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Abstract

Many cells exploit the bending or rotation of flagellar filaments in order to self-propel in
viscous fluids. Often swimming occurs in complex, nonlinear fluids, e.g. mucus. Furthermore
even in simple Newtonian fluids, if swimming appendages are deformable then locomotion is
subject to fluid-structure interactions. The fundamental question addressed in this thesis is
how exactly locomotion is impacted, in particular if it is faster or slower, with or without
these effects.

First we study locomotion in shear-thinning and viscoelastic fluids with rigid swimming
appendages. Following the introductory Chapter, in Chapter 2 we propose empirical exten-
sions of the classical Newtonian resistive-force theory to model the waving of slender filaments
in non-Newtonian fluids, based on experimental measurements for the motion of rigid rods in
non-Newtonian fluids and on the Carreau fluid model. We then use our models to address
waving locomotion in shear-thinning fluids, and show that the resulting swimming speeds are
systematically lowered – a result which we are able to capture asymptotically and to interpret
physically. In Chapter 3 we consider swimming using small-amplitude periodic waves in a vis-
coelastic fluid described by the Oldroyd-B constitutive relationship. Using Taylor’s swimming
sheet model, we show that if all travelling waves move in the same direction, the locomotion
speed of the organism is systematically decreased. However, if we allow waves to travel in two
opposite directions, we show that this can lead to enhancement of the swimming speed, which
is physically interpreted as due to asymmetric viscoelastic damping of waves with different
frequencies. A change of the swimming direction is also possible.

Secondly we consider the affect of fluid-structure interactions. In Chapter 4, we use
Taylor’s swimming sheet model to describe an active swimmer immersed in an Oldroyd-B
fluid. We solve for the shape of an active swimmer as a balance between the external fluid
stresses, the internal driving moments, and the passive elastic resistance. We show that this
dynamic balance leads to a generic transition from hindered rigid swimming to enhanced
flexible locomotion. The results are physically interpreted as due to a viscoelastic suction
increasing the swimming amplitude in a non-Newtonian fluid and overcoming viscoelastic
damping. In Chapter 5 we consider peritrichously flagellated bacteria, such as Escherichia
coli. The rotation of each motor is transmitted to a flexible rod called the hook which in turns
transmits it to a helical filament, leading to swimming. The motors are randomly distributed
over the body of the organism, and thus one expects the propulsive forces from the filament to
almost cancel out leading to negligible swimming. We show that the transition to swimming
is an elasto-hydrodynamic instability arising when the flexibility of the hook is below a critical
threshold.
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1

Introduction

Micro-scale biological locomotion is crucial. From finding new food sources and evading
predators for individual swimmers, to fertilisation and flow induction in multicellular
organisms [1]; the generation of fluid flows at the micro-scale is an important and
interesting field of study, dating all the way back to the advent of the microscope and
the first observations of bacteria and spermatozoa by van Leeuwenhoek [2].

Below the millimetre scale, viscous effects tend to dominate and macro-scale
methods of propulsion that rely on inertial momentum transfer are often ineffective.
This viscosity dominated regime is described mathematically by small values of the
Reynolds number: the ratio of inertial to viscous forces. A variety of small prokaryotic
(bacteria/archaea) and eukaryotic (animals/plants/algae) organisms exploit these
viscous forces in order to self-propel. For continuous motion in this low-Reynolds world,
a swimmer must move its body periodically and constantly expend work on the fluid,
while doing so in a time irreversible manner to overcome the limits of the low Reynolds
environment where flow is time-independent [3]. For swimmers with back-and-forth
motion, the viscous drag during the power stroke must be greater than that during
the recovery stoke, and it is this drag anisotropy that leads to locomotion. This is
achieved, for example, by the rotation of rigid helical flagella filaments [4] or by the
propagation of planar travelling waves along a flexible flagellum [5].

We begin with a short overview of the main modelling techniques with a focus on
flagellar-based locomotion. Then, we introduce in further detail the two flagella types
found in nature: the whip like eukaryotic flagella; and the rotary bacteria flagella. We
finish with an overview of swimming in non-Newtonian fluids.
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(a) (b) (c)

Fig. 1.1 Wild-type planar wave motion of Caenorhabditis elegans swimming in a bulk
Newtonian fluid; (a) single image of C. elegans reprinted from Ref. [6], (b) overlaid
images of C. elegans with swimming, and (c) a series of swimming strokes through a
half-cycle, both (b) and (c) reprinted from Ref. [7].

1.1 Modelling flagella

Our fundamental understanding of swimming organisms has increased dramatically
with the advancement of imaging techniques and computing power for more realistic
numerical simulations [8]. We focus on flagellar-based locomotion for which there is a
wealth of work, but we note that these flagellar-based modelling approaches are also
applicable to whole-body undulations such as for the nematode Caenorhabditis elegans
shown in Fig. 1.1, membrane motion, and biomimetic swimmers [8].

Taylor’s swimming sheet [9] and Taylor’s cylindrical swimmer [10] models consider
small-amplitude perturbations of a sheet or cylinder away from a flat, zero-amplitude
state. Both models represent the flagellar filament as an infinite swimmer (along
the swimming direction) with periodic motion along its body. In Taylor’s swimming
sheet model planar wave motion is modelled by an infinite planar sheet with no
head where deflections can either occur perpendicular to the sheet or along the sheet
representing transverse and longitudinal waves respectively. Similarly for Taylor’s
cylindrical swimmer transverse and longitudinal waves are possible, where transverse
modes are in the plane perpendicular to the cylinder axis and longitudinal modes are
along the cylinder axis. The swimming speed is then calculated as a series expansion
of the amplitude of the swimmer relative to its wavelength, with later extensions to
arbitrarily large expansions [11]. Taylor’s swimming sheet is confined to planar-wave
motion due to its reduced dimensionality, whereas Taylor’s cylindrical swimmer is
applicable to three dimensional motion.

Beyond these infinite-swimming models, small-amplitude perturbations can also
be considered on the surface of a sphere, namely the squirmer model [12]. These
models allow calculation of the swimming speed of finite swimmers where the swimmer
surface is covered in many short flagella, often termed cilia, that beat sequentially as
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metachronal waves. The spherical squirmer model consists of a spherical body with
a deformable surface such that the amplitude of these surface deformations is much
smaller than the size of the swimmer. Originally proposed by Lighthill [13], subsequent
improvements have been made and applied to ciliated surfaces where the tips of the
cilia create the deformable surface [12]. A more detailed review and an application of
the squirmer model is given in Ref. [14]. However, analytic results are still confined to
small amplitudes. To escape this limit, we must move to asymptotically thin flagella.

Rod-like flagellar appendages are used by both eukaryotic [15] and prokaryotic [16]
cells, as well as man-made swimmers [17], in order to induce propulsion in the absence of
inertia. Due to the difference in drag coefficients for rods moving in a fluid perpendicular
vs. parallel to their long axis, the time reversibility is effectively also broken for travelling
wave-like motion of the appendages of swimmers, which allows for the generation of
propulsion [18]. Although flexible planar wave motion of eukaryotes and rigid rotation
of helical prokaryotic flagella evolved separately billions of years ago, they both take
advantage of this anisotropy in drag via the large aspect ratio of their flagella [19].

In order to describe swimming induced by long, slender flagella, resistive-force
theory was proposed over 60 years ago [20, 21] and has subsequently been improved
upon [22]. The basic idea is to approximate the perturbation induced by the flagellum
on the fluid as a line of flow singularities as point forces. For a radius of curvature of the
flagellar waveform much larger than the diameter of the flagellum, and at leading-order
in the aspect ratio of the flagellum, the local velocity linearly determines the local force
density on the flagellum. The drag can then be decomposed into the perpendicular
and parallel components in this local region [8, 23]. Corrections to resistive-force
theory have been made to improve its accuracy by increasing the number of terms
in the expansion, thereby analytically including hydrodynamic interactions between
different portions of the flagellum in a systematic fashion [24, 25]. Further refinements
include slender-body theory [22, 26], which provides greater accuracy leading to better
qualitative and quantitative approximations [27] compared to resistive-force theory,
but typically requires numerical evaluation.

While resistive-force theory is only valid asymptotically, and is only accurate
logarithmically, it has been shown to be a good approximation in many instances [28].
Resistive-force theory provides analytical insight on the kinematics of swimming at
large amplitudes, as relevant to real flagellar motion. For this reason, it provides
good intermediary modelling between simple small-amplitude results and complex
computations and has had great success in describing the locomotion of microorganisms
in Newtonian fluids [29–31]. To escape these two asymptotic limits, the use of numerics
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(a) (b) (c)

Fig. 1.2 The internal structure and force generation is shown: (a) Schematic of the
eukaryotic flagellum axoneme: M labels the microtubule doublets, D the dynein motors
and N the nexin springs (reprinted from Ref. [39]); schematic showing molecular
motors (blue) stepping along microtubule doublets (green) based on doublet boundary
conditions stepping produces either (b) sliding or (c) bending. Reprinted from Ref.
[40]

is required. Boundary element methods [32, 33], bead-spring models and multi-particle
collision dynamics [34] have all been used to model many different swimmers.

1.2 Eukaryotic flagella

Egg fertilisation [35], embryonic symmetry breaking [36] and airway clearing [37],
imperative for our own eukaryotic existence and survival, all require flagellar-based
low-Reynolds flow generation. Further away from our multi-organ mammalian world,
eukaryotic flagella are used by algae, micro-plankton, and parasites [38]. There are two
main types of eukaryotic swimming appendages, flagella and cilia. They are similar in
structure hence are typically catagorised based on their length and number, with cilia
being shorter and more numerous [38].

The structure of the flagellum is built from microtubules encased in an outer
membrane. At the outer edge of the axoneme (flagellar cytoskeleton), each microtubule
is linked to another creating a doublet. There are nine of these doublets at the outer
perimeter of the flagella cross section, with spokes pointing towards two unlinked central
microtubules [39]. This creates the aptly-named “9+2” axoneme, shown in Fig. 1.2.
Actuation of flagella is generated by the action of molecular motors distributed along
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(a) (b)

Fig. 1.3 (a) A scanning electron microscopy image of Paramecium showing that its
surface is covered by many short cilia, reprinted from Ref. [41]. (b) Chlamydomonas
uses its two leading flagella to pull itself through the fluid. The beat pattern is shown
black to grey. Photo courtesy of K.Y. Wan.

the length of the flagellum. These dynein motors connect two outer doublets together
and by stepping, they slide the doublets relative to each other. Due to the fixed-end
condition, this sliding causes the flagellum to bend [39]. This same actuation can lead
to many different flagellar beats, including planar wave swimmers and helical waves.
Different flagellar gaits have also been observed on the same swimmer, depending on
its environment [38].

Flagellated swimmers typically have one or two flagella, compared to ciliates
(Fig. 1.3a) that can have thousands of cilia [8]. The most widely studied flagellar
swimmers include the green alga Chlamydomonas (Fig. 1.3b) which has two flagella
that pull the cell forward through the fluid, and spermatozoa (Fig. 1.4) that have
one flagellum located at their ends that pushes the head forward. We focus here on
swimming with a single flagellum for which there are two main approaches one can
take.

Firstly, by considering the shape of the swimmer as fixed in the flow, the swimming
speed is calculated via hydrodynamics only, this is termed rigid swimming. By matching
the shape of the swimmer to waveforms found experimentally, good agreement has been
found between resistive-force theory calculations and spermatozoa swimming [21]. As
experimental techniques improve, we gain more accurate flagellar waveforms in two and
three dimensions [43] to insert into these rigid-swimmer models. As well as empirically
modelling flagellar waveforms, these rigid swimmers have been used to explore optimal
flagellar waveforms [32], swimming in complex fluids [44], and interactions with other
swimmers [45].

Secondly, beyond this rigid limit, the flagellar motion can be calculated as a balance
of the active internal stresses created by molecular motor forces, passive elastic stresses,
and hydrodynamic drag forces [46]. Active swimming was first studied by Machin to
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Fig. 1.4 Three successive video images 200 ms apart, showing bend propagation in a
typical singleton spermatozoon. scale bar 10 µm. Reprinted from Ref. [42].

predict that the observed flagellar waveforms are due to actuation along the whole
length of the flagellum [47]. The simplest models ignore the details of the internal
structure and force generation and treat the filament as a simple Euler–Bernoulli beam,
with a sinusoidal internal actuation [8]. Subsequent improvements have been made to
include more detailed modelling of the passive [48] and active [49] deformations. As
in the rigid swimming model, extensions have been made to study optimisation [50],
swimmer interactions [51] and motion in complex fluids [52]. But due to the fluid-
structure interaction, there are further physical effects that can be probed, namely
interactions with boundaries, external flow fields, and synchronisation with other
swimmers [33, 43]. These models can be difficult to compare with biological swimmers
as it is still unknown how the swimmer can modulate its beat based on its environment.
Experimental studies have probed the actuation of planar wave swimmer C. elegans [53],
and human spermatozoa [54] in fluids of varying viscosities, and shown little change
in the swimming speed, whereas for a simple flexible swimmer we would predict a
decrease in flagellar swimming speed due to reduced amplitude [55].
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(d) Multiple flagella in all(b) Multiple flagella at (c) Two flagella at opposite ends(a) Single flagellum
one end directions

Fig. 1.5 Electron microscope image of different types of flagellar arrangement schemes
(a) Monotrichous bacteria e.g. Vibrio cholerae and Idiomarina loihiensis (shown), (b)
lophotrichous e.g. Vibrio fischeri (shown), (c) amphitrichous e.g. Magnetospirillum
magneticum (shown) and (d) peritrichous e.g. Escherichia coli and Salmonella enterica
serovar Typhimurium (shown). (a), (b) and (d) reprinted from Ref. [56] and (c)
reprinted from Ref. [57].

Fig. 1.6 Electron microscope image of Salmonella bacterium showing the bundle formed
of many flagellar filaments. Each flagellar filament rotates due to the rotary motor
embedded in the cell surface at its base, and these two components are connected via
the hook. Reprinted from Ref. [62].

1.3 Bacteria

Bacteria dominate our planet. They are by far the most abundant and widely-spread
organisms, with the ability to live in extreme and hostile environments [58]. Due to
their large numbers they have the power to change our atmosphere [59], our soil, and
even our bodies [58], despite their microscopic size. Hence many aspects of bacteria
are widely studied.

Many bacteria propel themselves in order to respond to environmental cues. This
is either achieved using surface forces at fluid-solid boundaries [60] or using rotary
motors in bulk fluid environments [61], with the four flagellar arrangement types shown
in Fig. 1.5. These rotary motors impose a torque normal to the surface of cell body.
This torque is transmitted to the flagellar filament via a short elastic filament called
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Fig. 1.7 Successive images of E. coli tumbling and the bacterium changes its direction.
The time between the first and final image is ∼0.6 s. Reprinted from Ref. [65].

the hook, causing the filament to rotate, shown in Fig. 1.6. The hook is described as a
universal joint as it is flexible against bending, but stiff against torsion [63, 64]. The
helical nature of the flagellar filament means this rotation is time-irreversible and the
bacteria is able to overcome the limits of its viscosity-dominated environment. The
flagellar filament has eleven polymorphic forms, the “normal” swimming form of the
helical filament is left-handed and rotates counter-clockwise (looking from the flagellum
to the cell) propelling the swimmer cell-first [65, 66]. This type of swimmer is known
as a pusher, as the trust force is generated behind the cell body, with fluid drawn
in from the side of the cell and pushed out at either end of the cell [67]. Conversely,
if the same left-handed helix were to rotate in the opposite direction then the cell
would swim flagella first and be a puller, where fluid is pulled in at the head and tail
of the swimmer and expelled at the sides, though this is confined to amphitrichous
bacteria [57] (Fig. 1.5c).

Escherichia coli, Bacillus subtilis and Salmonella typhimurium are all pusher
swimmers that have many helical flagella. The flagella typically gather or bundle at
one end of the body during swimming. These bacteria are known as peritrichously-
flagellated bacteria, shown in Fig. 1.5d, typically having 3 to 30 flagella, which can
grow from any point on the cell body surface, and their distribution is somewhat
random [68, 69]. The advantage of many flagella is not increased propulsion speed [70],
but they facilitate direction changes through tumbling. This occurs when one or more
of the rotary motors of the flagella slows down [71] or reverses its direction [65, 72]
causing the bundle to break-up. When the motors return to their swimming state
and the bundle reforms, the bacteria swims in a new swimming direction, as shown in
Fig. 1.7. Through adapting their frequency of tumbling, bacteria are able to direct
their motion towards more favourable environments.
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Theoretical work on self-propelled bacteria has studied many different swimming
behaviours including collective motion, interactions with surfaces, and swimming in
non-Newtonian fluids [61]. For a free-swimming peritrichous bacteria there are two
main modelling tactics: either the bundle is treated as a single flagellar filament, or
the bundle is formed from a small number of filaments. For the first tactic the position
of the flagellar “bundle” is fixed relative to the cell body. These helical swimmers
have been modelled with resistive-force theory [73, 74] and slender-body theory [27],
with the flagellar axis aligned with the swimming axis. Alternatively, for off-axis
flagella motion, boundary element method has been used [75]. In studies modelling
multiple flagella, the run-and-tumble motion of E. coli has been recreated and near-field
flow fields captured both with bead-spring modelling [76] and multi-particle collision
dynamics [77]. Both studies use typical E. coli swimmer parameters and include the
polymorphic transformations that the bacteria flagella can undergo when under strain,
e.g. from motor reversal [65, 66]. Further insights into the bundling process has been
found by varying the motor torque on one of three total flagella and the distances
between them, capturing the range of parameters for which the bundle is stable [34].
Boundary element methods are also able to recreate bundling and has been used to
compare propulsive efficiency and energetic efficiency [78]. These multiple filament
studies allow the flagellar filament to rotate relative to the cell body, via the bacteria
hook.

Crucial for bundle formation and hence successful swimming is the hook. If the
hook is stiffened then bacteria end up stuck in tumble positions and barely swim [79].
Furthermore macroscopic experiments on rotating helices show hook elasticity is crucial
for helical filaments to synchronise and intertwine [80]. The hook flexibility has also
been shown to be important for singly flagellated bacteria, causing unstable swimming if
the hook is too flexible [81] and enabling a flicking motion for fast changes in swimming
directions [82].

With this overview of the two main types of flagellar propulsion and the models
used to study them, we are now equipped to review their motion in non-Newtonian
fluids. Before this we will give a brief review of the non-Newtonian effects found in
biological fluids.

1.4 Non-Newtonian fluids

Non-Newtonian fluids do not follow Newton’s law of viscosity. The stress-deformation
relationship is thus no longer a simple linear relationship between the stress and strain,
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with the viscosity as the proportionality constant [83]. These nonlinear effects often
arise when the molecules or particles immersed in the fluid are large enough or interact
sufficiently their neighbours to affect the flow dynamics. Many biologically-relevant
fluid environments have shear-dependent viscosities, and display elastic effects, since
they contain proteins and other polymers. These non-Newtonian biological fluids
include lung mucus, cervical mammalian mucus [84] and soil [85]. Studied in this thesis
are shear-thinning fluid properties and viscoelastic fluid properties. We note that these
two effects can often occur together, in particular in biological fluids [86].

Shear-thinning fluids are within the subset of generalised Newtonian fluids, where
the linear stress-strain relationship is replaced by a nonlinear relationship. These
fluids have no memory of the previous flow dynamics. For shear-thinning fluids, the
viscosity decreases as the shear-rate is increased [83]. Shear-thinning fluids are typically
modelled as a power-law or Carreau fluids. The simplest being a power law fluid model
wherein the viscosity is proportional to the shear-rate to the power of the shear-thinning
index. The shear thinning index is unity for a Newtonian fluid, less than unity for a
shear-thinning fluid and greater than unity for a shear-thickening fluid. Although a
power law model well describes some thinning behaviour it struggles to capture low
and high shear rates. To avoid the viscosity tending to zero at large shear rates and to
capture Newtonian behaviour at low shear-rates we move to the Carreau model. Here
the viscosity is constant at small shear-rate until a critical shear-rate is reached. Once
this critical shear-rate is reached the viscosity decreases (increases) as a power-law for
shear-thinning (-thickening) fluids.

Viscoelastic fluids have elastic and viscous effects. These elastic effects arise from
polymers immersed in the fluid that act as entropic springs. The combination of
viscous and elastic effects thus means that the fluid can have a memory of past
deformations [83, 87]. The simplest models consider spring and dash-pots connected in
series (Maxwell model) or parallel (Kelvin–Voigt). Although these are useful models
to capture certain fluid behaviors such as stress relaxation and creep, they are not
connected to the microscopic structure of the fluid and hence only capture some
viscoelastic fluid effects. To model the polymers immersed as a continuum fluid bead-
spring dumbbells model the immersed polymers. These Oldroyd-B-like fluids can be
rigorously derived from the microscopic details of the immersed dumbbells [87]. More
complicated fluids models, such as Geisekus [87] and Phan-Thien-Tanner [83] fluids,
consider both shear-thinning and viscoelastic effects. The motion of swimmers in these
fluids creates stresses and strains that, due to the nonlinear effects of the fluid, can
drastically alter the swimming kinematics.
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1.5 Motion in non-Newtonian fluids

The vast majority of work on swimming at low Reynolds number has focused on
swimmers moving in Newtonian fluids. However, in vivo, many self-propelled organisms
progress through non-Newtonian fluids. Examples include the motion of cilia in lung
mucus [37], nematodes travelling though soil [88], bacteria in their host’s tissue [89],
and spermatozoa swimming though cervical mammalian mucus [35]. An important
question is how this transition from a Newtonian to a non-Newtonian fluid affects the
dynamics and kinematics of micro-swimmers.

1.5.1 Falling in non-Newtonian fluids

The study of bodies moving in non-Newtonian fluids has a long and rich history. Analyt-
ical studies on the motion of rigid spheres in non-Newtonian fluids have been conducted
using a variety of shear-thinning models including power-law [90], Carreau [91] and
Ellis [92]. Although exact solutions can be found, the results reported from power-law
fluid models often do not agree with one another, nor with experimental results [90].
Greater success and agreement with experiments has been obtained with the Carreau
and Ellis fluid models [90]. Analytical studies in this case, expand the results about
the Newtonian result with a small amount of non-Newtonian effects for the Carreau
fluid and extremum principles for the Ellis model [91, 92], while numerical approaches
required fitting external parameters to the data (i.e. Carreau [93]).

As studies branch away from rigid spheres in infinite fluids, the complexity of
calculations increases again due to orientation considerations, and past theoretical
studies mostly rely on numerics. In non-Newtonian fluid mechanics, empirical fitting is
a key modelling approach. Due to the nonlinear nature of the fluid, parameters are often
fit to certain shear-thinning indices, other rheological properties, or shape parameters,
allowing prediction of behaviour in a variety of shear-thinning fluids. While it was shown
analytically that the Stokes paradox vanishes for cylinders in power-law fluids [94],
attempting to extend this to Carreau fluids has proved problematic. Furthermore,
the majority of the work on rods and cylinders in non-Newtonian fluids has focused
on small but finite Reynolds numbers, motivated by industrial applications. In the
low Reynolds flow limit the drag coefficients calculated numerically show reduction
compared to those calculated in a Newtonian fluid [95, 96], similar to experimental
results [97], where both motion of cylinders orientated parallel and perpendicular to
their motion was investigated. The role of the aspect ratio of cylindrical rods has been
studied in inelastic and elastic fluids, showing that drag coefficients reduce by about one
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order of magnitude over aspect ratios ranging from 1/150 to 1/10 [98]. Semi-empirical
predictions yield qualitative agreement, but overestimate the drag coefficient [99, 100].
Comparable studies have also probed wall effects [95, 101], different cross-sections [102],
and interactions between particles [103].

This thesis primarily studies shear-thinning and viscoelastic fluid effects. However
there has also been a wealth of work on motion in a variety of other non-Newtonian
fluid types. For example, enhanced swimming was predicted theoretically to take
place in gels [104], yield stress fluids [105], phase separated fluids [106], and granular
media [107]. Furthermore, swimming in inhomogeneous media with larger obstacles
has been probed experimentally [108] and theoretically [109].

1.5.2 Swimming in viscoelastic fluids

Experimental studies have not yet reached a clear consensus on whether viscoelastic-
ity increases or decreases swimming velocities. Instead a range of results has been
reported for different kinematics and rheological properties. An experiment imitating
Taylor’s classic swimming sheet [9] in rotational (planar) geometry shows an increased
locomotion in a Boger (constant-viscosity, elastic) fluid [110]. Similarly, the locomotion
of flexible-tailed swimmers was also shown to be enhanced in a Boger fluid [111]. In
contrast to these two studies, solutions of long flexible polymers with strong elasticity
and no shear-thinning lead to a decrease in C. elegans swimming speed [112], and no
change in the swimming speed of the bi-flagellate Chlamydomonas reinhardtii despite
a change in swimming kinematics [113]. In the case of locomotion using helical flag-
ella, small-amplitude helices always go slower, but for larger amplitudes, a modest
increase is possible [114]. Furthermore, the motion of E. coli has been shown to be
both enhanced [115] and hindered [116] in viscoelastic fluids. We note that for these
experiments the bacterium size is comparable to that of the immersed elastic molecules,
hence polymer details become more important compared to macro-scale rheology.

Previous theoretical studies addressing viscoelasticity have considered a variety of
kinematics, including undulatory motion [44], helical rotation [117], squirming [118, 119],
and three-sphere models [120]. Methods that are ineffectual in a Newtonian fluid due
to reversibility [3], such as flapping [121] or solid body rotation [122], can also be
exploited in a non-Newtonian setting to induce propulsion [123, 124].

Computationally the presence of a surrounding elastic structure, and non-Newtonian
stresses were shown to lead to faster and more efficient swimming [125]. Numerical
simulations also demonstrated that for high-amplitude motion polymeric Oldroyd-B flu-
ids [117, 126, 127] could lead to faster locomotion. In these studies, enhanced swimming
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has been predicted to occur as either due to end effects and stress singularities [126],
or only for large-amplitude swimming [117]. In particular, using simulations on finite
swimming sheets, it has been shown that front-back stress asymmetry together with
swimmer flexibility leads to increased swimming speeds [127].

Analytical work on locomotion by waving focuses on small-amplitude motion. For
a planar wave swimmer, asymptotic results in the case of prescribed rigid swimming
predicted a systematic decrease of the swimming speed for all constitutive models,
including all Oldroyd-like fluids [44] and general linear viscoelastic fluid models [128].
A decrease also occurs in the case of helical small-amplitude motion [52, 129]. An
increase is however observed for rigid small-amplitude swimmers if there is a mixture of
forwards and backwards modes (Chapter 3) [130, 131], and flexible swimmers (Chapter
4) [132]. Beyond these single swimmer studies, two nearby swimmers also synchronise
faster in an elastic fluid than in a Newtonian medium [133], and the collective motion
of swimmers is altered based on the swimmer and fluid properties [134, 135].

1.5.3 Swimming in shear-thinning fluids

Most theoretical studies of motion in shear-thinning fluids focus on small-amplitude
asymptotics. This includes small-amplitude perturbations of a variety of swimming
modes of Taylor’s swimming sheet [84] and squirming motion on a spherical surface [136].
Of course, real biological swimmers fall beyond the asymptotic small-amplitude limit.
In order to probe theoretically large-amplitude motion in non-Newtonian fluids, com-
plex numerical simulations are required, such as those performed on a variety of
swimmer types in shear-thinning fluids [137] and swimming of a sheet in a Giesekus
fluid that has both shear-thinning and viscoelastic fluid effects [138]. Between these
complex numerical simulations and small amplitude asymptotics, the waving motion of
asymptotically thin rods show a decrease in swimming speed (Chapter 2) [139]. Beyond
isolated swimmers, gliding bacteria near boundaries have been shown to increase their
swimming speed with increasing shear-thinning effects [140], and migration of swimmers
in shear-thinning fluids is slower than in Newtonian or shear-thickening fluids [141].

Experimental results again appear contradictory, and the enhancement or hindering
of a swimmer depends on the exact details of the fluid and swimmer. C. elegans
swimming has been studied in three different complex fluids. Firstly, a shear-thinning
and viscoelastic fluid which showed a dramatic increase in swimming speed when
the concentration of polymers was increased above a certain threshold value [142].
Secondly, in fluids where only shear-thinning effects were present in a rod-like polymer
solution C. elegans was found to either have no change in swimming speed despite
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a change in swimming kinematics [143] with a decrease in energy expended by the
swimmer [144]. Conversely an increase in swimming speed was found in a shear-
thinning colloidal suspension [145]. An experiment imitating Taylor’s classic swimming
sheet [9] in rotational (planar) geometry shows a decrease in a shear-thinning fluid [110].
In comparison helical swimmers were found to have increased propulsion speeds in
shear-thinning fluids, which is attributed to soft confinement [146] akin to theoretical
results [106, 138].

1.6 Thesis outline

The next three Chapters of this thesis study swimming in non-Newtonian fluids. In
Chapter 2 we focus on shear-thinning fluid effects and propose empirical extensions of
the classical Newtonian resistive-force theory to model the waving of slender filaments
in non-Newtonian fluids, based on experimental measurements for the motion of rigid
rods in non-Newtonian fluids and on the Carreau fluid model.

Chapters 3 and 4 concern viscoelastic fluid effects on the swimming of a two-
dimensional sheet. We first consider a rigid swimmer and show that if all travelling
waves move in the same direction, the locomotion speed of the organism is systematically
decreased. However, if we allow waves to travel in two opposite directions, we show that
this can lead to enhancement of the swimming speed. Secondly we solve for the shape of
an active swimmer as a balance between the external fluid stresses, the internal driving
moments, and the passive elastic resistance. We show that this dynamic balance leads
to a generic transition from hindered rigid swimming to enhanced flexible locomotion.

Finally, returning to Newtonian fluids, in Chapter 5 we consider peritrichously
flagellated bacteria, such as E. coli. We show that the tumbling to swimming transition
is the result of an elasto-hydrodynamic instability. We end with a brief conclusion and
suggestions for further work.
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An empirical non-Newtonian
resistive-force theory

2.1 Introduction

Prompted by the success of resistive-force theory and the biological relevance of non-
Newtonian fluids, it is natural to ask if it would be possible to derive a resistive-force
theory for nonlinear fluids. For the application of biological swimmers, the fundamental
physical problem concerns the force generation by beating flagella. Physically, we
expect that flagella waving in shear-thinning fluids will experience two important
effects [146]. One is a local influence due to changes in the viscosity. If a body is
subject to a Stokes-like force law and the viscosity of the fluid decreases, then the
local force will decrease [97], and swimmers will then experience either enhanced or
decreased locomotion based on the detailed balance between drag and thrust. The
second effect, more subtle, is nonlocal and due to the change in the flow field around
the body. Bodies moving in shear-thinning fluids are expected to be surrounded by
low-viscosity regions, themselves embedded in high-viscosity domains. This thus makes
swimming in a shear-thinning fluid akin to swimming under (soft) confinement, which
might lead to an increase of propulsion [106, 147]. In this Chapter we propose a
theoretical model for swimming in shear-thinning fluids addressing the first, local,
effect by building an empirical extension of resistive-force theory to complex fluids.
Specifically, and similarly to recent work in granular media [148], we propose to use
experimental results on rods falling in shear-thinning fluids to obtain estimates on the
drag coefficients acting along slender bodies (§2.2). We then quantify the impact of
these coefficients on waving locomotion (§2.3) and compare our predictions with recent
experiments on C. elegans (§2.4).
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Fig. 2.1 A straight filament of length 2ℓ and cross-sectional radius b may translate in a
fluid along its length (velocity u∥) or perpendicular to it (u⊥). The axis of the cylinder
is along the ẑ direction while x̂ and ŷ are in the cross section.

2.2 Building a non-Newtonian resistive force the-
ory

2.2.1 Methodology

The aim of this Chapter is to propose a new, nonlinear relationship between the velocity
of a slender filament relative to a background fluid flow and the local hydrodynamic
force density acting on it. We should point out at the outset that we are not deriving a
rigorous mathematical model from first principles, as this is in fact virtually impossible
due to the nonlinearity of the constitutive relationships, but instead seek to describe
filament motion in shear-thinning fluids empirically.

Two approaches are used to calculate the non-Newtonian drag coefficients. The
first one is an empirical fit to experimental measurements of sedimenting rods in shear-
thinning fluids, and thus is directly built from experimental data. The second approach
is an ad-hoc model based on the Carreau viscosity-shear-rate relationship. Since in
shear-thinning fluids the shear viscosity of the fluid is a function of the shear-rate, we
first need, in this case, a method to estimate accurately the local shear-rate around the
moving filament. We do so by approximating the flow as locally Newtonian, allowing
us to exploit elementary flow calculations. With this local, instantaneous value of the
shear-rate, we can then incorporate the shear-thinning nature of the fluid though a
correction to the Newtonian drag coefficients and therefore a nonlinear velocity-force
relationship. For both approaches, we ensure that our methodology is consistent
with the Newtonian limit and we carefully examine the limit in which we expect this
approach to be valid.



2.2 Building a non-Newtonian resistive force theory 17

2.2.2 Shear-rate around slender filaments

Newtonian flows near filaments

In order to estimate the shear-rates around moving filaments we make a locally-
Newtonian assumption. To describe the drag on a slender filament we decompose
the motion along the directions parallel and perpendicular to the local axis of the
filament, leading to two drag coefficients. For simplicity consider a straight filament
of cross-sectional radius b and length 2ℓ (Fig. 2.1). Following Lighthill’s classical
analysis [22], at leading order in the aspect ratio of the filament, the flow near the
filament is described by a local, uniform line distribution of point forces and (potential)
source dipoles along the centreline of the rod.

When the filament is translating along its symmetry axis, ẑ, the flow around the
cylinder is given by a linear distribution of point forces, with no need for dipoles, giving
a relationship between the velocity field close to the filament, u∥(x, y, z), and the force
per unit length acting along the filament f∥ẑ, as [22]

u∥(x, y, z) = f∥

4πη0

[
ln
(

4ℓ2

r2

)
− 1

]
ẑ, (2.1)

where r =
√
x2 + y2 is the distance from the axis of the filament and η0 is the Newtonian

viscosity. At the surface of the cylinder r = b, the parallel drag coefficient, c∥, is given
by

f∥

u∥|r=b

≡ c∥ = 4πη0

ln (4ℓ2/b2) − 1 . (2.2)

When the filament is translating perpendicular to its axis (here, the x̂ direction)
then a combination of point forces and source dipoles are required to model the flow [22].
The velocity field near the filament is now given by

u⊥(x, y, z) = f⊥

8πη0


ln
(

4ℓ2

r2

)
+ b2

r2 + 2x2

r2

(
1 − b2

r2

)
2xy
r2

(
1 − b2

r2

)
0

 , (2.3)
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in the (x̂, ŷ, ẑ) coordinate frame where f⊥ is the force acting on the filament per unit
length. On the surface of the filament we have then

u⊥|r=b = f⊥

8πη0


ln
(

4ℓ2

b2

)
+ 1

0
0

 , (2.4)

i.e. the filament translates in the x̂ direction and the velocity is uniform around its
surface. Similarly to the motion parallel to the filament axis the perpendicular drag
coefficient, c⊥, is given by

f⊥

u⊥|r=b

≡ c⊥ = 8πη0

ln (4ℓ2/b2) + 1 . (2.5)

In order to extend these drag coefficients obtained for a straight filament to smooth
curved filaments a relevant length ℓ over which the filament can be approximated as
straight is required. In the application of resistive-force theory to travelling waves
along sperm flagella, Gray and Hancock chose for ℓ the wavelength λ as the only
relevant length scale along the swimmer but without mathematical justification [21]. In
subsequent work, Lighthill showed mathematically by considering a periodic distribution
of flow singularities that ℓ ≈ 0.09λ was the relevant length scale along a periodic wave
of wavelength λ [22]. This is the choice we make here to address waving motion with
the understanding that other filament kinematics might require a different choice.

Shear-rates

In order to propose drag coefficients to use with the Carreau model (or any other
shear-thinning empirical fluid model [83]) we require knowledge of the shear-rates in
the fluid near the filament. In order to estimate shear-rates we again use Lighthill’s
calculations [22].

In case of parallel motion, we calculate the velocity gradient, ∇u, using Eq. (2.1).
In cylindrical polar co-ordinates (r̂, ϕ̂, ẑ) the only non-zero term is given by

∂uz∥

∂r
= −

f∥

2rπη0
, (2.6)
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and thus the shear-rate tensor, γ̇∥, is given by

γ̇∥ = −
f∥

2rπη0


0 0 1
0 0 0
1 0 0

 . (2.7)

For a filament moving locally in the direction perpendicular to its axis, the shear-rate
tensor, γ̇⊥, is obtained by taking the gradient of the flow in Eq. (2.3), such that

γ̇⊥ = f⊥

2rπη0


cosϕ(−1 + b2/r2) b2

r2 sinϕ 0
b2

r2 sinϕ cosϕ(1 − b2/r2) 0
0 0 0

 . (2.8)

In order to capture how the viscosity changes near the filament, the total shear-rate
near the filament is required. Indeed, a change in the viscosity due, for example, to
a perpendicular motion will then affect the apparent viscosity for movement in the
parallel direction, and vice versa. In other words, when the fluid is not Newtonian
we can no longer consider perpendicular and parallel motions separately but need to
include both solutions together. To find the total shear-rate, γ̇tot, we exploit linearity
and add the perpendicular and parallel solutions together to find on the filament r = b,
the tensor

γ̇tot = 1
2bπη0


0 f⊥ sinϕ −f∥

f⊥ sinϕ 0 0
−f∥ 0 0

 . (2.9)

The first shear-rate invariant is zero at r = b, thus we calculate the second shear-rate
invariant |γ̇|2 = tr(γ̇2)/2 where tr refers to the trace of the tensor [83], such that

|γ̇|2tot =
sin2 ϕf 2

⊥ + f 2
∥

(2bπη0)2 · (2.10)

To find the average value of the shear-rate invariant around the surface of the cylinder
we integrate around the cylinder axis (ϕ) and divide by 2π, and define the average
shear-rate on the surface due to both perpendicular and parallel motion of the rod as

γ̇avg =

√
f 2

⊥ + 2f 2
∥

2
√

2bπη0
· (2.11)

Note that beyond this local flow, hydrodynamic singularities far from the local portion
of the filament also contribute to flow and shear-rates, but these will be at least O(b/ℓ)
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smaller, and are thus sub-dominant [22]. In the slender limit, the result in Eq. (2.11)
gives therefore the leading-order value of the mean square shear-rate along the filament.

Finally, Eq. (2.11) relates the local shear-rate to the local force density. In order to
be used in a resistive-force theory-type approach, we need instead to have a relationship
between the shear-rate and the local velocity. To quantify the forces on the filament in
a self-consistent fashion we write

f⊥ = c⊥u⊥, and f∥ = c∥u∥, (2.12)

and thus the average shear-rate around the rod is given by

γ̇avg =

√
c2

⊥u
2
⊥ + 2c2

∥u
2
∥

2
√

2bπη0
· (2.13)

For a given velocity, we thus obtain that the locally-Newtonian assumption leads to
a shear-rate independent of the viscosity, since both drag coefficients scale linearly
with the viscosity (i.e. we get γ̇ ∼ u/b). We simplify the shear-rate by defining the
shear-rate velocity as

uγ̇ =
√
u2

⊥ + 2(c2
∥/c

2
⊥)u2

∥, (2.14)

such that
γ̇avg = c⊥uγ̇

2
√

2bπη0
· (2.15)

2.2.3 Notation

Depending on the model, shear-thinning fluids may be characterised by a number
of rheological parameters. For example, for a Carreau-like fluid or a power-law-like
fluid [83], one rheological parameter is the shear-thinning index, 0 < n < 1, which
describes by how much the viscosity reduces with increasing shear-rate (n = 1 being the
Newtonian limit). A Carreau-like fluid is also characterised by the critical shear-rate,
1/Γ, at which the fluid transitions from a Newtonian fluid, with viscosity η0, to a
shear-thinning fluid. In order to describe swimming through a non-Newtonian fluid, the
Newtonian drag coefficients (c∥, c⊥) are replaced by their non-Newtonian counterparts
(cNN∥ , cNN⊥). To quantify the non-Newtonian drag coefficients we introduce two
correction factors, (R∥, R⊥), defined as

R∥ =
cNN∥

c∥
, (2.16)
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and,
R⊥ = cNN⊥

c⊥
. (2.17)

If these drag coefficients are to describe motion in a shear-thinning fluid then they
are likely to depend on the local shear-rate (and thus both local velocity and the
Newtonian drag coefficients) in a nonlinear fashion, as well as on all the rheological
parameters of the fluid and the geometrical parameters of the filament. We propose
two empirical approaches in this paper, one based on experimental results and one
based on the ad-hoc Carreau model. In order to distinguish between the correction
factors in our two models below we use the subscript E to denote the correction factor
derived from experiments while the subscript C will be used to denote the Carreau
correction factor.

2.2.4 A non-Newtonian resistive-force theory from empirical
data

We build our first empirical resistive-force theory from the experimental results of
Ref. [97]. In this study, measurements were made of the sedimentation speed of rigid
rods under gravity into a variety of fluids at low Reynolds numbers (0.01 < Re < 0.27
based on their terminal velocity). The orientation of the rods was either aligned with
gravity or perpendicular to it. The forcing from gravity is known and velocities are
measured, allowing access to the drag coefficients. The rods used are a variety of
materials (perspex, polyvinyl chloride, aluminium and stainless steel) with aspect
ratios, α = d/L, ranging from 1/10 to 1, where L is the rod length and d is the rod
diameter. The non-Newtonian fluids in which the rods are dropped are shear-thinning
viscoelastic fluids, with critical times ranging from 0 s< Γ < 19 s, and shear-thinning
indices spanning 0.6 < n < 1 [97]. Rheometry data from Ref. [97] shows that the
viscosity vs. shear-rate relationship for each of the five fluids probed can be described
by the Carreau model, however they have non-zero first normal stress differences.

All results from Ref. [97] are reproduced in Fig. 2.2 where both perpendicular and
parallel rod orientations are shown for all five non-Newtonian fluids. No systematic
impact of the orientation of the rod on the experimental results is evident (specifically
the change in the sedimentation velocity, i.e. the correction factor), suggesting therefore
that correction factors are approximately independent of orientation in these experi-
ments, RE⊥ ≈ RE∥ ≡ RE. Based on their data, the authors of Ref. [97] proceeded to
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Fig. 2.2 Inverse of the drag coefficient correction factor, RE, as obtained experimentally
by measuring the sedimentation speed of cylindrical rods under gravity in a variety
of shear-thinning fluids [97]. Results from both vertical (∥) and horizontal (⊥) rod
orientations are shown and different fluids are marked by different symbols. Here n is
the power index of the fluid, Γ−1 the critical shear-rate for transition to shear-thinning
behaviour, U the velocity of the rod, and ds a relevant length scale characterising
the rod (see text). Inset: empirical formula, Eq. (2.18), proposed to fit all data [97].
Adapted and reprinted from Ref. [97].

propose an empirical formula fitting their data, namely a correction factor RE given by

1
RE

= 1 + 0.317
[
(1 − n)Γ |u|

ds

]0.692

, (2.18)

where n and Γ are as defined earlier, |u| is the magnitude of the rod velocity and
ds = 3

√
3Ld2 is the equivalent sphere diameter of the rods. From Ref. [97] the average

error between their data points and the empirical best-fitting curve is 12%.
Based on this, we use the fit from Eq. (2.18) as our first empirical resistive-force

theory in non-Newtonian fluids. Specifically we write that the non-Newtonian drag
coefficients are given in this case by

cE⊥ = RE(|u|)c⊥, cE∥ = RE(|u|)c∥, (2.19)

and we choose L = ℓ, in-keeping with the calculation of the shear-rate and the derivation
of the Newtonian drag coefficients, in the expression for the effective rod diameter used
in Eq. (2.18). Importantly, we note that Eq. (2.19) is fully consistent with Newtonian
resistive-force theory in that for n = 1, or Γ = 0, we recover the Newtonian solution.
Furthermore, Eq. (2.19) is consistent with experimental data shown in Fig. 2.2.
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Fig. 2.3 Shear-thinning viscosity of mucus from published data. A variety of different
mucus types including human cervical mucus, human lung mucus, human cervicovaginal
mucus, pig small intestine mucus, and human sputum from a variety of different
rheology measurement techniques including steady and oscillatory measurements and
micro-rheology measurements. Reprinted from Ref. [84].

2.2.5 A non-Newtonian resistive-force theory from the Car-
reau model

We now attempt to build the second correction factor from a shear-thinning fluid
model. We assume that the flow is locally Newtonian and thus we can employ the
shear-rate from Eq. (2.15) in any shear-thinning fluid model. We confine ourselves to
shear-thinning fluid models as our locally Newtonian assumption requires the fluid to
have no memory of previous events. We choose the Carreau model which is a good
fit to many biological shear-thinning fluids [84] (Fig. 2.3) and is used to fit rheology
data microswimmer experiments in purely shear-thinning fluids [143]. In particular,
we note that the shear-thinning data from all fluids in Ref. [97] fit well to the Carreau
model. In a Carreau model, the viscosity of the fluid is given by

η = η∞ + (η0 − η∞)
[
1 + (Γγ̇)2

]n−1
2 . (2.20)

The model is well-behaved and shear-thinning for 0 < n < 1. Here η0 and η∞ describe
the fluid’s Newtonian zero and infinite shear-rate viscosities, respectively. Since high
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Fig. 2.4 Non-Newtonian correction factors as a function of the dimensionless flow
shear-rate for the experimental results ((a) RE) and the Carreau fluid model ((b) RC).
Increasing shear-thinning indices n are shown from light grey to dark grey with the
Newtonian limit n = 1 shown in black.

shear-rates are unlikely to be reached, we set η∞ = 0 so that the model simplifies to

η

η0
=
[
1 + (Γγ̇avg)2

]n−1
2 , (2.21)

where γ̇ = γ̇avg. Together with Eq. (2.13), we describe the second correction factor as

RC =
1 +

(
Γc⊥uγ̇

2
√

2bπη0

)2


n−1
2

. (2.22)

As a result, the Carreau non-Newtonian drag coefficients are defined by

cC⊥ = RC(u⊥, u∥)c⊥, cC∥ = RC(u⊥, u∥)c∥, (2.23)

with RC from Eq. (2.22). Again, we note the Carreau correction factor is consistent
with Newtonian resistive-force theory, and Eq. (2.19) reduces to unity when n = 1 or
Γ = 0 to recover the Newtonian solution. Note that, contrary to the experimental
non-Newtonian drag ratio, the Carreau maintains a difference between parallel and
perpendicular orientations.

2.2.6 Comparison between the two models

We have proposed two methods to estimate non-Newtonian drag coefficients, one based
on fitting experimental data (Eq. 2.19) and one based on using the classical empirical
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Carreau model (Eq. 2.23). A comparison between the non-Newtonian correction factors
for these two models is shown in Fig. 2.4 where we plot the correction factors as a
function of the local dimensional shear-rate in the fluid (i.e. Γγ̇ for the Carreau model
and Γ|u|/ds in the case of the experiments). Both correction factors show the same
qualitative behaviour decreasing with: an increased actuation shear-rate; an increased
critical time Γ; and a reduced shear-thinning index n. As expected, the nonlinear
dependence of RC on n is stronger than the linear dependence in the case of RE and
there is thus a stronger reduction in drag with smaller values of n in that case.

Some important differences are however to be expected in the results. The empirical
fit described by Ref. [97] was built from a small range of shear-thinning fluid parameters,
thus in order to explore a wider range of n and Γ value we will push the experimental
model past its true regime of validity. In comparison the Carreau fluid model is
valid for all n and Γ values. We note also that Carreau fluids have zero first and
second normal stress differences, whereas the fluids measure in Ref. [97] have non-zero
first normal stress differences which increase with increasing shear rate indicating
viscoelastic effects.

2.2.7 Regime of validity

The shear-rate calculated in Section 2.2.2 describes the local flow around the filament
in the limit where it is asymptotically slender. In that case the relevant shear-rate near
the rod is dominated by that induced by the local portion of the filament. In order
for our local resistive-force theory to be self-consistent, the fluid viscosity around each
section of the filament must only affected by the movement of said filament section.
This requires the shear-rate at the cut-off distance ℓ away from the flagellum to be
less than the critical shear-rate, |γ̇C | = 1/Γ, at which the fluid becomes shear-thinning.
The shear-rate scales as γ̇ ∼ uγ̇/r, hence the validity of our model is constrained to
flows where

uγ̇

ℓ
≲

1
Γ · (2.24)

For illustration purposes, let us consider the flagellar motion of a spermatozoon
with beat frequency ν ∼ 30 Hz, wavelength λ ∼ 70 µm [30], and flagella diameter
d ∼ 100 nm [8]. For a waving flagella the maximum velocity reached by any rod section
is the wavespeed V = νλ, and ℓ = 0.09λ. Using uγ̇ ≈ V the constraint in Eq. (2.24)
simplifies to the inequality Γν ≤ 0.09, and for the given swimmer the range of critical
times our model can describe is given by Γ ≤ 3 × 10−3 s. Alternatively, if the fluid
properties are given the model is constrained by a maximum actuation frequency.
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Fig. 2.5 Sinusoidal travelling waveform as a model for the locomotion of flagellated
eukaryotic cell. Swimming, with speed U , is in the opposite direction to the travelling
wave, with wavespeed V . See text for notation.

2.3 Locomotion of waving slender filaments

In order to illustrate the results given by our non-Newtonian resistive-force theory we
apply in this section this modelling approach to study the waving of slender filament
as a model for the locomotion of flagellated eukaryotes [22].

2.3.1 Setup

We consider the swimming of an infinite inextensible filament whose shape deforms as
a planar sinusoidal waveform given in Cartesian coordinates by

y(x, t) = a sin(2πx/λ− ωt), (2.25)

where a is the wave amplitude, ω the wave frequency and λ its wavelength. The x axis
is the direction of propagation of the wave (see notation in Fig. 2.5). As a result of
the waving motion, the filament undergoes locomotion in the −x direction. Since the
filament is infinite, the swimming speed is expected to be steady. We non-dimensionalise
length scales by λ/(2π) and times by ω−1, hence the waveform equation simplifies
to y = ϵ sin(x − t), where ϵ = 2πa/λ, such that the non-dimensionalised wavespeed
V = λω/(2π) = 1. The Newtonian drag coefficients are non-dimensionalised by the
zero-shear viscosity.

For a slender flagellum the force per unit length exerted by the fluid on the flagellum,
f , is quantified by the non-Newtonian resistive-force theory as

fE/C = −
[
RE/Cc∥t̂t̂ +RE/Cc⊥(I − t̂t̂)

]
· u, (2.26)

where t̂ is the local tangent to the filament, u is the lab-frame velocity, and RE (resp RC)
is the non-Newtonian correction factor for the Newtonian drag coefficients (c∥, c⊥) based
on the experiments (resp. on the Carreau model). Classically, the non-dimensionalised
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velocity of each point along the flagellum can be written in the laboratory frame as [22]

u = (1 − U)x̂ − qt̂(s), (2.27)

where q = Λ/λ > 1 is the ratio between the wavelength Λ measured along the flagellum
arc-length (s) and the wavelength λ measured along the x direction, x̂ is the unit
vector along the direction of the traveling wave, and U < 1 the non-dimensionalised
(unknown) swimming speed. In order to determine the value of U we enforce the
free-swimming condition namely

∫ Λ

0
f · x̂ds = 0, (2.28)

with the other components being zero by symmetry. The force density along x, fx, is
given by

fx = f · x̂ = −RE/Cc⊥u · x̂ + (RE/Cc⊥ −RE/Cc∥)(u · t̂)(̂t · x̂). (2.29)

Using Eq. (2.27), the above simplifies to

fx = RE/Cc⊥(U − 1) +RE/Cc∥qt̂ · x̂ + (RE/Cc⊥ −RE/Cc∥)(1 − U)(̂t · x̂)2. (2.30)

Furthermore we define a dimensionless critical time to complete our non-dimensionalisation,
where Γ is rescaled to Γω (with identical notation retained for convenience) such that
the Carreau correction factor becomes

RC =
1 +

(
Γc⊥uγ̇

2
√

2πb

)2


n−1
2

, (2.31)

where
u2

γ̇ = (1 − U)2(x̂ · n̂)2 + 2
c2

∥

c2
⊥

(
(1 − U)x̂ · t̂ − q

)2
. (2.32)

Similarly upon non-dimensionalisation the experimental correction factor becomes,

RE =
1 + 0.317

(
(1 − n)Γ|u|

ds

)0.692
−1

, (2.33)

where
|u|2 = [(1 − U) − qt̂ · x̂]2 − (qt̂ · ŷ)2. (2.34)
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The unit tangent and normal to this wave are further given by t̂ = (cos θ, sin θ) and
n̂ = (− sin θ, cos θ) where θ is the angle between the swimming direction (x̂) and the
local tangent to the flagellum (̂t). We now have four dimensionless constants we are
able to vary: n and Γ describing the fluid; α describing the aspect ratio of the flagellum;
and ϵ describing the amplitude of the waveform. The variables n and Γ enter only
through the correction factor whereas α and ϵ enter into both the correction factor and
the Newtonian calculation through the Newtonian drag coefficients c⊥ and c∥ which
depend logarithmically on α, and ϵ through the integral over the arc-length s.

Note that, as discussed above, the resistive-force theory description is only valid
when the viscosity changes are local, hence in non-dimensional values the range of
viable critical times is Γ ≲ 0.6, whose value is given for a typical spermatozoa flagella
described in Section 2.2.7.

2.3.2 Numerical implementation and validation

In order to validate our numerical implementation, we first address Newtonian swim-
ming. We compare our numerical implementation of Eq. 2.28 in the Newtonian limit
to the analytic Newtonian result, namely [22]

UN =

(
1 − c∥/c⊥

)
(1 − β)

1 − (c∥/c⊥ − 1)β , (2.35)

where
β = 1

Λ

∫ Λ

0
t̂ · x̂ds = 1

Λ

∫ Λ

0
cos2 θds. (2.36)

At small amplitude ϵ ≪ 1, the swimming speed limits to the asymptotic result

UN = ϵ2(1 − c∥/c⊥)
2c∥/c⊥

, (2.37)

which agree with our numerics when ϵ decreases as shown in Fig. 2.6a. A closer
agreement can be found for all values of ϵ by comparing our full numerical results
to the swimming speed given in Eq. (2.35), where β is evaluated numerically. The
comparison is show in Fig. 2.6b and therefore validates our numerical implementation
of the free-swimming problem.
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Fig. 2.6 The numerical Newtonian results are compared to the analytic Newtonian
results, (a) small-amplitude analytical expansion of Eq. 2.37 (solid line, ϵ ≪ 1) compared
to numerical results (red diamonds) and (b) Analytical result of Eq. (2.35) with β
evaluated numerically (dashed line) compared to numerical results (red diamonds).

0.001 0.01 0.1
0.6

0.7

0.8

0.9

1(a)

RE

RC

n = 0.3
{

{

Γ

UNN

UN

ε = 0.5
ε = 1
ε = 1.5
ε = 0.5
ε = 1
ε = 1.5

0 0.2 0.4 0.6 0.8 1
0.6

0.7

0.8

0.9

1(b)

RE

RC

Γ = π/20{

{

(1 − n)

UNN

UN

ε = 0.5
ε = 1
ε = 1.5
ε = 0.5
ε = 1
ε = 1.5

Fig. 2.7 Ratio between the non-Newtonian and Newtonian swimming speeds, UNN/UN ,
as a function of the properties of the fluid. (a) speed ratio with fixed n = 0.3 for a
range of amplitudes ϵ plotted against the critical fluid time Γ. (b) speed ratio with
fixed value of Γ = π/20 for a range of wave amplitudes ϵ plotted against the power
index of the fluid, n. The swimming speed is always reduced in a shear-thinning fluid.
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2.3.3 Non-Newtonian locomotion

We now follow a similar numerical approach to tackle the non-Newtonian problem,
however as the integral depends on the velocity U , we must solve this iteratively, taking
the Newtonian solution as the initial value from which we iterate. The main results
are shown in Fig. 2.7 where we plot the ratio between the non-Newtonian swimming
speed of the waving flagellum (UNN ) and the Newtonian one (UN ) as a function of the
critical time of the fluid Γ (a) and as a function of the power index n (b). Results for
the two models are superimposed: the Carreau approach is plotted in solid lines while
the experimentally-based model is show in dashed line, each for a few different values
of the wave amplitude ϵ.

While the Carreau and experimental models do not agree quantitatively, they
both provide a similar physical picture. Under this modelling approach, swimming
of a waving flagellum is always slower in a non-Newtonian fluid than in a Newtonian
fluid, and all the more that the critical time Γ increases Fig. 2.7a or that the power
index n decreases Fig. 2.7b. Both illustrate that, for a fixed geometry, the greater the
non-Newtonian effects in the fluid the slower the resulting swimming speed.

We further see in Fig. 2.7 that the results for different wave amplitudes, ϵ, do
not collapse onto the same curve; non-Newtonian swimming has therefore a different
ϵ dependence from Newtonian swimming. To address this we plot the ratio of the
swimming speeds against ϵ for a fixed Γ value and a range of power indices in Fig. 2.8.
For both models, we observe a non-monotonic dependence of the swimming speed
ratio on the wave amplitude ϵ. The swimming speed always deceases with ϵ for small
amplitudes, reaches a minimum for the Carreau correction factor and experimental
correction factor when ϵ ≈ 1.2 and ϵ ≈ 0.6 respectively (the precise value depends in
fact on the fluid properties). Finally, at large amplitudes, the swimming speed ratio
asymptotes again to UNN/UN ≈ 1.

Unlike the Newtonian result, both non-Newtonian swimming speeds depend on the
rod shape i.e. the value of α, as the correction factors depend on α in such a way that it
cannot be factored out of the integral equation. As with Γ, both the experimental and
Carreau model swimming speeds decrease monotonically with increasing α, showing
that we would expect fatter swimmers to be hindered more by the shear-thinning fluid.
These results are not shown here as they are qualitatively similar to the dependence
on Γ in Fig. 2.7a.
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Fig. 2.8 Ratio of the non-Newtonian to Newtonian swimming speeds UNN/UN for fixed
critical time Γ = π/40, for a range of power indices n as a function of the flagellum
amplitude ϵ, (a) experimental model (RE) and (b) Carreau model (RC).

2.3.4 Asymptotic results

In order to understand further the systematic decrease in swimming speed compared
to the Newtonian results we turn to considering the impact of a small amount of
non-Newtonian rheology to the fluid. The transition between a Newtonian fluid and a
shear-thinning fluid occurs for fluids with a finite critical time and with a shear-thinning
index below unity. In the experimental correction factor, both terms (1 − n) and Γ
appear as a single factor χE ≡ [(1 − n)Γ]0.692. In the Carreau model we must assume
that (1 − n) is small to ensure that the non-Newtonian effects are small. Since (1 − n)
only appears as a power in the correction factor RC , the lowest order non-zero term is
χC ≡ (1 − n)Γ2.

We can then expand mathematically both empirical models about the small pa-
rameters χE and χC respectively, leading to swimming with speeds written at first
order as U (E)

NN ≈ U0 + χEU
(E)
1 and U

(C)
NN ≈ U0 + χCU

(C)
1 respectively. At zeroth order

for both models the Newtonian result is recovered such that U0 = UN . In order to
expand the velocity-dependent drag correction factors we must insert U (E)

NN and U
(C)
NN

into their respective correction factors RE and RC , such that RE ≈ 1 + χERE(1) and
RC ≈ 1 + χCRC(1) where

RE(1) = −0.317
(

|u0|
ds

)0.692

, (2.38)

and

RC(1) = −1
2

(
c⊥uγ̇0

2
√

2πb

)2

, (2.39)
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are the first order correction factors, in which

|u0| =
√

(1 + q2) + U2
0 + 2q(U0 − 1) cos θ − 2U0, (2.40)

and

uγ̇0 =

√√√√(1 − U0)2(x̂ · n̂)2 + 2
c2

∥

c2
⊥

(
(1 − U0)x̂ · t̂ − q

)2
, (2.41)

are the leading order rod section velocity and shear rate velocity respectively. After
expansion, the first-order experimental and Carreau swimming speeds are obtained to
be

U
(E)
1 = −0.317

( 1
ds

)0.692

∫ Λ

0
|u0|0.692P (θ)ds

c⊥Λ − β(c⊥ − c∥)Λ
, (2.42)

and

U
(C)
1 = −1

2

(
c⊥

2
√

2πb

)2
∫ Λ

0
u2

γ̇0
P (θ)ds

c⊥Λ − β(c⊥ − c∥)Λ
, (2.43)

respectively, where

P (θ) = (1 − U0)c⊥ − c∥ cos θ − (1 − U0)(c⊥ − c∥) cos2 θ, (2.44)

where θ is implicitly a function of the arc-length s. The right-hand side of both
Eqs. (2.42) and (2.43) only depend on the Newtonian results and can thus be easily
evaluated numerically. The results for both U (E)

1 and U (C)
1 are shown in Fig. 2.9. Both

the experimental and Carreau first-order swimming speeds are negative for all values of
the wave amplitude indicating a decrease in the swimming speed with non-Newtonian
effects in agreement with our full numerics.

2.3.5 Physical interpretation

In order to gain some fundamental understanding on the origin of the observed
systematic reduction in swimming speed, we take a closer look at the distribution
of shear-rates along the waving flagellum. As the non-Newtonian equations are too
nonlinear to glean physical insight, we consider the Newtonian shear-rates to inform
our understanding of the system. We use the shear-rates calculated for our Carreau
correction factor with the knowledge that larger shear-rates will lead to reduced drag
force for both our correction factors.
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Fig. 2.9 First-order corrections to the Newtonian velocity scaled by the Newtonian
speed, U1/U0, for the Carreau model (solid line) and the experimental model (dashed
line) as a function of the wave amplitude ϵ. The correction is always negative indicating
a decrease in the swimming speed.

We consider separately the “thrust” problem, where U = 0 and a net force is a
applied on the fluid, and the “drag” problem, where V = 0 and the flagellum is dragged
passively through the fluid. In the thrust problem, denoted ‘th’, the magnitude of
non-dimensionalised shear-rate velocity is given by

uγ̇th
=
√

sin2 θ + 2 c∥

c⊥
(cos θ − q)2, (2.45)

leading to a shear-rate along the flagellum of

|γ̇th| = c⊥uγ̇th

2
√

2πb
, (2.46)

where shear-rates are non-dimensionalised by ω. In the drag problem, denoted by ‘dr’,
since the non-dimensionalised relevant shear-rate velocity is given by

uγ̇dr
= U

√
sin2 θ + 2 c∥

c⊥
cos2 θ, (2.47)

the shear-rate is then given by

|γ̇dr| = c⊥uγ̇dr

2
√

2πb
· (2.48)

The distribution of shear-rates for both thrust and drag problems is shown in
Fig. 2.10 for two wave amplitudes (small in thin line and large in thick line). Note that



34 An empirical non-Newtonian resistive-force theory

0 π 2π
0

5

10

15

20

25

ε = 0.25 ε = 1

x

|γ̇dr| |γ̇dr|
|γ̇th| |γ̇th|

Fig. 2.10 Dimensionless shear-rates along a waving flagellum as a function of the
dimensionless position x along the flagellum for the drag problem (dashed lines) and
the thrust problem (solid lines), shown for a small amplitude (ϵ = 0.25) and large
amplitude (ϵ = 1) swimmer.

the drag problem is computed for U = UN i.e. we are comparing the shear-rates for
the flow around the flagellum for the two problems which, on average, induce equal
and opposite forces during the swimming motion. What is apparent from these results
is that the shear-rates in the thrust problem are systematically larger than in the drag
problem essentially everywhere along the waving flagellum. In a shear-thinning fluid,
the higher the shear-rate the lower the viscosity. Since for swimming thrust and drag
have to balance, we see that if the swimming speed was kept constant, forces would
not balance and there would be more drag than thrust. The value of the swimming
speed has thus to decrease in order to compensate for it.

An alternative way to interpret this result is to consider the case of waving at small
amplitude ϵ. In that limit, the shear-rates for the thrust and drag problems are given
by

|γ̇th| ≈ c⊥ϵ| cos(x− t)|
2
√

2π
+O(ϵ2), (2.49)

and,

|γ̇dr| ≈
c∥ϵ

2

2
√

2π

(
1 − c∥/c⊥

)
c∥/c⊥

+O(ϵ4), (2.50)

respectively. As the shear-rate in the drag problem is a factor ϵ smaller than the
one due to thrust generation, we obtain a relatively larger reduction in thrust, and
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Fig. 2.11 Summary of nematode kinematics for Newtonian (blue) and shear-thinning
(red) fluids with each data point representing the mean and standard error of approxi-
mately 15 recordings, and a summary of the shear-thinning fluid fitting parameters.
(a) Swimming speed U , (b) beat frequency ν, (c) head amplitude a, (d) wave speed
V , all as a function of the effective viscosity ηeff . Carreau fluid parameters are fitted
to cone-plate rheometry data for each fluid. (e) Carreau time scale Γ and (f) the
shear-thinning index n. Adapted and Reprinted from Ref. [143].

thus a reduction in the swimming speed. Fundamentally, the difference in shear-rate
scaling between thrust (∼ ϵ) and drag (∼ ϵ2) arises from the fact that in the thrust-
producing waving motion, only a small subset of the periodic up-and-down motion in
the direction perpendicular to the swimming direction is rectified to produce useful
work for swimming.

2.4 Comparison with C. elegans experiments

In order to demonstrate the relevance of our empirical model we now compare our
simulations results to the experimental results of Gagnon et al. [143], where the
swimming motion of the small nematode Caenorhabditis elegans (C. elegans) was
studied in both Newtonian and shear-thinning fluids. The shear-thinning fluids in their
study are composed of Xanthan gum solutions, shown by rheological measurements
to be inelastic and well described by the Carreau model, with greater shear-thinning
obtained for larger Xanthan gum concentrations. C. elegans are then immersed in
the different fluids within an acrylic chamber of diameter 2 cm and thickness 1 mm.
The organisms are approximately 1 mm in length and 80 µm in diameter. Through
body tracking, the swimming speed, frequency, wavespeed and amplitude of the waving
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nematode is measured in each of the different fluids as shown in Fig. 2.11 together
with the Carreau fluid parameters for each of the shear-thinning fluids. These are then
plotted against an effective viscosity ηeff , defined as the average viscosity over the
shear-rates experienced by the swimmer, U/L ≤ γ̇ ≤ 2ωB/d, and ranging in this series
of experiments from 6 mPa s to 200 mPa s. The results for shear-thinning fluids are
then compared to Newtonian fluids with similar viscosities to the effective viscosities
of the shear-thinning fluids.

Using the experimental data from Ref. [143], the waveform and wavespeed of each
swimmer in the different fluids is known as well as the fluid properties, and thus a
direct comparison with our model results can be made with no fitting parameters.
The only parameter which can be altered in our simulations is the length of the
unphysical rod ‘sections’ which affects both the Newtonian and non-Newtonian results
through the Newtonian drag coefficients. Here we choose two examples one identical
to the the previous planar wave analysis where ℓ = 0.09λ and a second with more
realistic ellipsoidal rods with ℓ = ℓnema as ℓnema < λ. This comparison is presented
in Fig. 2.12 where we plot the dimensional swimming speed, U , against the effective
viscosity, ηeff . Each simulation data point shares fluid and swimmer properties with
the experimental shear-thinning swimming speed at that particular effective viscosity.
Experimental results are shown with open symbols (each data point represents the
mean and standard error of approximately 15 experiments [143]) while the results
of our models are shown with line symbols (rod-like filaments) and filled symbols
(ellipsoidal filaments). Specifically we use line symbols (crosses and stars) to plot
results of our modelling approach using ℓ = 0.09λ, as described in Section 2.2.2 (both
the experimental and the Carreau model), here the Newtonian drag ratio is given by
c⊥/c∥ ≈ 1.1. As the wavelength is larger than the length of the nematode, ℓ is too short.
Instead we choose the body length ℓnema and note that its shape is more accurately
described by that of a prolate ellipsoid of aspect ratio α = dnema/lnema ≈ 0.08, where
dnema is the nematode diameter. Using the drag coefficients described in Ref. [149]
for prolate spheroids, we find that the dimensions of C. elegans correspond to a drag
ratio c⊥/c∥ ≈ 1.5, which is within the range of drag ratios calculated by Ref. [31] for
biologically relevant swimming. The corresponding results are show with filled circles
in Fig. 2.12 for the experimental empirical model and the Carreau empirical model.

While some discrepancies exist, we see that both sets of numerical simulations
share the qualitative features of the experimental results, which are greater than all
modelling in both Newtonian and non-Newtonian fluids. Our empirical non-Newtonian
resistive-force theory is thus able to capture the main physical features of swimming
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Fig. 2.12 Experimental results from Ref. [143] (open symbols with error bars) plotted
together with our simulation results (line or filled symbols). Newtonian swimming
speeds are shown in (a), and non-Newtonian swimming speeds in (b). The simulation
results are represented by line symbols for thin rod results and filled symbols for fat
rod results. The lines in each of the different colours are straight lines of best fit to
their matching colour symbol. Each shear-thinning simulation data point shares fluid
and swimmer properties with the red experimental shear-thinning swimming speed at
that particular effective viscosity.

in a shear-thinning fluid. Quantitative differences are expected to arise from multiple
sources. First, our model is confined to local effects of the thinning fluid whereas we
estimate the fluid to be thinned over 100 nematode radii in the experiments. This would
lead to soft confinement effects, and an increase of the swimming above that shown by
the thick filament model in Fig. 2.12b [106, 147]. Furthermore our simulations do not
include end effects, which are predicted to increase swimming speeds in non-Newtonian
fluids [150, 125]. Wall effects in the confined experimental setup are also expected to
play a role whereas our model considers swimming in an infinite fluid. Despite these
possible sources of discrepancies, our simple empirical model is able to capture the
main physical features of waving locomotion in a shear-thinning fluid.

2.5 Discussion

Flagella waving in fluids are expected to be subject to two types of physical changes
when the fluid is no longer Newtonian but is shear-thinning [146]. The first one, local,
is due to the decrease of the fluid forces resulting from a decrease of the fluid viscosity.
The second, nonlocal, results from overall changes to the flow field in the fluid, and is
similar to enhanced in swimming under soft confinement [106, 147]. In this Chapter
we proposed an empirical model to quantify the first of these effects by replacing
the classical Newtonian drag coefficients with velocity-dependent shear-thinning drag
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coefficients based on experimental results or empirical modelling. We illustrated our
new models by calculating the swimming speed of an infinite planar wave swimmer
with a slender flagellum, for a range of shear-thinning fluid parameters, and apply our
results to a set of experimental results on C. elegans taking into account the ellipsoidal
shape of the nematode [143].

The main limitation to our model, beyond the fact that it is clearly not derived from
first principles and is thus empirical, is the small range of relaxation times (or actuation
frequencies) where our model is viable. Indeed, as with Newtonian resistive-force
theory, we must ensure that the flow induced by the moving portion of a filament is
local otherwise interactions between different sections of the filament are required. In
a shear-thinning fluid this means that the flow outside the “region of influence” of size
ℓ needs to be Newtonian to allow fluid stresses to be determined solely by the local
kinematics. This imposes thus a limit on the range of shear-rates between the critical
shear-rate and the largest shear-rate experienced by the flagella. Typical shear-rates
generated by spermatozoa, cilia and C. elegans are in the range 101 − 103 s−1, and
typical critical shear-rates of mucus are on the order |γ̇C | ∼ 10−3 s−1 [84], and soil
|γ̇C | ∼ 10−1 s−1 [85]. Hence the typical distance r away from a particular location along
the flagellum where the fluid is Newtonian is on the order r/a ∼ 102 for C. elegans in
soil and r/a ∼ 104 − 105 for cilia and spermatozoa in mucus. Meaning the fluid around
biological organisms is already heavily sheared by the motion at a length ℓ before the
swimmer, and therefore the requirement Γν ≤ 0.09 is likely to not be reached in vivo.

Further improvements to these models would ideally capture the shear-thinning
fluid effects of the rod sections around each rod section of the flagellum, i.e. the
creation of a non-Newtonian slender body theory, however this would require an
accurate calculation of the shear-rates experienced by the rod section. Something we
cannot capture with our locally Newtonian assumption and would require the use
of non-Newtonain stokeslets and doublets. Additional improvements could be made
by combining the shear-thinning effect discussed in this Chapter with the effect of a
polymer-depleted region around the rod [106].

While the work presented here focused on planar waving motion it can be adapted
to helical propulsion of bacteria. In that case, and unlike for planar swimming, the
presence of a head is crucial to balance hydrodynamic moments [151]. The force integral
over the rigid helical flagella must match the force generated by the head, and similarly
for the torque, then the rotation rate and the swimming speed can be obtained. In
order to describe the force and torque on the head both the rotational and translational
the drag coefficient of the head would be required. If the head is rod-shaped then
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the translational drag coefficients are as described in this paper, however for spherical
(e.g. coccus) or more complex head shapes knowledge of new drag coefficients would be
required, obtained experimentally or numerically.

Beyond simple flagellar-based locomotion, resistive-force theory has also been used
to tackle large variety of problems in the biophysics of swimming cells. With our
modelling approach, these results could then be extended to more complex fluids.
Problems which could be tackled include the polymorphic transitions of bacteria
flagella [152], bundling of flagella [153], swimming non-flagellated bacteria [154], the
generation of waving modes in passive [155, 29] and active filaments [46], and the
motion of filaments in external flows [156, 157].





3

Small-amplitude rigid swimmers in
viscoelastic fluids

3.1 Introduction

We consider mathematically the most general problem for planar locomotion using small-
amplitude waves periodic both in space and in time. Specifically, we prescribe the shape
deformation as a sum of waves travelling with different wavenumbers and frequencies
and in different directions and consider the resulting locomotion in a viscoelastic,
Oldroyd-B fluid. This swimmer is rigid such that the waveform is unaffected by
the surrounding fluid. We show that swimming in a non-Newtonian fluid at small
amplitudes need not always lead to slower swimming compared to the Newtonian case,
provided the right combination of waves are considered. For swimming enhancement to
be observed, different waves need to travel in opposite directions, and the enhancement
in that case results from the asymmetric viscoelastic damping of waves with different
frequencies. A change of the swimming direction is also possible. After presenting the
general derivations, and introducing a sufficient condition for enhanced locomotion,
we analyse in detail the cases of two or three travelling waves. The enhancement in a
viscoelastic fluid can be obtained for all Deborah numbers below a critical value or, in
the case of three waves or more, only if a finite amount of elasticity is present in the
fluid.
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Fig. 3.1 A two-dimensional flexible sheet deforming as a traveling wave with amplitude
a, wave number k, wave speed V , and frequency ω = kV resulting in its swimming at
speed U .

3.2 General small-amplitude wave in a viscoelastic
fluid

3.2.1 Setup

Analogous to Taylor’s classic swimming calculation [9, 44], an infinite inextensible
two-dimensional sheet of negligible thickness is placed in a fluid and undergoes waving
motion, as illustrated in Fig. 3.1.

The waveform of the sheet is prescribed, and results in swimming. In the frame of
the swimmer the oscillation of the vertical position, y(x, t), of the sheet is described by,

y(x, t) = a
+∞∑

n=−∞

+∞∑
m=−∞

αn,me
i(mkx−nωt), (3.1)

where x denotes the coordinate along the average sheet axis and t time. In Eq. (3.1),
a is the sheet amplitude, k the fundamental wavenumber and ω the fundamental
frequency. Furthermore the modes n = 0 and m = 0 are omitted as there is no mean
deformation in x or in time. The fluid is assumed to be located above the sheet along
the y > 0 direction, we only need to consider fluid above (or below) the sheet as we
only consider the flow at infinity which is the same above or below the sheet. We allow
both positive and negative values of the mode number (m,n) in order to include waves
travelling in both directions along the sheet. The order-one complex coefficients αn,m

represent dimensionless Fourier amplitude of each (m,n) mode and since y is real they
satisfy α−n,−m = α∗

n,m. To simplify notation all sums over n and m from −∞ to +∞
will be denoted with a single summation symbol, ∑n,m.
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Upon non-dimensionalising x by k−1 and t by ω−1, Eq. (3.1) becomes

y(x, t) = ϵ
∑
n,m

αn,me
i(mx−nt), (3.2)

with a prefactor ϵ = ak defined as the ratio of the sheet amplitude to its wavelength.
We assume that this ratio is small in this Chapter, ϵ ≪ 1, allowing the swimming
speed to be computed as an asymptotic expansion in ϵ.

As the sheet is infinite along the z direction we can reduce the three-dimensional
swimming problem to two dimensions. The velocity field is written as u = uxx̂ + uyŷ.
This allows a streamfunction, ψ(x, y, t), to be defined such that ux = ∂ψ/∂y and
uy = −∂ψ/∂x, ensuring that the flow remains incompressible, ∇ · u = 0.

In order to find the streamfunction we must first consider the boundary conditions
imposed on the flow. On the waving sheet the no slip boundary condition enforces the
velocity of the fluid at the sheet location to be the same as the velocity of the sheet, so
that

∇ψ|x,y(x,t) = ϵ
∑
n,m

inαn,me
i(mx−nt)x̂. (3.3)

Far away from the sheet we expect that the flow will be unaffected by the wavemotion.
Hence in the frame of the swimmer, the far field velocity will be the speed of the
swimmer, but in the opposite direction. So if the steady swimming of the sheet is
denoted −U x̂ then we have the boundary condition

∇ψ|x,∞ = U x̂, (3.4)

where the value of U is to be determined.

3.2.2 Constitutive relationship: Oldroyd-B fluid

At low Reynolds number, which is the relevant limit for microorganisms, the flow
around the sheet is described by the Cauchy equation,

∇p = ∇ · τ , (3.5)

with p the pressure, and τ the deviatoric stress. Viscoelastic effects in the fluid are
modelled using the classical Oldroyd-B evolution equation for τ . The Oldroyd-B
constitutive equation models a dilute solution of infinitely extensible polymers in a
Newtonian solute as a homogeneous continuum [158, 87]. In this classical model,
the shear viscosity is constant but the polymer elasticity affects the flow, giving rise
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to normal stresses. The Oldroyd-B model is the simplest of the dumbbell models
that can be rigorously derived from a dilute solution of infinitely-extensible elastic
dumbbells in a Newtonian solvent [87]. The Oldroyd-B model captures many features
of Boger (elastic, constant viscosity) fluids such as those used in experiments on
propulsion [111, 110, 159, 112]. Furthermore, from Ref. [44], we expect that to second
order in ϵ, our asymptotic results will remain valid for a large class of constitutive
relationships. In an Oldroyd-B fluid, the total deviatoric stress, τ , a combination of
stresses from the Newtonian solvent τ s, and those from the polymers τ p, is written
as τ = τ s + τ p. If ηs denotes the solvent viscosity and assuming that τ p follows a
first-order Maxwell constitutive equation with relaxation time λ, elastic modulus G,
and polymer viscosity ηp = G/λ, the total stress obeys [87]

τ + λ
▽
τ= ηγ̇ + ηsλ

▽
γ̇, (3.6)

where γ̇ is the shear rate tensor, defined as γ̇ = ∇u + ∇uT , and η = ηs + ηp is the
sum of the solvent and polymer viscosities. In Eq. (3.6),

▽
A= ∂A

∂t
+ u · ∇A − (∇uT · A + A · ∇u). (3.7)

defines the upper-convected derivative that describes the rate of change of the tensor
A while it translates and deforms with the fluid. Upon non-dimensionalising stresses
by ηω and shear rates by ω, Eq. (3.6) becomes

τ + De ▽
τ= γ̇ + βDe

▽
γ̇, (3.8)

where β = ηs/η ≤ 1, and De = λω is the Deborah number that describes the relative
importance of viscoelasticity by comparing the relaxation time to the timescale on which
the fluid is perturbed, given by ω−1, where ω is the fundamental waving frequency.

3.2.3 Asymptotic solution

Since we have ϵ ≪ 1 we seek to find solutions to the streamfunction, stress and velocity
in terms of perturbative expansion in ϵ, such that

ψ = ϵψ1 + ϵ2ψ2 + . . . , (3.9)
τ = ϵτ 1 + ϵ2τ 2 + . . . , (3.10)
U = ϵ2U2NN + . . . . (3.11)
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The swimming velocity is expected to be quadratic in ϵ, because of the symmetry
ϵ → −ϵ due to the low Reynolds number regime in which the sheet propagates. A
change from ϵ to −ϵ is identical to a shift in of half a period in time which cannot
change the swimming speed as this is independent of time as the wave is infinite and
the Stokes equations are time independent. The finite Deborah number introduces
time dependence but from Ref. [44] we do not expect swimming at this order even at
finite Deborah numbers. We thus focus on the first and second-order solutions (the
subscript NN is used as a reminder that the final result for the swimming speed will
quantify non-Newtonian swimming).

Solution at order ϵ

The leading-order constitutive equation is linear and given by

τ 1 + De∂τ 1

∂t
= γ̇1 + βDe∂γ̇1

∂t
· (3.12)

This can be reduced into a streamfunction equation by taking its divergence, combining
with Eq. (3.5), and taking the curl to eliminate the pressure, leaving

(
1 + βDe ∂

∂t

)
∇4ψ1 = 0. (3.13)

The post-transient solution to Eq. (3.12) is found using Fourier notation and solving
the biharmonic equation analytically, leading to

ψ1 =
∑
n,m

αn,m
n

m
(1 + |m|y)e−|m|yei(mx−nt), (3.14)

where the first-order boundary conditions,

∇ψ1|x,0 =
∑
n,m

inαn,me
i(mx−nt)x̂, (3.15a)

and
∇ψ1|x,∞ = 0, (3.15b)

are satisfied. Clearly, the first-order solution is the same as the Newtonian case, and
as expected there is no swimming at this order.
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Solution at order ϵ2

At order ϵ2, the constitutive equation, Eq. (3.8), is given by
(

1 + De ∂
∂t

)
τ 2 −

(
1 + βDe ∂

∂t

)
γ̇2 =

De(∇uT
1 · τ 1 + τ 1 · ∇u1 − u1 · ∇τ 1)

− βDe(∇uT
1 · γ̇1 + γ̇1 · ∇u1 − u · ∇γ̇1). (3.16)

Using Fourier notation of the form

A =
∑
n,m

ã(n,m)e−int, (3.17)

for any tensor, vector, or scalar, the first-order constitutive equation, Eq. (3.12), gives
access to the Fourier component of the first-order stress as

τ̃
(n,m)
1 = 1 − inβDe

1 − inDe
˜̇γ(n,m)

1 . (3.18)

As we are interested in the time-averaged swimming, it is sufficient to focus on the
time-averaged version of Eq. (3.16). We then use Eq. (3.18) to express the mean of
Eq. (3.16) using the Fourier modes of its right-hand-side, and obtain

⟨τ 2⟩ − ⟨γ̇2⟩ =
∑
n,m

De(1 − β)
1 − inDe ×

(∇uT ∗
1 · γ̇1 + γ̇1 · ∇u∗

1 − u∗
1 · ∇γ̇1)(n,m). (3.19)

With the first-order streamfunction whose Fourier component is

ψ̃
(n,m)
1 = αn,m

n

m
(1 + |m|y)e−|m|yeimx, (3.20)

we obtain the Fourier modes of the flow velocity,

ũ(n,m)
1 = αn,m

n

m
e−|m|yeimx

 −|m|2y
−(1 + |m|y)im

 , (3.21)
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the velocity gradient,

∇ũ(n,m)
1 =αn,m

n

m
e−|m|yeimx× −im|m|2y m2(1 + |m|y)

|m|3y − |m|2 im|m|2y

 , (3.22)

and the shear stress tensor,

˜̇γ(n,m)
1 = αn,m

n

m
e−|m|yeimx

 −2im|m|2y 2|m|3y
2|m|3y 2im|m|2y

 . (3.23)

The divergence and curl are then taken, as before, to obtain an explicit equation for
the second-order streamfunction as

d4⟨ψ2⟩
dy4 =

∑
n,m

−|αn,m|2 n
2

m2
(β − 1)De
1 − inDe ×

d2

dy2

[
e−2|m|y

(
−4im|m|4y + 4im|m|5y2 − 2|m|3im

) ]
. (3.24)

Integrating with respect to y three times, this gives

d⟨ψ2⟩
dy = Ay2 +By + C+

∑
n,m

|αn,m|2 n
2

m2
(β − 1)De
1 − inDe e

−2|m|y(−2im|m|4y2 + im|m|2). (3.25)

Given the form of the boundary conditions at infinity, Eq. (3.4), we obtain A = B = 0
and C is equal to the second-order swimming speed, hence C = U2NN . Its value can
be found using the time-averaged second-order boundary condition,

d⟨ψ2⟩
dy

∣∣∣∣
x,0

=
∑
n,m

nm|αn,m|2, (3.26)

leading to

U2NN =
∑
n,m

nm|αn,m|2
(

1 − inDeβ
1 − inDe

)
. (3.27)
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Rewriting Eq. (3.27) with sums in n and m running from 1 to ∞ only, and using that
α−n,−m = α∗

n,m, leads to a simplified expression for the final result as

U2NN = 2
∑
n≥1

∑
m≥1

nm(|αn,m|2 − |αn,−m|2)
(

1 + βn2De2

1 + n2De2

)
, (3.28)

where the opposite-sign contributions of waves travelling in the +x and −x direction
are apparent.

3.3 A sufficient condition for enhanced swimming

The result in Eq. (3.28) gives the leading-order swimming speed of the swimming sheet
with the most general shape deformation periodic in both x and t. When there are
no viscoelastic effects De = 0, and the Newtonian result is recovered. We denote the
swimming speed U2N in that case.

As can be seen in Eq. (3.28), it is the value of the (dimensionless) frequency n that
affects the non-Newtonian change of each mode, not the value of the (dimensionless)
wavenumber m. In order to gain insight into the conditions for swimming to be
enhanced or slowed down by the presence of viscoelastic stresses, let us focus on the
simple case where only the modes |m| = |n| are present. The sheet deformation is
written now as a linear superposition of travelling waves

y = ϵ
∑
n≥1

α+ne
in(x−t) + α−ne

in(x+t), (3.29)

where α+n and α−n describes the nth mode wave travelling to the right (x > 0) and
left (x < 0) respectively. Using Eq. (3.28) this leads to non-Newtonian swimming with
speed

U2NN =
∑
n≥1

un

(
1 + n2βDe2

1 + n2De2

)
, (3.30)

and Newtonian swimming with speed,

U2N =
∑
n≥1

un, (3.31)

where, we have further simplified notation such that

un = 2n2(|α+n|2 − |α−n|2), (3.32)
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describes the superposition of mode n waves in both directions. Clearly, for both
Newtonian and non-Newtonian cases, the addition of backwards waves always reduces
the absolute value of the swimming speed. Let us now focus on the relative change in
speed when comparing swimming between a Newtonian and a non-Newtonian fluid.

Using only inspection we cannot, a priori, define a range of Deborah number where
we expect to see an increase in speed from the Newtonian to the non-Newtonian
swimming (i.e. U2NN/U2N > 1). In order to look for further insight, we consider the
infinite and zero Deborah number limits. At zero Deborah number, where there are
no elastic effects, the ratio of swimming speeds is equal to 1. In the limit of large
Deborah numbers De ≫ 1, where elastic effects dominate, it is straightforward to get
from Eq. (3.30) that U2NN/U2N = β < 1, and thus swimming is always eventually
decreased. As the value of De increases from zero to infinity, the speed ratio could
monotonically decrease from 1 to β, in which case no enhancement would be seen, or
non-monotonically, where enhancement could take place.

Our numerical simulations indicate that in the cases where the speed ratio does go
above 1, then in most cases it is always increasing in the neighbourhood of De = 0 before
monotonically decreasing to β (see numerical results in Fig. 3.2 and discussion below).
In order to characterise the behavior around De = 0, we can compute derivatives
and Taylor-expand the ratio of swimming speeds. The first derivative ∂U2NN/∂De
evaluated at De = 0 is zero because the swimming speed depends quadratically on the
Deborah number. However, the second derivative (the curvature) is non-zero, and is
given by

∂2U2NN

∂De2

∣∣∣∣∣
De=0

=
∑
n≥1

2n2un(β − 1). (3.33)

When it is divided by the Newtonian swimming speed, Eq. (3.31), the above gives
access to the curvature of U2NN/U2N at De = 0 (this is equivalent to taking the first
derivative of the speed ratio with respect to De2). If that curvature is positive, then
faster swimming occurs in the neighbourhood of De = 0. As we always have β < 1, the
curvature is positive if there is a sign difference between the sums in Eqs. (3.31)-(3.33)
and therefore a sufficient condition for enhanced swimming is the kinematic condition∑

n≥1
un

×

∑
n≥1

n2un

 < 0. (3.34)

In order to achieve the condition in Eq. (3.34), waves travelling in opposite directions
are required. Indeed, for example if all un are positive, then it is easy to see from
Eq. (3.30) that each un mode decreases in amplitude, resulting in an overall decrease
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in magnitude of the speed. If there are waves travelling in both direction, i.e. at least
one α−n ̸= 0 and one α+n ̸= 0, then they need different combinations of amplitudes
and frequencies in order to satisfy the condition in Eq. (3.34). Hence a forwards and
backwards swimming waves are required.

Physically, the increase in swimming speed between Newtonian and viscoelastic
fluids seen here arises from the fact that the damping caused by a non-zero Deborah
number affects modes with different frequencies differently. Specifically, the damping
term of the form (1 + n2βDe2)/(1 + n2De2) decreases monotonically with n. Modes
with higher frequencies are therefore damped more than those with lower values of n,
which provides a mechanism for enhanced swimming.

For illustration, consider two waves travelling in opposite directions with the high-
frequency (n) wave travelling along the −x direction (un < 0) and the low-frequency
(m) one along the +x direction (um > 0). Then their respective amplitudes be such
that the resulting Newtonian swimming speed is positive, U2N > 0. In the viscoelastic
fluid, the un wave will be damped more than the um wave, as n > m. On one hand,
decreasing the magnitude of the un wave will increase the swimming speed while on the
other hand, decreasing the um mode will hinder the swimming velocity – it is thus a
matter of relative decrease. If the wave amplitudes are such that the gain found by the
damping of the un wave more than compensates for the damping of the um wave, then
the non-Newtonian swimming speed will be above the Newtonian one, U2NN > U2N . If
the wave amplitudes are such that U2N < 0, then a similar reasoning might be used
to lead to U2NN > 0 and in that case, viscoelasticity might lead to a reversal of the
direction of locomotion.

3.4 Superposition of two travelling waves: contin-
uous enhancement

We now consider in detail simple cases. We start by swimming using two travelling
waves, and show that in this case the sufficient condition described above is in fact
necessary: when enhancement takes place, it will lead to faster swimming for all
Deborah numbers below a critical value. In order to analytically describe situations
where faster swimming can occur, two simple waveforms each containing two waves
travelling in opposite directions will be considered. Clearly these two travelling waves
must have different frequencies, otherwise they are both damped in the same proportion
by viscoelasticity and the swimming speed decreases with respect to the Newtonian
case.



3.4 Superposition of two travelling waves: continuous enhancement 51

3.4.1 Superposition of two travelling waves with identical wave
speeds

An example of two waves with different frequencies modes, amplitudes, and wave
direction but identical magnitude of wave speed is given by

y(x, t) = ϵ [α sin(x− t) + sinn(x+ t)] , (3.35)

where α is the dimensionless ratio of amplitudes between the two waves. Using
Eqs. (3.30) and (3.31) for the sinusoidal waveform in Eq. (3.35) we get the second-
order Newtonian swimming speed as

U2N = 1
2(α2 − n2), (3.36)

while the second-order non-Newtonian swimming speed is given by

U2NN = α2

2

(
1 + βDe2

1 + De2

)
− n2

2

(
1 + n2βDe2

1 + n2De2

)
. (3.37)

To find where faster swimming occurs, we compute as above the second derivative of
the swimming ratio, U2NN/U2N with respect to De at De = 0, giving

∂2

∂De2

(
U2NN

U2N

) ∣∣∣∣∣
De=0

= 2(β − 1)
(
α2 − n4

α2 − n2

)
. (3.38)

This is positive (i.e. upwards curving from U2NN/U2N = 1) when n < α < n2. Hence
faster swimming requires the relative amplitude between the two waves to lie in a
precise interval. If α is too small the behavior is dominated by the −x wave while if it
is too large the dynamics is dominated by the +x wave. At higher modes, the range of
amplitudes available to the swimming sheet that can produce faster swimming in a
non-Newtonian environment compared to a Newtonian one is increased.

We illustrate in Fig. 3.2 these results numerically. We plot the ratio of swimming
velocities, U2NN/U2N , as a function of the Deborah number, De, for a range of values
of both n and α. We choose a fixed value of β = 0.1. The computational results
confirm that when enhanced swimming is obtained, the speed ratio first increases in
the neighbourhood of De = 0 before monotonically decreasing to β. This validates the
curvature analysis as a method for predicting enhanced swimming, and indeed faster
swimming in a non-Newtonian fluid is seen in the range n < α < n2. An illustration
of travelling wave that swims faster in a non-Newtonian fluid is shown in Fig. 3.3,



52 Small-amplitude rigid swimmers in viscoelastic fluids

0 1 2 3 4 5
-0.2

0

0.2

0.4

0.6

0.8

1

1.2

0
1 2 3 4 5

1

2

3

4

5

6

7

a) b)

Fig. 3.2 Ratio between the non-Newtonian swimming speed U2NN , and the Newtonian
value U2N , as a function of the Deborah number, De, for various values of the relative
wave amplitude α, and frequency ratio n, in the waveform from Eq. (3.35). Here we
have chosen β = 0.1. Left: fixed value of n = 2 and a range of α values (between 0.5
and 5) where α = n is excluded as Newtonian swimming is zero. Right: fixed value of
α = 9.5 and n ranging between n = 1 and 9.

with n = 2 and α = 5/2. This waveform corresponds to the speed ratio shown as the
uppermost solid grey line in Fig. 3.2 with a maximum of U2NN = 1.3 at De = 0.5.

Further analytical insight can be provided by noting from Fig. 3.2 that the peak
swimming speed ratio occurs when De is order one. Dividing the result in Eq. (3.37)
by that in Eq. (3.36) and taking a first derivative with respect to De we can compute
the value of the Deborah number at which the velocity ratio is extremised. It occurs
for two values of De given by

De1∗ =

√√√√ n2 − α

n2(α− 1) and De2∗ = 0. (3.39)

For α above n2 the only solution is the maximum value of 1 occurring at De2∗ = 0.
When α crosses below n2 a maximum is created near De1∗ = 0, and increases as α
decreases. When α = n a transition occurs where De1∗ changes from a maximum point
(n < α) to a minimum (α < n); its value at that point is De1∗ = 1/n. It remains a
minimum until α crosses the value 1, below which the only solution is the maximum of
1 at De2∗ = 0.

A final point of interest in Fig. 3.2 is the fact, as discussed above, that the ratio
between the swimming speeds can become negative. In these cases, the swimmer would
then swim in different directions in the Newtonian and non-Newtonian fluids, as was
already noted in Ref. [129]. This occurs when α < n such that a swimmer immersed
in a Newtonian fluid has negative swimming velocity but there is a range of Deborah
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Fig. 3.3 Illustration of a waveform producing faster swimming in a non-Newtonian fluid.
The waveform is described by Eq. (3.35) with α = 5/2 and n = 2, and corresponds to
a swimming speed ratio as shown by the uppermost solid grey line in Fig. 3.2a. The
black lines in each of the four figures show the waveform at dimensionless times 0, π/2,
π and 3π/2, respectively, and the grey lines show the evolution of the wave an eighth
of a period later, to show how the wave travels and changes shape during its period.

numbers for which a swimmer immersed in a non-Newtonian fluid continues to swim
forwards. The speed ratio goes through a minimum before increasing back towards β
at large Deborah numbers. The reversal of swimming occurs when there is a difference
in sign between Eq. (3.36) and Eq. (3.37), which corresponds to the amplitude range

√√√√n2(1 + βn2De2)(1 + De2)
(1 + n2De2)(1 + βDe2)

< α < n. (3.40)

This result is reminiscent of a recent study on reciprocal (time-reversible) motion in
a worm-like micellular solution, which showed that the direction and the speed of
the swimmer could be changed when distinct Deborah numbers are reached [160].
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Fig. 3.4 A phase diagram for enhanced or hindered, backwards or forward swimming
with the waveform Eq. (3.35) with fixed n = 2. The +/- symbols represent forwards
and backwards swimming respectively, while up or down arrows represent enhanced or
hindered motion respectively. In each section of the phase diagram we list Newtonian
swimming direction | non-Newtonian swimming direction | enhanced or hindered,
respectively. The red line shows the upper bound on α, above this value no enhanced
swimming can occur. The dashed and dotted lines show the lower bounds of Eq. (3.41)
and Eq. (3.40) respectively.

Finally, we can also find a range of a values for which the swimmer will not only change
direction but will also swim with a larger magnitude, which occurs when√√√√n2(2 + n2De2 + βn2De2)(1 + De2)

(1 + n2De2)(2 + De2βDe2)
< α < n. (3.41)

Here the swimming speed ratio becomes negative and less than −1. Together with the
condition for enhanced swimming we plot a phase diagram, showing where the non-
Newtonian swimmer swims in a different direction or swims faster than its Newtonian
counterpart, as shown in Fig. 3.4. As the main focus of this thesis is faster swimming,
we limit ourselves to the cases where Newtonian swimming is positive and look for
non-Newtonian enhancement in the same direction.
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Fig. 3.5 Ratio of the swimming efficiency in a non-Newtonian fluid compared to its
Newtonian counterpart as a function of De: (a) n = 2 for a range of values of α; (b)
α = 9.5 and 1 ≤ n ≤ 9. The waveform is the one described in Eq. (3.35).

3.4.2 Necessary vs. sufficient condition for enhanced swim-
ming

The sufficient condition for enhancement, shown in Eq. (3.34), detailed the conditions
required for an upwards curving of the swimming speed ratio from zero Deborah number.
In order to study if this sufficient condition is also necessary, we search analytically for
the conditions leading to U2NN > U2N , in the case of a two wave swimmer, leading to

0 < De <

√√√√ n4 − α2

n2(α2 − n2) ≡ Dea. (3.42)

This condition requires n < α < n2, and defines the range of Deborah number
where forward swimming enhancement is achieved, namely [0,Dea]. If we enforce the
curvature to be negative then we cannot find a set of viable parameters for which
U2NN > U2N > 0, thus showing that the sufficient condition is also necessary when two
modes are considered: in the case of two waves, if forward swimming enhancement is
ever to be obtained, it will take place for any Deborah number below a critical value
Dea.

3.4.3 Swimming efficiency

We now turn to energetic considerations. The rate of viscous dissipation in the fluid
as the sheet is swimming is equal to the volume integral of τ : γ̇ in the fluid. At
leading order we therefore have to integrate τ 1 : γ̇1. With the general waveform in
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Eq. (3.1), the dimensional second-order dissipation rate in the non-Newtonian fluid per
unit length in the ẑ direction is easily found and we obtain W = ϵ2W2NN + . . . with

W2NN =
∑
n≥1

∑
m≥1

8πηω2mn2
(

1 + n2βDe2

1 + n2De2

)(
|αn,m|2 − |αn,−m|2

)
. (3.43)

The result in Eq. (3.43) should then be compared with its Newtonian counterpart.
Let us consider for illustration the waveform in Eq. (3.35). In that case, the ratio

of the work done against the non-Newtonian fluid compared to the Newtonian one is
given by

W2NN

W2N

= η

ηN(n3 + α2)

[
α2
(

1 + De2ηs/η

1 + De2

)
+ n3

(
1 + n2De2ηs/η

1 + n2De2

)]
, (3.44)

where ηN is the Newtonian viscosity. In order to contrast the locomotion in the
polymeric fluid with that in the solvent alone, we then take ηN = ηs. Furthermore, as
is done traditionally [22], the swimming efficiency is defined as

E = ηU2

W
· (3.45)

In order to compare the efficiency of swimming in the different fluids, we compute the
ratio

E2NN

E2N

= ηU2
2NN

W2NN

W2N

ηNU2
2N

· (3.46)

The ratio of the work and viscosity in the two different fluids, ηW2N/ηNW2NN , is
always greater than 1 for non-zero Deborah number, meaning that when the swimming
speed ratio U2NN/U2N is greater than 1, the swimming efficiency is automatically
always increased. Increased efficiency may allow a swimmer to propel itself faster in a
non-Newtonian fluid compared to a Newtonian one. If we consider a swimmer with
fixed energy output, then the non-Newtonian swimmer may be able to use the excess
energy output. Due to the decrease in work needed to be done on the fluid, excess
flagellum molecular motors could work to increase the swimmer amplitude or increase
swimmer frequency both of which would increase the swimming speed compared to a
smaller amplitude or slower beating swimmer in the same fluid. To directly compare
swimming speeds taking into account energy considerations we need a model that
includes the internal actuation of the molecular motors inside the flagellum, and their
energetic considerations.
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Fig. 3.6 Three example waveforms are shown for which the swimming speed is not
enhanced but the efficiency is. The relative amplitude in Eq. (3.35) lies outside the
range n < α < n2 (n = 2).

We plot the ratio of efficiencies against De for a range of relative wave amplitude
α, and wavenumber ratio n, in Fig. 3.5, where ηs/η = β = 0.1. Clearly, an increase in
swimming speed is correlated with an increase in efficiency, but increased efficiencies
can in fact be obtained without enhanced swimming. Indeed, from Eq. (3.46), increased
efficiency is obtained as soon as

(
U2NN

U2N

)2
>
ηNW2NN

ηW2N

· (3.47)

Given that the right-hand side of Eq. (3.47) is less than one, the condition for enhanced
efficiency does not require enhanced swimming. Specifically, using the illustrative
sinusoidal waveform of Eq. (3.35), we obtain an improved efficiency when

(n3 + α2)
(α2 − n2)2 >

[
α2
(

1 + βDe2

1 + De2

)
+ n3

(
1 + βn2De2

1 + n2De2

)]
[
α2
(

1 + βDe2

1 + De2

)
− n2

(
1 + βn2De2

1 + n2De2

)]2 , (3.48)

for which n < α < n2 is not a necessary condition. This result is illustrated in Fig. 3.6
in the case n = 2. When α > n2, the waveform travels in the same direction in both
fluids and the swimmer is always faster in a Newtonian fluid although it is more efficient
in the non-Newtonian one for a range of Deborah numbers.
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3.4.4 Two waves with identical wavelengths
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Fig. 3.7 Illustration of a waveform from Eq. (3.49) with α = 2 and n = 2 that produces
faster swimming in a non-Newtonian fluid. The black lines in each of the four figures
show the waveform at dimensionless times 0, π/2, π and 3π/2, respectively, and the
grey lines show the evolution of the wave an eighth of a period later.

Instead of two waves with identical wave speeds, enhanced swimming can also be
obtained in a combination of waves with identical wavelengths. Since the waves need
to have different frequencies, then they necessarily have different wave speeds. As an
example we consider here the waveform

y = ϵ[α sin(x− t) + sin(x+ nt)]. (3.49)

This gives

U2NN = α2

2

(
1 + βDe2

1 + De2

)
− n

2

(
1 + n2De2

1 + n2De2

)
, (3.50)

and
U2N = 1

2(α2 − n). (3.51)
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Similarly as above, the second derivate of U2NN/U2N at De = 0 is given by

∂2

∂De2

(
U2NN

U2N

) ∣∣∣∣∣
De=0

=
(
α2 − n3

α2 − n

)
(β − 1), (3.52)

and faster swimming occurs when

n1/2 < α < n3/2, (3.53)

which is confirmed by numerical computations (not shown). A waveform leading to
enhanced swimming in this case is illustrated in Fig. 3.7, in the case α = 2 and n = 2.
This corresponds to a maximum speed enhancement of U2NN/U2N ≈ 1.1 at Deborah
number De ≈ 0.4. To obtain the optimal Deborah number, we extremise the ratio of
swimming speeds to find the peaks occurring at

De1∗ =

√√√√ n2 − α
√
n

n2(α
√
n− 1) and De2∗ = 0, (3.54)

with a behavior qualitatively similar to that of the last section.

3.5 Superposition of three travelling waves: con-
tinuous vs. discrete enhancement

In the previous sections, where the superposition of two waves was considered, we
saw that when enhancement is present, it is continuous from De = 0 to an order
one Deborah number Dea, where the value Dea ̸= 0 is the only non-zero solution
of U2NN/U2N = 1. We now demonstrate that if the swimmer is able to use a third
travelling wave, it is possible for swimming enhancement to occur only when a finite
amount of viscoelasticity is present, i.e. for values of the Deborah number in the range
[Deb,Dec], where Deb and Dec are both non-zero.

We consider, for illustration purposes, a waveform with three modes 1 < n2 < n3.
The corresponding speeds u1, un2 and un3 are re-scaled by u1 so that we take u1 = 1.
Using the same notation as above, the Newtonian swimming speed is then given by

U2N = 1 + un2 + un3 . (3.55)
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Fig. 3.8 Two different types of enhancement are shown for two different three-mode
waves with n1 = 1, n2 = 4 and n3 = 8: (a) continuous enhancement from zero
Deborah number in the range [0,Dea] with Dea ≈ 1.9 (un1 = 1, un2 = −1, un3 = 0.3);
(b) enhancement in a discrete, finite, range of Deborah numbers, [Deb,Dec], where
Deb ≈ 0.3 and Dec ≈ 1.8 (un1 = 1, un2 = −2, un3 = 1.2).

The difference between the non-Newtonian and Newtonian swimming speeds is then
found to be

U2NN − U2N =De2(β − 1)
( 1

1 + De2

)
+
(

n2
2un2

1 + n2
2De2

)
+
(

n2
3un3

1 + n2
3De2

). (3.56)

Focusing on cases where U2N > 0, enhanced forward swimming is found when Eq. (3.56)
is positive. As shown in Fig. 3.8 numerically for n2 = 4 and n3 = 8, there are two types
of enhancements possible: either on a range [0,Dea] where the velocity ratio curves
upward at the origin (continuous enhancement, Fig. 3.8a, as in § 3.4) or on a range
[Deb,Dec] for which the curvature at De = 0 is initially negative before curving upward
as the viscoelasticity increases (discrete enhancement, Fig. 3.8b). As the swimming
speed ratio is a continuous function there is a continuous transition between these two
types of enhancement.

In order to distinguish between them analytically, we observe that when the
curvature is negative, we can either have no enhancement or enhancement at a finite
Deborah number. Hence, we need to search for cases where Eq. (3.56) is positive, given
that the curvature at the origin is negative. The curvature of the general wave was
obtained in Eq. (3.33), hence for negative curvature in our three-mode waveform we
require

κ = 2(β − 1)(1 + n2
2un2 + n2

3un3) < 0. (3.57)
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Fig. 3.9 Regions in the parameters space {un2 , un3} where enhanced swimming occurs.
The black section represents where the curvature is positive (i.e. upwards curving) so
that from infinitesimally small Deborah number we get an increase in the swimming
speed. In contrast, the grey scale section shows regions where enhanced swimming
is obtained despite negative curvature at the origin. The grey scale color scheme
quantifies the value of non-zero Deborah numbers at which the increase in swimming
speed first occurs, Deb, from low Deborah number in dark, to high Deborah number
(≈ 0.8) in light grey. Results are shown for n2 = 4 and n3 = 8. The sub-figures
a-d show the swimming speed ratio as a function of Deborah number for each of the
corresponding labels indicating different un2 and un3 within the parameter space plot.

The result in Eq. (3.56) can then be written in terms of U2N and κ as

n2
2n

2
3De4(β − 1)

(
n2

2 + n2
3 − 1

n2
2n

2
3

+ un2 + un3

)
>
[
De2κ(1

2 + De2) + n2
2n

2
3De4(β − 1)U2N

]
.

(3.58)

As β − 1 < 0, and assuming that U2N > 0 and κ < 0, the minimum requirement for
non-continuous enhancement is

n2
2 + n2

3 − 1
n2

2n
2
3

+ un2 + un3 < 0. (3.59)

The three conditions given by Eqs. (3.55) (U2N > 0), (3.57), and (3.59) can be
satisfied simultaneously only when un2 < 0 and un3 > 0, i.e. the first and third modes
must have a different sign to the second mode. We then search numerically over the
domain {un2 < 0, un3 > 0} and De to obtain the regions where Eq. (3.56) is positive
provided U2N > 0 and κ < 0, in the example case n2 = 4 and n3 = 8. The values of
un2 and un3 fitting these conditions are shown in Fig. 3.9 (grey scale domain) while the
region showing continuous enhancement is shown in black. The grey scale colouring
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scheme used in Fig 3.9 displays the value of the lower bound in the interval, Deb, from
low (dark grey) to high (light grey) values. For three waves, in contrast to the case of
two waves, situations exist therefore where a finite amount of viscoelasticity is required
to get enhanced propulsion, De > Deb > 0 (analysis for four and five mode waves show
similar results and are not shown here).

3.6 Discussion

Motivated by the non-Newtonian environment in which many swimmers propel them-
selves in vivo, in this Chapter, we have calculated the speed of Taylor’s swimming sheet
in a Newtonian and an Oldroyd-B (non-Newtonian) fluid, in the small-amplitude limit.
In contrast to previous analytical studies, we found that small-amplitude travelling
waves can produce faster swimming in a non-Newtonian fluid compared to a Newtonian
fluid when there are waves travelling in opposite directions in different frequency modes
and with different amplitudes. Physically, in a non-Newtonian fluid the waves in higher
frequency modes are damped more than those in lower frequency modes, increasing
the overall speed of the wave under conditions placed upon the difference in frequency
and amplitude of the summed waveforms. The efficiency of the wave can also be
increased, and the direction of swimming can sometimes be reversed. By studying in
detail the superposition of two or three travelling waves, we also showed that the range
of Deborah number in which the enhancement of the swimming speed takes place can
either include the origin, in which case any small amount of viscoelasticity will lead
to faster swimming, or it may be a finite interval which does not include the origin,
meaning that faster locomotion requires a finite amount of viscoelasticity.

The results in this Chapter are reminiscent of recent experimental and theoretical
work on the role of inertia in locomotion, where two important questions have been
addressed: (1) for a non-swimmer at zero Reynolds numbers, how much inertia is
needed to make it swim? and (2) how does the locomotion speed of a Stokesian swimmer
vary with inertia? The answer to question (1) depends crucially on the geometry and
actuation of the swimmer and both discrete [161, 162] and continuous [163] transition to
swimming were obtained. In response to question (2), model organisms called squirmers
were shown to vary their speed monotonically from zero Reynolds number [164, 165].
Similarly, in our results where the inertia effects are replaced by non-Newtonian effects,
we showed that a careful design of the swimming kinematics could lead to either a
decrease or an increase, which could be continuous or discrete, of the locomotion speed.
We expect that these results will remain valid for more realistic models of swimming
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organisms, in particular those including features such as large-amplitude, finite-size,
and three-dimensional effects.

In three-dimensions, the same frequency-dependent damping term as the one in
Eq. (3.28) is present for infinite cylindrical swimmers [52], hence similar results are
expected to hold. With regards to finite sized swimmers, backward propagating waves
are expected to occur due to the finite nature of real flagella. Previous computational
studies have shown that the addition of viscoelasticity decreases the backwards motion of
a finite swimmer [126] due to the presence of a viscoelastic network behind the swimmer.
The opposite has been observed experimentally for nematodes where hyperbolic stresses
created along the swimmer hinder propulsion [112]. It is yet unclear how our theoretical
results would extend to a finite swimmer, though we may expect that the mechanism
provided in this Chapter would provide an additional contribution to the swimming
speed. In the case of multiple swimmers, it would be interesting to investigate how
waves with both high and low frequency modes affect one another and potentially
synchronise. From Ref [133] we expect the synchronisation rate to increase with the
frequency of the waves however the generalisation to multiple modes in viscoelastic
fluids has yet to be done. A recent study addresses a related issue in the Newtonian
case [166].

The waveforms produced here offer insight into how swimming speeds can be
increased in fluids with viscoelastic properties often found in nature [86]. Can these
shape kinematics occur in biology? For eukaryotic flagellar swimming this requires
understanding of how the stochastic actuation of molecular motors create waveforms.
Dynein, the motor protein causing flagella bending, has been proposed to have two
distinct modes to create oscillatory bending - these can be described as active and
passive, or forward and reverse active modes [49], leading to travelling waves that
can propagate up or down the flagellum. Due to the finite nature of flagella the
wave is reflected back off the tail end or basal body, thus creating passive backwards
waves [47]. Experiments on Drosophila spermatozoa show that the cells use actively
created forwards and backwards flagellar waves to avoid obstacles [167]. Furthermore
by solving elastohydrodynamic force balance equations on infinite flagella analytic
studies have shown two different modes of waves travel along the flagella with the
same frequency, but different amplitudes and directions [168]. Hence a flagellum
naturally creates forward and backward travelling waves with different amplitudes.
The enhancement described in this Chapter requires however waves with different
frequencies travelling in the backwards direction for enhancement to occur. The
addition of higher frequency modes (n = 2 and n = 3), found in small amounts
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in beating spermatozoa [169], would not however lead to an increase in swimming
speed as un > 0 for all values of n found experimentally. Changes in flagella beating
frequency can occur by altering the environment in which the swimmer propagates,
for example hyperactivation when mammalian spermatozoa reach the ovum, leading
to a reduction in the beat frequency and increase in the beat amplitude [170]; a
variation in ATP or salt concentrations also change frequencies [49]. Recent work on
the unsteady modes of flagellar motion show that most modes have a frequency smaller
than the fundamental frequency, and hence would correspond to a reduced swimming
speed [171]. The addition of noise to the molecular motor oscillations, either through
variations in concentrations in the bulk or variations between motors, could lead to
increased swimming provided the coherent noise is large enough for the flagellum to
access a higher frequency mode, however this is larger than the noise measured [172].
Backwards travelling wave results have been described for muscle-actuated planar
motion occurring for example in the nematode Caenorhabditis elegans [53] as well as
other flagellar systems such as the green alga Chlamydomonas reinhardtii [173].

While our study offers only an idealised view, and although as of yet there are
no experimental studies from biology for which the model here would predict faster
swimming, our work address the most general periodic waving deformation and points
to the use of multiple waves travelling in different directions as a mechanism allowing
control of swimming speed and direction in complex environments.



4

Active swimming in viscoelastic
fluids

4.1 Introduction

From these rigid swimmer studies we move to flexible swimmers. Instead of prescribing
the shape of the flagellar deformation we solve for the waveform of the swimmer as a
balance between the fluid stresses and the internal driving and resisting forces. Through
this force balance, we propose a dynamic mechanism for swimming enhancement in a
viscoelastic fluid. We then show that this dynamic balance leads to a generic transition
from hindered rigid swimming to enhanced flexible locomotion.

4.2 Waving motion in viscoelastic fluids

In this section we briefly recap Taylor’s swimming sheet [9] (Fig. 3.1) and Oldroyd-B
fluids [87].

We consider active deformations of Taylor’s two-dimensional waving model as
introduced in Chapter 3. The extension to the case of three dimensional filaments is
presented later in this Chapter, with similar results. Again, the sheet is embedded in a
viscous fluid, and due to internal actuation is made to deform its shape as a traveling
wave of frequency ω, amplitude a, wave number k, and wave speed V = ω/k, and
self-propels as a result with speed U in the opposite direction. The flat sheet is in the
x̂ − ẑ plane, such that deformations away from this flat state occur in the ŷ direction.
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We similarly apply the incompressible Cauchy equations, ∇ · τ = ∇p, ∇ · u = 0,
with p the pressure, u the velocity field, and τ the deviatoric stress. We define a stream
function ψ such that ux = ∂ψ/∂y and uy = −∂ψ/∂x, to enforce incompressibility.

The total deviatoric stress, τ , satisfies the Oldroyd-B constitutive equation described
in Chapter 3,

τ + λ
▽
τ= ηγ̇ + ηsλ

▽
γ̇, (4.1)

where the total viscosity is η = ηs + ηp and where γ̇ = ∇u + ∇uT is the shear
rate tensor. In Eq. (4.1), we used

▽
A, to denote the upper convected derivative for

any tensor A, defined in Eq. 3.7. An important factor in the derivations below will
be β = ηs/η < 1, ratio of solvent to total viscosity. The relative importance of
viscoelasticity is quantified by the Deborah number, De = λω, the ratio of the relaxation
time of the polymers immersed in the fluid λ, to the relevant time-scale of the waving
motion of the sheet ω−1.

4.3 Swimming speed

Assuming that the waveform of the sheet is known, we first solve for the external fluid
dynamics. The height of the sheet is written as y(x, t) = ϵy1(x, t) + ϵ2y2(x, t) + . . . ,
where ϵ ≪ 1 denotes the dimensionless waving amplitude. The leading-order shape, y1,
is decomposed as

y1(x, t) = Re
∑

n≥1
a(n)ein(kx−ωt)

 , (4.2)

where Re denotes the real part, and a(n) is the amplitude of the nth Fourier mode.
Using the Fourier notation A = Re

[∑
n≥1 Ã

(n)e−inωt
]

to describe the nth mode Ã(n) of
a time-periodic function A, we thus have ỹ(n)

1 = a(n)einkx.
Denoting by a(n)

NN the sheet amplitude in a non-Newtonian (Oldroyd-B) fluid and
by a(n)

N the Newtonian one, we can solve for the external fluid dynamics asymptotically
in powers of ϵ following the work in Refs. [44, 174]. Swimming is obtained at order ϵ2,
at dimensional speeds in the non-Newtonian (NN) case given by

UNN = 1
2

∞∑
n=1

n2ωk
∣∣∣a(n)

NN

∣∣∣2 (1 + βn2De2

1 + n2De2

)
, (4.3)
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while in the Newtonian (N) limit we obtain

UN = 1
2

∞∑
n=1

n2ωk
∣∣∣a(n)

N

∣∣∣2. (4.4)

If the swimmer has identical shape in both fluids, i.e. a(n)
NN = a

(n)
N , comparing

Eqs. (4.3) and (4.4) shows that we always have UNN < UN since β < 1. Thus for a stiff
infinite swimmer swimming speed enhancement cannot be achieved. In order to obtain
an enhancement of the swimming speed in a viscoelastic fluid, a physical mechanism
must thus exist to increase

∣∣∣a(n)
NN

∣∣∣ beyond
∣∣∣a(n)

N

∣∣∣. As we show below, solving for the
swimmer amplitude by enforcing the correct dynamic balance allows us to obtain a
nontrivial dependence of a(n)

NN on the Deborah number, and enhancement. As both
Eqs. (4.3) and (4.4) are quadratic in the amplitudes a(n), we note that we only need
derive the first order shape dynamics.

4.4 Dynamic balance of an active swimmer

For a beating eukaryotic flagellum there are three forces to consider. Firstly, the
internal driving due to the spatio-temporal actuation from molecular motors [175].
We model this internal forcing, classically, as due to a time-varying distribution of
active bending moments per unit length, F (x, t) [39]. Balancing this actuation are two
resisting forces, the external hydrodynamic stresses (pressure and viscous stresses) and
the internal solid mechanic resistance (elastic cost to be bent away from a preferred,
flat state) [55]. Note that any possible internal dissipation is neglected compared to
dissipation in the outside fluid. Denoting the bending stiffness of the sheet κ, the
normal force balance at leading order in the amplitude of the sheet deformation is
written as

− κ∇4y + n̂ · σ · n̂|S = ∇2F, (4.5)

on the surface of the sheet, where n̂ is the unit normal to the sheet at leading order
and σ the hydrodynamic stress tensor.

In order to determine the hydrodynamic stress, we consider the constitutive equation,
Eq. (4.1), at leading order

(
1 + λ

∂

∂t

)
τ 1 = η

(
1 + βλ

∂

∂t

)
γ̇1, (4.6)
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where we have expanded each quantity in powers of ϵ ≪ 1, τ = ϵτ 1 + . . . ; γ̇ = ϵγ̇1 + . . . ,
etc. Writing Eq. (4.6) using Fourier notation we have

τ̃
(n)
1 = η − inλωηs

1 − inλω
˜̇γ(n)

1 = 1 − inDeβ
1 − inDe η

˜̇γ(n)
1 . (4.7)

The first order Stokes equation similarly reduces to

η∇ · ˜̇γ(n)
1 = 1 − inDe

1 − inDeβ∇p̃(n)
1 , (4.8)

at leading order in ϵ. The pressure is eliminated from the above by taking its curl,
leaving the biharmonic equation for the stream function, ∇4ψ̃

(n)
1 = 0. This is solved in

Fourier space to obtain the first order stream function as

ψ1 = Re
[ ∞∑

n=1

ω

k
a

(n)
NN(1 + nky)e−nkyein(kx−ωt)

]
. (4.9)

Notably, the flow described by Eq. (4.9) is the same as the Newtonian solution, hence
viscoelasticity does not modify the flow induced by the swimmer at leading order.
However, as we see below, it does impact the stress distribution. In order to determine
the pressure, we have to integrate Eq. (4.8) using Eq. (4.9) leading to

p̃
(n)
1 = −2ηωk

(
1 − inDeβ
1 − inDe

)
in2a

(n)
NNe

−nkyeinkx. (4.10)

The hydrodynamic stress tensor, σ, is given by σ = −pI + τ , which, at leading order,
reduces in Fourier space to

σ̃
(n)
1 = −p̃(n)

1 I + 1 − inDeβ
1 − inDe η

˜̇γ(n)
1 , (4.11)

for each Fourier mode n.
With the determination of the fluid stress, Eq. (4.5) can be written in Fourier

components as

− κ
∂4ỹ

(n)
1

∂x4 − ∂2F̃
(n)
1

∂x2 = p̃
(n)
1 + 2η

(
1 − inDeβ
1 − inDe

)
∂2ψ̃

(n)
1

∂y∂x

∣∣∣∣∣∣
S

(4.12)

Writing F1 = Re
[∑

n≥1 f
(n)ein(kx−ωt)

]
to describe the first order contribution to the

active bending moment, from Eqs (4.9), (4.10) and (4.12) we can determine the



4.4 Dynamic balance of an active swimmer 69

0 0.02 0.04 0.06 0.08 0.1

0.996

0.997

0.998

0.999

1 10

1

0
0.1 1 10 100

Fig. 4.1 Ratio of non-Newtonian to Newtonian swimming speed, UNN/UN , as a function
of the Deborah number, De, for four different values of the Sperm numbers (β = 0.1
corresponding to a critical value of Sp ≳ 1.16 for enhanced swimming, Eq. (4.26)).

leading-order dynamic response of the sheet amplitude and obtain

a
(n)
NN = −k2f (n)

−κn2k4 + 2ηωik
(

1 − inDeβ
1 − inDe

) · (4.13)

As can be seen in Eq. (4.13), the value of the Deborah number impacts the sheet
amplitude, and thus the swimmer waveform is modified by a change in the surrounding
fluid.

Inputting the linear waveform amplitude, Eq. (4.13), into the quadratic swimming
speed, Eq. (4.3), we finally obtain the non-Newtonian swimming speed as

UNN = ω

2k

∞∑
n=1

n2|f (n)|2

κ2k2

(
1 + n2βDe2

1 + n2De2

)
1

n4 + 4Sp6
(

1+n2β2De2

1+n2De2

)
+ 4n3Sp3

(
De(1−β)
1+n2De2

)
 ,

(4.14)

where we have defined the (two-dimensional) Sperm number, Sp = (ηω/κk3)1/3, which
quantifies the dimensionless ratio of fluid to bending stresses [168]. If Sp ≪ 1, the
dominant balance is between activity and elasticity, and the flagellum waveform is not
affected by fluid stresses – this is the stiff (s) limit. In contrast, when Sp ≫ 1, fluid
effects balance the active bending and the waveform changes with the properties of the
fluid – this is the floppy (f) limit.
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Simplifying the analysis to focus on the single n = 1 mode (reducing notation to
f (n) ≡ f), we have non-Newtonian swimming at speed

UNN = ω

k

(
|f |2

2κ2k2

) (
1 + βDe2

)
1 + De2 + 4Sp3De(1 − β) + 4Sp6

(
1 + β2De2

) , (4.15)

while the Newtonian limit is found by setting De = 0 in Eq. (4.15). The non-Newtonian
to Newtonian swimming speed ratio, UNN/UN , is thus given by

UNN

UN

= (1 + 4Sp6)(1 + βDe2)
1 + De2 + 4Sp3De(1 − β) + 4Sp6(1 + β2De2)

, (4.16)

which is the main result of this Chapter, shown in Fig. 4.1. We note that Eq. (4.16) is
monotonically increasing in Sp for fixed De, but is non-monotonic in De for fixed Sp.

4.5 Extension to an infinite filament

Having studied a two-dimensional waving sheet, we outline how to carry out the
calculation a three-dimensional infinite filament, following Ref. [176]. Consider an
infinite periodic filament in an Oldroyd-B fluid waving with small amplitude. The
filament is modelled geometrically as a cylinder, which when straight is parametrised by
s along its axis, ϕ around this axis, and radius b. When small-amplitude waves propagate
along x̂, the surface of the cylinder is described by r⃗c = sx̂+[h(s, t)+b cosϕ]ŷ+b sinϕẑ
and the height of the filament away from its centreline position is

h(s, t) = ϵRe
[
aNNe

i(ks−ωt)
]
, (4.17)

where a is the amplitude, and h(s, t) is analogous to y(x, t) in Eq. (4.2) when n = 1.
Using the first-order Oldroyd-B equation, in Fourier notation, we recover Eq. (4.7).
We can then consider the Stokes equation at first order,

∇2ũ1 = η

(
1 − iβDe
1 − iDe

)
∇p̃1, (4.18)

where the first order boundary conditions for each mode are given by ũ1 = iωh̃ŷ.
The solutions are best derived using cylindrical polar co-ordinates, where the basis
vectors are x̂, r̂ = sinϕẑ + cosϕŷ and θ̂ = − sinϕŷ + cosϕẑ. The first-order solutions
are shown in Table 4.1 [52]. These can then be used to compute the second-order
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p̃ −ηωkh̃i cos θAK1(kr)
ũr −h̃ωi cos θ[αArkK1(kr) +BK2(kr) + CK0(kr)]
ũθ −h̃ωi sin θ[BK2(kr) − CK0(kr)]
ũx −h̃ω cos θ[αArkK0(kr) + (B + C − αA)K1(kr)]
αA

{
K0(kb) + bkK1(kb)

[
1
2+ K0(kb)

2K2(kb) − K0(kb)2

K1(kb)2

]}−1

B −αAbkK1(kb)/[2K2(kb)]
C [1 − bkK1(kb)αA/2]/K0(kb)

Table 4.1 Pressure and velocity field for a travelling wave in the x̂ direction on a
cylinder to first-order in ln(kb), with α = (1 − iDe)/(1 − iβDe) [52].

swimming speed, leading to the same result as Eq. (4.3). The force per unit length
acting of the fluid is found by integrating the stress around the circumference and
keeping only lowest-order terms in ln(kb) the force per unit length perpendicular to
the filament is

Fvis = Re
[
−iωaNN

4π
ln(kb)

1 − iβDe
1 − iDe ηe

i(ks−ωt)
]
. (4.19)

This viscoelastic force is then balanced by the passive elastic forces of the filament and
the internal forcing,

F̃vis = −2b∂
2F̃1

∂s2 − κ
∂4h̃

∂s4 , (4.20)

where F1 is the first-order bending moment per unit length, as above. The non-
Newtonian swimming velocity is then finally given by

UNN = ω

k

(
2b2 |f |2

κ2k2

) (
1 + βDe2

)
1 + De2 + 2Sp4De(1 − β) + Sp8

(
1 + β2De2

) , (4.21)

where we have defined the perpendicular drag coefficient c⊥ = 4πη/ ln(kb), and the
three-dimensional Sperm number, Sp = (c⊥ω/κk

4)1/4. Comparing Eq. (4.21) and
Eq. (4.15) we see that they have a similar dependence on the Deborah number and
β, with slight differences in coefficients for each of the terms. The main differences
arise from the difference between the two-dimensional and three-dimensional Sperm
number, however studying the limits of the two functions we recover the same results,
as shown in Table 4.2. The three dimensional result, Eq. (4.21), is thus very similar
to the two-dimensional case Eq. (4.15), and the physical mechanism identified in this
Chapter extends naturally to three dimensions.
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two-dimensional UNN/UN three-dimensional UNN/UN

Sp → 0 1+βDe2

1+De2
1+βDe2

1+De2

De → 0 1 1
Sp → ∞ 1+βDe2

1+β2De2
1+βDe2

1+β2De2

De → ∞ β+4βSp6

1+4β2Sp6
β+βSp8

1+β2Sp8

Sp → ∞ and De → ∞ 1/β 1/β
Sp → 0 and De → 0 1 1

Table 4.2 The limits of the two-dimensional swimming speed ratio are compared to the
limits of the three dimensional swimming speed ratio.

4.6 Enhanced locomotion

In order to derive the conditions under which swimming enhancement is possible,
we need to understand when the swimming speed ratio UNN/UN as a function of
(β,De, Sp) can be above one. Let us first consider some relevant physical limits. In the
stiff limit, Sp ≪ 1, Eq. (4.16) simplifies to the fixed-amplitude result [44]

UNN

UN

= 1 + βDe2

1 + De2 · (4.22)

In that limit, the swimming speed ratio decreases monotonically with increasing
Deborah number to the asymptotic value UNN = (ηs/η)UN for De ≫ 1.

In the opposite floppy limit, Sp ≫ 1, the flagellum shape is highly sensitive to
changes in the hydrodynamic stress and the speed ratio, Eq. (4.16), reduces to

UNN

UN

= 1 + βDe2

1 + β2De2 · (4.23)

Here, we obtain a systematic monotonic increase of the swimming speed with Deborah
numbers, up to an asymptotic value UNN/UN = 1/β obtained when De ≫ 1. This is
the maximum value of the swimming speed ratio that can be achieved.

Our model points therefore to a transition from hindered to enhanced swimming
when the flagellum is sufficiently flexible. To get further insight, let us look at small
deviations from the Newtonian limit (De = 0). Computing the derivate of UNN/UN

with respect to De we get

∂

∂De

(
UNN

UN

) ∣∣∣∣
De=0

= 4(β − 1)Sp3

(1 + 4Sp6)
, (4.24)
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which is always negative. Consequently, a small amount of viscoelasticity (De ≪ 1) will
always start by decreasing the swimming speed. In contrast, in the infinite Deborah
number limit, the swimming speed ratio becomes

UNN

UN

(De ≫ 1) = β + 4βSp6

1 + 4β2Sp6 · (4.25)

A transition from hindered (UNN < UN) to enhanced propulsion (UNN > UN) in a
non-Newtonian fluid occurs thus when

Sp3 >
1

2
√
β

· (4.26)

The result in Eq. (4.26) indicates therefore a transition in swimmer flexibility allowing
enhancement of the swimming speed. Indeed, the Sperm number scales inversely
proportional to the flagellum bending modulus, and thus for a given fluid, the criterion
in Eq. (4.26) is equivalent to a requirement for κ to be small enough.

Our results are illustrated numerically in Fig. 4.1 for β = 0.1. We plot the ratio
of the non-Newtonian to Newtonian swimmer speed, UNN/UN , as a function of the
Deborah number for four different values of the Sperm number. The data are shown in
Fig. 4.1a for small values of De and ranging from 0 to 100 in Fig. 4.1b. In all cases, the
swimming speed initially decreases with the Deborah number (Fig. 4.1a) but when the
swimmer is sufficiently flexible, the swimming speed subsequently increases and crosses
the threshold UNN = UN (Fig. 4.1b). The criterion from Eq. (4.26) corresponds to
enhancement predicted to occur as soon as Sp ≳ 1.16, consistent with the numerical
results. Note that our model also allows us to compute the value of the transition
Deborah number beyond which enhancement occurs. In Eq. (4.16), one can solve the
quadratic equation for De and UNN > UN is equivalent to De > 4Sp3/(4βSp6 − 1),
which, as expected, is defined only if the criterion in Eq. (4.26) is satisfied.

Beyond swimming kinematics, our model also allows us to compute swimming
energetics and efficiency. Following Ref. [44] and the derivations above, we can calculate
the power expanded by the swimmer against the fluid, WNN . Defining the swimming
efficiency, classically, as E = ηU2/W , the ratio between the non-Newtonian efficiency
and that in a Newtonian fluid with the same viscosity (η) is exactly given by the
swimming speed ratio UNN/UN from Eq. (4.16), i.e.

ENN

EN

= UNN

UN

· (4.27)
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Fig. 4.2 Swimming waveforms under a linear response for Sp = 1, 2, and 10, as a function
of the Deborah number, De. In each plot, the value of the swimming ratio, UNN/UN ,
is indicated. As in Fig. 4.1 β = 0.1 and Sp ≳ 1.16 is required for enhancement. An
increase in De leads to an increase in waving amplitude which, when sufficiently large,
leads to enhanced swimming.

Thus conditions for enhanced swimming correspond thus to those required for enhanced
efficiency and we cannot have increased speed without increased efficiency or increased
efficiency without increased speed.

4.7 Illustration of the waveform

We further illustrate the impact of non-Newtonian stresses by displaying the swimming
waveform in the case of an internal sinusoidal forcing. We thus prescribe f (1) = f and
f (n) = 0 for n > 1, and compute the leading-order waveform. Under the assumption
of linear response, the shape remains sinusoidal with a different phase and amplitude.
The waveforms of one wavelength are illustrated in Fig. 4.2 for three Sperm numbers
(1, 2 and 10) and four Deborah numbers (0, 1, 2, and ∞). Superimposed on the shapes
are the values of UNN/UN .

The results in Fig. 4.2 show the expected decrease in waving amplitude that
accompanies an increase in Sperm number but, more importantly, the systematic
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Fig. 4.3 The first order stream function is shown in yellow for an planar wave swimmer
immersed in (a) a Newtonian fluid, and (b) a non-Newtonian fluid (De = 2). Both
swimmers have Sp = 2 and show their respective waveforms with the first order velocity
field in black arrows.

increase in amplitude with an increase of viscoelasticity De. The waving amplitudes
can be computed analytically and we obtain the Newtonian result as a2

N = 1/(1 + 4Sp6),
which explains the decrease of waving amplitude with Sperm number. In the non-
Newtonian case we have a waving amplitude given by

a2
NN = 1 + De2

1 + De2 + 4Sp3De(1 − β) + 4Sp6(1 + β2De2)
· (4.28)

The critical Deborah number for which aNN > aN is then found to be De > 1/Sp3(1 + β),
which is always satisfied. Hence the presence of viscoelastic stresses leads to a sys-
tematic increase of the waving amplitude of the swimmer. This provides a physical
interpretation for the swimming enhancement seen in Fig. 4.1: if the viscoelastic
amplitude increase is large enough, it is able to compensate for the non-Newtonian
damping term from Eq. (4.3), leading to faster swimming, UNN > UN .

Furthermore we plot the first order stream function at a fixed time t = 0 in
Fig. 4.3. Here we again see the increase in amplitude moving from a Newtonian to
a non-Newtonian fluid, and the phase shift between them. Additionally we see that
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at first order both swimmers have the same streamlines (shifted). We note that the
regions of extension and compression in the Newtonian fluid are dissipative, but in the
viscoelastic fluid some of the work done on the fluid is stored in the polymer springs.
Thus the work done on a viscoelastic fluid is always reduced compared to a Newtonian
fluid allowing for an increased amplitude to be achieved.

4.8 Discussion

In this Chapter, we have proposed a physical mechanism for enhanced locomotion
in a viscoelastic fluid. It does not require transient or end effects but instead arises
naturally due to the equations of active elasto-hydrodynamics applied to locomotion.

Our results can be rationalised by focusing on the two different stiff (s) and floppy (f)
limits, and comparing the non-Newtonian swimming speed for De ≫ 1 to the Newtonian
one (De = 0). In the stiff regime fluid forces are negligible, and the dynamic balance in
Eq. (4.12) reduces to one between bending resistance and active stresses. Considering
only the typical magnitudes of a and f , we then get a(s) ∼ f/κk2 for both Newtonian
and non-Newtonian. The swimming speeds scale then as U (s)

N ∼ ωf 2/κ2k3 and, for
large De, U (s)

NN ∼ βωf 2/κ2k3, leading to
(

UNN

UN

)(s)
= β < 1. In contrast, in the floppy

regime, elastic forces are negligible compared to fluid stresses, and the dynamic balance
in Eq. (4.12) reduces to one between the fluid resistance of the filament and the active
stresses, with a

(f)
N ∼ kf/ηω and a

(f)
NN ∼ kf/ηωβ. The swimming speeds in this case

are given by U (f)
N ∼ k3f 2/η2ω and U

(f)
NN ∼ k3f 2/βη2ω, leading to

(
UNN

UN

)(f)
= 1/β > 1,

and enhanced swimming.
Physically, we have shown that the transition from hindered to enhanced swimming

takes its origin in the systematic increase of the waving amplitude for active swimming
in a viscoelastic fluid, which can overcome viscoelastic fluid damping [44]. How can
this increase in amplitude be intuitively rationalised? We would like to argue that it is
a consequence of the change in fluid pressure, and results from a ‘viscoelastic suction’.
Indeed, we consider the leading-order pressure in Eq. (4.10), and compute its typical
value on the sheet for a fixed amplitude a, allowing us to isolate the change in pressure
due to the fluid dynamics and not due to the amplitude increase. The ratio between
the typical non-Newtonian and Newtonian pressure is then

[
pNN(a)
pN(a)

]2

= 1 + β2De2

1 + De2 , (4.29)
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which shows a large pressure reduction (since β < 1) in a viscoelastic fluid. For
sufficiently large Sperm numbers, where fluid stresses have a relatively larger impact
on the waveform, the wave amplitude increase due to this suction effect is able to
overcome the non-Newtonian fluid damping in locomotion and increase the swimming
speed.

To conclude, we note that although the mechanism outlined in this Chapter was
derived in the context of flagellar locomotion, the same physical principle would be
at play for higher swimmers exploiting muscular contractions, and thus could also be
relevant to the dynamics of small multicellular organisms in complex environments.





5

Tumbling-to-swimming transition
in bacteria motion

This chapter contains a mixture of my own work and work that has been done in
collaboration with Debasish Das, a post-doc with Eric Lauga. The rod model and
the analytic work for modelling helical flagellar filaments is my own work, and the
numerics of the helical model were done in collaboration with Debasish Das.

5.1 Introduction

Peritrichously flagellated bacteria have many flagella, typically 4-7 for E. coli. Each
flagellum consists of a helical flagellar filament, a short elastic hook, and a rotary
motor. Here we study the swimming of peritrichously flagellated bacteria while varying
the hook stiffness and show that swimming occurs due to an elasto-hydrodynamic
instability. If the flagellar filaments are somewhat randomly distributed on the cell
body and they are all roughly similar, why don’t the flagella all push against each other
leading to negligible swimming? The flexibility of the hook is crucial for the gathering
of flagella at one end of the cell leading to successful swimming. If the hook was rigid
the filaments would all be normal to the cell body surface at all times and hence never
bundle, however in vivo the hook is flexible leading to successful swimming.

We first build a simple model of a cell propelled by two active rods, capturing
the instability and finding analytically a critical hook stiffness below which swimming
occurs. We then build a numerical model of swimming bacteria using slender-body
theory, but ignore interactions between flagella explored by previous studies. We
observe a transition from negligible swimming to successful swimming with decreasing
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Fig. 5.1 Simple model: Two rods are attached at u1 = 0 (top) and u2 = π (bottom), to
a spherical head of radius a. Rods are length ℓax, have a tilt angle ±θ away from the
cell body surface normal, N̂. Each rod pushes with a force of size f along its tangent
vector t̂, and as a result swims with velocity U x̂.

hook stiffness. Finally, we examine past measurements of hook flexibility and show
bacteria are safely on the swimming side of the instability.

5.2 Rod model of peritrichous bacterium

To propose a first model for a symmetric bacterium, we attach two flagella, one on
each side of a spherical body shown in Fig. 5.1. The helical flagellar filaments are
approximated as straight rods of length ℓax. Instead of force generation coming from
rotating a helix, we impose a force per unit length tangent to the rod. The rods are of
equal length, with their bases positioned at u1 = 0 (top) and u2 = π (bottom) around
the cell body. The rod filaments are attached to the cell body via a short elastic
filament, the bacteria hook. The hook is less than 100× shorter than the flagellar
filament, thus we can ignore the hydrodynamics of the hook as in Ref. [81]. To capture
the elastic torque it imposes on the flagellar filament (and hence the cell body) we
treat the elastic filament as a springed hinge with spring constant K = EI/ℓh, where
EI is the bending rigidity of the hook, and ℓh is the length of the hook, as in Ref. [82].
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Table 5.1 Typical wild type E. coli parameters

Parameter Symbol Value Dimensionless
Cell Body (Major Axis Radius) c 1.3 µm 1 [177]
Cell Body (Minor Axis Radius) a 0.4 µm 0.3 [177]

Number of Flagella Nf 4-7 - [178]
Helix Rotation Frequency ν 110 Hz 1 [72]

Helix Radius Rh 0.2 µm 0.15 [72]
Helix Wavelength λ 2.2 µm 1.7 [72]
Helix Pitch Angle β −30◦ - tan−1 β = 2πRh/λ
Helix Axis Length ℓax 6.1 µm 4.7 [72]

Helix Filament Radius rf 12 nm 0.01 [72]
Bacteria Hook Length ℓh 55 nm 0.04 [72]

Number of Turns n 2.8 - ℓax/λ

The force exerted by the rods is f t̂1,2, where

t̂1,2 = − sin(u1,2 + θ1,2)x̂ + cos(u1,2 + θ1,2)ŷ, (5.1)

and f the force per unit length (along the flagellar filament axis) for a helical swimmer
is given by resistive force theory as [27]

f = c⊥ωRh sin β
(

1 −
c∥

c⊥

)
. (5.2)

Here c∥ and c⊥ the drag coefficients of a cylindrical rod moving parallel and per-
pendicular respectively, Rh the helix radius, ω = 2πν the angular velocity and β

the helix pitch angle, with typical E. coli flagellar filament given in Table 5.1. The
sign of f determines whether the swimmer is a pusher or a puller. If f is negative
then the swimmer then the forces point towards the cell body and the swimmer is a
pusher conversely if f is positive then the forces point away from the cell body and
the swimmer is a puller. There are three different ways to change the sign of f . Firstly
change the rotation direction of the flagella where ω > 0 for counter-clockwise motion
looking from the end of the flagellum to the cell body, and ω < 0 for clockwise motion.
Secondly the handedness of the helical filament can be changed from left (“normal”)
to right handed such that sin β changes from negative to positive. Finally lateral hairs
can be placed on the flagellum such that c∥ > c⊥, but there are no known examples of
flagellated bacteria that have this feature. As bacteria flagella have a well conserved
rod-like shape c⊥ > c∥. For a given swimmer type (pusher or puller) when θ1,2 = 0



82 Tumbling-to-swimming transition in bacteria motion

there is no motion as the top and bottom forces are equal and opposite (dashed lines
in Fig. 5.1).

For swimming a perturbation is required, we tilt both rods by an angle θ away from
their original position, but in opposite directions. By symmetry there is only motion
in the x̂ direction and there is no angular velocity. Under low Reynolds conditions
the force on the entire cell must sum to zero such that there is zero net force. If we
consider the forces exerted on the cell by the fluid

x̂ ·

− Uℓaxx̂ ·
(
c∥
(
t̂1t̂1 + t̂2t̂2

)
+ c⊥ (n̂1n̂1 + n̂2n̂2)

)
+ 6πµax̂ (5.3)

+ fℓax

(
t̂1 + t̂2

)
+ ℓ2

ax

2
(
θ̇1n̂1 + θ̇2n̂2

)  = 0,

where
n̂1,2 = cos(u1,2 + θ1,2)x̂ − sin(u1,2 + θ1,2)ŷ, (5.4)

is the unit normal to the rod, U is the swimming speed, and θ̇1,2 is the rate of change
of θ1,2, where θ̇1 = −θ̇2.

Using Eqs. 5.1, 5.4, and θ1 = −θ2, we can simplify the force balance to

− 2ℓaxU
(
c∥ cos2 θ + c⊥ sin2 θ

)
− 6πµaU + 2fℓax sin θ + θ̇ℓ2

axc⊥ cos θ = 0, (5.5)

where θ = |θ1| = |θ2|. Rearranging for the swimming speed,

U = 2fℓax sin θ + θ̇ℓ2
axc⊥ cos θ

6πµa+ 2ℓax(c∥ sin2 θ + c⊥ cos2 θ) . (5.6)

Secondly, we consider the motion of the rod flagella relative to the cell body. The
rod flagella is attached to the cell body but is free to rotate about its attachment point
at the cell surface. We can consider each rod individually as the rods only interact
through the background flow field −U x̂.

Firstly we have the torque on the rod due to the fluid, of which there are two
components: one due to the background flow,

L⃗back = ℓ2
ax

2 Uc⊥ (x̂ · n̂1,2) t̂1,2 × n̂1,2; (5.7)
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and a second torque due to the rotation of the filament,

L⃗θ̇ = −ℓax

3 θ̇1,2n̂1,2 ·
(

t̂1,2 × ˆ̇θ1,2

) (
t̂1,2 × n̂1,2

)
. (5.8)

The motion of the rod is constrained to the x̂ − ŷ plane, thus ˆ̇θ1,2 = b̂, where
b̂ = t̂1,2 × n̂1,2. The sign of θ̇1,2 determines if the rod rotation is clockwise or anti-
clockwise. The final torque on the rod is the elastic torque on the rod due to the
springed hinge connecting the rod to the cell body, given by

L⃗elas = Kθ1,2
(̂t1,2 × N̂1,2)
|̂t1,2 × N̂1,2|

, (5.9)

where
N̂1,2 = sin u1,2x̂ + cosu1,2ŷ, (5.10)

is the unit normal to the cell body surface at the point of attachment. The final low
Reynolds moment balance for each rod is given by

L⃗back + L⃗θ̇ + L⃗elas = 0. (5.11)

Since each flagellum is identical (up to a sign change), and t̂1,2 × N̂1,2 = −b̂ the
moment balance for each flagellum simplifies to

− ℓ3
ax

3 c⊥θ̇ + ℓ2
ax

2 Uc⊥ cos θ −Kθ = 0, (5.12)

in the b̂ direction. Together with Eq. (5.6), we now have an equation for the evolution
of θ (

ℓ3
ax

3 c⊥ + c2
⊥ cos2 θℓ2

ax

12πµa+ 4ℓax(c∥ sin2 θ + c⊥ cos2 θ)

)
θ̇ = (5.13)

−fℓ3
ax sin θ cos θc⊥

6πµa+ 2ℓax(c∥ sin2 θ + c⊥ cos2 θ) −Kθ.

As
ℓ3

ax

3 c⊥ + c2
⊥ cos2 θℓ2

ax

12πµa+ 4ℓax(c∥ sin2 θ + c⊥ cos2 θ) ̸= 0 (5.14)

for all values of θ given that the rest of the parameters (c⊥, c∥, ℓax, a, µ) are positive,
we need only look to the right hand side of Eq. (5.13) for steady state values. When
the elastic torque dominates (K → ∞), θ = 0 is the only steady state, conversely
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Fig. 5.2 Both graphs show the tilt angle θ and speed U for a pusher swimmer with
an initial perturbation of θ|t=0 = 0.05π. We show a low and a high spring constant:
(a) with K = 0.01; and (b) with K = 100. The pusher swimmer with a low spring
constant is able to swim.

if the elastic torque is negligible (K = 0), there are multiple steady states either
θ = [0, π/2, π].

Firstly we solve Eq. (5.13) numerically, (using inbuilt MATLAB function, ode45),
with the appropriate flagellar filament values for a wild type E. coli (shown in Table 5.1).
We non-dimensionalise lengths by the maximum body size c, time t by the frequency of
flagella rotation ν = ω/2π, and viscosity by the viscosity of water ηwater = 8.9×10−4 Pa·s
which our swimmers are immersed in. For each setup we start with a small perturbation,
which is positive for the top rod and negative for the bottom rod. Both flagella have
the same absolute values of θ, but have the opposite sign so they rods rotate in opposite
senses at their base, as a mirror image. The evolution of θ in time is found for pusher
(Fig. 5.2) and pullers (Fig. 5.3) with low and high K values. We see that for a pusher
with a low spring constant, the cell swims, whereas for a puller with the same low
spring constant no swimming occurs. At high spring constant, neither a pusher or a
puller swim. A steady state is reached for all the different swimmers, so to explore the
transition from no swimming to swimming we find steady state values for a range of
K values. As shown in Fig. 5.4, at low K the rods are tilted, whereas at high K there
is no tilt, hence no swimming. As K increases from this low K limit there is a smooth
transition from θ = π/2 to θ = 0. There is a critical K above which the cell does not
swim. The swimmer reaches its maximum velocity when the rod flagella are parallel to
one another such that their forces point in the same direction.
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Fig. 5.3 Both graphs show the tilt angle θ and speed U for a puller swimmer with an
initial perturbation of θ|t=0 = 0.05π. We show a low and a high spring constant: (a)
with K = 0.01; and (b) with K = 100, neither of which swim.
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Fig. 5.4 The steady state tilt angles θ and swimming speeds U are found for a range of
K values. With a pusher (filled symbols) we see a smooth transition from θ = π/2 to
θ = 0, for a puller (open symbols) there is no transition. The black line is Kc = 3.1
found from linear stability analysis.
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In order to analytically determine the stability of the θ = 0 steady state, which
exists for all K, we expand Eq. (5.13) about θ = 0, such that

θ̇ ≈ 3θ
c⊥ℓ3

ax

(
−K − fc⊥ℓ

3
ax

2c⊥ℓax + 6πµa

)
. (5.15)

If f is positive (i.e. the swimmer is a puller) then the system is alway stable to small
θ perturbations for any K value. Conversely if we study a pusher swimmer where f is
negative, we can define a critical hook spring constant

Kc = − fc⊥ℓ
3
ax

2c⊥ℓax + 6πµa, (5.16)

below which the system is unstable and swimming occurs. If the hook is flexible
enough then a small perturbation leads to swimming, and increasing U . Through flow
induced bending at the hook the perturbation grows, generating more thrust and hence
the perturbation is amplified. In Fig. 5.4 we see the analytically found critical hook
stiffness matches the full solution.

To explore this instability with more realistic modelling we create a numerical
model using helical flagella, where the force generation is due to the rotation of the
flagellar filament.

5.3 Bacterium and reference frames

To build our bacterium model, shown in Fig. 5.5, with Nf flagella attached to an
ellipsoidal cell body, we start by describing the different components and their frames.
There are 4 frames required, the lab frame (X̂−Ŷ− Ẑ), the cell body frame (x̂− ŷ− ẑ),
the cell body surface frame (T̂(1) − T̂(2) −N̂) and the flagellar filament frame (̂i− ĵ− k̂).

The cell body is a prolate ellipse, with its long axis orientated in the ẑ direction,
the radius in this direction is c, and the radii in the x̂ and ŷ direction is a, where a < c

is an ellipsoid as shown in Fig. 5.6. The eccentricity of the ellipsoid is then described
by

e =
√
c2 − a2

c
. (5.17)
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Fig. 5.5 A bacterium with five flagella.

Fig. 5.6 The bacterium body is shown together with the cell body frame and cell body
surface frame.
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Fig. 5.7 The flagellar filament is shown together with the helix frame and helix
parameters.

and in the orthonormal cell-body frame x̂ − ŷ − ẑ, the surface is described by

x = a sin vi cosui, (5.18)
y = a sin vi sin ui, (5.19)
z = c cos vi, (5.20)

where u = [0..2π), v = [0..π]. The cell body can be any known shape, i.e. one which
we can describe the surface and the hydrodynamic resistance matrix.

If the bacterium does not rotate then the lab frame (X̂ − Ŷ − Ẑ) is the same
orientation as the body frame. Otherwise we must rotate vectors in the cell-body frame
to the lab frame via the cell body angular velocity, Ω⃗b. We can describe the rotation
of the cell body vector basis as

dx⃗

dt
= Ω⃗b × x⃗, (5.21)

dy⃗

dt
= Ω⃗b × y⃗, (5.22)

which must be normalised, such that

x̂′ = x⃗

|x⃗|
, (5.23)

ŷ′ = y⃗ − y⃗ · x⃗

|y⃗|
; (5.24)

hence we can define the final axis as

ẑ′ = x̂′ × ŷ′, (5.25)

where the dashes represent the rotated cell body vectors in the lab frame. We can also
define a rotation matrix, Bb = CbDbEb that can rotate any vector or matrix from the
cell body frame to the lab frame, where Cb, Db and Eb are the rotations Ω⃗bt about
the x̂, ŷ and ẑ directions respectively.
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The flagellar filament is a left-handed helix described by,

h⃗ = Rh sin(ks)̂i +Rh cos(ks)̂j + s cos βk̂, (5.26)

where s = [0..ℓax/ cos β] is the position on the helix, k = ±2π/λ and î − ĵ − k̂ form
the orthonormal helix frame, shown in Fig. 5.7 together with the helix parameters.
The sign of k determines if the helix is left (k > 0) or right (k < 0) handed. For each
flagellum, the attachment point on the cell body is defined as [ui, vi] where i = 1..Nf .
The attachment point of the flagellar filament on the cell body is fixed, but the flagellar
filament can rotate with respect to the cell body. To describe these rotations we
first define the cell body surface frame. The orthonormal cell body surface frame is
described by two tangents to the surface and one surface normal, given by

T̂(1)
i = 1√

a2 cos2 vi + c2 sin2 vi

(a cosui cos vi, a sin ui cos vi,−c sin vi), (5.27)

T̂(2)
i = (− sin ui, cosui, 0), (5.28)

and

N̂i = 1√
c2 sin2 vi + a2 cos2 vi

(c sin vi cosui, c sin vi sin ui, a cos vi), (5.29)

respectively. Hence, to transform between the cell body surface frame and the cell
body frame we use the matrix

Ai =


a cos ui cos vi√

a2 cos2 vi+c2 sin2 vi

a sin ui cos vi√
a2 cos2 vi+c2 sin2 vi

−c sin vi√
a2 cos2 vi+c2 sin2 vi

− sin ui cosui 0
c sin vi cos ui√

c2 sin2 vi+a2 cos2 vi

c sin vi sin ui√
c2 sin2 vi+a2 cos2 vi

a cos vi√
c2 sin2 vi+a2 cos2 vi

 , (5.30)

which takes vectors from the x̂ − ŷ − ẑ cell body frame to the T̂(1)
i − T̂(2)

i − N̂i cell
body surface frame. To transform from the cell body surface frame to the x̂ − ŷ − ẑ
cell body frame, we use A−1

i .
Connecting the cell body to the flagellar filament is the hook. As in the rod model

we ignore the hook hydrodynamics, and again consider the hook as a hinged spring.
As in the rod model the ‘neutral” position of the hook is when the helix axis is aligned
with the cell body surface normal, meaning there is no elastic torque at this point.
Thus we consider rotations away from the cell body surface frame. To do this we define
3 successive rotations, using the 3-1-3 Euler angle formulation, shown in Fig. 5.8. The
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Fig. 5.8 The Euler angles are defined as three successive rotations.

first rotation is about the N̂ axis, by ϕ, the precession angle, secondly a rotation about
the rotated T̂(1)′ axis by θ, the tilt angle, and finally a rotation about the helix axis k̂
(or the rotated N̂′′ axis) by ψ the roll angle. The first rotation matrix is given by

E =


cosϕ sinϕ 0

− sinϕ cosϕ 0
0 0 1

 , (5.31)

the second by,

D =


1 0 0
0 cos θ sin θ
0 − sin θ cos θ

 , (5.32)

and the third by

C =


cosψ sinψ 0

− sinψ cosψ 0
0 0 1

 , (5.33)

such that the full Euler transformation matrix is given by B = CDE, this matrix
transforms vectors from the T̂(1)

i − T̂(2)
i − N̂i cell body surface frame to the flagella

frame, î − ĵ − k̂. The rotation rate of each of the Euler angles form a non-orthogonal
basis (ϕ̇, θ̇, ψ̇), that we write in the orthogonal î − ĵ − k̂ helix frame using

ω⃗′′ = ϕ̇N̂ + θ̇T̂′1 + ψ̇k̂. (5.34)

Inserting the relevant vectors and rotation matrices,

ω⃗′′ = ϕ̇B


0
0
1

+ θ̇C


1
0
0

+ ψ̇


0
0
1

 , (5.35)
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Fig. 5.9 The four reference frames described in this section, and the rotations between
them.

such that

ω⃗′′ =


ϕ̇ sin θ sinψ + θ̇ cosψ
ϕ̇ sin θ cosψ − θ̇ sinψ

ψ̇ + ϕ̇ cos θ

 . (5.36)

This allows us to convert flagellar filament angular velocities to Euler angles and vice
versa. We now have the angular velocity of the flagella in the flagella frame. However,
when using Euler angles we must take care when describing the angle dynamics. If
θ = 0 is fixed then ϕ and ψ are indistinguishable from one another as they are rotations
about the same axis. The system is thus over defined by ϕ and ψ, as we only have one
equation for the dynamics of both angles


0
0

ϕ̇+ ψ̇

 = ω⃗′′. (5.37)

This is known as the gimbal lock and is present in all Euler angle formulations, either
at θ = 0 or θ = π/2. A summary of the rotation matrices described in the section are
given in Fig. 5.9.

Modelling the full swimming bacterium, with any rotation of the filament relative
to the motor, can be split into two simpler problems. Firstly the rigid case where the
flagellar filament does not feel any effects of the flow field created by the swimming
bacterium, i.e. the hook is infinitely stiff. Hence we solve for the velocity and angular
velocity for a given flagellar filament angular velocity. Secondly the case of a bacterium
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stuck to a surface, where the cell body is fixed and the flagellar filament rotates due to
an external imposed flow field.

5.4 Cell body motion with fixed flagellar filament
motion

Assuming that there is no feedback between the flow field generated and the position
of the helix, we calculate the velocity and the angular velocity of the bacterium given
the angular dynamics of the flagellar filament(s). We first consider a single flagellum
attached to a cell body, similar to Ref. [179], then extend this to Nf flagella.

The force F⃗ b, and torque L⃗b, exerted by the fluid on the cell body is given byF⃗ b

L⃗b

 = Rb

U⃗ b

Ω⃗b

 , (5.38)

where U⃗ b and Ω⃗b are the unknown body velocity and angular velocity respectively.
For an ellipsoidal body the 6 × 6 cell body resistance matrix,

Rb = −



Rb(1, 1) 0 0 0 0 0
0 Rb(2, 2) 0 0 0 0
0 0 Rb(3, 3) 0 0 0
0 0 0 Rb(4, 4) 0 0
0 0 0 0 Rb(5, 5) 0
0 0 0 0 0 Rb(6, 6)


, (5.39)

where

Rb(1, 1) = Rb(2, 2) = 6πµc(16e3)
3(2e+ (3e2 − 1) ∗ L) , (5.40)

Rb(3, 3) = 6πµc(8e3)
3(−2e+ (1 + e2)L) , (5.41)

Rb(4, 4) = Rb(5, 5) = 8πµc3(4e3(2 − e2)
3(−2e+ (1 + e2)L) , (5.42)

Rb(6, 6) = 8πµc3(4e3(1 − e2))
3(2e− (1 − e2)L) , (5.43)

with
L = ln

(1 + e

1 − e

)
(5.44)
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and e described in Eq. (5.17). The body resistance matrix Rb is centred at the cell
body centre, and all rotations are about this point.

The flagellar filament base is fixed to the cell body, but it can rotate about this
point, giving the kinematic boundary condition in the flagella frameU⃗

′′
f

Ω⃗
′′
f

 =
U⃗

′′
b

Ω⃗
′′
b

+
 0

ω⃗′′

 , (5.45)

where where U⃗
′′
f and Ω⃗

′′
f are the flagellar filament velocity and angular velocity

respectively, and ω⃗′′ is the relative rotation of the flagellar filament with respect to the
cell body, which is imposed in this section.

The force F⃗ f , and torque L⃗f , exerted by the fluid on the flagellar filament is given
by F⃗

′′
f

L⃗
′′
f

 = Rf
′′

U⃗
′′
f

Ω⃗
′′
f

 , (5.46)

where

Rf
′′ =

 Da
′′ Db

′′

Db
′′T Dc

′′

 . (5.47)

is the symmetric 6 × 6 flagellar filament resistance matrix, centred at the base of the
flagellar filament about which it can rotate. The resistance matrix was calculated using
slender-body theory, by Debasish Das. For a flagellum of the shape of the normal form
E. coli flagellum we have

Rf
′′ =



−9.4051 −0.0189 −0.1068 0.1008 −19.2894 −0.0430
−0.0189 −9.3928 −0.0775 19.2462 0.0289 −0.0313
−0.1068 −0.0775 −6.4348 0.0245 −0.3167 −0.1635
0.1008 19.2462 0.0245 −135.0982 0.3410 −0.1184

−19.2894 0.0289 −0.3167 0.3415 −135.5565 −0.4756
−0.0430 −0.0313 −0.1635 −0.1184 −0.4756 −0.3311


. (5.48)

Eq. (5.46) is written in the helix frame hence we need to rotate to the cell body frame,
and move the resistance matrix centre from the surface of the cell to the centre of the
cell.

To write the flagellum resistance matrix Rf
′′ in the cell body frame we must first

rotate Rf
′′ from the helix frame (̂i − ĵ − k̂) to the cell body frame, we rotate each of

the 3 × 3 matrices in the full resistance matrix by the (3 × 3) transformation matrix
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M, such that

Rf
′ =

M 0
0 M

 Da
′′ Db

′′

Db
′′T Dc

′′

M−1 0
0 M−1

 (5.49)

This gives the resistance matrix centred at the end of the flagella in the cell body frame.
However in order to sum the body and flagella torque we need the resistance matrices
centred at the same point. As the cell is rigid, the angular velocity at two different
points on the cell body is constant, however the velocity at two different points on the
body changes if the cell rotates. Representing forces, torques, velocities and angular
velocities at the end of the helix with a dash, and at the cell body centre without, we
shift the flagellar force and torque from the cell body surface to the cell body centre,
separated by distance

r⃗ = (a cosu sin v, a sin u sin v, c cos v) . (5.50)

The angular velocity is fixed at both points Ω⃗f = Ω⃗
′
f , however the velocity at the cell

body centre is given by U⃗ = U⃗
′
+ Ω⃗f × r⃗, hence

U⃗ f

Ω⃗f

 =
I Rϵ

0 I

U⃗
′
f

Ω⃗
′
f

 , (5.51)

where Rϵ = −r · ϵ shifts matrices and vectors from the surface of the body to the centre
of the cell body, with ϵ representing the Levi-Civita 3rd order tensor. Similarly to the
angular and body velocity, the force and torque centred at the two different points are
related by F⃗ f = F⃗

′
f and L⃗f = L⃗

′
f − F⃗ f × r⃗, such that

F⃗ f

L⃗f

 =
 I 0

Rϵ I

F⃗
′
f

L⃗
′
f

 . (5.52)

Hence we can rewrite Eq. (5.46) centred at the cell body centre as,
F⃗ f

L⃗f

 = Rf

U⃗ f

Ω⃗f

 , (5.53)

where

Rf =
 I 0

Rϵ I

M 0
0 M

Rf
′′

M−1 0
0 M−1

I Rϵ

0 I

−1

. (5.54)
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For a single flagellum the low Reynolds force balance is then given in the cell body
frame as F⃗ f

L⃗f

+
F⃗ b

L⃗b

 = 0. (5.55)

Together with the kinematic boundary condition (Eq. (5.45)) and the force-velocity
and torque-angular velocity relationships (Eqs. (5.53) and (5.38)) we have

U⃗ b

Ω⃗b

 = − (Rb + Rf )−1 Rf

u⃗f

ω⃗

 . (5.56)

Where we have written the relative flagella motion in the cell body frame, centered at
the cell body centre using Rϵω⃗

ω⃗

 =
I Rϵ

0 I

 0
Mω⃗′′

 , (5.57)

such that u⃗f = RϵMω⃗′′, and ω⃗ = Mω⃗′′.
To extend this to multiple flagella, the low Reynolds force and torque balance

becomes
Nf∑
0

F⃗
(i)
f

L⃗
(i)
f

+
F⃗ b

L⃗b

 = 0. (5.58)

and we have Nf kinematic boundary conditions for each of the flagellum,
U⃗

(i)
f

Ω⃗
(i)
f

 =
U⃗ b

Ω⃗b

+
Rϵ

(i)M(i)ω⃗i

ω⃗i

 . (5.59)

Hence U⃗ b

Ω⃗b

 =
Nf∑
0

− Rf
(i)(

Rb +∑Nf

0 Rf
(i)
)
Rϵ

(i)M(i)ω⃗i

ω⃗i

 , (5.60)

If all Nf flagella are identical then the resistance matrix in the helix frame R(i)′′
f = Rf

′′

for all i, but due to different attachment points and/or Euler rotations Rf
(i) ̸= Rf

(j) if
i ̸= j.

We can thus solve for the bacterium dynamics for a given flagellar filament angle
dynamics. For a rigid hook, the only allowed motion is ω′′

x = ω′′
y = 0 and ω′′

z = 2π,
non-dimensionalised by the flagellar rotation frequency ν. The θ and ϕ angles are
thus fixed and ψ increases linearly. To demonstrate our swimming model we study an
example bacterium with a single flagellum attached at the end of the cell.
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Fig. 5.10 The cell body frame velocity (a) and angular velocity (b) are shown.
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Fig. 5.11 The helical lab frame path of the bacterium is shown.
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The flagellum is attached at the end of the cell body, u = v = 0, and although we
can choose any orientation of the flagellum with respect to the cell body surface, we
choose θ = 0 (and ϕ = 0) such that N̂ = k̂. We solve the bacterium dynamics using an
explicit Euler method.

Fig. 5.10 shows the cell body frame velocity and angular velocity for a pusher
swimmer and Fig. 5.11 shows the the lab frame path of the cell, which is helical, as
expected. We can calculate the swimming speed that would be measured experimentally
as the distance away from the cell start point divided by the time it took to get there.
We thus calculate U = 14µms−1, which is close to the measured E. coli swimming
speed of 25µms−1.

If the angular velocity of the flagellum is negative then the swimmer becomes a
puller and the cell swims in the opposite direction.

5.5 Flagellar filament motion with fixed cell body
motion

We next consider a bacterium stuck on a surface or fixed in place by an optical trap,
and impose a flow field around the cell, such that the motion of the flagellum does
not affect the motion of the cell body. The aim is to calculate the flagellar filament
angular velocity ω⃗ for a given body frame velocity U⃗ b and angular velocity Ω⃗b. To do
this there are three torques to consider: fluid torque; elastic torque and motor torque.
We calculate each of these in the flagellar filament frame and consider the torque of
the flagellar filament acting on the fluid, so that they can be summed.

5.5.1 Fluid torque

We start from the force and torque balance in the helix frame, Eq. (5.46), that gives
the force and torque on the flagellar filament given the flagellar filament velocity in
the helix frame. From the bacterium boundary conditions, Eq. (5.45), and the helix
frame force and torque balance, Eq. (5.46),

F⃗
′′
f

L⃗
′′
f

 =
 D′′

a D′′
b

D′′T
b D′′

c

M−1 0
0 M−1

I Rϵ

0 I

−1U⃗b + u⃗f

Ω⃗b + ω⃗

 , (5.61)
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where we have transformed U⃗ b and Ω⃗b from the cell body frame to the helix frame.
This simplifies to F⃗

′′
f

L⃗
′′
f

 =
 D′′

a D′′
b

D′′T
b D′′

c

M−1
(
U⃗ b − RϵΩ⃗b

)
M−1Ω⃗b + ω⃗′′

 (5.62)

The flagellar filament cannot translate relative to the cell body, thus the force balance
returns rigid swimming as there are no additional forces. Thus the torque acting on
the fluid due to the rod hydrodynamics,

L⃗
′′
fluid = D′′T

b M−1
(
U⃗ b − RϵΩ⃗b

)
+ D′′

cM−1(Ω⃗b + Mω⃗′′). (5.63)

As in the rod model we can split the fluid torque into two torques: one due to the
background flow

L⃗
′′
back = −D′′T

b M−1
(
U⃗ b − RϵΩ⃗b

)
− D′′

cM−1Ω⃗b, (5.64)

and one due to the motion of the flagellar filament relative to the back ground flow,

L⃗
′′
ω⃗ = D′′

cω⃗′′, (5.65)

where L⃗
′′
ω⃗ contains the unknown filament angular velocity relative to the body, and

L⃗
′′
back contains the imposed background conditions.

5.5.2 Elastic torque

To describe the elastic torque we first revisit our Euler angles. In the rod model there
was only one angle θ to consider, whereas the full bacterium model is described by
three rotations away from the cell surface frame. As before θ describes the angle
between the surface normal N̂, and the helix axis k̂, thus generates an elastic torque.
The precession angle describes the helix axis position on a cone of fixed θ. We assume
that is it only deviations away from the surface normal that generate torques, whereas
deviations from the two surface tangents are have no elastic ‘cost’. Thus for fixed
θ, different ϕ values have the same elastic torque magnitude. Rotations about the
filament axis have no elastic penalty as we assume the hook is stiff to torsion and
acts as perfect torque transmitter from the motor embedded in the cell body and the
flagellar filament, which is accurate for steady motor rotation [180]. The final Euler
angle is ψ, the roll angle that describes rotations about the helix axis, which again
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doesn’t change the magnitude of the angle between the surface normal and the helix
axis, hence has no elastic ‘cost’. Thus the elastic torque has the form

L⃗elas = KθĤ, (5.66)

where

Ĥ =
k̂ × N̂î̂jk̂

|k̂ × N̂î̂jk̂|
, (5.67)

describes the torque direction. The normal to the cell surface written in the î − ĵ − k̂
helix frame is given by

N̂î̂jk̂ = B


0
0
1

 =


sin θ sinψ
sin θ cosψ

cos θ

 , (5.68)

and the helix axis in the helix frame is simply k̂ = (0, 0, 1). The hinged spring will
work to move the axis of the helix towards the cell body normal. Thus we take the
cross product between the normal to the cell surface and the helix axis to find the
rotation axis of the torque,

Ĥ =


− cosψ
sinψ

0

 . (5.69)

Thus

L⃗elas = Kθ


− cosψ
sinψ

0

 . (5.70)

5.5.3 Motor torque

We consider the motor-hook complex as a perfect torque transmitter, ignoring any
hook torsion, hook hydrodynamics or any unsteady motor effects. Thus the torque
generated by the motor at the flagellum base embedded in the cell body surface is
perfectly transmitted along the hook to the flagellar filament. Thus the motor torque
acts only along the helix axis,

L⃗m =


0
0
Lm

 , (5.71)
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where Lm = 2πνD′′
c (3, 3). As D′′

c (3, 3) < 0 for a ‘normal’ form left-handed helix,
Lm < 0 for a pusher swimmer. Conversely for a puller Lm > 0.

5.5.4 Final torque balance

The final torque balance is a sum of the previous torques,

L⃗ω⃗ + L⃗elas + L⃗back + L⃗motor = 0. (5.72)

To find ω⃗, we rearrange, such that

ω⃗′′ = −D′′
c

−1

− D′′T
b M−1

(
U⃗ b − RϵΩ⃗b

)
− D′′

cM−1Ω⃗b −


−Kθ cosψ
Kθ sinψ
Lm


. (5.73)

We invert Eq. (5.36) to write ω⃗′′ as Euler angles,

ϕ̇ = ω′′
1 sinψ + ω′′

2 cosψ
sin θ , (5.74)

ψ̇ = ω′′
3 − ω′′

1 sinψ + ω′′
2 cosψ

tan θ , (5.75)

θ̇ = ω′′
1 cosψ − ω′′

2 sinψ. (5.76)

Thus we have three equations for the angle dynamics we can solve numerically for a
given start position and given background conditions or cell body motion. We solve
for the time evolution of the angles with an explicit Euler method.

To demonstrate the motion of a flagellar filament in flow, we consider two different
bacteria stuck in place with a linear external flow field. We start by considering a dead
bacterium i.e. zero motor torque, and impose U⃗b = (0,−1, 0). As an example we first
plot the filament dynamics for K = 10. In Fig. 5.12, we see that the θ, ϕ and ψ̇ reach
an oscillatory steady state (a) and the helix rotates mostly about its own axis (b).

To study how the oscillatory steady state angles change with K we define the average
of this oscillatory value. The average is found by finding the oscillation frequency using
the inbuilt MATLAB function findpeaks and filtering the data using a moving average
filter for the mean value at t = tend, first ensuring that a steady state is reached before
averaging.

As seen in Fig. 5.13a, as the spring constant K is reduced the angle between the
helix axis and the surface normal, θ, increases to θ = π/2. At θ = π/2, ϕ = 0 such
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Fig. 5.12 A dead bacterium (i.e. no motor torque) is stuck in an external flow field, we
plot how the Euler angles (a) and filament angular velocity (b) change with time t.
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Fig. 5.13 A dead bacterium is stuck in an external flow field, we change the hook
stiffness, K, and see that the tilt angle θ increases as K decreases (a). Additionally,
the helix rotates faster as K decreases and the precession angle remains small (b).
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Fig. 5.14 An alive bacterium is stuck in an external flow field, we change the imposed
motor torque, Lm from negative to positive. The helix rotation rate ψ̇ (a) increases (b)
with increasing torque, however the helix tilt angle θ and the precession angle ϕ are
unchanged (b).

that the helix axis is aligned perfectly with the flow. Additionally, we see that the
helix rotates along its axis with increasing rate as the helix aligns more with the flow,
as shown in Fig. 5.13b.

Secondly we consider an alive bacterium that has no resistance to tilt rotations.
We again impose no rotational flow but increase the body velocity to Ub = (0,−10, 0)
ensuring that the imposed flow dominates the flow generated by the rotation of the
flagellar filament. As the motor torque changes from negative to positive we switch
from being a pusher to a puller. From Fig. 5.14, the tilt and precession angles are
unchanged, and rotation rate of the flagellar filament about its own axis either increases
with increasing motor torque.

To fully describe a swimming bacterium we couple the swimming speed of the rigid
swimmer to the filament angular frequency from the helix in flow (and vice versa).

5.6 Coupling swimming and flagellar motion

Before coupling the results from the previous two sections we must re-visit the force
and torque on the bacterium. We split the bacterium into 3 constitutive parts, the
body (subscript b), the motor-hook complex (subscript mh) and the flagellar filament
(subscript f), and describe the total (superscript t) force and torque on each part. The
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total force and torque on the flagellar filament is described by

F⃗
(t)
f = F⃗ f , (5.77)

L⃗
(t)
f = L⃗f + Lmk̂ + L⃗elas. (5.78)

Similarly the total force and and torque on the cell body is given by

F⃗
(t)
f = F⃗ f , (5.79)

L⃗
(t)
f = L⃗b − LmN̂ − L⃗elas. (5.80)

The motor torque acts on the cell body normal to the surface as the motor-hook
complex is embedded in the cell surface at its base. The elastic torque felt by the cell
body is equal and opposite to the elastic torque felt by the flagellar filament. As we
ignore the hydrodynamics of the motor-hook complex and treat it as a perfect torque
transmitter, there is no force felt by the motor and the motor-hook torque is defined
by its boundary conditions

L⃗
(t)
mh = L⃗mN̂ − L⃗mk̂, (5.81)

such that the low Reynolds force and torque balance of these three components leaves,F⃗ f + F⃗ b

L⃗f + L⃗b

 =
0

0

 (5.82)

as described for the rigid swimmer case. We can now couple the flagellar dynamics
and swimming speed. We start with a single flagellated bacterium.

We insert the swimming speed from Eq. (5.56), into Eq. (5.73), such that

ω⃗′′ = D′′
c

−1

− D′′T
b M−1

(
(P2 − P4Rϵ) ω⃗′′

)
− D′′

cM−1P4ω⃗′′ −


Kθ cosψ
Kθ sinψ
Lm


,
(5.83)

where we have defined the 6 × 6 matrix

P =
P1 P2

PT
2 P4

 = (Rb + Rf )−1Rf

RϵM
M

 . (5.84)
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Re-arranging for ω⃗′′ and simplifying, the problem reduces to

Gω⃗′′ =


−Kθ cosψ
Kθ sinψ
Lm

 (5.85)

where
G = D′′

c + D′′T
b M−1 (P2 − P4Rϵ) + D′′

cM−1P4. (5.86)

We next extend this to Nf flagella, where GNf
will be a tensor of size (3Nf )×(3Nf ),

such that 
G1

1 G1
2 . . . G1

Nf

G2
1 G2

2 . . . G2
Nf... ... . . . ...

GNf

1 GNf

2 . . . GNf

Nf




ω⃗′′

1,f

ω⃗′′
2,f
...

ω⃗′′
Nf ,f

 =


Kθ1Ĥ1 + L⃗m

Kθ2Ĥ2 + L⃗m

...
KθNf

ĤNf
+ L⃗m

 . (5.87)

We can then define

Gi,i = −D′′T
b M(i)−1

Rϵ
(i) + D′′

c + D′′T
b M(i)−1 (

P2
(i) − P4

(i)Rϵ
(i)
)

+ D′′
cM(i)−1

P4
(i),

(5.88)
and

Gi,j = D′′T
b M(i)−1 (

P2
(i) + Rϵ

(j)P4
(i)
)
, (5.89)

for i ̸= j, where

P(i) =
Rb +

Nf∑
0

Rf
(i)

−1

Rf
(i)

I Rϵ
(i)

0 I

 0
M(i)

 . (5.90)

5.6.1 Steric interaction between flagellum and body

Finally, to ensure that the flagella does not enter the cell body, we introduce a steric
interaction between each flagellum and the cell body. As the helix has a non-zero
radius at the base of the helix, the tilt angle at which the helix enters the body is any
non-zero value of theta. Instead we consider when the helix axis enters the body, thus
take θs−h = π/2, with a tapered helix left as further work.
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Fig. 5.15 We plot the magnitude of the new steric elastic torque Lelas = L⃗elas · Ĥ.

There are two ways in which steric interactions can be included: 1) add a torque
that cancels out the torque in the î and ĵ directions when θ > θs−h; 2) a rapid increase
the spring stiffness K when θ approaches θs−h. The former introduces the steric torque

L⃗s−h = −
(
L⃗ω⃗ + L⃗elas + L⃗back + L⃗motor

)
· ĤĤ, (5.91)

such that the final torque balance at θ = θs−h(
L⃗ω⃗ + L⃗elas + L⃗back + L⃗motor

) (
I − ĤĤ

)
= 0. (5.92)

However
(
I − ĤĤ

)
is singular hence we move to the second option.

For the second option, the most rapid increase possible is a Heaviside step function
at θs−h, but Heaviside functions can cause unphysical oscillations at θs−h. Thus we
need to choose a smooth step function such that as θ tends towards θs−h there is a
smooth but rapid transition from Kθ to a much larger K value. We choose smooth
step function, given by

f(θ) = fmax

(
1 − 1

1 + (θ/θmid)ks

)
, (5.93)

where θmid is the value of the midpoint of the increase, fmax is the maximum value,
and ks is the steepness. When fmax = 1, and in the limit ks → ∞ we recover a step
function at θmid. We take value of the midpoint such that θmid = θs−h, however the
choice of fmax and ks is less obvious. They must be chosen such that the linear portion
of the elastic torque Kθ is minimally affected by this term (large ks and fmax), but
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they must also show a smooth increase with the time step, such that the change in the
spring constant is smaller than the time step in the numerical implementation (small
ks and fmax). We thus alter the elastic torque to

L⃗elas =

Kθ + 100

1 − 1
1 +

(
2θ
π

)70


 Ĥ, (5.94)

which is shown in Fig. 5.15 for some example K values having chosen values of fmax

and ks that prohibit the flagellum from entering the body without minimal effects to
the dynamics. We simplify notation by defining

Ksteric = Kθ + 100

1 − 1
1 +

(
2θ
π

)70

 . (5.95)

5.6.2 Numerical implementation

For a given cell body and flagellum, the primary inputs are Rb, R′′
f , L⃗m (assuming all

the flagellum are identical) and the point of attachment of these flagellum r⃗(i). These
quantities do not depend on the Euler angles and hence do not change in time. For
a given start position of the cell body and the Nf flagellar filaments, we follow the
procedure below with a fourth order Runge-Kutta method, developed in collaboration
with Debasish Das.

1. Specify Rb, Rf
′′ and r⃗(i) for Nf flagellum, i = 1, 2, ..., Nf .

2. Construct the matrices A(i).

3. Specify the initial Euler angles ϕi, ψi and θi ̸= 0 to avoid the Euler angle
singularity.

4. Construct the matrix M(i) to convert a vector from helix frame to point of flagella
attachment frame.

5. Use Eq. (5.54) to convert the Stokes drag law from helix to body centroid frame
for each flagella, in other words, calculate Rf

(i) for each flagella.

6. Construct the matrix GNf using Eqs. (5.88) and (5.89).
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Fig. 5.16 Identical flagella are placed on either side of a spherical cell body.

7. Construct the elastic and motor torque vector

K
(1)
stericĤ1 + L⃗m

K
(2)
stericĤ2 + L⃗m

K
(3)
stericĤ3 + L⃗m

...
K

(Nf )
stericĤNf

+ L⃗m


. (5.96)

8. For the time derivatives of the Euler Angles using Eq. (5.74) for each flagella.

9. To find the body frame swimming speed and angular velocity we input the
flagellar filament angular velocities into Eq. (5.60).

10. Finally to find the lab frame velocity we use Bb
−1 defined as Bb = CbDbEb

where Cb is a rotation about the X̂ axis by Ωxt, Db is a rotation about the Ŷ
axis by Ωyt and Eb is a rotation about the Ẑ axis by Ωzt.

5.6.3 Two flagella: Pusher

Returning to the symmetric bacterium of the rod model, we place a flagellum on each
side of a spherical body (c = a), as shown in Fig. 5.16. For a spherical body, the body
resistance matrix Rb (Eq. (5.39)) simplifies, such that

Rb(1, 1) = Rb(2, 2) = Rb(3, 3) = 6πµa, (5.97)
Rb(4, 4) = Rb(5, 5) = Rb(6, 6) = 8πµa3. (5.98)

As the neutral position of the spring at θ = 0 is singular, we start our simulations
with a small initial perturbation θ|t=0 = 0.05π. The flagella are initially most closely
aligned with the X̂-axis, and have identical flagella properties given by the standard
E. coli parameters given in Table 5.1. We consider a pusher bacterium as found most
commonly in vivo, such that Lm is negative.
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Fig. 5.17 The tilt angle θ and swimming speed U is shown for a range of K values, the
black vertical lines show the critical spring constant from the analytic rod model.

As in the rod model we can plot the tilt angles θ and swimming speeds U for a
variety of swimmers with different hook stiffnesses K as shown in Fig. 5.17. Similarly
to the helix in flow results we use a moving average filter again ensuring that the run
time is large enough for the oscillatory steady state to be reached. As we have moved
to three dimensions, to define the steady state lab frame swimming speed we average
of the velocity, and then normalise such that U =

∣∣∣〈U⃗〉∣∣∣ gives the average speed of
the bacterium. If we compare this to the root mean squared average

〈∣∣∣U⃗ ∣∣∣〉 ≠ |
〈
U⃗
〉

|,
which would tell us the speed of the bacterium along its lab frame path, meaning that
a bacterium that swims in circles could have the same speed as a bacteria that swims
in a straight line. Thus, the root mean squared velocity cannot distinguish between
successful and unsuccessful swimming.

In Fig. 5.17, we see that there is a transition from negligible swimming to successful
swimming when the hook is floppy enough, and that the critical spring constant at
which this occurs matches well to the analytic results. The numerical simulations
show the critical spring constant 2 < Kc < 8 (yellow shaded region), compared to the
analytic critical spring constant Kc = 3.1 (black line), more points are required between
2 < K < 8 to pinpoint the exact numerical critical spring constant, these preliminary
results point show good agreement between the two models, with the analytic spring
constant at worst being only 3 times smaller than the one found with the numerical
model.

Unlike the rod model the steady state swimming speed is not simply a function of
θ. The precession angle for each flagella is ϕ = −0.41 post-transition and the rotation
rate of the flagella about its own axis is given by the rate of change of the roll angle
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as ψ̇ = 11. These values together with the tilt angle θ change by less than 1% in the
post transition region K < 2. Furthermore taking these values and inputing them
into the rigid swimmer model we see an error of less than 1% between the swimming
speeds gained from the rigid swimmer model and the full flagella torque balance model.
Thus showing that only the average values of these steady states are important to the
swimming speed and not the exact oscillatory dynamics of the steady state.

We further note the difference between the profile of the tilt angle θ, and the
swimming speed U , compared to the rod model with the numerical model being more
stark than the rod model. This could either be due to three-dimensional effects such
as the rotation of the body, the precession of the helical filaments or the rotation of
the flagella causing oscillatory steady states not present in the rod model.

5.7 Discussion

This chapter studied the tumbling-to-swimming transition observed in vivo. We showed
both analytically and numerically that there is a critical spring constant below which
a pusher bacterium swims and above which negligible swimming occurs, but how do
our analytic and numerical values of Kc compare to real bacteria?

Using the definition of K = EI/ℓh, where EI is the Young’s modulus of the
hook, and ℓh is the length of the hook, we can relate the critical torsional spring
constant to the hook bending moduli measured in experiments. There are two current
measurements of the bending stiffness of the flagellar hook. The earliest studied a range
of different bacteria flagellar hooks [181], by extracting and staining the flagellar hooks,
and observing their deformations due to thermal fluctuations with electron microscopy.
In this study they found that the hook bending stiffness of peritrichously flagellated
bacteria, E. coli, Salmonella typhimurium, and singly flagellated bacteria, Vibrio
cholerae,Vibrio parahaemolyticus were very similar with EI = 1.6 − 4.8 × 10−28 Nm2,
with stiffer hooks found for singly flagellated bacteria. If we compare this to a later study
on the bending stiffness of the singly flagellated bacteria Vibrio alginolyticus [82]. In
this study the hook stiffness was measured by observing the flagellar filament motion of
bacteria that are stuck to a surface, resulting in a hook stiffness of 22×10−26 Nm2 when
the flagellum rotation compresses the hook, and 3.6 × 10−26 Nm2 when the flagellum
does not rotate. Re-dimensionalising we find Kc = 7.4 × 10−19 Nm analytically and
5 × 10−19 Nm < Kc < 19 × 10−19 Nm numerically, and using ℓh = 55 nm (Table 5.1)
we find EI = 4 × 10−26 Nm2 analytically and 3 × 10−26 Nm2 < EI < 10 × 10−26 Nm2
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numerically. We see that bacteria flagella are safely below the critical value and hence
swim successfully.

Our simple analytic and numerical models correspond well, despite their differences,
further work is needed to pin-point Kc numerically. In order to study the critical spring
constant for a more realistic bacterium the extension to more realistic flagella numbers
is required, i.e. 4-7 for E. coli. Additionally a puller swimmer needs to be investigated,
the rod model predicts that a puller swimmer will never swim for any spring constant
K, does the full numerical model predict the same?

In this chapter we explored the swimming of peritrichously flagellated bacteria, and
find that the stiffness of the hook is crucial for successful swimming. If the hook is
too stiff then the flagellar filaments cannot gather at one end of the cell body in order
to bundle. Real bacteria flagella are safely below the critical value and hence swim
successfully.
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Conclusion and Further Work

We of today must conceive our relation to the rest of the universe as best we
can; and even if our images must seem fantastic to future humans, they may
none the less serve their purpose today.

– Olaf Stapledon, Last and First Men

Even if I should be right in this, I do not know whether my way of approach
is really the best and simplest. But, in short, it was mine.

– Erwin Schrödinger, What is Life?

Low Reynolds locomotion is crucial for the survival and proliferation of both microscale
and macroscale organisms. One of the easiest measurements one can make on a
single swimmer is its swimming speed. While there are other important factors
to successful swimming such as efficiency, and navigation towards more favourable
environments, measurements on the swimming speed require little knowledge of the
biology of microswimmers (or engineering in the case of biomimetic swimmers). Despite
this, the study of swimming speeds of a variety of swimmers with varying elastic and
complex fluid effects has not yet managed to create a clear picture as to these effects
help or hinder swimming. Ideally from knowledge of the swimmer and fluid type we
should be able to make accurate predictions of the swimming speed compared to an
equivalent rigid swimmer in a Newtonian fluid, akin to studies on shapes falling in
non-Newtonian fluids. However, these goals remain elusive. In this thesis we have
probed four different swimmers to glean insights into the physical affects that may
cause a swimmer to propel faster or slower in different fluids and with varying swimmer
stiffness.

We first explored a rigid swimmer within a shear-thinning fluid. Using empirical
modelling we built a non-Newtonian resistive-force theory for slender filaments in
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shear-thinning fluids. Previous research on flagellar based swimming in shear-thinning
fluids was constrained to small amplitude studies or complex numerical simulations,
while with our model the swimming speed of more realistic amplitude swimmers can be
investigated with only a simple addition to Newtonian resistive-force theory. Though
this empirical model is only valid within a short range of actuation frequencies and fluid
properties, it describes the physical effect of the thinned region close to the whip-like
flagellum. This model was applied to a generic planar wave swimmer that we show
is always slowed down within shear-thinning fluids (Figs 2.7 and 2.8). We attribute
this to the drag shear-rate being much smaller than the thrust shear rate, hence the
thrust is reduced more by the shear-thinning effects. The results of this simple planar
wave swimmer match well with experimental results on the swimming of C. elegans
without any fitting parameters (Fig 2.12). We discussed the two possible effects of
swimming in a shear-thinning environment 1) due to swimming in a low viscosity
region (soft-confinement) and 2) due to the thinned region around the rod. Interesting
further work would be to study experimentally when each of the two competing
shear-thinning fluid effects dominate the swimming speed result, and furthermore how
well does this match with our regime of validity (Γν < 0.09). For a given fluid (or
swimmer) the swimming speed could be measured for a rigid propeller (such that the
flow does not affect the shape of the swimmer) at varying actuation frequencies (or
varying critical shear-rates 1/Γ). Based on whether the swimmer goes faster or slower
would demonstrate when these two effects occur, or indeed whether there are further
additional effects of shear-thinning fluids that need to be considered such as end effects
or detailed interactions between particles within the fluid and the swimmer.

Secondly, we moved to fluids with viscoelastic effects. By considering a rigid planar
wave swimmer with all possible waveform modes we showed that swimming speed
enhancement can be found swimming in a non-Newtonian verses a Newtonian fluid if
there are waves travelling forwards and backwards with different oscillation frequencies
(Eq. (3.34)). As the waves have different modes of oscillation the damping effects of
viscoelasticity affect the wave mode more or less depending on the size of the oscillation
mode. Swimming with both forwards and backwards waves is always slower for waves
with only forward components for both Newtonian and non-Newtonian fluids. There
are swimmers in vivo that have forwards and backwards modes however the wave modes
have the same mode of oscillation, hence this speed enhancement mechanism is not
applicable. Beyond a two mode swimmer, we were also able to show that the swimming
speed and the direction of a three wave swimmer was altered by the viscoelasticity
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of the fluid (Fig. 3.9) This indicates a possible rheometer design or swimmer sorting
mechanism.

Thirdly, staying in viscoelastic fluid we determined another physical mechanism for
enhanced propulsion, this time without the need for backward moving waves. We moved
from the rigid swimmer limit considered by previous chapters to active swimming.
Here the fluid affects the shape of the swimmer though a balance of elastic, viscous and
active forces. The amplitude of the swimmer in a non-Newtonian fluid is larger than the
amplitude in a Newtonian fluid for sufficiently large viscoelastic effects, due to reduced
pressure on the swimmer in the non-Newtonian fluid. Under certain non-Newtonian
fluid properties and elastic swimmer properties this increase in amplitude can overcome
the viscoelastic damping effects (Fig. 4.1). Previous experimental and numerical results
on swimming in viscoelastic fluids attributed enhancement to high amplitude and
end effects, our results on small-amplitude swimmers in viscoelastic fluids show that
swimming speed enhancement can arise even for infinite small amplitude swimmers.

For further work on swimming sheets in viscoelastic fluids, both of our studies on
Taylor’s swimming sheet in a viscoelastic fluid could be extended to other viscoelastic
fluid models, such as those that include finite polymer lengths, and shear-thinning
effects. A previous study showed that these were all the same up to 2nd order in
the expansion of the amplitude [44], so we expect the results of the previous two
chapters to hold for these more realistic models to second order in the expansion of the
amplitude. Fourth order swimming has been considered in Newtonian fluids [9], but
the extension to non-Newtonian fluids is currently missing. Furthermore swimming in
shear-thinning viscoelastic fluids and constant viscosity viscoelastic fluids was found
to be hindered and enhanced respectively experimentally [110]. Though this elastic
sheet experiment matches our prediction that elasto-hydrodynamic effects enhance
the swimming speed, calculation of a circular Taylor’s swimming sheet would allow
quantitative comparisons. Additionally, study of elasto-hydrodynamic effects as well
as rigid swimmers in a shear-thinning viscoelastic fluid would allow access to further
insights into the differences between the purely viscoelastic fluids studied previously in
this thesis and a shear-thinning viscoelastic fluid in the small amplitude limit.

Finally, transitioning to Newtonian fluids we probed the effects of elasticity on
microscale propulsion. We extended the previous planar wave swimmer studies to
helical swimmers and moved from singly flagellated swimmers to multi-flagellated
peritrichous bacteria. As the bacterium flagellar filament is much stiffer than the hook,
we only consider the elastic effects of the hook. Using both a simple two dimensional
rod model and a more realistic three dimensional helical flagellar filament we show that
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there is a critical hook elasticity below which the bacterium swims. By ignoring the
hydrodynamic effects of the flagellar filaments we are able to show that the gathering of
flagella at one end of the body can be attributed to an elasto-hydrodynamic instability.
Further extensions to this work include, more realistic flagella numbers, symmetric
and non-symmetric bacteria, and un-bundling. The rod model successfully predicts
the critical spring constant at which the bacterium transitions from a small amount
of motion to successful swimming. To further compare the rod and helical swimmers
there are further numerical studies we can undertake to test its applicability. Namely,
comparing the critical spring constant for increasing flagellar filament lengths and
increased motor torque.

To summarise, we have described four physical mechanisms that alter the swimming
speed of a low Reynolds number organism. Whether these affects effect the lives
of micro-swimmers is not obvious, but for each case the regime of validity has been
discussed, and suggestions for further experimental and theoretical studies have been
made. While some of the mechanisms behind swimming and flow generation may not
yet be fully understood, our fascination with these microswimmers shows no sign of
dwindling as the fields of physics and biology further intertwine.
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