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ABSTRACT. We study Lagrangian embeddings of a class of two-dimensional cell
complexes Lp,q into the complex projective plane. These cell complexes, which we
call pinwheels, arise naturally in algebraic geometry as vanishing cycles for quotient
singularities of type 1

p2
(pq − 1, 1) (Wahl singularities). We show that if a pinwheel

admits a Lagrangian embedding into CP2 then p is a Markov number and we
completely characterise q. We also show that a collection of Lagrangian pinwheels
Lpi,qi , i = 1, . . . , N , cannot be made disjoint unless N ≤ 3 and the pi form part of
a Markov triple. These results are the symplectic analogue of a theorem of Hack-
ing and Prokhorov, which classifies complex surfaces with quotient singularities
admitting a Q-Gorenstein smoothing whose general fibre is CP2.

1. INTRODUCTION

Definition 1.1. Let p1, p2, p3 be positive integers. The triple (p1, p2, p3) is a Markov
triple if

(1) p2
1 + p2

2 + p2
3 = 3p1p2p3.

A theorem of Hacking and Prokhorov [9, 10] asserts that if X is a projective alge-
braic surface with quotient singularities which admits a Q-Gorenstein smoothing
to the complex projective plane CP2, then X is obtained by partially smoothing a
weighted projective plane CP(p2

1, p
2
2, p

2
3) for a Markov triple (p1, p2, p3). In partic-

ular, X has at most 3 singular points (this was also known earlier to Manetti [17]).
Kollár [15] has asked to what extent such theorems, which put constraints on orb-
ifold degenerations of algebraic surfaces, are purely topological. More precisely,
he conjectures that any compact smooth 4-manifold M with H1(M ;Z) = 0 and
H2(M ;Z) = Z can have at most five boundary components with finite but nontriv-
ial fundamental group. The relation between Kollár’s conjecture and degenerations
is that such a 4-manifold could be obtained by excising neighbourhoods of the sin-
gularities in a degeneration of a homology CP2, so this conjecture would provide
a topological upper bound on the number of orbifold singularities. This conjecture
is motivated by the orbifold Bogomolov-Miyaoka-Yau inequality (which provides
the upper bound on the number of singularities, but relies on some nontrivial al-
gebraic geometry).

In this paper, we show that the Hacking-Prokhorov theorem has a purely symplec-
tic analogue (Theorem 1.2 below). This can be interpreted as giving constraints on
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the topology and displaceability of Lagrangian embeddings of certain simple cell
complexes in CP2. We do not know if this can be further weakened to use only
methods of differential topology as Kollár conjectures.

An interesting feature of the algebraic surfaces above is that the cyclic quotient
singularities 1

p2
(1, pq − 1) which appear have vanishing Milnor number; the local

smoothing of the singularity is a rational homology ball Bp,q. From a symplectic
perspective, Bp,q is naturally a Stein domain, and retracts to a Lagrangian skeleton
Lp,q which we call a pinwheel, homotopy equivalent to the Moore space M(Z/p, 1).
(In the simplest example B2,1

∼= T ∗RP2 and L2,1
∼= RP2.) One can formulate po-

tential symplectic counterparts to (strengthenings of) the Hacking-Prokhorov theo-
rem by asking for constraints on four-dimensional symplectic orbifolds which can
be smoothed to P2, or by asking about symplectic embeddings qiBpi,qi ⊂ P2,
or embeddings of the corresponding Lagrangian skeleta. Symplectic embedding
questions for rational balls were first considered by Khodorovskiy [12, 13, 14]; see
also [16].

Theorem 1.2. LetN be a positive integer andBpi,qi ⊂ CP2, i = 1, . . . , N , be a collection
of symplectic embeddings having pairwise disjoint images. Equivalently, let Lpi,qi ⊂ CP2

be a collection of pairwise disjoint Lagrangian pinwheels. Then N ≤ 3 (Corollary 4.19).
Moreover:

A. (Theorem 4.15) If N = 1 then p1 belongs to a Markov triple (p1, b, c). Moreover,
q1 = ±3b/c mod p1.

B. (Theorem 4.16) If N = 2 then p1 and p2 belong to a Markov triple (p1, p2, c).
Moreover, q1 = ±3p2/c mod p1 and q2 = ±3p1/c mod p2.

C. (Theorem 4.18) If N = 3 then (p1, p2, p3) is a Markov triple. Moreover, qi =
±3pj/pk mod pi where i, j, k is a permutation of 1, 2, 3.

Corollary 1.3. We have the following consequences for Lagrangian embeddings.

A. If p is not a Markov number, or if p is Markov but q 6= ±3b/c for any b, c < p with
p2 + b2 + c2 = 3pbc, then there is no Lagrangian embedding of Lp,q into CP2. In
particular, if q2 6= −9 mod p then there is no Lagrangian embedding of Lp,q into
CP2.

B. If p and p′ are Markov numbers but do not form part of a Markov triple, and Lp,q
and Lp′,q′ are Lagrangian pinwheels in CP2 then they cannot be disjoined from
one another by a Hamiltonian isotopy.

Proof. This is immediate from Theorem 1.2 A and B. The only nontrivial observa-
tion is that if q = ±3b/c for some Markov triple (p, b, c) then q2 = −9 mod p [4,
Chapter I.3, Equation (6)]. �

Remark 1.4. The first few Markov triples are:

(1, 1, 1), (1, 1, 2), (1, 2, 5), (1, 5, 13), (2, 5, 29),

(1, 13, 34), (5, 13, 194), (5, 29, 433), (2, 29, 169), . . .
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A number appearing in a Markov triple is called a Markov number; see [21] for more
Markov numbers. Markov numbers share some arithmetic properties. For exam-
ple, since p2

1 + p2
2 = (3p1p2 − p3)p3, p3 is a factor of a sum of squares; therefore all

odd prime factors of a Markov number are congruent to 1 modulo 4. In particular,
Theorem 1.2 implies that B3,q, B7,q, B11,q . . . never embed symplectically in CP2.

Remark 1.5. For every Markov triple (p1, p2, p3) there exist three disjoint Lagrangian
pinwheelsLpi,qi ⊂ CP2, which are the vanishing cycles of the Q-Gorenstein degen-
eration to CP(p2

1, p
2
2, p

2
3) so the result is sharp. This gives many pairs of Lagrangian

pinwheels which cannot be displaced from one another. Since these Lagrangians
are not even immersed submanifolds it is not clear how to prove this nondisplace-
ability result using classical Floer theory.

Remark 1.6. The sign ambiguity in qi = ±3pj/pk mod pi is not really an ambiguity
at all, as Bp,q and Bp,p−q are symplectomorphic; see Remark 2.8.

Remark 1.7. The equivalence of the statements about Lagrangian pinwheels and
symplectic rational homology balls follows from a neighbourhood theorem due to
Khodorovskiy, see Section 2.1 below.

Remark 1.8. The exotic monotone Lagrangian tori discovered by Vianna [23, 24] are
also in bijection with Markov triples; they are constructed by taking the barycentric
torus in a toric weighted projective plane CP(p2

1, p
2
2, p

2
3) and transporting it to a

nearby smooth fibre in the Q-Gorenstein degeneration (as such, they are disjoint
from the pinwheel vanishing cycles). Indeed, the neck-stretching arguments used
to constrain the superpotential in Vianna’s paper [24] were important inspiration
for the current paper.

Remark 1.9. It would be interesting to investigate this relationship further for Del
Pezzo surfaces with b2 > 1. On the one hand, Vianna’s work [25] gives a plethora of
almost toric structures corresponding to solutions of Diophantine equations, where
there are visible embedded pinwheels; on the other hand, the literature on the re-
lated problem of classifying helices on del Pezzo surfaces suggests that CP2 and
its relation to Markov triples is a special case [11].

The idea of the proof is as follows. Given a rational ball Bp,q ⊂ CP2, one can
stretch the neck (in the sense of symplectic field theory) around ∂Bp,q and study
the limits of holomorphic lines in CP2. Those limits compactify to give holomor-
phic curves in orbifold degenerations of CP2, and our results are essentially appli-
cations of Weimin Chen’s orbifold adjunction formula to these curves, in the spirit
of W. Chen’s own work [5, 6], together with a number-theoretic result on Markov-
type Diophantine equations due to Rosenberger [20].

Outline. In Section 2, we review some basic topological facts about Lagrangian
pinwheels Lp,q and about the symplectic rational homology balls Bp,q.

In Section 3, we explain how one can replace a symplectic rational homology ball
Bp,q ⊂ X by an orbifold singularity. We also review W. Chen’s theory of holomor-
phic curves in orbifolds, including the adjunction formula and the formula for the
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virtual dimension of the moduli space of orbifold curves. These are our main tools
in what follows.

Section 4 is the bulk of the proof. In Section 4.2, we prove that if a symplectic orb-
ifold X̂ arises from X = CP2 by collapsing N symplectically embedded rational
homology ballsBpi,qi , i = 1, . . . , N , then there are strong constraints on the orbifold
curves Ĉ of low degree in X̂ . In particular, if the degree is less than ∆ :=

∏N
i=1 pi

then we show that if Z ⊂ Ĉ is the set of orbifold points then 1 ≤ |Z| ≤ 2. In Sec-
tion 4.5, we show that (a) there are always curves with |Z| = 1 and positive virtual
dimension, and (b) if X̂ has multiple singularities, then there are also curves with
|Z| = 2 which meet particular pairs of orbifold points.

The |Z| = 1 curves allow us to prove Theorem 1.2 A. We will show that the adjunc-
tion formula for such curves becomes the Markov equation, where the numbers b
and c have the following geometric interpretation: in a local lift of the curve to C2

in a neighbourhood of the orbifold point C2/Γ, the link of the orbifold point of the
curve is a (b2, c2)-torus knot.

The |Z| = 2 curves allow us to prove Theorem 1.2 B. We will show that these curves
are suborbifolds, and again the adjunction formula becomes the Markov equation.

Theorem 1.2 C and the fact that N ≤ 3 (Corollary 4.19) follow readily from A and
B and elementary properties of Markov triples.

2. PINWHEELS AND RATIONAL HOMOLOGY BALLS

2.1. Lagrangian pinwheels and Khodorovskiy neighbourhoods.

Definition 2.1 (Pinwheel). Let D denote the unit disc in C and let ∼m denote the
equivalence relation on D which identifies z and z′ if z, z′ ∈ ∂D and (z/z′)m = 1.
The quotient space D/∼m is a CW-complex which we call the pinwheel Pm. The
image of ∂D in Pm is called the core circle. See Figure 1 for an illustration of a
neighbourhood of an arc in the core circle in P5.

Remark 2.2. The pinwheel Pm is a Moore space M(Z/(m), 1), that is its reduced
integral homology groups are

H̃k(Pm,Z) =

{
Z/(m) if k = 1

0 otherwise.

Definition 2.3 (Lagrangian pinwheel; see [14, Definition 3.1]). Let p be a positive
integer and 0 < q < p an integer coprime to p. A Lagrangian (p, q)-pinwheel in
a symplectic manifold (X,ω) is a smooth Lagrangian immersion f : D # X such
that:

• f |D\∂D is an embedding;

• f(x) = f(y) if and only if x, y ∈ ∂D with x ∼p y (in other words, f factors
through a continuous embedding Pp → X);
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• if f(x) = f(y) then f∗(TxD) 6= f∗(TyD).

The number q can be characterised as follows. Let θ be the angle coordinate on
D \ {0} and let Λ → D \ {0} be the S1-bundle whose fibre over x is the space of
Lagrangian 2-planes in Tf(x)X which contain f∗(∂θ). Let S = f(∂D) be the core
of the pinwheel. Since f(x) = f(y) if x ∼p y for x, y ∈ ∂D, the bundle Λ|∂D
restricted to the boundary of the disc is the pullback of a bundle Λ′ → S under
the p-fold covering map ∂D → S. Pick a trivialisation of Λ′ and extend it to a
trivialisation of Λ. We have a section σ : ∂D → Λ defined by σ(x) = f∗(TxD); this
section has a winding number q relative to the chosen trivialisation. If we change
the trivialisation of Λ′ and extend this to a new trivialisation of Λ then we change
q by a multiple of p. Hence the residue modulo p of the winding number is well-
defined. See Lemma 2.13 for a related characterisation of q.

FIGURE 1. A neighbourhood of an arc in the core circle in the pin-
wheel P5.

Definition 2.4. Let n be a positive integer and let µn = {ζ ∈ C : ζn = 1} denote
the group of complex nth roots of unity. Given integer weights m1, . . . ,mk, we
define the quotient singularity

1

n
(m1, . . . ,mk)

to be the singularity at 0 of the quotient of Ck by the action of µn with weights
m1, . . . ,mk:

(z1, . . . , zk) 7→ (ζm1z1, . . . , ζ
mkzk).

Example 2.5. Let p, q be coprime integers with 1 ≤ q < p. Let Γp,q be the action of
µp2 with weights (1, pq−1). The surface C2/Γp,q has a singularity of type 1

p2
(1, pq−

1) at the origin. Consider the 3-fold C3/µp of type 1
p(1,−1, q). We can embed the

surface C2/Γp,q into this 3-fold as the subvariety {xy = zp}. This allows us to find
a Q-Gorenstein smoothing

Sp,q = {xy = zp + t} ⊂ C3/µp ×Ct

of C2/Γp,q. Pick t 6= 0 and let Sp,q be the fibre of this Q-Gorenstein smoothing over
t. This is the Milnor fibre of C2/Γp,q. Recall [26, Example 5.9.1] that the singularity
has vanishing Milnor number, so Sp,q is a rational homology ball.
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The variety Sp,q contains a Lagrangian (p, q)-pinwheel Lp,q. To see this, we use a
particular presentation of Sp,q as a quotient of a Lefschetz fibration, described in
[16]. Consider the Ap−1-Milnor fibre

Ap−1 = {(x, y, z) : zp + 2xy = 1}

and take its quotient by the (free) µp-action where ζ ∈ µp acts by

ζ · (x, y, z) = (ζx, ζ−1y, ζqz).

The Lefschetz fibration π : Ap−1 → C, π(x, y, z) = z, is a conic fibration with p
nodal fibres. Let γ1, . . . , γp be straight line segments connecting the critical values
to the origin. The union of the vanishing thimbles over these paths is the universal
cover of Pp and descends to give a Lagrangian (p, q)-pinwheel Lp,q in the quotient.

The variety Sp,q admits a Liouville form for which it is the symplectic comple-
tion of a compact Stein domain Bp,q and for which Lp,q is the Lagrangian skeleton
in the sense of [2]. We will not distinguish between different possible choices of
subdomain Bp,q since any two share a common Liouville retract and we are most
interested in the pinwheel itself.

Example 2.6. By a local-to-global theorem of Hacking and Prokhorov [10, Proposi-
tion 3.1], there is a Q-Gorenstein smoothing of any Fano surface with log canonical
singularities, provided the singularities can locally be smoothed. They show that if
(p1, p2, p3) is a Markov triple then the smoothing of CP(p2

1, p
2
2, p

2
3) is a Fano surface

with K2 = 9 and hence biholomorphic to CP2. Here is one way to see this, using
the fact that K2 is constant in Q-Gorenstein families.

Suppose that (p1, p2, p3) is a Markov triple and let p′3 = 3p1p2 − p3. The triple
(p1, p2, p

′
3) is again a Markov triple and we call the transition (p1, p2, p3)→ (p1, p2, p

′
3)

a mutation. The Q-Gorenstein deformation

{z0z1 − (1− t)zp
′
3

2 − tz
p3
3 = 0} ⊂ CP(p2

1, p
2
2, p3, p

′
3)

connects CP(p2
1, p

2
2, p

2
3) at t = 0 to CP(p2

1, p
2
2, (p

′
3)2) at t = 1, so these both have

the same value of K2. Any Markov triple (p1, p2, p3) can be related to (1, 1, 1) by
a sequence of mutations, and CP(1, 1, 1) = CP2 has K2 = 9. Therefore the Q-
Gorenstein smoothing of CP(p2

1, p
2
2, p

2
3) is CP2 for any Markov triple (p1, p2, p3).

The weighted projective space CP(p2
1, p

2
2, p

2
3) is a toric orbifold with (up to) three

orbifold singularities
1

p2
i

(1, piqi − 1), i = 1, 2, 3.

For each Markov number p, we therefore obtain a Lagrangian pinwheelLp,q ⊂ CP2

which is the vanishing cycle of the 1
p2

(1, pq − 1) singularity.

For the orbifold CP(p2
1, p

2
2, p

2
3), the numbers q1, q2, q3 are determined by the equa-

tions
qi = ±3pj/pk mod pi
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where i, j, k is a permutation of 1, 2, 3. One could read this from the moment poly-
tope for CP(p2

1, p
2
2, p

2
3), but it also follows by reducing (modulo pi) the virtual di-

mension formula for the components of the toric (orbifold) divisor. In the literature
on Markov numbers, the numbers qi are therefore related to the characteristic num-
bers xi of the Markov triple by qi = ±3xi mod pi (see [4, II.3, Equation (5)] or [1,
p.28]). In particular, q2

i = −9 mod pi.

Remark 2.7. The singularity C2/Γp,q is toric and its moment polytope is the cone
in R2 with edges R≥0(1, 0) and R≥0(pq − 1, p2). This can be modified by a nodal
trade at the singularity to give an almost toric fibration on the smoothing Bp,q: the
polytope is the same but there is now a singular torus fibre at (q, p) and a branch cut
in the affine base connecting (0, 0) to (q, p) (see Figure 2). The Lagrangian pinwheel
Lp,q is a “visible surface” in the sense of Symington [22, Section 7.1] with respect to
this almost toric fibration: it is a vanishing thimble for the singular fibre, living over
the vanishing path which is the branch cut. The core circle lives over the origin.

(q, p)

(pq − 1, p2)

FIGURE 2. An almost toric picture of Bp,q as a smoothing of a
C2/Γp,q. The star marks the singular fibre at (q, p). The Lagrangian
pinwheel Lp,q lives over the (dashed) branch cut along (q, p).

Remark 2.8. Note that q is only determined up to sign modulo p (which accounts for
the ± signs everywhere): the rational homology balls Bp,q and Bp,p−q are symplec-
tomorphic. To see this, note that the almost toric fibration for Bp,q and for Bp,p−q
are related by an element of GL(2,Z) with negative determinant, which lifts to a
symplectomorphism.

Remark 2.9. More globally, the moment polytope for the torus action on the weighted
projective space CP(p2

1, p
2
2, p

2
3) is a triangle with vertices in Z2 whose sides have

affine lengths p2
1, p

2
2, p

2
3. This can be modified via nodal trades at each singularity

to give an almost toric picture of CP2; see [24, Corollary 2.5]. The Lagrangian pin-
wheels Lpi,qi are “visible surfaces” with respect to this almost toric fibration living
over the branch cuts. If (p1, p2, p3) and (p′1, p2, p3) are related by a mutation then
we can see both the pinwheels Lp1,q1 and Lp′1,q′1 simultaneously in the same almost
toric fibration living over two halves of the same affine line (this is because muta-
tion corresponds to the geometric operation of “transferring the cut” described in
[24, Section 2]). In particular, we see that Lp1,q1 and Lp′1,q′1 intersect precisely once
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transversely at an interior point of each pinwheel disc (see Figure 3). It follows
from Theorem 1.2 B that this intersection point cannot be removed by a Hamilton-
ian isotopy.

Lp1,q1

Lp2,q2

Lp′1,q′1

Lp3,q3

FIGURE 3. An almost toric picture of CP2 as a smoothing of a
weighted projective space CP(p2

1, p
2
2, p

2
3); there are three singular

fibres, marked by stars, with three (dashed) branch cuts. The La-
grangian pinwheels Lpi,qi live over the branch cuts. The Lagrangian
pinwheel Lp′1,q′1 is also depicted, living over the dotted line which is
the continuation of one of the branch cuts. It intersects Lp1,q1 once
transversely.

Definition 2.10. Following Khodorovskiy [14], we say that a Lagrangian pinwheel
f : D → X is good if it admits a neighbourhood U such that (U, f(D)) is symplec-
tomorphic to (Bp,q, Lp,q). We call such a neighbourhood a Khodorovskiy neighbour-
hood. Khodorovskiy proves [14, Lemmas 3.3, 3.4] that in a neighbourhood of any
Lagrangian (p, q)-pinwheel L there is a good Lagrangian (p, q)-pinwheel C0-close
to L which agrees with L away from a neighbourhood of its core circle.

We are interested in nondisplaceability questions about pinwheels, and start our
argument by assuming we have a collection of pairwise disjoint Lagrangian pin-
wheels. If this is the case, then Khodorovskiy’s result shows that we have a col-
lection of pairwise disjoint good Lagrangian pinwheels and hence a collection of
disjoint Khodorovskiy neighbourhoods. So, without loss of generality, we can as-
sume that all our pinwheels are good.
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2.2. Reeb dynamics on the boundary. The boundary Σp,q = ∂Bp,q is a hypersur-
face of contact-type diffeomorphic to the lens space L(p2, pq − 1). By Gray’s stabil-
ity theorem, this contact structure is contactomorphic to the structure defined on
S3/Γp,q ⊂ C2/Γp,q by the contact form λ = x1dy1 + x2dy2 (where zj = xj + iyj).

The Reeb flow is given by

[z1, z2] 7→ [eitz1, e
itz2].

Let g := gcd(p2, pq − 2) (where g = p2 if pq − 2 = 0). The Reeb orbits on S3 are the
fibres of the Hopf map S3 → S2. The Reeb orbits on Σp,q give Σp,q the structure of
a Seifert-fibred space over an orbifold S2.

Lemma 2.11. The generic point of the orbifold has stabiliser isomorphic to Z/(g).

Proof. Let (x0, y0) be a point with x0 6= 0 and y0 6= 0. The Reeb orbit through
this point is parametrised by (eitx0, e

ity0); suppose that this orbit passes through
(e2πik/p2x0, e

2πik(pq−1)/p2y0). Then k = k(pq− 1) mod p2, so k(pq− 2) = 0 mod p2.
This means that if g = gcd(p2, pq−2) then p2/g divides k. The stabiliser is therefore
the group of elements ζp

2/g where ζ ∈ µp2 . This group is isomorphic to µg. �

If p = 2, q = 1 then g = p2 and every point is generic; otherwise there are two
orbifold points with stabiliser Z/(p2). The singular points correspond to the Reeb
orbits z1 = 0 and z2 = 0; we call these exceptional Reeb orbits. The generic orbit in
S3 is preserved by the subgroup

ker(Z/(p2)→ Z/(p2/g)).

Remark 2.12. Note that if gcd(p, q) = 1 then

g = gcd(p2, pq − 2) =


1 if p = 1, 3 mod 4

2 if p = 0 mod 4

4 if p = 2 mod 4.

To see this, observe that any prime divisor ` of gcd(p2, pq−2) also divides gcd(p, pq−
2), so ` divides 2 and we see g is a power of 2. If p = 2m then gcd(p2, pq − 2) =
gcd(4m2, 2(mq − 1)) = 2 gcd(2m2,mq − 1). If m is even then mq − 1 is odd so
gcd(2m2,mq− 1) = 1 (remember we are only interested in factors of 2). If m is odd
then mq − 1 is even and gcd(2m2,mq − 1) = 2.

2.3. Topology of rational homology balls. The rational ballBp,q is homotopy equiv-
alent to the pinwheelLp,q which is a Moore spaceM(Z/(p), 1). We haveH1(Σp,q;Z) =
Z/(p2) and H1(Bp,q;Z) ∼= Z/(p); the map H1(Σp,q;Z)→ H1(Bp,q;Z) induced by in-
clusion is reduction modulo p. We may take the exceptional Reeb orbit z1 = 0 as a
generator e for H1(Σp,q;Z). The generic orbit is homologous to p2e/g.

Note that H2(Bp,q;Z) ∼= Z/(p).

Lemma 2.13. The first Chern class c1(Bp,q) ∈ H2(Bp,q;Z) ∼= Z/(p) is primitive.
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Proof. Since Bp,q retracts onto Lp,q, we may restrict TBp,q to Lp,q. We can trivialise
TBp,q over a neighbourhoodU of the core circle and over the interior V of the 2-cell;
the clutching function for the bundle is then given by a map S1 → Sp(4,R), where
S1 is a deformation retract of U ∩ V . The first Chern class is simply the winding
number of this clutching function. This is only defined modulo p: we can change
the trivialisation over U by a map from the core circle to Sp(4,R). This changes the
winding number by a multiple of p.

We can compute the winding number explicitly via Khodorovskiy’s local model
[14, Theorem 3.2]. Let (x1, x2, x3, x4) be local coordinates on a neighbourhood S1×
R3 of the core circle in Bp,q, with symplectic form dx1 ∧ dx2 + dx3 ∧ dx4. Let (r, θ)
be polar coordinates on the 2-cell in the pinwheel. The standard model for the
Lagrangian immersion of the punctured 2-cell into S1 ×R3 is

f(r, θ) = (pθ, q(1− r)2/2p, (1− r) cos(qθ),−(1− r) sin(qθ)).

Then we have

f∗∂r = (0,
q(r − 1)

p
,− cos(qθ), sin(qθ))

f∗∂θ = (p, 0,−q(1− r) sin(qθ),−q(1− r) cos(qθ)).

Let m = |f∗∂θ| = p|f∗∂r| =
√
p2 + q2(1− r)2, let J be the standard complex struc-

ture J∂x1 = ∂x2 , J∂x3 = ∂x4 , and let Mr,θ be the matrix whose columns are

p

m
f∗∂r,

p

m
Jf∗∂r,

1

m
f∗∂θ,

1

m
Jf∗∂θ,

that is

Mr,θ =

(
iq(1−r)
m

p
m

− p
me
−iqθ − q(1−r)

m ie−iqθ

)
.

This is a unitary matrix whose inverse sends (1, 0, 0, 0) to the normalised vector
in the f∗∂r-direction and (0, 0, 1, 0) to the normalised vector in the f∗∂θ-direction.
Therefore M−1

1,θ is the clutching function for the bundle TBp,q described in the first
paragraph. This has determinant eiqθ, which has winding number q as θ runs
around the circle. Since Sp(4,R) ' U(2) and det∗ : π1(U(2)) → π1(U(1)) is an
isomorphism, this tells us that the first Chern class of TBp,q is q ∈ Z/(p), which is
primitive modulo p. �

2.4. Extrinsic topology of Lagrangian pinwheels. Suppose that (X,ω) is a sym-
plectic 4-manifold with H1(X;Z) = 0, H2(X;Z) = Z, and Bi ⊂ X , i = 1, . . . , N ,
is a collection of pairwise disjointly embedded symplectic rational homology balls
Bi ∼= Bpi,qi . Let Σi denote ∂Bi, let B =

∐N
i=1Bi, Σ =

∐N
i=1 Σi and V = X \B. Write

 : V → X for the inclusion map. Let ∆ =
∏N
i=1 pi and let Li denote the Lagrangian

pinwheel in Bi.

Lemma 2.14. The numbers pi are pairwise coprime.
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Proof. Suppose that d is a prime divisor of pi. The pinwheel Li defines a non-
trivial class in H2(Bi;Z/(d)) which satisfies [Li]

2 6= 0 mod d. If d 6= 1 were a
common prime divisor of pi and pj then Li and Lj would define nontrivial classes
in H2(X;Z/(d)). Since H2(X;Z/(d)) = Z/(d) and the intersection pairing is non-
trivial, this implies that [Li] · [Lj ] 6= 0, contradicting the fact that Li and Lj are
disjoint. �

Lemma 2.15. If c1(X) is divisible by d in H2(X;Z) and Bp,q is symplectically embedded
in X then gcd(p, d) = 1.

Proof. Let ι : Bp,q → X be the inclusion map. Since this is a symplectic map,
ι∗c1(X) = c1(Bp,q) ∈ H2(Bp,q;Z) ∼= Z/(p). This implies c1(Bp,q) is a multiple of
d in Z/(p), so has order at most p/ gcd(p, d). Because c1(Bp,q) is primitive, we de-
duce that gcd(p, d) = 1. �

Lemma 2.16. We have:

(a) H1(V ;Z) = 0,

(b) ∗ : H2(V ;Z)→ H2(X;Z) = Z is the inclusion of the ideal (∆).

(c) H2(V ;Z) ∼= H2(V,Σ;Z) ∼= Z⊕ T where

T = Z/(∆/m)

for some divisor m of ∆.

(d) We define E ∈ H2(V,Σ;Q) to be the unique element such that mE is a generator
for the lattice H2(V,Σ;Z)/T ⊂ H2(V,Σ;Q). The map

∗ : H2(X;Q)→ H2(V ;Q),

(or, Poincaré-dually, ! : H2(X;Q)→ H2(V,Σ;Q)) sends a generatorH ∈ H2(X;Z)
to ∆E ∈ H2(V,Σ;Q).

Proof. The Mayer-Vietoris sequence gives

0→ H2(B;Z)⊕H2(V ;Z)→ H2(X;Z)→
→ H1(Σ;Z)→ H1(B;Z)⊕H1(V ;Z)→ 0

We have H2(B;Z) = 0 and H1(Σ;Z) = Z/(∆2)
mod ∆−−−−−→ Z/(∆) = H1(B;Z).

(a) Suppose that H1(V ;Z) 6= 0. The existence of a surjective map of abelian groups
Z/(∆2)→ Z/(∆)⊕H1(V ;Z) tells us that Z/(∆)⊕H1(V ;Z) is cyclic. Therefore, by
the classification of abelian groups, H1(V ;Z) is cyclic of order coprime to ∆. But
there is no surjective map Z/(∆2)→ Z/(m) unless m divides ∆2.

(b) Part (a) implies that the Mayer-Vietoris sequence breaks up as

0→ H2(V ;Z)→ H2(X;Z) = Z→ Z/(∆)→ 0,

which implies (b).
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(c) Poincaré-Lefschetz duality tells us that H2(V ;Z) ∼= H2(V,Σ;Z). The space X/V
is the wedge

∨N
i=1(Bi/Σi), and Lefschetz duality further implies that H i(Bi/Σi) ∼=

H4−i(Bi) for i > 0, so

H2(Bi/Σi;Z) = 0, H3(Bi/Σi;Z) = Z/(pi).

The long exact sequence in relative cohomology:

H2(X/V ;Z)→ H2(X;Z)→ H2(V ;Z)→ H3(X/V ;Z)→ H3(X;Z)

becomes
0→ Z

∗→ H2(V ;Z)→ Z/(∆)→ 0.

Therefore, H2(V,Σ;Z) ∼= Z⊕ T where T is torsion, and T embeds as a subgroup of
Z/(∆), so T ∼= Z/(m) for some m dividing ∆ and ∗H = (∆/m, `) for some ` ∈ T .

(d) From part (c), over Q, we have ∗H = (∆/m)mE = ∆E . �

3. ORBIFOLDS

3.1. Almost complex structures. Let (X,ω) be a symplectic manifold and Bi ⊂ X ,
i = 1, . . . , N , be a collection of pairwise disjoint symplectic embeddings of rational
homology balls Bi ∼= Bpi,qi . Let Σi denote the boundary ∂Bi and let Σ =

⋃N
i=1 Σi.

Let V = X \
∐N
i=1Bi.

A neighbourhood Ui of Σi ⊂ X is symplectomorphic to a neighbourhood of Σ̂i =
S3/Γpi,qi ⊂ C2/Γpi,qi . For each i, we fix a symplectic embedding φi : Ui → C2/Γpi,qi
sending Σi to Σ̂i. Let B̂i denote the compact component of

(
C2/Γpi,qi

)
\ Σ̂i. Define

the symplectic orbifold (X̂, ω̂) by

X̂ = V ∪φi(Σi)∼=Σ̂i

N∐
i=1

B̂i.

This orbifold has a singularity x̂i ∈ B̂i of type 1
p2i

(1, piqi − 1) for each i = 1, . . . , N .

In what follows, let (ωi, Ii) denote the standard Kähler structure on C2/Γpi,qi . Let
JX̂ denote the space of compatible almost complex structures on X̂ which agree
with Ii on B̂i and let JΣ denote the space of compatible almost complex structures
on X which agree with φ∗i Ii on Ui.

The following lemmas are proved by Vianna:

Lemma 3.1 ([24, Example 3.3]). Any J ∈ JΣ is an adjusted almost complex structure
in the sense of [3, Section 2.2]. In particular, the almost complex structure J |V extends in a
canonical way to an almost complex structure J |V on the symplectic completion (V , ω|V ).

Lemma 3.2 ([24, Claim 3.1]). The noncompact end of
(
V , J |V

)
is isomorphic as a Kähler

manifold to a neighbourhood of the negative end of
∐N
i=1

(
C2/Γpi,qi

)
\ {(0, 0)}.

This implies:
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Lemma 3.3. Given an almost complex structure J ∈ JΣ there is a unique almost complex
structure Ĵ ∈ JX̂ such that

(
X̂ \ {x̂i}Ni=1, ω̂, Ĵ

)
is isomorphic to

(
V , ω|V , J |V

)
.

The following lemma is also implicit in [24]. See [7, Definition 2.1.3] for the defini-
tion of an orbifold holomorphic curve.

Lemma 3.4. Let (X,ω, J) and (X̂, ω̂, Ĵ) be as above. Let S be a punctured Riemann
surface and u : S → V be a proper finite-energy punctured J |V -holomorphic curve. There
is a compact orbifold Riemann surface Ŝ and an orbifold Ĵ-holomorphic map û : Ŝ →
X̂ which extends u (where we identify V with X̂ \ {x̂i}Ni=1). Conversely, suppose that
û : Ŝ → X̂ is an orbifold Ĵ-holomorphic map from an orbifold Riemann surface Ŝ to X̂ and
let S = û−1

(
V
)
. Then u := û|S : S → V is a finite-energy punctured holomorphic curve.

Proof. Consider a neighbourhood N of a component of the negative end of V , iso-
morphic to a neighbourhood of the negative end of

(
C2/Γpi,qi

)
\ {0}. Let C =

u−1(N) ⊂ S. The map u is asymptotic to a collection of Reeb cylinders, so, for
sufficiently small N , C =

⋃
j Cj is a collection of annuli Cj ∼= D2 \ {0} in S. If

we pass to the uniformising cover C2 → C2/Γpi,qi then the map u|Cj lifts to a map
ũj : C̃j → C2 \ {0} defined on a finite covering space C̃j which is also an annulus.
Let γj denote the action of the deck group of this cover and let D̃j = C̃j ∪ {0} be a
disc compactifying C̃j ; the deck group γj continues to act on D̃j fixing the origin.
The map ũj is also asymptotic to a Reeb cylinder and hence extends continuously
to a map ûj : Dj → C2. By the removal of singularities theorem, ûj is holomorphic.
Therefore we compactify S by attaching the (orbifold) discs Dj = D̃j/γj along the
annuli Cj . We use the lifts ûj to define an orbifold extension of u over the orbifold
discs Dj .

For the converse, since Ŝ is compact, the curve û has finite symplectic area; hence
u has finite area and is a finite energy curve. �

3.2. Homology classes of orbifold curves. A punctured finite energy curve u : S →
V defines a relative homology class [u] ∈ H2(V,Σ;Z), and we can identify this rel-
ative homology group with H2(X̂;Z) as X̂ is homeomorphic to the quotient V/Σ.
For a 4-dimensional orbifold X̂ , W. Chen [5] defines an intersection pairing on the
rational homologyH2(X̂;Q) which coincides with the usual intersection pairing on
the subset V ⊂ X̂ . In particular, this means that if C ∈ H2(X;Q) then C2 = (!C)2,
where ! : H2(X;Q)→ H2(V,Σ;Q) is induced by the inclusion map  : V → X .

Remark 3.5. An orbifold curve C defines a class in H2(V,Σ;Z)/T , which can there-
fore be written as [C] = DE for some D ∈ mZ, where m ∈ Z is the integer from
Lemma 2.16.

Lemma 3.6. Let E ∈ H2(V,Σ;Q) be the element introduced in Lemma 2.16. With respect
to the intersection pairing, E2 = 1/∆2.
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Proof. By Poincaré duality over Z, the intersection pairing on H2(X;Z) is unimod-
ular, so ifH is a generator ofH2(X;Z), we haveH2 = 1. By Lemma 2.16, !H = ∆E ,
so we deduce that E2 = 1/∆2. �

Lemma 3.7. Suppose that c1(X) = kH . The first Chern class c1(X̂) can be identified via
pullback and Poincaré duality with the class k∆E ∈ H2(V,Σ;Q). Therefore, if we have an
orbifold curve with homology class C = DE then c1(X̂) · C = kD

∆ .

Proof. By composing the pullback map along V ↪→ X̂ with the Poincaré-Lefschetz
duality isomorphism, we get an isomorphism

H2(X̂;Q)→ H2(V ;Q)→ H2(V,Σ;Q).

Since the first Chern class is natural under pullback, c1(X̂) pulls back to c1(V ) ∈
H2(V ;Q) which is also the pullback of c1(X) to V . Since c1(X) = kH and H pulls
back to ∆E ∈ H2(V,Σ;Q) we see that c1(X̂) is identified with k∆E ∈ H2(V,Σ;Q).

�

3.3. Orbifold adjunction. W. Chen has proved the following adjunction formula
for orbifold holomorphic curves. Here we state it only in the case where the orb-
ifold X̂ has isolated singularities X̂sing so that a generic point on the orbifold curve
has isotropy of order one.

We introduce some notation. Let Ŝ be an orbifold Riemann surface, f : Ŝ → X̂
a somewhere-injective orbifold holomorphic map, let Hz be the isotropy group of
Ŝ at z ∈ Ŝ and let Gz denote the isotropy group of X̂ at f(z). Let Z ⊂ Ŝ be the
collection of orbifold points, that is the set of points with |Hz| > 1. Let D be a disc
neighbourhood of z, let B ⊂ C2 be a ball and let B → X̂ be a local uniformising
cover of a neighbourhood of the orbifold point f(z). The orbifold holomorphic
curve is defined by an injective homomorphism ρz : Hz → Gz , a branched cover
D̃ → D with deck group Hz and the collection of all lifts {f̃α : D̃ → B}α∈A of f to
the local uniformising cover of X̂ at f(z), equivariant with respect to the actions of
Hz and Gz and the homomorphism ρz :

(2) f̃α(ζx) = ρz(ζ) · f̃α(x), x ∈ D̃.

Here A is just a set indexing all the lifts; since f is somewhere-injective, there are
|Gz/Hz| of these lifts and between any two lifts (not necessarily distinct) there is a
well-defined local intersection number f̃α · f̃β . Define

(3) kz :=
1

|Gz|

∑
α

f̃α · f̃α +
1

2

∑
α 6=β

f̃α · f̃β

 .
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For distinct z 6= z′ ∈ Ŝ, if we denote the unordered pair as [z, z′], the number k[z,z′]

is defined using lifts f̃α at z and f̃ ′β at z′ to be equal to

(4) k[z,z′] :=
1

|Gz|
∑
α,β

f̃α · f̃ ′β.

Theorem 3.8 ([5, Theorem 3.1]). Let f : Ŝ → X̂ be a somewhere-injective orbifold holo-
morphic curve representing a homology class C ∈ H2(X̂;Q). Let g|Ŝ| denote the genus of
the underlying smooth Riemann surface. Then

(5) 1 +
C · C − c1(X̂) · C

2
= g|Ŝ| +

1

2

∑
z∈Z

(
1− 1

|Hz|

)
+
∑
z∈Ŝ

kz +
∑

Ŝ3z 6=z′∈Ŝ
f(z)=f(z′)

k[z,z′].

Remark 3.9. The local intersection number of two curves at a point y is nonnegative.
It is one if and only if the two curves are embedded at y and intersect one another
transversely. It is zero if and only if the two curves are identical and embedded at
z; in the sum for k[z,z′], the two branches of the curve passing through f(z) = f(z′)
with z 6= z′ are considered to be different even if their geometric image coincides,
so k[z,z′] is always positive if there are distinct z and z′ in Ŝ mapping to the same
point in X̂ . By contrast, it is possible for kz to be zero if Gz = Hz and the single lift
f̃ is embedded at z, in other words if the curve is a suborbifold at z.

Remark 3.10. In our case, the group Gz is a cyclic group. If we pick ζ ∈ Gz and
write α 7→ ζα for its action on the indices of the branches f̃α then we see that

f̃α · f̃β = f̃ζα · f̃ζβ
so that many terms in the sum defining kz are repeated. Therefore,

kz =
1

2|Hz|

2N0 +

|Gz/Hz |−1∑
i=1

Ni

 ,

where Ni = f̃α · f̃ζiα. We define

Kz := 2N0 +

|Gz/Hz |−1∑
i=1

Ni,

so that kz = Kz/2|Hz|.

Remark 3.11. Recall that we assume a neighbourhood of each singular point f(z) ∈
X̂sing is biholomorphic to a neighbourhood of zero in the standard model C2/Gz .
In this case, any component of the lift f̃α(z) can be written as

(∑∞
i=0 aiz

Qi ,
∑∞

i=1 biz
Ri
)

for some power series
∑
aiz

Qi and
∑
biz

Ri with a0, b1 6= 0, convergent on a neigh-
bourhood of 0. Suppose that Q0 < R1; equivalently, we assume that C× {0} ⊂ C2

is the tangent plane of the branched minimal immersion f̃α at the origin. Since
a0 6= 0, we may take a branch F (z) of Q√∑∞

i=0 aiz
Qi−Q around z = 0 and use

the local coordinate w = zF (z) on the domain; in these coordinates, the orbifold
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curve is f(w) = (wQ, c1w
R1 + c2w

R2 + · · · ) (where we now set Q = Q0). This is a
simple version of the local model for branched minimal immersions established by
Micallef and White [18].

Remark 3.12. The equivariance condition (2) gives some constraints on the expo-
nents Q, R1, R2, . . .. Given a |Hz|th root of unity ζ, suppose that the action of
ρz(ζ) on (z1, z2) is (ζm1z1, ζ

m2z2) for some 0 ≤ m1,m2 < |Hz|. Then Equation (2)
becomes (

ζQzQ,
∑

biζ
RizRi

)
=
(
ζm1zQ,

∑
biζ

m2zRi

)
which implies Q ≡ m1 mod |Hz| and Ri ≡ m2 mod |Hz|.

We can express the adjunction contributions kz in terms of the exponents Q, R1,
R2, . . . as follows.

Lemma 3.13. (1) Let u(z) =
(
zQ, h(z)

)
be a germ of a somewhere-injective holomor-

phic curve in C2 with h(z) =
∑∞

i=1 aiz
Ri . Let K denote the local adjunction

contribution from the singularity at (0, 0). Then

K − 1 ≥ QR1 −Q−R1

with equality if and only if gcd(Q,R1) = 1. Suppose, moreover, that Ri ≡ R1

mod d for some d and for all i. Then K − 1 6= QR1−Q−R1 implies K − 1 > d.

(2) Let ui(z) =
(
zQ, hi(z)

)
, i = 0, 1, be germs of somewhere-injective holomorphic

curves in C2 with hi(z) =
∑∞

j=1 ai,jz
Rj . Then the local intersection contribution

ν to u0 ·u1 from the intersection point (0, 0) satisfies ν ≥ QR1. Suppose, moreover,
that Rj ≡ R1 mod d for some d and for all j. Then strict inequality ν 6= QR1

implies ν > d.

Proof. (1) Define gj = gcd(Q,R1, R2, . . . , Rj−1). Since the orbifold map is some-
where-injective it is not multiply-covered, and hence there exists M > 0
such that gm = 1 for all m > M . Milnor [19, Remark 10.10] (see also [18,
Remark after Theorem 7.3]) gives a formula for the local adjunction contri-
bution in terms of gj :

K = (Q− g2)(R1 − 1) + (g2 − g3)(R2 − 1) + · · ·
· · ·+ (gM − 1)(RM − 1)

We see that K − 1 ≥ QR1 −Q−R1 with equality if and only if M = 1, that
is, if and only if gcd(Q,R1) = 1.

Suppose that K − 1 > QR1 − Q − R1. Then, since gcd(Q,R) 6= 1 we must
have Q ≥ 2. Moreover, since R1 > Q we must have R1 > 2. Since Rk = R1

mod d andRk > R1 we also haveRk > d+2 for k ≥ 2. Let k ≥ 2 be minimal
such that gk > gk+1 (which exists because g2 6= 1 and gM+1 = 1).
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We have

K − 1 ≥ (gk − gk+1)(Rk − 1)− 1

≥ Rk − 2

> d since k ≥ 2.

(2) The local intersection contribution ν is given by Equation 2 in [18, Theorem
7.1]:

ν =
∑
ζ∈µQ

order of vanishing of h0(ζz)− h1(z).

For each ζ ∈ µQ, the first potentially nonzero term in h0(ζz) − h1(z) is(
a1,1ζ

R1 − a2,1

)
zR1 which means h0(ζz)−h1(z) has order at leastR1. There-

fore ν ≥ QR1. Inequality means that, for some ζ, the highest order term in
h0(ζz) − h1(z) is

(
a1,jζ

Rj − a2,j

)
zRj , which has order Rj > d. This gives

ν > d as required.

�

Corollary 3.14. Suppose we have an orbifold X̂ with a singularity at x̂ of type 1
p2

(pq−1, 1)

and an orbifold holomorphic curve f : Ŝ → X̂ with f(z) = x̂ for some point z ∈ Ŝ with
|Hz| = dz . We have

Kz − 1 ≥ p2

dz
QR1 −Q−R1

with equality only if gcd(Q,R1) = 1; strict inequality implies Kz − 1 > dz .

Proof. We have a total of p2/dz lifts, f̃α, of f to the local uniformising cover, which
are locally given by f̃α(z) =

(
zQ,

∑
aα,iz

Ri
)
. Recall that

Kz = 2N0 +N1 + · · ·+N(p2/dz)−1

where 2N0 is the local adjunction contribution for each f̃α (independent of α since
the lifts are conjugated by the residual Gz/Hz-action) and Ni (i 6= 0) is the local
intersection contribution f̃α · f̃ζi·α. From Lemma 3.13, we get

2N0 ≥ QR1 −Q−R1 + 1,

Ni ≥ QR1, i 6= 0,

so

Kz − 1 ≥ p2

dz
QR1 −Q−R1.

Equality implies that 2N0 = QR1−Q−R1 +1, which implies gcd(Q,R1) = 1. Strict
inequality implies that either 2N0 − 1 > QR1 − Q − R1 or Ni > QR1. In the first
case, Lemma 3.13(1) implies that 2N0 − 1 > dz ; in the second case, Lemma 3.13(2)
implies that Ni > dz . In either case, we see that Kz − 1 > dz . �
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3.4. Virtual dimension. W. Chen [6, Section 1] gives the following formula for
the virtual complex dimension of the moduli space of orbifold holomorphic maps
f : Ŝ → X̂ in the class [Ĉ] where Ŝ is an orbifold Riemann surface with underlying
smooth surface of genus zero and with orbifold points Z ⊂ Ŝ:

(6) d = c1(X̂) · [Ĉ] + 2− (3− |Z|)−
∑
z∈Z

m1,z +m2,z

|Hz|

where 0 < m1,z,m2,z < |Hz| are integers related to the homomorphism ρz : Hz →
Gz (where Gz is the isotropy group at f(z)). Specifically, in local coordinates on the
uniformising cover C2 → C2/Gz at f(z),

ρz(ζ)(z1, z2) = (ζm1,zz1, ζ
m2,zz2).

If, with respect to these coordinates, a lift of f to the uniformising cover is given
by f̃α(z) =

(
zQ,

∑
aiz

Ri
)

then, by Remark 3.12, we have Q = m1,z mod |Hz| and
Ri = m2,z mod |Hz|.

Remark 3.15. Recall from Section 2.2 that, unless p = 2, there are two exceptional
Reeb orbits in Σp,q; these are the intersections of Σp,q with the coordinate lines
C × {0} and {0} × C. In the case when Γ = Γp,q, if the punctured curve C is
asymptotic to one of the exceptional Reeb orbits in Σp,q then each lift f̃α of the
orbifold curve Ĉ is tangent to the corresponding complex plane C×{0} or {0}×C
in C2. Since the action of Γp,q on C2 is

ρ(ζ)(z1, z2) = (ζz1, ζ
pq−1z2),

we know from Remark 3.12 that either Q = m1,z = 1 mod |Hz| and R1 = m2,z =
pq−1 mod |Hz| or elseQ = m2,z = pq−1 mod |Hz| andR1 = m1,z = 1 mod |Hz|.
We also note that

(pq − 1)−1 = −pq − 1 mod p2

and |Hz| divides p2. Thus R1 = Q(±pq − 1) mod |Hz|; we see that this sign ambi-
guity is inherited from the sign ambiguity mentioned in Remark 2.8.

Suppose that z is the only point in Ĉ which maps to the orbifold point x̂ and that
the homology class [Ĉ] maps to a nonzero class in H1(Σp,q;Z) under the connect-
ing homomorphism. Then the corresponding punctured curve C is asymptotic to
a multiple of one of the exceptional Reeb orbits, as the generic Reeb orbits are ho-
mologically trivial in Σp,q. This will be the case whenever we need to make use of
this remark.

4. CURVES IN THE ORBIFOLD

4.1. Standing notation. We first establish some standing notation for this section.

Let X = CP2, let N be a positive integer and let Bi ⊂ X , i = 1, . . . , N , be collection
of pairwise disjoint symplectic embeddings of rational homology balls Bi ∼= Bpi,qi
where

p1 < p2 < · · · < pN .
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Define ∆ :=
∏N
i=1 pi. Let Σi denote the boundary ∂Bi, let Σ =

⋃N
i=1 Σi, B =⋃N

i=1Bi, and let V = X \B. Let X̂sing = {x̂i}Ni=1 denote the set of orbifold points of
X̂ and let Ĵ ∈ JX̂ . Recall that we have a class E ∈ H2(V,Σ;Q) such that E2 = 1/∆2

such that any surface in H2(V,Σ;Z) is a multiple of E .

Let Ĉ be a somewhere-injective Ĵ-holomorphic orbifold curve in X̂ . Let f : Ŝ →
X̂ be a Ĵ-holomorphic parametrisation of Ĉ where Ŝ is some orbifold Riemann
surface whose underlying topological surface has genus zero. Let Z ⊂ Ŝ denote
the set of orbifold points on Ŝ.

4.2. Low degree curves. Recall (Lemma 2.16(d)) that under the natural map

! : H2(X;Q)→ H2(V,Σ;Q) ∼= H2(X̂;Q),

the class of a complex line is sent to ∆E . Let [Ĉ] = DE ∈ H2(X̂;Q) be the homology
class of Ĉ. We will now assume that D ≤ ∆ and see what restrictions this imposes
on Ĉ.

The adjunction formula, together with Remark 3.10 and the fact that the underlying
curve Ŝ has genus zero, says that:

(7) 1 =
3∆D −D2

2∆2
+
∑
z∈Z

1

2

(
1− 1

dz

)
+
∑
z∈Ŝ

Kz

2dz
+
∑

Ŝ3z 6=z′∈Ŝ
f(z)=f(z′)

k[z,z′],

where dz is the size of the isotropy group Hz for the curve Ĉ at z.

Lemma 4.1. Suppose that D ≤ ∆. If f(z) = f(z′) then z, z′ ∈ Z. If kz 6= 0 then z ∈ Z.
In other words, the only kz and k[z,z′] contributions can come from z, z′ ∈ Z and the sums∑

z∈Ŝ kz and
∑

Ŝ3z 6=z′∈Ŝ
f(z)=f(z′)

k[z,z′] in Equation (7) reduce to a sum over z, z′ ∈ Z.

Proof. If f(z) = f(z′) and f(z) is not an orbifold point then the contribution k[z,z′]

is a positive integer by Equation (4). Similarly, if kz 6= 0 and z 6∈ Z, then kz is a
positive integer by Equation (3). All other terms on the right-hand side of Equa-
tion (7) are nonnegative and some of them are positive. The sum of this positive
integer and these positive terms is supposed to be 1 (the left-hand side), which is
impossible. �

Lemma 4.2. Suppose that D ≤ ∆. If Kz = 0 and f(z) = x̂k then dz = p2
k. As a

consequence, the total contribution

1

2

(
1− 1

dz

)
+ kz

to the right-hand side of Equation (7) from each point z ∈ Z is either 1
2

(
1− 1

p2k

)
(if

Kz = 0) or else it is greater than or equal to 1/2.



20 JONATHAN DAVID EVANS AND IVAN SMITH

Proof. If dz 6= p2
k then there are p2

k/dz lifts f̃α of f near z, which intersect pairwise

at 0. Hence Nj ≥ 1 for j = 1, . . . , p2
k/dz − 1, giving Kz ≥

p2k
dz
− 1 > 0. Therefore if

Kz = 0 then we have dz = p2
k.

Each point z ∈ Z contributes a total of 1
2

(
1 + Kz−1

dz

)
to the right-hand side of (7).

This contribution is either 1
2

(
1− 1

p2k

)
(if Kz = 0) or else greater than or equal to

1/2. This implies the claim. �

Lemma 4.3. Suppose that D ≤ ∆. We have Z = f−1
(
X̂sing

)
.

Proof. By definition of an orbifold holomorphic map, an orbifold point of the curve
must map to an orbifold point of X̂ , so Z ⊂ f−1

(
X̂sing

)
. For the reverse inclusion,

note that if f(z) = x̂k and z 6∈ Z then dz = 1. By Lemma 4.2, this means Kz 6= 0
and by Lemma 4.1 this cannot happen as z 6∈ Z. �

Lemma 4.4. Suppose that D ≤ ∆. We have 1 ≤ |Z| ≤ 2.

Proof. If we had |Z| = 0 then, by Lemma 4.3, f−1
(
X̂sing

)
would be empty and

so the punctured curve C would have no punctures. This would mean ∂C = 0 ∈
H1(Σ;Z) and hence D ≡ 0 mod ∆2. Since 0 < D ≤ ∆, this is impossible.

If we had |Z| ≥ 3 then, by Lemma 4.2, these three points together would contribute
at least ∑

z∈Z

1

2

(
1− 1

p2
k

)
≥ 3

2
− 3

2 min p2
k

≥ 3

2

(
1− 1

4

)
=

9

8
> 1

to the right-hand side of Equation (7) (since pk ≥ 2), which contradicts positivity of
all the other terms. �

Lemma 4.5. Suppose that D ≤ ∆. For all z, z′ ∈ Z with z 6= z′ we have f(z) 6= f(z′),
so that k[z,z′] = 0.

Proof. By Lemma 4.1, if k[z,z′] 6= 0 then z, z′ ∈ Z. If |Z| = 1 then there is no k[z,z′]

term. Suppose that |Z| = 2. We have that Kz ≥ 0 with equality if and only if
dz = p2

k where f(z) = x̂k (and the same for z′, where f(z′) = x̂k′). Therefore
Equation (7) and Lemma 4.2 imply that

0 ≥ (3∆−D)D

∆2
−
(

1

p2
k

+
1

p2
k′

)
+ 2k[z,z′]

If both f(z) = f(z′) = x̂k then k[z,z′] ≥ 1
p2k

and the inequality reduces to

0 ≥ (3∆−D)D.

Since 0 < D ≤ ∆, we have 0 < (3∆ − D)D which is a contradiction. Therefore
f(z) 6= f(z′) and there is no k[z,z′] term. �
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The adjunction formula for Ĉ is now

D2 − 3∆D + (2− |Z|)∆2 =
∑
z∈Z

(Kz − 1)
∆2

dz
.

Lemma 4.6. Suppose that D ≤ ∆ and that either:

• Z = {z}, or

• Z = {z, z′} and Kz′ = 0.

Then Kz − 1 < dz . In particular, if z 7→
(
zQ,

∑∞
i=1 aiz

Ri
)

is a local parametrisation of
one of the lifts f̃α of f to the local uniformising cover B ⊂ C2 of a neighbourhood of f(z),
then gcd(Q,R1) = 1.

Proof. Since D2 − 3∆D < 0, we have∑
z∈Z

(Kz − 1)
∆2

dz
< (2− |Z|)∆2.

In the case Z = {z}, this gives Kz − 1 < dz . In the second case, this gives

(Kz − 1)
∆2

dz
<

∆2

dz′

so (Kz − 1)/dz < 1. In either case, Corollary 3.14 implies that gcd(Q,R1) = 1. �

Lemma 4.7. Suppose that z ∈ Z is a point with |Gz| = p2. Then Kz 6= 1.

Proof. Assume that Kz = 1. Since Kz = 2N0 + N1 + · · · + N(p2/dz)−1 with Ni > 0

for all i 6= 0, we see that N0 = 0, N1 = 1 and p2/dz = 2. Geometrically, this means
that the lift of f to the uniformising cover has two branches f̃α, α ∈ A = {1, 2};
moreover these branches are embedded at z and intersect transversely there. Let
Tα be the tangent line to fα at z; every element of the deck group for the orbifold
cover either switches of fixes the branches. Let ζ be an element of the deck group
which switches the branches. Then ζT1 = T2 and ζT2 = T1, so the action of µp2 on
the space of tangent complex lines at the origin has an orbit of size two. The action
of µp2 on complex lines is the same as its action on Reeb orbits of Σp,q, so the orbits
fall into two categories: exceptional orbits of size 1 and generic orbits of size p2/g
where g = gcd(p2, pq − 2) (see Section 2.2). Thus p2/g = 2 and, since g ∈ {1, 2, 4}
by Remark 2.12, we must have g = 2 and p2 = 4. However, when p = 2 we know
that g = 4, so we have a contradiction. �

We now analyse the cases |Z| = 1 and |Z| = 2 separately.

4.3. The case |Z| = 1. Suppose that Z = {z}. The adjunction formula for Ĉ tells
us that

(8) D2 − 3∆D + ∆2 = (Kz − 1)
∆2

dz
.
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Lemma 4.8. Suppose that D ≤ ∆ and Z = {z}. We have f(z) = x̂N where pN is
maximal in {p1, . . . , pN}. Moreover, either:

• Kz = 0, dz = p2
N and pN is an odd-indexed Fibonacci number, or

• Kz 6= 0 and the homology class [Ĉ] = DE satisfies

D <
3−
√

5

2
∆.

In either case, D < 2∆
3 .

Proof. If f(z) = x̂k then the curve Ĉ does not intersect Σi for i 6= k. Hence its
homology class [Ĉ] = DE reduces to zero modulo p2

i for i 6= k. Therefore D ≥
∆2/p2

k which is greater than ∆ if pk is not maximal. This would contradict the
assumption D ≤ ∆. Therefore f(z) = x̂N with pN maximal in {p1, . . . , pN}.

If Kz = 0 then dz = p2
N by Lemma 4.2. The adjunction formula (8) tells us

D2 + ∆2 +
∆2

p2
N

= 3∆D.

Therefore D =
3pN±

√
5p2N−4

2
∆
pN

. If this is an integer then pN is an odd-indexed

Fibonacci number, F2m+1. In this case,
√

5p2
N − 4 is an odd-indexed Lucas number1

and D = p1 · · · pN−1F2m−1. Note: D =
3pN−

√
5p2N−4

2pN
∆ < 2∆

3 .

If Kz 6= 0 then D2− 3∆D+ ∆2 ≥ 0. The quadratic function on the left hand side of
this inequality is decreasing on the interval [0,∆] where D lives, so D must be less
than the root 3−

√
5

2 ∆. �

Lemma 4.9. Suppose that D ≤ ∆ and Z = {z}. Then the virtual complex dimension of
the moduli space containing Ĉ is less than or equal to 1. If it is equal to 1 then D > ∆/3.

Proof. When |Z| = 1, Equation (6) for the virtual complex dimension of the moduli
space reduces to:

3D

∆
− m1 +m2

|Hz|
.

This is strictly less than 3D
∆ . By Lemma 4.8, we also know that D < 2∆

3 . Therefore
the virtual dimension of the curves Ĉ is at most one. If the virtual dimension equals
one then

3D

∆
− m1 +m2

|Hz|
= 1,

so D > ∆/3 as required. �

1The Lucas numbers are defined by the Fibonacci recursion Ln = Ln−1 + Ln−2 but with L0 = 2,
L1 = 1.
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Lemma 4.10. Suppose that D ≤ ∆, that Z = {z} and that the virtual dimension of the
moduli space containing Ĉ is equal to 1. Then

D2

∆2
=

1

p2
N

(
p2
N

dz

)2

QR1.

Proof. Let Ĉ and Ĉ ′ be two curves in this 1-dimensional moduli space. Since they
both have homology class DE and E2 = 1/∆2, we know that D2/∆2 is the sum of
local intersection contributions from the points in Ĉ · Ĉ ′. We know from Lemma
4.8 that D < 2∆

3 , so none of these intersection contributions can be integers as they
sum to D2/∆2 < 4/9. Since the only orbifold point contained in both Ĉ and Ĉ ′ is
x̂N , there is only one local intersection contribution, which we now compute.

Both curves have p2
N/dz lifts in the uniformising cover as they belong to the same

moduli space. The local models for the lifts are of the form

f̃α =
(
zQ,

∑
aα,iz

Ri

)
f̃ ′β =

(
zQ,

∑
a′β,iz

Ri

)
,

with Ri ≡ R1 mod dz . Lemma 3.13 tells us that the local intersection contribution

from each pair of branches is at least QR1. There are
(
p2N
dz

)2
pairs of branches and

the sum of local intersection numbers is weighted by an overall factor of 1/p2
N in

Equation (4), so we get
D2

∆2
≥ 1

p2
N

(
p2
N

dz

)2

QR1.

By Lemma 3.13, strict inequality means that one of the local intersection numbers
f̃α · f̃ ′β is strictly greater than dz . This would mean that f̃ζiα · f̃ ′ζiβ > dz for each
i = 0, . . . , (p2

N/dz) − 1 (that is, for the |Gz/Hz| pairs of lifts which are conjugate to
the pair (α, β) under the residual Gz/Hz-action). This would give

D2

∆2
>

1

p2
N

p2
N

dz
dz = 1,

which is impossible, since D ≤ ∆. Therefore we have equality and the Lemma
follows. �

4.4. The case |Z| = 2. Suppose that Z = {z, z′}. The adjunction formula for Ĉ tells
us that

(9) 0 =
3∆D −D2

∆2
+
Kz − 1

dz
+
Kz′ − 1

dz′
.

Lemma 4.11. Suppose that D ≤ ∆, that Z = {z, z′}, and that f(z) = x̂k, f(z′) = x̂k′
with pk′ < pk. Then:

A. the term Kz′ vanishes and dz′ = p2
k′ ;

B. the homology class DE of Ĉ satisfies D < ∆/3pk′ ;

C. pk is maximal among {p1, . . . , pN}, that is k = N ;
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D. there is no other orbifold holomorphic curve Ĉ ′ with homology class [Ĉ ′] = D′E
satisfying D′ ≤ ∆ passing through the two orbifold points x̂k and x̂k′ .

Proof. A. We must have either Kz = 0 or Kz′ = 0: otherwise the last two terms
on the right hand side of Equation (9) are nonnegative and cannot cancel
the positive first term. Moreover, if Kz′ 6= 0 then Kz = 0 and hence, by
Lemma 4.2, dz = p2

k, so the adjunction formula (9) becomes

0 =
3∆D −D2

∆2
− 1

p2
k

+
Kz′ − 1

dz′
.

Since dz′ ≤ p2
k′ < p2

k and since Kz′ 6= 1 by Lemma 4.7, the final term is
strictly larger than 1/p2

k and therefore the right hand side is still positive,
which is a contradiction. Therefore Kz′ = 0, and dz′ = p2

k′ by Lemma 4.2.

B. Using part A of the lemma, the adjunction formula (9) becomes

D2 − 3∆D +
∆2

p2
k′

= (Kz − 1)
∆2

dz
≥ −∆2

p2
k

.

Since 0 < D/∆ ≤ 1, this means thatD/∆ must lie in the interval [0, D(pk′ , pk)]
where

D(pk, pk′) :=
1

2

(
3−

√
9− 4

(
1

p2
k′

+
1

p2
k

))
.

On this interval, the function H(x) := x2− 3x+

(
1
p2
k′

+ 1
p2k

)
is nonnegative.

We compute that H(1/3pk′) < 0, so D(pk′ , pk) <
1

3pk′
and hence D < ∆

3pk′
as

required.

C. Since Ĉ is disjoint from x̂i for i 6= k, k′, the boundary ∂C must vanish in
H1(

⋃
i 6=k,k′ Σi;Z) = Z/(∆2/p2

k′p
2
k) and hence ∆2/p2

k′p
2
k divides D. Therefore

∆2

p2
k′p

2
k

≤ D <
∆

3pk′

which means
3∆

pk′pk
≤ pk.

If pk is not maximal then pN divides the left hand side, which means that
pN ≤ pk, which contradicts maximality of pN . Therefore pk is maximal.

D. If there were two orbifold holomorphic curves Ĉ and Ĉ ′ in homology classes
DE and D′E which both passed through the orbifold points x̂k and x̂k′ then
the intersection formula would give local contributions from these points
of at least 1

p2k
+ 1

p2
k′

to the product DD′

∆2 . Since part B of this Lemma implies

that both D and D′ are less than ∆/3pk′ , this gives

1

p2
k

+
1

p2
k′
≤ DD′

∆2
≤ 1

9p2
k′
,
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which is a contradiction.

�

4.5. Analysis of SFT limit curves. Let J ∈ JΣ and let Ĵ ∈ JX̂ be the associated
orbifold almost complex structure on X̂ given by Lemma 3.3. By Lemma 3.1, any
J ∈ JΣ is an adjusted almost complex structure, which means we can perform
neck-stretching along Σ starting with J and obtain a sequence of almost complex
structures Jt on X for which the SFT compactness theorem applies. Pick points
w1, w2 ∈ V and look at the unique Jt-holomorphic curve ut(w1, w2) in the class of
a line CP1 ⊂ CP2 passing through w1 and w2.

As t→∞, the sequence ut(w1, w2) converges (in the Gromov-Hofer sense, [3, Sec-
tion 9]) to a holomorphic building u∞(w1, w2) in the split almost complex manifold
made up of:

• V , the completion of V , equipped with the almost complex structure J |V ;

• R× Σ, the symplectisation of Σ, equipped with an complex structure mak-
ing it biholomorphic to

(
C2 \ {(0, 0)}

)
/Γpi,qi ;

• B, the completion of B, equipped with the almost complex structure which
is the completion of J |B .

Let C = {C1, . . . , Cn} be an enumeration of the distinct simple punctured curves
underlying those components of u∞(w1, w2) which lie in the symplectic comple-
tion V ; let Ĉ = {Ĉ1, . . . , Ĉn} denote the associated somewhere-injective orbifold
Ĵ-holomorphic curves in X̂ , constructed in Lemma 3.4.

Lemma 4.12. For each Ĉ ∈ Ĉ, if we write [Ĉ] = DE then we have D ≤ ∆. In particular,
all of the conclusions from Section 4 apply to Ĉ.

Proof. The symplectic area of CP1 ⊂ CP2 is equal to the sum of the symplectic
areas of the various components of the SFT limit building living in V [8, Corol-
lary 2.11]. The curves C ∈ C are obtained from these components by taking the
underlying simple curves and ignoring repeats, so the sum∑

C∈C

∫
C
ω|V

of symplectic areas is less than or equal to the area of CP1. The class H = [CP1] ∈
H2(X;Z) is identified with the class ∆E ∈ H2(V,Σ;Z). Therefore if we normalise
H to have symplectic area ∆, E must have symplectic area 1, and hence DE has
area D. This implies that D ≤ ∆. �

Lemma 4.13. For generic J ∈ JΣ and generic w1, w2 ∈ V there exists a component
Ĉ ∈ Ĉ with |Z| = 1 such that the virtual (complex) dimension of the moduli space of
Ĵ-holomorphic orbifold curves containing Ĉ is 1.
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Proof. Any nonconstant holomorphic curve in X̂ necessarily passes through V , so if
we pick J generically on V then, for any fixed E > 0, we can achieve transversality
for all somewhere-injective orbifold Ĵ-holomorphic curves with energy at most E.
In particular, we can achieve transversality for all curves with |Z| = 1, virtual
complex dimension zero living in a homology class mE with m ≤ ∆. In particular,
there is a finite collection of such curves. By Lemma 4.11 D, there is at most a finite
number of somewhere-injective curves with energy less than ∆ and |Z| = 2 and,
by Lemma 4.4, there are no curves with |Z| ≥ 3.

We pick w1, w2 in V so that they do not lie on any of the finite set of curves with
|Z| 6= 1 or virtual dimension zero. Since the condition of containing wi is closed,
one of the curves Ĉ ∈ Ĉ contains w1, and hence (by our choice of w1) it must have
|Z| = 1 and virtual dimension at least 1. By Lemma 4.9, its virtual dimension is
precisely 1. �

Lemma 4.14. If N ≥ 2 then, for any j 6= N , the set Ĉ contains a unique curve Ĉcyl,j

through x̂j . This curve has |Z| = 2 and x̂N ∈ Ĉcyl,j .

Proof. Fix j. Each Jt-holomorphic curve in the class of a line CP1 ⊂ CP2 neces-
sarily passes through the pinwheel Lpj ,qj ⊂ Bj . This is because we can trivialise
the complex determinant line bundle of CP2 in the complement of CP1, but any
neighbourhood of Lpj ,qj has nontrivial first Chern class. Since the condition that
a curve intersects Lpj ,qj is a closed condition, the SFT limit building must con-
tain a component which intersects Lpj ,qj . This component lives in the symplectic
completion of the rational homology ball Bj , so, correspondingly, there must be a
component of the building in V with punctures asymptotic to Reeb orbits in Σj .
After taking the orbifold compactification, this means that there is a component of
the orbifold curve containing x̂j . A curve containing only x̂j would necessarily live
in a homology class DjE with ∆2/p2

j dividing Dj , but this is strictly bigger than ∆
if j 6= N . Hence, by Lemma 4.12, this cannot occur. Therefore this component has
|Z| = 2. By Lemma 4.11 C, this curve also contains x̂N . Uniqueness follows from
Lemma 4.11 D. �

Theorem 4.15. Suppose that N = 1. Let Ĉ ∈ Ĉ be a component with Z = {z} living in
a moduli space of virtual dimension 1. Then we have dz = p2

1. If z 7→ (zQ, a1z
R1 + · · · )

is a local model for the lift of the curve to a uniformising cover of a neighbourhood of the
orbifold point x̂1 then there exist positive integers b, c < p1 such that Q = b2, R1 = c2 and

p2
1 + b2 + c2 = 3p1bc.

Moreover, q1 is determined up to q1 7→ p1 − q1 by

bq1 = ±3c mod p1.

Proof. Let z 7→
(
zQ,

∑
aiz

Ri
)

be a local model for one of the lifts f̃α to the uni-

formising cover. By Lemma 4.10, we have D2 =
(
p21
dz

)2
QR1, and, by Lemma 4.6,

we have gcd(Q,R1) = 1. This implies that Q = b2 and R1 = c2 for some integers
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b, c. Since bc divides D2 < p2
1, we have b, c < p1. Recall the adjunction formula (8)

in this case is

D2 − 3∆D + ∆2 = (Kz − 1)
∆2

dz
,

where now: ∆ = p1, D =
p21
dz
bc, and (by Corollary 3.14)

Kz − 1 =
p2

1

dz
QR1 −Q−R1

=
p2

1

dz
b2c2 − b2 − c2.

This becomes (
p2

1

dz

)2

b2c2 − 3
p3

1bc

dz
+ p2

1 =

(
p2

1

dz
b2c2 − b2 − c2

)
p2

1

dz
,

or
dz + b2 + c2 = 3p1bc.

Let us factorise dz as dz = s2t where t is squarefree. Since dz divides p2
1, we see that

p1 = str for some r. Multiplying by r2 we get

r2s2t+ (rb)2 + (rc)2 = 3rst(rb)(rc)

so that rb, rc, rs is a positive integer solution to the Diophantine equation

x2 + y2 + tz2 = 3txyz.

There is a complete classification, due to Rosenberger [20], of Diophantine equa-
tions of the form αx2 + βy2 + γz2 = δxyz, with 1 ≤ α ≤ β ≤ γ, gcd(α, β) =
gcd(α, γ) = gcd(β, γ) and with δ divisible by αβγ, which admit positive integer so-
lutions. They are called Markov-Rosenberger equations and there are six possibilities:

(α, β, γ, δ) =



(1, 1, 1, 1)

(1, 1, 1, 3)

(1, 1, 2, 2)

(1, 1, 2, 4)

(1, 2, 3, 6)

(1, 1, 5, 5).

The equation x2 + y2 + tz2 = 3txyz therefore has positive integer solutions if and
only if t = 1. But then (rb, rc, rs) is a solution of the Markov equation x2 +y2 +z2 =
3xyz so r = gcd(x, y, z) = 1. Therefore dz = s2 = p2

1 and

p2
1 + b2 + c2 = 3p1bc.

Finally, by Remark 3.15, we know that R1 = Q(±p1q1 − 1) mod p2
1. Since R1 = c2

and Q = b2 this tells us that

c2 = b2(±p1q1) mod p2
1.

Since b2 + c2 = (3bc− p1)p1 this gives

3bc = ±b2q1 mod p1
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or 3c = ±bq1 mod p1 (since b and p1 are coprime). �

Theorem 4.16. Suppose that N = 2. Let Ĉ = Ĉcyl,1 ∈ Ĉ be the unique component with
Z = {z, z′}, f(z′) = x̂1, f(z) = x̂2, and let [Ĉ] = DE . Then

p2
1 + p2

2 +D2 = 3p1p2D.

Moreover 3D = ±p1q2 mod p2 and 3D = ±p2q1 mod p1.

Proof. By Lemma 4.11 A, we know that Kz′ = 0 and dz′ = p2
1, so that the adjunction

formula (9) becomes

(10) D2 − 3p1p2D + p2
2 = (Kz − 1)

p2
2

dz
p2

1.

The virtual dimension of the moduli space containing Ĉ is zero since Ĉ is the
unique curve in its homology class (we can choose J generically on V so that Ĉ
is regular). The virtual dimension formula, Equation (6), becomes

(11)
3D

p1p2
+ 1 =

m1,z +m2,z

dz
+
m1,z′ +m2,z′

p2
1

.

To find the numbers mi,z , mi,z′ , we use Remark 3.15: if f̃α(z) =
(
zQ,

∑
aiz

Ri
)

is
a local lift of Ĉ in a neighbourhood of x̂2 then m1,z = [Q]dz and m2,z = R1 =
[Q(±p2q2−1)]dz where we write [x]y for the remainder of xmodulo y. Similarly we
get m1,z′ = 1 and m2,z′ = [±p1q1 − 1]p21 because the condition Kz′ = 0 means that,

in local coordinates, the lift of Ĉ in a neighbourhood of x̂1 is
(
z,
∑
a′iz

R′i

)
.

Note that by Lemma 4.6, we know that gcd(Q,R1) = 1, so by Corollary 3.14 we
have Kz − 1 =

p22
dz
QR1 −Q−R1.

We have

p1p2
m1,z′ +m2,z′

p2
1

= p1p2

1 + [±p1q1 − 1]p21
p2

1

= p2

[±p1q1]p21
p1

= p2[±q1]p1 .

The sign ambiguity here is simply a question of which plane C × {0} or {0} × C
our curve asymptotes; since q1 is only determined up to a sign modulo p1, we can
relabel the q1 we have picked to be p1 − q1 if necessary in order to replace the term
[±q1]p1 by q1 (this relabelling does not affect any other equations as q1 appears only
here). The virtual dimension formula (11) now implies

3D + p1p2 = p1(Q+R1)
p2

2

dz

1

p2
+ p2q1.
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We now define Q̃ =
p22
dz
Q and R̃ =

p22
dz
R1, so that

(12) 3D + p1p2 = p1(Q̃+ R̃)
1

p2
+ p2q1.

In terms of Q̃ and R̃, we have (Kz − 1)p2
2/dz = Q̃R̃ − Q̃ − R̃, and the adjunction

formula (10) becomes

(13) D2 − 3p1p2D + p2
2 = (Q̃R̃− Q̃− R̃)p2

1.

Claim 1. We have Q̃+ R̃ = [±Q̃p2q2]p22 .

Proof. We know that

Q̃+ R̃ = Q̃+ Q̃(±p2q2 − 1) mod p2
2

= ±Q̃p2q2 mod p2
2,

so it suffices to show that Q̃+ R̃ < p2
2. Equation (12) tells us that

3p2D

p1
+ p2

2

(
1− q1

p1

)
= Q̃+ R̃.

By Lemma 4.11 B, we have D < p2
3 , so

Q̃+ R̃ < p2
2

(
1− q1

p1
+

1

p1

)
.

This implies that Q̃+ R̃ is strictly less than p2
2 as q1 ≥ 1. �

Claim 2. We have Q̃ < 2p2
p1

.

Proof. We know that D2 − 3p1p2D < 0, so

p2
2 > D2 − 3p1p2D + p2

2

> ((Q̃− 1)(R̃− 1)− 1)p2
1

> (Q̃2 − Q̃− 1)p2
1

where we have used Equation (13) and the fact that R̃ ≥ Q̃ + 1 (see the definition
of the local model in Remark 3.11). If we define f(x) = x2 − x− 1 then this tells us
f(Q̃) <

p22
p21

. We will show that f
(

2p2
p1

)
>

p22
p21

; since the function f(x) is monotoni-
cally increasing on the interval [1/2,∞), this will imply the claim. We have

f

(
2p2

p1

)
= 4

p2
2

p2
1

− 2
p2

p1
− 1

=
p2

2

p2
1

+

(
3p2

p1
− 2

)
p2

p1
− 1

>
p2

2

p2
1

where we have used p2/p1 > 1. �
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Let us define k := [±Q̃q2]p2 (the sign choice is the one for which Q̃ + R̃ = kp2). In
terms of k, the adjunction formula (13) and virtual dimension formula (12) become

D2 − 3p1p2D + p2
2 =

(
Q̃(kp2 − Q̃)− kp2

)
p2

1,(14)

p1k = 3D + p1p2 − p2q1,(15)

so

D2 + (p1Q̃)2 + p2
2 = 3p1p2D + p1p2(p1k)(Q̃− 1)(16)

= 3(p1Q̃)p2D + p1(p1 − q1)p2
2(Q̃− 1).

We know that D < p2 and Q̃ < 2p2/p1, so

D2 + (p1Q̃)2 < p2D + 2p2p1Q̃ < 3(p1Q̃)p2D.

Therefore,
p2

2 > p1(p1 − q1)p2
2(Q̃− 1).

However, the right-hand side is strictly bigger than p2
2 unless Q̃ = 1. Thus we

deduce that p
2
2
dz
Q = 1, so dz = p2

2 and Q = 1. The adjunction formula (16) now gives

D2 + p2
1 + p2

2 = 3p1p2D,

as required.

The equalities 3D = ±p1q2 mod p2 and 3D = ±p2q1 mod p1 follow from the vir-
tual dimension formula (15) (recall from Remark 2.8 that qi is only uniquely deter-
mined up to a sign modulo pi). �

Remark 4.17. Note that, for any given Markov number p and for any q, there is
at most one Markov triple (a, b, p) with a, b < p and aq = ±3b mod p. See [1,
Proposition 3.15].

Theorem 4.18. Suppose that N = 3. Then (p1, p2, p3) is a Markov triple.

Proof. Suppose without loss of generality that p3 > p1, p2. By Theorem 4.16, there
exist b1 < p3 and b2 < p3 such that

b21 + p2
2 + p2

3 = 3b1p2p3,

p2
1 + b22 + p2

3 = 3p1b2p3,

p2q3 = ±3b1 mod p3,

p1q3 = ±3b2 mod p3.

By Remark 4.17, this implies that b1 = p1 and b2 = p2. Hence, (p1, p2, p3) is a
Markov triple. �

Corollary 4.19. We have N ≤ 3.

Proof. If (a, b, c) and (a, b, c′) are both Markov triples then c′ = 3ab − c and we say
that (a, b, c) and (a, b, c′) are related by a mutation. The graph whose vertices are
Markov triples and whose edges are mutations forms a tree called the Markov tree
(see for example [1, Theorem 3.3] for a proof that this is a tree). Suppose N ≥ 4.
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Then, by Theorem 4.18, (pi, pj , pk) is a Markov triple for any {i, j, k} ⊂ {1, 2, 3, 4}.
This would imply that the Markov tree contains a copy of the complete graph on
four vertices, which is a contradiction. �
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