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Increasingly stringent regulation of pollutant emission has motivated the search

for cleaner and more efficient combustion devices, which remain the primary

means of power generation and propulsion for all kinds of transport. Fuel-lean

premixed combustion technology has been identified to be a promising approach,

despite many difficulties involve, notably issues concerning flame stability and ig-

nitability. A partially premixed system has been introduced to remedy these prob-

lems, however, our understanding on this combustion mode needs to be greatly

improved to realise its full potential.

This thesis aims to further the understanding of various fundamental physical

processes in turbulent partially premixed flames. DNS data of a laboratory-

scale hydrogen turbulent jet lifted flame is analysed in this study. The partially

premixed nature of this flame is established by examining the instantaneous and

averaged reaction rates and the “Flame Index”, which indicate premixed and

diffusion burning modes coexisting.

The behaviour of turbulent flame stretch and its relation to other physical

processes, in particular the scalar-turbulence interaction, the effects of partial

premixing on the displacement speed of iso-scalar surface and its correlation with

the surface curvature are explored using DNS data. The scalar gradient align-

ment characteristics change from aligning with the most compressive strain to

aligning with the most extensive one in regions of intensive heat release. This

alignment change creates negative normal strain rate which can result in negative

surface averaged tangential strain rate. The partial premixing affects the flame

surface displacement speed through the mixture fraction dissipation rate and a

second derivative in the mixture fraction space. The correlation of curvature and

displacement speed is found to be negative in general and the effects of partial

premixing act to reduce this negative correlation. The combined effects of the

normal strain rate and the displacement speed/curvature correlation contribute

to the negative mean flame stretch observed in the flame brush.

Scalar dissipation rates (SDR) of the mixture fraction ε̃ZZ , progress variable ε̃cc

and their cross dissipation rates (CDR) ε̃cZ are identified as important quantities



in the modelling of partially premixed flames. Their behaviours in the lifted flame

stabilisation region are examined in a unified framework. It is found that SDR

of mixture fraction is well below the quenching value in this region while SDR of

progress variable is smaller than that in laminar flames. The CDR changes from

weakly positive to negative at the flame leading edge due to the change in scalar

gradient alignment characteristics. Axial and radial variation of these quantities

are analysed and it is found that ε̃cc is an order of magnitude bigger than ε̃ZZ .

ε̃cZ is two orders of magnitude smaller than ε̃cc and it can be either positive or

negative depending on local flow and flame conditions. Simple algebraic models

show reasonable agreement compared to DNS when a suitable definition of c

is used. Further statistics of the scalar gradients are presented and a presumed

lognormal distribution is found to give reasonable results for their marginal PDFs

and a bivariate lognormal distribution is a good approximation for their joint

PDF.

Four mean reaction rate closures based on presumed PDF and flamelets are

assessed a priori using DNS data. The turbulent flame front structure is first com-

pared with unstrained and strained laminar premixed and diffusion flamelets. It

is found that unstrained premixed flamelets give overall reasonable approximation

in most parts of this flame. A joint PDF model which includes the correlation

between mixture fraction and progress variable using a “copula” method shows

excellent agreement with DNS results while their statistical independence does

not hold in the burning regions of this partially premixed flame. The unstrained

premixed flamelet with the correlated joint PDF method is identified to be the

most appropriate model for the lifted jet flame calculation.

This model is then used in the RANS simulation of turbulent jet lifted flames.

A new model to include the contribution from diffusion burning and the effects of

partial premixing due to SDR of mixture fraction is also identified and included

in the calculation. These models are implemented in a commercial CFD code

“Fluent” with user defined scalars and functions. It is found that both the cor-

related joint PDF model and the model accounting for the diffusive burning in

partial premixing are important in order to accurately predict flame lift-off height

compared to the experiments.
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Chapter 1

Introduction

The energy provided by combustion of various fuels has enabled human beings to

cook and stay warm in winter for thousands of years. Since the industrial revo-

lution, the capability of further utilising combustion technology has turned over

a new page in human history. The development of reciprocating internal com-

bustion engines for land, sea and air transport has made long distance travelling

easier and the world smaller. Large scale land-based coal-fired and gas turbines

generate a significant amount of energy for our daily use, which is considered to

be a very basic need in modern society.

All these advancements in the quality of life are not without consequence,

notably at the expense of environment. The major drawback for combustion

technology is the emission of pollutants. They include sulphur oxides (SOx)

and particulate matter (PM) which caused the notorious smog in London UK

in the 1950s; sulphur and nitric oxides (NOx) which can lead to formation of

acid rain; un-burnt hydrocarbons (UHC), soots and carbon monoxide (CO) are

other examples. In recent years, it has been widely recognised that greenhouse

gases (GHG), mainly consisting of carbon dioxide (CO2), are having detrimental

effects on the environment with dire consequences such as global warming. All of

these lead to the development of alternative energy technologies and increasingly

stringent regulation on the emission from modern combustion devices. Despite

recent progress in alternative energy technologies, such as solar cell, wind power,

fuel cell and nuclear energy, significant limitation remains, such as high capital

costs, low energy conversion efficiency, and low public acceptance level due to
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safety and security concerns (US Energy Information Administration, 2010). It

is likely that combustion technology will remain as the primary means of energy

production in the foreseeable future. This is particularly the case in high power

density applications such as transport. It is thus compelling to improve the

efficiency and environmental friendliness of combustion devices.

Practical combustion devices are traditionally considered to operate in two

different combustion modes. In the non-premixed mode, the fuel and air are

separated and only meet in the reacting region through molecular diffusion. The

compression-ignition diesel engine is one example. In the premixed mode, fuel

and oxidizer (air) are fully mixed at molecular level before they are consumed

in the flames. The standard spark-ignited gasoline engine is one example. In

practice, most combustion systems operate in a combination of these two modes,

known as partially premixed burning mode, either due to practical limitations or

intentional design for improved performance.

Fuel-lean premixed combustion is known [80] to have the potential to simul-

taneously reduce emissions and to increase cycle efficiency. The resulting low

temperature leads to low NOx production, and the lean-premixing helps to re-

duce CO, UHC and PM. Significant advances are yet to be made for lean premixed

systems operating over a wide range of conditions with desirable characteristics,

mainly due to issues such as flame stability, extinction, and mixture ignitability.

Lean premixed combustion is highly susceptible to flame instability issues, due

to relatively low flame speed and strong variation with mixture compositions.

While small fluctuations of mixture composition at the combustor inlet may be

inevitable, this can cause large changes in the local heat release rate. This un-

steady heat release coupled with pressure fluctuations can result in combustion

instability that can damage the combustion system.

A new generation of combustion systems tries to overcome the above men-

tioned problems by intentionally introducing partially premixed burning mode.

For example, the direct-injection spark-ignited and multiple-injection diesel [124]

and lean, fast mixing gas turbine combustors [127], involve uneven mixing of fuel

and air. This uneven premixing creates zones with slightly rich mixture that can

enhance flame stability or ignitability, but is overall lean enough to reduce NOx,

PM and UHC. Unfortunately, research on turbulent combustion has primarily
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focused on either premixed or non-premixed combustion and our understanding

on partially premixed combustion physics needs to be greatly improved to realise

its full potential.

Computational Fluid Dynamics (CFD) has become a widely used tool in the

design cycle, research and development in industry as it can provide quicker and

more economical solutions while experimental approaches can be extremely ex-

pensive and difficult for the harsh environment inside the combustor. However,

accurate prediction and design hinges on validation of the models for the physics

of partially premixed combustion. The current work aims to improve our under-

standing of various physical processes involved in partially premixed combustion

and thereby to further our modelling capabilities. To this end, data from high

fidelity numerical simulation of a lifted turbulent jet diffusion flame, conducted

at Japan Aerospace Exploration Agency (JAXA) in Tokyo, are analysed. The

broad objectives of this thesis are:

1. to analyse the burning modes in the jet flame and explore if this is indeed

a non-premixed flame or a good example of partially premixed combustion.

2. to study many fundamental quantities that are crucial for the modelling of

turbulent combustion;

3. to appraise and assess the validity of some common turbulent combustion

models based on flamelet approaches for partially premixed combustion;

4. to apply the new insights gained in 2 and 3 and develop models if required.

5. to implement the validated models in a commercial CFD code and demon-

strate their benefits.

1.1 Thesis Outline

The outline of this thesis is as follows. Chapter 2 starts with the background in-

formation on turbulent combustion by firstly discussing the canonical premixed,

diffusion and partially premixed flames. The governing equations for turbulent
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combustion are then presented and the multiscale nature of turbulent combustion

is discussed to elucidate the challenges. The numerical simulation framework is

then outlined along with a brief review of various modelling approaches for turbu-

lent non-premixed, premixed and partially premixed combustion. This chapter

concludes with the specific issues that would be addressed in later chapters of

this thesis.

Chapter 3 introduces the Direct Numerical Simulation (DNS) of a hydrogen

turbulent jet lifted flame performed in JAXA. The data processing techniques

are presented, followed by a discussion of the general feature of this flame. The

partially premixed nature of this lifted flame is then highlighted and discussed.

Chapter 4 investigates flame stretch in partially premixed flames using the

JAXA DNS data. The effects of partial premixing on various important quanti-

ties, notably the turbulent-scalar interaction, the displacement speed and flame

curvature, are analysed and discussed.

Chapter 5 presents detailed results and discussion on the scalars and their

dissipation rates extracted from the DNS data. The dissipation rates in the

flame stabilisation region are analysed and discussed to elucidate their important

roles in the stabilisation mechanism. Algebraic models for the dissipation rates

of both reacting and nonreacting scalars are tested. Statistics of scalars and their

gradients are presented and discussed.

A priori assessment of various models for the mean reaction rate is conducted

in Chapter 6 . The flame front structure in the DNS data is compared with

laminar flame calculations. Various presumed PDF models for scalars are tested

against DNS results. The best possible modelling approach is then identified.

Chapter 7 describes RANS simulations for turbulent jet lifted flames using

the models identified in the previous chapters. Model implementation and the

effects of various modelling assumptions are discussed. The variation of flame

lift-off heights with the jet velocity is shown to be captured well by the modelling

approach followed in this work. Comparisons are also made with experimental

measurements .

The conclusions are summarised in chapter 8 along with suggestions for future

work.
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Chapter 2

Background

2.1 Flames Classification

2.1.1 Non-premixed and Premixed Flames

As noted in Chapter 1, combustion systems can be divided into two categories. In

a non-premixed system, the fuel and oxidizer enter the reaction zone separately by

molecular diffusion. To describe the mixing state between the fuel and oxidizer,

an inert scalar known as the mixture fraction Z, can be constructed. It has a value

of zero in the unmixed oxidant and unity in the unmixed fuel. The archetypical

1D laminar non-premixed flame is the counter flow diffusion flame where the fuel

and air are injected from nozzles opposing each other as shown in Fig.2.1(a).

Diffusion flame normally occurs at the stoichiometric mixture, where fuel and

air are mixed to the right composition for complete combustion. Peak value of

temperature and reaction rate also occur close to stoichiometric region.

In a premixed system, reactants are fully mixed at the molecular level before

they encounter the flame. Typically, the thermo-chemical state of the flame

can be described by a carefully constructed reactive scalar, known as progress

variable c, such that it is zero in the unburnt reactants and unity in the fully

burnt products. In stagnant mixture, a premixed flame can propagate into the

unburnt mixture at a speed known as the laminar flame speed. Fig.2.1(b) shows

a 1D archetypical freely propagating laminar flame. We will see later that these

1D laminar flames, known as flamelets, are the fundamental building blocks for
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Figure 2.1: One Dimensional Laminar canonical flame. (a) Counterflow laminar
diffusion flame. (b) Freely propagating laminar premixed flame.

turbulent combustion modelling [142, 148].

2.1.2 Partially Premixed Flames

In practical devices, fully premixed flames may not always burn in the manner as

intended, mostly due to insufficient mixing between fuel and oxidizer as a result

of the constraints on the space and time available for mixing. This type of system

departs from the theoretical fully premixed system with varying degrees of “non-

premixedness”. From another perspective, a fuel jet issuing into open air, entrains

air leading to a certain level of mixing before establishing a flame away from the

nozzle exit - this example departs from the theoretical non-premixed system with

varying degree of “premixedness”. In between the theoretical definition of fully

premixed and fully non-premixed systems, is what we refer to here as a “partially

premixed” system. Partially premixed combustion is not yet well understood and

has been the subject of active research recently.

Figure 2.2 presents typical illustrations of the different type of combustion

in the mixture fraction space. In a premixed flame, combustion occurs at one

pre-determined mixture fraction value, as denoted by arrow 1 in Fig.2.2. The

arrow indicates a delta function for the PDF of the mixture fraction ξ. In a

diffusion flame, flame 2 in the figure, the fuel and oxidizer enter the combustion
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Figure 2.2: Illustration of different types of combustion in the mixture fraction
space ξ. (1) premixed; (2) diffusion; (3) lean stratified; (4) rich stratified; (5)
partially premixed flames.

zone separately by molecular diffusion and thus there is a possibility to have the

full range of mixture fraction from 0 to 1. Thus, the PDF of ξ can be either

broad and monomodal or bimodal, marked as 2 in the figure. However, the

most intensive reaction is limited in region close to stoichiometric mixture. The

situations denoted by 3, 4 and 5 can all be considered as partially premixed

combustion. One important feature is the spatial and temporal fluctuation of the

mixture fraction or equivalence ratios and there are different types of partially

premixed flames depending on its distribution [22, 161].

In the first scenario, the equivalence ratio distribution covers only entirely

lean, marked as 3 in Fig. 2.2, or entirely rich mixture, marked as 4, so that no

diffusion flame can exist. The variation of ξ is usually within the lean and rich

flammability limits. One example is the slotted burner [5] which issues two or

more streams of reactants with different equivalence ratios that are within the

flammability limits and also close to one another. Mixture stratification occurs

in a direction transverse to the flow and flame propagation, resulting in flame

propagating through mixtures of variable stoichiometry. The bulk of fuel is often

consumed in the premixed mode, and the mixing behind is relevant only to slow

reactions such as NOx formation and CO oxidation [72]. Another example is

the so called “stratified combustion” in reciprocating engines. For easy startup,

the flames are ignited in a very rich mixture and allowed to propagate towards

lean mixture to reduce CO and NOx formation [124]. A clear equivalence ratio

gradient is intentionally introduced in this case in a direction normal to the flame

propagation. Other examples can be found in [1, 82, 161]. As these types of
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combustion are closer to the purely premixed mode, this is commonly referred as

“stratified combustion” or “premixed combustion with variable stoichiometry”.

A second scenario is more general where both the lean and rich mixtures

coexist leading to a combination of premixed and diffusion combustion denoted

by curve 5 in Fig. 2.2. The variation of equivalence ratio can go beyond the

flammability limits. This is closer to the non-premixed extrema as the bulk of

heat release and fuel consumption can be in either the diffusion mode or the

stratified mode. This general case is usually referred to “partially premixed com-

bustion”. Examples include lifted jet flame, direct fuel injection IC engines [76]

and combustion with local extinction and reignition [101].

The variation of equivalence ratio from lean to rich can give rise to the devel-

opment of the so called “triple flame” structure. The tri-branchial feature was

first experimentally observed by Phillips [144] in the mixing layers of methane

and air. It consists of a lean premixed, a rich premixed and a trailing diffu-

sion flame in between the two. The diffusion flame is formed by excessive oxi-

dizer from the lean branch and excessive fuel from the rich branch. The three

branches join at the “triple point”. The triple flame is the canonical representa-

tion of partially premixed combustion and has been the subject of many studies

[81, 90, 91, 147, 156, 164].

2.2 Governing Equations

Within the continuum limit, turbulent reacting flows are governed by the conser-

vation equations for the mass, momentum, the chemical species and energy. The

instantaneous equations are written as follows: [142, 148, 189]

Mass Conservation:
∂ρ

∂t
+
∂ρui
∂xi

= 0 (2.1)

Momentum Conservation:

∂ρuj
∂t

+
∂ρuiuj
∂xi

= − ∂p

∂xj
+
∂τij
∂xi

+ ρ

N∑

k=1

Yafa,j, (2.2)

where τij = µ (∂ui/∂xj + ∂uj/∂xi − 2(δij∂uk/∂xk)/3) is the viscous tensor and
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δij is Kronecker delta, p is pressure, Ya is the mass fraction for species a, and fa,j

is the body force acting on the species a in the j direction.

Species conservation:

∂ρYa
∂t

+
∂ρuiYa
∂xi

=
∂

∂xi
(−ρVa,iYa) + ω̇a, (2.3)

where Va,i is the diffusion velocity of species a in direction i, and ω̇a is the reaction

rate of the species a. For simplicity, if one considers a one step irreversible

reaction, F + sO→ (1 + s)P, the reaction rate for the product is

ω̇P = krρ
2YFYO, (2.4)

where the kr is the reaction rate coefficient given by the Arrhenius expression

kr = ATBexp

(
−Ta
T

)
, (2.5)

where A is the pre-exponential factor, B is the temperature exponent and Ta the

activation temperature and T is the mixture absolute temperature. It is clear

that the reaction rate is highly non-linear and this poses great challenges for

turbulent combustion modelling. We shall revisit this issue in Section 2.4.1.

The energy equation can take multiple forms [148]. One may consider the

enthalpy per unit mass h, which includes the chemical and sensible part hs as

h = hs +
N∑

a=1

∆h0f,aYa =

∫ T

T 0

CpdT +
N∑

a=1

∆h0f,aYa, (2.6)

where Cp is the specific heat capacity at constant pressure for the mixture, ∆h0f,a
is the enthalpy of formation of the species a. Sometimes the internal energy

e = h − p/ρ, or the total energy E = e + uiui/2 which includes the kinetic

energy contribution may be considered. The choice depends on the physics of

the problem: E is usually preferred for compressible flow and for the combustion

problems of engineering interest h is usually preferred. The balance equation for
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enthalpy is [148]

∂ρh

∂t
+
∂ρuih

∂xi
=
∂p

∂t
+ ui

∂p

∂xi
− ∂qi
∂xi

+ τij
∂ui
∂xj

+ Q̇ + ρ
N∑

a=1

Yafa,iVa,i, (2.7)

where qi is the heat flux given by qi = −λ∂T/∂xi +ρ
∑N

a=1 haYaVa,i with λ as the

thermal conductivity of the mixture and Q̇ is a heat source term (due to laser or

radiative flux for example).

2.3 Numerical Simulation for Turbulent Com-

bustion

The challenge of numerical simulation for turbulent combustion lies in its multi-

scale nature. Turbulence itself has a wide range of physical length and time

scales. Turbulence kinetic energy is transferred from the energy containing large

scales which are of the order of integral length scale Λ, to small scales until it is

dissipated as heat due to viscous effects [155, 180]. The scales at which the viscous

effects are important are known as Kolmogorov scales, given by ηk = (ν3/ε)
1/4

,

where ν is the kinematic viscosity, and ε is the dissipation of the turbulent kinetic

energy. An estimate for ε can be written as ε ∼ u′3/Λ [180], where u′ is the RMS

(root mean square) of the turbulent fluctuations. The ratio between the length

scales can be shown as [155, 180] ηk/Λ ∼ Re−3/4, where Re = u′Λ/ν is the

turbulent Reynolds number. Similarly the ratio for the corresponding time scales

is Re1/2. These scaling clearly indicate that for non-reacting turbulent flows

at large Re, the range of scales increases with Re, which makes the numerical

simulation using the above instantaneous equations very expensive.

Chemical reactions introduce additional length and time scales, ranging from

as large as the integral scales to substantially smaller than the Kolmogorov scales.

This further compounds the multiscale problem and also increases the stiffness

of the system of equations. These additional factors pose significant challenges

for numerical simulation of turbulent combustion.

Computational Fluid Dynamics (CFD) of turbulent reacting flow can be di-

vided into three categories, namely Direct Numerical Simulation (DNS), Large
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Eddy Simulation (LES) and Reynolds Averaged Navier-Stokes Simulation (RANS),

in the order of decreasing resolution and computational cost and increasing mod-

elling assumptions involved.

2.3.1 Direct Numerical Simulation

Direct Numerical Simulation resolves all the scales in turbulence, including the

Kolmogorov scale ηk, while solving Eqs.(2.1)-(2.3) and Eq.(2.7) and thus no tur-

bulence model is used. Various complexities of chemical kinetics, from simple

one step irreversible reaction to multistep chemistry with detailed transport, can

be incorporated. Therefore DNS is the most accurate and contains a wealth of

information useful to improve our understanding and to build and verify sim-

ple models. It requires high-order accurate, non-dissipative numerical schemes

for spatial and temporal discretisation [87, 106]. DNS also requires sufficiently

fine grids to adequately resolve the smallest scale involved. Since few integral

scales are required for statistical accuracy, the DNS computational domain size,

L, must be larger than Λ. These requirements and the relation between Λ and

ηk noted earlier leads to N > Re
3/4
t , where N is the number of grid points in one

direction required for the DNS of non-reacting turbulence. For reacting flows,

this requirement is further constrained by the numerical resolution required for

the smallest scale of the chemical reaction [38, 149]. DNS is therefore extremely

expensive. The computational cost for 3D high Reynolds number reacting flows

quickly becomes prohibitive. As a result DNS of realistic flow in industrial de-

vices with complex geometry and detailed chemistry is still beyond the reach

of even today’s Petaflop supercomputer. However, DNS has emerged as a use-

ful research tool to further our understanding, appraise and validate turbulent

combustion models and develop new ones [38]. It has been used to study non-

premixed [125, 186, 195], premixed [30, 149, 165], triple [53, 81, 164] and stratified

[76, 78, 82, 117] flames.
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2.3.2 Large Eddy Simulation

In Large Eddy Simulation (LES), Eq.(2.1)-(2.3) and Eq.(2.7) are filtered. The

filtered quantity Q is defined as [148]

Q(x; ∆) =

∫
Q(x′)F [(x− x′); ∆]dx′, (2.8)

where F is the filter function chosen so that it is zero when x − x′ exceeds the

filter size ∆. Thus the scales larger than ∆ are resolved while the smaller scales,

known as the sub-grid scale (SGS), are modelled. The computational cost for

LES is lower compared to DNS. It is also capable of capturing the dynamics of

large scaled structure in complex flow. The SGS models are usually built by

extending and modifying the models constructed for the RANS approach. These

SGS models have been reviewed in [148, 189] and numerous studies using LES for

turbulent non-premixed and premixed flames are reviewed by Pitsch [145] and

Swaminathan and Bray [177].

2.3.3 Reynolds Averaged Navier Stokes Simulation

In this approach, an instantaneous quantity Q is written as Q = Q + Q′, where

Q is the mean and Q′ the fluctuation over the mean. The averaging can be done

over either space or time or ensemble depending on the problem. Substituting

this decomposition into the transport equation for Q, one obtains a transport

equation for Q. It is easy to verify that it involves correlations of appropriate

fluctuations, which need to be modelled. These correlations are usually known as

Reynolds stress, ρu′iu
′
j, and Reynolds flux, ρu′iY

′
a, respectively for the momentum

and scalar transport. For reacting flows, because of density fluctuation, a density

weighted, or Favre averaging is introduced as Q̃ = ρQ/ρ̄. The Favre fluctuation

is Q′′ = Q − Q̃. For the RANS approach, the conservation equations for mass,

momentum, chemical species and energy can be written [108, 148, 189] as

∂ρ̄

∂t
+
∂ρ̄ũi
∂xi

= 0, (2.9)
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∂ρ̄ũi
∂t

+
∂ρ̄ũiuk
∂xk

= − ∂p̄

∂xi
+

∂

∂xk

(
τik − ρ̄ũ′′i u′′k

)
, (2.10)

∂ρ̄Ỹa
∂t

+
∂ρ̄ũiỸa
∂xi

=
∂

∂xi

(
ρD

∂Ya
∂xi
− ρu′′i Y ′′a

)
+ ω̇a, (2.11)

where the species molecular diffusion flux Ji is written using the Fick’s law Ji =

−D∂Ya/∂xi . The energy equation can be written as [142, 148]

∂ρ̄h̃

∂t
+
∂ρ̄ũkh̃

∂xk
=

∂

∂xk

[
µ

σ

∂h

∂xk
− ρu′′kh′′

]
, (2.12)

with the assumption of low Mach number flow and unity Lewis number. σ is the

mixture Prandtl number and µ = ρν is the dynamic viscosity. The equation of

state for an ideal gas is

p̄ = ρ̄RT̃ , (2.13)

where R = R/W , the mixture averaged molecular weight is given by W =

(
∑
Yk/Wk)

−1, the universal gas constant is R = 8.314 J/mole/K. In Eq.(2.10),

τij = µ (∂ũj/∂xi + ∂ũi/∂xj) − 2(δijµ∂ũk/∂xk)/3 and δij is the Kronecker delta.

The Boussinesq approximation [148, 180] relates the Reynolds stress to the mean

strain rate using an eddy viscosity µt in a manner similar to the molecular viscous

stress tensor

ρ̄ũ′′i u
′′
j = −µt

(
∂ũi
∂xj

+
∂ũj
∂xi
− 2

3
δij
∂ũk
∂xk

)
− 2

3
ρ̄δij k̃, (2.14)

where k̃ is the turbulent kinetic energy.

A more advanced approach [73, 103] involves solving the modelled transport

equation for individual components of the Reynolds stress and avoids the Boussi-

nesq approximation in Eq.(2.14). However, this approach involves further mod-

elling to close the Reynolds stress transport equations and is more complex and

computationally expensive. Care must also be taken in its numerical implemen-

tation.

The turbulent scalar flux term ρ̄ũ′′i Y
′′
a is unclosed and requires modelling.

13



Typically a gradient transport assumption can be used

ρu′′i Y
′′
a = −µt

σt

∂Ỹa
∂xi

, (2.15)

where µt is turbulent eddy viscosity to be calculated using turbulence modelling

and σt ≈ 0.7 is the turbulent Schmidt number.

The two equation k-ε modelling approach of Jones and Launder [84] is widely

used due to its simplicity, low computational cost and surprisingly reasonable

accuracy in a wide range of flow configurations. k̃ is the turbulent kinetic energy

and ε̃ is its dissipation rate. The model equations are written as [83]

∂ρk̃

∂t
+
∂ρũik̃

∂xi
=

∂

∂xj

[(
µ+

µt
Sck

)
∂k̃

∂xj

]
+ Pk − ρ̄ε̃, (2.16)

∂ρε̃

∂t
+
∂ρũiε̃

∂xi
=

∂

∂xj

[(
µ+

µt
Scε

)
∂ε̃

∂xj

]
− Cε1

ε̃

k̃
Pk − Cε2ρ̄

ε̃2

k̃
, (2.17)

Pk = −ρ̄ũ′′i u′′j
∂ũi
∂xj
− u′′i

∂p

∂xi
+ p′

∂u′′i
∂xi

. (2.18)

The turbulent eddy viscosity is calculated by µt = ρ̄Cµk̃
2/ε̃ with Cµ=0.09,

Cε1=1.44 and Cε2=1.92 are standard model constants. These constants may have

to be tuned appropriately to obtain good agreement with experimental measure-

ments in a variety of flow configurations.

2.4 Turbulent Combustion Modelling

2.4.1 Challenges and Strategies

In Eq.(2.11), the closure of the mean reaction rate ω̇i poses a great challenge due

to its highly non-linear dependence on temperature and species concentration.

To expose this clearly, let us consider a simple reaction R1 + R2 → P . The
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instantaneous reaction rate can be written as

ω̇f = ω̇f + ω̇′f = Aρ̄2(Ỹo + y′′o )(Ỹf + y′′f )(T̃ + T ′′)bexp

(
− Ta

T̃ + T ′′

)
. (2.19)

A Taylor expansion of the mean reaction rate can be shown to give [189]

ω̇f = −Aρ̄2T̃ bỸf Ỹo exp

(
−Ta
T̃

)
×


1 +

Ỹ ′′f Y
′′
o

Ỹf Ỹo
+ (P1 +Q1)


 Ỹ

′′
f T
′′

Ỹf T̃
+
Ỹ ′′o T

′′

ỸoT̃


+ ...


 ,

(2.20)

where

Pn =
n∑

k=1

(−1)n−k
(n− 1)!

(n− k)![(k − 1)!]2k

(
Ta

T̃

)k
,

Qn =
b(b+ 1)...(b+ n− 1)

n!
. (2.21)

The higher order terms contain (Ta/T̃ )k and the activation temperature is typ-

ically an order of magnitude greater than the Favre mean temperature. The

temperature and species fluctuations can be the same order with respect to their

Favre means. Therefore, this series can not be approximated even with many

terms which makes it extremely difficult to model. Even if the higher order mo-

ments of the fluctuation correlation can be modelled, this is notably only for a

simple one step irreversible reaction. Realistic fuel involves hundreds of elemen-

tary reactions and tens of species, which makes direct evaluation of the mean

reaction rate intractable and thus the above method is seldom used.

Various different strategies have been developed. There are two main cat-

egories of strategies [11] for turbulent combustion modelling, namely the sepa-

ration of scales and/or separation of model elements that address the modelled

moment description of the scalars in state space on one hand and the model for

its distribution function on the other.

The first approach involves an important assumption that chemistry is fast

compared with other physical processes so that the reaction rate of species is

limited by the rate of turbulent mixing of either the fuel and oxidizer in the

case of non-premixed flames; or the cold reactants and hot products in the case

of premixed flames. The Eddy Break Up model [168], the Eddy Dissipation
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Concept model [115] and the laminar flamelet concept [20, 140] where the flame

thickness is smaller than the smallest turbulence scale are some examples of this

approach.

In the RANS context, the Eddy Break Up (EBU) [168] model gives a mean

reaction rate of a reaction progress variable c as

¯̇ωc = CEBU
ε̃

k̃
ρc′′2, (2.22)

where the rate of mixing is given by the inverse of the turbulence time scale k̃/ε̃.

The advantage of this model is its simplicity and low computational cost. This

model does not depend on chemistry, which apparently has its limitations. The

model constant CEBU also needs to be adjusted appropriately case-by-case to

produce reasonable results.

This concept has also been applied to non-premixed flames - known as the

Eddy Dissipation Concept (EDC) [115], where a certain level of dependence on

mixture composition is also included. For a simple non-premixed system, F +

sO→ (1 + s)P, the mean reaction rate is given by

¯̇ωF = αρ̄
ε̃

k̃
min

(
ỸF ,

ỸO
s
,
βỸP
1 + s

)
, (2.23)

where α and β are model parameters here. The reaction rate is limited by the

deficient species.

The second approach can be illustrated by writing the mean reaction rate in

its statistical representation as

ω̇i =

∫

Ψ

ω̇i(Ψ)f(Ψ) dΨ (2.24)

where ω̇i is an instantaneous reaction rate and f(Ψ) is the joint probability den-

sity function (PDF) of the state space vector ψ which typically includes pressure,

temperature and species concentrations. This joint PDF contains complete sta-

tistical information for all scalars and thus all statistical moments and related
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functions can be evaluated using, for example

Q =

∫

Ψ

Q(Ψ)f(Ψ) dΨ. (2.25)

It is clear from Eq.(2.24) that the mean reaction rate requires a model for ω̇i.

The laminar flamelet model [20, 140] and Conditional Moment Closure [92] are

two examples.

Different strategies exist for the modelling of the distribution function de-

pending on whether a reduced number, usually one or two, of controlling param-

eters for accurate description of the state is available. In non-premixed flames,

a conserved scalar, known as mixture fraction Z, can be constructed so that it

uniquely determines the thermo-chemical state of the mixture. Similarly in pre-

mixed flames, a reactive scalar, known as reaction progress variable c, can be

constructed by careful combination of different species and/or temperature. In

these cases, reasonable presumed forms of the PDF are available, for example

beta and delta functions are commonly used. The validity of the presumed PDF

shape is not always guaranteed, a more general approach is to solve a modelled

transport equation for the PDF [152].

In the following sections, modelling strategies for turbulent non-premixed and

premixed flames are briefly reviewed, and their implications are discussed for

turbulent partially premixed and stratified flames.

2.4.2 Turbulent Non-Premixed Flames

2.4.2.1 Flamelet Model

Peters [140, 142] developed the diffusion flamelet model for turbulent non-premixed

flames, which considered the turbulent combustion as an ensemble of laminar

flamelets embedded in turbulence, each experiencing a range of strain rates. The

fundamental building block for these flamelets is the 1D laminar counter flow

diffusion flame presented in Fig.2.1. It can be shown [7, 140, 142] that the mean

quantities (e.g. temperature, species) can be obtained using

ϕ̃i =

∫ ∫
ϕi(ξ, χst)P̃ (ξ, χst)dξdχst, (2.26)
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where ξ and χst are the sample space variable for the mixture fraction Z and

the scalar dissipation rate of mixture fraction Nzz at the stoichiometry Z = Zst.

ϕi(ξ, χst) denotes the relevant quantity in the 1D counter flow diffusion flame

with different strain rate, which can be characterised by the scalar dissipation

rate. In a presumed PDF approach, the mixture fraction is assumed to follow a

beta distribution while a log-normal distribution is found [59, 60] to be a good

approximation for the scalar dissipation rate. Practically, the joint PDF is cal-

culated as P (ξ, χ) = P (ξ)P (χ), since the statistical independence of mixture

fraction and its dissipation has been proven mathematically in isotropic turbu-

lence [68]. The beta PDF is given by [140]

P̃ (ξ) =
ξα−1(1− ξ)β−1

Γ(α)Γ(β)
Γ(α + β) (2.27)

where Γ is the Gamma function Γ(α) =
∫∞
0
tα−1e−tdt and α and β are the coef-

ficients related to the first two moments of mixture fraction Z:

α =
Z̃2(1− Z̃)

Z̃ ′′2
− Z̃ and β =

α(1− Z̃)

Z̃
(2.28)

In the RANS context, the transport equation for the Favre mean mixture

fraction Z̃ and its variance Z̃ ′′2 are usually solved. These equations are written

as
∂ρ̄Z̃

∂t
+

∂

∂xk
(ρ̄ũkZ̃) =

∂

∂xk

(
ρD

∂Z

∂xk
− ρu′′kZ ′′

)
, (2.29)

∂ρ̄Z̃ ′′2

∂t
+

∂

∂xk
(ρ̄ũkZ̃ ′′2) =

∂

∂xk

(
ρD

∂Z ′′2

∂xk
− ρu′′kZ ′′2

)
− 2ρ̄ε̃ZZ − 2ρu′′kZ

′′ ∂Z̃

∂xk
.

(2.30)

The turbulent scalar flux terms require modelling and a gradient transport as-

sumption is commonly used, i.e. ũ′′kZ
′′ = −Dt∂Z̃/∂xk and ũ′′kZ

′′2 = −Dt∂Z̃ ′′2/∂xk,

with a turbulent diffusivity Dt. The Favre averaged scalar dissipation rate

ε̃ZZ =
1

ρ̄

(
ρDZ

∂Z ′′

∂xk

∂Z ′′

∂xk

)
, (2.31)
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is one of the key quantities in turbulent combustion. The instantaneous dissipa-

tion rate is defined for the mixture fraction Z as

NZZ = DZ
∂Z

∂xi

∂Z

∂xi
, (2.32)

where DZ is the diffusivity of the mixture. Physically, the averaged scalar dissi-

pation rate (SDR) describes the rate at which the scalar variance decreases and

is thus the rate of turbulent mixing at small scales relevant to combustion [7, 10].

Bilger [7] showed that NZZ is related to the instantaneous reaction rate by

ω̇i = −ρNZZ
∂2Yi
∂Z2

. (2.33)

with the assumption of fast chemistry, unity Lewis number and that the flame is

quasi-steady. In the RANS context, the contribution of the gradient of the mean

is typically smaller than the contribution from the gradients of fluctuation [163],

i.e. ÑZZ ≈ ε̃ZZ . Simple algebraic model exists for ε̃ZZ , assuming a proportionality

between the scalar and turbulence time scales. This model is written as [168]:

ρ̄ ε̃ZZ = ρDZ(∇Z ′′ · ∇Z ′′) ' Cd ρ̄

(
ε̃

k̃

)
Z̃ ′′2, (2.34)

where Cd denotes the ratio of scalar to turbulence time scales which is typically

between 1 and 2. This effectively gives rise to a constant turbulent Schmidt

number for turbulent scalar mixing. Although many studies [6, 60, 166] have

shown that this may be inaccurate under certain conditions, this model generally

gives reasonable results for passive scalar mixing. More complex models can be

derived using the scalar transport equation as has been done in many earlier

studies [85].

2.4.2.2 Conditional Moment Closure

The Conditional Moment Closure (CMC) method was developed independently

by Klimenko [93] and Bilger [9]. In this method, transport equations for the

conditional averages are derived and solved with appropriate submodels [92].

The conditional averaging for species a is defined as Qa = 〈Ya|Z = η〉, where the
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angled brackets denote ensemble averaging, subject to the condition of Z = η.

To account for strong density fluctuations, density weighted conditional averaging

is commonly used in combustion problems, Q̃a = 〈ρYa|Z = η〉 / 〈ρ|Z = η〉. The

transport equation of Q is written as [92]

ρη
∂Qa

∂t
+ 〈ρui|η〉

∂Qa

∂xi
= ρη 〈NZZ |η〉

∂2Qa

∂η2
+ 〈ω̇a|η〉+ eQ + ey (2.35)

where ρη = 〈ρ|Z = η〉 here.

eQ =

〈
∂

∂xi

(
ρD

∂Qa

∂xi

)
+ ρD

∂Z

∂xi

∂

∂xi

(
∂Qa

∂η

)
|η
〉

(2.36)

ey = −
〈
ρ
∂y′′a
∂t

+ ρui
∂y′′a
∂xi
− ∂

∂xi

(
ρD

∂y′′a
∂xi

)
|η
〉

(2.37)

where y′′a = Ya − Qa. The term eQ represents the molecular diffusion and can

be neglected in high Reynolds number flows. The term ey includes the effects

of fluctuations around the conditional mean and the predominant contribution

comes from the convective term. This can be written as [92]

eyP (η) = − ∂

∂x
[ρη 〈u′′i y′′a |η〉P (η)] , (2.38)

where P (η) is the PDF of Z. The conditional mean velocity 〈ui|η〉, scalar dissi-

pation rate 〈N |η〉 and reaction rate 〈ω̇a|η〉 require modelling. A linear approxi-

mation of the unconditional flux can be used to model the conditional velocity

[92]. The amplitude mapping closure [137] can be used to model the conditional

dissipation rate. Comparisons of various models for these two terms can be found

in [170]. The conditional reaction rate can be modelled with a first order closure,

written as

〈ω̇a|η〉 = ω̇a(Q). (2.39)

This simply means that the conditional reaction rate has the same functional

dependence on Q as the instantaneous rates on Y. The unconditionally averaged

quantities can be obtained using Ỹa =
∫
Qa(η)P̃ (η)dη.

When the conditional fluctuations are large, second order closure or condi-
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tioning on more than one variable may become necessary [102]. CMC has been

applied extensively to model non-premixed flames, with good results for finite-

rate chemistry effects, ignition and flame extinction, and soot prediction (See

recent review in [102]).

2.4.2.3 Transported PDF method

The key idea of the transported PDF method is to solve a transport equation

for the joint PDF of velocity, temperature and species composition, in order to

obtain a statistical description of the thermo-chemical state at any one time and

location. At the simplest level, the transport equation for the joint PDF Pϕ of

the species composition vector ϕ can be written as [56, 77, 152]

∂

∂t
(ρ̄P̃ϕ) +

∂

∂xi
(ρ̄ũiP̃ϕ) +

∂

∂ψα
(ρ̄SαP̃ϕ) (2.40)

= − ∂

∂xi
[ρ̄
〈
u
′′

i |ϕ = ψ
〉
P̃ϕ] +

∂

∂ψα

[
ρ̄

〈
1

ρ

∂Ji,α
∂xi
|ϕ = ψ

〉
P̃ϕ

]

where S is the source term, Ji,k is the molecular diffusion flux. The terms on

the left are closed. The first two are the rate of change of the PDF following a

particle moving with mean flow velocity in the physical space. The third term

is the PDF flux in composition space due to chemical reactions. It is a known

function in terms of the composition vector ϕ and the joint PDF P (ϕ). Therefore,

the chemical source term appears in exact form and is closed which is the principal

advantage of the transport PDF method. The terms on the right are unclosed

and require modelling, they are turbulent transport in physical space and micro-

mixing in the composition space.

In this method, the information on turbulence time scale needs to be provided

externally, for example by using the k − ε turbulence model. Further complexity

can be incorporated into the PDF, for example the joint PDF of the composition

and velocity PV,ϕ, in which case although turbulence time scale information is still

required externally, the turbulent kinetic energy can be determined from PV,Y .

Finally, a turbulence frequency can be included in the joint PDF so that the

complete information at one point, one time for the velocity, composition and the

inverse of local turbulent time scale can be calculated from the joint PDF. The
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key challenge lies in the accurate modelling of the scalar mixing process.

In realistic combustion problems, high dimensionality of the joint pdf is in-

evitable and the computational cost using traditional finite difference method

increases exponentially with the number of scalars [151]. Thus the stochastic

particle (Monte Carlo) method pioneered by Pope [151, 152] is commonly used,

in which the computational requirement increases only linearly with the num-

ber of variables in the joint pdf. In this method, notional particles are used to

represent velocities and compositions and they are allowed to evolve according

to conservation principles. This method can be formulated in either an Eulerian

[151] or Lagrangian framework [152]. The transported PDF method is compu-

tationally expensive compared to presumed PDF/Flamelet and CMC methods.

However, its mathematical robustness and principal advantage that the mean re-

action rate is closed make it a very useful tool. It is especially suitable for problem

with finite rate reactions and the simulation of pollutants formation where the

premises for presumed PDF method may not be valid [56, 67, 77, 152].

2.4.3 Turbulent Premixed Flames

Depending on the ratio of turbulence to the chemical scales involved, turbulent

premixed combustion is categorised into various combustion regimes [142, 148].

Figure 2.3 provides an illustration of the premixed combustion regimes using a

velocity ratio of turbulent fluctuation to laminar flame speed, uRMS/S
0
L, and the

length scale ratio of the turbulence integral length scale to the laminar flame

thickness, Λ/δ, where δ = D/S0
L and D is the molecular diffusion coefficient for

the deficient species in the reactants. Other parameters appearing in this figure

are the Damköhler number Da, the Karlovitz number Ka, and the turbulence

Reynolds number Re. The Damköhler number is defined as the ratio of the flow

time scale to the chemical time scale, i.e. Da ≡ τf/τc = S0
LΛ/(δuRMS). The

Karlovitz number is defined as the ratio of chemical to Kolmogorov time scales,

Ka ≡ τc/τk = δ2/η2k. If the Schmidt number is unity, the turbulence Reynolds

number is Re = uRMSΛ/(S0
Lδ). The various combustion regimes are also marked

in Fig. 2.3. Those of practical interest are the corrugated flamelet regime and

the thin reaction zone regime [142]. When Ka < 1, the smallest turbulence scale,
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Figure 2.3: Regime diagram for turbulent premixed combustion [142].

the Kolmogorov scale, is larger than the flame thickness and thus the laminar

flame structure is not perturbed by turbulence. Turbulence can only wrinkle

the flame front and the flame remains quasi-steady. Bounded by the limits of

Ka < 1 and Da� 1, the regime is known as the corrugated flamelet regime [142].

When 1 < Ka < 100, the turbulence eddies are small and can penetrate into

the reactive-diffusive flame structure, but they are not small enough to enter the

inner reaction zone, which is typically of the size 0.1δ. This combustion regime is

known as the thin reaction zone regime [142]. If the turbulence eddies are small

enough to enter the inner reaction zone, it is known as the distributed or broken

reaction zone regime where local extinction of the flame can be anticipated. The

most appropriate modelling strategy for turbulent premixed combustion depends

on the different combustion regimes as discussed in the following sections.

Before going into details of the different modelling approaches, it will be ben-

eficial to introduce the progress variable c, which is commonly used to describe

the local thermo-chemical state of the mixture in premixed combustion. The

statistical distribution of the progress variable can either be assumed to follow

a particular distribution or it can be solved by a transport equation. In the
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presumed PDF approach, both delta and beta PDF are widely used for the c

distribution. In the case of beta function, the first two moments are required

and relate to the beta PDF as in Eq.(2.27). In the RANS context, the transport

equation for c̃ and its variance c̃′′2 can be written as [18, 177]

∂ρ̄c̃

∂t
+

∂

∂xk
(ρ̄ũkc̃) =

∂

∂xk

(
ρD

∂c

∂xk
− ρu′′kc′′

)
+ ¯̇ωc, (2.41)

∂ρ̄c̃′′2

∂t
+

∂

∂xk
(ρ̄ũkc̃′′2) =

∂

∂xk

(
ρD

∂c′′2

∂xk
− ρu′′kc′′2

)
− 2ρ̄ε̃cc − 2ρu′′kc

′′ ∂c̃

∂xk
+ 2c′′ω̇′′c ,

(2.42)

where ε̃cc is the scalar dissipation rate of c

ε̃cc = ρD
∂c′′

∂xk

∂c′′

∂xk
/ρ̄. (2.43)

2.4.3.1 BML Model

The Bray-Moss-Libby (BML) model, proposed by Bray and Moss [19] accounting

for the thermo-chemical state of premixed flames, and Libby and Bray [107] later

extended it to include aerodynamic effects. The chemistry is again assumed to

be fast compared to turbulent mixing processes and the flame is considered as

a thin surface separating unburnt reactants 0 < c < c∗ and burnt products

(1− c∗) < c < 1. The PDF of the progress variable is written as [18]

P̃ (c) = α̃δ(c) + β̃δ(1− c) + γ̃[H(0)−H(1)]f(c). (2.44)

where δ is the Dirac delta function and H is the Heaviside function, f(c) is the

internal part of the PDF and represents the distribution of c in the reaction zone.

In the limit of Da >> 1 and γ << 1,

ρ̄ =
ρu

1 + τ c̃
; α =

1− c̃
1 + τ c̃

; and β =
(1 + τ)c̃

1 + τ c̃
. (2.45)

One key success of the BML model is that it provides a theoretical basis for

the experimental observation of counter gradient transport in turbulent premixed

24



flame [107]. The turbulent scalar flux can be expressed as

ũ′′c′′ = (ũc− ũc̃) = c̃(1− c̃)(ūb − ūu), (2.46)

where ūb and ūu are the mean velocities conditioned in burnt and unburnt mix-

tures. Since burnt gas has higher temperature and lower density, and thus higher

velocity, i.e. ūb > ūu, and thus ũ′′c′′ > 0 in the direction of positive c̃ gradient.

This is due to the fact that the lighter burnt products with a higher c value are

preferentially accelerated by the pressure gradient as flow field near the flame is

dominated by thermal dilatation due to chemical reaction. This is different from

the conventional gradient diffusion giving ũ′′c′′ < 0 along positive c̃ gradient.

The source term ¯̇ωc requires modelling and is the main challenge. Since the

reaction rate is zero everywhere outside the reaction zone, the mean reaction rate

is directly related to γ and ω̇c = γ
∫ 1−c∗
c∗

ω̇cf(c)dc. However, γ has been neglected

in the classic BML approach (there is recent attempt to model γ by Bray et al.

[177]) and an alternative method is required to calculate ¯̇ωc.

One approach is to use the flamelet crossing frequency method [21] where the

progress variable signal is considered to be a telegraph signal and ω̇c is directly

related to the frequency νf , at which an undisturbed laminar flame front crosses

a given location in the flow. The mean reaction rate can be modelled as [18]

ω̇c = νf ω̇f =

(
2c̄(1− c̄)

L̂

)(
ρuS

0
LI0
|σf |

)
(2.47)

where L̂ is the flame wrinkling length scale, typically set to the integral scale of

turbulence; ω̇f is the reaction rate in the laminar flame front, given by ρuS
0
L. Io

is the stretch factor, typically with a value close to unity, to account for stretch

effects induced by turbulence eddies and |σf | is the flame orientation factor.

This equation can be closed based on the concept of Flame Surface Density

(FSD) [122] and the scalar dissipation rate (SDR) [15], which will be discussed

in the following sections.
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2.4.3.2 Flame Surface Density Model

The flame surface density concept was first developed by Marble and Broadwell

[122] for non-premixed flames. This concept was applied to premixed flames in

later studies [26, 153, 182, 187]. The mean reaction rate is written as

ω̇c = ρ̄u 〈Sc〉s Σ̃. (2.48)

where 〈〉s denotes surface averaged value and Sc is the consumption speed of

reactants, defined as the integral of the burning rate across a unstretched laminar

flame. Σ is the flame surface density (FSD), defined as the flame surface area

per unit volume. Algebraic expressions for FSD have been derived based on the

flamelet crossing frequency [21] and fractal theories [70]. A balance equation for

the flame surface density Σ has also been derived and modelled in past studies

[26, 153, 182, 187]. This equation is written as [189]

∂Σ

∂t
+
∂ 〈uj + Sdnj〉s Σ

∂xj
= 〈Φ〉s Σ. (2.49)

In this equation the surface average or gradient weighted average of a quantity

Q is given by 〈Q〉s =
(

(Q|Oc|)|c = c∗
)
/
(
|Oc||c = c∗

)
, where c = c∗ is a given

iso-surface. The flame surface density per unit volume can be calculated as [153,

154, 187]

Σ (c∗) = 〈|∇c||c = c∗〉P (c∗) , (2.50)

where P is the marginal pdf of c. The instantaneous flame stretch rate, Φ, is

defined as [26, 104, 153]

Φ =
1

δA

d(δA)

dt
= aT + 2Sdkm,

= (δij − ninj)
∂ui
∂xj

+ Sd
∂ni
∂xi

, (2.51)

where ni is the i-component of the flame normal unit vector, n ≡ −Oc/|Oc|. The

flame normal unit vector points towards the reactant side. The flame stretch

consists of two components: the tangential strain rate, aT , and a contribution

from the joint behaviour of the flame surface displacement speed, Sd, and its
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mean curvature, km. These surface averaged quantities need to be modelled.

This has been attempted in many past studies, notably one of the first being by

Cant et al. [29] where a model was proposed that is valid in the laminar flamelet

regime. These models have been reviewed by Veynante and Vervisch [189] and

Cant [27].

2.4.3.3 G Equation / Level set approach

This approach considers the kinematics of the flame front propagation and de-

scribes the flame as an interface between fresh reactants and burnt gases. Peters

[141, 142] has developed this method for the corrugated flamelets and thin reac-

tion zones regimes. In this geometrical description, the flame surface is defined

to be at G = G0. The transport equation for mean G can be written as [142]

ρ̄
∂G̃

∂t
+ ρ̄ũi

∂G̃

∂xi
= ρ̄ST

∣∣∣∣∣
∂G̃

∂xi

∣∣∣∣∣− ρ̄Dtκ̃

∣∣∣∣∣
∂G̃

∂xi

∣∣∣∣∣ (2.52)

where ST is the turbulent flame speed and κ̃ is the mean curvature of the

surface, both require modelling. Turbulent flame speed can be related to the

laminar flame speed and the increase in flame surface area due to turbulence.

The thermo-chemical state of the mixture can be parameterised by a distance

xn = (G − G0)/|OG| to the G0 surface. Together with a presumed PDF for

G, the mean quantities can be obtained. The G equation/level set approach is

relatively expensive and complex in the sense that a reinitialisation procedure

is needed after each iteration to keep
∣∣∣OG̃

∣∣∣ = 1 during the calculation. This

approach has been widely used to model various turbulent premixed flames with

good results [79], see the book by Peters [142] for a review.

2.4.3.4 Scalar Dissipation Rate Modelling approach

In RANS calculation of premixed flame, the SDR for the progress variable is given

by [176]

ε̃cc = ρDc
∂c′′

∂xi

∂c′′

∂xi
/ρ̄. (2.53)
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DNS studies [163] have shown that the contribution from the mean gradients

are small, so that ε̃cc ≈ Ñcc. Bray [15] analysed the variance transport equation

Eq.(2.42) within the BML framework and showed that it reduces to a second

equation for c̃ when γ is neglected. This led to the conclusion that the mean

reaction rate is directly proportional to SDR through

¯̇ωc =
2

2cm − 1
ρε̃cc with cm =

∫
cω̇0

cf(c)dc∫
ω̇0
cf(c)dc

, (2.54)

where cm can be calculated from 1D laminar premixed flame, and is typically

between 0.69 and 0.75 [16] for hydrocarbon flames. A simple model for ε̃cc in the

form of Eq.(2.34) with Z̃ ′′2 replaced by c̃′′2 can be written as

ρ̄ ε̃cc ' Cc ρ̄

(
ε̃

k̃

)
c̃′′2. (2.55)

However, in the case of reactive scalar, the fluctuations are not only determined by

turbulence, but also by chemical reactions and their interaction with turbulence.

As a result, this model has been shown to be inadequate to describe reactive SDR

behaviour [120, 176].

Borghi and co-workers [12, 121, 130] derived a transport equation for ε̃cc by

taking the fluid density to be constant. This equation was originally derived

for scalar mixing in buoyancy driven turbulence by Lumley and co-workers (see

recent review in [37]). Mantel and Borghi [121] proposed models for the unclosed

term in ε̃cc transport equation. Mura and Borghi [130] extended those ideas to

variable density flows, however, the thermal expansion across the flame front was

not included.

Swaminathan and Bray [176] included the thermal expansion effects and pre-

sented a scaling analysis of various terms in the transport equation. Subsequent

studies [31, 32, 34, 97] then used DNS data of premixed flames to develop a new

model for ε̃cc, aimed to capture the correct physics. This model is given as [97]

ρ ε̃cc = ρDc(∇c′′ · ∇c′′) '
ρ̄

β′

(
[2K∗c − τC4]

S0
L

δ0L
+ C3

ε̃

k̃

)
c̃′′2. (2.56)

where K∗c ,β′, C3 and C4 are model parameters and will be detailed in Chapter 5.
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Other propositions to model ε̃cc have been made recently and they are reviewed

in [37].

With an appropriate SDR submodel, a flamelet model for turbulent premixed

flame similar to the one for non-premixed flame can be envisaged. Recently, Kolla

and Swaminathan [95, 96] developed a strained flamelet formulation for turbulent

premixed flame with the SDR as a parameter to characterise the effects of flame

stretching. The mean reaction rate here is given as

ω̇c =

∫ 1

0

∫ N2

N1

ω̇c(ζ, ψ)P (ζ, ψ)dψdζ =

∫ 1

0

〈ω̇c|ζ〉P (ζ)dζ, (2.57)

where ψ is the sample space variable for the instantaneous SDR Ncc. A presumed

beta shape can be used as noted earlier. ω̇c(ζ, ψ) can be obtained using strained

laminar flames established in opposed flows of cold reactants and hot products.

The joint PDF is calculated using Bayes theorem P (ζ, ψ) = P (ψ|ζ)P (ζ) where

the conditional PDF P (χ|ζ) is assumed to be a lognormal distribution. The

lognormal distribution is given by

P (ψ|ζ) =
1

(ψ|ζ)σ
√

2π
exp

(−[ln(ψ|ζ)− µ]2

2σ2

)
, (2.58)

where the mean and variance of the natural logarithm ln(ψ|ζ) are respectively

denoted as µ and σ2. These two quantities are related to the conditional mean

〈Ncc|ζ〉 and variance g2 through

〈Ncc|ζ〉 = exp
(
µ+ 0.5σ2

)
and g2 = 〈Ncc|ζ〉2[exp(σ2)− 1]. (2.59)

The conditional mean 〈Ncc|ζ〉 is related to the unconditional mean ε̃cc through

〈Ncc|ζ〉 ≈
ε̃ccf(ζ)∫ 1

0
f(ζ)P (ζ)dζ

, (2.60)

where f(ζ) is the the variation of Ncc normalised by its value at the location

of peak heat release rate in an unstrained planar laminar flame and ε̃cc is mod-

elled with Eq.(2.56). The strained flamelet formulation has been validated in

the corrugated flamelets and thin reaction zones regimes of turbulent premixed
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combustion [95, 96].

2.4.3.5 Conditional Moment Closure

As noted earlier, CMC has been used extensively for non-premixed combustion,

but its application to premixed combustion is very limited [3, 123] and still under

development [2, 175]. One difficulty seems to be a suitable choice of progress

variable [92]. Another major difficulty is in the modelling of the conditional

scalar dissipation rate of the reactive scalar and the conditional turbulent scalar

flux [174, 175, 179]. One can see from the CMC equation for turbulent premixed

flame [92]

ρζ
∂Qa

∂t
+〈ρui|ζ〉

∂Qa

∂xi
=
Leζ
Lea
〈ρNcc|ζ〉

∂2Qa

∂ζ2
+〈ω̇a|ζ〉−〈ω̇c|ζ〉

∂Qa

∂ζ
+eQ+ey, (2.61)

compared to Eq(2.35), an extra term −〈ω̇c|ζ〉 ∂Qa/∂ζ appears since the condi-

tioning variable is a reactive scalar. The conditional dissipation rate is linked

to the unconditional one by Eq.(2.60). Only recently the above model was im-

plemented in the CMC context by Amzin et al. [2, 3] showing reasonably good

agreement with experimental measurements in turbulent premixed flames.

2.4.3.6 Transported PDF method

Relatively few studies have been performed using the transported PDF method

to model turbulent premixed flames compared to non-premixed flames. This

is due to the strong coupling between molecular diffusion and reaction posing

challenges for the modelling of the micro-mixing term [4]. Nevertheless, many

past studies have applied standard modelling approaches and achieved reasonable

comparison with experimental results. These studies have been reviewed recently

by Lindstedt [110].
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2.4.4 Turbulent Partially Premixed/Stratified Flames

2.4.4.1 Differentiating Combustion Mode

As partially premixed combustion consists of both premixed and diffusion modes,

it is beneficial to identify the local mode of burning. Takeno and co-workers [193]

first proposed a flame index to differentiate the local burning mode, which is

defined as the scalar product of the fuel mass fraction gradient and oxidizer mass

fraction gradient. It is easily seen that in a 1D laminar flame when the gradients

are in the same direction, it is a premixed flame; and when gradients are opposite,

it is a diffusion flame. Extending this to turbulent flames gives

F.I. = OYo · OYf
{
> 0 premixed

< 0 non-premixed
(2.62)

The magnitude of the flame index increases as the “ supplying rate of fuel

and oxidizer by molecular diffusion increases”. Modification and extension of this

concept have also been proposed [62, 65, 111]. There is a more complex approach

which involves flamelet transformation , however, LES of simple flow geometry,

for example lifted jet flames, shows no difference between these indicators [94].

2.4.4.2 Modelling of Partially Premixed/Stratified Flames

Although models specifically for partially premixed combustion have been re-

ceiving increasing attention in recent years, only a few are available. The main

challenge is to achieve accurate description of both premixed flame fronts, which

propagate in mixture of spatially and temporally varying equivalence ratio, and

diffusion flames [54] as they are fundamentally different in the sense that pre-

mixed flame is propagating while diffusion flame is not. Furthermore, as burning

can occur locally in mixture close to the flammability limits, and the Damköhler

number can not be considered as infinitely large, finite rate kinetics effects need to

be included. Several common strategies exist. The first approach is to use a flame

index type of indicator which locally distinguishes premixed and non-premixed

burning modes. Models for premixed and non-premixed flames are then either

selected exclusively or combined in some form using the flame index to calculate
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the mean reaction rate. An extra transport equation is usually required to com-

pute the flame index where further modelling of terms in the equation may be

necessary. This approach has been tested against DNS results [55] and used to

model turbulent lifted partially premixed flames by Domingo et al.[54], Ferraris

and Wen [63], Knudsen and Pitsch [94].

Another common method is to extend pure premixed flame models by includ-

ing a dependence on mixture fraction for important model parameters such as

the turbulent and laminar flame speed. An extra transport equation for mixture

fraction is normally included. Müller et al. [128] suggested a formulation to com-

bine the mixture fraction equation for the non-premixed part and the G equation

for the propagating flame surface. In the G equation where the turbulent flame

speed is present, it is related to the laminar flame speed as a function of local

mixture fraction and its dissipation rate as [128]

ST ≈
[
SL(Zst) + b2[SL(Zst)u

′]1/2 + b1u
′]

︸ ︷︷ ︸
premixed

[P (Zst)(∆Z)SL
]︸ ︷︷ ︸

partially premixed

[
1− a

¯NZZ

N q
ZZ

]

︸ ︷︷ ︸
quenching

, (2.63)

where a, b1, b2 are model parameters, u′ is the turbulent fluctuation and N q
ZZ

is the quenching value of SDR. Although the joint PDF of the three variables,

mixture fraction, its dissipation and the gradient of G field are assumed to be

statistically independent a priori, the steady lift-off height agrees well with ex-

periments. Following similar approach, Ovink and Lamers [138] used a presumed

double delta function for the progress variable and a single delta for the mix-

ture fraction dissipation at stoichiometry NZst , and the mean scalar quantity is

obtained using

θ̃ ≈
∫ ∫ ∫

θ(ξ,NZst , ζ)P̃ (ξ,NZst , ζ)dξdζdNZst

= (1− c̃)
∫ 1

0

θu(ξ)P̃ (ξ)dξ + c̃

∫ 1

0

θb(ξ|NZst)P̃ (ξ)dξ (2.64)

where θu(ξ) is a mixing solution and θb(ξ|NZst) denotes the burnt side values

obtained from a lookup table of laminar flamelet solutions. Further extending

the work in [128], Chen et al.[41] introduced a mean turbulent burning velocity
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model for partially premixed flame that not only depends on local mixture fraction

and local Damköhler number following Peters [141], but also includes an integral

across the partially premixed flame brush with presumed PDF for the mixture

fraction, i.e. ST,P =
∫ 1

0
ST (ξ)P (ξ)dξ.

Following the flamelet concept, another common approach for partially pre-

mixed combustion is to consider it as an ensemble of laminar premixed flames

with a range of mixture fraction, together with the presumed PDF. The mean

reaction rate is then

ω̇ =

∫ 1

0

∫ 1

0

ω̇(ζ, ξ)P (ζ, ξ) dζ dξ. (2.65)

This is the starting point for various modelling efforts, with different choices of

the flamelet models for ω̇(ζ, ξ) and different presumed shapes and assumptions in

the modelling of the joint PDF P (ζ, ξ). This concept was originally proposed by

Bradley et al. [14] who considered a “mixedness-reactedness flamelet model” for

diffusion flames. Vervisch et al. [188] later developed the “Presumed Conditional

Moment and FPI (PCM-FPI)” model and essentially used unstrained laminar

flamelets and two presumed beta PDFs by assuming ζ and ξ to be statistically

independent. Libby and Williams [109] used a presumed joint PDF of two delta

functions for the two statistically independent variables, the mixture fraction Z

and the fuel mass fraction YF , to describe the thermo-chemical and finite rate

kinetic effects of stratified lean premixed combustion. This method offers the

advantage of simplicity, reasonable computational cost and accuracy, but has the

drawback of using simple one-step chemistry and ignoring the correlation between

Z and YF . Detailed chemistry in the form of lookup tables and more realistic

shapes of the presumed PDF have been attempted to improve this method. Ribert

et al. [158] constructed the PDF by solving the transport equations for Z̃, ỸF ,

Z̃ ′′2 and Ỹ ′′2F . However, Robin et al. [160] noted that the method of Ribert et al.

[158] implicitly assumed the cross correlation Ỹ ′′FZ
′′ is given by

√
Z̃ ′′2
√
Ỹ ′′2F and

this yields the same sign for Ỹ ′′FZ
′′ throughout the flame brush. This may not be

so in partially premixed flames as one shall see in Chapter 5. Robin et al. [160]

remedied this by generalising the joint PDF with four delta functions. An extra

transport equation for the covariance c̃′′Z ′′ may need to be solved and it is given
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as [48, 49, 161]

∂ρ̄c̃′′Z ′′

∂t
+

∂

∂xk
(ρ̄ũkc̃′′Z ′′) =

∂

∂xk

(
ρD

∂c′′Z ′′

∂xk
− ρu′′kc′′Z ′′

)
− 2ρ̄ε̃cZ

−ρu′′kc′′
∂Z̃

∂xk
− ρu′′kZ ′′

∂c̃

∂xk
+ Z ′′ω̇′′c , (2.66)

where ε̃cZ = ρDOZ ′′ · Oc′′/ρ̄ is the cross dissipation rate. One of the issue in

the presumed PDF approach is the closure of scalar dissipation rates appearing

in the transport equations for the second moment quantities. These dissipation

rates require modelling which is not always straight forward.

This was also noted by Domingo et al. [54], who derived a transport equation

for progress variable c, defined as

c(Z) =
Y u
H2

(Z)− YH2(Z)

Y u
H2

(Z)− Y b
H2

(Z)
. (2.67)

The instantaneous transport equation is

∂ρc

∂t
+
∂ρujc

∂xj
=

∂

∂xj

(
ρD

∂c

∂xj

)
+ ω̇c

+

(
2

Y u
F Z − Y b

F (Z)

)(
Y u
F −

dY b
F (Z)

dZ

)
ρNcZ

︸ ︷︷ ︸
(5)

−
(

c

Y u
F Z − Y b

F (Z)

)
d2Y b

F (Z)

dZ2
ρNZZ

︸ ︷︷ ︸
(6)

. (2.68)

The extra terms (5) and (6) involving NZc and Nzz in Eq.(2.68) arise due to the

dependence of unburnt and burnt species mass fraction Yi on c and Z. NZc is

the instantaneous cross dissipation rate and will be defined later. For simplicity,

these terms were neglected in their modelling [54].

There have been attempts [64, 66] to avoid modelling the extra term directly

by solving the transport equation for a species and later recast it to a normalised

progress variable later. A careful choice of the progress variable and mixture frac-

tion definition can result in two statistically independent variables and thus avoid
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the closure difficulties for the extra terms, as in Libby and Williams’ presumed

PDF approach discussed earlier [109]. For example, Fiorina et al. [64, 66] defined

the progress variable c using the combined mass fraction of CO and CO2, and the

mixture fraction with the mass fraction of N2. The transport equations for Ỹc

and Ỹ ′′2c were solved instead of normalised c and then c and c′′2 were constructed

using the solutions. Detailed chemistry was included by using a lookup table with

entries c, c′′2, Z̃ and Z̃ ′′2 as the independent variables.

Knudsen and Pitsch [94] discussed the statistical dependence of c and Z and

noted the normalisation of c by its chemical equilibrium value can separate c

and Z in weakly strained flamelets but is not general. They argued that when

flame is highly strained with high scalar dissipation rate, diffusion in mixture

fraction space can prevent c from reaching its chemical equilibrium. Statistical

independence is not guaranteed for flame close to stoichiometry where the second

derivative of species with respect to Z tend to be highest.

Bray et al. [22] rewrote Eq.(2.68) in a general form as

∂ρc

∂t
+
∂ρujc

∂xj
=

∂

∂xj

(
ρD

∂c

∂xj

)
+ ω̇∗c , (2.69)

and highlighted the contribution from the chemical source term of the species

and the three dissipation rates. The source term ω̇∗c is given by

ω̇∗c =
1

∂Yi/∂c

(
ω̇i + 2ρNcZ

∂2Yi
∂c∂Z

+ ρNzz
∂2Yi
∂Z2

+ ρNcc
∂2Yi
∂c2

)
. (2.70)

The three scalar dissipation rates are defined as

Nzz = ρD(∇Z · ∇Z), Ncz = ρD(∇c · ∇Z) and Ncc = ρD(∇c · ∇c), (2.71)

where D is the molecular diffusivity which is taken to be equal for the progress

variable and mixture fraction in this study for the sake of simplicity. Bray et

al.[22] argued that whether the model is expressed in terms of c or YF , the pre-

dictions are sensitive to the mean SDR 〈Ncc〉 or 〈NY Y 〉. The following points are

worthy of noting

• While 〈NY Y 〉 is more difficult to model as it can contain contribution both
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from non-reactive turbulent mixing and steep gradients inside flamelet,

〈Ncc〉 only contains gradients in the reaction zone and may be easier to

model.

• The dissipation terms are “difficult to avoid in a complete description of

the flow” [22].

• These SDRs also influence displacement speed, required in the FSD ap-

proach, see Eq.(2.49)-(2.51), through

S∗d = S0
d +

1

ρ|∇c|
1

∂Yi/∂c

[
2ρNcz

∂2Yi
∂Z∂c

+ ρNZZ
∂2Yi
∂Z2

+ ρNcc
∂2Yi
∂c2

]
, (2.72)

where Yi is the mass fraction of species i and

S0
d =

1

ρ|∇c|

[
ω̇c +

∂

∂xi

(
ρD

∂c

∂xi

)]
. (2.73)

The last point is also consistent with Müller et al.[128], where the turbulent

flame speed is assumed to depend on SDR of the mixture fraction. Malkeson and

Chakraborty [117] observed that these additional contributions were small while

analysing their DNS data of turbulent planar stratified flames with initial mixture

inhomogenity introduced in a direction normal to the mean flame propagation

direction. The combustion kinetics of hydrocarbon flames were simulated using

a single step reaction with activation energy and heat release depending on local

equivalence ratio. The effect of mixture stratification in transverse direction has

also been studied in turbulent [5] and laminar [52] flames, but its influence on

the additional contributions in Eq. (2.72) has not been addressed yet.

The classical approach to model ε̃ZZ uses the inverse turbulent time scale as in

Eq.(2.34) and yields reasonable results in general. The model for reactive SDR,

ε̃cc, appeared only recently [97, 132], and little is known about the modelling

of the cross dissipation term [119, 163]. Whether a model is required for is

still an open question [22, 55]. Mura et al. [132] have attempted to develop

models for the three SDRs in partially premixed flames using thin and thickened

flamelet limits with constant density approximation. They tested the models for

a stratified “V” flame [161] and showed good agreement with experimental data.
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Equation (2.56) has also been extended to include a mixture fraction dependence

by Darbyshire et al [50]. Substantial differences in scalar mixing rate, variances

and turbulence kinetic energy were reported by comparing the results obtained

using various models available for SDR. Ruan et al. [163] analysed DNS data

of a lifted jet flame to study the three dissipation rates. They found the cross

dissipation rate is an order of magnitude smaller than the other two, consistent

with previous studies by Domingo et al. [55]. Malkeson and Chakraborty [119]

derived a transport equation for the cross dissipation rate and used DNS data of

statistically planar stratified flames with simple chemistry to develop algebraic

models.

2.5 Summary

In this chapter, premixed, non-premixed and partially premixed flames have been

introduced and discussed briefly. The governing equations for turbulent reacting

flows have been presented and followed by a discussion on the three numeri-

cal simulation frameworks for turbulent combustion. A brief review of various

combustion modelling methodologies, both for premixed and non-premixed com-

bustion, and the recent development for partially premixed/stratified combustion

were presented. Several issues crucial to the modelling of partially premixed com-

bustion are summarised as follows

1. The behaviour of turbulent flame stretch, including the tangential strain

rate, curvature and displacement speed, which has been extensively studied

for premixed flames, is less well understood for partially premixed flames.

Chapter 4 attempts to shed some light on these topics.

2. The behaviour of scalar dissipation rates in partially premixed flames re-

quires further examination. Statistics of scalars and their gradients need

further examination and existing models need to be tested in partialy pre-

mixed flames. This is investigated in Chapter 5.

3. The accuracy of various models for the mean reaction rate remains unclear

and their underlying assumptions need to be examined. Chapter 6 addresses

these issues.
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These issues are investigated by analysing DNS data of a laboratory scale lifted

jet flame, which is an example of a partially premixed flame. This DNS data

and its processing techniques are described in Chapter 3. As noted in Section

1.1, a posteriori validation of the findings from the DNS analysis is conducted

in Chapter 7 by performing RANS simulations of the lifted jet flame using the

model developed in this work.
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Chapter 3

DNS Dataset

As noted in Chapter 2, DNS dataset contains a wealth of information to develop

fundamental understanding and to test and validate modelling hypotheses. DNS

of a turbulent lifted jet flame is explored to further the understanding of partially

premixed combustion. The detail of this DNS data and its processing are dis-

cussed in this chapter. The partially premixed nature of this flame, not only near

the flame stabilisation location, but also at downstream positions is demonstrated

and is shown for both an instantaneous and an average sense.

3.1 DNS Data

Details of the DNS data used in this study can be found in Mizobuchi et al.

[125, 126] and references therein and thus only a brief discussion on attributes

relevant to this study is given here. A lifted turbulent hydrogen flame established

above a fuel jet issuing from a round nozzle into quiescent air was simulated. This

flame was studied experimentally by Cheng et al. [46, 47] The jet Mach number

is 0.54 based on nozzle exit velocity of 680 m/s and its Reynolds number based

on the nozzle diameter, D = 2 mm, is 13,600. In this DNS, the three dimen-

sional fully compressible Navier-Stokes equations, together with the conservation

equations for mass, total energy and chemical species are solved. The govern-

ing equations are discretised using a finite volume formulation. The convective

terms are calculated with an upwind total variation diminishing (TVD) numerical
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Figure 3.1: Schematic of DNS configuration. Instantaneous temperature (K)
field in mid z-y plane. Stoichiometric mixture fraction contour Zst = 0.03 (Black
solid).
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scheme based on Roe’s approximate Riemann solver. The viscous terms are cal-

culated using a standard second order difference scheme. A second order explicit

Runge-Kutta multistage method is used for time integration.

This DNS employs a chemical kinetics mechanism involving 9 species (in-

cluding nitrogen as an inert species) and 17 reactions [192]. Detailed transport

properties which depend on the temperature and local species concentration are

used.

The size of the computational domain is ±12.5D in the cross-stream directions

and −2D to 20D in the streamwise direction. The domain is discretised using

a non-uniform grid with a total of 200 million grid points, with a uniform grid

spacing of 0.05 mm within ±5D× 14.75D×±5D. This grid spacing is about 2.5

times the Kolmogorov length scale close to the ignition point in the experiment

[46, 47]. The ratio between the stoichiometric laminar premixed flame thermal

thickness and the mesh resolution is about 10. This numerical resolution was

verified to be adequate to study the statistics of scalar and velocity gradients

[163].

A schematic diagram of this flow configuration is shown in Fig. 3.1a along

with a typical instantaneous temperature field and the stoichiometric mixture

fraction contour. The streamwise, y, and cross-stream distances are normalised

by the nozzle diameter. The flame lift-off height is about 5.7D from the nozzle

exit in the DNS while it was 7D in the experiments of Cheng et al. [46, 47]. The

comparison of flame brush structure, in terms of mean species mass fractions and

temperature, obtained from the DNS is a close match to the experiment [163].

3.2 Data Processing Methodology

Two data processing methods are used in this study. The first one is similar to

a RANS-type averaging [163] in order to investigate the mean flow and flame

quantities. The scalar gradients are calculated by a central difference scheme.

The statistics in a cross section at a given streamwise location are generated by

splitting the cross section into a number of concentric rings as shown in Fig. 3.2

and the symbols ∆, B1 and C1 will be explained later. The radial distance

R =
√
x2 + z2 is measured from the jet centre-line (R = 0). All the points in a
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particular ring of width dr are averaged to obtain a mean value as

Q(R, y) =
1

NtN

Nt∑

ti=1

N∑
Q(x, z, ti; y), (3.1)

where Q is the quantity of interest, Nt (=146) is the number of sampling time

steps over a period of 0.09 ms and N is the total number of data points in a

particular ring of width dr for one time instant. In this study the temporal

and spatial, in the homogeneous direction, averaging is combined to increase

the sample size for statistical accuracy since the flow and flame have reached

a statistically stationary state. This has been verified by Ruan et al. [163] by

increasing the sampling period by nearly 3 times and reconstructing appropriate

statistics. Sensitivity of these statistics to the ring width dr has also been tested

and it was observed to be minor [163]. Thus the results reported in this study are

for dr = 2dx. Statistical convergence of the results presented in this study has also

been verified by increasing the sample size and sampling duration [163]. Although

the sample size obtained in this ring averaging method varies with radius, it is

generally very large; there are more than 14,000 data points at R/D = 0.2.

The region of interest where significant reactions occur are located mostly at

R/D > 1.0 and thus the sample size is sufficiently large to give meaningful

statistics. For the centreline values, 969 DNS data samples over 0.5 ms are

ensemble averaged to obtain the required statistics. The above method is also

used appropriately to obtain Favre averaged quantities.

The second method used is similar to LES-type filtering using a box filter in

physical space. In this method, one single ring is split into 72 evenly distributed

arc sections and this will reduce the sample size. Thus to maintain the statistical

accuracy and convergence the ring width is increased to 6dx and the samples

in 5 consecutive time steps are combined to get the required statistics such as

flame surface density and surface averaged quantities required to obtain the flame

stretch. The typical arc width, ∆, is marked in Fig. 3.2 for two arbitrary locations,

B1 and C1, chosen for the analysis presented in Chapter 4.
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Figure 3.2: Illustration of data processing method, instantaneous temperature
field in an arbitrary z-x plane is shown with positions B1 and C1 highlighted.

In this study the mixture fraction is calculated using [8]

Z =
ZH/WH2 + 2(YO2,air − ZO)/WO2

1/WH2 + 2YO2,air/WO2

, (3.2)

where the molecular weights are WO2 = 32 and WH2 = 2, Zi is the mass fraction

of element i and YO2,air = 0.244 is the mass fraction of O2 in air with 22% O2

and 78% N2 by volume. This definitions gives Zst ≈ 0.03 for the stoichiometric

mixture fraction. The mass diffusivity, D, of Z is calculated with a mass weighted

individual species diffusivity Di as D =
∑
YiDi.

The progress variable c depends on Z in partially premixed combustion as

noted in chapter 2 and is defined in this paper using the product mass fraction

YH2O as

c(Z) =
YH2O

Y Eq
H2O

(Z)
, (3.3)

where Y Eq
H2O

(Z) is the equilibrium value corresponding to the local mixture fraction

Z. The mass diffusivity of c is equal to DH2O. Another progress variable can be

defined using hydrogen mass fraction,

c1(Z) =
Y u
H2

(Z)− YH2(Z)

Y u
H2

(Z)− Y b
H2

(Z)
, (3.4)
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where Y u
H2

(Z) = Z for an inert mixing situation, and Y b
H2

(Z) is the equilibrium

value Y Eq
H2

(Z) corresponding to the local mixture fraction Z. This c1 has a diffu-

sivity equal to that of H2.

Figure 3.3 shows a scatter plot for both definitions for a range of time steps

at an arbitrary axial location. Scatter plots for other axial locations show similar

behaviour and are not shown here. This result shows that these two progress

variables are very similar, except in the regions that are close to the burnt side.

Thus, Eq. (3.3) is used for further analysis unless otherwise stated.

Figure 3.3: Comparison of two progress variable definitions in Eq.(3.3) and
Eq.(3.4).

3.3 General Flame Features

Figure 3.1 shows the instantaneous temperature field (as a colour map) and the

mixture fraction contours in the mid y-z plane from an arbitrarily selected time

snapshot. The general behaviour of the mixing layer is as expected. The temper-

ature map clearly shows a lifted flame and the peak instantaneous temperature

is found to be about 2500 K close to stoichiometry.

Figure 3.4 shows the mean temperature and OH mass fraction. The mean

stoichiometric mixture fraction is shown by the solid line. The mean values are
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obtained using Eq. (3.1). The peak mean OH concentration corresponds to the

peak mean temperature as one would expect and these peak locations are in the

neighbourhood of the stoichiometric mixture fraction. Also, the averaged fields

show that the flame lift-off height is about 5.7D. Although these averaged tem-

perature, OH and mixture fraction fields suggest a diffusion flame type structure

(high T , Y OH near Zst) in a mean sense, it will be shown in the next section that

it is a predominantly premixed type of combustion with varying equivalence ratio

and occasional diffusion flame islands occurring at downstream locations.

(a) (b)

Figure 3.4: Reynolds averaged quantities. (a) temperature. (b) YOH. Stoichio-
metric mixture fraction contour Z = 0.03 (Solid black). Z = 0.01, 0.05, 0.10,
0.20 and 0.30 (Dash black). Positions B1 and C1 are also highlighted.

Three streamwise positions are selected for detailed investigation as illustrated

in Fig.3.1 and 3.4. The location A-A is at 5.75D from the nozzle exit, i.e. close

to the stabilization height observed in the DNS; the location B-B is at 8.75D.

A-A and B-B, are selected to enable comparison with the experimental data [46].

C-C is at 14.75D which is the most downstream location where grid spacing is

uniform and occasional diffusion flame islands are observed in the instantaneous

fields [126, 163].

Figure 3.5 illustrates the time averaged mean hydrogen consumption rate in
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g/cm3/s and the stoichiometric mixture fraction contour as solid line for the

chosen three positions. In general, the reaction rate is an order of magnitude

larger at position A-A while downstream the flow expands and moderate reaction

rates occur in a distributed manner. At the position A-A, the reaction zone is

wrinkled by turbulence and exhibits a thin flame. At the position C-C, the

most intense reaction occurs along the stoichiometric mixture fraction as isolated

pockets, in agreement with the observation of “diffusion flame islands” in [126].

(a)A-A (b) B-B (c) C-C

Figure 3.5: Time averaged hydrogen reaction rate in g/cm3/s for 3 axial positions.
Stoichiometric mixture contour in solid black line.

Radial variations of mean temperature and species mole fractions are shown

in Fig. 3.6 for six different streamwise locations in the DNS. The experimental

results [46] are shown for two locations (7D and 9.5D). The DNS results show

that the mean temperature increases downstream of position A-A up to a roughly

constant peak value of about 2300 K for axial distances of 8.5D and beyond. The

maximum mean temperature occurs at R/D ranging from 2 to 3, corresponding

roughly to the instantaneous stoichiometric region as shown in Fig. 3.1. The mean

temperature at position A-A agrees reasonably well with the experimental results

at 7D, where both positions are close to the respective stabilisation heights. It

must be noted that the position A-A is at y ≈ 5.7D. Mizobuchi et al. [125]

explained that the difference in stabilisation height is because the DNS resolves

the small eddies of turbulence in the flame stabilisation region but not in the flow

close to nozzle exit. This causes differences in air entrainment by the turbulent jet

and thus in turbulent mixing, resulting in a shift of the stabilisation height. The

comparison of mean H2 mole fractions between the DNS and the experiment is
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considered to be very good. The DNS shows a slight decrease of centreline values

for the positions A-A, 6.5D and 7D as one would expect. The radial gradient

of mean mole fraction is decreasing, indicating that the flame brush is increasing

in thickness. The mean H2O mole fractions from the DNS and the experimental

results agree reasonably well, while the mean OH mole fraction in the DNS is

about twice as large as that in the experiment (compare the DNS result for

the position A-A to the experimental measurement at 7D and the DNS for the

position B-B to the experimental data at 9.5D). The difference in stabilisation

heights complicates the comparison. Nevertheless, the flames are well-resolved in

the DNS, and Fig. 3.6 shows that the agreement is generally reasonable. If one

offsets the difference in the flame stabilisation height, which is about 1.5D, then

the comparisons can be regarded as acceptable and this observation concurs with

the observation made by Mizobuchi et al. [125].

The radial variation of Z̃ and c̃ at the selected three axial positions is shown

in Fig. 3.7. Since the fuel is consumed, the centreline value of Z̃ decreases as one

moves in the downstream direction. The radial spread of the mixture fraction field

can also be observed in this figure. The Favre mean progress variable increases

from the centreline and then decreases gradually after reaching a peak value.

The increase is due to the formation of H2O in the flame brush and its diffusion

towards the jet centre. Thus, the centreline value of c̃ increases as one moves in

the downstream direction. The decrease of c̃ after reaching a peak value in the

radial direction is due to the mixing of combustion products with the quiescent

air. One can also observe that the peak value of c̃ shifts radially outward from

position A-A to C-C. The variation of c̃ in Fig. 3.7 also suggests that the flame

brush thickness increases in the downstream direction. All of these behaviours

are as expected for the flow and flame configuration considered in the DNS.

Figure 3.8 shows radial variation of the mean hydrogen consumption rate and

heat release rate. The ring-averaged mean reaction zone, indicated by the peak

value in this figure, moves gradually inwards as axial distance increases. At the

downstream position C-C, there are two reaction zones, indicated by the two

peaks. The inner one corresponds to a rich premixed flame while the outer one

results from the diffusion flame (see Fig.3.5). This is consistent with the contours

shown in Fig.3.5 and earlier observations [125, 126]. There is little sign of heat
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Figure 3.6: Comparison of Experiment[46] and DNS results [125, 126].
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Figure 3.8: Radial variation of mean (a) H2 consumption rate, ¯̇ωH2 and (b) heat
release rate h̄ at three axial positions.

49



3.4 The Partially Premixed Nature

In turbulent jet lifted flames, as the surrounding air is entrained by turbulence

and mixed with the turbulent jet before the flame is encountered, some partially

premixed combustion characteristics can be expected, especially in the flame

leading edge close to the flame stabilisation point. For lifted flames, triple flame

behaviour has been observed in experiments [191] and DNS [113] at the flame

leading edge with a trailing diffusion flame established further downstream. In

this section, the instantaneous and averaged reaction rates are examined along

with the flame index introduced in Chapter 2 to investigate whether the flame in

this DNS is partially premixed or not.

The presence of premixed and non-premixed combustion modes can be easily

identified by plotting the fuel consumption rate along with the flame index [193],

defined in Eq.(2.62) as noted in chapter 2. The flame index is negative for non-

premixed mode since the hydrogen and oxygen are diffusing in opposite directions.

This index is positive for premixed mode because the fuel and oxidiser gradients

are aligned with one another. Hence, the non-premixed and premixed regions can

be demarcated using the FI = 0 contour. This can be applied in an instantaneous

as well as an averaged sense.

The instantaneous fuel consumption rate is shown in Fig. 3.9 for two arbitrary

time steps in the X-Y cross section and in Fig. 3.10 for the X-Z cross section

at B-B. The stoichiometric mixture fraction and FI = 0 contours are shown

respectively by solid and dashed lines. The FI contour is shown only for the region

2D ≤ |x| ≤ 7D in Fig. 3.9 for clarity. If one plots this contour for the entire range

of x then these contours become very crowded near the central region, as shown

in Fig. 3.10. Close to the jet centre, flame index is positive indicating a rich

premixed burning mode. Along the stoichiometric mixture fraction line, flame

index is negative indicating diffusion flames. Multiple reaction zones are thus

clearly in evidence. One can observe that the diffusion mode of fuel consumption

occurs in isolated islands on the outer side of the jet and it extends down to y =

5.5D in instantaneous pictures. The rich partially premixed branch can persist

throughout the computational domain of the DNS. This is because hydrogen has a

very broad reaction zone and broad flammability limit compared to a hydrocarbon
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flame.

Figure 3.9: Instantaneous hydrogen reaction rate in (g/cm3/s) with flame index
(dash) and stoichiometric mixture fraction (solid) for two different time steps.

The flame leading edges for one time instance in the boxes in Fig. 3.9 are en-

larged in Fig.3.11. The lean premixed branch can only be seen on the right of the

flame leading edge in Fig.3.11(b). The diffusion flame branch is not continuous

even in the leading edge here. It detaches to form diffusion island downstream.

The triple flame like features can be clearly seen in Fig.3.11(b) while only two

branches can be seen in Fig.3.11(a), consistent with observation in DNS by Mi-

zobuchi et al. [125, 126] and Luo [113].

A close comparison of the two time steps in Fig. 3.9 suggests that the diffusion

burning mode is highly intermittent in the region 5.5D ≤ y ≤ 9.5D resulting in

premixed combustion in an averaged sense even for the outer region of the jet.

This is signified by the FI = 0 contour shown in Fig. 3.12, where a short lean

“wing” of premixed combustion in the flame leading edge can be seen and the

diffusion burning mode only appears downstream of 9.5D in the mean sense as it

gradually separates from the central rich premixed core.
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Figure 3.10: Instantaneous hydrogen reaction rate in (g/cm3/s) with flame index
(dash) and stoichiometric mixture fraction (solid) for an arbitrary time step at
cross section B-B.

Figure 3.11: Enlarged views in flame leading edge. (a) Left and (b) right. In-
stantaneous hydrogen reaction rate in (g/cm3/s) with flame index (dash) and
stoichiometric mixture fraction (solid).
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Figure 3.12: Time averaged hydrogen reaction rate in (g/cm3/s) with flame in-
dex (dash) and stoichiometric mixture fraction (solid line) and mixture fraction
contour of 0.01 and 0.2 (dash-dot line).
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The stoichiometric mixture fraction value is Zst = 0.03 and, the lean and

rich flammability limits [104] are respectively Zl = 0.005 and Zr = 0.17 for the

hydrogen-air mixture used in the DNS. If the combustion occurs predominantly

in non-premixed mode then the peak c̃ would be roughly around Z̃ = Zst, which is

not the case as shown in Fig. 3.7. The peak location is on the lean side at position

A-A suggesting a lean premixed combustion mode. For the downstream locations

the peak is broad and covers a significant portion of the flammability range sug-

gesting partially premixed mode: rich, stoichiometric and lean premixed with

non-premixed combustion. These observations are consistent with the insights

obtained from Figs. 3.9 to 3.12 and lend support to call this flame a partially

premixed flame.

From these results one can conclude that the premixed and non-premixed

modes coexist in this jet flame and the predominant fuel consumption is through

premixed combustion with variable equivalence ratio. On this basis it may be

more appropriate to call this flame as a partially premixed flame rather than a

lifted jet diffusion flame.

3.5 Summary

In this chapter, the JAXA DNS data of a turbulent hydrogen jet lifted flame es-

tablished in ambient air without coflow has been introduced. The data processing

techniques used to calculate spatial and temporal averaged quantities were pre-

sented. The general feature of this flame was then explored and the flame brush

structure was compared to the experimental measurements. The instantaneous

and averaged fuel consumption rate have been studied along with the flame index

to ascertain the partially premixed nature of this flame. It is found that triple

flame-like structure exists in the flame leading edge in the flame stabilisation

regions. The Flame index indicates both premixed and non-premixed burning

modes coexist. There is a rich premixed flame in the jet centre and an intermit-

tent and broken diffusion flames branch that extends to downstream positions

in the computational domain due to the broad flammability limits of hydrogen.

Because multiple burning modes coexist and substantial fuel is consumed in the

rich premixed branch with varying equivalence ratio, it is more appropriate to

54



consider this flame as a partially premixed flame rather than the traditional lifted

jet diffusion flame.
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Chapter 4

Turbulent Flame Stretch

Turbulent partially premixed combustion occur in many practical devices, such as

stratified charge direct injection engines and lean premixed pre-vaporized (LPP)

gas turbine combustor. Models are required to close the mean reaction rate in

Reynolds-Averaged-Navier-Stokes (RANS) and filtered chemical reaction rate in

Large Eddy Simulation (LES). One popular approach for modelling turbulent

premixed and stratified combustion is the flame surface density based modelling

[26, 153, 182, 187].

The instantaneous flame stretch can be positive or negative; the positive value

implies that the flame surface area increases due to the combined effects of tur-

bulence and flame propagation and the negative stretch suggests that the flame

surface is compressed resulting in the loss of flame area per unit volume. Earlier

numerical [17, 39, 165] experimental [136, 157] and theoretical [100] studies have

demonstrated that there is 20-50% probability for the flame stretch to be nega-

tive. In the view of RANS methodology the average value of the flame stretch,

〈Φ〉s, is expected to be positive predominantly and many modelling methods have

been proposed in the past with this view. A summary of these studies is provided

by Veynante and Vervisch [189] and Cant [27].

It is well recognised that the scales involved in LES modelling are different

from those involved in RANS. Thus, the contributions of the negative stretch

can become important and must be considered appropriately. From Eq. (2.51)

one can observe that there will be three contributions to the filtered stretch rate;

the first contribution comes from the filtered tangential strain rate part, the
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second contribution comes from the filtered curvature related term and the third

contribution comes from the sub-grid scales. Some models have been proposed in

the past and can be found in Veynante and Vervisch [189] and Cant [27]. The aim

of this chapter is not to develop new or improved models but to provide possible

physical reasoning for the negative flame stretch. The focus is on the partially

premixed flames because of its practical relevance and importance, specifically for

gas turbine combustion. This is achieved by analysing direct numerical simulation

(DNS) data of a laboratory scale lifted turbulent jet flame [125, 126].

Many studies using DNS data [31, 35, 36, 89, 133, 134, 159, 178] and laser

diagnostics [74, 131, 171] of premixed flames, and DNS data of mildly stratified

flames [118] have demonstrated that the reactive scalar gradient vector aligns with

the most extensive principal component of the turbulent strain rate when the local

heat release is strong. This is in contrast to the passive scalar physics where the

scalar gradient is known to align with the most compressive component. This

change in the alignment of scalar gradient with the principal strain rate results

in a decrease of the scalar gradient in turbulent premixed flames. The rotation

of principal strain planes due to dilatation effects might also be a possible cause

for the decrease of the scalar gradient when the heat release is moderate [69]. It

is well known [178] that this alignment is directly related to the tangential strain

rate part of the flame stretch in Eq. (2.51) and thus the negative stretch rate can

result from a change in the scalar gradient alignment. The questions of interest

to this chapter are: is this alignment change solely responsible for the negative

stretch rate or the curvature term in Eq. (2.51) play a role as well? What are

their relative roles?

As it is clear from Eq. (2.51), the displacement speed, Sd, magnitude must be

taken into consideration while analysing the flame stretch and its components.

The behaviour of Sd in perfectly premixed flame has been studied extensively

[30, 39, 40, 58, 75]. However, it has received limited attention in partially pre-

mixed or stratified flames [22, 78, 117]. The dependence of progress variable on

mixture fraction yields additional contributions, as noted by Bray et al. [22] in

Eq.(2.72) in chapter 2. It contains contributions from the chemical reaction rate

and molecular diffusion as for the perfectly premixed flames. The additional con-

tributions for partially premixed flames come from three scalar dissipation rates,
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defined in Eq.(2.71) in chapter 2. Malkeson and Chakraborty [117] observed that

these additional contributions were small while analysing their DNS data of tur-

bulent planar stratified flames with initial mixture inhomogenity introduced in

a direction normal to the mean flame propagation direction. The combustion

kinetics of hydrocarbon flame was simulated using a single step reaction with ac-

tivation energy and heat release depending on local equivalence ratio. The effect

of mixture stratification in transverse direction has also been studied in turbulent

[5] and laminar [52] flames, but its influence on the additional contributions in

Eq. (2.72) has not been addressed yet, as already noted in chapter 2.

It has been observed in the past studies that the mixture stratification in the

transverse direction yields triple flame [90, 147, 164]. Also, the behaviour and con-

tributions of these additional terms in the presence of significant flame curvature,

complex chemical kinetics, differential diffusion effects and a wide range of local

flow and mixture conditions are not yet clear. Furthermore, their contributions

to the flame stretch are yet to be studied. The DNS dataset of a laboratory scale

lifted turbulent hydrogen flame simulated with detailed chemistry and transport

offers a good opportunity to address these effects. Thus, the specific objectives

of the current chapter are

• To investigate the behaviour of scalar-turbulence interaction and its effect

on the flame stretch in partially premixed flames,

• To investigate the effects of partial premixing on the turbulent flame dis-

placement speed and its correlation with curvature, and

• To clarify whether negative mean flame stretch can occur and how in par-

tially premixed flames.

4.1 Turbulence-scalar interaction

The tangential strain rate aT has been shown [178] to relate closely to the

turbulence-scalar interaction process, which is signified by the inner scalar prod-

uct of scalar gradient vector and the turbulent strain tensor. This can be written
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as

T3 = −2ρD
∂c̃

∂xi

(
∂̃c′′

∂xj

∂u′′i
∂xj

)

︸ ︷︷ ︸
T31

−2ρD
∂c′′

∂xj

∂u′′i
∂xj

∂c′′

∂xi︸ ︷︷ ︸
T32

−2ρD
∂c′′

∂xi

∂c′′

∂xj

∂ũi
∂xj︸ ︷︷ ︸

T33

. (4.1)

The radial variation of these three terms, normalised using the stoichiometric

unburnt mixture density, ρu,st, and its flame time tf = δ0L,st/S
0
L,st, is shown in

Fig. 4.1 for the three axial locations. It is clear that the mean scalar and velocity

gradients terms, T31 and T33, are small and the dominant contribution comes from

the triple correlation T32. This quantity shown in Fig. 4.1 is little noisy because

of the sample size available for averaging. However, increasing the sample size

by increasing the ring width does not unduly change the results, specifically the

positive and negative contributions. Thus, these contributions are physical and

not due to insufficient sample size. The T32 term is observed to be positive in

general implying the generation of the iso-scalar surface area by turbulence. The

negative values imply that T32 dissipates the surface area as have been observed

in previous DNS studies of turbulent premixed [31, 32, 178] and stratified flames

[118]. However, the negative values are seen for narrow regions in Fig. 4.1. This

dissipation is because of stronger heat release effects in comparison to turbulence

processes (cf. Fig. 3.4).

The RMS (root-mean-square) value of turbulent velocity fluctuations may

be used as an indicator for the local turbulence level at a given radial location

and the laminar flame speed may be compared to this RMS value to understand

relative roles of the heat release and turbulence processes. One must also bear

in mind that the local flame speed can vary significantly in partially premixed

flames since the local mixture fraction can change. Figure 4.2 shows the radial

variation of the RMS velocity normalised by the laminar flame speed for the

local Favre averaged mixture fraction value. The RMS velocity is obtained using

Urms =

√
2k̃/3, where k̃ is the Favre averaged turbulent kinetic energy at a given

radial location. By comparing Figs. 4.1 and 4.2 it is clear that the RMS velocity

and laminar flame speed are of the same order, more precisely the normalised

RMS velocity is smaller than five, in the regions of negative T32, specifically for
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Figure 4.1: Typical radial variation of T+
3 = T3 t

2
f/ρu,st, with tf = δ0L,st/S

0
L,st.

Results are shown for three axial positions.

R/D ≈ 3 at location B-B and R/D ≈ 4 at location C-C. Although U+
rms is about

three at R/D ≈ 2 for location A-A, there is no strong flame at this location as one

can clearly observe in Figs. 3.1 and 3.4. Since it is the base of the lifted flame, the

turbulence effects dominate leading to the generation of iso-scalar surface area.

Through eigenvalue decomposition of ∂u′′i /∂xj, where a square matrix A can

be decomposed into the form A = QΛQ−1, here Q is the square matrix whose ith

column is the eigenvector i and Λ is the diagonal whose diagonal elements are

the corresponding eigenvalues, Q−1 is the transpose of matrix Q, T32 in Eq. (4.1)
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Figure 4.2: Typical radial variation of U+
rms = Urms/S

0
L(Z̃) for three axial loca-

tions.

can be written as [31, 32, 118, 178]

T32 = −2ρD

(
∂c′′

∂xi

∂c′′

∂xi

)
(α cos2 θα + β cos2 θβ + γ cos2 θγ), (4.2)

where α > β > γ are the eigenvalue of the symmetric turbulent strain tensor

e′′ij = 0.5(∂u′′i /∂xj + ∂u′′j/∂xi), with α as the most extensive and γ as the most

compressive principal strains. The angles between the scalar gradient vector

and the eigenvector i is denoted by θi. The sign of T32 is determined by the

predominant alignment of the scalar gradient with the principal direction, which

determines the characteristics of the scalar-turbulence interaction. The T32 will

be positive or negative if the predominant alignment is with the γ or α strain

respectively.

The PDFs of direction cosines are shown in Fig. 4.3 for α and γ strains at

various radial and axial positions in the lifted flame investigated here. In general,

alignment with the most compressive strain is observed for almost all the locations

shown except for R/D = 3 at B-B and R/D = 4 at C-C. An alignment with the

most extensive strain is observed for R/D = 3 at the location B-B where T32 < 0

as noted earlier. However, there is no clear preferential alignment at R/D = 4 for

the location C-C although negative T32 is observed for this location. A careful and

thorough analysis of the DNS data at this location indicates that the flame fronts

are intermittent and thus this kinematic statistics may be biased. However, one

must note that the sign of T32 is also influenced by the relative magnitude of α

and γ in Eq. (4.2) and it is apparent from the behaviour of T32 in Fig. 4.1 that the
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magnitude of α is larger than γ at R/D = 4 for the location C-C. This position

is marked as C1 in Fig. 3.4 and we shall investigate, the temporal variation of

flame stretch, flame surface density, tangential strain rate and curvature related

term at this position for a closer understanding.

Figure 4.3: PDF of scalar gradient alignment with the principal compressive, γ
(solid) and extensive, α (dotted) strains at various axial and radial locations.

In order to address the objective on the negative flame stretch, one must also

study the curvature related term in Eq. (2.51), which involves the iso-surface

displacement speed. As noted earlier, the role of additional contributions to the
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displacement speed need to be investigated first before studying the curvature-

displacement speed correlation in partially premixed flames.

4.2 The effect of partial premixing on displace-

ment speed

As noted in Chapter 2, Bray et al. [22] discussed the additional contributions

due to partial premixing and wrote the displacement speed in Eq. (2.72) as S∗d =

S0
d+A∗+B∗, where S0

d is given by Eq. (2.73). Using the definition of c in Eq. (3.3)

one gets

A∗ =
2Ncz

|∇c|Y Eq
H2O(Z)

dY Eq
H2O(Z)

dZ
, (4.3)

B∗ =
cNZZ

|∇c|Y Eq
H2O(Z)

d2Y Eq
H2O(Z)

dZ2
, (4.4)

for Yi = YH2O iso-surface. The additional contributions include chemical kinetic

effect and the turbulent mixing at small scales. The chemical kinetic effects come

through the first and second derivatives in the mixture fraction space and the

small-scale turbulent mixing is felt through the scalar dissipation rates, NZZ and

NcZ .

Figure 4.4: Variation of Ψ = Y Eq
H2O, dΨ/dZ and d2Ψ/dZ2 with the mixture

fraction Z.
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The chemical kinetic terms are shown in Fig. 4.4, by plotting the variation of

Ψ = Y Eq
H2O

, Ψ′ = dΨ/dZ and Ψ′′ with Z. Note that the values are scaled appro-

priately to fit within the range shown in this figure. These values are obtained

by performing equilibrium calculations by allowing the species involved in the

chemical kinetic mechanism used in the DNS to be present in the equilibrium

mixture. The burnt side values of these species in freely propagating adiabatic

planar laminar flames are also used to verify the equilibrium values. As one

would expect, large changes in Ψ′ and Ψ′′ are close to the stoichiometric value,

Zst = 0.03. The first derivative is positive for Z < 0.04, zero for Z = 0.042

and approaches a value of about -0.275 for Z > 0.07. The second derivative is

negative reaching a peak at Zst and approaching zero for Z < 0.015 and Z > 0.05

and thus the additional contribution of B∗ will be significant only in this narrow

range around stoichiometric mixture. Also, the second derivative is nearly 100

times larger than the first derivative and thus the contribution of B∗ is expected

to be larger than A∗. The contribution of A∗ is expected only for Z < 0.042 and

this will be compounded by the behaviour and magnitude of the cross dissipation

rate. Ruan et al. [163] have shown that the cross dissipation rate is an order of

magnitude smaller than the mixture fraction dissipation rate and thus the com-

bined contributions of chemical kinetics and mixing through A∗ are expected to

be negligible. These observations have been confirmed by calculating the gradient

weighted averages of the displacement speed, S∗d , and its components, and the re-

sults are shown in Fig. 4.5 as the radial variation of these quantities for the three

axial locations, A-A, B-B and C-C. In general 〈S0
d〉s is positive and contributes

predominantly to the total displacement speed, S∗d , which is also positive. The

contributions of A∗ can be both positive and negative and it is an order of mag-

nitude smaller than S0
d for the reasons noted above. Thus, it can be neglected

from further consideration. The contribution of B∗ is negative and mainly around

the stoichiometry. Its relative importance increases at downstream locations; a

contribution of about 40% can be observed for the location C-C, which is consis-

tent with previous DNS studies [78]. The increased contribution at downstream

location is because of the presence of diffusion flame islands and the form of B∗

in Eq. (4.4), the second derivative in the mixture fraction space multiplied by the

mixture fraction dissipation rate, clearly notes that this contribution is from non-
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premixed combustion mode. These results demonstrate the relative importance

of partial premixing effects on the displacement speed of iso-scalar surfaces.

Figure 4.5: Radial variation of normalised displacement speed, 〈S∗d〉s /S0
L,st, and

its components at three axial positions.

As expected, while analysing Fig. 4.4, the effect of partial premixing is seen

only near the mean stoichiometric iso-surface in Fig.4.5 (cf. Fig. 3.7). The relative

importance of these effects can also be influenced by the extent of partial premix-

ing, typically quantified by the ratio of the RMS of mixture fraction fluctuation

to its mean value, Zrms/Z̃, the level of heat release and turbulence intensity. The

value of the heat release parameter is about 7 and level of stratification is typi-

cally larger in the current DNS than in many previous studies. At R/D = 2.75

for the position B-B, Zrms/Z̃ ≈ 0.6 and U+
rms ≈ 3.0. For R/D = 3.75 at position

C-C, Zrms/Z̃ ≈ 0.4 and U+
rms ≈ 3.5.
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4.3 Curvature and its correlation with displace-

ment speed

The effect of partial premixing have been shown to decrease the total displacement

speed in general for this flame. Now, we like to examine its effect on S∗d-curvature

correlation. The PDF of curvature, normalised using the thermal thickness of a

planar unstrained laminar flame with a mixture fraction value equal to Z̃ at a

given position of interest, ie., K+
m = Kmδ

0
L(Z̃), is shown in Fig. 4.6 for several ra-

dial and axial positions. Since the position A-A is close to the base, the curvature

PDF at this location is shown only for comparison. The PDFs show some long

positive or negative tails. The positive tail is seen near the flame lift-off height,

whereas the negative tail is observed for a downstream location. This behaviour

is purely due to the flame geometry, nevertheless the mean curvature is close to

zero in general as observed in many earlier studies.

Figure 4.6: PDF of normalised curvature, K+
m = Kmδ

0
L(Z̃), at various axial and

radial locations.

The joint PDF of the curvature and the total displacement speed, P (K+
m, S

∗
d/S

0
L(Z̃)),

is shown for few radial and axial locations in Fig. 4.7. The displacement speed is

normalised using the laminar flame speed S0
L corresponding to local Z̃ for a given

position. Since the prime interest is on the negative flame stretch, the locations

for this joint PDF are chosen to be inside the flame brush so that the laminar

flame speed is non-zero, and the Favre averaged mixture fraction value is well

66



within the flammability limits for the hydrogen-air mixture (cf. Fig. 3.7). Also,

the mean values of K+
m and S∗d/S

0
L are marked using a solid circle to help us

to understand change in the correlation easily. The numerical values for these

means are also given in this figure. The correlation coefficients calculated using

the joint PDFs shown in Fig. 4.7 are -0.22, -0.04, -0.32 and -0.37 respectively for

R/D = 2 and 3 at B-B, and R/D = 2 and 3.75 at C-C locations. It is apparent

from these values that this correlation is negative even for this partially premixed

flame. This negative correlation is consistent with previous studies on turbu-

lent premixed [30, 39, 40, 71, 75] and stratified [117] flames. The instantaneous

flame surface with positive curvature can have negative displacement speed as

noted by Gran et al. [71], which is also seen in this flame. It is worth noting

that Gran et al. considered premixed stoichiometric methane-air flame while the

flame considered in this study is a hydrogen-air partially premixed flame. The

negative displacement speed occurs due to the non-unity Lewis number effects on

the diffusive flux (see Eq. 2.73).

As one moves radially outwards for a given axial position, except for A-A, the

correlation becomes more negative which is signified by the shift of the mean S∗d
value away from the PDF peak. This is because of the change in the intensity of

chemical reactions resulting in increased reaction rate as indicated by the mean

temperature and OH mass fraction fields in Fig. 3.4. To elucidate the effect

of partial premixing on this correlation, the joint PDF, P (K+
m, S

0
d/S

0
L(Z̃)), after

excluding the additional contributions from partial premixing is shown in Fig. 4.8

for R/D = 3.75 at the position C-C. This particular position is chosen for this

because of the significant contribution of B∗ to the total displacement speed as

shown in Fig. 4.5. The overall pattern of the joint PDF in Fig. 4.8 is very similar

to that of P (K+
m, S

∗
d/S

0
L(Z̃)) in Fig. 4.7 and since the partial premixing acts to

decrease S∗d , the negative correlation is strengthened by excluding the partial

premixing contributions. The value of correlation coefficient decreases to -0.43

from -0.37 when the partial premixing terms are excluded. At other positions with

small contributions from partial premixing, the joint PDFs, P (K+
m, S

∗
d/S

0
L(Z̃))

and P (K+
m, S

0
d/S

0
L(Z̃)), remain similar with almost no change to the correlation

coefficient noted earlier. This was also noted by Malkeson and Chakraborty for

stratified flames [117].
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Figure 4.7: Joint PDFs of normalised curvature, K+
m, and total displacement

speed, S∗d/S
0
L(Z̃), for various axial and radial positions. Mean values noted are

marked using solid circles.

To summarise, the effects of partially premixing on the displacement speed

are non-negligible at downstream positions and they act to slightly reduce the

negative correlation between the displacement speed and curvature. Also, these

effects do not influence the alignment characteristics of the progress variable gra-

dient with the principal strain directions observed in turbulent premixed flames.

Next, we like to consider the question on negative flame stretch, ie., can 〈Φ〉s in

Eq. (2.49) be negative in partially premixed flames or not? If so, what are the
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Figure 4.8: Joint PDFs of normalised curvature, K+
m, and normalised total dis-

placement speed, S0
d/S

0
L(Z̃), for R/D = 3.75 at position C-C. Mean values noted

are marked using a solid circle.

causes?

4.4 Flame Surface Density and Flame stretch

The PDF of flame stretch computed using Eq. (2.51) is shown in Fig. 4.9 for few

radial and axial locations. The flame stretch is normalised using the flame time

of stoichiometric premixed unstrained planar flame, ie. Φ+ = Φδ0L,st/S
0
L,st. The

locations chosen are within the flame brush and they are for T32 > 0, R/D = 2

and R/D = 2.5 at axial locations B-B and C-C respectively, and T32 < 0 R/D = 3

and 4 respectively at B-B and C-C (see Fig. 4.1). The PDF peak is near zero

which does not imply that the mean is zero. The PDF shows a long positive tail

for locations with T32 > 0, whereas for locations with T32 < 0 the PDF has a long

negative tail. In general, the instantaneous flame stretch takes both positive and

negative values as noted in previous studies [17, 39, 100, 136, 157, 165]. However,

these earlier studies have suggested that there is 50% or less probability for the

flame stretch to be negative and this probability can be calculated by integrating

this PDF from −∞ to 0. These integrated values for the locations shown in

Fig. 4.9 are 0.44 and 0.57 respectively for R/D = 2 and 3 at the axial position
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B-B. This integral takes a value of 0.41 and 0.6 respectively for R/D = 2.5 and 4

at the axial position C-C. These integral values for locations with T32 > 0 are in

agreement with observations in earlier studies. However, this probability larger

than 50% is observed for locations with T32 < 0, where the progress variable

gradient predominantly aligns with the most extensive strain.

Figure 4.9: PDFs of normalised flame stretch, Φ+ = Φδ0L,st/S
0
L,st for various axial

and radial positions.

These large probabilities for negative flame stretch are bound to yield negative

mean values and it is indeed observed in Fig. 4.10 showing the radial variation of

normalised surface averaged flame stretch, 〈Φ〉+s . The positive and negative values

for 〈Φ〉+ and the general trend are found to be retained when the sample size is

reduced by half. A comparison of this figure to Fig. 4.1 suggests the following

point. The normalised surface averaged flame stretch, 〈Φ〉+s , is negative in regions

where T32 < 0 for the flame considered in this study.

Equation (2.51) shows that there are two components in the flame stretch

expression and so to understand the origin of the negative flame stretch, let us

rewrite Eq. (2.49) as

1

Σ

dΣ

dt
= 〈Φ〉s −

∂〈uj + Sdnj〉s
∂xj

(4.5)

after some simple rearrangement. It is worth noting that the second term in the
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Figure 4.10: Radial variation of surface averaged flame stretch 〈Φ〉+s =
〈Φ〉s δ0L,st/S0

L,st for position B-B and C-C.

right hand side of Eq. (4.5) is nothing but (d(δ V )/dt)/δ V as shown by Candel

and Poinsot [26], where δ V is the elemental fluid volume following the flame

element and thus, this term is positive. To elucidate the role of the alignment

characteristics one writes the above equation, after using Eq. (2.51), as

1

Σ

dΣ

dt
= −

〈
ninj

∂ui
∂xj

〉

s

−
〈
ni
∂Sd
∂xi

〉

s

= −
〈
α cos2 θα + β cos2 θβ + γ cos2 θγ

〉
s︸ ︷︷ ︸

T̂1

−
〈
ni
∂Sd
∂xi

〉

s︸ ︷︷ ︸
T̂2

. (4.6)

The following observations are made using the second line of Eq. (4.6):

1. For a material surface Sd = 0 and the alignment is known to be with γ

strain and thus dΣ/dt = 〈|γ|〉sΣ resulting in an exponential growth of the

surface density. This is well known from many studies in the past.

2. For a propagating passive surface with a constant Sd one observes the expo-

nential growth of Σ with t as for the material surface. It is known that the

constant Sd leads to possibilities for cusp formation resulting from possible

self intersection of the surface [98, 99, 153]. The surface density trans-

port equation is known to be singular when the surface interactions occur

[99, 153] and the above analysis does not hold. When the molecular diffusion
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is present, which is so in real situations, Sd is less likely to be constant (see

Eq. 2.73) and the possibilities for the cusp formation are greatly reduced.

3. For high Damkohler number premixed flames with unity Lewis number

one get dΣ/dt = −〈α〉sΣ since the alignment is expected to be with the

most extensive strain in regions of intense heat release. This leads to the

loss of flame surface density. However, for regions with small heat release

effects one observes the growth of Σ. These effects can be compounded

by the response of the displacement speed to the curvature in non-unity

Lewis number flames, depending on the Markstein number of the reactant

mixture [13].

4. The balance of contributions from T̂1 and T̂2 determines the temporal, in

the Lagrangian sense, variation of Σ as per Eq. (4.6) in partially premixed

flames. If one presumes a flamelet type combustion in these flames then T̂2

can be shown to be T̂2 = −〈(dSL/dZ) (∇c · ∇Z) /|∇c|〉s. Now, one realises

the role of the cross dissipation, which is non-zero in the partially premixed

flames, here.

The contributions of T̂1 and T̂2 can be obtained from the DNS data, however

one must recognise that it is not straightforward to calculate dΣ/dt following a

flame element. Before discussing the results on these two terms, let us first study

temporal variation of Σ at locations B1 and C1 , which are inside the flame

brush as in Fig. 3.4.

This and other statistics presented in this section for these two locations are

constructed following the second method of data processing described in Chapter

3.

These two locations are not at the same axial, y, distance from the nozzle

exit; B1 is on the plane B-B marked in Fig. 3.1a and C1 is on the plane C-C.

These two locations are also marked in Fig. 3.4 as black circles to indicate their

relevance with respect to the averaged temperature and OH mass fraction. The

filter widths, radial positions and other relevant scales at these two locations are

given in Table 4.1. The laminar flame thermal thickness is calculated using a

hydrogen-air mixture with a value of mixture fraction, Z, equal to the Favre
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Position R/D ∆ δ0L Λ η τf
B1 3 0.53 0.47 1.02 0.16 0.23
C1 4 0.68 0.44 0.71 0.14 0.17

Table 4.1: Turbulence integral, Λ, and Kolmogorov, η, length scales, integral time
scale, τf , and planar laminar premixed flame thermal thickness, δ0L, at positions
B1 and C1. Length scales are in mm and time scale in ms.

averaged values at these locations. The turbulence scales are estimated using the

Favre averaged turbulent kinetic energy and its dissipation rate at these locations.

There is no significant change in the turbulence scales at these two locations due

to the contributions from shear generated turbulence. Ideally one would like to

have ∆ ≤ Λ, which is satisfied at C1. The conditions at B1 give ∆/δ0L ≈ 1.1 ,

δ0L/η ≈ 2.8 and Λ/δ0L ≈ 2.2.

The flame surface density in Eq. (2.49) can be calculated directly from the

DNS using [153, 154, 187].

Σ (c∗) = 〈|∇c||c = c∗〉P (c∗) , (4.7)

where P is the marginal PDF of c. In this study a generalised flame surface density

Σg =
∫ 1

0
Σ (c∗) dc∗ is used [189]. The temporal evolution of Σ+

g = Σgδ
0
L(Z̃) is

shown in Fig. 4.11a for the two locations, B1 and C1, of interest inside the flame

brush. The time in Fig. 4.11 is normalised using the eddy turnover time at B1,

calculated as k̃3/2/ε̃ with the Favre averaged turbulent kinetic energy, k̃, and

its dissipation rate, ε̃, obtained over the period marked with a small rectangle

in Fig. 4.11a. The horizontal axis on the top side of this figure indicates the

time normalised using the eddy turnover time at the location C1. The initial

sharp drop of Σ+
g for the location B1 and its sharp rise at about t̂ = 1 for the

location C1 might be due to initial numerical transient in the simulation since

the 200 million grid simulation used in this study was started using results of

a simulation with 23 million grid points used by Mizobuchi et al. [125, 126] In

order to minimise the effects of initial transients, the period marked with the

small rectangle is chosen for the analysis of negative flame stretch.

A close-up view of the temporal variation of Σ+
g for the chosen period of

analysis is shown in Figs. 4.11b for the location B1 and 4.11c for the location
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(a)

(b) (c)

Figure 4.11: Temporal variation of normalised FSD, Σ+
g = Σgδ

0
L(Z̃), and its

time derivative, T+ =
(
∂Σ+

g /∂t
)
/Σ+

g at position B1 in (b) and C1 in (c). The
variation of Σ+

g over the entire simulation period is shown in (a) for the two
locations.

C1. The temporal change, T+ = (∂Σ+
g /∂t

+)/Σ+
g , is also shown. This quantity

takes both positive and negative values and its negative value is of interest here.

As noted earlier, computing the Lagrangian derivative is not easy and thus the

Eulerian frame is chosen for further analysis. By simply rearranging Eq. (2.49)

one writes 〈Φ〉s = T+[∇ · 〈(u + Sdn)〉sΣg] /Σg. In this expression, the convective

term is simply a transport term since it appears as a divergence and thus the

behaviour of T+ has direct bearing on the behaviour of flame stretch 〈Φ〉+s . As

noted in Eq. (2.51) the flame stretch consists of two components and the variations

of these two components are shown in Figs. 4.12a and 4.12b respectively for the

locations B1 and C1. These quantities are normalised as indicated in the figure

caption. The tangential strain rate is expected to be positive in general but

negative values are observed for location C1. To ascertain the physics behind
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(a) (b)

Figure 4.12: Temporal variation of normalised tangential strain rate, 〈aT 〉+s =

〈aT 〉s tc (solid line) curvature term, 〈2S∗dKm〉+s = 〈2S∗dKm〉s tc (dashed), T̂+
1 =

〈−ninj (∂ui/∂xj)〉s tc (dash-dotted) and T̂+
2 = 〈(dS0

L/dZ) (∇c · ∇Z/|∇c|)〉s (dot-
ted) at positions (a) B1 and (b) C1. The local chemical time scale is tc =

δ0L(Z̃)/S0
L(Z̃).

this negative 〈aT 〉+s , the surface averaged value of the normal strain rate, T̂1

in Eq. (4.6), is also shown in Fig.4.12. It is clear that the magnitude of ∇ ·
u contribution to the tangential strain is small and the behaviour of 〈aT 〉s is

dominated by the normal strain rate behaviour. One must note that the scalar

gradient alignment characteristics dictate the behaviour of the normal strain rate.

A gradual change of the scalar gradient alignment with the most extensive strain

to the compressive strain is observed in the analysis (not shown), which causes

〈aT 〉s to gradually change from negative to positive value as shown in Fig. 4.12b

for the location C1. There is no such interesting change at the location B1 since

〈aT 〉s > 0 over the period of analysis.

The contribution of the curvature related term shown in Fig. 4.12 is predomi-

nantly negative as one would expect from the joint PDF results discussed earlier.

Also, the negative values are much larger than the positive values of 〈aT 〉s re-

sulting in the negative flame stretch. One may also like to recall that the Lewis

number is significantly different from unity and its significant spatial variation

in the hydrogen-air partially premixed flame analysed here can lead to such pro-

nounced effects of curvature related term. The variation of the cross dissipation

related term, T̂2 in Eq. (4.6), shown in Fig. 4.12 suggests that its contribution is

small for the conditions of the flame analysed here. The variation of equivalence
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ratio at the location B1 is very small but for the location C1 it varies in the

range 0.83 ≤ φ ≤ 1.52. Despite this large variation, the small contribution of T̂2

for this location is because of small cross dissipation rate (non-alignment of ∇c
and ∇Z).

It is expected that the balance of various source and sink terms similar to that

shown here to hold appropriately if one moves the observation window to another

instant (see Fig. 4.11a). From the results shown in Fig. 4.12, it is apparent that

the negative surface averaged flame stretch results from curvature related term

and the negative stretch can persist for substantially long duration in turbulent

partially premixed flames with complex thermo-chemistry compounded by the

sensitivity of curvature effects to the Lewis number.

4.5 Summary

DNS data of a turbulent jet lifted hydrogen flame, simulated by Mizobuchi et

al. [125, 126], have been analysed to shed physical insights on the behaviour of

turbulent flame stretch dynamic and its relation to other physical processes, in

particular, the scalar-turbulence interaction, the effects of partial premixing on

the displacement speed of iso-scalar surface and its correlation with the surface

curvature. This lifted flame is a good example for partially premixed combustion

since the hydrogen is mixed with quiescent air by jet entrainment and turbulence

processes in the near field of the fuel jet. This mixing process is unsteady creating

spatially and temporally inhomogeneous reactant mixture and thus governs the

combustion in downstream positions. The analysis of this DNS dataset by Ruan

et al. [163] showed that the flame lift-off height and the flame brush structure

compare reasonably well with the experimental measurements.

In this study, mean negative flame stretch has been observed within the flame

brush. A detailed analysis is conducted to identify the cause of the negative

flame stretch and to explore if there is a link to the alignment of scalar gradient

with principal components of turbulent strain. The following conclusions can be

drawn from this study.

• The alignment of scalar gradient with the most compressive strain changes
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to the most extensive strain in regions where heat release effects tend to

dominate the turbulence. This is consistent with many previous studies on

perfectly premixed flames. This alignment change creates negative normal

strain rate which can result in negative values for surface averaged tangen-

tial strain rate.

• The partial premixing affects the flame stretch through its effects on the

flame surface displacement speed. Two contributions, as shown in Eqs. (2.72),

(4.3) and (4.4), arise due to partially premixing. The first contribution in-

volves the cross dissipation rate and a first derivative in the mixture fraction

space as in Eq. (4.3). Its contribution to the displacement speed can be pos-

itive or negative depending on the sign of the cross dissipation rate and the

local stoichiometry. For the conditions of the flame analysed in this study,

this contribution is small and can be neglected. The second contribution

involves the mixture fraction dissipation rate and a second derivative in the

mixture fraction space as in Eq. (4.4). Hence its contribution is significant

only near the stoichiometric mixture. The source or sink contribution from

this term depends on the sign of the second derivative and there is a sink

contribution for the definition of c used in this paper.

• The correlation of curvature and displacement speed is found to be negative

in general and the effects of partial premixing act to reduce this correlation,

but overall shape of their joint PDFs remains similar to those for perfectly

premixed flames.

• Temporal variation of generalised flame surface density, surface averaged

tangential strain rate and curvature related term are obtained using an

appropriate LES-type filter for the DNS data to study the cause of the

negative flame stretch. Time series of the flame surface density, its Eulerian

time derivative, surface averaged tangential strain rate and its components,

and surface averaged curvature term are investigated to elucidate their role

on the negative mean flame stretch. Negative surface averaged tangential

strain rates are generally observed in regions with scalar gradient aligning

with the most extensive strain. This, with negative value for the curvature
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related term yields negative flame stretch. The contribution of curvature

related term is observed to be predominantly negative in general. These

observations are supported through a simple analysis of the flame surface

density evolution equation.

The negative flame stretch may not be ignored in LES as well as RANS simu-

lations of partially premixed flames which are thermo-diffusively unstable. This

becomes relevant especially from the modelling of turbulent combustion of future

multicomponent fuels, resulting from either bio-fuels or by blending hydrocarbons

with hydrogen, containing substantial amount of hydrogen. The multicomponent

fuels are projected to be more environmentally friendlier.
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Chapter 5

Scalars and their Disspation

Rates

As noted in Eq.(2.70) of Chapter 2, there are three scalar dissipation rates (SDR)

that can contribute to the overall mean reaction rate. These dissipation rates are

for the mixture fraction NZZ , the progress variable Ncc and their cross dissipation

rate (CDR) NcZ , which arises due to the dependence of the reaction progress vari-

able on the mixture fraction. Scalar gradients and dissipation rates are therefore

important quantities to study in order to develop fundamental understanding of

these small-scale turbulent mixing processes which are closely tied to the chem-

ical reactions. Furthermore, scalar dissipations appear as central quantities in

various modelling approaches for turbulent combustion [189] as noted in Chapter

2, for example, in the transported PDF method [152] and CMC [92] formulations,

involve the conditional SDR.

Direct measurement of the scalar dissipation rates is difficult as it requires

all three components of scalar gradients, which are driven by either the small

scales (Kolmogorov scale) of turbulence or the scales of chemical reactions. These

scales are generally not fully resolved by laser diagnostic techniques in relatively

high Reynolds number flows. Some previous studies have attempted to measure

NZZ [135, 172, 173] and Ncc [43, 44, 139], providing very useful information.

Direct information for the cross dissipation rate NcZ is only available recently

[55, 119, 163]. Accurate and reliable measurements of these quantities would
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be very valuable for the development of combustion models and would help to

improve our understanding of turbulent combustion phenomena. The JAXA DNS

having a wealth of information, is best suited to study the three dissipation rates.

Furthermore, the JAXA DNS is for a laboratory-scaled turbulent jet lifted flame,

which can help us to shed lights on the effects of the three dissipation rates in

terms of the flame stabilisation mechanism. Previous studies [24, 135, 143] focus

primarily on the dissipation rate of mixture fraction, while the dissipation of

progress variable and the cross dissipation in the flame stabilisation region have

not been studied. It would be of interest to study the three dissipation rates in

a unified framework.

The specific objectives of this chapter are,

• To examine the behaviour of the three dissipation rates in the flame stabil-

isation region.

• To report their axial and radial variations for later model development and

validation.

• To test whether the currently available simple algebraic models, involving a

constant ratio of scalar to fluid mechanical time scales, together with scalar

variances and covariance, are satisfactory for these dissipation rates.

It is noted here that the results presented in this Chapter used a c definition with

fuel mass fraction as in Eq.(3.4). The influence of the choice of progress variable

on the scalar dissipation rate modelling would be clear later when DNS results

are compared with algebraic models.

5.1 Dissipation Rates and Flame Stabilisation

5.1.1 Stabilisation Mechanism for Turbulent Lifted Flame

Although turbulent lifted jet flame has been the subject of many studies, the

mechanisms of flame stabilisation still remain elusive and an open question [114,

146]. Several different theories have been developed but so far none of them

can explain all the phenomena observed [114]. One controversy is centred on the
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degree of “premixedness” of the reactants upstream of the lifted flame base. Van-

quickenborne and van Tiggenlen [185] suggest that flame stabilisation occurs due

to the balance between the local jet flow velocity and the local burning velocity of

the “premixed” fluid upstream of the flame base along the stoichiometric mixture

contour. Peters and Williams [143] suggest that quenching of laminar diffusion

flamelet at the flame base due to excessive stretching or scalar dissipation is the

major stabilisation mechanism. However, as Pitts [146] points out, this theory

ignores the partial premixing of fuel and oxidizer upstream of the flame. There

are controversies on different interpretation of “mean values of scalar dissipation

and shorter lived regions of high scalar dissipation” [114]. Nevertheless, quench-

ing through stretching of large vortices is considered to be a relevant mechanism

for lifted flame stabilisation. Recently, autoignition was identified as one of the

major stabilisation mechanism for lifted flame in the presence of heated coflow.

DNS studies of hydrogen [112, 195] and ethylene [194] turbulent jet lifted flames

have been explored to reveal the role of autoignition in flame stabilisation.

As these theories are assessed and new experimental data emerge, the notion

of partially premixed combustion [142] and the edge flame concept [25, 61, 183]

are in increasing favour. Laminar triple flame has been observed experimentally

[90, 144]. Its role in the stabilisation of laminar propane lifted flame has been

supported by experiments [42]. The triple flame is considered to be partially

premixed, and it can propagate upstream and modifies the flow field upstream by

heat release [61, 164]. Experimental evidences [129, 167, 191] and DNS studies

[113, 125, 126] seem to support the concept of triple flame in the turbulent lifted

flame base, depending on the flow and mixing conditions. As noted earlier there

are three dissipation rates generally present in partially premixed flames, while

SDR of the mixture fraction has been extensively studied to assess the flamelet

quenching theory in the lifted flame stabilisation mechanism suggested by Peters

and Williams [143], SDR of the progress variable and the CDR in the stabilisation

region have not received any attention. In particular, the role of CDR is not

clearly understood. There quantities become central if the concepts based on the

premixed flames propagation [185] and the partially premixed combustion [142]

apply at the lifted flame base.

Figure 5.1 shows the stoichiometric mixture fraction contour and a representa-
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Figure 5.1: A general turbulent lifted flame configuration. Flame position (red
solid). Stoichiometric mixture (black solid). Arrow 1 indicates the direction
of mixture fraction gradient vectors. Arrow 2-4 indicates direction for progress
variable gradient vectors.

tive progress variable contour indicating the flame position, illustrating a general

configuration for lifted flames. Simple argument for gradient vectors reveals an

interesting characteristic of CDR, as shown in Fig.5.1. Arrow 1 here indicates

that the gradient of mixture fraction is generally pointing toward the jet centre

where the mixture is rich. Arrows 2-4 show gradients of the progress variable,

firstly pointing away from the jet centre (Arrow 2), then pointing downstream at

flame leading edge (Arrow 3), and then toward the jet centre (Arrow 4). These

directions are indicative only. In general, the gradients of the mixture fraction

and progress variable are likely to be perpendicular at the flame leading edge and

parallel at downstream positions. This may lead to a change of sign in NcZ at

flame leading edge or a value close to zero in the flame stabilisation region. This

implies that CDR may be used as a marker for the flame stabilisation position.

In this section, we will conduct a detailed study for the SDR of the mixture

fraction Z, a reaction progress variable c and their CDR in the flame stabili-

sation region. Also the role of the cross dissipation rate in flame stabilisation

is explored. Furthermore, to what extend the gradient alignments suggested in

Fig.5.1 are applicable and whether this can be used effectively as a marker to

identify stabilisation region are investigated.
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5.1.2 Comparison of Flame Stabilisation Position

The lift-off height in a lifted flame is typically measured from the nozzle exit to

the flame leading edge. Various definitions for this height exist in the literature

and it is likely to depend on the experimental techniques used. A reference value

of CH [191] and OH [195] radicals have been used to denote the flame front.

The start of high temperature marked by a temperature threshold is another

popular choice in experiments using PIV techniques and it is tracked by the

disappearance of the PIV seeding particles [129, 167]. It can also be done by

visual observation of a particular temperature level [46] from the images obtained

from the experiments. In numerical simulation, a maximum reaction rate or heat

release rate [63] is commonly used to define a stabilisation point to which a lift-off

height is measured. In order to obtain consistent comparison, we first examine

the difference in the lift-off height L using various definitions for the flame leading

edge.

Figure 5.2 shows contours of averaged OH mass fraction, heat release rate,

progress variable c and temperature near the stabilisation region. The stoichio-

metric mixture fraction contour is included as black solid line. These averaged

quantities are obtained from DNS using techniques described in Chapter 3. The

most leading edge defined by ȲOH = 0.001, 10% of maximum heat release, c̄ = 0.1

and T̄ = 900 K respectively are also hightlighed. The lift-off heights obtained

using these measures are 5.6D, 5.4D, 5D and 5.7D respectively. Difference is

small except when c̄ contour is used. This is expected because c is defined using

hydrogen which has a Lewis number significantly less than one and thus can dif-

fuse farther upstream. The spread for the c̄ contour is the broadest, followed by

the temperature contour and the OH mass fraction contours have the narrowest

spread. While the maximum YOH and temperature coincide closely with the stoi-

chiometric mixture fraction line, the combustion product region denoted by large

value of c̄ can occur in a relatively low temperature region. It is also observed

that the flame stabilises in the lean mixture but within the lean flammability

limit.

Figure 5.3 shows the velocity vectors in the flame stabilisation region. Sig-

nificant flow divergence can be seen in the upstream region with intensive heat
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(a) (b)

(c) (d)

Figure 5.2: Contours for Reynolds averaged (a) YOH, (b) heat release rate
(kJ/cm3/s), (c) progress variable c ,(d) temperature (K) at stabilisation region.
Stoichiometric mixture fraction (Black solid).

release, which occurs in rich mixture and in the form of a propagating flame ker-

nel. The deflection of the stoichiometric mixture fraction contour away from the

flame kernel is also evident.

Since the difference in the lift-off height is small, we use the most upstream

position of the T̄ = 900 K as the flame stabilisation point hereafter. This defini-

tion is consistent with the experimental study in [46] and a CMC simulation for

this flame [88]. At this point, it is found that Z̄ ≈ 0.02 and the axial flow velocity

is about 2.2 times of the stoichiometric laminar flame speed S0
L. This observa-

tion is consistent with the finding in [129]. Within ±0.1D in the radial direction

from this point, the variation in the mean mixture fraction is 0.015 < Z̄ < 0.03,
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Figure 5.3: Enlarged view of flame stabilisation region. Colour map is for heat
release rate. Black solid line is stoichiometric Z contour. Arrows are velocity
vectors (not in scaled).

for which the laminar flame speed variation is about 0.3 − 1.0 times of the one

correspond to stoichiometric mixture. This is consistent with observation in ex-

periment [129].

5.1.3 Mean SDR and CDR

Figure 5.4 presents the time averaged contours for the scalar dissipation rates,

N̄ZZ and N̄cc. Also included in the figure are the contours of Z̄ = Zst, T̄ =

900K and 80%-90% maximum heat release rate. N̄ZZ has been normalised by a

reference quenching value N q
ZZ = 73 s−1 for stoichiometric mixture, which was

used in [88]. Figure 5.4(a) clearly shows that at the flame leading edge, N̄ZZ is

about 0.03N q
ZZ , and in the high heat release region with rich mixture, N̄ZZ can

be as higher as about 0.65N q
ZZ . This is consistent with experimental observation

[24] and numerical simulation [88]. Lean mixtures generally experience low N̄ZZ ,

which allows the flame to propagate more easily upstream and the flame stabilises

in the lean part. This can be seen clearly in Fig.5.4(a).

The N̄cc contours in Fig. 5.4(b) has been normalised using a reference value

N r
cc = 4735s−1 which is the scalar dissipation rate at T = 900K in the stoichio-

metric unstrained laminar premixed flame. This reference value for Z = 0.015

is 0.21N r
cc. It is clear that N̄cc is an order of magnitude larger than N̄ZZ . High

N̄cc occur in rich mixture and they coincide well with the maximum heat release

region, which implies that N̄cc is due to intense chemical reaction. In the lean

side, N̄cc is generally smaller and in temperature region T̄ < 900 K, indicating
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(a) (b)

Figure 5.4: Contours for normalised (a) N̄ZZ and (b) N̄cc near stabilisation region.
The contours of Z̄ = Zst (black solid), T̄ = 900K contour (blue dashed), and
80%− 90% of maximum heat release rate (red solid) are also shown.

the reactions are less intense. However, a value of unity is not see in Fig.5.4(b)

and the typical value is only about 20-30% of N r
cc when Z̄ = Zst and T̄ = 900K.

Mizobuchi et al. [125] tracked an arbitrary flame leading edge position and found

that the turbulent intensity level was very low and the flow was almost laminar.

They found that the flow velocity at that position was in the same order of the

laminar flame speed. These observations suggest that the leading edge flame is

almost laminar.

Figure 5.5 presents the variation of N̄cZ and shows that N̄cZ is negative in

the rich side. In the lean side, N̄cZ can be both weakly positive and negative. A

close inspection at the flame leading edge shows that there is a change of sign for

N̄cZ . The maximum positive N̄cZ also occurs at the lift-off height for slightly lean

mixture. The T̄ = 900K contour at the leading edge and on the lean side closely

follows N cZ ≈ 0. Further to the right of this contour, there is a region where N̄cZ

is weakly positive due to the mixing of burnt gas with entrained air. This clearly

supports our postulation earlier that in the rich side, the two gradients, OZ and

Oc, oppose each other and lead to negative N̄cZ ; while at the flame leading edge,

these gradients are aligned in a perpendicular fashion yielding N̄cZ close to zero;

while on the lean side, gradients point to the same direction leading to positive
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Figure 5.5: Contours for N̄cZ near stabilisation region. The contours of Z̄ = Zst
(black solid), T̄ = 900K contour (blue dashed), and 80%−90% of maximum heat
release rate (red solid) are also shown.

N̄cZ . It is noted that there is another N̄cZ ≈ 0 line on the further right in the very

lean mixture. This is considered not relevant because both the mixture fraction

and progress variable would almost be zero in this quiescent surrounding region.

The cross dissipation rate contains information about the mixture fraction and

the progress variable gradients, which are influenced by the interaction among

turbulence, scalar mixing and chemical reactions. The coincidence of the flame

leading edge and the N̄cZ = 0 contour observed here is not incidental. It is

postulated that the flame stabilises in region having favourable condition in terms

of not only the mixture fraction and its dissipation rate, but also on the small scale

mixing rate of hot products and cold reactant, which is dictated by the scalar-

turbulence interaction and its influence on the progress variable gradient. The

cross dissipation rate reflects these compounded effects well. Therefore, the cross

dissipation rate is a good marker for flame lift-off height and it is an important

parameter in the stabilisation mechanism that deserves more attention. Further

statistics on the gradient alignment characteristics at the flame leading edge from

laser diagnostics are desirable and would help to further our understanding.
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5.2 Scalar Variances and Covariance

Since scalar dissipation rates are measures of the rate of decay of the respective

variances, it is beneficial to examine these quantities. The variances and covari-

ance are presented in Fig.5.6, which are obtained by following the post processing

method in Section 3.2. The statistical convergence of these second moments is

verified by changing the sample size and duration and the line with symbols in

Fig.5.6 shows the worst comparison obtained when the sample size and duration

are increased by 2.6 times. Small differences demonstrate the level of statistical

convergence for these results. A similar level of agreement is observed for gradient

related quantities discussed in the next section.

The mixture fraction variance, Z̃ ′′2, for R ≤ D is large near the flame base

because of the large inhomogeneity. For downstream locations the peak value

shifts towards the mixing layers as one would expect. The progress variable

variance, c̃′′2, has two peaks, the inner one is due to reactions and the outer

one is due to mixing phenomena near the mixing layer at the edge of the shear

layer. The covariance, Z̃ ′′c′′, is negative in the inner jet and becomes positive

near the outer edge of the mixing layer. It is also to be noted that the negative

troughs are generally bigger in magnitude than the positive peaks. A negative

Z̃ ′′c′′ indicates a negative correlation between these two fluctuations, which is

consistent with an earlier study on stratified flames [116]. For example at the

position A-A, R/D < 2, the overall mixture is rich as indicated by Fig.5.6(a) and

it is substantially unburnt as indicated by Fig.5.6(b). When this local mixture is

mixed with richer pockets from the centre, which bring in mixture with an even

lower value of the progress variable, this causes a local negative c fluctuation,

resulting in negative Z̃ ′′c′′. At R/D = 2.75 and beyond, the overall mixture is

very lean and c̃ reaches a maximum and starts to decrease as in Fig.5.6(b), where

locally richer pockets of mixture not only bring in more burnt products but also

tend to promote reaction and thus Z̃ ′′c′′ becomes positive.
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(a) Z̃ ′′2 (b) c̃′′2

(c) c̃′′Z ′′

Figure 5.6: Radial variation of Favre variances and covariance of Z and c at
positions A-A, B-B and C-C (lines). Symbols are worst case comparison for
statistics with more than doubling the sample size and duration.
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5.3 SDR Statistics and Modelling

5.3.1 Axial and Radial Variation

The centre line variations of ensemble averaged quantities are shown in Fig. 5.7.

These mean values are obtained by appropriately averaging the volume data

sampled 969 times in the DNS over 0.2ms as noted in Section 3. The mean mixture

fraction Z̄ decreases to about 0.2 at around y/D = 7 where reactions start to

occur and the mean progress variable c̄ starts to increase. It is to be noted that

the centreline value of Z̄ does not reach the stoichiometric value of 0.03 implying

that the mean stoichiometric contour does not intersect the centre line in the

computational volume considered for the DNS. Hence the mean progress variable

does not reach its maximum value of unity. This occurs because of the limited

size of the computational domain chosen to make the simulation feasible. It is

clear that the potential core extends to about 2D since the coherent structures at

the mixing layers start to interact with the inner region after 2D. This is evident

in Fig. 3.1. Although Figs. 3.1 and 3.5 show that significant reactions occur at

about 5D in the outer mixing layers, the consumption of H2 along the centre line

does not occur until about 7.5D.

Figure 5.7b shows the centre line variations of N̄ZZ and N̄cc in a log-log scale.

It can be seen that N̄ZZ reach a maximum of 1000s−1 at about y/D = 4 and

starts to decrease with axial distance. Initially the slope is found to be about

−7.2, until about y/D = 7.5 where the reaction at the centre line starts to occur.

This decrease then becomes more gentle with a slope of about -4 as noted in

Fig. 5.7b. The latter scaling agrees with Peters and Williams [143], who suggest

N̄ZZ ∼ (y/D)−4 based on the similarity of turbulent kinetic energy dissipation for

round jet. This scaling applies in the self-similar region of the flow (y/D > 10),

where the jet flow half-width increase in proportion to y and the averaged velocity

decreases inversely with y. For planar jet, similar argument suggests a scaling

with a power of -3. However, Su et al. [172] reported a scaling with downstream

distance of the power of -1.4 in a turbulent plane jet, which is weaker than the

expected -3 from the scaling argument noted earlier. Bilger [10] discussed this

result and emphasised the importance of spatial resolution to obtain meaningful
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scalar dissipation rate statistics. In the present case, as the DNS is well-resolved

slightly upstream of the flame stabilisation region, the power of -4 scaling is free

from resolution issues. This is also consistent with RANS calculations with a

k− ε type of turbulence model [28]. One can still argue that under resolved fields

near the nozzle exit region can duly impart their contributions to this behaviour.

More DNS and experimental measurements can surely help to resolve this point.

The variation of cross dissipation along the centre line is shown in Fig. 5.7c.

One can clearly observe that this quantity is an order of magnitude smaller than

the other two dissipation rates. This does not imply that this quantity can be

neglected or ignored as noted by Bray et al. [22]. It starts to increase at about

the same location where N cc begins to rise and is only marginally affected by

NZZ . This seems to suggest that the variation and negative sign of the cross

dissipation rate are strongly influenced by the chemical reactions. Furthermore,

the contributions of the gradients of fluctuations are dominant compared to the

gradients of mean quantities [163], thus ε̃ZZ ≈ ÑZZ , ε̃cc ≈ Ñcc and ε̃cZ ≈ ÑcZ .

The radial variations of the Favre mean scalar dissipation rates are shown

in Fig. 5.8 for three axial locations. In general, the mixture fraction dissipation

rate, ε̃ZZ , is larger upstream and peaks at an area with maximum shear generated

turbulence. The progress variable dissipation rate, ε̃cc, shows two distinct peaks

which move apart with increasing downstream location. These peaks are formed

because of two completely different mechanisms: the inner one is caused by the

positive gradients generated as a result of the chemical reactions whereas - in the

absence of significant heat release due to lean premixed flames - the outer peak

comes from negative gradients due to turbulent mixing between hot products and

cold surrounding air, where excessive hydrogen may also react in diffusion flame

islands [126], see Figure 3.5 in Section 3.4. This can be seen in Fig. 3.7 in Chapter

3, where c̃ increases from the jet centre to a maximum and then decreases radially

outwards. As more products accumulate in this region where gradients are small,

the two peaks in ε̃cc move further apart at further downstream positions. This is

also consistent with the double peaks in Fig. 5.6(b) showing the radial variation

of c̃′′2.

It is easy to see that ε̃cc is much larger than ε̃ZZ and ε̃cZ at the positions

investigated, while ε̃ZZ is larger than ε̃cZ at the position A-A, but smaller than
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NZZ , (c)NZZ , N cc and 10N cZ .
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ε̃cZ at the positions B-B and C-C. The cross dissipation rate, ε̃cZ , is mostly

negative as the mixture fraction gradient is towards the jet centre while flame

grows away from the centre. It is only weakly positive in a very small region

far away from the jet centre. It is striking that, comparing ε̃cc and ε̃cZ , similar

patterns are found at the positions B-B and C-C, although with different orders

of magnitude and signs. The mixture fraction dissipation ε̃ZZ has little effect on

the cross dissipation at these downstream locations.

5.3.2 Algebraic Models

Simple model for ε̃ZZ has been given in Eq.(2.34) in chapter 2. This model value

is compared with the DNS results in Fig. 5.9 with Cd = 1. It is clear that this

model gives a reasonable approximation for ε̃ZZ at all axial positions, although it

over-estimates the scalar dissipation rate at locations away from the jet centre.

As noted in section 2.4.3.4, simple algebraic model exists for ε̃cc which again

assumes a constant ratio between the scalar and the turbulence time scale, as

in Eq.(2.55). However this was shown [121, 176] to be insufficient. Kolla et

al. [97] proposed a new model which included the detailed physics of reactive

scalar mixing and a chemical time scale as in Eq(2.56) and Darbyshire et al. [50]

modified it to account for the mixture fraction variation, given by

ρ ε̃cc = ρDc(∇c′′ · ∇c′′) '
ρ̄

β′

(
[2K∗c − τ(Z)C4]

S0
L(Z)

δ0L(Z)
+ C3

ε̃

k̃

)
c̃′′2, (5.1)

with

C3 =
1.5
√

Ka

1 +
√

Ka
and C4 = 1.1(1 + Ka)−0.4, (5.2)

where β′ ' 6.7 is derived from DNS of fully premixed flames. The planar laminar

hydrogen-air flame calculations suggest thatK∗c /τ ≈ 0.65 is a good approximation

for the stoichiometric and rich hydrogen-air flames [162]. The parameter τ(Z) =

(Tb(Z)− Tu)/Tu is the normalised temperature rise, with the subscripts b and u

indicating burnt and unburnt states. The unstrained laminar flame speed and its

thermal thickness for a mixture with the mixture fraction value Z are denoted
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Figure 5.8: Radial variation of the three dissipation rates at three streamwise
positions A-A, B-B and C-C. Note the scaling, applied for some quantities, in the
legend.
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with Cd=1.0.
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respectively as S0
L(Z) and δ0L. The Karlovitz number, Ka, is defined as

Ka ≡ tc
tk
' δ(Z)/S0

L(Z)√
ν/ε̃

, (5.3)

where tc is the chemical time scale defined as δ/S0
L with δ as the Zeldovich thick-

ness which is related to the thermal thickness by δ0L(Z)/δ(Z) ≈ 2(1 + τ(Z))0.7 ,

tk is the Kolmogorov time scale and ν is the kinematic viscosity.

Figure 5.10 compares values from these two models with DNS results. The

model in Eq.(2.55) with Cc = 1 captures the trend for ε̃cc correctly, but generally

gives an underestimation. This is to be expected as a chemical time scale is

missing in this model for reactive scalar dissipation, as noted by Mantel and

Bilger (Figure 2 in [120]). The model in Eq. (5.1) gives poor results. It is because

c is defined here using the mass fraction of hydrogen, which has a higher diffusivity

and the Lewis number significantly lower than unity. The model in Eq.(2.55) is

derived based on unity Lewis number assumption. New model with Lewis number

dependence for premixed flames is only studied recently [33]. As noted in Chapter

3, one can defined c based on mass fraction of water as in Eq.(3.3), which has

a Lewis number close to unity. Scatter plots of these two definitions in Fig. 3.3

show good agreement in most part of the flame brush other than that in the

burnt part. Figure 5.11 presents the comparison of ε̃cc, where c is defined with

YH2O, for the models and the DNS. It can be seen that the classic model Eq.(2.55)

tends to give over-prediction while the model in Eq.(2.55) gives under-prediction.

The model parameter β′ of 6.7 is obtained based on DNS studies of hydrocarbon

flame, a smaller number, β′ of 2.2, seems more appropriate for hydrogen flames

here. The task of evaluating this constant and the other parameters in Eq. (5.1)

is not of prime interest and will be the subject for future study.

A model similar to Eq. (2.34) can be written for the cross dissipation rate as

ρ̄ ε̃cZ = ρDZ(∇c′′ · ∇Z ′′) ' CcZ ρ̄
ε̃

k̃
c̃′′Z ′′. (5.4)

The model parameter is CcZ = 1 in this study. Also noting thatNcZ = DZ

√
NZZ

DZ

Ncc

Dc
,
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Figure 5.10: Model comparison for the progress variable dissipation rate, ε̃cc, at
three axial positions. Solid line is the DNS data, dashed line is Eq.(2.55) and
dotted line is Eq. (5.1).
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Figure 5.11: Model comparison for the progress variable dissipation rate, ε̃cc, at
three axial positions. c is defined with YH2O as in Eq.(3.3) here. Solid line is the
DNS data, dashed line is Classic model in Eq.(2.55) and dotted line is Eq. (5.1).
Dash-dot line is Eq. (5.1) with β′ = 2.2.
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it is worth to test whether ε̃ZZ and ε̃cc can be used to estimate ε̃cZ using

ρ̄ε̃cZ = ρDZ |∇Z| |∇c| cos θ ' ±ρ̄D̃Z

√
ε̃ZZ

D̃Z

ε̃cc

D̃c

, (5.5)

where θ is the angle between the two gradients. For simplicity, cos θ is taken to be

±1 to get the maximum and minimum of the cross dissipation rate. The values

of the other two dissipation rates, ε̃ZZ and ε̃cc, are obtained from the DNS. This

is similar to the model in reference [57] in the context of Large Eddy Simulation

where an effective diffusivity is used.

The above two models for ε̃cZ are compared to the DNS results in Fig. 5.12.

Equation (5.4) gives reasonable agreement at the position C-C, but its accuracy

decays at upstream locations since it cannot capture the trend correctly at the

position A-A. The negative part of model in Eq.(5.5) also gives good results at

downstream location C-C while it over predicts the negative values at upstream

location A-A. In the next section, the statistics of the scalar gradients are exam-

ined to shed light on further modelling of these quantities.

5.3.3 Scalar Gradients Statistics

Another approach to model the dissipation rates is to use the PDF of scalar

and its gradients. For NZZ and Ncc, simple scalar gradient statistics are enough,

while for NcZ , the joint statistics of the gradients are necessary. Ideally, the

statistics from both premixed and non-premixed burning modes based on the

Takeno Flame Index [193] should be presented, as the gradients have different

characteristic scales in premixed and diffusion flame structures. However, at the

locations investigated here, fuel rich premixed burning is the dominant mode.

The samples required to calculate meaningful statistics for the non-premixed

mode which tends to occur in the form of “diffusion flame islands” downstream

and at large radii [126] are found to be insufficient for a given axial location in the

JAXA DNS data. As a result, the statistics presented here are not distinguished

by the mode of burning.
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Figure 5.12: Model comparison for the cross dissipation rate, ε̃cZ , at three axial
positions. Solid line is the DNS data, dashed line is Eq. (5.4) and dotted line is
Eq. (5.5).
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5.3.3.1 Marginal PDFs of scalar gradients

Figure 5.13 shows the PDFs of mixture fraction gradient magnitude in logarithmic

scales at different axial and radial locations. A reference lognormal curve is also

plotted for comparison. Let ψ denote a random variable of the scalar gradient

magnitude, with a mean of ψ̄ and a variance of g2. The lognormal shape is given

by [140],

P (ψ) =
1

ψσ
√

2π
exp

(−[ln ψ − µ]2

2σ2

)
, (5.6)

where the mean and variance of the natural logarithm of the scalar gradient

magnitude are respectively denoted as µ and σ2. These two quantities are related

to ψ and g2, which can be obtained from the DNS, by ψ̄ = exp (µ+ 0.5σ2) and

g2 = ψ̄
2
(exp σ2 − 1).

Figure 5.13a clearly shows that a lognormal distribution is an excellent ap-

proximation at the position A-A. At the locations B-B and C-C, Fig. 5.13(b) and

Fig. 5.13(c) show that the lognormal approximation is an accurate representation

for large gradients. The PDF is asymmetrical, skewed towards smaller gradi-

ents close to the jet centre (see Fig. 5.13(b) and (c) for R/D = 0.5) and skewed

towards larger gradients away from the jet centre (see Fig. 5.13(b) and (c) for

R/D = 2.5). In general, this approximation is very good which is in agreement

with previous studies [59, 135].

Figure 5.14 presents PDF of the progress variable gradient magnitude at sev-

eral radial locations for the three axial positions. The lognormal curve is also

included for comparison. Note that the radial positions shown in Fig. 5.14 cor-

respond to a region where c gradients are created mainly by chemical reactions,

and not by the strong c gradients in the outer mixing layer between hot products

and the surrounding air (see Fig. 3.5 where the outer c contours are almost merg-

ing together). At the position A-A, Fig. 5.14(a) shows that the PDF has a fat

negative tail close to the jet centre where there is only minor reaction and thus a

small gradient (e.g. R/D = 0.5); and a fat positive tail away from the jet centre

where reaction is more intense and thus a large gradient (e.g. R/D = 2.0). As a

result, a lognormal distribution cannot capture this feature.

Figure 5.14(b) and (c) show clearly that the large gradients created by chem-

ical reactions can be captured accurately by the lognormal distribution. While
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Figure 5.13: The marginal PDF of mixture fraction gradient magnitude, |∇Z| at
three axial and several radial locations. Lines are DNS results, symbols are the
corresponding lognormal PDF. Gradient magnitudes are in cm−1.
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at three axial and several radial positions. Gradient magnitudes are in cm−1.
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mild reactions occur in a more distributed manner at the positions B-B and C-C

and create relatively larger gradients of c, turbulent mixing of products results in a

high probability of small gradients. Moving radially outwards, the increase in the

proportion of small gradients can be seen clearly in Fig. 5.14(c). For R/D = 1.0,

there are two distinct peaks of comparable height (≈ 0.2), one at |∇c| ≈ 0.1cm−1

and another one at |∇c| ≈ 3.0cm−1. Further out at R/D = 2.5, the peak at

|∇c| ≈ 0.1cm−1 is significantly larger in magnitude as a larger proportion of

products can be found in this radial region. The fat negative tail contributes less

significantly to the overall mean and there is a good agreement for the large gradi-

ents. Thus, the lognormal distribution is acceptable for progress variable gradient

modelling. This is consistent with observations in premixed flame experiments

[45] and DNS studies [162, 174].

5.3.3.2 Joint PDFs of scalar gradients

Scatter plots for scalar gradients |∇Z| and |∇c| at several axial and radial loca-

tions are shown in Fig. 5.15. At the position A-A, there seems to be no correlation

between these two gradient magnitudes (although the two scalars are not neces-

sarily independent). A correlation becomes more obvious at off-centre locations

at the downstream position C-C. This is because partially premixed flame prop-

agation is dominant in the region of flame stabilisation and diffusion between

iso-surfaces of mixture fraction is less significant. In the far field of this compu-

tational domain, fuel consumption occurs over a wide range of mixture fraction

values as has been shown in Fig. 3.7 and Fig. 3.8. Thus, the mixing, result-

ing from OZ and chemical reaction , creating Oc occur together in downstream

position. Furthermore, the progress variable is a measure of progress towards

chemical equilibrium, and the dissipation rate of this reactive scalar is strongly

influenced by the extent of both molecular diffusion and chemical reaction. As a

result the coupling between the mixture fraction and progress variable gradients

become more significant at downstream positions.

Figure 5.16 presents the joint PDF of the magnitude of the two gradients at

several axial and radial locations. The behaviour is consistent with the previous

scatter plot. The JPDF for the location A-A at radial position R/D = 1.5
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Figure 5.15: Scatter plots for |OZ| and |Oc| at several axial and radial locations.
Unit is cm−1

suggests that these two gradient magnitudes may be statistically independent

and it is not so at other locations shown in Fig. 5.16. To assess this more clearly

and to explore a plausible model for this joint behaviour, a bivariate lognormal

distribution is used. This bivariate distribution is given by

P (ψ1, ψ2) =
1

2π ψ1 ψ2 σ1 σ2
√

1− p2
exp

(
−q

2

)
, (5.7)

where ψ1 and ψ2 are the random variables for the two scalar gradient magni-

tudes with means ψ1 and ψ2. The variances of these two random variables are

denoted by g21 and g22 respectively. The correlation coefficient p is defined as

p ≡ E [(ln ψ1 − µ1) (ln ψ2 − µ2)] /σ1σ2, where E[G] denotes the expected value of

the variable G. The variable q in Eq. (5.7) is given by

q =
1

1− p2
(

ln ψ1 − µ1

σ1

)2

+
1

1− p2
(

ln ψ2 − µ2

σ2

)2

− 2p

1− p2
(

ln ψ1 − µ1

σ1

)(
ln ψ2 − µ2

σ2

)
. (5.8)
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Figure 5.16: The JPDF, P (|∇Z|, |∇c|), at three axial and arbitrarily chosen
radial locations. Gradient magnitudes are in cm−1.
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The means and variances of natural logarithm of ψ1 and ψ2 are denoted as µ1,

σ1, µ2 and σ2 respectively. µi and σi are related to its marginal mean ψi and

variance g2i by the same relation as for the univariate case.

It is clear that the correlation coefficient p is zero when the two scalar gradient

magnitudes are statistically independent. This would give the JPDF to be a

product of two lognormal distributions as

P (ψ1, ψ2) =
1

2π ψ1 ψ2 σ1 σ2
exp

(
−(lnψ1 − µ1)

2

2σ2
1

− (lnψ2 − µ2)
2

2σ2
2

)
. (5.9)

Figure 5.17 shows the JPDF calculated using the above two lognormal varia-

tions. The figures in the left column are for the statistically independent scenario

in Eq. (5.9) and the right column is for the joint lognormal variations in Eq. (5.7),

for the values of the correlation coefficient, p, given in the figure. It is obvious that

the two statistically independent lognormal variations are a good representation

for the position y/D = 6, R/D = 1.5 by comparing Fig. 5.16a with the results

in top left part of Fig. 5.17. The joint lognormal form is considered reasonable

for other locations also shown in Figs. 5.17. As noted while discussing Fig. 5.14,

the lognormal model captures the PDF well when the gradients are large. The

difference in the small gradient parts noted earlier can cause a substantial dif-

ference in the joint PDF, P (|OZ|, |Oc|). However, a χ2 null hypothesis test has

been carried out to verify the statistical agreement between the PDFs obtained

from the DNS and using the model Eq.(5.7). Test results suggest that joint log-

normal PDF is a reasonable approximation. The correlation coefficient, p, seems

to increase with downstream distance for a given radial position and its scaling

with y/D is unclear at this time. This scaling, required for RANS calculation,

will be investigated further in a future study.

5.4 Summary

In this chapter, we first examined the three dissipation rates in the flame stabil-

isation region. It is found that N̄ZZ at the flame leading edge is well below the

quenching value for the stoichiometric mixture. N̄cc is of the same order with

stoichiometric unstrained laminar flame. The cross dissipation rate N̄cZ changes
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Figure 5.17: Modelled JPDF, P (|∇Z|, |∇c|). The left column is the statistically
independent scenario, see Eq. (5.9), and the right column is the correlated JPDF
in Eq. (5.7) with the correlation coefficient, p, given in the figure. The gradient
magnitudes are in cm−1.
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from negative to weakly positive in the leading edge. This is due to the change

in the alignment characteristics of the gradients of mixture fraction and progress

variable. It is clear that the CDR, which contains information for both gradients

that are favourable for flame stabilisation and represent the interaction between

turbulent mixing and the chemical reaction in partially premixed combustion, is

a good marker for stabilisation region and an important quantity in the flame

stabilisation mechanism.

The statistics and modelling of various scalar dissipation rates are investi-

gated. It is found that the classical model for the passive scalar dissipation rate

ε̃ZZ gives good agreement with the DNS, while models developed based on pre-

mixed flames for the reactive scalar dissipation rate ε̃cc can provide reasonable

agreement when a suitable definition of c is used. It gives good results for c

defined by water mass fraction as in Eq.(3.3). Improvement of model agreement

may be possible if model constants are revisited in detail or recent development in

Lewis number dependence is included, which are not attempted here. The cross

dissipation rate ε̃cZ is mostly negative and can be reasonably approximated at

downstream positions once ε̃ZZ and ε̃cc are known, although the sign cannot be

determined. This approach gives better results than one employing a constant ra-

tio of turbulent timescale and the scalar covariance c̃′′Z ′′. The statistics of scalar

gradients are further examined and lognormal distributions are shown to be very

good approximations for the passive scalar and acceptable for the reactive scalar.

The correlation between the two gradients increases downstream. A bivariate

lognormal distribution is tested and found to be a reasonable approximation for

the joint PDF of the two scalar gradients.

Based on these results discussed in this chapter, the following points are noted

for the subsequent chapters in this thesis.

1. Linear relaxation models for ε̃ZZ in Eq.(2.34) and ε̃cZ in Eq.(5.4) are rea-

sonable and will be used.

2. The model in Eq.(5.1) is sufficient for ε̃cc although there may be possibilities

to improve this model further.

From the perspective of the mean reaction rate closure for partially premixed

combustion, possible closure for ω̇c still needs to be explored. This is carried out
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in the next chapter.
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Chapter 6

A priori assessment of mean

reaction rate closure

This chapter aims to examine various mean reaction rate closures and to assess the

modelling assumptions involved. Specifically, a closure of the form in Eq.(2.65),

rewritten here for convenience,

ω̇ =

∫ 1

0

∫ 1

0

ω̇(ζ, ξ)P (ζ, ξ) dζ dξ (6.1)

is of interest because of its simplicity. The specific issues investigated in this

chapter are

• To what extent the turbulent flame front in partially premixed combustion

can be approximated by unstrained and strained laminar premixed and non-

premixed flamelets. This helps us to find an appropriate canonical form for

ω̇(ζ, ξ) in Eq.(6.1).

• Choosing a model for the joint PDF P (ζ, ξ). This PDF is commonly mod-

elled using two marginal PDFs by assuming statistical independence be-

tween mixture fraction ξ and progress variable ζ. But results in Fig.5.6

for c̃′′Z ′′ clearly demonstrate that this assumption does not hold in par-

tially premixed combustion. An alternative proposition to model this joint

PDF using a “copula” [48, 49] will be studied in the modelling framework

proposed above.
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The various forms of presumed PDF/flamelets models are presented in Section

6.1. The structure of the flame front in partially premixed combustion is investi-

gated in Section 6.2 using the JAXA DNS data. The modelling of the joint PDF

is presented in Section 6.3. The comparison of various closures is presented in

Section 6.4 and helps to identify a reasonably accurate closure which can be used

in RANS simulation discussed in the next chapter.

6.1 Presumed PDF/Flamelet Models

Presumed PDFs together with flamelet models, either from counter-flow diffusion

flamelets or freely propagating premixed flamelets as noted in Chapter 2, are

popular for turbulent combustion due to their simplicity and accuracy. Here the

application of this modelling approach to the mean reaction rate will be examined

in detail.

Presumed beta PDFs are commonly used for both ξ and ζ. If statistical

independence is assumed then Eq.(6.1) becomes

¯̇ωc =

∫ ∫
ω̇c(ζ, ξ)Pβ(ζ)Pβ(ξ)dζdξ, (6.2)

Or with a JPDF including the correlation, we have

¯̇ωc =

∫ ∫
ω̇c(ζ, ξ)Pcβ(ζ, ξ)dζdξ. (6.3)

The non-premixed flamelet model [140] is also of interest as the jet flame is

traditionally considered to be a diffusion flame. With a presumed beta PDF for

mixture fraction and a lognormal PDF for its scalar dissipation rate, Eq.(2.26) is

rewritten as

¯̇ωc =

∫ ∫
ω̇c(ξ, χst)Pβ(ξ)Pln(χ)dζdχ. (6.4)

As noted in chapter 2, a strained flamelet formulation has been developed by

Kolla and Swaminathan [95, 96] for turbulent premixed flames. Here we attempt

to extend this approach, see Eq(2.57), to partially premixed flame by including

another integral over the mixture fraction space. The mean reaction rate can be
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calculated as

¯̇ωc =

∫ ∫ ∫
ω̇c(ζ, ξ, ψ)P (ζ, ξ, ψ)dζdξdψ, (6.5)

where ψ is the sample space variable for the scalar dissipation Ncc of the progress

variable c. As noted in chapter 2, the joint PDF is calculated as P (ζ, ξ, ψ) =

P (ψ|ζ)P (ζ)P (ξ). The conditional PDF P (ψ|ζ) is presumed to be a lognormal

distribution, as in Eqs.(2.58)-(2.59) and the PDFs P (ζ) and P (ξ) are presumed

to be beta PDFs, as in Eqs.(2.27)-(2.28). Here statistical independence between

mixture fraction and progress variable is also assumed. Now, for the extended

strained flamelet formulation, with the presumed PDFs noted above, the model

in Eq.(6.5) is rewritten as

¯̇ωc =

∫ ∫ ∫
ω̇c(ζ, ξ, ψ)Pβ(ζ)Pβ(ξ)Pln(ψ|ξ)dζdξdψ. (6.6)

Table 6.1 summarises the various laminar flamelets and presumed PDFs for

scalars used in these four models.

Model Equation Laminar Flamelet Presumed PDFs Z−c corre-
lation?

M1 Eq.(6.2) Unstrained freely
propagating premixed

β PDFs for Z and c No

M2 Eq.(6.3) Unstrained freely
propagating premixed

β PDFs for Z and c Yes

M3 Eq.(6.4) Strained Counterflow
diffusion

β PDF for Z and log-
normal PDf for ξst

No

M4 Eq.(6.6) Strained Counterflow
Reactant-to-Product
premixed

β PDF for Z and log-
normal PDf for ψst

No

Table 6.1: Summary of laminar flamelet and presumed PDFs used in the models
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6.2 Turbulent Flame Front Structure

6.2.1 Comparison with unstrained laminar premixed flamelet

One may wish to model the turbulent lifted jet flame using the flamelet approach

in composition space [142] in either RANS or LES framework, where the chemi-

cal reaction rates are tabulated using canonical non-premixed or premixed flames

[54, 184]. It has been shown [190] that these two types of flamelets are equally

good for hydrocarbon flames (Sandia flames D and F). This approach is evaluated

qualitatively for the hydrogen flame considered in the DNS. Figure 6.1 presents

the DNS data at position A-A from 146 time steps, in which the instantaneous

values of hydrogen consumption rate ω̇H2, and OH and H2O mole fractions are

compared with one dimensional, unstrained, planar laminar premixed flame solu-

tion calculated using CHEMKIN [86]. The first column shows DNS samples with

local equivalence ratio φ ranging from 0.95 to 1.05 and for the laminar premixed

flame having φ = 1.0. The second column is for 1.55 < φ < 1.65 in the DNS

and φ = 1.6 in the laminar premixed flame. The agreement for these two cases

is very good, especially for the stoichiometric case. The rich laminar premixed

flame overestimates the hydrogen consumption rate and the OH mole fraction.

At this axial position, detailed comparisons (not shown here) indicate that the

agreement between the DNS results and laminar flame solutions is reasonably

good for 0.01 < Z < 0.07 (0.33 < φ < 2.5). The mixture in this range corre-

sponds roughly to the region 1.5 < R/D < 2.5 which has a high mean hydrogen

consumption rate and heat release rate as shown in Fig. 3.8. This suggests that

laminar premixed flamelet is a good approximation of the flame in regions with

intense reaction close to the stabilisation height.

At the other positions B-B and C-C (not shown here), one dimensional laminar

premixed flame solutions give similar agreement with the DNS results in the

region where substantial reactions occur, for example, R/D = 1.0 for B-B and

R/D = 2.0 for C-C. One may also wish to compare the data with laminar flames

in physical space since the flamelet approximation is likely to be less robust here

than in composition space. Figure 6.2 shows the variation of the conditional mean

gradient of c, with respect to c for one radial location at three axial positions.
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Figure 6.1: Comparison of DNS (dot) and laminar premixed flame results (solid
line) for position A-A. For (a)(b)(c), DNS data has 0.95 < φ < 1.05 and laminar
flame has φ = 1.0. For (d)(e)(f), DNS data has 1.55 < φ < 1.65 and laminar
flame has φ = 1.6.
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The DNS results are normalised using the laminar flame thickness δ0L for the

corresponding mean mixture fraction. The gradient of c in these laminar flames

are also presented for comparison. As expected, the DNS values are generally

smaller than laminar flamelet values as preheat zones are known to be thickened

by intense turbulence. It is noted that for the lean flames close to the stabilisation

height (A-A), the flamelets seem to survive better on the high temperature side, as

indicated by Fig. 6.2(a), where the DNS and laminar data for 0.65 < c < 0.85 are

nearly identical. For c > 0.85 the turbulent strains seem to increase the progress

variable gradient. In the rich regions of the DNS, it is clear that the thickness

of the turbulent reaction zone is generally larger than that of the corresponding

premixed laminar flames.
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Figure 6.2: Comparison of DNS (dash) and laminar premixed flamelet (solid)
conditional mean c-gradient, conditioned on c for R/D = 2.0 at positions A-A,
B-B and C-C. The equivalence ratios of laminar calculations are based on the
DNS mean value at those positions. Results are normalised by the laminar flame
thickness.
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6.2.2 Comparison with laminar diffusion flamelet

In the outer reaction zone at position C-C identified in Figs. 3.5 and Fig. 3.8 as

“diffusion flame islands”, it seems that a laminar premixed flame is not a satis-

factory model, but a range of diffusion flame solutions from low to intermediate

strain rates give better agreement. This can be seen clearly in Fig. 6.3, where the

instantaneous hydrogen consumption rate normalised by the peak value from the

stoichiometric premixed flame is compared with unstrained premixed flamelet and

diffusion flamelet with three strain rates. The typical extinction strain rate for

hydrogen-air diffusion flame is of the order 12,000 s−1 [181]. Cheng et al.[47] com-

pared experimental results to both a typical counterflow laminar diffusion flame

and partially premixed flame established in a counterflow premixed-reactants-to-

air configuration in order to study the strain rates experienced by the flames.

Laminar premixed flamelets have been used to model diffusion flames by Bradley

Figure 6.3: Comparison of DNS (symbol), unstrained laminar premixed and dif-
fusion flame results at position C-C. The reaction rate has been normalised by
the peak value from the stoichiometric H2/air unstrained premixed laminar flame.
Three different strain rates are considered for the diffusion flame.

et al.[14] with good results. Vreman et al.[190] compared LES simulations for

piloted partially premixed flames (Sandia D and F) with the manifold generated

by laminar premixed and diffusion flamelets and found equally satisfactory re-
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sults. Here since the diffusion flame islands are typically occurred in downstream

locations whereas in upstream locations, the rich premixed burning mode domi-

nates, we can expect premixed flamelet model to give reasonable results in most

regions.

6.2.3 Comparison with Strained Premixed flamelet

Figure 6.4 presents the DNS results for the position B-B, R/D=2.5, compared

to laminar strained premixed flamelet obtained from a counterflow reactant-to-

product (RtP) configuration . The DNS data at this position are conditioned

on local mixture fraction. The variations of the instantaneous reaction rate ω̇c

with respect to the dissipation rate Ncc of progress variable c are plotted. At

this position, Z̃ ≈ 0.05 and c̃ ≈ 0.9. Also shown for comparison are the laminar

strained flamelet calculations for different mixtures, each for a range of strain

rates. For the stoichiometric case (Z = 0.03), only the unstrained case and

one strained case are shown. Fig.6.4(a) shows that increasing strain rate does

not dramatically change the reaction rate unless extremely high strain rates are

encountered. This is due to the flame configuration, where there is a pre-existing

temperature gradient between the unburnt reactants and burnt products that

supports combustion. Stoichiometric mixture is easily flammable and thus is very

difficult to quench even with extremely high strain rates. For the rich mixtures in

Fig.6.4(b)-(f), six strained cases including the strained case and the unstrained

case are shown. The highest strain value shown corresponds to the extinction

strain rate for this mixture. The arrows in the figures indicate the direction of

increasing strain rate. From the figure, it is clear that for rich laminar flames in

Fig.6.4(b)-(f), the reaction rate decreases as the strain rate increases.

Figure 6.4(a) and (b) show that for stoichiometric and slightly rich mixture,

reaction rates and dissipation rates are low. In Fig.6.4(c)-(e), DNS results are

comparable with the strained flamelet values. In terms of the scatter, the DNS

has a similar shape to the loop-like feature of the laminar flames, although they

are shifted toward lower dissipation rates for the same reaction rates. The dis-

sipation rates experienced in the turbulent flames are generally smaller than the

strained flamelets. This is consistent with observation from Fig.6.2. For very
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rich mixture, Fig.6.4(f) shows that turbulent flame tends to have much higher

reaction rates than the laminar flame. Overall, the strained premixed flamelet of

RtP configuration tends to underpredict the reaction rates observed in this DNS.

6.3 Validation of presumed PDFs

6.3.1 Scalar PDFs

Figures 6.5 and 6.6 present the marginal PDF for the mixture fraction and

progress variable respectively, extracted from the DNS. A comparison to the

presumed β PDF, with means and variances extracted directly from the DNS is

also shown in the figures. Good agreement with the mixture fraction ditribution

is evident in Fig. 6.5. For the progress variable, the distribution tends to be

bimodal in the upstream position (A-A, R/D=2.5) with non-negligible burning

part. Further downstream, close to the jet centre and far away from the centre

where local mixture tends to be unburnt gas and burnt products respectively, the

distribution is monomodal. The comparisons shown in Fig.6.6 are also reasonable

except in outer regions where reaction rates are generally small and products are

mixed with surrounding air.

6.3.2 Conditional PDFs

Previously in Chapter 5 the unconditional statistics of the magnitude of c gradient

were studied, but the conditional statistics P (Ncc|c) is required in the strained

flamelet formulation and is often assumed to be a lognormal shape a priori [95,

96]. Here we like to test this presumed shape. Figure 6.7 presents the conditional

PDFs extracted from the DNS in comparison to the lognormal distribution. The

means and variances required to calculate this distribution are extracted from

the DNS and the results are shown for four axial and radial positions. Note

the log-log scale in the figure. For all c values, reasonable agreement is seen,

despite considerable noise in the DNS. This is due to a combination of spatial

intermittency of the flame and insufficient samples due to conditioning on various

c values at these positions.
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Figure 6.4: Comparison between DNS reaction rates, conditioned on six different
mixture fractions, and laminar RtP strained premixed flamelets with different
strain rates. The arrow indicates the direction of increasing strain rate.
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presumed β shape (dashed) at different axial and radial positions.
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presumed β shape (dashed) at different axial and radial positions.
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6.3.3 Joint PDFs for scalars

It is noted by Ruan et al.[163] that the assumption of statistical independence

between the mixture fraction and progress variable is only reasonable in upstream

locations where the flame is stabilised but not valid at downstream positions. This

can also be seen in Chapter 5, Fig.5.6 for the radial variation of c̃′′Z ′′ at several

axial positions. Nevertheless, statistical independence has been assumed in many

previous studies [66, 188].

Recently Darbyshire [48, 49] developed a method to include the correlation

between the mixture fraction and progress variable. The joint PDF with the

desired correlation can be calculated using the individual marginal PDF and a

copula. A copula can be understood as a function that couples multivariate

distributions to their marginal distributions. The general procedure involved in

this approach is briefly summarised as follows [48, 49].

1. The correlation coefficient is calculated from a prescribed covariance of ξ

and ζ and their respective standard deviations σξ and σζ using

rξζ = Covar(ξ, ζ)/σξσζ . (6.7)

2. Two large, say 5000, sets of random numbers, Xi and Yi are generated from

a standard normal distribution.

3. The correlation coefficient rXY of the random variables Xi and Yi is related

to the desired correlation rξζ by

rXY = 2 sin
(πrξζ

6

)
. (6.8)

4. A new set of random variables are calculated with the required correlation

rXY

Y new
i = XirXY + Yi

√
1− r2XY . (6.9)

5. Xi and Y new
i are transformed back to a uniform distribution by using the

cumulative density function (CDF) Φ for the standard normal distribution
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ξi = Φ(Xi) =
1

2

[
1 + erf

(
Xi√

2

)]
and ζ = Φ(Y new

i ), (6.10)

where erf the error function appears in CDF Φ.

6. The odds ratio θ required in the construction of a copula is calculated

by plotting the uniform distribution of ξ and ζ in the contingency table,

illustrated in Fig.6.8. One can count the number of samples Ni falling in

each of the four quadrants shown in the figure. The regions are divided by

ζ = 0.5 and ξ = 0.5. The odds ratio θ is then obtained as

θ =
N1N4

N2N3

. (6.11)

7. Finally the joint PDF with the desired correlation is calculated as

p(ξ, ζ) =





θfg{1+(θ−1)[F+G−2FG]}
[S2−4θ(θ−1)FG]3/2

if (θ 6= 1)

fg if (θ = 1)
(6.12)

where S = 1 + (θ− 1)(F +G), and f and g are the marginal beta PDFs of

ξ and ζ respectively. F and G are their marginal CDFs respectively.

The details of this approach can be found in [48, 49].

Figure 6.8: Contingency table. Ni is the number of samples falling within each
square.

The modelled joint PDF including the correlation has been previously val-

idated using experimental data of a stratified V flame and one arbitrary axial
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location of the JAXA DNS data [48, 49]. Here, its performance at various axial

and radial positions are examined closely with the DNS data.

Figure 6.9 compares the DNS results and the modelled joint PDFs with and

without correlation. The Reynolds statistics required for the modelling are ex-

tracted from the DNS. Both models give reasonable results at position A-A, as

the correlation here is quite small. At downstream locations, one radial position

at B-B in the burning part of the flame and two radial positions at C-C, one in

burning part and another closer to the burnt gas are selected. It is clear that

significant negative correlations are present and have to be included. The corre-

lated joint PDFs give excellent results. The peak value of the PDF, its location

and more importantly the correlation are accurately captured in this joint PDF

model. The assumption of statistical independence at these positions leads to

incorrect peak values and the peak locations, especially in the burning part of

the flame. Close to the burnt side where c̃ ≈ 1, the local mixture with various

mixture fraction values all approach to their equilibrium products, as shown in

bottom row of Fig.6.9. This phenomenon and the mixing of equilibrium products

lead to a reduction in the correlation and thus modelling the joint PDF with two

independent PDFs can become acceptable, although the correlated JPDF model

gives better agreement with the DNS results as shown in Fig.6.9.

6.4 Mean Reaction Rates Closure

As noted in Eq.(2.70), the source term ω̇∗c of the progress variable in partially

premixed combustion, rewritten here for the sake of convenience,

ω̇∗c = ω̇c +
1

∂Yi/∂c

(
2ρNcZ

∂2Yi
∂c∂Z

+ ρNzz
∂2Yi
∂Z2

+ ρNcc
∂2Yi
∂c2

)
, (6.13)

has four components. Here, the focus is on the first term ω̇c and its possible

closure. The other terms will be dealt with as needed in Chapter 7.

Four possible closure strategies for ω̇c have been discussed in Section 6.1 all of

which are based on flamelet and presumed PDF approach. The first strategy uses

unstrained premixed flamelets of various mixture fractions and assumes Z and c
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DNS Correlated JPDF 2 Independent PDFs

Figure 6.9: Comparison of joint PDF extracted from the DNS (left) and model
with correlation (middle) and without correlation (right). (a)A-A, R/D=2.0
(1st row), (b)B-B, R/D=1.0 (2nd row),(c) C-C, R/D=1.0 (3rd row), (d) C-C,
R/D=2.5 (bottom row).
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to be statistically independent, as noted in Eq.(6.2). The second model relaxes

the assumption of statistical independence and uses the correlated joint PDF

with unstrained premixed flamelets, as in Eq.(6.3). The third closure is based on

diffusion flamelets as in Eq.(6.4) and the fourth is based on the extended strained

premixed flamelet as in Eq.(6.6).

Figure 6.10 compares the mean reaction rate for the progress variable based

on water mass fraction as in Eq.(3.3), calculated from the DNS data and using

the above four closures. A number of observations can be made from the figure.

• For the upstream position A-A, the premixed flamelet models of Eq.(6.2)

and Eq.(6.3) give equally good results. This is because the covariance c̃′′Z ′′

at this position is smaller than that in the downstream positions, as has

been illustrated in Fig.5.6 in Chapter 5. Thus, the statistical independence

of mixture fraction and progress variable is a good approximation at this

position, which is also supported by results in Fig. 6.9. At the downstream

positions, the correlation increases and thus Eq.(6.3) gives improved results

compared to Eq.(6.2).

• The diffusion flamelet model of Eq.(6.4) tends to give a broader reaction

region for the upstream position A-A with considerable underprediction

for the mean reaction rate. For the downstream positions, this model is

reasonable only in outer radial regions where the local burning is diffusion

dominated, whereas it yields zero reaction rate for inner regions close to the

jet centre where the DNS data show substantial amount of reaction due to

rich partially premixed combustion. This illustrates the limitation of the

diffusion flamelet model for this partially premixed flame, even though it is

commonly considered as a lifted jet diffusion flame.

• The extended strained flamelet model of Eq.(6.6) tends to underpredict

the mean reaction rates for almost all axial positions while it gives reason-

able results in outer radial regions where the local combustion is diffusion-

controlled. This underprediction is consistent with observation made in Fig.

6.4.

In general, the unstrained premixed flamelets with a presumed joint PDF as in
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Eq.(6.3) is the most appropriate closure model for this partially premixed flame.
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Figure 6.10: Comparison of DNS and models mean reaction rates ω̇c(g/cm
3/s)

at positions (a) A-A, (b) B-B, (c) C-C and (d) D-D which is at 11.75D. “2 beta”
denotes model using 2 independent beta PDF in Eq.(6.2), “SFF” is the extended
strained flamelet formulation in Eq.(6.6), “Diff” is the diffusion flamelet model in
Eq.(6.4). “CB JPDF” is the correlated joint PDF model in Eq.(6.3). “CB JPDF
Fav” is the correlated joint PDF model approximated using marginal Favre PDFs
in Eq.(6.14).

A close study of Eq.(6.3) shows that the Reynolds PDF, and therefore the

Reynolds statistics, Z, c, Z ′2, c′2 and c′Z ′, are required to get the mean reaction

rate. However, numerical simulation of turbulent reacting flows involves Favre

averages, allowing us to obtain Favre marginal PDFs through the presumed beta

PDF. It is not always easy to construct Reynolds statistics from Favre statistics.

This introduces some difficulties in obtaining the joint PDF required in Eq.(6.3),

although the Reynolds and Favre PDFs are related through ρ̄P̃ (ξ, ζ) = ρP (ξ, ζ).

For example one cannot strictly write P̃ (ξ, ζ) = P̃ (ξ)P̃ (ζ), involving two Favre
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marginal PDFs, even when statistical independence of ξ and ζ is satisfied. To

overcome this difficulty, an approximation P̃ (ξ, ζ) ≈ P̃ (ξ)P̃ (ζ) is made here fol-

lowing Darbyshire and Swaminathan [49] when the statistical independence is

observed, otherwise the two marginal Favre PDFs are combined, as per Eq.(6.12),

to get P̃ (ξ, ζ). Now the mean reaction rate is calculated using

¯̇ωc = ρ̄∗
∫ ∫ [

ω̇c(ζ, ξ)

ρ(ζ, ξ)

]
P̃ (ζ, ξ) dζ dξ, (6.14)

where ρ̄∗ here is the mean density obtained from DNS. In a numerical simulation,

this is the mean density from the CFD code. The quantities within the square

bracket come from the unstrained premixed laminar flamelets. The mean reaction

rate calculated with Eq.(6.14) is also shown in Fig.6.10 as “CB JPDF Fav”. The

error introduced by the above approximation of using Favre PDFs is generally

small as one can see in Fig.6.10.

6.5 Summary

In this chapter, the performance of four different presumed PDF/flamelet models

for the mean reaction rate has been assessed using DNS results. The turbulent

flame front structure from the DNS has been compared with unstrained premixed

flamelets, strained diffusion flamelets and strained premixed flamelets. It is found

that unstrained premixed flamelets give reasonable agreement with the DNS re-

sults in most parts of this flame, while diffusion flamelets are reasonable only in

downstream and radially outer regions where local combustion is predominantly

diffusion-controlled. The strained premixed flamelets tend to underpredict the

instantaneous reaction rates for the same dissipation rates experienced by the

flame front in the DNS.

Various presumed PDF models have been compared with DNS results. The

beta PDF is a good approximation for mixture fraction and progress variable

marginal PDFs. For their JPDF, the assumption of statistical independence

leads to poor prediction in the burning parts of partially premixed flames as the

correlation is strong. Statistical independence is a reasonable approximation only

at the upstream position where the flame is stabilised. Therefore, the correlation
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must be included in the PDF modelling in general. The correlated JPDF model

gives very good agreement with the DNS results in all locations.

The diffusion flamelet model fails to predict mean reaction rate in the inner

regions where significant fuel is consumed in a rich partially premixed flame.

However, a reasonable agreement is observed for radially outer regions where

local burning is diffusion-controlled. The extended strained premixed flamelet

model generally underpredicts the mean reaction rate as the straining effects are

overestimated by the flamelet model. The unstrained premixed flamelet with the

joint PDF assuming statistical independence of Z and c overpredicts the mean

reaction rate at downstream positions. The same model with the correlated JPDF

model gives an improved agreement with DNS results. This model performance

is observed to be weakly sensitive to the type of, Reynolds or Favre, statistics

used when constructing the joint PDF. Thus this model is recommended for the

simulation of partially premixed combustion. The a posteriori testing of this

reaction rate closure and various dissipation rate models discussed in previous

chapters is conducted in the next chapter.
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Chapter 7

RANS Simulation

In this Chapter, RANS simulations of turbulent lifted jet flames are performed

with the combustion models identified in Chapter 6 and scalar dissipation rate

models discussed in Chapter 5.

7.1 Modelling Methodology

The equations solved are the conservation of mass, momentum and enthalpy given

in Eq.(2.9), Eq.(2.10) and Eq.(2.12). For turbulence modelling, the standard k−ε
model as given in Eqs.(2.16)-(2.18) is used. Standard model constants, as noted

in Chapter 2, are used unless otherwise stated.

This flame has been simulated using the Conditional Moment Closure (CMC)

method in earlier studies [51, 88]. The main challenge in simulating such flames

is to obtain the lift-off height correctly. Here, the presumed joint PDF with un-

strained premixed flamelets given in Eq.(6.14), discussed in chapter 6, is used to

close the mean reaction rate. Thus, extra transport equations for the mixture

fraction Z̃ , its variance Z̃ ′′2 , the progress variable c̃ , its variance c̃′′2 and the

covariance c̃′′Z ′′ need to be solved. These equations are given in Chapter 2 as

Eq.(2.29), Eq.(2.30), Eq.(2.41), Eq.(2.42) and Eq.(2.66) respectively. Further-

more, the source terms ¯̇ωc in Eq.(2.41) must be replaced by ω̇∗c in Eq.(6.13) for

partially premixed combustion.

In the variance and covariance equations, the scalar dissipation rate and the
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cross dissipation rate appear. The linear relaxation models for ε̃ZZ in Eq.(2.34)

and ε̃cZ in Eq.(5.4), as discussed in Chapter 5, are used here. For ε̃cc, the model

in Eqs.(5.1)-(5.3) is used without any changes to the model parameters as a first

step.

In the equations for c̃′′2 of Eq.(2.42) and covariance c̃′′Z ′′ of Eq.(2.66), there

are source terms c′′ω̇′′c and Z ′′ω̇′′c that require modelling. These are calculated as

follows.

c′′ω̇′′c ≈ c′′ω̇c = ρ̄

∫ 1

0

∫ 1

0

(ζ − ζ̃)
ω̇c(ξ, ζ)

ρ(ξ, ζ)
P̃ (ξ, ζ) dξ dζ, (7.1)

Z ′′ω̇′′c ≈ Z ′′ω̇c = ρ̄

∫ 1

0

∫ 1

0

(ξ − ξ̃) ω̇c(ξ, ζ)

ρ(ξ, ζ)
P̃ (ξ, ζ) dξ dζ, (7.2)

The temperature is calculated using the total enthalpy h̃ computed in the

simulation. This includes the sensible and chemical contributions,

h̃ = cp,mix(T̃ − T0) + ∆h0f,mix, (7.3)

where T0 = 298K is a reference temperature. The mixture averaged specific heat

capacity cp,mix, enthalpy of formation ∆h0f,mix and the mixture molecular weight

Wmix required in the state equation Eq.(2.13), are calculated as follows.

cp,mix =
∑

Ỹi cp,i =
∑∫ 1

0

∫ 1

0

Yi cp,i P̃ (ξ, ζ) dζ dξ, (7.4)

∆h0f,mix =
∑∫ 1

0

∫ 1

0

Yi ∆h0f,i P̃ (ξ, ζ) dζ dξ, (7.5)

Wmix =

∫ 1

0

∫ 1

0

(
∑

(Yi/Wi))
−1 P̃ (ξ, ζ) dζ dξ. (7.6)

Figure 7.1 illustrates the calculation procedure for Eqs.(7.4)-(7.6). Laminar

unstrained planar flame quantities are used within the flammability limits. Out-

side this range, air and fuel properties are interpolated with the laminar flame

quantities appropriately before the integrations are performed.

These quantities, together with the mean species Ỹi, the mean reaction rate

ω̇c, the source terms c′′ω̇′′c and Z ′′ω̇′′c are tabulated with Z̃, c̃, Z̃ ′′2, c̃′′2 and c̃′′Z ′′
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Figure 7.1: Calculation illustration for mixture properties such as cp,mix, ∆h0f,mix

and Wmix.

as controlling variables. This table is used in RANS calculation to give the

required quantities. Temperature becomes a function of Z̃, c̃, Z̃ ′′2, c̃′′2, c̃′′Z ′′

and Eq.(7.3). Density relates to temperature through the equation of state in

Eq.(2.13). Temperature and density are calculated “on the fly” when RANS

simulations are performed.

For the progress variable defined using water mass fraction in Eq.(3.3), the

derivatives involved in Eq.(6.13) can be obtained as

∂YH2O

∂Z
= c

dY Eq
H2O

dZ
and

∂2YH2O

∂Z2
= c

d2Y Eq
H2O

dZ2
,

∂YH2O

∂c
= Y Eq

H2O(Z),
∂2YH2O

∂c2
= 0 and

∂2YH2O

∂Z∂c
=

dY Eq
H2O

dZ
. (7.7)

Substituting Eq.(7.7) into the source term ω̇∗c in Eq.(6.13), one gets

ω̇
∗
c = ω̇c︸︷︷︸

(I)

+ ρ
c

Y Eq
H2O(Z)

d2Y Eq
H2O

dZ2
NZZ

︸ ︷︷ ︸
(II)

+ 2ρ
1

Y Eq
H2O(Z)

dY Eq
H2O

dZ
NcZ

︸ ︷︷ ︸
(III)

. (7.8)

There are two extra source terms, (II) and (III), contributing to the overall mean

reaction rate. The term (II) is due to the dissipation rate of mixture fraction and

is considered as the contribution from the non-premixed burning mode and the

effects of partial premixing on the overall reaction rate. The term (III) is due to

the cross dissipation rate. As shown in Chapter 5, NZZ is typically an order of
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magnitude larger than NcZ . The second derivative d2Y Eq
H2O/dZ

2 is much larger

than the first derivative dY Eq
H2O/dZ as shown in chapter 4, Fig. 4.4. Thus, the

overall contribution from term (III) is expected to be small and it is neglected here

for simplicity. Similar treatment of this term was also adopted in previous studies

[54, 63] and has been justified by other DNS studies [55]. The effect of the mixture

fraction dissipation rate on the overall mean reaction rate is also noted by Müller

et al. [128] in a different context. By using the G-equation for the scalar fields

and mixture fraction to account for the partial premixing, Müller et al. [128]

derived an expression for the turbulent flame speed which involved the scalar

dissipation rate of the mixture fraction, as shown in Eq.(2.63). They assumed a

priori a functional dependence whereby the turbulent flame speed decreases as

scalar dissipation rate NZZ increases. In the current modelling approach, no such

assumption has been made, rather, the contributions from the three dissipation

rates naturally occur in the transport equation.

The term (II) requires modelling and it is modelled as follows:

ρ
c

Y Eq
H2O(Z)

d2Y Eq
H2O

dZ2
NZZ ' ρ̄c̃ ε̃ZZ

∫ ξst+4ξ

ξst−4ξ

1

Y Eq
H2O(ξ)

d2Y Eq
H2O(ξ)

dZ2
P̃β(ξ)dξ, (7.9)

where ξ is the sample space variable for mixture fraction Z. Since the derivatives

are significant only around the stoichiometric region, as shown in Fig. 4.4 in

Chapter 4, 4ξ is set to be a constant of 0.02. This is essentially consistent with

Müller et al. [128] where they considered the effect of scalar dissipation rate on the

turbulent burning velocity to be important only in the range of mixture fractions

where laminar flame speed is a significant fraction of that of the stoichiometric

mixture.

7.2 Model Implementation

Figure 7.2 presents a schematic diagram of the computational domain for a 2D

axisymmetric model of the turbulent lifted jet flame. The computational grid

contains 13800 nodes and 13532 rectangular cells, and extends to 50D in the

radial direction r and 200D in the axial direction, y, where D = 2 mm . A few
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trials with coarser and finer grids for the non-reacting and reacting flows have

been attempted to confirm the grid-independent of the results presented in this

chapter.

Figure 7.2: Schematic diagram of RANS simulation domain.

7.2.1 Boundary Conditions

Boundary conditions are also noted in Fig.7.2. The jet and entrainment have

mass-flow-inlet boundary conditions. The inlet velocity profile in the jet is pre-

scribed using a 1/7 power law with a bulk mean velocity of 680 m/s as suggested

in the DNS calculation [125]. Turbulent intensity is set to be 5% with a turbu-

lence integral length scale of 2 mm [51]. In the jet boundary, the mixture fraction

is specified to be 1.0 and the enthalpy of -258460 J/kg for hydrogen at 280K is

used. All other scalars have zero values at the jet boundary.
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The mass flow rate at the entrainment boundary is specified according to

Spalding [169] using

dṁ

dr
≈ 0.28ρ

1
2
airF

1
2 with F = ρjU

2
j πr

2
j , (7.10)

where ṁ is the entrained mass flow rate and the subscript j denotes jet values. A

small constant entrainment velocity of 0.1 m/s has also been tested and results

were found to have no significant difference. Turbulent intensity is set to a low

value of 0.001% at the boundary. All scalars have zero values here and the

corresponding enthalpy of air is used.

An axis boundary is applied at the symmetry axis and a wall boundary con-

dition is used for the boundary parallel to the axis as it is far away from the jet.

This wall boundary helps to stabilise the calculation. At the wall boundary, the

enthalpy of ambient air is used and zero values are set for all other scalars. At the

flow exit, a pressure outlet boundary condition and zero gradient flux for scalars

are used.

7.2.2 Fluent UDF and UDS

The pressure based solver in Fluent is used for this calculation. The default mo-

mentum equations and the k−ε turbulence modelled equations are solved. Extra

transport equations for a total of six User-defined-scalars (UDS) are implemented

in Fluent with various sources and sinks specified using the User-defined-functions

(UDF). The UDS are Z̃, c̃, Z̃ ′′2, c̃′′2, c̃′′Z ′′ and h̃. Figure 7.3 presents a flow chart

for the calculation procedure. The calculation steps bounded by dashed lines

have been developed in this work. Temperature and density are calculated in

UDFs for each iteration. User-defined-memory (UDM) is used to store the re-

sults and is passed to other UDFs to calculate the various sink and source terms

of the transport equations. It is worth noting that Fluent solves the flow and

turbulence equations as in an isothermal non-reacting case. No default energy

equation or Fluent combustion models are used. Rather, combustion is coupled

to the flow field calculation through density variation which is computed through

UDS and UDFs, i.e. the Fluent program is “unaware” that it is solving for a
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reacting case.

Figure 7.3: Program flow chart for the RANS calculation.

7.2.3 Initialisation of Flame Kernel

A converged non-reacting solution is first calculated. A small flame kernel is then

initialised by setting one or two cells with c̃ = 1.0 and h̃ = −36871J/kg corre-

sponding to burnt products of stoichiometric mixture at a certain axial position.

Two axial positions, 9D and 12D chosen arbitrarily, have been tested for flame

kernel initialisation. The flame is allowed to develop, propagate and reach the

final lift-off height. The sizes of the kernels are 0.3 × 1.0 and 0.7 × 0.75 squared

mm, while the energy supplied to the kernels is about 0.010 J/m and 0.018 J/m

respectively.
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7.3 Results and Discussions

7.3.1 Flows Field

Since the experiment [46, 47] does not provide information for the velocity field, a

comparison to the mixture fraction field as suggested in previous studies [51, 88]

is shown in Fig.7.4. This figure presents the RANS calculation for mean mix-

ture fraction and its fluctuation normalised by centreline values at 7D and 9.5D.

Also shown are the experimental measurements [46]. A reasonable agreement is

observed. In the k − ε turbulence model, the model parameter cε2 is increased

slightly (cε2 = 1.96) to provide better overall agreement, consistent with previous

studies [51, 88]. This has the effect of increasing the turbulent viscosity and dif-

fusion, however, previous CMC studies [51, 88] suggest that this change is small

enough not to significantly alter the spatial diffusion.

7.3.2 Flame Brush comparison

The lift-off height based on the leading edge of T = 900K isoline, as used in the

experiment [24] and CMC calculation [88], is 7.5D in this study when both the

correlated joint PDF model in Chapter 6 and Eq.(7.9) for term (II) are included.

This agrees reasonably well with the experimental observation [46] of 7D. Thus it

is possible to make a direct and unambiguous comparison of the scalar variation

in the flame brush between the experiment and the RANS simulation.

The computed radial variations of temperature, mole fractions of H2, O2, OH,

H2O and N2 are compared with experimental measurements for axial positions

of 7, 9.5, 30, 50 and 100D in Figs. 7.5-7.9 respectively. Note that in Fig. 7.7,

the experimental measurement for temperature at 30D is not available and only

RANS results are shown. Previous results of the CMC calculation by Devaud and

Bray [51] for axial position of 7D, and by Kim and Mastorakos [88] for 9.5D are

included for comparison in Figs. 7.5 and 7.6 respectively. Note that temperature

for the CMC calculation [88] is not available at 9.5D.

In Fig. 7.5, the current model gives a lower peak temperature of about 650K

compared to the 900K observed in experiment [46], while the CMC calculation

[51] gives slightly higher values at axial position of 7D. This is due to the small
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Figure 7.4: Comparison of RANS results with experimental measurements [46]
for the mean mixture fraction and RMS normalised by centreline values at 7D
and 9.5D.

difference in lift-off height, 7.5D in current model and 7D in experiment [46] based

on the most leading edge of the T=900K contour. This causes the flame to have

a lower temperature, slightly higher H2 and slightly lower OH and H2O mole

fractions, as the flame at 7D is not as fully developed as that in the experiment.

In general, this agreement is acceptable and comparable to what was achieved in

previous CMC calculations.

In Fig. 7.6, the current model under-predicts both the tempeature and the

scalar mole fraction in the region close to the jet centre while the agreement is

good away from the jet centre. Close to jet centre, local mixture is rich and

can be beyond the flammability limit of 0.17. It seems that the current premixed

flamelet model underpredicts the burning rate in very rich mixtures. Temperature

profile is not available from previous CMC calculation [88] for comparison. The
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Figure 7.5: Comparison of simulation results, experimental measurements [46]
and CMC calculation [51] for scalar radial variation at an axial position of 7D.

scalar profiles from the current model and CMC are in good agreement with

experiment. It is worth noting that the decrease of O2 mass fraction observed in

the experiment at R/D=2 is captured by the current model whereas the previous

CMC calculation [88] does not seem to capture this feature.

For downstream positions, Figs. 7.7-7.9 show that current model gives rea-

sonable agreement with experimental measurements although reaction rate is

underpredicted in regions close to jet centre, especially at 30D, leading to lower

temperature and higher H2 mole fraction. For other downstream positions, the

agreement improves as the flame approaches equilibrium. In general, the overall

agreement is reasonable for the current modelling approach.

7.3.3 Modelling Effects on lift-off height

The combination of different choices of model options results in four different

scenarios. The details are listed in Table 7.1. This helps us to evaluate the

influence of different models on the flame lift-off heights.

Figure 7.10 presents the temperature field and mixture fraction contour for
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Figure 7.6: Comparison of simulation results, experimental measurements [46]
and CMC calculation [88] for scalar radial variation at axial position of 9.5D.
Temperature calculation is unavailable for CMC.

Case A B C D

c̃′′Z ′′ Equation No No Yes Yes
Term (II) Model No Yes No Yes
Lift-off Height (H/D) 4.5 5.2 6 7.5

Table 7.1: Lift-off heights for different modelling cases.

the four cases listed in Table 7.1. Case-A in Figure 7.10(a) is the standard

unstrained flamelets model with the joint PDF calculated from the statistically

independent marginal PDFs of the mixture fraction and progress variable. No

model is included for the effect of partial premixing represented by term (II). The

lift-off height based on the most leading edge of T = 900K, is 4.5D, i.e. less than

the 7D observed in the experiment. Case-B in Fig. 7.10(b) includes the model

for term (II). It seems that the effect of partial premixing act to push the flame

to stabilise at an increased lift-off height of 5.2D, which is also not close to the

experimental value. Case-C in Fig. 7.10(c) includes the correlated joint PDF

model but excludes term (II). This causes the flame to stabilise at a height of 6D.
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Figure 7.7: Comparison of simulation results and experimental measurements
[46] for scalar radial variation at axial position of 30D. Temperature measurement
is unavailable in the experiment.

Case-D in Fig. 7.10(d) is the full model including both the correlated joint PDF

and the partial premixing effects in term (II). The lift-off height is 7.5D, which

is in reasonable agreement with experimental observation.

The effects of partial premixing on the overall mean reaction rates are best

illustrated by decomposing the total reaction rate ω̇
∗
c , shown in Fig.7.11(a), into

its individual components: (i) due to premixed combustion mode ω̇c, shown in

Fig.7.11(b) and (ii) the partial premixing effects denoted by term (II), shown

in Fig.7.11(c). Here the components for Case-D and the stoichiometric mixture

fraction contour lines are also shown. From Fig.7.11(b), the two branches of the

premixed combustion modes, one for rich and one for mixture close to stoichio-

metric, can be clearly seen. Flow divergence ahead of the flame, suggested by the

deflection in the mixture fraction contour, is also observed. Figure 7.11(c) shows

that the diffusive burning contribution is negative and the partial premixing acts

as a sink term which reduces the overall reaction rate along stoichiometric mix-

ture contour. The maximum negative contribution is about 30% of the premixed

reaction rate. This makes the double branched feature more prominent, as shown
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Figure 7.8: Comparison of simulation results and experimental measurements
[46] for scalar radial variation at axial position of 50D.
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Figure 7.9: Comparison of simulation results and experimental measurements
[46] for scalar radial variation at axial position of 100D.
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(a)c̃′′Z ′′ = 0, without (II) (b) c̃′′Z ′′ = 0, with (II)

(c) c̃′′Z ′′ 6= 0, without (II) (d) c̃′′Z ′′ 6= 0, with (II)

Figure 7.10: Comparison of lift-off heights for four different cases. (a) Case-A,
(b) Case-B, (c) Case-C, (d) Case-D.
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in Fig.7.11(a). The leading edge of the propagating flame kernel is stabilised in

the lean mixture.

(a) (b) (c)

Figure 7.11: Reaction rate for Case-D. (a) Total reaction rate ω̇
∗
c in Eq.(7.8).

(b) Term (I) ω̇c in Eq.(7.8). (c) Term (II) as in Eq.(7.9). Reaction rate unit in
kg/m3/s.

The effects of including the correlation between Z and c in ω̇c can be easily seen

in Fig. 7.12 , where the mean reaction rate for Case-A and Case-C are presented.

Since no model for term (II) is included in these two cases, the difference is due

entirely to the effects of the correlated joint PDF on the mean reaction rate. From

Fig. 7.12, it is clear that including the correlation reduces the mean reaction and

this leads to an increase in the lift-off height. Including the correlation also makes

the flame tip more rounded and the reaction zone slightly broader compared to

the case without the correlation. The two branches seen in the uncorrelated case,

Fig.7.12(a), become closer and partly merge with each other when the correlation

is included as in Fig.7.12(b).

7.3.4 Flame stabilisation

Figure 7.13 presents the temperature fields and the SDR of mixture fraction

ε̃ZZ , normalised by a reference quenching value of 73 s−1 [88], near the flame
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(a) Case-A: c̃′′Z ′′ = 0, without (II) (b) Case-C: c̃′′Z ′′ 6= 0, without (II)

Figure 7.12: Effects of including the correlation between mixture fraction and

progress variable in the mean reaction rate. (a) Case-A: c̃′′Z ′′ = 0, without (II),

(b) Case-C: c̃′′Z ′′ 6= 0, without (II).

stabilisation region for Case-D. It is clear that the local ε̃ZZ is well below the

quenching value. The flame leading edge generally experiences a low SDR, about

5% of the quenching value. This is consistent with experimental observation in

[24] and the DNS results discussed in chapter 5. Although SDR may not be the

single determining factor for flame stabilisation, it is nevertheless an important

factor as it affects the mean reaction rate through term (II) in Eq.(6.13).

Figure 7.13: Temperature contours with normalised SDR ε̃ZZ near the flame
stabilisation region for Case-D. Values are normalised by 73/s from laminar flame
calculation.
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Figure 7.14 presents the temperature isoline for 900K, the covariance c̃′′Z ′′

and the CDR ε̃cZ contour at the flame stabilisation region for Case-D. The flame

is stabilised in a slightly lean mixture where the local covariance and the cross

dissipation rate are slightly positive and very close to zero. This result is con-

sistent with DNS observation discussed in Chpater 5 and the physical insights

shown in Fig.5.1.

(a) (b)

Figure 7.14: Temperature contour at 900K (black line), stoichiometric mixture

fraction (blue thick line) with (a) covariance c̃′′Z ′′, (b) the cross dissipation rate
ε̃cZ , near flame stabilisation region for Case-D.

Figure 7.15 presents the temperature field together with the velocity contours

for Case-D near the flame stabilisation region. At the flame leading edge, the local

velocity is about 5 m/s, which is the same order of magnitude as the laminar flame

speed of stoichiometric hydrogen-air mixture having a reactant temperature equal

to the local fluid temperature. It is consistent with experimental observation

[129].

Figure 7.15: Temperature field with velocity in m/s (black thin line) and stoi-
chiometric mixture fraction (blue thick line) for Case-D.
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7.3.5 Lift-off height vs jet velocity

Figure 7.16 presents the variation of lift-off heights with jet inlet velocities from

the experiments and RANS simulations. The experiment with inlet velocity of 680

m/s has been studied independently by Cheng et al. [46, 47] reporting detailed

scalar measurements, and by Brochhinke et al. [24] reporting the lift-off height

for various jet inlet velocities. The lift-off heights reported by these two studies

for the case of 680 m/s seem to be considerably different (about 1.5D), as shown

in the figure.
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Figure 7.16: Lift-off height versus inlet velocity.

The simulations predict a lift-off height of 1.3D for an inlet velocity of 500

m/s, 5.2D for inlet velocity of 590 m/s and 13D for inlet velocity of 850 m/s

with turbulent intensity level at the jet exit specified to be 25%, 15% and 0.1%

respectively. Also, the model constant Cε2 = 1.84 is used for the case of 850

m/s. Changing the turbulent intensity in this manner has the effect of increasing

the turbulent diffusion in the cases of 500 m/s and 590 m/s while decreasing

turbulent diffusion in 850 m/s case. Without using these values, the model gives
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lift-off heights of 5.2D, 6.5D and 9D respectively. The standard k − ε model

parameters are known to produce incorrect flows in the very near field (<2-3D)

where self-similarity may not apply in general; as well as in the far field of the

self-similar region in a round jet [150]. The turbulence model constant needs to

be chosen carefully, either by decreasing Cε2 or increasing Cε1 [150] in order to get

the correct turbulent diffusion. Ideally these model constants should be calibrated

against experiments of a non-reacting case and then used for the reacting case.

Unfortuantely, the flow field information and turbulent boundary conditions are

unavailable from the experiments. For lifted flames stabilised close to the jet

nozzle, the flow field calculations must be as accurate as possible and therefore

LES may be a better candidate than RANS to capture the large scale structures

interacting with the flame leading edge and affecting the lift-off height [23, 195].

Nevertheless, the simple but carefully constructed modelling approach used in

this chapter gives a reasonable level of agreement with experimental results.

7.4 Summary

In this Chapter, RANS simulations have been performed with various levels of

modelling complexity in order to capture the lift-off height and the flame brush

structure. It is found that the standard unstrained premixed flamelet model

with the assumption of statistical independence between mixture fraction and

progress variable tends to overpredict reaction rate and yields a smaller lift-off

height. Including the correlation in the joint PDF modelling dramatically changes

the mean reaction zones, from distinctly separated lean-rich double branches to

more closely merged ones. This results in a decrease in reaction rate and thus

an increase of the lift-off height. The effect of partial premixing is included

through the term related to Nzz and the second derivative ∂2Y Eq/∂Z2. A model

is proposed for this term and it is found that it has the effect of decreasing the

reaction in the mixture close to stoichiometric value. This results in an increase

in the lift-off height. The combined effects of including the correlation in the

joint PDF and the effects of partial premixing lead to reasonable agreement with

experimental measurement of the lift-off height. The flame brush structure is

also reasonably well reproduced. The following points are noted for the flame
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stabilisation

• Although the scalar dissipation rate of mixture fraction in the flame leading

edge is an order of magnitude smaller than the reference quenching value,

it is still an important mechanism as it affects the term related to partial

premixing and the diffusion burning contribution, which acts to decrease

the mean reaction rate.

• The covariance c̃′′Z ′′ and cross dissipation rate ε̃cZ are close to zero in the

flame leading edge due to the change in alignment between the mixture frac-

tion gradient and progress variable gradient at these locations as suggested

in Chapter 5.

• The velocity at the flame leading edge is about 3 to 5 m/s, which is the

same order of magnitude as the laminar flame speed. This is consistent

with experimental observations [129] and support the theory that the bal-

ance between partially premixed flame propagation and local flow velocity

contribute to the flame stabilisation [105, 114].

Calculations for different inlet velocities are also performed and lift-off heights

are found to be affected significantly by inlet turbulence level and turbulent dif-

fusion. Because the flow field information is not available from the experiments,

it is difficult to avoid some imprecision in the calculation. However, a reason-

able agreement in lift-off heights between simulation and experiments is achieved

when the inlet turbulence level is carefully selected. This illustrates the impor-

tance of an accurate flow field calculation to get the correct lift-off height and

a more advanced approach such as LES which is capable of capturing the large

scale structures in the flow field may be required, if the inflow conditions are not

fully characterised by experiments.
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Chapter 8

Conclusions

The aim of this thesis is to develop an understanding of various physical processes

in turbulent partially premixed combustion; to develop and validate models by

analysing DNS data and apply these in RANS calculations for partially premixed

flames of interest. The main findings of this thesis are summarised here first and

avenues for further research are also identified.

8.1 Summary of Main Findings

Chapter 3 first introduced the DNS data of a turbulent hydrogen jet lifted flame

that was used in subsequent analyses. By analysing the fuel consumption rates

and the flame index, it was shown that there are rich premixed flames with a

broad range of equivalence ratio in the jet centre, while increasing numbers of

diffusion flame islands exist at the downstream locations along the stoichiometric

mixture contour. This confirms the partially premixed nature of this flame.

Chapter 4 investigates the turbulent flame stretch in partially premixed flames,

in particular, the tangential strain rate, the displacement speed and the curvature

are analysed and their combined effects are explored. The main findings are

• The scalar gradient changes from aligning with the most compressive strain

rate to aligning with the most extensive strain in regions where heat release

effects dominate the turbulence. This change creates negative normal strain

rates which can result in negative surface averaged tangential strain rate.
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• The effects of partial premixing result in two additional contributions to the

flame surface displacement speed. The first contribution involves the cross

dissipation rate and a first derivative in the mixture fraction space, and can

be positive or negative depending on the sign of the cross dissipation rate

and the local stoichiometry. This contribution is small and can be neglected

for the case studied here. The second contribution involves the mixture

fraction dissipation rate and a second derivative in the mixture fraction

space. Hence its contribution is significant only near the stoichiometric

mixture. The source or sink contribution from this term depends on the sign

of the second derivative and there is a sink contribution for the definition

of c used in this paper.

• The correlation of curvature and displacement speed is found to be negative

in general and the effects of partial premixing act to reduce this correlation,

but the overall shape of their joint pdf remains similar to those for perfectly

premixed flames.

• Temporal variation of the flame surface density, surface averaged tangen-

tial strain rate and curvature related term are obtained using an appropri-

ate LES-type filter for the DNS data to study the cause of negative flame

stretch. Negative surface averaged tangential strain rates are generally ob-

served in regions where scalar gradient aligns with the most extensive strain.

This along with a negative value for the curvature related term, yields nega-

tive flame stretch. The contribution of tje curvature related term is observed

to be predominantly negative. These observations are supported through a

simple analysis of the flame surface density evolution equation.

In Chapter 5, the scalar dissipation rates of the mixture fraction, the progress

variable and their cross dissipation were investigated. Their roles in the flame

stabilisation process were first studied in a unified framework and their statistical

behaviour were studied to shed light on their modelling. It is found that

• N̄ZZ at the flame leading edge is well below the quenching value for the

stoichiometric mixture. N̄cc is the same order as that in a stoichiometric

unstrained laminar flame.
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• The cross dissipation rate N̄cZ changes from negative to weakly positive

in the leading edge due to the change in alignment characteristics of the

gradients of mixture fraction and progress variable.

• The classical linear relaxation model for the passive scalar dissipation rate

ε̃ZZ gives good agreement with the DNS.

• Models developed based on premixed flames for the reactive scalar dissipa-

tion rate ε̃cc give reasonable results when c is defined with the mass fraction

of H2O.

• The cross dissipation rate ε̃cZ is mostly negative and can be reasonably ap-

proximated at downstream positions once ε̃ZZ and ε̃cc are known, although

the sign cannot be determined. This approach gives better results than one

employing a constant ratio of turbulent timescale to the scalar covariance

c̃′′Z ′′ if the sign is known.

• The statistics of scalar gradients are further examined and lognormal dis-

tributions are shown to be very good approximations of the passive scalar

and also acceptable for the reactive scalar.

• The correlation between the two gradients increases downstream. A bivari-

ate lognormal distribution is tested and found to be a reasonable approxi-

mation of the joint PDF of the two scalar gradients.

Chapter 6 compared four different flamelet/presumed PDFs modelling ap-

proaches with the DNS. The turbulent flame front structure from the DNS was

compared with laminar unstrained premixed flamelets, strained diffusion flamelets

and strained premixed flamelets in the RtP configuration. Various forms of pre-

sumed PDFs involved in the modelling approaches were compared with DNS

results. The respective performance of the four models for mean reaction rate

closure was assessed. It was found that

• Unstrained premixed flamelets compare reasonably with DNS in most parts

of this flame.
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• Diffusion flamelets only yield good agreement in downstream and radi-

ally outward regions where local combustion is predominantly diffusion-

controlled

• Strained premixed flamelets tend to have lower reaction rates for the same

dissipation rates experienced in the DNS.

• The beta PDF gives a good approximation of both mixture fraction and

progress variable.

• For their JPDF, the correlated JPDF model with a “copula” method gives

very good results in downstream regions and in the burning part of the

flames where correlations are strong and can not be ignored.

• Statistical independence between Z and c is a reasonable approximation

only in upstream positions where the flame is stabilised.

• Among the four models, the unstrained premixed flamelet with the corre-

lated JPDF model gives the best prediction of the mean reaction in com-

parison with the DNS.

In Chapter 7, RANS simulations of turbulent lifted flames were performed

with varying degrees of modelling complexity. The liftoff height and the flame

structures can be captured reasonably well compared to experiments. It is found

that

• The standard unstrained premixed flamelet model with the assumption

of statistical independence between mixture fraction and progress variable

tends to overpredict reaction and thus a smaller liftoff height.

• Including the correlation of Z and c in the joint PDF modelling changes

the characteristics of the double reaction zones and results in a decrease in

reaction rate and thus an increase of the liftoff height.

• A new model is proposed for the term related to the effects of partial pre-

mixing and diffusion burning contribution on the mean reaction rate. It

has the effect of decreasing the reaction in the mixture close to the stoichio-

metric value. This results in an increase in the liftoff height.
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• The combined effects of including the correlation in the joint PDF and the

effects of partial premixing yield reasonable agreement with the liftoff height

measured in experiments.

The flame stabilisation mechanism has also been explored.

• Although the scalar dissipation rate of mixture fraction in the flame leading

edge is an order of magnitude smaller than the reference quenching value,

it is still an important quantity as it affects the term related to partial

premixing and the diffusion burning contribution, which acts to decrease

the mean reaction rate.

• The covariance c̃′′Z ′′ and cross dissipation rate ε̃cZ are close to zero in the

flame leading edge due to the change in alignment between the mixture

fraction gradient and progress variable gradient.

• The velocity in the flame leading edge is the same order of magnitude as the

laminar flame speed which supports the theory that the balance between

partially premixed flame propagation and local flow velocity contributes to

the flame stabilisation.

Calculations of a range of inlet velocities are also performed and reasonable agree-

ment with liftoff heights from the experiments can be obtained when turbulent

intensity level is appropriately changed. For the case studied here ther is no flow

field information available from the experiments.

8.2 Future Work

There are several avenues to explore which can further our understanding on

the physics of partially premixed combustion and lead to improvements of the

models.

• The Scalar Dissipation Rate model of Eq.(5.1) may be improved by studying

the effects of changing the model constants, as noted in Chapter 5. Also,

this model does not have a Lewis number dependence. Recent advances
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[33] in this area can be utilised and tested with this DNS and incorporated

into the model.

• Since accurate flow field information is important for lifted flame calcula-

tion, and there is an explicit dependence on k̃ and ε̃ in the scalar dissipation

rate model, it is of interest to test other turbulence models such as k − ω
and the Reynolds stress modelling approach.

• In this thesis, only a hydrogen lifted flame has been calculated using RANS.

It is of interest to assess the model’s performance for other lifted flames with

different fuels.

• The modelling framework needs to be tested for more complex geometry

and industrial burners.

• The model can be extended to a LES formulation.
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Appendix A

List of Publications

A.1 Journal paper

1. S. Ruan, N. Swaminathan, K.N.C. Bray, Y. Mizobuchi and T. Takeno.

“Scalar and its dissipation in the near field of turbulent lifted jet flame”,

Combustion and Flame, 159 (2012) 591-608.

2. S. Ruan, N. Swaminathan and Y. Mizobuchi. “Investigation of turbulent

flame stretch in partially premixed flames with DNS”, under review, Physics

of Fluids (2012).

3. S. P. Malkeson, S. Ruan, N. Swaminathan and N. Chakraborty. “Statistics

of the gradients of reaction progress variable and mixture fraction for tur-

bulent partially premixed flames: A Direct Numerical Simulation study ”,

under review, Combustion Science and Technology (2013).

A.2 Conference paper

1. S. Ruan and N. Swaminathan. “On the Stabilisation of Turbulent Lifted

Flames”, Proceedings of 5th European Combustion Meeting (ECM), Cardiff,

UK, 2011.
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2. H. Kolla, S. Ruan, T. D. Dunstan and N. Swaminathan. “Scalar Gradients

and Dissipation Rates in Strained Laminar Premixed flames”, Proceedings

of 8th Asia-Pacific Conference on Combustion (ASPACC), Hyderabad, In-

dia, 2010.

3. S. Ruan and N. Swaminathan. “Modelling of Partially Premixed Turbulent

Combustion”. Proceedings of 3rd International Forum on Multidisciplinary

Education and Research Center for Energy Science, (Energy-GCoE), Ishi-

gaki, Japan, 2010.

4. S. Ruan and N. Swaminathan. “Strained Flamelet Formulation for Par-

tially Premixed Turbulent Flames”. Proceedings of 1st International Forum

on Multidisciplinary Education and Research Center for Energy Science,

(Energy-GCoE), Nikko, Japan, 2008.

A.3 Book Chapter

1. V. K. Veera, M. Masood, S. Ruan, N. Swaminathan and H. Kolla. “Mod-

elling of Turbulent Premixed and Partially Premixed Combustion”, in Chap-

ter 7, Advanced Fluid Dynamics, Edited by Hyoung Woo Oh, InTech, 2012.

A.4 In preparation

1. S. Ruan, O. Darbyshire, N. Swaminathan, K.N.C. Bray, Y. Mizobuchi and

T. Takeno. “A Priori Assessment of Presumed PDF/Flamelets Mean Re-

action Rate Closure for Turbulent Lifted Jet Flames using DNS data”.

2. S. Ruan and N. Swaminathan. “RANS simulation of Lifted Jet Flames

using Scalar Dissipation Rate Modelling”.
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[165] C. J. Rutland and A. Trouvé. Direct simulations of premixed turbulent flames with
nonunity Lewis numbers. Combust. Flame, 94:41–57, 1993.
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