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Abstract

In this thesis, we investigate four dimensional supersymmetric in-
dices. The motivation for studying such objects lies in the physics
of Seiberg’s electric-magnetic duality in supersymmetric field theo-
ries. In the first chapter, we first define the index and underline its
cohomological nature, before giving a first computation based on rep-
resentation theory of free superconformal field theories. After listing
all representations of the superconformal algebra based on shorten-
ing conditions, we compute the associated Verma module characters,
from which we can extract the index in the appropriate limit. This
approach only provides us with the free field theory limit for the index
and does not acount for the values of the R-charges away from free
field theories. To circumvent this limitation, we then study a theory
on R x S? which allows for a computation of the superconformal index
for multiplets with non-canonical R-charges. We expand the fields in
harmonics and canonically quantise the theory to analyse the set of
quantum states, identifying the ones that contribute to the index. To
go beyond free field theory on R x S2, we then use the localisation
principle to compute the index exactly in an interacting theory, re-
gardless of the value of the coupling constant. We then show that
the index is independent of a particular geometric deformation of the
underlying manifold, by squashing the sphere. In the final chapter, we
show how the matching of the index can be used in the large N limit
to identify the R-charges for all fields of the electric-magnetic theo-
ries of the canonical Seiberg duality. We then conclude by outlining

potential further work.
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Chapter 1

Introduction

1.1 Dualities and Strong Coupling

Over the recent years, there has been a renewed interest in the study of higher
dimensional conformal field theories. This is largely due in part to the discovery
of dualities relating conformal field theories together [1, 2 3, 4, 5] and also with
gravitational theories in higher dimensions [6} 7, |8 9]. The former is Seiberg’s
electro-magnetic duality, which relates two field theories at a common infrared
conformal fixed points, while the second is the Maldacena’s AdS/CFT correspon-
dence for NV = 4 supersymmetric theories in 4 dimensions and more recently has
been extended to ABJM [7] and BLG [8,|9] theories in 3 dimensions. From the
point of view of a physicist, these dualities are of paramount importance because
they provide a potential handle for understanding strongly coupled systems.
Here, we will mainly be concerned with the calculation of indices in 4 dimen-
sional supersymmetric field theories. The index is a generalisation of the Witten
Index |10] to theories invariant under the superconformal group [11]. Indices are
important in the study of dualities because they are computable at all values of
the coupling constant, as they are invariant under continuous deformations of the
theory, and are hence exactly computable at strong coupling, both perturbatively
and non-perturbatively [12]. For this reason, they constitute a powerful tool in

the study of dualities .
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1.2 Seiberg-duality

Seiberg duality [1] is an electro-magnetic duality giving two different and equiva-
lent descriptions of the same physical reality in the infrared [13]. Concretely, the
quarks and gluons in one theory correspond to solitonic objects on the other side
of the duality. Importantly, the duality does not hold at all energy scales [14].
Hence, it can be seen as a weak low-energy realisation of the duality postulated
by Montonen-Olive [15, |16} |17]. This duality is thought to be exactly realised for
the full ' = 2, 4 supersymmetric theories 18} |19} 20| in the form of S—dualityE].

The canonical example of Seiberg duality relates an SQCD theory [21] 22]

with the following anomaly free global symmetry,
H = SU(Ny) x SU(Ng) x U(1)p x U(1)g (1.1)
and SU(N.) gauge group within the conformal window,
3
§Nc < Ny <3N, (1.2)
to a theory with SU (Nc) gauge group, and the same global symmetry, where,

N, = N;— N,. (1.3)

The electric SU(N,) gauge theory has the content,

Field | SU(N,) | SU(N;) | SUN;) | UQ)p | U()g
Q f f 1 1 N./Ny
Q f 1 f -1 | N./N;
A adj. 1 1 0 1

Figure 1.1: Seiberg Electric Theory

while the SU(N,) theory has the following content,

L Although Montonen-Olive duality was postulated with a Zs transformation of the coupling
constant, N' = 2, 4 actually exhibit S-duality which involves an S1(2,7Z) transformation for the
coupling constant complexified to include the theta angle 7 = i@ + 9%4771'.
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Field | SU(N,) | SU(N;) | SUN;) | Ul)p | U)g
q f f 1 Ne/Ne | No/Ny
g f 1 f _NC/NC NC/Nf
A adj. 1 1 0 1
M 1 f f 0 2N./N;

Figure 1.2: Seiberg Magnetic Theory

One of the most non trivial tests of the duality is 't Hooft anomaly matching
[23]. It was initially proposed as a consistency test for equivalent descriptions
of strongly coupled QCD-like theories. It is based on the idea that one should
be able to describe a theory both in terms of constituents and composite fields.
Assuming an asymptotically free theory, with a global symmetry group H, one
can compute the Adler-Bardeen-Jackiw [24] triangle anomaly for three H currents
in the ultraviolet, with fundamental fermions — quarks — running in the loop. One
can then weakly gauge the theory, with a coupling constant g < 1, and turning
on an H background gauge field. Should the anomaly be non zero, one can add
fermionic spectators coupling through H only to cancel the anomaly. One can
then consider the effective theory below the strong interaction scale, and provided
the symmetry H is not spontaneously broken and we keep the spectator fermions,
the anomaly should still cancel with composite fermions running in the loop. If
the symmetry is spontaneously broken, there are some other non-trivial results,
but they have to do with the appearance of Goldstone bosons [25”]

However non-trivial, this check is not sufficient in itself to have any degree of
confidence that two theories are in fact dual [28]. Further non-trivial tests of the

proposed duality are required.

e Supersymmetry is a powerful requirement in itself. Anomaly matching oth-

erwise only constrains the fermionic spectrum of the theory [28], as only

n [26], one should note that although the U(1)z symmetry is part of the anomaly free
global symmetry group, a non-zero anomaly coefficient is matched in the electric and magnetic
theories. There is no inconsistency, as the anomaly is calculated by turning on a non-physical
background R-charge gauge field which allows for a non-zero anomaly result. The same holds for
the Weyl anomaly [27], which only implies a breaking of conformal symmetry when a conformal
theory is coupled with a background gravitational field.
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fermions run through the loop of the triangle anomaly.

e Preservation of any chiral symmetry is another requirement [28|. For Seiberg
dual theories, this requirement is satisfied because both theories are con-
formal. In such a case massless composite fermions at low energy satu-
rate the 't Hooft anomaly matching condition. However, in the case of
a QCD-like confining theory in the infrared, Goldstone bosons associated
with the breaking of chiral symmetry can essentially contribute to the 't
Hooft anomaly matching constraint through their Wess-Zumino term. One
could imagine a partial breaking of chiral symmetry, but QCD like theories
do not break there vector-like theories [29], so either SU(Ny) x SU(Ny) is
unbroken or it goes to the diagonal or it breaks to the diagonal SU(Ny)y .

e Finally, one should be able to consistently decouple any number of flavours
by giving them a mass and integrating them out of the lagrangian. This
should be consistently accounted for on both sides of the duality. This is
the case for Seiberg duality 30, [26].

1.3 Index and Seiberg Duality

As was previously mentioned, the study of dualities is challenging because of the
inevitable strong coupling hurdles, and 't Hooft anomaly matching has limita-
tions. Hence one needs to define other quantities which, without being completely
information free, do not depend on the full details of the interacting quantum
theory, and are ultimately reliable regardless of the strength of the coupling. In-
dices provide us with such quantities, because of their topological properties, as
they only depend on a set of states protected against perturbative corrections
by shortening conditions for the supersymmetry algebra. Also non-perturbative
corrections can in principle contribute to the index, however, topological con-
siderations in four dimensions prevent them from contributing unlike in three
dimensions, where monopoles contribute absolutely [12].

The superconformal index was initially defined [11] as a generalisation of the
Witten Index [10] to theories invariant under the full superconformal group. The

Witten index is an integer which counts the number of supersymmetric vacua,
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and hence allows one to study supersymmetry breaking. The Witten Index is
defined as Tr (—1)¥, with F acting on fermionic states | f) and bosonic states |b)
as,

(=D =0, (D) =-I1), (1.4)

The superconformal index on the other hand counts states in the cohomology of

a particular supercharge Q in the superconformal algebra.

Cohom(Q) = {|¢) [Q|¢) = 0,[¢) # Q) } (1.5)

The index itself does not depend on the choice of supercharge ©. While most
papers take Q% = 0, we will take the supercharge to square a twisted hamiltonian,
as in [31]. As there is an infinite set of states in the cohomology of Q, one should
use an appropriately regulated version of the Witten Index. Denoting {C;} the set
of generators of the symmetry algebra which commute with Q, the superconformal

index is defined as,
I(p;) = Tr(=1)Feri¢ (1.6)

Note that the set of generators {C;} are part of the superconformal algebra but
also include the relevant flavour generators of the theory under consideration.
The gauge generators play a role in the computation of the index, however, they
are only important in the projection of the index formula onto gauge singlets.
Importantly, the theory does not in fact have to be invariant under the full su-
perconformal group as was realised in [32, |33], and the superconformal index
should really be called a supersymmetic index. In fact, such quantity had been
proposed long ago [34] for ' = 1 field theories on R x S? although recently re-
discovered. For superconformal theories, both definitions are equivalent, through
radial quantisation. This definition of the index as supersymetric as opposed to
superconformal is important for calculational purposes, as the index can then be
computed for theories with arbitrary R-charges [33], and these are less constrained
than in a superconformal setting. This might also have important theoretical im-
plications, as candidates for dualities outside the conformal window have been
proposed [35].

A crucial realisation by Dolan and Osborn [36] was the fact that the matching
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of the electric and the magnetic index corresponds to a mathematical identity by
Spiridonov |37, 38| generalising the Nasrallah-Rahman theorem. The matching of
indices for more general dualities is a general identity by Rains [39]. Consequently,
despite the specificity of the state dependence of the index, its matching is a highly
non-trivial mathematical property of elliptic hypergeometric integrals. The latter
integrals arise when projecting onto gauge singlet the multiplarticle index, or
Plethystic [40, 41] of the single particle index.

A number of papers followed. In |42, 43| a large number of Seiberg dual pairs
were written down based on elliptic-hypergeometric identities. Duality was also
shown to hold for situations not requiring such identities, for instance for N' =1
superconformal field theories with AdS duals [44]. Finally, one should note that
the usefuless of these identities is not confined to Seiberg dual theories. In the
context of N' = 2 superconformal field theories defined by Gaiotto [45] as com-
pactification of six dimensional (0,2) theories, elliptic hypergeometric identities
appear in the calculation of a four dimensional indices for theories associated to
an n-punctured Riemann surface [46| |47]. The index is also relevant in the study
of AGT type of relations [48, 49] between two dimensional Liouville theory and
four dimensional ' = 2 gauge theory on the four sphere [50].

1.4 R-charges and a, Z-maximisation

In all the previous considerations, the R-charges of the fields in the theory play
paramount role, both in the matching of the index, but also in the anomaly

matching procedure. In the case of SU(N,)/SU(N,) duality, the charges are

fixed by physical consistency requirements.

e the superconformal U(1)g has to commute with all non abelian flavour

symmetries.

e it also has to commute with any charge conjugation operator. For instance,
in SQCD, baryons and antibaryons should have the same R-charge, and so
should left-handed and right-handed-quarks.

e Finally, the R-charge should be anomaly free, in the sense explained before.
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In the case of SQCD, this actually determines the R-charge unambiguously and
leads to the R-charge assignment in figure , . However, in some case
these physical requirements are insufficient to determine the R-charges unam-
biguously, as in the case of SQCD with an extra adjoint and no superpotential.
In this case, the a-maximisation [51] procedure allows one to determine the ap-
propriate R-charges. This construction was echoed more recently in the discovery

of the Z-maximisation procedure for 3-dimensional quantum field theories [52].

1.5 Motivation & Outline

Despite some impressive results regarding indices and dualities, there are still
some unresolved issues surrounding these objects. A well known feature of the
index is its topological nature. It is invariant under continuous deformations
of the theory which modify the chosen supercharge Q as well as the modified
hamiltonian H,

Q* =1, (1.7)

but preserve the set of generators {C;} which enter the definition of the index
(1.6). Then, one might be tempted to see the transition from free field theory
to interacting theory and strong coupling as a continuous modification of the
value of the coupling constant away from zero. Consequently, one might expect
the index formulas for a free superconformal theory to hold in the context of an

interacting theory. However this is not the case, for 2 reasons.

e There is no physical continuous deformation of A/ = 1 that takes one from
strong coupling to weak coupling while preserving conformality, allowing O

to be defined as part of the superconformal algebra [36].

e The R-charge dependence for the chiral field is not captured by the previous
calculation. Even if we had a renormalisation path taking us to strong
coupling, it would be unclear how the renormalisation of the R-charge would
modify the picture above, as the numerical values of the free field R-charges
is implicitly entering the index formula at free field, and cannot hence be
extracted. In other words, while an index formula can be relatively easily

justified for free field theories, using representation theory [36], whereby the
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R charges take the value %, in an interacting theory the R-charges can be

renormalised away from free field values and this justification fails.

In fact, it will become clear later that the R-charge dependence cannot be cap-
tured with this approach because of the drastic restrictions imposed by conformal
invariance. By focusing on theories invariant under the SU(2, 1), x SU(2) g subal-
gebra of the superconformal algebra which includes Q, {C;}, one can compute an
index with an arbitrary R-charge dependence. For superconformal theories, one
recovers the appropriate index formula, and the SU(2,1); x SU(2)g subalgebra
can then be interpreted as the minimally N = 1 supersymmetric completion of
the isometry group of R x S2, which is the relevant space for radial quantisation
of a four dimensional conformal field theory.

This obervation allows for an exact computation of the index with arbitrary
R-charges, using localisation of the compactified theory on S* x S3. This proce-
dure leads to exact formulas for expectation values of Q closed operators, and is
not limited to index computation. Such approach is valid even for theories not
amenable to a standard perturbative treatment, where superconformal symmetry
does not extend continuously to the free field theory, on spaces appropriate for
radial quantisation, here R x S3. This is different in flavour to other scenarios
where localisation techniques have been applied to computing indices, for example
[12], where superconformal symmetry holds for all values of the coupling. Such
localisation actions are at least applicable to superconformal field theories, when
the subgroup symmetry composed with translations, extends to superconformal
symmetry on R*. Such SCFTs, of course, include those even at IR fixed points,
not amenable to a perturbative analysis. So, ultimately, we are computing indices
for a larger class of supersymmetric theories on R x S3, for which localisation ap-
plies, and which include IR superconformal fixed points of relevance for Seiberg
duality. Localisation provides an alternative proof of the conjecture by Romels-
berger |32} |33] of the general form of the index in four dimensions, and a rigorous
derivation of its exact-value in interacting theories using localisation arguments.

In the first chapter, we define the superconformal algebra and review all pos-
sible representations, focusing on the relevant shortening conditions. This then
allows us to compute the single particle index for free superconformal theories,

using limits of various characters to obtain the results. In the second chapter, we
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focus on theories living on R x S? invariant under the SU(2,1);, x SU(2)g sub-
algebra. After defining the relevant differential operators and Killing spinors, we
define the chiral and vector representations used to construct supersymmetric and
covariant actions on R x S3. We can then repeat the analysis of the first chapter,
after expanding the field in spherical harmonics and canonically quantising the
theory. In the third chapter, we compute the index as a path integral. We review
the localisation framework and the appropriate twisting procedure which allows
a consistent computation of the index after compactifying the time direction to
S1. This then allows for a consistent localisation principle to be formulated in

order to justify the exactness of the index formula,

I(t,z,h) :/du(g) Pexp(i(t,x,g,h)), (1.8)

: "X R ()X Rari (B) = 7" XRg i (9)X Ry, (D)
D I e (=

1—t(x+z1)

(1 —tz)(1 —tx~ !

%

)XAdj.(g) , (1.9)

with ¢ labelling the chiral multiplets with R-charges r;, transforming in gauge
group G representations R¢;, flavour group H representations Ry ;, with gauge
group and flavour group elements g € G, h € H. The terms proportional to t" are
due to each chiral field, those proportional to t>~" are due to conjugate anti-chiral
fields and the adjoint representation contribution is due to vector field multiplet.
Having shown explicitly that the free field theory Lagrangian is Q-exact, we can
reduce the path integral to an exact one loop determinant calculation around
saddle points of the free field action, as in [53]. The existence of zero modes
living on non-trivial instanton backgrounds on S! x S® means that there are no
non-perturbative contributions to the index in four dimensions, unlike in three

dimensions [12].



Chapter 2

Index and Representation Theory

2.1 The Superconformal Algebra

2.1.1 Constructing the Conformal Algebra

We first review here the construction of the conformal and superconformal algebra
in 4 dimensions, following the discussion in [54]. By definition, the conformal
group in d dimensions is defined as the set of transformations which leave the

metric invariant up to a positive factor,

x —a,

ds® — ds* = Q(x)ds? (2.1)
with the line element defined as,
ds® = g, datdx” (2.2)
Consider an infinitesimal coordinate change,
at — at 4 e (2.3)
The transformation of the line element reads,

ds® = ds* + (0,6, + O,€,)dadz” . (2.4)

10
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For equations ([2.1)) and (2.4) to be compatible, one has to impose,
2 50
Ouey + 0p€, = 3(8 €p) N (2.5)

Also, one gets the following expression for € in (2.1)),

Qz) =1+ 286 (2.6)
It follows that,
(MO 4+ (d —2)0,0,)0e =0 (2.7)

Consequently, € corresponds to the following transformations,
1. Translations: e* = b*
2. Rotations: e = w",z¥
3. Scalings: e = Azt
4. Special conformal transformations: e* = ta? — 2(b- z)z

This then leads up to the associated set of Killing vectors, which generate the

associated transformations,
1. Translations: P, = — 10,
2. Rotations: M, = —i(z,0, — ,0,)
3. Scalings: H = z#0,

4. Inversions: K, = i(2x,2"0, — 2%0,,)

11



2. INDEX AND REPRESENTATION THEORY

One should note that the special conformal transformations correspond to an

inversion z# — z#/x? plus a translation. These lead to the conformal algebra,

[H,P,] =P, (2.8)
[H: KM] - _Ku ( )
Ky, P)] = 2(n H — iM,,) (2.10)
(Mo, K| = i(nup Ly — mpPu) (2.11)
(M, P = i1 Ky — mup K (2.12)
(M, Mps] = Z(nuvao + Mo Mpup — Mo Mup — MpMo) (2.13)

This then leads [55] to the following action of the algebra generators acting on a

quasi-primary field O;(z),

[P, O] =10,0,(z),

(H,0;] =i(x-0+ A)O;(z),

(K, O)] =i(20, — 27, -0 + 2A2,)O;(z) + 20,(2)(8,) 1" 2",
(M, iz O] = ﬁuvol(x) + (5#V)IJOJ($) )

with A the scaling dimension of O and s, the appropriate spin matrices. The

differential rotation genrators £, are given by the following,
L, =i(z,0, — x,0,). (2.18)
These, as well as the spin matrices satisfy the following commutation relations,

Loy Loo) = 1Mo Lop + MupLyo — MupLve — MuoLup) (2.19)

[Suw Spcr] = i(nuosw + NvpSuo = NupSve — 771/05#/)> J (2.20)

2.1.2 Radial Quantisation

Conformal field theories can be studied in the framework of radial quantisation.
Within this framework, the euclidean path integral with operator insertions can

be regarded as wave functions, over the unit ball surrounding the origin. Dual

12



2. INDEX AND REPRESENTATION THEORY

wave functions can be obtained through the action of inversions. Under an inver-
sion, the rotations are taken to rotations, the dilation operator is taken to minus
itself, the translation generators are taken to the special conformal transformation

generators. This leads to the following hermiticity conditions,

MY =M, P,=K;. (2.21)

Overall, radial quantisation is equivalent to the study of the field theory on R x S3.
The time translation generator corresponds to the dilation operator while the
generators M, correspond to the isometry generators of the spatial S*. In this
context, the generators P, and K, act as ladder operators which take quantum

states to different energy levels.

2.1.3 The Superconformal Algebra

When extending this symmetry group to include N/ = 1 supersymmetry, one has
to introduce one set of special supersymmetry generators S,, Ss in addition to
the familiar supersymmetry generators Q,, Q4 of N = 1 supersymmetry. One
then obtains the SU(2,2|1) superconformal algebra and following [36] notations,

the bosonic commutation relations are given by,
[M & Mﬂ —BMP—5,PMPE, (2.22)
while the supercharge commutation relations are given by,

{Q4, 05} =4 M, P +36,°R, (2.23)
{Qu4, 28} ={0", Q% =0, (2.24)

the mixed commutation relations are given by,

[(MA®, Qc] = 0c® Qu— 1045 Qc, (2.25)
(M5, O] = —04°0F + 1045 Q°, (2.26)

13



2. INDEX AND REPRESENTATION THEORY

and finally, the external R-charge,
[R, Q4 =-Qu, [R Q°]=0F, (2.27)

with the following definitions, for the bosonic operators,

1 1
M < M+ 50H 3P, ) sl <5aﬁ 0 ) |
p

(2.28)
and the supercharges,
(@ 0% = (87, Q; 2.29
Q,A - S’d ) Q - ( ) Qﬁ) ) ( : )
The rotation generators will be denoted by,
M) = =Jn(om)” s M = —Jn(om)?, (2.30)

where J,,, J,,, denote the SU(2), and SU(2)g generators of the SU(2,2|1) gen-
erators ([2.26]). These satisfy the standard SU(2) commutation relations,

[Ty Jn] = 1 €mnp Jp s [y Il = 1 €mnp Jp - [Jimy ) =0, (2.31)

with m,n,p = 1,2, 3 the spatial indices, and &,,,, the completely antisymmetric
Levi-Civita symbol such that €153 = 1. The hermiticity properties of the genera-
tors can be chosen in two different ways. When studying a theory on flat space,

one will take the following hermiticity conditions,
QL =Qs, ST=5%, (2.32)
while the hermiticity properties which will be chosen in a radially quantised set-

ting will be given by,
QL =5 Qf=-5° (2.33)

14



2. INDEX AND REPRESENTATION THEORY

2.2 SU(2,1), Algebra and the Index

Just like for the Witten index, the superconformal index definition rests upon the
choice of a particular supercharge Q and the associated hamiltonian H defined

as ]

Q* ="M, (2.34)

with this definition, the fermionic supercharge satisfies the following reality con-
dition,

Q=09", (-D)FQ=-9(-1)". (2.35)

The difference between the Witten index and the superconformal index is due to
the different definitions for the hermitian conjugation and hence for the hamilto-
nian. For the Witten index, the appropriate hermitian conjugation operation is
the usual dagger operation which takes Q, to Q4 and leads to the square of the
chosen charge Q to be the actual hamitonian F, of the theory. For the super-
conformal index on the other hand, the hermitean conjugation * takes @, to S®.
and leads to the definition of a twisted hamiltonian. Here, we take the following

convention,
1

V2
which, following equation[1.7] leads to the expression for the modified hamiltonian
H,

Q= —%=(@+5"), (2.36)

H=H+3R-2J;. (2.37)

The latter definition is the one prescribed by radial quantisation of superconfor-
mal field theory [26], and is associated with a scalar product determined by two
point correlation functions [56]. The Witten index [10] can be defined in a regu-
larised manner as Tr(—1)Fe=#®. For the superconformal index, there are more
states contributing and we need to identify the elements {C;} of the supercon-
formal algebra which commute with the supercharge Q and can be used to fully
regularise the definition of the index.

The bosonic subalgebra of the SU(2,2|1) superconformal algebra that com-

LAn alternative definition often found in the literature is {Q, Q*} = 2H. The two defini-
tions are equivalent and are related by the following transformation Q — Q + Q7. With the
alternative definition, Q2 = 0.
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2. INDEX AND REPRESENTATION THEORY

mutes with the charge Q is an SU(2, 1), algebra:
[(MP M) =06 M P =647 M (2.38)

and one can use its Cartans {C;} to weigh the counting. Given our chosen
supercharge (2.36)), the appropriate SU(2, 1), algebra is given by,

Mé, — 15 _pa 0%, 0
= (Y e (900)
3

with:
Py—1py,,  Ph— —1ge, (2.40)

The Cartans of the algebra are,

{Ci} ={R, Js}, (2.41)
with the following definition,
R=2(H+Js), (2.42)
and the index then reads:
I(t,z) = Tr (—1)"tRz? . (2.43)

The index only depends on the cohomology of O, the set of states Q-closed
without being Q-exact. To justify this, assume a state such that, Q|p) # 0.
Then, as Q commutes with the generators C;, the states |p) and Q|y) have the
same C; eigenvalues, but opposite spin statistics. Hence the (—1)¥ factor implies
the cancellation of both contributions. Hence the index only depends on the O-
cohomology, which is the kernel of H [57]. Assuming a state x annihilated by Q,
then by definition of H, then x is in Ker H. Conversely, if Hx = 0 then,

(XIH|x) = 0= (x|Q"Qlx) = |2x|* =0, (2.44)

where we've used the reality condition (2.35) on the charge Q. If x is Q-exact,
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2. INDEX AND REPRESENTATION THEORY

specifically x = Q¢ then £ is a zero eigenstate of . This in turn means that
x = 0 by equation . Consequently, x is part of the Q-cohomology. Hence,
the index only receives contributions from states in Ker H.

One can then refine the definition of the index to highlight this exclusive
Ker H dependence. Rewrite R in the following fashion,

R=—-R+2J3+3iH (2.45)

and more generally
Re= —R+2J3—cH (2.46)

Consequently, the index does not to depend on the parameter ¢ which
appears in the definition of R. equation . Hence, denoting t“ = y, one can
write:

I(t,z) = Tr (—1)FytRr2Jsy 20 (2.47)

The result should be independent of y for consistency. There are other equivalent
convention choices, but the result for the index is independent of such choice.

The table below summarises the alternative possible choices. Finally, for theories

SU(2,1),: M B Q 2P 2P SR, J H
M,%+15°R P, Qi—S'" | Py —K* | H—Jy, Jy | H+2J3— 3R
( —Pph —R ) Q2— 5% | Py —KY | H+Js, Js | H—2J;— 3R
( M - 304R —P* ) Qi+ 8" | =K% Py | H+Jy, Jy | H—2J5+ 3R
P R Q2+ S? | =K Py | H—Js, Js | H+2J5+ 3R

Figure 2.1: All SU(2,1), Subalgebras of the Superconformal Algebra

invariant under a global symmetry group H such as flavour symmetry and/or

gauge group G, the definition of the index then includes extra factors,

Itah) = [ dulg)Z(t.v.9.h). (2.45)
G
I(t,x,g,h) = Tr (=1)Fytt 225 g p (2.49)

17



2. INDEX AND REPRESENTATION THEORY

with g, h elements of the gauge group G and global symmetry group H. Note that
g, h are finite elements of the groups, as opposed to generators of the respective
Lie algebras. Also, the gauge and flavour groups have different roles. The flavour
symmetry element is a part of the definition of the index as these are global sym-
metries which commute with supercharges, whereas the gauge group integration

measure appears as one has to project the final answer on gauge singlet.

One should note that a generalised version of the index has been proposed in
[58]. In this approach, the flavour symmetry is gauged. This approach can useful
to generalise a duality which includes a global symmetry whose mapping through
the duality is known. One can then generate new dualities by gauging this global
symmetry. In that case, the integral is generalised to include the measure
over the group H.

2.3 First Computation: Free Flat Space Theory

The first step in computing the index is the single particle index, defined as,
i(t,x,g,h) = Trep (—1)FyPtRt2Is 20 gy (2.50)

with Trg, the trace restricted to single particle states. One can then compute
the contributions from all multiparticle states, which is given by the Plethystic

exponential,

— 1
Pexp [i(t,x, g, h)] = exp (Z —i(t", ", g", h")) : (2.51)
n

n=1

One then needs to project this quantity onto gauge singlet to get the index,
I{t,2.h) = | dulg) Pespi(t..9.h), (2.52)
€]

with du(g) the invariant measure for the gauge group G.
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2.3.1 Superconformal Algebra Short Representations

Given a superconformal primary field O, through the state-operator correspon-
dence [59], one can define the associated state by acting on the vacuum with the

operator at the origin,

0(0)[0) = 10) (2.53)

Assuming O to be a superconformal primary operator, then O is annihilated by
S, S, K generators of the superconformal algebra, and defines a the lowest state

of a multiplet. Also define,
H|O) = A|O), R|O) =1r|0). (2.54)
One can then define the operator O to be a chiral field,
O=¢, Qalo)=0, (2.55)

From the trace part of the {Q, S}|#) = 0 commutation, one gets the usual relation

between scaling dimension A and the R-charge r,
A=3r, (2.56)

Also, from the traceless part of the same anticommutation relation {Q, S}, it is
clear that ¢ falls into a (j,0) representation of SU(2); x SU(2),. Similarly an
antichiral field lies in (0, j) representation of SU(2); x SU(2),, and,

Qud=0, A= —3p. (2.57)

2.3.2 The Chiral Multiplet

Let us first focus on the chiral multiplet, which corresponds to the the 7 = 0
representation of SU(2), case from the above discussion. The transformations

are given by,

[Qom ¢] = ¢o¢7 {Qaa¢ﬁ} = Eoc,BF7 [Qa;F] =0. (258)
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with €9 = — 1. For consistency with the superconformal algebra,
{SP b} =612, (S F] = —2(3r —2) ¢~ (2.59)
{Qar o} = 20 00a (Qa, F] = — 2i0aa0”. (2.60)

The corresponding antichiral multiplet has the following transformations,
[Qda Qg] = &d? {Qda &B} - edBF7 [de F] = 0’ (261)
and,

(57 0} = 6r 626, (5% F] = —2(3r — 2) 4%, (2.62)
{Qa, s} = — 200000, [Qa, F] = 20 0as®. (2.63)

Assuming a free field theory,
F=0, = 0,¢0*=0, 0% =0, (2.64)

and most importantly,

r=2. (2.65)

F=0, = r= -2 (2.66)

All the information given so far is valid for the lowest lying state in the
multiplet. The rest of the multiplet is generated through the repeated use of P
translation generators on the lowest lying state we’ve just described. The states
which contribute to the index are those obtained through the action of the P
generators part of the SU(2, 1), algebra described in equations and (2.40)).
Hence the bosonic states contributing to the index for the scalar chiral field are
given by,

PPRhlo),  VYm,n=0,1,2... (2.67)

The fermionic states contributing to the index are descendents of ¥5. In a free
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theory F' vanishes, hence 1), is annihilated by ;. Consequently, the fermionic

states contributing to the index are given by,
Py Py |s) Vm,n=0,1,2... (2.68)

The single particle index for the chiral/antichiral multiplet is then given by the

following,

iolt,z) = S S () () (1 — ) = (1—t:)(_1tjt;z:—1) (2.69)

m=0n

The infinite sums above arise from the contributions of all the descendent states,
while the numerator terms in the final expression arise from the antichiral and

chiral contribution respectively.

2.3.3 The Vector Multiplet Index

As was noted previously, the traceless part of the {Q, S} anticommutation rela-
tions implies that a chiral field falls into a (j, 0) representation of SU(2), x SU(2),..
Ifj = %, we are considering the usual supersymmetric vector multiplet. The su-

persymmetry transformations are then given by the following,

{Qa; Ast = fap + €apiD, Qo fon] = €ap bty +€aypp,  (2.70)
[QCND] = iMm {Qa;:u’ﬁ} = 07 (271)
[S7, fus] = 2(3r + 1) 82 \g, [SP.D] = 3(r—1)i)\, (2.72)
(S8 uay = —3(r—1)" for, — (3r + 1)i 02D, (2.73)
with fag = fga, and
[Qd) fa,@} =21 aaéc/\ﬁ ) [Qém D} = - aad/\a ) (274)
{Qduuoz} = ieﬁ,ya'yo'zfaﬁ + aaécD~ (275)
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The minimal spinor in four dimensions is Majorana, or two Weyl spinors A and
A with the reality condition
Ao = S (2.76)

a

which in turn leads to the following reality condition on D,
D=D"=D. (2.77)
The [@, D] commutation relation then leads to,
Lo = — 1 O00a A, (2.78)
Consistency with {Q, u} and {S, 4} then imposes the abelian Bianchi identity,
106 fup + €90usf5 =0,  r=1. (2.79)
where the usual field strength can be retrieved in the following fashion,
Fad,BB = €op faﬁ' + €ap Jap (2.80)

and the the value of the R-charge r = 1 for the gaugino A is imposed by con-
sistency of the supersymmetry algebra. This in turn implies a zero value for the
R-charge of the field strength f,s, de and D, and hence no anomalous dimen-

sions are possible.

The fermionic states contributing to the index are then given by,
PPy,  Vm,n=0,1,2... (2.81)

but given the constraints,
Oa2h1 = O Ao (2.82)

the set of non-redundant fermionic states contributing to the index are given by,

{Pi P\ PylA)} (2.83)
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while the contributing bosonic states are,
Py P3| fo2) - (2.84)

Consequently, the index for the vector multiplet is given by,

tx tr~1 n t2
(I—tz)(1 =tz 11—ttt (1 —tx)(1l -tz )

ir(t,z) = — (2.85)

or equivalently,

2t% — tyo(x)
(1—tx)(1 —tx=1)’

ix(t,x) = Yo() =2+ 27! (2.86)
For non trivial gauge G and flavour symmetry F', denote g, h respective elements
of G, H. Denoting the corresponding representations as R,, Ry, the definition of
the single particle index expression is modified in the following fashion,
2t2 — txo(7)
N = adi.(9) 2.87
ZA( ,l’,g) (1 _ tl‘)(]_ _ m_l)X dJ-(g) < )

. t5XR, (9)X R, (h) — t3 X, (9)XR, (h)
gt 7,9, h) = (1—tz)(1—ta ) ’

(2.88)

with gauge and flavour symmetry group characters defined as the trace of the

group element U in the representation R,

X, (U) = Trg,U . (2.89)

2.4 Indices and Characters

In this section we emphasize the close relationship between indices and confor-
mal and superconformal characters. This allows one to understand the state
dependence of the index. We first list the various possible representations of the
superconformal algebra and the various possible shortening conditions. We dif-
ferentiate between long, semi short and short representations of the algebra, the

latter being otherwise know as chiral representations.
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2.4.1 Primary States and Verma Modules

In this section we list all possible representations of the superconformal algebra.
We will denote the representations as VA .7+ The subscripts denote the quantum

numbers of the primary state which acts as a seed of the representation,
(H, R, J3, J3)| A, ry 4, DY = (A, R, Js, J3)| A, r, 5, ™ (2.90)

and the primary state is both a lowest lying state with respect to the set of H-
eigenvalues of the states in the representation as well as a highest weight state
wrt the SU(2); x SU(2), part of the algebra,

(K% 8% S% Jo, J)|A,r, 5,7 =0. (2.91)

The Verma module VAT ; associated with each primary state can be obtained
by acting with the positive dimension generators of the superconformal algebra

as well as the J_, J_ generators,

= {PNaa@Na QN N JNIA 7 5, )Y [N, N, Nog €N, Ny, Ny = 0,1}
(2.92)

while the actual representation is obtained by the usual unitarity constraints on

SU(2) and hence restrict N, N to 0...2j and 0...27 respectively. Finally the f,

f superscripts in the definition of the representation subscrips denote the fraction

A 3357

of the @ and Q respectively annihilate the primary states.

When those BPS conditions are imposed, the Verma modules are truncated.
Consider the left-moving () supercharges. They fall into a % representation of
SU(2);, with @y the highest weight state. Hence, when acting on an SU(2),
highest weight state |hwy), then Qo|/hwy) also is an SU(2); highest weight state.
However this is not the case for (1. A most convenient way of visualising a rep-
resentation V' or a Verma module V will be to list the highest weight states of
SU(2);xSU(2), obtained by acting with @) on the primary state. Given the prop-

erties of @), those states generated by )o and a modified version of (); denoted
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Ql such that,
[T, QA 7, 5, )" =0, (2.93)

and the simplest choice for such a supercharge is given by,
- 1 '
1 =Q1+2—J.Q2J_, J#0, (2.94)

@zng—%QlJ_, 7#0. (2.95)

where we have also given the result of the similar analysis for SU(2),[] in the

other sections. Hence we are now equipped with a set of supercharges such that,
[, Qal = [T+, Qs] =0, (2.96)

when acting on a primary state, and
[J3,C~21] = —%@1 ) [j3>Q2] = —%@% (2-97)

We have extended the definition to Qs = Q5 as well as él. One can then define

the following semi-short representations,

f
f

N= N

, Q1|A,T,j,j>h‘w' =0, A=A,;, whenj#0, (2.98)
, Q2| 7,7, =0, A=A_,;, when7#0, (2.99)

When j or 7 = 0, the natural shortening condition is given by,

, Q% A, 7,0, =0, A=A, (2.100)

f=3
1. QA0 =0, A=A, (2.101)

f

The shortening conditions impose the above values for the scaling dimensions of

the primary state, and implicitly the rest of the multiplet, with,

Aj=—-3r+2+2j. (2.102)

'In this character based approach, the supercharges above will play a role similar to the
supercharge Q defined in equation (2.36). One can regard this as a convenient change of basis.
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This expression can be derived from the shortening condition and imposing the
zero-norm condition on Q:|h.w.) and the corresponding state for f = 1/2 while

making use of the following relation,

Q. QY= H+3R—2J5—2, (2.103)
5{Q2,Q3}=H—-3R—2J5—-2, (2.104)

One could wonder why the shortening conditions (2.98)), (2.99) do not involve

Qs = Q5. The reason is, assuming a representation whereby,
Qlhow.) =0 = A+3r4+2j=0, (2.105)
where we have used the fact that,
{Q2,Q5} =2(H + 3R+ 2J5) = 2H,. (2.106)
One then notices that,

{Ha, Q1} = —2Qu, (2.107)

hence the state Q;|h.w.) such that its H, eigenvalue is negative, eventhough
is positive semi-definite given its definition (2.106)). For physical application,

we only consider unitary representations, hence the definition of the semi short

representation (12.98]), (2.99).

Short representations, or chiral multiplets are defined as,

r, (2.108)
r (2.109)

with the scaling dimension obtained from the traceless of the zero norm condition
corresponding to the shortening condition, while the 7 = 0, 7 = 0 conditions come

from its traceless part.
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2.4.2 Short, Semi-Short, and Long Representations

We can now give a diagrammatic representation of the long multiplet in a similar

fashion as in [55].

A ().
v N\
A+ (r=1)gx15 (r+1) ()
v\ v\
A+1  (r=2)gy (r) gzt sed) (r+2)(.
N N
A+3 (r=1) 1) (r+1) e
¢ v
A+2 ()9

Figure 2.2: Long Representation VAO’S i

In figure , we have represented the states obtained by acting on the
primary state with the various Q and 62 supercharges, and are SU(2); x SU(2),
highest weight states. One can hence generate the entire SU(2) representations
by acting with lowering operators on these states. The translation generators P
also act as ladder operators in the sense that they increase or decrease the values

of (7,7). One can then use a Clebsh-Gordan decomposition, and

Po|Ayr g, )" =ClA rj+ L7+ +.., (2.110)
Pl A, 14, = ClArj = 57— 3 4. (2111)
PulAr g, )" =ClAr - L7+ 5+, (2.112)
Poo|Ayr, g, )" =ClArj+3 -8 +..., (2.113)

where the constant C'is the appropriate Clebsch-Gordan coefficient and the state
written is a highest weight state for SU(2), x SU(2), but is not a highest-weight
state in the sense that it is not primary. The dots denote extra-states coming
from the Clebsch-Gordan decomposition which are not highest-weight states in
any sense of the word. Hence the P generators allow to generate SU(2) repre-

sentations with all possible values of (74, 7) half-integers from zero to infinity.
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One can then give the corresponding diagram for semi short representations

as shown in figure (2.3). while the other semi-short representation’s diagram is

A=A, ()G
1 < >
Arj + 3 (7’ - 1)(]&[%5) (T + 1>(J'J+2)
v\ v
Ag+1l (r=2gy  (Ngeimy
) N
A+ 3 (r =11
1
Figure 2.3: Semi-Short Representation VAO’T;TM
shown in figure ([2.4)).
Arj (_T)(J'J)
1 < >
Bty (reVis  Crlgay
N\ N\
Arj +1 (_T)(j—&—%,jﬂ:%) (_T + 2)(]:5)
3 N
A+ 3 (=r+ 1)1y
1
Figure 2.4: Semi-Short Representation VK;?,—T,J‘J

The f =0, f =1and f =1, f = 0 representations are given in figure (2.5

A=gr Moo A=3r (-1)oy

3 1 < 3 1 >

STt (T—l)(ji%m ST+ 5 (—7‘+1)(0Ji%)

\ vd N\

s+l (r=2)go Tl (=7 + 2,
Figure 2.5: Short Representations V%O;ijo left, and Vgl:,)—no,j right

Let us now consider representations which satisfy shortening conditions for
both supercharge sectors. In that case, one needs to be careful to not overcount

or undercount states due to the {Q, Q} = P commutation relation.
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A =dj (r7) 6.
v N\
0j7 + % (73 1)(j+%,j) (TJJ+1)(J 7+3)
N\ v
0j7+ 1 (rig) 42+ © (i) - 15-1)
¢
057+ % O(rjz ]')(j,j—%) @(ijrl)(]_;@
v
dj7 + 2 @(TJ])(] 7)

11
. . . . bED)
Figure 2.6: Semi-Short Representation Vi¥'% .-
The values of the scaling dimension of the primary state as well as the R-
charge are obtained by imposing A = A, ; = A_, ; as defined in equation ([2.102))
and solving for (A,r),

07=2+j+7, r5=320{—1) (2.114)
Also, one has to impose the following conservation condition,

{Q1, QoA 1, )™ =0 (2.115)

with,
~ = 1 - 1 1 -
{Qh QQ} - 2P12 - %J_PQIJ_ + ‘;J_PQQ - 3P11J_ (2116)

Consequently, one has to subtract the set of states descending from (4,3, rjj)(
as well as its Qo and Q; descendents as indicated in figure .

Finally the f = % f=1land f=1f= % are given in figure 1} In the
chiral case, the scaling dimension of the primary field is obtained by imposing

both constraints (2.102)) and (2.99)) and solving for (A, ),

]_%J__%)

Aj=j+1, r=2%G+1). (2.117)
In order to account for the conservation conditions,

{Ql,QdHA;Tj;j, 0>h-W. = Oa {é?a@a}|A,Tj,0,j>h'w' = 0, (2118)
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one has to subtract the (’rj)(jf%’%) and its ()2 descendent. However, too many
states are subtracted by imposing such a constraint as the translation P genera-

tors are commuting. This then implies that,

(010110103t =0, [{@.Qu}{@2 05} =0, (2119)

consequently we need to add back the states (7;)(j—1,0) and scaling dimension
A+ g to the multiplet and its )2 descendent in the f = %, f =1 case as

indicated in figure ([2.7)).

A=A (Tj)(j,O) (_TJ‘)(OJ)
v ¢
Aj+3 (= 1)(]'—1-%,0) (=5 + 1)(0J+%)
Aj+1 o(ri)-1.1 S(=75)15-1)
v ¢
Aj + % @(T’j — 1)(]7%) @(—’f’j + 1)(%’])
Aj+2 () (-1,0) (=73)©.5-1)
i ¢
Aj +3 (rj - 1)(3‘—%,0) (_Tj + 1)(073'7%)

1 1
Figure 2.7: Short Representations Vﬁj’}% ;0 left, and VAl;f_rj,OJ- right

2.4.3 Multiplet Decompositions at Unitarity Thresholds

As seen previously, the possible shortening conditions on the multiplets lead to
restrictions on the scaling dimensions and R-charges of states in the multiplet,
and the shorter the multiplet, the more constrained its quantum numbers. This
leads to long multiplet decomposition at unitarity thresholds, i.e. when a long

multiplet staurates the shortening bounds, it can be be decomposed into shorter
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multiplets,
1 1
0,0 0,5 0,1
V ’ . — V 2 L @ V 2 o
Arg,r,5,7 Arz,r,5,] ATH%% 7,~+17m_% >
1 1
0,0 o 3.0 V§70
Ar‘jv_rvjvj AT‘J_v_rij EB Ar+l,j7%’_’r—17j_%?j’
11 0 1 1 0
V272 = V b o VQ,
5jj?7‘j]_7]7] 6j]_77”‘”—7‘77‘7 6 5]']7+%7Tj5717j7%7j
1 1
= 0 0 1
= 27 L V ’2
033:753:0:7 © 85745 mir+1.3.0—5

2.4.4 Character Calculations

(2.120)
(2.121)

(2.122)

(2.123)

One can then compute the corresponding characters for all the previous repre-

sentations, where the characters are by definition given by,

(s, u,2,7) = Trvf,f(s2Hqu2J352j3) ,

(2.124)

One can compute those quantities by looking at the previous diagrams for the

various representations given the following prescription,
(A, (r);9) ¢ 82 x;(2)x;(2) P(s, , 7)
where the spin-j SU(2) character is defined as,

J i _9i_
220+ _ =21

@) = Trya2h = 30 g

r—x

m=—j

while the action of the translation generators P, gives another factor,

P(s,x,z) = H !

— 2pexn’
i1 1 — s2xcxn
Based on this analysis, one can then give the following characters,

XX 58,0, @, @) = Uy, (@) x;(2) P(s, 2, 2)Q(s, u, )Q(s, u, T)
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with the supercharge factors defined as,

Q(s,u, x)= H (14 su'a), (2.129)
e=*£1
Q(s,u,z)= [ (1+ suz), (2.130)

The semi-short representations’ characters are given by,

Ozl — T 7- r — — —
Xy (8., 2,) = 8l (3g(2) + suxgp s (2)x () P(s, 2, 2)Q(s, u, 2)
1

thfj<s7 u,x, i’) — 8_37’+4j+4 u,r(

x;(z) + su_lijr%(a:)))(]—(f)P(s, 7,7)Q(s,u, ),
and,

ks, u,2, @) = 8" x;(2) Ps, 2, 2)Q(s,u, ) (2.131)
X3 (8,0, 2, %) = s¥u" x5 (2) P(s, 2, 7)Q(s,u, T) . (2.132)

Further semi-short characters are given by,

N

l - — . —
X;7 (s u,2,%) = 34+23+2Ju§(J—J)P(s, z,z)(D;;(s,2,T) + Dj-i—%,j—&-%(sv T, T)
u DMJF%(S, x,7) +ut Dj+%,j(8’ z,7)), (2.133)

where D; (s, z, ) is defined as,
Dyglis,2,8) = x5 (0)xal#) — 52,y (0, (7) (2.134)

where the minus sign comes from the subtracted state arising from the conser-

vation condition (2.115)). Finally the short representations’ characters are given
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2. INDEX AND REPRESENTATION THEORY

2.4.5 From Characters to Indices

In order to construct the index as defined in equation (2.49)), one first needs to
obtain the (—1)¥ factor. This can be done by noticing that fermionic and bosonic

states can be identified by comparing their SU(2) eigenvalues,

|j — 7] € Z + } & Fermionic, (2.137)
lj—7€Z < Bosonic, (2.138)

with (j,7) the (Js,.J3) eigenvalues of the highest weight state, hence, for the

highest weight state,
()" = (=1)*(=1)*", (2.139)

Given that the action of J_, J_ change the eigevalues of 2.J5, 2J; by two units,
one can use the same formula for the entire multiplet. Consequently, one can see
that,

X (s,u, —x,—%) = Try .z (—1)F 2y g2 s 327 (2.140)

In order to compute the single particle index ([2.49), one can then take,
z'f’f(t, x) = Xf’f(y%,y%tfl, —ty~ !, —x) (2.141)

Note that we have added the (f, f) notation to the index definition to keep track
of the contributions of the various multiplets. As was noted before, the index
only depends on multiplets that are part of the ();-cohomology. This explains
the fact that,

(NI

200t x) =i%2(t,x) = " (t,x) = 0, (2.142)
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while the following nonzero results hold,

) = e )
2 = v (2.144)
i (o) = = t;(—jl()x()1 " i) SUAS A (214

1,3 - X;(x) — th—%(x) 97,2+
i; % (t,x) = (0=t 0(1 —i2) (—1)¥t3 75, (2.147)

Wl

formula (2.69) and ([2.86]) by using the above formulas,

! 3¢, 7), (2.148)

3¢, 7). (2.149)

-~
<
—~
\.Pi-
8
~—
Il
~

L 1
(t,x) +ig
, 1

, T) +
Yt x) 44

o~
>
—~
\.H-
8
N~—
I
.
V== Ol

2.4.6 Characters, Indices and Gauge Symmetry

From the definition of the index as a limit of a character (2.141)), one can see the
need for the integration over the gauge group ([2.52)). Characters are useful in de-
composing tensor product representations because of the orthogonality relations

between characters of irreducible representations [60],

/ dpu(9)xr, (9)X, (9) = On . - (2.150)

with du(g) the normalised left invariant Haar measure on the gauge group seen
as a manifold. This allows one to identify the number of of type R in a given

tensor product representation Ry, ... R,,

/ dulg)xa(9) [ o (9) = e (2.151)
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and in particular, one can project a given expression for an index onto gauge

singlets by taking,

/ du(g)xr(9) , (2.152)

which leads to the expression for the index of gauged chiral multiplets and vector

multiplets ([2.52]).
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Chapter 3
Index and Arbitrary R-Charges

In this chapter, we provide the appropriate setup to deal with indices for matter
multiplets with arbitrary R-charges. After providing the relevant differential
geometry generators to set up the theory on R x S3, we define appropriate Killing
spinors and vectors. We then expand the theory in S® harmonics and canonically
quantise it. Having obtained the appropriate quantum numbers, we take once
again the approach provided in chapter and compute the index in the form

of the appropriate limits of the group characters.

3.1 Supersymmetry on R x S3

3.1.1 R x S? Group Conventions

We use standard conventions for R x S? and take a line element to be given by,
ds? = —dt* + ds*, ds® = g,, dz"dz” v =1...3, (3.1)
where the S? bi-invariant metric g is,

G = 2€" ey = 2" ey, (3.2)
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3. INDEX AND ARBITRARY R-CHARGES

with greek spacetime indices and roman tangent space indices. The left or right

SU(2) invariant one forms are then given by,

e=UdU ™, e=U"'dU, (3.3)
for U € SU(2). Using the normalisation,
e=—to,e", e=—tope", (3.4)

with o0, the standard Pauli matrices, and denoting the Euler angles, x* =
(61,6%,6%),
0<6' <m, 0<6?<2r, 0<6<dr, (3.5)

one can use the following standard parametrisation for SU(2),
U = exp(—£6°03) exp(—46'02) exp(—56°03) = ng 1 + i oy, (3.6)
with the following definition,

0') cos (36 + 36°) | na= —sin (10') cos (36° — 36%) , (3.7)
0') sin (36° — 16°) | ng= —cos (10') sin (6% + 16%) , (3.8)

ng = cos(

N[—= N

ny = sin(

and,
Det U = ng + iy Ny = 1, (3.9)

then, the right invariant one form, which we will take as dreibein, is,
e =e",dz" . (3.10)
Explicitly,
el = sin2dh' — sin 6! cos 03dH? ,

e™ =4q €= cos#3dh' + sin 0! sin 03dH? , (3.11)
e3 = cos0'db? + do3.
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3. INDEX AND ARBITRARY R-CHARGES

The left invariant one-form is given by,
el =  sin6?df' — sin 6! cos 62d6? ,

€2 = — cos 0%df* — sin ' sin 62dO? (3.12)
e3> = — cosHdO® — dh?.

In this basis, the left invariant vector fields V,,, can be constructed from w™(V,,) =

0", and denoting,
Vi = en'' 0, (3.13)

one obtains,

Vi = sin 039, — csc 6! cos 630, + cot 6! cos 630; ,
Vi =1 Vs = cos830; + csch'sin39, — cot §' sin 6305 , (3.14)
Vg = 83 )

satisfying an SU(2) commutation relations as differential operators,
Vi, Vil = €mnpVyp - (3.15)

One can also construct the right invariant vector field V™ which also satisfies
the above commutation relation, by imposing €™(V,,) = 6™. Note that both the
definition (3.3]) and the parametrisation have been chosen here so that they may

be obtained by the parameter changes 6% « —6?

V= sin#?0, + cot 0 cos 020, — csc 0 cos 620,
Vi =< Va= —cos0; + cot §' sin #29, — csc ' sin #20; (3.16)
v3 = - 82 )
These also satisfy,
Vi, Vil = €mmpVp, [V, V] =0, (3.17)

For R x S3, the left invariant one-forms and vector fields are supplemented by,

60 = dt, VO = 00 5 (318)
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3. INDEX AND ARBITRARY R-CHARGES

determining the appropriate vierbein. The spin connection may then be deter-

mined by imposing the conservation of the dreibein. The torsion free Maurer-

Cartan equations reads,

dey, = —Wmn N € .

(3.19)

As there is no curvature in the time direction, one can focus on the spatial part,

— 12
Winnp = €' Vnep, — en''en Ffw Cpp »
where the non-zero Christoffel symbols are determined to be,

1 _1gopl 2 _ 3 _ _1 1 2 _ 3 _ 1 1
[y = 5sin0", [y =17 =—5cscl, [, =13 =35cotf,

gives non-zero components,

_ 1
wmnp - _igmnp .

Denoting,
_ 1 —
Omn = §[Um7 O-n] = WEmnpTp

the spinor spacetime covariant derivative acting on spinors is defined as,

1
DmXa = DmXa = VmXa + Zwmnp(o—an)a

and after simplification,

7
Dotpo = Ota DiyXa = VimXa — Z(UmX)oe )

For vectors, the spacetime covariant derivative is given by,

DOAm - a014m ) DmAn - VmAn + wmnpAp )

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

which can be derived by imposing consistency with the spinor covariant deriva-

tive (13.25)) and applying the Leibniz rule on a vector constructed in terms of two

arbitrary spinors 1o, 1.
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We will denote (Dy, D,,,) the spacetime covariant derivatives for all kinds of
fields. The gauge and spacetime covariant derivatives will be denoted (Dy, Dy,),

and will be defined in due time.

3.1.2 SU(2), x SU(2|1); Algebra and the Index

As was noticed in the previous section, superconformal invariance of a free field
theory imposes strict restrictions on the R-charges. Off course, in the context of
Seiberg duality, conformal invariance holds at the IR fixed-point for interacting
theories. However, here, for calculational purposes, we break away from afore-
mentioned restrictions, by considering theories invariant under a subgroup of the
superconformal group. This subgroup should include the supercharge Q. There

are multiple possible choices,

1. SU(2), x SU(2|1),, the supersymmetry algebra on R x S3,

Qn, S?, H, R, Jn, Jn, (3.27)

2. U(1), x SU(2|1);, the three-sphere S? is replaced by a squashed sphere [61],

Qn, S?, H, R, Jn, Js, (3.28)

3. SU(2), x U(1]1);, here the squashed sphere has a different orientation,

Ql; Slv H7 R7 J37 Jma (329)

4. U(1), x U(1|1);, which is the simplest possible algebra,

Ql ) Sl ) H7 R7 J3 ) J3 3 (330)

Here, we will consider theories defined on R x S, which is the appropriate space to
canonically quantise a superconformal field theory in four dimensions. The reality
condition on the action should be understood in the sense of the * operation.

Also, the time translation generators corresponds to the dilation operator, and
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the rotation generators are the spatial isometry generators. The dilation operator
for unitary, positive energy representations of the superconformal group, has a
positive spectrum of real eigenvalues. Both the dilation operator and the rotation
generators are hermitian in the sense of *. Considering theories invariant under
SU(2),xSU(2|1); only will allow us to write down free and interacting lagrangians

for arbitrary R-charges matter fields.

3.1.3 Differential Representation of SU(2), x SU(2|1),

We here give the differential representation of the various operators H, J,, gen-

erating the isometry of R x S®. We closely follow a discussion in [62].

Following the usual prescription of radial quantisation, the dilation operator
is identified with the time translation operator with action on any field X given

by,
[H,X] =0, X . (3.31)

We now need to build the relevant differential operators needed to construct a
supersymetric action on R x 3. Given an operator O, we define the action of
Jm on O,

[Jm, O] = =T, 0, (3.32)

with J,, a differential operator acting on O seen as a function, and the left hand

side acting on O seen as an operator. As emphasized in [62], this is still consistent

with (2:31),
[jma jn] = iemnpjp ) (333)

because, given two operators A, B with differential representation A, 3 such that
[A, B] = C, then,

AB(O) = [A, [B, O]] = —[A, BO] = —B[A, O] = BAO, (3.34)

which is then consistent with [A, B] = C. Following the construction in section

(3.1.1)), we take the action of SU(2); generators acting on scalars, Weyl spinors,
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vectors, to be given byl],

iIn® =Vmo, (3.35)
ijmwa = mea - £<0m>a6wﬁa (336)
1T Ay = DAy — Lo A, | (3.37)

One can obtain these equations by considering equation ([2.17)) applied to a spinor

operator, with the indices pu, v restricted to spatial indices. Then, identifying,
an = _Emnp‘]p7 'Cmn = _gmnpt7p y Smn = _%Emnpo-pa (338)

allows one to recover the spinor differential rotation generator (3.36]), as the full
angular momentum operator is the sum of the orbital and spin angular momenta
operators,

T = L + S (3.39)

One can then derive the equation for the vector by applying Leibniz rule on an
object constructed out of two spinors whose indices are contracted with a Pauli

matrix.

Let us show that this definition is consistent with the standard SU(2) com-
mutation relations , by computing the commutation relations on a scalar
operator ¢. First compute 7, ,¢. Note J,¢ is a vector, hence one should take
the vector representation for 7, given in , and the scalar representation for

Tn (3:39)
TInTIn® = =TI V0 =~V Voo + Emnp Vo, (3.40)

1One should note that these conventions are consistent with [32]. There, these equations
are given in (3.1) and (4.3) in the form,

R, =ik, e =Ko, iy =Ko + ey, i={1,2,3}

with 77% half the commutator of a four component spin matrix, and the metric convention
mostly plus.
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Hence, using (3.14)), the commutator of .J,, is given by,

[jma jn]qb = 5mnpvp¢ = igmnpxypgba (341)

as expectedﬂ.

3.1.4 Supersymmetry on the Sphere, Killing Spinors

As was pointed out in [63], to define a supersymmetric theory on a curved back-
ground, one first needs to exhibit the Killing spinors of the background in ques-
tion. For instance, the supersymmetry variations of a Yang-Mills theory put on

a curved background is given by,
0Lsym = [(Dn€)a™ o™\ + Ao 0™ (Dpe)] Fp (3.42)

with €, € the supersymmetry variation parameters, or Killing spinors, ¢ the Pauli
matrices and commutators theoreof, and A, A the Weyl spinor gaugino. In order
for the theory to be invariant under such variations. one could obviously impose
the vanishing of D,,e. However, one can take a less drastic restriction. The most

general Killing spinor equation on a curved manifold is given by
D€ = o€, (3.43)

where € is not necesarily proportional to e. However, it was shown in [64] that, on
spaces of constant curvature such as S?, it is always possible to take ¢ proportional

to €. Consequently, we will use Killing spinors such that,

Ope™ = —5¢*, Dpe® = f(eom)”, (3.44)
1€, Do = —1(06)a - (3.45)

aO €a =

!Note that these conventions are unlike the ones used in [34]. The conventions in the latter
paper, amount to, for any field C' whether bosonic or fermionic,

[Jm; C] = 7'Lvmc, [Jm.a Jn] = ismnpc]p 5 [vma vn] = 5mnpvp )
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Substituting the expression for the spinor spacetime covariant derivative shows

that the Killing spinors are spatially constant
Vime=0, Vi€=0. (3.46)

One can actually derive the above equations from the SU(2,1) algebra com-
mutation relations. Following Wess and Bagger’s conventions [65], one can write

the supersymmetry transformation on any given field X, adf]
§X = [*Qq, X], 0X = [6,9% X]. (3.48)

Here, we do not give a differential operator representation of the supercharges, as
we believe that a component field approach is simpler than a superspace approach.

We now compute the following commutation relation,
[T, €4Q4) - (3.49)
Following [66] , one can see the operator €*Q), as a function, or as an operator,
[Ty €Qa) = —(Tm€)*Qu = € [Jm, Qul - (3.50)

Substituting the expression for the spinor rotation generators (3.36)) and the
rotation-supercharge commutation relation given in (A.8)) yields the spatial Killing
spinor equation (3.44)P} Similarly, the timelike Killing spinor equation is given

INote that in four dimensional flat space, the convention for hermitian conjugation is given
by, B
(waXQ)T = Xdﬂ/Jo{ )
and the supersymmetry variations are then given by (®Qq4 + (4Q% as in equation (3.3) in [65].
Here, our convention for hermitian conjugation is given by,

(¢aXa)+ = 70‘1% = _1/710492&7 (3-47)

20ne should note that such an approach also allows one to obtain the Killing spinor equation
in [34]. With the conventions in this paper, the spatial Killing spinor equation can be obtained,

— (Tna)@a = € [ons Qu] & Vine® = — (com)”. (35)
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by,
[H, Q) = (100€") Q0 = €“[H, Q] . (3.52)

More recently in [67], it was shown how rigid supersymmetric theories on
curved background can be constructed in a more systematic fashion by using
background supergravity fields. The idea, which was already pointed out in [34]
based on [68, [69] and in [70], is to start from A = 1 supergravity and freeze the
gravitational background into a rigid manifold with the gravitino having a zero
vacuum expectation value. The graviton supersymmetry variation will then be
zero, as the gravitino VEV is set to zero. Then, if one can find a set of supersym-
metry parameters — or Killing spinors — such that the gravitino supersymmetry
variation is zero in this particular background, one is then assured be able to
define a rigid supersymmetry theory in this background. This method is used in
[67] to write down rigid supersymmetric theories on R x S2, but also on AdS,,
S* and S3.

These Killing spinors are also used in [53] for purposes of localisation of
Wilson-loops and partition functions on the 3-sphere. As was also pointed out
in the same paper, there exist some other Killing spinors which correspond to
the opposite sign the spatials parts of equations and , and can be
most easily computed in a right invariant vielbein. The choice of coordinates we
have made implies that the Killing spinors are constant in the left invariant frame
on S3. Ignoring time-like Killing spinor equations, there are four possible Killing
spinors on S®, half being constant in the left invariantframe which we can think of
as corresponding to undotted supercharges, the other half so in the right invariant
frame and which are associated with dotted supercharges of the superconformal
group. The timelike Killing spinor equations double the number and the choice
shown is consistent with Q(e, €) commuting with J5. One should note that impos-
ing the requirement of a the theory to be invariant under all superchargese dotted
and undotted implies that the theory has to be fully superconformal. This then
means that the shortening conditions relating scaling dimensions are restored,
and the R-charge cannot take a set of continuous values. One then loses the
freedom to adjust the R-charge of the multiplet and defeats the point of studying

the theory on the sphere. Consequently we will only require invariance under @),
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S# and hence the SU(2,1) subalgebra of the superconformal group.

We give all left-invariant Killing spinors,

& =e"26%, € =e2s, (3.53)

€ =e 26y, el=e26. (3.54)

Note that the numerical sub/super-scripts are not spinor indices in this context.

They only label the various spinors.

The Killing spinors can then be combined to get the Killing vector V,,, satis-
fying,

Vo= 0, V,, =c¢€onE, D, V, = — %8mnp‘/;,. (3.55)

Vo=et, V= 0 . (3.56)

It is clear that equation (3.55)), (3.56|) are a special case of the general Killing

vector equation,

DV + D,V =0, (3.57)
8V, + VoV =0, (3.58)

One can check that this allows us to recover all Killing vectors on R x S? as
listed in |71, |[72]. There are 3 Killing spatial vectors obtained from contracting e,
€ spinor with a Pauli matrix, €;0,,€' ~ €30,,€2, while the temporal Killing vector
is obtained from contracting the spinors directly. Also, we have mentioned the
Killing spinors correspondng to the dotted supercharges S% Q4. Repeating the
same analysis with those Killing spinors providess us with an extra three Killing
vectors. Hence, in total we get the expected 7 Killing spinors of R x S3, which
essentially correspond to H, J,,, Jp.

For a conformal theory, we have an extra 8 conformal Killing vector, which

correspond to the translation and inversion generators.
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3.1.5 Chiral Multiplet

The primary fields in chiral and anti-chiral multiplets for ordinary N = 1 super-
conformal representation theory belong to conjugate representations (¢, ¢y, F'),
(6,9, F) of SU(2|1);, and are trivial representations of SU(2),.

A chiral multiplet is such that,
5¢ =0, (3.59)

Having identified the supercharges on R x S% as the @, S supercharges in the
superconformal algebra allows one to write down the supersymmetry transforma-
tions. This is somehow more efficient than trial and error with generic transfor-
mations involving Killing spinors. One can raise, lower spinor indices with the

antisymmetric tensor £, €aB
Xa:gaﬂxﬁ7 XazgaBX57 €190 = _1’ 512: 1’ <360)

We now need to contruct supersymmetry variations compatible with the following

hermiticity requirements,

(¢, %0, F)T = (0,9, F), (3.61)

as well as the hermiticity requirements for the supercharges (2.33) and the super-
symmetry variation equation (3.48)). One gets the following transformations,

500 =Y, (3.62)
75 0 = €al, (3.63)
T5 00 = — &(i0 + 57)¢ + 2i(0n€)aVind , (3.64)
7 OF = —&(i0 + 51 — 1) + 2i(0:n&)a Dint™ (3.65)

Other transformation not indicated are zero. Similarly the anti-chiral multiplet
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is defined by,

00 =0, (3.66)
7500 =%, (3.67)
75 0ta = €l (3.68)
75 00 = €%(i — §1)¢ — 2i(€0,) Vo, (3.69)
T OF = — (i — 57 + 1)a + 2i(€03n)* Dyl - (3.70)

In contrast to flat space N' = 1 superconformal case, however, for the SU(2), x
SU(2|1); algebra we have fewer (anti-)commutation relations to satisfy so that
closure of the algebra of fields allows for the freedom of having arbitrary R charges,
for free or interacting theories. For the purpose of constructing an invariant action

we take ¢, ¢ to have opposite R-charge,

(R, ¢l=r¢, [Ré]= —r19, (3.71)

so that,
(R, o] = (r — 1)¢a, (R, ¥a] = (1 —1)¢a, (3.72)
R, F] =(r—2)F, [R, F] =(@2-r)F. (3.73)

An important remark to make is that, unless the theory is conformal in addition
to being supersymmetric on R x S3, the value of the R-charge for the scalar chiral
multiplet is unconstrained in general, as the algebra closes consistently without
any such requirement, unless conformality is restored.

A similar construction was published in [34] but seems to have gone unnoticed
until very recently, and was rediscovered in [32, 33].

One can also notice |34] that we can define the chiral and anti-chiral multiplets
to be generated solely by the action of (), on the respective highest weight states
¢, F, both being annihilated by §, but with the relations holding for the

anti-chiral case. This allows one to define R x S® chiral superfields ®, ® via
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Grassmann parameters 7,, namely,

O(t,Q2,n) = ¢ + 0" Ya +1°F, (3.74)
O(t, 0 n) = F +n"QuF +1°n°QuQsF , (3.75)

where Q0 denotes generic Euler angles for S3. We will not attempt to base our

analysis on this approach and will use component field instead.

3.1.6 Vector Multiplet

Similarly, one can define the vector multiplet with the following shortening con-

dition,

Aa=0, S\*=0. (3.76)

Hence the vector multiplet can be regarded as a spin—% chiral multiplet. Defining
the field strength on R x S® in the usual fashion,

Fon = D Ay—Dp A+ A, Asl, (3.77)
Fom = 00 A, — Dy Ao+ [Ao, A (3.78)

with D,, the spacetime covariant derivatives, we have,
50N = —iF(e0y)" + 3¢ D, 7500 = iF (058 + 38D, (3.79)

where we have defined, for convenience,
FE = Fop £ icmmpFrp - (3.80)

Denote D,, the spacetime and gauge covariant derivatives, so that for any field

X, in a gauge group representation generated by generators T,

DX = DX + [Ap, X],  [Am, X] = A% [T X], (3.81)
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The remaining supersymmetry transformations are,

5 0Fn = 360, Do\ — 560, DA + 1Emnp€ap) (3.83)
\/Li 0Fy, = —%eamDOE\ + €D\ — %EO’m;\, (3.84)
5 0Fmn = 3 DX 00 — 5D A0wE + {EmnpA0pE (3.85)
5 0Fom = —5DoA0 € + D A+ SA0E, (3.86)
\/Li 6D = —i€Do\ + 2i€0,, D\ (3.87)
750D = iDoAe — 21Dy 0. (3.88)
These transformations are consistent with,

\/LE 54y = €\, , \/LE 0A,, = —%CO'mS\, (3.89
75040 = X, 7504 = —3A0nE, (3.90)

along with the following R-charge assignments,
R\o =)o, RX\*=)\", (3.91)
RF,., =0, RD =0. (3.92)

These charges are required for the algebra to close properly given the structure of
the supersymmetry transformations on the gaugino given in equation and
thereafter. This is in constrast with the scalar chiral multiplet whose R-charges
are unconstrained in non-conformal theories.

Useful to note, for closure of the Lagrangian under supersymmetry, is the
Bianchi identity for the field strength,

5mnpoan =0 ) DanO + Dnﬁbm + DOan = 07 (393)

where the derivatives are spacetime and gauge covariant derivatives.

When coupling matter fields to the gauge sector, the supersymmetry transfor-
mations detailed in the previous sections get modified. All derivatives are replaced

by gauge covariant derivatives, as defined above, and the F' term transformations
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get modified to,

=%

s oF
F

2

S s

—€*(iDo — 21 + 1) +2i(€0,,)* Dytha — 20 €* [Aa, @] |
—€a(iDo + 2r — V)Y +2i(0,,6)a Dynth™ + 20 [A*, ¢]E, -

(3.94)
(3.95)

while chiral multiplet gauge interaction terms arise from making the derivatives

in (3.99) gauge covariant.

3.1.7 Chiral and Vector Actions

The transformation formulae for chiral/anti-chiral fields written earlier allow us

to write down an ungauged supersymmetric action on R x S? as,

Sy = /dtd3Q (Ls+Ly+LF) ,
Ls=—(i00 — 3r+1)p(i0 + 3r — 1) — AV,,¢V 1 — ¢,

(3.96)
(3.97)
(3.98)
(3.99)

Ly = —p*(i0y + 3r — 1)tha — 20" (01n)a” Dt , 3.98
Lp=FF. 3.99
One should note that in the r = % case, one recovers the standard free field theory

action for a conformal scalar field written in conformal coordinates, including the

conformal mass term.

For the vector multiplet, we have the following action,

1
SA :?/dtd?)g (£A+£A+£D)7
CA:FOmFOm_Qanan7

Ly = —iA"Dora — 2iA*(0m)a’” D s ,
1
ED - §D2,

3.100
3.101
3.102

(
(
(
(3.103

)
)
)
)

When gauging the scalar field multiplet action, one has to replace all derivatives

in the chiral field action by gauge invariant derivatives D,, — D,, and also add

o1



3. INDEX AND ARBITRARY R-CHARGES

an additional interaction term,

Sing. = / dt d*Q L. (3.104)
Lin. = i¢ [D, ¢] — 2i0* [Aa, @] + 2 [Aa, 9] | (3.105)

to the overall action to maintain gauge symmetry and supersymmetry.

BRST Symmetry

In order to define the gauge localisation action properly we will make use of
the gauge BRS operator below. The gauge invariant action (3.100) and corre-
sponding path integral can be gauge fixed in the standard fashion, by adding to
the vector Lagrangian in (3.101]),

1
,Cgf = ?S (é 80A0 — QEVmAm) y (3106)

with the BRS operator defined as,

sAy = Dyc, sc = —%[c,c],
sA, = Dpc, sc= B, (3.107)
sB =0.

The ghost fields are taken to be invariant under supersymmetry,
Qoc=QuCc= QB =0, (3.108)
and the same holds for Q..

A Note on Normalisation of Fields

One should note the two possible normalisation which can be taken to discuss
the vector multiplet Lagrangian. So far we have use the so called “holomorphic”
normalisation of [73][74]. Alternatively, we could have taken the “canonical” nor-

malisation. This distinction is important fo localisation purposes. To change
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from holomorphic normalisation equation (3.106)) has to be rescaled as,
A — gA (3.109)

and leads to the canonically normalised Lagrangian,

'Cim. = FOmFOm - 2anan s (3110)
g?n. = S(éaoAQ —2c vam) R (3111)

with the field strength and the covariant derivative, then redefined as,

Fon = ViAn = Vadn + glAm, Ay, (3.112)
DX = VX + g[Am, X, (3.113)

Also, the interaction Lagrangian (3.105)) is rescaled to
Lt =igd [D, 9] — 2igy® [, @] + 2igy® [Aa, 0] (3.114)

as given in [26], and taking the limit ¢ — 0 with either normalisations is a free
field theory limit.

3.2 Canonical Quantisation

In order to canonically quantise the theory and compute the partition function,
we will expand all fields in S? spherical harmonics which were first defined in [75].

A similar approach is taken in [76].

3.2.1 Spherical Harmonics on S*

S3 can be identified with a coset space G/H with G = SU(2); x SU(2), the
isometry group and H = SO(3) the Lorentz group. The generators of H are
denoted as,

S = I + I s (3.115)
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and the representations of G are labelled by two spins (7, 7) taking half-integer
values. Denoting the states spanning these representations as |j m)|7m), one can

write the Clebsch-Gordan decomposition of representations of H,
|51 7) ZCS” Saldmy|gm) . (3.116)

Csn _ denoting the Clebsch-Gordan coefficients. Also, the following restriction

Jm,jm

holds,
=71 <s<j+7. (3.117)

One can then write down the following generic element of G/H, in terms of the

Euler angles on the 3-sphere,
T = ¢ 0L pib?Ls o —ib' (Ji=T1) (3.118)

The spin-s spherical harmonics are then given by the following formula,

Vi (@) =\ DT () o . (3119

With this normalisation, the spherical harmonics will satisfy the following or-

thonormality condition,
> / QY ) Vi s = 03855 Ot O (3.120)

with d3Q the solid angle for S®. Also, one can work out the complex conjugate

of a given spherical harmonic using equations (3.118) and (3.119)),

(Vi) = (=1)IFomstmmmanys = (3.121)

J—mj—m

This complex conjugation will on our context correspond to the hermitian con-
jugation T defined in equations (2.21)) and ( -

Scalar Harmonics
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Scalar spherical harmonics are such that:
s=0=75=7. (3.122)

They will be denoted as:
Yvﬁmﬁl = ygo
2

mém

(3.123)

with ¢ an integer running from zero to infinity. The Laplacian acts on the scalar

harmonics in the following fashion:
D*Ypm = — (0 + 2)Yomm (3.124)
Spinor Harmonics

Spinor spherical harmonics are given by (j,7) = (j £ 3,J), and are denoted
by:

yto =y
mm o 41, 0=
YE o m,=m
fmma — lZQ : (3125)
},_1 i y2
Imma ém,[ 1)

where o = 41/2 is the usual spinor index. The Dirac operator on S® acts on the

spinor harmonics in the following fashion:
PssYima = U0nDnYipm)a = 50+ %)}/Z,:nﬁza ’ (3.126)
Vector Harmonics

We will use the following notation:

1 _ \iln
Yimmn Zyé-52 Lom

4 _ 0 _ 1n
}/Kmmn Zy%m 442 5
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with n a spatial vector index running from 1 to 3. We will require the following

Laplacian eigenvalues,

D2y’ =+l — _ i((@ +2)2 -2V (3.128)

fmmn
Also, one should note the divergencelessness of the following harmonics,

DY/~ — 0, (3.129)

Immn

3.2.2 Chiral Multiplet

Scalar Component

Let us first expand the scalar field in spherical harmonics,

B, ) = i Gemmn (1) Yemm () , (3.130)
D=3 S G (). (3.131)

[\

The Lagrangian density can then be expanded in terms of ¢y, modes and spa-
tially integrated. Using the spherical harmonics orthonormality relation ([3.120))
as well as their laplacian eigenvalues (3.124)) one gets the following Lagrangian,

Ly = Z (de + 2ir — i) Gomm (di — 3ir 4+ 1) omm — (€ + 1)* GpmmGemm »  (3.132)

fmm

One can write H, J3, J3, R in terms of the scalar modes. The conjugate momenta

to the latter are given by,

Temm(t) = (di + 30 —0) Gomm s Temm(t) = (de — 307 + 1) pmm . (3.133)
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Define the following modes,

1

g (1) = o) (Femm + (£ + 1) bpmm) (3.134)
g () = m (Tomim — i(0+ 1)) (3.135)
O % (Tomm + (€ + 1)) - (3.136)
Dgy (t) = % (Remm — (€ + 1) Ppmm) - (3.137)

Canonically quantise this theory using the following commutation relations,
[agmm(t), a;m,m/(t)] = 5€€’6mm’5ﬁ1ﬁz’ s (3138)

One can then express the hamiltonian and the angular momentum generators as,

H =Y (t+3r) agmtimm + (£+2 = 3r) bf Do (3.139)
Imm

T3 =Y m (b mbomm — A mm) (3.140)
Imm

T3 =Y (b mbomm — A emm) (3.141)
Imm

R =1 (0fmbomm — 0 imm) (3.142)
Imm

which leads to the following expression for H defined in (2.37)),
=" (0+2m)af, . aomm + (€ — 2m + 2)bj,. - b - (3.143)
Imm

One can check that the index for the scalar field is obtained from the contribution

of the zero modes for H, which are created by aZ_ ¢ . Noting that the creation
2

operator a; . ~ Gpnm, these correspond to SU(2); highest weight antichiral
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states. Summing over those modes gives,

i
2

= 2m "
; o = (Tt (3.144)

4
m=—3

Assume the R-charge now takes its superconformal value, as given by a-maximisation
[51]. Those states are related to each other through the action of the translation
generators P commuting with @, S'. Following equation these are given
by P,s. Consider the most general quantum states of the problem and denote

them as,
A (4m) (.m)).. (3.145)

where the various quantum numbers correspond to the action of H, SU(2),
SU(2), and R respectively. The scalar states contributing to the index are given
by,

[Em), =0+ 57 (5,5) (5,7)) . (3.146)

29

Note the minus sign on the eigenvalue of J3 here. Due to the complex conjugation

properties of scalar spherical harmonics given in (3.121)) one gets,

Fanl0) = 104+ 3 (5,=m) (4, =) (3.147)

%mm

To generate all states |¢ m), contributing to the index , one acts with the J_
generators, which gives us all possible values for m, given a value for ¢. To

generate all values of £, one can act on the following parent state,
0), = 27 (0,0) (0,0))_,, (3.148)

with Py. Hence, one can generate all states |¢,m), by acting with J_, Py and

the corresponding module is generated by,

10 m), o< J_ 5 PLI0),.  £=0..00, m=—

N

(3.149)

s
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3. INDEX AND ARBITRARY R-CHARGES

The character for this module can hence be written given the following corre-
spondence,
Pyy — %1, J_ =2, (3.150)

The character hence reads,

z
2 3r,,—r

S 20+3r £ =2m, —r S u
= 3.151
2; Z soore (1 — s227)(1 — s2zz~1) ( )

—
2

Rescaling the variables as in equation ([2.141]), allows one to recover the expression

for the scalar part of the index ((3.144]).
One can also obtain the index by considering the following states,

Pyt Py3l0),. bl =0...00, (3.152)
hence one can interpret the second factor in the denominator as coming from,
Py — s*xz !, (3.153)

Fermionic Component

Similarly, consider the fermion field part of the action in (3.96|) and expand

the fields in spinor harmonics. Using the shorthand,

L z £ £+1
oo 2 [&°] 2 2
> ZZ )N DEED DI DD DI CA L
Imm k=+ =0 i T— % Imim k=— =0 m:_% m:_le

Note that we will use a similar shorthand for products in the following chapter.
The spinors can be expanded in spherical harmonics (3.125)),

Z wémm mea( )7 Z w@mm meoa( )*7
Imm Kk Imm Kk (3155)
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Using the orthonormality relation (3.120)) and the eigenvalues for the Dirac op-
erator (13.126)), the fermionic Lagrangian reads,

Y Dl (100 + 37 = 1= 5 (£4+3)) Vi (3.156)
mm kK
The conjugate momenta to the spinor modes read,

. oL

_ _ ot
Tomm = a&me = 1Yy s (3.157)
oL -
alpﬁmm

This leads to the hamiltonian, R-charge and angular momentum generators,

H = Z wﬁmmwﬁmm + Z é _'_ + T’) wﬁmmwfmm ’
Imm + Ifmm —
Imim + Imm —

j3 = Z mwzrmﬁzz;jmﬁz - Z mzﬁgmmw[mﬁw <3160)
Imm + Imm —

R = Z (r— 1)¢Zmﬁl1;€+mﬁ1 - Z (r— 1)77527717?11/};7717%‘ (3.161)
fmm + Imm —

In all these expressions we interpret 1, and 1)_ as creation operators, while 1),
and 1 _ are interpreted as annihilation operators. This leads to the expression for

H,

Imim ~+ Imim —

and the zero modes are created by z/er@ilm. Summing over those modes for the
2

index, including the necessary minus sign, gives,

t277‘

N Z Ze por—lg2m _ et (3.163)
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All fermionic states contributing to the index are given by,

L e N C I RUR MU CR )

One can then define the following parent fermionic state, which also turns out to

be a chiral primary state,
D= =23+ 3 (1) (0,0) ), (3.165)
The corresponding truncated module is generated by,
04+ L, m), oc 27 Ph|L, . (3.166)

or equivalently,
Py P3Y),..  4,6,=0...00, (3.167)

This echoes the construction of the free field index leading up to (2.69) based
on the states P{3 Ps3|0), and P/} P§§|%>T The character for the corresponding

module or the spinors is given by,

£
2 5—3r, r—1

- 2045-3r 4+1-2m, r—1 _ S 3.168
;:; Z 5 o (1 —s2zz)(1 — s2zz~ 1) (3.168)

_¢
2

Rescaling the arguments of the above character as in (2.141)), allows one to re-
cover the expression for the fermion part of the index ((3.163)).

One can now define the supersymmetry generators for the chiral supermulti-
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plet,

Q= V2C+ Dy b (3.169)

Imm

Q2= V2C+ DU, s bomm (3.170)
Imm

S = Z V2(€+1) 7Z_1m_1ma£mm, (3.171)
Imm 2

S* = Z V2(0+1) ¢;,1m+;maemm, (3.172)
Imm

The following diagrams summarises the previous paragraphs. The vertical
axis z corresponds to H, the horizontal axis to .J5, J;. The blue, red states are
scalar states, the green states are fermionic. The black upwards arrows are the
(@ supercharges, the S supercharges are the black downwards pointing arrows,
the Q supercharges are orange arrows. The upwards purple arrows are the P,
Py, generators, while the horizontal purple arrow is a J_ generator. The states

contributing to the index are part of the yellow plane on all diagrams. The

I3 e I3

1

Figure 3.1: Chiral States in Conformal Theory
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previous diagram corresponds to chiral multiplet in a superconformal theory. The
fermionic states are left-moving — the k = + set of states of the previous sections
—and are generated through the action of () on the scalar states. The scalar chiral
primary field |2 —3r, (0,0), (0,0),7) is the lowest lying red state. One should note
that this chiral primary is annihilated by the Q as well as the S, S generator,
as expected. One generates all other blue scalar states through the action of
the purple P generators. Because of the commutation relation [P, S] = @, these
descendent blue scalar states are also annihilated by S. Also, because [P, Q] = 0

they are also annihilated by (). The point is that all scalar states are such that,

Qlowmm) = S|btmm) =0, (3.173)

and are hence compatible with the usual definition of a chiral field as a field
annihilated by @, but also compatible with our definition of a chiral field
as a field annihilated by the S supercharges. A supersymmetric chiral multiplet
is unsurprisingly made of a scalar state and a left-moving spinor related through
the action of a supercharge (), which is illustrated in the diagram below. The
dashed red line surrounds the chiral multiplet, where there are two multiplets

surrounded by red and black tubes. Let us now focus on the antichiral multiplet.

H
v m—3.m % M+,

\\

B mm

Figure 3.2: Basic Chiral Multiplet

This diagram corresponds to the antichiral supermultiplet mode expansion for
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. "o
) 7

PN

Figure 3.3: Antichiral States in Conformal Theory

a superconformal theory. The red antichiral primary state is annihilated by @),
S, S. All other scalar states are generated through the action of the purple
momentum generators P. Given that [P,Q] = 0, the blue descendent scalar
states are annihilated by the () supercharges. As expected, the antichiral states

are unambiguously defined by the shortening condition,

QlPemm) = 0. (3.174)

One should then note that the fermionic states are right-moving — the k = —
set of states of the previous sections. The H = ¢+ 1/2, £ = 0...00 set of
fermionic states can be generated by acting with the orange () supercharges on
the red & blue scalar states such that H = ¢. Alternatively one can act with
the black S supercharges on the blue scalar states — not the red primary, which
is annihilated by S charges — such that H = ¢ 4+ 1. This is illustrated in the
diagram below. Here, we generate the fermionic states in the antichiral multiplet
by acting on scalar states with the S supercharge, which is indicated on
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the diagram below inside the black tube, while the standard definition of the
antichiral multiplet is given by acting on the scalar states with @ supercharges,
as in the red tube below. The point is that the two definitions are equivalent,
because the set of states contributing in a superconformal theory are the same,
the only thing that varies is the way we arrange them in supermultiplets, either

through the action of the Q supercharges or the S supercharges. One can also

Figure 3.4: Antichiral Multiplet

construct the chiral multiplet for a non-conformal theory. In that case, the R-
charge can take an arbitrary value above 2/3. The only symmetry of the theory
that remain are the supercharges ) and S, along with the rotation generators
SU(2); x SU(2),. The states with higher values of H are still present and arise
from the higher dimension representations of SU(2). One generates the fermionic
states through action of ) upon scalar states. For the antichiral supermultiplet,
the fermionic green states are generated by acting upon the scalar states with the
S supercharges. This implies that the lowest lying state |%r, (0,0),(0,0),—r) is
annihilated by all supercharges of the non conformal theory on R x S3, that is Q
and S.
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Q

I3 T

Figure 3.5: Chiral Multiplet in a non Conformal Theory

]3 : - ]3

Figure 3.6: Antichiral Multiplet States in non-Conformal Theory
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3.2.3 Vector Multiplet

Vector Field

In this section, we limit ourselves to a free abelian vector field. The non-
abelian case will be treated in a functional approach in a later section, and we
will also show that the free field theory index is exact, for both the scalar field

and the vector field. In expanding the vector field action, we use the shorthand,

42
2

Y oYY Y. Y oYXy s oew

Imm p=+ = Om__f+2 - % Imm p=— =0 pp=— é — 5+2

One can impose the Coulomb gauge for the spatial part of the vector field, and
hence expand it in divergenceless S® spherical harmonics. Also one can expand

the timelike component of the vector in scalar harmonics,

At = > A ()Yemm (), (3.176)
Imm
Imm p==

Note that, the reality condition B,, = B}, imply the following relation between
modes,
A*

fmm

= Ay - (3.178)

The Lagrangian can the be obtained using (3.120)) for the vector can then be

rewritten, after expansion into harmonics, as,

= > AL 0= ((+27)A7 (3.179)
Imm p==+
LIA] = (=)™ ™5l + 2) Armmrm At (3.180)
mm
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is the free field value of the conformal dimension of vector field descendants. The

conjugate momenta,

ﬂ-z—mm(t) aOB: m,—m g[Oé, B,—:,m’,m] ) (3181)
ﬂ-é_mm(t) aOBT: —m,—m + g[Oé, B;—m,—m] : (3182)
Define the following modes,
1
Aoy (t) = ——= (7 _ +i({+2)B) _), 3.183
1
af (1) = ———— (7 _ 1({+2)B . 3.184

The R-charge being zero, the hamiltonian, angular momentum generator and H

are,

H = Z (ﬁ + 2) az_mmpa'émﬁlp ; (3185)
Immp

Js =Y magGommp (3.186)
Immp

Js= Y mag,. Gmmp, (3.187)
Immp

H - Z (E + 2 - 2m) az_mﬁ]paf’mﬁlp ) (3188)
Immp

The index for the vector field is obtained from the contribution of the zero modes

for H, which are given by the a, G2y modes. Summing over those,

€+2 2m t2
Z Z t R T—t (3.189)

=0 =L

The vector states contributing to the vector index are given by,
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Define the following parent state,
12)0 = |2 (1,1) (0,0) )o, (3.191)

One can generate all states [(+2,m)o by acting with J_, Psy. The corresponding

Verma module is spanned by,
10+2 m)g o< J_27™PL|0), . (3.192)

or alternatively defined via the action of Ps,. The corresponding truncated char-

acter hence reads,

vl

- 2(£42) , L+2 =217 sta?

" = 3.193
Z S v (1 — s222)(1 — s2xx1) ( )
=0 m=—1%

Rescaling the variables as in equation ([2.141]) allows one to recover the expression

for the vector part of the index.
Gaugino

Finally for the gaugino, the Lagrangian reads,

Ly= Y N (00— 5 (€4 2)) N (3.194)

Imm Kk

which allows to write the conjugate momenta,

oL <
fmm
oL -
T (t) = D Dy (3.196)
{mm
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This leads to the hamiltonian, R-charge and angular momentum generators,

H= )Y ((+3)XNumMumt > (C+3) Nndom . (3.197)

Jy = &§+ mAL A — Z E:;;;mmA;mm : (3.198)

Jg = hgf mAL NS — e% mAy Ay (3.199)

R = egf N Ap = e?: N N - (3.200)
Imm + Imm —

This leads to the expression for H,

£m,m,+ £,m,m,—

and the zero modes are given by A”, . Summing over those modes for the index,

tim
including the necessary minus sign, gives,

£+1
2

SN 7 22—t -1
D D e (z+2 }1 . (3.202)
iy (1 —tx)(1 —tax™1)

2

All gaugino fermionic states contributing to the index are given by,

3(5.5) (5hm)) -, (3.203)

o0 2 3,0 —1(2 “1(z 4 =1
DD D i L e ——— (" —a (2432 ) (3.204)

(1 = s22z27 1) (1 — sxx)

From reading this expansion, one can see that all contributing states can be

generated by acting with {J_, Pss} or P4 on the following parent states,

‘% + %>71 = ‘% <O7 O) (%7 i%) >*1 ’ <3'205)
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modulo the following constraint, which can most easily be explained in the context

of a superconformal theory by the following equality,
Py = Py . (3.206)

To avoid double-counting any of those states, a compensation term proportional

to s>u~1z in the character expression, proportional to 2 in the index expression.

As usual, the index can be recovered by rescaling the character variables following

equation (2.141]).

3.3 A Second Look at Characters

We now focus on repeating analysis from chapter ([2]) for the subalgebra SU(2,1)
which was defined in section ([2.2)).

3.3.1 Short, Long Representations of SU(2,1) Subalgebra

As pointed earlier, the relevant subalgebra is (3.27)). Let us first list the shortening
conditions for this algebra. So called short representations, or chiral multiplets

are now defined as,

F=1, QA r, 0" =0, (3.207)
1, S¥|Ar 00" =0, (3.208)

while semi-short representations are annihilated by the following supercharges,

Q1 —Q1+2ijQ2J_, j#0, (3.209)

~ 1
St=8'+ % JuS*, j#0. (3.210)
J
One can then define the following semi-short representations,

’ Ql’A7 r7j7j>h.w. = 07 j # 07 (3211)
. SYA M =0, J#£0, (3.212)
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When j or 7 = 0, the natural shortening condition is given by,

% ) Q2|A7r707j>hhw. - 07 (3213)
f=1 " SIAr 00 =0, (3.214)

Note that the shortening conditions impose much less severe restrictions on the R-

charge and the scaling dimensions of the states part of the various representations.

These shortening conditions can be summarised with the following diagrams,

In this diagram, \, corresponds to S? while X corresponds to Q,. All states

A+1 (r—2)5y

N
A+ (r =11
N
A ("G
N\
A—3 (r+ 1y
N
A-1 (r+2)yy

Figure 3.7: Long Representation ‘N/Aof’jj

indicated corresponds to a (j,7) representation of SU(2); x SU(2),. They also
include an infinite tower of states which correspond to higher energy states, so,

the seed state (r);; also includes in fact all the following,

(Av r)(j,j) s
(A+17)G1 5L
(A+2,7)g1,541) »

One can then write down the corresponding diagram for what we will call
chiral and antichiral representations. The shortening condition for the antichiral
representations will involve the (), supercharges, as usual, while the antichiral

representations are defined as being annihilated by the S? supercharges.
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A+1 (r=2)4y A (=)
AN N\
A+ (r=1Dgziy A—3 (=r+1);x15
AN N\
A My A-1 (=7 +2)g)

Figure 3.8: Chiral, Antichiral Representations VAOZi,jJ’ and Viﬂr ;7 right
Finally, one has the short representations, In the last diagram, the remaining

A+ (r=1gey A (=)
N 1 \
A (Mey A3 (=r+ 115

1 11
Figure 3.9: Short Representations VAQ”:’ ;7 and VAl’jn ;7 right

supercharges are Q» and S2. The last represention is the only one whose quantum

numbers are constrained by the shortening condition,

{Qu. 87} A, r ) (3.215)

3.3.2 Character and Indices Calculation

Based on the previous analysis, one can give the characters for the various rep-

resentations. Define the supercharges factors,

Q(s,u,z)= H (14 su™'a), (3.216)
e=*£1

S(s,u,z)= H (14 s tuxe), (3.217)
e=*1
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Hence, one can give the following characters for the various representations,

X8, 2, 7) = 220" x5(2)x; (0)Q(s,u, )8 (s,u,2) - (3.218)
X (8502, 7) = 822" x5(2);(0)Q(s, u, ) (3.219)
X780, 2, %) = ™5™ x5(2)x;(2) S (5,0, ) (3.220)
xi’iﬂ_(s,u,x,i) = 52" x5(7) (x;(2) + su Xjr1 (7)), (3.221)

( ) (7) (3.222)

and finally,

1 20 (2) (G () + 57 uxg_y (@) G A0,

X&% (8,0, 7, ) = (3.223)

smu_’”x]—(a_c)xj(x) if =0,

Based on the previous analysis, one can compute the index from by taking the

appropriate limit as defined in equation (2.141]). For the chiral field, one gets,

=14 PR S _1 B -
szlmméé(yzayﬂt a_ty ,—l’) - _(1 —tl')(]. —tl’_l) (3224)
1=0
with,
Ay =1+2-3r, (3.225)
while for the antichiral field,
L O L 3.226
ZXAM,J,%,%(W’?J% 7_ty ,—l’)— (1—151’)(1—1533’71) ( : )
1=0
with the scaling dimension given by,
A =1+3r. (3.227)

The values of the scaling dimensions can be obtained by radially quantising a the-

ory invariant under the previous symmetry group. The states that are captured
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by the X%’l character limit in equation (3.224)) are the following,

|l+2_%ra(é’m)7(i ’fn)>7~, |l+g_ %rv(HTlam)’(%am»T—M (3'228)

where we have used the following notation in the equation above,
\H, (j,m), (J,m))r (3.229)

which denotes an (m,m) eigenvalue state part of a (j,7) representation of the
SU(2); x SU(2),. In order to contribute to the index, these states have to exhibit
a zero H eigenvalue, and the only ones that actually fullfill this constraint are

fermionic states such that,

|l+g - %ra(lTla_HTl)a(%am»T—l’ <3230)

On the other hand, the states captured by the XL% character limit in equation

(13.226|) are the following,
1+ 3r,(5om), Gom) o, 45+ 3r (5m), (B m) e (3.231)
and the states contributing to the index are given by the following,
1+ 37, (5, —3), (5.7))— (3.232)

Hence, one the antichiral scalar states contribute to the index, while the chiral

spinor states contribute to the index.
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Chapter 4
Index and Localisation

In this chapter, we clarify the status of the topological nature of the index. In
order to settle this issue, we compute the index as a partition function on R x 3
and then use localisation methods to prove the exactness of the free field theory

result.

4.1 General Setup

4.1.1 Index as a Path Integral

The usual definition of a path integral in bosonic quantum theory with a finite

time interval or 37! temperature is given by,
Tre P = / [dX]e T (4.1)
PBC

with PBC denoting periodic boundary conditions on the bosonic quantum states,
and H the time translation generator H = F,. For fermionic quantum states,
one then has the choice between periodic and antiperiodic boundary conditions.
The former lead to an alternative definition of the index, while the latter leads
to a regular path integral. Let us review the situation with the index, following

closely a discussion in [34].

Consider a correlation function involving fermions exclusively. The number
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4. INDEX AND LOCALISATION

of fermions has to be even for the result to be nonzero. Let us take an operator
approach, and consider the time ordered product of fermionic operators. Take
one of the inserted fermionic operator and continuously move it accross the time
interval. It will have to go past an odd number of fermionic operators, picking
up a minus sign every time. It will then hit the periodic boundary and come
back to its original position having gained one overall minus sign. In order for
the correlation function to be invariant under such operation, one has to insert a
factor of (—1) in front of all correlation functions. Going back to a path integral
approach, the generalisation of the above formula to a theory involving

fermionic and bosonic states is given by,

Tr(—1)Fe P = /

[dX]eS™T Tre P = / [dX]eSET ) (4.2)
PBC Fer. aPBC

Bos. PBC

with the subscript aPBC denoting antiperiodic boundary conditions for fermions
in the computation of the plain path integral. The index may be evaluated by em-
ploying radial quantisation, using a path integral representation, compactifying
the time direction from R to a circle S* of period 3 so that, in ([2.49)),

s=e ", (4.3)
To make the path integral well defined we will Wick rotate the time directionEL

0o =10, , (4.4)
which then leads to the following definition for the index [77],

() = Tr (=1)FePH = /P BC[dX]e*SEPﬂ : (4.5)

where X denotes the fields contributing, and Sg denotes the Euclideanised action

on St x S3.

In the remainder of this thesis, we will always take the Minkowski time subscript to be
zero, while the Euclidean time will be denoted b 7.
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4. INDEX AND LOCALISATION

4.1.2 Topological Invariance of the Index

The above representation of the index is convenient to explore the topological

properties of the index [77]. Define the expectation value of an operator O as,

JopcldX]0e= 5]
<O>/D’ = —SpX]
fPBC[dX]e g

(4.6)
with periodic boundar conditions along a time interval of length 5. One has the
following properties or the index.

e The index is independent of [3.

e The usual flat space vacuum expectation value of an operator is just the

limit (O) .

e If O is an operator such that, 00 = ¢*Q,O then,
1(8)(60)5 = 0 (4.7)

Hence if I(00) # 0 then supersymmetry is unbroken. A necessary condition

for dynamical supersymmetry breaking is 1(/3) = 0.

e The index is invariant under contiuous deformations of the theory. If one

assumes,

L= \NLi, (4.8)

then,
o = —10) [ el (49)

Assuming these Lagrangians are exact under supersymmetry, or equiva-

lently that they can be recast as F' or D-terms of certain superfields, one

can write,

(L)) o (50,) =0, (4.10)

and consequently equation (4.9)) is zero. Hence, assuming all pieces of the
Lagrangian to be d-exact implies the invariance of the Lagrangian under

continuous deformation.
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4.1.3 Twisting the Boundary Conditions on S! x S3

When dealing with supersymmetry in the usual flat space context with any num-
ber of dimensions, the time translations are generated by the zeroth component
of the vector of translation generators. When commuting this generator with the

supercharges of the theory,
[Fo, @a] =0, (4.11)

which then implies that the Killing spinors € does not have a time dependence.

Consequently, the variation supersymmetry variation,

O = O+ €Y, , (4.12)

is compatible with periodic boundary conditions for both the spinor v and the
scalar ¢, as the left hand side and the right hand side are both invariant under,
Oe”

P(r+B) = ¢(7), YalT+ B8) = P(7), or =0. (4.13)
In a radially quantised context, the situation is different. The time translation
generator is identified with the dilation operator H which has nonzero commu-
tator with all supercharges (A.7) which then leads to time dependence of the
Killing spinor as shown in (3.53)). This then implies that equation (4.12)) is not
compatible with plain periodic boundary conditions, because of the non-trivial

time-dependence of the Killing spinor.

When computing an index as a path integral, the right definition for the time
translation operator is not in term of dilation operator or in terms of translation
generators, but rather in terms of supercharges. In the previous section, the

following definition held for the time translation generator,

{Q,Q" =2p, (4.14)

Here, we will do the same, having chosen one particular supercharge within our
subalgebra Q = ()1, as well as having identified the appropriate hermitean conju-

gation T, the counterpart of equation (4.14)) was given earlier in (2.34)) or equiva-
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lently (2.34). Consequently, in order to maintain consistency with supersymme-
try when compactifying the time direction from R to S* a twist of the boundary

conditions is required, which implements the transformation,

H 2 (4.15)
or explicitly,
i0p ™ iy + 2R — 275, (4.16)

with R the differential operator associated with the R-charge, as defined in equa-
tion (3.32)). We will not need its expressionﬂ, however one can still use the ap-
proach in equation (3.50]) to assign an R-charge to Killing spinors,

Re* =€, Réq = —€, . (4.17)

In practice, the twisting is achieved by rescaling all fields X = {¢, ¢, F, A, \, D}
and their conjugates as,

X = ¢ HER2B X (4.18)

and this also applies to Killing spinors [78|, using the explicit R charge we defined
earlier m Then, using equation (4.18]) applied to the Killing spinor, along with

the eigenvalues we have assigned them allows, which leads to the following,
€ =e2é, (4.19)

The periodicity boundary conditions are then imposed on the rescaled fields in

the usual fashion for both fermionic and bosonic fields,
X(r+p8)=X(7). (4.20)

Then, imposing periodic boundary conditions on {QE,T/N)} is compatible with the
times dependence of the Killing spinor, and a supersymmetric theory can be

defined on a compact time direction, with the following supersymmetry transfor-

n a superspace formulation, with fermionic parameters (1, 77%), it would be R = 77"% +

—a_0
77 377&
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mation
6= O+, with & =67 (4.21)

If one wanted to write the supersymmetry transformations for the entire
twisted chiral multiplet, one would just need to modify the time derivatives as in
(4.16)). For instance,

= €a, (4.22)
"L;a == ga(’iao — 22V3)¢ -+ 27;(O'mg)avm¢> (423)

One should note that the previous analysis is not valid for the Killing spinors
defined in equation (3.54)). This is because the J3 eigenvalue of 1)y is —% and
does not allow for a proper cancellation of the prefactors to get to equation
. The point is that the twisted theory is only invariant under the following

supersymmetries,
0 X =[Qa, X],  0'X =[5 X]. (4.24)

Once again, the 1 sub/super-scripts are not spinor indices, they simply label the
various supersymmetry variations of the theory. This said, given the definition of
€%, € given in equation (3.53)), one can certainly think of &;, 4! as corresponding
to Q1, S! respectively. The point is that the twisted theory is not invariant under

Q2, S?, and so we have promoted @Q, S; to scalar superharges through twisting.

This finally leads us to the path integral for the 4-dimensional index,

Tr(—1) e M = / [dX] exp(—SEs[X]), (4.25)
PBC

with the euclidean action twisted following equation (4.16[). Overall, we have
shown that we can compactify the time direction to a finite temperature interval
with periodic boundary conditions for all fields and preserve 2 supersymmetries
out of the 4 that we had started with in an uncompactified setting|

!The theory on R x S is an N = 1 supersymmetric theory with 4 supercharges
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We now want to compute the full superconformal index . In fact, we
have no choice. As has been pointed out in the previous chapters, there is an
infinite number of states in the Q-cohomology contributing to the index. Hence
we need to weigh there contibutions by the remaining Cartans of SU(2,1). This
can be done by twisting further the theory under consideration. In order to do
that, we first write the fugacities s, x, y in terms of the corresponding chemical

potentials,
s=e P, z=ePr, y=ePW, (4.26)

and rewrite the index as,
Tr (—1)F gHHr(f=2T)+23 75 (4.27)

To compute this in the context we have layed out, we further twist the time
derivative,
100 ™ iy + 3R — 25 + (R — 2T5) — 27,7 (4.28)

One can straightforwardly understand the relevance of twisting in a generic, not
necesarily supersymmetric theory, in modifying a given hamiltonian to include

other generators. Consider the complex scalar field ¢ with the Lagrangian:

Lig, ¢l = —¢'(d, + a)’¢ + *¢'¢ (4.29)

Note that this Lagrangian is euclidean. The conjugate momenta are given by the

following;:
b= (d’T - a)¢T ) p]L - (dT + a)gb (430)

Expanding in modes,

+_ 1 i L ooy
al = NG (p—i— bo ) , ay NGT (p b¢) , (4.31)
1 1
a; = E (pT + bqb) ay = \/ﬁ (p - bng) , (4.32)

and imposing the following canonical commutation relations,

[a’fa (11] =1 ) [agu a2] =1 s (433)
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the hamiltonian can then be written as,
H = (a+b)aja; + (b— a)asas (4.34)
Equation implies that the eigenvalues of the hamiltonian are given by:
h==xa+b (4.35)
This Lagrangian is invariant under U(1) transformationgt
T.6] = ao (4.36)
One can write the charge operator in the following fashion:
T =—aafa +aafay (4.37)
Hence if one defines the modified hamitonian:
H=H+T=(a—a+baja+ (b—a+ a)afas (4.38)

One can see that this modified Lagrangian is the same as the one in equation
(4.34]), where the following transformation has been performed,

L (4.39)

with 7 the differential operator associated with 7 as defined in equation ({3.32]).
One can then compute the so called partition function associated with H by using

the following twisted Lagrangian:

Lig, ', T] = —¢'(d, +a—T)*¢ + b*¢'¢ (4.40)

This prescription can be generalised to any set of fugacities.

To make contact with previous chapters, we will compute the generic partition

IThese considerations generalise to any type of global symmetries of the theory.
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function,

Tr(—l)FSQHquw?’:Eﬂ?’ , (4.41)

using the twisting procedure previously discussed, the relevant fugacities are de-
fined as,

s=e P, u=e P, pg=ePr F=ePn (4.42)

I

which allows us to compute the partition function (4.41)) by simply computing a
free field theory path integral with the following twisted time derivatives,

0, o T, T (Y Yor ¥a) = Yo Tz + 725 + 3R . (4.43)
0. X 5 0, X + [T, X], Ty Ve Va) = Yos + 7 ds + 37 R (4.44)

We then take the limit (2.141f to obtain the free field value of the index, which

we show to be the exact result in the following section.

4.1.4 Supersymmetry and Localisation

Here we review the localisation framework. Our aim is to explain the usual state-

ment about localisation which is essentially the following [79],

“Localisation allows the exact computation of correlation functions of Q-closed
operators, where Q is a supercharge promoted to a scalar operator by twisting the

boundary conditions of a finite time direction in a Fuclidean field theory”.

Localisation as a Handle on Strong Coupling

In the context of supersymetric theories, localisation allows for exact compu-
tation of expectation values of certain operators invariant under a chosen scalar
supercharge, regardless of the value of the coupling [80]. This makes it a com-
plement to the strong coupling calculation methods based on dualities as the
gauge-string duality in 4 and in 3 dimensions [6] and [7] as well as the electro-
magnetic duality. One of localisation’s main advantage is that it can be used
with any theory which includes just one supercharge. However it is restricted to

the computation of expectation values of operators closed under this supercharge.
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Obviously, calculations based on dualities do not have this restriction, however,
the theories considered have more symmetries, and are hence more peculiar and

less phenomenologically realistic.

Localisation has lead to important progress in the understanding of super-
symmetric theories over the last few years. There was first the proof by Pestun
[81, [82] of the matrix model conjecture due Erickson, Semenoff, Zarembo and
Drukker, Gross [83] and [84] for Wilson loops, which had first been postulated
following AdS/CFT. Before that, the Seiberg Witten prepotential for 4 dimen-
sional A/ = 2 theories had been computed exactly using localisation techniques
[85, 86), [87]. More recently, Drukker, Marifio and Putrov computed the exact
partition function for ABJM theory [88] as well as the planar free energy of the
theory, from they were able to extract the correct N 3 scaling for the number of
degrees of freedom of M2 brane theories. Finally, the index for 3-dimensional the-
ory was computed exactly for ABJM theory [12,89], with a generalisation of this
index to arbitrary R-charges given in [78]. This computation, just like Pestun’s,
is important because they correspond to field theory calculations which are exact
to all orders in perturbation theory, which also incorporate all non-perturbative
corrections. Localisation was also used [90] to test three dimensional Seiberg like
dualities in three dimensions for Chern-Simons theory [91] [92]. Such a calculation
was also performed for the index in 3 dimensional Chern-Simons matter theory
for the index [93]. Also, a very similar aproach to the one in this chapter is given
in 78], where the index on 5% x S! is computed for theories with general R-charge

assignments for the matter fields.
General Considerations

An exact computation of the path integral for the index can then be per-
formed using localisation arguments [10]. This procedure relies on the existence
of a fermionic supercharge §, which annihilates the action, and for which the
square 62 = H is a bosonic symmetry of the action. This method relies on the
invariance of the path integral under the addition of J-exact term to the action.

The correlation function of any operator d-closed operator is invariant under such
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a transformation,

d
- [ 1ax]0 e BV — 0 with 60 =0, (4.45)
(6

This can be shown in the following fashion [77], as equation is proportional
to,
/ [dX](6V) © e SElXI0V = § ( / [dX] ove—sEPﬂ—aW> =0, (4.46)
The requirements on )V is invariance under the bosonic symmetry H,
HY =0, (4.47)
This property the allows one take the limit,

a — 00, (4.48)

provided YV can be shown to be positive definite fo well-definedness of the limit.
This then makes the saddle point approximation exact. Generically, the saddle
point, or one loop approximation can be summarised as follows. Consider the

bounded below function f(x),

[azerertl = [ dvesp(-af(e) - haf® (o - o)
— %af(i)’)(a:c)(a: —z )4 .)
27
_ _C"f(fcc) -1
— Z O +O0(a™), (4.49)
{xc}
with x. the set of critical points for f defined as,

of

p— . 4-
o 0 (4.50)

Tc
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In the o — oo limit, the approximation becomes more and more accurate. In the
following we will show that for both the vector and the scalar multiplet,
1

£¢ = 5V¢ , Lint. = 0Vint. L= 92 ((5 + S)VA , (4.51)

these actions have been defined in equations (3.96)), (3.100]), (3.104), and V4, V,

are functionals invariant under H. When dealing with the gauge theory, one has

to localise the gauge fixed theory. This is achieved by using a standard BRS
procedure as explained in [53] and by adding to the localisation supercharge the
BRS charge, 6 — § + s,. One can then identify a4 with the gauge coupling g%
and take the coupling g to zero which is a free field theory limit. We will need to
put an «a, parameter in front of S[¢, v, F'] as well, because the definition (3.96])
of the chiral multiplet action does not include any superpotential terms. Should
the theory under consideration have a superpotential, the oy — oo limit makes
sure that the superpotential can be neglected in the sense that the associated
coupling constant will not contribute, and the index can be computed in a free

field theory approach. This is the input of the localisation approach.

4.1.5 A Remark on the Superpotential and the Index

One cannot however completely forget about the superpotential |32, [33] as it can
break some of the global symmetries of the free theory. So the superpotential
will in fact affect the very definition of the index, as one will associate fugacities
to the symmetries that are preserved by the superpotential. In the case of a

Wess-Zumino model with superpotential,

W(g) =¢", (4.52)

with the constraint,
nr=2, (4.53)

the global U(1) symmetry is broken down to Z, and the superconformal index
for an ungauged chiral multiplet in equation (2.88)) is modified to the following
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expression,
trw — 2wl
(1 —tx)(1—tx=1)’

ip(t,x, h) = ig(t,x,w) = (4.54)

with w such that,
wh=1. (4.55)
Given the constraints on the superpotential and the R-charge (4.53), the single

particle index can be rewritten,

trw — (t"w)" !
(1 —ta)(1—tx=1)"

ip(t, T, w) = (4.56)
This implies that for n = 2, i.e. for a massive multiplet, the contribution to the
index drops out. This can be interpreted as the index being a quantity probing the
infra-red of a given theory, which implies that massive multiplets are essentially

integrated out from the index.

4.1.6 Practical Setup for Localisation

The localisation supercharge we will use will be a generic one,
[Qr, X] = (0+ )X, (4.57)

which will be generated by mutually complex conjugate Killing spinor as defined
in (3.53)), so either {e,€l} or {e§,€2}. Here, we will take Qp as the sum of
€9Q, and € S for instance. Provided that Q, squares to a bosonic symmetry of
the theory which leaves V invariant, one can take Qp to be fermionic, hence the
Killing spinors are commuting quantities. As defined, the supercharge squares
to,

Qi =H+3R—2V,Jn (4.58)

and if one makes the choice of Killing spinors {e®,€!} then Qj squares to the
modified hamiltonian H defined in equation (2.37)).

For practical calculations, we will need to take a finite size time direction.

Consequently, to ensure compatibility with supersymmetry we will need to twist
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the theory and break half the supersymmetries. When taking the radius of the

thermal circle S! to infinity, we will recover the full supersymmetry.

One could then ask, why could we not take the radius of S* to infinity, which
would restore Qp as a preferred supercharge, as opposed to Q, keep H as a
hamiltonian, include fugacities associated with R, .Js, Js, which commute with
Qy, in the untwisted infinite radius theory. We would then be able to define an
index which would be topologically protected via localisation as well? It would
be computed on an S! and its radius would be taken to inifinity at the end of the

calculation. This would be its expression,

Tr (—1)" s™uaPs 77 . (4.59)

However this doesn’t work [94]. In the infinite radius theory, the set of states
to be considered becomes a continuum with an associated density of states. In
particular, it might not be true that |¢) and Qp|¢) have the same density. The

index expression would then look like,

(~1)f / 0o(g4 (@) — 9 (@) Lu(s, 4, 7, 7), (4.60)

with g, (w), g_(w) the densities of states for |¢) and Qp|¢) respectively. If the
density g4 are not identical at a given energy level, the previous analysis essen-
tially breaks down. Some 2-dimensional examples of such phenomenon were given
in [95] based on the Callias-Bott-Seeley index theorem [96, 97]. Also, in 4 dimen-
sions, we were unable to exhibit any kind of electric-magnetic duality matching
for indices defined as in (4.59)).

In practice, we compute the localisation action [Qr, Vs, [QL, Va] using the
standard supersymmetry transformations for instance and apply the twist-
ing at the end. As we have noted before, the twisting procedure modifies the the
Killing spinors and makes them essentially time independent as was shown in
equation . At the level of the supercharge, this then implies that under
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twisting, the supercharge Q;, when taken to be generated by {e{, el },
QL twist Q (461)

where Q had been defined in equation . So the twisting indeed promotes
a spinorial supercharge to a scalar operator, and this can be traced back to the
requirement of periodicity of all fields along the euclidean time direction. Now
that we have established that the twisted path integral is invariant under Q —
and not Qp — it is clear from a path integral point of vue, that the only index
that can consistently be defined to satisy the localisation requirements is the one
given in equation (2.49). One should think of this quantity as the expectation

value of an operator under twisted boundary conditions,
I(w,y) = (@ "2y (4.62)
and the localisation argument can be used because,
[Q 2 25] = |Q y*h| 0. (4.63)

In this setting, the computation of the index reduces to the computation of the

twisted one loop determinant around trivial backgrounds for all fields.
Geometric Interpretation

The twisting has the following impact on the supercharges of the theory. Con-
sider a superconformal theory, and see how the supercharges decomposes under
the isometries of R x S% which are U(1) x SU(2)r x SU(2)x. In addition to these

isometries, we have the R-charge.

SU(Q,Q) X U(l)R — SU(Q)L X SU(Q)R X U(l) X U(].)R
o5 4 — (1, 2)—%,1 @ (2, 1)%,1 (4.64)

Q.A 44 — (17 2)%,71 ©® (27 1) i

—1,-1

with @B, Q4 as defined in equation (2.29). When the theory is not conformal
anymore, the only supercharges left are the the undotted supercharges Q,, S*.
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After twisting the theory, the theory is supersymmetric on S* x S% with periodic
boundary conditions on the rescaled fields X defined , and the only supercharges

left are 1, S! as scalar supercharges, and 0 charge under R and H,

S8 2,0, 2 Q (1,1)00

. 4.65
Qu (21)_1; =5 S8 (1,1)ng (4.69)

This is a slightly different approach from the one taken in [80]. The theory under
consideration there is a 4 dimensional N' = 2 supersymmetric theory which is
naturally constructed by extending a 3 dimensional Floer theory to a relativistic
setting. One can also regard it as a spatially twisted version of 4 dimensional
N = 2 supersymmetric Yang-Mills theory. R* has an SU(2);, x SU(2)x isometry.
Also, N' = 2 theories have the SU(2)y x U(1); R-symmetry. The theory is
twisted by considering an exotic action of the 4 dimensional rotation group. It is
replaced with SU(2), x SU(2)%, where SU(2)’, is the diagonal sum of SU(2)g
and SU(2)y. Under this twisting, the supercharges are modified as,

SU(2) x SU2)r x SU@2)y x U(1); 2% SU(2), x SUQ2)Y, x U(1);
BOHaeOLh U (D000,
(4.66)
hence the Lorentz scalar supercharge identified for localisation purposes is the
(0,0); component. Explicitly, this supercharge can be constructed by contracting
SU(2)r and SU(2); |98] with the the usual antisymmetric tensor € used to raise

and lower spinor indices,

Q= Q. (4.67)

with & the usual SU(2)g index and A the SU(2); index. In the approach we
have taken, imposing the periodicity boundary conditions on the fields meant
we had to redefine the degrees of freedom of the theory we are considering on
S1 x 83, and that this modified theory is only invariant under one preserved
supercharge Q@ = @; and its conjugate S'. On the other hand, the twisted
theory in [80] is really the standard A" = 2 supersymmetric Yang-Mills theory
written with an exotic action of the rotation group. Ultimately, Witten’s twisting

is a reformulation of the same theory in a different basis which allows for a
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scalar supercharge, whereas our approach is an actual modification of a given
theory to make it fit on a compactified manifold, which only allows us to keep on

supercharge, and the latter get promoted to a scalar operator.

4.1.7 Localisation Actions

The scalar field action (3.96]), with the derivatives gauge covariantised, including
the gauge interaction terms (3.104) may be written in a Q-exact fashion [Qr,, V|
with V, defined as,

V¢ = %(@Dﬁea[Qﬁ?@Ea] - goz[@ﬁ? 7LOC]) - %(&Bea[Qﬁa ¢a] - Ea[@,@a @/)a])

+0[Q1, ¢] — ¢[Q1, ¢], (4.68)
Vint. = _Z(b [65\7 (ﬂ + ’ng [E)‘a (b] ’ (469)

which can also be written,

Vs = —3(et)(iDy — & + 2)¢ + i(e01h) D
1
2

(e0)(iDo + % — 2)¢ + i(€0,Y)) Dy — S(eVF + € F)  (4.70)

The vector multiplet action (3.100) may also be written in a (Qp + s) exact
manner,

Vi = (0N E + §eonN)F,, — LA +eND. (4.71)

m

4.1.8 Saddle Points & Fermionic Zero Modes

Having shown that the action for chiral and vector multiplets are localisation
actions, in the sense that they are Qp-exact on R x S3 and Q-exact on S! x S3
when twisted, the remaining question is the identification of saddle points. As
was shown in the saddle point approximation equation , the index has to be
expanded around each critical point of the theory. This can be an involved task.
In 2 dimensions, one has to expand around kink solutions, as in [94]. There, it is
shown that a non compact spatial dimension, the boundary conditions at infinity
can lead to kink vacuum solutions around which the index has to be expanded.

Some of these solutions can also have non-integer fermionic charges [99, 100, |101].
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In 3 dimensions, monopole solutions play a crucial role in the computation of the
index [12, [58] as a partition function on S* x S%. This is due to the existence of
monopole operators and the absence of any zero modes on these background. On
S3, when computing partition functions [102] and expectations values of Q-closed
Wilson loops [53], the saddle points are trivial configurations. In 4 dimensions,
the computation of Wilson loops expectation values localises on instanton con-

figuration [81].

Here, we will show that, although instanton configurations can in principle
be constructed on R x S3 [32], the existence of fermionic zero modes mean that
there are no non-perturbative corrections to the index. After Wick rotation, the

vector action can be rewritten as F'F~. a positive definite quantity, hence the

saddle points of this action can be written as,
FE = Fyp *i€pnpFrp =0, D =0. (4.72)

In the remainder of this section we will consider the F,, = 0 configuration. In
this background, the gaugino supersymmetry transformations result in lead to

the definition of fermionic modes A,
N = —iFt(eo,)* = AS, A =0. (4.73)

The first equation defines fermionic zero modes [103] living on the instanton
background,
Ly, =0 (4.74)

up to total derivatives. Consequently, the path-integral measure for the gaugino

splits into non-zero modes A and zero modes Ao,
[d)] = [dAo][dA] (4.75)

and the Lagrangian for the gaugino obviously only depends on )\, this implies

that,
/ ] / 1] exp (- / z;) o, (4.76)
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because of the rules of Grassman integration which essentially state that,
/d01d62 . d0,0,0, 1 ... 01, (4.77)

is essentially the only non-zero integral one can construct with a set of Grassman
variables {6;}7. This hence means that the only saddle point contributing to the

index calculation of the index is the vacuum,
A,=AX=D=0, p=19p=F=0. (4.78)

So, the index does not received non-perturbative corrections in 4 dimensions.

4.2 A Calculation of the Index

4.2.1 Determinant Calculation

In the following we will need to compute the one-loop determinants for various
fields. After reducing the theory to a quantum mechanical Lagrangian by ex-
panding fields in spherical harmonics and performing a Wick rotation, all indices

boil down to a product of determinants of operators of the following form:
Agp = —(dr +a)’ + b2, (4.79)

where (a,b) are N x N matrices, and the fields acted upon are periodic of period
B in the euclidean time direction, s = e=?. This allows to expand the fields acted

upon by A,; in Fourier modes of the form,

; 2w
¢a,b<7> = Z €ZkWT¢k,a,ba W = E 5 (480)
keZ

with w the fundamental Matsubara frequency. The determinant of the operator
(4.79)) is then,
Det Agp = Det [ [ [—(ikw + a)® +b7] . (4.81)

keZ
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Then, use,
Det Ayp =exp (TrinA,,) , (4.82)

and following [104], the product can be expanded,

TrinA,;, = Trln H [—(ik‘w +a)? + bQ] )

kEZ
= Trln (b* — a?) H [—(ikw + a)® + V] [~ (—ikw + a)® + V*] |
keN*
—Trin (6 - o) T ko' (1+ G5°) (1+ S25) (4.83)
keN*

= Trln M?*sinh (Z(a + b)) sinh (Z(—a + b)) ,

w

= Trin M? (1 — %) (1 — t727P)

where we have used the following identity,

= B3? __sinf
1T (1 - nw) = (4.84)

with M an infinite product factor independent of (a, b) which will cancel between

fermionic and bosonic degrees of freedom given that we are considering N' = 1

supersymmetric theories, and that we will hence ignore,

W 2 2
M—%kl;\ll*kw —1. (4.85)

Expanding the logarithm and Taylor expanding the various terms of the sum in

([£83) gives:

Ty (tk(a-‘rb) 4 tk(—a—f—b))
k

TrinAgp = BTrb+ )

k=1

(4.86)
where the first term corresponds to a Casimir energy term. Finally, we get:

Det A, p = CyPexp [i4(t) + i (t)] (4.87)
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with Cj, the Casimir energy factor and the plethystic exponential [40] defined as,

Pexp[g(tr, .- 1)) = expl} %g(tlf, ) (4.88)

and the single-particle determinants are given by:
iy (t) =Tet*™ G (t) = Tre >, (4.89)
In general we will use the notation:
i(t) =iy (t) +i_(t) (4.90)
Based on equation , one can hence write that:
i(t) = Trgpt” (4.91)

the trace over the single particle states. When dealing with a full theory, one

needs to sum single particle contributions for all states labelled (¢mm).

4.2.2 Chiral Multiplet Calculation

In this section we compute the generic partition function (4.41) and take the

appropriate limit (2.141)) to compute the index (2.49)) for the chiral and anti-
chiral multiplets, ignoring for the moment gauge and flavour group symmetry.

Scalar Component

Following the generic twisting prescription (4.44)) the twisted Lagrangian ob-
tained from the scalar Lagrangian (3.132]),

Ly = Z (do + 2ir — i +1T) domm (do — 2ir + i +iT) Gommm— (C+1) Gt Gemim
Imm

(4.92)

with (¢ + 1) the mass of the (¢,m,m) scalar mode on R x S3 corresponding

to usual conformal dimensions in the free, conformal limit, and 7 the generic
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twisting defined in equation (4.44]). Thus after Wick rotation (4.4]), we have for

the associated free path integral,

Zy(s,u,2,7) = [] det™ [ (dr = Sr+ 14T, )+ (£ + 1)2] : (4.93)
Imm
with Tgfnm(s, u,z, ) the eigenvalue of the mode ¢y,,7 under the T' operator de-

fined in equation (4.44)),
[T7 (bﬁmm] gmm(bfmm <494)

with the following conventiong!]

[R> QsémﬁL] = T¢€mr’n s [J?n ¢€mm] = m¢€mr’n s [j37 ¢émm] = m¢€m7’n 5 (497)
which then leads to

@
Témm

($,u,2,T) = Y + Yam + 37,7 . (4.98)
Evaluation results that the partition function is given by,
Zy(s,u,x,7) = Cp Pexp(—205r (8,2, T,u) — 20—0 (s, T, x,u)), (4.99)

where o is here defined as,

o=3r—1, (4.100)

where the normalisation Cy is the Casimir energy factor, and,

o (80,0, 8) =u" Yy X1y, s2UHtHl=o) (4.101)
=0

l\?\r\

INote that the angular momentum conventions mean that the harmonics considered are
slightly unusual in the sense that,

[JS» ¢EmmYVEmrh] = —¢émmjsyémm = [JS» ¢Emm]nmﬁz7 (495)

hence,
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in terms of standard SU(2) group characters for spin j representations,

x2j+1 _ x—2j—1

wie)= = 3 =

m=—j

4.102
T — ,’L‘il Y ( )

allowing for more general unrestricted values of j, o, r for later. The partition
function in equation (4.101)) can be evaluated explicitly,

Zjor(8,u,2,7) = 32j+2_2”urP(s, z,2)Cj(s,x,T), (4.103)

where, Cj(x), P(s,z,Z) have been defined in equations (2.127)), (2.136]). Thus,
for 0 = 0, equation (4.99) is in accord with the contributions expected for free
scalar fields with R-charge j:%. Note that for a general conformal field theory, not

assuming supersymmetry, z;jo. (S, u, ¢, ¥), 2j0—(s, u, T, z) are contributions to the
single particle partition function for spin (7, 0), respectively (0, j) free fields, with
respective R-charges +r

Fermionic Component

The twisted Lagrangian for the spinor matter field is given by,

L3 = 3 G (00 + 37 = 1= T = 5 (04 3)) U, (4104)
Immk
with Tfmmﬁ(s,u,x,f) the eigenvalue of the mode y,,m, under the twisting T
(@.44),
Tfmmﬁ(s, U, T, T) = Yom+ m+ s7(r —1). (4.105)

The associated determinant is given by,

Zy(s,u,z, ) = [ det(=0+3r=T0,,_+0+3) T[ det(d,—&r+T,.., +0+2) .
Imm — Imm +

(4.106)

which may be evaluated to give,
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with Cy, the Casimir energy factor. Again, this is consistent with the ordinary

conformal case, o = 0, for j = 3.
The Chiral Multiplet Index

Since the F' terms lead to trivial contribution in (3.96)), the full modified par-

tition function is therefore given by,

Zo(s,u,x,%) = Zg(s,u,x,T) Zy(s,u,x,T) = CoPexp(ze(s, u, z, T)+25(s,u,x,7)),
(4.108)

with the Casimir energy factor,
Co = CyCy, (4.109)

and where the effective single particle partition functions for the chiral and anti-

chiral scalar multiplet are given by,

ze(s,u,z,T) = ( Zlgr_1 = Z0or )(s,u,z,T), (4.110)
= 3" P(s,x,7)(Cy — su_lC%)(s, T, T),
25(s,u,x,%) = (z% colr—20-0—r)(8,u, T, ) (4.111)

= s""u""P(s,2,7)(Cy — suC%)(s, T, T).

This is consistent with the ordinary superconformal case, for ¢ = 0, r = %, with
contributions to the generic partition function from a multiplet with spin
(7,0) or (0,7) and conformal dimension j 4+ 1. The conformal chiral multiplet is
a the j = 0 special case of the characters formula for the (1,3) and (3,1) rep-
resentation of the superconformal algebra given in equation . One should
note however that the analysis performed in this chapter provides us with a more
general result than the latter equation, as we have, in a sense, obtained a formula
for the (1,3) and (1, 1) character for a multiplet whose R-charge and scaling di-
mensions are not constrained by equation . This is due to the fact that
the ), S supercharges do not generate symmetries of the theory considered here,

so the multiplet is somewhat shortened, but the constraints associated with the
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superconformal algebra commutation relations do not apply.

To evaluate the index we make the variable change ([2.141]) and obtain,

13 t"
o(t,7) = 2yt —ty Tl —x) = . (4112
ZCD( 737) Z@(y Y ) Yy Qf) (1 _ tiC)(l _ tﬂ')il) ( )

103 2
st r) = za(yz. y2t ' —ty™! —x) = — 4.113
ZCIJ( ,.’13‘) Z@(y Y ) Yy, 37) (1 _ tl’)(l _ tZL'_l) ’ ( )

showing that, indeed, the y dependence drops out, as expected. Obviously, the
full single particle index (1.8]), modulo gauge and flavour symmetry, discussed

shortly, is the sum of the two contributions above.

4.2.3 Vector Multiplet Calculation

Vector Component

Consider a non abelian gauge theory. The vector index will be computed by

twisting the following free path integral,
Za = /dAO dA,, A §(gauge fixing) e 54 (4.114)

with A is the Fadeev-Popov determinant associated with the gauge-fixing choice,
§ a Dirac-delta function, and S, the vector field action on S' x S? canonically
normalised as in equation (3.110)). Consider the Aq field and decompose it as,

Ap(T,w) = (1) + B(1,9), (4.115)

with a(7) the constant holonomy mode over the sphere for Ay,

a(r) = /d3Q Ap(7,Q), (4.116)
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and B the spatial fluctuations of Ay. a(7) is a zero mode as its quadratic action

vanishes and it can hence be independently rescaled,

a(r) — 504(7’). (4.117)

Following this rescaling, in the free field theory limit, the action for the vector

field is given by,

L[B] = BD®B, (4.118)
L[An, o] = Ay ((0- —ila,.])? 4+ 46,,,D* — 4D,D,,) Ay, (4.119)

with D? the scalar or vector laplacian on S®. From now on, for notational pur-
poses, we will denote —i[e,.] by —iay, and oy is a matrix to be taken in the
appropriate representation of the gauge group G for the field under considera-
tion. The path integral associated with B hence yields the determinant of the
scalar laplacian,

(Det D?) "2 (4.120)

Having integrated out the B fluctuations defined in (4.115)) on the free field theory,

one can impose the following gauge fixing on the remaining «, modes,
O0ra, =0, (4.121)
which leads to the following Fadeev-Poppov determinant,
Ag = Det(d, +iay) . (4.122)

It can be computed in the same fashion as previously. Assume that the matrix

« has a set of eigenvalues {\;}?_, the determinant is given by,

n n 1
Ao = [T IT (kw +ix = X)) =MB ] (1 — (38N — Aj))z) ,
kez* i,j=1 ij=1
n 2 .
=Ms ] EIaw sin(28(\ — Ay)),

i,j=1
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where we have used the infinite product formula (4.84]) and the definition of the

prefactor M in equation (4.85)). Given the integration measure for a,,

dag = [Tdn T = Ap)? (4.123)
=1

i<j

one can identify dayAy with the left-right invariant measure over matrices,

g = exp(ifay), (4.124)
in the following fashion,
dogNo = dp(g) = [ [ dX [ [ sin® (380N = \;) . (4.125)
i=1 1<

We now decompose the vector field A, into an exact and a a divergenceless part,
A = B + Vo, (4.126)

with B,, a divergenceless vector. Imposing the following gauge fixing condition

on A,,,

DAy =0, (4.127)

implies no restriction on B, and the following on ¢,
D?¢ =0, (4.128)
Hence the associated Fadeev-Popov determinant is:
A; = DetD?, (4.129)

Also, substituting the expression for A in terms of exact and closed contribution

shows that ¢ drops out of the action (4.119), as

V06mpD?*V 6 — V.0 D, D, V0 = 0 (4.130)

102



4. INDEX AND LOCALISATION

where we have used the no torsion condition,
[Din, Dl =0, (4.131)

with D,, the spacetime covariant derivative. Acting on the scalar ¢, it is just
the Killing vector V,,, acting on the vector V,,¢ it is the spacetime covariant
derivative defined in equation (3.26)). The term containing a time derivative
involving ¢ can just be integrated by parts away, thanks to the gauge fixing
condition on ¢ equation . Consequently, the overall contribution from ¢
to the path integral is given by,

/ [d$]6(D%¢) = (DetD?) 2 . (4.132)

Overall, all laplacian determinant factors from fluctuations of Ay in equation

(4.120), the FP determinant of the spatial gauge fixing-condition (4.129) and the
integration of the the closed part of the vector A, in equation (4.132) all cancel.

At this point, we have reduced the computation of the path integral to the

following,

Za(s) = / di(g)Za(s,g) (4.133)

Za(s,g) = / [dB,]exp (_ / c[Bm,ag]) : (4.134)

with g gauge group matrices defined in equation (£.124)), du(g) the gauge group
integration measure, while B,, is a divergenceless 3-component vector and the
dependence on s defined in arising from the [ periodicity in the time
direction. The Lagrangian for the spatial vector only includes contributions from
divergenceless B,,,

LB, o] = By, ((0; —icg)® +4(D* = 1)) By, (4.135)

2
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where we have used the following identity,
(D, D) By = 1 (6mpBr — 61pB) (4.136)

to obtain the divergenceless vector action from the vector action in equation
(4.119). Expanding this action in divergenceless vector spherical harmonics as in
equation (|3.179) and applying the generic twist leads to the following expression

for the generic partition function,

Za(s,u,x,%,9) H det™ [—(d, +7mep iag)® + (€ +2)°] (4.137)

Immp

with the following expression for the twisting,
Timmp = Ya + Y70, (4.138)

Also Tr e is the gauge character factor which one finds in equation (2.19) in
[36]. Also when matter chiral fields are coupled to a gauge sector, an extra term
—iay has to be added to the twisting of the partition function (4.93)), (4.10€]), with
o, in the appropriate representation of the field considered. Also note that the
integral measure dy(g) naturally arises from this path integral analysis, and that
the integration over the holonomy zero-mode in the path integral corresponds to
the projection onto gauge singlets in the approach based upon character calcu-
lations[36]. The holonomy around the time circle Tr g can also be thought of as
a Wilson loop around the time circle [104]. One should note that, when setting
the twisting to the appropriate value for the computation of the full supercon-
formal index, one can proceed similarly as in equation to show positive
definiteness of the action.

Here it is useful to consider the o, term as an extra contribution to the
twisting, and, using,

Trag;.f(oy) = Trag f(—ay), (4.139)

evaluating the path integral in terms of determinants, similar to the scalar field

104



4. INDEX AND LOCALISATION

case considered earlier, we obtain,

Za(s,u,2,%,9) = CaPexp (—(z100(s, 4,2, %) + 2100(5, 4, T, ) xa4.(9)) ,
(4.140)
for the contribution of the vector field to the overall path integral. Specifically,
the single particle partition function z1g0(s, u,x,Z) (resp. zi00(s,u, T, x)) corre-
sponds to p = + (resp. p = —) harmonics as defined in equation . Also

we have denoted,
Xr(9) = Trrexp(ifay) (4.141)

the gauge group character in for representation R. The integration over the gauge
group follows from the coupling of the chiral multiplet to the gauge field Aq and

the associated zero-mode «.
Gaugino Component

The gaugino action can be written directly by essentially modifying the time
derivative in the quark action considered earlier and taking a trace over the ad-

joint representation,
LY = Traq. > N (dr + T — g + K0+ 2)) N (4.142)
Imm kK

The associated path integral may be evaluated similarly as before to give the

following contribution, apart from an overall normalisation,

Z\(s,u,x,T,g) = C\ Pexp ((25,0,1(57% x,T) + 2%707_1(5,10, f,x))XAdj_(g)> )
(4.143)

Here, the k = + left-moving harmonics give rise to the first term 2%01(3, U, T, T)

in the single-particle partition function.
The Vector Multiplet Index

The full modified partition function, in the absence of coupling of the gauge
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sector to matter, is given by,

Zy(s,u,x,T) = /d,u(g) Za(s,u,x,T,9)2Z\(s,u, 2, T, 9), (4.144)

and the single particle partition function is given by the following,

2y (s,u,2,%) = ( zvy +2v., )(s,u,2,T), (4.145)
2v(s,u,x,T) = (2%01 —2100)(S, U, 2, T) , (4.146)
ZV,T(S7Uax7j) = (250—1_2100)(872%:%71’)7 (4147)
where the two equations correspond to the contributions from left (p = —) and

right sectors (p = +) with p defined in (3.127). To evaluate the index we make
the variable change (2.141f) and obtain the single particle index,

iV (tv SL’) = (iV,l + Z.V,r)(twr)y (4148)
L3 12
v (t, o) = oyt —ty ) = 4.149
ZVJ( ,Zlf) ZV,l(y Y ) Yy, ZL‘) (1 —tl')<1 — t.’ﬂfl) 5 ( )
) t2 —t -1
iv,e(t o) = 2y, (Y2, Y3t —ty ™ —x) = ( (+27) _ (4150)

1—tx)(1—tz1)’

with no y dependence.
Gauged, Flavoured Chiral Multiplet

Here we assume that the chiral multiplet considered in the last subsection
belongs to a reducible representation of the gauge group GG and flavour symmetry
group H. Each component we assume transforms in a representation R, of G
and Ry, of H and has R-symmetry charge r;. The effect of the flavour group on

the twisting (4.44]) is that
T T+ia (4.151)
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where o, is an element of the flavour algebra H. The chiral multiplet lagrangians

(4.92) (3.156]) then become,
LY = > Tr (—(dT — 3 1+ T — iy i)+ (€ + 1)2> Y

Ly = Z Tyt (dT—§r+1+Tgﬁm—z‘ag+z‘ah+n(£+g)) o

Evaluation of the path integrals associated with the previous lagrangians (4.152)),
(4.152)) proceeds as before, using, for any analytic function f,

Trg, flon) = Trg, f(—an), (4.152)
and similarly for GG. This leads to the contribution,
Za(s, ., 2,9.h) = [ CoPesp (20,502, 2) g (9)m, (1)
z (50,2, )X (DX (1) (4153

where we define the characters xr.(9), xr.(h) as in equation (4.141)), the sin-
gle particle partition functions defined in (4.110f), and the Casimir energy factor

(E109) .

The Full Index

As the D and F' term contributions are trivial so that we finally obtain for

the partition function,

Z(Su u,x, 'f7 g, h):CVPeXp(ZV(Sa u,x, E)XAdJ(g»
<H C@iPeXp(Zq)i (57 u, T, i)XRG,i (g)XRH,i (h)

+ 2y, <S7 u,x, j)XRG,i(g)XRH,i(h))) 7<4'154)

This is consistent with expectations for free field theory for chiral/anti-chiral
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multiplets with spin % primary fields. For the full index we obtain,
Itoh) = [ dulo)Pexpi(t,2)xna. ()
H C<I>,i Pexp (i‘P,i(t? 'T)XRG,Z' (g)XRH,i (h)

Obviously this leads to (|1.8]).

4.2.4 Casimir Energies

The scalar and fermionic Casimir energies are given by the following [104, [L05],

lnC’qj:—i(é—{—l)g, lnC¢:2i(€+%)(f+1)(€+2), (4.156)

as the scalar modes with energy (£+1) have a degeneracy (£+1)?, as they fall into
a (£, £) representation of SU(2)r, x SU(2)g. The spinor modes with energy (¢+2)
have degeneracy (¢+1)(¢~+2) arising from their being in a (51, £

This has to be regularised using zeta function regularisation [106],

) representation.

((s)=> n* (4.157)

neN*

which converges for s > 1 and can be regularised to take finite values for s
negative. This leads to,
1 17

InCy = —— InCy=InCy=——
HC¢ HC¢ HC)\ 480’

4.158
50 (4.158)

with the Casimir energy for the gaugino the same as the one for the quark, and

the vector contribution given by,

o0

mCy==> (C+1)((+2)({+3)=—
£=0

11

—. 4.159
120 ( )
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4.2.5 On Positive Definiteness and Localisation

One has to emphasize that the formula for the generic partition function
is not valid in an interacting theory and is only valid for free field theories. The
index is not modified in interacting theories, and, in four dimensions,
does not receive any non-perturbative contributions. This observation relies on
the positive definiteness of the action considered, so that the free field theory limit
taken in the localisation procedure is well defined. Consider the twisted
action appropriate for the computation of the scalar field index. The propagator
can be rewritten in the generic form (4.81)), with,

a = A = 2m + 1+ (=1 + 2m) + v,.2m b=bym=0+1, (4.160)

One can then note that the corresponding action amounts to a positive definite
quantity, provided we assume 7, 7 to be real, from the factorisation of the
determinant given in the third line of equation (4.83)). This then makes the limit

(4.83)) well defined as the localisation action is positive definite.

4.3 Further Generalisations of the Index

The index we have focused upon can be generalised in various ways, including
the deformation of the 3-sphere to less symmetric spaces which preserves the
symmetries relevant to the definition of the index [107]. Also, one can generalise
the index by gauging the flavour symmetry and integrating over the flavour group

in the same fashion as we have so far for gauge symmetry.

4.3.1 Deforming the 3-Sphere

Orbifolding

As was mentioned in the previous chapter, one can compute the index for

spaces that preserve a subset of the superconformal algebra which includes at
least (3.30). The sphere we have used to define the index can be deformed in
a way that preserves the isometries in (3.30) and, most importantly, the super-
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charges @, S' at least. For instance, the index can be computed on lens spaces
St x L(p,q), with (p,q) two integers parameterizing an orbifold on the 3-sphere
[107],

2miq

_2mi
% {(21,20) € C*l |21 ]* + |22)* = 1}, (21,20) ~ (e 7 z1,e » z9), (4.161)

where the orbifold action is chosen so as to preserve the supercharge Q. The
important difference between the calculation on S® and the one on the lens space
is the degenerate set of vacuas labelled by the holonomy along the Hopf fibration
direction of the underlying 3-sphere, which breaks the gauge group to product
of p subgroups, and hence modifies the measure of integration appropriate for

projection upon gauge singlets.

Squashing the 3-Sphere

Also, bearing in mind the relation between N/ = 2 partition functions on 3-
dimensional manifolds and the corresponding index once a temporal S* is added
to the space [108], a similar construction is given in [61]. The partition function
for 3-dimensional squashed sphere is given and the partition function computed
for squashed spheres preserving either SU(2), x U(1), or U(1); x U(1),. At a
technical level, the reduction from 4 to 3 dimensions can be performed along fol-
lowing the prescription. Considering equation , the dimensional reduction

from four to three dimensions can performed as,

[T [-Gkw + a)* + 1°] — —a® + 07 (4.162)
kEZ
For instance, one can check that our result for the generic partition function
agrees with the partition function given in [109] following a similar localisation
prescriptions. This relationship between 3 dimensional partition functions and
4 dimensional index was emphasised in [108] [110] and lead to the conjecture of
new supersymmetric dualities for d = 3, N’ = 2 theories based on the dualities

for the parent d = 4, N’ = 1 supersymmetric dual theories.
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Chapter 5
Index on Squashed-Sphere

Here we compute the index for R x S? with S? the squashed sphere, and e denotes
the squashig parameter to be defined below. We first compute the following

quantity,
Tr(—1)Fe %, (5.1)

where H will be defined as the square of the appropriate supercharge.

Later on we show that the expression for the full index on the squashed sphere
is the same as on the round sphere. Computation also shows that the final result

is identical to the one on the round sphere.

5.1 Differential Geometry and Killing Spinors

5.1.1 Differential Geometry

Following [61], consider the following right invariant one-form p™ = p™ da*,

defined in terms of the round sphere right invariant one-form given in equations

B.10). @11,

pt=A{pt =et, pt=e, u’=ee’}, (5.2)

with e the squashing parameter. The left invariant one-form is the same as on the
round sphere (3.12)), and so is the right-invariant vector field. The left-invariant
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5. INDEX ON SQUASHED-SPHERE

vector field fi,,, = p1,,,*0,, is a deformed version of (3.14)),

i = {1 =V, pp=Va, pz=e'Vs}, (5.3)

the round sphere is given by e = 1. When e # 1, the sphere is squashed and has
a U(1), x SU(2), isometry. The spin connection is given by the following,

Winnp = —3€€mnp + Omz(e — € epps (5.4)

with €103 = 1. We will also need the Riemann tensor for the squashed sphere,
Runpg = b i (B )pg s (Buw)pg = (Optwy — Opwy + [Wy, W ])pg » (5.5)
as well as the Ricci tensor and scalar
Ry = Ripnps R=R,n. (5.6)

For the squashed sphere, the only non-zero component for the Riemann tensor

Rinpq are given by,
Ri219 = %(4 - 362) , Riziz = %1627 Rase3 = %62. (5.7)

and the Ricci tensor, scalar, are given by,

0
Ry = 0 1-1e2 0 |, R=2-3i. (5.8)
1
3¢’
One should note that R = % for the non squashed sphere. Usually one finds
R = 6 for the unit sphere. This would be the case had we defined the vielbein
such that [V,,, V,] = 2€,,,,V, on the round sphere. Instead, we have chose the
normalisation of the dreibein such that [V,,, V| = €04V, which translates into

the Ricci scalar definition by rescaling it by 4. Finally, the Bianchi identity reads,

€npqRormpg = 0. (5.9)
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5.1.2 Killing Spinors and Twisting

There are no Killing spinors on the squashed background [61]. The covariant

spinor covariant derivative is given by,
DX = Vi X® + tie(xom)® — 3i(xo3)*6msle —e™") (5.10)
Take a time dependent, spatially constant spinor €* o 6. In that case
(D 4 1Vip)e™ = 3ie(€0,,)* (5.11)
with the following definition,
V., = %(5m3(e —e ). (5.12)

Here, we have shown that by turning on a background gauge field associated with
a U(1) global symmetry B under which the Killing spinor is charged, one can turn

constant spinors into Killing spinors for the squashed sphere. Given that,
Re® = €, (5.13)

one could be tempted to identify this global symmetry B with the R-charge. How-
ever, as was pointed in [51], at the classical level, the R-charge is indistinguishable
from,

B=R+Y s/F, (5.14)
I

with F7 all the non-R flavour charges of the global symmetry group F and s;
arbitrary real parameters. Consequently, we define the spatially twisted covariant

derivative as,
D,,=D,,+1iV,,B, (5.15)
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with B a global symmetry for which a background gauge field will now be turned
on. B also verifies equation (5.13)), and D is the spacetime covariant derivative,

DAy = pimAn + WinnpAyp (5.16)
DmXa = MmXa T %‘wmnpenpk(o-kx>a ) (517)
D = i (5.18)

We will also need the field strength associated with the background B-symmetry
gauge field,

By definition of V,,, in equation ([5.12)), the field strength is given by,
Fon = _%eemnp‘/:v . (520)

Having turned on the background R-charge gauge field, the Killing spinor equa-

tions are given by,

Dye® = tie(eoy,) Doe™ = jiee” . (5.21)

One can then give the commutator of the twisted covariant derivatives,

Dy Dl Ay = ibaFmn Ay + Rompa Ao | (5.22)
(D, D) Vo = by Frnnta + iRmnqupqs<O-sw)a , (5.23)

with by the eigenvalue of the field X under the symmetry B. Note that the last
equation shows that, in this context, the twisting procedure is in fact a torsion

procedure, as we have, from the geometric point of view, introduced torsion on

this spacetime as seen from equation ([5.24)). Applying equation ([5.23)) along with
(5.21)) to the Killing spinors gives the following consistency condition,

EmpnFmpE” = (%R — iez)(ean)a — Ryn(€om)®, (5.25)
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5.2 Lagrangian and Free Partition Function

5.2.1 Matter Lagrangians

Consider the usual R x S? scalar field Lagrangian and apply the twisting defined
above which allows for Killing spinors on the squashed sphere. After some fid-
dling with mass parameters, one can then define the following Lagrangian which

exhibits supersymmetry on R x S,

Ly =—(i0y — %er + €)@ (i + %er —¢€)¢ — 4D,,¢D,no + (%rR +e? - %reQ)ngb,
‘Cw = —@a(iﬁo + %67" - 6)% + 21 @Ea(am)aﬁpmwﬁ ) (526)
Lr=FF. (5.27)

The supersymmetry transformations are given by,

500 = "o, (5.28)
L0t = e, (5.29)
% S = i€ 0y — 2i(€01) D@ + 2ird(Dynec,y,)® (5.30)
T5O0F = — (i — 57 + €)Pa + 2i(€07) Dy - (5.31)

One can check that these supersymmetry transformations reduce to the ones given
in equation (3.62)) for the round sphere. The commutators of the supersymmetries

on the fields are given by,

$10,0] ¢ =idood + Serg — 2iV,, Do, (5.32)
110,0] 6 =idod — 3erg — 2iV, Dy, (5.33)
110,0] Yo = i000a — 20V (Dpth — ieom ) + 2e(r — Dby, (5.34)
110,0] ¥ = i00va — 2V (Db + Yieom ) — 2e(r — Dbe,  (5.35)

with V,,, the Killing vector defined in equation (3.55)) by contracting a Pauli matrix

between two Killing spinors. Taking,

a —it

€ =e2 60, e =e?d, (5.36)
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and denote by d1, 6' the corresponding supersymmetry transformations. One can
then compute the commutator of the supersymmetries acting upon the various
fields of the theory. By definition of H,

HX =1[6.0'] X, (5.37)

1
2

for any field X. The relevant fields for the computation of the index are (¢, v,,)
and the conjugates (¢, %), hence,

(
Ho =i0yp +e H(3r —2iV3)o, (
Hi/Ja = ia{ﬂ/}a +e _QiVBwa - (031/})& + %T% - %) + %6% ) (5'40
M = i)™ + e (=2iV3)® + (Po3)* — $rg® + %) — geg®,  (

H¢ = Zao¢ + 6_1(%7” — 2iV3)¢,
1

(

One should note that contact can be made with the squashed sphere partition

function of [61], whose Lagrangian is given by,
Ly = Dm¢Dm¢ — 2e*rsp(2rsp — 1) + Lrsp R, (5.42)

To match the three dimensional Lagrangian ([5.42)) with its four dimensional coun-
terpart (5.27)), one can shrink the radius of the temporal S! to zero and hence

set 0y to zero, and identify identify the 3 dimensional R-charge as,
r= %7’3[) , (5.43)

As the 3 dimensional R-charge is implicitly contained in the three dimensional
Lagrangian in the spatial derivative term through the twisting, and that the R-
charge is the U(1) symmetry which is used to construct the twisted Lagrangian
in 3 dimensions, one cannot take B in to be the R-charge in 4 dimensions. We
need to take B such that,

[B,¢] = 3r, (B, ] = %r -1, (5.44)

2

We are now ready to compute the index as a free field partition function.
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5.2.2 Free Field Theory Partition Function

Scalar Component

One can then rewrite the Lagrangian after Wick rotation the time direction,

which leads to the following Laplacian.

Ay =—(0,—2er+e)*—4(ViVi+VaVaote *(Vi—3ir(1—€?))*) +e*+3r(1—¢),
(5.45)
In order to compute the index, one needs to twist the time derivative appropri-

ately,
H—H, (5.46)

where H can be read off from equation (5.38). The twisted laplacian is the such

that the Wick rotated time derivative part is modified to,
Or = 0- +e " (2r+2m), (5.47)
Spinor Component

A similar analysis can be performed for the spinor Lagrangian. The action

for the spinor can be rewritten as,

Ly = P(i0y —2i(01V 1+ 03V +e tosVs) + %e(r— 1) —e 4 (%7"— 1)(6—6_1)03)’1/1 ,
(5.48)

One can then rewrite the Wick rotated Dirac operator as,

D' D2
D = 5.49
<021 D2 (5.49)
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with,

Dyt = =0, +3r(e—e V) + Le(3r — 5) — 2¢7\iVy, (5.50)
D% = —2i(Vy —iVs), (5.51)
D," = —2i(Vy +iV,), (5.52)

(5.53)

Dy? = -0, + %e’lr — %e —2¢ 1 +2e74V, ,

Applying the twisting ({5.46[), modifies the following entries,

D' = D' = —0, +3r(e— e ') — 4e iV, (5.54)
Dy? — Dy? = -0, , (5.55)

where one should note that the twisting is not the same for the first component

of the spinor and the second.

5.2.3 Determinant Computation

Scalar Component

One can then expand the scalar Lagrangian in terms of S? spherical harmon-
ics, as these constitute a basis of three dimensional function, as well as a Fourier
modes along the S time direction, which implies the correspondence between the
time derivative and the eigenvalues 0, ~ tkw with k an integer, and w the funda-
mental Matsubara frequency of the time interval define in equation . One
can then apply the twisting . This leads to the following twisted laplacian

eigenvalues,

Apjm = —(ikw — 3r(e —e ") +2me™" + €)? +4j(j + 1) — 4m® (5.56)
+(@2me " = 3r(e—e))? + €+ 3r(1 — )

with the following quantum numbers,

keZ, jesZ, —j<m<j. (5.57)
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This expression can be factorised when m = j,
Ayjj = —ikw (ikw + 4je™" +e(2 = 3r) + 3e7'r) (5.58)
When m # j, the factorisation is,

Apjm = —(ikw — B )(ikw — E5,.) | (5.59)

jm

with,

Efm =—(2m+ %r)e_l + e(%r -1) (5.60)
£ /(@me + e(1 — ) + Se-1r)2 4 4(j — m)(j +m + 1)

Spinor Component

One can then expand expand the spinor Lagrangian in spherical harmonics
as for the index on R x S3, after Wick rotation. The Dirac operator can be block

diagonalised by the following set of spinors,

eikwr 4 ‘]7 m> ’ 6ikw7 ’37 ]> 7 (561)
j,m + 1) 0

with the following (half-)integers,
keZ, jesZ, —j<m<j (5.62)
and the following representation for the rotation generatators,
Tslj,m) = iVs|j,m) =mlj,m),  Jeljm)=(GF1ljim=E1)  (563)

Note the expression for J3. Why did we change representation for the rotation
generators? Here, the most convenient way of dealing with the Dirac operator
is to consider harmonics of SU(2); x SU(2), x SU(2)spin- Before, we considered
harmonics SU(2), x SU(2),, as the latter group was implicitly including the spin

connection term when needed. In other words, we separate the action of what
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remains SU(2), into spin and orbital angular momentum. This leads to the
following Dirac operator, after performing the twisting (5.55)), when acting upon
this basis of spinors,

D=

N ( —ikw —4e'm —3e7'r + (3r —2)e —2(j+m+1) ) ' (5.64)

—2(j —m) —ikw
and the associated determinant is,
Dijm = ikw (tkw + de 'm+3e~'r —e(3r —2)) —4(j —m)(j + m+1), (5.65)
which can be factorised once again as,

Drjm = (tkw — E;Lm)(zk:w - E.), (5.66)
with Efm defined in equation . One can then compute the determinant
associated with the index defined in equation , which is just the ratio of
the product given of eigenvalues for the scalar Laplacian and the Dirac
operator . As there is an infinite set of states which contribute to the index
, we need to restrict our computation to a given value of j and k to compute
both products. Given that there are 25 + 1 degenerate states contributing to the
determinant for both the scalar and the spinor determinant, which are due the
the SU(2), ismetry of the squashed sphere, the following holds,

Ty (—1) e 7 = ﬁ Piim _ (—1)%+! (5.67)

with the subscript k, 7 denoting the restriction to the subspace of spin 7 and wave
number k, and where the appropriate determinants for the scalar and the spinor
Lagrangian had been defined in equations and . This expression
is the one we expected, so we are doing something right. It shows that our
supersymmetric theory is consistent, and that the object we have defined is truly
an index. Hence, it receives only contributions from the kernel of the twisted
Hamiltonian H. By identifying those states, one can compute the full index on

the squashed sphere, which we are now going to define.
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5.2.4 The Full Index on the Squashed-Sphere

We need to define the set of operators which commute with the supercharge
associated with the supersymmetric variation ¢;. In the flat space situation, the
only such operators are H, —R+2J3, J;5. They are defined as the operators which
commute with the charge )1 of the superconformal algebra, or equivalently, the
corresponding Killing spinor. Here we do not have such algebra, but we have the
Killing spinor in question. The commutation relations of the Killing spinor with
R, J; are unchanged compared with the round sphere. Let us focus on J3, and

given that the Killing spinor is constant €' oc 0,
Tze = ke, (5.68)

hence the definition of the full index on the squashed sphere is identical to the
definition on the round sphere . To compute the index on the squashed
sphere we then need to identify the states which contribute to the index as they
are in the kernel of the twisted Hamiltonian 7. One can then canonically quantise
the theory as set out in section . One can then recover the formulas

and (3.163).
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The Multiparticle Index

We have only focused on the single particle index so far. There are different
approaches one can take to compute the full superconformal index. The generic
approach is to compute take a large N limit in the number of colors considered.
This allows one to compute an approximate result for the full index up to O (%)
correction which can be compared with the corresponding result for the dual
theory [36]. This approach is also used in routinely in 3 dimensional calculations
[78, |12]. The second approach allows for an exact matching of indices and relies
on the theory of elliptic hypergeometric functions [111} 36|, and relies on recently
discovered identities which from physicist’s point of view relate indices on both
sides of Seiberg dual theories [36, 42, |43} 112, 35| (113} [114]. It also yields exact

results for 3 dimensional partition functions [108§].

6.1 Matching Indices with Generic R-charges

6.1.1 Indices for Seiberg Dual Theories

In this section, we consider the large N, limit of an SU(V,) gauge theory and show
how an exact expression for the index in this limit. We also take the number of
flavours Ny to infinity, while keeping the ratio of the number of flavours to colors
%—’: constant. However, we depart slightly from the standard theories and
(1.2) and relax the constraints on the R-charges for the various fields. Imposing

the matching of the index in the large N limit will then be shown to allow the
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recovery of the appropriate quantum numbers.

Field | SU(N,) | SUN;) | SUNy) | U()s | U1)x
¢ ! ! 1 L rq
Q | 7 1 [ IR
A adj. 1 1 0 1

Field | SU(N.) | SU(Ny) | SUNy) | Ul)g | U()g
q Ji f 1 NC/NS T
q f 1 f —Ne/Ne | g
A adj. 1 1 0 1
M 1 f f 0 (9

Figure 6.2: Seiberg Magnetic Theory, Generic R-charges

Note that the R-charges for the vector multiplets V and V are fixed by the su-

persymmetry algebra on R x S given in equation ([3.83)).

One can then read of the single particle index for the electric theory with field
content given in figure (1.1)) combined with the formula for single particle index

for chiral multiplet (2.88]) and vector multiplet (2.87)), the single particle index
on the electric side is given by,

ip(t, x,v,y,zjf, z)
(1 Ett:c;(ixj(g—l) (P (2)pn.(z1) — 1) (6.1)

- 1- tm)(ll " (t"2v pn, (V)P (2) — 27720 py, (v pn (27)

+t'ev  pi, (F)pn. (27) — vy, (5 Do (2))
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while on the magnetic side,

7’]\4(t7 r,v,y, S’a Z)
2t% — txo()

- (1 —tx)(1 —tz?) (pNC(Z)pNC(Z_l) - 1) (6.2)

- ta:)(ll — tz1) (£ 0pn, (V) (2) = 5770 o, (VDo (27

+ 0 (Vg (271) — T pn, (5 e, (2)
+trMpr (y)pr ()7_1> - tz_TMpr (y_l)pr (5’)) )

where we have introduced the following gauge variables,
z=1(21,22,..-,2N.) (6.3)
a well as the flavour variables,
y= Y2, Un;), Y= 0,0 ,0n,), (6.4)

and the flavour and gauge characters xr(z) and xg(y) for z denoting elements of
SU(N,) and (y,y) denoting elements of SU(Ny) x SU(Ny),

n

Xsuw), r(z) = Z zi =pn(2), (6.5)
i—1
Xsun), 7(z) = Z it =pn(z), (6.6)
i=1
Zi _
Xsumadi(z) = Y = —1=py(@)py(z") -1, (6.7)
1<i,j<n Z

while imposing the unitarity condition on z appropriate for SU(N),

N

One can rewrite both single particle indices in the following generic form,

i(t,z) = f(t)(px(2)pn(z ) = 1) + g(t)pn(2) + g(t)pw(z 1) + h(t) . (6.9)
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with,
t=(t,2,v,7). (6.10)
The full index associated with i(t,z) is given by the plethystic integral,
I(t) = / du(z) exp i li(t”, z") (6.11)
SU(N) n

n=1

with the left-invariant measure on SU(N) defined as,

/S . dp(z) =

—_ do; | | 4sin?1 . 6.12
(27T “IN /w<91<92< <On_1<m H H %) ( )

=1 1<j
The measure factor can be rewritten as,
H 4sin*1(0; — 0;) = H exp (— ﬁem(ei_(’j)> (6.13)
1<j i#]
which leads to the following expression for the index,
N-1
I(t) = / ] d6: Pexp(—S(t,6)) (6.14)
i=1
with the so-called action S(t,8) defined as,

S(t,6) ()Y et t)Ze’w"—g(t)Zewi—h(t)jL F(t) (6.15)

i#j

6.1.2 Infinite N Limit

One can then take the large N limit, which has as a main consequence to replace
the integration over {#;}X7! by a functional integral over a continous variable

[df] ranging from —7 to 7w such that,

N-1

(0, —>N/ dz £(0, (6.16)

=1
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One can then evaluate the full index in the large N limit by considering the

density function for 6 defined as,

p(8) = 0 (6.17)

The integration measure for the path integral (6.14)) in terms of the Fourier modes
of p,

=N / dfp(H)e™? (6.18)

which leads to the following expression for the path integral measure,

N-1

Hd9 — [df] = H —dpndp_y . (6.19)

n>1

One can then rewrite the Plethystic exponential in (6.14]) as,

—Log Pexp(—S(t,0)) —

[e.o]

> % (L= fE"))pnp-n = g(t")p-n — g(t")pn — h(t") + f(t")) , (6.20)

n=1

and we are now left with a Gaussian integral which can be computed exactly,

with the following saddle points,

g(t") gt .
pn:l——f<t7L)7 P—n = 1—f(t)’ n €N (621)

and the expression for the index in the large N limit is then given by,

In_o0(t) = Pexp <f(j)§]f((?) — f(t) + h(t)) H 1—;]‘(‘5”) . (6.22)
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With the definition (6.10]) for t, one can apply the previous analysis to Seiberg

dual theories,

filt) = s 2 ), (629
96(t) = Ty e ) — e (), (6.24)
91(t) = T e ) — 2 (), (6.25)
() = [ o (5) O ) (620
) = s 5 = e 7). (62D
he(t) =0, (6.28)
rlt) = gy P D (57

— " Mpy (v N, (7)), (6.29)

Equating the indices on both sides of the duality then imposes the following

restrictions on the R-charges of the various fields in the theories,

TQ+Te ="M, (6.30)
Tqtrg =2-7Tn, (6.31)

which is compatible with the definition of the Seiberg dual theories under consid-
eration, but a weaker condition. To get more constraints on the R-charges, one
can compute the leading finite N correction to equation , and match the
electric and magnetic results. This can be achieved by using Schur polynomials

techniques as in 115, 36].

In the usual approach to Seiberg duality [26], the first constraint on the R-
charges can be interpreted as the fact that the mesons M are composites of
the electric quarks @, Q. The second equation corresponds to the R-charges

constraints associated with to the magnetic theory superpotential,

W=M¢'¢;, i,j=1...Ny, (6.32)
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with ¢, ¢ the magnetic squarks and M is the magnetic scalar mesino. It is inter-
esting to note that, despite the nature of the index as a free fiel theory quantity,
the matching of the full index on both sides of the duality contains implies the
information regarding the superpotential. So, although the localisation argument
implies that the superpotential does not impact the indexEL the matching of the
index seems, at least in this context, to provide the information contained in the

superpotential.

6.1.3 Finite N Corrections

To do this, one can recast the plethystic exponential which constitutes the inte-

grand of the full multiparticle index expression given in equation (6.11]) using,
1
Pexp(f(t) = Y 57 Jalt). (6.33)

where a represents an infinite row vector @ = (aj,asy ...) and we have used the

following notation,
pa(z) = [Tow() ™, fult) = TT £, (6.34)
n=1 n=1

as well as the normalisation constant,

Ny =[] n"an!, (6.35)
n=1
which allows the index integrand to be recast in terms of power symmetric poly-
nomials as,
Poxp (i(t.2)) = 3 1 Fal OB Pl ). (6.36)
NN e )

The power symmetric polynomials can be rewritten in terms of Schur polynomials

which satisfy standard orthogonality relations. Schur polynomials depend on the

!See more refined statement in section (4.1.5)
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variables z = (21, 22 ... zn) and the index A = (A1, A2 ... Agy),
det [ Aj+n— ]}
sa(z) =s 7) = ——— 6.37
A2) = Sai 00 (2) det [277] (6.37)

which correspond to SU(N) characters, provided the unitarity constraint on the

variables z given in , and the partition A is ordered,
A > A > > Ny > 1 A+ = 0. (6.38)

with £(A) the length of the vector A\. As a consequence of the unitarity constraint
on the product of z;, the following relation holds,

$x(2) = Sxtnp, (2) py=(L,1...1), Lp,)=N, (6.39)

which allows us to set Ay = 0. One can then make contact with the previous

definitions of SU(N) characters (6.7)),

Xsun, £(z) = 510..00(2), (6.40)
XSU(N (Z) =511..10(2), (6.41)
XSU(N),Adj.(Z) =521..10(2). (6.42)

One can then rewrite the power symmetric polynomials in terms of Schur poly-

nomials,
Y owdat),  a0) =Y ireltnb), (649
LN e
with,
lal = nan = [Al =D A (6.44)
n>1 n>1

We were able to invert equation ([6.43)) by using the following,

Z ng WQA = NQ(SQQ . (645)
A
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The orthogonality relations between Schur polynomials is given by,

/()W@M@ﬁﬂ@=%x+§]%wM%+@WM%)
SU

n=1

(A), LX) < N (6.46)

which can then be translated to the corresponding result for the power symmetric

polynomials,

n=1

[ domn = Y wrad e Y Sl et st
SU(N) S T

AN AN
This can then be used to give an exact, although rather involved, formula for the

full superconformal index,

1) = Y 5w a0 (6.47)
abb — — =

An A A+n,
(Wapp™ "N Wa+b + Watd™ Waip™ EN)

M8

A A
E , Watd™ Wayp™ T E :
A

(AN LN

One can then use this to integrate equation (6.36)) over SU(N). The first term
on the right hand side of (6.47)) gives rise to the large N limit formula,

In-oo(t Z N‘;{}’Qfa )96(£)b(t) , (6.48)

which is equivalent to equation (6.22)). One can then compute the first finite N

correction. The leading non-zero correction is the n = 1, A = 0 term, and is given
by,

Incos = ZN,, t) +go(t) Wy +...,  [ol=N, (6.49)
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6. THE MULTIPARTICLE INDEX

Applying this expression to the electric theory in figure (1.1]), the first finite NV

corrections are proportional to,

1 N
Ip Neoo ~ E N.—(tNCerNCpQ(y) + tNeray NCpQ(y))wQBNc + ...
b
b 9

For the magnetic theory, this gives,

1 o s G R e
I Nese ™~ ) A—/b(tN”quCpg(Y) + VA Nepy (7)) )wp e -
b 9

Matching for ¢ gives some extra relations on the R-charges,
NCTQ:NCT'Q, NCTQ:NCT'Q,
When combined with the other relations on R-charges,

2N,
-5

'nm

(6.50)

(6.51)

(6.52)

(6.53)

The quark charges are not fixed by this, as one parameter o remains unfixed,

Nc N,
Tq——Np—f—Oé, 7q—_Np—()é7

N, N, N, N,
ro = _N; + Oé_Nc 3 TQ — _N; — C(_NC 5

(6.54)
(6.55)

The large N limit of the index does not depend on the parameter «, as can be
seen from substituting the expression for the quark R-charges (/6.55)) into equation

(6.22). However, one can impose the correct o parameter by maximising the first

finite NV corrections to the index in the limit,
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For instance in the Seiberg electric theory, the o dependence for gg is given by,

v N,  Ne 2,&

ge(t) = 1= to)(1 = tx_l)tam(thpr(Y) —1 prNf(}N’_l))a (6.57)
vl No  Ne _Ne

gr(t) = N (Y i, () =t Yipa,(yTh)) . (6.58)

(1 —tx)(l—txt)

Consequenly, given that fg(t) does not depend on any R-charge, and given that
hg(t) is zero, the large N limit of the index (6.22)) does not depend on the «
parameter, as only the product g(t)g(t) enters its defintion. If one now focuses

on the leading finite N correction to the index, one can see that,

NeNe -

2
Oalp Neoo(y =70 =1) = Z A—/,ch Log(t)t ™7 sinh(aN,) py(y) wy?Ne + ...
b 9

(6.59)
One can see that in the limit (6.56)), setting o to zero extremises g ny<oo. This

analysis can be repeated on the magnetic side in order to recover the electro-
magnetic dual R-charges in figure (|1.1)) and figure ((1.2)).

6.2 Extremising the Index

The previous observation regarding index maximisation can in fact be expanded
beyond finite NV considerations. Consider the Seiberg electric theory. The expres-
sion for the full particle index given in equation (6.48)) can be given emphasizing

the dependence on parameter o defined in equation ((6.55)),

10 = Y7 08000, a-0(0) (6.60)

[e.e]
§ A A aNen An, A —aNen A _Mn
(wa%wa% (N N g N g pN)) .

A
LN

n=1

where we have made use of equation ((6.44]). In the limit (6.56)), one can compute
the derivative of the full index with respect to a.. In this limit, one should note
that,

gb(t) = _Q(t), (661)
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which means that one can symmetrise the last terms in the sum (6.61) with
respect to b <+ b, so in the limit (6.56)),

0uT() = - Fr e oV a0(1)95 0ol (6:62

oo
Z Z n Log(t) Nesinh(an Ne)wa 5™ 2N wy 52
A n=1
)N
Consequently, taking the parameter a to zero minimises the index in the appro-

priate limit. This observation is reminiscent of a-maximisation [1] in 4 dimensions

and Z-maximisation in 3 dimensions.

One should note that o parameterises the difference in R-charge between the
electric quarks () and Q, and the same observation holds for the magnetic theory.
Consequently, assuming chiral symmetry to be unbroken means that o should be
set to zero. However, it is still interesting to observe that the appropriate value

for this parameter also happens to maximise the index.

6.3 Elliptic Hypergeometry of the Index

The full index can in fact be shown to agree on both sides of Seiberg dual theo-
ries 36} 42, |43} 112, |35, 113, |114]. This matching is due to non-trivial identities
relating integrals of Gamma functions due to Rains [39] and Spiridonov. We here
review the simplest matching of electric-magnetic indices [36] for Seiberg dual
theories with a magnetic theory with (Ny, N.) = (2, 3).

The elliptic Gamma function will be used to rewrite the scalar multiplet single

particle inex, and is defined as,

1— y—lpj+1qk+1
1 —ypigk

Lyipa)=]]

J,k=>0

(6.63)

while the theta function and the (z; p) infinite product will be used to rewrite the
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single particle index for the vector multiplet,

O(zp) = [[Q-2) -9, (@p)=][C-a),  (6.64)

j=0 j=0

With these definitions and the following variable definition,
p=tr, q=tz ', y=t"z (6.65)

with z the U(1)p fugacity. The single particle scalar index reads,

e — t277”zfl Y — pqyfl
(D q,Y) = = : 6.66
O T T R s (660
and its Plethystic exponential can be rewritten,
Pexp(iy(p, ¢, ) = T'(y;p, q), (6.67)
whereas the vector single particle index reads,
, p q 1 —pq
wp,g)=—F77—-—"—"=1-— 6.68
AL e (1-p)(1—q) (6.68)
and its Plethytistic reads,
, B O(z;p)0(z;
Pexplin(y o) - + 1)) = DS, (6.09
1
= , (6.70
) Y ey Y E R
Pexp(ix(y,p,q)) = (pip)(@:q) - (6.71)

For the electric theory, the the flavour symmetry can be rewritten as an SU(6)
global symmetry, U(1)g x SU(3) x SU(3) — SU(6), with the electric quarks
in the six dimensional fundamental representation and the magnetic dual quarks

and mesons form the 15 dimensional antisymmetric representation A. This leads
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to the expression for the electric single particle index,

is(p, ¢, u,2) = — (L+ 13(1) X3(2)

L—p
1 1
+———(ps(u) — paps(u™ ")) x2(2), (6.72
with u, z the flavour and gauge variables, and the polynomials py defined in
equation (6.5)). Similarly, one can write the single particle index for the

i1 (0,4 0) = (0,400 < prxsvo ), (07

(1-pd—g

with the characters for the antisymmetric tensor representation A of SU(6) given
by,
Xsu(n),a(u Z Uitj (6.74)

1<i<j<N

One can then show that the full superconformal index for the electric theory can

be recast as,

1 dz
Iu(p, q,0) = —(p; p)(g; q)4—m.}{;9(»22;1?)9(22;q)I(p,q,u,Z)7 (6.75)
with the following definition,
6
Z(p, ¢, 0, 2) = [ [ T(uaz; p, )T (waz™"sp,q) (6.76)

a=1

while on the magnetic side, there is no integration sign,

[ p7q? H F uaubapy . (677)

1<a<b<6

The matching of the full indices (6.75 - 7)) then stems from an identity obtained
by Spiridonov [37].
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Chapter 7

Conclusions

In this thesis we have given a detailed analysis of the 4-dimensional index. After
computing the index for a generic 4-dimensional free superconformal field theory,
we were able to generalise the index to less symmetric theories by constructing
N = 1 Lagrangians on R x S3 which reduce to radially quantised theories for
conformal theories, but allow for more generic R-charges away from conformality.
This then allowed us to write down the twisted action for a finite time interval
and show exactness of the index formula (2.49). Finally, we focused on the index
in the large N limit for Seiberg dual theories. Taking R-charges to be completely
generic and imposing mathing of the index and matching the infinite N limit as
well as the first finite N corrections on both sides of the duality, we were able
to recover the appropriate R-charges, and we also uncovered some sign that an
extremisation principle similar to a, Z-maximisation might be at play for the
index. This in itself is no surprise, as the index can be dimensionally reduced
to the three-dimensional partition function on the sphere. Also, the localisation
principle makes explicit on loop nature of the index in 4 dimensions, which is also

the case for the Weyl anomaly which defines the coefficient a.
This leaves many questions open, some of which are given below.
Index and Non-Perturbative Contributions

The exactness of the matching of the index for Seiberg dual theories is an

impressive result from a mathematical point of vue, and provides a powerful new
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tool to test and postulate new dualities. However it only contains information
about a limited portion of the spectrum of the theories under consideration. Also,
it does not probe the non-perturbative regime of the theories under considera-
tion. One could then ask whether non-perturbative physics can be probed while
retaining exactness associated with localisation principles we have used here. De-
noting the S the appropriately twisted action which gives rise to the index, we

have shown that,
I(t,z) = / [dX]e™", (7.1)

is exact, with X the set of fields in the theory. In order to probe non perturbative
physics, we somehow need to soak up the zero modes in the instanton background
by having fermionic insertions. For localisation principles to be applicable, we
can only O-closed operators. Keeping the same conventions as before such that
Q = @, +S" is twisted to become a scalar operator, one can consider the following

two point correlation function,

Iy(t,x) = /degQ/[dX](QZI@bl + M) (7, Qe (7.2)

with insertions of the quarks and the gaugino. One can think of the insertion
as the fermion counting operator F' defined in equation (|1.4). This makes the
definition of the modified index reminiscent of the modified index defined
in [94]. For this quantity to be exact, the number of fermionic zero modes on
the curved background should match the number of fermion insertions. Also,
assuming this is true, one would need to define monopole spherical harmonics for
R x S% in the same spirit as [116, 117, [118].

Further Geometric Deformations of the Sphere

As was pointed out in section and developped in chapter , the index
can be defined for more generic spaces with less than the superconformal sym-
metry which was initially required for the definition. In section (3.1.2)), we have
underlined the symmetries one has to preserve to define an index consistently,
and we have investigated the case of the singly squashed sphere in chapter .
One should extend this approach to the case of the doubly squashed sphere as in
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[61]. Another potential extension mentioned in is the computation of the
index on spaces with non-trivial holonomies such as the lens space [107], which
would give rise to more complex structure for the index of gauge theories. Also,
understanding better the relationship between four dimensional indices and three
dimensional partition functions would be desirable. The interplay between those
quantities could lead the a better understanding of a, Z-maximisation as well as

dualities.
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Appendix A

Superconformal Algebra

In this appendix we give the explicit realisation of the algebra ([2.26)) for practical
purposes. For Qu, S, Q4, S¢ denoting supercharges,

{Qa. 5"} = 208 (H+3R) — (A1)
(@, §°Y = =267 (H = 3R) — 4T, (00) %, (A.2)
{Qa Qa} = 2Pus (A.3)
{S% S} = 2K, (A.4)

where o, denote usual Pauli matrices,
0 1 0 —1 1 0
oy = , 09 = 03 = , A5

[H> Qa] = %Qom [Ha Qd} = %
[H,5% = 15, [H,5% =-18% [H ,K*]=-K, (A7)

The supercharges transform under rotation as,

[JmaQa]:_%( ) Qﬁ» [Jm’S“]: % . .
[T Qa) = 1Qu(0m)’a. [ 8% = —L(0m)*557, (A.9)
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Or equivalently,

[Js, Q1] = —3Q1,  [J5,8'] = 357, (A.10)
[J4, 1] = —Q2, [J, Q2] = —Q1, (A.11)
[Jy, 8% = S, [J_, 58" = §%, (A.12)

The R-charge action is given by,

[Ra Qa] = _Qa ) [R> Sa] = Se y (Al?))
[R,Qs] = Qa, [R,S]=-5% (A.14)
The commutation relations between J rotation generators and the P translation

and K inversion generators are given by,

[Jm> PO] = %Pm ) [Jm> Pn] = %&nnpo + %emnppp s (A15)
[Jm7 KO] = %Km s [Jm7 Pn] = %5mnKO + %emnpr ) (A16)
[jmy PO} = _%Pma [er Pn] = _%5mnP0 + %emnppp7 (A17)
[jm7 KO} = _%Kmv [Jm7 Pn] = _%5mnK0 + %Emnpr ) (A18)
In the spinorial basis,
[J37 Pll] = _%Pll ) [J37 PQQ] - %PQQ) (A]-g)
[J37 Pl?] = _%P127 [J37 PQI] - %PQI P (AQO)

Other commutators not shown are zero. Under radial hermitean conjugation

these generators satisfy,

HY=H, Ji=J, Ji=J, R‘=R, Q' =85 Qf=-5
(A.21)

while under the “flat” hermitean conjugation,

H =-H, J =J,, R =R, Q =Q,, S=05° (A.22)
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Appendix B

Localisation Actions

B.1 Chiral Multiplet Action: Free Part

Here we determine 9V, decomposing,

Vo =V{ + V5 + V5, (B.1)
where we have defined,
VY = —L(0P&. 550" + ¢ eaQp®) (B.2)
VY= 1(0PeaQpt™ + PEaSs0") (B.3)
VY = ¢Qré — 6916, (B.4)

excluding for the moment gauge interaction terms. We deal with the remaining
terms of appearing in the localisation action arising from gauge interactions in
the following subsection.

In computing these expansions we use the following identities for the Killing

spinors, namely,
€%€q = €€, =0, €%z = %(50‘ + %Vm(am)ﬁa, €% = —3505 + le(Um)B ,

where V,, is the Killing vector defined in equation 1} 1) Expanding Q Lst
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we obtain,

OV} = — L QusQ Yy + €“€,Qub’ Sp, Y — €*E17 QuSp)”
— €€, S0P S5, 07 — €€ S, h3Q 1, + E €3S, Q%) . (B.6)

The bosonic parts in this expansion are given by,

ETQuQ 1, = —2i(e0me)OmdF, (B.7)
€€,Qub’Sp, 07 = FF, (B.8)
— €€, S’ Sp, )T = 2i(€0,,€)Omo F (B.9)
—&% 8, 5Q% ), = FF, (B.10)

while the fermionic parts are,

_EaaﬂpBQaSBa IE’Y = %w(laﬁ - %)@E + “/)Umsz/_} (Bll)
+%Vm¢0m(i60 - %)& + val/}DmQZ + 5mnpvm¢o-nDp7I) )
QEW@EBS&QBQ#’Y = —%1/;(@30 + #)@ZJ + “ljo-mDm@E (B12)

+%Vmw0_m(280 - STQ_Q)@E - va"vEme - EmnpvqujanDpw .

One can simplify the last equation by noting, up to boundary terms,

Emnpvm@UnDpw = €mnpvmw0—nDp'QE - quﬁo—mi] . (Bl?))

Consequently, in total, the bosonic and fermionic parts are,

QIVIPS = —FF 4 i(e0m€)OndF — i(€0me)0mdF | (B.14)
QY™ = —Ly(idy — ¥22)) — iha, Do
— V00, (100 — 252) 0 — iV Digth — 2Vitbot) . (B.15)

Similarly,

QLYY = He®@QutbpQPh, + *6,Qu b Sp, ¥ — 26107 Qa S5t
—EE,5,07 S5, 7 — €S Q% + Y pS,QP1),) . (B.16)
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The bosonic parts are,

ETQupQ 1, = —2i(e0m€)0mdF, (B.17)
—E€, S Spy = 2i(€0,,€)0mF (B.18)

along with,

€“&,Qu’Sg, 107 = (0o +i3r)p(00 — i3r)p — 40, O

— 41 1p ViyOrns @O + 2V O (0 — i%r)¢

—2V,, 0,0 (00 + i37)0, (B.19)
—&% S Q" 1, = (0p + i3 31)0(0o — 121 — 40,0 O

—44E yp VO 900 + 2V3, 00 (0o + 137) ¢

—2V0m (0o + i37) . (B.20)

The last equation noticing may be simplified using, suppressing boundary terms,
EmmpdiVpOppOnt = —4iV;, 00 . (B.21)

Meanwhile, the fermionic parts are given by,

—e* 6107 Qa S = §(i00 + 252)) — i0m Dt) + ) (B.22)
% mwo—m@ao + i 2)?/1 - va@szw + gmnpvquo—nDp"# )
Eae’ywﬁsaQ/B&’y = _l (ZaO — 3= 2)¢ Z¢am mqw/; + Qﬁ& (B23)

+3Vinthoy, (10 — %)w + iV Dyl — €y Vin 0 D) .

Consequently,

QLY = —i(€0€)OndF + i(€0mE)Dmd F
+(0o + i2r)9(0p — i3r)p — 40,0 O — 41V, 0,  (B.24)
Qng’fer‘ = —%¢(@30 - 3W2__2)QZ - Zwo-mquj)

gathering the bosonic and fermionic parts together. Finally, we have for the
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bosonic and fermionic parts of Q LV:f ,

QLI = (i — 2r)d — G(id + 21)¢ + 2V D — 2ipV;On ,(B.26)
Q qbfer _ _w,& + Vmwo—m& . (B27)

Collecting all bosonic and fermionic terms leads to ( - with -

B.2 Chiral Multiplet Action: Interacting Part

The final piece of the action for an interacting scalar field, save for interaction

terms from gauge covariant derivatives, is given by Q Vl‘fm where we have defined,

Vi, = —igle), ¢] + id[eN, ] (B.28)

Expanding this expression (B.2§|),

—1QrgeN, ] = —i(ey)[(eN), ¢] + 50D 43] %JJ[X ¢l
iQrg[Erg] = —i(e))[(N), ¢] + % [ 45] - %¢[A 9]
+5Vintbom[A, @] — Vg, 6] (B.30)
The sum of the latter may be simplified slightly using,

The analysis of the previous subsection also gets modified as all derivatives get
covariantised and give rise to some extra terms resulting from the action of Qp
on the connection Ay, A,, itself. These terms may be read off from (4.70), taking
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account only of Ag, A,, and F-term modifications, as,

|
_l’_

s(EV)QLF =51
Heh)Qu F = 30\, ¢] — 4Vithom[A, 6]

— 1e[QL Ao, 6] = ()N, 8] — FUIN 6] + HVvowA ], (B32)
1ed[Qudo, @ = HeD)(EN), 0] + 10 6] + Vidoulh ],  (B.33)
10 mP[QL Am, 3] = H(eW)[(eX), @] — B[N, @] — LVitbom [N, @,  (B.34)
€0 Qr A, 3] = HEV)(EN). ] + YU, 6] — HVidbow[\ ],  (B35)
[ 5 (B.36)

(B.37)

Furthermore, the equation (B.21)) becomes modified to,
41 mnpVp D@ Dy = —4iVi, ¢ Dy + 20V €y Frp 6, 9] (B.38)

giving rise to an extra term in (B.20)), after derivatives are replaced by gauge

covariant ones, cancelling the term arising from (B.31]). Collecting all these terms

leads to ) with (| m

B.3 Vector Multiplet Action

Here, defining,

Vit = Leo N E), (B.39)
Vi = f(econM)F,, (B.40)
Vit = —1(eA+eND, (B.41)

suppressing integration symbols as before, the bosonic part of the action may be

computed as,

QM = L0, QL N EE = Lo Fom — FrunFopn + 2V FED,  (B.42)
QLY = He0,n Qi N Fyy = 3 FomnFom — FonFyn — 1V Fry D, (B.43)
QLY = —L(e*Qp Ay + € QL X\a)D = 1V, (F,, — F,))D + 1D (B.44)
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Collecting all those terms gives the bosonic part of the vector multiplet action
(3.100). Determining the fermionic part of this expression, namely,

QM = — (20, \)QLF,
Q VAfer - —%(EO'm )QLFrrga
OV = LeA+eNQ.D

QM = L(E0,,\) (€010 N) + £ (€0, M) (€D ) + (0

(
S (o) (€op ),

€om) (€0, 0pN\) — §(eam)\)(€Dm)\) %

(B.45)
(B.46)
(B.47)

)\)Emnp(eanDpX)

(€0 mA)Emnp (€0, Dp)

(B.48)

QLY = (e N) (€0,mB0N) — L(€amA) (EDmA) — (€0 A)Emnp (€0, DpA)

+1(e0mN)(€0mON) + L(€oA) (€D A) —
+%(60m;\)(60m;\) ,
QL V3 = —1(eX)(€0p\) + L(eN)(€rm D)) — i(E )(680 ) — L(EN) (oD )
—i(ej\)(e&);\) — %(eX)(eamDmS\) i
+1(eN)(€omDin ),

L(e0mN)Emnp(€0n DpA)

(B.49)

(B.50)

To simplify, we use for Q, V{** the relations, employing (3.53),

i(Eam)\)(eamﬁoX) = &)\805\ — lT/ AT OO

%(Eam)\)(eij\) = Z)\JmD A& V AD,\ —
—1Y Ao,

L(€0mN)emnp(e0,DpA) = tX0y Dy A — LV ADp A

L(EomA) (€01mOoN) = L(eN)(€Do)),

—L(€omA) (ED ) = —L(eN)(éomDn ),

(€0 mA) (Emnp€onDpX) = (€0 ) (EomA) =0,
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and for Q LV;‘ fer- the relations,

%(eamX)(éamaoA) )\0 A — SV AT mOo N,

—L(eomA)(EDmA) = iXo D\ — ﬁVmADm)\ + Lo ViAo, DpA
—1(e0mA)Emnp(€0,DpA) = SV, ADp A + X0, D\

1(€0mA) (€0,n00N) = 1(eN) (Do)

5(comA) (€D ) = 3(eN)(€o0m D) ,

(€0mN) (EmmpeanDpA) = (ea)\)(e0m)) =0,

to arrive at,

Qi + QLY = BN + 200y, DA — 1V Aa oA — LV, AD A

—iVm)\amX + %(ES\)(G@OS\) + %(eomDmS\)
+1(EN)(€DpN) — L(N)(EanDinN) -

Similarly, for Q, V{*" using the identities,

—1(65\)(680)\) = —é;\ﬁo)\ + %ij\amao)\,
%(eA)(eamD A) = ij\O'mDmA — %VmE\Dm)\ — iemanmXUnDp)\,
—LEN)(€0pA) = IXDA + LV Moo,
—L(EN)(e0mDiX) = X0 DA + LV AD A 4 221 Vin Ao, DA
+ime\0m5\,
we obtain,

(B.63)

(B.64)
(B.65)
(B.66)

(B.67)

QLY = NG + 2000 DA + 2V A0 oA + Vi AD A + LV, 00,0

—5(eX)(€00N) — 3(€0mDmA) — L(EN) (€M)
+1(EN)(EomDm ) -

(B.68)

Summing (B.63]) and (B.68]) the fermionic part of the action (3.100)) follows.
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In this thesis, we investigate four dimensional supersymmetric indices. The moti-
vation for studying such objects lies in the physics of Seiberg’s electric-magnetic
duality in supersymmetric field theories. In the first chapter, we first define the
index and underline its cohomological nature, before giving a first computation
based on representation theory of free superconformal field theories. After listing
all representations of the superconformal algebra based on shortening conditions,
we compute the associated Verma module characters, from which we can extract
the index in the appropriate limit. This approach only provides us with the
free field theory limit for the index and does not acount for the values of the
R-charges away from free field theories. To circumvent this limitation, we then
study a theory on R x S3 which allows for a computation of the superconformal
index for multiplets with non-canonical R-charges. We expand the fields in har-
monics and canonically quantise the theory to analyse the set of quantum states,
identifying the ones that contribute to the index. To go beyond free field theory
on R x 83, we then use the localisation principle to compute the index exactly
in an interacting theory, regardless of the value of the coupling constant. We
then show that the index is independent of a particular geometric deformation of
the underlying manifold, by squashing the sphere. In the final chapter, we show
how the matching of the index can be used in the large N limit to identify the
R-charges for all fields of the electric-magnetic theories of the canonical Seiberg

duality. We then conclude by outlining potential further work.
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