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Abstract. We prove equivalences of derived categories for the various mirrors in the
Batyrev-Borisov construction. In particular, we obtain a positive answer to a conjecture
of Batyrev and Nill. The proof involves passing to an associated category of singularities
and toric variation of geometric invariant theory quotients.

1. Introduction

Witten proposed that two 2-dimensional topological field theories are derived from a con-
formal field theory with target space a Calabi-Yau manifold M: the A-model and the
B-model [Wit93]. The A-model depends only on the symplectic structure of M and the
B-model only on the complex structure. Mirror symmetry is a duality which proposes the
existence of a mirror Calabi-Yau manifoldW on which the A-model and B-model are trans-
posed from those corresponding to M.

In 1994, Kontsevich described a categorical approach to this exchange of symplectic and
complex structures [Kon94]. Kontsevich articulated that given a mirror pair of Calabi-Yau
manifolds M and W , the Fukaya category of M (the A-model) should be equivalent to the
bounded derived category of coherent sheaves of its mirror W (the B-model) and vice versa,
i.e.,

Fuk(M) ∼= Db(cohW) and Fuk(W) ∼= Db(cohM).

This deep conjecture known as Homological Mirror Symmetry has motivated a myriad of
geometric research in the last twenty years, extending from results in theoretical physics and
algebraic and symplectic geometry, to category and number theory.

As a consequence of the Homological Mirror Symmetry Conjecture, the derived category
of a mirror should not depend on the construction of the mirror. If we have multiple mirrors
W1, . . . ,Wr that arise from various choices of mirror construction on M, then we expect
that these mirrors have equivalent derived categories, i.e.,

Fuk(M) ∼= Db(cohW1) ∼= . . . ∼= Db(cohWr).

Even in the foundational mirror construction of Batyrev and Borisov [BB96] for Calabi-
Yau complete intersections in toric varieties, one may obtain non-isomorphic mirrors by
making different combinatorial choices. In this paper, we prove that these distinct mirrors
have equivalent derived categories of coherent sheaves, fulfilling Kontsevich’s prediction for
multiple mirrors. This is a positive answer to a conjecture of Batyrev and Nill [BN07].
The central technique, following [HHP08, HW12], is to compare geometric invariant theory
quotients for the Cox construction of the total space of the vector bundle associated to the
complete intersection. We now provide a precise mathematical explanation of our results.

1.1. Results. Let κ be an algebraically closed field of characteristic zero. Take a lattice
M of dimension d with dual lattice N . Given a reflexive polytope ∆ ⊆ MR := M ⊗Z R,
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one associates a Fano toric variety P∆. Suppose one can decompose the polytope ∆ into a
Minkowski sum of r polytopes ∆i

∆ = ∆1 + . . .+ ∆r.

Each of the polytopes ∆i correspond to a torus-invariant nef divisor Di. One then may
take a regular section f of the toric vector bundle

⊕
iO(Di). Taking its zero locus gives a

Calabi-Yau complete intersection X(∆i) = Z(f) in the toric variety P∆. Borisov proposed a
mirror Calabi-Yau to X(∆i) [Bor93]. Take the polytopes

∇i := {n ∈ NR|〈∆j, n〉 ≥ −δij for all j}.
Take the Minkowski sum of these ∇i to form ∇ := ∇1 + . . . + ∇r. Each polytope ∇i

corresponds to a nef line bundle Ei in the Fano toric variety P∇. Taking a regular section
g of the toric vector bundle

⊕
iO(Ei) and then taking its zero locus gives a Calabi-Yau

complete intersection X(∇i) = Z(g) in P∇.
Note that all of these varieties are highly singular. To remedy this, Batyrev gave a maxi-

mal projective crepant partial (MPCP) desingularization by replacing the toric varieties P∆

and P∇ with simplicial refinements of the normal fans ΣN(∆). These are maximal projective
crepant partial resolutions with at most orbifold singularities, hence, coarse moduli spaces
of smooth DM stacks. This resolves the singularities two ways; take the MPCP desingular-
ization, then take the associated DM stack.

Let us denote by Z(∆i) and Z(∇i) the Calabi-Yau stack corresponding to the MPCP desin-
gularization of the data of the nef partitions ∆i and ∇i and by P∆ and P∇ the MPCP
desingularization of the toric stacks associated to the polytopes ∆ and ∇.

In 1996, Batyrev and Borisov [BB96] proved that:

Theorem 1.1 (Batyrev-Borisov). Mirror symmetry holds for X(∆i), X(∇i) on the level of
stringy Hodge numbers:

hp,qst (X(∆i)) = hd−r−p,qst (X(∇i)),

i.e.,
hp,q(Z(∆i)) = hd−r−p,q(Z(∇i)).

Interestingly, there can sometimes be an ambiguity in the Batyrev-Borisov construction.
Take 0 to be the unique interior point in the reflexive polytope ∆ and a nef-partition ∆i of
∆. Then suppose that there exists elements pi, p

′
i ∈ ∆i so that

0 =
∑
i

pi =
∑
i

p′i.

Then there exists two nef partitions that are translates of one another:

∆ =
∑
i

∆i =
∑
i

(∆i − pi + p′i).

Denote the translated polytope by ∆′i := ∆i − pi + p′i. The generic Calabi-Yau complete
intersections corresponding to ∆i and ∆′i are isomorphic

X(∆i)
∼= X(∆′i)

.

Now take the dual polytopes ∇i and ∇′i associated to the nef partitions ∆i and ∆′i. One
finds that the polytope ∇ = ∇1 + . . . + ∇r is often different from ∇′ = ∇′1 + . . . + ∇′r.
So, the Calabi-Yau complete intersection X(∇i) corresponds to a zero locus of a section g
of the vector bundle

⊕
iOP∇(Ei) while X(∇′i) corresponds to a zero locus of a section g′ of
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some other vector bundle
⊕

iOP∇′ (E
′
i). This means that the mirror Calabi-Yau complete

intersections X(∇i) and X(∇′i) are in possibly different toric varieties P∇ and P∇′ . There is
no natural isomorphism amongst the Batyrev-Borisov mirrors X(∇i) and X(∇′i). In 2007,
Batyrev and Nill formulated the following question about these varieties:

Question 1.2 (Question 5.2 of [BN07]). Are the mirror Calabi-Yau complete intersections
X(∇i) and X(∇′i) birationally isomorphic?

This question was studied by Li and answered affirmatively (Theorem 4.6 of [Li13]) using
determinantal varieties. Batyrev and Nill further conjectured the following:

Conjecture 1.3 (Conjecture 5.3 of [BN07]). There exists an equivalence between the derived
category of coherent sheaves on the Calabi-Yau complete intersections Z(∇i) and Z(∇′i).

In Section 6, we supply a proof i.e. we prove the following Theorem.

Theorem 1.4 (=Theorem 6.3). Conjecture 1.3 holds, meaning, there is a correspondence
between complete intersections Z(∇i) in P∇ and complete intersections Z(∇′i) in P∇′ such that

Db(cohZ(∇i))
∼= Db(cohZ(∇′i)).

Let Gm denote the group of units of κ. The main technique here is to compare the global
quotient stacks

Y :=

[
tot

(⊕
i

OP∇(−Ei)

)
/Gm

]
and Y ′ =

[
tot

(⊕
i

OP∇′
(−E ′i)

)
/Gm

]
and establish them both as open substacks of [AN /Sν × Gm] for a particular subgroup
Sν ⊆ GN

m. Restricting Sν-invariant functions on AN establishes a correspondence between
functions on Y and Y ′ whose critical loci are Calabi-Yau complete intersections in P∇ and
P∇′ . In our proof, we do not necessarily need genericity as in the birationality proof of [Li13],
just that the sections g and g′ give complete intersections. Also, note that our proof does
not prove anything about the birationality and uses different tools than that of Li.

1.2. Plan of the Paper. Here is a brief summary of how the paper is organized. In
Section 2, we give the necessary background on polytopes for the Batyrev-Borisov construc-
tion, define the multiple mirrors that we will prove are derived equivalent, and describe the
Batyrev-Nill conjecture. In Section 3, we provide background on categories of singularities
and in particular the theorems of Orlov, Isik, and Shipman which we will use. In Section 4,
we describe the recent literature on variations of GIT quotients for linear actions of abelian
groups on affine space and its relationship with equivalences of categories of singularities. In
Section 5, we give a clearer context for Section 4 and provide details in the case of toric vari-
eties. In Section 6, we look at nef partitions and Batyrev-Borisov mirrors, showing that the
distinct mirrors that come from combinatorial ambiguity in the Batyrev-Borisov construction
are derived equivalent, proving the Batyrev-Nill conjecture.

Acknowledgments: We heartily thank Colin Diemer for suggesting that VGIT may relate
to the double mirror picture and give special thanks to Charles Doran for input on this project
from start to finish. This project was also greatly aided by stimulating conversations and
suggestions from many excellent mathematicians; Matthew Ballard, Ionut Ciocan-Fontanine,
Ron Donagi, Bumsig Kim, Mark Gross, Daniel Halpern-Leistner, Umut Isik, Xenia de la



4 FAVERO AND KELLY

Ossa, Helge Ruddat, and Vyacheslav Shokurov. We also thank the referee for several useful
comments and suggestions to improve the paper.

Furthermore, the first-named author is grateful to the Korean Institute for Advanced
Study for their hospitality while this document was being prepared. The second-named
author thanks the Pacific Institute for the Mathematical Sciences and NSERC for various
forms of support. Frequent visits to the University of Alberta greatly expedited the progress
of this work.

The first-named author is also indebted to the NSERC for support provided by a Canada
Research Chair and Discovery Grant. The second-named author acknowledges that this
material is based upon work supported by the National Science Foundation under Award
No. DMS-1401446 and the Engineering and Physical Sciences Research Council under Grant
EP/N004922/1.

2. Preliminaries

2.1. Lattices and Polytopes. In this section, we provide a brief exposition on the mirror
construction for Calabi-Yau complete intersections in toric Fano varieties by Batyrev and
Borisov. We also provide a recap of the conjecture of Batyrev and Nill on the derived
equivalence of toric “double mirrors.” More detailed references for this construction include
[BB97, BN07, Li13].

Let M be a lattice of rank d and N be its dual lattice with pairing

〈, 〉 : M ×N → Z .
Set MR := M ⊗ R and NR = N ⊗ R. We extend the pairing to 〈, 〉 : MR × NR → R in the
natural way.

Definition 2.1. A polytope is the convex hull of a finite set of vectors in MR.

Definition 2.2. A lattice polytope is the convex hull in MR of a finite set of vectors in M .

Definition 2.3. We define the dual polytope ∆∨ to a lattice polytope ∆ in MR to be

∆∨ := {n ∈ NR| 〈m,n〉 ≥ −1 for all m ∈ ∆} ⊆ NR.

Definition 2.4. We say ∆ is reflexive if the dual polytope ∆∨ is a lattice polytope. If there
exists an interior lattice point m ∈ ∆ so that (∆−m)∨ is a lattice polytope, we say that ∆
is reflexive with respect to m. We say the polytope ∆ is Gorenstein of index r if r∆ contains
an interior lattice point m and the polytope r∆−m is reflexive.

We can extend the lattices M and N to lattices M = M ⊕Zr and N = N ⊕Zr and obtain
a new pairing

〈, 〉 : M ×N → Z
defined to be 〈(m, ai), (n, bi)〉 := 〈m,n〉 +

∑
i aibi. Take ei to be the standard elementary

basis for Zr when added to N to create the direct sum N and take its dual basis e∗i for
Zr when added to M to create M . Let σ ⊆ MR be a (d + r)-dimensional, strictly convex,
polyhedral cone with vertex 0 ∈M . We define the dual cone σ∨ to the cone σ to be

σ∨ :=
{
n ∈ NR

∣∣ 〈m,n〉 ≥ 0 for all m ∈ σ
}
.

The dual cone σ∨ is also a (d + r)-dimensional, strictly convex, rational, polyhedral cone
with vertex 0 ∈ N .
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Definition 2.5. A (d + r)-dimensional rational polyhedral cone σ is a Gorenstein cone if it
is generated by finitely many lattice points that are contained in an affine hyperplane{

m ∈MR
∣∣ 〈m,n〉 = 1

}
for some n ∈ N . The point n is uniquely determined. We call this element the degree
element and we denote it by deg∨. We define the kth slice of σ to be

σ(k) :=
{
m ∈MR

∣∣ 〈m, deg∨〉 = k
}

Given a Gorenstein cone σ, the lattice polytope σ(1) is called the support of σ.

Definition 2.6. A Gorenstein cone σ is called a reflexive Gorenstein cone if the dual cone σ∨

is also a Gorenstein cone. We denote the degree element relative to σ∨ to be deg ∈ M . We
define the index of a reflexive Gorenstein cone to be the integer 〈deg, deg∨〉.

We have the following proposition to relate many of these definitions.

Proposition 2.7 (Proposition 2.11 of [BB97]). Let σ be a Gorenstein cone σ ⊆ MR. The
following are equivalent:

a) the cone σ is a reflexive Gorenstein cone of index r;
b) the rth slice σ(r) of the cone σ is a reflexive polytope;
c) the polytope σ(1) is a Gorenstein polytope of index r.

In this case, σ(r) is a reflexive polytope with unique interior point deg.

2.2. Nef Partitions, Toric double mirrors and the Batyrev-Nill Conjecture.

Definition 2.8. Let ∆ ⊆ MR be a d-dimensional reflexive polytope with respect to m.
A nef partition of ∆ of length r is a decomposition of the polytope ∆ into r polytopes
∆1, . . . ,∆r ⊆MR and a choice of lattice points pi ∈ ∆i so that the sum of the lattice points
pi is m and the Minkowski sum ∆1 + . . .+ ∆r is equal to the polytope ∆.

The Cayley polytope of length r is

∆1 ∗ . . . ∗∆r := Conv((∆1 + e∗1), . . . , (∆r + e∗r)) ⊆MR

The cone
R≥0(∆1 ∗ . . . ∗∆r) = R≥0(∆1 + e∗1) + . . .+ R≥0(∆r + e∗r)

is the Cayley cone associated to the nef partition {∆i}.
If the affine space generated by the polytopes ∆i is the vector space MR, then the Cayley

cone is a Gorenstein cone of dimension d+ r with support ∆1 ∗ . . . ∗∆r.

Proposition 2.9 (Proposition 2.3 of [BN07]). Let σ ⊆MR be a Gorenstein cone of dimen-
sion d+ r. Then the following statements are equivalent:

a) the cone σ is a Cayley cone associated to r lattice polytopes;
b) the support σ(1) is a Cayley polytope of length r;

c) There is a lattice projection M → Zr, which maps σ(1) surjectively to the polytope
Conv(e∗1, . . . , e

∗
r);

d) There are nonzero elements e′1, . . . , e
′
r ∈ σ∨ ∩N such that

∑
i e
′
i = deg∨.

Moreover, the lattice vectors e∗i form a part of a basis of N and the Cayley structure of σ(1)

is uniquely determined by t polytopes

∆i :=
{
x ∈ σ(1)

∣∣ 〈x, e′j〉 = 0 for j 6= i
}
− e∗i



6 FAVERO AND KELLY

for each i where ei are part of a dual basis. These polytopes have the property that 〈∆i, e
′
i〉 = 1.

We can now define a class of Cayley cones that is maximal in some sense:

Definition 2.10 (Definition 2.4 of [BN07]). A reflexive Gorenstein cone σ is called completely
split if it can be realized as a Cayley cone associated to r lattice polytopes where r is the
index of the cone, i.e., 〈deg, deg∨〉 = r.

We can tell which polytopes ∆ yield a nef partition. Consider the following definition:

Definition 2.11 (Definition 2.7 of [BN07]). Let ∆ ⊆MR be a d-dimensional lattice polytope.
A simplex S spanned by r affinely independent lattice points in ∆ is called a special (r− 1)-
simplex of ∆ if each facet of ∆ contains exactly r − 1 vertices of S.

We now have the following equivalent conditions

Proposition 2.12 (Proposition 3.6 of [BN07]). Let ∆ be a polytope which is reflexive with
respect to m and ∆1, . . . ,∆r be lattice polytopes such that

∆1 + . . .+ ∆r = ∆.

The following are equivalent:

a) The dual of the Cayley cone is a completely split reflexive Gorenstein cone of index r;
b) The Cayley polytope ∆1 ∗ · · · ∗∆r is a Gorenstein polytope of index r containing a special

(r − 1)-simplex;
c) There exists lattice points pi ∈ ∆i such that

∑
pi = m, i.e., ∆1 + . . . + ∆r = ∆ is a

nef-partition.

Let
pi ∈ ∆i,∆1 + . . .+ ∆r = ∆

be a nef partition. For any j, we define the polytope

∇j = {n ∈ NR|〈m,n〉 ≥ −δij for all m ∈ ∆i − pi for all i} .
It can be shown that for all i, the polytope ∇i is a lattice polytope. We can define a polytope
∇ that is the Minkowski sum of all the ∇i:

∇ := ∇1 + . . .+∇r.

Proposition 2.13 (Propositions 3.13 and 3.18 of [BN07]). The r polytopes ∇j define a nef-
partition. The polytope Conv(∆1, . . . ,∆r) is dual to ∇. Analogously, the polytope Conv(∇1, . . . ,∇r)
is dual to ∆−m.

We now consider the case where ∆ contains two different special (r − 1)-simplices S and
S ′ and the dual polytope ∆∨ contains a special (r− 1)-simplex T . The two special simplices
S and S ′ define two collections of lattice points pi and p′i in ∆i such that

0 =
∑
i

pi =
∑
i

p′i,

by Proposition 2.12. By taking the dual nef partitions ∇i to ∆i and ∇′i to ∆′i := ∆i−pi+p′i,
one may get very different polytopes. The corresponding generic complete intersection Z∆i

in X∆ is isomorphic to some corresponding generic complete intersection Z∆′i
in X∆. When

it comes to the dual nef partitions and their generic complete intersections Z(∇i) and Z(∇′i),
we are not given such a nice correspondence.
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Example 2.14. We repeat Example 5.1 of [BN07] for the convenience of the reader. The
relevant polytopes are pictured in Figure 1.

∆1

∆2

∆′1

∆′2

∇2

∇1

∇′2

∇′1
∇ ∇′

Figure 1. The polytopes ∆1,∆2,∆
′
1,∆

′
2,∇1,∇2,∇′1,∇′2,∇, and ∇′.

We have,

X∇ = P(1 : 1 : 2) and X∇′ = P1×P1 .

We label coordinates on P(1 : 1 : 2) by a, b, c where c has degree 2 and coordinates on P1×P1

by x0, x1, y0, y1. The dual nef-partitions ∇1,∇2 and ∇′1,∇′2 correspond to the vector bundles
O(2) ⊕ O(2) and O(2, 1) ⊕ O(0, 1). The sections of these bundles are identified via the
isomorphism

∇1 ∗ ∇2
∼= ∇′1 ∗ ∇′2.

We list the monomial section pairing in coordinates for this isomorphism in Figure 2 where
we label sections of the second summand of O(2) with a prime. By inspection, the multiple
mirrors are isomorphic in this case and there are two cases; single points and double points.

c y0

c′ y1

a2 x2
0y0

ab x0x1y0

b2 x2
1y0

(a′)2 x2
0y1

a′b′ x0x1y1

(b′)2 x2
1y1

Figure 2. Monomials associated to lattice points in ∇1 ∗ ∇2
∼= ∇′1 ∗ ∇′2.

Recently, Z. Li [Li13] proved that the ambiguity of dual nef-partitions is rectified by
birationality.

Theorem 2.15 (Theorem 4.6 of [Li13]). The generic complete intersection Z(∇i) is birational
to a complete intersection Z(∇′i).

This answers affirmatively Question 5.2 of [BN07]. Batyrev and Nill further conjectured
(Conjecture 5.3 of [BN07]) that the derived categories of coherent sheaves on Z(∇i) and Z(∇′i)
are equivalent. Theorem 6.3 proves this conjecture at the level of stacks.
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3. Categories of Singularities

In this section, we discuss categories of singularities, which first appeared in [Orl04]. For
our purposes, it will be necessary to define them for a certain class of stacks, and recollect
some basic aspects about them in this context.

Let X be a variety and G be an algebraic group acting on X.

Definition 3.1. An object of Db(coh[X/G]) is called perfect if it is locally quasi-isomorphic
to a bounded complex of vector bundles. We denote the full subcategory of perfect objects
by Perf([X/G]). The Verdier quotient of Db(coh[X/G]) by Perf([X/G]) is called the category
of singularities and denoted by

Dsg([X/G]) := Db(coh[X/G])/Perf([X/G]).

Consider a variety X with the action of an algebraic group G and a G-equivariant vector
bundle E on X. Take the G-invariant section s ∈ H0(X, E) and consider the zero locus Z of
s in X. The pairing with s induces a global function on the total space of E∨. We denote by
Y the zero locus of the pairing with s. We now consider the fiberwise dilation action of Gm

on Y , which helps us relate the category of singularities with the bounded derived category.

Theorem 3.2 (Isik, Shipman). Suppose the Koszul complex on s is exact. Then there is an
equivalence of categories

Dsg([Y/(G×Gm)]) ∼= Db(coh[Z/G]).

Proof. The statement without G is exactly that in [Isi13]. Using the equivalent category
of factorizations which we avoid in this paper for technical simplicity, the result is also in
[Shi12].

The proof in [Isi13] extends to G-equivariant sheaves, as the main technical tool used in
[MR11] extends to G-equivariant sheaves (see Section 4.3 of [MR11]).

One can also extend the proof in [Shi12] using the category of G-equivariant factorizations
[BFK11]. Here, the equivalence is given by the G-equivariant pullback to the fiber of tot(E∨)
over [Z/G] followed by the G-equivariant pushforward to tot(E∨). �

4. Torus Actions on Affine Space

Consider an affine space X := An+r with coordinates xi, uj for 1 ≤ i ≤ n, 1 ≤ j ≤ r. Let
T = Gn+r

m be the open dense torus with the standard embedding and action on X. Take

S ⊆ T to be a subgroup and let S̃ be the connected component of the identity.

We now consider the possible GIT quotients for the action of S̃ on X [MFK94]. To do so,
we need an ample equivariant line bundle on X. By necessity, we take the trivial bundle with
some equivariant structure. The choice of this equivariant structure amounts to a character

of S̃, i.e., an element χ ∈ Hom(S̃,Gm) from which we obtain a line bundle Oχ by pulling

back the representation of S̃ via the morphism of stacks [X/S̃]→ [pt /S̃].
One can create a nice pictoral understanding this choice. First, extend the choice of χ

by letting it be an arbitrary element of Hom(S̃,Gm)⊗ZQ. One can get an equivariant line
bundle simply by rationalizing denominators. By looking at the associate line bundle, each
χ determines an open subset Uχ corresponding to the semi-stable locus of X with respect to
χ. Since this semi-stable locus only depends of the ray which χ lies on, no harm is done by
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introducing rational coefficients. There is a fan ΣGKZ in Hom(S̃,Gm)⊗ZQ called the GKZ-fan
(or secondary fan), where Uχ is constant on the interior of each cone in the fan. The maximal
cones of this fan are called chambers and the codimension 1 cones are called walls.

Furthermore, given the action of S̃ on X, there are finitely many chambers σ1, ..., σt in
the fan ΣGKZ. To declutter notation, given any character χp in the interior of σp we can
consider the semi-stable points with respect to that character. This yields an open subset
in X which we denote by Up. Excellent and far more extensive references for this discussion
of toric GIT are [GKZ94, CLS11].

Definition 4.1. Let × : Gn+r
m → Gm be the multiplication map. We say that S satisfies

the quasi-Calabi-Yau condition if ×|S̃ = 1, i.e., the multiplication map restricted to S̃ is the
trivial homomorphism.

Definition 4.2. Let G be a group acting on a space X and let f be a global function on X.
We say that f is semi-invariant with respect to a character χ if, for any g ∈ G,

f(g · x) = χ(g)f(x).

Equivalently, this means that f is a section of the equivariant line bundle O(χ) on the global
quotient stack [X/G].

Remark 4.3. Each variable xi is semi-invariant with respect to a unique character of S
which we can denote by deg(xi). The quasi-Calabi-Yau condition is equivalent to∑

deg(xi) +
∑

deg(uj) (4.1)

being torsion.

As an aside, the derived categories Db(coh[Up/S]) are all equivalent [Kaw05]. However,
to suit our needs, namely to use Theorem 3.2, we will add an auxiliary Gm-action and
an S-invariant function which is semi-invariant with respect to the projection character
χ : S ×Gm → Gm. This auxiliary Gm-action acts with weight 0 on the xi for all i and with
weight 1 on the uj for all j. Using a term from the string theory literature, this auxiliary
action will be referred to as R-charge.

Also, notice the action of S on Specκ[uj] yields a character γj of S. For each i = 1, . . . , r,
let fi be a function in κ[xj] that is S-semi-invariant with respect to the character γ−1

j . These
functions fi determine a complete intersection in An by defining the function

w :=
r∑
j=1

ujfj.

Notice that w is S-invariant, i.e., homogeneous of degree 0 and homogeneous of degree 1
with respect to the R-charge. From a geometric perspective, this means w is a section of the
equivariant bundle O(χ) where χ : S×Gm → Gm is the projection character, or equivalently,
as mentioned above, w is semi-invariant with respect to χ. We call w the superpotential. Let
Z denote the zero-locus of w in X and

Zp := Z ∩ Up.

Theorem 4.4 (Herbst-Walcher). If S satisfies the quasi-Calabi-Yau condition, there is an
equivalence of categories,

Dsg([Zp/S ×Gm]) ∼= Dsg([Zq/S ×Gm])
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for all 1 ≤ p, q ≤ r.

Proof. This is essentially Theorem 3 of [HW12] stated in geometric as opposed to algebraic
language. For the geometric translation see [H-L15] Cor 4.8 and Prop 5.5. One can also use
Theorem 5.2.1 of [BFK12], this works for the equivalent language of factorization categories
as in Theorem 3.5.2 of loc. cit.

Technically, these theorems only state the derived equivalence for characters in adjacent
chambers of the GKZ fan (the fact that wall-crossing across two adjacent chambers in the
GKZ fan is elementary is Proposition 5.1.4 of loc. cit.) However, the equivalences can be
combined to get the statement for all chambers since the GKZ fan, is a fan with convex
support by Theorem 14.4.7 of [CLS11]. �

5. Toric Interpretation

In this section, we provide concrete combinatorial descriptions of the results in Section 4
in the language of toric geometry. More precisely, we review the fan description of toric
vector bundles. This combinatorial description is used in Section 6 to outline the Batyrev-
Borisov mirror construction [Bat94, Bor93, BB94, BB97]. We will in this chapter give a
stacky treatment of these toric vector bundles, reviewing of various results of Chapters 14
and 15 of [CLS11] as needed.

5.1. The GKZ, Triangulations, and Torus Actions. Following §15.2 of [CLS11], take
ν = (v1, . . . , vt) to be a collection of nonzero points in N lying in an affine hyperplane.
Denote by Qν the polytope that is the convex hull of the finite set ν. A triangulation T of ν
is a collection of simplices so that:

i. Each simplex in T has codimension 1 in NR with all of its vertices in ν.
ii. The intersection of any two simplices in T are a face of both simplices.

iii. The union of the simplices in T is the convex hull Qν .

There is a correspondence between the set of all triangulations of ν and the set of all
simplicial fans whose support is Cone(ν) with each of its 1-rays being generated by vi for
some i.

We want to restrict our attention to a particular subset of triangulations. Given nonneg-
ative weights ω = (w1, . . . , wt), we get the cone

Cν,ω = Cone((v1, w1), . . . , (vt, wt)) ⊆ NR × R .

The lower hull of Cν,ω is the collection of all cones that that are facets of Cν,ω whose inward
pointing normal has a positive last coordinate.

Taking the cones in the lower hull and applying the projection NR × R → NR gives a
collection of cones in NR. Let Σω be the fan in NR consisting of all these cones and their
proper faces. The fan Σω has support |Σω| = Cν and Σω(1) ⊆ {Cone(vi)| vi ∈ ν}.

Definition 5.1. A triangulation T of ν is regular if there are weights ω such that Σω is
simplicial and T = Σω ∩Qν .

Definition 5.2. A toric variety XΣ is semiprojective if it is projective over an affine and has
a torus fixed point.
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We can move between triangulations and actions on affine space as follows. Consider
ν = (v1, ..., vn) ⊆ N where N is a lattice of dimension d. We get a right exact sequence

M
fν−→ Zn π−→ coker(fν)→ 0 (5.1)

m 7→
t∑
i=1

〈vi,m〉ei.

Applying Hom(−,Gm), we get a left exact sequence

0 −→ Hom(coker(fν),Gm)
π̂−→ Gn

m

f̂ν−→ Gd
m

We set
Sν := Hom(coker(fν),Gm)

The inclusion Sν → Gn
m gives the setup of Section 4 with Sν acting on An via this inclusion.

Similarly, starting with a subgroup S of Gn
m

0 −→ S
iS−→ Gn

m

p−→ Coker(iS)→ 0

We may apply Hom(−,Gm) to get

Hom(Coker(iS),Gm)
p̂−→ Zn îS−→ Hom(S,Gm)→ 0

So we may set νi(S) to be the element of Hom(Coker(iS),Gm)∨ given by the composition of

îS with the projection of Zn onto its ith factor and define

ν(S) := (ν1(S), ...., νn(S)).

Proposition 5.3. We have Sν(S) = S. Furthermore, if fν is injective then ν(Sν) = ν .

Proof. Starting with S we setN = Hom(Coker(iS),Gm)∨ so thatM = Hom(Coker(iS),Gm)free.
The map fν(S) is nothing more than the map p̂. Hence, the first statement follows from the
fact that S = Hom(Hom(S,Gm),Gm).

Starting with ν, we have S = Hom(coker(fν),Gm) and iS = π̂. Since fν is injective, f̂ν is
surjective and hence Gd

m = Coker iSν . Therefore, p̂ = fν and

νi(S) = p̂∨(ei)

= f∨ν (ei)

= νi.

�

Finally, consider a fan Σ ⊆ NR with n rays. We can associate a new fan

Cox(Σ) := {Cone(eρ| ρ ∈ σ)| σ ∈ Σ} ⊆ Rn = RΣ(1) .

Enumerating the rays, this fan is a subfan of the standard fan for An:

Σn := {Cone(ei| i ∈ I)| I ⊆ {1, ..., n}}.
Hence XCox(Σ) is an open subset of An.

Definition 5.4. We call XCox(Σ) the Cox open set associated to Σ. We define the Cox stack
associated to Σ to be

XΣ := [XCox(Σ)/SΣ(1)].

If ∆ ⊆M is a polyhedron then we take X∆ = XΣ where Σ is the normal fan to ∆.
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Theorem 5.5. If Σ is simplicial, then the coarse moduli space of XΣ is XΣ. When Σ is
smooth (or equivalently XΣ is smooth) XΣ

∼= XΣ.

Proof. This a combination of Proposition 5.1.9 and Theorem 5.1.11 in [CLS11]. �

If T is a triangulation of ν then we can form a similar stack. We will see below that this
stack is isomorphic as long as ν spans the lattice N .

Definition 5.6. Let T be a triangulation of ν. We define the Cox stack associated to T to
be

XT := [XCox(Σ) ×G|ν\Σ(1)|
m /Sν ]

where Σ is the fan associated to T .

Proposition 5.7. Let µ ⊆ ν be finite sets in N with the same convex hull. Let Tµ be a
triangulation of µ and Tν be the same triangulation regarded as a triangulation of ν. Assume
that µ spans NR. Then, there is an isomorphism of stacks

XTµ ∼= XTν .

Proof. Since µ spans NR, the map fµ is injective. Thus, we have the following diagram
determined by the snake lemma:

0 −−−→ 0 −−−→ Z|ν\µ| Z|ν\µ| −−−→ 0y y y
0 −−−→ M

fν−−−→ Z|ν| −−−→ coker(fν) −−−→ 0∥∥∥ y y
0 −−−→ M

fµ−−−→ Z|µ| −−−→ coker(fµ) −−−→ 0.

By definition, applying the exact functor Hom(−,Gm) induces an action of Sν on A|ν| and

Sµ on A|µ|.
We claim there is an isomorphism of stacks

[A|µ|×G|ν\µ|m /Sν ] ∼= [A|µ| /Sµ]

which restricts to the desired isomorphism

XTµ ∼= XTν
simply by localizing.

This isomorphism comes from reducing [A|µ|×G|ν\µ|m /Sν ] by a free action of G|ν\µ|m . We
can, dually, characterize this as a reduction of the coker(fν)-graded algebra,

κ[xv| v ∈ µ]⊗κ κ[xw, x
−1
w | w ∈ ν \ µ],

to the coker(fµ)-graded algebra,
κ[xv| v ∈ µ].

Indeed, since the xw are units, this reduction comes from setting xw = 1 and quotienting
coker(fν) by the subgroup generated by the degrees of xw for all w ∈ ν \µ. From the diagram
above, this quotient is coker(fµ). So we obtain the desired isomorphism of graded algebras
and the result follows.
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�

Corollary 5.8. Let Σ be the fan associated to a triangulation Tµ of µ such that µ = Σ(1).
Let ν be a finite set so that the convex hull of ν is equal to that of the convex hull of µ and
let Tν be the same triangulation as above but as a triangulation of ν instead of µ. Assume
that XΣ has no torus factors or, equivalently, µ spans NR. Then, there is an isomorphism
of stacks

XΣ
∼= XTν .

Proof. The fact that µ spans NR is equivalent to XΣ having no torus factors is Proposition
3.3.9 of [CLS11].

The result is then the special case of Proposition 5.7 where µ = Σ(1). �

Theorem 5.9. Let ν be a finite subset of N which spans NR. There is a bijection between
chambers of the GKZ fan for the action of Sν on A|ν| and regular triangulations of ν which
takes a chamber σp = (Σp, ∅) to a triangulation T p = Σp ∩ Qν such that for a generic
character χ ∈ σp,

[(A|ν|)ss(χ)/Sν ] ∼= XΣp .

Proof. See Proposition 15.2.9 of [CLS11] or Chapter 7, Theorem 1.7 of [GKZ94] for the
original formulation in terms of polytopes. The final statement follows from Corollary 5.8.

�

Given a set of lattices points ν, we may ask when Sν satisfies the quasi-Calabi-Yau condi-
tion. This turns out to be very similar to the notion of a Gorenstein cone.

Definition 5.10. We say that a finite set ν = {v1, ..., vn} ⊆ N satisfies the Calabi-Yau
condition if there exists a m ∈M such that 〈m, vi〉 = 1 for all i.

Example 5.11. If ν is the set of primitive ray generators of a Gorenstein cone, then it
satisfies the Calabi-Yau condition by definition.

Lemma 5.12. If the collection ν satisfies the Calabi-Yau condition, then the corresponding
torus Sν satisfies the quasi-Calabi-Yau condition.

Proof. The collection ν gives a map

M
f→ Z|ν| g→ coker→ 0

where f(m) :=
∑

v∈ν〈m, v〉ev. Therefore the Calabi-Yau condition on ν is equivalent to∑
v∈ν ev lying in the image of f which is the kernel of g.

Consider the map h : Z→ Z|ν| defined by h(1) =
∑

v∈ν ev. Another formulation is of the
Calabi-Yau condition on ν is g ◦ h = 0.

Recall that Sν = Gm ⊗ coker∨ and the inclusion is given by IdGm ⊗g∨. Furthermore,

under the identification Gm ⊗ Z|ν| ∼= G|ν|m , the multiplication map is just IdGm ⊗h∨. So the
quasi-Calabi-Yau condition on Sν can be formulated as IdGm ⊗(h∨ ◦ g∨) = 1.

So, we have reduced to observing that g ◦ h = 0 implies IdGm ⊗(h∨ ◦ g∨) = 1.
�
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Remark 5.13. As stated in the proof, assuming the quasi-Calabi-Yau condition on Sν is
equivalent to IdGm ⊗(h∨ ◦ g∨) = 1. This is equivalent to g ◦ h being torsion, which means
that the quasi-Calabi-Yau condition on Sν is slightly less restrictive than the Calabi-Yau
condition on the lattice points ν.

5.2. Split Toric Vector Bundles. In this subsection, we recall some basic facts about
vector bundles on toric varieties and then give their stacky analogues. We later specialize to
the context of nef partitions to prepare ourselves for the proof in the following section.

Let Σ ⊆ NR be a fan and XΣ be the corresponding toric variety. Each ray ρ ∈ Σ(1) gives a
torus invariant divisor Dρ and any Cartier divisor can be expressed as a linear combination,

D :=
∑
ρ∈Σ(1)

aρDρ.

We denote by LD the total space of OXΣ
(D). Adding a dilation action to the fibers endows

LD with the action of an open dense torus. Indeed LD is the toric variety associated to a
fan σD ⊆ NR × R defined as follows.

For any cone σ ∈ Σ, we define σD ⊆ NR × R by the formula

σD = Cone ((0, 1), (uρ,−aρ)| ρ ∈ σ(1)) .

The fan ΣD is defined as the collection of cones, σD for all σ ∈ Σ, and their proper faces.

Proposition 5.14. The map π : XΣD → XΣ induced by the projection NR ×R→ NR is the
usual bundle projection map.

Proof. This is Proposition 7.3.1 of [CLS11]. �

Iterating this construction provides the following description of a direct sum of line bundles.
Suppose one has r Cartier divisors Di =

∑
ρ∈Σ(1) aiρDρ. Let ei be the standard basis for Rr.

Given σ ∈ Σ, we define the cone

σD1,...,Dr := Cone (uρ − a1ρe1 − . . .− arρer| ρ ∈ σ(1)) + Cone(ei| i ∈ I ⊆ {1, ..., r})

and the the fan ΣD1,...,Dr to be the collection of cones σD1,...,Dr .

Remark 5.15. Any toric vector bundle that is also a toric variety is a direct sum of line
bundles which can be constructed as above [Oda78].

Notice that SΣ(1) ⊆ G|Σ(1)|
m . Hence, each ray ρ ∈ Σ(1) gives a character χρ of SΣ(1)

via composition with the projection. Hence, given a divisor D =
∑
aρDρ on XΣ, we can

associate a character

χD :=
∏

χaρρ

of Sν .

Proposition 5.16. Let D1, ..., Dr be divisors on XΣ. There is an isomorphism of stacks,

XΣD1,...,Dr
∼= tot(⊕ri=1OXΣ

(χDi)).

Proof. By definition

XΣD1,...,Dr
= [XCox(ΣD1,...,Dr

)/SΣD1,...,Dr
(1)].
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Now, there is a bijection

ΣD1,...,Dr(1)→ Σ(1) ∪ {1, . . . , r}

uρ −
∑

aiρei 7→ uρ

ei 7→ i.

This identifies

XCox(ΣD1,...,Dr
) ⊆ AΣD1,...,Dr

(1) = AΣ(1)×Ar .

Now, by definition, ΣD1,...,Dr consists of the cones

σD1,...,Dr := Cone (uρ − a1ρe1 − . . .− arρer| ρ ∈ σ(1)) + Cone(ei|i ∈ I ⊆ {1, ..., r}).

Recall the notation

Σr = {Cone(ei| i ∈ I)| I ⊆ {1, ..., r}}.
We have,

Cox(ΣD1,...,Dr) = {Cone(eρ| ρ ∈ σ)| σ ∈ ΣD1,...,Dr)}
= {Cone(eρ| ρ ∈ σ)| σ ∈ Σ} × Σr

= Cox(Σ)× Σr

The first line is by definition. The second line comes from the enumeration of cones of
ΣD1,...,Dr in terms of cones of Σ and subsets of {1, ..., r}. The third line is again by definition.

From the above we obtain the formula,

XCox(ΣD1,...,Dr
) = XCox(Σ) × Ar .

Now set ν to be the set of primitive ray generators of Σ and µ to be the set of primitive
ray generators of ΣD1,...,Dr . We claim that

Sν ∼= Sµ

under which Sν is embedded in G|ν|m ×Gr
m where the map to G|ν|m is the one that comes with

Sν , and the map to Gr
m is given by the characters χDi .

To prove the claim, first observe that ν gives a right exact sequence,

M → Z|ν| → coker→ 0

m 7→
∑
ρ∈Σ(1)

〈m,uρ〉eρ.

Similarly, µ gives a right exact sequence,

M ⊕ Zr → Z|ν|⊕Zr → coker→ 0

(m, v) 7→
∑
ρ∈Σ(1)

〈(m, v), uρ −
∑

aiρei〉eρ +
r∑
i=1

〈(m, v), ei〉ei.
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This latter map sends (m, 0) to
∑

ρ∈Σ(1)〈m,uρ〉eρ and (0, e∗i ) to −
∑

ρ∈Σ(1) aiρeρ + ei. Hence
the map

Z|ν|⊕Zr → Zν

ei 7→
∑
ρ∈Σ(1)

aiρeρ

induces an isomorphism of cokernels. Applying Hom(−,Gm) yields the isomorphism Sν ∼= Sµ
with the description claimed.

In summary,
[XCox(ΣD1,...,Dr

)/SΣD1,...,Dr
(1)] = [XCox(Σ) × Ar /SΣ(1)]

with the action on Ar given by the characters χD1 , ..., χDr . The result follows.
�

Lemma 5.17. Let Σ be a complete fan and

Di =
∑

aiρDρ

be nef divisors. The dual cone to |Σ−D1,...,−Dr | is equal to the Cayley cone on the set of
polytopes

∆i := {m ∈MR| 〈m,uρ〉 ≥ −aiρ for all ρ ∈ Σ(1)},
i.e.,

|Σ−D1,...,−Dr |∨ = R≥0(∆1 ∗ . . . ∗∆r) = R≥0(∆1 + e∗1) + . . .+ R≥0(∆r + e∗r).

Proof. First we show that

R≥0(∆1 ∗ . . . ∗∆r) ⊆ |Σ−D1,...,−Dr |∨.
For this, it is enough to show that (∆i + e∗i ) ⊆ |Σ−D1,...,−Dr |∨. Now notice that

∆i = {m ∈MR| 〈m,uρ〉 ≥ −aiρ for all ρ ∈ Σ(1)}.
Hence, if we pair m+ e∗i ∈ ∆i with a primitive ray generator ej we get δij ≥ 0 and if we pair
m+ e∗i with a primitive ray generator uρ +

∑r
i=1 aiρei we get 〈m,uρ〉+ aiρ ≥ 0.

Now we show that
|Σ−D1,...,−Dr |∨ ⊆ R≥0(∆1 ∗ . . . ∗∆r).

Let (m, c1, ..., cr) ∈ |Σ−D1,...,−Dr |∨. As ei ∈ |Σ−D1,...,−Dr |, we have an inequality

〈(m, c1, ..., cr), ei〉 = ci ≥ 0.

Similarly, (uρ, a1ρ, ..., arρ) ∈ |Σ−D1,...,−Dr | implies that

〈(m, c1, ..., cr), (uρ, a1ρ, ..., arρ)〉 = 〈m,uρ〉+
∑

ciaiρ ≥ 0.

Hence, m lies in the polytope

∆∑
ciDi := {m ∈MR| 〈m,uρ〉 ≥ −

∑
ciaiρ for all ρ ∈ Σ(1)}.

Now, since each Di is nef, Lemma 6.16 and Theorem 6.17(g) of [CLS11], imply that

∆i = {m ∈MR | mind∈∆i
〈d, u〉 ≤ 〈m,u〉}.

and
∆∑

ciDi := {m ∈MR | mind∈∆∑
ciDi
〈d, u〉 ≤ 〈m,u〉}.
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Hence, by Theorem A.18 of [Oda88],

∆∑
ciDi =

∑
ci∆Di .

Therefore, m ∈
∑
ci∆Di . So, we may write

m =
∑

mi

for some mi ∈ ci∆Di . Then,

(m, c1, ..., cr) =
∑

(mi + cie
∗
i ) ∈ R≥0(∆1 + e∗1) + . . .+ R≥0(∆r + e∗r).

�

Remark 5.18. The lemma above is essentially the special case for toric varieties of the
statement that global functions on a vector bundle E are given by⊕

i∈N

H0(Symi(E∨)).

Lemma 5.19. Let Σ be a fan and suppose XΣ is semiprojective. Let D be a nef divisor.
Then totO(−D) is semiprojective.

Proof. By Proposition 7.2.9 of [CLS11], Σ has full dimensional convex support. The support
of Σ−D is

|Σ−D| = {(u, λ)|λ ≥ φ−D(u)} = {(u, λ)|λ ≤ φD(u)}
where φ−D is the support function corresponding to −D (see e.g. page 335 of [CLS11]). By
Theorem 6.1.7 of loc. cit. φD is convex since being globally generated is equivalent to being
nef when Σ has full-dimensional convex support (Theorem 6.3.12 of loc. cit.). Hence given
(u, λ), (u, λ′) ∈ |Σ−D|, we have

tλ+ (1− t)λ′ ≤ tφD(u) + (1− t)φD(u′)

≤ φD(tu+ (1− t)u′).

Therefore |Σ−D| is convex.
By Proposition 7.2.9 of [CLS11] XΣ−D is semiprojective if and only if XΣ−D is quasi-

projective and Σ−D has full dimensional convex support. Since XΣ−D is a vector bundle over
a quasi-projective variety, the pullback of any ample line bundle is ample. Therefore XΣ−D

is quasi-projective. Furthermore, let σ be a maximal cone in Σ (which exists since X is
semiprojective). Then the cone Cone(uρ −

∑
aiρ| ρ ∈ σ(1)) + Cone(e1, ..., er) ⊆ (N ⊕ Zr)R

and therefore has full dimensional support.
�

We now specialize to the case of a nef-partition i.e. let Di 6= 0 be nef divisors on XΣ such
that

D1 + . . .+Dr = −K := −
∑
ρ∈Σ(1)

Dρ

as subvarieties (not just up to linear equivalence). In the case where Σ is the normal fan
to a reflexive polytope ∆, recall that a nef partition can be equivalently characterized as
p1 ∈ ∆1, . . . , pr ∈ ∆r such that ∆1 + . . .+ ∆r = ∆ and

∑r
i=1 pi is the unique interior lattice

of ∆.
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Proposition 5.20. Let Σ be a simplicial fan and suppose XΣ is semiprojective. Let Di =∑
ρ∈Σ(1) aiρDρ be nef-divisors for i = 1, . . . , r. Define

ν−D1,...,−Dr := {(uρ +
∑

aiρei)| ρ ∈ Σ(1), 1 ≤ i ≤ r} ∪ {e1, ..., er} ⊆ NR × Rr .

Then Σ−D1,..,−Dr ∩ Conv(ν−D1,...,−Dr) is a regular triangulation of ν−D1,..,−Dr .

Proof. First, |Σ−D1,..,−Dr | = Cone(ν−D1,...,−Dr) by definition. Second, XΣ−D1,..,−Dr
is semipro-

jective by iterating Lemma 5.19. Third, the rays of Σ−D1,..,−Dr are precisely the elements of
ν, also by definition.

Therefore the fan Σ−D1,..,−Dr and the set I∅ = ∅ satisfy the conditions of Proposition
14.4.1 of [CLS11]. Hence, we get a chamber of the GKZ fan corresponding to the GKZ cone
associated to this fan and set.

By Theorem 5.9, Σ−D1,..,−Dr ∩ Conv(ν−D1,...,−Dr) is a regular triangulation of ν. �

Since the above proposition requires Σ to be simplicial, if we want to apply it more
generally, we will need to replace an arbitrary fan Σpre with a simplicial refinement.

Proposition 5.21. Every fan Σpre has a refinement Σ with the following properties:

(1) Σ is simplicial.
(2) Σpre(1) = Σ(1).
(3) Σ contains every simplicial cone of Σpre.
(4) Σ is obtained from Σpre by a sequence of star subdivisions.
(5) The induced toric morphism XΣ → XΣpre is projective.

Proof. This is Proposition 11.1.7 of [CLS11]. �

Lemma 5.22. Let K := −
∑

ρ∈Σ(1)Dρ and Di 6= 0 be effective divisors on XΣ such that

D1 + ... + Dr = −K as subvarieties. Then |Σ−D1,...,−Dr | is a Gorenstein cone and the
primitive ray generators of Σ−D1,...,−Dr lie in |Σ−D1,...,−Dr |(1).

Proof. By definition the ray generators are

Σ−D1,...,−Dr(1) = {e1, ..., er} ∪ {uρ +
r∑
i=1

aiρei| ρ ∈ Σ} ⊆ (N × Zr)R.

Now, since by assumption,

D1 + ...+Dn = −K =
∑
ρ∈Σ

Dρ

we see that for each ρ there is a unique i such that aiρ = 1 and aiρ = 0 otherwise. Since the
uρ are primitive, this implies the ray generators above are also primitive. Now simply notice
that setting deg∨ :=

∑r
i=1 e

∗
i the above observation is equivalent to the fact that all the ray

generators lie in the affine hyperplane 〈deg∨,−〉 = 1. Hence |Σ−D1,...,−Dr | is Gorenstein and
the primitive ray generators of Σ−D1,...,−Dr lie in |Σ−D1,...,−Dr |(1). �

Proposition 5.23. Let ∆ be a reflexive polytope and Σ be its normal fan. Consider a nef
partition, ∆1, ...,∆r and the associated divisors Di given by the sections corresponding to
pi ∈ ∆i. The cone |Σ−D1,...,−Dr | is a completely split reflexive Gorenstein cone of index r
whose dual cone is the Cayley cone of ∆1, ...,∆r and the primitive ray generators of the fan
Σ−D1,...,−Dr lie in |Σ−D1,...,−Dr |(1).
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Proof. This is just an assembly of previous results. By Lemma 5.17, |Σ−D1,...,−Dr | is the dual
cone to the Cayley cone of ∆1, . . . ,∆r. By Proposition 2.12, it follows that |Σ−D1,...,−Dr | is
a completely split reflexive Gorenstein cone of index r. By Lemma 5.22, the primitive ray
generators lie in |Σ−D1,...,−Dr |(1). �

6. Proof of the Batyrev-Nill Conjecture

Let σ ⊆ MR be a completely-split reflexive Gorenstein cone of index r. Furthermore,
suppose we have multiple splittings,

σ = R≥0(∆1 ∗ . . . ∗∆r) = R≥0(∆′1 ∗ . . . ∗∆′r).

Remark 6.1. As a warning to the reader, we reverse the roles of ∆i and ∇i in the original
notation. That is, following the setup of [BN07], we would have have an isomorphism

R≥0(∇1 ∗ . . . ∗ ∇r) = R≥0(∇′1 ∗ . . . ∗ ∇′r)
instead of our assumption that

R≥0(∆1 ∗ . . . ∗∆r) = R≥0(∆′1 ∗ . . . ∗∆′r).

The statement of results does not require both nef-partitions, hence the reversal.

By Proposition 2.9, the degree element can be simultaneous expressed as a sum of nonzero
elements,

deg∨ =
r∑
i=1

ei =
r∑
i=1

e′i.

where
∆i := {x ∈ σ(1)| 〈x, ej〉 = 0 for j 6= i}

and similarly
∆′i := {x ∈ σ(1)| 〈x, e′j〉 = 0 for j 6= i}.

Let
w :=

∑
m∈σ(1)

cmx
m.

Since
σ(1) = ∆1 ∗ . . . ∗∆r = ∆′1 ∗ . . . ∗∆′r,

we can write

w =
r∑
i=1

wi =
r∑
i=1

w′i

where
wi :=

∑
m∈∆i

cmx
m and w′i :=

∑
m∈∆′i

cmx
m.

We set the Minkowski sums of polytopes

∆ := ∆1 + . . .+ ∆r and ∆′ := ∆′1 + . . .+ ∆′r

We may view wi as a section of OX∆
(χDi) where Di is the divisor associated to ∆i and

similarly view w′i as a section of OX∆′
(χD′i) where D′i is the divisor associated to ∆′i.

Let Σ (respectively Σ′) be a simplicial refinement of the normal fan to ∆ (respectively ∆′)
satisfying the properties of Proposition 5.21 (this corresponds to Batyrev’s MPCP desingu-
larization in the introduction). Let Z be the closed substack of XΣ defined by the common
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zeros of the pullbacks of wi and Z ′ be the closed substack of XΣ′ defined by the common
zeros of the pullbacks of the w′i.

Remark 6.2. If XΣ is smooth then by Theorem 5.5,

XΣ
∼= XΣ

and Z is the closed subvariety of XΣ defined by the common zeros of the pullbacks of the wi.
Similarly, if X ′Σ is smooth, then Z ′ is the closed subvariety of XΣ′ defined by the common
zeros of the pullbacks of the w′i.

The following theorem is the stacky interpretation of Conjecture 5.3 of Batyrev and Nill
in [BN07], following the clarification of this conjecture in Remark 5.4 of loc. cit.

Theorem 6.3. Assume that Z,Z ′ have the expected dimension dimσ− 2r. Then there is an
equivalence of categories

Db(cohZ) ∼= Db(cohZ ′).

Proof. Take the set ν = N ∩ σ∨(1). The set ν manifestly satisfies the Calabi-Yau condition,
hence satisfies the quasi-Calabi-Yau condition for Sν by Lemma 5.12.

Let Σ (respectively Σ′) be a simplicial refinement of the normal fan to ∆ (respectively ∆′)
satisfying the properties of Proposition 5.21. By Propositions 5.20 and 5.23, the collection
Σ−D1,...,−Dr provides a regular triangulation of σ∨ with vertices in ν. Similarly, the collection
Σ′−D′1,...,−D′r

where Σ′ is the normal fan to ∆′ provides another regular triangulation of σ∨

with vertices in ν.
By Theorem 5.9, these two regular triangulations correspond to chambers of the GKZ fan

for the action of Sν on A|ν| with Cox open sets which we enumerate by Up, Uq respectively
so that by Proposition 5.16,

[Up/Sν ] = XΣ−D1,...,−Dr
= tot(⊕ri=1OXΣ

(χ−Di))

and

[Uq/Sν ] = XΣ′−D′1,...,−D
′
r

= tot(⊕ri=1OX ′Σ(χ−D′i)).

Also notice that w is an Sν invariant function since it descends to sections⊕wi ∈ ⊕H0(O(Di))
and ⊕w′i ∈ ⊕H0(O(D′i)) respectively.

Now we add R-charge. This is a Gm action on A|ν|, which for xv and s ∈ Gm is given
explicitly as

s · xv :=

{
sxv if v ∈ {e1, . . . , er}
xv if v /∈ {e1, . . . , er}.

(6.1)

This R-charge is the fiberwise dilation for XΣ−D1,...,−Dr
under the isomorphism with [Up/Sν ],

i.e., there is an isomorphism

[Up/Sν ×Gm] ∼= [XΣ−D1,...,−Dr
/Gm] (6.2)

where Gm acts by fiberwise dilation.
We now check that this can be realized as fiberwise dilation on the quotient

[Uq/Sν ×Gm] ∼= [XΣ′−D′1,...,−D
′
r

/Gm].

This is not immediate and requires the use of an automorphism of Sν ×Gm.
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Without loss of generality, we may reorder our sets so that

{e1, . . . , er} ∩ {e′1, . . . , e′r} = {e1, . . . , ec} = {e′1, . . . , e′c}
Then we have an equality

r∑
i=c+1

ei =
r∑

i=c+1

e′i. (6.3)

Also consider the Gm acting on Aν so that for v ∈ ν, s ∈ Gm acts by

s · xv :=


1
s
xv if v = ei for c+ 1 ≤ i ≤ r

sxv if v = e′i for c+ 1 ≤ i ≤ r

xv otherwise

(6.4)

We claim that Gm ⊆ Sν . By definition, Sν lies in an exact sequence

0 −→ Sν
π̂−→ Gn

m

f̂ν−→ Gd
m

and the Gm above lies in Gn
m, so it is enough to check that f̂ν(Gm) is trivial (see Equation (5.1)

for a definition). This follows from the vanishing of

fν(
r∑

i=c+1

eei −
r∑

i=c+1

ee′i) =
r∑

i=c+1

ei −
r∑

i=c+1

e′i = 0

since after applying Hom(−,Gm) the vector
∑r

i=c+1 eei −
∑r

i=c+1 ee′i is the generator of Gm.
Now notice that Sν ⊆ Gν

m so that projection onto the factor corresponding to v ∈ ν gives
a character χv. Setting v = e′r splits the above Gm ⊆ Sν .

Let Sν = Sν ×Gm using the above splitting. There is an automorphism

F : (Sν ×Gm)×Gm → (Sν ×Gm)×Gm

(s̄, s1, s2) 7→ (s̄, s2s1, s2)).

Under F , the action of Sν × 1 on A|ν| is the same as F (Sν × 1) = Sν × 1. However, the
projection action of 1×Gm, becomes the action of the element F (1, 1, s) = (1, s, s).

The action of (1, t, 1) is given by Equation (6.4) and the action of (1, 1, s) is given by
Equation (6.1). Combining these two equations we get:

(1, s, s) · xv :=

{
sxv if v ∈ {e′1, . . . , e′r}
xv if v /∈ {e′1, . . . , e′r}

(6.5)

This is the R-charge on XΣD′1,...,D
′
r

= [Uq/Sν ] i.e., using the automorphism F , we have realized

an isomorphism
[Uq/Sν ×Gm] ∼= [XΣ−D′1,...,−D

′
r
/Gm] (6.6)

where Gm acts by fiberwise dilation. We now have

Db(cohZ) ∼= Dsg([Zp/Sν ×Gm])
∼= Dsg([Zq/Sν ×Gm])

∼= Db(cohZ ′)

where the first line is Theorem 3.2 (uses Equation (6.2) and the assumption that Z has the
expected dimension), the second line is Theorem 4.4, and the third line is Theorem 3.2 again
(uses Equation (6.6) and the assumption that Z ′ has the expected dimension). �
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Remark 6.4. It does not follow from the above result that Z and Z ′ are birational. While,
Z and Z ′ are both open substacks of the critical locus of w modulo Sν , they lie on different
irreducible components. Indeed, Z ⊆ Z(xe1 , . . . , xer) while Z ′ ⊆ Z(xe′1 , . . . , xe′r). Moreover,
Z(xe1 , . . . , xer) and Z(xe′1 , . . . , xe′r) may be unstable loci which are exchanged when varying
GIT quotients for this action of Sν .

Remark 6.5. Assuming only that wi 6= 0, the theorem still holds if we replace Z,Z ′ by
their derived intersections in the sense of derived algebraic geometry. Namely, the Koszul
complex on wi and w′i respectively form differential graded schemes on X∆,X∆′ and the
derived categories of these differential graded schemes are equivalent, see Remark 3.7 of
[Isi13].
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