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Abstract An extension to the Einstein–Cartan (EC) action
is discussed in terms of cosmological solutions. The torsion
incorporated in the EC Lagrangian is assumed to be totally
anti-symmetric, represented by a time-like axial vector Sμ.
The dynamics of torsion is invoked by a novel kinetic term.
Here we show that this kinetic term gives rise to dark energy,
while the quadratic torsion term, emanating from the EC part,
represents a stiff fluid that leads to a bouncing cosmology
solution. A constraint on the bouncing solution is calculated
using cosmological data from different epochs.

1 Introduction

The nature of dark energy is a long-standing unresolved prob-
lem in current cosmology. Einstein’s cosmological constant,
�, in General Relativity (GR) has been invoked to account
for the observed accelerating expansion of the universe, but
failed to be understood yet in terms of field theoretical con-
siderations. An alternative direction to account for these
observations has been to re-formulate GR in terms of tor-
sion (“Teleparallel Gravity”) [1–8], to try various extensions
of GR, see e.g. [9–11], or to formulate gravity as a gauge
theory in analogy to Yang–Mills [12–15].

The simplest theory that incorporates torsion is the
Einstein–Cartan (EC) gravity [16–35]. The theory is based on
the Einstein–Hilbert Lagrangian of GR but in Cartan geom-
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etry which is more general then the Riemannian one. The
connection then splits up into the affine portion (the Levi–
Civita symbol exclusive in GR) and a tensor involving the
torsion

Tμ
νσ = 1

2

(
�μ

νσ − �μ
σν

)
. (1)

That affine geometry with torsion has many applications
[36–50]. References [39] investigates possible constraints on
propagating (kinetic) torsion. In this letter we investigate EC
gravity with a propagating torsion that produces a dark energy
term and gives rise to a bouncing solution.

The plan of work is as follows: Sect. 2 introduces the
theory with the novel kinetic term. Section 3 presents the
homogeneous solution of the theory. Section 4 discusses the
numerical evolution and the theory’s fit to a range of data.
Section 6 reviews the results.

2 The theory

The action integral S = ∫ √−g (LG + Lm) d4x is based in
the following ansatz for the gravity Lagrangian

LG = 1

2
R (�) − 4!

2m2 ∂[μKναβ]∂ [μK ναβ], (2)

that extends the Einstein–Cartan term with a kinetic term
for the contortion tensor. That tensor is the deviation of the
asymmetric connection from the Christoffel symbol,

K ν
αβ = �ν

αβ −
{

ν

αβ

}
. (3)

where {} is the Levi–Civita symbol:
{

ρ

μν

}
= 1

2g
ρλ(gλμ,ν + gλν,μ − gμν,λ), (4)
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Lm is the matter fields Lagrangian. Here c = h̄ = 8πG =
1, m is a constant with the dimension of mass, g is the deter-
minant of the metric, andR (�) is the Ricci scalar. The metric
signature is -2. The contortion tensor,

Kμνσ = 1

2

(
Tμνσ + Tνσμ − Tσμν

)
, (5)

becomes identical with the torsion tensor if the latter is
totally anti-symmetric which we assume in the following.
The kinetic term in the Lagrangian (2), defined in terms
of the total anti-symmetric partial derivative of an anti-
symmetrized contortion, corresponds to a product of external
derivatives, and is thus a covariant expression. This is anal-
ogous to the definition of the kinetic term in electrodynam-
ics. A substitution of the external derivative by the covariant
derivative based on the symmetric Levi–Civita connection
does not change the electromagnetic field-strength tensor
since the symmetric Levi–Civita connection drops out. But
an asymmetric connection, i.e. a connection with torsion,
generates an additional term giving a torsion potential in the
final action.

In that case also the Ricci scalar splits up into the Levi–
Civita dependent part R̄ and the torsional part:

R(�) = R̄ + 2√−g
∂λ

(√−gK λα
α

) + K αλ
ρ K ρ

λα + K αλ
α K ρ

ρλ

= R̄ + K αλ
ρ K ρ

λα. (6)

The term 2√−g
∂λ

(√−gK λα
α

)
is a boundary term that does

not contribute to the dynamical equations. Since the torsion is
taken to be totally anti-symmetric, the term K αλ

α K ρ
ρλ is iden-

tically zero. Therefore, only the “mass” (“potential”) term
remains. With this ansatz for the contortion tensor in the
Lagrangian (2) the dynamics of torsion is thus driven by that
potential term acquired from the Ricci scalar, and a kinetic
term from the quadratic anti-symmetric derivative:

LG = 1

2

(
R̄ + K σ

βν K
νβ

σ

)
− 4!

2m2 ∂[μKναβ]∂ [μK ναβ]. (7)

A totally anti-symmetric torsion tensor can be expressed
using the Levi–Civita symbol in terms of a vector field as
[47,51]

Tμαβ = 1√
3!εμαβσ S̃

σ (8)

where S̃σ = √−gSσ is the vector density of weight 1. The
torsion potential term in the Lagrangian is then written as:

Kμαβ Kμαβ = Sσ S
σ , (9)

using the identity 1
3!εμαβσ εμαβλ = δλ

σ and realizing that

S̃σ = gμν S̃σ has the weight -1. We re-write the kinetic term
with [52]:

4! ∂[μKναβ] ∂ [μK ναβ] = 1

g

(
εμναβ∂μKναβ

)2
. (10)

With Eq. (8) the kinetic term then reduces to 1
g

(
∂μ S̃μ

)2
. The

Lagrangian (7) is then re-written as

LG = 1

2
R̄ − 1

2g m2

(
∂μ S̃

μ
)2 + 1

2g
S̃μ S̃

μ, (11)

or in a fully covariant form as

LG = 1

2
R̄ − 1

2m2

(∇μS
μ
)2 + 1

2
Sμ Sμ. (12)

The term ∇μSμ has been considered in Ref. [39] together
with the term ∂[μSν]∂ [μSν]. Since we investigate cosmolog-
ical solutions with the ansatz Sμ = (A(t), 0, 0, 0), the term
∂[μSν]∂ [μSν] vanishes due to the symmetries stipulated.

Novel “gauge” symmetry – The kinetic term of the torsion
tensor is invariant under the “gauge transformation”

Tμαβ → Tμαβ + ∂[μ�αβ], (13)

where �αβ is an arbitrary anti-symmetric tensor, such that

∂[ν∂[μ�αβ]] = ∂[μ∂ν�αβ] = 0 (14)

holds. Then Eqs. (13) and (8) imply that
(
Sμ

;μ
)2

transforms
as

Sμ → Sμ + 1

3!ε
μναβ∂ν�αβ. (15)

That gauge symmetry is broken, though, by the potential term
in the Lagrangian.

We wish to stress here that the kinetic term of the vector
field in this Lagrangian differs from that of the Proca field,
FμνFμν [53,54], and, unlike the Proca kinetic term, does
contribute a density term to a homogeneous cosmological
solution. Moreover, the potential term has the wrong sign
and implies tachyonic behavior [55,56], indicating that the
trivial, torsion-free vacuum is a false vacuum, and that in
the true vacuum torsion must have a non-trivial expectation
value and give rise to non-zero vacuum energy.

3 Homogeneous ansatz for torsion in FLRW cosmology

In this section we will show how a homogeneous and
isotropic torsion density in FLRW cosmology gives rise to

dark energy via the kinetic term
(
Sμ

;μ
)2

, and to a bouncing

solution arising from the potential term in the Lagrangian.
That ansatz, Sμ = (A(t), 0, 0, 0), restricting the torsion to a
time-like vector, is compliant with the Copernican principle
underlying the FLRW metric:

ds2 = −n(t)2dt2 + a(t)2
(
dr2 + r2d�2

)
, (16)

where n is the Lapse function and a(t) is the scale factor.
Applying this metric with the two degrees of freedom, the
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Lagrangian reduces in this “mini-superspace” to:

LMSS = −3a2ä

n
+ 3a2s2

0 ȧṅ

m2n4 + 3a2ȧṅ

n2 − 3a2s0ȧṡ0

m2n3

−9as2
0 ȧ

2

2m2n3 − 3aȧ2

n
+ a3s0ṅṡ0

m2n4 − a3s2
0 ṅ

2

2m2n5

− a3ṡ2
0

2m2n3 − a3s2
0

2n
. (17)

Now the variations w.r.t. n and a give:

ρ = −2s0
(
3s0 Ḣ + s̈0

) + 9H2s2
0 + ṡ2

0

2m2 − s2
0

2
+ ρm, (18a)

p = −2s0
(
3s0 Ḣ + s̈0

) + 12Hs0ṡ0 + 9H2s2
0 + ṡ2

0

2m2

− s2
0

2
+ pm, (18b)

with the gauge n = 1. The variation w.r.t. the vector field s0

gives:

3Hṡ0 + s̈0 = s0

(
mμ2

μ − 3Ḣ
)

. (19)

Setting A := a3s0, the density and pressure equations, and
the vector field variation, become:

ρ = −2AÄ + 6AH Ȧ + Ȧ2

2m2a6 − A2

2a6 + ρm, (20a)

p = − Ȧ2 + 2A
(
Ä − 3H Ȧ

)

2m2a6 − A2

2a6 + pm, (20b)

m2A + 3H Ȧ = Ä, (21)

Inserting the vector field variation, Eq. (21), into the density
and the pressure terms, gives:

3H2 = 1

2m2

Ȧ2

a6 − 1

2

A2

a6 + ρm (22a)

−3H2 − 2Ḣ = − 1

2m2

Ȧ2

a6 − 1

2

A2

a6 + pm . (22b)

The first, kinetic term on the l.h.s. has manifestly the equation
of state w = −1, whereas the second, potential term behaves
like a stiff fluid with w = 1. These density and pressure terms
are different from the quintessence model [57–59] where the
kinetic term has an equations of state of w = 1 and the
potential term has an equations of state of w = −1.

4 Numerical solutions

The complete evolution of the Universe with the dynamical
torsion modification can be analyzed via a dynamical system.

For this we define the dimensionless densities for the dark
energy and stiff fluid,

�� = Ȧ2

2m2a6H2
0

, �S = − A2

2a6H2
0

, (23)

and re-define the Hubble parameter accordingly:

(
H(z)

H0

)2

= E(z)2

= ��(z) + �S(z) + �m(1 + z)3 + �r (1 + z)4.

(24)

�� is the dark energy density part, �S is the bouncing energy
density part, �m is the matter energy density and �r is the
radiation energy density, z is the red-shift, H0 is the Hubble
constant, and H(z) is the Hubble parameter. The dynamics
of the torsion related fluids can, after a lengthy calculation,
be re-written as an autonomous system,

�̇� = 2m
√−���S, �̇S = −6H�S + 2m

√−���S,

(25)

where dot denotes time derivative. When both derivatives
are zero the solution shows the asymptotic limit of the evo-
lution. That solution, �S = 0 and �� = Const and with
the conservation of �� + �S = 1 we get: �S = 0 and
�� = 1, which is a stable attractor describing a dark-energy
dominated Universe.

Notice furthermore that for the limit m2 → 0, the kinetic
dark energy part in Eqs. (22) dominates. Eq. (21) gives A ∼
a3 and the dark energy solution becomes

ρ = ��

2m2 H
2
0 , p = −ρ, (26)

corresponding to a dynamical cosmological constant.
In order to track the expansion rate we rewrite the evolu-

tion equations (25) in terms of the red-shift:

�′
�(z) = −2

(
m

H0

) √−�m(z)�S(z)

(1 + z)E(z)
,

�′
S(z) = 6

�S(z)

z + 1
+ �′

�(z), (27)

where E(z) is defined in Eq. (24), and comma denotes deriva-
tion w.r.t. z. As an equations with dimensionless quantities,
the normalized mass, m/H0, is used.

For tracking the evolution of the Universe we solve
Eq. (27) for the best fit values of the torsional Dark Energy
model. The evolution is depicted in Fig. (1), Eq. (2) and
shows that the stiff part (with w = 1) is dominant for the
early universe (large z, lower panel), but decays in the late
epoch where the kinetic term with w = −1 dominates (upper
panel).
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Fig. 1 Upper: numerical evolution of the �m (green), �� (blue) and
�r (red) for the torsional DE model. Lower: the �S part in a logarithmic
scale

5 Observational constraints

In order to prove the viability of the model with the torsional
stiff fluid vs. observations, it is natural to first check the Big
Bang Nucleosynthesis (BBN) constraint that reads:

(HTorDE − H�CDM )/H�CDM )2 < 10%, (28)

where the Hubble parameters of this and the �CDM models,
HTorDE and H�CDM , are evaluated at z ∼ 109, the BBN
epoch.

As a second check the Cosmic Chronometers (CC) data
set is used that exploits the evolution of differential ages of
passive galaxies at different red-shifts to directly constrain
the Hubble parameter [60]. We analyze the uncorrelated 30
CC measurements of H(z), as discussed in [61–64], using
Eq. (24) for estimating the Hubble parameter for different
red-shifts.

As Standard Candles (SC) we use measurements of the
Pantheon Type Ia supernova [65]. For each model, the perti-
nent model parameters are fitted to the observed μobs

i value
by adjusting the theoretical μth

i value of the distance moduli,

μ = m − M = 5 log10(DL) + μ0. (29)

Herem and M are the apparent and absolute luminosity mag-

nitudes and μ0 = 5 log
(
H−1

0 /Mpc
)

+ 25 is the nuisance

parameter that has been marginalized. The luminosity dis-
tance is defined as

DL(z) = c

H0
(1 + z)

∫ z

0

dz∗

E(z∗)
(30)

for �k = 0 (flat space-time). For the SnIa data the covari-
ance matrix is not diagonal and the distance modulus is given
as the vector μi = μB,i − M, where μB,i are the apparent
magnitudes at maximum in the rest-frame for red-shift zi ,
and M is treated as a universal free parameter [65] quanti-
fying various observational uncertainties. It is apparent that
the parameters M and h are intrinsically degenerate in the
context of the Pantheon data set, so we cannot extract any
information regarding H0 from SnIa data alone.

Regarding the problem of likelihood maximization, we
use an affine-invariant Markov Chain Monte Carlo sam-
pler [66], implemented within the open-source package
Polychord [67] with the GetDist package [68], to present
the results. The prior we choose is with a uniform distri-
bution, where H0 ∈ [50; 100]km/s/Mpc, �m ∈ [0; 1],
�� ∈ [0; 1 − �m], �S ∈ [−0.1, 0], m/H0 ∈ [0, 1].
For the absolute magnitude M we use a Gaussian prior
−19.28 ± 0.0232 taken from Ref. [69].

The posterior distribution is presented in Fig. 2 with the
Table 1. The energy density of the stiff fluid is constraint to
be around 10−4 in the late Universe. This value preserve also
late time measurements such as CC and the SC but also for
the early BBN constraint. The mass in the kinetic term is
m = (2.924 ± 1.933) · 10−33 eV.

6 Discussion

This paper extends the EC gravity by a dynamical torsion
via a kinetic term in the Lagrangian composed of totally
anti-symmetric derivatives of the contortion tensor. Assum-
ing the torsion tensor to be totally anti-symmetric, that term
treats torsion as an additional degree of freedom equivalent
to a massive vector field, Sμ. Its mass comes from the EC
curvature scalar that splits up into the Ricci tensor of GR and
a potential term ∼ Sμ Sμ.

A natural alternative were to replace the partial derivative
in the kinetic term by a covariant derivative. In this way new
torsional terms would emerge. Also the massive term could
be modified, e.g. by adding a scalar potential V

(
Kαβγ K αβγ

)

to the action (12). generating a dynamical dark energy [70–
72], similarly to the three-form cosmology model [73–75].
The potential

V
(
Kαβγ K

αβγ
) = −1

2
Kαβγ K

αβγ , (31)
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Fig. 2 The posterior distributing from the BBN + CC + SC for the torsional dark energy constraint

for example, cancels the bouncing term and gives rise to a
cosmological constant that emerges from torsion. The total
Lagrangian in that case reads:

LG = 1

2
R (�) − 4!

2m2 ∂[μKναβ]∂ [μK ναβ] − 1

2
Kαβγ K

αβγ

= 1

2
R̄ − 4!

2m2 ∂[μKναβ]∂ [μK ναβ]. (32)

This action is equivalent to the cosmological constant action,
but is invariant under the gauge symmetry (13). Possible

extensions also address a scalar field φ that couples to the
EC term or the torsion terms.

Future work might also add spin fluids in the background,
or different coupling to fermionic fields. The kinetic tor-
sion term which is the dark energy part may produce addi-
tional interactions between dark energy and matter field.
Another analysis could be based on the fact that a totally
anti-symmetric (0, 3) tensor field naturally couples to 2 + 1
dimensional membranes, and this coupling produces in turn
a jump in the associated (0, 4) field strength giving a cosmo-
logical constant. Then one can consider bubbles with differ-
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Table 1 The posterior distribution for the best fit of BBN + CC + SC

Parameter Torsional DE

H0(km/s/Mpc) 71.14 ± 0.5876

�m 0.298 ± 0.03233

�� 0.6979 ± 0.0221

�S(10−9) −5.811 ± 2.853

m (10−38eV ) 3.799 ± 2.063

ent cosmological constants inside the bubble as compared to
outside, and the corresponding evolution of such bubbles.

It is important to mention that the kinetic contortion term
can emerge from higher curvature theories. The Riemann–
Cartan tensor can be split into the curvature part and into the
torsional part via:

Rλσμν (�) = R̄λσμν + ∇̄μKλσν − ∇̄νKλσμ

−KλβνK
β
σμ + KλβμK

β
σν. (33)

The terms ∂K are part of the Riemann–Cartan tensor. So it is
possible to obtain the term and combinations thereof (as well
as additional couplings torsion-curvature) from quadratic
gravity theories with RμνRμν and/or Rμναβ Rμναβ . Gauge
theories of gravity predict these terms naturally [14,76–84].
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