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Summary 

This thesis presents the development of a new numerical algorithm and its applic

ation to the solution of gas discharge problems. The algorithm uses finite-element 

(FE) analysis in conjunction with the flux-corrected transport (FCT) method and 

has the distinct advantage that it can study gas discharge phenomena in arbitrary 

geometries accurately and efficiently. 

The FE-FCT method is firstly presented in one dimension and its performance 

optimised by using the optimum diffusion. This is then used to describe the motion 

of electrons and ions in one dimension and coupled to Poisson 's equation in two 

dimensions to create a new gas discharge algorithm. In order to test and verify the 

algorithm, numerical results are obtained for the formation of corona and streamers 

in a short needle-plane gap in air , which a.re compared with pre-existing finite

difference results , yielding very good agreement. 

Having validated the algorithm, it is then applied to the problem of corona 

development at radio frequencies (RF) , the pre-cursor of fully developed arcs in RF 

systems. RF corona discharges in a point-plane gap in air are investigated and the 

importance of different parameters is examined. 

The capabilities of the FE-FCT method are then exploited further by extend

ing it in its two-dimensional form in cartesian and cylindrical co-ordinates . The 

new method is once more validated by comparing its performance with analytical 

expressions and a pre-existing FD-FCT code. 

Finally, the two dimensional FE-FCT method is coupled to Poisson 's equation 

in order to study gas discharge problems in two dimensions. Primarily, the new 

algorithm is tested in cases where experimental and theoretical results exist , in 

order to evaluate its accuracy and potential for solving gas discharge problems and 

then it is used to give important information about fundamental processes. Results 

for the avalanche to streamer transition and propagation in parallel-plane electrodes 

in air are presented. 
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Chapter 1 

Introduction 

1.1 Problem Statement 

The partial breakdown of a gas , known as 'corona discharge', is a process which 
i 

manifests itself in everyday life situat'ions, e.g. it is the direct cause of lightning and 

thunder storms. 

vVith man 's intervention, the field of co.rona discharges has transformed into 

an area of rapid growth with extensive commercial applications, as evident in the 

environmental control of exhaust gases, the treatment of polymers in the automotive 

industries , semiconductor manufacturing, photocopying and so on. 

Frequently, however, coronas can be highly undesirable and disastrous in systems 

employing electromagnetic waves (e.g. industrial microwave applicators , microwave 

ovens or radio frequency processing systems). These are used extensively in industry 

for the processing of a variety of materials (food, paper, polymers, wastes) , in med

ical applications (e.g. cancer treatment) and communications. In such systems , the 

occurrence of corona discharges can lead to arcing, which in turn may lead to fire or 

explosion, resulting in damage of material and equipment with serious implications 

for safety. 

Due to the importance of coronas, there is a need to increase our fundamental 

understat1ding in order to identify and study the factors that cause them. This will 

1 



CHAPTER 1. INTRODUCTION 2 

enable us to further improve and optimise the processes, where coronas are desirable, 

and minimize their likelihood where they are not. 

In this work, the above is addressed through the use of a nevv numerical algorithm 

based on the finite-element flux-corrected transport (FE-FCT) method. 'Computer 

simulations' , which are used to study the physics behind the coronas in different 

geometries, will greatly facilitate the design of optimised or safe systems. 

1.2 Radio Frequency Systems 

Radio frequency (R~) energy is an effective source for the heating and drying of 

dielectric materials , Metaxas [55]. The past two decades have seen the introduc

tion and consolidation of radio freql.1ency energy into many industries , notably 

food, plastics , paper and board, textiles, ceramics and glass fibre , Metaxas and 

Meredith [57] . The advantages of RF energy 10ver conventional heating and drying 

techniques are volumetric and selective heating, ·compactness of equipment, uniform

ity of heating, superior moisture levelling, fast switch on and off, clean environment 

free from combustion products and low maintenance and service costs, Metaxas and 

Clee [56]. 

A typical RF system used for heating and drying is shown in figure 1.1. This 

consists of a RF generator, which couples the energy to the applicator which houses 

the material to be processed. One of the most vexed problems of RF energy as 

applied to industrial systems in the ISM (Industrial, Scientific and Niedical) band 

is the occurrence of 'coronas ', which can lead to a fully established arc within the 

applicator. These coronas occur primarily when there are sharp metallic edges within 

the applicator enclosure, as shown in figure 1.1 , or material inhomogeneities, or even 

when the ventilation is not adequate. These promote localised field concentrations 

depicted schematically by the point-plane configuration. The resulting arcs may 

damage the material or the equipment and given certain conditions may lead to 

a. fire with very damaging consequences. There have been several examples in the 

past where factories have been considerably damaged as a. direct result of an arc 



CHAPTER 1. INTRODUCTION 

RF 
Generator 

3 

Figure 1.1: A typical RF system with the high field region, due to a sharp corner, 

magnified. 
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occurring within the applicator. Figures 1.2, 1.3 and 1.4 illustrate the high field 

concentrations within the applicator enclosure, caused by sharp corners and material 

inhomogeneities. These results have been obtained from the recent finite element 

(FE) modelling of RF systems, devised by Neophytou [68). 

·< Il l. 0000 

• ••• ····· 0 . 9000 
0 . 8000 

... , 0 . 7000 
• 0 . 6000 
• 0 .5000 
• 0 . 4000 

• 0 .3000 
• 0. 2000 • . 0 . 1000 = 0. 0000 

Figure 1.2: Electric field distribution inside a parallel plate applicator at RF, Neo

phytou [68). 

It is with such a background that the present work began, initially by designing 

a pre-arc detector, Clee and Metaxas [9), and more recently by developing new al

gorithms, in order to characterize the formation of coronas and at a later stage, arcs. 

A pre-arc detector has been designed to detect any signal caused by arc formation 

and to switch off the high power unit before damage occurs. The signal is used to 

feed a MOSFET circuit and the system is triggered off by applying a large negative 

voltage to the grid of the Class C power unit, Clee and Metaxas [8). However, the 

limited theoretical understanding of the processes behind the arc formation made it 

imperative that new algorithms be developed in order to increase the fundamental 

understanding. This, in turn, will throw more light on the physics behind corona 

and arc formations, so that their likelihood of occurring may be minimized, and lead 

to safer RF systems. 
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1.3 Numerical Modelling 

'Corona discharges' are caused by localised high field concentrations at sharp corners 

or material inhomogeneities, as explained earlier, which result in the generation of 

free electrons, and hence ionization of the gas. During these processes, known as 

'pre-breakdovvn', the neutral gas and ion temperature remain low. Nev~rtheless , 

further increase of the applied power may result in complete gas breakdown, known 

as 'arcing' . Due to high c'urrent flow , the temperature increases significantly (the 

heavy particles reach temperatures of the order of 20000 K) and this may cause 

heat or even fire. 

In this work , only the pre-breakdown stage, or corona stage, is considered and 

therefore it is assumed that there is ,no incre~se in the temperature of the heavy 

species. The corona phenomenon involves the interaction of charged particles in 

electromagnetic fields and, in general, a kinetic description of space-charge regions 

is the most accurate approach to the numerical modelling of corona discharges. 

This requires solution of the Boltzmann equation , or Monte-Carlo simulations, to 

determine the electron distribution functions. · However , kinetic models are highly 

time consuming and most often space-charge effects are treated within the scope 

of a fluid approximation. The simplest set of equations, within the fluid model 

framework, containing the basic physics necessary for gaseous discharges, are the 

continuity equations for electrons, positive ions and negative ions (to account for 

the development of the space-charge) coupled with Poisson's equation (to account for 

the modification of the electric field clue to space-charge). The continuity equations 

in their multi-dimensional form are: 

(1.1) 

(1.2) 

(1.3) 
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where t is the time, Ne, NP and Nn are the charge densities for electrons, positive ions 

and negative ions, We, W P and W n are the drift velocities for electrons, positive 

ions and negative ions respectively and D is the electron diffusion coefficient. The 

symbols a, TJ , and /3ep and f3np, denote the ionization , attachment· and recombination 

coefficients, respectively. The term S is the source term due to photo-ionization. 

The recombination coefficients /3ep and /3np are taken to be constant and equal to /3, 

following Morrow and Low.ke [64]. 

Poisson 's equation is given by: 

(1.4) 

where Ea is the dielectric constant of free space, · f7' the relative permittivity, e the 

electron charge and V the electric potential. The. electric field E is computed using: 

E= -\7\1 (1.5) 

In modelling gaseous discharges using a fluid model , several important assump

tions have to be made that require a justification. These are: 

1. A single-moment (fluid model) description using the continuity equations for 

the various particle densities is satisfactory at atmospheric pressures, where 

the momentum and energy equilibrium times are generally small compared 

to any macroscopic scale variations of the system. \iVork done by vVu and 

Kunhardt [93] proves the validity of the fluid model at atmospheric pressures 

by comparing it with a Nionte-Carlo simulation , and a condition is given, which 

states that the single moment approximation is valid up to fields of 1500 Td 

(1 Td = 10- 17 l' cm2). 

2. Local field approximations are assumed , i.e. that the drift velocities and the 

collisional ionization coefficient a are functions only of E jN, where E is the 

field and N the gas number density. Essentially this means that the electron 

distribution function is in local equilibrium with the neutral plasma. This 

assumption is valid as long as the relaxation time for achieving a steady state 
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electron energy distribution function is short compared to the characteristic 

time of discharge development. Vitello et al [89] calculated the electron relaxa

tion time by solving Boltzmann's equation, which describes the time evolution 

of the energy distribution function and found it to be very short, which con

firms that a local field approximation is sufficient. 

3. Furthermore, for corona simulations at RF frequencies, an additional assump

tion needs to be taken into account . Due to the time varying nature of the 

electric field, the electron collisi'on frequency has to be high enough for the 

electrons to attain the appropriate energy" distribution corresponding to the 

prevailing electric field , as that field change.s with time. This is true for most 

regions and times as the relaxation time for the distribution function is very 

short (10- 11 s) compared to the RF period ·(at 40 J\1Hz this is 2.5 x 10-8 s) . 

This is also confirmed by Plumb et al [73, 74] in their RF studies in air at 

atmospheric pressures. 

4. Finally, the values of the recombination coefficients used for the simulations 

have to be considered. Kulikovsky [42] st3:tes that the recombination coefficient 

for positive-negative ion recombination is given by fJnp = 2 x 10-6 (T /300) - 1.5 

cm3s-1 , where T is the temperature of neutral species (taken as 300 J( here) 

and the electron-positive ion recombination coefficient, f3ep is taken to be 5 x 

10-8 cm3 s- 1 . An average of these two vaJues (1 x 10- 7) is assumed for these 

simulations as the effect of recombination is very small in the time scales 

considered here , following the work by Morrow and Lowke [64] . 

After the justification of the above assumptions we can conclude that the fluid 

model described above can be used successfully for the simulation of gas discharge 

problems and hence it is employed in this work. The transport properties of the gas , 

such as We , a, etc, are determined by the ratio E/N (local field approximation), 

where N is the neutral gas number density. The actual expressions fitted to the 

material data functions are tabulated in appendix B and the photo-ionization data 

of Penney and Hummert [71] are used. 
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1.4 Numerical Algorithm 

As explained above, the equations describing the drift and diffusion of charged 

particles in an electric field represent the starting point for mos~ theoretical studies 

in gaseous discharges. The electric field, being controlled by space-charge effects, 

must be obtaineg from Poisson's equation. In these cases the field varies . strongly 

in both space and time, and numerical methods are required to account for charge 

cancellation in an evaluat'ion of the net charge density. Near the electrodes the 

electric field variation is particularly 11igh, ·which demands a very fine spatial mesh , 

"vhereas the body of the discharge plasma rarely exhibits the steep gradients asso

ciated with the electrodes. A non-uniform spatia) mesh is therefore essential for an 

accurate and efficient numerical treatment of .electrode phenomena and the body 

of the gas simultaneously. In addition, the numerical algorithm should fulfil the 

following requirements: 

• it should give positive, accurate results free from non-physical density fluctu

ation and numerical diffusion, 

• it should be computationally efficient and, 

• it should be easily extendable to two dimensions. 

The first requirement is fulfilled by using a very accurate method such as the flux 

corrected transport (FCT) which introduces the 'real ' diffusion in the system. Es

sentially the FCT method is a non-linear combination of a high and a low order 

scheme that avoids their individual weaknesses, oscillations for the high order , and 

diffusion for the low order. In the field of gas discharges finite difference methods 

(FD) are often used in preference to finite elements (FE). However, in order to fulfil 

the last two requirements one has to resort to FE as they offer computational ef

ficiency through the use of unstructured grids , and they can be easily extended to 

two dimensions. All these suggest that a finite element version of FCT should be de

veloped .. As a result a considerable amount of effort has been devoted in developing a 
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new numerical algorithm employing the finite-element flux-corrected transport (FE

FCT) method and having the attributes mentioned above. The method employed is 

based on that developed by Lohner et al [52, 53], which has been used successfully in 

fluid mechanics problems. The algorithm is developed further and optimised for gas 

discharge problems, through the adjustment of the diffusion coefficient associated 

with the FE-FCT method. 

1.5 Thesis Outline 

The purpose of this thesis is to present a better tool for studying the phenomena 

behind the formation of corona discharges in complex geometries more accurately 

and efficiently. This tool will have a wide ral'lg_e of applicability as it will not be 

constrained by the geometry of the problem at hand, (as is the case for many existing 

gas discharge codes) and will be capable of solving any problems governed by the 

fluid model described previously (general purpose and not only for RF coronas). 

The code will be used for streamer problems at de in both uniform and non-uniform 
.. 

fields as well as for the corona development ·in non-uniform RF fields. 

Chapter 2 presents the FE-FCT method in its one dimensional form. In chapter 3, 

results are presented for the formation of breakdown streamers at de applied voltages, 

in a needle point configuration in air, using the FE-FCT algorithm. This compares 

favourably with a pre-existing FD-FCT code, which has itself been validated by 

experimental results. Following the successful validation of the code, it is applied to 

the simulation of corona discharges for point-plane configurations in air at RF ap

plied voltages. This acts as a good first approximation for the formation of coronas 

in RF systems. Different parameters are varied and their effects are investigated in 

chapter 4. Chapter 5 presents the extension of the FE-FCT into a two-dimensional 

form in both cartesian and axisymmetric co-ordinates and chapter 6 describes the ap

plication of the algorithm in its full-two dimensional form to the solution of streamer 

propagation problems in uniform fields. Finally, chapter 7 presents the conclusions 

and recommendations for future work. 



Chapter 2 

The FE-FCT method in one 

dimension 

2.1 Introduction 

The FE-FCT method presented in this chapter is an extension of the method pro

posed by Lohner et al [51] which has been us~d·' with great success in ft uid mechanics 

in two dimensions. In comparison with other FE schemes, it has the distinct advant

age that no operation splitting for multidimensional problems is required. Lohner 

uses the two-step Lax-\iVendroff' method as the high-order scheme and adds diff'usion 

to transform it into a low-order one. Diff'usion is added by subtracting the lumped 

mass matrix from the consistent mass matrix and the diff'usion coefficient is taken 

as constant everywhere. 

This kind of diff'usion fails to satisfy the optimal condition which is critical to the 

performance and accuracy of the FCT method . Since the gas discharge calculations 

involve variable speed and mesh, if at a certain region the diff'usion coefficient is low, 

then oscillations will result; if the diff'usion coefficient is higher than the optimum 

then the results will be unrealistically diff'usive. However , it is not possible to have 

optimum diff'usion coefficient everywhere at any time with a fixed global cliff'usion 

coefficient . 

11 
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Lohner et al do not strictly follow Zalesak 's [96] method in that they use a. fixed 

diffusion coefficient in order to derive a low-order solution, rather than using a. low

order algorithm that gives positive, ripple-free, results . Thus the approach taken by 

Lohn~r et al [51] is very similar to that of Boris and Book [7], who made a detailed 

study of the effect of the different choices of diffusion coefficients to control phase 

and diffusion errors. 

vVe have chosen to follo,w the approach of Za.lesak [96] more strictly, where both 

high and low-order solutions are compttted, as well as t he flux necessary to transform 

the high-order solution into the low-order one. In. this case there is no scope to adjust 

t he diffusion coefficients. 

In order to adapt Lohner's method to the strict Za.lesa.k formulation vve need to 

develop a. suitable low-order solution, Georghi6u. et a.l [23]. The low-order solution 

most often used is the upwind d1fl'erence method, Steinle and Morrow [86], which 

has the minimum diffusion that gua.~a.ntees p<Dsitive results , Godunov [33]. 

In this chapter we show, both ma.thematicaJly and numerically, t hat we can add 

precisely the correct variable diffusion to tr~nsform our high-order solution into a 

low-order one, which is equivalent to an upwind difference solution. Then we follow 

Zalesak's method of developing an FCT algorit hm. The variable diffusion coefficient 

used is constant within each element , and is self-adjusted depending on the element 

size, particle speed , and time step. The optimal diffusion coefficient is found to be the 

diffusion coefficient inherent in the upwind method (Boris and Book [ 6], God unov 

[33], Steinle and :tviorrow [86], \tVard [92]); this is the minimum diffusion needed 

to guarantee ripple-free positive results. Nevertheless, if the upwind algorithm was 

used as the low order scheme the FCT would become very computationally expensive 

and complex, in two dimensions. So, t he effective diffusion coefficient for the upwind 

method is used , and added to the high-order scheme as a mass diffusion in order 

to give the low-order scheme. The computational efficiency of Lohner's method is 

maintained, whereas the optimum variable diffusion we introduce ensures improved 

FCT performance. 

Initially, the finite difference upwind method (FD-UW) is compared with the new 
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low order scheme, and the results are shown to be almost identical. Several tests are 

conducted to show that the method works for various conditions. The improved FE

FCT is then compared with Lohner's method in one dimension, the Lax-Wendroff 

FD-FCT, and a fourth-order FD-FCT, Steinle and Morrow [86]; it is shown to exhibit 

improved performance over the first two, and very similar performance to the third. 

2.2 FE-FCT 

The details of the FE:-FCT method proposed by .Lohner can be found in the literat

ure, Lohner et al [49, 51 , 52 , 53], Peraire et al [72]. Attention is concentrated on the 

diffusion term which is the parameter of importarice. Consider the simple advection 

equation in one dimension 

(2 .1) 

where u is the density, f the flux , t the time, and X the distance. The present FCT 

algorithm uses the tvvo-step form of the one-step Taylor-Galerkin scheme described 

in Donea [17] as the high order scheme, which belongs to the Lax-\t\Tendroff family . . : 

Given the equation above, the solution is advanced from tn to tn+l = tn + !J.t in two 

steps: 

First Step (Advective Predictor) 

(2.2) 

Second Step (Corrector Step) 

(2.3) 

The spatial discretization of equations 2.2 and 2.3 is then performed via the classic 

Galerkin weighted residual method using linear elements, and the following system 

of equations is obtained, Lohner et al [51]: 

(2.4) 
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where Me denotes the consistent mass matrix, Lohner et al [52], .6.un the vector of 

nodal increments, and Rn the vector of added element contributions to the nodes. 

The next step for the FE-FCT method is to derive the low-order scheme. The 

requirement placed on the low-order scheme in any FCT method is monotonicity and 

strictly positive density. The low-order scheme must not produce any non-physical 

numerical wriggles. The better the lo·w-order scheme, the easier the resulting task 

of flux limiting will be. L9hner added mass diffusion to the lumped-mass Taylor

Galerkin scheme in the context of FE-FCT. This simplest and least expensive form 

of diffusion is obtain~cl by subtracting the lumped-mass matrix (M1) , Lohner et 

al [52] , from the consistent mass matrix for linear elements: 

(2.5) 

where cd is the diffusion coefficient and is assumed to be constant within the range 

0-1. This diffusion is added to the ~igh-orcler scheme to give a low-order scheme. 

The diffusion cannot be simply added to the high-order scheme in order to obtain 

monotonic results , as a multipoint coupling of the right hand side occurs clue to the 
.. 

consistent mass matrix being applied to the· high-order scheme, Lohner et al [51]. 

The imposition of monotonicity can nevertheless be achieved by using the lumped

mass matrix instead. As the terms originating from the cliscretization of the fluxes 

in equation 2.4 are the same as in the lo·w-orcler scheme, the latter is given by 

(2.6) 

The final step of the FE-FCT is the flux-limiting procedure provided by Zalesak 's 

mul ticlimensional limi ter [ 96]. 

2.3 Diffusion Coefficient Improvement 

As the optimal diffusion coefficient varies ·with speed, mesh size, and step size, it is 

evident that a global diffusion coefficient cannot be optimal everywhere especially 

in the case of gas discharge calculations where one has variable speed and mesh 
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s1ze. In figure 2.1 we demonstrate the probleJ:r{ with Lohner 's method and illustrate 

the improvement that can be obtained by the new method using as an example 

the propagation of a square wave of amplitude 10 and width 0.2 cm starting from 

x = 0.3 cm vvith a linearly decreasing speed of the form w = (5- x) cmjs. The 

figure shows the propagation of the wave after 1 s with three different diffusion 

coefficients , cc1 = 0.4 , cc1 = 1 constant everyvvhere (Lohner's method) and with 

variable self adjusted diffusion coefficient , cc1 (the new method). In the case where 

cd = 0.4 , at some points the diffusion is too low and as a result the FCT gives 

oscillations. On the other hand, when cc1 = 1 the opposite happens; the diffusion 

is more than enough and hence the FCT result is diffusive. Only when the self 

adjustable diffusion coefficient is used are the results found to be optimal. 

The upwind scheme is the ideal low order scheme as it ensures that the results 

have minimum diffusion and are always positive (Boris and Book [6], Godunov [33], 

Lohner et al [51], Steinle and ?\/Iorrow [86], Ward [92]). Nevertheless this method 
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becomes very complex in FE and especially in two dimensions and it would be better 

if it is avoided. The action taken here was to add the optimal diffusion inherent in 

the upwind scheme to our high order scheme as a form of mass diffusion. 

Consider the (Me- M 1) term in one dimension on a regular grid of length ~x. For 

the jth node this takes the form: 

which is a diffusion term. 'Now the optimal diffusion coefficient , Le. the diffusion 

coefficient associated with upwind , is given by vVard [92]: 

Duw = ~tw (1 _ ~tw) ·= c(1- c) 
2~x ~x 2 

(2.7) 

where w is the speed and c the local Courant number at the element containing node 

j given by ~;. As can be seen from equation 2. 7, this optimal diffusion coefficient 

varies with the mesh size , speed and time step at each element. 
! . 

If the diffusion coefficient used ih Lohner's method is assumed to be constant 

in each element , but allowed to vary from element to element as in equation 2. 7, 

then we can introduce the optimal diffusion :'inherent in the upwind scheme. In 

effect our low order scheme will be equivalent to upwind differencing, but with the 

added advantage that there is no need to resort to the complexity of the upwind 

method in two dimensions . Furthermore, the diffusion coefficient will automatically 

be adjustable and hence there will be no need to optimise cd , which is one of the 

disadvantages of Lohner's method . 

It is now shown that the addition of the upwind diffusion coefficient to the high 

order scheme reduces that to upvvind for the simplest case in one dimension with 

regular mesh of size ~x and constant positive speed w. If we denote Xj = j~x , 

where j = 0, l...J{ and let the flux be f = wu then, at node j , vve get the following 

expression, Laurien et al [46], if the high order scheme with the lumped matrix is 

employed: 
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where 

The addition of the upwind diffusion vvill be of the form for a regt1lar grid and speed 

wD..t( wD..t)( n n n ) 
26x 1- D..x uj-1- 2uj + uj+1 (2.9) 

Adding this form of diffusio,n (equation 2.9) to the high order scheme (equation 2.8) 

gives 

" n wf:lt ( n n) LJ.U · = -- U · 1 - 'Ll· 
J D..x J - J 

(2.10) 

which is the upwind ·scheme, and it is always po~itive . Thus, our method now has 

the optimum diffusion and the FCT method is ~xpected to give improved perform

ance over the unoptimized global diffusion coefficient used before. Of course in the 

variable speed , variable mesh case' the .. diffusion coefficient to be used becomes for 

each node 

where 

Cj+l j2(1- CjH/ 2) 

2 
. .~ 

'Whalff:lt 
Cj+l / 2 = " 

LJ.Xhalf 

(2.11) 

and 'Whalf is the speed and D..xhalf the mesh size averaged over the elements contain-

ing node j. 

2.4 Upwind (UW) Tests 

The new low order method is first of all compared with the upvvind differencing 

scheme in one dimension under different conditions to ensure that the high-order 

scheme reduces to the simple upwind scheme, with the addition of the diffusion coef

ficient under conditions encountered in gas discharges calculations. These involve 

constant speed, linearly varying speed , rapidly varying speed, and sign changing 

speed. 
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scheme. 

Figure 2.2 shows the propagation of a square wave of initial amplitude 10 and 

width 0.4 cm starting at x = 0.4 cm ·with a constant speed of w = 1 cm/s after 

a time of 2 s. The results with the two methods are almost identical. The same 

initial pulse is used in the second test but this time the speed is variable, of the form 

w = 5- x cmjs, Steinle et al [87] ; the pulse is propagated for 1 s with a maximum 

Courant number of 0.5 and we can once again observe that the results are almost 

identical , as depicted in figure 2.3. 

The next test involves a rapidly varying speed of the form w = 1 + 9sin87rx 

cmjs, Yousfi et al [95]. Such rapidly varying velocities are found in gas discharge 

calculations. The initial pulse is a square wave of amplitude 10 and width 0.2 cm 

starting at x=0 .05 cm. Figure 2.4 shows the propagation of the pulse after 0.2363 

s. Again the two methods produce almost undistinguishable results. 

The final test is one where the speed changes sign. The speed is of the form 

w = 2.5(2 - x ) cmjs and the initial pulse starts at 1.8 cm. Figure 2.5 shows two 
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upwind scheme. 

instances of the pulse, one at 0.5 s and the otl~ei' at 1 s. The results are once more in 

very good agreement , which gives us confidence that the method effectively provides 

upwind differencing results. The next step is to apply the new low order scheme to 

the FCT algorithm. 

2.5 FCT-Tests 

The performance of the improved FE-FCT algorithm is compared with Lohner 's FE

FCT, the Lax-Wendroff FD-FCT and the fourth order FD-FCT. Figure 2.6 shows , 

for the propagation of a Gaussian pulse of amplitude 10 with a constant speed of 

w = 1 cm/s initially at x = 0.2 cm propagated for 0.6 s, that the improved FE-FCT 

performs quite vvell in tests other than square waves. 

The next test is the propagation of a square wave initially at x = 0.4 cm with 

amplitude 10 and width 0.4 cm with a linearly varying speed of w = 5 - x cmjs. 
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Figure 2. 7 shows a comparison of the improved FE-FCT with the Lax-Wendroff FD

FCT and the 4th order FD-FCT (Steinle and Morrow [86]) at 0.5 s, whereas figure 

2.8 shows tli.e same pulse at 1 s. It is evident that the FE-FCT (which belongs to the 

Lax-Wendroff family) is more accurate than the corresponding -Lax-Wendroff FD

FCT and this is because of the inclusion of the consistent mass matrix. Furthermore, 

it gives comparable results to the implicit fourth order FD-FCT method. · Finally, 

Yousfi's test [95] is carried ?ut and the results obtained with the improved FE-FCT 

and the fourth order FD-FCT are shown in figure 2.9 . The results are in very good 

agreement except at t_he point where the peak is, This is due to the higher order of 

the FD scheme which can resolve the peaks mm:e accurately. 

2.6 FCT-Advection Diffusion Tests 

Gas discharge calculatiol1s often invoive the 1ttansport .and diffusion of electrons, ,. 

and diffusion can dominate part of the calculat~on (Niorrow and Cram [63], rviorrovv 

and Noye [65]), so the code was tested in this kind of conditions. The equation 

considered this time is 
. .~ 

au of 'og 
-+-+-=0 at ax ax (2.12) 

where g the diffusive flux. Given the above equation, the solution is advanced from 

tn to tn+I in two steps as before but with the difference that the diffusive flux is used 

only at the corrector step and is evaluated at time f 1
. So the two steps become: 

First Step (Advective Predictor) 

(2.13) 

Second Step (Corrector Step) 

(2.14) 
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The spatial discretization of equation 2.13 and 2.14 is again performed via the classic 

Galerkin weighted residual method using linear elements. 

The method "vas again tested under various conditions. 

8 ------~----~----~----~----~----~~ 

Figure 2.10: Square wave test with constant speed w = 2 x 107 cmls and diffusion 

D = 5 x 105 cm2 Is. o Improved FE-FCT, S?l1d Line, analytical solution. 

The first test involved the advection and diffusion of the initial rectangular pulse 

{ 

10 if 2b ~ X ~ 4b, b > 0 
u(x, 0) = 

0 if x < 2b or x > 4b 

This has the analytic solution, Morrow and Cram [63]: 

( , ) _ ( f{ b- x + wt} f{ b + x - wt }) u x, t - 5 er rr=u + er rr=u 
2v Dt 2v Dt 

(2.15) 

The values chosen for this test were w = 2 x 107 cmls, D = 5 x 105 cm2 Is and 

b == 0.151 cm. Figure 2.10 shows the results from the calculation using the improved 

FE-FCT after 20 ns and these are shown to agree well with the analytical solution. 

The second test involved propagating a Gaussian pulse of maximum amplitude 
10 initially at x = 0.25 cm, namely 

(x- 0 25)2 
u(x, 0) = 10exp{- · 4D~o } (2.16) 
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with the same speed and diffusion as before and t 0 = 1.81 x 10- 9 s. After a t ime t 

the distribution becomes, Morrow and Cram '[63]: 

u(x, t) = 10(1 + tjt0 ) - 112exp{ -(x -;~· 25 - )wt)2} 
4 t +to 

(2.17) 

Figure 2.11 compares the results obtained by t he improved FE-FCT and the ana

lytical solution after 8 ns and again the agreement is very good. Therefore we are 

confident that the method works well for advection diffusion problems, as long as 

we are within the stability criteria which are c2 + ~c ::::; 1 if the lumped matrix is 

used or c2 + ~ ::::; ~ if the consistent mass matrix is employed, where c is the local 

Courant number and p = wtx, Peraire et al [72]. 

2. 7 Con cl us ions 

In this chapter an improved FE-FCT algorithm was introduced which is an exten

sion of the very economical and powerful method used by Lohner in fluid mechanics. 
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The diffusion coefficient is optimised by using the effective diffusion coefficient from 

the upwind differencing algorithm. The diffusion is added as a mass diffusion to the 

high order scheme to give a low order scheme which behaves like upwind differen

cing, and which has a self adjustable diffusion coefficient. Thus, the simplicity of 

Lohner's method is maintained together with the optimum diffusion of the upwind 

scheme, whereas to compute an upwind scheme directly would be very complex in 

two dimensions. The lovv order scheme of the improved FE-FCT method was shown 

to give almost identical results compared with the upwind scheme, whilst the im

proved FE-FCT gave .improved results compared, to Lohner 's FE-FCT method due 

to the optimisation of the low order scheme. Hence, the method can be applied with 

confidence to solve gas discharge problems. 

!' .' 

_,.· 



Chapter 3 

Breakdown of short needle 

point-pla.ne gaps 

3.1 Introduction 

To date, streamer calculations have generally been carried out for gaps of 2-5 cm, 

Morrow and Lo-wke [64], with 20 k V applied bet-·ween the electrodes. However , there 

are many applications where breakdown oc~~rs in smaller gaps (of the order of 

mm) and lower voltages (2-5 k V), such as contact breaker points and the corona 

treatment of plastics, Bird et al [4 , 88], Kim and Goring [3'7]. In this chapter , 

such short gaps are considered using the same finite-difference code that was used 

successfully for larger gaps by ~Jiorrow and Lowke [64], as well as the new finite

element code developed for gas discharge calculations described in chapter 2 and in 

Georghiou et al [26]. 

Numerical results are obtained for a rv50 J-Lm radius point , 1 mm from a plane 

in air at atmospheric pressure, with a positive voltage applied to the point. The 

finite-difference method , previously used for 2-5 cm gaps with 0.5 mm point , is used 

to compute the formation of streamers in this short 1 mm gap. 

A crucial factor , in the success of the finite-difference code , has been the use of 

a very accurate flux-corrected transport (FCT) algorithm to describe the movement 

28 
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' To date , streamer calculations have generally been carried out for gaps of 2-5 cm, 

Morrow and Lowke [64], with 20 kV applied between the electrodes. However , there 

are many applications where breakdown occurs in smaller gaps (of the order of 

mm) and lower voltages (2-5 k V), such as contact breaker points and the corona 

treatment of plastics, Bird et al [4 , 88], Kim and Goring [37]. In this chapter , 

such short gaps are considered using the same finite-difference code that was used 

successfully for larger gaps by lVIorrow and Lowke [64], as well as the new finite

element code developed for gas discharge calculations described in chapter 2 and in 

Georghiou et al [26]. 

Numerical results are obtained for a "'50 J-lm radius point , 1 mm from a plane 

in air at atmospheric pressure, with a positive voltage applied to the point. The 

finite-difference method, previously used for 2-5 cm gaps with 0.5 mm point, is used 

to compute the formation of streamers in this short 1 mm gap . 

A crucial factor , in the success of the finite-difference code, has been the use of 

a very accurate flux-corrected transport (FCT) algorithm to describe the movement 
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of electrons and ions, with no numerical diffusion or spurious oscillations and neg

ative density values. Accordingly, the new finite-element code, using once again the 

FCT technique, was coupled with a finite-element solution of Poisson's equation, to 

produce a new gas discharge code capable of describing streamer formation. 

In order to test and verify the finite-element code, the same calculations for the 1 

mm gap with an applied voltage of 3 k V are repeated using the finite-element' code, 

and the results are corn pared, vvi th the finite-difference results (seldom is it possible 

to compare the results from such radically different codes under identical conditions, 

due to the large numbe1~ of calculations involved for the problem at hand). 

Finally, the finite-element method is used to study the effect of channel radius 

and applied voltage on the streamer speed , maximum field and current output for 

the 1 mm point-plane gap. 

3.2 Theory 

A complete characterization of streamer phenomena would require the use of two 
. .~ 

dimensional models. However , clue to the very :long calculations employed for such 

problems, together with the fact that streamers occupy a narrow cylindrical channel 

between the anode and the cathode, Nieek and Craggs [54], Raizer [77], a fixed 

channel radius is assumed and the equations for charges are solved only in one 

dimension. The electric field, nevertheless, must be computed in two dimensions by 

solving Poisson's equation. So the electron, positive-ion and negative-ion continuity 

equations including ionization , attachment, recombination and photo-ionization are 

solved simultaneously with Poisson's equation, but in one dimension, to give electron 

and ion density distributions and the electric field. 

The coupled continuity equations for electrons, positive-ions and negative-ions 

in one-dimension take the form: 

aNe = s + N a I vV I-N '11 ITV I-NN a- a(NeVVe) +~(DaNe ) at e e e•t e e pfJ az az az (3.1) 

aNP - S N I T.Tf I -N i\r a-N i\ r a- a(Np l!Vp) at - + eCX VI e eJYpfJ nlYpfJ az (3.2) 
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8Nn = IV 11¥ I-NN f3 - o(NnVVn) at j e'Tl e n p oz (3 .3) 

where z is th~ distance from the cathode, and the other parameters are as defined 

earlier. The term S is the source term clue to photo-ionization as used by 1v!orrow 

and Lowke [64] . 

As explained in chapter 1, it is assumed that the transport properties of the gas 

(such as a and 1Ve) are determined by the ratio E/N, ·where E is the local electric 

field and N is the neutral gas 'number density. This assumption is only valid for high 

pressures , Morrow [60]. The actual expressions fitted to the material data functions 
' ' 

are tabulated in appendix B and are taken from Tv!orrow and Lovvke [64] and Penney 

and H ummert [71]. 

The continuity equation for electrons , equati9n 3.1 , is second order and there

fore requires two boundary conditions: at the anode z = 0.1 cm, Ne = 0 and at 
~ 1: 

the cathode z = 0, Ne = . 0 . The continuity eguations for positive and negative 
!.· . 

ions, equation 3.2 and 3.3, are both fir~t order arid thus require only one boundary 

condition each: at the cathode Nn = 0 and at t he anode NP = 0. At absorbing 

boundaries, the heavy particle densit ies are fini te and determined by the flux from 

the body of the discharge. The current , I, in the external circuit , due to the motion 

of electrons and ions between the electrodes, is calculated using Sato's equation [79] 

which is modified to include negative ions and electron diffusion: 

Ae fd o(Ne) 
I = Va Jo (NP TVP - Nn TtVn - Ne vVe + D~ )E1dz (3.4) 

where , Va is the applied voltage, A the cross sectional area of the discharge channel, 

d is the gap length and E 1 the Laplacian electric field. 

Poisson 's equation is solved on a two dimensional mesh with boundary conditions 

V = V0 (applied voltage) at the anode surface, V = 0 at the cathode and ~'; = 0 

along the axis of symmetry. At the open boundary, the charge is assumed to be zero, 

so the exact solution of Laplace 's equation is used, Eyring [18], Lama and Gallo [45]. 



CHAPTER 3. BREAKDOvi!N OF SHORT NEEDLE POINT-PLANE GAPS 31 

3.3 Solution Methods 

Much work has. been done for the development of models for streamer problems in 

one dimension by using the same set of equations, Fang and Shen [19], Grange et 

al [34], Morrow and Lowke [64], Odrobina and Cernak [69]. However, it is worth 

noting, that all these models are limited to structured grids (for the two dimensional 

solution of Poisson's equation). It is clear that the extension of these models to fully 

two dimensional form would result in very long calculations due to the fact that by 

using structured grids many unknowns are required, especially for gas discharge 

problems, where a very fine resolution is required at certain parts of the space 

domain (such as the anode). There also exist fully t"~o dimensional finite-difference 

models, Babaeva and Naidis [3], Djermoune et al _[16], Kulikovsky [42], Vitello et 

al [90], again using structured grids, but these are I'imited to small gaps or small 

time domains clue to the computation~! expense of\i~e calculations. 
1:.: 

The problem presented in this chapter,.is solved using one of these finite-difference 
; 

models, developed by lVlorrow and Lowke [64] and the new finite-element method 

developed, Georghiou et al [26], to demonstrate t~e advantages of the finite-element 

unstructured grids over the finite-difference structured grids. This also acts as a 

good validation of this code before extending it to two dimensions. The inputs for 

the two codes are the same so that they act as a detailed check on each other. 

The finite-difference method uses a successive over relaxation method, Roache [78], 

to obtain the two dimensional axisymmetric solution of the electric potential V from 

Poisson 's equation. The continuity equations are solved using a very accurate fourth 

order flux-corrected transport algorithm, Steinle et al [87]. 

The second method , uses the standard Taylor-Galerkin method for the solution of 

Poisson 's equation, together with a new improved finite element-flux corrected trans

port (FE-FCT) algorithm for the continuity equations, as described in chapter 2. 

For fast-moving transient phenomena, such as streamer fronts, a moving mesh is 

usually required. However, the continuous movement of the mesh is inappropriate for 

this calculation. Firstly, many geometric parameters would have to be recalculated 
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at every time step, making the computation inefficient. Secondly, the electrons move 

in the opposite direction to that of the streamer front , increasing the effective value 

of vVe rela.tiv'e to the mesh and reducing the value of the time increment required 

for numerical stability. 

The strategy adopted for both the methods (finite-difference and finite-elements) 

when following the streamer front , has been to use a. fine uniform mesh , across' which 

the streamer head propa.ga.te9 and an expanding mesh away from this region towards 

the electrodes. \Vhen the streamer rea.ch,es the end of the fine mesh region , the mesh 

is re-zoned so that the streamer head is again at the start of the fine mesh region. 

At the anode, a. fin~ mesh is also used to resolve the anode fall region. The mesh 

expands smoothly away from the anode , and then. contracts towards the streamer 

head region. Similarly the mesh expands away from the streamer head region to

wards the cathode, but with no fine mesh region at: the cathode. The smooth changes 
0 ·' 

I 

and expansion of the mesh are achieved,. using exp?nentia.l functions. The total num

ber of axial mesh points used to represent the 1 mm gap between the cathode and 

the anode for both the finite-difference and finite-element methods is 400. The mesh 

size at the streamer head is 2 p,m. The continqity equations are solved on this mesh 

of 400 points. 

Poisson's equation is solved on a two-dimensional mesh. For the finite-difference 

method , radial dimensions have to be defined , and further axial dimensions defined , 

so that the shape of the anode is included. The radial mesh has a minimum size of 

5 p,m at the centre, expanding exponentially with 50 mesh points out to a radius 

of 1 mm. The shape of the anode is modelled by defining a new axial mesh point 

for each radial mesh point such that the position defined by the axial and radial 

coordinates lies on the anode surface. In this way, the anode is included using an 

extra 40 mesh points. Thus for the finite-difference method , Poisson 's equation is 

solved on a. mesh of 440 axial points and 50 radial points , which results in about 

20000 unknowns. Furthermore , for the finite-difference method , Poisson 's equation 

is solved using the successive over relaxation (SOR) method, Roa.che [78], which 

takes at least 50 iterations at each time step and hence dominates the computation 
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Figure 3.1: High resolution mesh at the aqode regi~·ri for the finite-element solution 
{: .: . 

of Poisson's equation. 

time of the whole problem. 

On the other hand, with the finite-element method, unstructured grids are used, 

through the use of triangular elements, which reduce the number of unknowns sig

nificantly for the same problem and model the boundaries more accurately. Figure 

3.1 shows the anode region of the mesh used for the solution of Poisson 's equation 

using the finite-element method. It is evident , that at the anode region a very fine 

resolution is employed to resolve the steep gradients, as required , but away from 

the axis of symmetry, where the space charge is zero, a very coarse mesh is used 

as the solution does not vary steeply there. The total number of unknowns used 

for the solution of Poisson 's equation is now around 4000. In this way, the accur

acy is maintained at less computational expense, compared to the finite-diff"erence 

method where structured grids must be used , and the boundaries are represented 

more accurately, vvhich allows us to model arbitrarily shaped electrodes. 

Furthermore, with the finite-element method , the problem reduces to solving the 
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following equation after discretization: 

M<P=q (3.5) 

which gives 

(3.6) 

where M , an assembly of elemental matrices , is a global matrix associated with the 

finite-element method, Silveste~; and Ferrari [84], cP the vector of unknown electric 

potential values at each node and q the vector of charges, obtained from the con

tinuity equations, at each · node. For this problem, the matrix M is constant for a 

constant mesh as it depends only on the voltage and "the mesh , so it can be inverted 

at the beginning of the calculation and stored. Thus, the 50 iterations for each time 

step of a problem of 20000 unknowns (the finite-difference case) , reduces to a single 

matrix-vector multiplication of 4000 u·nknowns (the .'finite-element case) and hence 
I . 

the computational effort reduces signific<lintly. !:.:' 

3.4 Results 

Results are presented for the development of streamers from the positive point of a 

point-plane gap in air at atmospheric pressure. The point is a hyperboloid with a 50 

p,m radius of curvature at the tip , the gap spacing is 1 mm and a positive voltage is 

applied at the start of the calculation. The calculations refer to the situation ·where 

there is no pre-existing space-charge, and the voltage can reach a steady state before 

the discharge starts , as was the case for the original Trichel pulse calculation clone 

by ~!Iorrow [59]. Experimentally there is often a long time lag before a suitable seed 

electron is available to start the discharge, during which time the voltage reaches 

a steady state. Subsequent discharges are considerably affected by the existence of 

space charge as is the case for Trichel pulses where subsequent pulses are smaller 

than the first , Cross et al [ 10]. In this chapter vve consider only the first corona 

phenomena. 
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Figure 3.2: Electron densities at varioup times. Solid line , Finite-Difference results , 

x Finite-Element results. 

In order to test and verify the finite-element :· method , a streamer calculation is 

obtained with both the finite-element and fini te-difference codes with exactly the 

same inputs . For this test a voltage of 3 k V is applied at the point , at the start of the 

calculation and the calculation is initiated by approximately 100 electron-ion pairs 

released 0.2 mm from the anode at t=O. The radial charge density is distributed 

radially using: 

p(r , z ) = Pa(z )e- 1001'2 (3.7) 

where Pa(z ) is the axial charge distribut ion . The charge is set out up to a distance 

of 0.0075 cm and is set to zero beyond this point. T his choice of radial distribution 

is imposed in the calculation in order to make the results directly comparable vvit h 

those published previously by Morrow and Lowke [64] and in order to use exactly 

t he same conditions for the validation of t he fini te-element algorithm. The effects of 

changing the radial dimensions and the radial profile to a square profile are discussed 

in a later section. 



cHAPTER 3. BREAKDOvVN OF' SHORT NEEDLE POINT-PLANE GAPS 36 

X 10 14 

3.5 ,----,-----,----,-----r-----r-----,,----,---..,----,-----, 

~ 3 
I 
E 
(.) 

:; 2.5 
Q) 

·.;::: 
'(jj 
c 
~ 2 
c 
.2 
Q) 

:~ 1.5 
Cl) 

0 
0... 

0.5 

1=4.3ns ~=3 . 9ns 1=3.2ns t=2.5ns t=1.7ns 

Figure 3.3: Positive-ion densities at various ti~~s. Solid line, Finite-Difference 

results , x Finite-Element results. !:.:. 

X 1013 ' 
3.-~.--.---,--.--.--r--.--.---,--, 

(f) 
I 2.5 
E 
~ 
Cl) 
Q) 

~ 2 
c 
Q) 

0 
c 
.2 1.5 
Q) 
> 
~ 
Ol 
Q) 

z 

0.5 

Figure 3.4: Negative-ion densities at various times. Solid line, Finite-Difference 

results , x Finite-Element results. 



CHAPTER 3. BREAKDOWN OF SHORT NEEDLE POINT-PLANE GAPS 36 

X 10 14 

3.5 .---.-----.------.----.-----r----,.---,..---.------.---, 

. 
(<) 3 

I 
E 
~ 
m 2.5 
Q) 

:;:::: 
'(ii 
c 
~ 2 
c 
0 

Q) 

:~ 1.5 
m 
0 

0... 

0.5 

t=4.3ns ~=3 . 9ns t=3.2ns t=2.5ns !=1 .7 

Figure 3.3: Positive-ion densities at various times. Solid line, Finite-Difference 

results, x Finite-Element 1:esults . 

(<) 
I 2.5 
E 
~ 
m 
Q) 

:~ 2 
c 
Q) 

0 
c 
.2 1.5 
Q) 
> 
~ 
Ol 
Q) 

z 

0.5 

i: .: 

Figure 3.4: Negative-ion densities at various times. Solid line, Finite-Difference 

results, x Finite-Element results. 



CHAPTER 3. BREAKDOWN OF SHORT NEEDLE POINT-PLANE GAPS 37 

c;) 
I 

x 1 o13 
15 

§10 
en 
Q) 

·.;:; 
'Ui 
c 
Q) 

0 

~ 5 
~ 

.J:: 
u 
Q) 
z 

0 

-5 

' . 

........__ 

)_ J 
t=4.3ns 

. . 

~ ~ ~ ..... 

' j J J 
t=3.9ns t=3.2n,s t=2.5ns t=1 .7ns 

0 0.01 . 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 
Distance from the ca~hode (cm) 

Figure 3.5: Net charge at vanous t imes. Solid line, Finite-Difference results , x 

Finite-Element results. 

5 
2.5x 10 

2 

!:.: 

-0.5L-----'-----'--_J.__--'-----'--------'----'---------'---- ---'----' 
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 

Distance from the cathode (cm) 

Figure 3.6: Field along the axis of symmetry at various times. Solid line, Finite

Difference results , x Finite-Element results . 



CHAPTER 3. BREAKDOitVN OF SHORT NEEDLE POINT-PLANE GAPS 38 

Figures 3.2, 3.3, 3.4, 3.5 and 3.6 show the electron, positive-ion, negative-ion, 

net charge densities and field along the axis of symmetry respectively at different 

times during 'the movement of the streamer towards the cathode. Figures 3.7 and 

3.8 illustrate the field obtained in the whole of the space domain from the solution 

of Poisson's equation at times t = 1.7 ns and 3.2 ns. The results obtained with the 

two methods are shown to be in good agreement and this gives us confidence that 

the finite-element method gives comparable results at less computational expense to 

the finite-difference method for the solution of streamer problems. Thus the finite

element method is used in the subsequent sectiot;!S for the analysis of the 1 mm 

point-plane gap. 

3.4.2 FE-FD Comparison - 'Longer gaps 

The last part of the validation dem'ons~rates th~ .',.ability of the code to deal with 
I•: 

longer gaps. The configuration used by NiorrO\v .and Lowl~e [64] (5 cm point-plane 

gap in air with tip radius of 0.5 mm) is employed' this time. The results for the first 

few ns of streamer propagation are shown in figure 3.9. Once more the finite-element 

algorithm agrees with the finite-difference algorithm even for this 5 cm gap. 

3.4.3 Radial Charge Distribution 

It is a weakness of the present approach that a radial profile must be specified; 

however , such methods are much more efficient than those which are two-dimensional 

and give comparable results , provided a suitable radius is chosen for the channel, 

Babaeva and Naidis [3], Kulikovsky [42]. 

It is not appropriate to compute a suitable streamer radius by considering the 

radial expansion of an electron avalanche, due to diffusion , as it grows large enough 

to distort the electric field, Cross et al [10]. This is because we are not considering 

a single avalanche, but many, ·which are rapidly absorbed into the anode. Our 

best guide is to draw the right streamer radius from the existing literature on two

dimensional modelling of streamers. 
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The early two-dimensional modelling of Dh~li and \tVilliams [15] indicated that 
.'· 

streamers could propagate at various radii depending on the initial electron distri

bution. However, the recent findings of Vitello et al [90] demonstrate that changing 

the initial radius of the electron distribution by a factor of two changes the initial 

stages of the streamer development , but then the streamer reverts to propagating 

with the same diameter of""' 100 J-Lm, which is similar to that found by \iVang and 

Kunhardt [91] and Babaeva and Naidis [3]. \iVhile Vitello et al find their streamer 

propagating vvith a relatively constant radius, Kulikovsky [42] computes a streamer 

with diameter variation from 40-300 J-Lm , as it traverses a 1 cm gap. Thus, the 

question of the appropriate streamer diameter to use is not well defined at present , 

but the order of magnitude is clearly about 100 J-Lm. 

The Gaussian radial density distribution employed by Morrow and Lowke [64] is 

used in this chapter , however , results with different radial distributions are presen

ted, including those for a square distribution, with uniform density up to a fixed 
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radius, which may be closer to the two-dimensional results. The Gaussian radial 

density distribution considered here is of the form: 

(3.8) 

where Pa(z) is the axial density distribution and r0 is the channel radius. The first 

calculations were obtained using a 3 k V voltage and varying the channel radius. A 

Gaussian profile of 1 x 106 cr;n- 3 electron-ion density pairs centred at 0.095 cm from 

the cathode with a half-width of 0.001 cm was used as the initial charge distribution. 

X 10 5 ' 2.6ar'--'-_:._------,----------,.------------, 

1:.;. 

1.4 

1.2 

0.005 0.01 0.015 0.02 
Channel Radius (cm) 

Figure 3.10: Variation of maximum streamer field (Emax) with channel radius. 

Figure 3.10 shows the variation of the electric field at the streamer head ( Emax) 

with the channel radius. Emax depends weakly on external conditions and for all 

variants of two-dimensional modelling of streamers at atmospheric air this is in the 

range of 150-180 kV/cm, Babaeva and Naidis [3]. So the appropriate channel radius 

can be chosen to satisfy this requirement; for an applied voltage of 3 k \1 this radius is 

about 0.01 cm. The streamer calculation is then repeated for 0.01 cm channel radius. 

Figures 3.11, 3.12, 3.13 and 3.14 show the electron, positive-ion , negative-ion and net 

charge densities respectively at different instances during the streamer development. 
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a Gaussian radial distribution. The instan~es show?··are (from right to left): 1.42, 
1:.: 

2.03, 2.64 , 3.22, 3.80, 4.35, 4.88 and 5.39 hs. 

The electron density is found to be in the range 1~1-:4 x 1014 cm- 3 which agrees with 

the previously published two-dimensional numerical results, Babaeva and Naidis [3]. 

Figure 3.15 illustrates the electric field distribution at various instances and the field 

maximum is found to be in the range 160-180 kV/cm. Finally, figure 3.16 shows 

the field behind the streamer head at several instances. A point worth noting is 

the very low field obtained at the early stages of the streamer development. For 

the short gap and very sharp point such as the 1 mm gap and 50 1-lm radius tip, 

the field is very high at the surface. Thus a substantial ionization takes place and 

electrons flood back to the anode at the start of the discharge. Consequently, only a 

low field is required to maintain the current in the channel left in the earlier stages, 

by the streamer head. Furthermore, attachment is very slow, hence electrons are 

not lost, and thus a low field is adequate to maintain the current by conduction or 

by ionization to create more current carriers. That is why at the early stages of 

the streamer development, the field behind the streamer at the small gap is much 
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smaller than what is predicted for longer gaps ( 6-8·' k V I cm) , Babaeva and N aid is [3]. 

As the streamer advances towards the cathode, · the field in the streamer head rises 

and most of the electrical energy is concentrated between the streamer head and the 

cathode. Thus ionization occurs more rapidly over a wider region , and the current 

rises very rapidly. Meanwhile, attachment removes electrons from the channel and 

the field behind it rises steadily to values up to about 7 kVIcm (see figure 3.16) 

which agrees with the two-dimensional predictions ( 6-8 k V I cm). 

The same calculation is repeated , but with the addition of a constant radial 

distribution and channel radius of 0.01 cm with an applied voltage of again 3 k\1. 

The results were found to be very similar to those obtained with the Gaussian profile 

of 0.01 cm channel radius. Figure 3.17 sho·ws the external circuit current with the 

Gaussian radial distribution and the constant radial distribution , whilst figure 3.18 

illustrates the field along the axis of symmetry at t = 1.42 ns and 2.64 ns. It is 

apparent that there is no significant change in the results by using the square profile 
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Figure 3.14: Net charge densities at. 3 kif with a channel radius of 0.01 cm and 

a Gaussian radial distribution. The i~1stq,nces shof~~1 are (from right to left) : 1.42, 
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2.03 , 2.64, 3.22, 3.80, 4.35, 4.88 and 5.39 ns. 

rather than the Gaussian one. 

3.4.4 Initial charge profiles 

The effect of different initial distributions is then examined . Figure 3.19 shows the 

current obtained using three different initial charge distributions to initiate the cal

culation. The first is a square charge distribution of length 0.002 cm and amplitude 

106 cm-3 centred at 0.095 cm from the cathode. The second is a Gaussian pulse of 

amplitude 106 cm-3 and half-width 0.001 cm centred at 0.095 cm from the cathode 

and the third is the same Gaussian pulse as t he second , but is centred at 0.085 cm 

from the cathode. The initial charge distribut ion does not change significantly the 

characteristics of streamer propagation (except near the anode) , but it introduces 

different time delays as shown in figure 3. 19. Some minor oscillations in the current 

waveforms in the 'dip' following the maximum (see figure 3.19) are due to the lack of 

sufficient spatial resolution somevvhere in the space domain . This kind of instability 
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voltage of 3 kV and a streamer radius of 0.01 cm. Solid line: Gaussian radial charge 
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in the current has been observed previously by Morrow [61] and can be avoided by 

having improved spatial resolution, but, this is clearly unwanted as it would cause 

an increase in the expense of the calculation. The instability observed, however, 

does not grow and this is due to the use of the FCT method for the solution of the 

continuity equations, ·which is an accurate and very robust method. 
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Figure 3.19: External circuit current at 3 kif and 0.01 cm channel radius with 

different initial charge distributions. Solid line: Square distribution centred at 0.095 

cm from the cathode and width 0.002 cm. - - line: Gaussian charge distribution 

centred at 0.095 cm from the cathode with half-width 0.001 cm. -.-. line: Gaussian 

distribution same as before but centred at 0.085 cm from the cathode. 

3.4.5 Voltage variation 

The applied voltage was then varied and its effect on the streamer speed, channel 

radius and current was examined. Three different applied voltages were considered: 

3, 3.5 and 4 kif. For the case of 3.5 kif a channel radius of 0.012 cm gave the 
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Figure 3.21: Streamer speed plotted against time at three different applied voltages. 
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maximum field in the range of 160-180 kVjcm, whereas for 4 kV the channel radius 

was 0.014 cm. The electron densities were again found to be in the range 1-1.5 x 1014 

cm- 3 for both. cases. 

Figure 3.20 shows the time evolut ion of the external circuit ·current with the 

three different applied voltages namely 3, 3.5 and 4 kV and figure 3.21 illustrates 

the streamer speed at different times during the propagation of t he streamer for 

these three voltages. The chapnel radius and the average streamer speed are plotted 

against the applied voltage , shovvn in fig;ures 3.22 and 3.23 and it is found that the 

channel radius and aver;;tge streamer speed increase)inearly with the applied voltage. 

This is in agreement with the theoretical results obtained by two-dimensional sim

ulations , Babaeva and Naidis [3]. 

4500.-----,-----,-----,-----,-----,-----~--~ 

~4000 
2:-
Cll 
Ol 

~ 
0 
> 
~3500 

i3. 
Q. 
<( 

3000 

2508.oos o.oog 

0 

0.01 

(•.: 

0 

0 

O.D11 0 .012 0.013 0 .014 0.01 ~ 
Channel Radius (cm) 

Figure 3.22 : Streamer channel radius plotted against applied voltage. 

Finally, a voltage of 2.5 kV was considered with a channel radius of 0.008 cm 

(extrapolated from the voltage versus channel radius curve figure 3.22) and this t ime 

there was no streamer formation. Figure 3.24 shows the current at 2.5 kV. 
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3.5 Conclusions 

In this chapter, the results obtained from a pre-existing finite-difference code were 

compared with those obtained from the improved finite element-flu~ corrected trans

port code, for a short gap streamer calculation and were found to be in a very good 

agreement. 

By using this new finite-element met~1od, however, unstructured grids can be 

used vvhich offer the added advantages, compared to finite-difference codes, in that 

arbitrarily shaped electrodes can be mo.delled and fewer unknowns can be used for 

the same problem at hand . This in turn requires less computational time. 

The numerical restllts predicted that no streamer formed at voltages lower than 

or equal to 2.5 k V and that for higher voltages streamers formed and bridged the 

gap. The streamer speed and channel radius were found to be linear functions of 
~"' ~ 1: 

the applied voltage. Finally, the field behind th~}heamer :vas found to be relatively 
,. 

low at the early development of the streamer propagation , which is in contrary to 
' 

what has been observed for longer gaps, and comparable at the latter stages of the 

development of the streamer. 

Having validated the algorithm we are now confident that it can be successfully 

applied to gas discharge problems. Hence, the code is applied next to radio frequency 

corona simulations (chapter 4) and finally it is extended in two dimensions (chapter 5 

and 6). 



Chapter 4 

Modelling of RF discharges 

4.1 Introduction 
_,, 
'. 

Radio frequency (RF) discharges have ci::msider~?ie theore~ical and practical import-
,. 

ance and represent a large and growing field of !riterest. As explained in chapter 1, 
' 

however, RF coronas can be highly undesirable and may even be disastrous in sys

tems employing electromagnetic waves (e.g. · .. .:RF heating systems), Metaxas and 

Meredith [57]. In such systems, the occurrence of corona discharges can lead to 

arcing, which in turn may lead to fire or explosion, resulting in damage of mater

ial and equipment and has serious implications for safety. These RF discharges 

occur primarily where there are sharp metallic edges within the applicator enclos

ure , which promote non-uniform fields and resemble a point-plane configuration. 

The breakdown processes preceeding their establishment have been studied extens

ively in uniform fields by Aints et al [2], Haydon and Plumb [35] and Schwab [83]. 

However, to date , for the case of non-uniform fields , such as a point-plane configur

ation, only experimental work has been reported, Haydon and Plumb [35], Plumb 

et al [73 , 74] and Sato and Haydon [81 , 82]. 

In order to fully understand the phenomena associated with RF discharges we 

must recognize the different characteristics of the positive and negative point-plane 

discharges and consequently that there may be distinct influences under the RF 

53 
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conditions during the positive and negative half-cycles of the voltage variations . 

Therefore, a substantive study has been carried out on the positive and negative 

coronas, Ge.orghiou et al [24, 26, 28], prior to the examination of the RF case. 

When the voltage is raised for the positive corona, onset strea·mers are the first 

phenomena to occur, followed rapidly by a wide region in which a continuous glow 

corona is observed. Positive streamers are then formed, which lead to the final 

breakdown of the gap, Nas?er [67]. For ·the negative corona, Trichel pulses occur 

immediately over a wide voltage range? eventually merging into a continuous glow 

at higher voltages wit}:! the final breakdown medi.ated by negative streamers. 

A point to elucidate during high frequency discharges, is whether the ions and 

electrons produced clu~·ing one half-cycle have sufficient time to become neutralized 

and lost. Starting at low frequencies ~vhen the ' iQns have ample time to cross the 

gap, the partial breakdown, cororia, will develop almost exactly as it does under 
I 

the steady field of the same amplitucl,e. Since ~~e instantaneous voltage under a.c. 

applications varies sinusoidally, the corona mode will follow suit and vary accord

ingly. In the frequency range and geometries under consideration, the electrons pro

duced by collisions in the gas do not have sqfflcient time to travel any appreciable 

distance. These electrons oscillate in the gap, undergoing collisions with the gap 

particles. When the field is sufficiently high , more and more electrons are produced 

until breakclo·wn is completed . 

It is known from observation that at atmospheric pressures in non-uniform fields , 

stable corona can occur at voltages much lower than for uniform fields and the onset 

voltages are found to be correlated with the breakdown of small portions of the main 

gap in the high field region, Plumb et al [73]. Consequently, all the corona images 

observed have low intensity and are localized around the needle electrode, Plumb 

et al [74], Sato and Hayclon [81]. The parameters which account for the distinctive 

spherical growth of the luminosity at the needle tip are as follows: (a) the combined 

effects of the localized fi eld gradients near the needle electrode, (b) the extended 

field clue to space charge accumulation, (c) the limited amplitude of the electron 

motion during one cycle of the RF field and (cl) the geometrical factors influencing 
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the secondary ionization effects at the needle surface. Furthermore, the formation 

of the positive ion space charge in the gap is essentially responsible for the polarity 

and hysteresis effects observed, Georghiou et al [25], Sato and Haydon [81]. 

This chapter describes simulated RF discharges in a point-plane configuration, 

as this acts as a good first approximation for the radio frequency applicator. The 

algorithm employed for the solution of positive streamer problems, presented and 

validated in chapter 3, is enwloyed in this chapter. This algorithm uses only one 

spatial dimension for the continuity e~uations , rather than two. Therefore, the 

results must not be regarded as being physically acc;urate; they serve only to identify 

trends and inter-relationships between the variables. 

The effects of different parameters such as radial charge distribution , peak ap

plied voltage, attachment , secondary emission , diffusion , operating frequency and 

pressure are examined. The steady-- state and transient coronal developments are 
• ~ 1 ' 

I 

investigated by studying the current w,aveforms(~ight output , charge densities and 

field distribution. Polarity and hysteresis effects ,are observed, as well as a plateau 

in the current waveform during the steady state, ·which are confirmed by previ-
.. 

ously published experimental results. Finally, ;:.t Fourier analysis on the steady-state 

current waveform is performed. 

4.2 Theory 

4.2.1 Configuration 

The point-plane configuration is considered in this work. The needle electrode is a 

hyperboloid of revolution ·with profile: 

(4.1) 

where z is the distance from the plane electrode, T the radial distance from the axis 

of symmetry, d the gap length and Rt the radius of curvature of the needle. Air 

at atmospheric pressure acts as the medium in the gap. The operating frequency, 
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unless specified otherwise, is 40 111! H z (as this is one of the ISM allocated frequencies 

used for RF heating, Metaxas [55]), and a sinusoidally varying voltage is applied at 

the needle electrode whilst the plane electrode is grounded. 

The hydrodynamic model described in chapter 3 is used here. 'The electron and 

ion continuity equations, which represent the effects of drift , diffusion and sources 

such as ionization , attachment, recombination, photo-ionization and secondar'y emis

sion from the electrodes, are solved simultaneously together with Poisson's equation. 

The continuity equation for electron~, equation 3.1, is second order in space and 

therefore requires two boundary conditions and an initial condition at time t = 0. 

The initial electron distribution is specified in Section 4.3. The spatial boundary 

conditions used are: at the plane electrode, z = 0, the electron density Ne is set to 

zero as the plane electrode is assumed to be far en,ough from the discharge activity 

that it has no influence at atmospheric pressures;· Plumb et al [74]. At the needle 
·'' 

electrode, Ne is set to: 

Ne(d, t) = N~(d, t) + N~(d, t) (4.2) 

where N~ is the number of secondary electron? released by photons, and N~ the . . : ~ 

number of secondary electrons released by ions. The number of photoelectrons 

emitted at timet is , Abbas and Bayle [1], Morww [58]: 

1 "'( lot t - tl lod I I I 1 N~(d, t) = I ! (d ) I p exp(--) Ne(z, t) I vVe(z, t) I a(z, t )O(z )exp( -J.Lz )dzdt H e , t T 0 T 0 

( 4.3) 

where f.L is the coefficient of absorption, T is the lifetime, "'(p the efficiency factor for 

release of photoelectrons at the needle electrode and O(z) is the solid angle subtended 

at the needle electrode by a disk of charge at z . Following Niorrow [58], f.L is taken 

as zero in these simulations, and "'(p is set to 0.001. The number of ion-secondary 

electrons emitted at time t is given by, Niorrow [58]: 

Ni (d ) = Np(d, t) 1 vvp(d, t) 1 

e , t "'tt lVe(d ,t) (4.4) 

·where "Yi is the ion-secondary emission coefficient having a value of 0.01. 

The continuity equations for positive and negative ions, equations 3.2 and 3.3, 

are both first order in space and thus require only one boundary condition each, 
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together with an initial condition, as specified in Section 4.3. When the particle flux 

is directed towards the boundary, we set 8/:z; = 0 there. If the particle flux is directed 

away from the boundary then we set the charge density to zero. These conditions 

imply that the boundaries do not emit these particles. When the particles reach the 

boundary, they are neutralized and therefore appear to flow into it. 

Poisson 's equation is solved on a two-dimensional mesh with boundary conditions 

(4.5) 

at the needle electrode surface, ·where 110 is the peak applied voltage and f the 

applied frequency, V. = 0 at the plane electrode and ~'; = 0 along the axis of 

symmetry. At the ope~ boundary the charge is ass~med to be zero, and the distance 

from the charge in the gap sufficiently large, so tlw.t the exact solution of Laplace 's 

equation can be used, Lama and Gallo [45]. Th~:. current, I, in the external circuit 
I 

due to the motion of electrons and ioi)S betwee?.· the electrodes, is calculated using 

Sato's revised equation, Morrow and Sato [66],. .which is modified to include the 

displacement current due to the variation of the applied voltage: 

,. 
-' 

Ae lnd 8(N) dV I= 17 (NpH!P- NnlVn- NelVe + D-
8 

e )Etdz + C9 -
v 0 z dt 

(4.6) 

where A is the cross sectional area of the discharge channel, E1 the Laplacian electric 

field and C9 the capacitance of the gap. 

The numerical algorithm used in this chapter is described in chapter 3. An 

unstructured mesh involving approximately 2000 unknowns is used with a fine res

olution of 1 J-Lm near the needle electrode, as it is known that steep gradients occur 

in its vicinity, but with a coarser mesh elsewhere for computational efficiency with 

no loss of accuracy. 

4.2.2 Radial Charge Distribution 

An important issue, which has to be initially considered in these simulations, is 

the radial charge distribution. It is widely kno·wn from visual observations that the 
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Figure 4.1: Point-plane configuration used. The '~all' of charge is approximated by 

a 'cylinder ' of charge. 

..I• .. 
I•; 

'coronal' plasma in the RF case is limited to the region' around the needle point, 

and that the space charge distribution resemble~ a 'ball' of charge surrounding the 

needle, varying in radius at different times durip~ the RF cycle, Plumb et al [74], Sato 

and Haydon [81]. Hence, the question arising from these observations, taking into 

account that the model used for the continuity equations is only one-dimensional, 

is the follmving: what radial charge distribution has to be adopted in conjunction 

with Poisson's equation which is solved in two-dimensions? 

For this work, a constant radial charge distribution is assumed, which extends 

to a distance r c away from the axis of symmetry. The choice of r c is discussed in 

the ' results ' section. Effectively, the 'ball' of charge is approximated by a cylinder 

of charge, as shown in figure 4.1. This is a rather crude assumption for the space 

charge distribution, which is a major parameter affecting coronal developments. 

Nevertheless, this approximation is still adequate to give a qualitative description 

of the phenomena associated with RF discharges using the existing model. A more 

accurate approach would be to use a fully two-dimensional solution of the continuity 

equations, so that no assumptions for the radial dimension would be required. The 
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Figure 4.2: The eight t ime instance~ during the _RF cycle where the results are 
" ·,' .... 

presented. 1:.:. 

full tvvo-dimensional extension of the hydrodynamic model is described in chapter 6. 

4.3 Results 

Results for the RF corona discharge development in a point-plane gap in air are 

presented. The point , a hyperboloid of revolution, has a 50 11:m radius of curvature 

at the tip and length L of 4 cm, and the gap spacing d is 1 cm. The calculat ion 

is initiated by a Gaussian charge profile of density 106 electron-ion pairs with half

width 0.005 cm centred 0.01 cm from the needle, whilst the initial negative ion 

charge distribution is assumed to be zero. The init ial charge distribution is found to 

affect only the transient development of the corona discharge, and has no effect on 

the steady state corona. This is also observed in the case of streamer simulations , 

Georghiou et al [28]. 

Although Sato's recently revised equation , equation 4.6, includes the displace-
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ment current, given by: 

(4.7) 

only the conductive current is considered here, as this represents the motion of 

charges and hence the coronal development. The displacement current will, however, 

be included later in this chapter. 

The results presented here are sampled at eight instances, which are shown in 

figure 4.2 for each cycle. 

4.3.1 Channel Radius Effect 

As discussed earlier, a limitation of our model, arising from the solution of the 

continuity equations in one-dimension, is having to approximate ~he 'ball ' of plasma 

with a 'cylinder' of plasma of radi* re· Howev~r., what is the right choice of re? . '' 
• .! .. 

As an initial prediction a · channel radi tlS of r c !:~ 0. 01 c1~ was employed. This is ,. 

approximately the channel radius formed in the 5k streamer case, Vitello et al [90], 

when the applied voltage is in the range 3-5 k V. 

A peak voltage of 4 k V vvas applied and a,_:st'eady state corona was observed, as 

shown in figure 4.3. The channel radius was then varied and the calculation was 

repeated. It can be observed that the channel radius has only a scaling effect on 

the current amplitude, the waveform themselves being very similar. Taking this 

observation into consideration, together with the fact that the present analysis is a 

qualitative one at this stage, it was decided that a channel radius of r c = 0.01 cm 

would be used for all the following simulations. 

4.3.2 Coronal Development 

The full coronal development in air can be divided into three stages: a) the multi

plication stage, which occurs at the initial moments of the discharge development 

when the charge numbers are still not high enough to distort the Laplacian field , 

b) the streamer stage, which occurs when the accumulated positive charge is high 
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Figure 4.3: Two periods of steady-state ·corona cun·ent at different channel radii. -

- -: re= 0.005 cm, solid line: re= 0.()1 cm, -.-.: re:=;::. 0.01 5 cm. The applied voltage 
·'' 

I 

(V) is of peak amplitude 4 ·k V and is also showrr: ?n the graph. 

enough to distort the field and form a streamer .in, the positive cycle, as in the posit

ive de case (but the negative ion densit ies are still not high enough to suppress the 

streamer), whilst in the negative cycle a cathode fall region is forming and c) the 

steady state, where the charges settle to a steady state, the negative ions increase 

to values comparable to the positive ion densities and the streamer is suppressed 

while the cathode fall region is fully established . 

Multiplication stage 

With t he start of the simulation , the seed electrons in the gap, caused, for instance, 

by a cosmic ray, move rapidly into the high field region near the needle. If the peak 

applied voltage is high enough, then at some part of the cycle (around the peak 

value of the applied voltage) the voltage exceeds the breakdown value and the free 

electrons acquire enough energy to ionize atoms and create more free electrons and 

positive ions, forming the initial avalanche. This activity occurs around the needle 
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region where the positive ions begin to accumulate, as they do not have enough time 

to drift away, whilst in the positive cycle, the electrons move towards the needle and 

become absorbed when they strike it . As a result, an amplification of the current, 

for part of the cycle near the peak voltage is observed , as shown in· figure 4.4(a) . 

When the electrons become absorbed the current reduces once again. In the negative 

cycle, electrons are produced due to secondary emission from the needle electrode 

. and drift away from it into the ,gap, which is fed with electrons for the next cycle. 
' 

Consequently, a gradual increase in electro~ density, positive ion density and hence 

current is observed , descri.bed in figure 4.4(a), however, the densities are still not 

high enough to distort the field. 

On the other hand, if the applied voltage is too lovv 'to cause breakdown, then the 

seed electrons do not multiply and therefore no cotor:.a is observed. Figure 4.4(b) 

shows the current at a peak applied voltage of 2. 5 k \(•,.w here no amplification of the 
·' ; 

current and subsequently no corona are observed. dnstead , t.he current remains at ,. 

very low values and decays , which reflects the small; number of electrons remaining 

in the gap. 
' 

This suggests that the corona onset predicted ,by our model is in the region 2.5-3 

k V at a frequency of 40 NI H z . The predicted onset agrees with the experimental 

results obtained by Plumb et al [73] and Sato and Haydon [81] in air at atmospheric 

pressure. 

Streamer Stage 

As the ion densities accumulate, a stage is reached where the positive ions distort 

the field in the high field region and a streamer is then instigated during the positive 

cycle, Georghiou et al [30]. Figure 4.5(a) shows the current at an applied voltage of 

4 kV peak and figure 4.5(b) illustrates the field at four instances during the positive 

cycle starting at t = 43 .75 ns, in the streamer formation stage, which is the region 

around point A designated in figure 4.5(a). The formation and propagation of the 

streamer are clearly observed. The streamer is shown to propagate out to a distance 
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of approximately 0.5 mm prior to the reversal of the voltage in the negative half

cycle. A cathode fall region is also shown to be forming, but it is still not fully 

established (figure 4. 5 (b), instance 4) . 

The triggering of a streamer occurs when enough positive ions, and hence a high 

net positive charge, have been established, which is high enough to start distorting 

the field. When the voltage goes positive, electrons travel towards the needle, and 

due to the high field in t~is region, they acquire enough energy to ionize more 

atoms and create more electrons and J?Ositive ions. Additionally, negative ions are 

gradually building up ,_ but their density is still much lower than that of the positive 

ions . Therefore, a net positive charge is available after the electrons become absorbed 

by the needle , which causes the streamer to be instigated . 

In subsequent cycles, following the streamer · ir).stigation , electrons are being lost 

by attachment around the needle ·.area and their~· distribution is being limited to a 
~' . 

I 

region close to the needle. Figure 4.6,. compares:. the electron, positive ion, negative 

ion and net charge densities at the streamer formation stage and at the steady 

state. The two instances at times t = 53.125 and t = 503.125 ns correspond to 

the same instance in the RF cycle (instanc~.: 4 of figure 4.2). Figure 4.6(a) shows 

the electrons being limited to the region near the needle in the steady state, as 

previously explained. At the same time, positive ions also begin to redistribute , as 

shown in figure 4. 6 (b) , and accumulate closer to the needle. As electrons are lost by 

attachment , forming negative ions, the negative ion distribution increases by almost 

an order of magnitude, as displayed in figure 4.6(c) and as a result there is charge 

cancellation, which is reflected on the net charge density shown in figure 4.6(d). The 

result of this charge cancellation is the suppression of the streamer, as illustrated in 

figure 4.7, and the formation of a steep charge gradient in the needle region. This 

causes a cathode fall region to be formed , even in the positive part of the voltage 

cycle . The region of existence of the streamer continues to diminish gradually, cycle 

by cycle, as the negative ions build up , until the streamer ceases to develop and the 

steady state is reached with the cathode fall region fully established. 

An additional feature of the streamer formation stage, is the high peak current 
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observed at the positive peak preceeding point A of figure 4.5(a). This is due to 

the electron density being at its peak value during this stage. In the subsequent 

cycles, when the steady state is established, the electrons reduce in number as a 

result of attachment, and are replaced by negative ions . These are much heavier 

and subsequently, the current peak has a much lower value in the steady state. 

4.3.3 Steady State Qorona 

The effect of the peak applied voltage is' studied in the steady state. Simulations 

were run with applied voltages in the range 3-4.5 k\1 in 0.5 k\1 increments. 

Current 

The ensuing current for the four diffe1~~nt applied v9J.tages, 400 ns following the start 

of the calculation, is shown· in figure 4.8. '. As exB:<::.~ted , di~erent formative lags are 
.! ' ' ' 

obtained , with the lowest applied voltage resultin& 'ln the longest formative lag and 

vice versa. This is due to the fact that the higher the applied voltage, the higher the 

field is and consequently the more rapid the ion~:z;·ation. This results in positive ions 
r-'' 

being accumulated in less time. An additional feature observed from the current 

responses is the different peak value of the current in the steady state. It is evident, 

that the higher the voltage, the higher the amplitude of the current will be, which 

is consistent with the experimental results obtained by Aints et al [2] and Plumb et 

al [74] vvho found that: 1as the applied voltage across the discharge gap is increased 

the corona onset becomes more rapid and the current peak is enhanced'. It is 

also worth noting the slight numerical instability occurring in the current waveform 

at each cycle in the steady-state, in the form of a spike. This takes place at the 

point where the polarity of the field reverses at the needle electrode, but due to the 

robustness of the FE-FCT method the instability does not grow. For the 4.5 k\1 

current waveform shown in figure 4.8 (d) another instability can be observed at the 

transient stage around t = 30 ns , which is again damped out. 

Figure 4:9 shows two periods of the steady state current waveforms starting at 
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Figure 4.6: Charge densities during the transient stage and in the steady state at 

an applied voltage of 4 kV. 
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Figure 4.7: Field along the axis of.-symmetry in the steady state (solid line) at / :I,! 

t = 503 .1 25 ns (instance 4) and during the transient stage (- - - line) at t = 53 .1 25 
1::·· ' ,. 

ns (instance 4) at 4 kV peak applied voltage. 

t = 500 ns for the different applied voltages. ·. T hree distinct features of the RF 
r'· 

corona are evident in all these graphs: the first is the polarity effect , which can be 

observed by the difference in the current waveforms during the positive and negative 

half-cycles and the different peak current values. The second is the hysteresis effect 

clearly shown by the phase shift of the current with respect to the applied voltage, 

and the third is the plateau of low current, observed in the current waveform at the 

instances when the RF voltage is close to zero during its transition from positive 

to negative. This plateau is more pronounced in the 3 k V case and reduces with 

increasing applied voltage, as seen in figure 4.9. These features can be best explained 

by looking at the charge densities and the field at different instances during the RF 

cycle in the steady state. 

Figure 4.10 illustrates the electron densities at t he four applied voltages sampled 

at the eight instances of the applied RF voltage in the steady state. Figures 4. 11 , 4.12 

and 4.13 sho\v the positive ions, negative ions and net charge densities respectively 
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Figure 4.10: Electron densities during one RF cycle in the steady state at different 

peak applied voltages. -.-.-.: 3 k\1 , Solid line: 3.5 k\1, .... : 4 k\1 , -- -: 4.5 kil. 
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at the four applied voltages, but this time at only four instances, which correspond 

to the zero crossings of the RF voltage and the peak points. Figure 4.14 shows the 

eight instances of the field along the axis of symmetry during the RF cycle. 

Polarity Effect 

The polarity effect can be explained as follows: As shown in figure 4.11 , the pos

itive ions accumulate near the nfedle and hardly drift in the RF field. Hence, the 

positive ion distribution produced in the high field region increases the field ·when 

the needle is at negative polarity, as shown in figure 4.14 (instances 1 and 4-8) , 

creating a cathode fall region, and decreases the field in the neighbourhood of the 

needle electrode when at positive polarity (instances 2:4). The decrease of the field 

at the positive polarity is best sho·wn in figure 4.14 (instance 3), where the maximum 

field is detached from the needle electrode, due to thf space charge decrease of the 
I 

field. This results in detachment of the luminous sp:,o~ from the needle electrode, as 

observed experimentally by Sato and Haydon [80]. 1 

It is also important to note the accumulatio~ ,qf negative ions at the needle , 

which similarly do not drift much during the RF cycle, as shown in figure 4.12. 

Their number densities are comparable to those of the positive ions, and this has 

the effect of reducing the net charge density as seen in figure 4.13. The increase in 

charge densities with increasing applied peak voltage is also observed, as shovvn in 

figures 4.10, 4.11, 4.12 and 4.13. 

Hysteresis Effect 

The hysteresis effect can be explained by looking at the electron densities during 

the RF cycle, shown in figure 4.10. The electrons move about one hundred times 

faster than the ions but , as discussed earlier, they oscillate in the high field region 

near the needle electrode. 

During the positive cycle, the electrons move towards the positive needle, becom

ing absorbed, as shown in figure 4.10 , instances 1-4, where the electrons are seen to 
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Figure 4.11: Posit ive ion densit ies during one RF cycle, in the steady state, at 

different peak applied voltages . - - -: Instance 1, -.-.-. : Instance 3, Solid line: 

Instance 5 and .. .. : Instance 7 of figure 4.2 . 
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Figure 4.1 3: Net charge densit ies during one RF cycle, in the steady state, at dif

ferent peak applied voltages . -- -: Instance 1, -.-.-.: Instance 3, Solid line: Instance 

5 and .... : Instance 7 of figure 4.2 . 
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Figure 4.14: Field along the axis of symmetry for one RF cycle during the steady 

state corona at a peak applied voltage ov 4 k 11. 
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be concentrated around the needle. During the negative cycle, a cathode fall region 

is formed . The needle repels the electrons towards the gap causing the electron dis

tribution to be widened during the negative cycle, as shown in figure 4.10, instances 

5-8. Furthermore, the electrons produced by photoemission and secondary ioniza

tion increase their overall number and, as these are repelled , they move tovvards the 

gap, feeding it with electrons for the next cycle. As a result , the hysteresis is caused 

by the difference between th~ electron densities before and after the peak value of 

the applied voltage, these being higher a~ times following the peak applied voltage , 

as shown in figure 4.10 ~nstances 4 and 8. This , in. turn, results in the peak of the 

current appearing during these instances, as most. of it is carried by the electrons. 

Such a result is also obtained experimentally by Sato and Haydon [81] at 10 j\!f H z. 

The phenomena observed at these frequencies are expected to be . very similar with 

the frequencies considered here ( 40 ~f H z). 

Observation of the Plateau 

·'' .. 
~I ; 

1:.:-. 

The plateau observed in the current waveforms illustrated in figure 4.9 can also be 
'/ 

explained by looking at the electron density distributions (figure 4.10) . ·when the 

voltage is negative, electrons, which carry the majority of the conduction current, 

are repelled by the needle and, together with those produced by photoemission 

and secondary ionization, flood into the gap. As the voltage reverses , electrons 

are then available to give a smooth reversal of the current for the negative-positive 

voltage transition. Hovvever, during the positive cycle, electrons are absorbed into 

the needle and are no longer available to maintain the current when a positive to 

negative voltage transition takes place; there is a delay until the electric field rises 

to a sufficient amplitude to firstly release secondary electrons by photoemission and 

ion impact and secondly, to give amplification of the remaining electrons in the 

gap. Thus, there is a plateau on the current waveform, during the positive-negative 

voltage transition, which is wider for lower peak applied voltages as it will take more 

time, following the voltage reversal, for the electric field to reach a sufficient level 

for electron multiplication. 
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Potential Variation in the gap 

The voltage in the gap along the axis of symmetry, at the eight instances during a 

cycle in the steady state, is shown in figure 4.15. The cathode fall region forming in 

the negative cycle is clearly seen during instances 5-8. A voltage drop of about 1500 

V is observed when the needle is at its peak negative voltage, as shown in figyre 

4.15 , Instance 7. 

The difference in the amplitudes of the positive and negative peaks observed in 

the current ·waveform can be attributed to 'the formation of the _cathode fall region 

and the voltage drop occurring there, during the negative cycle, which results in the 

lower peak observed in the current at the negative cy_<;le compared to the positive 

one. 

Figure 4.16 shows the Laplacian pot~ntial distribution and the space charge effect 
.-1• 

on the potential. It is interesting to observe that a)~~y from the needle , the space 
(' ' 

charge effect on the potential is negligible and h~~~e the plane electrode has no 
' 

influence on the discharge as observed by Plumb et al [73]. 

Fourier Analysis 

A Fourier analysis is performed on the current waveforms in the steady state and the 

results are displayed in figure 4.17. The fundamental component 40 J\1! H z, as ex

pected, dominates over the other harmonics. The amplitude of the fundamental fre

quency component as a function of the peak applied voltage, is shown in figure 4.18. 

The current-voltage characteristic derived numerically has the classical square-lavv 

form found for corona experiments in most geometries at de, Morrow [62], Peek [70]. 

The full line shown in figure 4.18 is a least square fit of the classic Townsend equation 

for corona current , given by, IVIorrow [62]: 

I= KV(V -\~) (4.8) 

where I is the current in A , \1 the applied voltage in k V, % the breakdown onset 

voltage in k V and K a constant. For the voltage range considered here at 40 .!vi H z 

~~and k are found to be 2.83 kV and 0.2078 x 10- 3 A/(kV) 2 respectively. 
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Figure 4. 15: Potential along the axis of symmetry for one RF cycle during the steady 

state corona at a peak applied voltage of 4 k V. Solid line: potential due to Laplacian 

field and space charge. - - -: potential due to the Laplacian field. 
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Light Output 

The light intensity, '1/J, emitted by the discharge, is assumed to be proportional to 

the ionization activity and may be written as: 

'1/J (z, t) = Ne( z, t)a(z , t) llVe(z, t) I (4.9) 

Similar descriptions have been used successfully for the output light intensity of a 

positive, Nlorrow and Lowke [64], as well as negative, Morrow [58], point-plane gap 

and are thus employed here. 

Figure 4.19 shovvs the light output at the eight instances during the RF cycle at 

3.5-4.5 kV. It can be seen that the light output is limited to the region surrounding 

the needle electrode, as observed experimentally by Plumb et al [73, 74] and Sato 

and Haydon [81, 82] . This is directly attributed to the steep field gradients around 

the needle surface that prevent the growth of the luminosity far away from the needle 

tip. The corona light outputs for different applied voltages are shown to be similar, 
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as expected, but the growth of light output exte~ds further in the gap as the voltage 

increases. This is due to the fact that as the voltage is increased the region of high 

li extends further, resulting in rapid ionization in a more prolonged region. 
p 

The different instances of the light output during the RF cycle can be explained as 

follows: electrons released from the needle are confined to a very small region around 

its vicinity, as shown in figure 4.10. In this high field region , the electron density 

produced by ionization can be sustained by the photon induced ( "fp) secondary effect 

and positive ion secondary emission ("ti), and this produces a sufficient number of 

excited molecules to cause the spherical luminosity observable around the needle 

tip. 

In the neighbourhood of the needle , the electric field is enhanced vvhen the po

larity of the needle is negative and decreased when it is positive, as shown in figure 

4.14. Therefore, the luminosity is localized around the needle tip for negative polar

ity, as is the case for figure 4.19, instances 5-8. By contrast , the space charge field 
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increases the electric field in a region separated from the needle point for the case 

of positive polarity, as shown in figure 4.14, instances 3-4 and results in increased 

luminosity further away from the needle, as shown in figure 4.19, instances 3-4. For 

zero potential at the needle electrode, the influence of the space charge remains, as 

displayed in figure 4.19, instances 1 and 5 and creates a field sufficiently large (see 

figure 4.14) to produce the observed luminosity. 

Finally, the polarity and lwsteresis effects are evident from the light output; the 

luminous area of the corona surroundi~,g the needle at positive polarity is larger 

than that for negative polarity and the light output images at the off-peak positions 

after the positive peak and those before the negative peak amplitudes are different 

from each other. 

The above results are consistent ·with the expe.rimental observations of Sato and 

Haydon [80 , 81 , 82] vvho used highly tin~e-resolve4' image intensifier techniques to 
I 

observe the corona onset with a serieE? of photographs taken at the same points 
' ,'I ' 

during the RF cycle. 

4.3.4 Displacement Current 

The displacement current was calculated using two different methods , Georghiou 

and 1Vletaxas [21]: 

1. For an applied voltage of the form: 1focos(wt), ·where w = 21r f , the displace

ment current is given by: 

(4.10) 

The calculation of the capacitance was carried out using Gauss ' Theorem. vVe 

used our code to calculate the electric field distribution for a de applied voltage 

V and then integrated the field at the plane-electrode over the electrode area 

to obtain the charge, q from: 

q = I EEdA = 27r I EErdr 

The capacitance, being qjV, was found to be 0.2 pF. 

(4.11) 
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Figure 4.20: Comparison between conductive and <;i·isplacement current during 
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coronal development at 40 !VI H z and peak applied vo.itage 4 k V. ,. 
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2. Secondly, in order to validate our estimate of the capacitance, we calculated 

the displacement current for the point-plane using the 'Morrow-Sato ' equation, 

Morrow and Sato [66]: 

(4.12) 

Now, the applied voltage V is given by V= V0 cos(wt) , so that the Laplacian 

field E 1 is given by E 1 = E?cos(wt) and the equation for the current becomes: 

_ Eo J o(E?cos(wt)) o I 
Id - 1~, ( ) 

0 
.E 1 cos(wt)di ol oCOS wt t 

vol 

( 4.13) 

which simplifies to: 

I = - Eowsin(wt) j Eo EodV l 
d Vo . J · I o 

vol 

(4.14) 

Then we simply evaluate the Laplacian field at a fixed V0 and compute the 

current according to the equation above. 
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Comparing the above expression with that used in the first method, equation 4.10, 

we obtain: 

C = ~ j IE0 I2dVol 9 1102 1 

vol 

(4.15) 

Using this equation, with the field distribution calculated using our code, the ca

pacitance was found to be 0.18 pF. This value is clearly very close to the val~e 

obtained by the first method and as a result we are confident that the capacitance 

is correct. Assuming, therefore, a capacitance of 0.2 pF at a frequency of 40 MHz, 

we obtain a peak displacement current of about 0.2 A at 4 kV peaJ< applied voltage. 

The displacement and cond'uctive currents, together vvith the applied voltage, are 

shown in figure 4.20. Note the different scales of the c~mductive and displacement 

currents (for the conductive current 0.5 A/ division , for the displacement current 

100 A/division, and for the applied voltage 2 kV/division). 
"' .-1! 

In this work , our aim was to demonstrat~ the effe~t:s of the different parameters 
1:.:. . 

on the coronal development, which are directly rela~ed with the charges and as 

a result with the conductive current. For this reas~n, we thought that it would 

be better to consider only the conductive current. ?-t this stage, even though the 

displacement current is about two orders of magni'tude higher than the conductive 

current. 

4.3.5 The effect of different parameters 

In this section parameters such as attachment, diffusion and secondary emission are 

considered by varying these, one at a time, and observing their effects on the current 

waveform, charge densities and light output. This approach demonstrates the great 

advantages of modelling, which would be very difficult, or too expensive, or even 

impossible to replicate experimentally and enables one to attain a good insight into 

the parameters affecting such phenomena. 
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The role of attachment 

In order to examine the effects of attachment, a simulation was run at 3 k V peak 

applied voltage with the attachment term deleted and the results_ were compared 

with the case where this is included. The attachment-free situation is instructive to 

examine, not only because it provides insight into the effects of attachment, bu.t also 

because it resembles the case of nitrogen or noble gases where there is no formation 

of negative ions at all (assuming attachment is the only source of negative ions). 

Figure 4.21(a) shows the first 400 ns of the current waveform at a peak applied 

voltage of 3 kV , with a~1d without attachment. Figure 4.21(b) shows the steady 

state current waveforms for these two cases. As it, .can be observed, the current 

increases when attachmeilt is ignored, due to the f~ct that electrons do not become 

absorbed to form negative ions. Hmvever, one would expect its effect not to be so 
__ .. 7 J ... 

large, as the RF period is shorter than th<1 attach~ent time (typically 100 ns in air, 
(: ,'\. 

Morrow and Lowke [64]). 

In order to understand the mechanisms involved , the transient and steady state 

are examined in further detail. Beginning with/ the transient stage: Figure 4.22 
_.. 

displays the field, electron, positive ion and net charge density at the peak of the 

applied voltage (instance 3 of figure 4.2 at different cycles in the transient stage). 

As observed earlier , when attachment is included, a streamer is instigated if the 

positive ion density is high enough to distort the field, but this is suppressed as the 

negative ions build up to densities comparable to that of the positive ions. For the 

attachment-free case, a streamer also forms in the positive part of the cycle when 

the positive ions acquire high enough density, as seen in figure 4.22(c). However, 

there is no formation of negative ions this time. In the negative part of the cycle, the 

streamer is suppressed, although it reappears in the positive part of the subsequent 

cycles. The streamer also gradually propagates in the gap in the transient stage, 

up to a distance of 0.6 mm prior to reaching the steady state, without ever being 

suppressed, as shown in figure 4.22(a). 

During the negative part of the RF cycle, electrons produced by secondary emis-
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(a) First 400 ns of current waveforms at an applied · 

voltage of 3 k11 with .and without at~<tchement. Solid 
~I ' 

line: attachment included , - '~-: No a~~~.chment in~luded. 
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Figure 4.21: Current waveforms at 3 kV with and without attachment. 
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Figure 4.22: Transient development ofthe field and charge densities at the peak of 

the applied voltage (3 k 11, instance 3 in figure 4.2) ·with no attachment. 1: 150, 2: 

175, 3: 200 , 4: 225, 5: 250 6: 300 ns 7: steady state. 
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sion from the needle are repelled by it, and move into the gap, creating a wide 

distribution of electrons, as there is no loss by attachment now, as illustrated in 

figure 4.22(b). These electrons ionize more and more atoms, creating also a vvide 

distribution of positive ions, figure 4.22(c). During the positive part of the cycle, 

however, these electrons move towards the needle, where they begin to be absorbed. 

As a result , they leave a net positive charge behind , shown in figure 4.22(d), 'which 

instigates the streamer. In th.e subsequent cycles, the positive charge moves further 

in the gap and causes the streamer to propagate further , until a steady state is 

reached. 

In the steady state, in the region around the needle electrode, when attachment 

is included, positive ions are accumulated at the higher field region , while negative 

ions are concentrated in the lower field region beyopd the positive ion distribution , 

resulting in a narrow positive net charge distributi.0n in front of the needle, as was 
~' ' 

shown in figure 4.6( d). In this situation ,the negat,i~re charge .distribution produced by 

attachment results in a smaller active region of iopization and consequently a lower 

electron density than for non-attaching gases such as nitrogen. As a result, the 

current is at a lower value in comparison to thihon-attaching case, as the electrons 

are the species responsible for the majority of the current. As to the loss process of 

ions, the existence of a negative ion distribution partially compensates the positive 

ion distribution, as seen in figures 4.6(b) and 4.6(c), and therefore gives rise to a 

large gradient of the net charge distribution very close to the needle, (figure 4.6( d)). 

This results in a time constant of the ion loss process, which is much shorter than 

that for non-attaching gases. 

Furthermore, in the attachment-free case, the electron density left in the gap is 

much higher than when attachment is included, as shown in figure 4.23(a) and their 

distribution much wider. The positive ions reach a quasi-stationary state, but their 

densities are again wider, as illustrated in figure 4.23(b). A net positive charge is 

formed away from the needle in the positive cycle, 'Which has the effect of creating 

a streamer that does not propagate further in the steady state. The streamer is 

suppressed in the negative cycle where a cathode fall region forms due to the net 
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Figure 4.23: Charge densities and field in the steady state, with an applied voltage 
of 3 k\1 when attachment is not included. -- -: Instance 1, x x x: Instance 2, solid 
line: Instance 3, -.-.-. : Instance 4, o o o: Instance 2 when attachment included. 
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charge present around the needle electrode as in the attachment case, as shown in 

figure 4.23(c) and 4.23(d). This is in good agreement ·with experimental results 

obtained by Nasser [67], who states that the negative ions are responsible for the 

streamer suppression as described here. 

Additionally, two more features observed on the current waveform are worth 

explaining: the first is the disappearance of the peak on the current waveform 

observed in figure 4.5(a), as I).Ovv there is no formation of negative ions and hence 

electrons build up gradually to their steapy state values as shown in figure 4.21(a) , 

and the second is the less pronounced nature of the plateau, Georghiou et al [25], 

observed on the current waveform in the positive to negative voltage transition, due 

to the much higher electron density remaining in the gap in the attachment-free 

case. 

Finally figure 4.24 shows the light-output at eigpt instances during the RF cycle 
' with both attachment included and swit,ched off. 1~he effect ·of switching the attach

ment term off is to extend the luminous spot further in the gap, as seen in instance 

4 and increase the luminosity, as shown in instan.ces 5-8. These results are experi

mentally verifiable in air and nitrogen. For example, it is observed in nitrogen that 

the luminous spot propagates further in the gap as compared to the air case under 

the same conditions, Sato and Haydon [81, 82]. 

The role of secondary emission 

The next parameter considered is secondary em1sswn. A voltage of 4 k V peak 

amplitude at 40 iVI H z is applied and the current waveforms are recorded when the 

secondary emission term is switched on and off. No corona is observed when the 

secondary emission is removed and the current remains at very low values , as shown 

in figure 4.25(a). This is clue to the factthat secondary emission is the mechanism 

providing the electrons in the gap. During the positive part of the first voltage cycle, 

as shown in figure 4.25(b) , the seed electrons travel towards the needle electrode, 

ionizing atoms and creating more free electrons and positive ions. This is shown by 
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an initial amplification of the current in the vicinity of the peak of the first voltage 
cycle. However, during this period the electrons strike the needle and start being 
absorbed, so their density in the gap reduces and as a result the current is reduced. 
If the secondary emission is included then the electrons produced by secondary 
emission increase the total number of electrons . As the voltage becomes negative at 
the needle , the electrons are repelled and feed the gap for the next cycle, increasing 
the current. 

If the secondary emission is switched Qff, there is no substantial source of elec
trons to feed the gap and .hence there is no corona observed, so the current remains 
at very low values. This has also been observed previously in the simulation of 

, . 
streamers and Trichel pulses, Georghiou et al [28], l\II?rrovv [58]. Effectively the sec-
ondary emission acts as a feedback mechanism, wh1ch provides the Tight conditions 
for the corona development. 

~' ' 

1:.:. 
: • I' 

The role of diffusion 

Figure 4.26(a) illustrates the current waveforms .3;t 4 kV in the steady state, with 
the diffusion included and removed, whilst figun( 4.26(b) shows the electron density 
under the same conditions in the steady state. 

The diffusion does not seem to affect the corona development significantly. The 
current and the electron densities are slightly higher without diffusion , as now elec
trons do not diffuse away from the discharge activity. This can be seen clearly in 
figure 4.26(b) , which shows the electron density slightly lower, but more spread out 
near the steep electron gradients when diffusion is added. 

Again, the robustness and capability of the FE-FCT method to resolve accurately 
steep gradients, without introducing oscillations, is demonstrated in this case. 

4.3.6 Frequency variation 

A voltage of 3 k V is applied for these simulations with a different frequency for each. 
At low frequencies, no corona is observed and the current decays to very low values , 
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Figure 4.27: One period of current waveform at different frequencies at a peak 

applied voltage of 3 k V. 
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Figure 4.28: Amplitude of current harmonics at 3 k V at different frequencies. The 

fundamental harmonic (number 1 in the Frequency axis) corresponds to the applied 

frequency. 
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following the initial amplification, Georghiou and Metaxas [22]. A similar trend was 

observed in the de case. 

As the frequency is increased , a stable corona can be observed at the same 

applied voltage. The calculations are made in the frequency range 40-200 !VI H z 

in 20 111H z intervals and the IS1VI frequency, 27.12 !VI H z , has also been included . 

Figure 4.27 illustrates the steady state corona current waveform, observed at four 

different frequencies (27.12, 60, 80 and 100 !VI H z ) and the current waveforms are 

shown to be very similar, exhibiting polarity and hysteresis effects, as well as the 

plateau in the positive to negative current transition , Georghiou and Metaxas [20], 

Georghiou et al [25] . This is also evident in the Fourier analysis performed on the 

current waveforms, as seen in figure 4.28. The dominant component is , as expected , 

the fundamental component. However, the harmonics content is shown clearly to be 

very similar , demonstrating the similarity in the current waveforms at the different 

operating frequencies. 

Furthermore, as the frequency is increased , a stable corona can still be observed 
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Figure 4.31: Electron density at 140 and 200 llif H z at instance 7 of the RF cycle. 

-.-.-.: second cycle 140 lvf H z, x x x: fifth cycle 140 llif H z, solid line: second cycle 

200 lvf H z, - - -: fifth cycle 200 J\if H z. 
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at this voltage, until a frequency of around 200 J\1 H z is reached. Above this fre
quency, the corona is suppressed and the curren~ ,lemains at very lm.v values , as 
illustrated in figure 4.29(a). However , at 200 J\1H,Ji if the voltage increases to 4 kV, 
a stable corona can again be obtained, as sho·wn in figure 4.29(b). 

Figure 4.30 shows the initial current waveforms at 140 111Hz (where a stable 
corona is observed) and 200 111Hz (where no corona is observed) respectively, at an 
applied voltage of 3 k V. As it can be seen, in the case of 140 J\1 H z, the initial current 
amplifies, gradually leading to the formation of a steady state corona, whereas in the 
200 111Hz case, the current decays following the initial amplification and no corona is 
formed. In order to understand the effect of the frequency on corona formation , the 
charge densities are plotted for parts of the voltage cycle. Figures 4.31(a) and 4.31(b) 
show the electron densities at 140 111Hz and 200 111Hz respectively at instance 7 of 
the second and fifth voltage cycles after the simulation begins. It is clearly apparent 
that for the 140 111Hz case, the electrons amplify cycle by cycle and thus a corona is 
observed , whereas in the 200 !'11Hz case the electrons decay and therefore no corona 
is observed. This is due to the fact that, as the frequency increases, electrons 
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oscillate with a smaller amplitude and hence, the region of ionization becomes more 

and more limited. This eventually results in not sufficient electron amplification and 

consequently, no observed corona. 

Finally, figure 4.32 shows the effect of the frequency on the amp-litude of the 

fundamental of the current waveform, obtained from fourier analysis . 

The choice of the operating frequency is clearly very important for industrial 

purposes , as the phenomenon o£ corona and hence, arcing, is less pronounced at 

higher operating frequencies. This also explains why RF systems are more prone to 

arcs than microwave systems, where the ISlVI operating frequencies are around 900 

!VIHz or 2.45 GHz . As demonstrated here , the corona onset voltage increases as 

the frequency is increased . . 

4.3. 7 Pressure Variation ;1' 
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Figure 4.33: Current waveforms at different pressures at a peak applied voltage of 

4 kV. Solid line: 500 Torr . -- -: 600 Torr. o: 760 Torr. -.-.-.: Applied voltage of 

peak value 4 k\1. 
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The data described in the previous sections were at atmospheric pressure. Since 

processing under partial vacuum is an important industrial process, for instance, 

in drying pharmaceutical powders, some simulations were carried out in order to 

investigate the effect of the pressure on the coronal development. The values used 

for these tests were 500, 600 Torr and atmospheric, 760 Torr. 

Figure 4.33 shows the currents obtained at 4 k V at the three pressures. The 

increase in current amplitude vyith decreasing pressure is evident. Furthermore, as 

shown in figure 4.34, the light output extends further into the gap region and the 

luminosity becomes more extensive at the lower pressures. These observations agree 

with the experimental results obtained by Sato and -Haydon [81] in air at different 

pressures. This increase of the extent of the luminosit)r with decreasing pressure at 

constant applied voltage is due to the faCt that tlie ,lower the pressure, the more 

extended region of g;_ is ( E being th{ .electric field : a:nd p the pressure) where the 
p . "' 

I 

breakdown value is exceeded. 
,' I ' 

The effect of reducing the pressure is , as demonstrated, to reduce the breakdown 

voltage, which means, the lower the operating pressure, the higher the risk of an .. 
arc occurring at a given voltage. This is again the reason why vacuum processing 

at RF is so prone to arcs that microwave energy is nearly always used instead. 

4.4 Conclusions 

The numerical simulation of corona discharges at radio frequency in air, in a 1 cm 50 

J-lm point-plane gap, was presented in this chapter. The main conclusions to emerge 

from this investigation can be summarized as follows: 

• at 40 Jvf H z an applied voltage of 2.5-3 k V was predicted to cause an onset of 

corona development, 

• in the transient stage of the coronal development, streamers form which are 

suppressed in the steady state, 
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• the formation of negative ions is responsible for the suppression of the stream-

ers, 

• the increase in peak applied voltage results in reduced formative lags observed 

in the transient stage of the coronal development, 

• polarity and hysteresis effects are evident at all voltages studied and are de

termined by the applied voltage and the space charge distribution, 

• a plateau in the current ·waveform appears at the positive to negative crossing 

of the voltage cycle, which reduces in width with increased applied voltage, 

• a cathode fall region 1s formed at the needle electrode, during the RF cycle, 

which results in substantial voltage drop around. the needle , especially at the 

negative peak of the RF cycle, 

• the space charge effect away from the needle is negligible , which suggests that . .',. 

the plane electrode has no influence on the discharge, 

• the light output is limited to the region surroun'ding the needle electrode and 

the luminosity extends further with increaselapplied peak voltage, 

• from the Fourier analysis performed on the steady state current waveform, the 

fundamental component is, as expected, dominant , 

• in the attachment-free case the streamers are not suppressed, but propagate 

in the gap until they reach a steady state, 

• the inclusion of attachment has the effect of reducing the current significantly, 

• secondary emission plays a very important role in the development of coronas 

at radio frequency. No corona is observed if no secondary emission is included, 

as this is the source of electrons in the gap, 

• diffusion is not an important process at the frequencies examined, 
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I 

• at the applied voltages and frequencies considered, the displacement current 

dominates over the conductive current and it is about two orders of magnitude 

higher , 

• the increase in the operating frequency around the RF part of the spectrum 

results in an increase in the current amplitude and corona onset voltage and 

finally, 

• the reduction in pressure results in a decrease in the corona onset voltage, an 

increase in the current amplitude and an extension of the light output. . . 

The above observations agree well with previously published experimental res

ults . This demonstrates , once more, the great capability of the FE-FCT method 

to deal with gas discharge problems. Hovvever, the present results merely identify 

trends and inter-relationships between '\ rari;:tbles, as ;"'t he continuity equations are 
I • • 

solved in one dimension only, which ine~itably in.tfoduces crude approximations 

with regards to the charge distribution. 



Chapter 5 

Two-dimensional FE-FCT 

5.1 Introduction 

,I• 

Using the FE-FCT method for the sol~tioq· of streajrier problems in non-uniform 
l:i'. ' 

fields yields good agreement ·with the codesponding· .FD-FCT method as demon-

strated in chapter 3. However, a complete characte~·ization of gas discharge phe

nomena requires the use of at least two-dimensiona~, models, as explained by i\!Ior

row and Low ke [ 64]. Extensive work has been carried out in finite-differences in two 

dimensions, ho·wever, this has been restricted to very simple and small geometries, 

Djermoune et al [1 6], Vitello et al [89], or small time domains, Kulikovsky [42]. 

There is a need , therefore, to develop new numerical m~thods to overcome the re

strictions mentioned above. This will render the modelling of complex gas discharge 

problems a feasible task and enable us to attain a better understanding of the pro

cesses involved. This is achieved by the FE-FCT method , which offers the ability to 

capture steep gradients through the use of the FCT method , and allows the luxury 

of unstructured triangular grids through the finite elements, Georghiou et al [27]. 

This significantly reduces the number of unknowns and hence computing time, since 

a fine resolution is used only where necessary, and enables an extension of the models 

into a fully two-dimensional form ·with complex geometries. 

In this chapter an extension of the improved FE-FCT method, described m 

108 
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chapter 2, to a fully two-dimensional form is presented. The FE-FCT formulation 

in both cartesian and cylindrical co-ordinates (in gas discharge problems they are 

both very useful) is first described. This is followed by an incorporation of the 

appropriate "\rariable diffusion coefficient which reduces the high-order scheme to the 

equivalent of upwinding and results in optimising the FCT method. The boundary 

conditions are then introduced in the formulation. 

Results are presented, firstly comparing the upwind differencing with the new 

low-order scheme in cartesian co-ordinates . Having obtained good agreement between 

the two, the FE-FCT is further tested by demonstrating an improvement ofthe new . ; 

diffusion coefficient over the unoptimised one previou~ly used. The new FE-FCT 

method is validated in cartesian co-ordinates by comparing its performance with 

the ETB-FCT, the method developed by Boris and Book [5 , 6, 7], th~ inventors of 

the FCT method in the finite-differences ;-- the two methods give very similar results. 
," ·: J/ 

The boundary conditions are also tested and'' verifiect-_( The fin~l part of the results 
,. 

section compares the FE-FCT method in cylindric~l; co-ordinates with analytical 

solutions in the radial dimension, in order to ensure that the method performs well 

in the cylindrically symmetric case also. 

Finally, through the exhaustive testing of the method described in this chapter, 

its accuracy and capability to model complex geometries at reduced computational 

expense and its wide range of applications are demonstrated. 

5.2 FE-FCT Formulation 

5.2.1 Cartesian Case - High Order Scheme 

The two-dimensional continuity equations in cartesian co-ordinates can be written 

in the form: 

au + oFi + aci = s 
at axi axi (5.1) 

where xi, i = 1, 2, are the cartesian co-ordinates, S is the source term and U is 
the unknown variable (charge density in gas discharge problems) vvhich depends on 
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the position vector x = [x1 , x2] and the time t . Fi and Gi are the convective and 

diffusive fluxes in the ith space co-ordinate respectively and are functions of U and 

X. 

The present FCT algorithm employs the two-step form of the Taylor-Galerkin 

scheme described by Peraire et al [72] as the high-order scheme, which belongs 

to the Lax-Wendroff family. The solution of equation 5.1 is advanced from t11 to 

tn+l = C1 + D..t in two steps: 

First Step (Advective ~redictor) 

Vve begin by considering .the Taylor series expansion·: 

(5.2) 

in a domain n correct to first order, and approximat~·);n+I/2 in a piecewise constant 

manner vvith U11
, Ft and sn interpolated: as: 

u·. 
,'I , 

i . 
3 

un = 2:::: UjNj (5.3) 
j=l 

3 

Ft = 2:(Ft)jNj (5.4) 
j=l 

and 
3 

sn = 2:::: SjNj (5.5) 
j=l 

where Nj is the piecewise linear shape function associated with node j and is a 

function of x . A suitable weighted residual form of equation 5.2 is then: 

J un+t/2 P dD = j U 11 P dD- D..t j oFt P dD + D..t j snp dD (5.6) e e 2 OX· e 2 e 
D D D z D 

where Pe is a piecewise constant shape function associated with element e. Since 

un+l/2 is constant in each element we obtain (for each element of area De) , having 

substituted equations 5.3, 5.4 and 5.5 into equation 5.6: 

un+t/2 [2 = ~ un j JY.dD- D..t ~(F11 ) · j ()Nj dD + D..t ~ sn j JY.dD (5.7) e e ~ J J 2 ~ l J axi 2 ~ J J J=l De J=l !1e J=l De 
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So U~1+ 1 12 in each element is given by: 

with 

I NjdD = ~e 
lle 

I oNj dn = bj 
oxl 2 

lle 

IoN·' c· 
- -1 dD = __l_ 
OX2 2 

lle 

bj = (x2 )j - (x2)k 

bj = (x1)k - (xl)j 

where i, j and k are the nodes of the element e permuted cyclically. 
~ " ; '/ 

. ~' . 

Second Step (Corrector) 

Consider once more the Taylor expansion , this time for the full step: 

!J.Un = un+l - un = -!J.t oFt+l/2 ,~' !J.t oGit + !J.tSn+l /2 
OXi OXi 

111 

(5.9) 

(5.10) 

(5.11) 

(5.12) 

(5.13) 

(5.14) 

As t he approximation is correct to first order , the diffusive flux, which contains 

anot her derivative , is considered at time nand not n+ 1/2. The spatial discretization 

of equation 5. 14 is performed via the classic Galerkin residual method using piecewise 

linear shape functions and linear elements. Multiplying equation 5.14 by Nk and 

integrating over the area, as explained by Lohner et al [51] we obtain: 

oFn+l/2 oGn 
I Nk!J.Undn = -!J.t I Bxi NkdD -!J.t I ox: NkdD+!J.t I Nksn+ll2dD (5.15) 
n n n n 

Discretizing and substitut ing equation 5:3 into 5.15 and assuming Ft+1/2, sn+l/2 

and Gi1 to be constant in each element we obtain: 

3 oFn+l/2 oGn 
;; I NkNj!J.UjdD = -!J.t I axi NkdD - !J.t I ox: NkdD + !J.t I sn+l/

2 NkdD 
J lle · lle lle lle 

(5.16) 
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Now considering each term on the right hand side of equation 5.16 separately: 

oFn+l/2 oN 

J a . NkdD = j ~ Ft+1
/

2 dO - j NkF~+l/2 
· ndr 

Xi UXi ne ne re 
(5.17) 

from Green's Lemma (Peraire et al [72]) where re is the bounda1:y surrounding 
element e and n the unit outward normal vector on the external boundary of element 
e. Similarly for the second term we get: 

(5.18) 

Note that the line integral~ in equations 5.17 and 5.18 . .are associated with the bound
ary conditions of the problem. Therefore, for node k of each element we obtain: 

(5.19) 

Me is the consistent mass matrix , see Appendix A, F;~+l / 2 and G~ are the convective 
and diffusive fluxes in the outward normal direction at the boundary. The above 
discretization , as a result , leads to the following system of equations: 

(5.20) 

where ~ un is the vector of nodal increments, and R n the vector of added element 

contributions to the nodes. 

5.2.2 Axisymmetric Case- High Order Scheme 

The formulation follo·ws the one proposed by Lohner et al [50] for the solution of 
fluid problems. Similar formulations are also used by Leopold [47] for the simulation 
of supersonic waves and by Jiang [36] for elasticity problems. 

The continuity equations in two-dimensions for cylindrical co-ordinates r, z in 

the axisymmetric case become: 

(5.21) 
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where Fz, ~., Gz and Gr are the convective and diffusive ftuxes in the z and r 

directions respectively. The other parameters are the same as those defined in the 

planar case. 

Multiplying equation 5.21 by r vve obtain: 

(5.22) 

Now defining: 

(5.23) 

then equation 5.22 becomes: 

ou ofz ofr ogz ogr , 
--;:;-+~+~+~+~=s ut uz ur uz ur , 

(5 .24) 

Equation 5.24 is now in the same form as equation 5.1 and the same procedure is 
7 1/ 

followed as before. .;1 ' 

First Step ( Advective Predictor) 
; . 

The Taylor series expansion gives: 

(5.25) 

correct to first order and neglecting diffusion effects. Approximating un+l /2 in a 

piecewise constant manner as before, we obtain: 

I un+l /2 p dO.= I unP dO.- C::..t l(ar: + of1~1)P dO.+ C::..t I p sndn 
e e 2 oz or e 2 e 

(5.26) 
n n n n 

The parameters un , F;1, F:"! , sn and r are interpolated as before: 

3 3 
un = ""'un JV. 

~ J ]l 
sn = ""'snJV. 

~ J J l 
j=l j = l 

3 3 

F;1 = L(F; )jNj , F1r: = L(F1r:)jNj , (5.27) 
j = l j=l 

3 

r = l::rjNj (5.28) 
j=l 
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where Nj is the piece·wise linear shape function associated with node j. Considering 

each term of equation 5.26 separately we obtain for each element of area De: 

For term 1 (term on the left): 

3 

J un+l /2 P dO= j run+l/2P dO= j "r -N.un+l/2d0 e e e e ~JJe 
De De De j=l 

after substituting equation 5.28 . So the first term gives: 

J un+l/2 P dO = 37;- un+l/2 j N dO = un+l/2r D e e ee ,J e ee 
De De 

where re is the r co-ordinate of the centroid of the ele~~nt e given by: 

3 

re= l:rj/3 
j=l 

(5.29) 

(5.30) 

(5.31) 

For the second term (first term on th{xight hand si9-e of equation 5.26) we have: 
.;1' 

: . 

j un PeclD = J'run Pedr{ > 
De De i 

(5.32) 

Substituting equation 5.27 and 5.28 into equation 5.,3;2, we obtain, for each element: 

3 3 3 ~ · J run PeclD = J L rjNj L ur Nicln = L L rjuin J NjNidn 
De De J = l t=l J = l t=l De 

(5 .33) 

Now, from Silvester and Ferrari [84] 

2 1 1 
3 3 0 L L J N·N·clD = _ e 1 2 1 . . J t 12 

J=l t= lDe 

1 1 2 

(5.34) 

which gives: 

j rUn PeclD = ~~ (2r1Ur + r1U; + r1U; + r2Ur 
De 

(5.35) 
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rearranging we get: 

I run PedD = ~; [(rlU~ + r2U~ + r3U~) + (rlu; + r2u; + r3u;) 
fl e 

which finally becomes: 

I runp dn = ren e ~(3 + r -)un (5.38) 
e 12 L... 1 · J 

fle • J=l 

where rj is given by: 

(5.39) 

; 1/ 

Term 3 gives: .;t• 

(5.40) 

Substituting equation 5.27 into equation 5.40 we obtain, for each element: 
' . .:'' 

(5.41) 

which becomes: 

(5.42) 

from equation 5.10 above. 

Similarly term 4 gives: 

which then leads to: 

(5.44) 
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Substituting equation 5.27 into equation 5.44 we obtain: 

(5 .45) 

Substituting equation 5.9 and equation 5. 11 we obtain: 

(5 .46) 

So term 4 becomes: 

I 
fJjn r "'3 (Fn)' c- D 3 
_r p dD, = e LJ=l r J J + _ e "\'(Fn) . 
fJr e 2 3 ~ r J 

ne J= l 
(5.47) 

Finally, term 5 gives: 

I sn PedD = I rsn PedD (5 .48) 
ne .ne 

,.. _.. '/ 
which is the same as term 2 if we substitute U with s .. \ .. 

: ' . 
1:.:'. ' 

Putting all the terms together , the predictor step for· each element becomes: 

un+l/2 _ 1 ~( , )(Un 6.t sn) 6.t ~(( n) b ( n) ) 6.t ~( n) e - 12 L..t 3 + Tj j + 2 - 4D L..t Fz . j,J + Fr jCj - 6r L..t Fr j 
J= l e J=l ; e J=l 

,.- (5.49) 

Second Step (Corrector) 

Considering once more the Taylor expansion correct to first order: 

fJ jn+l/2 fJ j n+ l /2 fJgn fJgn 
6.un = un+l - Un = -6.t( z + r ) - 6.t(-z + _r) + 6.tsn+l/2 (5.50) 

fJz fJr fJz fJr 

The spatial discretization is again performed via the classic Galerkin residual method, 

using piecewise linear shape functions and linear elements. Multiplying equation 5.50 

by the shape function Nk and integrating over the area, -vve obtain, for each element : 

(5. 51) 
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This gives the same as the cartesian case if we multiply each term by the factor re. 

So for the axisymmetric case we obtain: 

( - M !:J..Un) = -!:J..tr p n+ l/2 f 8Nk dD. _ f::.tr pn+l/2 J 8Nk dD. re c k e 1' or e z a z 
ne ne 

. (5.52) 

smce 

j r NkNjdD, = re Me (5.53) 
ne 

The above cliscretization results once more to . t he follovyihg system of equations: 

·7 'l (5.54) 
.;t' 

where (;J•. 
, ' , . 

M, -M R'n = -rRn c = r c, (5.55) 

As a result , the cartesian and axisymmetric cas$s' can be treated in the same 
,_.. · 

way with no added difficulty. un+l/2 has to be calculated slightly differently and 

the consistent mass matrix in the axisymmetric case has to be multiplied by re. The 

diffusion coefficient improvement and t he limit ing procedure, as explained in the 

next sections, can be clone in exactly the same way for both cases, so the following 

sections apply to both. Note t hat in the limiting procedure, for the axisymmetric 

case, in the anticliffusive element contribution section, Appendix A, Me and M 1 

have to be multiplied by the re of each element. 

5.2.3 Stability and time stepping of high order scheme 

T he high-order algorithm is , in essence, similar but not identical to the Lax-VVenclroff 

finite-difference scheme. The main and essential difference lies, however, in the mat

rix M e of equation 5.20 which is lumped in a finit e-difference context. Computa

tional observations show that superior results are obtained by t he use of the full 
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matrix. Nevertheless , for computational reasons it is convenient to use a lumped 
form M 1, see Appendix A, and it was found that the full effects of Me can be 
obtained by a simple iteration , Peraire et al [72]. Thus, we iterate equation 5.20 as: 

(5.56) 

with D.U0 = 0 and three iterations are sufficient to give the full effects of Me. 

Since the high order scheme employed here is t he Lax-vVendroff t-vvo-step scheme, 
which is effectively explicit , it will be subject tQ the Courant condition for stability. 
This stability condition applied over an element estates that the time step D.t should 
satisfy: 

(5.57) 

where vVe is the speed in each element (aver!lged over the speeds at all th.e elemental 
nodes), he a characteristic length of element :.e' and rJ ·\ s taken to be 0.9 if one 
iteration is employed and 0. 5 otherwise. 

5.2.4 Low-order scheme 
r'· · 

The low-order scheme is derived by adding mass diffusion to the high-order scheme 
of the form : 

(5.58) 

where M 1 is the lumped mass matrix and cd is the diffusion coefficient , resulting in: 

(5.59) 

vVe have introduced a variable self-adjusted diffusion coefficient to the low-order 
scheme proposed by Lohner et al [51]. This is dependent on the local mesh size, 
speed and time step. The diffusion coefficient . used is t he one inherent in the up
wind differencing scheme and it is shown to transform t he high-order scheme to the 
equivalent of low-order upwind differencing scheme. More details can be found in 
chapter 2 and in Georghiou et al [26]. The diffusion coefficient representing the 
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diffusion inherent in the upwind differencing scheme can be shown to be, Ward [92]: 

c(l- c) 
cd = __.:__2_.:... (5.60) 

where c is the local courant number and is defined as: 

(5.61) 

Following several tests , it was found that the average of the element ·sides gave the 

best results and was , therefore , adopted as the characteristic element length. 

The introduction of this d~ffusion coefficient offers t"~o distinct advantages: 

• Firstly, it optimises the performance of the FCT method. It is ·well known that 

the performance of the FCT method is critically dependent on the low-order 

scheme. The ideal low order-scheme to use with the FCT method is upwind 

differencing as it guarantees positive ·results with rrifl1imum diffusion. Vhth the 
• f ; ' , .... 

addition of this diffusion coefficient this is achiev~d, \vhile the method maintains 

its simplicity without resorting to the complex ubwinding in a finite-element 

context. 

• Secondly, the diffusion coefficient is self-adjustable, which removes the neces

sity to optimise it for each problem, Lohner et al [51]. 

Below, vve demonstrate the difficulties caused by having to optimise the diffusion 

coefficient for each problem at hand together with the improvements offered by 

introducing a self-adjusted diffusion coefficient in two dimensions. An initial square 

block, shown in figure 5.1, is propagated at a velocity given by 'Wx = 1 x 108 cm/ s 

and wy = 1 x 108 cm/ s for 80 time steps, where each time step f::.t = 4 x 10- n s, in a 

variable mesh of size about 60 by 60 (i.e. there are 60 nodes on each boundary) and 

the diffusion coefficient that gave the best results after trial and error was found to 

be cd = 0. 6. The result is shown in figure 5. 2 (a). The same problem is solved with 

identical initial conditions of speed and time step, but on a different mesh. This time, 

the mesh is of size 100 by 100 and cd was again 0.6 as before. The result is illustrated 

in figure 5.2(b), and it is clear that the diffusion coefficient that gave the best results 
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previously is no longer the best for this case, as small 9scillations are shown to occur, 

demonstrating the need for diffusion re-adjustment.'/·Furthermore, these oscillations 

are of small but significant amplitude for gas discharge problems where very long 

calculations are required. These small inaccuracies accumulate, leading to erroneous 

results or even instabilities and clearly, they have to be avoided. 

The two tests mentioned earlier are repeated and the improvement that the self

adjusted diffusion coefficient offers is apparent in figures 5.3(a) and 5.3(b), giving 

optimal solution in both meshes. This time, there is no oscillation, negative results 

or excess diffusion, as the optimal diffusion for the FCT is introduced in the system. 

As a result, the addition of the new diffusion coefficient has the effect of optimising 

the low order scheme and hence, the FCT results are expected to be optimised also. 

The final step of the FE-FCT is the flux-limiting procedure provided by Zalesak's 

multidimensionallimiter [96], which is described in Appendix A. 
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Figure 5.2: (a): FE-FCT solution on an irregular grid of 60 x 60 using a global 

diffusion coefficient cd = 0.6. This diffusion coefficient achieves best results for 80 

steps and ~t = 4 x 10-11 s. (b): FE-FCT solution on an irregular grid of 100 x 100 

using a global diffusion coefficient cd = 0.6. 
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Figure 5.3: (a): Optimal FE-FCT solution on an irregular grid of 60 x 60 using 

the self-adjusted upwind diffusion coefficient. Solution propagated for 80 steps with 

!J..t = 4 x 10-11 s. (b): Optimal FE-FCT solution on an irregular grid of 100 x 100 

using the self-adjusted diffusion coefficient. 
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5.3 Results 

In this section, results are presented for the solution of the continuity equation in 

both cartesian and cylindrical symmetric co-ordinates. In the first p~rt, the new 

low order scheme is compared to the upwind differencing scheme in cartesian co

ordinates and its performance is assessed. The FE-FCT with this lovv-order scheme 

is then tested and compared to the ETB-FCT developed by Boris and Book [5 , 6, 7]. 

These two tests consider the advection term only, as this is the term that presents 

the biggest problem. The diffusion and source terms are subsequently tested with 

analytical results . After we ·have ensured that the cod'e deals with all these terms 

satisfactorily, the boundary conditions are implemente<t More specifically a kind 

of boundary condition which is encountered in gas discharge calculations, namely 

the 'outflow' boundary, is considered. The final part of the results d'eals with the 
,... . .. J/ 

cylindrically symmetric geometry and results ;;tre presented for the radial case, which . ' . 
(:Jl, . 

are compared to analytical expressions in o{der to assess the capability of the code 

to deal with axisymmetric problems. 

(a) (b) 

Figure 5.4: (a): Unstructured grid used for the finite-element method 60 x 60. (b): 

Structured grid used for the finite-difference method 60 x 60. 
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The first tests involve comparing the new finite-element low-order scheme to the 

upwind differencing scheme and checking whether the results obtained are monotonic 

and positive. The low-order scheme is obtained from the high-order scheme by 

adding diffusion, so it is important to study the high-order scheme initially. 

For these tests, two different grids are used; one unstructured, for the finite

element method (shovvn in figure 5.4(a)) and one structured, for the finite-difference 

method (shown in figure 5.4(b)) but with a similar number of nodes , i.e. about 60 

by 60 on each boundary. 

5.3.1 High Order ~est 

In the first test a square wave block, as shown in ~gure 5.1 , of amplitude 1 is 

propagated with a constant velocity of w;c = 1 x 108 cm/ s and wy = 1 x 108 cm/ s 

for 80 time steps, where the time step wa~ 4 -x 10- n s./ 'hgure 5.5(a) illustrates the 
!:.:•. ' 

solution obtained with the finite-element higl1 order scheme with one iteration whilst 

figure 5.5(b) shows the corresponding result obtained ~fter three iterations per time 

step. It is evident that oscillations and negative value~ occur in both cases, as to be 

expected from a high order scheme. The superiority 'of including the consistent mass 

matrix (three iterations) is demonstrated, as compared to the lumped mass matrix 

(one iteration). It gives the maximum overshoot and the minimum value as 0.1487 

and -0.1220 respectively, whereas for the lumped case, the corresponding values are 

numerically much higher: 0.4843 and -0 .3 respectively. 
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Figure 5.5: (a): High-order finite element solution on the irregular 60 x 60 mesh 

with one iteration (lumped mass) . 80 steps with D..t = 4 x 10- 11 s. (b): High-order 

finite element solution on the irregular 60 x 60 mesh with three iterations (consistent 

mass). 80 steps with D..t = 4 x 10- 11 s. 
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Figure 5.6: (a): Low order scheme obtained by the addition of the upwind diffusion 

to the high-order scheme. (b): Contours of the low-order solution. 
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5.3.2 Low Order Test 

Figure 5.6(a) shows the finite-element lovv-order solution, which is the high order 

one with the addition of the upwind diffusion, obtained again on the variable mesh, 

whilst figure 5.6(b) illustrates contours of the solution. Figure 5.7(a) shows the 

upwind differencing solution obtained on the structured mesh using the 'time-split' 

method and figure 5. 7 (b) shows contours of the solution. The results are clearly 

shown to be positive and monotonic (i.e. free from oscillations), but they are dif

fusive, as expected from any low order algorithm. The two solutions are almost 

identical with a maximum difference of only 3.5 %, as shown in figure 5.8. 

Thus, we are confident that the finite-element low or\ler scheme is equivalent to 

the upwind method , and that ·it will be suitable for inclusion in a finite-element FCT 

algorithm. 

.;1' 

1:.:·. 
5.3.3 FCT-Tests 

The performance of the new FE-FCT method is compared to the ETB-FCT, the 

method developed by Boris and Book [5, 6, 7] in fin,it ~-differences and it provides a 

good check on the performance of the present method, before it is applied to gas dis

charge problems in two-dimensions. The ETB-FCT method uses a one-dimensional 

scheme in a 'time-split' mode to give two-dimensional results, whereas the new FE

FCT is fully two-dimensional. 

The first test is that described in the previous section, but with the advection 

equation solved using the full FCT approach. Again, the solutions are obtained 

on the two grids shown in figures 5.4(a) and 5.4(b). Figures 5.9(a) and 5.9(b) 

show the results for the FE-FCT, meanwhile figures 5.10(a) and 5.10(b) show the 

corresponding results obtained with the ETB-FCT. It is important to note that all 

the finite-element results are interpolated on the finite-difference structured grid for 

ease of comparison. Tot surprisingly, the finite-element results are found to be not 

as sharp as those obtained with the finite-difference method, as the square block 

is represented on an irregular mesh, which means it doesn't appear as sharp and 
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Figure 5.7: (a): Low order scheme obtained by the upwind differencing scheme. (b): 

Contours of the low-order upwind differencing solution. 
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Figure 5.7: (a) : Low order scheme obtained by the upwind differencing scheme. (b): 

Contours of the low-order upwind differencing solution. 
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Figure 5.8: Difference between the finite ele:r:nent sohftion with the upwind diffusion 
I 

coefficient and the upwind differencing solution. .. ' ' 

square as on the regular mesh to begin with. The/two methods, nevertheless, are 

shown to give very good results without introducing any spurious oscillations and 

maintaining the shape of the initial block. 

The next test involves propagating a square wave block shown in figure 5.11 with 

a velocity ofwx = -1 x 108 (y- 0.5) cm/sand Wy = 1 x 108(x- 0.5) cmfs. The 

time step used in this case is l:l.t = 8 x 10-11 s. The exact solution of this problem 

is the revolution of the square block around the point (0.5,0.5), Zalesak [96]. The 

two methods are compared at two different instances. One is at half a revolution 

and the other at one whole revolution. Figures 5.12(a) and 5.12(b) present the 

solution and its contours after half a revolution obtained with the FE-FCT, whereas 

figures 5.13(a) and 5.13(b) show the corresponding results obtained with the ETB

FCT. Likewise, figures 5.14(a), 5.14(b), 5.15(a) and 5.15(b) compare the solutions 

after a whole revolution obtained by the two methods, and it is clear that the two 

sets of results are very similar and found to be very close to the exact results. The 

block, again, maintains its shape without any sign of oscillation or diffusion, as 
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Figure 5.9: (a): Optimal FE-FCT solution on an irregular grid of 60 x 60 using 

the self-adjusted upwind diffusion coefficient. Solution propagated for 80 steps with 

6.t = 4 x w-n s. (b): Contours of FCT solution with optimised diffusion coefficient. 
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Figure 5.10: (a): ETB-FCT solution propagated for 80 steps with Llt = 4 x 10-11 

s. (b): Contours of ETB-FCT solution. 
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expected. 

Figures 5.16(a) and 5.16(b) show contours for the solutions in six different in-
t'· · 

stances during the revolution of the square block obtained with the FE-FCT and the 

ETB-FCT respectively and once more the similarity of the results is demonstrated. 

Finally, the same test is repeated, but this time with an unstructured mesh which 

varies in size at different parts of the mesh, as shown in figure 5.17(a). The elements 

in the bottom right hand quarter of the mesh are half the size compared to the 

rest. Such a situation, where only part of the region (in this case a quarter) is fine 

compared to the rest, is difficult to model using the finite-difference method, due 

to the structured nature of the mesh, Morrow and Cram [63]. The finite-element 

method, however, as shown in figures 5.17(b), 5.18(a) and 5.18(b) can deal with these 

situations without any problems. The block is propagated in and out of the fine 

mesh region without introducing any undesirable effects. This demonstrates once 

more the capability of the finite-element method to deal with arbitrarily shaped 

geometries, by using unstructured grids. 
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Figure 5.12: (a): Optimal FE-FCT solution on an irregular grid of 60 x 60 using the 

self-adjusted upwind diffusion coefficient. Solution propagated for 393 steps with 

6.t = 8 x 10-11 s (Half revolution). (b): Contours of FCT solution with optimised 

diffusion coefficient. 
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Figure 5.13: (a): ETB-FCT solution on a regular grid of60x60. Solution propagated 

for 393 steps with !:l.t = 8 x 10- 11 s (Half revolution). (b): Contours of ETB-FCT 

solution. 
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Figure 5.14: (a) : Optimal FE-FCT solution on an irregular grid of 60 x 60 using 

the self-adjusted upwind diffusion coefficient. Solution propagated for 786 steps 

with l:l.t = 8 x 10- 11 s (Full revolution). (b) : Contours of FE-FCT solution with 

optimised diffusion coefficient. 
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Figure 5.15: (a): ETB-FCT solution on a regular grid of60x60. Solution propagated 

for 786 steps with /}.t = 8 x 10-11 s (Full revolution). (b): Contours of ETB-FCT 

solution. 



CHAPTER 5. TWO-DIMENSIONAL FE-FCT 

0.9 

0.8 

0.7 
'E 
u 
;: 0.6 

~ 
@ 0.5 
1ii 
i5 

0.4 

0.3 

0.2 

0.1 

0 o U ~ U M ~ ~ . V 
Distance x (cm) 

0.9 

0.8 

0.7 
'E 
..':!
"'0.6 
B 
c 
!'! 0.5 

"' i5 
0.4 

0.2 

0.1 . 

(a) : 'i 
.;1' 

1:_: .. 
,'I ' 

0.3[· 

0 o--o~.1~~0.2~~0.3--~0.4~~0.~5_J0.~6~0.~7~0~.8~0~.9~. 
Distance x (cm) 

(b) 

137 

Figure 5.16: (a): Contours of the FE-FCT solution at six different instances. Solu

tion propagated for 131, 262, 393, 524, 655 and 786 (Full revolution) steps with 

ll.t = 8 x 10- 11 s. (b): Contours of ETB-FCT solution. 
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Figure 5.17: (a): Variable unstructured mesh used (b): Contours of the FE-FCT 

solution at six different instances using the variable mesh shown in figure 5.17( a). 

The time step is l::l.t = 8 x 10-ll s. 
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Figure 5.18: (a): Optimal FE-FCT solution on the irregular grid shown in figure 

5.17(a). Solution propagated for 393 steps with l:lt = 8 x 10-11 s (Half revolution). 

(b): Contours of FCT solution with optimised diffusion coefficient. 
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5.3.4 Diffusion and Source terms 

In this section the diffusion and the source terms are tested in cartesian co-ordinates. 

Firstly, a square block of size 0.3 cm initially at x = 0.3 and y = 0.4 cm, as shown in 

figure 5.19, is propagated in the x direction at a speed Wx = 5 x 107 cm/ s and with 

diffusion Dx = 106 cm2 
/ s. The block is propagated with a time step 6.t ~ 3 x 10-n 

s and the results at different times are shown in figure 5.19. The results obtained 
J 

from the analytical solution of this problem, presented in chapter 2 equation 2.15 

are also shown and very good agreement is evident. This demonstrates the ability 

of the code to deal well with diffusion terms. The sarhe test was conducted in the y 

dimension and once more the results are very similai< The final thing to note from 

figure 5.19 is the condition implemented at the boundary when the block reaches it . 

The condition used is the 'outfiovv' boundary, which ·will be discussed in the next 

section. . ~' . 
,, :i 

The source term is also tested by using S = s~·Q ·where '50 is a constant value 

and assuming all other terms to be zero. The goverhing equation then becomes: 

au =S u at o -- (5.62) 

and the solution is given by: 

(5.63) 

where U0 is the initial density. The code was tested and the error was approximately 

0.5% after 100 time steps. 

5.3.5 Boundary Conditions 

In this section, the boundary conditions are tested. Iviore specifically the 'outflow' 

boundary condition is examined as it is the one most commonly found in gas dis

charge problems. This kind of boundary condition occurs vvhen electrons hit the 

positive electrode and are absorbed , as found in gas discharges, such as streamer 

propagation. The electrons strike the electrode and disappear without affecting the 

density in the bulk of the gap. Due to its importance, this condition has to be 
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Figure 5.19: Advection diffusion test: Comparison between analytical and simula

tion results. Diffusion coefficient Dx = 106 cm2 
/ s and speed Wx = 5 x 107 cm/ s. 

Initial square block propagated for 100 and 200 steps at a time step tlt = 3 x 10-11 s. 
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Figure 5.20: FE-FCT solution on an irregular grid of 60 x 60 using the self-adjusted 

upwind diffusion coefficient. Solution propagated for 180 steps with .6.t = 4 x 10- 11 s. 

(a): No outflow boundary implemented (b): Outflow boundary implemented. 
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examined thoroughly in order to ensure that the code treats it properly, so as to 

give a true picture of the discharge behaviour. 

Essentially, the boundary conditions are represented by the line integral obtained 

in the equations 5.19 or 5.52. In order to examine its effect, a simulation was run 

and the line integral set to 0. Figure 5.20(a) shows the square block of figure 5.1 

propagated with a velocity of Wx = 1 x 108 cm/ s and wy = 0.5 x 108 cm/ s with 

zero diffusion and source, for a ti.me t = 7.2 ns ( 180 steps of size 6.t = 4 x 10-11 s). 

As can be seen clearly, when the line integr~l is 0, no flux flows out and hence the 

density accumulates at the . boundary. In a real discl~_arge application there would 

be a flux out of the boundary which would make the block move out of the gap 

unaffected until it disappears. 

The effect of the inclusion and evaluation of the integral is illustrated in fig

ure 5.20(b). The correct flux is now prei>cribed at th~ ·,boundary and so the correct 
.;1' 

flux leaves the gap (outflow boundary). H~nce, th.~· . density .does not accumulate ,. 
, ' I ' 

there. This is also seen in figure 5.19 at time t = ; 6 ns when the block reaches 

the boundary. Thus we are now confident that the 'outflow' boundary is properly 

treated by the code. 

5.3.6 Axisymmetric Case 

The axisymmetric case was tested as exhaustively as the cartesian case with the 

same degree of success. The prominent additional test carried out vvas the advection 

equation in the radial dimension with constant speed. As we can derive an analytical 

solution for this problem, it was thought that this would act as a good validation of 

the code in the radial dimension. Furthermore, in gas discharge problems there are 

often convergent and divergent electric fields, so we must test our code for movement 

of charge towards and away from the axis of symmetry. The diffusion and source 

terms in the axial direction were also tested and were found to give good results. 

Considering the advection equation in cylindrical co-ordinates with no axial vari-
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ation we have: 

(5.64) 

where r is the radial co-ordinate and w the speed, which is assumed to be constant 

in this case. If we multiply by r and set cjJ = rU we obtain: 

o(rU) o(rU) _ ocj; ocj; _ O 
ot + w or - ot + w or - (5.65) 

This equation has a solution of the form , Kreyszig [38]: 

cj;(r, t) =.c/J(ro + w6t, to+ M) = cj;(ro,, to) (5.66) 

implying that the variable cjJ ·propagates with speed w m;.distorted in direction r. 

Note that r0 is the initial radial position of a propagating density point and t0 is 

the initial time. Substituting cjJ = rU into e.quation 5.66 ,~ie obtain: 

·which gives: 
ro 

U = -U(r0 , to) 
r 

. ~' ' 

!:,:•, (5.67) 
.'I • 

(5.68) 

The meaning of this is that any initial point propagates with speed w after time t 

but its amplitude changes by a factor or r0 jr. 

Another way of proving this is as follows: Since there is no loss or production 

terms then the density will be preserved. The total number N 1 at time t of a point 

at position r 1 occupying a radius dr with density U1 is given by the volume of the 

annulus times the density: 

(5.69) 

vVhen this moves to point r2 the total number N2 is given by: 

(5.70) 

But as the total numbers are preserved then N 1 = N 2 so we obtain: 

(5.71) 
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which gives: 

(5.72) 

the same as equation 5.68. 

Hence, this analytical expression is used to compare our results obtained from 

the solution of the advection equation with a constant speed of 1 x 108 cm/ s in the 

radial dimension, both in the positive and negative directions. Simulations were run 

using two different meshes 60 x 60 and 100 x 100 and the results were recorded at 

different times. These are shown in figures 5.21(a) and 5.21(b). It is evident that 

the finer the mesh is , the better the agreement becomes; as the sharp corners can be 

resolved better with a finer .mesh. The advantage obtail1ed using a variable diffusion 

coefficient is also demonstrated by the fact that now .i.t is no longer necessary to 

adjust the diffusion coefficient for each problem at hand . 

. ;1' 

{: .: .. 
5.4 Conclusions ,'I • 

In this chapter the full two-dimensional extension. pf the FE-FCT algorithm in

troduced in chapter 2 is demonstrated. The diffusion coefficient is optimised by 

choosing it as a representation of the diffusion inherent in the upwind differencing 

method, thus optimising the low-order scheme and improving the performance of the 

FCT algorithm without resorting to the complex upwind scheme in finite-elements. 

The low-order scheme of the FE-FCT method vvas shown to give almost identical 

results when compared with the upwind scheme and our new FE-FCT gave improved 

results because the low-order scheme was optimised. This new scheme was checked 

against the ETB-FCT finite-difference method, and the results were in very good 

agreement. The method was also checked against analytical results in the axisym

metric case with the agreement improving as the mesh becomes finer. Finally the 

boundary condition integral was implemented and tested as well as the diffusion and 

source terms. The method can now be applied to gas discharge problems in its fully 

two-dimensional form. 



CHAPTER 5. TWO-DIMENSIONAL FE-FCT 

M 
I 

0 .9 

. t= 0. .. 0 .8 

0.7 ····· · · ·· ·· · ·· · · ·· . . .. • ..... .. . .... .. . .. .. . . ........ . • .. ... . 

.Q. 0.6 

Ul 

2o.5 ·u; 
c 

t=O 
analytic 
60 X 60 
100 X 100 

<1> 
00.4 t ""411S ......... . .. . ... .. ... .. . 

0.3 ..... . . .. . 

0.2 

0 .1 

0 
0 0 .1 

3.5 

3 .... .. .. ... . .. 

M 
~2 .5 
~ 
Ul 

~ 2 ·u; 
c 
<1> 

0 
1.5 

0.5 

t,; 6 ns 

Radial Distance (cm) 

(a) ; 'l 

.. ' 

· -·-· ·-· -·· ·-· .. . ,-:-:. : 

Radial Distance (cm) 

(b) 

t=O 
analy1ic 
60 X 60 
100 X 100 

t='O 

146 

Figure 5.21: Comparison between analytical solution and solution obtained from 

the code, for the propagation of a square block in the radial direction at different 

times (a): Propagation in positive direction (b): Propagation in negative direction. 



Chapter 6 

Two dimensional modelling _of 

streamers 

6.1 Introduction 

The development of the two-dimensional FE-FCT method leads to the final part 

of the thesis, which is its application to the soluti~n· of the continuity equations 
r·" · 

coupled to Poisson 's equation, in order to study gas discharge problems and gain 

further insight into plasma processes. 

Nevertheless, a necessary prerequisite to the application of the algorithm is its 

validation. Consequently, it is primarily tested in cases where experimental or the

oretical results exist, in order to evaluate its accuracy, efficiency and potential for 

solving gas discharge problems. Only then can it be used to give important inform

ation concerning fundamental processes in gas discharges. 

In the first part of the chapter, some background is given on streamer develop

ment and propagation in uniform fields. Previous work on numerically characteriz

ing these processes in two dimensions is then outlined and the model and numerical 

algorithm employed are briefly described. 

Results for the avalanche to streamer transition and propagation in parallel

plane electrodes in atmospheric pressure air are presented. After ensuring that 

147 
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the numerical algorithm solves the differential equations accurately, by correctly 

predicting the breakdown voltage in various gaps, it is then applied to problems 

concerning the dependence of streamer propagation on the applied voltage, initial 

conditions and photoemission coefficient. 

6.2 Scientific Background 

In any volume of gas , free electrons occur, due, to cosmic rays , natural radioactivity 

and the detachment of nega~ive ions. Thus, if the el~ctric field ·is high enough, 

these will accelerate and collide with molecules of the gas, thereby releasing more 

electrons, which in turn will do the same, creating what: is known as an electron 

avalanche. In this 'Nay electron numbers multiply. Elec.tron avalanch~s were first 

postulated by Townsend, lVIeek and Cragg§ [54] and we~e,. visualized by Raether [76] 
.. ,,. 

in cloud-chamber experiments. 
,'I ' 

As long as the net charge is not sufficient to disto,rt the field appreciably, the 

centre of the avalanche moves with the electron drift, velocity appropriate to the 

uniform applied field. If, during the life of the aval~bche , secondary electrons are 

released, then nevv avalanches will be created and the total current will be ampli

fied. Secondary electrons are released either by positive ions or ultra-violet (UV) 

photons hitting the cathode, or by photo-ionization of the gas behind an avalanche. 

In this way the current grows exponentially by what is known as the 'Townsend 

breakdown mechanism' , Meek and Craggs [54]. Central to this model of breakdown 

is the concept that each avalanche must provide a secondary electron prior to its 

absorption into the anode, in order to constitute a self-sustained discharge. The 

Townsend mechanism is the first model proposed to explain the initial phase of elec

trical breakdown in gases at high pressures. Under this term one should imagine the 

successive development of electron avalanches , in which every one produces one or 

more successor avalanches until the channel conductivity has reached a value high 

enough to make the current theoretically infinite , though in practice this would be 

limited by the outer circuit. 
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However, this model has important limitations and fails to explain many exper

imental observations associated with gas breakdown. The most conflicting result 

concerns the time required for the formation of a channel, known as the formative 

time lag for breakdown. Experimental measurements of the formative times were 

much shorter (lo-8 s) than the Townsend mechanism would predict , when a voltage 

well above the breakdown ( overvoltage) was applied. \tVithin these short formative 

times the positive and negative ions can be regarded as stationary. Even the elec

trons are not capable of moving a long distance and, if the distance between the 

electrodes is of the order of 1 cm, they may not be capable of travelling that distance . ; 

at atmospheric pressure. 

A further vveakness of the Townsend mechanism lies jn its failure to consider 

the effect of the space-charge left over behind earlier electron avalanche generations, 

Nasser [67]. In many instances the conce!)tration of P?~itive ions can reach very 
• .;1' 

appreciable values that distort the initial field to a gre<}.~: .extent. 'fhis might lead to ,. 

a local augmentation of electron energies and ionizatio~~ \.vith a resultant ionization 
I ' 

above that caused by the static field alone. 

All the above factors made it difficult to reconcile much of the experimental 
t-'· 

observations with the theory of breakdown based on the Townsend mechanism and 

the streamer mechanism came to supplement it , in instances where it does not 

apply. The streamer mechanism was initially proposed by Raether [75] and Loeb and 

f./leek [48] to explain the electrical breakdown of overvolted gaps at near-atmospheric 

pressure. They suggested that when the electron avalanche grows to a size such 

that it is capable of partially shielding itself from the applied field , the propagation 

and growth of the avalanche change markedly. This avalanche is called 'critical' 

and occurs when the avalanche size reaches about 108 electrons (if one electron is 

initially released from the cathode) or at a distance: 

a/20 (6.1) 

cm from the cathode, where a is the ionization coefficient. If the initial density en

hancement can immediately provide self-shielding, the weak field avalanche phase is 
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by-passed and the non-linear space-charge field streamer phase begins immediately. 

Essentially a streamer is an ionization wave. In front of the wave (the streamer 

head) the separation of positive and negative charged particles would shield the 

interior, and cause a sharp enhancement of the electric field over a limited region 

just outside the streamer head. For fields near that required for breakdown, the 

ionization coefficient is a strong function of the electric field , so that even modest 

field enhancements can result in substantial increases in the ionization rate. If a 

mechanism such as transport , photoemission or photo-ionization exists that places 

a few free seed electrons ju~t in front of the streamer head, avalanching in the 

locally enhanced field can cause the streamer to propagate vvith velocities much 

higher than the peak electron drift velocity. Additionally, the ionization density in 

the streamer body can build up to values considerably larger than that necessary 

to initiate streamer formation. This explains why a~ ,,.atmospheric pressures the 

breakdown mechanism in air and other gases i§ found f.?.' .be very ,fast (of the order of 
,. 

an avalanche transit time) and to consist of~ filament~i'y discharge channel, rather 
I 

than a diffuse distribution of avalanches. 

Electric field enhancements and streamer ioniz~tl~n propagation can occur at 

regions of either negative or positive charge that form respectively on the cathode or 

anode side of the initial density perturbation. If the streamer initially develops from 

a high density perturbation near the cathode (anode) , then only anode (cathode) 

directed streamer forms. If the streamer phase begins between the electrodes, then 

both cathode and anode streamers may develop. 

6.3 Previous Work 

In this section, previous work carried out on the two dimensional modelling of 

streamer formation and propagation in uniform fields is outlined. It is worth not

ing that the vast majority of the algorithms use the finite-difference flux-corrected 

transport (FD-FCT) method. 

Davies et al [11 , 12, 13] initially pioneered a method to trace theoretically the 
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growth, in space and time, of a rapidly developing gaseous discharge in N2 between 

parallel-plane electrodes. Their method, based on that of characteristics in the finite

difference context , treated the discharge through a Townsend model with space

charge effects. Photoemission and ionization vvere included, while photo-ionization 

was not taken into account. Poisson's equation was solved in two dimensions using 

the method of disks , whilst the continuity equations were at first solved in one 

dimension, but later a fully two dimensional model was presented, Davies et al [12]. 

The time variation of discharge current and the evolution of the discharge radius 

were studied and the simulations were compared with experiments. However, the . ; 

poor resolution of the mesh ( 65 x 65 for a 2 cm gap) . . was the major drawback, 

·which restricted the results "to a qualitative nature onlr Furthermore, numerical 

instabilities hampered the simulations and as a result .their method could only be 

applied to low-overvoltage discharges (~ 5%). 
·' 

Yoshicla and Tagashira [94] attempted to ,. model 1:<;h~charge~ m parallel plates ,. 

at high overvoltages , by developing a two climensio.n;:ti method based on finite-
' 

differences. The method vvas developed to avoid the "problems of instabilities en

countered by Davies et al [13], but in their computations the number of meshes in 
r'· 

the radial direction was so small that, once again , only a qualitative picture of the 

discharge development could be obtained. 

Kunhardt and Byszewski [43] presented a general model to describe the break

clown processes for all voltages and pressures above the Townsend avalanche domain. 

This was called the 'two-group model ' . It was based on electron kinetics, and found 

to be applicable to a broad range of conditions (e.g. breakdown in pure gases). The 

model had an attractive feature of unifying all the previously proposed breakdown 

phenomena. 

Wu and Kunhardt [93] described a self-consistent numerical simulation of the 

formation and propagation of streamers in non-attaching (N2 ) and attaching (N2 -

SF6 mixture) gases , using a one-moment fluid model. The numerical scheme de

veloped was based on the flux-corrected transport method in two dimensions in 

the finite-difference context. Effects such as cathode photoemission, gas photo-
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ionization and electron attachment were included. The numerical simulations vvere 

compared with experiments and results obtained using a kinetic description of the 

electron dynamics, and were found to be in good agreement. This provided the 

verification that the single-moment equations were satisfactory in describing the sa

lient features of the dynamics of charged particles at high pressures. Furthermore, a 

condition for the validity of the one-moment model was given, stating that runaway 

electrons (which would have to be treated separately) are not observed if the field 

at the head of the avalanche is below 1500 Td (1 Td = 10-17 ll/cm2
). This marked 

the beginning of a series of investigations in gas discharges, which employed the 
0 .. 

single-moment equations with the FD-FCT method. . . 

K unhard t and Tzeng [ 44] presented results from a~ kinetic investigation of the 

spatia-temporal evolution of pulse electrons released from the cathode of a gas

filled chamber and subsequently influenG.ed by a unif~11p1 applied electric field. The 
' ~I ' 

Monte Carlo approach was employed and th'~ role of.::.photo-iol).ization and electron ,. 
,' I • 

velocity distribution was highlighted. Moreover , the 1;esults were used to determine 

the range of application of a one-moment description. Even though kinetic models 

could provide detailed information concerning thesi phenomena, as demonstrated 
t''' 

in this paper, the authors concluded that 'fluid models could be used to describe the 

salient features under certain conditions ' . The fluid models are, however, preferred 

over the kinetic ones as the kinetic calculations are prohibitively expensive. 

Wang and Kunhardt [91] gave an analysis of streamers in uniform fields from the 

viewpoint of the interplay of the rate processes that contribute to their development 

in JV2 . The properties of positive (cathode directed) and negative (anode directed) 

streamers were elucidated and an expression was obtained that relates the dynamics 

of the positive and negative streamers to an initial space-charge distribution. Once 

more a fully two dimensional fluid model was used to solve the problem and the 

FD-FCT method was employed. The spatial resolution was improved in comparison 

to previous investigations, but it was still low (~ 25 J-Lm for a 0.5 cm gap in the 

axial direction). 

Dhali and Williams [15] took a different approach. They used the FD-FCT 
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method as a tool to help them determine and understand the characterization of 

streamers in N 2 . They first tested their code and, having shown its accuracy, they 

made use of it to ask what the effects of specific changes in the environment (such as 

initial charge densities and applied voltage) were on the streamer development (both 

positive and negative streamers). A parallel-plane gap of length 0.5 cm in N2 at 40% 

overvoltage was used and photo-ionization was not included. Their results showed 

that the initial conditions did not affect the stceamer shape on development, but 

only affected the pre-streamer stage. The streamer characteristics in steady state 

were roughly independent of the density of the initiating ionization used to create 

the streamer, but the diameter and other characteristics were influenced by the 

diameter of the initial charge distribution. 

Niore recent work by Vitello et al [89] described the morphology qf streamers 

for parallel-plane and point-plane electrod~ geometries .for initial conditions which . ' ( 

lead to the development of both single negati~e strea~p.~~- discha~·ges and simultan-
• . 

eous positive and negative streamer discharges. A fuliy. ·two-dimensional algorithm 
( . 

with high spatial resolution (2.5 - 10 f.Jm) was used , in contrast to previous works 

which employed lower resolutions ( > 25 f.Jm axially, cir1'd > 50 f.Jm radially). Photo-
·--· 

ionization and possible run-away effects were neglected and the streamer was propag

ated through a pre-existing N2 plasma. Local equilibrium was investigated by solv

ing Boltzmann 's equation and found to be achieved, which once more confirmed the 

validity of hydro-dynamic models at high pressures. 

Dhali and Pal [14] presented computer simulations of streamer development and 

propagation in SF6 in a 0.5 cm uniform gap at atmospheric pressures and voltages 

around static breakdown. The two-dimensional FD-FCT was used and the de-

pendence of attachement, space-charge field , secondary electrons and the shape and 

size of the initial charge distribution on the streamer propagation was investigated. 

Photo-ionization and photoemission effects ·were included as an initial condition by 

a constant neutral ionization density. Their simulations indicated that there is no 

preferred streamer diameter, which is determined only by the size of the initiating 

charge. Streamers were observed even at voltages slightly below the static break-
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down voltage in SF6 , whereas for N2 there was no streamer formation at or below 

the static breakdown. 

Kulikovsky [39, 40] described a technique of simulating low temperature gas

discharge plasmas when space-charge effects are dominant. The proposed scheme 

replaced Poisson's equation by a current balance equation. Photo-ionization and 

secondary effects were not included and ions were assumed stationary. The algorithm 

was presented in its two-dimensim~al form and results were demonstrated for a 0.7 

cm parallel-plate gap in N 2 at atmospheric , pressure. The disadvantage of this 

method, ho-wever , was the no_n-potential character of th.e electric field , which led to 

an over-estimation of the electric field ahead of the st~·eamer. This, in turn , gave 

continuous acceleration of the streamer and over-estimation of the electron density 

in the streamer channel. 

Kulikovsky [41] also reported results of a two-dimeqsjonal simulation of positive 
.;1' 

streamer propagation in atmospheric pressure 'N2 , using.Poisson 's equation and con-,. 
,'I ' 

tinuity equations (hydro-dynamic equations). Photo-ioiization was included , but in 

a simplified vvay, i.e it was assumed that the streamer was an emitting cylinder 

of variable length but with constant radius equal t 9: b.01 cm. The gap considered 

was once more 0.5 cm and a streamer was initiated at the anode surface . The FD 

improved Sharfetter-Gummel scheme (which suffers from diffusion) was used along 

with the successive over relaxation (SOR) method for Poisson 's equation . It was 

shown that the density of the ionization wave was dependent on the radial extent of 

the initial plasma spot at the anode, but in contrast , the streamer head evolution 

was not affected by the initial conditions. 

Furthermore , Kulikovsky [42] presented results of a two-dimensional simulation 

of a 'cylindrically positive streamer' in atmospheric pressure air , between 1 cm par-

allel plate electrodes using the hydro-dynamic model explained in [41] and including 

the simplified model for photo-ionization. A mesh of 1311 x 100 unknowns was used , 

which achieved high resolution at a huge expense of computing resources. 

Finally, to our knowledge, only one work was found to have used the finite

element method to simulate streamers in uniform fields. Steinle et al [85] used a 
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commercial finite-element package to simulate barrier discharges in air at atmo

spheric pressure. However, their method exhibited the Gibbs phenomenon, ·which 

suggests that a high order scheme was used, and in order to avoid it, a logarithmic 

transformation of all the density variables was used. 

6.4 Simulation Model 

As it was explained in chapter 1, the simp}est set of equations containing the basic 

physics necessary for stre~mer formation and propagation are the continuity equa

tions for electrons, positive ions and negative ions coupled with Poisson 's equation. 

As a result , equations 1.1, 1.2 and 1.3 are solved together with equation 1.4 in their 

t"vo-dimensional form. The source term , S, defined earlier , descril;:>es the effect of 

any particle source and sink mechanisl}ls such as php,to-ionization. vVe have not in-
• • ~I • 

eluded photo-ionization in the gap in the d tlculati<;>p.s presen~ed here and set S = 0. ,. 
, ' I ' 

Photoemission at the cathode is , however , includ~d as a boundary condition for 

equation 1.1. 

The boundary conditions used are: 

1. all radial derivatives are set to zero on the axis and at the open boundary. 

2. at the perfectly conducting cathode the electron density is given by the density 

of the photo-electrons produced by photo-ionization, whereas for the negative 

ions the density is zero . For positive ions an 'outflow' boundary is used. 

3. at the perfectly conducting anode, the positive ion density is set to zero, 

whereas for electrons and negative ions, 'outflow' boundaries are again used. 

4. for Poisson 's equation the voltage is set to the applied voltage at the anode 

and zero at the cathode, whereas the radial derivatives are set to zero along 

the axis and at the open boundary, as explained by Davies et al [13]. 
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Figure 6.1: Photo-ionization at area di-). on the c~thode , due to volume il1 . 
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6.4.1 Calculation of Photoemission ~t the Cathode 

. ' 
The number of photons emitted from volume il1 }P time dt is: 

(6.2) 

and the number of photons collected on the elemental area dA on the cathode is 

(the suffix 1 refers to volume i/1): 

(6.3) 

where c is the distance from volume element il1 to elemental area dA, '1/J is the angle 

between c and the axis of symmetry, as shown in figure 6.1 and f-L the absorption 

coefficient. The number of electrons released at the surface dA is then: 

(6 .4) 

where / p is the photoemission coefficient. These electrons v,rill occupy a volume: 

dA I We5 I di (6.5) 
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where We. is the electron drift speed at the surface. The density at the surface is 

then given by: 

Now the angle 'ljJ is given by: 
z 

cos'lj; =
c 

where Z is shown in figure 6.1. Substituting equation 6.7 into 6.6 we obtain: 

N's - "(pNel al I Wel I vlze- J.LC 
j . e - I We. I 47rc3 : 

(6.6) 

(6.7) 

(6.8) 

Therefore, the electron density at the cathode, due to photons emitted from a volume •.. 
V1 is found when we sweep around the axis of symmetiy 

(6.9) 

'1-vhich leads to: 

(6.10) 

6.4.2 Calculation of External Circuit Current 

The external circuit current is again calculated using Sato 's equation [79], but this 

time in its multi-dimensional form , without the displacement term, which is given 

by: 

1 J . V E 1.JdVol 
I a Yol 

(6.11) 

where Va is the de applied voltage, E 1 the Laplacian field , Vol the volume of the 

domain and j the current density, which is given by: 

(6 .12) 

with e being the electronic charge. The effect of diffusion on the current is neglected 

here, as it is very small. 
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6.5 Numerical Method 

The numerical technique, used for the solution of the continuity equations, is the 

FE-FCT method presented in chapter 5 and in Georghiou et al [29] . Th.e algorithm 

described in chapter 3 section 3.3 is employed for the solution of the hydro-dynamic 

model. A typical mesh used for these simulations is shown in figure 6.2. The 

significant reduction of unknowns is once more demonstrated. In the region around 

the axis of symmetry, a very fine' resolution is necessary, in order to resolve the 

steep gradients during streamer propagation , 'but away from it a very coarse mesh 

is required to make the calculation more efficient, as the charge in this region is 

low. Approximately, 4300 unknowns are used in these i'-imulations. This number 

is more than one order of magnitude lower than that ~i11ployed by Kulikovsky [41] 

(1311 x 100) or Vitello et al [89] (1000 x J50) , for the finite-difference method . 

,--., 

§ 
"'--"' 
Q) 
u s ~ u 
.1-) 
tn N ·.....t 

"0 0 

~ 
•.....t 

~ '--i 

.,.. 0.2 cm ..,. 
Radial distance (cm) 

Figure 6.2: Typical finite-element mesh used for the simulations. The cathode is at 

z = 0 (lower plate) and the anode at z = 0.2 cm (higher plate). 
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6.6 Results 

Calculations have been made for air at a pressure of 760 T orr between parallel-plane 

electrodes at different voltages, gap lengths and photoemission coefficients and their 

effects on streamer formation and propagation are elucidated. The spatio-temporal 

evolutions of electron and ion densities together with the space-charge distorted field 

are also examined for different initial charge distributions. The discharge is initiated 

by a few electrons from a small are'a of the cathode, such as might be released by a 

pulse of ultraviolet light. 

6.6.1 Voltage breakdown and current waveforms 

In order to predict the breakdown voltage numerically ailq hence provide verification 

of the code, simulations were run for diffe~ent gap lengths and voltages around the 
.:•· 

static breakdown value. Two different photo,e~ission !.clo .efficients were used, which 
, ' I ' 

are most extensively quoted in the literature: 0.001 used ;~y :tvlorrow [58] , and 5 x 10- 3 

used by Kunhardt and Tzeng [44] and Steinle et al [85]. One electron vvas released 
' . ~ 

at the cathode and the voltage for a given gap was VC)>.ded until breakdown occurred. 

Simulations were run for gap lengths in the range of 0.025 cm to 1 cm and the 

voltage was varied in 0.01 kV increments in gaps of length up to 0.05 cm and in 

increments of 0.1 kV in gaps up to 1 cm. 

As can be seen from figure 6.3, around breakdown, successive electron avalanches 

occur. If the electric field is high enough, the initial electrons multiply and create an 

avalanche, which moves with the drift velocity appropriate to the uniform applied 

field. At a later time when the electron avalanche has reached its critical size, 

(in other words the space-charge accumulation is high enough to distort the field 

appreciably), streamers begin to develop and the current rises abruptly. If the 

voltage applied is lower than the breakdown value (figure 6.3(a) , 1.71 k11 curve 

and figure 6.3(b) 4.5 kV curve), successive avalanches are observed, but insufficient 

secondaries are produced to give a self-sustained discharge, so the current steadily 

decreases. Above the threshold (which is the voltage recorded as breakdown) , the 
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Figure 6.3: Current evolution at different applied voltages around the breakdown 

voltage for 0.025 and 0.1 cm gaps. The photoemission coefficient is set to 0.005. 
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current rises slowly (figure 6.3(a), 1.73 kV curve) until space-charge effects become 

apparent and the avalanche develops into cathode and anode directed streamers 

with a very fast rise of current (figure 6.3(a) 1.78 curve, figure 6.3(b) , 4.6 kV curve). 

Note that in figure 6.3(a), 1.78 kV curve, the streamer, evident by the exponential 

rise of current, occurs after three successive avalanches. If the voltage is increased 

further , the space-charge accumulates even faster, leading to the formation of a 

streamer at earlier times. Figure 6.3(a), 1.8 kV curve, shows the streamer occurring 

after two successive avalanches. Increasing the voltage further results in streamer 

development even faster than the transit time for electrons. 

Each peak in the current waveforms is caused by a gr9up of electron avalanches 

reaching their maximum size just prior to their absorpti()n into the anode. The 

maximum current , additionally, implies that a maximum number of seco!ldary elec

trons vvill be released at the cathode via pl10toemission , J~.ading to another current . '' . ~~ . 
maximum. The time between two successive civalanc~~~ ·agrees ,with the electron ,. 

transit time (~ 1 ns for the 0.025 cm gap and ~ 4.5 ;,s: 'for the 0.1 cm gap). The '. . 
' 

shape of the current waveforms agrees also with the first experimental observations 

of Raether [75] on the transition from the Townsend t'o''streamer breakdown mech-
,/. 

anism, shown in figure 6.4, even though these observations were made in N2 for 

longer gaps. 

After predicting the breakdown voltage of various gaps, by taking the threshold 

voltage stated above, the results were compared with experimental observations 

and the analytical expressions fitted to the experimental results given by 1VIeek and 

Craggs [54]: 

vb = 25.5d + 6.6Jd (6.13) 

where Vb is the breakdown voltage in k V and cl the gap length in cm. 

The results display very good agreement between computations and experiments 

with both photoemission coefficients, as shown in figure 6.5. The maximum error 

was found to be 4 % at a gap of 1 cm, Georghiou et al [31], demonstrating the 

accuracy and validity of the model. The errors become larger for longer gaps, due 

to the fact that photo-ionization becomes more important for longer gaps, in order 
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Figure 6.4: Current waveforms observed in Raether 's experiments [75]. 
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to provide the seed electrons for the streamer propagation. 
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Figure 6.5: Breakdown voltage prediction ~o'r gaps of ;length O.Q25-1 cm. Comparison 

between experimental (Nasser [67]) and n~merical ·~~~ults . 

6.6.2 Avalanche and streamer transition stage 

As explained earlier, if the electric field is high enough, the initial electrons will 

collide with gas molecules to produce new electrons, which in turn will accelerate and 

create an electron avalanche. Figure 6.6 illustrates the drifting electron avalanche 

in a 0.1 cm parallel-plane gap when a voltage of 5.6 kV is applied, with one electron 

being released from the cathode at time t = 0 and a photoemission coefficient of 

0.005. Up to times t = 3.20 ns, the electric field in the gap is unaffected by the 

accumulations of both electrons and ions and hence the electrons show a drifting 

Gaussian distribution. The slowly moving ions generated by the avalanche are left 

behind in an extended tail; when the avalanche becomes 'critical', the space-charge 

accumulation is high enough to distort the field. For this case the critical distance is 

found from equation 6.1 to be around 0.1 cm from the cathode, which is very close 

to the anode as correctly depicted in figure 6.7(a). As a result, the positive density 
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Figure 6.7: Contours of electron density in a 0.1 cm gap at 5.6 kV applied voltage. 

Critical avalanche and cathode streamer formation and propagation. 
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around the anode increases until it is sufficient to distort the field and give rise to 

a cathode directed streamer, Georghiou et al [32]. As seen in figure 6.7(b) from the 

variation of the electron contours, a bulge is forming in the electron density. This 

marks the onset of the electrostatic expansion phase. During this time -the central 

high density portion of the electron distribution close to the anode expands radially, 

due to electrostatic repulsion and an anode streamer would form if that happened 

away from the anode. The cathode streamer develops more slowly. It grows from 

the small electron density seen in figure 6.7(b) at z ~ 0.08 cm. During this period 

there is a contraction of the ~lectron density, leading t~ a much smaller radius for 

the positive streamer, ·which propagates in the gap reac;hing the cathode at time t 

= 6.49 ns as shown in figure 6.7(d). 

Figures 6.8 and 6.9 show the electric field contours in .the axial and .radial direc

tions during the avalanche to streamer tn(nsition and P!.c;:>pagation. As can be seen, 
.;l' 

the space-charge accumulation causes field disfortion q,.i-o'und the. anode region , con-,. 
,' I • 

sistent with the critical distance calculation, which re9ults in the appearance of a 

cathode streamer only. The field gradient starts building up at a distance of 0.075 

cm from the cathode, as also shown in figure 6.10(a) ~.rid the cathode streamer starts 

propagating after timet= 4.82 ns, as shown in figure 6.10(b). This delay that the 

cathode directed streamer experiences, can be attributed to the time required for 

an adequate number of secondary electrons to travel from the cathode to the high 

gradient region, in order to feed the discharge vvith enough electrons for the cathode 

streamer to propagate. In sufficiently long gaps, the delay may cause very strong 

gradients, which can lead to instabilities and an electron shock wave, as it was ob

served by Abbas and Bayle [1] . In these instances, photo-ionization needs to be 

included. 

6.6.3 Radial Distribution of electrons at the cathode 

In figures 6.11 , 6.12 and 6.13 , the radial distributions of electrons over the cathode 

for various times during avalanche and streamer propagation are shown. At early 
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an applied voltage of 5.6 kV showing the critical avalanche and cathode streamer 

formation and propagation. 
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times, figure 6.11(a) , only the initial narrow uniform distribution of electrons can 

be seen. However, as the avalanche crosses the gap, the secondary electron emission 

becomes noticeable and. has the effect of spreading the electrons over the cathode. 

Its shape becomes Gaussian and the electron density at the cathode increases. When 

the electron avalanche reaches the anode, the electrons are being partly absorbed 

and this is reflected in the fact that at the cathode there is a reduction in the sec

ondary electron density, figure 6.12(a). When the electron density starts increasing 

again , photoemission increases slowly until the streamer begins to propagate. The 

propagation of the streamer re~ults in a significant increas.e in the number of second

ary electrons released at the cathode, as shown in figure ? .. 13. The evolution of the 

half-width of the Gaussian profile of the electron density at:the cathode is illustrated 

in figure 6.14. At early times , photoemission is limited. t'o a narrow region at the 

cathode. As the avalanche progresses, this ·spreads over a wider area, and when it 
,.. ; 1/ 

reaches the anode, the half-width.remains almost consta~·t at a value of about 0.06 
/ • :; 

!' "•. ' 

cm . \iVhen the streamer propagates, the radial extent' of photoemission begins to 
i. . 

decrease once more, and when the streamer reaches the cathode its half-width is 

reduced to 0.007 cm, which is approximately the radi~s' of the streamer. 
_,, · 

6.6.4 Voltage Variation 

The calculation is repeated, but this time a voltage of 6.5 k\1, 40 % overvoltage, 

is applied . The initial charge distribution is the same as before. This voltage 

results in a critical distance of 0.6 cm, so an anode directed streamer is expected to 

form. As it can be seen from figure 6.15 , the field begins to become distorted at a 

distance of approximately 0.6 cm, which agrees '.Vith the theoretical prediction of the 

critical distance. This time, however , an anode streamer is formed , which propagates 

without delay, and with no other means of producing secondary electrons, as the drift 

produces the necessary electrons, figure 6.15(a). The cathode streamer experiences 

a delay once more, however this time it is much smaller , figure 6.15(b). 

Figure 6.16 compares the electron distributions for the two applied voltages 5.6 
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F igure 6.11: Radial distribution of t he electron density at the cathode in a 0.1 cm 

gap at an applied voltage of 5.6 k\1. Avalanche stage. 
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Figure 6.12: Radial distribution of the electron density at the cathode in a 0.1 cm 

gap at an applied voltage of 5.6 k \1. Avalanche to streamer transition stage. 
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Figure 6.13: Radial distribution of the electron density at the cathode in a 0.1 cm 

gap at an applied voltage of 5.6 kV. Cathode streamer propagation stage. 
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Figure 6.15: Field distribution along the axis of symmetry at different times in a 

0.1 cm gap at an applied voltage of 6.5 kV. 
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and 6.5 kV. As can be seen from the graphs, the anode directed streamer is apparent 

in the 6.5 k\1 case, but is absent in the 5.6 kV case. The second important feature 

is the ·wider distribution of the anode directed streamer compared to the cathode 

streamer. This is due to the radial expansion ·which occurs in the region where 

the anode streamer forms. Furthermore, the electron density in the anode directed 

streamer case, is of the order of 1014 cm-3 compared to about 1015 cm-3 for the 

cathode streamer. 

Additionally, the streamer radius can be seen to be dependent on the applied 

voltage. At the early stage of t_he streamer propagation, ~he radii of the cathode 

streamers (5.6 and 6.5 kV) are very similar, but as the 1?treamers propagate the 

radius of the 6. 5 k V streamer extends further , as illustrated iiY figure 6.16 (f) , whereas 

the radius of the 5.6 kV streamer reaches a steady value, figure 6.16 (e). Th~se results 

are found to be in good agreement with simul~_tions made b~,Phali and Williams [1 5] . 
• ;t' 

Figure 6.17 shows the radial field expansion ' at the 1.~heamer head during the ,. 
, ' I • 

streamer propagation for the 6.5 k V case, which attains yaJues of. the order of 105 

V I cm as the streamer approaches the cathode. This explains the significant expan

sion of the head in the radial dimension during the stre.ai'ner propagation. ,/· 

The fields along the axis of symmetry for 5.6 and 6.5 kV , during the cathode 

streamer propagation , are compared. In the 5.6 kV case, the field is shown to have 

reached a steady state value of about 200 k V I cm before the electrode processes 

become dominant , ·whereas for the 6.5 kV case the peak field value continues to 

increase, as shown in figure 6.18. Furthermore, the field behind the streamer settles 

to a higher field value for the 6.5 kV case, consistent vvith the integral: 

V= I E.dS (6.14) 

where V is the applied voltage, E the electric field and S any path connecting the 

anode and the cathode . 
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6.6.5 Effect of initial charge densities 

The effect of the number of electrons released from the cathode was primarily ex

amined and all other conditions were the same. This time 100 electrons were released 

and a voltage of 5.6 kV was applied. It was observed that the cathode streamer and 

its radius were not significantly affected by the number of initiating electrons. The 

streamer initiated vvith 100 electrons took less time to develop and propagate, but 

once it started to propagate the properties were essentially the same, as illustrated 

in figure 6.19, where the electron contours are- shown for 1 and 100 electrons at the 

instance when the streamer head reaches the point z "'= 0.4 cm and z = 0.01 cm 

respectively. 

Subsequently, the effect of the width of the initial charge distribution was ex

amined. Simulations were run with an applied voltage of 5.6 kV and ·the width of 

the initial charge was doubled. The density pf electrd~~ released was adjusted so 
<:F. . 

that the initial distribution was 1 for both cases. Figm~. 6.20 shows contours of the 

electron density for the two different initial profiles, ~uring the cathode streamer 

propagation. As can be observed , the initial avalanc}:le, reaches the anode before the 

streamer starts propagating tovvards the cathode, and the effect of the initial charge 

width disappears. As a result, the cathode streamer propagates in a very similar 

manner in both cases, as shown in figures 6.20(a) and 6.20(b). It can be concluded , 

therefore , that the initial charge distribution becomes unimportant after the first 

transit time, as predicted by Davies et al [12]. 

6.6.6 Photoemission coefficient variation 

The last parameter examined was the photoemission coefficient. This was varied in 

the range from 0.001-0.01 and again one electron was released at the cathode for a 

voltage of 6.5 kV. 

Contours of electron density are shown in figure 6.21 for the two extreme photoe

mission coefficients, 0.01 and 0.001, during cathode streamer propagation. The res

ults are shown to be very similar, with the smaller coefficient giving slower propaga-
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Figure 6.19: Contours of electrons for 0.1 cm gap at 5.6 kV with an initial distribu

tion of 1 and 100 electrons. 
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tion (longer delay). The longer delay has the result of increasing the field gradients 

and maximum field enhancements, as shown in figure 6.22. By reducing the photoe

mission coefficient the source of secondary electrons reduces and hence more time 

is required for enough electrons to reach the steep gradient region. In l0nger gaps 

this may result in strong shock waves ·which can lead to instabilities as observed by 

Abbas and Bayle [1] and hence photo-ionization has to be included. 

Finally, the current evolution fo:· different photoemission coefficients is shown in 

figure 6.23 and its dependence on the time rec~uired for the streamer to propagate 

is evident. The higher the ph<;>toemission coefficient , th~. smaller the delay will be, 

as the necessary electrons to make the cathode directe.d streamer propagate will 

accumulate faster. 

6.7 Conclusions 
,' I • 

The new FE-FCT method is applied in its full t-vvo-dimensional form to the devel

opment and propagation of streamers in atmospheric pressure air between parallel-

plane electrodes . 

The method was first verified by predicting very similar breakdown voltages 

to experimental results for different gaps. The successive avalanches to streamer 

transition were predicted and the current waveforms were in good agreement with 

Raether 's first observations of the current waveforms around breakdown. 

Subsequently, the method predicted the development and propagation of anode 

and cathode directed streamers. The mechanisms affecting their development and 

propagation were examined when an overvoltage was applied. The effect of voltage, 

initial charge distribution and photoemission were also investigated and it was found 

that the dynamics of the streamers were controlled by volume processes and applied 

voltage, rather than the initial conditions. The effect of the initial conditions was 

found to disappear after the first transit time. The variation of the photoemission 

coefficient was found to have little effect on the breakdown voltage, but it resul

ted in higher field gradients in the cathode streamer front and longer delays to its 
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propagation, as its value was reduced. For longer gaps, these delays cause very 

strong gradients, which can lead to instabilities and an electron shock wave and as 

a result , photo-ionization needs to be included. 

Finally, the significant reduction in the number of unknowns, together with the 

ability to model complex geometries, make this algorithm a very good candidate for 

complex gas discharge applications. 

,. ~ ···'. 
,'I , 

'. 
' 



Chapter 7 

Conclusions- Future 

Recommendations 

This thesis has presented the development of a new .iil.1merical algorithm for the 
. ' ; ' 

/ •,'1 

solution of gas discharge problems, based on the FE,FCT me'thod. The new al-

gorithm has the distinct advantage that it can study ;gas discharge phenomena in 

arbitrary geometries accurately and efficiently and c<;~-~ be applied to a wide range of 

problems , governed by the fluid model equations, and thus , avoiding the constraints 

of the existing codes. 

First , the FE-FCT is presented in one dimension and optimised for gas discharge 

calculations . This is achieved by using the optimum diffusion inherent in the upwind 

differencing scheme. Its performance is assessed and the improvement obtained with 

this diffusion is highlighted. The method is then employed for the solution of the 

continuity equations (in one dimension), in order to describe the motion of electrons 

and ions and coupled to Poisson's equation (in two dimensions) to create a new gas 

discharge algorithm. 1 umerical results are obtained for the formation of corona and 

streamers in a short needle-plane gap in air , with a positive voltage applied to the 

needle. In order to test and verify the algorithm, the same calculations are repeated 

with a pre-existing finite-difference gas discharge code and the two are found to give 

very similar results. Follovving its verification, the finite-element algorithm is used 

185 
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to study the effects of channel radius and applied voltage on the streamer speed, 

maximum field and current output for the same short 1 mm needle-plane gap. 

Having validated the algorithm with pre-existing results, it is next applied to the 

problem of corona development at RF , the pre-cursor of fully developed· arcs in RF 

systems. RF corona discharges in a point-plane gap in air are investigated and the 

importance of different parameters such as applied voltage, attachment, secondary 

emission, diffusion, operating frequency and pressure are examined. Polarity and 

hysteresis effects, in addition to a plateau in t~e current waveform during the steady 

state discharge are observed. ~his is confirmed by previopsly published experimental 

results. 

The capabilities of the FE~FCT method are then exploited further by extending it 

in its fully two-dimensional form in both cartesian and cy.lindrical co-ordinates. The 

new method is validated once more by comparing its p~rformance with analytical 
• .:1' 

solutions and a pre-existing FD-FCT code. Th'e result:r; ,:showed g9od agreement with ,. 
, ' I ' 

a significant reduction of unknowns, for the FE-FCT c,a:se. 
' 

Finally, the two dimensional FE-FCT method is coupled to Poisson 's equation 

in order to study gas discharge problems in two dim~nsions , a necessary requirement 

for complete characterization of gas discharge phenomena. Primarily, the nevv al

gorithm is tested in cases where experimental and theoretical results exist, in order 

to evaluate its accuracy and potential for solving gas discharge problems and then 

it is used to give important information concerning fundamental processes. Results 

are presented for the avalanche to streamer transition and propagation in parallel

plane electrodes in air. The algorithm was verified by predicting very similar break

down voltages to experimental results for different gaps in the range of 0.025-1 cm, 

with a maximum error of 4 %. Furthermore, the successive avalanches to streamer 

transition were predicted and the current waveforms were in good agreement with 

Raether 's first observations of the current around breakdown. The algorithm also 

predicted the development and propagation of anode and cathode directed stream

ers and the effects of voltage, initial conditions and photoemission were examined. 

The dynamics of the streamers were found to be controlled by volume processes and 
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applied voltage, rather than the initial conditions. 

The significant reduction in the number of unknowns, together with the ability to 

model a wide range of problems and complex geometries, demonstrated throughout 

this thesis, make the algorithm a powerful tool for studying complex gas discharge 

applications. 

7.1 Recommendations for future work 

A more effective algorithm for studying gas discharge .. phenomena has been de

veloped, however , its great capabilities have to be exploited further. There are 

many areas in which future work can be directed: 

• Inclusion of an accurate two-dimensional model for photo-ionization. Photo-

ionization is a very important process i,n longe(gaps , but due to the long 
{:/1 . 

calculations required for its accurate irtiplementation (especially in finite dif-
,. 

ferences due to the large number of nodes) very often it is approximated by a 

very crude simplified model that results in inaccuracies. 
~,.... · 

• Simulations of RF corona discharges in a fully two-dimensional form under 

non-uniform fields. This will enable the assessment of the efFects of radial 

drift and diffusion on the coronal development. 

• Simulations of the RF coronal development when more than one material is 

present in the gap. Presently, the algorithm assumes that the gap is filled 

with only one material. This extension vvill be very important when simulat

ing industrial applicators or gaps having an insulating material at one of the 

electrodes (barrier discharges). 

• Simulations of the RF coronal development in industrial applicators and pre

diction of the breakdown onset voltage of different configurations. This will 

be very important for designing corona-free systems as it will help optimise 
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the systems by altering the dimensions of the applicator until the maximum 

onset voltage is predicted. 

• The incorporation of temperature variations and the Navier Stokes equation 

to the new method, in order to completely characterize the fully developed 

arc in radio frequency systems. The objective is to have a model which , given 

the system specifications, can predict whether a corona to arc transition will 

occur, to ensure the design of safe industrial systems, and avoid the deleterious 

malfunction of the past. 

• The incorporation of chemical reactions to the new,. method, in order to analyse 

and optimise a variety of gas discharge industrial b.~sed processes, which have 

the corona discharge at their core (such as environmental control of exhaust 
. . 

gases, treatment of polymers etc). 

• Application of the algorithm to the sirriulation~ .i. ;f gas in.sulated switch gear ,. 
, ' I • 

and plasma display panels. 

• Application of the algorithm to semiconductor physics problems, as the model 
• ,..! 

used in this field is very similar to the one used by the present algorithm. 

• Extension of the current code to the investigations of lightning discharge prob

lems. The long gap inherent in these applications , requires a large transition 

in resolution , in order to achieve good accuracy and efficiency, which can be 

achieved better by using unstructured grids. 

• Use of adaptive meshing to improve the speed and size of the problem even 

further. 

• Parallelise the algorithm to improve the speed and enable one to solve even 

larger problems. 

• Extend the code to a. fully three dimensional form and use the recently de

veloped edge based FCT schemes. 

• Include the external circuit in the model. 
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Appendix A 

Flux Limiting Formulation 

FCT Implementation 

Vve follow Lohner's approach [51] for tl1~ FQT implej;{entation. This is a modified 
. /::~.· ' 

version of Zalesak's approach [96] extended into finl.t.e-elements and it consists of 

t he following six steps: 

1. Compute LEC: The low order element cout'ribution from some low-order 
,_,. · 

scheme guaranteed to give monotonic results for the problem at hand. 

2. Compute HEC: The high-order element contribution given by some high-order 

scheme. 

3. Define AEC: The antidiffusive element contributions: 

AEC = HEC -LEC 

4. Compute the updated low-order solution 

U1 = un + L LEG = un + D.U1 

el 

5. Limit or "correct" the AEC so that un+l as computed in step 6 belovv is free 

of extrema not also found in U1 or un 

AEGc = Gel X AEG, 0 :S Gel :S 1 

199 
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6. Apply the limited AEC 

un+l = U1 + LAEGc 
el 

Limiting procedure 

The limiting procedure is the one devised by Zalesak [96]: 

1. Pt the sum of all positive (negative) antidiffusive element contributions to 

node i 

2. Qt the max1mum (minimum) increment (decrement) node 1s allowed to 

achieve in step 6 above ~ '/ 
' .;1' 

Q± = 'umax mi~~ _::;.. ul 
z r t 

," I 

where u;naxmin (defined below) represents the maximum (minimum) value the 

unknown u at node i is allowed to achieve in step 6 above. . .: ~ 

R± = min(l , ~:) if p+ > 0, p- < 0 

R± = 0 if p ± = 0 

Now take for each element : 

Gel= min(elementnodes)R+ if AEG > 0 

Gel= min(elementnodes)R- if AEG < 0 

Finally we obtain uimaxrnin in three steps: 

1. maximum (minimum) nodal u of un and U1 
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2. maximum (minimum) nodal value of element 

(max) u;t = . (UA , U~, ... , U~) 
mzn 

where A,B, ... ,z represent the nodes of element el 

3. maximum (minimum) u of all elements surrounding node i: 

umaxmin = 
l (max) . ( u;, u;, ... , u:n) 

mzn .. 

where 1,2, .. . ,m represent the elements surrounding ·node i 

Antidiffusive Element Contributions 
, 'I • 

201 

Finally, we show how to calculate the antidiffusive eiement contributions: Since 

equation 2.4 can also be written as: 

(A.l) 

subtracting equation 2.6 from A.l we obtain: 

which gives: 

A very important point here is that all terms arising from the discretization of the 

fiuxes have been cancelled out , ·which makes the method computationally attractive. 
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Matrices 

In one dimension (cartesian case) the consistent and lumped mass matrices take the 

form: 

(A.4) 

M1 ~ ~ c ~) (A.5) 

vvhere le is the length of element e. 

In two dimensions ( cartesian case) for triangular ~lements, the .consistent and 

lumped mass matrices become: 

M _ne 
c- 12 

M_ ne 
I- 12 

where ne is the area of element e. 

2 1 

1 2 

1 1 

4 0 

0 4 

0 0 

~ J / 

1·:· .. . 
,' ' 

1 
; . 

l .. (A.6) 
.. 

·2 

0 

0 (A.7) 

4 

In the axisymmetric case the corresponding matrices are the same but multiplied 

by a factor re, which is the T co-ordinate of the centroicl of element e. 



Appendix B 

Transport Parameters for Air 

The transport parameters for air may be represented by the following equations, as 

formulated by i\!Iorrow and Lowke [64]. 

; . 

IEI/N > 1.5 x 10- 15 Vjcm2 

f/, · 

= 6.619 x 10-17 exp[-5 .593 x 10- 15 /(IEI/N)] cm2 

IEI /N::::; 1.5 x 10-15 V/ cm2 

~ = 8.889 x 10- 5 (IEI/N) + 2.567 x 10-19 cm2 

IEI/N > 1.05 x 10- 15 Vjcm2 

= 6.089 x 10- 4 (IEI/N) - 2.893 x 10-19 cm2 

IEI/N::::; 1.05 x 10- 15 V j cm2 

1~2 = 4.7778 x 10- 59 (IEI/N)-1.2749 cm5 

f3 = 2.0 x 10- 7 cm3 s-1 

203 

(B.l) 

(B.2) 

(B.3) 

(B.4) 

(B.5) 

(B.6) 
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(B.7) 

(B.8) 

JEJ/N > 2 x 10- 15 V/cm2 

(B.9) 

10-16 
::; JE J/N 6 2 x 10-15 V/cm2 

= - JEJ/E[7.2973 x 1021 (JEJ/N) + 1.63 x 10?] cms- 1 (B.lO) 

= - JEJ/ E[6.87 x 1022 (JEJ/N) -t, 3.38 x ~:0~] cms- 1 (B.ll) 
(; .:'. 
, ' I ' 

JEJ/N::; 2.6 x 10+-: 17 V/cm2 

(B.12) 

JEJ/N > 5.0 x 10- 16 V/cm2 

= -1.86 x EP0 / P cms- 1 (B.13) 

JEJ/N < 5.0 x 10-16 V/cm2 

HIP = 2.34EP0 / P cms- 1 (B.14) 

Note E is the field , P0 / Pis the ratio of atmospheric pressure to the gas pressure, TJ2 is 

the two-body attachment coefficient and TJ3 is the three-body attachment coefficient. 
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