices respectively. For
the non-centrality parameter €)1, we use a symmetric version of the definition
in Muirhead (1982, p. 442). That is, if Z is an n x p matrix distributed as
N (M,I, ® X), then Z'Z ~ W), (n,%,Q) with the non-centrality parameter
QO =2"Y2M'MX~1/2, We are interested in the eigenvalues A\p1 > ... > App
of F=E"'H.

In what follows, we will assume that ¥9 = I,,. This assumption is without
loss of generality because the eigenvalues of F do not change under the
transformation H — E;UZHZEI/Q, E — 251/2E251/2. We will consider
two different settings for the parameters >; and ;.

1. Spiked covariance (SigD): ¥; = I, + LsL' and ©; = 0, where
s = diag {s1, ..., s} with s; > ... > s, > 0 is the diagonal matrix of
the covariance spikes, and L is a p X k matrix with orthogonal columns,
which consists of nuisance parameters.

2. Spiked non-centrality (REG): ¥; = I, and Q; = nyLsL’ with
ng = ny1 + k, where L and s are as defined above, but the diagonal
elements of s are interpreted as non-centrality spikes.

Is is convenient to think of H as the sample covariance matrix XX'/ng
of a sample X having the factor structure

(2) X=LF+¢
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6 P. DHARMAWANSA, I. M. JOHNSTONE AND A. ONATSKI

with L, F', and ¢ playing the roles of the normalized factor loadings, fac-
tors, and idiosyncratic terms, respectively. Matrices F' and € are mutually
independent, and independent from E. The entries of ¢ are i.i.d. stan-
dard normals, and the distribution of F' depends on the setting. For SigD,
F ~ N (0,I,, ® s), whereas for REG, F is a deterministic matrix such that
F'F/ng = s. With this interpretation, SigD and REG describe, respectively,
distributions of H which are unconditional and conditional on the factors.
In both cases the spike parameters s; measure the j-th factor’s variability
or ‘strength’.

Let us introduce a convenient representation for the eigenvalues of F.
First, note that these eigenvalues are invariant with respect to the simulta-
neous transformations

(3) X—UXV=X and E~—UEU =E,

where U is a random matrix uniformly distributed over the orthogonal group
O (p),and V € O (ng) is such that the submatrix of its first k£ columns equals

F(F'F) Y2,
Note that UL can be represented as

UL = v(v'v)" V2 = oW1/,

where v is a p X k matrix with i.i.d. standard normal entries, and W, ~
Wi (p, I;). Furthermore,

X = [UWU_1/251/2W}£/2,0] + ¢,

where v, €, and Wy are mutually independent, the entries of € are i.i.d.
standard normals, and the distribution of W depends on the setting. For
SigD, Wg ~ Wy (ng, Ii) , whereas for REG, Wr = ng .

Let us denote the submatrix of the first £ columns of € as u. Then

(4) XX,:§§,+TZ1H’

where niH ~ W, (n1,1,), H and £¢' are mutually independent, and inde-
pendent from E, and

(5) € = oW, 2 PWHE u,

Using (3) and (4), we obtain the following convenient representation for
the eigenvalues A\,1 > ... > Ay of F. Let A\ > ... > Ay, be the roots of the
equation

(6) det (¢¢'/m1 + H — zE) = 0.
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LAN PROPERTY OF SPIKED F-RATIOS 7
Then
(7) Apj = n1dp;/ (m1 + k).

This representation is convenient because the roots of (6) can be viewed
and analyzed as perturbations of the roots of equation det (H —zFE) = 0
caused by adding the low-rank matrix ££'/n; to H. Here &, H, and FE are
independent and

niH ~ Wy(ni, Ip), no 8 ~ Wy(ng, I,).
If x € R is such that H — xF is invertible, then

(€¢'/n1 + H —2E) " = Q — Q¢ (I + £Q¢/n1) ' €Q/m,

where Q = (H — a:E)_l. Therefore, if = is a root of the equation
(8) det (Iy + € (H — 2B) " ¢/n1) =0,

then it also solves (6), and hence, behavior of the roots of (6) can be inferred
from that of the random matrix-valued function

(9) M (z) =€ (H — zB) "' ¢/n.
This is the main idea of the analysis in the next section.

3. Phase transition and almost sure limits. We will consider the
proportional asymptotic regime where ny,no, and p diverge to infinity so
that

c1 =p/n1 — 7 and ¢ = p/ng — 72 with v; € (0,1).

Let n = (n1,n2) and v = (71,72). We will abbreviate the above asymptotics
as p,m — 0.

As follows from Wachter’s (1980) work (see also Yin et al. (1983) and Sil-
verstein (1985)), as p, n —, 0o, the empirical distribution of the eigenvalues
of E7'H converges in probability to the distribution with density

1=y VBr = NA=58)
2m A1+ 72A)

(10) 1{B- <A< By}

The upper and the lower boundaries of the support of this density are

1+p)\?2
Br = <—,52) ; where p = /71 + 72 — 172
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8 P. DHARMAWANSA, I. M. JOHNSTONE AND A. ONATSKI

The results of Silverstein and Bai (1995) and Silverstein (1995) show
that the empirical distribution converges not only in probability, but also
a.s. Furthermore, a simple extension of Theorem 1.1 of Bai and Silverstein
(1998) that covers random E (Lemma SM1 in the Supplementary Material)
implies that the largest eigenvalue of E~1H a.s. converges to 3.

The latter convergence, together with (7) and Weyl’s inequalities for the
eigenvalues of a sum of two Hermitian matrices (see Theorem 4.3.7 in Horn
and Johnson (1985)), imply that the k4 1-th largest eigenvalue of F, A, j41,
a.s. converges to f4. Those of the k largest eigenvalues that remain separated
from B as p,n —~ 0o, must correspond to solutions of (8). Below, we study
these solutions in detail. The Supplementary Material (SM) contains proofs
of the following three auxiliary lemmas.

LEMMA 1. For any x > B4, as p,n —~ 00,

(11) tr(H —2E)" /p %3 m(0;z) and
d _ d
(12) o (H —aB)" p 5 —m(0;),
where m(0;z) = lim,_,om(z;z), and m = m(z;x) € C" is an analytic
function of z € C* that satisfies equation
1 1
1+~ym m 1 —yam

LEMMA 2. For any x > 4, as p,n —~ 00,

HM (z) — (s +ylp) tr (H —2zE) ™" /pH 20 and
oM @) = (sl e (= oB) ™y %5 0

dz
where ||-|| denotes the spectral norm.

In the next lemma, and throughout this paper, the statement “for suffi-
ciently large p” abbreviates “for sufficiently large p and n along the sequence
Dy T —~ 00",

LEMMA 3. (i) For any € > 0, the eigenvalues of M (x) are strictly in-
creasing functions of x € (B4 + €,00) for sufficiently large p, a.s.;

(ii) m(0; x) is a strictly increasing, continuous function of x € (B4, 00);
(iii) limy oo m(0;2) = 0, and limy g, m(0;x) (s; +v1) < —1 if and only if
s; > 5, where

§=(r+p)/(l-"7).
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LAN PROPERTY OF SPIKED F-RATIOS 9

Let 5\p1 > ... > 5\pk be the k largest solutions of equation (8). By Lemmas
1-3, if

(14) 81> ... >8> 5> 8441 > ... > S,

then 5\p,~ % x;, where x;, i =1, ..., q, are such that

(15) 1+ (s; +71) m(0;2;) =0

and m(0; x;) satisfies (13) with x replaced by z;. In particular,

1 1 xZ;

_ — =0.
1+ ym(0;z;)  m(0;2;) 1 —~vexm(0;x;)

(16)

Combining (15) and (16), we obtain

1 xX;

S; Si + 71+ V2w

I

which implies that

(si+m)(si+1)

17 i = .
(17) T s (st )

By (7), nlj\pi/ (n1+k), i =1,...,q, must be the ¢ largest eigenvalues of
F, and thus, z;, ¢ = 1,...,q, describe their a.s. limits. Since there are only
q roots of (8) that are asymptotically separated from (B4 and are located
above (5, the other k — ¢ of the largest eigenvalues of F must a.s. converge
to B4+. To summarize, the following theorem holds.

THEOREM 4. Suppose that s1 > ... > 54 > 5> 8411 > ... > 5p, and let
Api be the i-th largest eigenvalue of F. Then for i < g,

Mot &5 (si+m)(si+1)
si — 72 (si+1)

as p,n —~ 00. For q <i <k, Ay % 5.

As follows from Theorem 4, § = (72 + p) / (1 — 72) is the phase transition
threshold for the eigenvalues of the spiked F-ratio. The value of this thresh-
old diverges to infinity when v — 1. Note that when 7 is close to one, the
smallest eigenvalue of F is close to zero, which makes F~! a particularly bad
estimator of the inverse of the population covariance 5 ! When ~; — 0,
the threshold converges to /91, which is the phase transition threshold for
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10 P. DHARMAWANSA, I. M. JOHNSTONE AND A. ONATSKI

the eigenvalues of one spiked Wishart matrix. In such a case, x; converges
to (si +71) (si + 1) /s;, which is the a.s. limit of the i-th largest eigenvalue
of the spiked Wishart when the i-th spike s; is above /7.

When both 7 and 5 converge to zero, x; converges to s; + 1, which is the
population analogue of \j;. For positive v; and 72, Ay; is an upward biased
estimator of s; + 1. The relative bias \p;/(s; + 1) converges to 1/(1 — 72)
when the spike s; diverges to infinity. The sizes of the relative and absolute
biases are very senistive to the value of 2. They quickly increase when v
rises above zero. Such a behavior is illustrated in Figure 1.

457

35F .7
3 ="

25¢

15/ - =

0 0.5 1 15 2 2.5
Si

Fic 1. The a.s. limits of A\pi as functions of s; for s; > 5. The top line corresponds to
v1 =1/2,v2 = 1/10. The dashed line corresponds to the same v1, but 2 = 0. The straight
line is the population analogue of Api, si + 1.

4. Asymptotic normality. In this section, we will assume that (14)
holds, so that only ¢ eigenvalues of F separate from the bulk asymptotically.
We would like to study their fluctuations around the corresponding a.s.
limits. Theorem 4 shows that the limits x; depend on 7; and 2. Because of
this dependence, the rate of the convergence has to depend on the rates of
the convergences ¢c; — 71 and ca — 2. However, as will be shown below,
the latter rates do not affect the fluctuations of \; around

(S¢ + 61) (Si + 1)

l; =
S; — C2 (Si+1)

)
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LAN PROPERTY OF SPIKED F-RATIOS 11

which are obtained from x; by replacing 71 and 72 by ¢1 = p/n; and ¢z =
p/ng2 in equation (17).

Similar to z;, which are linked to the Stieltjes transform of the limiting
spectral distribution of H — zF via (15), [; also can be linked to the limit-
ing Stieltjes transform, albeit under a slightly different asymptotic regime.
Precisely, let my, (z; ) be the Stieltjes transform of the limiting spectral dis-
tribution of H — xE as nj, ng, and p diverge to infinity so that p/n; and
p/na2 remain fized. Then, similarly to (15), we have

(18) 1+ (s; + c1) mp(0;1;) = 0.

This equation will be useful in our analysis below, where we maintain the
assumption that p/n; and p/na are not necessarily fixed, but converge to 1
and ~s, respectively.

Recall that, by (7), Ay = nljxm-/ (n1 + k), where 5\pi, 1 =1,...,q, satisfy
(8). Clearly, the asymptotic distributions of \/p (Ap; — I;) and |/p (;\pi — li> ,
1 =1, ..., ¢q, coincide. Therefore, below we will study the asymptotic behavior
of the latter. By the standard Taylor expansion argument,

b = - JBdet M (1;)
' d%c det M (lz) + % (j\pz - lZ) % det M (ZNZ) 7

(19) VB (A -

i=1,...,q, where M (z) = I}, + M (z), and I; € {li,j\pi] .
We have (see, for example, Magnus and Neudecker (1999) pp. 149-150)

4 det M (I;) = det M (I;) tr J (l;) , and

dz
L etm (L) = det M () {tr R (1) + (tr T (1)) — tr J* (1) |
d$2 1) (2 7 (2 K3 ?
where
1 d 1 d2
J(x) =M (x) aM(w), and R(z) = M (z) @M(x)

Since the event
det M (1;) =0 or 1 4+ M;;(l;) = 0 for some i = 1,...,q

happens with probability zero, we can simultaneously multiply the numera-
tor and denominator of (19) by (1 + M;;(l;)) / det M (I;) to obtain

VB (1+ Mii(l))
o(l) + 1 (Xm- - zl-) 5()

(20) Vo (S =) = -

imsart-aos ver. 2012/04/10 file: supercritical.tex date: January 28, 2017



12 P. DHARMAWANSA, I. M. JOHNSTONE AND A. ONATSKI

where
U(ll) = (1 + M“(lz)) trJ (lz) , and
O(ls) = (1+ Mis(l) {tr R (L) + (tr T (1))* — tr J* ()} -

A proof of the following lemma is given in the SM.

LEMMA 5. Foranyi=1,...,q, we have: (i) o(l;) L (si +71) Em(0;2;);
(ii) 6(L;) = O(1) a.s.

Equation (20), Lemma 5, and the Slutsky theorem imply that, for the
purpose of establishing convergence in distribution of /p (Xm — li), i =
1,...,q, we may focus on the numerator of (20)

Zii(li) = /p (1 + M;i(li) = /p [Mii(li) — (si + c1) mp(0;1:)]

where the last equality follows from (18).
The random variable Z;; is the entry of the matrix

Z(li) = /p[M(l;) — (s + c1ly) mp(0; ;)]

that belongs to the i-th row and the ¢-th column. Let us now introduce new
notations. Let

D = (Wg/n1)"? s (W, /p)~'/2,
G=(H-LE)"/p,
Ap = a1 (We/m)"? = I) , and
Ay =p(Wy/p—1).

Then, using equations (9) and (5), we obtain the following decomposition.

201)=Y"_ 72V,
where

ZW = Dp(W'Gu — Iy tr G) D',
72D = (tr G) D (W, /p)~* 512\ /a1 A,
JASIEE, G\/aApsl/2 (VVU/;D)*1 s/2,
ZW = _ (tr G) 52N, (W, /p) L 12,
70 = /e1/p (DV'Gu + u'GuD')
70 — c1y/p (W'Gu — Iy tr G) ,
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LAN PROPERTY OF SPIKED F-RATIOS 13

and
70 = (s + 1) /p (tr G — my(0; 1))

For the last term, Z(7, we have the following lemma.
Lemma 6. Z(M %50,

A proof of this lemma is given in the SM. Had [; been negative, H — [; E/
would have been having the form YTY' with Y ~ N (0,1, ® Iy, 4n,) and
a positive definite diagonal T" with converging spectral distribution. Then
Lemma 6 would have been following from the results of Bai and Silverstein
(2004). Our proof extends Bai and Silverstein’s (2004) arguments to the case
of negative I;.

Further, the asymptotic behavior of the terms Z(2) and Z®) differ de-
pending on the setting. Recall that for SigD, Wr ~ Wy (ng, I). Then,
since

AF = 4/ N1 (Wp/nl — Ik) /2 + op (1) s
a standard CLT together with Lemma 1 imply that

(21) diag (22 + ) % N (0,291m?(0; z:)s?)

The latter limit is independent from the limits of Z(), j # 2,3, because Wg
is independent from u and v.
In contrast, for REG, we have W = ng Iy, and Ap = o(1). Therefore,

(22) diag (2® + 2®) S 0.

Let us now establish the convergence of the remaining components ZU).
Let b; and B; be such that [b;, B;] includes the support of the limiting spectral
distribution, F'(\;x;), of H —[; E. Moreover, let [b;, B;] be such that none of
the eigenvalues p11; > ... > p,,; of H—;E lies outside [b;, B;] for sufficiently
large p, a.s. Further, let g; with j = 1,..., J, where J is an arbitrary positive
integer, be functions which are continuous on [b;, B;] and let ¢ denote a p x g
matrix with i.i.d. N(0,1) entries, independent from H and E. Finally, let

92{(ja577§):j=1,...,J;1gsgtgq}'

The following lemma can be viewed as a special case of Theorem 5.2 in
Capitaine et al (2009) or Theorem 7.2 of Bai and Yao (2008), modified to
fit the needs of this paper. For readers’ convenience, its proof is given in the
SM.
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14 P. DHARMAWANSA, I. M. JOHNSTONE AND A. ONATSKI

LEMMA 7. The joint distribution of random variables

{\/Lﬁzjj_lgj (tri) (CrsCrt — Ost) , (Jy s, 1) € @}

weakly converges to a multivariate normal. The covariance between compo-
nents (j,s,t) and (j1,s1,t1) of the limiting distribution is equal to 0 when
(8,t) # (s1,t1), and to (1 + 6st) [ 9;(N)gj, (N) dF'(X; ;) when (s,t) = (s1,t1).

Note that all entries of ZU), j =1,4,5,6 are linear combinations of the
terms having the form considered in Lemma 7, with weights converging in
probability to finite constants. Take for example Z (1), Its entries are linear
combinations of the entries of

L, -1 1 -1
—v (H—-LE) v—I,—tr(H—-LFE) ",
7 ( ) 7 ( )

L . p -1
which, in turn, can be represented in the form %Zrzl (fri) ™ (GrsGrt — Ost) -

The matrix ¢ is obtained by multiplying [u, v] from the left by the eigenvec-
tor matrix of H — [; .
Lemma 7 implies that vector (Z 1) 74 7060 76)

i Ly Ly Ly ) converges in distrib-
ution to a four-dimensional normal vector with zero mean and the following

covariance matrix

2s2m/ (0;x;)  —2s?m? (0; ;) 0 0
—282m? (0;z;)  2s2m? (0; ;) 0 0
0 0 4y18;m' (0; 25) 0

0 0 0 2v2m/ (0; ;)

Combining this result with Lemma 6, and convergencies (21) and (22), we
obtain, for SigD,

(23)  Zual) 5 N (0,2(si +91)* m’ (033) — 257 (1 — ) m*(0;23))
and, for REG,
(24) Zi(li) 5 N (0’ 2(si+m)°m (0;2;) — 23@27”2(0;331‘)) :

To establish the joint convergence of Z;;(l;), i = 1, ..., q, we need another
lemma. For each i = 1,...,q, let g;;, with j = 1, ..., J, be functions continuous
on [bi, Bl] .
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LAN PROPERTY OF SPIKED F-RATIOS 15

LEMMA 8. For any set of pairs {(s;,t;) : i = 1,...,q} such that (si,,ti,) #
(Sig,tiy) for any i1 # i, the joint distribution of random variables

{%Zlegﬁi (Nr,i) (Crsicni - 6S¢t¢) ,i=1,.. q}

p

weakly converges to a multivariate normal. The covariance between compo-
nents i1 and io of the limiting distribution is equal to 0 when i1 # is.

A proof of this lemma is very similar to that of Lemma 7, and we do
not report it. Lemma 8 implies that Z;;(l;), i = 1,...,q jointly converge
to a g-dimensional normal vector with a diagonal covariance matrix. This
result, together with equations (7, 20), Lemma 5, and convergences (23, 24)
establish the following lemma.

LEMMA 9. The joint asymptotic distribution of \/p (Api —1;),i =1,...,q
18 normal, with diagonal covariance matriz. For SigD, the i-th diagonal el-
ement of the covariance matriz equals

(25) 2 (si +71)° m (0;2) — 257 (1 — ’712) m?(0; z;)
(55 +71)? (d%m(o; wi))
For REG, it equals
2 (s; 4+ 71)*m’ (0;2;) — 252m2(0; z;)
(i +m)? (&m(0:a))”

(26)

In the SM, we establish the following explicit expressions for m? (0;x;),
m' (0;2;) , and <Lm(0;z;) :

(27) m? (0;;) = (s +71) 7,
3,2
(28) m' (0;z;) = — !

(si +m)? (71 +72 (14 80)° = 312)

— (2 (1+ ) — 5)° '
(si +m)> (’n +y2 (1 +5:)° — 8?)

(29) dm (0; z;) /dx =

Using (27), (28), and (29) in (25) and (26), we obtain
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16 P. DHARMAWANSA, I. M. JOHNSTONE AND A. ONATSKI

THEOREM 10. Let § = (y2+p)/(1—72), s = —(m+72)/(2+p),
and d(s;) = (1 — ~v2)s; — v2. Then, for any s1 > ... > sq > 5, the joint
asymptotic distribution of /b (Api — i), i =1,...,q is normal with diagonal
covariance matriz. In particular,

(30) VB i = 1) 5 N (0,7%(s1)) ,
where 72(s;) = w(s;) x t(s;) with

t(si) = (L —2)(si — 5)(si — 5)/d*(sy)
and

Bl w(s) = { 20si(l+s)/d(s) for SigD,
Z 2 (psi(1 + s;)/d(s:))* — 21s7t(s;) for REG.

REMARK 11.  The w(s;) component of the asymptotic variance will play
the role of the scaling factor in our LAN result below. The fact that the as-
ymptotic variance is smaller for REG than for SigD accords with intuition.
Indeed, as discussed above, REG corresponds to the analysis conditional on
factors F, whereas SigD corresponds to the unconditional analysis. The fac-
tors’ variance adds to the asymptotic variance of \p;.

Similarly to the bias discussed in the previous section, the asymptotic
variance of \,; is sensitive to the size of 2. Figure 2 shows that even a small
increase in 79 may lead to a large increase in the variance.

As the value of the spike s; approaches the phase transition threshold
5 from above, the asymptotic variance converges to zero. As s; — oo, the
standard deviation increases linearly in s; so that the coefficient of variation
does not approach zero for large spikes. The limit of the squared coefficient
of variation equals

§;—00

. 20\ — | 207/ (L—72) for SigD
lim CV*(\y) = { 272/ (1 —72) for REG.

Again, it is sensitive to the value of 79, approaching to infinity as v — 1.

For SigD, when v — 0, the asymptotic variance of A,; converges to the
correct asymptotic variance

271 (s; + 1)2 (S? — 'yl> /S?

of the i-th largest eigenvalue in the spiked Wishart model as derived in
Paul (2007). For REG, it converges to the asymptotic variance of the i-th
largest eigenvalue in the Wishart model with non-centrality spikes, derived
in Onatski (2007).
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LAN PROPERTY OF SPIKED F-RATIOS 17

1 Asymptotic variance, REG

10+

F1G 2. The asymptotic variance of A\pi, REG case. The solid and dashed lines correspond
to v2 = 0.1 and 2 = 0, respectively. For both lines, 11 = 1/2.

5. Analysis of the joint density of eigenvalues. In the rest of the
paper we study the statistical experiment of observing the eigenvalues of F
when the k spikes are local to some fixed points sg; > ... > sgi above the
phase transition threshold s. The asymptotics of such an experiment can be
characterized by that of the likelihood ratio corresponding to the null and
alternative hypotheses

Hp : 8™ = 59 and Hj : ™" = s = 50+ 6//D,

where sg = diag {so1, ..., Sox } , and § = diag {1, ..., 0y } is the diagonal matrix
of local parameters §; € R. Here we instruduce notation s for the true
values of the spikes to contrast them with the spike parameters, s.

When s = s, the joint density of the p eigenvalues of the multivariate
Beta matrix (ngH + ngE)_1 n g H has the following form ( see James (1964),
Khatri (1967), and Muirhead (1982), pp. 312-314):

(32) fSigD (.’L‘; 8) _ ZS}T%D (.’L‘)

= Fy (N/2: Ls(I —1r/
det(Iy, + s)mn /2 o (N/2iLs(li+ )" Lsz)

whereas for REG, we have

(33) fREG(x'S):ﬂ Fy (N/2,ny/2;nyLsL’ /2, )
’ etr {ngs/2} ! LS T T
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18 P. DHARMAWANSA, I. M. JOHNSTONE AND A. ONATSKI

Here the argument of the density, x, is a p x p real diagonal matrix; 1 Fy
and 1} are the hypergeometric functions of two matrix arguments; N =
ng + ng; L is the p X k matrix of nuisance parameters, or factor loadings,
as in (2); and Zg%se(:n) with Case = SigD, REG depend on ng,ng,p and =z,
but not on s.

Let /N\pj be the eigenvalues of (ngH + ngE)_1 ngH for some arbitrary

value of strue

, not necessarily equal to s, and let A= diag {5\]31, e ,)\pp}.
We would like to study the asymptotic behavior, under the null hypothesis,

of the likelihood ratios
£Oe (R )/ O (A )

with Case = SigD, REG as p,n —, 0.

The eigenvalues ij are related to the eigenvalues \p; of the F-ratio as

follows 3

Apj = anApj/ (1 + andpj), where ay = ng/ng;
For the purpose of the analysis of the likelihood ratios, we find it more
convenient to work with S\pj rather than with Ap;.

First, we use Lemma 1 of Passemier et al (2014) to rewrite fSiP(A;s)
and fREG (fX, s) in the form of repeated contour integrals that involve hyper-
geometric functions of two matrix arguments of fixed dimension k£ x k. Let
Z be a k x k diagonal matrix with complex variables z; along the diagonal,
and let

k k p _
30)  w=][ (1 _ Zi251>1/2 II [Zj(pk+1)/2H (1 _ S\pszjl) 1/21 7

i j=1 s=1
where the principal branches of all the fractional powers are taken. Let

Cgf{se([\) be some real quantity that depend on ‘Case’, ng,na, p and A, but
not on s; and let

) T N
(85) kD (s) = [det (I + 8)]% [det 5]7% )
and
36 kREG s) = etr —npys 2 dets 7P7TH

PN

LEMMA 12. LetK be a counter-clockwise oriented contour in the complex
plane that encircles zero and \y;, j = 1,...,p, and intersects each of the rays
{z:argz = ¢}, p € (—m, 7] only once. Then, for even p —k + 1, we have

N CCase (A)kCase (S) k
37 Case A; s) = p,n p,n / / wf-Czse dZ‘,
(37) (A ) @) o @, Z:Hl i
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LAN PROPERTY OF SPIKED F-RATIOS 19

where 1 is the imaginary unit, Case = SigD, REG,

: N — k+1
(38) fng%D = lFO (#a S(Ik + S)_1>Z> ’
and
N — k+1 — k+1
(39) ‘7:'11;{7];]@: _— ( p;‘ + 7nH p;‘ + ;77/7[{8 Z) .

The lemma is a direct corollary of Lemma 1 of Passemier et al (2014). The
requirement that K intersects each of the rays emanating from z = 0 only
once ensures that the branches of the fractional powers in w are principal.
Indeed, Onatski’s (2013) Lemma 1, which Lemma 1 of Passemier et al (2014)
is based on, is proven first under the assumption that K is the unit circle
and the principal branches of the fractional powers in w are used. Then the
contour is deformed without changing the value of the integrals. When K
is deformed so that the rays {z: argz = ¢}, ¢ € (—m, 7] are intersected by
K only once, the arguments of the fractional power functions in w never hit
the negative semi-axis (note that z;(p “kHD/2 45 not a fractional power when
p — k + 1 is even), and therefore, the principal branches of the fractional
powers should still be used after the deformation of K.

In future work, it would be interesting to relax the technical requirement
that p — k + 1 is even. In a previous version of this paper, we provide such
a relaxation for the case of a single spike, k = 1. An extension to & > 1
requires a separate non-trivial effort.

5.1. Contour deformation. Let us deform the contour of integration K
into contour K as shown on Figure 3. Parts IC;-r and IC;, j=1,..,k of K
are shown non-overlaping with the real axis to enhance visibility. In fact,
these parts coincide with the axis. The position Zg of a kink in X is fixed so
that

afy/(1+afy) < 2o < azk/ (1 + axg)
with o = lim o, = 72/71, and

(40) ;= liml; = (s0; +71) (505 + 1) j=1,..k

s0j — (s0j +1)72

As follows from our results in the previous sections, under the null,

(41) ;\pk 5 azy/ (1 + azy),
and
(42) Mit1 S apy/(1+aBy),
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20 P. DHARMAWANSA, I. M. JOHNSTONE AND A. ONATSKI

SO Zg € (S\I)Jg_’_l, Sxpk) for sufficiently large p, a.s.

The radius of the circles around ij with j = 1, ...,k can be chosen ar-
bitrarily small. Since, as can be seen from (34), the singularities of the in-
tegrand at S\I)j are of the inverse square-root-type, the contribution of the
circles to the integral disappear in the limit when the radius tends to zero.
Below, we will consider this limiting version of I, that is, the contour with

the horizontal part given by the two differently oriented copies of [Z0, Ap1],
where the points A,1, ..., Ay are excluded.

Im(z) A
izg
Ky
K Ki Ky
0 Fo ‘L - i - l ~ Ri(z)

= _ N ) N ‘4 >

)\ppy st )‘p,k+1 T )\pk‘ T A;)Z T )\pl
Ky Ky Ko

Fic 3. Deformed contour IC.

Since contour K has common intervals with the ray {z : arg z = 0}, some
of the arguments of the fractional power functions involved in w are real and
negative. Therefore, care should be taken to identify the branches used.

Suppose that )

Zjys e 2, € KN [Zo, )\pl],
where 7 < k and z;, < ... < zj,, and let all z; with j ¢ {j1, ..., jr} belong
to KC\[Zo, A1]. To simplify notation, we may assume that j; = ¢. Since w is
symmetric in zi, ..., 2x, this assumption is without loss of generality. Then
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LAN PROPERTY OF SPIKED F-RATIOS 21

the parts of w that need the branch identification are

ﬁ (1 — zjz;1)1/2 and (1 — Xpszfl)_lﬂ for 5\p8 > 2.

j>i
In the SM, we prove the following lemma.

LEMMA 13.  Suppose that 21, ..., zr € KN [To, Ap1] are such that z1 < ... <

zr, and let sgn,, = +1 if z; belongs to the “upper” portion of KN [5:0,5\1,1],
that is, the portion oriented from Ap1 to To, and sgn,, = —1 if z; belongs to

the “lower” portion of KN [Zo, Ap1], that is, the portion oriented from g to
Mp1. Then for j > 1, we have

1/2 1/2
(1—zjzz-_1> / =1X sgn, 1—zjzi_1‘ / ,
while for 5\1,8 > z;, we have
N —1/2 ~ -1/2
(1 — Apszfl) / = —ixsgn, |1 — )\psz;1’ / .

5.2. Decomposition of the contour integral. Let us split K into 2 x (k+1)

parts
k+1

— TuK-
K L:Jl {/cl u/cl}

as shown on Figure 3, and let K; = K;FUK; . For any o = (071, ..., 0%) with
o € {1,....k+ 1}, let

1 k
I, = —/ / wFpn||dz.
@20)" Jxo, ke " [[

Since wF,, is symmetric in the variables z;, we may permute them so

that 21 < ... < z. are in KN [io,)\pl] and 2p41,..., 2, lie in Kpqq1. Let 8™
denote the simplex defined by z; < ... < z.. Consider a sequence ¢ with

or <...<o01<kando,q11 =... =0, = k+1. Consider the iterated integral
1 k

43 I = / wF, dz;.

( ) o (Ql)k K. AST p,ﬂi:r{ 7

In the SM, we show that Z vanishes if there are any repeats in ¢ on the
real axis.
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22 P. DHARMAWANSA, I. M. JOHNSTONE AND A. ONATSKI

If 7/ vanishes, Z,, vanishes too. Therefore, the components of the integral

T=— b/ / EMIN%

represented by Z, with repeated o; < k equal zero. This implies the following
lemma. Let 7 be any subset of {1,2, ...., k}, and let o = (017, ..., 0% ) , where

[kt ifjer
7T ifj¢r
LEMMA 14. Let T be the set of all the subsets of {1,2,....,k}. Then,
(44) I= }: iZ
T€T| |

REMARK 15.  The multiplier k!/ |7|! in the latter expression counts the
number of integrals Z,, which are different from Z,_ only by permutation of
the variables of integration, z1, ..., 2.

Below, we will show that, asymptotically as p,n —, oo, all integrals Z,_
are dominated by

k
wFpn Hde
K1 i

Kk.u

so that 7 is asymptotically equivalent to k!Z,,. Using Lemma 13, it is
straightforward to verify that

(45) L., /”’“/”“ e I

7=1

Note that the constant (2i)k in the denominator has canceled out.

To study the asymptotics of Z,,, we will use Laplace approximation for
the integrals involved in the above expression. However, first, we need to
replace F, ., that involves the hypergeometric function ;Fp for SigD and
1F1 for REG, by tractable approximations. This requires a separate Laplace
approximation step.
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5.3. Laplace approzimations for F,,. As follows from equation (38),

fg’lﬁD = 1ky (m; s(Iy + 8)71, Z)
= [det (I = 2)] ™ 1Fy (m;—(Ie + )71, Z(L - 2)71)

where m = (N — p+ k + 1) /2. Chang (1970) studies the asymptotic behav-
ior of 1 Fy(m,—A, B) for fixed diagonal matrices A and B as m — oo. The
following lemma uses a minor modification of Chang’s Theorem 1 to derive
a Laplace approximation for FS}%D that is uniform over a set of diagonal
matrices s and Z (see the SM for a proof).

LEMMA 16. For Z = diag{z1,..., 2} such that 1> z3 > ... > z; > 0,
and for s = diag {s1, ..., Sk} such that s1 > ... > s > 0, as m — oo, we have

(46)  FEP =T (k/2) w HH/ (DSED) T (meis) ™2 (14 0(1))

1<J

where T (x) = 7FG=D/ATTE T (2 — (i — 1) /2) is the multivariate Gamma
function,

D58 — det Iy — s(Ip + s -1z y Cij = (Si_sj) (Zi_Zj) )

( ( ) ) " (1 + 8; — Sizi) (1 + 55 — Sij)
and o(1) — 0 uniformly on any compact subsets of the simpleres 1 > z; >
. >z >0 and sy > ... > s, > 0.

For REG case, we have from (39)
FREG = | Py (Ta+ (k+1) /2,Tb+ (k+1) /2,Ts/2,Z),

where T' = ng, a = (N —p)/(2ng), and b = (ng — p)/(2ng). Note that
for sufficiently large p, as p,n —, oo, we must have a € (1/2,00) and
be (0,1/2).

The asymptotics of 1F («, 5; A, B) where a and A diverge to oo at the
same rate was studied in Glynn (1980). We however need the asymptotics
of this function when not only @« = Ta + (k+ 1) /2 and A = T's/2, but also
B=Tb+ (k+1)/2 diverge to infinity. Following Glynn’s (1980) strategy of
proof, we derive the following result. Its proof is reported in the SM.

LEMMA 17.  Suppose that a and b belong to compact subsets of (1/2,00)
and (0,1/2), respectively, while the diagonal entries of s = diag(si, ..., Sk)
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and Z = diag(z1,...,2x) belong to compact subsets of the simplexes s3 >
>8> 0and zp > ... > 2z, > 0. Then, as T — oo, we have

T (k:/Q) kab+k(k+1)/4
REG k(k—1)/4 1 k

(47) Fom = (T/2)" k(e 1)/4 ghTath(ki1)/4

x DREG H (z; — Zj)fl/z (8i — Sj)fl/2 x (14 o0(1)),

1<j

where

1

T =

DREG — | | Ty (G + @) (zj4 (zjy +@)
(z+ + )T\ 2y Fag

1 .
Zj+—§{gj—b+ \/(b—Cj)2+4aCj} with Cj :Zij/2,
and o(1) — 0 uniformly over a,b, s and Z that satisfy the above requirements.

5.4. Laplace approximations for Z,,. Note that the asymptotic approxi-
mations (46) and (47) do not hold for z;, ¢ = 1, ..., k, that may approach one
another. Therefore, we shall, first, analyze a multiple integral with trimmed
integration domains

pk p,k—1 pl
48 / / ﬁ w| Fpnlldz;,
(15) I H :

where ¢ is a fixed small positive number. Then, we will show that Z,, is
asymptotically equivalent to Z, .

Although the strategy of such an analysis is the same for SigD and REG,
the details are different. We start from the SigD case and then turn to the
REG case.

SigD case. First, we use Lemma 16 to obtain

=SigD Si Pk p,k—1 pl Si
(49) ToEP = 15D (s / /ﬁ / GSED o (14 0 (1 Hdz],
pk

p2 +e

where
N—p+2 k

GSigD — |w| (DSigD)_T H (Z'L' _ Zj)_1/2,

(50) 0P (s) = Ly (k/2) H( +5;) 1+sy)>1/2’

pk(k+1) /4 k(k—1) /4 py
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and o (1) converges to zero as p,n —, oo, uniformly over s = sg + 6/,/p
such that (81, ...,0;) belongs to a compact subset of R¥, and over Z such
that (z1,..., z,) belongs to the trimmed domain of integration.

Consider the inner-most integral in (49),

. Ap1

—SigD P SieD

Ia@,¢n=A2+€G 8D 5 (1+o0(1))dz.
D

Using the definition of w, we rewrite this integral in the following form

. . A
6L T =G [ g () (L0 (1) e,

Oz ,in Rpate
where f1, g1, and GSJ%D are defined in Table 1.

TABLE 1
Definition of f1,91, and Gsigp,—1 used in equation (51), and of H; used in Lemma 18.

Quantity Definition
fi(21) = S (1- 2 )+ 50 In (2 - Ay)
~ —1/2 k < 1/2
91 (21) = (m—z) "I (=) / (2= M)
SigD Sighy — 2+2 —1/2
G~% = o] (Dflg ) : Hi,j:2,...,k;i<j (2i — 2) /
DiilgD = det (qu78—1(1k71+8—1)_12—1)
p
_ —1\1/2 11k —(p—k+2)/2 y -1\ "1/2
w-1 = Hi,j:Z ,,,,, kyj£i (1 — Ri% ) Hj:2 [Zj 3 H (1 — Aps?; ) ]
s=1
71 = diag{z2,..., 2k}
S_1 = diag{s2,..., Sk}
Hj - Hj,num/Hj,den
Hj num = (1 —"2)s05(71 + v2 + v2505) (1 + Soj — 6_1,_/2> (1 + S05 — 5£/2>
Hj,den = 27172 (s0; — ¥250; —¥2) (1 + 805) (71 + 505)

Using the Laplace method to approximate the integral in (51) (see the
SM for details), and then repeating the procedure for the second, third, etc.
to the inner-most integral in (49) and combining the results, we obtain the
following lemma.

LEMMA 18.  Under the null hypothesis Hy : s = sq, as p,n — 00,

k p

=SigD i i - < T\ 1/2

7,20 = 150 (s) [ |5 (ot /m) 2 TT (Mg = As) | (1 0(1)),
j=1 s=k+1
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. _ _ N-—p+2
where Q]S-IgD = (1 — %@j)\m) * | Hj are as defined in Table 1, and
o(1) — 0 wniformly over s = so + 6/\/p with (61,...,0x) from a compact
subset of R*, a.s.

REG case. First, we use Lemma 17, to obtain

k
(52) TREG _ yREG(g /k/ e / GREG (1 1 (1)) [,
Apk+e j=1

Ap2+e
where
GREG |W| DREG H ) 1/2
1<J
with 1
DREG — H iz Zit QT (254 (24 +a) )P
(zj++ 0"\ 2 +aG )
a= (N —p)/(2nu), b= (ng —p)/(2nu), and
—k(k=1)/4 1. (k/2) pknabd+k(k+1)/4
REG, \ _ (NH k(k/2) 1y
(53) 67 (s) = (7) ak(E+1)/4 gknmgatk(k+1)/4 H (si — s5) .

<7

The same uniformity properties of o (1) as in the case of (49) apply.
Consider the inner-most integrals in (52),

N Ap1
ZREG :/ " GREG (14 0(1))d2y.
A

o ,in
P2 +e

Using the definition of w, we rewrite this integral in the following form

_ Ap1
B0 T =GO [T g ) (o) da
p2TE

0z ,in
where fa, g2, and GRFC are defined in Table 2.
Similarly to the integral in (51), the one in (54) can be analyzed using
the Laplace approximation steps. Repeating the procedure for the second,

third, etc. to the inner-most integral in (52) and combining the results, we
obtain the following lemma. See the SM for a detailed proof.
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LEMMA 19.  Under the null hypothesis Hy : ™™ = sq, as p,n —~ 0o,

k

=REG o\ 12

ThEG _ pREG (g H QREG (pH, /) "1/ H (s = Ans) | (L 0(1)),
j=1 s=k+1

where

Ziy +a)™™

Q§LEG _ oMHEt ( Y1+ 72 + 72505

(Zjs + 0" (1 + 72 + 72505)2 — p?m1)/?

and Zj4 is the value of zj4 that corresponds to (j = S\Z)ij/2. The H; are
as defined in Table 1, and o(1) — 0 uniformly over s = sq + 0/\/p with
(61, ...,0%) from a compact subset of R*, a.s.

Now let us show that Z,, is asymptotically equivalent to Z,, . By defini-

tion, i .
Aok
= Z[ / / ]w[fp,anzj,
D Yo Dg-1 D1 j=1

where the sum runs over all D; that are represented by either [5\j+]_ + €, ij]
or [)\ +1,)\ i+1 + €], and at least one Dj, j = 1,...,k — 1, is represented by
[S\jH,S\]H + ¢]. All terms in this sum cam be analyzed similarly. Let us
explain the main idea of the analysis using the term

k
pk p,k—1 p2+€
J= / / / / ]w|fp7anzj.
Apkte Ap3te j=1

Since the lower integration limit of the inner-most integral coincides with
the upper integration limit of the second inner-most integral, we cannot

TABLE 2
Definition of f2, 92, and Grea,—1 used in equation (54). Quantities w_1, Z_1, and s_1
are as defined in Table 1.

Quantity Definition

fa(z1) = —zl+—aln(zH—l—a)—i—bln(zH—&—b)—i—ﬁ f fp1 1D (21_/\1?]')
1

_ Zl+(zl++a2 RIS —1/2 71k z1—2; 1/2

g2 (1) = ( 22 Fats ) (Apl - z1) szz (—7—2175\”)

GE?G = |UJ71 | DE]EG Hi,j:z 77777 i<y (Zi - Zj)71/2
(e +0)™# (2 (syra) | 2

REG _ k npgzip \Fitta zjy(zj++a
DT = Hj:2 e"HZi+ (2j++b)an ( 27 fa(; )
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use Lemmas 16 and 17 to approximate F, , uniformly over the integration
domain of J. However, we can obtain an upper bound on |J| that can be
analyzed using these lemmas.

The key is to observe that F,, , viewed as a function of Z = diag{z1, ..., 23}
is positive and monotonically increasing in each of 0 < z; < 1, j = 1,..., k,
for all s = sg 4+ 0/,/p with (d1,...,d;) from a compact subset of R* and all
sufficiently large p. This follows from the representation of 1 Fy and 1 £} in
the series of zonal polynomials and from the monotonicity of the zonal poly-
nomials of Z in each of 0 < z; < 1, j = 1,..., k. Such a monotonicity follows
from the fact that zonal polynomials are linear combinations of monomial
symmetric functions of z; with positive coefficients (see Chattopahyay and
Pillai (1970), Lemma 2).

Let us make the dependence of F), , on Z explicit by writing F, ,(Z). The
positivity and monotonicity of F,,(Z) yield the following bound

ka Xpykfl 5\p2 5\p2+€ ~ k
55 J §/ / / / wl| F, VA dz;,
O s dy, 170 (21) 05

pk+E€ p3+E€ 2

where Z; = diag {S\IJQ +€,29, ...y zk}

In constrast to F, ., (Z), function F, ,, (Zl) can be approximated using
Lemmas 16 and 17. Exploiting such an approximation to show that the right
hand side of (55) is asymptotically dominated by Z,, yields the following
lemma. Its proof is given in the SM.

LEMMA 20.  Under the null hypothesis Hy : ™™ = sg, as p,n —~ 00,
:Z'-Ug = TU@ (1 + 0(1)) ’

where o(1) — 0 uniformly over s = so+6//p with (61, ..., 0x) from a compact
subset of R*, a.s.

5.5. Asymptotic negligibility of Z,. with 7 # &, and a summary. To
finish our asymptotic analysis of the joint densities of the eigenvalues, we
need to show that integrals Z, with 7 # @ are asymptotically dominated
by Z,,. This can be established similarly to Lemma 20.

Consider, for example, 7 = {1, 2, ..., k}. By definition,

1 k
Iy, = / / wFpn (Z) | |dz;.
(Qi)k Kri1 Krt1 b ]1:[1 !
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Since Kx11 is not a subset of R, we cannot use Lemmas 16 and 17 to approx-
imate Fp,,, (Z). However, it is easy to obtain an upper bound on |F,,, (Z)|
that can be approximated using those lemmas.

Indeed, the representation of 1 Fy and 1 F} in the series of zonal polynomi-
als and the fact that these polynomials are linear combinations of monomial
symmetric functions with positive coefficients (see Chattopahyay and Pillai
(1970), Lemma 2) yield the following inequality

[Fpn (2] < Fpn (12])

where |Z| = diag{|z1], ..., |2x|}. Therefore, we have
1 k
7, | < —/ / | Fpon (Foli) TT 12 -
7 2k Krt1 Krt1 o E !
Further, by the monotonicity of zonal polynomials, Fp,, (Zolr) < Fpn (Zy),
where Z, = diag {Zo + k7, ..., Zo + 21, o + 1} and 7 is a fixed small positive
number. Therefore,

1 k
Tl g [ [ ol Fon (Z) [Tz
2k Kr41 Krt1 ! ]_1_[1 ’

Function F), , (Z,) can now be approximated using Lemmas 16 and 17, which
yields the following lemma (see the SM for a proof).

LEMMA 21.  Under the null hypothesis Hy : s"™° = sg, as p,n —~ oo,
for any T £ 3,
Z,. =o(1)Z,,,
where o(1) — 0 uniformly over s = so+6//p with (61, ..., 0x) from a compact
subset of R*, a.s.

In conclusion of this section, we formulate a theorem that describes the
asymptotic behavior of the joint density of the eigenvalues of the multivariate
Beta matrix (ngyH + ngE)fl ngH by combining results of Lemma 12 with
those of Lemmas 18-21. For the reader’s convenience, we reproduce the
definitions of the quantities used in the statement of the theorem in Table
3.

THEOREM 22. Under the null hypothesis Hy : s™™° = sg, as p,n —y 00
while p — k + 1 remains even,

fCase(]\; 8) _ k!ngse(A)kgzse(s)bCase(s)

k 2
< TT |95 (pH;/m) 2 T pj = Aps) 2| (1+0(1)),
7=1 s=k+1
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where o(1) — 0 uniformly over s = so+6/\/p with (61, ..., 0x) from a compact
subset of R*, a.s.

TABLE 3

Definitions of C52¢(A), kS2(s), b9*°(s), Q5*°, and H;.

Quantity Definition
CSZSQ(A) A quantity that depends on ‘Case’, ng,n2,p and A, but not on s
. p—k—ng—1 —k—1
kSEP (5) [det(I + )] 2 [dets] “ 7,
—k—1
k&EG (s) etr {—nmus/2} [det s]_p 2,
SigD Ty (k/2) B (Ot (1si) \ 2
b (s) TFOFD /A k=173 LLicj Sims; )
G ng\~k(k—1)/4 T, (k/2) pknHbtR(E+1)/4 —1/2
b (5) (TH) kak(ﬁ—{)zél an,Ha+k(k+1)/4 i<j (Si - Sj) / >
 N—p+2
SigD si X 2
Sie (1- m55%) :
QREG eMHEj+ (5j++“)anH Y1t+v2+7250;
! (5j++b)an ((71+"/2+7250j)2*/32’¥1)1/2’
H; Hj num/Hj,den
Hjnum (1 —2)s05 (71 + ¥2 + 72505) (1 + s0j — ﬁi/z) (1 + s0j — 5£/2>
Hj den 27172 (Soj — ¥280; — 72) (1 4 S05) (71 + S0;)

6. Local Asymptotic Normality. Our goal is to understand the as-
ymptotic behavior of the likelihood ratios for the eigenvalues of the F-ratio
(or, equivalently, of the multivatiate Beta) at local alternatives to the null
of k supercritical spikes:

Hy : s™9 = s, Hy : s = 50 + 3/\/p-

Let us, first, reparametrize the alternative by considering new local parame-

ters

Qj = 5j/w(80j) for ] = 1, ...,k,

where w(so;) is the component of the asymptotic variance of Ap; defined in
Theorem 10. That is,

N 2(psos (1 + soj)/d(soj))2 for SigD,
w(sg;) =

with

2 (pSoj(l + 80j)/d($0j))2 — 2’y15(2)jt(80j) for REG

t(soj) = (1 —72)(s0j —s)(s0; — 5)/d*(s0;) and
d(soj) = (1 —"2)805 — 2.
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Let A = diag{\,1, ..., App}. Denote the likelihood ratio as

Ly(6.A) = f(As;5)/ F(As o).

We write L,(0, A) instead of L,(6, A) to emphasize the fact that the likeli-
hood ratio remains the same whether we define it as the ratio of the joint
densities of the eigenvalues of the multivariate Beta (ngyH + ngE)_1 ngH
(the diagonal elements of A) or of the eigenvalues of the F-ratio (the diagonal
elements of A).

Using Theorem 22 to express In L,(6, A) in terms of elementary functions
of 0, expanding the result in the powers of Op~1/2 up to and including terms
with #2p~1, and invoking Theorem 4 yields the following theorem. Its proof
can be found in the SM.

THEOREM 23. Under the null hypothesis Hy : s™™° = sg, as p,n —y 00
while p — k 4+ 1 remains even,

k
lan(H,A) = Z {Qj\/]_?()\pj — lj) — %9]27'2(803')} + Op(l),
j=1

where lj = (soj +c1)(s0j +1)/((1 — c2)soj — c2), T2(s05) = w(so;)t(s0), and
op(1) — 0 in probability, uniformly in (61, ...,0x) from any compact subset
of Rk,

Theorem 23 together with the joint asymptotic normality of \/p (Ay; — ;) ,
j =1,..., k, established in Theorem 10 imply, via Le Cam’s First Lemma (see
van der Vaart (1998), p.88), that the sequences of the probability measures
{Psyp} and {Ps,} describing the joint distribution of the eigenvalues of F

under the null Hy : s = sq and under the local alternative Hj : s'™¢ =

so + 0w/\/p, where
0 = diag{0y, ..., 0} and w = diag{w(so1), ..., w(sor)},
are mutually contiguous. Moreover, the experiments
€050 = ((pts s Mpp) ~ Pagsuy 5 0 € RY)
converge to the Gaussian shift experiment

€050 = (Y ~ N (u(6).7):0 € BF),
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where

Y = VpAp1 =l Api — k),
/J’(e) = (917—2(801)7 ceey 0167—2(50]6))7, and
T = diag{7*(s01), ..., 7*(s0x)}-

In particular, these experiments are LAN.

As discussed in the introduction, the LAN property of the experiments
&p,50,p imply that the asymptotically efficient tests of hypotheses about
super-critical spikes are based on Ay, ..., Api. Such tests may ignore infor-
mation contained in the other eigenvalues of the F-ratio.

Here, we will illustrate the LAN property by constructing LAN confidence
sets for s. The likelihood ratio confidence set, C'Sy g, is the set of all s that
are not rejected by the likelihood ratio test. Asymptotically, this will coincide
with the set of all sg such that the hypothesis Hy : 8 = 0 is not rejected in the
limiting experiement &£ 5,. Therefore, we find the asymptotic 100(1 — a)%
CS1r for supercritical spikes, by collecting all so that satisfy the inequality

ZP Apj — 1 SOJ))ZSXé(kJ),

= 72(s0;)
where x2 (k) is the critical value of the chi-squard distribution with k degrees
of freedom and the other quantities are as defined in Table 4.

TABLE 4
Definitions of l(z), 7(x) and related quantities.

Quantity Definition

~

—~
8

N

(z+e)(z+1/((1 = e2)z = ca),

7*(x) = w(2)i(z),

() = 2(rz(1+4x)/d(z))? for SigD,

w(z) = 20rz(1+x)/d(x))? — 2c12”i(z) for REG,
i(x) = (1-c)(@—8)(x—35)/d (),

d(z) = (1—-c2)z—ca

8 = —(a+ce)/(ca+r),

5 = (e+7r)/(1-c),

r = 1 +c2—cico.

Figure 4 shows the 95% asymptotic confidence sets for (sj,s2) when
c1 = cg = 1/2, p = 100, and A\,1 = 45,2 = 25. The outer and inner
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ovals represent the confidence sets for SigD and REG cases, respectively. It
is worth noting that the asymptotic confidence sets do not necessarily pre-
serve the ranking s; > ss. Indeed, in the figure, the confidence set for the
SigD case intersects the 45-degree (dashed) line. Of course, this undesirable
phenomenon will not be observed for sufficiently large p.

40

10 - |

52
Fic 4. Confidence sets.

To assess the quality of the LAN confidence sets, we conduct a small-scale
Monte Carlo experiment. Specifically, we generate 10,000 replications of H
and E, distributed as

(m+kH~W,(n1+k,%1,Q) and noE ~ W, (ng,I)
and compute the eigenvalues of the corresponding F-ratio, E"'H. We con-

sider various values of n1, ne, and p, and several different values of the spikes.
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The Monte Carlo coverage rates of the nominal 95% confidence sets are re-
ported in Table 5 for £ = 1 and Table 6 for k = 2.

TABLE 5
Coverage probabilities, nominal 95% confidence sets. Single spike.

SigD REG
k=1 s=3 s=5 s=10 s=3 s=5 s=10

95.8 95.1 95.5 95.1 94.9 95.3

c2=0,n =p=100 5=1.0
7 791 94.2 94.3 79.6 94.4 94.3
4
2

1

n1 = ng = 100,p = 50 §5=2

ni=n2=100,p=5 5=0. 94.9 94.9 95.1 94.2 95.0 94.6
0

ni=n.=100,p=2 5= 95.0 95.3 95.3 94.9 95.1 94.5

TABLE 6
Coverage probabilities, nominal 95% confidence sets. Two spikes.

SigD
k‘=2 8124 81:5 51210 81:6 51:20
82:3 82:3 82:3 82:5 82:10

0 95.9 95.9 95.6 95.4 95.6
7 68.1 75.4 80.8 92.3 94.9
4 94.8 95.3 94.3 94.1 95.2
2

94.7 95.4 95.1 94.0 94.9
REG

c2 =0,n1 =p=100 s=1.
ny =ne =100,p=50 5=2
n1 =nz =100,p =5 §=0.
ny=ny=100,p=2 5=0

k=2 81:4 81:5 81:10 81:6 81:20

8223 82:3 82:3 82:5 52:10

0 95.5 95.5 95.3 95.5 95.1
7 70.4 76.1 80.5 92.2 94.2
4 94.8 95.5 95.1 93.9 94.5
2 95.0 95.4 94.4 94.0 94.4

D
Il

(22:0,111 :p:100
n1 = ng = 100, p = 50

@l>
I

®I
Il

1
2
n1 =nz2 = 100,p =5 0.
0

n1 =nz =100,p =2 §

Surprisingly, for k = 1, the coverage rate of the nominal 95% confidence
intervals remains good even for an extremely small dimensionality — p = 2.
The worst reported coverage corresponds to n; = ng = 100,p = 50 and
s = 3. This is an example of a situation where the true spike is close to
the phase transition threshold, given here by 5 = (ca +7)/(1 — ¢2) ~ 2.7.
A further analysis suggests that the reason for the poor coverage in this
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situation is that the finite sample variance of \p; is substantially larger than
its asymptotic counterpart.

For k = 2, the results are similar. Again, surprisingly, the coverage re-
mains good even when p = 2. The worst results correspond to situations
where a spike is close to the phase transition. A particularly unfavourable
situation arises when both spikes are close to the threshold — s1 = 4,s9 = 3
with 5 = 2.7. A more detailed analysis shows that in such a case the as-
ymptotic variances are smaller than the finite sample ones. In addition, the
smallest of the spikes tends to lie below the corresponding a.s. limit, whereas
the largest one tends to lie above the corresponding a.s. limit. These devi-
ations become smaller when at least one of the spikes is moved away from
the phase transition threshold.

7. Conclusion. In this paper, we establish the Local Asymptotic Nor-
mality of the experiments of observing the eigenvalues of the F-ratio F =
E~'H of two large-dimensional Wishart matrices. The experiments are pa-
rameterized by the values of a finite number k of spikes that describe the
“ratio” of the covariance parameters of H and E, or, in the case of equal
covariance parameters, the non-centrality parameter of H.

We find that the asymptotic behavior of the log ratio of the joint density
of the eigenvalues of F, which corresponds to super-critical spikes, to their
joint density under a local deviation from these values depends only on the
k of the largest eigenvalues A\p1, ..., Apx. This implies, in particular, that the
best statistical inference about k super-critical spikes in the local asymptotic
regime is based on the k largest eigenvalue only. A small-scale Monte Carlo
analysis shows that LAN confidence sets for super-critical spikes have good
coverage properties even for extremely small values of the dimensionality p.

As a by-product of our analysis, we establish the joint asymptotic nor-
mality of a few of the largest eigenvalues of F that correspond to the super-
critical spikes. We derive explicit formulas for the phase transition threshold,
for the almost sure limits of the super-critical eigenvalues, and for the as-
ymptotic variances of their fluctuations around these limits.
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1. Introduction. There is no supplementary material for the Introduction section of DJO.
2. Setup. There is no supplementary material for the Setup section of DJO.
3. Phase transition and almost sure limits.

3.1. An extension of Bai and Silverstein’s (1998) Theorem 1.1. In this subsection, we will use

notations from Bai and Silverstein (1998). Their Theorem 1.1 covers only nonrandom 7,,. Remark

6.5 on page 125 of Bai and Silverstein (2010) points out that the theorem is easily extendable to

the cases of random T,,, as long as it is independent from X,, its limiting spectral distribution is
nonrandom, and condition (f) of the theorem that “interval [a, b] with a > 0 lies outside the suport

1
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2 P. DHARMAWANSA, I. M. JOHNSTONE AND A. ONATSKI

of F&H and FeHn for all large n” holds a.s. (here Bai and Silverstein’s ¢ and ¢, correspond to our
~v1 and ¢y, respectively.)

This still assumes that ||7,] is bounded (assumption (d) of the theorem). Unfortunately, if
T, = E~2, where E is a sample covariance matrix, as in DJO, ||T},|| can be larger than any positive
number with a small probability. Note however, that as long as 72 € (0, 1), HE*QH a.s. converges
to a finite number. This helps because, as the following lemma shows, Theorem 1.1 remains valid
if assumption (d) is replaced by
(d*) There exists C' > 0, such that limsup ||| < C, a.s.

P,n—~00

LEMMA 1. Assumption (d) of Theorem 1.1 can be replaced by (d*) without changing the validity
of the theorem.

Proof: Define event
Q= {HEilH < C for all p > po} .

By (d*), Pr(f2) — 1 as pg — oo. On the other hand, Theorem 1.1 holds conditionally on 2. That
is, the conditional probability Pr(£21]Q2) = 1, where € is the event that there exists p; s.t. for any
p > p1, all the eigenvalues of E~'H do not belong to [a,b]. Therefore, Pr(Q; N Q) = Pr(Q) — 1 as
po — oo. But Pr(€;) > Pr(Q; N ). Hence, we must have Pr(£2;) = 1. O

Lemma 1 implies that the largest eigenvalue of E~'H a.s. converges to ..

3.2. Proof of Lemma DJO1 about the convergence of tr(H —zF)~!/p. Let z € R be such that
x > B4, and let F(\;z) be the empirical distribution function of the eigenvalues of H — xE. For
any z € CT, let

(5 7) = /()\ _ ) NaE(A )

be the Stieltjes transform of F'(\;x). Note that matrix H — zE can be represented in the form
YTY'/p, where Y is a p X (n1 + ng) matrix with i.i.d. standard normal entries and T is a diagonal
matrix with the first n; and the last no diagonal elements equal to ¢; and —xzco, respectively.
Therefore, by Theorem 1.1 of Silverstein and Bai (1995), for any z € CT, 7 (2;x) a.s. converges
to m (z;x) € CT, which is an analytic function in the domain z € C* that solves the functional
equation (DJO13).

By Lemma 1, the largest eigenvalue of E~'H a.s. converges to 3. Therefore, for any = > S,
the largest eigenvalue of H — xF is a.s. asymptotically bounded away from the positive semi-axis.
Hence, m (z; x) is analytic and bounded in a small disc D around z = 0 for all sufficiently large p
and n, a.s. By Vitali’s theorem (see Titchmarsh (1939), p. 168), 7 (z;x) is a.s. converging to an
analytic function in D. Since, in D N C*, the limiting function is m (z; ), we have

tr (H—2E)"" /p=m(0;2) “5 m(0;2),

where m(0; ) = lim,_o m(z; ). Further, tr (H — CE)™' /p is an analytic bounded function of ¢ in
a small disk D, around z, for all sufficiently large p and n, a.s. Therefore, by Vitali’s theorem its
a.s. limit f(¢) is analytic in D,, and

d —1 a.s. d
d—Ctr(H—CE) /p = d—Cf(C)

in D,. On the other hand, we know that f(¢) = m(0;() for ¢ € RND,. Therefore, we have (DJO12).
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3.3. Proof of Lemma DJO2 about the asymptotic proportionality of M(x) and s + y1Ix. The
convergences stated in Lemma DJO2 follow from (DJO5), (DJO9), and Lemma 11 stated below. [J

LEMMA 2. Let C be a random p X p matriz, independent from w and v, which are as defined in
Section DJO2, and such that p||C|| is bounded for all sufficiently large p, a.s. Then, as p — oo,

[v/Cv — (tr O) I|| “3 0 and |[v'Cul 3 0.

Proof: This lemma follows from the Borel-Cantelli lemma, and the upper bounds on the fourth
moments of the entries v'Cv — (tr C) I}, and v'C'u established by Lemma 2.7 of Bai and Silverstein
(1998). O

3.4. Proof of Lemma DJOS3 about properties of functions M(x) and m(0;x). Let p; € (0,00)
be the largest eigenvalue of E~1H. For any x1 > xo > u1, matrix (H — xlE)fl - (H - ar:gE)f1 is
positive definite, a.s. Part (i) follows from this, from the definition (DJO9) of M(x), and from the
fact that 3 “3 8. Part (i) together with Lemmas DJO1 and DJO2 imply that m(0; x) is increasing
on (f4,00). It is strictly increasing because, otherwise, equation (DJO13) would not be satisfied
for some z € C* that are sufficiently close to zero. The continuity follows from the analyticity of
m(0; x) established in the proof of Lemma DJO1. Finally, lim, o m(0;2z) = 0 is implied by (ii)
and (DJO11). Equation (DJO13) implies that

:ﬁ%ﬁ m(0;z) = (v2 — 1)/[(p + 1)pl,

which, in its turn, implies the second statement of (iii).
4. Asymptotic normality.

4.1. Proof of Lemma DJO5 about o(l;) and §(I;). By Lemmas DJO1 and DJO2,

d a.s. d
(1) @M(lz) = (s+7l) am(O; x;).
Further,
(2) (1+ ML) (I + M (1) ™ % diag {0, ...,0, 1,0, ...,0}

with 1 at the i-th place on the diagonal. The latter convergence follows from the fact that I+ M (l;)
can be viewed as a small perturbation of a diagonal matrix

I + (s + y11x) m(0; x;),

which has non-zero diagonal elements, except at the ¢-th position. The eigenvalue perturbation
formulae (see, for example, (2.33) on p.79 of Kato (1980)) will then lead to (2). Combining (10)
and (2), and using the definition of o(l;), we obtain (i).

To establish (ii), we note that (14 M;;(l;))tr R(l;) = Op(1) by an argument similar to that
used to establish (i). Further, (trJ (1;))* — trJ2(I;) is a linear function of the only eigenvalue of
J (I;) that diverges to infinity. By the eigenvalue perturbation formulae, such an eigenvalue equals
(14 My (1))t O(1) a.s. Therefore,

(14 Mys(L)) ((tr J (1)) = tr 72 (1)) = O(1),
which concludes the proof of (ii).
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4 P. DHARMAWANSA, I. M. JOHNSTONE AND A. ONATSKI
4.2. Proof of Lemma DJOG6 that Z(V a.s. converges to zero. Recall that

(3) Z0 = (s + e1l) /P (tr G — my(0; 1))

where

(Si + 01)(81‘ + 1)

S; — CQ(SZ' + 1)

and my(2;1;) is the Stieltjes transform of the limiting spectral distribution of H — ;' as ny, na,
and p diverge to infinity so that ¢; and ¢ (and thus [; too) remain fized.

Let F()\; x) be the empirical distribution of the eigenvalues of H —xE and 7(z; x) be its Stieltjes
transform. That is,

G = (H_ZZE)_l/p ) lz =

m(z;x) = /()\ —2)"YWF(\z) = tr(H — 2E — zI,) " /p.
Then, to establish Lemma DJOG6, it is sufficient to prove that
(4) V(1 (0;1;) — myp(051;)) “5 0.

REMARK 3. By definition, l; — x;, where x; is the a.s. limit of the i-th largest super-critical
etgenvalue of F. Therefore, l; > B+ for sufficiently large p, where B4 is the a.s. limit of the largest
eigenvalue of ETYH as p,n —., oo. This fact implies that, H — ,E is a.s. negative definite for
sufficiently large p, and M (z;1;) amd my, (2;1;) are well defined for z = 0 by analytic continuation
form the upper half of the complex plane.

Equations for m,. By the definition of H and E,
H-LE=YTY'/p,
where Y ~ N(0,I, ® I, 1n,) and T = diag (t1, ..., tny4n,) With

. c1 for j < ngq,
7 —l;co for ngq < j <ni+ne.

Denote the empirical distribution of {t1, ..., tn,4n, } as 7 (t).
Results of Silverstein and Bai (1995) imply that, as p,n —, oo, F'(\;[;) a.s. weakly converges

to a distribution F"7(\), whose Stieltjes transform m(z) satisfies equation (compare to equation
DJO13)

5) m(z)=_<z_71+’72/ td7 (t) )17

Y172 1 +tm(z)

where 7 (t) is the limit of 7 (¢). More explicitly, m(z) satisfies

1 T -
(6) m(z) = - (Z 14 nm(z) * 1- :Bi72m(z)> .

Function m,(2) = mp(z;1;) is the analogue of m(z) uner the fixed p/ni = ¢; and p/ny = ¢
asymptotics. That is, it satisfies equation

- -1
M mp(Z)Z—(z—cl+c2 / T () ) .

c162 14 tm,(2)
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For future reference, notice that

(8) () — c1+c2 / tmy(2)dT (t) t1=0

c162 1+ tmy(2)

REMARK 4. Had matriz T = diag (t1,...,tn) been positive semi-definite, our ‘target’ equation
(4) would have been following from results of Bai and Silverstein (2004). Our strategy of the proof
of (4) will be to extend some of Bai and Silverstein’s (2004) analysis to cover T' that are not positive
semi-definite.

An upper bound on |,/p (1 (0;1;) — my, (0;1;))|. Suppose that K is a contour in the complex
plane that does not encircle zero, but encircles all the eigenvalues of H — ;£ and the support of
the limiting (under fixed ¢;, co asymptotics) spectral distribution F¢7 of H — [;E. Then, we have

%mzl mpzl %/dF dl*;CT()\)dz

Intechanging the order of the integrals, multiplying by —1/271, and using Cauchy’s residue theorem,
we obtain

(9) QWL% (ki) wh(zz)dz::ﬁKOJQ——n%akh)

To prove the a.s. convergence of |/p(112(0;1;) — my(0;1;)) to zero, we will analyze the behavior of
VP(m(z;1;) — mp(2;1;)) along K. But first, let us explicitly construct such a contour.

Since I; converges to x;, which lies above B4, we will assume without loss of generality that
l; € [x_z4], where x4 and x_ are fixed real numbers satisfying the inequality . > x_ > (4.
Let a_ be the lower bound of the support of the limiting spectral distribution (LSD) of H —z F
and let a4 be the upper bound of the support of the LSD of H — z_FE. Note that, almost surely,
H—-x.F < H—x_F <0 for sufficiently large p, and thus, a— < a4 < 0. In fact, it easy to see
that a4 < 0.

LEMMA 5. a4y <O.

Proof: Let A(x) = H — zE. Consider the following decomposition

Alx) = (H— xJ;B*E) 2

_25+E = Ay (z) + Ag(x).

For the largest eigenvalue of Ag(x_), we have

(10) A (o) 5~ 1 = a, <0

On the other hand, since (3 is the a.s. limit of the largest eigenvalue of E~1H, Aj(z_) is a.s.
negative semi-definite for sufficiently large p. Hence, Apax (A(z-)) < a4 for sufficiently large p, a.s.,
which implies that a; < ay < 0.0J

We say that a sequence of events @, occurs with overwhelming probability (w.o.p.) if Pr (Q;) =

o(p") for each fixed t > 0. Often, we will simply say that @, occurs w.o.p. omitting the words
“the sequence of events”.
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6 P. DHARMAWANSA, I. M. JOHNSTONE AND A. ONATSKI
LEMMA 6. The sequence of events
@p = {Amax (A(li)) < @y, Amin (A(L)) > —da1}
0CCUTs W.0.p.

Proof: Consider the sequene of events
Qp = {Amax (A(@-)) < @sy Amin (A(24)) > —dz4} .

Since l; € [, x4], Qp C @y and it is sufficient to prove that Qp 0CCUrs w.o.p.

The decomposition
Alz) = (H— 7x+43ﬁ+E> — 73@;5*)15

and the definition A(x) = H — xE show that event Qg implies U}_| Ry;, where

By = {Amax GWE) > a+} = {/\min (B) < % (1- \/72)2},
Roa = {1 - SRS o}c ~ (e (5701) 2 2= z:’m},

Rps = {Amin (24 E) <4ay} = {Amax (F) > 4},

Byt = {H > 0}° = { A () < 0}.

The Gaussian concentration inequalities for the largest and smallest singular values of Wishart
matrices imply that R}, B3, and R}, occur w.o.p. Further, as follows, for example, from the proof
of Theorem 11.3.2 in Muirhead (1982), the largest root of the equation

(11) det {n1H —z (n1H +naE)} =0

is distributed as the first squared sample canonical correlation coefficient 7? between columns of Z;
and Zo, where Z; and Zs are independent p x (n1+ng2) and ny X (n1 +ng) matrices with independent
N(0,1) entries. In the next subsection of this note, we show that such a squared sample canonical
correlation coefficient satisfies the following concentration inequality

(n1 +n2)t2

This probability bound is not the best possible, but sufficient for our purposes. Indeed, note that
the largest root of (11) equals

Amax (E—lH) / (n2 /11 + Amax (E—lH)) .

This equality, the fact that Amax (B~ H ) a.s. converges to 4, and the concentration inequality

(12) imply that Rfy occurs w.o.p. Since Qp is implied by N, RS

i» @p also occurs w.o.p.l]

REMARK 7. The bounds —4xy and a4 on the smallest and the largest eigenvalues of A(l;) are
rough, but they are sufficient for our purposes.
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Now we are ready to construct contour K. It is the rectangle shown in Figure 1. The contour
intersects the real axis at —bzy and a4 /2, so that the bounds —4z; and a; remain inside the
contour, but zero lies outside the contour. It is symmetric around the real axis.

Separate, but related, arguments for bounding |/p(11(2;1;) — myp(2;1;)) are needed for the hor-
izontal and vertical segments of the contour, Kz and Ky respectively. Small vertical intervals
Kop = {z € K : [Im 2| < p~2} about the real axis will be excluded from many bounds and handled
separately. Accordingly, we write IC,, for K\ /o, and Ky, for Iy \Kop. Without loss of generality, we
set [Imz| = min{—a4 /2,21 } = for z € Ky. The purpose of such a setting is to have a distance
between [—4zy,a.] and v be bounded from below by 7.

Ku

—5z,| —4x, a- a+ 4y g, /2

Y

]CV n ’CV

Fic 1. Contour K in u + w plane
Define ‘deterministic’ and ‘stochastic’ terms by
P = 72 VP Em(z; 1) — my(z;1;)| dz and
P
{9 = 72 VP lm(z; 1) — Bin(z; 1) dz,
P
and an exceptional term near the real axis by
II()E) = 7{ VP (25 1) — mp(2; ;)] dz.
Kop
Write Hz‘lHoo © = sup {z_l : z € K}. From (9), we have on event @,

(13) VB (7 (0515) = my (03 1) < (2m) 7 [=72| {12+ 159 + 1P}

o0,

First reduction. Let us show that the proof of the convergence (4) can be reduced to verifying
the stochastic bounds

(14) sup E|m (1) — B (z:1))* < Cp~ 2, 1=1,2.
zeKyp
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8 P. DHARMAWANSA, I. M. JOHNSTONE AND A. ONATSKI

and the deterministic convergence

(15) sup /p |Em (z;1;) — my (250;)] — 0.
zeKp

Note that (15) implies that I](;D) — 0.

For the stochastic bounds, write |/C,| for the length of C,, and make use of Holder’s inequality
4
for (II(,S)) and then (14) to bound

s —ag (19
Pr(r{9>¢) < e 'B(1f9)
< UG pB ) - B (L) |dz
’CP
< e 4K,  p? sup Bli(z; ;) — B (2 1)[*

2€Kp
< e, Cop2

)

We turn to the exceptional term II(,E). When z € Ko, and event @), occurs, we may bound
m(z;l;) = %Z?:l (pj — %)~ " (where p,; with j = 1,...,p are the eigenvalues of A(l;) = H — ;E)
using

. . . . s
Since this sequence is summable in p, we have Iz() — 0, a.s.

ma iy — 2~ < max {~2/ay, 1y} =07,

so that | (z;1;)| < n~!. Further, for sufficiently large p, we have |m, (2;1;)] < 5=t for 2 € Kop.
Consequently,

Pr{f? >¢,Q,} < 'B(I{P1g,)
< & Kol sup {Vp (I (z:0)| + |mp (2:1:)]) 1, )
2€Kop
< 6714p722n71p1/2 — Csflp73/2’

where C' denotes a constant. Again this is summable in p, and since @), occurs w.o.p., it follows
that II()E) “2 0 also. In summary, referring to (13), we see that in order to show a.s. convergence in
(4), it remains to establish (14) and (15).

We begin with some preliminary results. Two tools for handling fluctuations are then introduced:
first, moment bounds for deviations of quadratic forms, and then, the martingale difference struc-
ture. Then we proceed to bound the deterministic term in (13). After all this, we are ready to

attack the stochastic bounds (14).

Preliminary results. The approach consists in careful analysis of the perturbations induced in
the resolvent of A(l;) = YTY'/p by deletion of a single column from Y. Thus, let g, = Y.;/\/pP (the
k-th column of Y divided by /p) and Ay, = A(l;) — trqrq),. Consider events

ka: - {)\max (Ak) < C_L+, )\min (Ak) > —4$+} .

Similar to @), events @, occur w.o.p.
Let

Qp,all = Qp N Qpl n...N Qpn-
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Then, @Qpqu occur w.o.p. This follows from the equality max;j—1,. , Pr{ ]Clj} = o(pt) for each
fixed t > 0. The equality is true because, first, each @p;, j = 1,...,p occurs w.o.p., and, second,
Pr{ f,j} takes on only two possible values, depending on whether ¢, = c; or tx = —l;co. In
particular, although there is a proliferation of the number of events involved in the construction of
Qp,an as p — 00, the probabilities of these events approach one uniformly.

Let

D = (A(l;) — 2I,)"" and Dy, = (A — 21,) ",
and let
Be =1+ teqy (Ax — 2I) " g

An important identity to be used later is
(16) D = . Dy/ By
The following lemma establishes a useful bound on .

LeMMA 8. Suppose that event Qp qn holds. Then, there exists a constant c, that depends only
on a4, x4, and K, such that, for any z =u +iv € K,

2

v
> A\ -
’Bk‘ = 2 +1)2

Proof: Let e; be a normalized eigenvector corresponding to the j-th largest eigenvalue, pj, of
Aj.. Then, we have

/ -1 P (Q2e')2
(17) ,Bk:1+tqu<Ak—ZI) q. =1+t E ML A LA
j=1 Hik — =

Consider the case where v > 0. When @), oy holds, p;, € [-4x,a4], and

arg (i — z) € [arg (—day — z),arg (a4 — 2)],

where arg belongs to (—m, ), and arg (—4z4 — z) < arg (a4 — 2z) < 0. Let us denote arg (—4z4 — z)
as —pr, and arg (a4 — z) as —ppr. Note that

arg {(Mjk - Z)_l} € [pr, oLl
and thus,
P
2
or <arg) (qre;)” /(ujk — 2) < or.
j=1
These inequalities and equation (17) imply that, when @y, 4y holds, 8| cannot be smaller than the

distance from the origin to the cone {1+ pe® : p € R, pr < ¢ < ¢}, which equals min {sin ¢y, sin o} .
On the other hand,

sin ¢y, = sin arctan and sin ppr = sin arctan

|—dzy —ul [

so that there exists ¢ that depends only on a4, z4, and K, such that, when @, ,; holds,

6] > sinarctan L = [
Sin arctan — = _
kl = c c? 4+ v?

The case where v < 0 leads to the same conclusion in a similar way. [
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10 P. DHARMAWANSA, I. M. JOHNSTONE AND A. ONATSKI

REMARK 9. In the case where all ty, are non-negative (which was studied by Bai and Silverstein
(2004)), |Br| is always bounded by |v/z|. In contrast, when some ty are negative, the corresponding
|Bk| can be arbitrarily close to zero with small, but positive, probability. This is why the bound in
Lemma 8 is conditioned on the event Qp 4.

For the analysis of the deterministic term IéD), we will need the following preliminary convergence

result.

LemMA 10. Em(z;l;) — m(z) — 0 and my(2;1;) — m(z) — 0, uniformly in z € KCp. Here m(z)
is the Stieltjes transform of the LSD of A(l;) = H — L;E as p,n —~ 0.

Proof: For my(2;1;), such a convergence is a consequence of the fact that F eT that is, the
LSD of A(l;) under the fixed ¢, co asymptotic regime converges to F¥T as ¢; — v and ¢o — 7.
Moreover, the supports of F&7 and F7 coinside asymptotically, and lie at a positive distance
from contour K.

For Em(z;1;), note that, since the spectral distribution Fp of A(l;) a.s. converges to F&T (we

denote this as Fp 4, FeT, a.s.), we have, by the dominated convergence theorem,

d

(18) EE, & FeT.

Further, since { (A — z)fl zeR H} is a family of bounded equicontinuous functions of A € R, (18)
implies that Esm — m, uniformly in z € Kg. Next,

Erv—m = /()\ ) M e, sy (N d (Eﬁp - FCvT)
4 [ O= 27 1 gy, () dBE,
The first integral converges to zero uniformly in z € Kpy because
{(A ) g (N iz € /cpv}
is a family of bounded equicontinuous functions of A € R. For the second integral, we have

sup
ZG’CPV

gp2Pr{Qg} ~0.0

/ ()\ - Z)il 1[—43}+,d+]c ()\) dEFp

Deviations of quadratic forms and the martingale difference structure.

LeMMA 11.  Let C be a p X p non-random matriz, and r > 1. Suppose that §;, j = 1,...,p are
independent mean zero random variables with B|¢;|* =1 and B ]£j|l =y for 1 <2r. Then

Bl¢*CE — trC|" < K, ([vatr (CCH)]'/? + voytr (CC7)'1?)
This is Lemma 2.7 in Bai and Silverstein (1998).
Introduce increasing o-fields Fj, = 0 {q; : j < k} and let Ej, denote E (-|F) . For y = trD, write
n1+n2
y—By= > Ew—Ei1y.
k=1
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SUPPLEMENTARY MATERIAL 11

Now introduce y; = trDj, and observe that Epyr = Ex_1yi. Therefore,

ni+nz

p (i (zh) =B (z) =y —By = Y z,

(19) 2k = (B — Br—1) (y — k) -

We have Ei_12; = 0 for £ =1, ...,n1 + ny and so the z; form a martingale difference sequence. The

differences are orthogonal, so
ni+ng

E(y — Ey EEzk

Let us establish some bounds on y — y;. We have

D = (A —zI,+ tquqg)_l
“1
(20) = Dy — t,Drar (1 + txqpDrar)” q3, Dk
Therefore,
t
(21) y—yr =tr (D —Dy) = — i @D k-

1 + trq;, Drar

Let e be a normalized eigenvector of Ay corresponding to its j-th largest eigenvalue fi;,. We
have

2
q ik
11+ tearp Drar| > tk] |Tm ¢ Drqr| = [tk 24k ’ 1’2 |v]

Hik

and
qkejk)2
kot < - ke
|N]k - Z|

Therefore,
(22) ly =kl <1/ |v].

This bound can be very large when v is small. Therefore, for z € Ky, we will need another
bound. Denote the eigenvalues of A(l;) as p1 > po > ... > pp. We would like to show that if Q)
holds and z € Ky, we have

ly—ukl <C

for some constant C. There are two vertical sections of Iy . Let us denote the “left” vertical section
Ky r. Consider z € Ky, let z;, = —5x4 denote the intercection of Ky with real axis.

Recall that the eigenvalues of Ay, are denoted as j13 > pior > ... > ppk. By interlacing inequality,
if ¢, > 0, then

(23) M1 2> ik = e 2 fhp = fpk-

If t;, <0, then

(24) Pk > i1 > e > flpk > fp
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12 P. DHARMAWANSA, I. M. JOHNSTONE AND A. ONATSKI

Now,
y—yr = Reltr D — tr D] +ilm [tr D — tr D] = uqg + iuok.

For uy, and z € Ky, we have
p

ulk:Z o —ZL Z Msk—ZL

j=1 (Nj ‘|' v2 (st — 2L) —l— 02

Since |v| < n = min{—ay/2,24}, the ratios in the above displayed expression are strictly
decreasing functions of p;, s, > —4a. Therefore, by interlacing inequalities (23, 24), if ¢, > 0,
then

Mpk — 2L
25 - <wuy, <0.
( ) (Mpk — ZL)2 T 02 1k

If ¢ < 0, then

Hp — 2L

26 0<uy < .
(26) PR S

Similarly,
P

p
UQkZZ( v2 _Z U2
=1

pi —z0)" +vt I (psk — 20)” + 02

and the ratios in the above displayed expression are strictly decreasing (increasing) functions of
i, pesk > —4x4 when v > 0 (v < 0). Therefore, by (23, 24), we have, if t;, > 0,
v

27 — < ugg < 0.
( ) (Mpk; — ZL)2 i U2 2k

If t;, < 0, then

v
</~Lp - ZL)2 +02

(28) 0 <ug <

From (25-28), we see that, if Qp . holds, then, for z € Ky, with v <7,

|v] n
2 2+ 2 2
n°c+v n°+v
no.n_3 4
5 )

(29) ly — k] <

22 2 2

Similarly, we can show that the same inequality holds for z € Ky g (the “right” portion of Ky).

Another bound on f;. The bound on Sj, obtained in Lemma 8 will be sufficient for our analysis
in cases where z € K. However, for z € Ky, it may be too close to zero, and we need another
bound.

As follows from (6), for any ¢ from the support of 7 (in our case there are only two such ¢: v
and —z;y2), 1 +tm(z) # 0 for z € K. Therefore,

vy=  min mf\l—i-tm( )| > 0.
te{y1,—ziy2} 2€K
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SUPPLEMENTARY MATERIAL 13
Since Em (z;1;) — m(z) — 0 uniformly in z € KCp, and since c1, c2,l; — 71,72, Ti, we have

min _ inf |1+ B (2;0;)] > 2v/3
te{ci,—lica} zEK)

for sufficiently large p.
Consider the event |8x| < v/3. If this event holds, then |8y — 1 — txEm (2;1;)| > v/3 for suffi-
ciently large p and any z € K. Recalling the definition of S, we obtain

\ti] | @k Dear, — B (2 1)| = [te] lex| > v/3.

Let us show that the sequence of events |tx| |ex| < v/3 occurs w.o.p. Note that this would imply
that the sequence of events |5| > v/3 also occurs w.o.p.
We have

1
ler| < |apDrar — Etr Dy,

1 1
+ ‘—(ter—trD)' + ‘—(trD—EtrD)
p p

Bound on % (tr D —Etr D).
By the Burkholder inequality (see Burkholder, 1973, and Theorem 2.10 of Hall and Heyde, 1980),
we have, for any 1 < r < oo,

Eltr D —EtrD|" =E|y — Ey|"

< GBI (B - B (v - )|

Therefore,

t t "
Pr (M\trD—EtrD\ > 5) < (M) E|tr D — Etr D|"
P 9 vp

9’tk‘ T ni+nz T/Z
< (_) CE| Y [(Br—Ea) (v — )]
vp k=1

For z € Ky, using (22), we obtain

r INT r/2
pe(Bjep i) > ) < (1) oo, (2) (mtme)
D 9 v n P

Since r is an arbitrary number larger than one, the sequence of events % trD —EtrD| < §

k=1,2,... occurs w.o.p.
For z € K1, we need another estimate. We have

t
Pr (M |tr D — Etr D| > K,Qpa”)
P 9 "
< po(!% | p1 E[trD (1 1 v
— r p ‘tr Qp,a,ll - |:tr ( Qp,all + Q:’»“”):H > §

But, for z € Kpy, |trD| < p3, and therefore, E [trDlQ;a”} < p? Pr( g,all) — 0asp — oco. In
[t

particular, for sufficiently large p, >

E [tr DlQ;a”” < § — 15, and we can write, for sufficiently
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14 P. DHARMAWANSA, I. M. JOHNSTONE AND A. ONATSKI

large p and any r > 1,

[ tr D — Etr D| > ,Qp,au)

(s
i

< Pr ] ’trDl —E {trDlQp,azzH > %)
< < |tk’> ‘t rD1g, ,, —E {tr DIQMH} '
r/2
< < tk’) niw [(Ek —Ei_1) (lep,au - ylep.,allﬂQ
k=1

10 [t \" +ng\"/? r
< |k!> 20, (nl n2) (37771) ‘
v p

The last inequality follows from (29). Since @pqy occur w.o.p., the obtained upper bound on
Pr (% ltr D —EtrD| > g, Qp,all) implies that % [tr D — Etr D| < § occur w.o.p. too.

Bound on q).Dyqi, — %tr Dy,.
By Chebyshev’s inequality, for any r > 1,

v 9 r
LAY LR
- 9) = <y|tk|)

|Dk> <p K, ([y4tr (Dx D))" + vostr (DD} 2) -

T

Pr (|tk|

1 1
4 Drear, — ;tf Dy, O Drar, — Etr Dy,

Now, by Lemma 11, we have

E<q

Since || Dg|| < 1/v, we have, for z € K,

s

Pr (ltk!

T

1
wDrar — » tr Dy,

r
|Dk) <p "K, (V4?77Tpr/2 + V2rp777T> :

1
@ Drai — ]—9‘61“ Dy,

Therefore,

1
4 Drai — ’ tr Dy,

v 9 \"
7\ <« 77'K r,r/2 . —r
> 9> < <—1/|tk|) P (V477 pT A+ vorpn ),

and |tg| ’q}chqk - %tr Dk’ < § occur w.o.p.

Pr <|tk\
~ P <\tk\

and since the eigenvalues of Dy1q, , are bounded by 1~

For z € Kpy, we have

1
@ Drai — ’ tr Dy,

124
> §7Qp,k)
>7)
9

, we get, using the above line of arguments,

1
ququlvak — ]_)tr Dlep,k

1

Pr (]tk|

1
@ Drar — ’ tr Dy,

v 9 \"
v —r r,r/2 —r
> ngp,k> < (—U !tkl) p K, (V477 P’ + vorpn )

: / 1
Since @), occur w.o.p., Dyqr — S tr Dk‘ < § occur w.o.p. too.
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SUPPLEMENTARY MATERIAL 15

Bound on % (tr Dy, — tr D).
Inequalities (22) and (29) imply that

1 1
’—(ter —trD)’ < —
p o

for z € Ky, and
13
p2"

1
‘2—9 (tr Dlep,au —tr DlQp’a”)

for z € Ky . Therefore, events

t
%(ter —trD)’ <

Nel AN

occur w.o.p.

To summarize, we have shown that |tx||ex| < /3 occur w.o.p. This implies that

Bkl >v/3

occur w.o.p. for any z € .

The deterministic term.
Let

Wy = M1 {18kl > v/3} N Qpau-

Note that W), occur w.o.p. This implies that \/p (Em(z;;) — mp(2;1;)) — 0 uniformly in z € I,
if and only if \/p (B [m(2;l)1w,] — mp(2;1;)) — 0 uniformly in z € K. Indeed, for z € K,
I (z;0;)] < 1/[Imz| < p~2, and

VBB |12 1) 1w

<p 2 /pPr{W} —0.

Let us denote m(z; ;) 1w, as m(z;1;) = m(z) for brevity. Note that Lemma 10 implies that Em(z) —
m(z) — 0 uniformly in z € .
Consider A
c1+ ¢ tET_rL(Z)dT(t)
e 1 + tEm(z)

which is the left hand side of (8) where m,(z) is replaced by Em(z). We have

- —1
Em(z):—<z—cl+62/ td7 () (5(2))) .

€102 1+tEm(z) Em(z

i(z) = zEm(z) +1,

Subtracting (7) and rearranging, we obtain

~ -1
B _cC1+tco t2d7<t)
_ — —émy |1 —m,E
Em(z) —my (2) 5’”4 M / (1 + tBm) (14 tmyp) |

where we omit the dependence of J, m, and m on z andl; to make the displayed formula easier to
read. We will omit this dependence in what follows to make notations more compact.
To establish that /p [Em —m,| — 0, uniformly in z € K, it is sufficient to show that

(a) for sufficiently large p, |m,| is bounded, uniformly in z € ICp,
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16 P. DHARMAWANSA, I. M. JOHNSTONE AND A. ONATSKI

(b) for sufficiently large p, the absolute value of the square bracket in (30) is bounded away from
zero, uniformly in z € ),
(c) p|8] — 0, uniformly in z € C,.

(a) follows from the fact that m, converges to m, uniformly in z € K, which was established in
Lemma 10.
To establish (b), it is sufficient to show that there exists £ € (0, 1) such that, for sufficiently large

b,
247 (¢
c1C2 |1+ tEm|
and
247
(31) mpl2 L2 [ AT

€162 1+ tm,)?

uniformly in z € ;. Indeed, then (b) follows by the Cauchy—Schwarz inequality.
In fact, since m,, and m converge to m, uniformly in 2 € Ky, it is sufficient to prove that there
exists ¢ € (0,1)

o1+ [ t2dT (1)

32 m <&,
32) b 12 11+ tml|? ‘
uniformly in z € K. Using (5), we obtain
2 Y1472 [ t3dT(t) _ mtn t2d7 (t)
172 11+ tm/|? Y172 11+ tm|?
(33) % |z — Y1+ Y2 / th(t) -2
Y172 1+tm

Using (5) again, we obtain for z = u + iv,

-2

T (’U—l—Imm% Yy [ 24T (1) ) ‘z_ Y1+ 7 / (AT (t)

yy2e J |1+ tm|? Ny J 1+tm

Combining this with (33), we obtain

t2d7T (t t2d7T (¢
|m|2 Y1+ V2 ( )2 _ Imm%—’_w ( )2
7172 |1+ tm)| 72 114 tm)|
~1
t2d7T (¢
» U+Imm%+w ()2 ‘
7172 |1+ tm)|
On the other hand, Imm = [ 'U|d>\}i L; Therefore,
imi? 2L +yp [ 2dT(t) AFYT yy 4+ [ 12dT(t)
Yy J |14 tmf A=z my2 J [1+tm]?

-1
w (14 dFT Y1+ Y2 t2dT(t)
A —z[* 72 11+ tm)? '
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SUPPLEMENTARY MATERIAL 17

The right hand side of the above equality is smaller than one for any z € K. Since it is continuous
on z € K, there exists £ € (0,1) such that (32) holds, uniformly in 2 € K.
It remains to establish (c). It is sufficient to show that /p|§| — 0, where

5=6-Pr{wg}.
Define
_01+02/ td7 () _ 1 i
109 1+tEm p = —|—tkEm
We have

5 = Pr{W,}—(u—z)Em— %trE [(A) = ul) (A1) — =1) " 1y,

1 ni+nz
= ]—gtrE [ Z tququlwp — uDlWP]
k=1

Using the identity (16), we obtain

ni+n
Uy D D

1"
P =
Using the definition of u, we can continue

5=

1My teqh.D 1+ txEm
1 Z k _E[qu k%lwp + tg m—Em].
p —1 1+tkEm ,Bk; tr

The term in the square brackets equals

'D trql.D
quka k. Drqx Ly — 1} Em
%

Bre Y
/
0 Drqr 1 _ _
]_W - —1W Em — lchm
Br ToBe T g
Em — Em
= 1Wp + —1Wp — lwﬁEm,

/Bk Bk

lwp#—{

where
€r = qpDrqr — Enn.

Therefore, to establish (c), it is sufficient to show that

(34) B 1, | = 0 (5717%).
(35) ‘Ew lw,| =0 (p71/2) :
and

(36) B|1wEm| = 0 (p72),
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18 P. DHARMAWANSA, I. M. JOHNSTONE AND A. ONATSKI

uniformly in z € K,. It is because maxy, ’ ’ is bounded uniformly in z € K, which follows

133
1+, Em
from the uniform in z € K, convergence of Eriv (and thus, of Em) to m, established by Lemma 10.

Equality (36) immediately follows from the fact that W), occur w.o.p. and from the boundedness
of Em (it converges to m(z) which is bounded on z € K). For (35), we have

EETh —Em

Gl = E (m1W5) E (ﬁ,;ﬁwp) .

But
(37) B (5 1w,) < 2.
k r) =y
Further, || < 1/ |v] < p? for z € K, and therefore,
(38) E (rlw; ) <p’Pr{W;}.

Inequalities (37), (38), and the fact that W, occur w.o.p. imply (35).
The following lemma subsumes (34) by proving a stronger statement.

LeMMA 12, There exists a constant C' such that, for sufficiently large p, for any z € ICp,

Ek -1
E—1w | <Cp .
‘ Bk *

Proof: We need the following decomposition of 1/ :

11 11
Br  be Brbp ™
where
bp =1+ ltkEtI“l)k
p
and

1
Y = tk {QZDka - EEtr Dk}
1
= trep +tp—E[tr D — tr Dy] .
p

Using the decomposition, we obtain

tkSk

Brbr

tkfk

+ |E—=
Bkbk

€k
E—=1w,| <
’ Br

Ek
E_
‘ by

1
+ ’—E [tr D — tr Dy | |E
p

1w,

Bound on ’E‘Z—’;lwp )
We have

E 1 :E——E 1ywel .
{bk va} by, ok by, [Ek W }

Since 1
E (Ek’Dk) = - (tI‘Dk — EU"D) s
b
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SUPPLEMENTARY MATERIAL 19

we have
1 1
(39) E(ex) = EE (tr Dy —trD) = —EE(:U — Yk)
By (22), we have
1 1
(40) —|E(y —y)| < — for z € Ky,
p pn

and by (29), we have

(41) % E(y —ur)| < %;TZ + ]19 }E (‘Dr Dilwe — tr DlW;)
< %;n +% (20°) Pr (W) < 7—1)2771

for sufficiently large p and z € K,y . Using (40) and (41) in (39), we obtain

42 E(er)| < ——
(42) B (o)l < 2 p
for any z € IC,,.
Further, since the eigenvalues of Dy, are no larger than 1/ |v| by absolute value, and since 1/ |v| <
p? for z € K, we have

B extwg]| < p?|B [ghantwg]| + B Pr (W)
< (B [(qéqkﬂ)” “pr (W) Y2 | B pr (wy).
Therefore,
(43) ‘E [éklwzg] <p~lC

for sufficiently large p and some C.
Next, by Lemma 10, by, = 1 + %tkE tr Dy — 1 + txm(z) and hence,

(44) |bx| > /2

for sufficiently large p. Combining (42), (43), and (44), we obtain

<p'C

Ek
45 E—1
(19 Bt1y,

for sufficiently large p and some C.

2
Bound on ‘E;’Zi‘; lwp'.

By (44), for sufficiently large p, we have

2

| o
Beb VP

(46) ‘E < —5E (t1w,)-
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20 P. DHARMAWANSA, I. M. JOHNSTONE AND A. ONATSKI

Consider the decomposition
, 1 1
(47) Ek = ququ — Etl" Dk + ; (tI‘ Dk —Etr D)

By Lemma 11,
/ 1 2 1 “\11/2 «
B (@Drar = —trDi ) Dk | < Ko ([va tr (DEDR)Y? + v tr (D D}) )

Since the eigenvalues of Dy are bounded by absolute value by

1

. r
¢, = min {m, n 1Qp’a”1z€lCV} )

we have )
1 1 1/2

E ((ququc - ];tr Dk> |Dk> < PK2 ([w;pcz] + V4p63>

and
/ 1 2 1 1/2 2 ¢ 1 12 —1
E{ ¢, Drar — ]—)tr Dy, < PK2 (vap)“p” Pr {Qp,all} + PK2 (vap)™ " m
1 4 c 1 —2
+?K2V4pp Pr {Qp,au} + PK2V4P77

Therefore, for sufficiently large p,

1 2
(48) E <ququ ——tr Dk> <Cp!
p

for some C.
For the second part of the decomposition (47), we have
1 2 2 2 2
(49) B (tr Dy, — Btr D)* < B= [(tr Dy — Btr Dy)* + (B tr Dy — Btx D)’
p p

Note that (E [tr Dy — tr D])? is bounded by (40) and (41). Let us now prove that
E (tr D, — Etr Dg)? < Cp

for some C. We will prove this inequality for Dj, replaced by D to ease notation. The proof for Dy
is very similar.

Recall that

n1+n2

trD—BtrD= > (Ex—Er1)(y—uk)
k=1

and
ni+ng

E(trD—EtrD)* = Y Ez}
k=1

where z; = (Ex — Ex—1) (y — yr).
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SUPPLEMENTARY MATERIAL 21
Using (22) and (29), we obtain

Bzl = E[E(y—u) — Ee1 (y—w))* <
2F [Br, (y — yx)]” + 2B [Ex—1 (v — wp))*
2B (y — yi)” + 2BEx 1 (y — i)
4E (y — yi)?

< 4t Pr{Qpa”}—Fél{n +<2377>2}.

Hence, E (tr D — Etr D)* < Cp (and E (tr Dy, — Etr Dy)* < Cp) for some C, and, from (49), we
have

1
2
for some C. Now, (47), (48), and (50) imply that

(50) E— (tr Dy — Etr D) < Cp~!

(51) E(ef) <Cp

for some C. Therefore, by (46),

(52) ‘E

for some C.
Bound on ’%E [tr D — tr Dk]’ ’Eé’;j’; 1w,
By (40) and (41),

1
(53) —Etr D —tr Di]| < p—l§

;

Further, by the Cauchy-Schwarz inequality,

B 1y

‘ trek
Bibi;

2 5 t2
< EekE (ﬁgb2 1WP> :

Inequality (51) and the boundedness of ﬁ,%bz away from zero on W), imply that the right hand side
of the above inequality is bounded. From this and (53) we see that

tksk

1
—E[tr D — tr Di]| |E Brb 1wp

:

Cp~!

for some C.

The Lemma follows from (45), (52), and (54). O

The validity of (36) is implied by the validity of the Lemma, and thus, /p }5 | — 0. This concludes
our proof of the deterministic term’s convergence (15).

The stochastic term.
To get the correct order of magnitude for the fluctuations of

2 = (Bx — Bx—1) (y — W) »
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22 P. DHARMAWANSA, I. M. JOHNSTONE AND A. ONATSKI

we need a finer decomposition. First, define some conditional means and residuals:
1
By = E(BulDr) =1+ Z‘)tk tr Dy,

1
"W = E('Yk|Dk):_z_9tktrDZ7

1
e = Br— B =t <q§€Dqu — Etr Dk) ,
1
Eak = To— M=t <q;'€D;%qk - I_?tr D,%) )
Rewrite y — yj, in terms of these means and residulas

0
Yk Ve  C1EVE | €2k
B BY B B

= 7Tok + Tk + T2k

The integrable terms' 7o, do not contain any variables from Fi\Fk—1. Therefore,
(Ek — Ekfl) Tok = O.
Thus, they disappear from the martingale differences and

zg = (B, — Br—1) (v — &) = (Bx — Bx_1) (115 + o)

Bounds on 1.
Crude bounds. By (22),

e/ Be] < 1/ |v].
Further
-2
R RIS e
no |Tm 37|
-2
B> Y
= — =
5tk ol 25— 1k — 2| v
Next,
1
18] > = [t] [Tm Dy | = \tkrz
p | ik —
whereas )
+1 P
learl < wz G P 1o (g + 1) DD

1|’Y/(c)/ﬁi(c)| < %tk ?:1 |1Lin —2\72/(|Im/82|) . but

Im ) = —tkvz i — 2|2

j=1

therefore, ’72/52’ < 1/v, and thus, v2/8Y is integrable.
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Therefore,
x| (qrax +1/p) 304 m 1
J /
|rok] < RIS = = (parar + 1)
p k J=1 ‘/”jk—z‘Z
Finally,

& 1
roed <[] ol + el < 3 (o +3).

Fine bounds.
Consider the event

By = {18 > /3,

52’ > v/3,paar < 217} N Qp,ail

On this event, which occurs w.o.p. (a proof of the fact that ],82} > v/3 occur w.o.p. is actually
contained in the above proof of the fact that |5x| > /3 occur w.o.p.), we have

Ik < |te] 2

for z € KC,, (note that the distance from any pj; to K is bounded by 1 on @) 4u1). Therefore, on By,
we have 9 [t4]2
k
Ir1k| < le1kl 2

and
[ror] < e 3/v.

Bounds on €1}, and e9y.
We have N
E_1 {\811@\21 1ka} =p AEpy [lkaE (}pquka — tr Dy \Dk;)]

Using Lemma 11, we continue, for [ > 1,

Er_1 {\811@\21 1ka} < p 2By, [1kaK2l (Vipln_% + V4zp77_21)]
< Kp'n?

Similarly,
Er—1 UEQM% 1ka} < Kpp~lp

Let us prove the following lemma.
LEMMA 13. Foranyl>1,E ]zk|2l < Cp~! uniformly in z € K.

Proof: Set W = rqj + rox and observe that

Bi1l2/* = Bp1|EBxW —Bp W[ <y (Ek—l B W + By |Ek—1W|2l)
< cor (BraBy W + By 1Byt W) = 2eqBy o [W]*
< ¢ (Ekfl ’T1k|2l + Ei—1 |7’2k|2l)
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using (a + b)? < ¢, (aP + bP) for ¢, = 2P~L and p > 2.
Further

By |rnl® = Epoy (’ﬁk’m 1Bk) + Ex—1 (|7‘1k|2l 13,3)

<9\tk|2

vy

<9|tk|2

V2

>2l Er—1 (lflk\m lBk) + Ex—1 (\7“114:!21 13,3)

)2l Er—1 (!&k\m 1ka) + Ei—1 (!ﬁk!?l 1Bg)

Taking unconditional expectations, we get

9|t 2\ %
E|rs? < (J/;J}) E(|€1k!2l1ka)+E(|r1k!2l13,g)

9[te|2\* =y o L 2
< ( o > Kip~n +E<ﬁ paiar + 3| 13,3)
9ftel2\* ~ 5 1 / a\1/2 1/2
< ( 2 ) Kip™'n* + 1 (Jpakai +3]") " [Pr (Bf)]
< Cp!

A similar argument shows that
21 —
E |rye|* < Cp~h.

O
To establish the stochastic bounds (14), we need to show that E |y — Ey[ﬂ < Cj uniformly in
z € Kp. By Rosenthal’s inequality (see Theorem 2.12 of Hall and Heyde), we have for any [ > 1,

o ni+nz ! ni+nz o
Ely — By|* < CE (Z Eklz,%> +C ) Elz
k=1 k=1

That the second sum on the right is uniformly bounded follows immediately from Lemma 13.
Turn to the first sum. First, obtain the bound

ni+ng !
( Z Eklz,%> <qg (Rllp + Rép> ,
k=1

where
n1+n2

Rup= > Br1lrml®
k=1

Recall that

9ty 2\ 2 2
< 2 ) Er1 (|€1k| 1Q,,k)+Ek—1 (|7“1k:| 1B,g)

U2V oyt 2 4 By (el 1)
2 o k=1 \IT1k| LB¢

Br—1 |rix)?

IN

Therefore,
n1+n2

Ry <C+ > Eipo (’T1k|2 1B,§)
=1
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and

n1+n2 !
Ry, <a|C+ { > Ep (|T1k|2 1B,g>} ]

k=1

On the other hand, for [ > 2

ni+nz ! ni+nz l
{ > By (!7’1k!2 13;3)} < (nt+ng)t Y [Ekq (!T1k|2 135)}
k=1 k=1

ni+n2

< (mi+m) Tt Y B (|7“1k|2l) Er-11p¢

k=1
2
Ex—11p¢

n1+n2

1
< ()™t Y B (’; (Parar +3)
k=1

n1+n2

< p Y Bralp
k=1

for some K. Taking unconditional expectations, we obtain the boundedness of Rllp. The boundedness
of Rlzp is established similarly. This completes the proof of (14) and hence, of Lemma DJOG.

4.3. Proof of Lemma DJO7 (a CLT for quadratic forms). We will need the following two lem-

mas.

LEMMA 14. (McLeish 1974) Let {Xpr, Gpr, 7 = 1,...,p} be a martingale difference array on the
probability triple (2, G, P). If the following conditions are satisfied: a) Lindeberg’s condition: for all

e >0, ZT f|XpT|>a XgrdP — 0 asp— o00; b) ZTXI%T LR 1, then ZTXI”" LA N (0,1).

Proof: This is a consequence of Theorem (2.3) of McLeish (1974). Two conditions of the theorem:

i) max,<p | Xpr| is uniformly bounded in Ly norm, and ii) max,<p | X, | L, 0, are replaced here by
the Lindeberg condition. [

LEMMA 15. (Hall and Heyde) Let {Xp, Gpr, 7 =1, ..,p} be a martingale difference array, and
define V;f] = ZizlE (Xgr]gpm,l) and Ugj = Zilegr for r = 1,...,p. Suppose that the con-
ditional variances Vp2p are tight, that is sup, P (szp > 6) — 0 as € — o0, and that the condi-
tional Lindeberg condition holds, that is, for all € > 0, ZTE {Xgrl {|Xpr| > €} |gp,,_1} £.0. Then
max; ’Ugj — szj’ Lo.

Proof: This is a shortened version of Theorem 2.23 in Hall and Heyde (1980). OJ

Let f;(A), j = 1,...,J, be such that fj(A) = g; (\) for A € [b;, B;] and f;(\) = 0 otherwise.
Consider random variables
1

Xpr = %Z(j,s,t)e®7jstfj (1) (GrsGrt — Ost) »

where ;4 are some constants. Let G,r be the o-algebra generated by pi1, ..., ttp; and (s with
r=1,..,R; s = 1,...,q. Clearly, {X,,Gpr,r =1,...,p} form a martingale difference array. Let

imsart-aos ver. 2012/04/10 file: supercriticalsml.tex date: January 28, 2017



26 P. DHARMAWANSA, I. M. JOHNSTONE AND A. ONATSKI

K be the number of different triples (j,s,t) € ©. Consider an arbitrary order in ©. In Holder’s

inequality
K K 1/b K . 1/c
S = (S w) (S )

which holds for y, >0, 2, >0,b>1,¢>1,and 1/b+ 1/c = 1, take

Ya = ]stfj /’L'I‘ z) (Crsgrt - 5st) ’

5

where (j, s,t) is the a-th triple in O, z, = 1, and b = 2 4 § for some 6 > 0. Then, the inequality
implies that

2+6
1

\/1—9’7]'515 (Crs(rt - 6315)

Y

(55) |Xz?1”|2+(S < K1+5p12+6z

(j,s,t)€O

where

pi= max sup |g;(A)].
J=LJ \elb;, By

Since (s are i.i.d. N(0,1), (55) implies that erlE |Xpr|2+6 — 0 as p — oo, which means that
the Lyapunov condition holds for X,,. As is well known, Lyapunov’s condition implies Lindeberg’s
condition. Hence, condition a) of Lemma 14 is satisfied for X,,.

Let us consider Zp p . Since the convergence in mean implies the convergence in probabil-
ity, the conditional Llndeberg condition is satisfied for X,,. because the unconditional Lindeberg
condition is satisfied as checked above. Further, in notations of Lemma 15, it is easy to see that

1r
Vb =2_. [(Zl<s<t<q7jst’7j1st (1+ 5st)) ]—erzlfj (ki) fia (Mr,z’)} :

The convergence of the empirical distribution of p1;, ..., ftp,; to F'(X; ;) and the equality of g; and
fj on the support of F'(A;x;) implies that

P
V2 Z=30 [(Zlgsgtgq%st’mst (1+ 5st)> /gj (A) g (M) dF(X; fBz’)} :

In particular, Vp2p is tight and Lemma 15 applies. Therefore, Zi_ngT converges to the same limit

p d
as V]?p. Thus, by Lemma 14, we get ZT:1XW = N(0,%).
Finally, let

1
Vir = 50 iy Vit () (6roGor = ).

Since

Pr(>0 Xy A3 Vo) =

as p — oo, we have Zf_lYpT 4N (0,%). Lemma DJOT7 follows from this convergence via the
Cramer-Wold device. B
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4.4. Derivation of equations (DJO27-29). Expression (DJO27) immediately follows from (DJO15).
For (DJO28), differentiating identity (DJO13) with respect to z, we obtain

nm' (z;x) _ m’ (z;x) —2y9m/ (z; ) .
(I+mm(z2)?  m*(z2)  (1—yzm(z)

Setting z = 0 and = = z;, and using the fact that
(56) m (0;;) = = (si +71)
which follows from (DJO15), we obtain

14 yim!’ (05 x;) _ m’ (0; z;) " —z2vom/ (0; ;)

2 ) 2
(1 -Mn (Sz‘+71)_1) (5i +71) (1+’72$z‘ (Sz‘+71)_1)
Using the definition (DJO17) of z;, we obtain

L+ yim' (05 ;) Lo (0yw)  (si ) (si+ 1) qem (0;)
— _ . :

p =)
(1 =71 (i + ’71)71) (85 +71) %i

which implies (DJO28).
Finally, differentiating identity (DJO13) with respect to x, we obtain

mdm (z;z) /dz _dm (z;2) /dx =14 yzm (z;z) — x (yam (z;2) + yexdm (z; ) /dx)
(L+mm(z2)*  (m(z2)? (1 = yozm (z;2))°

Setting z = 0 and x = x;, we obtain
vidm (0;2;) /dz dm (0;2;) /do =1 — yox2dm (05 ;) /da
(L+ym O52:)*  (m(0;2,))° (1= yowm (052:))*
This equality, the definition (DJO17) of z;, and equation (56) imply (DJO29).

5. Analysis of the joint density of eigenvalues.

5.1. Proof of Lemma DJO13 about branch determination on the horizontal part of K. To de-
termine the branches, we will view the part of I on the real axis as the limit of a wedge-like
contour ~

W = (Zo + ig, Ap1) U (Zo — ig, Ap1)

as ¢ | 0, where i is the imaginary unit. Contour W intersects with each of the rays {z : arg z = ¢},
¢ € (—m, 7] no more than once, and therefore, the branches of all the fractional powers in w must
be principal as discussed in DJO. As ¢ | 0, we identify the branches by continuity as follows.

The situation will depend on which of z1, ..., z, belong to the “upper” and which of them belong
to the “lower” parts of IC N [z, 5\p1], that is the parts that are oriented from /N\pl to Zg, and from
Zg to 5\p1, respectively.

There are 2" possible scenarios: (sgn,, = %1, ..., sgn,, = £1), where sgn.; = +1 means that
zj belongs to the “upper” part, and sgn; = —1 means that z; belongs to the “lower” part of
KN [#0, Ap1]. Consider a particular scenario (sgn., , .., sgn., ). Deforming K N [Fg, Ap1] to the wedge-
like contour W, we move z; to

Apl — Zi
s pl J
Zje = Zj +1X sgn =——¢.
pl — L0
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Since on W, the principal branches of fractional powers are taken, the sign of the imaginary part

1/2
of (1 — zjsz;el) / for 7 > ¢ must be equal to sgn,,. Therefore, for j > i,

-1
)

1/2 1/2
sgn Im (1 — 2% ) / = lgiﬂ%sgn Im (1 — ngzi;1> / = 5gN;.

Similarly, for 5\p8 and z; such that 5\p5 > z;, we have

T o\ YV2 . - \—1/2
sgn Im (1 — As2; 1) = lgll%l sgn Im (1 — )\pszigl> = —sgn,.
5.2. Proof of the fact that I! wvanishes if there are any repeats in o. Suppose, specifically, that
Oatl = ... = Ogqyp = tg < k for some b > 2, so that the variables z441, ..., 2443 lie within the same
segment. Because of the branch effects described in Lemma DJO13, it helps the bookkeeping to first

factor out from w the terms that depend on sgn,,, ¢ =1, ..., 7. To this end, let v; = # {s FAps > %
'
and vy = Zvi. Then we factorize w = S@ so that @ does not depend on {sgn.,,i = 1,...,r} while
i=1
from Lemma DJO13 we have

.
S ==/ () Hsgna;iﬂi_
i=1

It will be enough to show that the inner integral within (DJO43) given by

a+b

(57) T = / SoFpn ] dzi =0,
ICi?OﬂSb i=a—+1

where S denotes the region 2,41 < ... < zg4p. To this end, we factorize S = SyS;, where Sy
has all the terms that do not involve z441, ..., 2o+ and, if we let v denote the common value of

Vgl = ... = VUgtb, We have
a+b
S = H sgnl Y
i=a+1

Write [a, 8] for the interval [Ap i +1, Ap.io]- Recall that each of the b copies of K;, is the union of
two contour segments, namely KC; , which traverses [av, B] left-to-right, and on which sgn, = —1, and
lC;g, which traverses [, 3] right-to-left, and on which sgn, = 1. Let sgn; = sgn.,, and decompose
the inner integral (57) over all combinations of these contour segments to get

a+b

Thin = SOZ"'Z /[a spost S5152wFpn H dz;,

sgni1  sgnyp i=a+1

b
where each sum is over sgn; = £1 and the term Sy = H (—sgn;) counts whether z,; traverses
j=1
Ky, or IC;E. Now we can evaluate

b

Z ...ZSng = (-1)° H X:sgn;*a*jjrv+1 =0

sgni  sgny Jj=1sgn;

when b > 2. Indeed, each sum on the right is of the form 1+ (—l)l , which vanishes when [ is odd,
and this must occur for at least one term if b > 2.
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5.3. Proof of Lemma DJO16 about the Laplace approzimation for fg’iﬁ;D. Let A = diag {ay, ..., ar}
with 0 < a1 < ... < a; and B = diag{b1,...,bx} with by > ... > by > 0. We have the following
lemma.

LEMMA 16.  Let ¢;j = (aj — a;) (b — b;) / {(1 + a;b;) (1 + a;b;)}. Then, as T — oo,

(58) \Fo (T/2;—A, B) =T, (k/2) wFk+1D)/4 ﬁ (1 + a;b;) 172 ﬁ (Teij/2) "2 (14 0(1)),
i=1 i<j

where o(1) — 0 uniforms on any compact subsects of the simplexes 0 < a; < ... < ap and by > ... >
b > 0.

This lemma is a minor extension of Chang’s (1970) Theorem 1, which establishes (58) for fixed A
and B (with both sides of (58) divided by the volume of the orthogonal group O(k)). To show that
the o(1) is uniform on the set of A and B described in the lemma, it is sufficient to replace Hsu’s
(1948) Lemma 1 by Glynn’s (1980) Theorem 2.1 in the proof of Chang (1970). Lemma DJO16 is a
corollary to Lemma 16.

5.4. Proof of Lemma DJO17 about the Laplace approximation for fzf}EG. The proof below uses
many ideas from Glynn (1980). First, let us represent TEEG in terms of ¢F;. Using the identities
(see James’ (1964) equations (30-31) or Glynn’s equations (5.1-5.2))

p7n

TG = /O o 1 (a,ﬁ;gsl/zHZH’sl/Q) (dH),

where a = Ta+ %5, 8 = Th+ %4 and (dH) is the normalized invariant measure on the orthogonal
group O(k), and

T
151 (Ohﬁ; 581/2HZH/51/2> = (Fk (01))71/

etr (=) |27 o Fy (5; z51/21LIZH’51/22> (dx),
>0 2

where > > 0 is a positive deifinite £ x k matrix, we obtain
_ " T
FREG _ (1, (o))~ /O [ e (=)™ R, (5; 551/2HZH/51/22) (d) (dH)
(k) JE>0

Next, let us change variables of integration > — @, R, where > = %Q’ R2Q,
R = diag (ri,...,7%)

with 71 > ... > r; > 0, and @ € O (k). For this transformation, we have (see, for example, Herz
(1955), p. 479)
T K24k
2
@) =v(5) T 2RI (3 -3) @R) @),

1<j

where ,
Vi = 267F°/2 /1y (K /2)

is the volume of O (k), and (d@) is the normalized invariant measure on O (k).
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The transformation is one-to-2¥ becase @ is only determined up to a left-multiplication by a
diagonal matrix with +1 coefficients along the diagonal. Therefore, we have

FREG  _ C/ tr (—TR2/2) |RI22—F 2 2
™ oo < (CTR2) IR H( )
2
(59) X oF1 (ﬁ; TZRQSWHZH’sl/?Q’R) (dQ) (dR) (dH),

where
Cr = Vi, (T/2)* /T4 (@), and D(R) = {R: 71 > ... > ry > 0}.

Consider Herz’ integral representation for gF; (see Butler and Wood (2003), equation (12))
1 —2k—
(60) oF (,3, Z@@') - c/ etr {OV}|I, — VY|P D2 (qyy |
u

where O is a k x k matrix, Y = {Y : YY' < I;;} and ¢ = 7~ **/2T}, (8) /T, (8 — k/2). This represen-
tation is valid when 8 > k, which holds for sufficiently large T'. Using (60) in (59), we obtain

FpbG = Crp etr [~TR?/2 + TRQs'2HZ"?Y |
’ O(k)x D(R)x O (k) xU
% ’R|2Ta+l H (Tz2 B TJ2> |Ik . YY/|Tb—k/2 dz,
i<j
where )
25 (T/2)™ Ty (B)

dz = (dQ) (dR) (dH) (dY), and Cp =

Ty (a) Ty (k/2) Ty (B — k/2)
Now let us make the change of variables Y +— U,V,o, where Y = UcgV is a singular value
decomposition of Y with

o = diag (o1, ...,0%), with o1 > ... > 03, > 0.

For such a change of variables, we have
(aY) = VE]] (07 = 03) (dU) (dV) (do),
1<j
where (dU) and (dV) are the normalized invariant measures on O.
The transformation Y +— U, V, o is one-to-2¥. Therefore, we obtain

TS = Cn [ et [r (-2 4 BQsPHZ UV

(61) < BT T (ng B T;) (O_ig B O_?) )Ik B JQ‘Tb—k/2 @,
i<j

A =0(k)x D(R) x O(k) x D (c) x O (k) x O (k)
with D (o) ={c:1>01 > ...> 0} >0},

2%k (T/2)* Ty (8)

d¢ = (dQ) (AR) (AH) (do) (dU) (AV), and Or = L= o= 2 g o m 2= s
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Equation (61) can be rewritten in the form amenable to the Laplace approximation method as
follows

(62) FREG = ¢y /A hfTde,
where b
f=etr{~R?/2+ RQs'2HZ*UoV | ]Ik - 02] IR|*,

and
=R (7 2) (- )
1<J

By Lemma 4.2 of Glynn (1980), the maximum of etr {RQ51/2HZl/2U0'V} over (Q,H,U,V) €

(’)(k)4 is achieved at 23* points, where Q, H,U, and V are diagonal with values +1 along the
diagonal, and such that QHUV = I,. The value of etr {RQSI/QHZI/QUEV} at the maximum is
etr {Z;?ZI 0, \/E} , where
G = 2jsj/2.
We introduce this notation because it simplifies some expressions later on.
This implies that the maximum of f over A is achieved at 23¥ points with Q, H,U,V as above,

and with r; and o; satisfying the following first order conditions for maximisation with respect to
rjand 0j, j =1,..., k,

(63) —Tj+0j\/2<j+2a/7'j20

and

— 2bo ;
(64) ’I”j ZCj — 1— ;_2 =0.
J

From (63) we obtain

Using this in (64) we obatin

(r2 - 2a)2 +2(b=¢) (r? — 2a) — dag; = 0.

Let

s =5 {6 -0 0 - )+ aag

be the positive solution of the quadratic equation ZJZ + (b —¢j) zj —aj = 0. Then, rjz —2a = 2zj4,
and thus

(65) 7“]2- = 2(zjy+a), and
1 2

(66) of = .
Gj zj+ +a

We have introduced the notation z;4 here for compatibility with the previous version of DJO, that
studied the one dimensional case k = 1.
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Let us verify the second order conditions for the maximum at the above r]z and 0]2. The matrix
of the second derivatives of In f with respect to ; and o; is

—1- 2a/7“32- V2G5

2 |.
V%G = (1402)/ (1-0?)

Its value at the critical point is

( —(2j+ +2a) / (zj+ + a) V2G5 )
V2G5 ~2G (s +0) [b— 2 (4 +0)* / (b))

By inspection, the diagonal elements of this matrix are negative, whereas the determinant

4¢G5 (a + zjy) (aCj + zj2+) / (bzﬁ) >0,

so that the second order condition for the maximum is satisfied.
Note that the value of In f at the maximum is

k
maxIn f = Z {—r]?/Q +1;054/2¢; + bln (1 - 0]2») + 2aln7“j},
j=1

where 7; > 0 and o; > 0 are given by (65) and (66). Expressing maxIn f in terms of a,b,(; and
Zj4, we obtain

k
maxIn f = Z{ZJ+ —bln(zj4+ +b) +aln(zj +a)+aln2+blnb—a}.
j=1

Since the maximum is achieved at the 23* points, the integral over A in (62) can be replaced, for

the purpose of the asymptotic analysis, by 23* times the integral over
AT = OT (k) x D(R) x O (k) x D (¢) x O" (k) x O (k),

where O (k) denotes the set of k-dimensional orthogonal matrices with positive diagonal elements.
Since Q, H,U, and V are proper in O" (k), they can be parameterized as

Q=exp{G}, H=exp{F}, U=exp{A}, and V = exp{B},

where G, F, A, and B are k x k skew symmetric.
Anderson (1965) shows that the Jacobian of the transfomation @ — S equals

Ji=T(Q G) =Ty (k/2)2 = F12 (140 (6Y)),

where O (G?j) denotes the terms that are at least quadratic in the elements of G. Similar expres-
sions hold for the Jacobians Js, J3 and Jy of the transformations H — F, U — A, and V +— B,
respectively. By making this change of variables, we arrive at the following asymptotic representa-
tion

(67) FREG e [Laf™ (d€).
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where ,
25k (T/2)" Ty, (8)
i () (Tk (k/2))° Ty (8 = k/2)
= is the image of AT under the transformation Q, H,U,V — G, F, A, B,

cn=2%Cp =

g = J1J2J3J4’Ik_0' ’ IRIH( ) (a —a?), and

f = etr{—R2/2+ReGsl/2 F 7126456 }‘Ik—UQ‘b]RF“.

Expanding %, e’ e, and e into powers of G, F, A, and B, we have tr [ReGsl/QeFZl/geAaeB}
equals
k
1/2 1 2 1 1/2_1/2 1/2_1/2
Z / / ‘—52(?”‘8‘/ 2V Uj—i-risi/ Zi/ ai> (G?i—l—Fj%-i-A?i—i-B?i

J°5 =g
=1 j<i

)
Z (rjsi"2 %0 + ris) 2% 01) Giy —Xk:(rjsi/%j/zaj sy *z%00) Gjidys
)

Jj<i J<i
k
Z( ' 1/2 Z1/2 i + 15 1/2 j1/20j) GﬂBﬁ_Z(TJSJl/z Z1/2 o+ Z81/221/2UZ FiiAj;
j<i 7<t
k
_Z( 12 3/20,+nsl/22j1/20g) Fjisz‘—Z(TJ J1/2 V24 risy? 1/2UJ> AjiBji
j<i g
+h.o.t.,

where h.o.t. stands for higher order terms (in Gj;, Fjs, Aji, and Bji).

The maximum value of f is obtained at a single point £ in the interior of =. The Hessian of —In f,
A, reduces to a product of determinants of matrices which are at most 4 x 4. A direct calculation
(using MAPLE symbolic algebra) gives

(a+ zj1) (aCj + z?Jr)

k k
Zi — Z5)(Si — 85 7“?—7“2
1] b2, TT{Gi = 25) (s = 55) (2 = #2)

j<i
2 2\ [ 1/2 1/2 1/2 1/2 2

Further, using Stirling’s formula, we have, at G = F = A= B =0,

Ty (k/2) THEEHD/4 - pk2/2kTa
k2 tk(k+1)/4 9kTatk?/2 gkTatk(k+1)/4"

CTJ1J2J3J4 ~

The statement of Lemma DJO17 now follows by applying Glynn’s (1980) Theorem 2.1 to (67).
We obtain

FREG T —h(k=1)/4 T (k/2) PRTO+R(k+1)/4
p.n B) Tk(k+1)/4 gRTa+k(k+1)/4
1
X H 72y i+ + @) (Zj+ (z+ + a)> ’
j=1 (2 +0)"T \ 2y 0
< I (= 12 (g )7V,

i<j
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34 P. DHARMAWANSA, I. M. JOHNSTONE AND A. ONATSKI

By Glynn’s theorem, this asymptotic approximation is uniform over a and b that belong to compact
subsets of (1/2,00) and (0, 1/2), respectively, and over s and Z, such that their diagonal entries
belong to compact subsets of the simplexes s1 > ... > s > 0 and z; > ... > z; > 0.

5.5. Proof of Lemma DJO18 about the Laplace approximation for Tiing. As shown in DJO, the

inner-most integral in the multiple integral representation (DJO49) of Ti;gD equals
i . Ap1
(69 Tt =% [ g () (14 0(1) a2,
)\pz-‘rs
First, we will apply the Laplace method (see Olver (1997), p. 81-82) to the integral

Ap1
)= [ i () da.
A

p2 +€

To line up our analysis with that on pages 81-82 of Olver (1997) and to simplify notations, let
us rewrite I(p) as

—Ap2—¢
1= [ " e O,

—Ap1
where t = —2z1,
. N—-p+2 s1t
f) = Tln<1+1+51> Z ln(—t— pj) and

_] =k+1
k - 1\ 1/2
g(t) = (p1+t) 1:[( ~t—z)/(~t=%y)) "

Let us show that under the null hypothesis, f(¢) has positive continuous derivative for ¢ from
the interval [—5\p1, —5\p2 — ¢ for sufficiently large p, a.s. All statements made in this section should
be understood as holding for sufficiently large p, almost surely, and we will omit this qualification
to avoid frequent repetitions. We have

N —p+2 S1 1 &

~ —1
/ o . .
(69) fO=— 155 ot 2ij;+1 (t+25)

Clearly, f'(t) is continuous and strictly decreasing for all ¢ € [—5\p1, —Sxpg — ¢]. Under the null, the
minimum of f’(¢) on ¢t € [—A,1, —Ap2 — €] converges to

2
pPS01

1
(70) —= 5
29172(1 + so1 — so1(lim App +¢)) 2

m(lim Az + €)

uniformly over s = so + d/,/p with (1, ..., 6;) from a compact subset of R¥, a.s. Here m(z) is the
Stieltjes transform (or rather its analytic continuation to a point on the real line) of the limiting
spectral distribution of the multivariate Beta matrix (ngH + noE) ™' nyH and

(so2 + 1) (so2 + 1) 72
502 (71 + s0272 + 72)

lim 5\],2 =

is the a.s. limit of Ay (see equation (DJO41)).
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Consider the following function of two real variables

P2801
2v172(1 + so1 — s01Yy)

W (y, so1) = + %fn(y).
From the above discussion, we see that this is the value of the a.s. limit of f’(¢) as t — —y. The
function is well defined for all y < 1 that lie above the upper boundary of the support of the limiting
spectral distribution of the multivariate Beta matrix, and for all sg; > 8. It is also well defined for
positive sp1 and all, but one, values y > 1, but we focus on the supercritical spikes (hence sg; > 5)
and on y that may be equal to a limit of an eigenvalue of a multivariate Beta matrix (hence y < 1).
Recall that 5\pj = apApj/ (1 + andpj), where ay, = np/ng and Ayj is the j-th largest eigenvalue of
F = E~'H. This implies that the upper boundary of the support of the limiting spectral distribution
of the multivariate Beta matrix (ngyH + ngE)_1 ngH equals

By = afy/(1+afy), where a = v /71,
and that
(71) m(y) = ax +1+a (az + 1)*m(z),

where y = az/ (1 + ax) and m(z) is the Stieltjes transform of the limiting spectral distribution of
F. It is well known (see, for example, p. 79 of Bai and Silverstein’s (2010) book), that

I 1 m (96(1—’72)+1—71)+29672—V1\/((1—71)+9?(1—72))2—4$
(72) m(z) = — — — — 5 .
Ty @ zy1(71 + 272)

Now returning to function W, note that this function is increasing in both y and sg; on y € (BN+, 1]
and sg; > 5. Let us compute its limit as y — B4 and so; — 5. Then z = y/(a — ay) — B4 =
((1+ p)/(1 —72))?, the square root in the above definition of m converges to zero, and after some
algebra, we obtain
p((L+p)* 2 + (1 —12)%)

27172(1 = 12)(1 + p)

On the other hand, as sp1 — §= (12 +p)/(1 —2) and y — By,

m(y) — —

N =

p2so1 e p)*v2 +11(1 —72)?)
2v1v2(1 + so1 — So1Yy) 27172(1 = 2)(1 + p)

)

so that U(y, so1) — 0. Since ¥(y, sp1) is increasing, the limit (70) of f/(¢) must be positive. Moreover,
there exists a small positive number such that f/(t) is above this number for all t € [=X,1, —Ap2 — €]
and all s = 5o+ d/,/p with (d1,...,0;) from a compact subset of R*. for sufficiently large p, almost
surely.

Since f(t) is strictly increasing on [—~Ap1, —Ap2 — €], the main contribution to the integral I(p)
comes from the vicinity of —\,;. From (69), we see that

.5. 02801
= —
2’}’1"}’2(1 + Sp1 — So1 lIim )\pl)

1 -
(73) + m(lim ),

g.l
—
|
P

i)
=
~—
Q

where
(s01 +71) (01 + 1) 72

so1 (71 + so12 +72)

lim /N\pl =
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36 P. DHARMAWANSA, I. M. JOHNSTONE AND A. ONATSKI

Using (71) and (72), we obtain, after some algebra

_ 2
(74) m(lim Ay ) = p s01(71 + 72 + 7250) '
Y172 (71 + s01) (2 + 2501 — So01)
Further,
P’sor _ 501 (71 + 72 +72501)
Y172(1 + s01 — s01 1im Ap1 ) Y172 (1 + 501)

These equations together with (73) yield

(1 —~2)s01(m + v2 + v2501) (1 + so1 — 532)(1 + 501 — 5£/2)

75 "(=X1) 3 Hy =
(75) f(=2p1) 1 29172(71 + s01) (1 + so1)(s01 — Y2801 — 72)

The rest of our proof of Lemma DJO18 closely follows Olver (1997), p. 81-82. Consider a new
variable of integration

v = f(t) - f(_>\pl)a

and let ¢ be a fixed number that belongs to the a.s. limit of (—A,1, —Ay2 — €) as p,n —, 0o, under
the null hypothesis. We have

~ C K
(76) epf(ﬁ‘Pl)/~ e*pf(t)g(t)dt:/ e PPq(v)dv,
0

1

where
k= f(e) = F(=Xp1) and q(v) = g(¢) (dt/dv) = g(t)/ f'(t).

Note that there exist fixed non-random 0 < K; < K3 < oo, such that « € (K1, Ka).
By definition of f(t) and g(t), as t — —Ap1,

(f(t) - f(—:\pl)) / (t + :\pl) — F, and g(t)/(t + j\pl)fl/z -G,
where
(=) L < ~ 1/2
F=f(=M1), and G= ][] ((Ap1 _ zj) / (Apl _ Apj)) '
j=2
These convergences, together with the above definitions of v and ¢(v) imply that
(77) q(v) ~ Gu Y2 JFY2 as v — 0 + .

This means that the ratio of the left hand side of (77) to its right hand side converges to 1 as
v — 0+. This convergece is uniform in s = so+4/,/p with (61, ..., ) from a compact subset of R
Now, closely following Olver, rearrange the integral (76) in the form

(78) /OI.C e Pq(v)dv = GF~1/2 {/OOO e PPy~ 2y — el(p)} + e2(p),

where

o K
. / P 12dy and - / e PY {q(v) _ GF*1/2,071/2} dv.
o 0

Since k € [K1, K»] for all sufficiently large p,

/ e Py 2du — e (p) ~T(1/2)p /2 = /7 /p as p — .

0
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Further, the above results on the derivative of f yield

(1 —~2)s01 (71 + Y2 + Y2501)(1 + s01 — ﬁiﬂ)(l + s01 — 51/2)

F~H =
! 2v172(71 + s01) (1 + s01)(s01 — Y2501 — 72)

Therefore, for the first term on the right hand side of (78), we have

(79) GF/? { /0 ey 124y — 81(19)} ~ (pHy /)2 f[ (o =25) / (3o = ij))m‘

That is, the ratio of the left to the right hand sides of the above display converges to one as
p,n —, 00, uniformly in s = sg+0/,/p with (41, ..., 9%) from a compact subset of R*, almost surely.
Next, by (77), for an arbitrarily small positive 7, we can choose k so that

’q(v) - GF_1/2’U_1/2‘ < T|G|F~1/2y~1/2

for all v € (0,x] and all s = sg + &§//p with (61, ..., ) from a compact subset of R*. Therefore, 5
is asymptotically dominated by the first term on the right hand side of (78).
Finally, let
n=_inf  Jf) = f(=M1)}-
e~ Ap2—) { 2

Since f(t) is strictly increasing on [—Ap1, —Ap2 — €], 1 is larger than some positive number for any
s = s9+0/,/p with (01, ..., 6) from a compact subset of R*, for all sufficiently large p, a.s. Therefore,

- Y 2—E -A 2—¢
PF(=2p1) / T e P Bgydt| < e / T gl a,

which is dominated by the right hand side of (79).
Summing up, we have established the following lemma.

LEMMA 17.  As p,n —- oo,
g . < ko .. - - 1/2
o8, = GIPe O (pr ) 2 T (1 = %) / (A = M) 1+ o)),
j=2

where o(1) — 0 uniformly over s = so + 6/,/p with (61, ...,05) from a compact subset of R* and
over za, ..., z, that belong to the (trimmed) domain of integration in (DJO49), a.s.

Repeating the above analysis for the second, third, etc. to the inner-most integral in (DJO49)
and combining the results, we obtain Lemma DJO18.

5.6. Proof of Lemma DJO19 about the Laplace approximation for TURSG. The proof is very

similar to that of Lemma DJO18. As shown in DJO, the inner-most integral in the multiple integral
representation (DJO52) of TEZEG equals

A
(80) ToPG . GREG / ") gy (21) (14 0 (1)) da.
A

Oz ,in
p2 +e
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38 P. DHARMAWANSA, I. M. JOHNSTONE AND A. ONATSKI

First, we will apply the Laplace method to the integral
Apl
I(p) E/ Tennf() gy (2) day.
)\pz-f—z’;‘

To line up our analysis with that on pages 81-82 of Olver (1997) and to simplify notations, let
us rewrite I(p) as

—Ap2—¢€
)= [ 7 e Ogar,

—Ap1
where t = —2z1,
f (t) = —Z14+ — aln (2’1+ + CL) + bln (Zl+ + b + o Z In (_t - pj) ) and
j =k+1
o1s (10 + ) P 1/2
1+ (214 A
g(t) = (—) pl + 1 H( > .
Ay +al ( ) j=2 \ ™ )‘m
Here

Zj+ = 1 {CJ - b+ \/(b - Cj)2 + 4aCj} with Cj = —tS]‘/Q,

a=(N—-p)/2ng)=(ng+n2—p)/2ng), and b = (ng — p)/(2ng).

Let us show that under the null hypothesis, f (t) has positive continuous derivative for ¢ from
the interval [—Ap1, —Ap2 — €] for sufficiently large p, a.s. Express f'(t) as

f1(t) =¢'(t) + w'(t),

where

1 p
o(t) = —2z1+ —aln(z14 +a) + bln(z14 +b) and w(t) = I Z
=kt

Clearly, function w(t) is decreasing and concave on t € [~Ap1, —Ap2 — €]. We will now show that
©(t) is increasing and convex.

Since
Z%+ +(b—-C)z14 —aG =0,

we have
(81) C1 = z1+(214 + b)/(21+ + a).

Therefore, z1+ > (4 > 0. Further,

iz B 8zl+%_1 1 (1 —b+2a —57
att T e At 2 V-2 tdac | 2
(82) _ 21+ +a —S81 _ (CL + Z1+)2 —S1 <0.

2210 +b—-C 2 ab+2a21+—i—z%+ 2
On the other hand,

0 ab + 2az14 + 23,
83 —p=- < 0.
(83) D21y " (b+z14) (a4 2z14)
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Therefore, ¢/(t) is positive on t € [~Ap1, —Ap2 — €]. Further,

0? b N a _ (a—10b) (2}, —ab)

07, (s 102 (s tal  (e1s +0) 21y +0)

i

and using (82), we also have

d_22+1 _ stalatzy)’(a- b)3'
d 2 (ab+2az14 + 21))
Hence,
"oy o P (dziy 2 dp APz _ S% (a + Z1+)2 (a — D)
0z, \ dt Oz14 dt 4 (b+ z14)" (ab+ 20214 + 21,)

The concavity of w(t) and the convexity of ¢(t) imply that

(84) te[—?\;ﬁi—ni\pz—e] fr@)>q¢ (—/N\pl) + ' (—5\])2 — 5) )

On the other hand, using, first, (82) and (83), and then (81) and the definition of ¢;, we obtain

P

This and the fact that
(so1 +71)(s01 + 1)72

so1(71 + so1y2 + 72)

o 3
yield, after some algebra,

L as So1(m + so1v2 +2)
85 "=\ = .

For w'(—\p2 — €), we have

[y

w’(—S\pg —e) ¥ %
Hence, the right hand side of (84) a.s. converges to

m(lim A2 + €).

Y S + s +
T(lim Ao + 2, s01) = 01(71 + so1v2 + 72) —i—%

m(lim Ay + €).
2(1 + 801)’)/2 ( P2 )

This convergence is uniform in s = sg + 6/,/p with (1, ..., d3) from a compact subset of R¥.

Now note that II(y, so1) is strictly increasing function of y and so1 on y € (34,1] and so; > 5.
Using the same tools as in the above proof of Lemma DJO18 (more specifically, those used for the
analysis of ¥(y, so1)), we find that the limit of II(y, so1) as y — 84 and sg; — 5 is zero. Therefore,
TI(lim Ay2 + €, s01) is positive, and thus, by (84), f'(t) is positive on t € [~A1, —Ap2 — &]. Moreover,
there exists a small positive number that is smaller than f'(t) for all ¢t € [~Ay1, —Ap2 — €], all
s = so +6/,/p with (41, ...,0x) from a compact subset of R*, and all sufficiently large p, a.s.

Since f(t) is strictly increasing on [—Ap1, —Ap2 — €], the main contribution to the integral I(p)
comes from the vicinity of —Ap;. Using (85) and (74), we obtain

F(=Ap1) “5 1 Hyp.
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The rest of the proof is almost identical to that of Lemma DJO18. The only notable difference

1

2
is that function g(¢) has an additional multiplicative term <21;2(27:;Za)> . It is straightforward to
i+

verify that, at t = —5\p1, this term a.s. converges to

71+ 72 + 72801
(71 + 72 +72801)% — p21) /2

given in Lemma DJO19.

which explains the presence of the last term in the definition of QE‘EG

5.7. Proof of Lemma DJO20 about the asymptotic equivalence of I,, and Z,,. By definition,

— 5‘pk k
(86) T, ~T,, = Z/ / / @] Fpn [ [ 2,
D Zo 'Dkfl Dy j=1

where the sum runs over all D; that are represented by either N1 +e, ] or [Aji1, Ajy1 +e], and
at least one Dj, j =1, ...,k — 1, is represented by [Aj41, Aj+1 + ¢]. All terms in the above sum can
be analyzed symilarly, and here we will focus on the term

o+€
J= /pk/pk ' / /p lw| Fp.n 1_‘[dz‘7
pk+5 p3+€

As is explained in DJO, we have

pk p,k—1 p2+5 - k
(87 MERE / [ o (20) Tz
Apk+e Ap3te j=1

where Z; = diag {;\pg +e,29, ..., zk}.
Case SigD. Using Lemma DJO16 to approximate F, , (Zl), we obtain

SigD o[k 0, de TT )
83)  J=0b"P(1+0 / / X / +/ e PGz [T {ePh@)g;dz )
pk € p3 3

=2

where o(1) — 0 uniformly in s = so +6/,/p with (61, ...,03) from a compact subset of R¥, and the
definitions of f;, g;, Z1, and g1 are summarized in Table 1.

TABLE 1
Definition of f;, g;, Z1, and g1 used in equation (88).

Quantity Definition
f](Z) = —N;Z;+2 In (1— 1+9 ) + f k+11 (Z_)\Pi)7j:17"'7ka
j ~ 1/2 3 1/2
9; = I Ges—2) Hi:m (G =2)/ (2 =A)) i =2,
21 = 5\p2 + g,
~ Y ~\—1/2 k Z1—24 1/2 21 —24 21— Aps —1/2
g1 = ()\pl - Zl) H,‘zg { (511—/.\;)1',) Ei—zi } i:l 21—:\25

imsart-aos ver. 2012/04/10 file: supercriticalsml.tex date: January 28, 2017



SUPPLEMENTARY MATERIAL 41

As follows from the proof of Lemma DJO18, f;(z),j = 1, ..., k are strictly decreasing functions
for z from the integration domain of J. Therefore, we have

k k—1 2+€
J < %P1+ 0(1 /p /: / . /p e Ph Zl)gldzlﬂ{e pfi(2 )gjdzj}
pk € p3 €

7j=2

- k -
< (SigDepfi(Apate) H e PfiQns)
j=2
where CSi8D ig a positive quantity that depends only on sox, ..., Sk
In the proof of Lemma DJO18, we have seen that not only fi(2) is strictly decreasing in z on

2 € [Ap2; A\p1], but also there exists a fixed negative number such that the derivative of fi(z) is
smaller than that number. Therefore, there exists n > 0, such that f1(Ap2 +¢) > fi(Ap1) + 71 and

k -
J < CSieDg—pn H e PFi(Awj)
j=1
On the other hand, by Lemma DJO18, the right hand side of the displayed inequality is asymptot-
ically dominated by Z,,. Repeating the above arguments for the other components of Z,, — Z,,
(that is, the components of the sum in (86) other than J), we establish Lemma DJO20 for the SigD
case.

Case REG. A proof of this case is similar to that for SigD. Using Lemma DJO17 to approximate
Fon (Zl), we obtain

k k-1 2+¢€ _ k
(89) J=bREC(1 4 0(1 /,, /" / /p etz T {emnli@g;dz;)
Apkte Ap3+e j=2

where o(1) — 0 uniformly in s = so + 6/,/p with (1, ...,03) from a compact subset of R*, and the
definitions of fj, g;, Z1, and g1 are summarized in Table 2
Proceeding exactly as in SigD case, we obtain inequality

k -
j S CREGe—TLHTI H e—anj(Apj),
j=1
so Lemma DJO20 follows by a similar argument.

TABLE 2
Definition of fj, gj, 21, and §1 used in equation (89).

Quantity Definition
fj(Zj) = —ZjJr—aln(zj++a)+bln(zj++b)+ﬁ f k+1l (Zj _)\pi), i=2,..k,
12 ~ 1/2

— Zj (zz‘ +a) J -1/2 k 2j—2; .
9j - ( %++2Cj ) s=1 ()‘IJS - Zj) Hi:j+1 (ﬁ) y J = 27 "'7k7
Z1 = 5\p2 +e,
fi(Z) = Ay —al(Zs +a) + oGy +b) + 5= 00 L In(E — A,

I 1/2 _ _ 1/2 < —1/2

G _ 214 (Z14t+a) =\ ~1/2 7k —z —z » 21 —3ps
g1 - ( 12%_-&-251 ) ()‘pl — Zl) Hi=2 { (;11—;,,7;> 2—; } s=1 51_5\;
- = s N2 =
21t = %{Q—H (b—<1) +4a<1},
51 = 2181/2.
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5.8. Proof of Lemma DJO21 about the asymptotic negligibility of I, with T # &. We consider
here only the case of 7 = 1,2, ..., k. The analysis for the other subsets 7 C 1,2, ..., k is very similar.
As shown in DJO,

k
1
Tol<ge [ o[ el Fon(Z) [T i1,
2k Kiia Kioi1 p n 31:[1 J

where Z, = diag{Zo + k7, ...,Zo + 21,Zo +n} and 7 is a fixed small positive number. Function
Fpn (Zy) can now be approximated using Lemmas DJO16 and DJO17.

Case SigD. Using Lemma DJO16, we obtain

k
i (Zo + 41) / /
T, | < dzj|,
(90) .| 0H< = ) [ Tl

J=1

where C' is some positive constant. The above inequality holds uniformly in s = so + J/,/p with
(61, ...,0%) from a compact subset of R¥, for sufficiently large p, a.s.
Using the definitions of w and K11, we obtain

(1) / / |w|H|dzj|<C'1H H (0 — Aps) V2,
Krt1 Krt1

j=1s=k+1

where C] is a positive constant. Combining this inequality with (90), we obtain
_N-—p+2

s:i(Zg+ 7 2 L <
(1) T e
J

s=k+1

k
|IUT| S CZ H
i=1

Now recall (from the proof of Lemma DJO18) that functions

N—-p+2 .
fj(z):—pln<l—1jj_sj> Z ln(z— ps), i=1..k,

2p j =k+1

are decreasing on z € [Zo, 1] and have there derivatives that are bounded away from zero, for
sufficiently large p, a.s. This implies that there exists a small positive 7; such that

k -
|Z,.| < Cze P [T e PFiwi),
j=1
and therefore, by Lemma DJO18, Z,;_ is asymptotically dominated by Z,,, .
Case REG. Using Lemma DJO17, we obtain

(92) Z..|<C H emestautim [

’Ck+1

k
o [ Tzl
K1

j=1
where C' is some positive constant and

vi(2) = —zp—aln(zy +a)+bln(zy +0),

1

2y = E{C—b—i- (b—()2+4ag} with ( = zs;/2.
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Using (91) in (92), we obtain

k P
Z, | < Cy H e~ P;(To+jn) H (%o — Aps)_l/Q )
j=1 s=k+1

Now recall (from the proof of Lemma DJO19) that functions

1 & < ,
f](z) = SDJ(Z) + Ej:zkil In (Z - Aps) y J = 17"'7k7

are decreasing on z € [T, 1] and have there derivatives that are bounded away from zero, for
sufficiently large p, a.s. This implies that there exists a small positive 7; such that

k ~
|IJT| < Cze™PM H efpfj()‘pj)7
j=1

and therefore, by Lemma DJO19, Z,_ is asymptotically dominated by Z,, .
6. Local Asymptotic Normality.

6.1. Proof of Theorem DJOZ23 about the quadratic approximation of the log likelihood ratio.
Case SigD. Theorem DJO22 yields

. p—N—2
. kSigD k 1— Sj .)\ . 2
(93) LS00, A) = (1 + of1)) 2 ) Lhey 2
ki (s0) j21 \ 1= Toag; A

The right hand side does not depend on b8P (s) /b5%8P (s54) because the latter ratio is asymptotically
equivalent to one. Taking logarithm of both sides of (93) and simplifying, we obtain

& -
: 1+s; . N-— 1+ 85— 55Ap;

(94) LS9, ) =3 4 B2y — 2% Py APy, IS S L g,
= 2 1+ 505 2 805 2 1+ 805 — SojApj

Using the identity

nApj

(95) "= T anhy

with o, = ng/na,

we rewrite (94) as

k
. 1+s; N —p. 148+ anhy
(96) 1nL§1gD(9,A)—Z{@lnﬁ—glns—]— Pppitsita p]}+o(1).

= 2 1+4+s0; 2 spf 2 1+ 805 + anAp;

Expanding the logarithms in (96) in the powers of 0p~1/% up to and including terms 62p~!, we
obtain

; _ i 1., _ w2(50') _
In 5D (9 A) = n2 9.p—1/2 w(so;) _ Zp2pL j 1
n P ( ’ ) J; { 2 ]p 1+50j 9 jp (1+50j)2 +0(p )

_1/79wW(S04 1, _iw?(so; _
_157 (ij 1/2 (s05) — 22yt (s05) +o(p 1)>

S()j 2 J S%j
N-p 1 w(so;) 1.5 w?(s04) _
_ Flg.p /2 J 2921 j + o(p~?
2 ( ip 1+ s0; +apAp; 2 iP (1+ So05 + an)\pj)2 )
+o(1).
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Consider, first, the terms linear in ¢;. They can be rewritten as

1 11 1 2 1
T.E_e’l/Q : — T — — — ’
0; = 50P w(soj) cal+s0;  so;  cical+sgi 4+ oAy

Expanding the last term in the brackets around \,; = [; and using the fact that, by Theorem
DJO].O, ﬁ(Apj - lj) = Op(l), we get

11 1 r? 1 2 Ny =
_ _ - _ 4
col+s0; soj cical+sg5+ Oénlj C% (1+ Soj + Oénlj)Q

1
Ty, = 50;p"*w(s05) (

5 > +op(1).

Simplifying this using identities

ap, = cg/ci,
(97) 2 = ¢ +c—cien, and
li = (s0j+c1)(s0; +1)/((1 = c2)s0; — c2),

we obtain )
(1 = c2)s05 — c2)

Ty; = 0;7/p(Apj = Lj)w(so;) 221 + 50, 7%, +op(1).
On the other hand, for SigD,
(98) w(soj) = 2(psoj (1 + s0;)/((1 = 2)s0; —712))%,
which yields
(99) To; = 0j/P(Apj — 1) + op(1).

Now, for the quadratic terms in 6;, we have

1 1 1 r?
Ty = =020 (sg;) [ —————— + — + .
'932' 477 ( OJ) ( 62(1 + Soj)2 ng 0102(1 + So; + Otn/\pj)2
Using identities (97) and the fact that \p; —[; = op(1), we obtain

(1 — CQ)S%j — 20280j — C1 — C
(1 + Soj)28%j’r’2

1
(100) Ty2 = —1032-102(5(”)

J

+op(1).

Recall that the asymptotic variance of \,; equals 72(sg;) = w(so;)t(s0;), (see Theorem DJO10),

where )
(1 —72)s8; + 27250 — 71 — 72

(1 =72)s05 —72)?

t(s0j) = (1 = 72)(s0; — 8)(s0; — 5)/d*(s05) =

Using this with (98) in (100), we obtain

9

1
(101) Ty = —§9§72(soj) + op(1).

Combining (99) and (101) yields
: k 1
in L§0(0,8) = Y- {6,500 1)) = 5657 (s05) } + on (D).

J=1
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It remains to note that, by construction, the above op(1) term is uniform in (61, ...,0;) from any

compact subset of RF.

Case REG. Theorem DJO22 yields

REG pn () T (0(z4)—(205+))
— p,n —n Zs — Z04
e B 0.0 = O ol gy I e,

where

_ 1 (=~ = —

N §{Apj8j/2—b+ \/(b—Aijj/2)2+2a)\pjsj},

_ 1 (=~ = 5 =

20j+ = §{>‘pj50j/2—b+ \/(b—AijOj/Q) +2a>\pj80j}>
and

o(z) = —z—aln(z+a)+ bln(z + b).
Taking logarithm of both sides of (102) and simplifying, we obtain

k .
(103)  WIEES(e, ) =Y {—”7% —s0) = Em L ez - 90(20j+))} +o(1).

Expanding the difference Z;; — Zpj4 in the powers of 0p~—1/2 up to and including terms 6%p

we obtain

a(b— a)
4

_ _ 1 1% ,_ _ _3% _ _
Ziy — Zoj+ = §R0 1)\pj(zoj+ +a)b; 1/2w(soj) + R, 3)\]2)j92-p 1w2(80j) +op(p 1),

where

R[) = \/(b — ;\ijOj/2)2 + 2a5‘pj50j‘
On the other hand,

- - - - S 2
I i A oV (Zj+ — Zoj+)

= —+ o0 -1
Zoj+ +a Zoj+ +a 2(20j+ + a)2 p(p)
and ) ( 2
Z; + Z; —20'+ 2'+—20'+ _
In 22t _ it i+ \&j j o 1
Zoj4+ +b Zoj+ +b 2(20j+ +b)2 e(p)
Therefore,
_ _ 1. .= _ Z2., +2aZyjy +ab
0(Z0j+) —@(Zi4) = SRy Apybip Pw(s) ———
alb—a) ., 352 g2 1 2 Z3j4 + 2%+ + ab
104 + Ry AL 050" w*(s04
(o4 T ol OJ)(501++G)(50j++b)
b—a o~ B Za —ab B
R 2)\2 92 1,2 . 7+ 1
+ ) 0 ApiYiP W (SOJ) (ZOjJr i b)2 + OP(p )

By Theorem DJO4, as p,n — 00,

5 as Y2(s0; + 1) (505 + 1)
PJ s0j (1 4+ 72(1 + s04))’

—1
)
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Further, by definition, b — %(1 — 1) and a — %(1 + 791/v2 — 71). These convergences imply that

17288 + 250 (n +72) +98 1+

Ry “3 , and
2 Y1+ 72(1 + s05)
s 1
Zojy S i(SOj +71)-

Using these results, we can simplify the last two lines of (104) to obtain

2554 + 2aZ054 + ab
Zoj4+ + b
71(s0; +71)2050 w? (s0;)
482 (28E; 4 250 (1 +72) T+ 11 +02)
—|—Op(p_1).

_ _ 1_ 4+ _
0(Z05+) — ¢(Zj+) = iRol/\pjajp Y2 (s07)

(105)

For the first two terms in the figure brackets in (103), we have

1 c1, 8§ Soj+c1, _ c1 92‘2971“}2(503')
1 Ly S sty oy CL0P WTS0j)
(106) 5 (85 — soj) 5 o~ 250) 0; w(so;) + 1 S%j

+o(p™h).

Using (105) and (106) in (103) yields

In LII}EG(H,A) = Z {—ng%g—mﬁjp_lﬂw(s()j)

j=1 50j

Z5j4 + 2aZ054 + ab
Zoj4+ + b

1,
(107) s Ry Api0p " P (s05)
1
—59?72(80j)} + Op(l).

Finally, expand the second line of (107) in the powers of Ap; —[; up to and including linear terms.
To derive such an expansion, note that

CQ(SOJ' + Cl)(Soj + 1) 0102(—80j —+ co + 80j02)2

Apj Apj = 1) + 0O — 1
PJ Soj(C1 +co + SOJ’CQ) s%j(cl +co + Soj62)2 ( pJ J) ( PI J)
_ _ Sojta 01(02+80j02—80j)2 I I
SUAT 2 +230]-(01+02+c%+250j(cl+02)+s%j02)( pi ~li) + 00w — 1),
and 1
_ 505 ¥
Ry = 2%4 + 5(1 — 01) — TJ)\pj'
Using these equations, we obtain, after some algebra,
r-13% .Zgﬂ_ + 2azyj+ + ab _ sojta c1(ea + S0jC2 — Soj)Q I
0 “‘pj = b - . + 2 2 1 9g0- 2 ( Y/ J)
Zoj+ + 505 86 (1 + ¢+ cf + 2s05(c1 +c2) + SOJCQ)
+o(Ap; — 1)
So5 +C1 2c1 ~1/2
= + Api — i) +op(p .
S0 w(SOj)( pi — 1) ( )
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Using this equality in the second line of (107) and simplifying, we obtain

k
in LEE(6,4) = Y- { 0,/50s — 1) = 5637(50)) } + (1),

J=1

Similarly to the SigD case, the above op(1) term is uniform in (61, ...,0) from any compact subset
of R¥ by construction.
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