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Inevitable flaws in the concrete-FRP interface govern plate debonding, and are not
amenable to finite element analysis because the models require far more detail than will
ever be available for the interface. This thesis describes a global-energy-balance based
fracture-mechanics model for the debonding mechanism of externally bonded FRP plates
attached to concrete beams.

The full length of this
The model investigates the possible propagation of an existing interface crack by
considering the energy balance of the beam during a small potential crack extension. The
crack will extend if the energy release rate is greater than the interface fracture energy.
Despite the fact that the crack-tip stress field is not amenable to precise analysis, its
influence on the energy balance of the beam is insignificant because of the small volume
of the "uncertain zone", whereas the crack tip stress field would solely govern an analysis
based on linear elastic fracture mechanics.

dissertation is approximately 62500 words, and it includes 94 figures.

..................................................
Paththini Marakkala Mithila Achintha

The plate end and the locations where the widening of flexural and flexural/shear cracks
cause interface flaws are the most likely locations for the initiation of debonding. The
model analyses debonding that initiates from either location. With the small extension of
the interface crack the compatibility between the beam and the FRP alters, consequently
causing changes in the stress states, and hence the energy states, of zones in the vicinity
of the crack.
The change in energy state of a beam section upon interface crack extension is
determined from a modified version of Branson's model. The strain state when the FRP is
fully or partly debonded needs to be considered. The mechanics of stress transfer from
the concrete to the FRP differs from that with conventional steel reinforcing bars for which
the accuracy of the original Branson's model was validated . So, the moment-curvature
model considers the force in the FRP as an external compressive force on the concrete
beam section; the separation of the effects of the axial force and the moment is achieved
by defining an equivalent centroid.
Debonding will propagate in whichever of the concrete, adhesive, or at an interface that
provides the least resistance; thus, the interface fracture energy is that of the weakest
phase. Experimental observations confirm that the concrete substrate just above the
interface is most likely to fail, in particular when the FRP manufacturer-recommended
adhesives are used with appropriate curing procedures. Fracture energy of concrete is
determined from Hillerborg's cohesive-crack-model-based experimental and approximate
theoretical models. Premature debonding propagation within the adhesive layer can also
be analysed but the knowledge of that fracture energy is required.
The energy release rate is calculated for assumed interface crack lengths and locations,
from which the critical state is determined when it equals the interface fracture energy.
Comparisons with test data reported in the literature demonstrate that the model is
accurate for all modes of plate debonding. The analysis gives the critical plate curtailment
location and the critical crack length which trigger debonding at the plate end and in the
high moment zone respectively. The model allows for the inclusion of all properties of the
concrete beam, adhesive, FRP and the loading arrangement and hence can be used as
an optimisation tool in design. The model also provides a framework for the design of
more complex real -life applications, and highlights subjects that require further research.
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Chapter 1
Introduction
Concrete structures are a fundamental part of the infrastructure of the modern world and
also one of the most valuable assets of a country.

Some of the existing concrete

structures are however found to be unsatisfactory for various reasons such as
deterioration caused by age, corrosion of reinforcing steel, increase in design loads,
change in functionality or revision of design codes (e.g. new requirements for seismic
loading), etc. These deficient structures can either be replaced with new ones or need
repair and strengthening.

The cost of replacing structures is enormous and hence the

second option is far more attractive, particularly if an efficient and effective strengthening
technique is available.

1.1 Strengthening
of
concrete structures

structurally

deficient

Strengthening of existing concrete structures was originally carried out by removing and
recasting concrete cover after adding extra steel reinforcement, section enlargement or
external prestressing etc.

These methods are disadvantageous due to application

difficulties, high labour and service disruption costs.

Also, the steel tendons used for

external prestressing are normally exposed to the environment and hence they are easily
weakened due to corrosion.

There may also be a danger that these repairs can actually weaken the structure.

For

example, in the case of a prestressed structural element, the removal of the cover (to add
new internal reinforcement) can weaken the existing anchorage for the prestressing
tendons which may subsequently cause catastrophic failure (e.g. Burgoyne & Scantlebury
2006).

After early work in South Africa and France in the mid-1960s, the use of externally
bonded steel plates for strengthening of concrete structures gained popularity (Hearing
2000) . This method was advantageous because the repair could be carried out while the
structure is still in use.

However, durability was a concern with these exposed steel

plates.

x

1

Recently high strength fibre reinforced polymer (FRP) composites have emerged as a
potential material in the civil engineering industry.

They have been seen as better

alternatives to the use of externally bonded steel plates due to their high strength,
compatible stiffness, low self-weight, excellent corrosion resistance and easy handling at
sites.

1.2

FRP strengthening of concrete structures

1.3

Flexural strengthening of concrete bea~s
.
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FRP
.
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significantly limits its use.

The use of FRPs for strengthening and repairing of deficient concrete structures has
potential, although it was not one of the markets originally envisaged for FRPs (Burgoyne
& Balafas 2007).

The benefit of weight reduction here comes from the reduction in
~

Internal steel

handling costs. It should also be noted that the externally bonded FRP plates offer the
potential of high strength new concrete structures.

A

RCbeam

The concept of external strengthening with FRPs was pioneered by Meier at the Swiss

Adhesive layer CFRP Plate

Federal Laboratories for Material Testing and Research (EMPA) in the early 1980s. The
first reported field application was carried out in 1991 (the repair of the Ibach Bridge near

~ A

o

Section A-A

Figure 1.1 _ Typical details of a FRP strengthened RC beam

Lucerne, Switzerland) (Meier et a!. 1993).

External FRP strengthening of concrete structures has been a popular research area
since its first introduction. Carbon fibre reinforced polymers (CFRP) are often used in
strengthening applications because of their high strength and stiffness (often in the range
of 1500-2500 MPa and 100-200 GPa respectively) though some early examples can be
found where less stiff (often less than 100 GPa) glass fibre reinforced polymers (GFRP)
were used. Strengthening of reinforced concrete (RC) beams, slabs and walls for flexure
and shear, seismic retrofitting of RC columns by wrapping with CFRP plates, and
strengthening of bridge piers against impact loads are the commonly investigated
applications of FRP strengthening.
Figure 1.2 - Plate debonding
However, the use of externally bonded FRP systems on concrete elements has still not
been a complete success because of the lack of knowledge regarding the performance of
the concrete-FRP interface. It has been reported that strengthened elements often failed
due to brittle interface breakdown and hence appropriate safety margins need to be
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implemented in the design. However, there has been no reliable model for the analysis of

•
h e been widely studied in the literature
Plate debonding failures in strengthened beams av

such failures, so there is no rational basis for safety margins that can be achieved.

Analysis of plate debonding

.

both experimentally and analytically.

3
2

Though some enhancement of strength occurred in
.
experimental programmes, most
beams failed prematurely by plate d b '
e ondlng (e gAd . .
Hearing 2000). It was also noted that th
"
r urnl et al. 1997, GLines 2004,
e amount of strength'
many parameters of the original (unstre th
Improvement depends upon
FR
ng ened) beam and I
P and the adhesive used.
a so on the properties of the

Commercial finite element (FE) packages have been extensively used in plate debonding
analysis since the 1990s (see § 2.7). However, a computer analysis is only as accurate
as the assumptions that underlie it; if the elastic modulus of the material is unknown, the
stresses that depend on it will be wrong. It would appear that unreliable microscopic-level
material description hampers reliable FE modelling of concrete structures; neither

Various analytical solutions for plate debond'
h
R b
Ing ave been develop d'
.
e In the literature (e.g.
o erts & Haji-Kazemi 1989 S d
, aa atmanesh & Malek 1998)
and unreliable assumptions (see § 2 5)
, but are based on unrealistic
h'
. . The mOdels compa th .
re e interfacial stresses
w Ich were often obtained from an I t. "
,.
a y Ica solutIons with
'. .
'
Inear-e/asticity, with the relevant· t rf
several sImplifIcations such as
In e ace strength parameter 8
cracks and other non-linear behaviour f
. ut due to the presence of
.
0 concrete beams th
dubIous validity. Furthermore th
h
ese stress predictions are of
, e met ods predict th f
.
not represent the actual failure as not II th
'.
e ormatIon of a crack which does
f .
a
e eXIsting cra k
allure, in particular, in concrete.
c s are weak enough to cause

isotropic elasticity (e.g. elastic brittle materials) nor idealised elasto-plasticity (e.g. metals)
assumptions apply to concrete. It should also be noted that the values returned by a FE
program are governed by the size of the elements used: for example, a re-entrant corner
leads to an infinite stress concentration when very fine meshes are used. Figure 1.3(a)
shows the stress predictions from a plane-stress FE model for the re-entrant corner of the
steel plate shown in the same figure (Point A in Figure 1.3(a)). As is discussed in the
remainder of this thesis the plate end of a strengthened beam is effectively are-entrant
corner (Figure 1.3(b)) and it is one area where the debonding analysis should be focused.

It should also be noted that none of the existing theoretical or FE models have received
wide acceptance and most have only been calibrated against the each researchers' own
set of, usually limited, test results.
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(a)

fracture mechanics considerations, which investigate the influence of existing cracks in
relation to failure, better simulate the plate debonding mechanism . The objective of the

0~--~10~==~2;0=====3=0====d40

current research has been to use energy-balance-based fracture mechanics concepts to

Square mesh size (mm)

answer the question" Will this existing interface crack extend?" According to the principle
of minimum total potential energy, an existing crack will propagate if the energy release

]

rate (i.e. energy available for crack to propagate) exceeds the interface fracture energy
(i.e. the energy needed to form the required new surfaces).

The analysis developed in this thesis obviates the need for finite element analyses to be

RC beam

(b)

Shape of the adhesive - unknown

Re-en;;::·co·r·ne·r······iiiii~

used in situations where the exact details of the interface geometry and properties are
unknowable and also where there is a stress-singularity problem .

Adhesive
FRP

The new model is

validated against test data reported in the literature.

A comprehensive review on plate debonding mechanism and the state-of-the-art of the

Figure 1.3 - (a) infinite stress r d' .
(b) a re-entrant c~r~e:~~~~~or, atre-entrant corner
p a e end of a strengthened beam

analysis of FRP debonding from concrete beams is presented in Chapter 2. Chapters 3
and 4 describe the determination of the energy release rate associated with a small

4

5

potential extension of an eXisting interface crack. Chapter 3 d
I
curv t
eve ops a momenta ure model to determine the energy levels of FRP strengthened
.
concrete beams at
given states. In Chapter 4, the new moment-curvature model is used to determine the

Chapter 2

:~:;gy release rate.

Review of Concrete-FRP Interface Oebonding

Chapter 5 discusses the theories to determine the interface fracture

gy. In Chapter 6, the present plate-debonding model is vall·dated
.
rt d .
.
against test data
epo ~ In. the literature. Chapter 7 discusses the results and also the significance of
approximations made in the analysis The
I·
.
.
conc uSlons which may be drawn from the
present work together with recommendations for further research are given in Chapter 8.
r

Before considering FRP plate debonding from concrete beams, flexural strengthening in
general and the associated failure modes will be reviewed. A more detailed review of the
analysis of plate debonding will then be conducted.

Finally, the fracture mechanics

approach to the mechanism of interface debonding will be discussed.

More detailed reviews of FRP strengthening of concrete beams can be found in Teng et
al. (2002). Details of linear elastic fracture mechanics (LEFM) are included in Broberg
(1998), and Lawn (1993).

2.1 Flexural strengthening of concrete beams
Reinforced concrete (RC)

b~ams

are typically designed to fail in tension and hence

adhesive bonding of prefabricated FRP sheets or fabrics along the tension face of a beam
increases its flexural strength; typical details of a FRP strengthened RC beam were
shown in Figure 1.1. Selection of appropriate materials, adequate surface preparation,
and proper bonding and curing procedures are keys to the success of an external
strengthening application.

Details of existing good practice can be found in ACI

Committee 440 (2002), GOnes (2004), Hearing (2000), Rahimi & Hutchinson (2001), etc.
This thesis addresses the analysis of completed "proper" applications and hence
preparation techniques are not discussed.

Near surface mounted FRP (NSF) bars or strips have also been used for flexural
strengthening of RC beams (e.g. EI-Hacha & Rizkalla 2004).

Here, the FRP bars (or

strips) are placed in shallow grooves cut or fabricated in the concrete beam and then

covered with epoxy resins.

Behaviour similar to that of a beam with externally bonded

sheets can be expected, but allowances should be made for different bond characteristics.

Wet-lay-up systems are another form of FRP strengthening. They are used for column
wrapping

or shear strengthening

but are not commonly employed for flexural

strengthening of beams. The dry fibre sheets or fabrics are impregnated on-site with a
saturating resin, which provides the binding matrix for the fibres and also bonds the
sheets to the concrete surface. Wet-lay-up systems are particularly advantageous for the
strengthening of structural elements with complex shapes or ones with sharp edges such
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as rectangular columns.

However, success of an application strongly relies on the quality

of the work, in particular, the smoothness of the concrete surface.

The present study concentrates on epoxy bonding of pre-cured FRP sheets along the
tension surface of concrete beams. Flexural strengthening of beams is one of simplest
FRP strengthening application and has potential for practical use.

It is believed that

analytical models developed for beam strengthening problem can be later extended to
other applications such as debonding in shear strengthening applications.

Numerous experimental, demonstration and field projects on flexural strengthening of RC
beams (using externally bonded FRP sheets) have been carried out with details published
in the literature. While most concentrated on unstressed FRPs, a few were tested with
prestressed plates to make more efficient use of the high strain capacities of FRPs (e.g.
Garden & Hollaway 1998a).

Some of the existing investigations used additional

mechanical anchors at the plate ends (e.g. anchor bolts, FRP wraps) to eliminate a type of
premature failure which will be discussed in the later parts of this chapter (e.g. Garden &
Hollaway 1998b, Quantrill et al. 1996a).

Most beams were tested under monotonic

loading, although examples can be found for more complex cyclic loading (e.g. GOnes
2004).
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Au & BOyOkoztOrk (2006) investigated the long term behavioral aspects of

strengthening systems including environmental degradation. The present work addresses
Concrete crus.hin~ after
tensile steel YIelding

the problem at its most fundamental level, and hence focuses on unstressed plates
without mechanical anchors under short term static loads.

It is expected that the

Load

analytical model developed in this research can be considered as a basis for more
Pulestr

complex practical problems such as pre-cracked beams in continuous beams (see § 8.4).
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plates increases the tensile capacity of the beam), or by rupture of FRP layers (if the
beam is still strong enough in compression) (e.g. An et al. 1991, Saadatmanesh & Ehsani
1991). Both modes of failure were expected at the section with the highest moment. The
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Deflection

failure load was then calculated by taking the FRP as an additional layer of reinforcement,
assuming perfect bond at the concrete-FRP interface, as is done with conventional RC
beams where full strain compatibility between concrete and steel reinforcement is
assumed (e.g. An et al. 1991, Saadatmanesh & Ehsani 1991).

However, in most of the experimental programmes, some strength enhancement occurred

Unstrengthned beam
Strengthned beam

- -,_ ........ _.......... --_ ......

When the plate bonding technique was first introduced it was expected that a
strengthened beam would fail either by concrete crushing (because the presence of FRP

-_ ...... --

hened and unstrengthened
.
2 1 Typical load-deflection response for strengt
FIgure . beams
ded test specimens is that they
of the steel plate bon
One notable observation from some
t
thened beam (e.g . Jones et al.
failed at loads lower than the capacity of the uns (eng

but this was usually less than expected because the FRP plate de bonded (Figure 1.2) at
9

8

Groove for strap
1988). This observation contrasts with the general assumption that adding materials will
not weaken the existing element.

Account must therefore be taken of this possibility

although none of the existing analytical models address such behaviour. The analysis
developed in the present work correctly captures this strength degradation which will be
RC beam

shown in Chapter 6.

In RC beam design, flexural failures are preferred over shear failures, which are typically

FRP
strap

f

brittle. However, with improved flexural capacity, a strengthened beam can fail in shear

FRP full wrap

(Meier 1995). The soffit FRP plate would only make a marginal contribution to the shear
strength (Teng et al. 2002).

RC beam

(b)

(a)

If shear failure significantly limits the efficiency of flexural

strengthening, appropriate measures must then be taken to enhance the shear capacity.
Wrapping of FRP plates or provision of discrete (often prestressed) FRP straps around
the web along the complete or critical zones of the beam span has potential for shear
strengthening (Figure 2.2(a)) (Meier 1995, Teng et al. 2002). However, the use of full
wrapping around a cross section may not be practical as access to the beam top is not

FRP~

usually available. Anchoring the straps or plates within the compression zone of the beam

RC beam

Vulnerable to
anchorage failure

plate

cross section is required for a viable shear strengthening application. A few innovative

(c)

techniques have emerged; Hoult & Lees (2007) tested a series of T-beams where the
prestressed FRP shear straps were anchored in the beam flange by installing them

Figure 2.2 - Shear strengthening with FR.PS (a) fUIl-wrapp(~g It (~):e:~ ;~~;; straps
installing through the underside of the flange ou
(c) improved method for the anchoring of shear straps

through predrilled holes from the underside (Figure 2.2(b). Another potential form of
anchoring system takes the strap (or plate) along the flange soffit via a groove cut in the
flange-web joint which will later be filled with epoxy-resin (Figure 2.2(c)). However, the
neutral axis must be located within the flange for the success of this method. It is believed

2.3 Plate debonding

that the concept of the present work could effectively be used for anchorage failure
analysis of shear strengthening applications.

As plate debonding results from the propagation of cracks in the vicinity

~f the c~ncrete

FRP interface, the temptation is therefore to study the failure in relation .to Interface
Premature plate debonding, however, appears to be the most likely failure mode of a

cracks. It is often assumed that a crack forms when the stress at that location exceeds

strengthened beam (Arduini et al. 1997, GOnes 2004, Hearing 2000, Ross et al. 1999,

interfa~e
The present work, however, does not follow t~IS
a fracture mechanics ap~ro~ch to c.haractense

the material strength, meaning that when the interfacial stresses exceed the

Sharif et al. 1994). Plate debonding is usually characterised by propagation of a crack (or

strength, plate debonding will take place.

cracks) parallel to the concrete-FRP interface and consequently causing partial or full

strength-based criterion; instead it uses

separation of FRP from the concrete beam (Figure 1.2).

failure. However, it is certain that those beam locations where high interfacial stresses
are present are the most likely locations for the initiation of debonding.

A more detailed review of typical behaviour and associated failure modes of FRP plate
bonded concrete beams can be found in Teng et al. (2002) .

2.3.1

High interfacial stresses

Irrespective of whether a location is at an interface, or if only a single material is presen.t,
high stresses can be caused by various factors such as existing flaws, changes In
11
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geometry,

out-of-plane

distortions,

etc.

In

addition,

at

interfaces,

the

intrinsic

"debond at rebar layer" (as the debonding takes place at the tension steel level)

heterogeneities such as residual stresses and discontinuities in thermal and mechanical

(BuyukoztUrk & Hearing 1998) and "concrete cover delamination" (since the failure results

properties of the two different materials contribute to high interfacial stresses (Hutchinson

in concrete cover separation) (Tumialan et al. 1999).

& Suo 1992). Additional interface flaws can also be caused by the uneven surfaces that

diagonal shear crack, some researchers suggested that plate debonding is a form of

result from surface preparation and the subsequent improper surface contact between the
two adherents.

concrete shear failure, and have referred to "local shear failure" (Saadatmanesh & Malek

Since failure originates from a

1998). Nevertheless, this thesis shows that the plate end failure is in fact a debonding
problem, and the removal of a large chunk of concrete depends on the propagation

The plate end, where the abrupt curtailment of the plate causes a change in geometry and

direction of the dominant crack prior to sudden debonding of the FRP.

where there is also a variation in strength, is one location where high interfacial stress
concentrations can occur.

The presence of flexural and flexural/shear cracks in the

concrete beam also results in high interfacial stress concentrations. Plate end debonding
(PE debonding) and intermediate-crack-induced debonding (Ie debonding) are the
terminology used in this thesis for the debonding initiates from respective locations
(Figure 2.3).

IC debonding
RCbeam
~

(a) debonding occurs in the concrete

•

Figure 2.4 - Plate end Oebonding (Teng et al. 2002)
Existing crack

FRP Plate

Figure 2.3 - Two modes of debonding

2.3.2

(b) debonding occurs in the concrete
(close-up view)

2.3.2.1

Many mechanisms can contribute to plate end debonding. It is, however, convenient to

Plate end debonding

study each possible cause in isolation, although it is their combination that triggers

Plate end debonding is probably the most observed failure mode in strengthened beams
(Pesi6 & Pilakoutas 2003, Teng et al. 2002).

Initiation of plate end debonding

debonding.

It is generally observed that a dominant

crack forms in the concrete, at or in the vicinity of the plate end, and gradually propagates

The axial stress (and hence the axial strain) of the bonded plate must be zero at its ends.

(often in a diagonal direction) towards the level of the internal tension reinforcement. At

When the plate curtails at a nonzero moment location, so that the adjacent surface of

this level, the crack then suddenly propagates roughly parallel to the interface separating

concrete has a nonzero axial strain, the plate only takes up the full strain compatibility at

the plate from the concrete beam (Figure 2.4) (Arduini et al. 1997, Garden & Hollaway

some distance away from the plate end due to the shear flexibility of the hardened

1998a). It should also be noted that some concrete often adheres to the plate (Teng et al.

adhesive. This axial stress gain in the FRP is very rapid in the vicinity of the plate end but

2002) and so it is clear that failure occurs in the concrete.

is associated with the development of significant interfacial shear stress (Aprile et al.
2001).

Since a thick layer of concrete often fails with the plate, this mode is sometimes termed
"concrete rip-off failure" (Nguyen et al. 2001, Sharif et al. 1994). Other terms are used:
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By observing the nature of plate end debonding (see Figure 2.4), it is evident that the
mechanism is not entirely an interface shear problem, but significant peeling forces must
also be acting.

When the plate curtails at a non-zero moment location, there is zero

curvature in the plate but non-zero curvature in the beam and hence the two elements
stretch the adhesive vertically (Figure 2.5(a)) (Sebastian 2001).

_ 2.0 . . . - - - - - - - - - - - - - - - - - ,
N

E

Interfacial shear stress
decays exponentially

..E
z

-

/

(a)

Alternatively, the

--.

No relative slip

eccentricity of the force in the plate results in a moment in the vicinity of the interface
(Figure 2.5(b)). This moment is resisted by the shear stresses as shown in Figure 2.5(b)
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which result in a peeling force at the plate end (Jones et al. 1988).
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Figure 2.5 - Generation of peeling stresses (a) differential curvature at the plate end
(Sebastian 2001) (b) eccentricity of the force in the FRP (Jones et al. 1988)
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Several analytical and numerical solutions (with several simplifications and assumptions)

Figure 2.6 - Solution for interfacial stresses in the transfer zone (Talj~ten 1997)
(a) interfacial shear stresses (b) FRP force profile

for the plate end shear and normal stress concentrations have been proposed in the
literature (e .g. Malek et al. 1998, Hiljsten 1997 - a detailed review will be presented in

§ 2.5.1 .1). A typical solution for plate end interfacial stress concentrations as in Taljsten

Shear crack

(1997) is shown in Figure 2.6.
RC beam
With inevitably high stress concentrations, and an abrupt drop in strength (due to the plate
curtailment), the plate end vicinity is highly susceptible to cracking in the concrete beam.
Further stress concentrations are then caused by these cracks, and the subsequent
deformations can magnify the already existing peeling stresses (Figure 2.7). The effect of
these deformations of the existing crack surfaces on the interfacial shear stresses is
unknown and difficult to analyse with any certainty.

Existing plate end debonding

analyses do not take account of these mechanisms and often assume uncracked
concrete.

~

~ L..
. InH

Adhesive

'FRPPlate

Peeling forces?

The actual stress distribution depends on many factors such as crack

geometries (size, shape and width) and microstructure of the beam, the exact details of

Figure 2.7 - Formation of shear cracks magnify the peeling stresses

which are unknowable.
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Even though they cannot be quantified accurately, it is certain that the high stress
concentrations, together with possible relative sliding and/or rotations caused by cracks,
trigger plate end debonding.

3 1 Initiation of intermediate-crack induced debonding
2.3 ..
As in the case of PE debonding, one or more forms of stress concentration can trigger IC
debonding. When a major crack is formed , the tensile stresses released by the cracked

2.3.3

concrete transfer to the FRP resulting in high interfacial shear stresses (Leung 2001 , Teng

Intermediate-crack-induced debonding

et al. 2002). The relative sliding and rotation between the two crack faces of a flexural or

As discussed in § 2.3.1 , plate debonding can initiate in the vicinity of existing cracks in the

flexural/shear crack might cause the interface flaws and also introduce the peeling forces

concrete beam (Le. in the high-moment zones) and propagates towards the nearest low

that can trigger debonding (Figure 2.7) .

moment zones (Figure 2.3) (Leung 2001) . This mode of debonding was found to be the

uneven contact between the rough concrete surface and the adhesive layer. If the stress

failure mode of some test beams, in particular when plate end debonding was precluded

concentrations at the existing flaws are significant then further propagation is expected.

Interface flaws can also be caused by the

by either employing end anchorages (e.g. Hsu et al. 2003) or having plates which extend
towards the beam support (e.g. Rahimi & Hutchinson 2001, Ross et al. 1999) (see also
§ 2.3.5).

2.3.4

Propagation of debonding

Numerous flaws will be present in the concrete-FRP interface but the propagation of a
In the case of simply supported beams, which were often used in the test programmes,
intermediate-crack-induced (IC) debonding initiates near the midspan and hence the term .
"midspan debonding" has been used elsewhere (Sebastian 2001).

When only flexural

cracks are present in the critical zones, the terms "intermediate-flexural-crack-induced
debonding" or "flexural peeling" were used (An et al. 1991). Unlike PE debonding, the
failure takes place just above the interface resulting in only a thin layer of concrete

dominant crack, which can develop either in the concrete or in the adhesive, or at an
interface (concrete-adhesive or adhesive-FRP), causes failure (Figure 2.9).

The

propagation of the critical crack takes place in whichever of the above phases that
provides the least resistance., When multiple FRP layers are used, debonding between
the plates is a possibility, but it is very unlikely because of the better "bond" between the
FRP- adhesive interface than that between concrete-adhesive.

adhering to the debonded plate (Figure 2.8) (Teng et al. 2002). It is also reported that the
failure is not as brittle as PE debonding (Teng et al. 2002).
Steel bar

I~._~!!11111-------~

Debonding at _ _
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concrete/adhesive interface

I

FRP
delamination

_. .

_L- Concrete substrate
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Figure 2.9 - Possible phases for the critical crack initiation
Steel bar

Separation of the concrete
layer up to steel reinforcement level

Debonding just above
the interface

At present, FRP manufacturers generally recommend the adhesive to be used and also

Figure 2.8 - Difference between the thicknesses of the delaminated concrete layers in
two forms of debonding

appropriate surface preparation and curing techniques. In the experimental programmes
that followed FRP manufacturers' recommendations, the debonding failures generally
propagated through the concrete just above the interface (BOyOk6ztOrk et al. 2004, Leung
2001) (e.g. Figure 2.4).

This indicates that concrete is generally weaker than the

adhesive and the interfaces.
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Prior to the acceptance of current well-performing
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adhesives, the behaviour of different adhesives was the subject of a few early research
programmes (e.g. Saadatmanesh & Eshani 1990).

FRP jackets

More recently Hearing (2004)

RC beam

observed that the failure path changes from the adhesive to the concrete with the use of
different types of adhesives. He also noted that improper use of recommended adhesives
also resulted in premature adhesive failure.

It is however acknowledged that only a few studies on FRP strengthening have actually

Anchor bolts

FRP

(a)

considered the problems associated with adhesion aspects and appropriate surface

Steel plates

(b)

RCbeam

treatment. The recommendations of the FRP manufacturers are generally good enough
to avoid adhesive and/or concrete-adhesive interface failures.

This may have been a

(e)

strong reason for the limited research interest in adhesion aspects. Analytical models
might be expected to differentiate concrete and adhesive failures, but at present existing
models do not fulfil this requirement. The present work accurately predicts which element
Full FRPwrap

will actually fail when the relevant "strength" properties are known. Details of that analysis

.
2 10 Mechanical anchors at the plate end (a) FRP jackets (b) anchor bolts
(e) full FRP wrap
FIgure. -

are presented in Chapter 6.

2.3.5

Unsuccessful use of mechanical anchors to
eliminate plate-end debonding

Most strengthened beams failed by plate end (PE) debonding; the use mechanical
anchors at the plate end (e.g. Hsu et al. 2003, Quantrill et al. 1996a) and the application of
extended plates towards the beam support (e.g. Rahimi & Hutchinson 2001, Ross et al.
1999) have been proposed to eliminate PE debonding . Mechanical anchors were often
provided by means of FRP jackets at the plate end (Figure 2.10(a») (e.g. Quantrill et al.
1996a), examples can also be found for the use of steel jackets (e.g. Hsu et al. 2003).
Wrapping of FRP plates around the web (Figure 2.10(b)) has also been investigated (e.g.
Arduini et al. 1997). Anchor bolts were used in the earlier strengthening applications with

2.4 Analysis of plate debonding

.

.

.
.
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steel-plate-bonded beams (Figure 2.10(e») (e.g. Jones et al. 1998).

Some enhancement of strength and ductility occurred in most of experimental
programmes with plate-end anchors but PE debonding was not totally eliminated because
of the complex stress concentrations caused by the anchoring devices (e.g. Quantrill et al.
1996a). In addition, the avoidance of PE debonding originates from the plate end may
lead to premature IC debonding (e.g. Ross et al. 1999) and also to cause PE debonding
to initiates from the toe of a shear crack in the beam span (e.g. Mohammed Ali et al.
2001) (see § 6.1.4.2).
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received research attention despite none of the eXisting studies solving the problem to an
acceptable accuracy (e.g. Glines 2004, Hearing 2000) (details will be presented in § 2.7).

most other analyses. The possibility of extension to nonlinear systems was also stated in
Roberts & Haji-Kazemi though only a linear-elastic solution was presented.

2.5 Strength approach

In addition to the assumption of linear elasticity and simple beam theory, local variations

2.5.1

such as inevitable flaws in the concrete, spew-fillets in the adhesive, compressibility of the

Analysis of plate end debonding

adhesive etc. are usually not amenable to this type of (Vilnay, Roberts & Haji-Kazemi)
The solution for plate end stress concentrations is obtained by solving equilibrium and
compatibility requirements with assumed linear-elastic behaviour, together with man
y
other sim IT r ·
plica Ions. Shear stresses In the adhesive layer are related to the difference
between the longitudinal displacement of the concrete beam and the FRP plate. The
normal (peeling) stresses depend on vertical displacement compatibility between the
beam and the plate.

stress analyses. Furthermore, the solutions significantly depend on the mechanical and
geometric properties of the adhesive layer which can not be known with any certainty.

Roberts also presented a simplified approximate version of Roberts & Haji-Kazemi's more
rigorous solution, mainly as a design guide (Roberts 1989). This model was developed in
three stages. First, full strain compatibility between the steel plate and the concrete beam
was assumed, and during the second and third stages the solution was modified to take

2.5.1.1 Interfacial stress analysis

account of the "more exact" boundary conditions (i.e. zero axial force, shear force and

Steel plate bonded beams

moment in the FRP plate at the plate ends).

Among the eXisting theoretical works on plate-end interfacial-stress analysis of steel-plate-

bon~ed concrete beams, the solutions of Vilnay (1988) and Roberts & Haji-Kazemi (1989)

The Roberts & Haji-Kazemi (1·989) and Roberts (1989) stress predictions were compared

Direct displacement compatibility was considered in the

with the test data of Jones et al. (1988), and one such comparison is described in Roberts

received the most attention.

former while the latter employed a partial interaction theory.

(1989).

As expected, significant discrepancies exist between the predictions and the

"actual" stresses , which were determined from the measured strains. However, strains

Vilna~ (1~88) developed a closed form linear-elastic solution by expressing the governing
equation In terms of the vertical displacements of the beam and the plate, each of which
were derived by applying simple beam theory.

were measured using 50 mm demec strain gauges and their large gauge length means
the accuracy is questionable for determining the plate end strain concentrations .

§ 2.3.2.1 (and Figure 2.5(b» discussed an alternative approach to interfacial stress
In the Roberts & Haji-Kazemi (1989) analysis, the interfacial shear stresses were obtained

analysis as presented by Jones et al. (1988). They determined the peeling forces as the

from the. longitudinal displacement compatibility between the beam and the plate with the

resultant shear forces that resist the moment created by the eccentricity of the force in the

assumption

o~ both

having identical vertical deflection. As a result, during this first stage

FRP.

The exact eccentricity of the FRP force is unknowable as the failure line is not

of th.e analysIs, the interfacial normal stresses had to be worked out from equilibrium

known a priori. Based on experimental evidence (see Chapter 6) one justifiable

considerations. Consequently, a non-zero moment and a non-zero transverse shear force

assumption is that the failure takes place at the level of the tension steel. The plate end

resulted at the plate end. Equal and opposite actions were then applied to achieve the
"actual" plate end boundary conditions.

peeling force depends on the location of the selected equal and opposite action
(Figure 2.5(b». Jones et al. (1988) reported that their predicted stresses differed from the
measured values by a factor of two.

One notable attraction of the Roberts & Haji-Kazemi model is that both axial and bending
deformations of the beam and the plate were included in the analysis whereas the axial

As FRPs became an option for beam strengthening, research attention has since then

deformations of the beam and the bending deformation of the plate were often ignored in

mostly focused on FRP strengthened beams.

Only a few research studies relating to

steel plated beams have been reported in the literature since the mid-1990s.
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Nevertheless, it is acknowledged that the Roberts & Haji-Kazemi (1989) and Vilnay (1988)
models received the most "acceptance".

Quantill et al. (1996b) employed Roberts' simplified solution to investigate the critical
shear and normal (peeling) stresses that triggered debonding in their test beams.
Table 2.1 shows their findings for beams with two different concrete mixes strengthened

FRP plate bonded beams

with GFRP and CFRP plates. As the failure took place in the concrete, the noted variation

Most of the eXisting theoretical solutions for plate end stress concentrations of FRP plate

of the critical stresses with respect to the FRP material is not justifiable. In addition, the

bonded beams are either direct or modified versions of one of the Roberts (Roberts 1989,

maximum normal stress should not exceed the tensile strengths of concretes which are

Roberts & Haji-Kazemi 1989) or Vilnay (1988) analyses.

estimated to be 3.6 and 4.2 N/mm2 respectively in the current work based on Eurocode2
(2004) recommendations. It should also be noted that contradictory critical stress values

Malek et al. (1998) developed a linear-elastic, closed-form solution similar to the earlier

are reported elsewhere: based on the test results of concrete-plate bond tests, Sharif et

Roberts' approach (Roberts 1989, Roberts & Haji-Kazemi 1989), and the model was

al. (1994) determined the interface shear strength to be 3.5-4.0 N/mm2 (concrete

validated against FE analysis. Full strain compatibility between the concrete beam and

compressive strength 38 N/mm2) whereas Arduini et al. (1997) and Chajes et al. (1996)

the FRP was assumed in the derivation. An extension to take account of the cracks in the

reported 4.5 N/mm2 and 5 N/mm2 (for concretes of 38 and 45 N/mm2 compressive

concrete beam has also been presented, but the knowledge of crack locations and the

strengths respectively) .

geometries are prerequisites.

Furthermore, the solution is restricted to certain loading

conditions, such as the applied moment being a second order function of the distance to

Critical stresses (N/mm2)

the location under consideration from the beam support. Failure was defined when the bi-

Beam

Concrete mix"

FRP material

axial principal stress reaches the tensile strength of the concrete. Details of this biaxial
stress analysis have been presented elsewhere (Sadatmanesh & Malek 1998).

Taljsten (1997) presented an analytical model for plate end stress concentrations; an
improved version of the Vilnay solution , but still using linear-elastic theory. The solution
was presented only for a simply supported beam loaded with a single point load.

He

identified that the distance to the plate end from the beam support has the biggest

Shear

Normal

1

A

GFRP

8.8-15.3

6.3-13.0

2

B

GFRP

6.7-9.6

5.0-7.4

3

B

CFRP

11.5- 14.1

6.4- 8.10

* Cube strengths of the mixes A and Bare 42 and 53 N/mm2 respectively.

Table 2.1 - Critical interfacial shear and normal stresses (Quantrill et a1.1996b)

geometrical influence on plate end stress concentrations. The solution was validated
against his FE analysis but a failure criterion was not presented.

2.5.1.2 Interface failure criterion

EI-Mihilmy & Tedesco (2001) investigated the accuracy of the Malek et al. (1998) and
Taljsten (1997) solutions against a database of test results collected from the literature.
As Taljsten did not present a failure criterion, the biaxial failure envelope of concrete
suggested by Tasuji et al. (1978) was employed in the EI-Mihilmy & Tedesco
investigation.

EI-Mihilmy & Tedesco found that the Taljsten predictions were as high as

twice the measured failure loads for a significant number of beam specimens. The Malek

Critical stress
Based on the reported failure loads of the steel plate bonded beams of Jones et al.
(1988), Roberts (1989) suggested that a normal stress of 1-2 N/mm2 combined with a
shear stress of 3- 5 N/mm2 would cause plate debonding.

He has, however,

acknowledged that this limit may be dependent on the strengths of the concrete and the
adhesive, and also on the method of surface preparation.

et al. solution was found to be conservative for beams with plates curtailed at a short
distance from the support but, in some other cases, overestimated the failure load by a
factor of two.

During their test programme with steel plate bonded RC beams, Jones et al. (1988) found
that a limiting bond stress value of

J3

times the tensile splitting strength of concrete

compared well with the interface shear stresses measured at the onset of plate end
debonding .
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Suggestions of both Roberts (1989) and Jones et al. (1988) on critical stresses are

Ziraba et al. (1995) suggested a range 4.8-9.8 N/mm2 for Ca with a 280 angle of friction

empirical and based on a small database of test results. The empirical nature of the

(cpo), but did not give the background information for the derivation. They have also

proposals is highlighted by the fact that both suggestions were based on the same

acknowledged that both Ca and CPo might depend on the strengths of concrete and the

database of test results . In addition, based on experimental studies, contrasting critical

adhesive and also on the method of surface preparation. After experimentally

stress values were noted by various researchers (see § 2.5.1.1) .

investigating the strength of the concrete- FRP interface, Arduini et al. (1997) reported a
value of 4.5 N/mm2 for Ca.

However, they have not recommended a value for cpo but

As the failure takes place in the concrete under combined shear and normal stresses,

based on their data the present author found that it would have to be about 600 , which is

some researchers described PE debonding as a biaxial failure of concrete (e.g. Malek et

significantly higher than what one would normally expect for concrete (e.g. 37 0 as reported

al. 1998, Pesi6 & Pilakoutas 2003). The biaxial failure model proposed by Tasuji et al.

in Ibell 1992). This discrepancy perhaps indicates that plate debonding takes place well

(1978) was often used. Longitudinal stresses were ignored with the assumption that the

before concrete undergoes significant deformations in contrast to the failure of a

plate was curtailed near the beam end (Le. in the low moment zone) (EI-Mihilmy &

conventional RC beam. The same argument arises regarding the previously discussed bi-

Tedesco 2001).

axial failure assumption.

Pesi6 & Pilakoutas (2003) suggested a maximum tensile stress failure criterion , including

It can also be noted that some researchers (e.g. Smith & Teng 2002) distinguished the

the longitudinal stress component, to simulate interface concrete failure.

concrete failure from the interface failure.

They

The first mode, where the debonding takes

investigated the accuracy of the model, where the interfacial stresses were determined

place within the concrete (often at the level of tension steel) was related to the shear

from linear-elastic analysis against a database of test results collected from the literature.

capacity of the beam , whereas tHe interface failure was related to the interfacial stresses.

As expected, the model was found to be inaccurate in predicting plate debonding loads.

They have however acknowledged that the second mode was rarely observed in practice.
As discussed in § 2.3.4, the present work shows that both modes follow the same

Both the biaxial and maximum-tensile-stress failure criteria critically depend on the

mechanism, and will be able to distinguish the failure path when the relevant material

accuracy of the calculated stresses.

properties are known .

As discussed in § 2.5.1 .1, none of the existing

models predict the interfacial stresses with any certainty. In addition, the tensile strength
of concrete is not a reliable material property and it depends on many localised factors

FRP plate

such as the exact microstructure, the stress condition that triggers the fracture, the
specimen's boundary conditions and also the specimen size. This is perhaps confirmed

(a)

•

'--___----II Concrete block

by the large scatter found between the predictions of Pesi6 & Pilakoutas and the test

FRP plate

results.

The Mohr-Coulomb yield criterion (Eq. [2.1]) is often used to simulate the failure of
concrete under combined normal (0") and shear stresses (r) (e.g. Ibell 1992), and has

(b)

......

Concrete block

FRP plate ...

been proposed for the interface concrete failure analysis in strengthened beams (e.g.
Figure 2.11 - Shear lap tests
(a) single lap (b) double lap

Arduini et a1.1997, Ziraba et al. 1995f This can be written:

[2 .1]
where Ca and CPo are the interface cohesion and the angle of internal friction respectively

Shear lap tests (also referred to as "bond tests") have been commonly used to investigate

and are often derived based on the test results of "bond-test" experiments.

the governing parameters of the concrete-FRP interface debonding (e.g. Ali-Ahmad et al.
2006, Chajes et al. 1996, Fukuzawa et al. 1997, Taljsten 1996). Various geometries have
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been employed; for example, Taljsten (1996) used single lap shear joints (Figure 2.11(a))

the expression presented by Oehlers does not satisfy the obvious boundary conditions of

whereas Fukuzawa et al. (1997) studied double lap shear specimens (Figure 2.11(b)). A

debonding in the absence of either the moment or the shear force.

few other forms of bond tests used in the literature will also be briefly discussed in
Chapter 5 (§ 5.1).

The tests often studied the shear stress-relative slip {'t-s)

Ahmed & van Gemert (1999) proposed a semi-empirical shear-strength-based approach

characteristics of the concrete-FRP interface. The earlier research was based on

for steel plate debonding analysis.

conventional strain gauge measurements whereas more recent research employed "more

contribution of the concrete whilst neglecting the effect of shear links. That is because

sophisticated" digital image correlation technique in the determination of

plate debonding takes place prematurely without the specimen undergoing deformations

't-S

relationships

(e.g. Ali-Ahmad et al. 2006).

The shear strength models account only for the

significant enough to cause the yielding of shear links. The present work, nevertheless,
opposes this shear strength approach as it does not account for the actual plate

Plate debonding initiates as a peeling failure and hence the shear failures taking place in

debonding mechanism and hence it will not be discussed further.

"bond tests" do not simulate the plate debonding mechanism. Fracture parameters of the
interface depend upon the actual failure mechanism (§ 5.3); thus the plate debonding

Concrete tooth models

parameters obtained from bond tests are inaccurate.

The concept of a "concrete tooth", which has been previously used in shear strength
evaluations of conventional RC beams (Kani 1964), has also been suggested for PE

Shear strength models

debonding analysis (e.g. Zhang et al. 1995). It is assumed that discrete shear cracks in

Diagonal shear cracks that develop in the plate end vicinity trigger PE debonding and

the plate end vicinity result in a series of uncracked concrete blocks between two adjacent

hence some researchers analysed the mechanism in relation to the shear strength of the

cracks - i.e. concrete teeth (see Figure 2.12).

beam (e.g. Oehlers 1992, Ahmed & van Gemert 1999).

assumed in the conventional shear strength modelling, here the level of the tension steel

As opposed to the neutral axis level

was considered as the base of a tooth (Zhang et al. 1995) (Figure 2.12). The interfacial
Oehlers (1992) analysed PE debonding of steel plate bonded beams as a form of shear

stresses present at the concrete-FRP interface cause bending of the cantilever concrete

failure but also accounting for the contribution of the existing moment at the plate end.

tooth, subsequently resulting in failure at its base when the stress reaches the tensile

The moment that causes debonding in the absence of shear force (determined

strength of concrete (Zhang et al. 1995).

experimentally using four-point bending specimens with plate curtailed in the constant
moment zone - Oehlers & Moran 1990), and the shear force that triggers debonding when
the plate is curtailed at the beam end (i.e. no bending moment present) were first
determined. The summation of the ratios of the moment and shear force active at the
given plate-end-Iocation relative to their extreme values were then compared with a
number that was derived from test results (Oehlers 1992). The model is empirical and
based on a small database of test results.

\.

,
~'
••+

in the constant moment zone, the debonding is not energetically justifiable as the stress
state (and hence the energy state) is not altered by the propagation of the existing crack.

•

~ Steelbar

The validity of the Oehlers' results is questionable; in particular, when the plate is curtailed
Concrete-FRP
interface

U- Concrete tooth

,

~ ~t~

The existing high stress concentrations at the crack tip could drive the crack for a small
distance, but continuous propagation cannot be expected. It is also possible that when
the plate is extended to the beam support, the failure is a pure concrete shear failure and

Interfacial shear stresses
Figure 2.12 - Concrete tooth model

hence, relating that to PE debonding might not be appropriate. It can also be noted that
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Exact locations, sizes, shapes and spacing of existing cracks are required in the analysis

where significant nonlinearity (cracking and material nonlinearity) would be present and

of "concrete tooth"; empirical models, mostly using the existing empirical relations for

hence models based on linear-elasticity have not been proposed.

conventional RC beams were often employed (Zhang et al. 1995). Raoof & Zhang (1997)
reported that the crack spacing varied by a factor of two even in closely controlled

Development of a comprehensive experimental programme which characterises at least

identical test specimens.

Linear-elastic behaviour is also assumed for an individual

the basic features involved in IC debonding is an enormously difficult task, if not

concrete tooth but this usually ignores interference contact with other teeth and any

impossible. This difficulty may have also contributed to the lack of progress in research.

tension-stiffening effects. However, the biggest contradiction arises from the use of linear-

The location and length of the critical crack that triggers debonding, and details of the

elastic models for the determination of interfacial stresses despite the significant cracking

other cracks present in the concrete beam should all be known. It is difficult to monitor

that has already been assumed.

these parameters with any certainty; this is reflected by the limited test programmes
reported in the literature.

Detailed experimental programmes such as Gunes (2004),

Most newer analyses of plate-end stress concentrations still consider equilibrium and

Hearing (2000), Rosenboom (2006), etc. looked at different features of IC debonding but

compatibility of the interface but are often based on FE modelling or non-linear numerical

the tests show several unusual features; for example, a beam which would expected to be

analyses.

Detailed reviews of existing plate debonding analyses can be found in

strong against IC debonding failed at a lower load.

Buyuk6zturk et al. (2004), Hearing (2000), Mukhopadhyaya & Swamy (2001), Smith &
Teng (2002), etc. Performance of the existing models against test data are reported in EI-

Sebastian (2001) believed that high interfacial stresses, which result from the sudden

Mihilmy & Tedesco (2001), Mukhopadhyaya & Swamy (2001), Pesi6& Pilakoutas (2003),

increase in the stress transfer from the concrete beam to the FRP at a flexural crack,

Teng et al. (2002), etc. However, as expected, none of the models showed satisfactory

trigger IC debonding. A simple approach based on the sudden change in the section,

predictions for randomly selected databases of test results.

from uncracked to fully-cracked, was employed in Sebastian's analysis. This variation,
however, cannot be sudden due to the tension stiffening effects and the fact that slip that

2.5.2

Analysis of intermediate-crack-induced debonding

must occur between the concrete beam and the FRP. Crack locations, tension stiffening

Intermediate-crack-induced (IC) debonding has not received the same research attention

effects and the mechanism of debonding cannot be known with any certainty since high

as plate-end (PE) debonding until very recently. This may be attributed to the fact that IC

interfacial shear stresses caused by the flexural crack may not be the sole factor which

debonding was observed less frequently in the early experimental programmes (this fact
is confirmed by the analysis shown in Chapter 6). Oehlers (1992) noted "flexural peeling"
of steel plate bonded beams when the plates were curtailed within the constant moment
zones.

governs debonding. Sebastian (2001) acknowledged the possible contributions from the
development of other flexural cracks and also the effects of the relative sliding between
the two crack faces of the critical crack which forms the debonding crack.

As discussed in § 2.5.1 .2, debonding within the constant moment zone is not

energetically justifiable. Nevertheless, later experimental works on four-point bending

Rosenboom (2006) employed an interfacial shear stress analysis as in Sebastian (2001),

specimens showed that IC debonding initiates under one of the concentrated loads and

but the sudden change in the section (from uncracked to fully-cracked) was not assumed.

propagates towards the beam end (e.g. Rahimi & Hutchinson 2001).

The interfacial shear stress at the toe of the flexural crack was determined with an
assumed value of force in the FRP.

As discussed in § 2.5.1, many analytical (albeit approximate) solutions, mostly with

Then the FRP force value was revised using an

iterative numerical analysis until the interfacial shear stress reached the critical value,

assumed linear-elastic behaviour, have been developed for PE debonding . The

defined as 1.8 times the concrete tensile strength, which was determined by surveying a

assumptions are somewhat justifiable since most of the PE debonding takes places in the

database of test results collected from the literature.

vicinities of low moment zones where the behaviour is not significantly different from
linear-elasticity. The affected zones for IC debonding are usually the high moment zones

The effects of the relative vertical/rotational displacements between the two crack faces of
the critical flexural/flexural-shear crack on IC debonding are difficult to analyse with any
certainty. Nevertheless, some researchers believed this mechanism has a minimal effect
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and only the widening of flexural cracks, as assumed in the analyses of Sebastian (2001)

are excellent monographs such as Broberg (1999) and Lawn (1993). A historical review

and Rosenboom (2006), dominates IC debonding (e.g. Liu et al. 2007b, Teng et al. 2003).

of the development of fracture mechanics and a collection of pioneering publications is
included in Barson (1987).

A review and assessment of existing IC debonding analyses can be found in Rosenboom
(2006), Teng et al. (2003), etc. All studies have shown that the existing analyses do not

Fracture mechanics concepts can also be used to study interface failures of composite

provide good correlation with test data.

structural elements. If the energy available for an existing interface crack to propagate is
sufficient to create the new surfaces needed to accommodate the crack extension, the
crack will propagate causing debonding at the interface.

2.6 Fracture mechanics approach
Flaws are inevitable in materials although not all of them are long (or weak) enough to
propagate causing ultimate failure.

The study of the propagation of existing cracks is

"fracture mechanics" and often simulates structural failures to a greater accuracy than
strength-based failure analysis.

The strength approach of plate debonding analysis,

where the failure is defined when a crack initiates, could not distinguish a critical crack
from a short crack that does not have sufficient energy to propagate. Fracture mechanics
is therefore very useful in the failure analysis of concrete elements where numerous flaws
are inevitable and also the exact microstructure is unknowable.

The fracture mechanics analysis of interface debonding in thin-layered elastic materials
was pioneered by Hutchinson & Suo (1992).

The concept has now been effectively

applied in many fields: for example, the analysis of interface fracture between dissimilar
materials in electronic packages (Kay et al. 2006); delamination failure between the
thermal barrier coatings and load bearing alloy due to thermal expansion mismatch (Chen
2006); crack propagation along polymer-glass and polymer-metal interfaces (Vellinga et
al. 2006); fatigue delamination in ductile interfaces in layered materials (Daily & Klingbeil
2006) and interface failures of patterned films undergoing a typical thermal expansion
during the integration process '(Liu et al. 2007a); etc.

Griffith (1920) explained that the high stress concentrations that exist in the vicinities of

l
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-

I
'

inevitable microcracks reduce the tensile strength of a material. He used energy balance
considerations of a structural element to develop mathematical formulae to explain how
the tensile strength of a linear elastic material is related to the size of an existing crack. In
Griffith's analysis, the energy released from the system due to the existence of a crack is

l

compared with the energy required to create the new fracture surfaces to accommodate
its propagation to decide whether the crack will propagate.

As discussed above, none of the existing strength-based plate debonding analyses
provides a satisfactory solution, so most newer studies often investigate fracture
mechanics analysis of plate debonding. Most analyses directly apply LEFM concepts as
was done with interface debonding analysis of thin-layered elastic materials (e.g. GOnes
2004, Hearing 2000). Plate debonding often takes place in the concrete substrate just
above the interface (§ 2.3.4), thus, a major conceptual error arises here because fracture
of concrete does not follow the assumptions that underlie LEFM. A negligible non-linear

Despite Griffith validating his theory against test data of glass bars, later researchers
noted that the theory is not valid for steel (as quoted in Broberg 1999). Irwin (1957) noted
that in most structural materials there are always some inelastic deformations in the crack
tip vicinity requiring more energy to cause failure than that suggested by Griffith. Irwin
further introduced the concept of studying the mechanics of fracture by investigating the

zone (often in the order of 1 x 10-6 mm) is assumed in the derivation of LEFM theories
whereas non-linear zones with lengths over 100 mm are present in concrete (this will be
discussed in § 5.10.1.2).

Additional energy absorption takes place in these long non-

linear zones so appropriate non-linear fracture mechanics (NLFM) theories should be
used with concrete (see Chapter 5) .

crack tip stress fields instead of the energy balance of the whole object considered by
Griffith.

2.7 Finite element modelling of plate debonding

Irwin's work led to the development of linear elastic fracture mechanics (LEFM) theory,

Several FE modelling studies for both IC and PE debonding have been reported in the

which is now well established and has been successfully used in many applications. A

literature. The models have been developed under both "strength approach" (§ 2.5) and

comprehensive description of LEFM theory is beyond the scope of this thesis but there

"fracture mechanics" models (§ 2.6).
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However, it should be noted that despite the proliferation of FE packages, and the steadily

approach (also known as the crack band model) where all the nonlinearities (e.g. cracks,

increasing adoption of the technique for the solution of non-linear structural problems, the

tension softening) are distributed in the beam (see below). Rahimi & Hutchinson (2001)

method has not had widespread success in concrete related applications. It would appear

used the damage model (details can be found in Oliver et al. 1990), in which the stiffness

that unrealistic material descriptions hamper reliable FE modelling of concrete structures;

of the elements was reduced in proportion to the amount of damage that had been

neither isotropic elasticity (e.g. elastic brittle materials) nor idealised elasto-plasticity (e.g.

suffered.

metals) models apply to concrete.

Concrete can be cracked and it can also creep

differentially. In addition, the material properties of concrete should refer to the response

Rahimi & Hutchinson (2001) found that the results were sensitive to the concrete tensile

under a generalised 3-D state of stress.

Although the magnitudes of the minor stress

strength (the tensile strength was used to define the degradation factors in the damage

components are smaller than the main stress their effects may not be negligible (Kotsovos

model) and selected a value of 1.5 N/mm2 to be compatible with test data. The 2-D linear-

& Pavlovic 1995). Triaxial data is difficult to obtain and often shows a great deal of scatter

elastic FE models of Pesic & Pilakoutas (2003) were not accurate enough for predicting

even in closely monitored experimental programmes (Kotsovos & Pavlovic 1995).

the failure loads and hence they later developed a nonlinear model which has the

Furthermore, despite small inaccuracies in calculated

(J-E

distributions do not affect the

capability of detecting crack formations.

Accurate knowledge about the material

overall analysis in some structural applications, such as steel structures, in concrete,

properties and the microstructure of the beam should be known in this type of crack

which cracks at very low tensile strains (about 0.0002), small errors sometimes can

detecting analysis, but such details are unavailable for concrete.

seriously distort the solutions.
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The strength-approach-based FE modelling of plate debonding analysis is of dubious
validity.

Fracture mechanics concepts could be applied to the FE modelling of plate

, .--

,
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+- RCbeam
+- Steel bar
+-FRP
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debonding, although the existing researches have not incorporated the concepts sensibly.
Existing strength-approach-based FE modelling is first reviewed briefly below and the
application of the fracture mechanics approach is then discussed.

Strength approach

l

Early works employed 2-dimensional (2-D) modelling (e.g. Hamoush & Ahmad 1990)
whereas newer commercial FE packages allow 3-D analyses.

However, the plates are

still modelled as 2-D plane stress elements while the steel bars are simulated by 1-0 truss
elements. Solid elements for the modelling of adhesive layers and solid contacts between
the adhesive and the two adherents were used in all the studied models.

Due to the

1::::::=±:::=:I=:I=::===i::::;::±=±==I:='- Ad hesive

t

FRP
Figure 2.13 - Typical FE mesh for PE debonding analysis (a half span only) (Rahimi &
Hutchinson 2001)

geometry of beams and plates, rectangular elements are employed in the simulations but
Teng et al. (2002) questioned the accuracy of the commonly used assumption of uniform
fine meshes with appropriate shapes are required in the critical zones (i.e. in the vicinity of
the plate end and around the crack tips). Figure 2.13 shows the mesh used by Rahimi &

normal and shear stress distributions across the adhesive layer in the FE analyses. They
included variant shear and normal stress distributions in the FE simulations. The analysis

Hutchinson (2001) in their PE debonding analysis.

however encountered a stress singularity at the plate end, but they concluded that a mesh

Malek et al. (1998) compared their 2-D FE results with a previously derived analytical
solution for PE debonding. They investigated the suitability of different mesh sizes and
found that "a very fine mesh" is required to achieve compatible results.

Arduini et al.

(1997) performed a 3-D non-linear FE analysis of plate debonding with the smeared crack
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of width 0.1 mm gives "accurate" results. Teng et al. further noted that the stresses vary
significantly in the adhesive layer; in particular, near the plate end.

Nevertheless, they

have shown that the assumption of uniform stress distributions in the adhesive layer is
accurate beyond a "small distance" away from the plate end. This however contradicts
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the importance of their "high-order" analysis as the FE predictions for the vicinity very

Saouma & Ingraffea (1981) successfully developed an automatic mesh reconfiguring

close to the plate end, which will be of dubious validity. Another "higher-order" FE solution

technique which eliminates the need for unreliable preprediction of the fracture paths.

which accounts for the variation in the normal stresses along the adhesive (but with a

However, the model is limited to the propagation of a few discrete cracks as complicated

uniform shear stress distribution) was presented by Rabinovich & Frostig (2000).

mesh reconfigurations are difficult to achieve (Kotsovos & Pavlovic 1995).

Non-

uniform stress distributions in the adhesive layer were also noted by Pesic & Pilakoutas
(2003) in their FE simulations.

In most commercial FE packages, special element types are available to incorporate
stress singularities that may exist in crack tips.

In 2-D analyses, the square root

The shape of the adhesive at the plate end may also have a strong influence on the stress

singularity in stress and strain (i.e. in LEFM) can be modelled by collapsing 8-node-

concentration in the plate end vicinity. It is very doubtful whether a straight vertical edge

second-order-isoparametric elements (Figure 2.14(a)).

exists in the adhesive at the plate end. In addition, voids and flaws, may be of the same

collapsed so that all three nodes along that side (nodes a, b, c in Figure 2.14(b) now have

magnitude of sizes as the critical debonding cracks are inevitable in the interface and their

the same geometric location (i.e. they form a crack tip) and then the midside nodes

details cannot be known to a acceptable accuracy.

connected to the crack tip are moved to the quarter point nearest to the crack tip to

Thus, the results of a FE analysis

depend on unwarranted assumptions which the analyst makes.

One side of the element is first

simulate the square root singularity (Figure 2.14(b)). Similarly, in 3-D models, collapsing
a face in non-linear brick elements can be used to model stress singularities.

Fracture mechanics approach
The analysis of FRP debonding from concrete beams is much complicated than that of

a ..-_........_--.

interface debonding in thin-layered elastic materials. All existing studies use LEFM (e.g.
Glines 2004, Hearing 2000), however, the failure takes place within the concrete

-

b

substrate could not be simulated with LEFM because of the long FPZ associated with
concrete fracture.

Furthermore, numerous interface flaws are present at the interface

Crack

I

c .....--_e_---..

despite only one dominant crack will propagate triggering the failure .
-

Isoparametric
element

'

Collapsed
element

Despite the existing research on FRP debonding from concrete beams not using fracture
Figure 2.14 - Simulation of stress singularity in 2-D FE modelling

mechanics concepts properly, more sensible FE modelling of concrete fracture has been
reported elsewhere (e.g. Hillerborg et al. 1976).

Concrete will crack when the tensile

stress at a location reaches its tensile strength and two main approaches were developed

In non-linear problems, the path independent J-integral method, which is equivalent to the
energy release rate approach in LEFM, can be used in the fracture analysis (this will be

in the literature to study the initiation and propagation of fracture.

discussed in § 4 .3.1). When a crack starts to open, a sudden drop in stress to zero is not
1. Discrete crack approach (Hillerborg et al. 1976)

expected in the FPZ of quasi-brittle materials since stress can still transfer across a fine

2.

crack. Thus, a gradual decrease of stress up to zero with the increase of crack opening is

Crack band approach (Bazant & Oh 1983)

expected.

Specially defined cohesive elements, which do not represent any physical

Discrete crack model

material, but describe the cohesive forces that may occur when material elements are

The discrete crack model, where details of each individual crack are taken into account,

being pulled apart can be used to model the FPZ.

will predict the local phenomena as would actually happen in the real structure.

During

Hillerborg et al. 1976, Petersson 1981), which characterises the cohesive forces in terms

the FE simulation, a gap is created in the mesh at the crack location by spliting the nodes

of the opening of the original crack tip, is widely used in the fracture analysis of concrete

lying along it. This allows the modelling of the crack propagation, but it has to follow the

(this will be discussed in § 5.12.2).

Hillerborg's cohesive crack model (e.g.

boundaries of existing elements which enforces a critical constraint on the final solution.
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Despite the discrete crack model predicting the local failure as it happens in real

More recently, several-fracture-mechanics based solutions have been developed.

problems, this also has disadvantages because reliable experimental data on the material

Despite the fact that fracture-mechanics based finite element analysis has now been

behaviour specific to the crack tip region is not usually available. The highly

effectively applied in the interface failure analysis of linear-elastic thin layered materials,

heterogeneous nature of concrete must be considered at its microscopic level. While very

none of the existing analyses on FRP debonding from concrete beams is accurate. The

fine meshes are required to characterise the crack tip stress intensities, relatively coarse

sort of model that can be used to follow the crack tip behaviour in fracture mechanics

meshes are often employed during the analysis of material testing experiments.

studies requires far more detail than will ever be available to the designer or analyst of an

Inaccuracies can therefore arise by not employing comparable meshes during the stress

RC beam, who would be forced to make unwarranted assumptions about the interface

analysis and when obtaining the material properties.

properties.

It would appear that the unreliable microscopic-level material description

hampers reliable FE modelling of concrete structures. It should also be noted that linearelastic-fracture-mechanics concepts cannot be used in the analysis of concrete.

Crack band model
In the crack band approach the cracking effects are distributed throughout the entire
Removing or reducing the stiffness

A global-energy-balance-based fracture mechanics model for plate debonding, where

properties in the direction orthogonal to the crack is done without introducing any gap

reasonable estimations are made for the energy conservation of the system, is developed

(crack) in the initial mesh. This method has gained popularity because:

in the subsequent chapters. The model investigates whether an existing interface crack

structural element or in a certain band within it.

releases energy sufficient to propagate causing failure. The model is validated against a
1. it requires less computational work as no mesh reconfiguration is needed during

database of test results collected from the literature.

the analysis and
2. knowledge of the material properties at the microscopic level is not required as the
"average" parameters derived from the tests are directly applicable.
However, the results of a crack band model depend on the selection of the affected area
(the entire beam or only a certain portion of it?). This area is difficult to determine with
any certainty as it may depend on many factors such as the specimen size, geometric
shape and also the microstructure of the material.

Due to the highly heterogeneous

nature of the microstructure, a minimum unit size of a concrete element which can be
assumed to be homogeneous should be around three times the size of the largest
aggregate particle (Bazant & Oh 1983). Therefore, the use of average material properties
is questionable for simulations with fine meshes such as the ones often used in plate
debonding analysis.

2.8 Discussion
The earlier plate debonding analyses often concentrated on comparing the interface
strength with existing interfacial stresses derived from linear elastic theory.

With the

presence of cracks and other material non-linearity the validity of the solutions is not
justifiable.

Furthermore, numerous flaws are inevitable in concrete so failure analysis

based on the strength approach may not represent the actual failure mechanism.
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3.1

Chapter 3

Energy balance during plate debonding

Based on the energy conservation during a small potential extension of an existing

A Moment-Curvature Model for Energy
Evaluation of RC Beams with External FRP
Reinforcement

interface crack, the energy release rate (G R) is the rate of change in the total potential
energy of the system (II) (i.e. sum of the work done on the system - Wsys

-

and the

potential energy of the applied forces - Wext ).
Thus,

Flaws are inevitable in the concrete-FRP interface, so those that can propagate must be

[3.1]

identified. According to the principle of minimum total potential energy, an interface crack
and

will propagate if the energy available for the propagation (energy release rate) exceeds
that needed to form associated new surfaces (interface fracture energy) .

[3.2]
Therefore, global-energy-balance based fracture mechanics analysis of plate debonding
investigates two parameters - energy release rate and the interface fracture energy.

where bp is the width of the interface which is assumed to be the same as that of the FPP

Determination of both quantities is not trivial; a detailed analysis would require knowledge

plate; a is the original length of the crack.

of the actual microstructure of the interface and also the details of each of the existing

I

cracks in the concrete beam; all are difficult to determine with any certainty. This thesis

The strengthened beam loses ,some of its stiffness when the crack extends, so the overall

develops models to determine both parameters to accuracies sufficient for practical

deflection will increase.

purposes.

applied forces with respect to the crack length (i.e. aWextlaa) is negative. Thus, GR is:

Consequently, the rate of change of potential energy of the

Knowledge of the energy level in a beam at a given debonding state is required in the

[3.3]

energy release rate determination, and is first explained . The requirement for a momentcurvature model for energy evaluations of cracked concrete beams will then be discussed.

For complex beam arrangements "aWextlaa" and "aWsys/aa" can either be positive or

An existing model for conventional concrete beams (i.e. with internal steel reinforcement

negative. However, negative GR values cannot exist because the current state should be

only) is first discussed and the model will then be modified to take account of the

at a position of minimum total potential energy.

presence of external FRPs. The new model will be validated against test data reported in
the literature.
When GR is positive it must be compared with the energy required to fracture a unit area
of the interface (interface fracture energy - GF) to decide whether the crack will extend or

Concrete beams show non-linear behaviour and hence some of the energy put into the
beams is lost.

not. If GR ~ GF the crack will extend causing debonding ; if not there is insufficient energy

Therefore the loading history is important; only monotonic loading is

for the crack to propagate.

considered in the present study. Also note that this chapter analyses one FRP debonded
state only and is aimed at determining the energy level in the current state. It does not
attempt to explain how the beam got into that state, nor to determine the load at which the

An essential first stage of the calculation of aWsys/aa, which is a prerequisite to finding GR ,

debonded region will extend; those will be discussed in later chapters.

is the determination of the work done on the beam system up to any given state (Wsys).
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This chapter develops a moment-curvature (M-K) model for that energy evaluation of
FRP strengthened concrete beams.

3.2

The use of this M-K model to determine GR is

Determination of the work done on a beam

The total work done on a deformed body is (Wsys):

discussed in Chapter 4.

WSYS

[3.4]

V

Determination of the energy release rate in elastic systems
where cr and

If the structural system under consideration is elastic then the work done on the system

(Wsys) is its strain energy.

foe dV

=

E

are the stress and the strain respectively and V is the volume of the body.

Therefore, in elastic systems it is customary to present the

energy balance and energy release rate expressions (Eqs. [3.1] and [3.2]) in terms of

For most practical beams (generally with span-to-depth ratios of more than about 4), only

strain energy.

the

bending

deformations cause

significant energy contributions whereas

shear

deformations have negligible involvement. This allows the use of simple beam theory in
However, when a concrete beam bends, part of the energy put into the beam by the loads

the analysis; i.e. Bernoulli's assumption that plane sections remain plane. Thus, the work

is dissipated in cracking and non-linear material behaviour such as steel yielding.

done on a beam (Wsys_beam) can be approximated as that due to bending deformations

The

only.

rest is stored as the beam's strain energy, shown schematically in Figure 3.1. Therefore,
the energy analysis of the present problem must be based on the work done on the

[3.5]

system (Wsys) instead of the stored strain energy terms commonly quoted in the literature.
where

Moment (M)

D

Energy lost in cracking

~

Energy lost in steel yielding

"

I

:: ::::

K

is the curvature of a beam segment at a given moment M.

For a linear-elastic beam segment of unit length,

=

K

relates to M by:

M

[3.6]
EI
where E and 1 are the Young's modulus of the beam material and the second moment of
K

Strain energy

area of the cross section respectively.
,,~-.+-++"'--

Unloading path

Thus, knowledge of both M and

I

I'

I
I
I
I
I

"
"
"

I
I
I

and

K

K

are needed for energy evaluations. Note that both M

may vary along the span so in numerical analysis it is convenient to consider beam

segments of unit lengths.
Curvature (K)
The use of M-K integrations for the energy evaluation is particularly useful for concrete

Figure 3.1 - Energy in flexure

beams where precise cr-E analyses are unattainable because of the uncertain
microscopic-level material details and the highly heterogeneous microstructure. In
Nevertheless, as will be shown in § 4.9, the GR expression for the present problem can

addition, when a concrete beam section is cracked, its contribution to the tensile carrying

still be written in terms of change in strain energies, but additional energy losses taking

capacity does not immediately change to that of a section where the concrete in tension

place in the system due to cracking and material non-linearity need to be considered. It

can be fully disregarded (Figure 3.2(a)). Furthermore, uncracked concrete between two

will be shown that the inclusion of these energy balance components results in the same

cracks can also carry some tension (Figure 3.2(b)).

generalised expression discussed above (§ 4.9).

carrying mechanisms of cracked concrete may depend on many factors such as the exact
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The precise analysis of tensile
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crack details and the bond stress transfer between the steel reinforcements and the

should also be noted that uncertainties may arise regarding the applicability of Bernoulli's

surrounding concrete; all are difficult to know with any certainty.

assumption for cracked concrete beams because of the inevitable slip that must occur
between the steel reinforcement and the neighbouring concrete. It has however been
validated that the average strain over a gauge length that includes several cracks

NA (Fully-cracked)
NA (Uncracked)

correlates well with that predicted with the Bernoulli's assumption (Park & Paulay 1975).

Tensile contribution of concrete

(a)

3.3

Behaviour of conventional concrete beams

Before

developing

relationships

M-K

and

subsequent

energy

analysis

of

FRP

strengthened concrete beams, the background to the present understanding on
conventional RC beams (i.e. with internal steel reinforcement only) will be considered.

®
Uncracked
(concrete fully-effective
in tension)

Fully-cracked
(no tensile contribution from concre\

However, the material characteristics of the constituents and the typical behaviour of a
beam must be known prior to the development of M-K analysis, and so they will be
discussed in the following sections.

Note: Figure shows the different growth
levels of the same crack

3.3.1
Concrete

Uncracked concrete between
cracks carries tension

Figure 3.3(a) shows the typical

I

l
J

I

Material characteristics
0'-8

relations for concrete in uniaxial compression (Park &

Paulay 1975). The behaviour is virtually linear up to about half the compressive strength

.,.

(f;)
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Steel bar

(f;

of a concrete is determined from standard cylinder specimen tests). With the

increase of applied stress the behaviour gradually becomes non-linear because of the
growth of microcracks. The

-l

(b)

0'-8

curve developed by Hognestad (1955) is often quoted in

RC beam theories and is used in the present analysis:

New crack forms when the
applied load level increases

Ec

Oc = fc/(:max
<-

where

__, .;.....;..~-I+""":"'~~ ........

;.:,;.;.;;;;.:~-#~,":;'' ;;'' --';' ' ~+~,'"

,,

Steel bar

O'c

and

8c

-{c-Emaxc }2J
<-

h
were
Ec

are the instantaneous stress and strain.

8 max

:::;

Emax

[3.7]

is the strain at which the

maximum stress (fl)
is reached.
c

Figure 3.2 - Uncracked concrete in the tension zone carries tension
(a) at a crack location between the crack tip and the neutral axis
(b) uncracked concrete between two cracks

Beyond the maximum stress, the behaviour of a test specimen may depend upon the
stiffness of the testing machine, speed of testing, properties of the aggregate etc., all of
which are difficult to know with any certainty. Nevertheless, the present work intends to
model premature plate debonding which will take place prior to the compression failure of

M-K relationships however represent the "average" behaviour of the beam section by

distributing the effects of cracks and microscopic-level complex stress variations.

concrete and hence the descending branch of the

0'-8

curve is not required.

It
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Stress

f,

(0)

=

0.62

Jf!

N/mm2 units

(f, = 7.5 Jff

Jff

N/mm2 units

(Ec = 57000

psi units)

[3.8]

psi units)

[3.9]

/

fa . - - - - - .;-=---__

Ec = 4733

Jf!

(a)

0.45f: -

The "modulus of elasticity of concrete - Ee" is normally taken as the secant modulus
calculated from the strain at the end of the virtually linear position of the

..

!..

& Paulay (1975) recommend using 0.5fe/ whereas the Eurocode 2 (2004) defines the

Compression
Tension

Stress

curve upon

compression. Different references define different stress levels where this is taken. Park

Strain (I)

..

(j-E

secant modulus at OAfe/ . For the sake of consistency in the analysis, the present work is
based on the value OA5f: which is the specification of ACI 318-08 (2008) .

(0)

fy_s - - - - - ...,.------

Various design codes and other references allow a variety of values to be used for

Emax .

But, in order to avoid discontinuities in the analysis which can occur if contradictory
expressions are used,

(b)

f: of 40

Strain (Es)

I

is chosen so that Ee calculated from Eq . [3.9] is the same as

the secant modulus calculated as described above.

_ _ _ _.-.;ES2;:y-:::::.S_ _ _-,lL-_ _ _- L_ _ _ _ _ _ ~

-

Emax

For example,

Emax

for concrete with

N/mm2 is found to be 0.0023.

Steel
Elastic-perfectly plastic behaviour is assumed for the steel, with identical yield stress (fv)
and Young's modulus (Es) in both tension and compression (Figure 3.3(b)).
Figure 3.3 - Stress-strain models for (a) concrete (b) steel

3.3.2

Typical behaviour of RC beams

When a concrete beam bends, the entire volume below the neutral axis carries tension
Due to "size effects" and dissimilar boundary conditions, the compressive strength of

until the extreme fibre reaches the flexural tensile strength of concrete (fr). The limiting

concrete when used in a beam may be marginally smaller than that obtained from the

moment at which the extreme tension fibre reaches fr causing the first crack in the beam,

However, these variations are minimal and hence often neglected, in

is referred to as the "moment at first cracking - Mer" . The section is uncracked at any

cylinder tests.

particular, for low and normal strength concretes (Park & Paulay 1975).

applied moment below Mer, and hence the concrete is fully effective in tension.

This

known tensile contribution of the concrete allows "exact" stress analysis of un cracked
Linear-elastic behaviour is assumed for concrete in tension.

The tensile strength in

sections. However, this only applies upon first loading.

flexure , fr, (also known as the modulus of rupture) and the modulus of elasticity (Eo) are
taken as quoted in the ACI Building Code Requirements of Structural Concrete (ACI 318-

At applied moments beyond Mer, the section will be cracked.

082008).

carrying capacity of the section will not immediately change to that of a section where the
tension-concrete can be fully disregarded.

However, the tensile

Some tensile stresses can still be present in

the concrete close to the neutral axis as the stress in these fibres might not yet have
44
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reached fro However, with the increase of applied moment, cracks will propagate towards

moment from which the unloading takes place (Figure 3.1). However, it should be noted

the neutral axis with subsequent decrease in the tensile contribution of cracked concrete.

that this behaviour is not true for prestressed beams.

When the cracks develop up to the neutral axis there will no longer be any tensile
contribution (Figure 3.2(a)). This state is referred to the "fully-cracked state" in this thesis.

Moment
The uncracked concrete placed between two cracks also carries some tension . Stress
distributions such as those shown in Figure 3.2(b) can be expected but the exact
distributions are difficult to determine with any certainty (§ 3.2).

. --- - - -/ --- ------------ - --- - -------

With the increase of

I

applied loads, additional cracks will form when the tensile stress at originally uncracked

,"

I
I

locations now reaches fro Therefore, as with the previous form of tensile contribution, this

I
I

,"

,,

Cracked concrete beam sections which still possess tension stiffening effects

"

"

I

The phenomenon of the tension-carrying ability of cracked concrete is known as "tension-

~

",:,

",

Yielded tensile steel

"

"

I

tensile carrying mechanism also diminishes with increasing applied moments.

stiffening".

'#

I

Actual section
Uncracked section assumption
Fully-cracked section assumption

Tension stiffening

are referred to as "partially-cracked sections" in this thesis.

Curvature
Figure 3.4 - 'Typical behaviour of a RC beam section

The tensile strength of concrete in flexure is typically about one tenth of its compressive
strength (Park & Paulay 1975) and hence for most practical beams Mer is considerably

J

I

smaller than the failure moment.

At applied moments below Mer the concrete is fully

effective in tension and hence the beam section shows high stiffness. When the section

3.4

starts to crack (i.e. at a moment above Mer) the section begins to lose some stiffness,

Moment-curvature analysis of conventional
concrete beams

however, due to the tension stiffening effects, the change of behaviour from un cracked to
fully-cracked is gradual. When the tension stiffening is no longer effective (i.e. the fullycracked state) only the tension steel carries tensile forces and hence yield usually occurs

Knowledge of the curvature of a beam segment under a given applied moment is required
in order to calculate the energy state.

soon after the concrete is fully-cracked . If the steel strictly follows the assumed elasticperfectly plastic behaviour then it would be expected that the moment capacity of the
section remains almost fixed despite additional deformations (and hence curvatures)

The tensile contribution of concrete is known for both uncracked and fully-cracked
segments; this will allow the equilibrium analysis and hence the curvatures to be
computed . Curvature determinations of those states will be discussed first and followed

taking place in the beam.

with a model for the M-K analysis of partially-cracked sections.
Thus, the typical behaviour of a conventional RC beam segment takes the form shown in
Figure 3.4. Also note that since Mer takes place at a relatively small applied moment, the
beam section undergoes virtually linear behaviour in the uncracked region .

3.4.1

Analyses of uncracked and fully-cracked sections

3.4.1.1 Overview of the analysis

The recoverable energy (i.e. stored strain energy) can be found if the corresponding

The known

unloading M-K relations are known. It is assumed that all the constituents are linear-

allow the equilibrium analysis of uncracked and fully-cracked sections.

0'-8

relationships of the constituents, together with Bernoulli's assumption,

elastic upon unloading, so the corresponding M-K relations are linear irrespective of the

46

47

II

The linear strain distribution that results from the Bernoulli's assumption can be
represented with two independent variables , such as strains in the extreme top and
bottom fibres (Figure 3.5(a)). This then allows the determination of the section's stress
distribution and hence the force resultants at any given load.

Note that there is no

contribution from tensile concrete in the fully-cracked section analysis (Figure 3.5(b)).

3.4.2

Analysis of partially-cracked sections

As discussed in § 3.3.2, at applied moments beyond Mer, the section will be cracked .
However, because of the tension-stiffening effects, the tensile carrying capacity of the
section will not immediately change to that of a section where the tension concrete can be
fully disregarded.

The two assumed strains can then be adjusted until the equilibrium of the section is
satisfied (typically no axial force in conventional RC beam sections).

The strain

distribution and the curvature of the section will finally be known. It should also be noted
that due to the non-linear behaviour of the constituents, the M-K relationships are not
linear (Figure 3.4) .

Tension stiffening effects, and hence the exact

(j-8

distributions of a partially-cracked

beam section, cannot be modelled precisely because of the lack of reliable knowledge of
the microstructure of cracked concrete.

Nevertheless, if the flexural stiffness of the

section was modified to take account of the tension stiffening the section's curvature
obtained from that modified stiffness may be taken to give the "actual" M-K behaviour, or
at least be a reasonable approximation to it.

Curvature distributions along the span of a beam govern its deflection profile and hence
this modified stiffness concept was originally suggested for deflection estimations of

(a)

Beam segment of unit length

section is often referred to as the "effective stiffness" and several models have been

• •

h

developed since the 1950s (Branson 1977); the effective moment of inertia method
Strain

1.
- ,

cracked-concrete beams (Branson 1977). The modified stiffness of a partially-cracked

developed by Branson (1963) has received the widest acceptance.

Stress

• •

1--

b

3.4.2.1 Branson's effective moment of inertia model
(b)

...1
Fco

Strain

Based on a large database of test results , Branson (1963) noticed that the "effective
moment of inertia - I ef/, of a partially-cracked concrete beam section can be interpolated

=Compressive force in concrete

Fc/ = Tensile force in concrete

between two limits defined by the uncracked (where the concrete is fully effective in

Fsf = Force in the tension steel reinforcement

tension) and fully-cracked (where there is no tension stiffening) sections. He further

Stress

suggested that this interpolation should be based on the extent of cracking in the section
and proposed the following interpolation coefficient (C).

Figure 3.5 - Strain-stress distributions across (a) uncracked (b) fully-cracked sections
when

I eff

A special case is the moment at first cracking (Mer). Here, the strain in the most tensile
fibre is fixed at 8 r (= frl Ee) and only one strain variable is required. The uncracked section
analysis is justifiable for sections when applied moments are smaller than Mer.

c

=

(:J

Mapp > Mer

[3.10]
[3.11 ]

where Mer and Mapp are the moments at first cracking and the given applied moment
respectively. Ig is the second moment of area of the gross concrete section, neglecting
the steel, and Ier is that of the cracked transformed section. Note that Ig in Eq. [3.10] was
recommended because of the computational simplicity, but later he (as quoted in Branson
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1977) achieved improved comparisons with test data by employing that of the transformed

Bazant & Oh 1984). However, none of the models have achieved notable improvement

section including the steel, in particular, for heavily reinforced beams (as would be

over Branson's predictions nor have they received much widespread acceptance.

expected).
It should also be noted that successful extensions of the Branson model have been made
In the Branson method both Ig and Mer were based on linear-elastic analyses whereas

into areas such as long-term behaviour (considering concrete creep effects) (e.g. Branson

cracked-elastic analysis was used for the determination of I er. As a result both Ig and Ier

1977, Teng & Branson 1993) and deflection predictions of prestressed concrete beams

are fixed for a given beam cross section. It should be noted that both these linear-elastic

(e.g. Branson & Trost 1982, Rao & Dilger 1992). In the latter case, the concrete beam

and cracked-elastic analyses are quite justifiable because under normal service loads

section itself is subjected to combined moment and axial force (from the prestressing) and

concrete beams maintain virtually linear behaviour (§ 3.3.1).

hence the original expression (Eq. [3.10]) is not directly applicable (an appropriate
modification for prestressed concrete beams will be discussed in § 3.6.7.3).

This knowledge of Ieff (Eq. [3.10]) together with the assumed cracked-elastic theory can
now be used to determine the curvature (K) of the partially-cracked section:

K

=

3.4.2.2 Alternative approaches for the analysis of partially
cracked sections
[3.12]

All existing models are based on the concept of interpolating the required properties
between the two states where (1) the section is uncracked and (2) the section is fully-

where Ee is the modulus of elasticity of the concrete.

cracked.

This method has been applied to various parameters: stiffness, curvature,

centroidal axis, etc.
Note that the objective of the present chapter is to analyse the behaviour of FRP
strengthened RC beam sections which may have a considerable reserve of capacity after
steel yield (see Figure 2.3). At higher applied moments concrete undergoes non-linear
behaviour and steel will also yield, so elastic and cracked-elastic analyses are not

Eurocode 2 - curvature interpolation approach
Eurocode 2 (2004) recommends direct interpolation between the uncracked and fullycracked curvatures.

applicable. Therefore, the uncracked/fully-cracked section analyses discussed in § 3.4.1
[3.13]

are part of the complete non-linear analysis developed in the remainder of this chapter.

l

and Kerr are the curvatures of the uncracked, fully-cracked and partially-

The elastic/cracked-elastic analyses are quoted only to demonstrate Branson's original

where

model.

cracked sections respectively. The interpolation coefficient, l;; is given as:

KI, KIT

1;

Branson's model has been validated against large databases of test results taking
account of various beam geometries, reinforcement ratios and concrete strengths, and the
tests were conducted at separate laboratories in many different countries. A review of the
test programmes which show the accuracy of the model is given in Branson & Trost
(1982). Since the validation, the model has been recommended in various RC design

P1 = 1
P2 = 1
(J

sand

=1-

~,~, ( ::

J

[3.14]

for high bond bars and 0.5 for plain bars
for short-term monotonic loading and 0.5 for sustained or repeating loadings

(J Sr

-

are the stresses in the tension steel calculated on the basis of a fully-

cracked section at the given applied moment and at Mer respectively

standards including the American (ACI 318-08 2008) and the Canadian (CSA A23.3 - 04
This approach has however not received wide acceptance nor the same research

2004) codes.

attention as Branson's expression, and hence will not be considered further in the present
Attempts have also been made in the literature to investigate the accuracy of the

study.

Branson's model against latterly developed more "sophisticated" M-K models which
usually take account of non-linear

(J-E

relations, tensile strain softening effects, etc. (e.g.
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Branson's simplified approach for deflection predictions
Branson also presented a simplified

Ieff expression

the accepted knowledge on conventional RC beams. However, the complexities caused

(Eq [3.15]) which uses an average

effective stiffness of the whole beam for direct deflection calculations of RC beams (ACI

by the presence of external FRP plates should be properly incorporated in the model and
are discussed first.

Committee 435-1963). This avoids the need to integrate the curvatures along the beam.
The interpolation coefficient here has a reduced exponent of 3. This formula is however

The material characteristics discussed in § 3.3.1 are assumed for concrete and steel

valid only for simply supported, uniformly loaded, rectangular or T beams with unchanged

reinforcement. FRP materials are assumed to be linear-elastic with modulus of elasticity

reinforcement throughout the whole beam (to have fixed Mer, Ig and Ier for the beam).

and the ultimate tensile strength as the governing material characteristics. The present
work however intends to analyse the premature plate debonding failures, so FRP ruptures

I

Elf

=

(~)3
I
M

g

m~

+{ 1_(~)3}I
M

cr

are not relevant in the analysis, although they could be trivially added.
where Mapp > Mer

[3.15]

~

where Mmax is the maximum moment in the beam and the other terms are as defined

3.5.1

Actions on a strengthened RC beam section

under Eq. [3.10].

As discussed in § 3.1 , the fracture mechanics model developed in the present study
investigates the energy available for the propagation of an existing interface crack. The

This version of Branson's model is included in the current ACI design code (ACI 318-08

determination of the energy state at this debonded condition (such as the example shown

2008) and also often quoted in research studies of FRP strengthened concrete beams

in Figure 3.6) is therefore a prerequisite to the final energy release rate derivation.

(e.g. EI-Mihilmy & Tedesco 2000) . The model has been commonly used in the analyses
of three-point and four-point bending specimens, ignoring its invalidity for such geometries
(e.g. EI-Mihilmy & Tedesco 2000) .
Transition Debonded Transistion
.. zone .. ... zone .. ... zone ..

DBA

The present work needs to determine the rate of change in the system's energy upon a
small debonding-crack extension, so this simplified procedure, in which an effective

I~

stiffness is calculated for the whole beam, based on maximum moment only, is not
sufficient.

Such an approach would result in zero energy release rate for an assumed

C

Crack tip

Figure 3.6 - Zones with different compatibilities in the debonded region

interface crack extension as the model would be incapable of capturing such local
variations.
In the debonded zone (zone AB in Figure 3.6) local strain compatibility does not exist
Local curvature determinations based on the section analysis when the tensile
contribution of concrete is certain (i.e. for uncracked and fully-cracked sections), and the
use of Branson's local

Ieff model

when the sections are partially-cracked, have been

widely verified for conventional RC beams; they will now be extended to deal with the
more complex problem of beams with external FRP plates.

between the beam and the FRP because there only needs to be compatibility of extension
between the two (see § 3.6.5).

Full-strain compatibility between the FRP and the RC

beam (referred to as the "fully-bonded" state hereafter) can be expected at locations away
from the debonded zone. Nevertheless, at each boundary, where the debonded and the
fully-bonded zones are separated , a discontinuity in the value of force in the FRP (Fp) is
expected because of the different compatibility conditions that exist on either side of the

3.5

Modelling of RC beams with external FRPs

boundary (i.e.

A comprehensive M-K model capable of providing accurate estimations of energy states
of FRP strengthened RC beams will now be developed. The work is essentially based on
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extension compatibility from

the debonded side and

local strain

compatibility from the other). Sharp discontinuities in Fp cannot occur so there must be a
transition zone where there is some relative slip between the FRP and the beam (e.g.
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Zone AC and BO in Figure 3.6).

At some distance away from this boundary the sections

can be treated as fully-bonded (e.g. to the right of C and to the left of 0 in Figure 3.6).

3.5.2

The moment acting on the RC section alone

Conventional RC beam sections are usually subjected to pure bending, which can be

It is therefore incorrect to consider the FRP as a second layer of reinforcement in
Branson's model, since it is necessary to consider the strain state when the FRP is fully or
partly debonded (Le. within debonded and transition zones) . Furthermore, the mechanics
of stress transfer from the concrete to the FRP is different from that to conventional steel
reinforcing bars, so it is unlikely to have tension stiffening effects that can be determined
in the same way as a conventional beam . Most of the existing models which treat FRP as
an additional layer of tension reinforcement (such as that of EI-Mihilmy & Tedesco 2000)
have not been calibrated for the two different types of reinforcement.

regarded as a simple couple, so there is no need to define a particular axis about which
the moment is acting.

But, that will no longer be true in the present analysis since the

concrete beam section has to be analysed under a moment and an axial force.

The

externally applied moment on the section (Mapp) is the moment that needs to be resisted
by the combination of the RC beam and the FRP at the given location and this is usually
available when the applied load and the beam geometry are known (at least for a statically
determinate beam). But, the moment acting on the concrete beam section depends on
the selected moment-defining axis. If the selected axis is at distance yfrom the beam top,
then the moment about this selected axis (Mapp_y) (Figure 3.8) is:

8x

[3.16]

-+1 I+-

where h is the depth of the concrete beam section and fa and tp are the thicknesses of
the adhesive layer and the FRP plate respectively (Figure 3.8).
Actions on the
RC section
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Figure 3.8 - Moment acting in the concrete beam portion alone

Figure 3.7 - Actions on concrete beam portion alone in a strengthened beam section

Thus, it has been decided to consider the force in the FRP as an external compressive
force and moment that have to be resisted by the conventional concrete beam section
(Figure 3.7). This simplifies the problem conceptually, as it will now allow the concrete
beam section alone to be treated as a conventional RC beam section. But, the axial force
in the FRP now appears on the section as a (relatively low) prestress and hence
complicates the problem.

3.5.3

Force in the FRP

The present analysis requires satisfaction of strain/extension compatibility between the
FRP and the concrete beam. Hence, the strain or the extension of the FRP (Fp) should be
compatible with the strains (and hence the curvatures) of the relevant beam sections.
However, these strains and curvatures themselves depend on the FRP force so the
analysis becomes non-linear with the FRP force as the principal variable. This is adjusted
until the strain (or extension) compatibility condition is satisfied. The equations presented
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below have been set up in MATLAB, starting with an assumed value of Fp. A solution for
•

the set of nonlinear equations is found using a least square method.

Separation of the FRP force as an external action, but in such a way that it must
satisfy a compatibility condition .
variable in the analysis.

It should however be noted that the analysis of exact compatibility is difficult for the
transition zones since the relative slip that takes place between the RC beam and the

The force in the FRP will become the principal

•

There is a need to define a centroidal axis (for energy analysis), a neutral axis (to

FRP is unknown. The present study develops a model to determine the transition zone Fp

solve the strain/extension compatibility condition) and a reference axis (to compare

profile based on the Fp values that exist at the two boundaries of the zone (Le. the

moments at different applied load levels to determine the cracking state).

debonded zone at one side and the fully-bonded side at the other - see § 4.7.1) .
However, the analyses of all fully-bonded, un bonded and transition zone sections with any

•

Fully-cracked, uncracked and partially-cracked sections with both fully-bonded and

given Fp value follows the same procedure and only the determination of the actual Fp is

unbonded FRPs must be analysed. The transition zone between fully-bonded and

different.

un bonded states must also be considered.

Once the correct Fp has been obtained, M-K relationships and the energy states of the

Force in the FRP

beam segments can be determined.

The principal variable in the analysis will be force in the FRP at the location in question.

However, the energy analysis is not trivial here

because the concrete beam sections are subjected to combined bending moment and

This is generally initially unknown and will be found by an iterative procedure.

axial force (Figure 3.7). A method for accurate energy evaluations whilst taking account
The analysis that follows is based on the current assumed best-estimate of Fp which will

of the interaction between moment and axial force is developed below.

be referred to as Fp_ 8 SSU'

3.6. Modified Branson model for strengthened
beams

I I

Equivalent and effective sections
The present model has to analyse the "stiffness (El)" and "centroid" of non-linear concrete

The objective is to employ Branson's model, whilst taking the force in the FRP as an
external compressive force on the RC section, to determine the energy states of
strengthened beams.

beam sections. However, E, f and the centroid are only properly defined for linearlyelastic sections. Therefore to incorporate the Branson concepts in the present model,
characteristics equivalent to the centroid and the stiffness are defined (§ 3.6.7 and

§ 3.6.9); the term "equivalent" will be used in the remainder of this thesis when quoting

3.6.1

Complexities over conventional Branson analysis

these equivalent-elastic characteristics . The properties of the partially-cracked section
(Le. stiffness, centroidal axis depth, location of the neutral axis etc.) will be interpolated

•

The fully-cracked state is reached.

•

Analyses of uncracked and fully-cracked sections are similar to those for conventional

"effective" will be used for the properties obtained for the partially-cracked section by

beam sections but need to take account of the additional axial force .

interpolation.

between those if the section was assumed to be uncracked and fully-cracked. The term

•

Steel will yield and concrete will undergo a non-linear behaviour in compression at
It should also be noted that the use of fer in Branson's original expression to denote the

higher applied moments.

fully-cracked stiffness can be confused with the same subscript "cr" which is already
•

•

With the non-linear behaviour of the section the stiffnesses have to be determined at

representing the first cracking state (Mer); so, in the present work, the subscripts "uc" and

each load step and at each position along the beam.

"fd' represent the uncracked and fully-cracked states respectively.

The Branson model only investigates the deflection, not the strain energy.
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3.6.2

Fully-cracked sections

yields the concrete in the tension zone will be heavily cracked and hence will not provide

The stiffness interpolation used by Branson (Eqs. [3.10] and [3.11]) results in an
asymptotic behaviour to the fully-cracked state, but never reaches it (Figure 3.9). This
discrepancy is however not a problem in the original Branson concept (nor during its

any further meaningful tension stiffening (Figure 3.9). Thus, the present work assumes
that tension stiffening effects is only effective up to the first yielding of the tension steel. A
modified interpolation coefficient will be defined in § 3.6.5.

experimental validation) as the model was intended to predict the behaviour at working
loads, well below steel yield, where heavy cracking is not expected. But, as discussed in

§ 3.3.2, it is expected that tension stiffening would become insignificant at high moments.

Centroidall Neutral I Reference axis

3.6.3

For a beam subject to pure bending there is no need to define the axis about which the
moment is calculated because the tension and compression forces produce a pure

when

c

=

Mapp > Mcr

[3.10] bis

couple. However, if there is an axial force, then a reference axis for moment needs to be
defined.

(~14
Mapp

[3.11] bis
The strain distribution, which is assumed to vary linearly because of the "plane section
remaining plane" assumption, allows the axial force and moment on the section to be
defined in terms of the strain at a particular location and the curvature. For a linear elastic

Moment

beam section, the effects of the axial force and the moment can be separated by selecting
the centroidal axis

(f y dA = 0, ,where A is the cross sectional area) (Figure 3.10).
A

i
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i
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Strain profile at section A-A

hl2

/I ....::::::::::: '.. :::::::::::~....

RC beam

= Branson model
3 = Present model
4 = Fully-cracked

t. . . . . . . . . .

Centroidal axis
Neutral axis

Mid-depth axis of the
RC beam section

2

FRP Plate

Curvature

A

Strain profile

Figure 3.9 - Asymptotic predictions by Branson model at higher applied moments
Mapp_mld

Mi?-depth ......
axiS

The present model must be applicable to beams where the loads cause yield of the
conventional steel reinforcement and rely on the FRP for security. However, after steel

~

yields only the FRP provides the additional tensile resistance and hence the segments will
undergo significant curvature. This increase in curvature is also associated with upward
movements of the section's neutral axis, causing higher strains in the tension zone.

I+-

Strain at the extreme
tension fibre =K x (h-x)

(a)

(b)

"'1"

.....

:p ~1

hl2 (fixed eccentricity for
the force in the FRP)

Force in the FRP (Fp)

(e)

Typically, the yield strain of steel (8 sy_ s) is about 0.002 whereas the ultimate tensile strain
of concrete may be about 1/10th of 8 sy_ s . It is thus contended here that at the time the steel
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Figure 3.10 - centroidal/neutral/reference axis
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For cross sections with materials of different Young's moduli the centroid can be defined
by using transformed areas; this can also be applied to cracked sections. However, for
materials which are non-linear, the secant modulus varies with stress and hence the
centroidal location moves as the applied moment varies. Thus, there is no fixed centroid
that is a section property that can be used as a suitable reference moment-defining axis.
To overcome this problem, a fixed reference axis for moment is chosen to be the middepth axis of the beam section, and moments calculated about this axis have the
subscript - mid assigned to them (Figure 3.10) .

3.6.5

Modified interpolation coefficient

Branson's original stiffness interpolation is based on the section's cracking level defined
as the ratio between the applied moment (Mapp) and the first cracking moment (Mer) and
hence only the limit on the maximum tension stiffening was considered. But, as discussed
in § 3.6.2, the minimum tension stiffening should also be incorporated in the present
model. It has been assumed that the section will be fully-cracked at the moment causing
first yield of the tension steel (My) and hence a modified interpolation coefficient should be
defined to avoid a discontinuity which would otherwise cause numerical problems
(Figure 3.9) .

The centroidal axis is still needed because the energy in the beam is to be defined as

f

Mapp_cen K dx + fFp 6 0 dx (where Mapp- een - moment about the centroid, Fp - axial force,

L

K -

L

curvature,

60 -

Therefore, the new interpolation coefficient should be a function of Mapp , Mer and My. At
any given applied load, the magnitude of the moment acting on the RC beam section

centroidal strain and L - beam span). This separation of moment and

force only applies if they are calculated relative to the centroid.

alone depends upon the moment-defining axis (Eq. [3.16]). As discussed above, due to

The centroid of an

the non-linear behaviour of the section, the selection of centroidal/neutral axis as the

uncracked beam section (a ue) can be defined, as can the centroid of a fully-cracked

reference for the comparison of moments at different applied-load levels is not correct

section (arc), and an interpolation between a ue and arc will be defined for partially-cracked

because the varying eccentricit,y in the force in the FRP causes unrealistic contributions .

sections.

Thus, the mid-depth axis of the beam section is chosen as the reference axis (§ 3.6.3).

Finally, the location of the neutral axis, where

6

= 0, needs to be known since the strain in

the most extreme tensile fibre needs to be calculated in terms of

K

(Figure 3.10). This

So, the following modified interpolation coefficient (CK ) is proposed for the equivalent
stiffness interpolation.

CK has the property that the section will be fully-cracked at first

can also be defined for uncracked (xue) and fully-cracked (xre) beam sections with a similar

yielding of tension steel and is also based on the moments calculated about the mid-depth

interpolation formula as for the centroid.

axis of the beam section.

3.6.4

Similarities and differences between the sectional
analysis with fully-bonded and unbonded FRPs

[3.17]

Analysis of debonded regions is more complicated than that of an individual section,

where Mer_mid, Mapp_mid and My_mid are the moments about the mid-depth axis of the beam

because there only exists global compatibility of extension between the FRP plate and the

section at first cracking, first yielding and at the given applied load respectively.

RC beam. The force in the FRP (Fp) is fixed over the entire debonded region and hence
all the sections within the debonded region must be analysed with the same Fp value.

When the My_mid: Mer_mid ratio is greater than about 3, which would be the case for most

However, the individual section analysis with this Fp value is similar to that of a single

practical RC beams, the difference between the predictions with Eq. [3.17] and Branson's

section with a fully-bonded FRP but without the local strain compatibility between the FRP

original interpolation coefficient Eq. [3.11] is negligible.

and the RC beam.
To determine the effective stiffness of the partially-cracked section using the present
interpolation coefficient (CK ) , the uncracked and fully-cracked

stiffnesses to be

interpolated as well as both Mer_mid and My_mid must be known . As is shown below the
determination of each of these quantities is not trivial and will be discussed in detail.
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Uncracked section analysis, with the strain in the most tensile fibre fixed at Sr (= frl Ee), is

Since an exact centroid does not exist for non-linear concrete beams, an "equivalent

used to determine Mer mid whereas fully-cracked section analysis, fixing the strain in the

centroid" is defined that will allow energy evaluations to an acceptable accuracy.

tension steel at

Ssy_s

(the yield strain of steel), is needed to determine My_mid.
For uncracked and for fully-cracked sections, the "equivalent centroid" is defined by

3.6.6

defining transformed sections (§ 3.6 .3) and that of the partially-cracked section will be

Analyses of uncracked/fully-cracked sections

interpolated between those of the uncracked and fully-cracked sections (see § 3.6.7.3).
The analyses of strengthened uncracked/fully-cracked sections are similar to those of
conventional beams but with account taken of the additional compressive force caused by
the assumed FRP force (Fp_assu).

The error induced by the use of this equivalent centroid in the GR estimations will be
discussed in § 7.5.

For the assumed Fp , and the applied moment on the section, the strain in the concrete
next to the FRP can be found. In the case of bonded beams, this can be immediately

3.6.7.1 Uncracked sections
The cross section and the strain distribution shown in Figure 3.11 are assumed in the

converted into the calculated force (Fp_ana) .

following analysis.

Fp_ ana

= Ep ApK (h + ta + tpl2 -

x)

[3.18]

where x is the neutral axis depth and Ap is the cross sectional area of the FRP.

Beam section of unit length

M apP3(1n

For debonded zones, the method is more complex and the strains in the concrete next to
the FRP have to be integrated over the debonded region to determine the extension, and

1

hence force in the FRP, which again is called F p_ana .

Centroidal axis

Fp ~

--

... -J

h

]

,r

J

l

Strain profile at the section

I....Unit length~

[3.19]

Strain profile
due to bending

Strain profile
due to Fp

Final strain
distribution

where ld is length of the debonded zone at a given debonding state.
Figure 3.11 - Separation of strain distributions due to bending and axial force
Either system will be in equilibrium when the two values of Fp (Fp_assu and Fp_ana) are the
~

J~

not to partially-cracked sections (see § 3.6.9-3.6.11 for the analysis of partially-cracked
x

sections).
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3.6.7

Equivalent centroid for concrete beams

z

T

8z

h

Compression steel

~

•t

same. These methods can be applied both to uncracked and fully-cracked sections, but

d

b

........................
Neutral axis

Neutral axis
....- - - - -... Tension steel

~r

For a linear-elastic beam, the effects of the axial force and the moment can be separated
by selecting the centroidal axis.

But, for RC beam sections where the material is not

linearly elastic, the concept of a centroid has no meaning, so the energy calculations

I...

b

~I

Beam cross section

I'"
Strain profile

nctb

Equivalent transformed section

cannot be expressed in a simple way.
Figure 3.12 - Equivalent transformed section (for uncracked beam section)
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Equivalent width in the concrete tension zone and equivalent area of steel

Equivalent width in the compression zone
The secant modulus at depth

Z

from the beam top (z < x, the neutral axis depth), Ee(z),

must be known to determine the corresponding equivalent transformed width be(z) with
respect to the selected reference modulus Eeo (the initial secant modulus) (Figure 3.12).

Concrete in tension is assumed to be linear-elastic with a modulus equal to the secant
modulus at 0.45f'c in compression (Ee - Eq. [3.9]).

The steel (both in tension and

compression) is assumed to be elastic-perfectly plastic (§ 3.3.1) .

So, the equivalent

transformed section is defined according to the modular ratios (net and ns respectively).
The O"e-8 e model assumed in § 3.3.1 is used to determine Ee(z).

[3.26]
Gc

= f:(~_{~}2J
£ max
£ max

£max

[3.7] bis
Note that Es is the secant modulus of steel:

Let 8e (Z) and O"e(z) be the strain and stress at depth z. Then:

E (z)

O"e(z)
Ec(z)

=

e

=

f: [~ -

Ee(Z]]
Emax

8m
ax

[3.20]

if 8 s < 8sy_s

Es

=

Es

else

Es

=

fy_ s

where fy_s is the yield stress and
The reference modulus, Eeo, is:

[3.27]

Es
8s

is the strain in the steel bars.

Finally, the distance to the equivalent centroid from the compressive surface of the beam

2 f'e

[3.21]

Emax

section (a un ) is:
x

ns As d + nsAsede + net b(h-X{ h-i(h-X)) + fbe(Z)ZdZ
The equivalent transformed width at depth

Z

(be(z)) is: (Figure 3.12)

]

x

[3.28]

ns As + nsAse + net b(h - x) + f bc(z) dz

J

1

o

=

[3.22]

o

where As and Ase are the areas of the tension and compression steel and x is the neutral

Substituting [3.20] and [3.21] in [3.22]

=

[1 -

axis depth of the cross section.

Ee(Z)] b
2Emax

[3.23]

3.S.7.2 Fully-cracked sections
8e (Z) can be calculated from the known

K

For a fully-cracked section, the depth to the equivalent centroid from the compressive

and depth z. (Figure 3.11)

surface of the beam section (are) is calculated as in the case of an uncracked section, but
with no contribution from the tension concrete .
[3.24]

3.S. 7.3 Partially-cracked sections

hence,

=

[1 - (128 -;)1
b

0,

The centroidal axis locations for both the uncracked and fully-cracked sections are

[3.25]

available and will be used to determine that of the partially-cracked section.

max

Knowledge of the equivalent centroid of partially-cracked concrete beams was required in
the literature during the deflection analysis of prestressed concrete beams and also in the
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analysis of conventional beams when subjected to sectional compressive forces. The

Rao & Dilger (1992) investigated the accuracy of some of the existing deflection prediction

existing knowledge is first briefly reviewed and an appropriate model is then proposed for

models against a database of 55 prestressed beam specimens collected from the

the present problem .

literature. The model based on a modified Branson's local Ieff concept incorporating the
effective centroid, as suggested by Sakai & Kakuta, was found to correlate well with the

Sakai and Kakuta effective centroidal axis model

test data.

A mean value of 1.012 with a variance in the range that would normally be

Sakai & Kakuta (1980) investigated the centroidal axis location of conventional RC beams

expected

for

under combined bending moment and axial force. Some of the Sakai & Kakuta test data

actual/predicted deflection ratio.

will later be used to validate the present model (§ 3.7). They noted that the centroid of a

stiffness interpolation in their centroidal interpolations.

models

with

reinforced/prestressed

concrete

was

found

for

the

However, they used the same power 4 as for the

partially-cracked section can be located by a Branson-type interpolation between those of
uncracked and fully-cracked sections. It should be noted that Sakai & Kakuta employed

Tadros et al. (1985) employed the same approach as Rao & Dilger (1992) with power 4

cracked-linear-elastic analysis as did Branson.

interpolation in the aeff expression in their deflection studies of prestressed concrete
beams. Teng & Branson (1993) used the effective centroid concept (with power 2.5 in the
[3.29]

interpolation coefficient) in the time-dependant analysis of prestressed concrete beams.
Both studies validated the predictions against test data. Thus, it is certain that a power
value in the range of m to (m-1) would be appropriate as noted by Branson & Trost (1982)

[3.30]
where aeff is the effective centroidal axis depth of the partially-cracked section and a uc and
arc

are those of the uncracked and fully-cracked sections respectively.

Mcr

and

Mapp

are

the moments at first cracking and the given applied moment, both calculated about the
mid-depth axis of the beam section . The power

m' in the interpolation coefficient was

and Sakai & Kakuta (1980).

The aeff concept will be applied here for RC beams strengthened with external FRP plates.
The equivalent centroidal axis depths of the assumed uncracked and fully-cracked
sections

(a un

and

arc

respectively) are interpolated in the same way as the equivalent

elastic stiffnesses (Eq. [3.17]) but with the power 3.5 in the interpolation coefficient.

found to be a number between (m - 1) and m, where m is the power used in the
Branson's effective stiffness derivation (Le. m

=4 and 3 for the local curvature expression

[3 .31]

and the overall deflection expression respectively) .

[3.32]

Application of the Sakai and Kakuta model for prestressed concrete beams
Branson & his co-workers and a few other researchers applied Sakai & Kakuta's effective
centroid concept in the curvature analysis (which is subsequently used in the deflection
predictions) of prestressed concrete beams (e.g. Branson & Trost 1982, Rao & Dilger
1992, Tadros et al. 1985, Teng & Branson 1993, etc.).

3.6.8

Moment about the equivalent centroid

The energy in the beam is calculated as

f

Mapp_cen

L

Branson & Trost (1982) combined Branson's overallIeff expression (Eq. [3.15]) together
with the Sakai and Kakuta aeff concept for deflection estimations of their prestressed
concrete beam specimens and noted good correlations with test data. The power 2.5 was

Mapp_cen

K

dx +

f

Fpco dx (§ 3.6.3), where both

L

and co refer to the equivalent centroid of the section.

applied moment on the section

(Mapp)

The known externally

and the centroidal axis location (a) (irrespective of

the cracking state) are used to determine

Mapp_cen.

selected for the interpolation coefficient of the aeff expression following the Sakai & Kakuta
recommendations that it would lie between 2 and 3 (since the power 3 was used in the

[3.33]

stiffness interpolation).
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3.6.9

Equivalent elastic stiffness

3.6.10 Neutral axis location

Knowledge of the curvature of a beam segment at a given applied moment is required in

The location of the neutral axis needs to be known since the strain in the most extreme

order to calculate the energy state.

tensile fibre and also the strain at the centroid (so) need to be calculated in terms of

For uncracked and fully-cracked sections the

curvatures (Kuc and Kfc respectively) are directly determined from the section analyses.

K

(Figure 3.11). For uncracked and partially-cracked sections the neutral axis locations

are known from the section analyses (xun and Xfc respectively) and a similar interpolation
For a partially-cracked section, the known

Mapp_cen

can be related to

K

of the section if the

stiffness of the section is known.

as for the centroid is used to define the neutral axis depth of partially-cracked sections
(Xeff).

For a linear elastic beam section, the moment (M) relates to the stiffness (El) and
curvature (K) as:
where Ca is from Eq. [3.32] .

M

=

ElK

[3.6] bis

Thus, the equivalent relationship in the present non-linear section should be in the form of:

Moment
[3.34]
where B is the section's "equivalent elastic stiffness". B varies with the applied load and
hence
K

Eq.

represents

a

non-linear

relationship

between

Mapp_cen

- - - -

Uncracked section assumption

--- ----

Fully-cracked section assumption

and

(Figure 3.13) .

Since both

J

[3.33]

Actual section

Mapp_cen

and

K

=

1
Buc
2 = Bfe
3 = Beft

can be found for uncracked and fully-cracked sections, the

equivalent elastic stiffnesses (Buc and Bfc respectively) can also be determined .

=

Mapp

cen

t.c

[3.35]

Curvature
Figure 3.13 - Equivalent elastic stiffness

The equivalent effective stiffness of the partially-cracked section (B eff) will be interpolated
between Buc and Bfc .

Bett

=

3.6.11 Determination of the FRP force
CK Bue + (1- CK ) Btc

[3.36]

where CK is the interpolation coefficient as derived in Eq. [3.17].

with both fully-bonded and un bonded FRPs. The same procedure is extended here to
partially-cracked sections since the strain distribution across the section is now known for

Finally, the curvature of the partially cracked section is:
K

=

§ 3.6.6 showed the determination of Fp for uncracked and fully-cracked sections for cases

the assumed Fp.
[3.37]

68

69

(

I
Divide the beam span into

n segments

~

I

Geometric, loading data and the material properties of the beam

)

START

-I

Geometric, loading dala and the material properties of the beam

~

Selectlhe slarting localion and Ihe lenglh(!.) of the debonded zone

~

each of length 8x

Assume the force in the FRP (Fp)

J

~

Assume the force in the FRP (Fp)

I

J

1 Divide the debonded zone into n segments
~;= 1 and net cumulative extension of the bottom fibre of the beam
over the debonded zone is zero
Compute the effective moments at first cracking and first yielding of tension steel
(Mcr_mld(~ and My_mld(I»

Calculate the effeclive moment on the ;1/0 section about the beam mid-depth axis (M app_m/~/))

1

i= 1

l

Calculate the moment on the i 111 section about the beam mid ·depth axis (M.pp_mld(t))

~

Compute the effeclive moments at first cracking and first yielding of
tension steel (MCfJnld(/) and My_mld(/»

Uncracked
M.pp_mld(/) S Mcr. mloJ(l)
Uncracked
M.pp_mld(~ S

1

-

Fully cracked

Mer_mld(/)

....

I
Fully-cracked
M.pp mlo1/) ~My_ mloJ(l)

Is the section uncracked, fully-cracked or partiall)'cracked ?

M.PP.PIld(/) :!: My_mld(l)

!I

~
Uncracked section anatysis

I

J

I

I

Parlially cracked
M". mlJ.I)< M epp. ml~/)< My_m,J./)

Effective section analysis

~

J

I

Fully-cracked section analysis

Obtain the strain distribution across the section and the extension of the bottom fibre of the beam and add to
cumulative extension

1

Obtain the strain distribution across the section and the strain In the FR P

NO? ;=;+1

...

Last debonded section?

.1

NO

I

YES (cumulative extension of the bottom fibre of the
beam overthe de bonded zone is know!)

NO

Is the local strain com patibility satisfied?

....

Modify Fp

Is change of length compatibility satisfied?

Modify Fp

~ YES (correct Fp Is known)
set; = 1

YES (Correct Fp is known)

I

Reanalyse the section with correct Fp

Calculate Mapp_mlJ.'), M"_m,J.I) and My_mM/) with the correct value ofFp

~

~

Moment (Mapp_c.n(/) and the curvature are now
known

I

NO

Identify whetherthe section is uncracke~ partially-cracked or fully-cracked and obtain the
moment (M.pp-,en(l)) and the curvature from the correct section analysis

.1

Las t section?
Increase i

Last debonded section?

I
NO? ;=; + 1

...

~ YES
(

END

Flowchart 3.1 - Step-by-step procedure to calculate response in bonded region
Flowchart 3.2 - Step-by-step procedure to calculate response in partly-debonded region
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I

3.6.12 Application of the model

•

The analysis will be performed for a known externally applied moment
assumed FRP force

Fp.

(Mapp)

•

as that of fully-bonded section but the length and the location of the debonded zone are
required in the analysis; the correct

Fp

Ueff, Xeff, and

EO

can be found as can the strain in the extreme

Finally, the calculated force in the FRP can be determined and compared with the
assumed value.

must be determined from the extension compatibility

(§ 3.6.6). Flowcharts 3.1 and 3.2 show the step-by-step procedures of the fully-bonded
and debonded zone analyses respectively.

3.6.13 Discussion on the analysis of debonded zones

It should also be noted that the model is

applicable for beams with multiple layers of FRP provided that no interlayer failures occur;
some of the test data discussed in § 3.7 validates the present model for beams with

In the analysis of a bonded section, it is possible to use the actual

M cr_mid, My_mid

The applied moment about the mid-depth axis

(Mapp_mid)

Fp

values at first

cracking, first yield of the tension steel reinforcement, and the given applied moment
(Figure 3.14(a)).

multiple FRP plates.

•

K,

tension fibre of the concrete beam section.

and an

The analysis of the de bonded region follows the same approach

From the known

and

The interpolation formulae are then applied to the actual values of
Mapp_mid.

In a debonded section, however, the force in the FRP is

controlled by an overall compatibility condition so it is no longer possible to find the actual

can be calculated as:

Mccmid, My_mid,

[3.39]

etc.

Instead, the fixed value of

then the interpolation states

(EI, U

and x) at

Fp_assu

Mapp_mid

is used to find

Mcr_mid

&

My_mid

and

are found from these values using the

relevant interpolation formulae (Figure 3.14(b)).
•

For the assumed
yielding

•

If

(My_mid)

Mapp_mid

F p,

the moments that would give first cracking

(Mcr_mid)

and first steel

Relative slip between the RC beam and the FRP at the boundaries of the
debonded zone

can now be found (§ 3.6.5).

shows that the beam is uncracked or fully-cracked, the analysis is

straightforward but if it lies between

Mcr_mid

and

My_mid,

the stiffness (Berr) needs to be

A debonded zone is accompanied by two transition zones, at the ends of which the FRP
can be considered to be fully-bonded (§ 3.5.1).

found from the interpolation formula.
Hence, during the application of extension compatibility between the FRP and the
[3.36] bis
with CK from Eq. [3.18]
•

concrete beam over the debonded zone, account should be taken of the relative slip that
must occur at the two boundaries. This analysis requires knowledge of the transition zone
Fp

It is also now possible to find the effective centroid Uerr from Eq. [3.31].

profiles which will be presented in Chapter 4. § 4.8.2.2 shows the determinations this

relative slip.
[3.31] bis
and the neutral axis (xerr) position from:

The effect of the relative slip on the extension compatibility is more significant when the
[3.38] bis

debonded length decreases. The shortest de bonded length analysed in the present study
is 1 mm and the analysis, shown in § 4.8.3, reveals that the maximum contribution of the

•

Having obtained Uerr the moment about the centroid

(Mapp_cen)

can be determined from:
[3.33] bis

relative slip to the extension compatibility is less than about 1%. Furthermore, in simply
supported beams, which the present debonding analysis considered, the relative slips at
the two boundaries are acting in the opposite directions, further minimising their

•

The curvature (K) is now calculated from:

K

=

significance. So, the results presented in this thesis do not include the relative slip effects
[3 .37] bis
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in the analysis of extension compatibility conditions.
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such comparisons, which include all M-K, strain distributions and deflections estimations,
are shown here. The examples cover test specimens with a large variety of material and
C-

o:::

geometric properties, and specimens with both single and multiple layers of FRP; the tests

-

were conducted at separate laboratories in many different countries.

LL

Q)

.I::.

C

(a)

Q)

3.7.1 Material and geometrical data for analyses

~
LL

o

The material behaviour discussed in § 3.3.1 is assumed here and only the numerical
values are given below.

Moment

For steel, the quoted mean yield stress (fy_s) is used; when the measured values are not
reported or only the characteristic values supplied by the manufacturer are quoted in the
original references, fy_s is assumed to be 530 N/mm2 for deformed steel bars. This value
for fy_s has been taken because it represents a typical value for the actual strength of

C-

o:::
u.

-

1-__-

deformed steel bars and also when test results are reported, they are in the range 500-

Actual Fp may vary (unknown)

Q)

550 N/mm2 (e.g. Arduini et al. 1997, Li et al. 2001). The elastic modulus of steel is taken

(b)

.I::.

as 200 kN/mm2 in the analysis despite the small variance noted in the reported data.

C

~

o
u.

Published data is used for the other material properties when available; if not, the
following values are assumed. When the cube strength (feu) of concrete is reported the
compressive strength of the mix (f:) (i.e. the cylinder strength) is taken as 85% of feu. If

Moment

the characteristic strength (fek) of concrete is recorded then the mean strength (fem) is

Figure 3.14 - Force in the FRP varies with the applied moment
(a) fully-bonded FRP (b) debonded zone

derived from Eq. [3.40].

,,"m = fck + 8

(N/mm 2 units)

[3.40]

3.7 Experimental validation of the M-K. model
The model can be used to predict M-K relations, strain distributions (together with the
known neutral axis location) and deflection profiles (by integrating the curvatures along
the span) of RC beams in the presence of a net axial force; the predictions are then

When it is not reported, cover to the shear links is taken as one tenth of the overall beam
depth and the adhesive thickness as 2 mm. It should also be noted that self-weight of the
test specimens is not included in the analysis.

compared with test data published in the literature.

3.7.2
The axial force can either externally applied, or exists due to unbalanced stress resultants

Comparisons with test data: RC beams subjected
to combined moment and axial force

acting on the RC beam section, as in the case of beams with external FRP plates, in

Sakai & Kakuta (1980) reported M-K relationships for eight RC beam specimens

which case the net axial force is unknown at the beginning of the analysis. Comparisons

subjected to combined moment and axial force. The specimens were of the form shown

between the test data and the present model are made for some of the test specimens

in Figure 3.15, and the geometric and the material properties of three of the test

found from the literature under both these categories. Due to space constraints only a few

specimens are described in Table 3.1. The specimens MN-35-13 and MN-35-16 were
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loaded with eccentricities of 350 mm whereas the eccentricity in Beam MN-75-13 is

beam experimentally, but a reasonable assumed value (such as Eq. [3.8]) can still be

750 mm (overall depths of all beams are 300 mm). Beams MN-35-13 and MN-75-13 were

appropriate. Comparisons with their other tests (e.g. results for specimens MN-35-16 and

lightly reinforced whilst specimen MN 35-16 had a higher steel reinforcement ratio.

MN-75-13 are shown in Figure 3.17) gave similarly good results. The reported data relate

fy_s

is

taken as 530 N/mm 2 .

to the elastic regime of the steel reinforcement so comparisons of the post-yield behaviour
of steel cannot be made.

No other model is available which allows such detailed

comparisons for beams under combined bending and axial force; this is the fundamental
Jack
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Figure 3.15 - Geometric and loading details for Sakai & Kakuta (1980) test beams
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Figure 3.16 - M-K comparisons for Beam MN-35-13 (Sakai & Kakuta 1980)
Beam

Eccentricity

Steel (%)

e(mm)

(P)

f'c
(N/mm2)

MN-35-13

350

0.596

31.0

MN-35-16

350

0.932

30.7

.......

31.7

z

45

a

E

MN-75-13
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0.596
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o
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c:
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Test data - MN-75-13
Present model -MN-75-13
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.. e;

E
o
E

Table 3.1- Material properties and eccentricity for Sakai & Kakuta (1980) test beams
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Figure 3.16 shows comparisons between the present model predictions and the test data

~

from specimen MN-35-13 and shows good agreement. The same figure also shows that
the fully-cracked section assumption at moments beyond Mer (dashed line in Figure 3.16)

0.2

0.4
0.6
0.8
1.0
5
1
Curvature, K (x 10- mm- )

1.2

significantly underestimates the stiffness and hence justifies the importance of the
effective section analysis. The predicted Mer depends upon the flexural tensile strength of

Figure 3.17 - M-K comparisons for Beams MN-35-16 and MN-75-13 (Sakai & Kakuta 1980)

the concrete (fr) which is difficult to determine precisely even when checking an existing
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3.7.3

Comparisons with tests: FRP strengthened beams

Some of the reported test data giving M-K relationships and strain and deflection profiles
of FRP strengthened RC beam specimens are compared with predictions from the
present model and show good correlation. A large variety of material and geometric
properties are covered, as shown in Table 3.2.

All the test specimens analysed here

strengthened with a single layer of CFRP plate whilst two layers of identical CFRP plates
were used to strengthen Beam A6.

As shown in Figure 3.20, the present model

predictions compare well with the test data (it is however acknowledged that the data
covers only the pre-yield region). The accurate estimations of the FRP strains justify both
the equivalent stiffness and the neutral axis location concepts.

were tested as Simply supported beams under four-point bending with two equal shear
spans (Figure 3.18). Concrete crushing in the compression zone was reported as the
failure mode of all specimens. The test data presented here has been scaled from figures
shown in the original references.
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Figure 3.19 - M-K comparisons for Beam A3 .1 (Spadea et al. 1998)

Figure 3.18 - Geometric and loading data for 4-point bending test beams

Moment-curvature comparison
Figure 3.19 shows M-K comparisons for Beam A3.1 tested by Spadea et al. (1998). The

Figure 3.21 shows the comparisons for the reported midspan top and bottom extreme

figure shows that the model can successfully predict behaviour for all uncracked, partially-

concrete fibre strains of Beam A tested by Li et al. (2001). Satisfactory agreement can be

cracked and fully-cracked regions. However, it should be noted that the predicted Mer and

seen; the model correctly predicts the strain profile across a section, validating both the

My are slightly larger than those actually observed, which may be attributed to the

present effective stiffness concept and the effective neutral axis expressions. The

overestimation of fr and/or fv'

The small variations in the stiffness predictions may be

predictions in the vicinity of Mer depend on the selected fr which is difficult to determine

attributed to slight overestimation of the material stiffness, in particular, that of the

precisely. Nevertheless, as is shown in Chapter 6, plate debonding usually takes place at

concrete.

higher applied loads than those which cause Mer and hence small inaccuracies at lower
applied moments are not significant in the final plate debonding analysis.

Strain comparisons
Comparisons with the reported mid-span FRP strains of two identical beams, Beams A4
and A6, tested by Arduini et al. (1997) are shown in Figure 3.20.

Beam A4 was
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~I

Beam

lspan

lShear

lFRP

b

h

d

de

fl

tp

ta

Ap

Ast

Ase

fy_s

Ep

A3.1

4800

1800

4700

140

300

263

37

24

1.2

2*

96

402

402

435

152

A4

2000

700

1700

200

200

163

37

31

1.3

2*

195

308

308

540

167

A6

2000

700

1700

200

200

163

37

31

1.3

2*

390

308

308

540

167

A

1100

400

1040

130

200

165*

35.0*

37

1.3

2*

120

101

101

CB4-2S

4576

1830

4270

230

380

330

29.5

40

1.4

3

212.8

981.8

127

550
530*

120
138

CB5-3S

4576

1830

4270

230

380

330

29.5

40

1.4

3

319.2

981.8

127

530*

138

G2

2742

914

2742

200

200

152

41.0*

54.8

0.45

2*

91.4

259

142

540

138

G5

2742

914

2742

200

200

152

41.0*

54.8

0.45

2*

91.4

774

142

540

138

e

* assumed

The length, area, strength and stiffness quantities have units mm, mm 2, N/mm2 and kN/mm2 respectively.
Table 3.2 - Geometric and material properties for FRP strengthened test beams
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data. This confirms that, not only does the model correctly predict the curvatures, but it

Alagusundaramoorthy et al. (2003) are shown in Figure 3.24.

Similar deflection

also predicts correctly the neutral axes, from which it can be assumed that the strain

comparisons for Beams G2 and G5 (with low and high internal steel ratios respectively),

profiles will be correct.

tested by Ross et al. (1999) are shown in Figure 3.25.

In all cases the predictions at

lower loads are slightly smaller than those observed, which implies that the material
stiffness used in the analysis has been marginally overestimated, but the comparisons
show a satisfactory agreement at higher loads for a model relating to reinforced concrete.
........

120

Similar comparisons have been noted for all other deflection comparisons made in the

z

present study. This accuracy of deflection estimations validates the use of the predicted

~
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curvatures.
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Figure 3.22 - FRP strains at the load point (Beam CB4-2S Alagusundaramoorthy et al. 2003)
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Figure 3.23 - FRP strains at various span locations (Beam CB4-2S Alagusundaramoorthy et al. 2003)
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Deflections are not calculated directly but must be found by integration of curvatures;
comparisons between mid-span deflection predictions and test data have been made for a
large database of test results . The comparisons for Beams CB4-2S and CB5- 3S
two

and

three

layers

of CFRPs

respectively)
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...........0···········

"C

Deflection comparisons

with

30.0

Mid-span deflection (mm)

Gr·······

.Q

(strengthened

15.0

by

82

.. ·0 .... · Test data - G2

40

- - Present model - G2
.... )C ....

Test data - G5

----

Present model - G5

O.---------~----------~--------~~

15.0

30.0

45.0

Mid-span deflection (mm)
Figure 3.25 - Midspan deflection comparisons
(Beams G2 and G5 Ross et al. 1999)
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Comparisons with the available test data have demonstrated that the model is accurate,

Confirmation of the M-K model

3.7.4

so it can be used to determine the energy release rate associated with a small potential
The above comparisons show that the present model accurately predicts M-K relations

extension of an existing interface crack. That analysis is discussed in Chapter 4.

and strain profiles of strengthened RC beam sections. However, it is acknowledged that
at applied moments smaller than

Mer

and also near the ultimate failure minor

discrepancies between the present model predictions and the test data can be seen.
Nevertheless, as will be discussed in Chapter 6, plate debonding takes place at moments
well beyond

Mer

but below the ultimate compression failure. Thus, it is contended that the

It should also be noted that the moment-curvature model developed here should also be
valid for combined bending and axial force in general so should be applicable to
prestressed concrete beams, but it has not been calibrated for the much higher levels of
axial force present in such beams, which are rarely cracked to the extent envisaged here.

present model predictions correlate well with the test data within the load range that
causes plate debonding. Note that the present debonding model does not consider the
total energy level of the beam at a given state but the small change in the energy upon a
short extension of an existing debonding crack (this will be discussed in Chapter 4).

The slight overestimation in the predictions at smaller applied moments may presumably
be due to the errors involved with the measuring of smaller quantities, together with the
inaccuracies in the material properties used in the analysis, especially the flexural tensile
strength and the Young's modulus of concrete which have been calculated using Eqs.
[3.8] and [3.9] respectively from the quoted values of the compressive strength. Slight
discrepancies that exist in the vicinity of the ultimate failure may be attributed to possible
cracking in compressive concrete and the onset of FRP plate debonding failures just prior
to the ultimate failure which are not included in the present M-K analysis. However, these
minor inaccuracies are to be expected in models of reinforced concrete and it can be
concluded that the present model predicts M-K relations with sufficient accuracy that it
can be used as the basis for energy determinations.

3.8

Conclusions

An essential first stage of the global-energy-balance based plate debonding analysis is
the determination of the energy in a strengthened beam, which in turn requires knowledge
of the moment-curvature relations . The Branson model has been extended to allow for
tension-stiffening, taking account of the axial force induced by the FRP plate (whether
bonded or debonded), and the model includes nonlinear stress-strain relationships of
constituents in the beam. The model is valid for the full range of applied moments of the
strengthened beam .
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in particular, that in the vicinity of the crack tip. However, only the steady propagation of

Chapter 4

the dominant crack is considered in the present analysis.

A Global-Energy-Balance Based Fracture
Mechanics Model for Plate Oebonding

4.2

Analysis of fracture

Fracture mechanics analysis was first pioneered by Griffith (1920) on the basis of the
The importance of global-energy-balance based fracture mechanics solutions for FRP

energy balance of the whole body and later by Irwin (1957) who studied the crack tip

debonding was discussed in Chapter 2.

Since flaws are inevitably present in the

vicinity stress fields . It was experimentally validated that the critical-energy-release-rate

concrete-FRP interface, those that can propagate must be identified. The significance of

(often referred to as Gc) is unique for a given material and is known as the "fracture

an existing interface flaw in relation to debonding can be identified by comparing the

energy".

associated energy release rate with the interface fracture energy.
A new fracture parameter, the stress intensity factor (K), which investigates the stress
This chapter presents the determination of the energy release rate associated with an

intensity right at the crack tip, is now widely used in fracture analysis and is the basis of

existing interface crack, using the moment-curvature model developed in Chapter 3. The

the well established linear elastic fracture mechanics (LEFM) .

determination of the interface fracture energy will be discussed in Chapter 5.

materials where the influence of the non-linear deformations accompanying the crack is

LEFM is applicable to

limited to a negligible zone in the close proximity of the crack tip (e.g. glass, ceramic) . As

4.1

with the energy release rate app~oach, failure is simulated by comparing the existing K

Mechanics of fracture

with the critical value (Kc).
The present fracture mechanics model intends to determine "how long an interface crack

In LEFM, it has been validated that both Kc and Gc predict

identical failure (Karihaloo 1995).

can be sustained without causing debonding under a given applied load", and "for a given
crack geometry what is the maximum load that can be sustained?"

LEFM establishes the stress field at the crack tip required to satisfy equilibrium and

Despite numerous cracks inevitably being present in the interface, most of them are
neither long enough nor weak enough to cause failure individually. But they can coalesce
by growing slowly, and subsequently form a longer crack which can propagate steadily.
Slow crack growth is not generally amenable to analysis, so fracture analysis is often
related to the steady propagation of a dominant crack (e.g. Hutchinson & Suo 1992).

compatibility. Once the stress concentration ahead of the crack tip is defined, it is used to
determine how the crack will propagate. However, determination of the crack tip stress
field is not trivial. In LEFM, it is customary to resolve the general stress state into three
elementary states which are called "Modes; I, II and III" respectively (Figure 4.1). Mode I
refers to a planar symmetric state of stress which causes a crack to open, i.e. the crack
faces are displaced normal to their plane. It is therefore referred to as the "opening mode"

The "critical crack" is defined as the smallest crack that can propagate steadily under the
given conditions. This concept is most useful in concrete where significant microcracking
(slow growth) is inevitable prior to the formation of the critical crack. The cracks which
coalesce to form the critical crack may be referred to as "sub-critical cracks" and their
growth as "sub-critical crack growth".

Whether a crack present in a structural element remains at its original geometry, grows
slowly or propagates steadily will depend upon the stress field characteristics in the body:
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(Figure 4.1(a»).

The planar antisymmectric state of stress which causes a relative

displacement of crack faces in their own plane is Mode II. This mode is also known as
the "in-plane shear (or sliding) mode" (Figure 4.1 (b)). Finally Mode III refers to the state
of stress which causes a relative displacement of the crack faces out of their planes. It is
therefore referred to the "anti-plane tearing mode" (Figure 4.1(c)).

The 2-D stress field at the tip of a crack in a homogeneous, isotropic elastic material can
be presented in terms of the two in plane elementary stress states:
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cr xx

= ~cos S [1- sin S sin 3S] + ~sin S [2 + cos S cos 3S]

cr yy

=

KIT
. S
S
3S
Kr cosS [1 + sln-sln. S . 3S] + --sln-cos-cosr;::;--::
v2nr
2
2
2
,J2nr
2
2
2

't xy

=

Kr
S. S
3S + --cosKIT
S [1 - sln-sln. S . 3S]
--cos-sln-cos,J2nr
2
2
2
,J2nr
2
2
2

,J2nr

2

2

,J2nr

2

2

2

When KIT is zero the problem is simplified to the pure opening mode (Mode I) whereas

Kr = 0 represents the pure shear mode (Mode 11) .

2

[4.1]
Negative stress intensity factors are physically meaningless and hence K values in
Eq. [4.1] must always be positive. It should also be noted that the above solution shows
that the stresses near the crack tip have a square-root singularity. So, application of the

where Kr and KIT are the Mode I and II stress intensity factors respectively. r is the radial

solutions to a real-life problem must be done with great care as infinite stresses cannot

distance from the crack tip and S is the angle of the vector! with respect to the XX axis

exist.

(as shown in Figure 4.2).
The determination of stress intensity factors is not trivial ; the derivation of analytical
solutions is virtually impossible other than in a few idealised cases such as problems with
a finite elliptical crack in a thin elastic brittle plate of infinite width. Various techniques,

cr

mainly numerical, have been developed (e.g. Sih 1973, Journal of Strain Analysis
Monograph 1978) and some references have tabulated the critical K values for several
common practical problems (e.g. Murakami 1987, Tada et al. 1985).

4.3
cr
(a)

LEFM is based on two key assumptions:

(c)

(b)

Introduction to non-linear fracture mechanics

Figure 4.1 - Three elementary modes of stress state
(a) Mode I (opening) (b) Mode II (shear) (c) Mode III (out-of-plane shear)

•

negligible non-linear zone in front of the crack tip

•

during the fracture process the entire body remains elastic and energy is only
being released at the crack tip

Despite Griffith validating his theory against test data for glass bars, later researchers

y~ ~
....

noted that the theory is not valid for steel (as quoted in Broberg 1999). Irwin (1957) noted

- .......

,; A '
I

that in structural materials there are always some inelastic deformations in the crack tip

\

I

,\ X ;'

Thin elastic plate

..

vicinity which subsequently result in further energy dissipations.

~-'

<

t

Crack

,..

III.

"

x

LEFM predicts very high stress concentrations in close proximity to the crack tip (§ 4.2).

Crack tip

However, stresses beyond the yield stress are not realistic in steel and hence a plastic
zone of considerable size forms where the strain exceeds the yield strain.

Thus, the

LEFM theory does not apply to steel. The "cohesive crack" model of Barenblatt (1962)
which considers the crack tip plasticity is often quoted in the fracture analysis of steel
Figure 4.2 - Crack tip stress field (2-D)

(Karihaloo 1995).
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4.3.1

Finite element modelling

Analytical solutions can rarely be attained for real-life problems, even with the
assumptions of LEFM, so finite element (FE) modelling is commonly used in practical
fracture mechanics analyses. In addition to the conventional Gc and Kc approaches, two
new concepts are now widely used in the FE analysis of non-linear problems.

The path-independent contour integral approach (also known as the "J-integral"), which
was first pioneered by Rice (1968), represents the energy release rate (G R ) in both linear
and non-linear FE continua.

Traction free
crack

Most newer commercial FE packages facilitate J-integral

analyses and the method is commonly used in the analysis of elastic-plastic materials.

+

Microcracking

Bridging zone

I~

·1

Fracture process zone (FPZ)

The other common approach is the virtual crack extension method (e.g. Hwang &
Ingraffea 2007).

Here, virtual changes are made in the FE mesh to accommodate the

crack propagation. GR for various assumed paths of crack extensions are calculated as

Figure 4.3 - Fracture process zone in concrete

the derivative of the stiffness matrix with respect to the crack length and, the one that
shows the highest GR is assumed to be the correct crack propagation direction . .
The fully-developed FPZ of concrete is typically over 100 mm long (see § 5.10.1.2),

4.4

Applicability of linear elastic fracture
mechanics to concrete structures

whereas it is in the order of 10.0 mm for glass where the application of LEFM is justifiable
(Karihaloo 1995). The existing research on the FPZ of concrete is inconclusive and the

Concrete is not an ideal elastic-brittle material and hence the crack tip vicinity undergoes
various inelastic mechanisms absorbing energy:

effects of specimen size, geometry, and also the aggregate properties such as shape,
strength, etc. have not been fully understood.

Nevertheless, it is certain that the FPZ

exists and its size is beyond the range of assumptions on which the LEFM is justified.

•
•

Microcracks with random orientations form ahead of the crack tip
The crack path is not straight but follows the one with least resistance around or

The argument presented in this section shows that LEFM is invalid in concrete; detail on

through aggregates particles

how the effects of the FPZ are dealt with the fracture analysis of concrete will be

•

Aggregate bridging across cracks absorbs energy

presented in Chapter 5.

•
•
•

Due to the tortuous crack path, aggregate interlock may also occur near a crack tip
Voids cause crack blunting, requiring extra energy for further propagation
Due to the heterogeneity of concrete, crack branching occurs, absorbing additional

4.5 Global-energy -balance-based fractu re
analysis of FRP debonding

energy
Most existing fracture analyses of FRP debonding from concrete beams usually consider
Precise analysis of each energy dissipating mechanism in isolation is impossible since the
exact microstructure is unknowable. Therefore, all these non-linear mechanisms are
usually lumped together into a non-linear zone ahead of the crack tip and referred to as
the "fracture process zone (FPZ)" (Figure 4.3) . The fracture analysis of concrete must
account for the FPZ existing ahead of the crack tip.

crack tip stress intensity and are also based on FE modelling (e.g. Hamoush & Ahmad
1990, Lau et al. 2001, etc.), but the results are of dubious validity (§ 2.6 and 2.7)

Alternatively,

the

global-energy-balance

based

fracture

mechanics

approach

is

advantageous as it considers the energy state of the whole system. Despite the fact that
the crack tip stress field is not amenable to precise analysis, the energy level of the whole

90
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beam can still be calculated to a reasonable accuracy because the "uncertain zone" has a

debonding are considered separately as the analyses of the two cases involve different

very small volume.

features.

The influence of the unreliable stress predictions in the crack tip

vicinity is therefore not critically significant to the energy balance of the system, whereas
the crack tip stress field solely governs an analysis based on LEFM.
Existing crack

I..

It should also be noted that in LEFM both the global-energy-balance and the crack-tipstress-intensity approaches result in identical analyses.

B

Thus, it is contended that the

--I

(a)

- I
A

(b)

A

global energy balance approach will yield accurate estimations for non-linear problems if
all the energy transfer mechanisms are properly taken into account.
New crack

1C B

However, there has only been limited application of the global energy balance approach
for the study of concrete-FRP interface debonding (e.g. Glines 2004, Hearing 2000).
Those

studies nevertheless directly used

linear-elastic theories

in

the

energy

determinations. As is shown in this thesis, with the presence of cracks and other material
non-linearity, the assumption of linear-elasticity is not justifiable.
Figure 4.4 - Oebonding crack just (a) before (b) after small 8a extension

Energy release rate

4.5.1

The energy release rate (G R ) associated with a small potential extension of the existing
debonding crack is determined as the rate of change of total potential energy of the

4.7

system (i.e. sum of the energy put into the beam and the potential energy of the

Transfer zone at the plate end

externally-applied loads) with respect to the crack length (§ 3.1 and Eq. [3.2]). The critical

As discussed in § 2.3.2.1, when a FRP plate is curtailed at a nonzero moment location,

state is determined when GR equals the GF (interface fracture energy).

the axial strain difference between the edge of the plate and the concrete beam

The moment-

curvature model developed in Chapter 3 is used to determine GR and is discussed below.

Plate end debonding

immediately adjacent to it causes relative slip between the two adherents in the plate end
vicinity. Thus, for a section near the plate end, the force in the FRP (Fp) cannot be

4.6

determined by assuming full strain compatibility between the beam and the plate, despite

Determination of the energy release rate:
Overview

the plate still being "bonded" to the beam.

The slip and the corresponding interfacial

shear stresses are expected to decay rapidly and hence are significant only over a short

Since flaws are inevitable in the interface, what matters is whether an existing flaw can
propagate. The present model first assumes a debonding-crack of known length and

transfer zone. The sections outside the transfer zone where full-strain compatibility exists
between the FRP and the concrete beam can be treated as fully-bonded .

orientation - State 1 (Figure 4.4(a)), after which the crack is assumed to extend by a
small distance 8a - State 2 (Figure 4.4(b)). Using the knowledge of the M-K relations the
change in the energy state of the beam and hence the associated GR (Eq. [3.2]) will be
calculated.

When the plate end-debonding crack extends, a change in the FRP force (Fp) distribution
in the transfer zone is expected since the effective plate end location changes . This
change in Fp causes a change in the stored strain energy in the FRP; there will also be a
redistribution of the way the energy is stored within the beam.

The zones of the beam where the energy state changes upon crack extension must first
be identified. The cases of plate end (PE) debonding and intermediate-crack-induced (IC)

92
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So, a model for the transfer zone Fp profile will first be developed and the critical zone
The determination of the

where the energy changes take place will also be identified.

change in the energy state of the beam and hence the determination GR will then be

modulus and the Young 's modulus, with subscripts 1 and 2 representing the concrete
beam and the FRP plate respectively, Ga and

s are the shear modulus and the thickness

of the adhesive layer. The length scale A of the exponential decay is :

discussed.

4.7.1

A2 = Ga b2

FRP force distribution in the Transfer zone

s

A detailed analysis of the transfer zone, taking account of all the material nonlinearities

[_l_+_l_+~l
E2Az

EIAI

El~

[4.3]

(Note that A has dimensions L- 1)

and the tension-stiffening effects of cracked concrete, is virtually impossible to perform.
However, linear-elastic solutions have been presented, for example that by Hiljsten
(1997), which reveals that the effects of the plate-end slip decay exponentially. The
analysis below develops an expression for the transfer zone Fp profile by applying the key
features of the Hiljsten's solution in a way that it is applicable to the present problem.

4.7.1.1

Expression for the transfer zone FRP force profile

The Taljsten analysis reveals that the effects of the plate end slip decay exponentially with

1/A being the length scale. This implies that the difference between the FRP force at the
plate end if the plate was fully-bonded and the one that actually exists also decays in the
same exponential manner. It is expected that this characteristic feature applies to the

Taljsten's elastic analysis of the transfer zone

present problem with material non-linearity and the presence of cracks in the concrete

The Taljsten analysis is based on displacement compatibility normal to the plate between
the FRP and the concrete beam.

The assumptions of a thin adhesive layer (i.e. the

stresses in the adhesive layer do not change with the thickness) and the negligible

beam. This argument is therefore used in the present work to determine the transfer zone

Fp profile since accurate estimCltions for the force in the FRP when the plate is fullybonded are known from the analysis developed in Chapter 3.

bending stiffness of the FRP plate have simplified the solution .

Modified length scale for the exponential decay
The length scale A from the Taljsten's elastic analysis relates to the shear stiffness of the

r-----_-_C:~tr~i~a~ ~~

adhesive, the axial stiffness of the FRP and the bending stiffness of the concrete beam

~

~. Zo

.

______

(Eq. [4.3]). However, for all practical beams the bending stiffness of the concrete beam
section is significantly higher than the others and hence its negligible reciprocal value
makes minimal contribution to A. Therefore, it is valid and convenient to simplify A such

1....· ..~....I .I----~~·fooIIl.I-----~·I~
a l l

that it is independent of the flexural stiffness of the concrete beam section where all non-

a

linearities take place.

Figure 4.5 - Geometric and loading data for Taljsten (1997) analysis
Thus, a simplified-A (As - Eq. [4.4]) is defined for the present study as a function of the
stiffness properties of the FRP and the adhesive only, but which still shows the original
The plate end vicinity interfacial shear stress distribution - 't(x) in a simply supported
beam loaded with a single point load is (Taljsten 1997):

Taljsten-type exponential decay of the plate end relative slip. This As is selected such that
the proposed expression for transfer Fp profile (Eq . [4.5]) satisfies the boundary conditions
of zero force in the FRP at the beginning of the transfer zone (i.e. at the plate end) and

't(x)

=

Ax

+

Ga P(21+a-b)(aAe- +l)
2 S El ~ ~ (l a)

[4.2]

fully-developed FRP force at the end of the transfer zone .

where l, a, b, A1, A2 , Zo and Pare Taljsten's notation and are related to the geometric
and loading data of the beam as shown in Figure 4.5,

Wand E are the elastic section
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'As =

Ga x _ 1_

ta

E p tp

(dimensions L- 1. )

span - L (mm)

where Ga and ta are the shear modulus and the thickness of the adhesive, and Ep and tp
are the Young's modulus and the thickness of the FRP plate respectively.

Note that since Fp at the plate end must be zero, the difference between the FRP force at

Beam

the plate end if the plate was fully-bonded and the one that actually exists is the same as
the fully-bonded value expected at the plate end (FpJb(x

Selected range of
values

Parameter

[4.4]

1000-6000

distance to the plate end from the beam support -8 (mm)

100-U2

width of the cross section - b (mm)

200-400

height of the cross section - h (mm)

200-600

compressive strength of concrete - flc

20-60

(N/mm2)

tension steel ratio - Asl (bd) %

=0)).

0-2.0

(As - area of internal tension steel, d - effective depth of the

beam section)
The force in the FRP plate - Fp(x) is therefore assumed to vary as:
bpi b (where bp-width of the FRP)

[4.5]
where Fp_fb(X) is the force that would exist in the FRP at location

x if the

FRP plate

0.25-1.0

thickness - fp (mm)

1.0-4.0

elastic modulus - Ep (GPa)

100-200

thickness - fa (mm)

2.0-4 .0

shear modulus - Ga (GPa)

2.0-10.0

plate was fullyAdhesive

bonded.

4.7.1.2 Validation of the transfer zone FRP force model
Comparisons have been made between the present model (Eq. [4.5]) and the original

Table 4.1 - Range of beam parameters selected for the validation of the present transferzone Fp model

Taljsten expression for a large number of beam specimens covering many variations of
geometric, loading and material properties. Table 4.1 shows the range of values selected
for this study. The result for the beam specimen discussed in Taljsten (1997) was shown
in Figure 2.6(b); the force in the FRP has been non-dimensionalised with respect to the
force expected if the FRP was fully bonded to the concrete. Taljsten's result away from
the end differs very slightly from this because that analysis assumed elasticity whereas
the present analysis is based on the non-linear models developed in Chapter 3.

.. ....I

I....

Transfer zone

(a)

B

A

D B

A

C

The

curves are otherwise close enough for all practical purposes and show that a transfer
zone length of 30 times the FRP plate thickness is reasonable. This value is used in all

I~an5fer

subsequent analyses discussed in this thesis .

4.7.2

E C

Identification of the critical zone

zon.:

I

(b)

Figure 4.6(a) shows a strengthened beam with an assumed plate-end debonding crack
AB, and the region BC is the relevant transfer zone . The crack then extends by a small
distance 8a (Figure 4.6(b)). Since the transfer zone length is fixed for the given system
the zone DE is the new transfer zone .

Figure 4.6 - Energy released zones for PE debonding
(a) before (b) after small 8a crack extension
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The plate carries no force over the zone AB during both stages and hence neither the

into short segments (1 mm long in the present study). Uniform behaviour corresponding

strain profiles nor the energy states of the relevant sections are altered by the

to the centre of that segment is assumed for each segment in the analysis. The complete

transformation.

Similarly, there are no energy changes in the sections to the left of E

(Figure 4.6(b)) as those remain fully-bonded during both states.

analysis procedure is explained below.

In a fully-bonded

segment, Fp does not change since the more rigorous strain compatibility condition still

The section analysis corresponding to State 1 (for the given crack length AB) will first be

applies; hence, the strain profiles and the energy state will not be altered.

performed.

The narrow zone BO was initially within the transfer zone, and thus carried some force in

The FRP plate is not effective over the Segment AB as the FRP has already debonded so

the FRP, but after the crack extension the FRP is ineffective. The zone CE has changed

this zone has zero FRP force. The Segment CE is away from the transfer zone at State 1

from the fully-bonded state to the transfer state. The zone DC is within the transfer zone

and hence the Fp is calculated as that of a fully-bonded section (discussed in Chapter 3) .

for both stages, but the Fp profiles have changed because of the shift in the effective plate
end location (Figure 4.6).

Therefore, in all three regions (BO, DC and CE) the stress

distributions and hence the energy states will have altered.

For the segments within the transfer zone (Zone BC), knowledge of the FRP force, if the
plate was fully-bonded at the corresponding locations, is a prerequisite to the
determination of the actual Fp profile and so these values are determined first. The actual

Table 4.2 summarises the contributions of the different zones of the beam for the change

Fp profile is determined from Eq. [4.5] with position B (Figure 4.6 (a)) as the beginning of

in the energy state due to the assumed oa crack extension.

the transfer zone. The segments are then reanalysed with the corresponding actual Fp
values to obtain the moment-curvature (M-K) and the axial force-centroidal strain (Fp-Bo)

Zone

State 1

State 2

Change in energy

the revised boundaries of the transfer zone.

state?
right of A

unbonded FRP

unbonded FRP

No

SD

transfer zone

unbonded FRP

Yes

DC

transfer zone

transfer zone (but with a

Yes

relationships . After the crack has extended (i.e. State 2), the procedure is repeated with

The knowledge of the M-K and the Fp-co relationships of the section at both State 1 and 2
will now be used to determine the change in the energy provided into the beam (8Wsys/8a)
during the transformation which is a prerequisite to the determination of GR'

different Fp profile)
CE

fully-bonded

transfer zone

Yes

left of E

fully-bonded

fully-bonded

No

4.7.4

Determination of the energy release rate

Both "8Wext/8a" and "8Wsys/8a" are required to determine GR (Eq. [3.2]).

Table 4.2 - Identification of the critical zone for plate end debonding

The

determination of the former is discussed first. Also note that prior to the determination of

4.7.3

the rate of change in a quantity, the gross change upon the small oa crack extension

Analysis of the critical zone

needs to be calculated .

The critical zone is divided into short segments and the energy levels are determined both
before and after the assumed crack extension. The total energy change in the system is
finally obtained by summing the contributions from each individual segment.

4.7.4.1 The rate of change of the potential energy of the
externally applied loads
For simplicity, a simply-supported strengthened beam with a central point load is

4.7.3.1 The analytical procedure

considered. Figure 4.7 shows the applied-Ioad/load-point deflection relations before and

As discussed in § 4.7.2, for the plate-end debonding crack AB shown in Figure 4.6(a), the

after the small oa crack extension. The stiffness of the beam reduces with the crack

zone AE is the critical zone upon small oa crack extension. So, the zone is first divided

extension and hence the deflection increases. This downward movement of the applied
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load (0L1) results in a reduction in the potential energy of the applied force .

The rate of

change of the potential energy of the external force with respect to the debonding crack

Note that OL1 must be derived whilst accounting for the exact boundary conditions; i.e. zero

length (oWext/oa) is:

deflections at the beam supports. During most of the existing numerical studies (such as
FE modeling) symmetry has often been assumed in the deflection estimations of three

oWext
oa

=

[4.6]

(5a

and four-point bending test specimens.

However, in the experimental programmes, the

debonding failures were always found only on one side of the beam (due to the material

where P is the applied load and oa is the assumed extension of the original debonding

heterogeneities despite the beam geometry being symmetric) and hence the assumption

crack of length a. OL1 is the increase in deflection at the loading point.

of symmetry in the analysis is not justifiable.

§ 6.1.6.2 discusses the notable error

induced by the assumption of symmetry in the determination of deflection of "symmetric"
beams.

Load (P)

The "oWext/oa" analysis of more complex load cases will follow the same procedure as

State 1

State 2

that of a single point load but the work done by the external forces must be evaluated
appropriately.

I~

4.7.4.2 The rate of change of the work done on the beam

~--~- PX8A
1"-."'1

The determination of the work done on the beam system at a given state (Wsys) must first
be known prior to the investigation of "oWsys/oa".

1;\1

~I

1

Work done on a strengthened RC beam section

1

The present M- K model considers the FRP plate separately from the concrete beam

Deflection (A)

portion and hence the concrete beam section alone is analysed under a moment and a
compressive axial force (equal in magnitude to the force in the FRP) both acting about the

Figure 4.7 - P-L1 plot for before and after crack extension

"equivalent centroid". Thus, the work done on a strengthened beam section (Wsect;on)
consists of three components : work done on the RC beam alone due to bending and axial
force (Wb and Wa respectively) and the work done in the FRP plate (Wp).

Determination of the change in the load-point deflection
The load-point deflection at a given state can be obtained by numerical integration of the

Work done on the RC beam by the moment is determined from the M-K relationships of

known curvatures. The curvature profiles of the entire beam in both states are required to

the section and the strain at the equivalent centroid (EO) is required to determine the work

determine the change in deflection using this approach. However, only the segments

done on the section due to the axial force. The FRP is assumed to be elastic so the

within the critical zone contribute to the change in deflection and hence knowledge of the

determination of stored energy is trivial.

change in curvature of those segments can be directly used to determine the increase in
the load point deflection (0L1) ; this approach is adopted here.

This procedure however

would need to be modified if statically indeterminate beams were analysed where the

w.octm = Wb + Wa + Wp =

J

Mapp _cen dK +

a

J

Fp dEo +

a

J

Fp dE p

[4.7]

a

applied moment distribution in the beam will vary with the assumed crack extension
because of the change in the stiffness distribution in the beam.
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where Mapp_cen is the moment acting on the RC beam section alone about its equivalent

The change in the work done on the complete beam (oWsys) can now be obtained by

centroid and

summing the contributions of all the segments within the critical zone.

K

is the section's curvature. Fp and cp are the force and the strain in the FRP

respectively.

ow.ys =

~)Wsectbn

[4.10]

The change in the work done on the section upon debonding crack
extension

The rate of change of the work done on the strengthened beam section (with respect to

Known M-K and Fp-co relationships of each individual segment in the critical zone are

the crack length) is: Then

critical zone

aw

used to determine the change in energy state.

SYS

=

[4.11]

aa
State 2

Moment

State 2

This knowledge of aWsys/aa together with the known aWext/Oa (Eq. [4.6]) is used to
determine GR.

= __
1 [aw:ys +
bp
8Wb

State 1

oWe

State 1

IS

8

(a)

10

8

Sp
8

20

(b)

avv:.xt )
aa

[3.2] bis

8Wp

So
K1

aa

1p

8

4.8

Intermediate-cr~ck-induced

debonding

As discussed in § 3.5.1, the debonded zone is accompanied by two transition zones, at

2p

(e)

the ends of which the FRP can be considered to be fully-bonded .

Figure 4.8 - Chan~es in actions upon oa crack extension (a) moment (b) axial force acting
In the concrete beam section and (c) in the FRP plate

4.8.1

Identification of the critical zone

Figure 4.9(a) shows a strengthened beam with the FRP debonded over the zone AB with
Figure 4.8 shows the changes in all three action-deformation relationships in a beam

Zones AC and BD are the transition regions . Full-strain compatibility between the FRP

segment of unit length upon debonding crack extension, with the assumption that all have

and the RC beam exists in the beam segments which are located at a considerable

increased during the transformation. The changes in the three modes of work done are:

distance from the debonded zone (i.e. zones to the right of C and to the left of D) .

oWb =

~ (M1app _cen +

oWa = ~ (~p +
oWp

When the debonding-crack extends (Figure 4.9 (b)), Fp in the debonded zone must alter

M2app _ cen )

F2J (caJ - c

= ~ (~p + F2P )

(c 2P

-

( K 2 - K 1)

to retain extension compatibility. This change in Fp causes alterations in the strain and
stress profiles of the relevant RC sections, and hence the energy states alter; the energy

lO )

[4.8]

stored in the FRP plate itself also changes.

c1P )
The transition zone Fp profile depends upon the difference between the two Fp values

The summation of these gives the total energy change in the beam segment (oWsection) .

caused by the two different compatibility conditions that exist in the boundary (see

§ 4.8.2.2). Due to the fully-bonded compatibility condition, Fp based on it does not change
since the more rigorous strain compatibility condition still applies; it is the change in Fp in

[4.9]

the debonded zone because of the crack extension that causes variation in the Fp profile
over the transition zones with a consequent change in the energy state of the zones.
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Transition
zone

Debonded
zone

:. . ...!-

It should also be noted that the compatibility of extension that exists in the debonded

Transistion
zone

. . :. .

region must take account of the possible relative slip that must occur between the FRP

~-----------~-------------,------------I

--t

DBA

(a)

C

and the RC beam at the boundaries of the debonded zone. However, detailed analysis of

I

the transition zones (see below) reveals that this effect makes a negligible contribution

,

(often less than 1%) to the extension compatibility. Hence, the results presented in the

!

I, Crack tip

remainder of this thesis do not include the relative slip effects in the analysis of extension

:

compatibility conditions.

A

(b)

C

4.8.2.2 Transition zones
There exists a difference between the Fp value in the debonded zone and that would be

,

:
ew crack tip!

expected if the plate was fully-bonded at the edge of the debonded zone. This difference

!

Transition
zone

-

in Fp will decrease gradually by forming a transition zone. It is assumed that the relative

New debonded ! Transistion
zone!
zone

"'1'"
i

1......

slip that must occur at the boundary depends on difference between the two expected Fp

... '

values and also on the stiffness of the plate and the shear-stress/relative-slip
Figure 4.9 - Critical zone for IC debonding (a) before and (b) after small
extension of an existing crack

characteristics of the adhesive. So, it is contended that the difference between the two

oa

expected Fp values will decay as in the case of the transfer zone that exists in the plate
end vicinity with the same length scale 1/,,-s and a transition zone length 30 times the plate
thickness (§ 4.7.1.2).

Thus, changes that take place in both the debonded zone and the transition zones must
So, the force in the FRP plate - Fp(Y) in the transition zone is:

be considered in the determination of the change in the system's energy state.

4.8.2

where Y < 30tp

Analysis of the critical zone

where Fp_fb(Y) is the force in the FRP at distance y if the FRP was fully-bonded.
The analytical procedure adopted in the present study is described below. The analysis of
the debonded zone is discussed first.

[4.12]
The

length scale 1/"-s is the same as that used for the plate end transfer zone (Eq. [4.4]).
!:::.Fp@boundary

is the difference between the two Fp values expected at the boundary from the

two compatibility conditions:

4.8.2.1 Debonded zone
The existing debonding crack AB shown in Figure 4.9(a) is associated with the left and

[4.13]

right transition zones BO and AC respectively. Fp in the debonded zone is determined by
satisfying the compatibility of extension between the FRP and the concrete beam over the
unbonded region (Zone AB). If the crack extends by a small distance

oa towards the left

(Le. State 2) then the FRP is now debonded over a longer region AE as shown in
Figure 4.9(b).

Fp

corresponding to State 2 must now be obtained by satisfying the

compatibility of extension over the current de bonded range AE.

where FP_db and Fp-,b(Y = 0) are the force in the FRP in the debonded region and at the
boundary if the plate was fully-bonded.

Note that !:::.Fp@boUndary can either be positive or

negative depending on the circumstances.

Figure 4.10 shows that the debonded Fp

gradually approaches the fully-bonded Fp at the end of the transition zone.

This Fp is therefore

different from that during State 1 unless the entire region AE is located within a constant

Analysis of the segments
When knowledge of the FRP force in the debonded zone is available, the Fp profiles of the

moment zone.

two transition zones are determined as above (Eq. [4.12]).
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The M-K and the Fp-Eo
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relationships of the sections are then obtained by analysing the segments with the correct

By considering compatibility and equilibrium of the interface it is possible to relate the

Fp values.

force in the FRP to the relative slip that must exist between the beam and the FRP.

b .(y)
p

,

« 30fp) in the transition zone.

~I

LTZ

=

.(y)

G {up(y)
a

~u

b

t(y) }

[4.14]

a

Ub_t and

up are the longitudinal displacements of the tension
Ga and fa are the shear

modulus and the thickness of the adhesive layer and b p is the width of the concrete-FRP

RTZ - Right transition zone

interface (which is assumed to be the width of the FRP plate). It is also acknowledged

1

1II1II

and

surface of the concrete beam and the FRP plate respectively.

LTZ - Left transition zone

-+t

dFp(Y)
dy

where .(y) is the interface shear stress and Fp(Y) is the force in the FRP at distance y

Oebonded Fpgradually ~
reaches fully-bonded Fp I;

1

=

that the above analysis (Eq. [4.14]) assumes linear shear strain distribution through the

1+ Oebonded zone

thickness of the adhesive layer.

1

1II1II

~1

Distance (y)

The substitution of Fp(y) from Eq . [4.12] in the relative slip expression (Eq. [4.14]) gives:

RTZ

Figure 4.10 - Debonded FRP force gradually reaches that from the
fully-bonded analysis at the end of the transition zone

As

e - J.. sy I1Fp @ rourd~ fa

(Gab p )
When the crack extends by a small distance 8a towards the left, Fp in the debonded zone
will alter to retain the extension compatibility. Due to the change of Fp in the debonded

[4.15]

However, the relative slip at the edge of the debonded zone is what matters for the
extension compatibility condition; this can be obtained by substituting y = 0 in Eq. [4.15] .

zone upon the crack extension (and hence the subsequent change in I1Fp@boundary)
together with the shift in the origin of the left transition zone (Figure 4.9(b)), the Fp profile
I1U(y

and subsequently the energy states of the segments in the left transfer zone are altered.

= 0) =

As I1Fp@rourd~
(Gabp )

fa

[4.16]

Despite the origin of the right transition zone (Point A in Figure 4.9(b)) being unaffected
by the assumed crack extension, the change in I1Fp@boundary because of the change in Fp in
the debonded zone will result in changes in the energy states of the right transition zone

The effect of this relative slip on the extension compatibility is found to be insignificant and
it is not included in the analysis discussed in the remainder of this thesis (see § 3.6.13).

(Zone AC) .

4.9

The energy release rate
GR is determined as in the case of plate end debonding (§ 4.7.4), but based on the correct
critical zone (the debonded zone and the two transition zones).

Stored-strain-energy-based alternative
approach to energy release rate

In the case of a linear and non-linear elastic beam, the complete work done on the system
is the beam's stored strain energy (U).

Thus, the additional work done on the beam

Analysis of the relative slip between the FRP and the RC beam at the edge of
the debonded zone

during the extension of the debonding-crack is fully converted to beam's strain energy.

The knowledge of the transition zone Fp profile (Eq. [4.12]) is used to determine the

(Eq. [3.2]) can now be replaced by the rate of change of the beam's strain energy with

relative slip that must take place between the concrete beam and the FRP plate at the

respect to the crack length (oUloa).

Hence, for elastic beams the "oWsys/oa" term required in the generalised GR expression

edge of the debonded zone .
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[4.17]

If 8Ub , 8Ua and 8Up are the changes in the stored strain energy in a beam segment due to
changes in the bending, axial actions and the force in the FRP respectively upon crack
extension. The total change in the stored strain energy of the beam segment (8Utot) is:

The existing energy-balance-based fracture analyses of FRP debonding from concrete
beams (e.g. Glines 2004, Hearing 2000) is based on the above (Eq. [4.17]) expression.

[4.19]

But, in concrete beams only a part of the energy provided to the beam is stored as strain
energy whereas the rest is consumed because of the non-linear behaviour (cracks,
yielding of the steel reinforcement, etc.) (see Figure 3.1). Hence, the energy "loss" due to

The total change in the stored energy of the complete beam system (I:::.U tot) can then be
obtained by summing those of each individual segment in the critical zone.

non-recoverable mechanisms (E/oss) must be considered in the determination of GR.

[4.18]
[4.20]
=

L 8U b
critical zone

The determination of aWextlaa was discussed in § 4.7.4.1. The change in the stored strain

+ L 8U a + L8Up = I:::.U b + I:::.Ua + I:::. Up
critca/ zone

crdical zone

energy and also the energy losses during the transformation are required. However, the
stored strain energy at the given state must be known prior to the evaluation of "its change

4.9.3

Determination of the energy loss

upon crack extension.

The changes that take place in Doth moment and axial force actions upon debonding
crack extension result in some energy loss. As with the determination of the change in

4.9.1

Stored strain energy in a beam section

the system's stored strain energy (I:::.Utot), the energy losses taking place in individual

The strain energy in a strengthened beam section (Useetion) consists of three components :
strain energy in the RC beam section alone due to bending and axial force (Ub and Ua

sections within the critical zone will be summed to determine that of the complete beam.
FRPs are assumed to be linear elastic (where the axial stiffness remains unchanged) so
no energy losses take place upon the change in the force in the FRP.

respectively) and the stored strain energy in the FRP plate (Up) .

The stored strain energy is that part of the total work done on the system which can be

Points A and B in the M-K plot given in Figure 4.11 represent a section of unit length

recovered at the given state. This recoverable energy can therefore be determined if the

before and after the debonding-crack extends; areas ACO (U1b) and BEF (U2b) represent

corresponding unloading relations are known. It is generally assumed that all the

the respective flexural strain energies.

constituents are linear-elastic upon unloading, so the corresponding M- K and Fp-Bo

bending (8 Wb ) is represented by area ABFO of Figure 4.11 . The energy lost due to this

relations are linear irrespective of the magnitudes from which the unloading takes place

change in bending actions (8E/oSS_b) can be found from the energy balance of the section.

The associated work done on the section in

(Figure 3.1) . Note that FRPs are linear-elastic and hence the total work done on the FRP
is recoverable .
[4.21]

4.9.2

Change in stored strain energy upon interface
crack extension

The overall deflection of the beam will become larger when the crack extends, increasing

Similarly, the energy lost due to the change in the axial actions (8E/oss_a) can be found .

the work done by the external load and adding to the system's strain energy; there will
[4.22]

also be a redistribution of the way the energy is stored within the beam.
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where oWa is the work done on the section due to the change in the axial force and U 1a
and U2a are stored strain energy due to the axial force at States 1 and 2 respectively.

4.9.4

Determination of the energy release rate

The known L'1Utot and L'1 E/oss_tot are now used to determine GR (Eq. [4.18]) .

B

Moment

__
1

(OW""I

bp

Loading
Unloading

oa

+

[4.18] bis

where,

L'1Ulot + L'1Ures

lot

[4.27]

8a

The substitution of L'1Utot from Eq. [4.20] and L'1E/oss_tot from Eq. [4.26] in Eq. [4.27] gives:

[4.28]
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Curvature
The change in the strain energy in the FRP plate (L'1Up) is the same as the total work done

Figure 4.11 - Energy balance in flexure

on the FRP during the transformation. So, Eq . [4.28] can be rearranged as:
The total energy lost in the segment (oE/oss_tot) is:

L'1U lot + L'1U bsS

1<1

=

[4.23]

L 8Wa +

LOWb +
crdbsl zone

crdbsl zone

L 8Wp

[4.29]

crdical zore

This quantity is the same as the oWsys defined in the previous generalised global-energybalance approach (Eq. [4.10]). Thus, both the approaches result in the same GR.

The total energy loss in the complete beam (L'1Etoss_tot) is:

L'1 E bsS

1<1

=

4.10 Conclusions

IoE bss _ lot
The present fracture mechanics model determines the debonding load for a given

crdCaJ zone

[4.24]

interface crack length or the critical crack length for a given applied load, when the energy
release rate associated with the extension of an interface crack equals the fracture energy
of the weakest phase in the interface.

but,

The moment-curvature model developed in

Chapter 3 together with the global-energy-balance of the system have been used to

L(U2b +U2a ) crdbsl zone

L(8U1b +8U1a)

=

L'1Ub +L'1Ua

[4.25]

crdical zore

determine the energy release rate upon a small potential extension of the interface crack.
Identification of the critical zone which releases energy upon this change of state is a

where L'1Ub and L'1Ua are the changes in the stored strain energy in the complete beam due

prerequisite in the analysis ; the transfer zone releases energy during plate end debonding

to the changes in bending and axial actions respectively (Eq. [4.20]).

whereas the debonded zone and the two adjoining transition zones are critical in

Finally,

intermediate-crack-induced debonding.

L'1 E bsS

lot

=

L(8Wb + oWJ

-

(L'1U b + L'1Ua)

[4 .26]

solution

for the

A modified version of an existing linear-elastic

transfer zone-interfacial

stresses

has

been

developed

for the

crdicaJ zone
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determination of the transfer/transition zone FRP force distributions and hence the energy
state.

Chapter 5
Concrete-FRP Interface Fracture Energy
Chapter 4 investigated the energy release rate associated with a small potential extension
of an existing interface crack, which is required to compare with the interface fracture
energy to decide whether the crack will actually propagate or not. This chapter
investigates that fracture energy of the concrete-FRP interface.

The interface crack can propagate either within the concrete or adhesive or at an interface
(concrete-adhesive or FRP-adhesive); experimental evidence confirms that in most
practical cases the concrete is most likely to fail. Despite considerable research, none of
the existing studies provide a reliable estimation for the interface fracture energy. The
lack of understanding of the failure mechanism has led researchers to investigate several
inappropriate experimental models or to select arbitrary values to correlate well with each
researcher's own set of, usually limited, test data.

A brief review of the existing knowledge is first presented in this chapter. A
comprehensive investigation on fracture mechanics of debonding within the concrete
substrate will then be discussed. An appropriate fracture energy parameter will be
identified and suitable experimental and theoretical models for its evaluation will be
presented. The selected fracture energy parameter will then be validated against proper
test data reported in the literature.

Debonding within the adhesive layer or along the concrete-adhesive interface can also be
expected; in particular, when inappropriate adhesives are used.

Determination of the

energy release rate follows the same procedure as for concrete failure, but the
investigation of the critical state needs to be based on the fracture energy of adhesive.
Estimations for the fracture energy of adhesive are not made in this study; nevertheless
the known concrete fracture energy can be used to distinguish when premature adhesive
failure occurred.

5.1

Existing understanding of interface fracture
energy

Considerable research has been reported in the literature on concrete-FRP interface
fracture energy (G F) either by experimentally studying the debonding failure of externally
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bonded FRP plates or by selecting arbitrary GF values to be compatible with test data.

Qiao & Xu (2004) investigated the concrete-FRP interface fracture energy by evaluating

However, as will be shown below, there exist many conceptual misunderstandings in the

the work done on a modified form of notched-three-point bending test specimen

test evaluations; for example, failure phase, fracture mode that takes place in concrete,

(Figure 5.1(b)). As depicted in Figure 5.1(b), the specimen was made by joining two

size effects of concrete, etc. have not been properly accounted in the test programmes.

halves of the beam, one having an epoxy bonded FRP and the other an adhesive layer on

Arbitrary values have been selected that correlate well with each researcher's own set of

the joining surfaces. The failure was observed in the vicinity of this interface. However,

test data; a wide range of values have been quoted (see below) without taking account of

the presence of the initial notch would have introduced additional stress concentrations;

the mechanics of fracture in the concrete. Thus, despite considerable research, none of

thus the failure load (and hence the fracture energy) may be governed by the notch size.

the existing studies provide a reliable solution.

It should also be noted that the determination of fracture parameters of concrete based
only on the maximum load is incorrect (see § 5.11.2).

Experimental investigations
Early research was often based on the use of shear lap tests (Figure 2.11); for example,

p

Taljsten (1996) determined the fracture energies of the concrete-steel and concrete-FRP

The more recent research with shear lap tests, for example, Ali-Ahmad et al. (2006) was
based on similar principles but a "more sophisticated" digital image correlation technique
was used in the slip analysis instead of the strain gauge measurements employed in
earlier test programmes.

p

FRP plate

(both GFRP and CFRP) interfaces by evaluating the work done on single lap shear joints.

Initial interface
crack
FRP
plate

FRP
plate

P/2 PI2
(a)

p

calculating the work done on double lap shear tests (Figure 5.1 (a)). Note that, as shown

~

in Figure 5.1 (a), they used specimens with initial debonding cracks to simulate "real-life"
Gunes (2004) noted that the GF values reported by Fukuzawa et al. were

significantly smaller than those obtained with similar but "intact" specimens.

The

I

Ball

Concrete
block

(c)

(b)

Fukuzawa et al. (1997) investigated the concrete-FRP interface fracture energy by

conditions.

I

FRP
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(d)

K

p

t

FRPplate

1
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presence of cracks causes high stress concentrations and consequently prompts
premature failures; thus the size of the initial crack will govern the failure load and hence
the fracture parameters derived from the test results.

Figure 5.1 - Various specimens used for fracture energy evaluation
(a) Fukuzawa et al. (1997) (b) Qiao & Xu (2004)
(c) Karbhari & Engineer (1996) (d) Ye et al. (1998) (e) A new proposal

Most recent studies on bond-slip tests often used finite element modelling to characterise
governing fracture parameters. These works often investigate the interfacial-shear

Karbhari & Engineer (1996) investigated the "peeling fracture energy" of the concrete-

stress/relative slip characteristics and subsequently determine GF (e.g. De Lorenzis et al.

FRP interface on the basis of a test set up in the form shown in Figure 5.1 (c). Here, the

2001). It is assumed that plate debonding initiates as a "peeling" type failure (see

eccentricity in the FRP force changes as the test progresses and so the results will not be

Figure 2.7) in contrast to the "shear" failure experienced in bond-slip tests (§ 2.3). As will

representative of the behaviour in a strengthened beam. It should also be noted that in

be discussed in § 5.2, the interface fracture energy depends upon the mode of crack

strengthened beams the force in the FRP varies when the debonding extends, which is

plane separation and hence the use of "shear mode" GF in the plate debonding analysis is

difficult to simulate in the Karbhari & Engineer test setup.

not justifiable.
Using the test specimen shown in Figure 5.1(d), Ye et al. (1998) found average GF value
about 0.12 when epoxy-resin was used for plate bonding whereas a value of 0.025 N/mm
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is noted with the application of vinyl-ester-resin. Based on these values, it is contended

combination of both - § 4.2) is therefore required .

that a concrete failure would have taken place in the former while the use of a weak

discusses the mechanics of interface fracture together with appropriate methods for the

adhesive might have caused a premature adhesive failure in the latter. Different materials

evaluation of correct fracture energy parameters.

The remainder of this chapter

and interfaces have dissimilar fracture energies so the failure phase of the actual
strengthened beam must be demonstrated in the test specimen.

5.2

Failure of concrete in the vicinity of the interface often causes plate debonding, thus it is

As discussed previously, numerous flaws will inevitably be present in the concrete-FRP

contended that the test arrangement shown in Figure S.1{e) where peeling failure of the

interface, but the propagation of a dominant crack causes the failure. The critical crack

concrete is investigated may better evaluate interface fracture energy. However,

will propagate in whichever of the concrete, adhesive, or an interface (concrete-adhesive

experimental investigation of fracture parameters of concrete is not trivial. The responses

or adhesive-FRP) that provides the least resistance (Le. the fracture energy); interface

of two geometrically similar concrete members depend upon the actual size of the

fracture energy is thus the fracture energy of that weakest phase. It should also be noted

member; Le. the size effect. Thus, results of small-scale laboratory test specimens cannot

that the fracture can cross two or more interface phases; however the crossing of the

be directly applied in the analysis of much larger real-life members. Therefore, instead of

crack path, once the critical propagation has started, over several phases has not been

investigating a new approach, the present work uses the established knowledge of

experienced during FRP debonding from concrete beams.

Types of interface failure

concrete fracture mechanics to determine the fracture energy of concrete debonding
At present, FRP manufacturers generally recommend the adhesive to be used and also

failure in strengthened beams.

appropriate surface preparation an? curing techniques. In the experimental programmes
that followed the FRP manufacturer's recommendations, the debonding failures generally

Selection of arbitrary values
The global-energy-balance based fracture mechanics analysis developed by Hearing
(2000) used a GF of 0.04 N/mm after following a simple empirical formula given in CEBFIP model code (1991). As will be discussed § 5.12.4, this model underestimates the

propagated through the concrete just above the interface (Figure 2.4) (Buyuk6ztOrk et al.
2004, Leung 2001). This indicates that concrete is generally weaker than the adhesive
and the interfaces.

fracture energy of concrete as it is based on an earlier proposal made to RILEM-FMC-50
(1985) without taking account of the large fracture process zone that exists in concrete

Effects of the failure mode on fracture energy

(see § 5.10.1.2). A more recent work of Gunes (2004), from the same research group,

Fracture energy (G F) is the energy required for a unit area of crack extension. So, GF

used a GF value of 15.5 times the value earlier proposed by Hearing (2000) to be

depends upon both the change in the stress field and also the amount of separation

compatible with his data.

between the two crack surfaces within the originally uncracked unit area (together with

Based on interfacial-shear-stress/relative-slip measurements,

de Lorenzis et al. (2003) found a value of 1.06 N/mm for GF and subsequently used it in

any other affected zones such as the fracture process zone in concrete - § 5.10.1.2).

FE-modeling-based plate-debonding analysis to achieve a "reasonable agreement" with

§ 4.2 discussed three different elementary modes of fracture: Modes I, II and III

test data.

respectively.

In practice, it is also common to have mixed mode fractures. Dissimilar

Wu & Yin (2003) performed a FE-analysis-based parametric study on concrete-FRP

crack-tip stress fields and crack plane separations are associated with different fracture

interface failure.

modes. Thus, the fracture energy depends on the fracture mode, so the one that relates

They selected a range of 0.10-0.35 N/mm for the fracture energy of

concrete and a 0.5-2.0 N/mm range of values for that of adhesive and found that the

to the actual plate debonding mechanism is required in the analysis.

selected GF values govern both the fracture phase and the failure load.
A detailed investigation on interface fracture energy, when failure takes place in the
A proper understanding of interface fracture mechanism, including the correct fracture

concrete, is presented first.

phase and the fracture mode that governs debonding (Le. whether an opening, shear or a

phases are also briefly discussed.
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The fracture energies in relation to the other debonding
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5.3

Fracture mode of concrete debonding failure

The fracture parameters, such as the fracture energy of Mode I crack, are governed by
details of the fracture process zone (FPZ).

The fracture energy should be evaluated according to the actual failure mode that takes
place in the beam.

Both opening (Mode I) and shear (Mode II) stresses are inevitably

present in the vicinity of existing debonding crack (§ 2.3.2 and 2.3.3). Thus, it is assumed
that mixed mode effects, where both opening and shearing modes contribute to the

However, reliable stress and displacement

analysis cannot be performed for the FPZ because of the unavailability of sufficiently
accurate information. Alternatively, the cohesive crack model developed by Hillerborg &
co-workers (e .g. Hillerborg et al. 1976) is capable of predicting reliable Mode I fracture
energy (Gel) estimations (details of the cohesive crack model will be discussed in § 5.12).

extension of the critical crack, govern the failure of the concrete. Therefore, the fracture
energy of concrete under mixed mode loading is required (the term "mixed mode" is used
in the remainder of this thesis to represent the combination of Modes I and 11).

The cohesive crack model estimates Gel as the work required for the original crack tip
(Point A in Figure 5.2) to open from zero width to a critical value (we), which does not
allow any stress transfer across the two crack surfaces at Point A. Thus, when the crack

5.4

Fracture energy of concrete

tip opens from zero to We the stress transfer between the two crack surfaces (at Point A)

Prior to the investigation of fracture of concrete under mixed mode effects, mechanics of

drops from ft to zero.

fracture due to pure Modes I and II loadings are discussed. The discussion emphasises

stress-crack opening relationship at Point A is known.

the fracture energy as it is the relevant parameter here.

discussed in § 5.12.2.1 where it is shown that the values of ft and We basically govern the

The work done, and hence Gel, can therefore be known if the
A few simplified models are

Gel of a given concrete mix.

5.4.1

Mode I fracture of concrete

Aggregate pieces in the mix can bridge the crack, and hence the stress transfer between

When the tensile stress reaches the tensile strength of concrete (ft) a crack forms in the
direction perpendicular to the applied stress. The crack then propagates by further
opening of the original crack tip (i.e. Mode I (opening) conditions) (Figure 5.2).

the two crack surfaces, as well as the subsequent critical crack opening (we), depend
upon the size (and also the shape) of the aggregate. The CEB-FIP model code (1991)
presents typical We values of 0.12, 0.15 and 0.25 mm respectively for the commonly used
aggregate sizes of 8, 16 and 32 mm.

Crack extends by
opening of the
original crack

The combination of low tensile strengths and narrow critical crack openings in the
concrete result in smaller Gel values (typically about 0.07-0.15 N/mm) .

i_...... .

APPI:tied
stress Tip of the original crack (Point A)

The separation at the original crack tip (Point A in Figure 5.2) is often referred to as the
"crack tip opening" in relation to the original crack, but it can also be known as the "crack
mouth opening" with respect to the newly extended part of the crack; both terms have

: - > + c r a C k tip opening (wJ

,;~

/."".

Original crack

:

been used in the literature. The present work uses the former as the analysis is about the
propagation of the original crack.

~

iCrack extends perpendicular
ito the stress

5.4.2

Mode II fracture of concrete

In concrete, the Mode II (shear) fracture resistance may be attributed to aggregate
interlocking and the frictional forces acting when the two crack surfaces slide. During a

Figure 5.2 - Mode I crack propagation

shear crack extension the two crack surfaces displace relative to each other over the
whole length of the structural element against high friction/aggregate interlock resistances
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(see Figure 5.3). This should be compared with the insignificant frictional/aggregate

Table 5.1 presents some of the G CI and G CII values reported in the literature.

interlock resistance in Mode I. Thus, the Mode II fracture energy of concrete is expected

expected the reported Gcn values are significantly greater than G CI . Also note that large

to be significantly higher than that of Mode I.

inconsistency exists in the reported G CII values which may be attributed to the different

As

"effective" fracture surface areas experienced in dissimilar specimens.

Aggregate
Testing machine platens

(ApPlied

Shear plane

Steel block

lo
...a_d_)_..:....-_ _----.

~I____~~Un~__
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R-C-be-am
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High friction and aggregate
interlocking over a large area
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Figure 5.4 - Mode II fracture energy evaluation of concrete
(a) Double-edge notched specimen (Reinhardt & Xu 2000)
(b) losipescu beam geometry (Swartz & Taha 1990)

Figure 5.3 - High shear fracture resistance in concrete

In contrast to the small crack openings associated with Mode I loadings, wide crack
separations are required to activate the shear resisting mechanisms given that typically
Mode II

aggregates of sizes 10 mm or greater are used. Therefore, negligible contributions from
the Mode II resistances are expected during Mode I crack openings when only very small

Reference
Test Method

crack plane separations are involved (about 0.1-0.2 mm crack openings - § 5.4.1) .

Test Method

G CI

losipescu geometry

1.05

notched three-point
bending

0.11

9-10

Reinhardt & Xu
(2000)

double-edge notched
specimens

2.06

no reference*

0.08-0.10

20-25

specimens

In addition, shear lap tests

Taljsten (1996)

shear lap tests

1.21 ± 0.46

no reference*

0.14 ± 0.02

8-9

of double-edge notched

(Figure 5.4(a)) would be free from local Mode I effects.

Gcn:G cI

Bazant &
Pfeiffer (1986)

investigations of Mode II fracture energy (G cn ). Reinhardt & Xu (2000) believed that the
the test results

G cn

(N/mm)

However, it is not trivial to avoid the Mode I component during the experimental

Gc n that determined from

Model

described in § 2.5.1.2 (where the failure takes place within the concrete substrate) can
also be used to determine G cn . Bazant & Pfeiffer (1986) suggested the use of losipescu's
geometry (Iosipescu 1967) (Figure 5.4(b)), which was originally proposed to study the
shear behaviour of steel, for the Mode II fracture energy evaluation of concrete.

* The evaluation of GCI has been well established (see § 5.12), thus, despite the test methods not
being reported in Reinhardt & Xu (2000) and Hiljsten (1996), the quoted GCI values are believed to
be reliable.
Table 5.1- Comparison between G CI and G CII values reported in the literature

Nevertheless, many research studies (some will be discussed in § 5.6.1) revealed that the
failures of losipescu's concrete specimens were in fact governed by mixed mode effects.
Bazant & Pfeiffer however claimed that the use of very narrow separation between the
notches (see Figure 5.4(b)) of their test specimens caused pure shear fractures.
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5.5

Mixed-mode fracture in LEFM

Determination of the mixed-mode fracture energy at an interface is not trivial and also
knowledge of the micromechanics of interface toughness is not far advanced.

Mixed-mode fracture analysis of concrete is not trivial; analysis using LEFM is first briefly
discussed. In most real applications crack tips may be subjected to both Modes I and II
loadings. A crack under mixed-mode loading can experience either kinking or straight-

The

interface fracture energy depends on both KJ and Kn stress intensity factors at the crack
tip and also the relative contributions of each primary mode (Le. mode mixity - "'), which
is usually defined by the ratio of Mode II to Mode I.

ahead propagation depending on a number of factors, including the relative toughness
associated with the competing possible directions of advance (Figure 5.5).
[5 .2]

In LEFM, the energy release rate is the sum of those due to individual modes:

The interface fracture energy (GIln) can be expressed as:

[5.3]

[5.1]

Figure 5.5 shows a crack extension a kinking out of the plane of the parent crack at an

Glln usually increases with the increase of '" since shear fracture resistance is often higher

angle u . The stress intensity factors K{ and K{I at the tip of the putative crack extension,

than that of the opening mode. Figure 5.6 shows the GIln with", data from the Wang &

which is sufficiently small in comparison to all in-plane geometric lengths, including the

Suo (1990) study for a crack in plexiglass/epoxy interface obtained using a layer of epoxy

crack length itself can be related to the original KJ and Kn at the parent crack tip (Le. with

sandwiched between two halves of a Brazil nut specimen.

u=O) (Hutchinson & Suo 1992). Based on such an analysis it has been shown that cracks
in brittle, isotropic, homogeneous solids propagate by maintaining pure Mode I conditions
are at the crack tip irrespective of the loading state (Hutchinson & Suo 1992).
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Figure 5.5 - Formation of a kinked crack under mixed-mode loading

0°

5.5.1

Mixed-mode crack propagation at interfaces

Figure 5.6 - Mixed-mode fracture energy at plexiglass/epoxy interface

A crack in a material with strongly orthotropic fracture properties, or a crack in an interface
with a fracture toughness that is distinct from those of the materials joined across it, can
experience mixed-mode loading and the crack is not free to evolve with pure Mode I
stressing at its tip, as would occur in an isotropic brittle solid.

The asymmetry in the

moduli with respect to the interface, due to possible non-symmetric loading and geometry,
induces a Mode II component.

It has been shown that interface debonding between two thin-layered elastic materials can
be characterised using two elastic mismatch parameters (Le. mismatches in the plane
tensile modulus and that in the in-plane bulk modulus) (e.g. Hutchinson & Suo 1992).
However, as discussed in the earlier parts of this thesis, LEFM concepts cannot be used
to analyse concrete fracture and hence interface debonding in thin-layered elastic
materials will not be further discussed.
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5.6

As described above, the assumption that a mixed mode crack in concrete is best

Mixed-mode fracture of concrete

simulated by combining the MPTS criterion with Mode I fracture energy has been widely

The existing knowledge on basic fracture analysis of concrete (such as details of the FPZ,

investigated in the literature.

fracture energy in elementary modes, etc.) is very limited and none of the existing

results of the above and other similar studies show an accuracy good enough for models

solutions has received wide acceptance.

Research investigating the fracture energy of

Comparisons between the numerical analyses and test

of concrete.

concrete at an interface such as concrete to FRP in strengthened beams has not been
reported in the literature. It is assumed that a detailed study of the fracture toughness of
the concrete-FRP interface taking account of the crack tip stress field is virtually
impossible until the analysis of elementary fracture modes are well established.
Nevertheless, mixed mode fracture taking place within concrete specimens has been
extensively studied in the literature.

Comment on the reliability of the FE analyses
The early parts of this thesis emphasise the unreliability of the use of FE models in the
analysis of concrete structural elements, mainly because of unknowable crack details and
the inevitable material non-linearity. The above fracture simulations however should not
have been influenced by non-linear material behaviour because of the very low working
strain levels and also the fact that the specimens should have been free from cracks other

5.6.1

Experimental validation of local Mode I crack
extension under mixed-mode loading in concrete

than the one where propagation was studied. So, it is believed that the results of these
FE analyses are accurate enough to validate the assumption that has been made.

The losipescu beam geometry (Figure 5.4(b)) (details of a typical test arrangement can
be found in Swartz & Taha 1990) has been widely used in mixed mode fracture

5.7

investigations of concrete (e.g. Galvez et al. 1998, Swartz & Taha 1990). In these test

Mode I fracture energy in the debonding
analysiS

set-ups, shear tractions of concrete can be realistic only when there are extensive crack
plane separations (§ 5.4.2) and hence it is contended that under mixed mode effects
"crack opening" will govern the instantaneous crack extensions, and the crack tip will grow

Even though they cannot be quantified accurately, it is certain that the contributions of the
following mechanisms trigger plate debonding (§ 2.3.2. & 2.3.3) .

locally by opening. The numerical investigations were often based on finite element
analyses with Hillerborg's cohesive crack model incorporating local Mode I crack

Plate end debonding
•

extensions.

the vertical pull acting on the adhesive due to the discrepancy in the curvatures of
the beam and the plate at the plate end (Figure 2.5(a))

Other specimens such as three-point bending beams with eccentric notches (e.g . Guo et

•

al. 1994) and double notched prismatic specimens (e.g. Reinhardt & Xu 2000) have also
been employed. Whilst most studies used the cohesive crack model to simulate Mode I
crack extensions, the FE analysis of Oibolt & Reinhardt (2000) incorporated the crack

the balancing peeling force at the plate end due to the moment caused by the
eccentricity in the FRP force (Figure 2.5(b))

•

the relative vertical sliding between the two faces of a critical shear crack
(Figure 2.7)

band model (see § 5.9.3).

Intermediate crack induced debonding
It is expected that the crack would start to open when the maximum principal tensile

The relative vertical sliding between the two faces of a flexural and/or flexural/shear crack

stress (MPTS) at the crack tip reaches the tensile strength (ft) , in the direction

in the high moment zones may develop the critical interfacial crack which will

perpendicular to that of MPTS. Stress- crack opening relationships identical to that of

subsequently trigger intermediate crack induced debonding (§ 2.3.3.1 & Figure 2.7) .

pure Mode I loading are expected at the crack tip and hence are associated with the same
fracture energy. Erdogan & Sih (1963) introduced the MPTS failure criterion and since

It is contended that an interface, which is primarily carrying shear, actually fails in tension.

then it has been validated for the fracture analysis of brittle/quasi-brittle materials.

Since principal stress would be at about 45° to the interface, any crack would move into
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the beam (Figure 5.7); however, this will not happen since the FRP force acts

experiencing the fully-developed fracture resistance.

eccentrically to the tip of the crack, causing a moment that causes dominant tension in the

develops as the crack grows, subsequently increasing the fracture resistance, and hence

tip, which then moves back down towards the interface (Figure 5.7).

The present

the crack will extend and stop at each load increment (Le. slow stable crack growth). After

analysis avoids a detailed study of the crack tip stress field, but assumes that extension of

the FPZ has developed fully (i.e. fully-developed crack) the fracture resistance can be

debonding is a Mode I propagation as an average, even if the local details may not be

expressed with Ge or Ke and the crack will start to grow steadily with the increase of

Mode I governed. Therefore, by comparing the energy release rate (G R ) with the Mode I

applied load. (Note that an ideal elastic brittle material shows constant fracture resistance

fracture energy of concrete (Gel), it is possible to decide whether the existing crack will

irrespective of the length of the crack extension.) The increase in fracture resistance with

extend or not. If G R

~

The nonlinear FPZ gradually

the crack extension, which is usually referred to as the R-curve can be derived using the

Gel the crack will extend causing debonding.

energy balance during crack extension and it will show the variation in fracture resistance
It is assumed that the R-curve is a material

with the extension of crack (Figure 5.8).

characteristic and hence will be independent of the length of the original crack and

Maximum principal
stress direction
Instantaneous crack
Crack propagates by
extension towards ,opening as an average
Initial interface
the beam
Final debonding
:.::
crack
approximately parallel
to the interface

geometry of the specimen. The R-curve fracture analysis was first developed for metals

I

and has also been used in the fracture analysis of other materials such as fibrereinforced-polymer composites.
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Force in the FRP
Figure 5.7 - Mode I propagation of initial debonding as an average, even if the local
details may not be Mode I governed

5.8

A discussion on fracture resistance against
the propagation of short cracks
o

As will be shown in Chapter 6, crack extensions about 20-30 mm long (i.e. cracks with

Crack extension, e

lengths of the depth of the concrete cover) cause plate end (PE) debonding, whereas

6 clft

Figure 5.8 - Typical shape for a R-curve

critical cracks with lengths less than about 5 mm trigger intermediate-crack-induced (IC)
debonding. The fracture process zone (FPZ) of concrete is expected to be 100-300 mm
long (§ 4.4), so it is important to investigate the validity of the assumption that the fully

5.8.1

R-curve analysis of concrete

developed fracture energy can be used in the debonding analysis.

As discussed in the earlier parts of this thesis, fracture of concrete cannot be analysed
using either linear-elastic-fracture-mechanics (LEFM) or theories of ductile fracture of

Extensions of stable (fully-grown) cracks can be characterised using either the critical

metal. Reliable stress and displacement analysis of the FPZ cannot be performed since

stress intensity factor (Ke) or the critical energy release rate (G e), both of which are

sufficiently accurate information is not available; so like most other fracture analyses the

material properties.

However, in most real materials, where the crack growth is

determinations of the R-curve and the critical crack extension (eCrit) are not trivial. Several

associated with development of a nonlinear fracture process zone (FPZ) (e.g. concrete),

simplified models for R-curve analysis of concrete have been developed in the literature;

the sub-critical crack extensions (prior to reaching the critical state) may not be

as can be expected some are direct modifications of LEFM whereas the others are based
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on empirical models developed using statistical analysis of test data. A long FPZ means

energy of concrete in the debonding analysis seems to give predictions that match the test

the size and geometry of the cracked structure may influence the shape of the R-curve

data reported in the literature to date.

and it can also be affected if the growing crack approaches a free boundary of the
specimen (Shah & Ouyang 1994).

5.9

More complex problems for further study

Aggregate interlocking and shear friction mechanisms can be more effective in the tail part
The equivalent elastic analysis of concrete fracture introduced by Shah and co-workers
(e.g. Shah & Ouyang 1994, Jenq & Shah 1985, etc.) assumes that the reduction in
stiffness caused by the FPZ may be represented by a much longer crack in an equivalent
elastic structure. The determination of the length of the "equivalent elastic crack" needs to

of long cracks - i.e. after the original crack has extended for a distance several times the
critical crack length. Hence, at this state, despite the energy required at the crack tip for
local extension remaining unchanged as that of Mode I, a higher overall fracture energy
may be required for the overall unit crack extension.

be based on test results. However, studies did not lead to clear conclusions on the shape
and the parameters of the R-curve (e.g. Shah & Ouyang 1994). The equivalent LEFM
analysis is anyway of dubious validity and also the empirical formulae are based on a very

Uniaxial tensile stress

Critical zone for
Debonding initiation

limited amount of test data with limited geometries (see § 5.11.1).

+

Direction of
debondin g. . - ' __ ...

Bazant and co-workers (e.g. Xi & Bazant 1997) derived the critical crack extension (ecrit) in

Applied
load.

'---_ ....

infinitely large concrete structures using their size effect law (see § 5.11.2) on test data.

1- - - - - - - ,

The dubious validity of the size-effect-Iaw will be discussed in § 5.11.2 and also the

1

1

Shallow cantilever section

reported ecrit of 7.5 mm for high-strength concrete seems an underestimate given the

- - - - - - - ..J.oIIIIt--t-Possible void

length of the FPZ is of over 100 mm long. Inconsistent results have also been reported in

FPZ

,----- •

WFPZ

I~

LFPZ

the literature for R-curve behaviour of cement paste which consists of a less complex
microstructure (e.g. Higgings & Bailey 1976).

Despite it being noted that an R-curve

Deep main beam section

exists , no certain conclusions have been drawn from experimental/analytical studies about
its precise form.

Figure 5.9 - Debonding in cantilever beams with
varying cross section (Darby et al. 2008)

Despite considerable research attention during the 1980s, the R-curve analysis of
concrete has not been thoroughly investigated during the last two decades.

No

improvements over earlier understanding has been noted even in the reported limited
recent studies (e.g. Karihaloo et al. 2003).

Figure 5.10 - Length and width of
the fracture process zone in uniaxial
tensile test specimens

Insufficient knowledge about the FPZ, large

scatters in test data noted in the experimental studies and the difficulty of identifying the
crack at its primary states might have led to inconclusive results and also to the lack of
progress in research.

Thus, the energy requirement for unit crack extension may increase with the crack
propagation and hence doubts may arise whether the debonding might arrest at some
crack length.

However, none of the experimental investigations on simply supported

beams published in the literature have reported arresting of debonding once sudden
propagation has started. However, Darby et al. (2008) observed arresting of debonding in
their cantilever test beams with non-prismatic cross sections (Figure 5.9). Because of the

Since no reliable analysis is available for the development of the R-curve of concrete, it
has been decided to assume the fully developed fracture resistance in the debonding
analysis described in this thesis. A detailed fracture mechanics study of a "typical crack",
including the R-curve behaviour - whatever that is - is recommended for future study.

geometry and the lack of stiffness against shear tractions in simply supported beams with
uniform cross sections, significant Mode II fracture resistance cannot be developed during
plate debonding. It should also be noted that the energy release rate (G R ) will increase
very rapidly upon debonding propagation (see Chapter 6), and hence any marginal

With all the reservations , as is shown in Chapter 6, the assumption of Mode I fracture
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resistance from the Mode II effects may easily be overcome. Observed plate debonding

crack.

in simply supported beams has been very brittle and therefore the critical crack concept

impossible and hence they are usually lumped together into a non-linear zone ahead of

used in the present analysis is justifiable; comparisons with test data shown in Chapter 6

the crack tip and referred to as the "fracture process zone (FPZ)" (Figure 4.3).

validate the assumption.

presence of significantly large FPZ means that LEFM is not applicable for the analysis of
concrete structures.

As noted in § 4.4, taking account of each of these mechanisms in isolation is
The

It should be noted that plate debonding analysis in statically indeterminate beams is not
trivial since the change in stiffness of beam sections because of the crack extension may

Despite the presence of a significant FPZ (more than 100 mm long - see § 5.10.1.2),

redistribute the stress field in the vicinity of the crack.

unsuccessful attempts have been made, and are still being made, in the literature to apply
LEFM to concrete. LEFM analysis of very large concrete structures such as dams may

Nevertheless, plate debonding in conventional simply-supported beams can be analysed

perhaps be justifiable because the FPZ is negligible in comparison with the large section

by comparing GR with the Mode I fracture energy of concrete; its value is discussed

dimensions.

below.

experimental findings can be found in Karihaloo 1995).

5.10 Mode I fracture energy of concrete

The FPZ governs the mechanics of concrete fracture and hence the knowledge of stress-

The Mode I fracture energy (G,) of a material is determined as the work required for unit

crack opening relationships in the FPZ is a prerequisite to the determination of G c ,. It
should also be noted that the existlng knowledge on non-linear FPZ zones in ductile

area of crack extension by opening of the two crack surfaces. Knowledge of the stress-

(A detailed review on the application of LEFM to concrete including

metals such as steel is not applicable here as in that case a uniform stress distribution at

crack opening relationships in the affected zone is therefore required to determine G,.

the material's yield stress exists in the non-linear zone.

In linear-elastic-fracture-mechanics (LEFM), the stress and displacement fields ahead of
the crack tip are "known" (Eq. [4.1]) and hence G, can be determined. Note that, LEFM
analysis is often based on stress intensity factors (K) and hence G, is presented as:

G

(

=

Prior to the investigation of stress-crack opening relationships in the FPZ, a general
overview of its characteristics is discussed.

5.10.1.2 Fracture process zone
K(2

E

[5.4]

The FPZ has been extensively studied in the literature, in particular in the 1980s and

where K,c and E are the critical Mode I stress intensity factor and the Young's modulus of

1990s. Uniaxial tensile tests and notched beam specimens (Figure 5.10) together with

the material respectively.

various non-destructive test methods,

most notably Moire interferometry, X-ray

measurements and acoustic emission techniques were used in the experimental

5.10.1

investigations.

Stress-crack opening relationship in concrete

Examples can also be found for the use of wedge-splitting tests (e.g.

Regnault & Bruhwiler 1990) and the use of other crack detection techniques such as
Knowledge of the stress and displacement fields of the "critical zone" are required to

photoelastic methods (e.g. Jankowski & Stys 1990).

determine the Mode I fracture energy of concrete (Gd.
Based on X-ray and acoustic emission measurements of uniaxial tensile test specimens

5.10.1.1 Mechanics of concrete fracture

(of widths in the range of 175-700 mm), Shah (1990) and Otsuka & Date (2000) noted the

In contrast to a simple, well-defined crack present in elastic brittle materials (such as glass

influence of the specimens' width on the length of the FPZ (L FPZ).

where LEFM is applicable), the crack front region of concrete is always blunted with

believed LFPZ should be more than about 100 mm.

numerous microcracks, crack branching and crack bridging where aggregates cross the

analysis of the measured strain softening relationships of concrete, Lin et al. (1994)
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Hillerborg (1985)

From a cohesive-crack-based FE
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believed LFPZ may ~e about 390 mm.

Photoelastic test results of Jankowski & Stys

(1990) on beam specimens showed LFPZ to be about 100 mm.

5.10.1.3 Uncertain stress-crack opening relationship in the FPZ

Bazant & Oh (1983)

Clear boundaries do not exist for the FPZ and also the stress distribution in the FPZ

believe that the LFPZ depends upon the maximum aggregate size in the mix and hence,

significantly depends upon localised microstructural features such as strength, shape,

based on a database of test results, they concluded that it should be about twelve times

size, surface texture and location of the aggregate pieces and also on the details of the

the maximum aggregate size.

existing flaws. All these features cannot be known with certainty and hence the studies on
FPZ are always of dubious validity. Thus, reliable stress-crack opening analysis of the

Ranges of values have also been identified for the width of the FPZ

(WFPZ).

that the maximum aggregate size used in the mix governs the

and this is confirmed

WFPZ

by the test results (e.g. Shah 1990 and Otsuka & Date 2000).

It is believed

Bazant & Oh (1983)

FPZ and hence direct evaluation of GCI are practically non-existent.

(1990) found it was the same width as the maximum aggregate size; a similar value was

5.11 Determination of the Mode I fracture energy of
concrete

also noted by Raiss (1986).

Knowledge of the stress and displacement fields in the FPZ is required to determine GCI ,

identified

WFPZ

to be about three times the maximum aggregate size whereas Du et al.

but as discussed above, the existing knowledge is not accurate enough for any reliable
It is clear that there is no consensus among the researchers about the basic features of

analysis.

the FPZ. The notable inconsistency in measured LFPZ values may partly be attributed to
the fact that the use of small test specimens might have resulted in measurements in the

Several simplified models for fracture mechanics analysis of concrete have been

same range of magnitude as the specimen size. In addition, crack detection techniques

developed in the literature; as can be expected some are direct modifications of LEFM

have their own limitations. For example, some surface discontinuities identified by a Moire

whereas the rest are either based on intrinsic features of the FPZ or simply empirical

interferometry method might not have been related to the FPZ but to a non-structural

models developed from statistical analysis of test data.

discontinuity such as a plastic shrinkage crack.

5.11.1 Equivalent LEFM models
A detailed state-of-art on the knowledge of FPZ in concrete together with a detailed review
of several experimental investigations can be found in van Meier (1997).

The basic objective here is to perform a LEFM analysis on an equivalent elastic structure
instead of the actual concrete member. This is done by replacing the actual crack in the
member with a much longer crack in equivalent LEFM analysis.

The selection of this

equivalent crack length is based on knowledge of test results; two such commonly quoted
Cohesive stresses in the FPZ

models can be found in the literature, the two-parameter model of Jenq & Shah (1985)
and the effective crack model of Nallathambi & Karihaloo (1986).

Jenq & Shah (1985) believe the fracture of concrete can be predicted by two parameters:

-',

Full opening of
the crack tip (we)

the critical stress intensity factor (Ke) and the critical crack-tip-opening-displacement

(GrODe).

.. -

Fully-developed FPZ

We

The measured compliance of the load-CTOD plot at the maximum load of

notched-beam specimens was used to determine Ke and GrODe.

Crack opening (w)
cr-W relationship at the original

crack tip (Point A)

In LEFM, it is assumed that both these parameters (Ke and GrODe> predict identical
fracture criteria and this forms the basis of the Jenq & Shah (1985) model. Thus, they
determined the equivalent-LEFM-crack such that the stress intensity factor determined

Figure 5.11 - Cohesive crack model (Hillerborg et al. 1976)
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from LEFM analysis with the assumed equivalent crack, and the crack opening at the
actual crack tip but still based on LEFM, reach the already known respective critical
values.

5.11.3 Crack band model
Numerous microcracks are inevitably present in the vicinity of an existing crack, so some
researchers suggested that a crack is best simulated by a crack band (of finite width), with
no or reduced stiffness properties in the direction orthogonal to the crack, to represent the

The effective crack model developed by Nallathambi & Karihaloo (1986) uses similar
concepts to the Jenq & Shah model but is of more empirical nature. The present study
however does not use these equivalent LEFM models and hence these will not be further

microcracks (e.g. Bazant & Oh 1983).

This method gained popularity because the

assumed homogeneity allows the use of "average material properties" readily available
from simple tests.

discussed (detailed discussions on these models together with experimental evaluations
of fracture parameters can be found in Shah & Carpinteri 1991).

However, the highly heterogeneous nature of concrete at the microscopic-level requires a
minimum finite-element size of about three times the largest aggregate particle to justify

5.11.2 8azant's size effect law

an assumed homogenous behaviour in FE simulations (Bazant & Oh 1983). FE analysis

Based on statistical and dimensional analysis of test results of specimens with different

with such coarse meshes may however not be able to capture the critical features which

sizes Bazant & his co-workers presented expressions for Gel. Their work is often quoted

govern plate debonding because of the relatively small section dimensions. Furthermore,

as "the size-effect law" and numerous research publications can be found in the literature

a width of about the size of the maximum aggregate is expected for the FPZ (Du et al.

(e.g. Bazant & Planas 1998) .

1990, Raiss 1986), so the use of a crack band of three times that width is not justifiable, in
particular, since the results of an

~nalysis

depend on the selected width for the crack band

(e.g. Abdollahi 1996).

Accuracy of equivalent LEFM models and 8azant's size effect law
As discussed in § 5.10, the FPZ in concrete may be more than 100 mm long and hence
various proportions of FPZ might have developed due to the different sizes of "small" test
specimens used in the experiments.

Therefore, direct extrapolation, or any statistical

5.12 Cohesive crack model for the evaluation of
mode I fracture energy

analysis, that does not take account of these differential proportions of the FPZ, as done
in the derivation of the above models, cannot be justified. It should also be noted that
these extrapolations and statistical analyses considered only the measured parameters at
the maximum loads, but as noted by Du et al. (1990) and Raiss (1986), about 30-40% of
the full FPZ develops prior to the attainment of the maximum load.

Hence, the

assumption that the maximum load is the sole factor which governs the fracture behaviour
may be of dubious validity. In addition, the original notches were often assumed as the
critical crack in the analysis, but in reality the critical crack tip may be developed some

The cohesive crack model, which is also known as the fictitious crack model, was
pioneered by Hillerborg & his co-workers (Hillerborg et al. 1976, Petersson 1981) and is
widely believed to be the best performing concrete fracture model. It is assumed that the
crack opening characteristics of the original crack tip (Point A in Figure 5.11) may well
represent the development of the FPZ.

Hillerborg et al. (1976) first validated the model

by predicting the flexural strength of test beams. The model has since been validated for
other applications by both Hillerborg's team and independent researchers (the successful
use of the model in mixed mode fracture analysis was discussed § 5.6.1).

distance away from the notch tip.

With the popularity of FE analysis, various new models have also been proposed for

5.12.1 Cohesive crack model

fracture analysis of concrete; the "crack band" model and the "cohesive crack" model are

The stress-displacement field in the FPZ is simulated by the characteristics of crack

often quoted in the literature.

opening at the original crack tip (Point A in Figure 5.11). The existing crack is assumed
to open when the stress at the crack tip reaches the tensile strength (ft) and
simultaneously the crack starts to propagate. Thus, at Point A, the zero crack opening is
associated with a stress of ft. The further widening of this crack tip (w) is the mechanism
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that causes the propagation of the original crack. However, a sudden drop in stress (cr) to

The ACI Code (ACI 318-08 2008) does not quote any reference to ft as it recommends

zero is not expected at Point A because it is assumed that stress can transfer across a

ignoring the beneficial effects of ft in design; the EuroCode 2 (2004) recommendation for ft

fine crack.

is adopted in the present study.

Thus, a gradual decrease of cr with the increase of

(Figure 5.11).

W

is expected

However, beyond a certain crack opening no stress transfer across the

crack tip is possible. The minimum opening which causes zero stress transfer is referred
to as the "critical crack opening - we".

That part of the crack opening where

W <

we

f

whereas the value for

corresponds to the FPZ where there are some remaining components able to transmit
stress.

As there is a stress to overcome in opening the crack, energy is required for the crack
opening process. The amount of energy required for a unit area of the crack tip to open
up to

We

or beyond is the Mode I fracture energy (G CI) and can be calculated as:

fr

t

=

0.30(f/)2/3

=

0.62

is:

f,

Jf!

[3.8] bis

5.12.2 Tension-softening relationship of concrete
In order to be able to determine GCI , it is also necessary to have the shape of the stresscrack tip opening (cr-w) relationship.

[5.5]

[5.6]

e

This is referred to as the "tension softening"

response of concrete and can be determined from uniaxial tensile tests in very stiff testing
machines. Here, the concrete specimen is loaded in direct tension in a closed loop servocontrolled testing machine with the specimen's axial extension as the control parameter.

(Note that the integral in Eq. [5.5] is the area under the cr-w curve - Figure 5.11)

The extension-control-Ioading and the use of a very stiff testing frame allows stable failure
Thus, the cohesive crack model avoids the need for knowledge of the stress-crack

to occur and hence the full range of cr-W relationship to be measured.

Moire

opening details of the FPZ. The concept which underlies the cohesive crack model

interferometry techniques can be used for the surface strain evaluations.

represents a real physical phenomenon. It should also be noted that the model can

comprehensive uniaxial tensile testing programmes, such as Raiss (1986), can be found

explain the small fracture energies associated with partial development of FPZ by taking

in the literature.

Details of

account of the fact that we is only associated with the development of the full FPZ and
hence any partial development of it will be coupled with a maximum crack opening smaller

Nevertheless, the experimental investigation of cr-w relations is not trivial and often

than

associated with several practical and conceptual difficulties. For example, the location of

We.

the crack (fracture) is not known a priori and hence investigation of the critical zone prior

Tensile Strength of Concrete

to the development of significant microcracking is a problem. The use of a notched-

The tensile strength of concrete (ft) is generally assumed to have a known relationship to

sample can be recommended, but the notch introduces additional stress concentration in

the compressive strength of that concrete. However, unlike the compressive strength, fr of

the tip vicinity.

a given mix can be significantly influenced by the heterogeneity of the mix and also the

distribution across a section, but after the fracture has initiated a significant stress gradient

type of stress distribution which causes the failure. Also note that ft is different from the

in the crack vicinity will be expected. It is also widely believed that the stiffness of the

flexural tensile strength (modulus of rupture -

testing frame may ultimately govern the softening response of the specimen.

fr)

used in the moment-curvature analysis

developed in Chapter 3. Uniaxial tensile tests are used to determine fr whereas

fr

is

determined from bending tests. Different stress distributions experienced in the two test
methods cause

fr

Uniaxial tensile tests are based on the assumption of uniform stress

to be higher than fr.

It should also be noted that the characteristics of much shorter specimens might
significantly depend upon the method of attachment to the testing machine. Alternatively,
the use of relatively long specimens may result in non-uniform stress distributions across
the sections due to possible bending effects. Also it has been reported that the use of
relatively long specimens caused the development of multiple FPZs (Raiss 1986).
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§ 5.11.3 indicated that the requirement for specimens with dimensions not smaller than
about three times the maximum aggregate size to have "assumed homogeneous"

The bilinear (Figure 5.12(d)) and the polynomial (Figure 5.12(e)) models were better

behaviour, but the stiffness required for the testing machines to have stable softening of

compared with test data; they are used in the present work to characterise the softening

such "large" specimens may be practically unattainable. Even if the tests were possible

response.

the results would be influenced by the non-uniform stress distributions.

Bilinear tension softening
relationships of concrete may not be attainable and also a significant

Experimental programmes such as those of Guinea at al. (1994) , Gustafsson & Hillerborg

scatter of data can be found even under identical test conditions (i.e. with the use of the

(1985) and Raiss (1986) revealed an approximately bilinear tension softening in concrete.

same concrete mix, testing machine and the specimen size). However, it has been shown

The bilinear behaviour is believed to be caused by the rapid growth of microcracks when

that the experimental investigations are capable of providing some approximate details

the stress exceeds ft and subsequently more stable widening of the developed critical

(this will be discussed in § 5.12.2.1).

macrocrack (Guinea at al. 1994).

Thus, exact

O'-W

Despite the determination of precise

O'-W

relationships being generally unattainable, the

fracture energy (Gd of a given concrete can be calculated to a greater accuracy. The
energy balance concept for notched-beam specimens together with appropriate

cr

cr

correction factors to take account of the size effects have now been successfully used.
RILEM-Report 5 (Shah & Carpinteri 1991) test standards present experimental and
calculation procedures for Gel evaluations of specimens with specified dimensions. As
confirmed by most newer research studies (e.g. Karihaloo et al. 2003) the test methods
provide reliable Gel estimations.

The knowledge of the approximate

O'-W

relationships can be adjusted such that the area

under the curve equals the independently determined Gel of that concrete. This allows
correlation of the

O'-W

We
Crack tip opening (w)

We
Crack tip opening (w)

(a)

(b)

We
Crack tip opening (w)

(c)

relationships with more readily known properties of concrete such

as tensile strength and the maximum aggregate size. The simplified tension softening

cr

models can then be used for Gel estimations of other concrete mixes.

5.12.2.1 Simplified tension softening models
Various simplified

O'-W

models have been proposed in the literature (e.g. Hillerborg et al.

1976) (Figure 5.12). The yield and partial-yield models shown in Figure 5.12(a) and (b)
might have been suggested because of existing knowledge of the softening stress
characteristics of steel.

But, concrete does not yield as steel does and hence these

models are not acceptable for concrete. The uniform softening in Figure 5.12(c) requires
gradual growth of the fracture, but rapid development of microcracking followed by stable
widening of the critical macrocrack have been observed in experiments (e.g. Guinea et al.

We
Crack tip opening (w)

(d)

We
Crack tip opening (w)

(e)

Figure 5.12 - Assumed tension softening models for concrete (Hillerborg et al. 1976)
(a) uniform yielding (b) partial-yielding (c) uniform softening
(d) bilinear softening (e) polynomial softening

1994), and hence uniform softening might not be justified.
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noted by Liaw et al. (1990), Peterson (1985) and Rokugo et al. (1998) respectively.
These values are compatible with the values reported in the CEB-FIP Model code (1991)
and also with those observed by Raiss (1986).
Rapid development
of microcracks

Polynomial softening

/

Based on results of uniaxial tensile tests, Reinhardt (1985) approximated the tension
Stable widening of the
critical macrocrack

1/3"

softening relationships of concrete as a power relation.

/

[5.8]
where

Crack tip opening (w)

n is the fitting parameter which he found to be between 0.2-0.4 for normal

concrete.
Figure 5.13 - Bilinear softening curve
As shown in Figure 5.13, the coordinates of the kinking pOint (f1,

W1)

and the critical crack

5.12.3 Validity of tension softening models

opening (we) are required to determine Gel. Gustafsson & Hillerborg (1985) believed f1

The bilinear and polynomial softening curves estimate Gel to be in the range of

must be about 1/3 of ft ; similar ranges of values were also predicted by other researchers

0.07- 0 .15 N/mm for concrete mixe.s with 10-20 mm range aggregates. These predictions

(e.g. Rokugo et al. 1988). The results of Raiss (1986) uniaxial tensile tests confirmed that

compare well with the experimentally found values reported in the literature (e.g. Elices et

about O.4ft is an appropriate estimation for f1 .

al. 2002, Karihaloo et al. 2003, Qiao & Xu 2004, Raiss 1986, Reinhardt 1985). It should
also be noted that the experimentally determined Gel values had about 10% scatter.

The determination of the crack opening values that govern the behaviour (i.e.
is not trivial. For a concrete mix with 10 mm aggregates,

W1

W1

and we)

values of 0.037, 0.035 and

The more recent work on tension softening models (e.g. Barr & Lee 2003, Mohamed &

0.029 mm were reported by Guinea et al. (1994), Petersson (1985) and Rokugo et al.

Hanseen 1999, etc.) were still based on simplified

(1988) respectively (as quoted in Guinea et al. 1994). These reported values compared

ups were employed together with "improved" crack detection techniques such as digital

well with the average value of 0.030 mm noted by Raiss (1986) for a different mix but also

image correlations. However, no improvements over the above simplified models have

with 10 mm aggregate.

been reported.

O"-W

models although newer test set-

A detailed review of tension softening analysis including most newer

research can be found in Barr & Lee (2003).
It should also be noted that in fracture mechanics it is customary to present the crack
opening values (w) in terms of the following non-dimensional form:

Applicability of the cohesive crack model for 3-D real-life problems
As discussed above the cohesive crack model is based on 2-D concepts . The

EGF
w = a_
_
f2
t

[5.7]

contributions of the out-of-plane stresses are often ignored in the analysis of concrete
elements such as beams, because concrete beams usually crack and hence it is expected

where a is a constant and E, GF and ft are the Young's modulus, fracture energy and

that neither significant lateral deformations nor consequent out-of-plane stresses develop.

tensile strength of the material respectively.

Therefore, it is justifiable to assume a cohesive crack distribution over a unit width in the
structural analysis as the contribution of the 3 rd dimension stresses on fracture energy is

Consistent critical crack opening values (we), mainly in the above non-dimensionalised

negligible. However, it should also be noted that the simplified tension softening models

terms, have been reported in the literature; for example, a values of 3.6, 3.6 and 5 were

were developed to be compatible with the measured "actual" fracture energies, so it would
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be expected that any possible minor out-of-plane effects are indirectly incorporated in the

A note on the empirical model given in CEB-FIP model code (1991)

simplified models recommended in the present work.

The empirical Gel expression given in the CEB-FIP model code (1991) has been widely
quoted in the research studies reported in the literature.

This model is simple to use

Influence of the shape and surface texture of aggregate on Gel

because it is based on the compressive strength and the maximum aggregate size of the

It has been reported that not only the size but also the shape and surface texture of the

mix. However the model is based on test results determined according to the RILEM 50-

aggregates govern Gel.

For example, Karihaloo et al. (2003) noted Gel values of

FMC (1985) standards (Hilsdorf & Brameshuber 1991); this earlier version of RILEM

0.08-0.1 N/mm for a concrete mix with 20 mm rounded aggregate (river gravels) whereas

standards recommended that the fracture energy values should be directly determined

the use of crushed aggregate of the same maximum size resulted in 0.13-0.17 N/mm of

from "standard" beam specimens. But, the full-FPZ might not have developed in the small

Mode I fracture energy. This characteristic may be attributed to the different resistance

specimens used in the test programmes; thus, the CEB-FIP model underestimates Gel .

provided by the two types of aggregates against the coalescing of sub-critical

However, it should be noted that a later version of the RILEM standards - RILEM

macrocracks.

In the case of rounded aggregate, the macrocracks may coalesce by

Report 5 (Shah & Carpinteri 1991) proposed correction factors to incorporate the size

growing around the aggregate pieces and hence require less energy. The presence of

effects of test results and the modified method have proved to be accurate (e.g. Karihaloo

rough angular aggregate particles may cause the macrocracks to follow the shortest path

2003).

by growing through the aggregate pieces because of the high frictional resistances which
may be involved with tortuous crack paths. Hence, the latter case is associated with a

5.13 Concrete-FRP interface fracture energy

higher energy requirement than the former as it requires fracture of the aggregate pieces.
The concrete-FRP interface fracture energy (G F) must be determined taking account of

5.12.4

the medium in which the failure takes place (§ 5.2).

Empirical models

The simplified tension softening models discussed above do not consider the effect of the
aggregate "type" on Gel. Attention should be directed to the critical crack opening and

5.13.1 Debonding within the concrete substrate

also on the shape of the softening curve. Nevertheless, based on a large database of test

It is contended that debonding which takes place within the concrete substrate is best

results and taking account of several parameters including aggregates properties, Bazant

simulated as a Mode I fracture of concrete and hence associated with a fracture energy

& Becq-Giraudon (2002) developed an empirical model for Gel of a given concrete

about 0.07-0.15 N/mm depending on the type of aggregate used.

(Eq. [5.6]). So, in the present analysis knowledge of simplified tension softening models
together with the Bazant & Becq-Giraudon empirical model will be used in the

There are many test geometries that do not give G F values that are correct for the

determination of Gel (see § 6.2.1).

mechanism being considered here. Some other test setups can give reasonable results.
Using the test specimen shown in Figure 5.1 (d), Ye et al. (1998) found GF values of about

Bazant & Becq-Giraudon empirical model

0.12 N/mm when epoxy-resin was used for plate bonding. Despite the fact that they have

The Bazant & Becq-Giraudon (2002) empirical model (Eq. [5.9]) takes account of several

not reported the failure phase, based on the experience of other test programmes with

factors such as the water cement ratio and the type of aggregate. They quote:

epoxy-resin bonded FRPs, it is believed that concrete substrate failure was taking place.
Qiao & Xu (2004) suggested a notched-beam specimen with a concrete-FRP interface

Gel

=

f ' )0.46 (
d )0.22
2.5 a o _ c1 + __
8 ( 0.051
11 .27

(WJ-D·3:l
-

C

directly above the notch for the interface fracture energy evaluations (Figure 5.1(c)). A
(N, mm units)

[5.9]

concrete substrate failure in the vicinity of the interface was noted by Qiao & Xu . A G F
value about 0.1 N/mm was quoted but the use of 100 mm deep beams with notches of

where ao is a factor account for the surface texture of the aggregate (1 for rounded
aggregates and 1.44 for crushed or angular aggregate), and da and WIC are the maximum
aggregate size and the water:cement ratio by weight of the mix respectively.

50 mm long might have resulted in a partially-developed FPZ and hence the reported Gel

(without adjusting for the size effects) is somewhat below that normally expected for a

given that an uneven contact may exist between the concrete and the adhesive, it is

concrete with 18 mm aggregate.

highly unlikely that it has a higher fracture energy than that of FRP-adhesive interface
between two layers of FRP. Thus, the adhesive layer between the concrete and the first

Therefore, it is assumed that the presence of the FRP does not affect the fracture energy

FRP plate is much more vulnerable to debonding than that between two layers of FRP; so

for debonding within the concrete and hence the Mode I fracture energy of concrete, as

debonding between FRP layers is rarely expected.

determined from the standard simplified models (§ 5.12), can be used in the platedebonding analysis. Chapter 6 validates the present analysis against a database of test

5.14 Conclusions

results collected from the literature.
Experimental studies confirm that in most practical cases the concrete is most likely to fail
during FRP debonding from concrete beams. It is assumed that extension of debonding

5.13.2 Adhesive failures

is a Mode I propagation as an average, since the eccentrically in the FRP force cause a

The recommendations of the FRP manufacturer on selection and curing of adhesives,

dominant tension at the tip of the crack even if the local details may not be Mode I

together with the existing knowledge on application of external FRPs on concrete

governed. Until a proper finite element analysis of a "typical crack", including the R-curve

surfaces, usually means that premature adhesive failure can be avoided. However, use of

behaviour is available it is assumed that Mode I fracture energy of concrete governs the

a weak adhesive or poor workmanship can trigger premature adhesive failures prior to the

FRP debonding from concrete beams.

expected debonding within the concrete substrate.
Linear-elastic-fracture mechanics cannot be used to determine the Mode I fracture energy
Determination of the energy release rate follows the same procedure as that for concrete

of concrete because of the long fracture process zone associated with concrete fracture.

failure , but the investigation of the critical state needs to be based on the fracture energy

Hillerborg's cohesive crack model, together with a widely validated empirical model have

of adhesive. Determination of the fracture energy of adhesive (G Fa ) is not trivial and the

been recommended for its evaluation; a range of values between 0.07-0.15 Nlmm is

fracture properties can be influenced by many factors such as the chemical composition,

expected for commonly used concretes.

curing method, temperature and moisture content, none of which can be known with any
certainty (e.g. Bouiadjra et al. 2007, O'Brien et al. 2006).

The use of a weaker adhesive or bad workmanship may cause debonding within the
adhesive layer.

Determination of the fracture energy of adhesive is not trivial and no

Estimations for GFa are not made in the study; nevertheless the known concrete fracture

estimations are made in the present study; nevertheless, known concrete fracture energy

energy can be used to distinguish when premature adhesive failure occurred.

can be used to distinguish when premature adhesive failure occurred.

If a

premature adhesive failure was reported then the corresponding critical energy release
rates (G c) had to be less than Gel.

For example, during the Ye et al. (1998) test

programme, the use of a weaker adhesive (vinyl-ester-resin) caused an adhesive failure
at Gc of about 0.025 Nlmm, whereas Gel is in the range 0.07-0.15 N/mm.

A similar

observation was made in the test programme of Quantrill et al. (1996a) where one of the
strengthened beams failed by premature adhesive failure; the present analysis has
discovered that Gc corresponding to the observed failure had to be about 50% of the Gel
(see § 6.3.2).

It should also be noted that the same approach can be adopted for the analysis of plate
debonding taking place between the FRP plates when multiple layers are used. However,
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Chapter 6

I~

Fracture Mechanics of Plate Oebonding:
Validation against experiment

I...

In Chapters 4 and 5, a global-energy-balance-based fracture mechanics model was
developed for the analysis of FRP debonding from concrete beams.

This chapter
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presents comparisons with a variety of experiments reported in the literature and shows

h

t ---. =
p

~;;;;;;;;;;~

I~

that the model can correctly determine both the failure load and the debonding location.
The present work studies only simply-supported beams under short-term monotonic loads

bp

~I

d

==.- ta

Cross section

Note: Figure is not to the same scale

but the model could be extended to analyse more complex practical problems such as
Figure 6.1 - Geometric details of the assumed example beam

pre-cracked and continuous beams. The effects of the plate curtailment location and the
size of existing interface cracks on the failure load are studied.

The model is also

validated against steel plate bonded beams which were in practical use prior to the use of
FRPs for beam strengthening.

Geometric details (mm)

Material properties*

RC beam

6.1

Application of the model: An example

Prior to the comparisons with test data reported in the literature, the application of the
model, showing the qualitative advantages over existing debonding analysis, is illustrated
using an example.

span, L

2800

compressive strength, f:

35

height, h

300

flexural tensile strength, fr

width, b

200

tensile strength, ft

3.7
3.2

tension steel, As

3~12

yield stress of steel, fy_s

530

2~12

Young's modulus of steel, Es

200

150

Young's modulus

165

fp

1.2

ultimate tensile strength

1500

fa

3

compression steel,

6.1.1

Ase

263

depth to the tension steel, d

Beam geometry and material properties

depth to the compression steel, de

37

A RC beam, strengthened with a carbon fibre reinforced polymer (CFRP) plate, and
loaded in three-point bending as shown in Figure 6.1 is analysed. The material behaviour
discussed in Chapters 3 and 5 is assumed here; the numerical values together with the

FRP plate
width, bp
thickness,

beam geometric details are given Table 6.1.

Adhesive

6.1.2

thickness,

Failure load and the mode of failure of the beam

The unstrengthened capacity of the beam is 65 kN; after strengthening with CFRP, the

shear modulus

2

* The strength and stiffness quantities are in N/mm2 and kN/mm2 units respectively .

capacity should be about 145 kN, provided that plate debonding does not take place. The
Table 6.1 - Material and geometrical data of the example beam

failure mode would have changed from an under-reinforced failure before strengthening to
an over-reinforced mode afterwards.

6.1.3

Analysis of plate debonding

Both plate end (PE) and intermediate-crack-induced (IC) debonding are analysed here for
the load range 65-145 kN.
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It is assumed that a strong adhesive is used so only the
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debonding within the concrete beam just above the interface is investigated. The critical

As is shown in Table 6.2, the two bilinear models predict similar Gel and they agree well

state is therefore determined when the energy release rate (G R ) associated with the

with the value from the Reinhardt's polynomial model. The prediction from the Bazant &

interface crack equals the Mode I fracture energy of concrete (Gel)'

Becq-Giraudon empirical expression also correlates well with the tension-softening
models but, as expected, the CEB-FIB model code expression underestimates Gel (see

§ 5.9.4).

6.1.3.1 Mode I fracture energy of concrete
The Mode I fracture energy of concrete (Gel) can be determined from a standard fracture
test; however, as discussed in Chapter 5, reliable estimations can also be obtained from

The values quoted in Table 6.2 confirm a Gel value about 0.15 N/mm for the assumed
concrete mix and this value agrees with the experimentally obtained Gel for similar mixes

simplified tension-softening models and existing empirical models.

with 20 mm crushed aggregates (e .g. Elices et al. 2002, Karihaloo et al. 2003, Qiao & Xu
It is assumed that the current concrete mix consists of 20 mm crushed aggregate with a
water cement ratio of 0.5.

2004). So, Gel is assumed to be 0.15 N/mm in the debonding analysis discussed below.

Table 6.2 shows the Ge l estimations for this concrete mix

according to the bilinear models of Guinea et al. (1994) and Gustafsson & Hillerborg
(1985) and the polynomial model of Reinhardt (1985).

In addition, predictions from the

two most widely quoted empirical models in the literature: Bazant & Becq-Giraudon (2002)

However, it should be noted that the experimentally determined Gel values were often
associated with scatters about 10%.

value is justifiable in the present demonstration, account must be taken of the possible
range of Gel in the actual debonding analyses (see § 6.3 and 6.4).

and CEB-FIP model code (1991) are also quoted in Table 6.2.

6.1.4
Reference

Model

Therefore, despite the assumption that a unique

Plate end

debon~ing

Whether an existing interface crack at the plate end can propagate is investigated here.

Gel

The energy release rate (G R ) corresponding to a given combination of "plate end location"
Gustafsson & Hillerborg (1985)

bilinear softening

0.140

Reinhardt (1985)

power relation

0.083-0.142

Guinea et al. (1994)

bilinear softening

0.145

CEB-FIP model code (1991)

empirical

0.0825 ± 0.025

Bazant & Becq-Giraudon (2002)

empirical

0.112 ± 0.034

and "applied load" is determined as discussed in Chapter 4.
repeated

for the whole

load

range 65-145 kN

(between

The analysis is then
the capacity of the

unstrengthened beam and the expected ultimate capacity of the strengthened beam) and
the full range of possible plate curtailment positions.

Figure 6.2 shows the variation in GR for different plate curtailment locations, Lo (measured
from the support - Figure 6.1) at different load levels (P).

Increasing either P or Lo

means that the transfer zone sections are subjected to higher applied moments and are
Table 6.2 - Gel estimations for the assumed concrete mix

thus less stiff, either because of concrete cracking and/or yielding of the steel.

This

means that there is more energy available for release, so G R increases.
It should be noted that knowledge of the critical crack opening (we) is required for use with
the above tension softening models (§ 5.4.1); the Gel estimations quoted in Table 6.2 are
based on the typical

We

values suggested by Hilsdorf & Brameshuber (1991).

The

polynomial tension softening model of Reinhardt (1985) gives a range of values (quoted in

Figure 6.2 can be used to determine the critical Lo for a given load, when G R equals

0.15 N/mm. So, the figure shows that, if Lo is shorter than about 375 mm no plate end
(PE) debonding would occur before the beam reaches its flexural capacity (145 kN). If Lo
is greater than 375 mm, it is predicted that premature PE debonding failure would occur.

Table 6.2) to be expected from tests but does not give a method for predicting the exact
value without doing a test.

148

149

in the failure load from 145 kN to 65 kN can be observed when La increases from 375 to
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6.1.4.1 Plate end debonding initiates at the actual plate end

a::

Development of the critical crack prior to sudden debonding

(!)

cD
~

Q)

The above determination of critical La values assumes an infinitesimal interface crack at

0.25

the actual plate end. But, it has been observed that PE debonding initiates from a shear

If)

CO

Q)

crack which develops at the plate end and propagates at about 45 0 towards the internal

~

Assumed GCJ

>.

e>
Q)

tension steel (e.g. Arduini et al. 1997, Fanning & Kelly 2001). This development causes

------------------

c

partial separation of the FRP resulting in an interface crack in the plate end vicinity

W

(Figure 6.4(a)).
0.05

...
300

So, the "effective plate end location" (La_err) is now located at some

distance beyond the actual La.
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Lo =875

~
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Figure 6.2 - GR for different La at different P (kN)
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Figure 6.4 - Initiation of PE debonding (a) before the shear crack reaches the steel bars
(b) after further slow horizontal crack extension at the steel bar level

Plate curtailment location, La (mm)
Figure 6.3 - Failure loads for different La

This additional length in the plate curtailment location depends on how far the initial shear
Figure 6.3 shows the failure load plotted against La. If La is less than the critical value for

crack develops prior to sudden debonding initiation. If the associated GR is sufficient to

a particular applied load no additional external anchoring devices are needed. The drop
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cause debonding then the fracture will start before the shear crack reaches the internal
tension steel.

It is customary to assume an approximately 45° path for a shear crack and hence this
additional ineffective length of the FRP just before critical debonding can be assumed to
be between 0 and

c (where c is the cover to the tension steel bars) (Figure 6.4(a)). If the

debonding initiates prior to the shear crack reaching the internal tension steel, then a
relatively thin layer of concrete may initially separate from the beam.

However, after a

short distance of propagation the debonding will take place at the level of the steel bars.
Figure 6.5 - Separation of the FRP towards the plate end

6.1.4.2 Plate end debonding in beams with plates extended to
beam support

Analysis of debonding

When the FRP extends towards the beam support any interface crack that develops in the
plate end vicinity is placed in a low moment zone (i.e. low energy zone) and hence likely
to be associated with smaller GR values in comparison to G CI ; thus, debonding is less
likely to initiate at the actual plate end. However, two new forms of PE debonding can be
expected here.

Neither the sub-critical growth of the interface crack or the widening of shear cracks that
separate the FRP towards the plate end governs the failure. Only the continuous
propagation of the critical interface crack causes the ultimate failure and that can be
modeled in the present analysis by measuring Lo_err up to the tip of the existing interface
crack or up to the location of the shear crack respectively (see § 6.3).

Additional horizontal propagation of the Initial crack prior to debonding

It should be noted that neither formation of the critical shear crack nor the slow growth of

Even when the crack tip stress field is not at the critical state, cracks can grow steadily by
the coalescence of microcracks. The sub-critical growth of cracks inevitably takes place
in concrete where numerous flaws and voids are present. So, a short interface crack that
has initiated at the plate end can develop to a critical crack by growing slowly.
Experimental observations confirmed that the slow crack growth takes place in an
approximate horizontal direction at the level of tension steel (Figure 6.4(b)) (e.g. Arduini
et al. 1997, Nguyen et al. 2001), and will continue till the associated G R reaches GCI

the original plate end shear-crack can be determined from the energy balance concepts
used in the present study, but require a detailed study of the stress field.

However, the

analysis of these sub-critical cracks is not trivial and hence the pioneering linear-elastic
fracture analyses on interface debonding such as Hutchinson & Suo (1992) is also based
on the concept of "steady propagation of the critical crack". Determination of the failure
load and the debonding mode are within the scope of this thesis: as is shown below, the
critical crack concept adopted in the present work correlates well with the test data.

before the onset of critical debonding.

6.1.5

Plate-end debonding initiates at shear cracks in the beam span
Shear cracks are inevitable in the beam, in particular, if the shear provision of the beam
remains that of the original unstrengthened beam. Widening of shear cracks produces
high stress concentrations and the subsequent diagonal microcracks can cause the

Intermediate-crack-induced debonding

As discussed above, the effective plate end location governs PE debonding failure of a
given strengthened beam. But, the analysis of intermediate-crack-induced (IC) debonding
is more complicated since the partly-debonded plate is still attached to the RC beam at

The

the ends of the debonded zone, and also must satisfy compatibility of extension with the

LO_err is now located at the bottom of the critical shear crack (Point A in Figure 6.5), a

RC beam (§ 4.8). Thus, the length of the existing debonding crack must be investigated

relatively high energy zone, and the consequently higher GR values may trigger

together with its location in the beam (Figure 6.6). It is not possible, or necessary, to say

debonding.

what caused the original interface flaw. It is sufficient to say that flaws of the relevant size

separation of that narrow portion of the FRP towards the plate end (Figure 6.5).

are likely to exist in critical location.
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It should also be noted that PE debonding only propagates into the beam whereas

Interface crack ~,.

Ie d;:ding

•

propagation in both directions must be considered in Ie debonding.
Existing flexural crack

For the same example studied above, Figure 6.8 shows GR for a fracture propagating
from an internal crack, one end of which is 100 mm from the centreline (i.e. x = 100 mm in
Figure 6.6), with an assumed crack length of ld at applied loads 130, 135 and 140 kN.
The expected load capacity of the strengthened beam is 145 kN. The possibility that the
fracture might extend in either direction is considered in Figure 6.8. The critical crack

Figure 6.6 - Ie debonding - interface crack length and location

length (ld_cr) at a given applied load is determined when GR equals Gel (0.15 N/mm).

It is contended that debonding might start in the close vicinity of the beam centre line

0.7

since it requires the development of much shorter interface cracks. As was noted in some
of the test programs (e.g. Garden et al. 1998) widening of flexural cracks in the high
moment zone causes interface cracks of 2-3 mm long.

However, in shear-dominant

beams (i.e. beams with smaller shear-span: beam depth ratios) the widening of flexural
cracks might not develop the interface cracks long enough to trigger debonding.
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zone (see Figure 6.7) (an example is discussed in § 6.4.2).
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Figure 6.8 - GR for various P and ld for debonding initiating at 100 mm away from the beam
centre line
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surfaces and hence debonding can initiate some distance away from the high moment

Flexural/shear crack

---

(!)

because of the considerable vertical relative sliding take place between the two crack
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Nevertheless, the widening of flexural/shear cracks will cause longer interface cracks

Debonding towards
the beam end

Flexural crack

"11-

6.1.5.1 Direction of fracture
Figure 6.8 shows GR for various applied loads (P) and lengths of debonding (ld). The
dashed lines (debonding into the beam) are all below the equivalent solid lines (debonding
towards the nearest end of the beam); so debonding will propagate outwards (see

Interface flaw

Figure 6.6).

Figure 6.7 -Initiation of Ie debonding: by widening of
(a) flexural crack and (b) flexural/shear crack

The solid lines are also steeper at a given applied load which further

validates the propagation direction. This analytical finding agrees with the experimental
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observations made in the literature, where none of the simply supported test beams

more easily, and may start at lower loads. In contrast, if the crack starts further away from

experienced IC debonding propagating into the beam.

the centre-line (to the left of the diagram), the bending moments are lower so there is less
flexural cracking and there is less energy that can be released. The effect is that more

As shown in Figure 6.8, if the crack length (ld) exceeds about 2 mm, debonding would

load, or a longer crack, is needed to cause debonding.

occur towards the nearest end support at 140 kN load (about the expected ultimate load).
If the existing interface crack is longer than this, debonding will take place at lower loads;
for example, at loads of 130 and 120 kN, existing cracks about 6 and 12 mm long
respectively would become critical. Debonded lengths of this sort of dimension may well

-

0.004

E
E
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GR values are significantly smaller than GCI (0.15)

z

be present, and undetectable, in practical applications (e.g. Garden et al. 1998).
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6.1.5.2 IC debonding at lower applied loads

~

It has been shown that the critical PE debonding load drops from 145 kN to 65 kN when

Q)

0.002
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the plate curtailment position varies from 375 mm to 875 mm (Figure 6.3). However, test

~

data reported in the literature show that IC debonding takes place at higher applied loads,

e>
0.001
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very close to the expected ultimate capacity of the strengthened beam (e.g. the test
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c:

W

beams discussed in § 6.4 justifies this observation).

Figure 6.9 shows GR for a fracture propagating from an internal crack at the same original

Interface crack length, ld ( mm)

location as above (i.e. 100 mm from the centreline) at lower applied loads (65-95 kN load
Figure 6.9 - GR for lower P values at the same fracture origin
location as Figure 6.8

range). At these load levels the critical zones which contribute to the energy release are
partially-cracked whereas in Figure 6.8 under higher applied loads the sections were fullycracked. As shown in the figure, the GR values for the load range 65-95 kN are incapable
of causing debonding, confirming the need of higher applied loads to cause failure.
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It is therefore possible to avoid IC debonding by preventing the beams from reaching the

E
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fully-cracked state (i.e. keeping tension steel within the elastic limits - Chapter 3). The
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moment capacity of the strengthened beam just before the steel yields will only be
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marginally higher than that of the original unstrengthened beam because of the small
cross sectional areas of FRP.

Thus, limiting the steel stress to avoid IC debonding
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negates the whole objective of FRP plate bonding which is to provide additional load
capacity after the steel yields.
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6.1.5.3 Contour plots of critical crack lengths
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Figure 6.10 shows the critical crack lengths against different fracture origin locations at
various applied load levels.
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Short cracks that start near mid-span (on the right of the

diagram), where the section is heavily cracked in flexure at the critical zone, propagate
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Figure 6.10 - Critical debonding-crack lengths against different
fracture origin locations at various applied loads
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As is shown in Figure 6.10, in this example, 2, 4 and 6 mm long interface cracks that

Figure 6.11 shows the calculated GR (on a very exaggerated scale) against the selected

initiate 100 mm away from the beam centre line cause debonding at the applied loads of

8a for the case of plate end debonding with Lo

130, 135 and 140 kN respectively. At another 200 mm away from the beam centre line,

that the results are virtually independent of the selected 8a and give an error of about

cracks of 8, 12 and 16 mm long would become critical at the same applied load levels.

2.2% when 8a is 1 mm, which is well within the accuracy to which Gel is known (where

Interface cracks of this sort of dimension may well be present, so it is very difficult to
predict the actual failure mode.

=390 mm when Pis 125 kN.

This shows

about 10% variation is expected - § 5.12.3). Smaller values of 8a can be used but they
can give rise to excessive computation times. The analyses presented in the remainder of
this thesis are based on 8a of 1 mm.

6.1.6

Qualitative discussion on the present analysis

6.1.6.1

Element size independency of results

6.1.6.2 Localised nature of plate debonding

Existing plate debonding analyses are mostly based on finite element (FE) modelling, but

Most beams that were tested in the research studies in the literature are either three or

it has been shown that values returned by a FE program are governed by the size of the

four point bending specimens and hence symmetrical about the centre line of the span,

elements used. It is therefore important to investigate the effect of the step size (i.e. the

but debonding failure inevitably takes place in one side only (Figure 6.12(a».

assumed fracture extension - 8a) in the present analysis.

existing analyses (e.g. Hearing 2000) have however been carried out with the assumption

Most

that the beam remains symmetrical. The present model can be used to investigate the
It should also be noted that in the numerical computations, the critical zone is divided into

effect of this assumed symmetrical behaviour.

Figure 6.12(b) shows (broken line) the

narrow segments within which the moment is assumed to be constant (§ 4.7 and 4.8).

critical plate end location (Lo) plotted against the failure load with assumed symmetry in

After crack extension, the relative location of the centre of a given segment with respect to

the analysis. The symmetric assumption predicts a bigger increase in the stored energy

the boundary of the interface crack changes, thus causing a change in the FRP force

in the beam during the assumed crack extension, which consequently results in lower GR

effective in that segment. So, the size of segments is chosen to be the same size as 8a.

and hence a higher failure load for a given Lo.

As expected, the error induced by

symmetry is more critical when debonding takes place at lower loads since more
deformation of the beam is associated with the critical state. The error at a given load can

-

be represented as the difference in the predicted critical

0.099

La values with

respect to the half-

span of the beam : so, for this example the error increases from 7 to 15% when the

E
E 0.098

-

debonding load decreases from 145 to 65 kN.
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the literature covering both plate end (PE) and intermediate-crack-induced (Ie)
debonding. Due to space constraints only a few such comparisons are shown here but

Assumed exact solution
0.095

0.094

Comparisons with test data: Overview

The present model has been validated against a database of test results, collected from

2.2% error at oa =1 mm
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they cover test specimens with a large variety of material and geometric properties; the
selected examples cover all possible forms of plate debonding. The model is also used
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for debonding analysis of steel plate bonded beams (when the steel plates have been
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loaded within elastic limits).

Selected step size, 5a (mm)
Figure 6.11 - Element size independency of results
(G R at Lo = 390 mm and P = 125 kN)
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0
:;=;

ro

()

;;::::
:;=;

c

Q)

6.3

Comparisons with tests: PE debonding
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analysed here. Geometric and material data for the studied beam specimens are shown
in Figure 3.18 and Table 6.3. It should also be noted that only beam specimens without
plate-end anchors are analysed here.
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6.3.1

Examples: PE debonding initiates at the plate end

-

o

Predicted failure

E

Fanning & Kelly (2001)

.§

z

Fanning & Kelly (2001) tested four pairs of identical 2800 mm long beams, but

~
(!)

strengthened with four different lengths of CFRP plates.

~

The beam pair with plates

extended up to the beam supports failed in shear whereas premature PE debonding

0.25

Q)

(a)

II)

caused failure of the others. However, one of the prematurely· failed beam pairs showed

co
Q)

about a SO% discrepancy in the observed failure loads and hence is not considered in the

~ 0.15
>.
~
Q)
c:

present debonding analysis.

W

As discussed in § 6.1.4.1, the effective plate end location (L o_err) which triggers debonding
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Effective plate end location, Lo_slr (mm)

is expected to be a short distance (less than c) away from the actual plate end (Lo) .

Figure 6.13 shows the variation in GR against La_err of two beam pairs selected from the
study of Fanning & Kelly (2001). 2030 mm long CFRPs were used in the strengthening of

o

the beam pair FS and F6 (average failure load - 101.S kN) whereas the beam pair F9 and
0.25

F10 were strengthened with 1700 mm long CFRP plates (average failure load - 72 kN).

The aggregate type used in the mix was not quoted, but for both pairs of beams the
observed failure loads agree well with Gel about 0.1S N/mm, which is the value usually

Predicted failure

C!Jo:.

.sf
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expected for a concrete with 20 mm crushed aggregate (Table 6.5) .

(b)

Q)

~ 0.15

o~P 1&11019
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The Figure 6.13 shows that taking Lo_err of 6.S and 10 mm (cover, c = 30 mm) higher than
the actual Lo predict the reported debonding loads of the two beam pairs.
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The same figures also show that at the observed failure loads any La_err shorter than the
actual Lo does not cause PE debonding: this further validates the present analysis since a
real interface crack (Le. with a positive magnitude) is required to trigger debonding .
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The possibility of either a 10% higher or lower load than the observed failure load causing
Figure 6.13 - GR VS Lo err plots for
(a) Beam set FS and F6 (b) Beam set F9 and F10 (Fanning & Kelly 2001)

debonding is also investigated. As is shown in Figure 6.13, for both beam pairs these two
load levels are too strong or too weak respectively to cause PE debonding within the La_err
range of between Lo and La+c.

Arduini et al. (1997)
Figure 6.14 shows GR
(1997).
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VS LO_eff

plots for two beams, A4 and AS, tested by Arduini et al.

180 mm as the cover to the main steel bars is 30 mm. Figure 6.14(a) shows that a Lo_err
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type was not quoted, but Gel of a normal strength concrete mix with 10 mm rounded
aggregate is about 0.07 Nlmm so it is assumed that 10 mm rounded aggregate was used
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in the tests, which corresponds with the small size of the beams.
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of 175 mm would give the observed failure load if Gel was 0.07 N/mm. The aggregate
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lower than 90% of the reported failure load would cause PE debonding. A 10% higher
load however can cause the failure within the expected Lo_err range but only requires a
critical interface crack about 6 mm long. This however does not agree with the observed
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failure mechanism in which the shear crack develops up to the tension steel level prior to

I .......

II
II
I

The same figure also shows that neither an La_err shorter than the actual Lo, nor a load
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sudden debonding.
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Beam A5 was identical to Beam A4 except that it was strengthened with two layers of

Effective plate end location, La_etr (mm)

CFRP. Figure 6.14(b) shows the GR variation for Beam A5 at the expected failure load
level within the assumed Lo_err range. The minor unevenness in the GR plot is due to the
change in the cracking state of the transfer zone sections from being uncracked to

0.12

partially-cracked; as not all the sections in this critical zone change the cracking state at
the same time, a small waviness in the GR plot occurs.

E

-~

Figure 6.14(b) shows smaller GR values with respect to the assumed Gel (0.07 N/mm)

C!Jrr. 0.08

2'

and hence indicates that a critical debonding crack could not develop at the plate end

~

(b)

Q)
(J)

I1l

vicinity. In fact, a shear failure was reported for this beam.

Q)
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0.04

It should be noted that Beam A5 failed at a lower load than Beam A4, which contradicts

Q)

c:

W

the general assumption that adding materials does not weaken a structural element. The
formation of more significant stress concentrations in the plate end vicinity because the
two layers of CFRP plates are stiffer could have led to this premature shear failure.
90

(Lo - 2c)

120
(La - c)

180
(Lo + C)

However, this problem is beyond the scope of the present study and is not discussed

210
(Lo + 2c)

further.

Effective plate end location, Lo_eff (mm)

Figure 6.14 - GR vs Lo_err plots for
(a) Beam A4 (b) Beam A5 (Arduini et al. 1997)

Nguyen et al. (2001)
The length of interface crack that must be developed prior to reaching the critical
debonding state governs the ductility of the failure: this behaviour is demonstrated using

Beam A4 was strengthened with a single layer of CFRP plate (curtailed at La = 150 mm) ,

two beams tested by Nguyen et al. (2001).

and failed by PE debonding at the internal tension steel level which originated as a shear
crack at the plate end. So, it is contended that the La_err for this case should be about
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was strengthened with a 950 mm long plate (beam span 1330 mm) and failed at a load of
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~ Any infinitesimal crack

0.35

I

-z
'-'

1

a)

. ~~~.
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and had a 130 kN load capacity.
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1
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failure mechanism shown in Figure 6.4(a) whereas Beam B2 showed an additional

~r

resistance even after the shear crack extended up to the internal steel bars (i.e. the failure

1

mechanism shown in Figure 6.4(b).

1

(a)

~

~

However,

Beam A950 failed immediately after the formation of the plate-end shear-crack (i.e. the

Q)

>.

Both beams failed due to PE debonding.

1

"

Q)
I/)

56.2 kN whereas the heavily reinforced Beam B2 was tested with a 1100 mm long plate

~~ \~.".

The aggregate type used in the mix was not quoted, but as shown in Figure 6.15, for both

0.15

Q)

pairs of beams the observed failure loads agree well with Gel of 0.15 N/mm, which
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20 ~

corresponds to a concrete with 20 mm crushed aggregate.
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The GR

VS

La_err plot of Beam A950 (Figure 6.15(a» shows that any infinitesimal crack will

cause PE debonding at the observed failure load. The same figure also shows that a

Effective plate end location, LO_Bff (mm)

much larger crack would have propagated at a lower load (for example, an interface crack
about 20 mm will propagate at 90% of the reported failure load). But, that would require
the development of the subcritical crack up to this critical length and hence the beam

_
E

o

0.20

Predicted failure

should have resisted additional load after the formation of the critical shear crack.
However, the beam failed suddenly with the formation of the plate-end shear-crack which

~

-

matches the prediction of the present analysis.
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VS

Lo_err plot for Beam B2 (Figure 6.15(b» shows that the interface crack needs to

develop for an additional distance about 18 mm after reaching the level of the tension
steel bars to cause debonding, which matches the reported additional load resistance of

e>

the beam after the formation of the interface crack. The actual location which the critical

Q)
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crack reached was not quoted, so further comparisons cannot be made.

0.05

As is shown by the failure of these two beams, the decision on whether the failure should
75

95

(L o- 2c)

II

(Lo - c)

135
(Lo + c)

155
(Lo + 2c)

be associated with a long crack at a lower load or a shorter crack at a higher load is not
clear.

Effective plate end location, Lo_eff (mm)

It may depend upon several factors such as the rate of load increment, exact

microstructure of the beam, existing flaw sizes, shear strength of the beam etc.; however,

I

Figure 6.15 - GR VS Lo_err plots for
(a) Beam A950 (b) Beam B2 (Nguyen et al. 2001)

it is contended that such an analysis is virtually impossible. The present analysis
nevertheless accurately predicts the critical location for plate-end-anchoring devices to
withstand a required design load (provided that there will be no premature failures of the

Two similar beams, Beams A950 and B2, with different internal tension steel

anchoring devices). The model is also capable of explaining the characteristics of test

arrangements, were strengthened with two different lengths of CFRP plates. Beam A950

data.
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169

T

Triantafillou & Plevris (1992)

value. So, the steel bars might have been stronger than the quoted value and hence it is

Triantafillou & Plevris (1992) investigated the effect of the CFRP plate area on the failure

expected that the present analysis would slightly overestimate GR because of the

load and the failure mode of strengthened beams. The beam strengthened with the

overestimation in the cracking state (and hence the energy levels) of the beam.

thickest plate (1.9 mm), Beam NO.8 of their test programme, failed by PE debonding
initiated at the plate end. The failure of that beam is studied.

6.3.2

10 mm crushed aggregate was used in the test programme, so Gel is assumed to be

0.1 N/mm .

Examples: PE debonding initiates from shear
cracks in the span

When the FRP is curtailed in a low moment zone, a critical interface crack that will
subsequently trigger debonding cannot be formed because of the associated low GR
values .

The GR VS Lo_err plot shown in Figure 6.16 predicts that the critical interface crack is about
2 mm long, which correlates well with the reported failure mode: sudden debonding
immediately after the formation of the plate end shear crack. The same figure also shows
neither the 10% higher nor lower load than the actual failure load would cause the
observed sudden failure.

However, as discussed in § 6.1.4.2, widening of a shear crack located some

distance away from the plate end can cause the separation of that narrow portion of the
plate towards the plate end (Figure 6.5).

Since the peeled plate carries no force, the

location of the shear crack is now the effective plate end (La_err); hence, a critical interface
crack may develop as Lo_err is placed in a relatively high-energy zone. Debonding analysis
can be performed by taking La_err as the plate curtailment location.

Mohamed Ali et al. (2001)
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Lo_err plot for Beam 8 (Triantafillou & Plevris 1998)
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It should however noted that the quoted steel yield stress (fY_5) in Triantafillou & Plevris
(1992), which is also used in the present analysis, is the manufacturer's recommended
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Lo err plot for Beam SP-T6 (Mohamed Ali et al. 2001)
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It should also be noted that the observed failure load of this beam (182 kN) is lower than
The Beam SP-T6 tested by Mohamed Ali et al. (2001) was strengthened with a steel plate
curtailed at 50 mm from the beam support, but the beam failed by PE debonding that
resulted from widening of a shear crack located 300 mm away from the plate end.

that of the control (unstrengthened) beam (210 kN).

This observation is similar to

Beam A5 of Arduini et al. (1997) discussed above. However, in both cases, the present
analysis accurately validates the possible debonding at the reported failure loads.

10 mm crushed aggregate was used in the test programme (Oehlers & Mohamed Ali
1998), so G Cl is assumed to be 0.1 N/mm.

The GR values corresponding to the actual plate end vicinity (i.e.

La

= 50 mm)

(a)

(Figure 6.17) validate the inability to develop a critical debonding crack in this region. But
the figure shows that GR associated with Lo_err of about 350 mm (i.e. at the noted critical
shear crack location - Lo_crack) causes PE debonding at the reported failure load.

The same figure also shows that neither 10% higher nor lower load will cause PE
debonding at the observed critical shear crack location.

...... 0.30
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E
E

-

Predicted failure

~
C!Jrr.

Jones et al. (1988)
Figure 6.18(a) shows Beam F31, which was strengthened with a steel plate, tested by
Jones et al. 1988, after it failed by PE debonding that initiated from a shear crack located
some distance away from the plate end.

When the critical debonding initiates it is

expected that a smooth, approximately horizontal, fracture surface would result from the

• 0.20

~

(b)

Q)
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co
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0.10
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failure . Hence, despite the location of the critical shear crack not being quoted in Jones et
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al. (1988), after observing the nature of the interface (Figure 6.18(a)), it is assumed that
the critical debonding has initiated at Point A in the figure.

80

The actual plate end was

50 mm away from the beam support and hence by scaling from the figure it is estimated

130
La_en,,:./(

155
(La _Clack+ c)

Effective plate end location, La_elf (mm)

that Point A is about 130 mm from the beam support.
Figure 6.18 - Beam F31 (Jones et al. 1988) (a) critical crack location
(b) GR vs Lo errplot

The aggregate type was not quoted, so it is assumed that 10 mm crushed aggregate was
used which corresponds with the small size of these beams. Thus, G Cl is assumed to be

0.1 N/mm.
The GR

VS

6.3.3
Lo_err plot for the vicinity of Point A (i.e. 130 mm away from the beam support) is

shown in Figure 6.18(b).

Example: PE debonding propagates within the
adhesive layer

Quantrill et al. (1996a)

The figure shows that at the observed failure load PE

debonding initiates at Lo_err about 130 mm (i.e. at the location of the critical shear crack -

Lo_crack). The same figure also confirms that neither a 10% higher nor lower load would

The use of a weaker adhesive or poor workmanship can cause premature adhesive
failure: this behaviour is demonstrated using two beams tested by Quantrill et al. (1996a).

cause plate debonding at the location of the critical shear crack.
Beams B2 and B3 were strengthened with GFRP plates extending up to 20 mm from the
beam support. Both beams failed by PE debonding, but the critical crack locations were
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not quoted.

The failure of Beam B2 was reported as "plate and concrete cover

separation" implying an interface-concrete failure. "Plate separation", which is likely to be

that the critical LO_ eff in the test beams should have been located between 20 and 100 mm
to justify the recommendation of 100 mm long anchorages.

the separation of the GFRP without affecting the interface concrete, i.e. an adhesive
failure, was quoted for Beam B3.

10 mm rounded aggregate was used in the test programme, so Gel is assumed to be
0.07 N/mm (Table 6.5).
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distinguishes premature adhesive failure from the concrete debonding failure .

6.4 Comparisons with tests: IC debonding
The possible propagation of existing debonding cracks of different lengths at different
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literature under both these categories.
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beams are given in Figure 3.18 and Table 6.4. The analysis of the other test beams (with
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comparable dimensions) gave similar results.
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Due to space constraints only a few such

comparisons are shown here. Geometric and material data of the four-point bending test
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crack origin locations in the beam span is investigated here (Figure 6.6). Both flexural
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Lo_err plot for Beam B3 in the assumed failure range. The

adhesive is not made in the present study; nevertheless, the analysis accurately
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debonding within the concrete is not justified. An estimation for the fracture energy of

No concrete failure is possible within the expected critical La e"
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Figure 6.19(b) shows the GR

figure shows that the associated GR values are only about 50% of Gel and hence
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formation of critical PE debonding at the reported failure load.
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Lo_err plot at the reported failure load for Beam B2 for the

about 80 mm from the beam support equal the Gel (0.07 N/mm), and hence justify the
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selected LO_err range of 20-100 mm. The figure shows that the expected GR values at
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Figure 6.19(a) shows the GR
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6.4.1

100

Effective plate end location, Lo_9ff (mm)

Examples: Ie debonding initiates by widening of
flexural cracks

In most four-point bending tests IC debonding initiates by widening of a critical flexural
crack, located in one of the shear spans in the close vicinity of the loading point (i.e. in the

Figure 6.19 - GR vs Lo eff plot for
(a) Beam B2 (b) Beam B3 (Quantrill et a!. 1996)

highest energy zone).

The exact location of the critical crack is a prerequisite in the

analysis: as is shown below the assumption that the location is a half beam depth away
Based on test observations they proposed that GFRP jackets 100 mm long should be
fixed at the plate end to eliminate PE debonding in both beams. It is therefore expected

from the loading point (see Figure 6.7) gives predictions those correlate well with test
data. The close vicinity to the constant moment zone justifies the assumption that the
widening of a critical flexural crack initiates the original interface flaw.

174

175

Ross et al. (1999)
Ross et al. (1999) tested six groups of RC beams (each group consisted of four beams)

The possibility that debonding initiates at the assumed critical location at 90% of the

with identical geometry, but reinforced with six different areas of internal tension steel.

reported failure load is investigated in Figure 6.20(b). The figure shows that the critical ld

Three beams in each group were strengthened with CFRP plates whilst the remaining

here should be about twice that required at the reported failure load, so is unlikely to

beam was tested as the control. The three beam groups with higher internal tension steel

cause debonding.

areas (Groups 4-6) failed in concrete compression whereas the rest (Groups 1-3) failed
due to IC debonding initiated in one of the shear spans in the vicinity of the loading point.
The failure of these three beam groups (Groups 1-3) is analysed below.

It has been assumed that debonding initiates by widening of a flexural crack in one of the
shear spans at a half beam depth away from the loading point (e.g. Garden et al. 1998).
Possible crack-origin locations of a further half and a full beam depth away from this
selected critical location (towards the nearest beam end) are also investigated.

The

stress distribution at very near the loading point will be complex and might not be
attainable from the sectional analyses adopted in the present study. So, the possibility
that debonding initiates at locations much closer to the loading point is not investigated.
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used in the present analysis. Also note that, as is shown below, IC debonding usually

2

takes places at higher applied load levels (often above 90% of the expected ultimate

3

4

5
6
Crack length, ld (mm)

7

8

failure load) so only the possibility of debonding propagation at a 10% lower load than the
reported failure load is investigated.

The solid line in Figure 6.20(a) shows the variation in GR against ld (crack length) for the
Group 1 beams for an interface crack initiating at the assumed critical location (i.e. a half
beam depth away from the loading point) at the reported failure load (P,aifure).

10 mm

crushed aggregate was used in the mix, so Gel is assumed to be 0.10 N/mm. Thus, the
figure shows that ld of 2 mm would cause debonding. As noted by Garden et al. (1998)
widening of critical flexural cracks in the high moment zone causes interface flaws of this
sort of dimension and hence the present analysis is justifiable.

The same figure (dashed lines in Figure 6.20(a)) also shows that much longer critical
cracks of lengths 3.5 and 6 mm must be developed to cause debonding at the same
failure load if the debonding initiates at a half and a full beam depth closer to the nearest
beam end. Widening of the flexural cracks might not be associated with interface flaws of

Figure 6.20 - GR

VS

ld plot for Group 1 beam (Ross et al. 1999) for fractures starting at

(a) different locations (b) 90% of the failure load

these magnitudes; so is unlikely that debonding will be initiated at those locations.
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failure load
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are shown in Figures 6.21(b) and 6.22(b). Table

6.6 compares the calculated critical crack lengths (ld_d for three beam groups under
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ld plot for Group 2 beam (Ross et al. 1999) for fractures starting at

(a) different locations (b) 90% of the failure load
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The analysis of Ross et al.'s other two groups of beams (Groups 2 and 3) gave similar
results. Figures 6.21(a) and 6.221(a) show the variation in GR against ld at the reported

0
3

a half beam depths away from the loading point) for Groups 2 and 3 beams respectively.

5

7

9

Crack length, td (mm)

failure loads for debonding initiating at assumed span locations (a half, one, and one and
Figure 6.22 - GR

ld plot for Group 3 beam (Ross et al. 1999) for fractures starting at
(a) different locations (b) 90% of the failure load

VS

0.15 N/mm. The figures show that ld of 3 mm would cause debonding here. This critical

ld cr(mm)
Beam

PfailurelPul1

Different starting positions at Pfailure
(distance away from the loading point)

(%)

ld agrees with those noted for Ross et al.'s test beams discussed above. The same

At different applied loads
(debonding initiating at
%h away from the
loading point

figures also show that much longer interface flaws than would normally be caused by the

the assumed critical location (Figure 6.23(a» or at lower loads than the reported failure
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widening of flexural cracks are required to cause debonding if located further away from

load (Figure 6.23(b».
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the Ross et al. (1999) test beams
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Table 6.6 shows that debonding cracks about 2-3 mm long, initiated about half a beam
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depth away from the loading point, are the flaws most likely to cause the observed
failures. The critical interface crack lengths that trigger debonding at other locations, or at
the assumed critical location at lower loads, were found to be significantly larger.
Interface flaws of these magnitudes can not be caused by widening of flexural cracks, so it
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is unlikely that debonding will be initiated under those conditions .
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Note that the Group 1 beams were lightly reinforced whereas the Group 3 beams had the
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highest internal tension steel area. So, there would have been less flexural cracking in

Crack length, ld (mm)

the Group 3 beams towards the beam ends.
increase in the

ld_cr values
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This is shown by the most significant

o

as the crack location moves away from the high moment zone.

Predicted failure

0.25

The reported failure loads of the Group 1, 2 and 3 beams have been determined to be as
80%, 95% and 99% of the expected respective ultimate capacities (quoted in Table 6.6).
This is different from the problem of plate end debonding where premature failures at
much lower loads were observed when the plate is curtailed at locations away from the

(b)

beam support.

Garden et al. (1998)
Beam 1U ,4.5 tested by Garden et al. (1998) failed in Ie debonding initiated in one of the
shear spans close to the loading point.
0.05
2

20 mm crushed aggregate was used in the concrete mix, so Gel is assumed to be

180

6
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Crack length, ld (mm)

Figures 6.23(a) and (b) investigate possible debonding in this beam due to interface flaws
that develop at different assumed span locations and at different applied load levels.

4

Figure 6.23 - GR

VS

ld plot for Beam 1U,4.5 beam (Graden et al. 1998) for fractures starting at
(a) different locations (b) at 90% of the failure load
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T
The analysis of similar test beams (with beam spans in the range of 1.0-4.5 m long and
the beam depths of 100-300 mm) gave similar results confirming that a crack about
2-3 mm long would cause debonding starting at one of the shear spans about a half

!

beam depth away from the loading point.

6.4.2

I
II

Example: Ie debonding initiates by widening of
flexural/shear cracks

the less flexure-dominant behaviour of the beam, so debonding at this location would not
be expected. A ld cr of longer than twice that required at the observed critical location is
required to cause failure at a location a further half beam depth towards the beam end so
it is unlikely to cause debonding.

o

An interface flaw that can be developed at the base of a flexural/shear crack is often
longer than that due to a flexural crack because of the relatively larger vertical
displacements between the two crack surfaces associated with the former (Figure 6.7) .
So, when no critical interface cracks are developed at the highest moment zone (e.g. in
much shorter beams), debonding can be caused by a relatively longer flaw initiated at a
flexural/shear crack (Le. at a relatively low energy zone). This type of IC debonding is
however not commonly reported in the literature as most tested beams were of flexuredominant type (Le. beams had higher span:depth ratios).

Predicted failure
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Garden et al. (1998)
Beam 3U •1.0 of Garden et al. (1998) study was tested with a shear-span :depth ratio of 3.4.
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2

4

The beam failed in IC debonding that initiated at the bottom of a flexural/shear crack in
one of the shear spans. The exact location of the critical crack was not quoted, but is

6

8

10

12

Crack length, ld (mm)
0.2 ,----------------------- -- - - - - - - - - - - - - - - - - - - - -

o

scaled from a figure to be about a beam depth (about one third of shear span) offset from

Predicted failure

the nearest loading point.

Figure 6.24(a) shows the variation in GR against ld for this beam for a crack initiated at the
assumed critical location at the reported failure load. 10 mm crushed aggregate was used
in the concrete mix, so Ge l is assumed to be 0.10 N/mm . The figure shows that ld of

(b)

5 mm would cause debonding. This critical ld agrees with the observation that much
longer interface flaws are associated with widening of flexural/shear cracks .

cause debonding at the location a further half beam depth towards the beam centre. This
location is effectively a half beam depth away from the loading point and the calculated

ld_cr is of the same magnitude as those caused by the widening of flexural cracks in the

.. ...

.. ..

The same figure (dashed lines in Figure 6.24(a)) also shows that a crack 2 mm long can

o
2

468
Crack length, ld (mm)

10

flexure-dominant beams discussed above (see § 6.4.1). The widening of flexural cracks
would not have been capable of causing interface flaws of this magnitude here because of
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Figure 6.24 - GR vs ldplot for Beam 3U •1.0 beam (Graden et al. 1998) for fractures starting at
(a) fractures starting at different locations (b) at 90% of the failure load
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The possibility that debonding initiates at the noted critical location at 90% of the reported

Once the plate has fully de bonded up to the plate end, the propagation of failure towards

failure load is investigated in Figure 6.24(b) (dashed lines in the figure). The figure shows

the opposite direction starting from the original debonding location (Point A in

that ld_cr here should be about twice that required at

Figure 6.25(a» is also investigated. This analysis is same as that of plate end debonding

Pfailure.

discussed above since the peeled plate carries no force (see § 6.3.2).

The analysis

shows (Figure 6.25(b» that this propagation is possible and is validated by the
PI2

observation of the separation of a much thicker layer of concrete during debonding in that
direction (i.e. starting from Point A and propagates towards the beam centre -

~ ~/~~c::;'~c~rit~i~~I.fl.~.u.ra.I/S.h.ea.r.C.ffi.Ck"",- r~
__. .

'~

Figure 6.25(a».

..

__ ~

(a)

6.5

Conclusions

In most practical cases the concrete is most likely to fail during plate debonding. It is
assumed that a Mode I propagation triggers debonding as an average, even if the local
details at the critical crack tip may not be Mode I governed. So, Mode I fracture energy of
concrete is used to determine the critical debonding state till a proper finite element

...

analysis of a "typical crack", including the as yet unknown R-curve behaviour is

Debonding towards
the beam end (a thin layer
of concrete is seperated)

~
Debonding towards the beam
middle (complete concrete
cover is seperated)

developed. A reliable estimation for the Mode I fracture energy of concrete is usually
available. With all the reservations, .the assumption of Mode I fracture energy of concrete
seems to give predictions that match the test data reported in the literature to date.
Although estimations for the fracture energy of adhesive are not made in the present
study, the known concrete fracture energy can be used to identify premature adhesive
failure which may take place prior to concrete debonding.

E
~

-

Knowledge of the exact location where the critical debonding initiates is a prerequisite in

f!Jrr. 0.3

the analysis of plate end debonding.

~

I

Q)
CJ)

m0.2

Location of Point A -..:

(b)

~

When the FRP is curtailed at a considerable

distance away from the beam support debonding usually initiates immediately after the
formation of a dominant shear crack in the plate end.

It has been found that the

assumption of a location between the actual plate end and a further cover distance into

>~

the beam as the critical crack tip shows accurate comparisons with test data.

Q)

r::

W

0.1

- - - . - O.9G CI

The use of FRP that extends towards the beam support may lead to slow growth of the
original diagonal crack along the tension steel level and subsequently to trigger debonding

Effective plate end location, Lo_9 " (mm)

with a longer interface crack.

It is also possible to initiate debonding from the toe of a

shear crack in the beam span when long FRPs are used. Both modes can be analysed
Figure 6.25 - Complete failure of Beam 3U•1.0 (Garden et al. 1998)
(a) thick concrete layer is separated during the debonding in inward direction
(b) associated higher GR values confirm inward direction of debonding

by measuring La_err up to the tip of the existing interface crack or up to the location of the
shear crack respectively. The present model accurately predicts the critical location for
plate-end-anchoring devices to withstand a required design load.

Intermediate-crack-induced debonding initiates in a high moment zone and propagates
towards the nearest beam end, which is validated by the present model. Determination of
the length of the interface crack that triggers debonding is not trivial; it has been found that

Chapter 7

cracks of 2-3 mm long, caused by the widening of a flexural crack triggers IC debonding

Discussion

in long beams, whereas in shorter beams much longer interface flaws (about 5 mm long)

Chapters 3-5 developed a fracture-mechanics-based plate debonding model and

formed due to the widening flexural/shear cracks initiate debonding.

Chapter 6 validated the model against test data reported in the literature. The examples
identified subjects requiring detailed investigation and also the areas needing further

The comparisons with test data demonstrate that the present model is accurate against all

research.

forms of plate debonding.
The current chapter reviews the model and discusses its accuracy and limitations, and
also suggests the direction of further research.

7.1

Fracture mechanics approach to the analysis
of plate debonding

Previous research for determining the failure load and debonding mode in FRP
strengthened beams was mostly based on finite element (FE) modeling of the concreteFRP interface (e.g. Pesi6 & Pilakoutas 2003, Rahimi & Hutchinson 2001).

But the

success of an analysis depends on the availability of reliable data of interface
microstructure, which is usually unknown (§ 2.6.1).

None of the existing models have

received wide acceptance and most have only been calibrated against individual
researchers' own test results. Also the models do not address some notable observations
such as plate debonding reported at loads lower than the capacity of the unstrengthened
beam (§ 6 .3).

Fracture mechanics concepts better simulate the interface debonding mechanism and
have effectively been used in interface debonding analysis in thin-layered elastic materials
(e.g. Hutchinson & Suo 1992).

The existing fracture-mechanics analyses of FRP debonding from concrete beams (e.g.
GOnes 2004, Hearing 2000) directly employed linear-elastic-fracture-mechanics (LEFM)
concepts as was done with interface debonding analysis of thin-layered elastic materials.
A reliable solution for the crack tip stress field in concrete cannot be obtained from a FE
analysis (§ 2.6.1), and also the assumptions on which the LEFM is based are not justified
for concrete because of the presence of a large fracture process zone (§ 5.6.1.1) .

The global-energy-balance based fracture-mechanics model developed in this thesis
identifies possible debonding if the energy release rate associated with an existing
interface crack exceeds the interface fracture energy.

•

If GR is sufficient to form the new crack surfaces required to accommodate the crack
extension the crack will extend causing debonding.

This approach is better suited for

fracture analysis of concrete where numerous flaws are inevitably present. It should also
be noted that only the steady propagation of a dominant crack (critical crack) is

7.3

Determination of the energy release rate

considered in the analysis since the development of microcracks and/or sub-critical

The stress states and hence the energy states of zones in the vicinity of the crack are

growth of the dominant crack (i.e. prior to the critical state) do not cause failure.

altered with assumed crack extension. GR is determined as the rate of change of the total
potential energy of the system; the sum of the potential energy of the externally applied

7.2

loads and the work done on the beam. The zone where the energy state changes upon

Overview of the plate debonding model

the crack extension is a prerequisite in the analysis .

Before discussing the model in detail, together with its accuracy and limitations, it is useful
to review the overall concept.

•

7.3.1

The model investigates possible propagation of an interface crack of assumed length

Identification of critical zone

7.3.1.1 Plate end debonding
The FRP force (Fp) distribution in the plate end vicinity depends on the actual plate

that originated at an assumed location along the beam span.

curtailment position in the beam span (§ 4.7.2).
•

•

The plate end vicinity (where abrupt curtailment of the bonded plate causes interfacial

interface crack the plate end location changes, consequently altering the Fp distribution

stress concentrations) and the high moment zone (where widening of flexural/flexural-

and the energy state. However,

shear cracks forms interface flaws) are identified as critical debonding locations

FRP is fully-bonded so the changes take place only within the transfer zone (§ 4.7). A

(§ 2.3.1).

detailed analysis of the transfer zone, taking account of all the material nonlinearities and

During plate end (PE) debonding the peeled plate carries no force so that part of the
FRP beyond the crack location towards the actual plate end is ineffective (§ 4.7). In
the case of intermediate-crack-induced (IC) debonding there exist two end regions,
both fully-bonded, separated by a region in which the FRP is de bonded but still
constrained by a compatibility condition on extension (§ 4.8).

The model analyses

The energy available for the propagation of the crack (the energy release rate - GR ) is
determined by considering the global energy balance of the system before and after
an assumed small extension of the crack.

•

b~yond

a certain distance away from the plate end the

the tension-stiffening effects of cracked concrete, is virtually impossible to perform.
Various linear-elastic solutions have been presented; it is believed that the Taljsten (1997)
analysis, which reveals an exponential decay of plate-end slip effects, better represents
the actual stress transfer between the FRP and the RC beam (§ 4.7.1).

The Taljsten

model is slightly simplified for the use here. The model is found to be accurate and also
revealed that the transfer zone length is about 30 times the FRP plate thickness (§ 4.7.1).

debonding initiating from either location.
•

With the assumed extension of the

7.3.1.2 Intermediate-crack-induced debonding
The fully-bonded state cannot be reached at the edge of the debonded zone because of
the two different Fp values that would exist at the boundary from the two different

In

compatibilities; extension compatibility in the debonded side and the fully-bonded

addition there will be a change in the potential energy of the externally applied loads.

compatibility from the bonded side (§ 4.8.1). The relative slip that must occur between the

The energy state of the beam is determined from a modified Branson's type moment-

FRP and RC beam at the boundary causes a gradual change in Fp ; a transition zone is

curvature model (Chapter 3). The change in the potential energy of the externally

formed at the each end of the de bonded region. It is assumed that the difference between

applied loads can be determined when the changes in deflection at loading points are

the two Fp values expected at the edge of the debonded zone will decay in the same

known.

exponential manner as for the plate end transfer zone (§ 4.8.2.2). When the assumed

On crack extension, the stiffness of the beam changes, as do the energy levels.

The deflection profile of the beam is calculated by integrating the known

interface crack extends by a small distance, the Fp in the debonded zone changes since it

curvatures.
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has to satisfy a new extension compatibility; consequently, the Fp profiles and hence the

external moment on a beam section depends upon its stiffness distribution which will vary

energy states of both the debonded and transition zones will be altered.

with the crack extension.

7.3.2

7.4

Determination of the energy state

Interface fracture energy

Knowledge of the energy state of the beam at the given debonded state is required prior

The failure load for a given interface crack length or the critical debonded length for a

to the determination of its change due to the assumed small extension of the interface

given load is determined when GR equals the interface fracture energy (G F).

crack.
Despite considerable research, none of the existing studies provide reliable estimates for
A modified Branson's model is used for moment-curvature (M-K) and subsequent energy

concrete-FRP

analysis of beams (Chapter 3). The M-K analysis of strengthened beams is different to

misunderstandings including failure phase, fracture mode and size effects of concrete all

that of conventional concrete beams since the effects of the FRP need to be considered.

of which have not been properly taken into account (§ 5.1).

interface

fracture

energy

(G F):

there

exist

many

conceptual

The strain state when the FRP is fully or partly debonded is required, so it is incorrect to
consider the FRP as a second layer of tension reinforcement in the Branson's model. The

In most practical cases the concrete is most likely to fail during plate debonding. It is

mechanics of stress transfer from the concrete to the FRP is different from that to

contended that an interface, which is primarily carrying shear, actually fails in tension.

conventional steel reinforcing bars where the accuracy of the original Branson's model

However, the crack will not propagate into the beam despite the principal tensile stress

was validated, so it is unlikely to have tension stiffening effects that can be determined in

would be at about 45° to the interface since the FRP force acts eccentrically to the tip of

the same way as a conventional beam.

the crack, causing a moment that causes tension in the tip and moving back the crack
down towards the interface (Figure 5.7). So, it is assumed that extension of debonding is

Chapter 3 showed that taking account of the FRP force as an external compressive load

a Mode I propagation as an average, even if the local details may not be Mode I

on the RC section allowed for the application of the Branson's concept on partially-

governed. Until a proper finite element analysis of a "typical crack" including the R-curve

cracked strengthened concrete beams (§ 3.5.1). However, the beam section here needs

behaviour is developed, it is assumed that Mode I fracture energy of concrete governs the

to be analysed under a combined bending moment and axial force, causing several

FRP debonding from concrete beams. This assumption seems to give predictions that

complications over the conventional Branson analysis (§ 3.6). A centroid does not exist

match the test data reported in the literature to date.

for non-linear concrete beams and hence the separation of the effects of the axial force
and the moment is not trivial. An "equivalent centroid (a)" is defined so that the energy

However, aggregate interlock and other shear friction mechanisms can be effective in the

states can be determined (§ 3.6.7).

tail part of long cracks - i.e. after the original crack has extended for distances several

It has been found that the error induced by the

selection of this equivalent centroid is not significant in the present plate debonding

times greater than the critical crack length.

Therefore, despite the energy required for

analysis (see § 7.5).

local propagation at the crack tip remaining unchanged as that of Mode I, a higher overall
fracture energy may be required for the overall unit crack extension.

7.3.3

Determination of the change in potential energy of
the externally appl ied loads

However, as was

shown in Chapter 6, GR increases very rapidly upon propagation of debonding, so any
marginal additional resistance from the shear effects may easily be overcome. None of
the test data reported in the literature on simply supported beams (with uniform cross

The known curvatures of the beam within the critical zone, before and after crack

sections) have shown arresting of debonding once sudden propagation has started.

extension, are used to determine the increase in deflections at loading points, and
subsequently the change in potential energy of the externally applied loads.

This

approach would not be applicable for statically indeterminate beams where the effective

190

Analysis of plate debonding in continuous beams is however not trivial since the
redistribution of beam's stiffness during the crack extension may cause changes in the

191

crack-tip stress field. Arresting of initial critical debonding was also noted by Darby et al.

crack projected onto the horizontal plane. Nevertheless, GR calculated this way can still

(2008) in cantilever test beams with non-prismatic cross sections (Figure 5.9).

be compared with Gel, which is either experimentally determined or based on an existing

Further

work is required to establish debonding analysis of these applications.

tension softening model, both of which include accounts for inevitably tortuous crack
propagations and also for the development of new microcracks. A finite element analysis

7.4.1

of plate debonding would require accurate data on crack path and the development of

Mode I fracture energy of concrete

Linear-elastic-fracture mechanics cannot be used to determine GCJ.
Hillerborg's

cohesive-crack-model-based

experimental

and

It is assumed that

approximate

theoretical

microstructure. The present model only requires a reasonable estimation of Gel which is
usually available.

analyses beUer estimate Gel (Hillerborg et al. 1976) (§ 5.12).

Gel of a concrete mix depends on the aggregate size and type, and strength (i.e. the
water/cement ratio) of the mix.

microcracks all of which are unknowable due to the lack of knowledge of the exact

Gel can be determined to a beUer accuracy (with a

variance about 10%) from standard fracture tests, which are now well established. The
approximate tension softening models and existing empirical models can also be used for
reliable estimation of Gel using more readily known properties of concrete such as the
compressive strength and the maximum aggregate size (§ 5.9.2).

7.5

Approximations used in the energy analysis

The modified Branson model incorporated the force in the FRP as an external
compressive force on the RC section, which requires the beam section to be analysed
under a combined bending moment and axial force. The separation of the axial force and
moment is based on the "equivalent centroid (a)" (§ 3.6).

For uncracked and for fully-

cracked sections, the equivalent centroid is defined as in the case of a transformed

Gel of normal strength concretes (30-55 N/mm 2 range) used in the examples discussed in
Chapter 6 are estimated based on the size and the surface texture of the aggregate
(§ 5.9.3). A value of 0.15 N/mm has been used for Gel of concrete with 20 mm crushed

section using the modular ratios of materials by adjusting the widths of the materials in the
normal way (§ 3.6.7). The equivalent centroid of a partially-cracked section (aeff) is
interpolated between those if the section was assumed to be uncracked and fully-cracked
(§ 3.6.7.3).

aggregate whereas those with 10 mm crushed and rounded aggregates are assumed to
be 0.10 and 0.07 N/mm respectively (see Table 6.5). A ±10% variation in Gel is also
considered in the analysis to take account of uncertainty in estimations.

An error is inevitable in this energy evaluation since the assumed equivalent centroid
might not decouple the moment and the axial force.

Debonding within the adhesive

Unknown location of the equivalent centroid

The known concrete fracture energy can be used to identify when premature adhesive
failure takes place before concrete failure (an example was discussed in § 6.3.3). The
energy release rate is determined as in the case of concrete failure, but the critical state
needs to be determined by considering the fracture energy of the adhesive, which has to

The equivalent centroid (a) is not purely a cross sectional property but depends upon the
stress levels and hence varies with the applied loads on the beam (§ 3.6.7).
Furthermore, as discussed in § 3.6.13, for the debonded region it is no longer possible to
find the actual Fp (and hence the stress state and a) at the moments causing first cracking

be smaller than Gel.

(Mcr_mid) and first yielding of steel (My_mid) etc. Instead, a fixed value of Fp , which satisfies

7.4.2

the overall extension compatibility, is used to find Mc,-mid and My_mid and then the

Effect of tortuous crack paths

interpolation state at the given applied moment (i.e. aeff) is found from these values using

The energy release rate (G R ) is determined by considering the global energy balance of
the system before and after a small horizontal extension of the existing crack
(Figure 7.1(a».

However, due to the material heterogeneities and the complex stress

the relevant interpolation formulae. Hence the aeff and the energy state, determined using
the final equilibrium F p , do not take account of the change in location of a during the
assumed small crack extension of the existing debonding crack.

field presents at the tip, the crack extension will not take place on a unique plane
(Figure 7.1(b» so the calculated GR in fact represents the energy release per unit area of
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7.5.1

Existing crack

1-

"1

The fracture mechanics model determines G R as the change in the potential energy of the
system (IT) (i.e. sum of the potential energy of the external loads (Wext) and the energy
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I
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I
I
I
I
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provided into the beam (Wsys)) during the assumed extension of the existing debonding
crack. GR calculated in this way needs to be free from errors in the individual quantities

(a)

Wext and W sys which have been determined from the present M-K model. It should also be

I~

I

noted that W sys here includes the possible non-recoverable energy quantities such as

New crack
~l.:"'-1
,
,
I
I

Error in the calculated energy release rate

flexural cracking and non-linear material behaviour and is therefore not the same as strain

\

energy in the beam (Figure 3.1) .
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Since the energy associated with debonding is not yet known , it is impossible to
investigate the errors involved in oWextloa and oWsysloa terms in Eq. [3.2]. However, the
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accuracy of the calculated W ext and W sys can be evaluated for a fully-bonded beam where
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mechanisms such as plate debonding.
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both W ext and W sys should be the same since there will be no other energy dissipation

(b)

7.5.2
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Comparisons have been made between the calculated potential energy of the externally

Original crack,/
(State 1) ,/

_---- _........
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Error in energy analysis of fully-bonded beams

applied loads (Wext) and the energy put into the beam (Wsys) for a large number of beam
specimens covering many variations of geometric, loading and material properties, using

,,

the same ranges of values as those used to validate the present transfer zone Fp model
(Table 4.1) .

..". '

Figure 7.1 - (a) assumed small extension of the existing interface crack
(b) tortuous crack path and the development of microcracks (close-up view)

The calculated W ext and W sys for the beam discussed in § 6.1 are shown in Figure 7.2(a);
the energy terms have been non-dimensionalised with respect to W ext. The figure shows
that for uncracked sections the two energy terms are virtually identical (the difference is

The energy provided into the beam is defined as

f

M app_cen K

dx +

L

M app_cen -

moment about the equivalent centroid, Fp - FRP force,

f

less than 10-4 %).
Fp Eo

dx (where

L

K -

curvature,

However, at higher applied load levels (i.e. for fully-cracked and

partially-cracked sections) the W sys value is slightly greater than W ext.

This may be

attributed to the non-exact decoupling that takes place between the moment and the axial
EO -

strain

at the equivalent centroid and L - beam span) (Figure 3.10).

force despite the use of an equivalent centroid. The maximum difference is less than 3%
(Figure 7.2(a)) which is accurate enough for all practical purposes.

This variance is

smaller than the uncertainty in the fracture energy parameter:
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Thus, the significance of the error should be investigated in relation to their rate of
change. For the fully-bonded beam, the rates of change in W ext and Wsys with respect to

I

the crack length is not relevant, because there is no debonding-crack, but the discrepancy

3% discrepancy

with respect to the applied load (P) can be investigated.
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significance of the discrepancy between 8Wext l8P and 8Wsys /8P in comparison to the
average of the two rates of change quantities. The figure shows that the discrepancy is

-

smaller than about 1.5%, which is well within the accuracy expected in the present study.
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(a)

-

Uncracked region

....
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Figure 7.2(b) shows the

The comparisons for other specimens show similar results.

0% discrepancy

If the discrepancy between the rates of change in the energy quantities (with respect to
either P or a) is assumed to depend on the total energy of the system (Le. Wsys or W ext)

o

1

2

345

6

then it is contended that the error in the calculated GR will also be insignificant.

7

The

accuracy of the present GR estimations are validated with a direct comparison below.

Wext(log scale) (Nmm)
It should also be noted that the present model actually requires the difference in the same
energy parameter just before and after the small extension of the existing debonding

0.5

crack (Figure 7.3). The independently determined differences are then used to determine
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G R (Eq. [3.2]). This avoids the possible error that could occur if the determination of GR
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Figure 7.2 - For a fully-bonded beam
(a) WsyslWext
(b) significance of the difference between 8Wextl 8P and 8Wsys/8P

However, the percentage discrepancy between W ext and Wsys being marginal, the actual
energy difference between the two large energy values can still be significant in
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a
Crack length, a (mm)

comparison to the much smaller fracture energy (Gel is usually 0.07-0.15 N/mm).
However, as is shown in Eq. [3.2], for a partially-debonded beam, GR is determined as the

Figure 7.3 - 8Wext l8a and 8Wsys /8a for a fully~bonded beam

difference between the rates of change in Wext and Wsys with respect to the crack length.
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7.5.3 Accuracy of the estimated energy release rate

7.6

It is impossible to verify the general model, but if a case is considered in which the

Both plate end (PE) and intermediate-crack-induced (IC) debonding are analysed. The

debonding takes place either in a region which is completely uncracked or in a region

plate end location is most influential on PE debonding whereas the interface crack length

which is fully-cracked, GR can be determined exactly from direct

and its location along the beam span govern IC debonding (Chapter 6).

(J-E

integration, and the

Results of plate debonding analysis

error in the M-K integration can be investigated.

7.6.1
Figure 7.4(a) shows the GR calculated from the M-K and

(J-E

integrations for the beam

discussed in § 6.1, for an interface crack starting at 100 mm away from the beam centre
line (Figure 6.6) at P =140 kN. Both the debonded region and the transition zones are
fully-cracked here and hence the

(J-E

integration gives the exact GR. The figure shows

Plate end debonding

Plate end debonding can be initiated either in the vicinity of the actual plate end or at the
toe of a shear crack some distance away from the plate end (§ 6.1.4). The latter mode is
most likely when the FRP extends towards the beam support where any interface crack
that develops in the plate end vicinity is associated with smaller GR values in comparison

that GR predicted by the present M-K analysis agrees well with the exact value with about

to G CI ' During both modes, the peeled plate carries no force (Figure 6.5), so GR depends

5% error (Figure 7.4(b)), which is well below the variance usually associated with G CI .

on the location of the tip of the interface crack (i.e. the effective plate end location - Lo_err)

Analysis of other beams shows similar results.

(§ 6.3.1).

The identification of La_err is straightforward for intermediate-shear-crack-

induced PE debonding whereas that of debonding initiates in the vicinity plate end cannot

E
.€
Z

be known easily (§ 6.1.4.1).
0.5

'-"

7.6.1.1 LO_ eff for debonding initiates in the vicinity of the plate
end

(a)

Debonding initiates immediately after the formation of a shear crack at the
plate end
Debonding initiates from a shear crack that develops at the plate end. The crack will then
0.1 L-_ _ _....L...-_ _ _- - ' -_ _ _ _..L...-_ _ _--'--'

o

4

8

12

propagate at about 45° towards the internal tension steel causing partial separation of the

16

FRP resulting in an interface crack in the vicinity of the plate end (e.g. Arduini et al. 1997,

Crack length, ld (mm)

Fanning & Kelly 2001) (Figure 6.4(a). If the associated GR is sufficient to cause
15~------------------,

debonding then the critical state will be attained before the original crack reaches the
internal tension steel.

5% Error

5

____________ t _________________ _

The analysis showed that the assumption of a location between the actual plate end and a
(b)

further cover distance (c) into the beam beyond the actual plate end location (L o) (because

~eeeeeeeeee~

of the approximate 45° propagation of the crack) gives predictions that correlates well with

0% Error

o

____

t ________________________ _
4

8

12

test data (§ 6.3.1).

16

Most beams have cover depths (c) of 20-30 mm, so a long crack (but still less than c) at a

Crack length, ld (mm)

lower load or a short crack at relatively a higher load can cause debonding; the present

Figure 7.4 - (a) GR estimation from (J-E and M-K analyses
(b) percentage error in GR calculated from M-K integration

model cannot identify the exact mode.

However, the reported failure characteristics of

test beams can be used to differentiate between the two types. For example, the analysis
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showed that a beam tested by Nguyen et al. (2001) would have failed at the reported

Rosenboom (2006), Sebastian (2001) and a few other researchers believed that the high

failure load by the propagation of an infinitesimal interface crack developed at the actual

interfacial stresses, caused by the sudden increase in the stress transfer from the

plate end validating the observed sudden debonding immediately after the formation of

concrete beam to the FRP at a flexural crack, trigger debonding. The assumption of a

the plate-end crack (§ 6.3.1). The analysis also showed that a much longer crack would

sudden change in the section from uncracked to fully-cracked and also the ignorance of

have propagated at a lower load (for example, an interface crack that is about 20 mm long

the relative sliding/rotation of the flexural crack faces (Figure 2.7) over-simplified the

will propagate at 90% of the reported failure load) (§ 6.3.1). But, in contrast to the

actual mechanism. As would be expected the model predictions did not correlate well

observed failure characteristics, this requires the development of the original crack up to a

with test data.

considerable length and hence the beam should have resisted the load even after the
formation of the original shear crack.

The analysis of relative sliding and/or rotation of flexural/shear crack faces requires
precise details of crack geometries and also the exact microstructure of concrete, all of

A comprehensive stress analysis including the microstructural details of the interface is

which are required in the FE models.

Details of the exact mechanisms that cause the

required for precise Lo_err evaluations, but it is contended that such an analysis is virtually

original interface crack (which are cannot be known with any certainty) are immaterial in

impossible. Despite the present analysis not providing exact details of the critical crack,

the present model, but the likely length of the critical crack that triggers debonding at a

the model can be used in design to determine the safe load by taking Lo_err at a cover

specified location under a given applied load is vital. The model can also determine the

distance away from the actual plate end. In addition, the model is also capable of

failure load for a given length and location of an interface crack.

explaining the characteristics of test data.

7.6.2.1

Critical crack location and crack length

Oebonding initiate after additional horizontal propagation of the original
shear crack

The analysis showed that either a critical short crack in a high moment zone or a longer

When the GR associated with the interface crack created by the original shear crack at the

depends on the beam geometry (§ 6.4). It has been shown that cracks of 2-3 mm long,

plate end is not sufficient to cause debonding, the crack may extend slowly in an

caused by the widening of flexural cracks cause debonding in long beams whereas in

approximately horizontal direction at the level of the tension steel. This slow crack growth

shorter beams much longer interface flaws (about 5 mm long) resulting from the widening

will continue till the associated GR reaches Gel and thereafter critical debonding will

of flexural/shear cracks initiate failure (§ 6.4). Most test beams reported in the literature

propagate (Figure 6.4(b)).

failed by widening of flexural cracks.

crack at relatively a low moment zone triggers Ie debonding; the most likely mode

An example for flexural/shear-crack-induced Ie

debonding can be found in Garden et al. (1998) for a beam tested with a span:depth ratio
A detailed investigation is required to identify whether the failure is caused by a long crack

of 3.4. The separation of a thin layer of concrete during Ie debonding in contrast to the

that develops at a lower load or a shorter crack that initiates at a higher load and is

removal of the whole concrete cover in PE debonding (where critical interface cracks of

recommended for future study.

20-30 mm long expected) confirms the fact that much shorter critical interface cracks

However, the present model accurately predicts the

critical location for plate-end-anchoring devices to withstand a required design load.

7.6.2

Intermediate-crack-induced debonding

trigger the failure.

The exact location of the critical flexural crack cannot be determined from the present

In simply supported beams, intermediate-crack-induced (IC) debonding initiates at a high

analysis; but the results showed that, for four-point bending beams, the assumption of a

moment zone and propagates towards the nearest beam end, and is validated by the

half beam depth away from the loading point (see Figure 6.7) gives accurate comparisons

present model. The length and location of the interface crack are required to determine

with test data. This fact also agreed with direct test observations (e.g. Garden et al. 1998,

GR , but both are rarely available even in a closely monitored test programme since the

Ross et al. 1999).

sudden nature of debonding makes the identification of the critical flaw extremely difficult.

7.6.2.2 Ie debonding at lower loads

Chapter 8

The PE debonding failure load usually drops significantly when the plate curtailment
position moves away from the beam support (§ 6.1.4). IC debonding however takes place

Conclusions and Future Work

at higher applied loads, very close to the expected ultimate capacity of the strengthened
beam (e.g. the test beams discussed in Chapter 6 have failure loads of over 80% of the
expected ultimate capacity).

§ 6.1.5.2 showed that the load range which would cause

premature PE debonding is incapable of causing IC debonding; in particular, if the tension
steel remains elastic.

8.1
8.1.1

Review
The fracture mechanics model

It is therefore possible to avoid IC debonding by preventing the

tension steel reaching the yield state, but the moment capacity of the strengthened beam
just before steel yields will only be marginally higher than that of the original
unstrengthened beam because of the small cross sectional area of FRP.

The objective of the study was to analyse the mechanism of plate debonding from
concrete beams on the basis of global-energy-balance-based fracture mechanics. This
obviates the need for either a finite element analysis of dubious validity or the direct
application of linear-elastic fracture mechanics (LEFM) which is not justifiable for the

Element size independency of results
Results of most existing finite element (FE) analyses of plate debonding depend on the
size of the elements used. It has been shown that the results of the present analysis is
virtually independent of the selected element size and also that the analysis accurately
captures the local nature of plate debonding (§ 6.1.6).

analysis of the concrete-FRP interface.

The model assumes that flaws are inevitable in the interface and investigates the possible
propagation of an existing interface crack by considering the global-energy balance of the
beam during a small potential crack extension. If the energy release rate is greater than
the interface fracture energy the cratk will extend, causing debonding.

Despite the fact that the crack-tip stress-field is not amenable to precise analysis, the
energy level of the whole beam can still be calculated to a reasonable accuracy because
the "uncertain zone" has a very small volume. Thus, the influence of the unreliable stress
predictions in the crack tip vicinity are not critically significant in the present analysis.

8.1.2

The energy release rate

The plate end, and the locations where the widening of flexural and flexural/shear cracks
cause interface flaws, are identified as the most likely locations for the initiation of
debonding. The model analyses debonding that initiating from either location.

With the assumed small extension of the interface crack the compatibility condition
between the beam and the FRP alters, consequently causing changes in the stress states
and hence the energy states of zones in the vicinity of the crack.

It has been identified that the changes that take place in the transfer zone release energy
for plate end debonding whereas both debonded zone and the two adjoining transition
zones are critical in intermediate-crack-induced debonding (§ 4.7 and 4.8).

A modified

r
version of an existing linear-elastic solution has been developed for the transfer-zone

bonded beams which were in practical use prior to the emergence of FRPs for beam

FRP-force analysis. The model was found to be accurate and was used in the subsequent

strengthening.

energy evaluations.

Plate end debonding
The change in energy state of a beam section upon an interface crack extension is

It has been identified that plate end debonding is the most likely debonding mode.

determined from a modified version of Branson's model. The modified moment-curvature

Knowledge of the exact location where the critical debonding initiates is a prerequisite in

model considers the force in the FRP as an external compressive load on the concrete

the analysis; when the FRP is curtailed at a considerable distance from the beam support

beam and the separation of the effects of the axial force and the moment is done by

debonding usually initiates immediately after the formation of a dominant shear crack near

defining both relative to an "equivalent centroid". It has been found that the error induced

the plate end. It has been found that a location between the actual plate end and a further

by the selection of equivalent centroid in calculated energy release rates is insignificant

cover distance into the beam shows accurate comparisons with test data.

(§ 7.5.3).

extended FRPs towards the beam support avoids the development of critical debonding at

The use of

the actual plate end but may lead to slow growth of the original crack which ultimately

8.1.3

Interface fracture energy

causes plate debonding. It is also possible to initiate debonding at the toe of a shear

Concrete substrate just above the interface is most likely to fail, in particular, when the
FRP manufacturer-recommended adhesives are used with appropriate curing procedures.
It is assumed that a Mode I crack propagation in concrete triggers debonding as an

crack.

The present analysis accurately predicts the critical location for plate-end-

anchoring devices to withstand a required design load for all forms of plate end
debonding.

average, even if the local details at the critical crack tip may not be Mode I governed.
With all the reservations, the assumption of Mode I fracture energy of concrete seems to

Intermediate crack induced debonding
It has been found that 2-3 mm long interface cracks, which result from the widening of a

give predictions that match the test data reported in the literature to date.

critical flexural crack in the high moment zone, trigger IC debonding in most beams.
LEFM cannot be used to determine the Mode I fracture energy of concrete because of the
long fracture process zone associated with concrete fracture.
Hillerborg's

cohesive-crack-model-based

experimental

and

It has been shown that
approximate

theoretical

models accurately estimate the Mode I fracture energy of concrete. The values quoted in

However, in much shorter beams, longer interface cracks (about 5 mm long), caused by
the widening of flexural/shear cracks in the shear span initiate debonding. Knowledge of
the critical crack lengths can be used to determine the safe design load.

However, it

should be noted that, unlike plate end debonding where the failure load drops significantly
when the plate curtailment position moves away from the beam support, intermediate-

the literature validated the present plate-debonding analysis.

crack-induced debonding takes place at higher applied loads, very close to the expected
ultimate capacity of the strengthened beam (see § 6.4) .

Adhesive Failure
The known concrete fracture energy can also be used to determine when premature

The present model is a fundamental fracture mechanics approach to the analysis of the

adhesive failure occurred prior to debonding within the concrete substrate .

FRP debonding mechanism from concrete beams and is found to be accurate for all forms

8.2

of plate debonding. The model allows for the inclusion of all properties of the concrete

Analysis of plate debonding

beam, adhesive, FRP and the loading arrangement and hence can be used as an

The model investigates the significance of existing interface cracks in relation to

optimisation tool in design. The model can also be extended to more complex real-life

debonding; for a given load, "how long a crack can be sustained without causing failure?"

applications.

or for a given crack length "what is the maximum load that can be withstood?" With
appropriate modifications the model is also applicable in debonding analysis of steel plate
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8.3

Parametric study for design

When an interface crack develops at the plate end is not weak enough to trigger
debonding immediately, the crack may develop slowly up to the critical length and

As it states, the present model is too complex for use in design. Whilst it is clear that the

subsequently trigger debonding with a long crack. So, it is not clear whether a long crack

model could be used to explain why a particular test beam fails, it is not even clear that it

at a lower load or a short crack at a higher load will cause debonding; the present model

can be used to analyse any particular design because the length of interface-flaw that

accurately determines the critical plate end location for a given design load.

might exist is unknown.

The separation of the FRP towards the plate end from the toe of a shear crack in the

The model could however form the basis of a parametric study that could

•
•

beam span has also been experienced in beams with FRPs that extended up to the beam

identify the parameters those are most important in controlling premature

supports. It is not trivial to determine whether debonding is caused by an interface crack

debonding failure

in the plate end vicinity or due to the widening of a shear crack in the beam span. This is
important because the location of the critical shear crack will govern the failure load in the

investigate how sensitive the debonding load is to changes in those parameters,

latter mode, but predicting the precise location of a shear crack is virtually impossible in

and

•

any concrete beam.

provide guidance to design as to the approximate values of the parameters that

Critical crack locations and lengths that trigger IC debonding

should be used (or perhaps, avoided) when designing beams.

The analysis shows that interface cracks 2-5 mm long, caused by the widening of flexural
The model, as developed here, should be seen as a tool, rather than an answer itself.

or flexural/shear cracks in the high moment zone, trigger debonding . Debonded lengths
of this sort of dimension may well be present, and undetectable, in many practical

8.4

applications. If the initial fracture is longer than this, debonding will take place at lower

Future work

loads. It should also be noted that the failure load depends on the location where the
Requirements for further work have been highlighted in the previous chapters. A brief
summary is given here.

critical crack originates. The most likely critical crack locations have been identified in the
present analysis, but a detailed experimental programme is required for further validation .
The influence of various factors such as the surface preparation prior to plate bonding,

A detailed finite element study of mixed-mode fracture energy of the
interface

adhesive type and curing procedure, microstructural features of concrete, etc. should also
be investigated.

A detailed finite element analysis of a "typical interface crack", including the R-curve
behaviour is recommended for a future study.

Development of plate-end shear crack
It has been observed that a shear crack that initiates at the plate end can cause the
interface flaw which triggers plate end debonding. The failure load depends upon the

Extensions to the current model
The present work addresses the problem at its most fundamental level; simply-supported
beams strengthened with unstressed plates without mechanical anchors under short term
static loads. However, each detail in the beam can be included in the analysis, so the
model can be extended to more complicated practical problems.

length of this interface crack prior to reaching the critical debonding state. It has also
been found that addition of much stiffer plates (or multiple layers) may cause premature

•

shear failure of the concrete beam. Thus, a thorough understanding of the shear behavior

distribution according to the change in stiffness of the beam during assumed interface

of the beam (particularly in the plate end vicinity), which influences the plate end
debonding mechanism, is required.

Continuous beams could be treated by considering the alteration in the load
crack extension.

•

Appropriate modifications in the energy evaluations allow the debonding analysis of
precracked beams.

•

Debonding of externally bonded prestressed FRPs could be analysed by taking
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