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ABSTRACT 

This thesis analyses the behaviour of a slender viscous thread as it falls through air from 

a nozzle and lands on a solid surface, whereupon it bends and twists. If the diameter of the 

nozzle is much smaller than the height of fall, then numerical solution of a slender-thread 

model yields predictions in good agreement with experiment. Moreover, if the thread 

falls through a height large enough that extensiona.l forces are important , then bending 

forces are significant only in a small region near the point of impact and negligible in the 

remainder of the thread, which forms a 'tail'. In this thesis the effects of bending forces 

near the point of impact are examined by means of asymptotic analysis in the limit of a 

very slender thread and the key processes that govern the behaviour of such threads is 

elucidated. 

The analysis focuses on three particular physical problems that have recently been stud

ied experimentally. The first problem concerns the steady motion of a thread as it lands on, 

and is dragged sideways by, a horizontally moving belt. It is shown herein that there are 

three distinct asymptotic regimes which correspond to the belt speed being faster than, 

slower than or roughly equal to a 'free-fall' speed at the bottom of the tail. Solutions 

are obtained for each regime, which provide good predictions of the shape and dragout 

distance of the thread. 

The second problem concerns the stability of such a steadily dragged thread to transverse 

meandering. It is shown that meandering is caused by bending forces near the impact 

point, which cause the thread to slump slowly sideways, and the restoring tension in the 

tail, which is pinned at the nozzle. The competition between these effects and the structure 

of the eigenmode is analysed, and quantitative asymptotic estimates are obtained for the 

onset of meandering and the frequency of meandering at onset. 

The third problem concerns steady coiling of a viscous thread as it lands on a stationary 

surface. Provided the fall height is not too small, steady coiling is known to fall into one of 

three distinct regimes, depending on the relative importance of gravity and inertia within 

the thread. The asymptotic structure of the thread near the contact point is determined 

in each regime, and the role of bending forces in this region is analysed. In particular, 

an analysis of the interaction between the region of bending forces and the 'tail ' yields 

quantitative estimates for the coiling frequency and radius. 
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CI-Ii-\PTER 1 

INTRODUCTION 

The buckling of slender fluid threads and sheets is a phenomenon that arises in many 

situations. Everyday examples include the coiling of a thread of honey as it is poured 

onto a slice of toast, or of a thread of shower gel as it is poured onto one's hand. In 

industrial processes it is often desirable to inhibit fluid buckling, for example during filling 

processes where a buckled sheet of product entrains air or ambient fluid which can result 

in a lower quality of product (figure 1.1a; Tome & McKee, 1999; Yamamura et al. , 2000). 

Conversely, fluid buckling may be exploited, for example to assist the mass production 

of confectionery such as Vienetta ice cream (Unilever, 2006), or during the fabrication of 

foams and emulsions within microfluidic channels (figure 1.1b; Cubaud & Mason, 2009). 

Buckling phenomena also arise in geological processes, and can result in intricate rock 

formations (figure 1.1c; Buckmaster et al., 1978; Guillou-Frottier et al., 1995). A physical 

understanding of fluid buckling phenomena therefore has far-reaching applications. 

This thesis addresses problems concerning the behaviour of a slender viscous thread as 

it falls through air and then buckles as it lands onto a rigid surface. It analyses the key 

force balances near the surface, and determines the way in which they govern the motion 

of the thread. There is particular attention paid to the physical effects of bending forces 

that are generated in the thread as it buckles. 
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1.1 The deformation of slender viscous and elastic bodies under applied stresses and 
torques 

(a) 

(a) 

(b) 

more viscous 
liquid L1 

(c) 

z 
i(Y 

'X 

Figure 1.1: Examples of buckling phenomena. (a) Numerical simulation of the entrainment of 

air within folds of fluid during industrial filling processes (Tome f3 McKee, 1999}. (b) Schematic 

diagram showing the folding of a fluid thread as it is extruded with another fluid through a mi

cmchannel (Oubaud f3 Mason, 2009}. (c) E:~:perimental model of tectonic plates that fold d·uring 

subduction. Here, a sheet of corn syr'Up is extruded fmm a slot, and falls under gravity before 

reaching a density interface whereupon it buckles (Guillou-Fmttier et al., 1995} . 

1.1 The deformation of slender viscous and elastic bodies under 

applied stresses and torques 

The buckling phenomena analysed in this thesis are viscous deformations due to the 

stresses that arise when a viscous thread lands on a surface. The behaviour of a vis

cous material under an applied stress is analogous to that of an elastic material. The local 

deformation, or strain, of an elastic material depends linearly on the local stress that is 

applied. For a viscous material , it is instead the rate of strain that depends linearly on 

the applied stress. The majority of this thesis analyses a steadily moving viscous thread, 

and for problems of this type the role of the rate-of-strain tensor is closely analogous to 

that of the strain tensor in problems concerning static elastic deformations. 

A slender, steadily moving viscous thread has three basic modes of deformation, which 

are analogous to those of elastic threads. It undergoes stretching or compression under an 

axial stress, twisting under an axial torque and bending when a torque is applied transverse 

to it. In the problems analysed here, a thread stretches under gravity before it lands onto 

a rigid surface, where it undergoes compression, bending and twisting. We briefly outline 

the progress made towards understanding the stretching and buckling of slender viscous 

bodies under applied loads. 

1.1.1 Stretching under applied longitudinal stresses 

The stretching of a thread of viscous fluid is commonly seen when pouring honey slowly 

from a bottle, or when allowing it to fall from a spoon. For such flows the weight of the 

thread causes a longitudinal stress to be applied to it. If the thread is slender, so that 
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1.2 The buckling instability of slender threads and sheets under compression 

its diameter is much smaller than its axial lengthscale, then the stress-free condition on 

the free surface of the thread implies that the velocity profile is approximately given by 

extensional flow , and at leading order the velocity is constant across a horizontal cross

section. This allows a simple one-dimensional theory to be derived for which the fluid 

velocity of a steadily falling thread depends only on the vertical distance beneath the 

extrusion point (Trouton, 1906; Matovich & Pearson, 1969) . A similar one-dimensional 

model has also been derived to describe the stretching of a viscous sheet under gravity 

(Brown, 1960). 

1.1.2 Bending and twisting under applied torques 

While the theory for the bending of a slender elastic body under an applied torque is well 

established (Love, 1944; Timoshenko & Goodier, 1970) , similar progress towards under

standing the bending of a slender viscous body has been made only fairly recently. For 

example, experiments and numerical simulations have investigated the deflection of a hori

zontal viscous sheet or thread by gravity when it is steadily extruded from a slot (Munson, 

1981). Similar work has analysed slumping liquid bridges (Tuck et al., 1997; Teichman 

& Mahadevan, 2001; Hunt , 2002). In these situations, the torque that is necessary for 

bending to occur is clue to the weight of the fluid , and to the support of the sheet at its 

ends . 

The twisting of a viscous thread under an applied axial torque has not received as much 

attention . However, its effects are likely to be an important factor in recent experiments 

which investigate fluid thread coiling when the thread falls from a nozzle that is rotating 

about its axis (Ribe et al., 2009). 

1.2 The buckling instability of slender threads and sheets under 

compression 

Early experiments showed that a viscous thread buckles and undergoes periodic coiling as 

it falls onto a rigid surface, provided the fall height is not too small (Barnes & Woodcock, 

1958; Barnes & MacKenzie, 1959). Since there is no torque directly applied to the thread, 

the underlying cause of this buckling is not immediately obvious. An early theoretical 

advance was made by Taylor (1968) , who floated very viscous threads of SAIB (a food 

additive) on a bed of mercury, and then placed them under axial compression by slowly 

moving the ends together. The resulting shapes made by the threads were observed to 

be similar to those made by elastic threads as they buckle under axial compression (Love, 
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1.2 The buckling instability of slender threads and sheets under compression 

1944). Taylor postulated that fluid buckling is an instability of the thread that is similar 

to the 'Euler' buckling instability exhibited by elastic beams when placed under sufficient 

axial compression. This observation was borne out by subsequent experiments which found 

that a falling fluid thread only undergoes coiling when the fall height is large enough to 

place the thread under sufficient axial compression near the contact point (Cruickshank & 

Munson, 1981; Griffiths & Turner, 1988). A subsequent calculation used a slender-thread 

model to confirm the hypothesis that the onset of buckling instability is a bifurcation 

from the steady-state stagnation-point flow as the fall height increases (Tchavdarov et al., 

1993). 

1.2.1 Slender-sheet models 

The problems analysed in this thesis involve balances between compression and bending 

forces in a viscous thread. These problems are closely analogous to similar problems that 

involve fluid sheets rather than threads. Hence an understanding of the buckling of viscous 

sheets is applicable to the buckling of viscous threads. 

Early work to understand the buckling of fluid sheets was motivated by the geophysical 

observations of folds in rock formations, which result from the end compression of thin 

layers of rock within the Earth's crust (Buckmaster et al., 1978). Subsequent experiments 

demonstrated that, for slow deformations, folding occurs with a. characteristic wavelength 

that depends only on the physical properties and dimensions of the sheet, rather than on 

the nature of any small initial perturbations to the shape of the sheet (Blake & Bejan, 

1984). This characteristic wavelength indicates that buckling is governed by a balance 

between the applied end compression and the forces that arise from the bending resistance 

of the sheet. The bending resistance of the sheet depends both on the properties of the 

fluid and on the thickness of the sheet. 

More recently, theoretical models have been developed to apply to industrial situa

tions such as the shaping of molten glass sheets, or paper milling. In these flows three

dimensional and inertial effects may be significant, and models have been developed that 

include these effects (Rowel!, 1996; Dyson, 2007). Ribe (2001) performed a thorough anal

ysis of the force and velocity scales associated with stretching and with bending of thin 

viscous sheets, and determined the accuracy of different slender-sheet approximations in 

various physical contexts. 

1.2.2 Periodic folding of viscous sheets 

The periodic folding of a viscous sheet (Cruickshank & Munson, 1981; Cruickshank, 1988) 

is closely related to the steady coiling of a viscous thread, which is one of the problems anal

ysed here. Both phenomena represent a buckling instability that is exhibited by a slender 
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1.3 Outline of thesis 

viscous body when it is placed under longitudinal compression. The close correspondence 

between the two phenomena allowed the early progress made toward understanding vis

cous coiling to be applied to understand viscous sheet folding (Cruickshank & Munson, 

1981 ; Cruickshank, 1988; Yarin & Tchavdarov, 1996). 

If a slender fluid sheet buckles when it lands then its motion will settle to form regular 

periodic folds (Skorobogatiy & Mahadevan, 2000; Ribe, 2003). The folding frequency is 

determined by a balance that involves bending stress within the folds. If the fall height is 

small , then bending stress is dominant and folding is forced kinematically by the extrusion 

speed and the fall height. This regime is known as a 'viscous' regime, since it is dominated 

everywhere by the viscous bending stress in the sheet. If the fall height is moderately large, 

then the sheet is stretched by gravity before it lands on the surface, and the sheet buckles 

only at the bottom of the sheet. This regime is known as a 'gravitational' regime, since 

the bending stress at the bottom of the sheet is balanced by the local weight of the sheet. 

Within both viscous and gravitational regimes, the frequency scaling obtained agrees well 

with experiment and with numerical simulations (Skorobogatiy & IVIahadevan, 2000; Ribe, 

2003). 

1.3 Outline of thesis 

The aim. of this thesis is to understand the dynamical effect of bending stress on a slender 

fluid thread. Two phenomena are examined that have recently been the subject of several 

theoretical and experimental investigations. One of these phenomena is the buckling of a 

slender fluid thread as it falls onto a moving belt, and the other is the steady coiling of a 

slender fluid thread as it falls onto a stationary surface. A slender-thread approximation 

has successfully been used to predict the behaviour of the thread in these contexts (Ribe, 

2004; Ribe et al., 2006c). While the theory yields accurate predictions of the thread 

behaviour, it encapsulates many dynamical effects, and obscures the key physical processes 

that govern the motion of the thread. Simpler models have previously been developed to 

understand the motion of slender threads (Chiu-Webster & Lister, 2006; Hlod et al., 2007; 

Hlod , 2009; Gotz et al., 2008; Marheineke & Wegener, 2009), but these omit the effects 

of bending stress. This omission is made with the justification that the resistance of a 

slender thread to bending is very small (Chiu-Webster & Lister, 2006, hereafter CWL). 

The analysis in this thesis demonstrates that while the bending resistance of a slender 

thread is indeed small , bending stress is nonetheless important within a boundary layer 

at the bottom of the thread. The inclusion of the effects of this boundary layer represents 

a significant improvement to previous models. 
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1.3 Outline of thesis 

The analysis in the later chapters of this thesis is based on a slender-thread theory 

that is described in Chapter 2. Several preliminary problems are analysed in Chapter 3 

that concern the behaviour of the stretching-dominated 'tail' , in which bending stress is 

unimportant . The results obtained in this chapter are of direct relevance to the analysis 

in the subsequent chapters. · 

Chapters 4 and 5 concern the behaviour of a slender fluid thread as it falls onto, and is 

dragged by, a moving belt. The steady shapes made by the thread are analysed in Chapter 

4, and the leading-order effects of bending stress are determined. Chapter 5 concerns the 

onset of transverse oscillations (hereafter referred to as 'meanders') that are observed as 

the belt speed is decreased. Asymptotic estimates are derived of the onset and frequency 

of meandering at onset, and it is shown that the tail plays an important dynamical role. 

Chapter 6 concerns the steady coiling of a slender fluid thread as it falls onto a stationary 

surface. Particular attention is paid to the dynamical interactions between the bending 

stress at the bottom of the thread and the tail , and quantitative estimates of the coiling 

frequency are thereby derived. The main results of the thesis are summarised in chapter 

7, and possible avenues for future research are discussed. 

6 



r 

THEORETICAL DESCRIPTION OF A SLENDER THREAD 

The phenomena analysed in this thesis involve the behaviour of a slender viscous thread 

as it lands onto a rigid surface. These phenomena are three-dimensional free-boundary 

flows, which are traditionally very expensive to resolve numerically. While some progress 

has been made using direct methods such as front tracking (Tome & McKee, 1999), these 

methods offer little theoretical insight into the physical processes that govern the motion of 

the thread. It is therefore desirable to describe the motion of the thread using a simplified 

theory that includes all of the important dynamical processes in the thread. 

If the thread is slender, then the problem may be simplified significantly using a slender

thread approximation (e.g. Entov & Yarin, 1984; Mahadevan et al., 1998; Ribe, 2004, 

hereafter R04). The key assumption is that the radiallengthscale a* of the thread is much 

smaller than its characteristic axial lengthscale s*. If this assumption is valid, then the 

thread may be described by its curved axis. The axis is parametrised by the arclength s 

along it and has dynamical properties derived by taking averages over the cross-section of 

the thread. Treating the thread as a one-dimensional line rather than attempting to fully 

resolve the three-dimensional flow in the thread dramatically reduces the computational 

7 



2.1 Geometry of the centreline 

··· .. ~ 

8Vo 

Figure 2.1: Diagram showing fixed and rotating coordinate axes, and the contml volume considered 
in the fo rce and torque balances. The contml volume V is mm·ked in bold, and is bounded by the 
cross-sections 8V0 and 8V+, at arclengths s and s + 8s respectively. The coordinate axes ei are 
fixed in the labomtory frame and the Lagmngian basis vectors d i rotate with the thread. 

cost . Nonetheless, the predictions obtained using a slender-thread approximation agree 

very closely with experiment (e.g. Entov & Yarin, 1984; Ribe et al., 2006a;c). 

In this chapter we describe the slender-thread theory that is used in subsequent chapters 

to examine and explain the key dynamical processes that govern the buckling of a slender 

thread. In the derivation that follows we describe the dominant balances that govern the 

behaviour of a slender thread, and use these to derive a system of equations to describe 

the motion of the thread. 

2.1 Geometry of the centreline 

Vve denote the position of the thread's centreline by x(s , t) and its radius by a(s, t), where 

x = (x , y, z) with respect to a fixed Cartesian basis e i . We also define an orthonormal 
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2.2 Velocity and angular velocity in the thread 

basis di(s, t) aligned with the thread that thus varies along the centreline. We define d3 

to be the tangent vector to the centreline, so that 

(2.1.1) 

where the prime denotes differentiation with respect to s. The vectors d 1 and d2 that 

complete the basis are mutually perpendicular vectors that lie within the cross-section of 

the thread. The geometry of the fixed and rotating bases is shown in figure 2.1. The 

specific orientation of d1 and d2 within the cross-section is arbitrary, and may be selected 

for convenience. The curvature "" of the centreline is defined by the spatial variation of 

the basis vectors di according to the Frenet relation 

(2.1.2) 

Since d3 is defined to be tangential to the centreline of the thread, the curvature compo

nents 11;1 = ""· d1 and 11;2 = ""· d2 are determined by the shape of the centreline. However , 

since the orientation of d1 and d2 is arbitrary, so too is their variation with s. The twist 

rate 11;3 of the basis about d3 may therefore also be selected for convenience. 

The slender-thread model of Entov & Yarin (1984) defines 11;3 by the torsion of the 

centreline, so that d1 and d2 may be defined by the principal normal and the binormal to 

the centreline. However, in the problems we will consider, there are regions of the thread 

that are almost straight. In these regions the direction of the principal normal can change 

rapidly, and hence the resulting system of equations would be numerically unstable. This 

difficulty is resolved by instead defining the basis di by material vectors that rotate with 

the thread as it flows (e.g R04; Ribe et al., 2006c, hereafter R06c), as we discuss further 

in §2.2. 

2.2 Velocity and angular velocity m the thread 

We now consider the fluid velocity u(x, t) in the thread. We assume that the cross-section 

of the thread is circular everywhere. Under this assumption, the average fluid velocity of 

a cross-section is 

U ( s, t) = ~ j u dA. 
7ra 

(2.2.1) 

Any linear variation of u across the cross-section would result in no difference between U 

and the velocity u on the centreline. Any difference between U and u is therefore due 

only to quadratic and higher-order variations of u. As we will see in §2.3.1 , where we 

expand the velocity profile within the cross-section to second order in the thread radius, 

9 



2.2 Velocity and angular velocity in the thread 

this difference is O(Ua*2 /s*2 ) (or smaller) and negligible in the asymptotic limit of a very 

slender thread . We may therefore use u(x, t) and U(s , t) interchangeably. 

There is a third velocity field, defined only on the centreline by Dx/ Dt , where 

D . 

Dt (3._) - (ax) ·d 3 _3._ + U3_3_ 
at s at s as as 

(2.2.2) 

is the rate of change measured by an observer moving tangentially to the centreline with 

speed u3- (ax;at)s-d3 relative to points with fixed values of s, where u 3 = u 0 d 3 is the 

average axial velocity component of fluid at x. The third term in (2.2.2) is the aclvective 

rate of change clue to the axial velocity component in the lab frame, and the second term 

is a correction term that accounts for the motion of the arclength coordinate along d 3 

clue to distributed stretching of the thread. This correction term is relevant only for time

dependent problems, and therefore arises only in chapter 5. However, the problem analysed 

there is a linear perturbation about the steady state which induces no extra stretching, 

and thus this correction term does not appear in the linear problem. We therefore assume 

henceforth that the material derivative is given simply by 

(2.2.3) 

The material velocity Dx/ Dt of the centreline, defined above, is not necessarily equal to 

the true fluid velocity u(x, t) on t he centreline, in part because x is the average position 

over a cross-section and in part because the fluid particles that comprise a cross-section 

change with time. However, it can again be shown (Ribe, 2002) that if the thread is 

slender , then the difference between these two velocities is only O(U a*2 / s*2 ) and therefore 

negligible. We may therefore approximate t he centreline velocity by 

Dx ax 
u(x, t) = U(s, t) = Dt = at + U3d3. (2.2.4) 

The cont ribution axjat represents the time-dependent motion of the centreline normal 

to the thread and U3d3 represents aclvection along the thread clue to the axial velocity 

component. 

We now consider the local velocity variation in the thread. We make a linear expansion 

of the velocity u about a point x(s , t) on the centreline, 

u(x + <)x) = U(s) + a(s)·<)x + w(s) X <)x , (2.2.5) 

where t he tensor a is the strain rate and the vector w is the angular velocity of the fluid 

at the centreline position x . Substitution of (2.2. 5) into the incompressibility condition 

V · u = 0 implies that a is trace free . 
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2.2 Velocity and angular velocity in the thread 

An expansion for the variation of the centreline velocity along the thread can be derived 

by substituting ox = Os d3 into (2.2.5) to obtain 

(2.2.6) 

The local angular velocity w is linked kinematically to the shape and to the velocity of 

the centreline. To see this, we use the Frenet relation (2.1.2) to expand U' = U[di+UiKXdi 

in (2.2.6), and then project onto d1 and d2. Omitting for the moment the components 

b.13 and b.23 of the strain tensor, which are shown in §2.3 to be zero at leading order, the 

angular velocity components w1 and w2 are given by 

-u~- "'3U1 + "'1U3 

U{ - "'3U2 + "'2U3. 

(2.2.7a) 

(2.2.7b) 

The kinematic evolution of d3 along the thread can be derived by differentiating (2.2.4) 

with respect to s to obtain 

U' = ~ Dx = Dd3 U' d 
8s Dt Dt + 3 3 ' 

(2 .2.8) 

Then by substituting U' = U[di + UiK x di and projecting onto d 3 , we obtain 

(2.2.9) 

Substitution of (2.2.7) then yields 

(2.2.10) 

As noted in §2.1, it is usually convenient to relate the variation of the basis vectors 

d 1 and d 2 along the thread such that they rotate with the local angular velocity of the 

thread. It is sometimes convenient also to add an offset wod3 to the rotation rate, which 

exploits the arbitrary choice of twisting rate of d 1 and d2 about d 3. ·with this definition, 

(2.2.10) may be generalised so that it also describes the variation of d 1 and d 2 along the 

thread, according to 

(2.2.11) 

By following a similar process as was used to derive (2.2.7), the projection of (2.2.6) 

onto d3 yields 
(2.2.12) 
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2.3 Stress and stress-moments in the thread 

The other components of .6. are determined by stress boundary conditions imposed on the 

free surface of the thread, and we discuss these in §2.3 . 

If the thread motion is steady, then U1 = U2 = 0. In the time-dependent perturbation 

analysis performed in chapter 5, the terms r;,2U1 and "'I U2 in (2.2.12) are higher-order 

perturbations to the steady state. From now on, we therefore ident ify 

.6.33 = u~ , (2 .2.13) 

and we denote the axial velocity component U3 by U. 

2.3 Stress and stress-moments m the thread 

The motion of the thread depends on the physical properties of the fluid through its 

dynamic viscosity p, , its density p and the surface-tension coefficient 'Y of the free surface. 

The equations that govern the motion of the thread are derived by considering force and 

torque balances on an infinitesimal slice of the thread . We define a control volume V 

as depicted in figure 2.1 , so that it is bounded by circular cross-sections oVa and 8V+ at 

arclengths sand s+6s and by the curved surface 8Vc. The surface 8Vc is bounded by the 

two circular lines Go and C+. The resultant force and torque that act on a cross section 

are given by 

N = /a · d 3 dA and M = / y x a · d3 dA, (2.3.1a, b) 

where a is the local stress tensor of the flow and y is the displacement from the centreline 

within the cross-section. Although N and M are a force and torque respectively, we use the 

terminology of beam theory (e.g. Timoshenko & Goodier , 1970) and refer to them as the 

(resultant) stress and the (resultant) stress moment. We first determine the constitutive 

relations that link variations in the velocity or the angular velocity of the thread to the 

resultant axial stress N3 or resultant stress moment M exerted on a cross-section. We 

then consider force and torque balances on V to show how the variation of N and M 

along the centreline of the thread determines the motion of the thread. 

2. 3.1 Constitutive relations 

For simplicity, we treat stretching and bending motions separately in the derivations that 

follow. There are small effects that arise from the coupling of stretching and bending 

motions through the curvature of the centreline, but these are negligible for a slender 

thread. Further discussion is given in §2.4. 
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2.3 Stress and stress-moments in the thread 

Stretching 

We begin with the linear velocity expansion (2.2.5). The stress tensor 

of this velocity profile is clearly given by 

a = -pi + 2J.LA. 

The dynamic boundary condition on the free surface of the thread is 

I a · y = - -y at IYI = a. 
a 

(2.3.2) 

(2.3.3) 

(2.3.4) 

Since this boundary condition holds independently of the orientation of y within the 

cross-section, the local stress tensor a, and therefore also A, are diagonal to leading 

order. Further, the strain-rate components ~11 and ~22 in the cross-section are equal. 

Incompressibility implies that ~11 + ~22 = -~33, and hence (2.2.13) implies that ~11 = 

~22 = -U' /2. Substituting this result into (2.3.3) and the stress condition (2.3.4) gives 

the leading-order pressure distribution p = -J.LU' + 1/a in the cross-section. The axial 

component of the stress tensor is obtained by substituting (2.2.13) and p into (2.3.3), 

which gives 
(2.3.5) 

Finally, the resultant axial stress is found by substituting (2.3.5) into (2.3.1a), which gives 

(2.3.6) 

Bending 

The leading-order stress vector a · d3 = a33d3 is constant across the cross-section and 

hence substitution into (2.3.1b) gives no resultant stress moment M at this order. To 

determine the resultant stress moment acting on a cross-section, it is necessary to expand 

the velocity profile (2.2.5) within the cross-section to second order in y. 

Consider a thread whose cross-sectional velocity profile is 

(2.3.7) 
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2.3 Stress and stress-moments in the thread 

where H 1 and H2 are quadratic functions of y1 and Y2· Then expansion of the incompress

ibility condition to O(y) implies that in the absence of stretching, 

I aHl aH2 
(w x y) . d 3 + -a + -a = o. 

Yl Y2 
(2.3.8) 

Hence 
aHl aH2 ( I ) I 2) -a +-a = w ·d2 Yl- (w ·dl)y2 + O(y . 

Y1 Y2 
(2 .3.9a) 

Since U is defined as the average velocity, (2.3.7) gives 

(2.3.9b) 

The tangential stress condition on the free surface of the thread is 

IYI =a. (2 .3.9c) 

The quadratic functions that satisfy the conditions (2.3.9) are 

The normal-stress boundary condition on the free surface IYI =a is given by 

(2.3.11) 

From (2.3.7) and (2.3 .10), the stress components 0"11 and 0"22 are 

(2.3.12) 

Since Yf + y~ = a2 and O"u = 0"22 on IYI = a, the pressure varies linearly across the 

cross-section as 

(2.3.13) 

We now compute the leading-order stress moment acting on the cross-section . The 

components of a · d3 vary linearly across the cross-section as 

0"31 = -{t(W
1·d3)Y2 

0"32 = {t(W
1
·d3)Yl 

0"33 = _ ']_ + 3{t(w1·d2)Yl- 3{L(W1·dl)y2. 
a 

(2.3.14a) 

(2.3.14b) 

(2.3.14c) 
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2.3 Stress and stress-moments in the thread 

Substitution of (2 .3.14) into the definition (2.3.1b) of the stress moment M yields 

l\!h 3~ma4 
1 d --w· 1 

4 
(2.3.15a) 

M2 
3~L7ra4 1 d 
--w· 2 

4 
(2 .3. 15b) 

4 

M3 J-L7ra I d (2.3.15c) --w· 3 
2 

We note t hat the equations for lvh and M 2 , which represent the stress moment associated 

with bending motion, differ from that for J..!f3 , which represents the torque associated with 

twisting motion . 

2.3.2 Stress balance 

The stress balance on an infinitesimal slice V is obtained by means of the momentum

integral equation . In the chapters that follow, we include inertial terms only in the quasi

steady problems of a vertically falling thread in chapter 3, and of a steadily coiling thread 

in §6.4. The term fv EJujEJt is important only in the coiling problem in the laboratory 

frame, and its leading-order contribution in the fr ame rotating with the coil is through the 

centrifugal and Coriolis accelerations of the entire slice V which appear in t he obvious way. 

For simplicity, we do not include such effects in the following description (though they are 

in the later calculations) , and include only the inertial terms that represent advection . In 

the absence of explicit time-dependence, the momentum-integral equation is 

{ pu(u. n) clA = { pgclV + { rr · nclA. 
lav Jv ~v 

(2 .3.16) 

The final term comprises contributions from the viscous stresses that act on the cross

sections EJV0 and EJV+ , and from surface tension forces acting on EJVc. It is therefore given 

by 

{ rr · n clA 
Jav 

{ rr·nclA+ { !(V' ·n)nclA 
Java,+ Javc 

N(s + 8s)- N(s) + { 1 t ell 
Jco.+ 

N(s + 8s)- N(s) + 21r1 {ad3(s + 8s)- ad3(s)}, (2.3.17) 

where we have made t he leading-order approximation that the tangent vector t on the 

free surface is equal to d 3. 

The remaining integrals in (2.3 .16) may readily be evaluated and combined with (2.3.17) 

to obtain 

(2.3.18) 
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2.3 Stress and stress-moments in the thread 

where we have introduced the notation [XJri = X(s + 8s)- X(s). We divide through by 

8s to obtain 

(2.3.19) 

The time-dependent motion of a slender thread is analysed only in chapter 5, where we 

omit the effects of inertia and surface tension. ·when the thread is steady, U = U d3 and 

a2 U is constant, and we may rearrange (2.3.19) to obtain 

(2.3.20) 

We note that (2.3.20) suggests the definition of an 'effective stress' by 

(2.3.21) 

so that in the steady flow the constitutive equation (2.3.6) and force balance (2.3.20) may 

be re-expressed as 

with g = -gez. 

2.3.3 Stress-moment balance 

3p:rra2U' + 1f"(a- p1ra2U 2 

2 p1ra gez, 

(2.3.22) 

(2.3.23) 

The stress-moment balance on an infinitesimal slice V is obtained by means of the angular

momentum integral equation, which again in the absence of explicit time-dependence is 

{ py t x u ( u · n) cl A = { py t x g cl V + { y t x 0' • n cl A, 
.fav .fv lav 

(2.3.24) 

where yt is the displacement from the centreline position x(s). On the surface 8Vo, 

yt is simply the displacement y within the cross-section. On the surface 811+, yt has a 

contribution 8s d 3 from the distance 8s along the centreline in addition to the displacement 

y(s + 8s) within the cross-section av+. 

The dominant contributions to (2.3.24) are from the torque exerted by the viscous stress 

on 8Vo and 811+, and we briefly describe the other (smaller) contributions. The stress on 

8Vc is due only to surface tension, and the resultant torque is non-zero only when the 

thread is both curved and of non-uniform radius. The term on the left-hand side of (2 .3.24) 

is the small torque generated when momentum flux is diverted through a curved thread. 

The first term on the right-hand side of (2.3.24) is the resultant torque on a curved thread 
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2.4 Discussion 

that is due to the extra weight of fluid on the outside of a bend in the thread. We group 

these small contributions to (2.3.24) by defining the stress-moment vector M to be 

Mos= r pytxgclV+ { ytXO' · ndA- r pytxu(u·n)dA. 
Jv Javc Jav 

(2.3.25) 

Substitution of (2.3.25) into (2.3.24) yields 

(2.3.26) 

from which it follows that 

os d3 X N(s + Js) + M(s +os)- M(s) +M c5s = 0. (2.3.27) 

The stress-moment balance on an infinitesimal slice is therefore 

M' =d3 X N+M. (2 .3.28) 

The contributions to M have been derived by Ribe et al. (2006a) , and can be shown 

to have a dynamical effect that is an O(a*2 / s*2 ) factor smaller than the corresponding 

contributions to d3 x N. For simplicity, we do not present them here. However , we do 

include them in the numerical calculations in chapters 4 and 6 when comparing asymptotic 

estimates for the motion of a steadily dragged thread and a steadily coiling thread. 

2.4 Discussion 

Equations (2.1.1), (2.1.2), (2.2.11) , (2.3 .15) , (2.3.22), (2.3.23) and (2.3.28) form a complete 

system of ODEs that describes the motion of a slender thread. It is also necessary to 

impose boundary conditions to close the problem and fully determine the motion of the 

thread, and these are discussed separately for the problems analysed in chapters 4- 6. 

Once the boundary conditions are known, the theory described in this chapter allows the 

behaviour of the thread to be predicted through solution of a two-point boundary-value 

problem. There are many methods available to solve such problems; we use a continuation 

method which we describe in more detail in the relevant chapters. Such an approach is 

advantageous as it allows the effects of varying experimental parameters, such as the fall 

height, to be readily determined. 

The theory described in §2.3.1 has neglected terms that represent the coupling of bending 

and stretching motion through the curvature of the thread. The neglect of such terms 
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2.4 Discussion 

can also be shown to introduce only an O(a*2 /s*2 ) error (Ribe, 2002) . In chapters 4- 6 

such errors are asymptotically negligible compared to the leading-order effects of bending 

stresses in the thread, and so we do not pursue this coupling further. 

Vve have assumed througho~t that the cross-section of the thread is circular, as motivated 

by recent experiments in which a fluid thread is extruded from a circular nozzle. The work 

of Dewynne et al. (1994) analysed the extensional flow of threads with non-circular cross

section that are almost straight, and showed that at leading order in a*/ s*, the shape of 

the cross-section is simply rescaled. Hence the assumption that the cross-section of the 

thread remains circular after extrusion from the nozzle is justified provided the thread is 

sufficiently slender. 
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CHAPTEll :3 

THE FALL OF A VISCOUS THREAD 

vVe aim to analyse the buckling of a slender viscous thread as it lands onto a surface. In the 

problems we analyse in the later chapters, a thread is extruded from a nozzle and stretched 

by gravity before it lands, and bending occurs only near the bottom of the thread. The 

bending stress in the thread is implied by (2.3.15) to scale with its radius like a4
. To use 

this scaling at the bottom of the thread, it is therefore necessary to determine the extent 

to which the thread is thinned by gravity before it lands. Before analysing this process , 

we comment on a few simplifications that can be made in the present context. 

The slender-thread model derived in chapter 2 has implicitly assumed that, in the ab

sence of bending, the axial velocity of the thread is constant across a cross-section. How

ever, within the nozzle the no-slip condition on the inner walls results in a Poiseuille flow 

profile. Hence there must be a region near the exit from the nozzle where the velocity 

profile changes from Poiseuille flow to ex tensional flow. While this means that the as

sumption of extensional flow breaks down near the nozzle, the axial lengthscale of this 

region has been shown to be comparable to the diameter of the nozzle (Goren & ·wron

ski , 1966; Batchelor et al. , 1973) and hence very much less than the height of fall. The 

0( a*/ s*) error introduced by neglecting this region is asymptotically negligible compared 
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to the leading-order effects of bending forces analysed in the later chapters, and we do not 

pursue it further. 

The extension of a fluid thread arises in several industrial contexts, some of which 

introduce effects that compli~ate the theory derived in chapter 2. For example, during 

the heating and pulling of glass fibres, the viscosity of the fibre depends on temperature, 

and therefore varies significantly as the fibre is pulled (Huang et al., 2003). The physical 

properties of the thread may also vary across the cross-section, for instance during the 

drawing of hollow or 'holey' glass fibres (Fitt et al., 2001; Griffiths & Bowel!, 2008). 

However, we focus here on recent laboratory experiments (e.g. CWL; Maleki et al., 2006; 

Morris et al., 2007) in which the thread has a constant viscosity and circular cross-section, 

and the complications do not arise. 

Under certain circumstances, an extruded fluid thread undergoes some sort of break

up instability before landing. If the extrusion speed is sufficiently slow that inertia is 

negligible, and the fall height is sufficiently large, then the drop stretches under its own 

weight until it breaks. This gravity-driven break-up of the thread gives rise to a periodic 

dripping motion (Wilson, 1988). Break-up can also be driven by surface tension in a wide 

range of regimes and has been observed, for example, both when inertia is dominant and 

when inertia is negligible (see review by Eggers, 1997). However, specific criteria for the 

length over which surface-tension-driven breakup might occur are not well understood. 

Another type of break-up instability occurs when the extrusion speed is very large, and 

the air drag on the thread causes it to undergo a buckling instability which can then lead 

to breakup. This effect was analysed using an early slender-thread model (Entov & Yarin , 

1984). Although break-up can thus occur in a variety of situations, a vertically falling 

viscous thread has also been observed to be stable to break-up for very large fall heights 

(e.g. Senchenko & Bohr, 2005) . In particular, for the experiments we analyse in chapters 

4-6, no break-up is observed, and hence we do not consider such instabilities further. 

The analysis in this chapter begins in §3 .1 by considering the fall of an infinite thread 

under gravity. Scalings for the velocity, stress and stress moment are thereby obtained in 

§3.2 that describe the thread at a height H beneath the nozzle, and these scalings are used 

to nondimensionalise the system of equations derived in chapter 2. Several preliminary 

problems concerning a vertical or near vertical thread without bending stress are then 

analysed in §§3.3-3.6 that are of direct relevance to the analysis in later chapters. 
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3.1 Steady vertical fall of an infinitely long viscous thread 

3.1 Steady vertical fall of an infinitely long viscous thread 

We begin by analysing the steady fall of an infinitely long vertical thread. This is a simpler 

problem than the fall of a thread through a finite height, and the results derived in this 

section will be used to estimate' the velocity scales at a height H beneath the nozzle. We 

will see in later chapters that these scalings relate to the behaviour of a thread as it lands 

on a surface. 

The vertical fall of a viscous thread under gravity is governed by extensional flow . The 

governing equations for steady fall may be obtained by substituting ez = -d3 and (2.3.22) 

into (2.3.23) and using a2 = Q(rrU to obtain 

(
3pD' ~ )' pg --u + 'YV QU - pU + U = 0. (3.1.1) 

The first boundary condition imposes the extrusion speed at the nozzle, 

(3.1.2a) 

where SN is the arclength position of the nozzle. The second boundary condition is imposed 

under the assumption that the thread falls under its own weight, so that there is no tension 

applied to the thread far beneath the nozzle. Hence 

3pD' /U ~ 0 as s ~ oo. (3.1.2b) 

Despite the simplifications made to the problem so far, the governing equation (3.1.1) is 

still a nonlinear ODE that can only be solved analytically if some of the terms are absent. 

We now describe some of these simplified problems. 

3.1.1 Gravity-viscosity balance 

In the absence of both inertia and surface tension, equation (3.1.1) for the fall speed 

simplifies to 

(3~')' + ~ = 0. (3.1.3) 

The solution that satisfies (3.1.2) is 

(3.1.4) 

where d is a constant that is chosen to satisfy (3.1.2a). 
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3.1 Steady vertical fall of an infinitely long viscous thread 

Rather fortuitously, the quadratic form of the solution (3.1.4) is unaffected by surface 

tension with inertia still negligible. It is easily shown (e.g. CWL; Senchenko & Bohr, 

2005) that a fall speed U = K 2 (s- d? satisfies (3.1.1) provided inertia is negligible and 

K satisfies 

6p,K
2 + 1[!; K - pg = 0. (3.1.5) 

We note that if 1 = 0 then K 2 = pgj6p, which recovers (3.1.4). The boundary condition 

(3.1.2a) is readily satisfied by setting 

d = SN- .,fU;jK. (3.1.6) 

In most of this thesis we consider a thread falling through a finite height, and the 

boundary condition at the bottom of the thread means that the fall speed no longer has 

the quadratic form (3.1.4). It is then no longer possible to obtain a closed-form solution for 

U with 1 non-zero. For simplicity, we will typically omit the effects of surface tension for 

the remainder of this thesis, but they may readily be included in numerical calculations. 

Unless stated otherwise, the fall of the thread is henceforth assumed to be governed by 

(3.1.7) 

3.1.2 The relevance of inertia 

We have so far omitted inertial effects. Substitution of (3 .1.4) into (3.1.7) shows that this 

omission is justified provided 
1/3 

s- d « (L) p2g 
(3.1.8) 

While this assumption typically holds near the nozzle, it breaks down after the thread 

falls through a height given by the right-hand-side of (3.1.8). As the thread falls, inertial 

effects play a more important role in the thread, until they dominate viscous effects and 

the thread falls under an inertia~gravity balance. Under such a balance, (3.1.7) becomes 

(3.1.9) 

which has the solution 

U rv .j2g(s- d*), (3.1.10) 

a form familiar from elementary mechanics. Here d* is a constant that corresponds to a 

change in the effective origin due to the viscous-dominated region near the nozzle. 
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3.1 Steady vertical fall of an infinitely long viscous thread 

To analyse the transition between the viscous-dominated and inertia-dominated regions, 

we consider the scalings of the terms in (3.1.7). Viscous, gravitational and inertial forces 

are all in balance when 

which implies that the fall speed and distance beneath the nozzle scale like 

( ) 

1/3 
U rv gf-L 

p ( 

2 ) 1/3 
and s rv _I!_ 

p2g 

(3.1.11) 

(3.1.12) 

A closed-form solution to (3.1.7) with both inertia and viscosity has been derived (Clarke, 

1966; 1968). The general solution is 

u = (3gf-L) 
1

/
3 

[Ai(T) + K Bi(T)]
2 

2p [Ai' (T) + K Bi' (T)]2- T[Ai(T) + K Bi(T)]2, 
(3.1.13) 

where 

( 

')) 1/3 

T=(s-d*)/ 
1:~- , (3.1.14) 

and K and d* are constants. The value of cl* is determined by the condition (3.1.2a), while 

K = 0 must be imposed to ensure that U remains positive for all T > 0. To see this, we 

note that if K =/=- 0, then KBi(T) » Ai(T) when r » 1 and hence U approaches 

(3.1.15) 

The fall speed U remains positive for larger only if K = 0, in which case 

(3.1.16) 

This velocity profile is shown in figure 3.1. Since the thread accelerates as it stretches 

under its own weight, it is to be expected that U increases monotonically for s > SN. 

Hence d*- SN ~ 2.337(18f-L2fp2g) 113 . 

The asymptotic behaviour of Ai(T) for r » 1 implies that in this limit the fall speed 

U ( r) approaches 

(3.1.17) 

Substitution of (3.1.14) into (3.1.17) yields 

u rv J2g(s- d*), s » 1, (3.1.18) 

which confirms that inertia is dominant at large distances beneath the nozzle. 
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3.2 Nondimensionalisation 
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Figure 3.1: The sol'Ution (8.1.16) obtained by ClaTke {1966). TheTe aTe many val'Ues ofr < 0 for

which U = 0, b'Ut in order for U to increase monotonically for r > -d, the root r = -2.337 m'Ust 

be selected as the appmxim.ate origin for s. 

If UN« 1, it is possible to estimated* through expansion of (3.1.16) about r = -2.337. 

This expansion implies that 

( ) 

1/3 
U = ~ 3ff;L [ (r + 2.337) 2 + 0 ( (r + 2.337)4

) J , (3.1.19) 

and substitution of (3.1.14) then implies 

( 

1/3 ) 2 pg * 18~2 

u""' _. s- cl + 2.337 (-) 
6~ p2g 

(3.1.20) 

This is consistent with the fall speed (3.1.4) obtained in §3.1.1 using a viscous- gravity 

balance, with an offset cl= cl* -6 . 126(~2 / p2g) 113 . Substitution of (3.1.6) with K 2 = pg/6~ 

gives 

(3.1.21) 

3.2 Nondimensionalisation 

In the chapters that follow we analyse the effects of bending stress on a thread that falls 

a height H through air and then lands on a horizontal surface. Since bending stress is 
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3.2 Nondimensionalisation 

typically significant only in a small boundary layer at the bottom of the thread, we seek 

scalings that are relevant to the motion of the thread there. Bending stress does not 

significantly affect the fall speed of the thread. Vle can therefore use the analysis of §3.1 

to obtain a scaling estimate for the fall speed at a height H beneath the nozzle. 

If H is sufficiently small that (3.1.8) holds, then viscous stresses dominate inertia at the 

bottom of the thread and the relevant velocity scale is U rv pgH2 I fl. If H is sufficiently 

large that viscous stress is instead negligible compared to inertia at the bottom of the 

thread, then the relevant velocity scale is U rv jgH. In the problems we analyse in 

chapters 4- 6, H is typically small enough that inertia does not have a significant effect 

on the fall speed. This motivates us to nondimensionalise velocities with respect to the 

extensional velocity scale U E = pgH2 I fl· The thread radius is nondimensionalised with the 

corresponding radial scale aE = JQiwUE, axial lengths with H and angular velocities 

with U El H. The constitutive relation (2.3.22) suggests that the stress components Ni 
should be nondimensionalised with {la1U El H, while the torque balance (2.3.28) suggests 

that the stress-moment components Mi should be nondimensionalised with {ta1UE. 

3.2.1 Dimensionless governing equations 

The geometry of the centreline is determined by (2.1.1) and (2.1.2), which are 

x' 

d' 
2 

(3.2.1) 

(3.2.2) 

where, for a steadily moving thread, the curvature K. of the rotating basis is selected so 

that it is related to the angular velocity w of the fluid by 

(3.2.3) 

The force and torque balances are given by (2.3.23) and (2.3.28), which after nondimen

sionalisation are 

N' 
M' 

(3.2.4) 

(3.2.5) 

We will see that M is asymptotically negligible when we include it in the analysis in later 

chapters. Finally, the dimensionless form of the constitutive relations (2.3.15) and (2.3.22) 
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3.2 Nondimensionalisation 

for M and N3 are 

M 

where the dimensionless parameters 

aE 
E= H' 

Fr = U]; 
gH 

and r = 'Y 
pgHaE 

(3.2.6) 

(3.2.7) 

(3.2 .8a- c) 

represent respectively the slenderness of the thread, the relative importance of inertia and 

gravity at the bottom of the thread, and the relative importance of surface tension and 

gravity. In the problems we consider, there is a fourth dimensionless parameter, 

(3.2.8d) 

that represents the extent by which a thread is stretched by gravity as it falls from the 

nozzle before landing. 

In the experiments we analyse, extrusion is driven by gravity from a reservoir with a 

constant pressure head. In the simple case that the reservoir has depth D and a vertical 

outlet pipe of length L and radius aN, the flow in the pipe is given by Poiseuille flow 

and the volume flux is Q = 1rajypg(D/L + 1)/8f.L. Hence UN= a~pg(D/L + 1)/8JL, and 

substitution of a~= a~UE/UN and pgH2 /~-t = UE yields 

N aE U2 2 (D )2 
U]; = 8H2 L + 1 (3.2.9) 

Hence U11 ex E for gravity-driven extrusion and Un « 1 follows from E « 1. 

3.2.2 Significance of parameters 

After nondimensionalisation, the behaviour of a slender thread that is extruded from 

a nozzle depends on the four independent parameters Un, E, r and Fr. The analysis 

in chapters 4- 6 concerns the fall of slender threads for which extensional stresses are 

important, and which therefore fall within the regime 0 < E « 1 and Un « 1. 

The parameter Fr represents the relative importance of inertia and viscosity at the 

bottom of the thread. This is most easily seen by noting that 

(3.2.10) 
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3.3 Stress-free vertical fall of a viscous thread of finite height for Fr « 1 

Experiment Un E Fr r 
CWL 9 X 10 -5- 1 X 10 -3 3 X 10 -4- 4 X 10 ·3 0.5- 30 0.79 

Morris et al. (2007) 2 X 10 -4- 4 X 10 -3 8 X 10 -4- 1 X 10 -4 0.1- 7. 0.45 
l\!Iahadevan et al. (1998) 2 X 10- 4-4 X 10- 3 1 X 10-3- 5 X 10-:~ 8.- 60 -

Maleki et al. (2006) 6 X 10 -b- 4 X 10 -4 4 X 10 -b-2 X 10 -4 0.09-1000 0.24 

Table 3.1: Pammeter values r-epr-esentative of r-ecent experiments for the mnge of fall heights ·used. 
In the papers for which several different fluids and e1:trusion conditions were used, the parlicular 
pammeters ·used here ar-e for Experiment 5 of CWL, Experiment 2 of Mahadevan et al. (1998) and 
Experiment 2 of Maleki et al. (2006) . The experimental parameters for Mahadevan et al. (1998) 
ar-e not fully reported, b1tt here the estimates of R04 are used. 

The condition (3.1.8) implies that inertia is negligible at the bottom of the thread if 

Fr « 1. Conversely, inertia is dominant at the bottom of the thread if Fr » 1. In §3.5 and 

chapter 6.4 we analyse threads for which Fr » 1, but otherwise we assume that the fall 

of the thread is dominated by a viscous- gravity balance and set Fr = 0 for simplicity. As 

mentioned in §3.1.1, we will typically also omit the effects of surface tension for simplicity, 

and set r = 0. We note that if Fr = r = 0 then from (2.3.21) the 'effective axial stress' N 
reduces to the viscous extensional stress N. 

Table 3.1 shows parameter values that are representative of recent laboratory experi

ments. These values show the relevance of the regime E « 1 and Un « 1. Depending on 

the particular experiment, inertial forces at the bottom of the thread are either negligible, 

dominant or about the same size as the gravitational forces there. The values of Fr shown 

in table 3.1 imply that a wide range of values of Fr may be reached experimentally. While 

the inclusion of surface tension affects the fall speed of the thread before it lands, it does 

not significantly change the dominant physical processes that govern the bending motion 

at the bottom of the thread (see R04). 

3.3 Stress-free vertical fall of a viscous thread of finite height for 

Fr << 1 

Vve have so far analysed an infinitely long thread that falls under its own weight. In 

the problems we analyse in the later chapters, the thread lands on a surface after falling 

through a finite height which we scale to unity. After landing, the weight of the thread is 

supported by the surface. Hence the vertical velocity variation of the finite thread differs 

from that in an infinitely long thread since the finite thread is not stretched by the weight 

of any fluid further than unit height beneath the nozzle. To derive the vertical velocity 

variation in the finite thread , we therefore consider a thread falling steadily under its own 

weight, with the boundary condition that the fluid 'vanishes' from the system as it falls 
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3.3 Stress-free vertical fall of a viscous thread of finite height for Fr « 1 

Q=7r 

.._..-----·---___..+ s = -1 and U = Un 

1 

Q lu 
' 

s=O and 

Figure 3.2: Schematic diagmm of a falling vertical thTead. Under the 'free-fall' condition, the 

thread is assumed to 'vanish' after falling through a unit dimensionless height from the nozzle, so 

that the weight below that plays no dynamical role. 

through unit height below the nozzle. This has the consequence that the thread at this 

height is stress-free. This problem is depicted in figure 3.2. 

After falling through unit height, the thread has a fall speed UJ; we call this speed the 

'free-fall' speed in the sense that in this problem there is no stress applied to the bottom 

of the thread. The free-fall speed, defined in this way, plays a major role in the theory 

described in the rest of the thesis . (This use of free-fall speed should not be confused with 

the idea of free- fall in mechanics for a pure inertia- gravity balance.) 

If we assume that Fr = r = 0, then the dimensionless form of (3.1.3) is 

(3U')' ~ _ u + u- o. (3.3.1) 

The boundary conditions for the free-fall problem are 

U = Un at s = -1 and U' = 0 at s = 0, (3.3.2a, b) 

where we have defined the origin s = 0 to be at the bottom of the thread. The first 

boundary condition imposes the extrusion velocity at the nozzle, and the second boundary 

condition imposes zero viscous stress at the bottom of the thread. The solution to this 

problem was found by R04 in another context; however in §3.4.1 and §3.5.2 we also analyse 

the case when U' i- 0 at the bottom of the thread , and therefore we briefly describe the 

solution. 
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3.3 Stress-free vertical fall of a viscous thread of finite height for Fr « 1 

0 

Full Numerical Calculation 

(3.3.6) to leading order 

(3.3.6) to O(d) 

6 X 10:! 

u;;l 

Figure 3.3: Comparison of the leading-order and O(d) estimates {3.3.6) for Ut with the full 

numerical solution to {3.3.1) and {3.3.2), for a range of Un « 1. 

The general solution to (3.3.1) for which U' = 0 at some finite distance beneath the 

nozzle is given by 
U( ) = 1- cos[T00 (s + 1 +d)] 

s 3T2 I 
00 

(3.3.3) 

where T00 and d are constants of integration. These constants can be chosen so as to 

satisfy (3.3.2): the stress-free condition (3.3.2b) gives 

(3.3.4) 

since we assume that Un « 1, expansion of (3 .3.3) together with (3.3.4) and (3.3.2a) gives 

d = vw;; + O(Un)· (3.3.5) 

The dimensionless free-fall speed UJ is given by settings= 0 in (3.3.3). Ford« 1, we 

obtain 
(3.3.6) 

Figure 3.3 compares this estimate with the full numerical solution to (3.3.1) and (3.3.2) for 

values of Un representative of experiments . There is good agreement, and the leading-order 

estimate UJ = 2/3n:2 is typically accurate to within 15%. 
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3.4 The effects of small forces exerted at the bottom of the thread for Fr « 1 

3.4 The effects of small forces exerted at the bottom of the 

thread for Fr << 1 

Here we consider the effects o( a small force exerted at the bottom of the thread as a 

perturbation to the free-fall problem. We will see in later chapters that bending forces 

at the bottom of the thread are small, but their effects will nonetheless result in a global 

perturbation to the thread. A vertical force will modify the vertical velocity variation in 

the thread , while a horizontal force will deflect the thread and thus modify its shape. We 

now describe these effects in more detail. 

3.4.1 Deceleration due to a small vertical force 

A small vertical force Fz exerted at the bottom of the thread will slow its fall and cause 

the fluid velocity Ub at the bottom to be slightly smaller than the free-fall value UJ · 

To determine the relationship between Fz and Ub, we solve (3.3.1) with the boundary 

condition (3.3.2b) replaced by 

u = ub at s = 0. (3.4 .1) 

The force Fz is then given by 

(3.4.2) 

In general, the constants T00 and d in (3.3.3) must be found numerically in order to 

determine the velocity profile and the value of Fz. However, since Fz is small then Ub ~ UJ 

and it is possible to estimate Ub by making an expansion in Fz. For simplicity we neglect 

the O(d) corrections below, but they may readily be included in the expansion which 

follows. 

vVe perturb T00 away from its free-fall value to 

T00 =1r+t, (3.4 .3) 

where t « 1. This is substituted into (3.4.2) using (3.3.3) to obtain 

(3.4.4) 

A similar expansion for Ub using (3.3.3) and (3.4.1) implies that 

(3.4.5) 
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3.4 The effects of small forces exerted at the bottom of the thread for Fr « 1 

Combination of (3.4.4) with (3.4.5) together with a~ ~ 1/UJ gives 

(3.4.6) 

In §4.5 and chapter 5, we demonstrate that the behaviour of a thread , dragged by a belt 

at speed ub, is described by a parameter <I> z, which is defined by 

(3.4.7) 

where 89 is the lengthscale of the bending boundary layer and is determined in §4.5. The 

value of <I> z is therefore related to ub by 

<I> = 3n2 (U - U ) 0 ( (UJ - Ub)z) 
z 48 f b + 8 . 

g g 
(3.4.8) 

3.4.2 Deflection due to a small horizontal force 

A horizontal force exerted at the bottom of the thread causes it to be deflected from 

vertical , and to hang in a catenary-like shape. Here, we aim to determine the position of 

the bottom of this catenary. We will see in §4.5 and §6.5 that the horizontal displacement of 

the bottom of the catenary from beneath the nozzle provides an estimate for the distance 

by which a thread is dragged as it falls onto a moving belt, and for the coiling radius 

of a thread as it falls onto a stationary surface. In the later chapters we estimate this 

displacement using the approximation that the variation of the thread's radius towards 

the nozzle can be neglected, which we justify here. 

Consider a tail of unit length and radius a, hanging under its own weight and with a 

horizontal force Fx exerted on it in the x direction , so that it takes the shape of a half

catenary. In the absence of any force applied in they direction, (3.2.1) and (3.2.4) simplify 

to 

x' sine 

z' - cose 

(N3 sin B)' 0 

(N3 cos e)' -na2 , 

where cos e = -d3 ·e z. Equation (3.4.11) has a first integral 

(3.4.9) 

(3.4.10) 

(3.4.11) 

(3.4.12) 

(3.4.13) 

31 



3.5 Vertical fall of an inertia-dominated thread for Fr » 1 

which can be substituted back into (3.4.12) to obtain 

(3.4.14) 

From (3.4.9) and (3.4.14) the herizontal deflection Xt of the tail is 

X = X d(} l
en F 

t 1r/2 1ra2 sin(} ' 
(3.4.15) 

where 811 is the deflection of the tail from vertical at s = -1. 

The deflection of a catenary with uniform radius a= 1 is given by 

Fx ( (Bn)) Xt = --;- In tan 2 , (3.4.16) 

where 811 is found by integration of (3.4.14) with a= 1 to be 

- 1 ( 1f ) Bn =cot Fx . (3.4.17) 

Hence Xt = O(F.-c In F.-c) as Fx ---7 0. Equation (3.4.14) implies that e = 0(1) only ne~r 

the bottom where s = O(Fx)· This region gives only an O(Fx) contribution to Xt · From 

(3.4.17), 811 = O(Fx) and hence (3.4.15) implies that the contribution of the region(}= 

0(811 ) is also only O(F.-c), despite the 0(1) arclength of this region. Hence the deflection 

is dominated by the region 811 « (} « 1f /2, which corresponds to arclengths 0 « -s « 1. 

Linearisation of(} in (3.4.15) and substitution of (3.4.17) implies that this region indeed 

gives an O(Fx In Fx) contribution. 

The variation of a within a non-uniform catenary is found by considering (3.2.7) together 

with (3.4.13) to obtain 

a =0 -- . 1 ( Fx ) 
sin(} 

(3.4.18) 

vVhen -s « 1, it follows that (} » Fx and hence a' « 1 in this region. Thus the variation 

in thread radius has no effect on Xt to leading order since a~ ab when 0 « -s « 1. The 

dominant contribution to Xt from the region 0 « -s « 1 may therefore be estimated to 

leading order by assuming that the thread has constant radius a =ab. 

3.5 Vertical fall of an inertia-dominated thread for Fr >> 1 

In §6.4 we analyse the steady coiling of a thread for the case where inertia plays an 

important role at the bottom of the thread. Here we derive the free-fall speed of an inertia

dominated thread and the deceleration at the bottom of the thread due to a vertical force 
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3.5 Vertical fall of an inertia-dominated thread for Fr » 1 

exerted there. In the presence of inertia, (3.3.1) is modified to 

(
3U')' 1 U - Ft U' + U = 0. (3.5 .1) 

3.5.1 The free-fall speed of an inertia-dominated thread 

The dimensional free-fall speed U F for an inertia-dominated thread is obtained by substi

tuting (3.1.21) , SN = -Hands= 0 into (3.1.18) to obtain 

(3.5.2) 

After nondirnensionalising with respect to the scalings in §3.2, this estimate is 

(3.5.3) 

where the second and third terms are correction terms to the leading-order estimate. 

vVhich of these terms is the larger correction term depends on the relative sizes of Fl·- 113 

cl 1/2 an Un . 

3.5.2 Deceleration due to a vertical force 

In §6 .4 we will show that when inertial forces are important at the bottom of a coiling 

thread, the momentum flux at the bottom of the tail must be diverted so that the thread is 

horizontal at the contact point. This places the bottom of the thread under compression, 

and it buckles to form a coil. We show in §6.4 that the coil undergoes axial compression 

in addition to bending. Since bending motion decays towards the tail, we conclude that 

the coiling motion places the bottom of the tail under axial compression. To analyse this 

effect , we consider a falling thread for which the force exerted at the bottom of the thread 

is vertical and scales with the momentum flux. This imposes the boundary condition 

3U' 
- = -aFl· U at s = 0, u (3.5.4) 

where a is a constant that we show in §6 .4 to be determined by a balance of bending and 

inertial forces in the coil. We note that R04 considered a similar problem, but assumed 

that there is no axial compression at the bottom of the tail; this corresponds to setting 

a= 0 in (3 .5.4). However, since the coil places the bottom of the tail under compression, 

a> 0. 
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3.6 The whirling of a viscous thread 

The estimate (3.5.3) implies that the speed near the bottom of the thread scales like 

Fr- 112 at leading order. Substituting this scaling into (3.5.4) yields a lengthscale 8b '"" 

F\·- 112 on which viscous and inertial stresses are both O(F\·) and in balance at the bottom 

of the thread. In this region, the gravitational term in (3 .1.7) is O(Fr112
) and hence 

negligible. The vertical velocity variation at the bottom of the thread is therefore given 

by 

( 3~')'- Fr U' = O(F\·112
) . (3.5.5) 

To leading order, (3.5.5) can be integrated once and the boundary condition (3.5.4) used 

to show t hat the vertical force is constant and given by 

3U' U- F\· U =-(a+ 1)Fr Ub, (3.5.6) 

where Ub is the fall speed at the bottom of t he tail. The solution of (3.5.6) for which 

u = ub at s = 0 is 

U = (1 + a)Ub 
1 + aef3s ' 

l {3 
(1 + a)F\· ub 

w 1ere = 
3 

. (3.5 .7a, b) 

Since Fr Ub » 1 and a > 0, it follows that {3 » 1. This solut ion shows that the thread 

decelerates within a boundary layer where {3s = 0(1), or s = O(F\·- 112
) . In the limit 

{3s -? -oo the fall speed in the boundary-layer solution must match to the fall speed in 

the tail fors « 1, which is the free-fall speed Uj, as derived in §3.5.1. Hence the fall speed 

Ub at the bottom of the tail is related to UJ and to t he value of a by 

(3.5.8) 

We show in chapter 6 that the value of a is determined by the coil to be approximately 

a = 0.35 . The coiling speed is given by Ub to leading order, and hence may be estimated 

from (3.5.8) using (3 .5.3). 

3.6 The whirling of a v1scous thread 

In §6 .6 we analyse the steady coiling of a thread for which Fr is small enough that the axial 

momentum flux is negligible compared with the viscous extensional stress as the thread 

falls, but large enough that the stress caused by centrifugal acceleration of the thread is 

comparable with the viscous hoop stress caused by deflection of the thread from vertical. 

Ribe et al. (2006b) (hereafter R06b) suggested that in this regime, the thread exhibits 

a resonant behaviour when the coiling frequency coincides with an eigenfrequency of an 
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3.6 The whirling of a viscous thread 

unforced 'whirling liquid string'. This string is modelled as a viscous thread whose radius 

is governed by extensional flow . The effects of bending stress in the thread as it is deflected 

are assumed to be negligible compared with those of hoop stress and are omitted. In the 

absence of any forcing applied at the bottom of the thread, steady rotational motion can 

occur only at discrete angular frequencies. Between these frequencies, the only possible 

steady behaviour of the thread is to hang vertically. In chapter 6 we show that bending 

stresses at the bottom of the thread exert a small force on the thread above, and that 

during fluid coiling the thread behaves like a (slightly) forced circular pendulum. Here we 

analyse the behaviour of such a pendulum. 

Vve work in a reference frame that rotates about ez with the forced angular frequency 

0. In this frame, the thread is stationary but fictitious forces have been introduced which 

correspond to centrifugal and Coriolis accelerations. The motion of the thread in the 

absence of bending stress is governed by 

V V I 
N=N3x 

N' = 1ra2Fl· [n x (n x x) + 2UO x x'] + na2e z, 

where n = Oez and we have made the substitution d 3 = x'. 

3.6.1 Constant radius 

(3.6.1a) 

(3.6 .1b) 

The thread stretches as it falls, which causes its radius to vary along its length. For 

simplicity, we assume for the moment that the thread's radius is instead constant so that 

a = ac and U = Uc everywhere. Vve will discuss the effects of variation in the thread's 

radius in §3.6.2. 

Provided the forcing is small and the frequency 0 is not an eigenfrequency of an unforced 

thread, the resulting deflection of the thread is also small . We linearise in the deflection 

of the thread from vertical , so that at leading order the tangent vector is given by 

(3.6.2) 

Substitution of (3 .6.2) into (3.6.1) and projection onto e z yields N~ = -na~. We make 

the leading-order approximation that N3 = 0 at s = 0. Hence 

(3.6.3) 
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3.6 The whirling of a viscous thread 

Substitution of (3.6.2) and (3.6.3) into (3.6.1) and then projection onto ex and ey yields 

( -sx')' = Fr [-D2x- 2UcDy'] 

( -sy')' = Fr [-D2y + 2UcDx'J. 

(3.6.4a) 

(3.6.4b) 

\Ne may treat both horizontal components of displacement together by using the complex 

variable z = X + iy. It is convenient also to define the parameters W 2 = Fr 0 2 and 

£ = Fr DUe. We are interested in the regime where the dominant balance is between hoop 

stress and centrifugal acceleration, and we have nondimensionalised so that variation in 

the tail occurs over an 0(1) lengthscale. We therefore require W = 0(1). It is known 

(e.g. R04) that the dimensionless coiling frequency D is large for a slender thread. We 

therefore consider the case where £ « 1 and hence where Coriolis acceleration is typically 

negligible compared with centrifugal acceleration. 

After multiplying through by -s, (3.6.4) is given by 

-s(-sZ')'- 2i£sZ'- W 2 sZ = 0. (3.6.5) 

This equation has a closed-form solution which we now derive. We change variables using 

T = 2WFs. The differential operator -s d/ds is equivalent to ~T d/dT, and hence 

d ( dZ) dZ 2 
T dT T dT + 4i£T dT + T Z = 0. (3.6.6) 

After multiplying this equation through by T2i£ , it is straightforward to show that it is 

equivalent to 
(3.6.7) 

This is Bessel's equation for the unknown quantity T2i£ Z, and the general solution is 

(3.6.8) 

where A and B are arbitrary complex-valued constants and J±2i£( T) are Bessel functions. 

Using 8Jn(T )j8nln=O = ~7rYo(T) and the expansion T-2i£ >::j 1- 2i£ ln T + 0(£2
) , the 

leading-order behaviour of (3.6.8) when £ « 1 is given by 

Z = (1- 2i£ ln T)[(A + B)Jo(T) + 1ri£(A- B)Yo(T)] + 0(£2
). (3.6.9) 

The thread is pinned at a nozzle so that x = y = 0 at s = -1. Hence Z = 0 when T = 2W 

and the relevant solution is given by 

Z = A(1- 2i£ ln T){J0 (2W)Yo(T)- Y0 (2W)J0 (T)} + 0(£2
) , (3.6.10) 
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3.6 The whirling of a viscous thread 

where A is a complex-valued constant. 

In chapter 6 we model the forcing due to bending stress in the coil by prescribing a 

forcing at a small arclength 0 < -so « 1, whose value is derived from an estimate of 

the height below which bending stress is dominant and above which hoop stress is instead 

dominant. Since !sol « 1, it follows that To« 1. From (3.6.1a) and (3.6.3), the horizontal 

force N:c + iNy is given by Nh = -1ra~sdZjds at leading order, which implies that 

Nh = 1ra~;0A(1- 2i£lnTo) {Jo(2W)Y~(To)- Yo(2W)Jb(To)} 

-1ra~i£Z + 0(£2
). (3.6 .11) 

We may describe the response of the thread at a given frequency by using the ratio 

Z/Nh . Since we have linearised the problem, we anticipate that Z/Nh = 0(1) for all 

frequencies except those that are near the eigenfrequencies Dn. of an unforced thread. 

\V hen D ~ Dn., a small force results in a large displacement at the bottom of the thread 

and so we expect that Z / N h is large when D = Dn.. 

We expand Nj·;l for£« 1 using (3.6.11), which gives 

v -1 2 ( ( £Z)) 
Nh = 7ra~ToA{Jo(2W)YJ(To)- Yo(2W)Jb(To)} 

1 + 0 
£ ln To, Nh ' 

(3.6.12) 

and combine this expansion with (3.6.10) to obtain 

1ra~Z = ~ Jo(2W)Yo(To)- Yo(2W)Jo(To) 0 (czl £Z
2

) 

v ( ) I ( ) ( ) I ( ) + G n TQ) v • 

Nh To Jo 2W Y0 To - Yo 2W J0 To N,; 
(3.6.13) 

We prescribe the forcing at To « 1, and we may estimate the behaviour of (3.6.13) by 

substituting the leading-order expansions 

and 

1r Yo (To) = 2 ln To + 0 ( 1) and 

for the Bessel functions near To = 0. This yields 

Jb(To) =-~ + O(TJ) 

7rY~(To) = ~ + O(To ln To) , 
To 

1ra~Z 8Jo(2W) ln To- 47rYo(2W) 

Nh ~ 4Jo(2W) + 7rTJYo(2W) · 
(3.6 .14) 

At fixed To « 1, the response scales like ln To when Jo(2W) ::/= 0. However, if Jo(2W) ~ 0 

then the response instead scales like T02
. The resonant frequencies D11 observed by R06b 

correspond to values of Wn that satisfy J 0 (2W71 ) = 0. This has the physical interpretation 
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3.6 The whirling of a viscous thread 
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Figure 3.4: The response of a thread whose radius is constant (U = a= 1} and fo r which Fr = 
10- 3 that is fo rced to rotate at rescaled frequency W through a forcing prescribed at so = -5 x 10-3 . 

The estimate (3. 6.13} gives good agreement with the numerical solution to (3. 6. 5) provided the 

fo rcing frequency is not too close to one of the resonant freqttencies. At these frequencies , for 

which J 0 (2W) = 0, the estimate 1riZ/Nhl "'(Fd1)- 1 gives reasonable agreement. 

that, while an 0(1) forcing results in an O(ln To) displacement when D is not close to one 

of the eigenfrequencies Dn, it results in a very large O(TJ) displacement when D ~ Dn. 

The estimate (3.6.14) has been derived under t he assumption that Coriolis acceleration 

is negligible so that [ ~ 0. However, if Jo(2W) ~ 0 then the omission of Coriolis accel

eration is no longer valid. To see this, we note that if Jo(2W) = 0 then the leading-order 

contribution to Nh in (3.6.11) is from the Coriolis acceleration. In this case we expect 

that 7ra~IZ/Nhl ~ 1/E = (Frn)- 1 . This is shown in figure 3.4, which compares both the 

estimate (3.6.13) and 1ra~ I Z/ Nhl = 1/E to the numerical solution of (3.6.5) subject to 

Z = 0 at s = -1 and Z ' = 1 at s = so. The parameter values used are s0 = -5 x 10-3 

and Fr = 10- 3 . While (3.6 .13) gives good agreement away from the resonant frequencies, 

it breaks down close to them when the response is large since it has omitted the Coriolis 

acceleration. 

3.6.2 Non-constant radius 

We have so far assumed that the radius of the thread is constant. In the coiling problem we 

analyse in chapter 6, the thread is stretched by gravity as it falls and its radius therefore 
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3.6 The whirling of a viscous thread 

varies . From (3.6.1 b), this variation in radius changes the deflection of the thread by the 

force from the coil at the bottom. 

If the deflection of the thread from vertical is small, then the equations that govern the 

variation of velocity and axi~l stress are obtained at leading order using (3.2 . 7) and the 

projection of (3.6.1b) onto d 3 , which give 

(3.6.15a,b) 

The solution for U(s) with fh = 0 at s = 0 was derived in §3.3, and is given by 

1- cos[T00 (s + 1 +d)] 
U= 3T2 

00 

7r 
and T00 = --d, 

1+ 
(3.6.16a,b) 

where d is a constant that is chosen to satisfy U = Un at s = -1. For simplicity we set 

d = 0 below, which corresponds to the limit of a very strongly stretched thread. 

We substitute (3.6.1a) into (3.6.1b) to obtain N' = N~x' +N3x11
• The velocity variation 

(3.6 .16) together with (3.6.15) implies that N3 = a2 sin[1r(1 + s)] . We substitute this into 

(3.6.1b) and project (3.6.1b) onto ex and ey to obtain 

_.!._ sin[1r(1 + s)]x" = x' + Fr[-D2x- 2UDy'] 
7r 

_.!._ sin[1r(1 + s)]y" = y' + Fr[-D2y + 2UDx']. 
7r 

(3.6.17a) 

(3.6.17b) 

Equation (3 .6.17) is similar to the equation derived by R06b for a free strongly-stretched 

thread , though here we have additional terms that represent the Coriolis accelerations 

which are important near resonance. 

As in §3.6.1, the thread exhibits resonant behaviour when the forcing frequency is close 

to one of the eigenfrequencies of an unforced thread. These eigenfrequencies were calcu

lated numerically for threads of non-constant radius by R06b, and they differ from the 

eigenfrequencies of a thread of constant radius because of the different weight distribution 

in the thread. The qualitative behaviour of a forced thread of non-constant radius is the 

same as that of a forced thread of constant radius at leading order. Figure 3.5 shows 

the response of such a forced thread, and includes the effects of variation in the radius 

and of Coriolis acceleration. The response is calculated numerically by solving (3.6.1) and 

(3.6.16) with Fr = 10-3 subject to x = y = 0 and U = 10-3 at s = -1, and N3 = 0 and 

Z' = 1 at s = -5 x 10- 3 . The response of the thread between resonant frequencies is very 

similar to that of a thread whose radius is constant. 
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Figure 3.5: The response of a thread of non-constant mdius joT which Fr = 10- 3 and which is 

forced to Totate at rescaled jTequency W through a forcing prescr-ibed at so = -5 x 10-3 . This 

was obtained through solution of (3.6.1) and (3.6.16) , with U = 10-3 at s = -1. The response is 

qualitatively the same as that of a thread whose mdius is constant. 

3. 7 Discussion 

The analysis of this chapter has concerned problems that are related to the behaviour of a 

slender viscous ' tail ' as it falls under gravity. We have obtained quantitative estimates for 

the fall speed at the bottom, and in some regimes have determined the perturbations to the 

tail that result from a small force exerted there. We have shown that these perturbations 

modify both the vertical velocity profile and the shape of the tail. In later chapters we 

will see that bending forces at the bottom of the tail modify its behaviour, and the results 

derived in this chapter are relevant to the work that follows. 

We have also derived appropriate scalings to describe the behaviour of the bottom of 

the thread. Nondimensionalisation with respect to these scalings reveals that the fall of 

a slender thread onto a surface may be characterised by four independent parameters. 

R06b performed experiments in which the height of fall was varied while the flux and 

nozzle diameter were held constant. They defined two dimensionless groups to describe 

the nozzle conditions, omitting surface tension, which are 

( 

5 ) 1/5 

rr1 = ;Q3 
and ( vQ) 1/4 

gd4 ' 
(3.7.1) 
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3.7 Discussion 

where v = p,j p is the kinematic viscosity of the fluid and d = 2aN is the diameter of the 

nozzle. If surface tension is included, then there is a third dimensionless parameter (Ribe 

et al., 2006a), given by 
!d2 

II3 = pvQ' (3.7.2) 

These three parameters do not depend on the height of the nozzle above the surface. 

There is therefore a fourth parameter, for example Hjd or Hj(v2 jg) 113 , that represents 

the climensionless height of fall. 

The parameters II1, II2 and II3 are derived using velocity and radius scales at the nozzle. 

¥le have instead used velocity and radius scales at the bottom of the thread, so that the 

corresponding dimensionless parameters derived directly relate to dynamical balances at 

the bottom of the thread and thus facilitate the analysis in later chapters. The parameters 

ni are related to the parameters used here by 

and (3.7.3) 
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CHi\f->1'I~R, 4 

THE STEADY MOTION OF A DRAGGED VISCOUS THREAD 

4.1 Introduction 

The behaviour of a slender viscous thread as it falls onto a moving belt is a problem which 

has been the subject of recent attention (figure 4.1a,b; CWL; R06c; 11/Iorris et al., 2007), 

and which we analyse in this chapter. Experiments have been performed in which a slender 

thread of a viscous fluid, such as golden syrup, is extruded from a stationary nozzle and 

then falls through air onto a moving belt. If the belt speed is large, then the thread is 

simply dragged out to form a catenary-like shape (figure 4.1a), but for smaller belt speeds 

the thread must slow down near the belt. The slowing down of the thread places it under 

axial compression, which may cause the thread to buckle. However, provided the belt 

speed is not too low (so that the compression is sufficiently small), the thread forms a 

steady 'backward-facing heel' (figure 4.1b), which is stable since the compressive force can 

be balanced by bending forces within the heel. If the belt speed is sufficiently slow, then 

the heel is itself unstable to buckling and the motion is unsteady. We analyse the onset of 

unsteady motion in chapter 5, and in this chapter focus on the steady motion of a dragged 

thread. 
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4.1 Introduction 

(a) (b) (c) 

1 

Figure 4.1: (a, b) Experiments performed by CWL, in which a thread of golden syrup falls under 

gmvity onto a belt moving from left to right. (a) For fast belt speeds the thread is dragged out 

to f01·rn a catenary-like shape. (b) For slow belt speeds the thread can buckle and form a steady 

'backward-facing heel'. (c) Theoretical definition of the problem (see text). 

In order to predict the shape of a steadily dragged thread, a simple theory was derived 

by CWL. They made the approximation that bending forces are negligible throughout the 

thread. While a slender thread has only a small bending resistance, so that the bending 

forces are indeed typically small compared to stretching forces in most of the thread, the 

complete omission of bending forces neglects their important effects near the contact point 

with the belt. For example, if the motion is steady then the thread is predicted to turn 

in a tighter arc than if bending forces were present, which results in an underestimation 

of the dragout distance. The stretching-dominated solutions also do not allow the thread 

to undergo compression, and as a consequence do not allow the existence of a steady 

backward-facing heel. 

The stretching-dominated theory was improved by R06c, whose model includes bending 

forces and which we described in chapter 2. The numerical solution of this model obtains 

steady shapes that agree very well with those observed experimentally. However, the 

mathematical model includes many dynamical effects and in the steady problem results in 

a complicated gth order two-point boundary-value problem, which makes it a little difficult 

to extract a more physically based understanding of the solution structure. 

The analysis of this chapter concerns the effects of bending stress on a thread where 

Un « 1 and E « 1 (see equations 3.2.8a,d), corresponding to a strongly stretched, very 

slender thread. Particular attention is paid to the influence of bending stresses near 



4.2 Problem description 

the belt . These bending stresses give rise to singular perturbations to the stretching

dominated theory of CWL and, in consequence, there are boundary layers near the belt 

and the nozzle within which the bending stresses are dynamically important. This chapter 

focuses on elucidating the boundary-layer structure and its effects. 

In the absence of the belt, the thread would have some free-fall velocity Uf after falling 

under gravity through a unit height, which we determined in chapter 3. We will see that, as 

the belt speed Ub varies, the dynamics of the thread falls into one of three distinct regimes. 

The first, in which Ub < Uf, predicts the observed backward-facing heels that could not 

be explained by the theory of CWL. The regime Ub > UJ gives small corrections to the 

theory of CWL. The third regime, Ub >::::J Uj, is distinct and bridges the other two regimes. 

In each of the above cases, we determine the influence of bending stresses , derive scalings 

and physical balances within the boundary layer, and find asymptotic approximations that 

agree well with the full numerical model of R06c. 

4.2 Problem description 

VIe consider a viscous thread falling a unit height from a nozzle onto a belt moving 

horizontally with constant dimensionless speed Ub, as depicted in figure 4.1 (c). 

We select the Cartesian axes so that the thread lies in the plane y = 0, the belt is at 

z = 0 and the nozzle is at (0, 0, 1). The belt moves with velocity Ubex and the gravitational 

acceleration is -ez. We select the basis vectors d1 and d2 so that they rotate with the 

fluid, which corresponds to setting w0 = 0 in (3.2.3). Since the thread is steady, it remains 

in the y = 0 plane and does not twist. Hence we can choose the orientation of the rotating 

basis so that d 2 = -ey throughout the thread. Then, since d3 has been defined to be 

tangential to the centreline, the basis vector d 1 is normal to and in the plane of the 

centreline. 

Since the centreline lies in the plane y = 0, the orientation of the thread is given 

by e ( s), defined as the angle between the centreline and the downward vertical so that 

cos e = -d3 ·ez. The equations that govern the geometry of the centreline may then be 

obtained by projecting (3.2 .1 ) onto ex and ez , and (3.2.2) onto d2 to obtain 

x' sine (4.2.1) 

z' - cose (4.2.2) 

e' "'2· (4.2.3) 

To simplify the analysis that follows, we initially omit the effects of inertia and surface 

tension by setting Fr = r = 0. As we will discuss in §4.8, this approximation does 
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4.2 Problem description 

not significantly change the behaviour of the thread. The nontrivia.l components of the 

constitutive relations (3.2.6) and (3.2.7) are then 

(4.2.4) 

(4.2.5) 

while the nontrivial components of the force and torque balances (3.2.4) and (3.2.5) are 

N' 1 -K,2N3 + 1ra2 sine (4.2.6) 

N' 3 K,2N1 - 1ra
2 cos e (4.2.7) 

M' 
7ra4 

-N1- c2-K,2cose. (4.2.8) 2 4 

The form of M used to obtain the final term in ( 4.2.8) was derived by R06c. 

Kinematic boundary conditions impose the positions of the nozzle and of the contact 

point, and dynamic boundary conditions impose continuity of flow orientation and of 

curvature between the thread and the belt or nozzle. These conditions are 

e = /'\,2 = X = 0, z = 1 and u = Un, (4.2.9a-e) 

at the nozzle, and 

e ___ 1r 0 
2' /'\,2 = ' z = 0 and u = ub, (4.2.9f-i) 

at the belt. The a.rclength e of the thread is to be determined and so ( 4.2.9a- e) are 

applied at an unknown position s = -e. We have assumed in (4.2.9h) that the thread is 

sufficiently slender that the distance of the centreline above the belt is negligible at the 

contact point. 

The thread is described by the 8 independent variables x, z, e, /'\,2, U, N1, N3 and lVh, 

with a given by u-112 by volume conservation. In addition, the length e of the thread is 

unknown. Hence the 9 boundary conditions (4.2.9) fully determine the solution. 

4.2.1 Numerical solution 

As mentioned in §2.4, numerical solutions were determined using a. continuation method, 

as implemented by the software package AUT0-07P (Doedel, 2007). We now describe the 

solution protocol in more detail. 
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4.3 Asymptotic behaviour of a slender thread 

A continuation method requires an initial starting solution. Since it is difficult to obtain a 

closed-form solution to (4.2.1)- (4 .2.9), we init ially omit the gravitational terms in (4.2.6)

( 4.2.8) by introducing an adjustable parameter c1 , according to 

N{ . 

N' 3 

M' 2 

-K,2N3 + C!1l'a
2 sine 

"'2Nl - C11l'a
2 cos e 

7ra4 
-Nl - C1E

2

4 "'2 cos e, 

(4.2.10) 

(4.2.11) 

(4.2.12) 

and where c1 is initially set to zero. We also relax the boundary conditions (4.2.9b,g) by 

replacing them with 

"'2 = 1- c2 at s = - e and "'2 = 1 - c3 at s = 0, (4.2.13a,b) 

where c2 and c3 are adjustable parameters that are also initially set to zero . After making 

these modifications, there is a closed-form 'quarter-circle' solution , given by 

with parameter values 

X = 1- COS e, y = 1- sine 

e = s, "'2 = 1 and N1 = N3 = M2 = 0, 

1l' e = 2, E = 1 and Un = ub = 1. 

(4.2.14) 

(4.2.15) 

(4.2.16a- d) 

To obtain a solution to (4.2.1)- (4.2.9) , the boundary conditions (4.2.9b,g) are first reim

posed by using continuation to adjust the parameter values so that c2 = 1 and c3 = 1. The 

gravitational terms are then reintroduced by adjusting c1 = 1, and the resulting solution 

satisfies (4.2 .1)- (4.2.9) with parameter values given by (4.2 .16b- d) . These parameters are 

then adjusted to the values desired. 

4.3 Asymptotic behaviour of a slender thread 

In the limiting case E = 0 of a very slender thread, ( 4.2.5) and ( 4.2 .8) give M2 = N 1 = 0, 

corresponding to the negligible resistance of such a thread to bending. In this case, equa

t ions ( 4.2.3)- ( 4.2.8) reduce to t he stretching theory derived by CWL, which is described 

by 

N3 37ra
2U' (4.3.1) 

N3e' 1ra
2 sine (4.3.2) 

N~ -1l'a
2 case , (4.3.3) 
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4.3 Asymptotic behaviour of a slender thread 

together with the geometric equations (4.2.1) and (4.2.2). This system no longer involves 

the derivatives of "'2' lllh and N1 and so the order of the system has been reduced by 

three. Consequently the solution does not allow imposition of the boundary conditions 

that the thread is vertical at the nozzle, and that there is zero curvature at the belt and 

at the nozzle. 

It follows that the finite bending resistance of the thread for 0 < E « 1 gives rise to 

a singular perturbation to the stretching-dominated system (4.2.1), (4.2.2) and (4.3.1)

( 4.3.3). Hence there are boundary layers at the belt and at the nozzle, across which the 

curvature and orientation of the thread are corrected to satisfy the relevant boundary 

conditions. Outside these boundary layers, in a region we have called the 'tail', bending 

stresses are unimportant. 

A key parameter for the solution structure is the free-fall speed UJ, defined in chapter 

3 as the speed the thread would have after falling in a viscous- buoyancy balance through 

unit height in the absence of the belt. V\Te will demonstrate that, depending on the relative 

sizes of the belt speed Ub and U f, the tail either falls vertically, or is deflected to form a 

catenary. In either case the tail is governed by (4.3.1)- (4.3.3), with e = 0 if the thread is 

vertical. 

4.3.1 Boundary-layer structure 

In the remainder of this chapter we determine the singular perturbations to the stretch

ing theory arising from the finite bending resistance of a slender thread. A preliminary 

simplification is to note that the 0(E2 ) gravitational contribution to the moment balance 

( 4.2.8) is only a small regular perturbation as E ---+ 0, and can be omitted. 

The bending stresses in the thread decrease as E ---+ 0, but not uniformly, and they remain 

dynamically important in boundary-layer regions of decreasing length near the belt and 

nozzle. We focus attention on the boundary layer near the belt. The tail is governed 

by (4.3.1)- (4.3.3), and is therefore independent of E at leading order. Hence the axial 

stress, velocity and dimensionless radius at the base of the thread are independent of E, 

and therefore remain 0(1) as E---+ 0. The constitutive relation (4.2.4) then implies that U 

cannot vary significantly over the short lengthscale of the boundary layer. The necessary 

adjustment of the thread velocity from its free-fall speed UJ to the belt speed Ub must 

therefore take place within the tail. Hence we can assume that U = Ub at leading order 

throughout the boundary layer at the belt. 

Since the velocity is constant throughout the boundary layer at leading order, the con

stitutive relation (4.2.5) may be simplified using a2U = 1 to obtain 

(4.3.4) 
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4.3 Asymptotic behaviour of a slender thread 

\li.Te combine ( 4.3.4) with ( 4.2.6)- ( 4.2.8) to obtain the simplified dynamic equations 

N1 
- 37Ta~ E2B'" 

4 
(4.3.5 ) 

N' 1 -r;,2N3 + 'ITCL~ sin B (4.3.6) 

N' 3 r;,2N1 - 'ITa~ cos e, (4.3.7) 

where a~ = 1/Ub . This is a fifth-order system, but we note that the force balances ( 4.3.6) 

and (4.3.7) have first integrals Fx and Fz, which are the horizontal and vertical forces 

exerted by the belt, given by 

Fx = N3 sin B + N1 cos B and Fz = N1 sin B - N3 cos B - 'IT at s. 

Hence ( 4.3 .5)- ( 4.3.8) may be recast as a third-order system, 

4 
---N1 

37Ta2 
b 

Fx cos e + Fz sine+ 7Ta~s sine, 

(4.3.8a,b) 

(4.3.9) 

(4.3.10) 

where Fz and Fx are as yet unknown but are determined by matching towards the be

haviour of the tail. The axial stress N3 is 

N3 = Fx sine- Fz cos e- 7TCL~S cos e. (4.3.11) 

The qualitative nature of t he boundary-layer corrections depends on the relative sizes 

of the free-fall speed Ut and the belt speed Ub. The variation of the velocity in the tail 

requires a force to be exerted through the boundary layer. If ub < u f, the boundary 

layer exerts a vertical force Fz on the thread which reduces the stretching and slows down 

the tail above it . The thread remains nearly vertical outside the boundary layer, and the 

axial velocity profile within this vertical tail has been derived in chapter 3. If Ub > Uf, 

the boundary layer exerts a horizontal force Fx on the tail, which increases the stretching 

and hence also the thread speed. The thread is deflected sideways and the axial velocity 

variation within the tail is given approximately by the theory of CWL. There is also an 

intermediate regime, where ub ~ uf, in which the force exerted through the boundary 

layer has components of similar size in the x and z directions. 

Within each regime, there are distinct dynamical balances in the boundary layer. We 

will int roduce scaled variables 

and (4.3.12a,b) 

where 6* and F* are the length and force scales relevant to t he regime under consideration. 
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4.4 Compressional heel: Ub <Ut 

4.4 Compressional heel: Ub < Ut 

We first deal with the case in which the belt speed Ub is slower than the free-fall velocity Ut· 

The necessary deceleration within the tail places the lower part of it under compression. 

The role of bending stresses within the boundary layer at the belt is to support this 

compression, and to divert the thread from e ~ 0 in the tail to e = 7f /2 at the belt. 

The analysis of §3.4.1 implies that the compressive force Fz required to decelerate the 

tail is independent of E, and hence 0(1) as E ___, 0. The force balance (4.3.8b) implies 

that the contribution of the gravitational stress to Fz within the boundary layer is O(oz), 

where Oz is the lengthscale of the boundary layer, and thus negligible as E ___, 0. Further, 

we anticipate that both N 1 ___, 0 and e ___, 0 in the tail and so ( 4.3.8a) motivates the further 

assumption that Fz » Fx. Hence N1 rv N3 rv Fz within the boundary layer. The change 

in e from 0 to 7f /2 across the boundary layer implies that the curvature K,z = e' rv o;- 1 . 

'vVe substitute these scalings into the stress-moment equation ( 4.3.9) to obtain 

(4.4.1) 

We note that Oz is 0(E213 ), and hence the neglect in (4.2.9h) of the O(E) correction from 

the radius of the thread at the contact point is justified in the asymptotic limit E « 1. 

Using Fz and Oz to define the rescaling (4.3.12), we find that the bending stress (4.3.10) 

is given at leading order by 

n1 =sin B. (4.4.2) 

The rescaled shape B(ry) of the thread is then obtained by substitution into (4.3.9) to 

obtain 

e"' + sin e = 0. 

The boundary conditions at the belt are 

e = ~ and e' = 0 at 'TJ = 0. 
2 

(4.4.3) 

(4.4.4) 

A third condition is required to match to a vertical tail and enforce the decay of bending 

stress. We anticipate that e ~ 0, and linearisation about this value implies that 

e rv L Ai exp (Ai'TJ) as 77 ___, -oo, (4.4.5) 
i = l,2,3 

where >.r = -1 and Ai are complex amplitudes of the three modes. Two of these modes 

decay exponentially as 'TJ ___, -oo as desired, but the mode with Ai = -1 diverges. Thus 
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4.5 Gravitational heels: Ub ~ UJ 

suppression of this divergent mode by imposing 

e --> 0 as T} --> -oo ( 4.4.6) 

gives the third condition. The exponential decay of e as rJ --> -oo means that the tail has 

both a negligible deflection from the vertical and negligible bending stress. 

Equation (4.3.11) implies that n3 = -cos e at leading order, and so (4.4.6) implies 

n3 --> -1 as rJ --> -oo, which is consistent with matching onto a vertical tail with a 

vertical compression Fz. 

There is a unique solution to (4.4.3), (4.4.4) and (4.4.6) . The scaled shape at the base 

of a slender dragged thread is therefore universal as E --> 0 vvhen ub < Uj. A variation 

of experimental parameters results in a simple rescaling of the size of the boundary layer 

according to the definition of 8z in (4.4.1). 

Figure 4.2 shows the shape of the universal solution , which we call the 'compressional' 

heel. We note that it has a backward-facing heel, which matches the observed behaviour 

of steadily dragged threads for slower belt speeds (cf figure 4.1b) . Above the backward

facing heel there are exponentially clamped oscillations about the vertical in agreement 

with (4.4.5), though these oscillations would be too small to be seen experimentally. Figure 

4.3 shows that as E --> 0, the solutions to the full set of bending equations ( 4.2.3)- ( 4.2.8) 

converge towards the asymptotic solution given by (4.4.3), (4.4.4) and (4.4.6). Values of 

E representative of experiment are shown in table 3.1, and range between 4 x 10-5 and 

4 x 10-2. There is very close agreement between the full and asymptotic solutions in this 

range. The full solutions are known to agree well with experiment (R06c), and hence the 

asymptotic solutions give good quantitative predictions for the observed heel shapes. 

The gravitational t erm that was omitted from the force balance (4.3.10) is 0(1ra;8z/Fz) 

relat ive to the bending terms. Equation (4.4.1) implies that this omission is consistent 

provided 

(
37ra2E2 ) 1/3 F 
_-"-..b - « ----; . 

4Fz 1rab 
(4.4.7) 

If ub is fixed then ab and Fz are 0(1) as E--> 0 and (4.4.7) holds when ub < Uj and E is 

sufficiently small. 

4.5 Gravitational heels: Ub ~ Uf 

If Ub ~ UJ then the thread undergoes only a small amount of compression relative to 

free-fall and Fz is small. Hence (4.4.7) breaks down when Ub--> UJ with E fixed, however 

small. This limit leads to a new regime in which gravity is also important near the belt . 
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4.5 Gravitational heels: Ub ~ UJ 
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Figure 4.2: The shape of the compressional-heel solution to (4.4.3) , (4.4.4) and (4.4 .6). 

We consider a distinguished double limit E ~ 0 and Ub ~ UJ in which gravitational 

stresses are in balance with compressional and bending stresses throughout the boundary 

layer. The force balance (4.3.10) implies that the relevant force scale is F9 ,...., 1ra~o9 , where 

o9 is the corresponding lengthscale. The small stresses within the boundary layer cause 

only a small deflection of the tail from vertical. Hence the boundary layer must again 

deflect the thread from e ~ 0 in the tail to e = 1f /2 at the belt, and the curvature /'\,2 

within the boundary layer again scales like B' ,...., o;;1 . We substitute these scalings into the 

stress-moment balance (4.3.9) to obtain 

_ ( 3E2) 1/4 og-
4 

(4.5.1) 

(VIe note that this scaling coincides with that found by R04 in the 'gravitational regime' 

of the related problem of steady fluid coiling on a stationary surface.) 

Using F9 and o9 to define the rescaling (4.3.12) , we rewrite (4 .3. 9) and (4.3.10) as 

e"' = -<Pz sine- <Px cos e -- 7J sine, (4.5.2) 
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Figure 4.3: The numerical solution to the full system (4.2.3) - (4.2.8) of bending equations ap
pTOaches the compressional heel as f decreases. Here ub = 0.25Uj, and f :::; 0.04 is repTesentative 
of experimental val·ues. 



where c/Jx and c/Jz are constants given by 

and 

4.5 Gravitational heels: Ub ~ UJ 

cp _ Fz 
z - Fg. (4.5.3a,b) 

The boundary conditions () = 11/2, ()' = 0 again apply at the belt . Equation ( 4.5.2) links 

the values of c/Jx and c/Jz to the shape B(TJ) of the thread near the belt . Hence, in contrast to 

the compressional heel, the values of c/Jx and c/Jz depend on the behaviour of the heel, and 

cannot be directly determined from consideration of the tail alone. As before, matching 

conditions are required to enforce the decay of () and of bending stress into the tail. We 

again anticipate that ()-) 0 as 17-) -oo , and linearise (4.5.2) about this value to obtain 

(4.5.4) 

The solution approaches 

as 17-) -oo, ( 4.5.5) 

where >..r = -1 , the first term on the right hand side is a leading-order particular integral 

and the exponential modes are WKBJ approximations to the complementary function 

(neglecting an algebraic factor in the amplitude for simplicity). The third-order equation 

( 4.5.2) contains two free constants and is subject to two boundary conditions ( 4.4.4) at 

the belt and two matching conditions to suppress the two divergent exponential modes in 

(4.5.5). Hence there is a one-parameter family of solutions, which we call 'gravitational 

heels '. 

The value of the remammg parameter is determined by matching the vertical force 

between the heel and the tail. After rescaling, the vertical force balance ( 4.3.8b) is 

nl sin() - n3 cos e = c/Jz + 'TI· (4.5.6) 

Since the deflection of the tail from vertical is very small, the rescaled vertical coordinate 

Z = zjJ9 approaches -17- tl'T] as 'T/ -t -oo, where the offset tl'T] is the extra arclength 

due to the curvature of the heel. Hence, as 17 -t - oo and () -) 0, the force balance ( 4.5.6) 

approaches 

(4.5.7) 

where the parameter 

(4.5.8) 

is the effective vertical force exerted by the heel on the tail, given by the upward force from 

the belt less the extra weight in the heel. By matching to a vertical tail and substituting 
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4.5 Gravitational heels: Ub ~ UJ 

(4.3.1) and F9 = 1ra~69 into (4.5.3b), we can determine <Pz from the condition 

at z = 0, (4.5.9) 

where U(z) is the extensional velocity profile in the tail. This profile has been determined, 

for small values of Fz, in chapter 3 where we also found that (4.5.9) gives 

<P = 37r2 (U - U) 0 ((UJ- Ub)2) 
z 46 f b + 6 , 

g 9 
(4 .5.10) 

thus relating the force <Pz to the velocity difference UJ - Ub that it must produce. 

Since <Pz is determined by the tail, we use it to parametrise the family of heels, with the 

value of c/Jx then being a consequence of the solution. Equation ( 4.5.5) implies that the 

growing exponential modes can be suppressed by imposing 

and as rJ ---) -oo. (4.5.11) 

We remark that ( 4.5.11) is also satisfied by a tail that is governed by rescaled versions 

of (4.3.1)-(4.3.3) and deflected by a horizontal force c/Jx · Hence (4.5.11) matches the 

horizontal force and deflection between the heel and the tail. 

Figure 4.4 shows some thread shapes for various values of <Pz, and figure 4.5 shows the 

dependence of c/Jx on <P z. As <P z increases, the horizontal force c/Jx tends to zero and the 

deflection of the tail from vertical thus also becomes small. For large values of <P z the 

thread shapes are similar to that of the compressional heel. This is because large values 

of <Pz correspond to strong compression of the boundary layer, so that gravitational forces 

are negligible in comparison, 6.17 « c/Jz and <P z ~ c/Jz· A comparison of the lengthscales 

(4.4.1) and (4.5.1), together with (4.5.3b), shows that when <Pz » 1 the lengthscale of the 

gravitational heel is given by 
x _ ""l /3x 
u9 - ""z Uz. (4.5.12) 

Figure 4.6 shows the convergence of the rescaled gravitational-heel solutions towards the 

compressional-heel solution in the limit <Pz ---) oo. 

In the opposite limit , <Pz ---) -oo, figure 4.5 shows that bending stresses within the 

gravitational heel exert a large horizontal force c/Jx on the tail. The deflection of the tail is 

therefore large and the shape of the thread (figure 4.4) increasingly resembles the stretched 

catenaries found by CWL. This suggests that there is a. third boundary-layer regime that 

we have not yet considered, which we anticipate applies when Ub > Uf. 
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4.6 Curvature-adjustment layer: Ub > UJ 
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Figure 4. 6: The rescaled solutions in the gravitational regime approach the compressional-heel 
solution as <P z --) oo. 

4.6 Curvature-adjustment layer: Ub > Ut 

CWL developed a theory for Ub > UJ that neglects bending stresses. While t heir equations 

allow the thread to be horizontal at the belt , they also imply that the curvature at the belt 

/'i,b is non-zero. The role of bending stresses when Ub > UJ is to adjust the curvature from 

K,b to zero across the boundary layer, thus allowing all the dynamic boundary conditions 

to be satisfied. Ou tside this boundary layer, bending stresses are unimportant and the 

tail behaves like the stretching-dominated solution of CWL. At the base of the tail , where 

e :=:;j 1rj2, the horizontal force balance (4.3.8a) implies that N3 :=:;j F.". Hence (4.3.2) implies 

that the curvature K,b at the base of the tail is 

7ra2 
- b /'i,b- -F. 

X 

(4.6.1) 

In contrast to t he previous two regimes, t he tail is nearly horizontal near the base, and 

e does not vary significantly across the boundary layer . Hence the curvature scaling is not 

given by an 0(1) variation in e over an 0(8*) lengthscale, but by K,b· 

\"le aim to find the curvature /'i,2 within the boundary layer. We combine (4.3.6) and 
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4.6 Curvature-adjustment layer: Ub > u1 
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(4.3.9) with N3 = Fx and B' = ""2 to obtain 

Thus the arclength of the boundary layer scales like 

and , using this to define the rescaling (4.3.12a), we rewrite (4.6.2) as 

The general solution of (4.6.4) is 

""2 rv ""b + L Ai exp ( -A(r/) , 
i= l ,2,3 

(4.6.2) 

(4.6.3) 

( 4.6.4) 

( 4.6.5) 

where >-.r = -1. The matching condition ""2 --> ""b as 1J --> -oo suppresses the two divergent 

modes in (4.6.5) and , together with the boundary condition ""2 = 0 at 17 = 0, defines a 
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4.6 Curvature-adjustment layer: Ub > UJ 

unique solution 

(4.6.6) 

which we call a 'curvature-adjustment layer '. This solution, like the compressional heel , 

is universal and qualitatively unchanged by variation of experimental parameters. 

The variation of() across the boundary layer is O("'b8x)· From (4.6.1) and (4.6.3) , the 

assumption that () ~ 7f /2 throughout the boundary layer is consistent with this variation 

provided that 

(
37fa2E2)1/3 F 
---'b'-- « ----; . 

4Fa: 1fab 
(4.6.7) 

Hence if Ub > UJ is fixed then Fx and ab are fixed and (4.6.7) holds when E is sufficiently 

small. 

If Ub is close to U1 then there is only a small amount of stretching in the tail and 

Fx is small. Hence (4.6.7) breaks down when Ub ___, U1 with E fixed, however small. 

The gravitational heels, which do not make the approximation () ~ 7f /2 throughout the 

boundary layer near the belt, are applicable in this limit. 

The thread shapes for <Pz < 0 in figure 4.4 suggest that the gravitational heels converge 

towards a curvature-adjustment layer with a dragged tail as <P z ___, -oo, and hence as 

<Px ___, oo. This convergence may be seen quantitatively by rescaling ( 4.6.6) with respect 

to the gravitational scales F9 and 89 , to obtain 

8 "' =,~.,-I (1- eKTJg) 
9 2 '+'x ' (4.6.8) 

where 
(4.6 .9) 

The convergence of gravitational heels towards this solution is shown in figure 4.7. 

We conclude that the gravitational heels match smoothly between the compressional 

heel, valid for fixed Ub < U1 as E ___, 0, and the curvature-adjustment solution, valid for 

fixed ub > Uj as E ___, 0. 

4.6.1 Perturbation to the tail 

The shape of the thread near the belt is found by integrating z" = "'2 using ( 4.6.6) subject 

to z = z' = 0 at the contact point . We obtain 

(
1 2 1 ) 

z = "'b 2 ( TJ + 1) + 2 - eTJ , ( 4.6.10) 
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4.6 Curvature-adjustment layer : Ub > UJ 

which approaches 
"'b ( )2 z rv 2 rJ + 1 as 1] ---) - ()(). (4.6.11) 

If the existence of the boundary layer is neglected then extrapolation of ( 4.6. 11) to z = 0 

gives contact at 17 = -1 rather t han .'r/ = 0; hence the boundary layer provides an addit ional 

arclength of 6x. Since the thread continues stretching at a rate U' = F~)37rat between 

ry = -1 and ry = 0, it follows that the effective boundary condition on t he catenary solution 

in the tail is not U = Ub at z = 0, but instead U = Ub- 6.U where 

( 4.6.12) 

Together with (4.6.3), this implies that bending-stress corrections at the belt cause an 

0(E213 ) global perturbation to the tail which dominates the 0(E2 ) perturbations caused 

by the local bending stresses. This global perturbation makes a significant contribution 

to the dragout distance as described in §4.7. 

4.6.2 Boundary layer at the nozzle 

Bending stresses are important near the nozzle in addit ion to near the belt. At the nozzle, 

bending stresses modify the shape of the thread so that the thread is both vertical and 

free of curvature at the nozzle. However, since the horizontal deflection and curvature in 

the tail are small for both the compressional and gravitational heels, the boundary layer 

at the nozzle has no effect on the thread at leading order. If the horizontal force Fx is 

0 ( 1) , then the stretching-dominated tail approaches the nozzle at a non-zero angle en that 

is also 0(1) as E---> 0. 

In contrast to the 0(1) horizontal force near the nozzle, the gravitational stresses in the 

boundary layer at the nozzle are 0( <5*) and thus negligible as E ---> 0. Hence the analysis 

proceeds similarly to t hat of the compressional heel in §4.4, except with <5* given by 

(4.6.13) 

where Fn is the axial tension at the nozzle. The shape of the thread near the nozzle is 

governed (without rescaling) by 

<53 e111 -sin(e-e )=0 n n , 

with boundary conditions 

e = e' = 0 at s = -e and e---) en as 
s+e 
~---) 00 . 

(4.6.14) 

(4.6.15a- c) 



4.6 Curvature-adjustment layer: Ub > Ut 
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Linearisation of (4.6.14) about B = Bn shows that the matching condition B ----> Bn as 

(s+P)/on----> oo suppresses one exponential mode and , together with (4.6 .15a,b) , gives rise 

to a unique solution for each Bn. We note that there is one more boundary condition and 

one less matching condition than for the curvature-adjustment layer. This is due to the 

difference in direction betvveen ( s + t') /On ----> oo and s /Ox ----> -oo which requires different 

modes to be suppressed in order to match to the tail. 

Figure 4.8 shows that the solutions to the full set of bending equations ( 4.2.3)-( 4.2.8) 

converge towards the asymptotic solution given by (4.6.14) and (4.6.15). We note that 

the convergence as t: decreases is far slower than for the boundary layer at the belt. The 

reason for this is that , since Un « 1, the thread radius at the nozzle satisfies an » 1. It 

follows that while it is asymptotically correct to neglect the gravitational terms as t: ----> 0, 

they are numerically significant at the nozzle for the parameter values used. 

In a similar way to the boundary layer at the belt, the bending-stress corrections at 

the nozzle cause an 0( t:213 ) global perturbation to the tail in addition to a local 0( t:213) 

perturbation to the shape of the thread at the nozzle. The size of the bending-stress 

correction at the nozzle is formally of the same order as that at the belt as t:----> 0. However, 

when we estimate the dragout distance of the thread in §4.7, the numerical value of the 

60 



4. 7 Dragout distance of asymptotic solutions and full nurnerical solutions 

correction at the nozzle is numerically much smaller than the correction at the belt. This 

might be anticipated on the grounds that the deflection of the stretching-dominated thread 

from vertical is small ( e :S 10- 2 for Ub :S: 2U1) at the nozzle since the horizontal stress 

exerted by the belt is much smaller t han the gravitational stress there. From (4.3.2), it 

follows that the curvature B' near the nozzle is also small. The bending-stress corrections 

required to satisfy ( 4.2.9a) b) at the nozzle are therefore much smaller t han those at the 

belt, and for simplicity we will omit the bending-stress corrections at the nozzle when 

estimating the dragout distance of the thread in the following section. 

4. 7 Dragout distance of asymptotic solutions and full numerical 

solutions 

VIe now use the asymptotic solutions found in the preceding sections to estimate the 

dimensionless dragout distance x b, defined as the horizontal displacement from the nozzle 

to the contact point with the belt. We consider separately the contributions to Xb that 

arise from the deflection of the t ail from vertical and from the shape of _the boundary 

layer at the belt. The boundary layer exerts a horizontal force Fx on t he tail that deflects 

it from vertical. Due to this force, the tail forms a catenary that hangs from t he nozzle 

under gravity. We define Xt to be the horizontal displacement between the nozzle and 

the minimum of this catenary extrapolated as if the boundary layer were not there. The 

curvature of the boundary layer modifies the shape of the thread near the belt from that 

of the tail. We define xe to be the distance between the minimum of the extrapolated 

catenary and the contact point with the belt. The contributions Xt and xe to X b are 

illustrated in figure 4.9(a). Clearly X b = Xt + xe. 

The compressional heel matches to a tail that has negligible deflection from vertical and 

hence has Xt ~ 0. The contribution xe to the dragout distance of the compressional heel 

is found by numerical integration of ( 4.4.3) together with ( 4.2.1) to be 1.26<5z. 

The gravitational heel matches to a tail with a deflection that is governed by the hor

izontal force Fx = 0( E112 ) exerted by the boundary layer near the belt. As described in 

§3.4.2, we may approximate the tail as a uniform catenary of weight 1ra~ per unit length . 

This gives the leading-order estimate 

Xt = Fx2 ln (Fe ) + O(Fx), 
1rab x 

(4.7.1) 

where the arclength of the thread is e = 1 + 0(E112). The variation of thread radius 

towards the nozzle gives only an O(Fx) contribution to Xt and so has no effect at leading 
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. 

order. The additional offset xe is found by numerical integration of (4.5.2) and depends 

only on cDz and o9 . 

The curvature-adjustment layer matches towards a tail with a displacement Xt that is 

governed by the estimate of CWL, but with the velocity condition at the base modified 

to Ub- t::.U as described by (4.6.12). Since e ~ 1rj2 throughout the curvature-adjustment 

layer, its contribution xe is the additional arclength within the bending boundary layer , 

which was shown in §4.6.1 to be Ox. 

Figure 4.9( b) plots the various asymptotic estimates of Xb and compares them to the 

full numerical solution . The parameter values used are E = 4 x 10-2 and Un = 7 x 10- 3
, 

which are typical of the experiments performed by CWL and rviorris et al. (2007). 

4.8 Discussion 

In this chapter we have demonstrated the importance of the bending resistance of a steadily 

dragged viscous thread to its motion. An asymptotic analysis for a very slender thread has 

determined the leading-order dynamic effects of bending stress. We have shown that there 

are three distinct regimes for the shape of the thread, corresponding to the belt speed 

being less than, greater than or close to the 'free-fall' speed of the thread. The smooth 

transition between regimes shows that the solutions cover the full range of steady shapes. 
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4.8 Discussion 

The estimates for the dragout distance Xb of the thread, derived from the compressional 

heel and the curvature-adjustment layer , give good agreement for small and large belt 

speeds respectively. As anticipated, both estimates break down when Ub is close to UJ. 

The estimate for Xb derived from the gravitational heels give good agreement for ub ~ Uj. 

It is perhaps surprising that the estimate also works well for values of Ub somewhat smaller 

than Uf , despite the O((Ub- Uj) 2 j69 ) error that is introduced when (4.5.10) is used to 

estimate <Pz. The reason is that Xt is negligible for Ub < UJ and xe is approximately the 

offset of a compressional heel , which can be written as 1.26<P;1
/

3 69 using (4.5.12). This 

depends only weakly on <P z . 

The estimates of Xb improve those of CWL for ub > Uj, by including the leading-order 

0 ( E213 ) corrections arising both from the local modifications to the shape in the boundary 

layer at the belt and from the global modification to the shape of the tail caused by 

the increased length for stretching near the belt. Moreover, the theory presented here 

provides solutions where the theory of CWL could not, as the bending stresses within the 

gravitational and compressional heels are able to support a small amount of compression. 

Throughout this chapter the effects of surface tension and inertia have been neglected 

for simplicity. We now state that , while the vertical velocity profile within the tail is 

modified as discussed in chapter 3, the structure of the steady boundary-layer solutions 

found in this paper remains unchanged at leading order. This follows from inspection of 

(3.2.1 )- (3.2 . 7), which show that the effects of surface tension and inertia are only to modify 

the constitutive relation (3.2 .7) and to give an 0(E2) contribution to the torque balance 

( 4.2.8) through M . The contribution to M is negligible compared to the corresponding 

terms in d 3 x N when E « 1. Since the thread speed U is approximately constant in the 

boundary layer near the belt , the inclusion of surface tension and inertia simply changes 

the axial stress at the bottom of the thread by a constant amount. This effect may be 

accounted for by a simple rescaling of variables. 
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THE STABILITY OF A STEADILY DRAGGED VISCOUS 

THREAD 

5.1 Introduction 

We now extend the analysis of chapter 4 by considering the stability of a dragged viscous 

thread to unsteady motion. Although bending stresses are able to support a small amount 

of compression by forming a backward-facing heel, for sufficiently slow belt speeds this heel 

is itself unstable to buckling and the motion is unsteady. 

During unsteady motion, the buckling of the heel and the motion of the belt combine to 

give rise a rich variety of possible patterns laid down by the thread as it falls onto the belt 

(CWL, figure 5.1). Provided the fall height is not too large, the behaviour of the thread 

is very repeatable, and is characterised by a clearly delineated regime diagram (CWL; 

Morris et al., 2007, figure 5.2). The primary instability of a dragged thread as the belt 

speed is slowed is a transverse oscillation of the thread ( CWL), hereafter referred to as 

'meandering'. Detailed measurements of the unsteady thread motion were made by Morris 

et al. (2007) , which included the motion of the contact point. During meandering the 
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5.1 Introduction 

Figure 5.1: Top views of the experiments of CWL showing some of the patterns made by the 
thread after it has fallen onto the belt. 

contact point moves primarily in a transverse direction to the belt motion, with only a very 

small motion of the contact point in the direction of belt motion. Further, measurement of 

the meandering amplitude as the belt speed is varied indicates that the onset of meandering 

is well described as an out-of-plane Hopf bifurcation from the steady state. 

A theoretical analysis of the meandering instability was performed by R06c. They noted 

that since the steady state lies completely in the x- z plane, small unsteady perturbations 

to the steady motion decouple into two systems, which correspond respectively to 'out-of

plane' perturbations in the y direction, and to 'in-plane' perturbations in the x-z plane. 

They used a slender-thread model to perform a linear stability analysis of the steady state, 

and obtained very good agreement with experiment for both the onset and the frequency of 

meandering at onset. However, the mathematical model includes many dynamical effects 

and results in a complicated 17th order two-point boundary-value problem, which makes it 

a little difficult to extract a more physically based understanding of the solution structure 

and instability. 

In order to determine the key physical processes that govern the onset of meandering, 

we re-examine the model of R06c in the asymptotic limit of a very slender thread. We 

will show that during meandering, bending forces in the heel cause it to move sideways 

and away from beneath the nozzle. As the heel moves further away from the nozzle, the 

consequent deflection of the tail from vertical causes the nozzle to exert an increasing 

restoring force on the thread. When this force is sufficiently large, the heel starts to be 

pulled back towards y = 0. As the heel returns, its deformation introduces bending and 
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Figure 5.2: Regime diagr-am (from Morris et al., 2007) showing the observed 'stitching' patterns 

made by a slendeT viscous thread of silicon oil as it falls onto a moving belt. 

twisting, which provide the disturbance that causes the heel to buckle again during the 

next half-oscillation. The interaction between the bending and twisting forces in the heel 

and the restoring tension in the tail determines the frequency of meandering oscillations. 

By matching both force and displacement between the heel and the tail , we will obtain 

an asymptotic estimate for the meandering frequency and the linearised growth rate near 

onset, and thence deduce an asymptotic estimate for the boundary between stable steady 

states and meandering threads. The analysis builds on many of the ideas developed in 

chapters 3 and 4. In particular, we find that the onset of meandering occurs within the 

gravitational-heel regime. This might be anticipated on the grounds that the onset of 

instability is likely to occur when some, but not much, of the thread is under compression. 
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5.2 P erturbation equations 

5.2 Perturbation equations 

In order to analyse the stability of a gravitational heel, we rescale the variables in the 

same way as in §4.5. The effect is that velocities are nondimensionalised with the belt 

speed Us, radii with the radius aiJ of the thread at the belt, axial lengths with 

(5 .2.1) 

angular velocities and growth rate with Us/6c, stresses with ~ma1UE6c/H2 and stress 

moments with wrra1UE6~/H2 . The rescaled arclength of the heel is now 0(1), while the 

rescaled length of the tail is now L0 = L/6c, which is O(c 112 ) as E--) 0. 

We analyse the unsteady motion of the thread by seeking eigenmodes of the linearised 

equations for unsteady perturbations to a steadily dragged thread. The relevant pertur

bation variables, which concern only out-of-plane motion, are y, d1y, d3y, l'q, /'i,3, lVh, JVI3 

and N2, where d1y = d1 ·ey and /'i,l = ,..,.d1 etc. We denote the structure of the eigenmodes 

by, for example, y = y(s)eat, where a hat denotes the complex amplitude and a is the 

complex growth rate of the perturbation . We also now denote the steady variables by 

over bars. 

The governing equations for unsteady motion of a slender dragged thread are obtained by 

linearising (3.2.1)- (3.2.7) about the steady state. We continue to omit the effects of surface 

tension, inertia and the 0( c2 ) terms that represent unimportant regular perturbations to 

the stretching-dominated theory of CWL. The omission of inertial effects means that the 

only t ime dependent terms are due to the kinematic effect of rotation of the basis vectors 

d i as the t hread moves. 

The equations that govern the shape and orientation of the thread are obtained by 

linearisation of (3.2.1) and (3.2.2), and are 

,, 
d3y (5.2.2) y 

-, ' - (5.2.3) dly -//;,2d3y + K,3d2y 

d;y r;,2dly- K,ld2y , (5.2.4) 

We define t he orientation of the Lagra.ngian basis so that d1 = ez at the contact point 

with the belt, and choose the rotation rate of the basis to follow that of the fluid thread, 

so t hat wo = 0 in (3.2.3). Then linearisation of (3.2.3) yields 

w1 UK,1+ad3y 

w3 UK,3- adly· 
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5.2 Perturbation equations 

The projections of the constitutive relation (3 .2.6) onto d 1 and d 3 are 

A I i/f1 - A 

(5.2.5) wl -=4"' + (]"/'i,2dly 
a 

A I 31113 - A 

(5.2.6) · W3 2a4 + aK,2d3y, 

and the corresponding force and torque balances are obtained by linearising (3.2.4) and 

(3.2.5), which gives 

N~ 
- - 2 A 

N3k1 - N1k3 +a cl2z (5.2.7) 

1111 
1 11ihk3 - K,21I/J3 + N2 (5.2.8) 

NI~ K,21I/J1- JVI2k1. (5.2.9) 

As in the steady problem, kinematic boundary conditions prescribe the position and 

velocity at the nozzle and at the contact point, and dynamic conditions prescribe the 

orientation and curvature. The conditions at the contact point with the belt are 

(5.2.10a-c) 

Vve also impose the choice that d 1 = ez at the contact point. By eliminating Wi in favour 

of ki and projecting (5.2.10c) onto ey, we obtain the boundary conditions 

(5.2.11a- cl) 

The boundary conditions imposed at the nozzle are 

(5 .2.12a- cl) 
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5.3 Asymptotic solution for the perturbation eigenmode as f. ----t 0 

5.2.1 Numerical solution 

The differential equations (5.2.2)- (5.2.9) and the eight boundary conditions (5.2.11) and 

(5.2.12) together constitute an eigenvalue problem, which is linear in the perturbation 

variables and has non-trivial soltttions only for discrete values of the growth rate a. We 

use the same 'push- pull' procedure to determine these eigenmodes as R06c. This proce

dure begins with a steady solution, obtained as described in §4.2.1, with all perturbation 

variables set to zero and an initial guess made for the growth rate. A non-trivial eigen

mode is then computed by 'pushing' w1 to some non-zero value at the belt, while a is held 

fixed. The resulting solution satisfies all boundary conditions except (5.2.11c). In the 

next step , w1 is 'pulled' back to zero at the belt so that (5.2.11c) is reimposed, while the 

value of ~11'11 at the belt is held fixed at its non-zero value and the growth rate is allowed to 

vary. The result is a non-trivial eigenmode, with associated growth rate a, which satisfies 

all boundary conditions. Since the perturbation system was obtained by linearisation, the 

eigenmode is determined only up to a multiplicative constant. 

The onset of meandering instability is determined by beginning from a steady solution 

that is expected to be unstable but close to onset. The perturbation eigenmode with 

largest positive growth rate is determined by computing eigenmodes for a series of initial 

guesses for a. Once the most unstable eigenmode is obtained, the onset of meandering 

instability is then found by adjusting the growth rate of this eigenmode to zero while 

allowing the meandering frequency and the belt speed to vary. The resulting eigenmode 

is neutrally stable an has an associated meandering frequency Im (a). 

5.3 Asymptotic solution for the perturbation eigenmode as E ----+ 0 

By analogy with a steadily dragged thread, we anticipate that the bending and twisting 

stresses in a meandering thread are negligible as f. ----t 0, except within a small boundary 

layer near the belt. Thus the eigenmode also divides asymptotically into heel and tail 

regions. 

As the heel meanders, the bending stresses in the heel exert a force ~Y = N1 dly + N2d2y + 
N3d3y on the base of the tail and the motion of the heel requires a deflection Yt of the base 

of the tail. The relationship between this out-of-plane force and deflection is analogous 

to the relationship (4.7.1) between the in-plane variables (/;x and Xt in the steady state. 

Hence 

(5.3.1) 
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5.3 Asymptotic solution for the perturbation eigenmode as E ----> 0 

Since fj = 0 where the thread is pinned at the nozzle, (5.3.1) implies the constraint 

(5.3.2) 

where Yb represents the out-of-pl~ne displacement of the contact point with the belt, and 

fje represents the contribution from the out-of-plane curvature in the heel. As for the 

steady gravitational heels discussed in §4.5, the system of differential equations in the heel 

admits bending and twisting modes that do not decay towards the tail. These modes must 

be suppressed in the asymptotic solution by imposing matching conditions which we now 

determine. 

5.3.1 Matching conditions towards the tail, 1 « 1'17 1 « L8 

The matching conditions (4.5.11) imply that the steady-state variables k2, .A/J2 and f\11 all 

decay away from the heel. It follows that (5.2.5), (5.2.7) and (5.2.8) reduce to equations 

for the out-of-plane bending variables w1 , i ih and N2 that are equivalent to the in-plane 

bending equations that gave (4.5.2). There are therefore two out-of-plane bending modes, 

analogous to those in (4.5.5), that do not decay away from the heel and must be suppressed 

by imposing 

and (5.3.3a,b) 

These matching conditions are analogous to the steady in-plane conditions (4.5.11). We 

also need a condition on the twisting mode. 'vVe will see that a heel that meanders with 

amplitude A has an O(Aa2 ) twisting rate. In order to satisfy w3 = 0 at the nozzle, this 

twisting rate must be modified across the O(LJ) length of the tail, and hence it follows 

that 
(5.3.3c) 

The matching conditions (5.3.3) replace (5.2.12b- d) in the tail , while (5.3.2) replaces the 

displacement condition (5.2.12a). The eigenmode is again determined up to a multiplica

tive constant, which we now set by imposing a. fixed amplitude A. This amplitude is 

independent of a, and hence the only contribution to the out-of-plane displacement a.t the 

belt appears a.t leading order, with no contributions at O(Aa) or higher. 

We consider the out-of-plane motion of the heel near onset of meandering, so that 

Re(a) « 1. We define the amplitude A of the oscillations by A = Yb· Then integration 

of (5.3.2) implies that ~Y = O(A/ ln L8). Hence, as E ----> 0 so that L8 ----> oo, a fixed 

meandering amplitude requires a.n asymptotically small restoring force. We therefore 

expect Im( a) « 1 for a. very slender thread. This motivates expansion of the eigenmode 

70 



5.4 Estimation of onset and frequency of instability 

in powers of CJ for ICJI « 1. Since formally setting CJ = 0 represents a steady solution, the 

leading-order behaviour of the eigenmode at O(ACY0 ) is steady. The steady solution that 

satisfies (5.2.2)- (5.2.9) and the conditions (5.3.2), (5.2.11) and (5.3.3) is simply a uniform 

displacement of the entire heel with y = A and with all other perturbation variables 

vanishing. 

The O(ACY) contribution to the eigenmode is forced only through the condition (5.2.11c) 

that CJY = - U cl3y at the belt, which corresponds to a quasi-steady translation of the 

contact point with velocity ACJ. This forced problem is equivalent to a small change to 

the direction of belt motion, for which the solution is simply a rotation of the steady heel 

about the vertical axis through an angle ACJ. We therefore pose the solution 

y A- ACY(x- xb) + O(ACY2
) (5.3.4) 

cl3y 
A - A 2 

-ACJd3x + O(ACY ) (5.3.5) 

dly 
A - A 2 

-ACJdlx + O(ACJ ) (5.3.6) 

K-1, Nh, N2, K-3, 1113 O(ACY2
). (5.3.7) 

It is easy to verify that this solution satisfies the perturbation equations (5.2.2)-(5.2.9) 

and all boundary and matching conditions to O(ACY). The uniform translation ACYxb is 

included in (5.3.4) so that Yb remains equal to A. 

The O(ACY2) terms in the eigenmode are forced only through the condition (5.2 .11a) 

that U K-1 = -CJcL3y at the belt. The O(ACY2) contribution can not be expressed as a simple 

geometrical operation and must be determined numerically. The O(ACY3) terms in the 

eigenmode are forced both at the belt through (5.2.11a) and internally through (5.2.5) 

and (5.2.6). 

5.4 Estimation of onset and frequency of instability 

Equation (5.3.4) and the definitions of Yt and it give 

(5.4.1) 

Equations (5.3.5)- (5.3.7) and the definition of JY imply that 

(5.4.2) 

where the 0(1) constant Go depends only on the shape of the steady heel and can be 

determined numerically from the O(ACY2 ) contribution to the eigenmode. If we select the 
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5.5 Quantitative estimates 

phase of the oscillation so that A is real , then the expansion of the eigenmode in powers of 

CJ yields systems of equations that have real coefficients. Hence the solution at each power 

of CJ is real, and Go is also real. 

Substitution of (5.4.1) and (5.4 .. 2) into (5.3 .2) yields 

(5.4.3) 

If ~x -1-0 then a leading-order balance would imply that CJ = -1/(~xln£8)· If ~xis held 

constant as £8 ----7 oo, then solution at successive powers of CJ would further imply that the 

meandering frequency Im(CJ) is 0(1/ ln L~). Hence the eigenmode would grow or decay 

far faster than it would oscillate as £8 ----7 oo, which is not what is observed experimentally 

near onset. 

Since we wish to determine the behaviour near onset, we require Re(CJ) « Im(CJ) « 1. To 

this end, we consider a distinguished limit with ~x =Fa/ Jln L8 + 0(1/ln L8) as L8 ----7 oo. 

Substitution into (5.4.3) yields 

(5.4.4) 

and hence 
-Fo±iJ4Go-F5 o( 1 ) 

(J- + --
- 2Go Jln L8 ln L8 · 

(5.4.5) 

We see from (5.4.5) that the onset of meandering (Re(CJ) = 0) corresponds to Fa = 0, 

and hence the marginally stable steady shape has ~x = ~~, where ~~ = 0(1/ ln £8) as 

L8 ----7 oo. The meandering frequency at onset is given by 

(J* = ± + 0 -- . i ( 1 ) 
JGo ln L8 ln L8 

(5.4.6) 

5.5 Quantitative estimates 

The value of Go depends on the steady shape of the heel, and therefore on ~x· For the 

moment, we make the approximation that ~~ = 0 rather than 0(1/ ln £8)· Under this 

approximation, (5.4.3) remains accurate at the order given. 

Figure 4.5 shows that there are many heel solutions for which ~x = 0. However, we 

expect that the initial onset of meandering, as [h is reduced, corresponds to the first of 

these heels, and hence to the heel that is under the smallest amount of vertical compres

sion. This heel has cl)z = 0.82, and is shown in figure 4.4. If the belt speed is reduced 
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5.5 Quantitative estimates 

slightly further, so that <l>z has a slightly larger value, then figure 4.5 shows that ~x < 0. 

The parameter F0 < 0 is then negative and (5.4.5) implies that the heel is unstable to 

meandering at the reduced speed, which is in agreement with the experimentally observed 

direction of instability. 

Substitution of the leading-order estimate <I>;= 0.82 into (4.5.10) implies that the onset 

of meandering occurs at a critical belt speed 

- * _ - ( 4o9 ( o9 ) ) ub - u1 1- 0.82 37r2 + o lnog . (5.5.1) 

The dimensional estimate U8 for the critical belt speed is obtained by multiplying both 

sides by the extensional velocity scale UE = pgH2 fi-L· Substitution of 89 = (3a~/4H2 ) 1 14 

(from 5.2.1) together with a~= Qj1rUE then yields 

(5.5.2) 

As described earlier, we calculate that Go = 0.198 for the heel with <l>z = 0.82. Substi

tution into (5.4.6) gives the dimensional meandering frequency at onset as 

Im(cr*) =±OF ( 2.25 + 0 (-1 )) . 
Ho9 ~ lno9 

(5.5.3) 

Figures 5.3 and 5.4 compare the values of 08 and Im(cr*) calculated from the full nu

merical solution to the asymptotic estimates (5.5.2) and (5.5.3), for the parameter values 

corresponding to Experiment 5 of CWL. The estimate of 08 improves on the correspond

ing estimate of CWL. The agreement is particularly good for large values of H since 

E = aE/ H ex H-2 . The estimate (5.5.3) predicts the qualitative dependence of er* on H 

and is accurate to within 25%. The accuracy of the asymptotic estimates is reasonable 

given that the corrections to (5.5.2) and (5.5.3) are logarithmic in 89 and hence decay 

slowly as E ........., 0. 

Equation (5.4.5) implies that the onset of meandering occurs when~~= 0(1/ ln La)· In 

order to derive a quantitative estimate for ~~ when La » 1, we pose the expansion 

~* = _!l_ 0 ( 1 ) 
x ln La + (ln La)312 ' 

(5 .5.4a) 
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for the steady state at onset, and extend the expansions 

Ye 
c/Jy 

-A(}xe + O(A(}2
) 

-A(}~x + AGo(}2 + AG1(}3 + O(A(}4
) 

i (}1 0 ( 1 ) 
Go v'ln L6 + ln L6 + (ln L6 )3/2 ' 

5.6 Discussion 

(5.5.4b) 

(5.5.4c) 

(5 .5.4d) 

for the relevant parts of the eigenmode and(}. Substitution of (5 .5.4) into (5.3.2) yields 

(5.5.5) 

The parameters Go and G1 again depend on (fix, and hence on F1. However , calculat ion 

of Go, G1 and xe with F1 = 0 introduces only an O(A(}3 ) error in (5.5.4b) and an O(A(}4 ) 

error in (5.5.4c), which does not affect the calculation of (}1 . We therefore make this 

approximation and calculate xe = 2.08 and G 1 = 0.220 for the heel with <l>z = 0.82. The 

leading-order estimate for ~~ at onset of meandering is then obtained by setting (}1 = 0 

to give 
A.* = _ 0.969 O(l L - 3/2) 
'Px l L + n o . 

n 6 
(5.5.6) 

Since ~~ is negative, it corresponds to a steady shape with a backward-facing heel in 

agreement with experimental observations near the onset of meandering. 

5.6 Discussion 

The above analysis of unsteady motion has provided a better understanding of t he mean

dering instability observed experimentally, and yields simple asymptot ic estimates (5.5.2) 

and (5.5.3) of the onset and frequency of meandering. The pinning of the thread at t he 

nozzle, the physical effects of which had not previously been considered, plays a crucial 

role, since the scaling of the meandering frequency is determined from the restoring force 

generated by deflection of the tail. 

At leading order, the asymptotic model predicts that neutral stability occurs when the 

horizontal force ~x ~ 0 and the vertical force <I>z ~ 0.82. This estimate differs from the 

estimate of CWL, which is equivalent to <I>z = 0 here. Our estimate ~x ~ 0 has the simple 

physical interpretation that the thread is stable to meandering if bending forces in the heel 

pull the tail in the same direction as the belt motion , and unstable if the tail is instead 

pushed against the belt motion. Calculation of the next term (5.5.6) in the asymptotic 

expansion shows that instability occurs only if the push exceeds a small positive value. 
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5.6 Discussion 

While t he aim of the above analysis was to determine the behaviour of the thread at 

neutral stability, we note that the asymptotic expansion also holds for oscillations with an 

0(1/ ~) growth rate and may thus be used to determine the growth rate of meandering 

oscillations close to onset . 

For unsteady motion at large fall heights, inertial effects are important since there are 

centrifugal and Coriolis accelerations that have not been considered here. These accel

erations are likely to be dynamically important when the thread undergoes some of the 

more exotic 'stitching' motions observed by GWL and l\llorris et al. (2007) for larger fall 

heights . This effect falls outside the scope of this thesis, but chapter 6 analyses the effects 

of inertia. in the closely related problem of a steady coiling thread. 

Vile have analysed the behaviour of the thread near onset of unsteady motion, but we 

have not considered the development of the instability into the nonlinear regime. Morris 

et al. (2007) present a phenomenological fit that gives an estimate of the amplitude of the 

meanders near onset of meandering. Their analysis suggests that unsteady in-plane motion 

is a quadratic perturbation to the steady state and forced by the meandering state. Hence 

the simple model of meandering presented in this chapter opens up a potential avenue for 

analysis of in-plane perturbations and more complicated patterns. 

76 



THE STEADY COILING OF A FLUID THREAD 

6.1 Introduction 

We now turn to the phenomenon of steady coiling of a fluid thread, as is commonly 

observed when pouring honey onto a slice of toast. Early investigations of this phenomenon 

(Barnes & Woodcock, 1958; Barnes & MacKenzie, 1959) observed that a fluid thread falling 

steadily from a nozzle onto a stationary surface forms regular coils. These experiments 

measured the dependence of coiling radius and frequency on fall height, but no explanation 

was given for the underlying physical processes that govern the coiling of the thread. 

Cruickshank & Munson (1982) analysed the behaviour of the thread during coiling, and 

noted that for larger fall heights , the thread falls almost vertically from the nozzle under 

gravity, forming a 'tail ', until it reaches a small region near the surface. Within this region, 

the thread slows down and buckles to form coils. We will refer to this region as the 'coil' 

(figure 6.1a). Cruickshank & Munson (1982) also demonstrated that the flow within the 

tail is well described by extensional flow. This motivates the use of the results in chapter 

3 to aid the analysis of this chapter. While the physical processes that govern the tail are 



6.1 Introduction 

well understood , progress towards understanding the physical processes that take place in 

the coil has been made only recently. 

Early theoretical progress towards understanding the motion in the coil was made by 

1Vlahadevan et al. (1998; 2000), who considered the role of bending stress during fluid 

coiling for the case of large fall heights. They demonstrated that for this case the motion 

within the coil is governed by a balance between bending stress and centrifugal accelera

tion. Scalings for the coiling frequency and radius were thereby obtained, which apparently 

agreed well with experiment. However , we will show in §6.4 that a quantitative predic

tion of the coiling radius and frequency requires, in addition, an understanding of the 

dynamical influence of the tail. 

Steady fluid coiling was analysed more extensively by R04 using a slender-thread model, 

which we present in §6.2.1. The predicted coiling frequency has been shown (Maleki et al., 

2006) to agree very well with experiment over a wide range of fall heights. Further, the 

model revealed that a steadily coiling thread may fall into one of four distinct dynamical 

regimes, each of which corresponds to a distinct force balance in the coil. These force 

balances involve the viscous forces in the coil, which either are dominant or are in balance 

with gravity, with inertia or with both. In each regime, the force balance yields scaling 

estimates for the coiling frequency and radius that agree with experiment and numerical 

simulation (R04, R06b) . 

The 'viscous' regime occurs for heights of fall that are small enough that gravity and 

inertia both have a negligible effect. In this regime the dominant balance is between 

viscous bending and compressional forces (R04), and the coiling radius and frequency are 

determined kinematically by the extrusion speed and the height of the nozzle above the 

surface. By contrast, as in the analysis of chapters 4 and 5, we focus on regimes in which 

gravity strongly stretches the thread before reaching the surface, since bending stress is 

then important only in a coil at the bottom of the thread. 

In this chapter we aim to determine the asymptotic structure of the thread within the 

coil, and thereby to derive simple quantitative estimates for the coiling frequency and 

radius. We focus in particular on the dynamic interaction between the coil and the tail, 

and we will show that the tail has an important influence on the coiling motion. The 

effect of the tail has to date been considered only in the 'inertia- gravitational' regime in 

which bending stresses are balanced by gravity in the coil, but inertia plays an important 

dynamical role in the tail (e.g. R06b). Within this regime, steady fluid coiling can occur 

with several distinct coiling frequencies for fixed experimental parameters (figure 6.1b,c). 

R06b postulated that the multiplicity of stable coiling frequencies is caused by a resonance 

phenomenon, in which motion of the tail is forced by bending stress in the coil. The 

resonant coiling frequencies were demonstrated to correspond to the eigenfrequencies of 

'whirling pendulum modes' of the tail. We discuss this phenomenon in more detail in §6.6. 
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Figure 6.1: Figures taken fmm R06b, illustrating some of the phenomenology of coiling. 

2.00 

(a) Photograph of a thread of viscous corn syrup coiling as it lands on a rigid sttrface. The thread 
forms a long 'tail' that is stretched by gravity, with a 'coil ' at the base where bending effects are im
portant. (b) The dependence of coiling frequency on height of fall. There are four distinct regimes 
which are labelled V ('viscous' coiling), G ('gravitational' coiling), IG ('inertia -gravitational' coil
ing) and I ('inertial' coiling). In the inertia- gravitational regime, several steady coiling frequencies 
may coexist. (c) Coexisting coiling states, and the 'figure-of-eight' pattern made by the thread dur
ing transition between states. All three pictures were taken under identical experimental conditions. 
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6.2 Steady fluid coiling 

6.2 Steady fluid coiling 

6.2.1 Problem description 

As in the problems analysed in chapters 4 and 5, we consider a fluid thread that is extruded 

from a stationary nozzle at a constant dimensionless volume flux Q = 1r. The thread 

then falls through a unit dimensionless height before landing onto a stationary horizontal 

surface. We continue to omit the effects of surface tension by setting r = 0, but we will 

include the effects of inertia in the analysis that follows. 

\f../e restrict attention to steady coiling, and we omit the secondary effect of the fluid 

piling up on the surface by assuming that the fluid vanishes after making contact with 

the surface. We use a frame of reference that rotates with the coiling frequency D, to be 

determined, relative to the laboratory frame, so that the coil is stationary in the rotating 

frame. The Cartesian basis (ex , ey , ez) of this frame is chosen so that the surface is the 

plane z = 0, the nozzle is located at (0, 0, 1) and the contact point with the surface 

is located at (R, 0, 0), where R is the dimensionless coiling radius, which is also to be 

determined as part of the solution. The arclength is again chosen so that the origin s = 0 

is at the contact point with the surface, and the nozzle is at arclength s = -e, where f is 

also to be determined as part of the solution. 

In the rotating frame, the form of the governing equations (3.2.1)-(3.2.7) for the coiling 

thread is given by 

x' 

d~ 

N' 
M' 

M 

d3 

u-l (w- Dd3) X d3, 

na2ez + na2Fr[n x (n x x) + 20 x U] 

d3 X N + E2M 

na4 2 ( ) ' 4E 3! - d3d3 ·W , 

3na2U' - nFr a 2U2 

' 

(6.2.1a) 

(6.2.1b) 

(6 .2.1c) 

(6.2.1d) 

(6.2.1e) 

(6.2 .1!) 

where (6.2.1c) now includes the inertial 'fictitious forces' associated with acceleration in 

a rotating reference frame . The spin rate wo of the basis vectors d1 and d2 relative to the 

twist rate of the fluid in (6.2.1 b) is defined to be constant and equal to D; this ensures 

that the Lagrangian basis is stationary in the rotating frame. Further discussion is given 

in §6.2.3. 

The stress-moment vector M is given by 

na4 na4 
M = -e x ("'- x d3) - -Fr K 4 z 4 ) (6 .2.2) 
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6.2 Steady fluid coiling 

where""= u-1 (w- Dd3), and the components of K are given by (R04) 

U(U""I)'- DU'cl1z- D2""1xwd3 

+ Dcl2z(Dcl3z + 2w3) + U""2(D + w3) 

U(U""2)'- DU'cl2z- D2""2xwd3 

- Dcl1z(Dcl3z + 2w3) - U ""1 (D + w3) 

K · d3 = 2Uw~- 2(Dcl3z + w3)U' + D2K-wXH + 4il·(U X d3). 

Here XH and "'-H are the horizontal components of x and K- respectively. The first term in 

(6.2.2) is the gravitational couple and the second term is the local moment of acceleration. 

6.2.2 Boundary conditions 

As in the problems analysed in chapters 4 and 5, kinematic conditions impose the position 

and velocity of the thread at the nozzle and at the contact point, and dynamic boundary 

conditions impose continuity of flow orientation and of angular velocity between the thread 

and the nozzle or surface. The nozzle is located at (0, 0, 1), is vertical and has angular 

velocity -Dez in the rotating frame, and the dimensionless extrusion speed is Un. Hence 

x=y=O and z =1 (6.2.3a- c) 

d3x = d3y = 0 and d3z = - 1 (6 .2.3d-f) 

Wx = Wy = 0 and Wz = -D (6.2.3g-i) 

U=Un, (6.2.3j) 

at s = -£. 

The contact point at s = 0 is assumed, without loss of generality, to lie on the x axis 

at x = (R, 0, 0) for some radius R. The orientation of the thread must be continuous at 

the contact point . For simplicity, we assume that the thread is horizontal at the contact 

point , thereby omitting the secondary effects of the fluid piling up after it lands on the 

surface. In steady coiling the contact point traces out a circle in the laboratory frame, 

and thus the tangent vector satisfies d 3 = -ey at the contact point in the rotating frame. 

Hence 

at s = 0. 

x = R and y = z = 0 

d3x = d3z = 0 and d3y = -1 , 

(6.2.4a- c) 

(6.2.4d-f) 



6.2 Steady fluid coiling 

In order for steady coiling to occur, rolling conditions must be applied at the contact 

point. This means that both the angular velocity of the thread and the curvature of 

the centreline are continuous there. The no-slip condition on the surface means that the 

angular velocity of the thread in the rotating frame is -Dez at the contact point . Hence 

Wx = Wy = 0 and Wz = -D, at s = 0. (6.2.4g- i) 

In the laboratory frame, the contact point traces out a circle of radius R on the surface 

z = 0. The curvature d~ of the centreline at the contact point is therefore -ex/ R. Since 

d3 = -ey at the contact point, we may project (6.2.1b) onto ex to obtain -1/R = Wz/Uc, 

where Uc is the coiling speed. Hence from (6.2.4·i), 

(6.2.4j) 

The system (6.2.1) of coiling equations is a 16th order system of differential equations, 

with three unknown parameters D, R and £. Although the boundary conditions (6.2.3) 

and (6.2.4) comprise 20 boundary conditions, only 19 of them are independent since the 

tangent vector d3 has constant unit magnitude. We therefore dispense with (6.2.3!) and 

the remaining 19 boundary conditions complete the system. 

6.2.3 Numerical solution 

Later in this chapter we compare asymptotic estimates of the coiling speed and frequency 

to full numerical solutions of (6.2.1)- (6.2.4). These solutions are calculated using the 

method described by R04. The procedure is first to re-express (6.2.1)- (6.2.4) with respect 

to the Lagrangian axes d1, d2 and d3. Since w3 = D at the nozzle in the rotating frame, 

d1 and d 2 do not rotate there and thus are stationary. Since the offset between the twist 

rate of d 1 and d2 and the actual twist rate of the fluid thread is defined to be constant, 

it follows that in the rotating frame the Lagrangian axes remain stationary everywhere in 

the thread. 

It is convenient to use Euler parameters, denoted qo, q1, q2, q3, to describe the orientation 

of the Lagrangian basis along the thread. These parameters are related to the more familiar 

Euler angles by (Goldstein, 1980) 

qo = cos [ ~ ( ~ + 1P) J cos (~B) 

q2 = sin [ ~ ( ~ - 1P)] sin (~B) 

q1 = cos [ ~ ( ~ - 1P)] sin (~B) 

q3 = sin [ ~ ( ~ + 1P)] cos (~B) , 
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6.2 Steady fluid coiling 

from which it follows that qg + qf + q~ + q~ = 1. Although it is more conventional to use 

Euler angles to describe a general rotation of coordinate axes, their use in this problem 

would introduce polar singularities in the tail where the thread is almost vertical. Hence we 

use the Euler parameters instead . These parameters can be shown to satisfy (Whittaker, 

1944) 

[ 

qz + qr - q~ - q~ 
d i·ej = 2(qlq2- qoq3) 

2(qlq3 + qoq2) 

2(qlq2 + qoq3) 

qz - qr + q~ - q~ 
2(q2q3 + qoqi) 

2( q1 q3 - qoq2) 

2(q2q3 + qoql) (6.2.5) 

and the variation of the Lagrangian basis ( 6. 2.1 b) along the thread can be expressed in 

terms of the Euler parameters by 

1 
-2[11:1q1 + 11:2q2 + K:3 q3] 

-1[ l 
2 

11:1 qo - 11:2q3 + 11:3 q2 

1 
2[ K:1q3 + K:2qo -K:3q1] 

1 
2[-11:1q2 + 11:2q1 + 11:3qo]. 

(6.2.6) 

(6.2.7) 

(6.2.8) 

(6.2.9) 

V\Te now fix the orientation of d1 and d 2 throughout the thread by setting d 1 to be the 

principal normal -ex at the contact point , from which it follows that d 2 is the binormal 

-ez to the t hread at the contact point . Then the 5 boundary conditions (6.2.3d,e) and 

(6.2.4d-f) are replaced by the 6 conditions 

qo = ql = 0 and 

qo = q3 = 0 at s = - e 
1 

q2 = -q3 = - at s = 0. 
y'2 

(6.2.10) 

(6.2.11) 

\1I,Te note that we have replaced with the three variables d3i with four variables qi, thus 

increasing the order of the differential system by one. However , we have also imposed an 

additional boundary condition and the problem therefore remains well-posed. 

The software package AUTO is again used to solve this problem. A similar method to 

that described in §4.2. 1 is used , in which some of the boundary conditions are initially 

relaxed, the gravitational terms are omitted, and an initial 'quarter-circle' solution is used 

as a starting solution. Using continuation, the boundary conditions that were relaxed are 

then reimposed, and the gravitational terms are reintroduced . The parameters E, Fr and 

Un are t hen adjusted to the values required. A detailed description of a similar solution 

method is given by R04. 
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6.3 Boundary-layer structure 

6.3 Boundary-layer structure 

The small bending resistance of a slender thread means that during steady coiling, bending 

stress is dynamically important on~y in thin boundary layers at the nozzle and at the 

bottom of the thread. This is analogous to the dragged-thread problem that was analysed 

in chapters 4 and 5. We will again see that bending stress at the bottom of the thread 

does not deflect the thread very much from vertical, and an argument can be made, as 

in §4.7, that the boundary layer at the nozzle is negligible at leading order. \"le therefore 

omit its effects in the analysis that follows. 

The role of bending stress in the boundary layer at the bottom of the thread is to modify 

the shape so that the boundary conditions (6.2 .4) at the contact point are satisfied. We 

follow the terminology of R04 and refer to this boundary layer as the 'coil ' , and the 

remainder of the thread above as the 'tail'. We will see that the 'coil' is closely analogous 

to the 'heels' analysed in chapter 4. 

In the remainder of this chapter we analyse the leading-order effects of bending stress in 

the regime E « 1 and Un « 1, so that the thread is both slender and strongly stretched 

by gravity. As in chapters 4 and 5, we make a preliminary simplification by omitting the 

0(E2 ) term in (6.2.1d), which represents only a regular perturbation and has a negligible 

effect in the asymptotic limit of a very slender thread . 

vVe will use arguments similar to those for the heel at the bottom of a dragged thread in 

chapter 4 to show that the lengthscale of the coil decreases as E ----> 0. Since U' scales with 

the axial stress at the bottom of the tail, it remains 0(1) (or smaller) and hence there 

is no significant variation of U in the coil to leading order. Y.le will therefore make the 

leading-order approximation that U is equal to the coiling speed Uc throughout the coil. 

In the sections that follow we analyse the behaviour of the coil in three regimes, namely 

Fr » E1/ 2 , Fr « E ln E and Fr "' E ln E, which fall respectively into the inertial, gravitational 

and inertia-gravitational regimes of R04. (The regime E ln E ;S Fr ;S E112 also falls into the 

inertia-gravitational regime, and we briefly discuss this regime in §6.7.) In each regime, 

the force balance in the coil defines a characteristic lengthscale 6*. It is convenient to 

define the rescaled variables 

- - 1 
{17,x,R} = 

6
* {s,x,R} 

M= 46z M 
37ra~E2 

(6.3.1a,b) 

(6.3.1c,d) 
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6.3 Boundary-layer structure 

where the rescalings (6.3.lb-d) are implied by (6.2.1b,e,d) respectively. After making the 

substitution U = Ucd3 , the rescaled equations governing the thread in the coil are given 

by 

~/ 

d3 (6.3.2a) X 

d' 3 (w- Dd:3) x d3, (6.3.2b) 

3t:2 ~1 U 2Fr ~ ~ ~ 
(6.3.2c) 4o4 et> e z + T [n X (n X x) + 20 X d3] 

* 
M' d3 X cp (6 .3.2d) 

M ( 1 ) ~! I- 3d3d3 •W, (6.3.2e) 

where primes now denote differentiation with respect to 77· 

We anticipate that o* « 1 when E « 1, and therefore that the asymptotic structure 

of the coil in the limit of a very slender thread may be derived by replacing (6.2.3) with 

matching conditions to be imposed towards the tail. As in chapters 4 and 5, these matching 

conditions must be consistent with the decay of bending and twisting motion in the tail 

and also with the pinning of the thread at the nozzle where x = y = 0. Since U does not 

appear in (6.3.2), the order of that differential system is one fewer than (6.2.1). While the 

nozzle is located at rescaled arclength -£/ o*, the matching conditions between the coil and 

the tail may be applied at any arclength such that 1 « -7] « fjo*. The system (6.3.2) 

is therefore a 15th order system of differential equations, with two unknown parameters n 
and R. The boundary conditions (6.2.4) are once more imposed at the contact point, and 

the remaining 7 conditions required to complete the system are obtained by matching. 

6.3.1 Twisting motion in the tail 

The argument for the neglect of twisting in the tail is similar when we derive matching 

conditions in §§6.4 and 6.5 , and so we briefly discuss it here. In the tail, bending and 

twisting are dynamically coupled only through (6.2.ld) , where they are linked through 

the curvature of the centreline. Vie assume for the moment that the tail is almost vertical, 

and hence that its curvature is very small. Twisting motion is then decoupled from bending 

motion in the tail at leading order. Further, the stress-moment balance (6.2.ld) implies 

that the vertical stress-moment l\lfz is constant at leading order in the tail since d3 :::::::; -ez 

there. It follows from (6.2.3i) that Wz varies in the tail between -D at the nozzle (from 

6.2.3i) and its value wp at the the matching point 7Jp· Hence Mz = 0 ((n- wp)o*;e) in 

the tail. In contrast, the no-slip boundary condition at the contact point requires that 

W3 = 0 there and hence that there must be an O(wp) change to the rate of twisting across 

85 



6.4 Inertia-dominated coiling for Fr » E
1

/
2 

the coil, which has been rescaled so that its lengthscale is 0(1). Hence the twisting-stress 

moment is O(wp) in the coil, which is far larger than in the tail. 

When computing asymptotic solutions numerically we approximate the twisting match

ing condition by imposing 

Mz = 0, 1 « -ry « £f6c, (6.3.3) 

rather than the actual O(wPfJ*je) value of lvfz. This approximation modifies the amount 

of twisting that takes place in the tail, but does not affect the coil at leading order. 

6.4 Inertia-dominated coiling for Fr >> c:112 

\11/e first consider coiling in the regime where bending stress in the coil is balanced by 

inertial stress. We will show, after rescaling with respect to appropriate stress and length 

scales in the coil, that there is a unique 'inertial-coil solution'. This solution is analogous 

to the unique 'viscous heel' in §4.4, and to the inertia-dominated heel formed by a viscous 

sheet when it falls at high speed onto a moving belt (Dyson, 2007). Bending stress in the 

coil causes an upward force to be exerted on the tail, which slightly decreases the speed 

of the thread from its free-fall value before it enters the coil. R04 estimated the radius ac 

of the thread in the coil without including the compression at the bottom of the tail. We 

demonstrate that the compression at the bottom of the tail gives rise to a leading-order 

correction to this estimate of the coiling speed. 

6.4.1 Stress and length scalings 

In this regime the stress balance (6.3.2c) is dominated by viscous stress and the cen

trifugal and Coriolis accelerations. By comparing the appropriate terms in (6.3.2c) and 

substituting a~Uc = 1 we obtain the stress balance 

(6.4.1) 

which implies that the lengthscale of the coil in this regime is 

(6.4.2) 

We note that the 0( E213) lengthscale of the coil arose previously in §§4.4 and 4.6, where 

the role of bending stresses was also to support an 0(1) stress at the bottom of the tail. 
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6.4 Inertia-dominated coiling for Fr » E1/ 2 

From (6.3.2c), the gravitational stress in the coil is an O(Si/Fr UJ) factor smaller than 

inertial and viscous stresses. Substitution for c),i using (6.4.2) implies that gravitational 

stresses are negligible provided E2 « F'lAU~. We will show in §6.4.3 that the coiling speed 

Uc is proportional to the free-fall speed UJ. In §3.3 we showed that if F'l· « 1 then 

UJ = 0(1). The effect of inertia in the tail is to impede the acceleration of the thread, 

and hence Uc ;S 0(1) for all values of F'l·. Hence inertial stress dominates gravitational 

stress in the coil only if F'l· » E112 . Provided this holds, we may replace (6.3.2c) by 

_, - - -
cfJ = n x (n x x) + 2n x d3. (6.4.3) 

- - - _, 
Since n = Dez it follows that c/J~ = cjJ ·ez = 0 and hence that the vertical stress component 

c/Jz is constant throughout the coil. This simplifies the analysis that follows. 

6.4.2 Matching the bending stresses towards the tail 

We now turn to the conditions that must be prescribed to the bending motion to allow a 

smooth matching from the coil towards the tail. As discussed in §6.3, twisting and bending 

motions are dynamically decoupled in the tail and so we omit the terms that represent 

twisting in the analysis that follows. We will see that the deflection of the thread from 

vertical decays exponentially towards the tail (in a similar way as for the compressional 

heel in §4.4), and hence assume for the moment that d3z ~ -1. It follows that the Coriolis 

acceleration of the tail is negligible compared with the centrifugal acceleration, and hence 

that the motions in the x and y directions are decoupled at leading order. We will derive 

matching conditions that enforce the decay of bending motion in the x direction. Similar 

matchii1g conditions for bending motion in the y direction may also be derived using the 

same argument. The nozzle is located at x = y = 0, and we derive matching conditions 

by linearising about x = 0. 

Projection of (6.3 .2a,b) onto ex and substitution of d3z ~ -1 yields 

_, 
X 

-Wy· 

Then projection of (6.3.2d,e) onto ey and (6.4.3) onto ex yields 

M' y cPx 
_, 
Wy My 

J;~ = -D2x. 

(6.4.4a) 

(6.4.4b) 

(6.4.4c) 

(6.4.4d) 

(6.4.4e) 
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6.4 Inertia-dominated coiling for Fr » E1/ 2 

Equations (6.4.4) may be combined into a fifth-order ODE for x, 

(6.4.5) 

which represents a balance betwe.en bending stress and centrifugal acceleration. Since 

(6.4.5) is linear in x, the behaviour of the solution as it approaches the tail can be expressed 

as a superposition of modes, given by 

X rv L Aiexp(Ai''l) as 1] --t-oo, 
i=l..5 

(6.4.6) 

where A.? = -D2 and the Ai are the complex amplitudes of the five modes. Three of these 

modes diverge as 17 --t -oo, and must be suppressed in order to allow matching to the tail. 

Similarly, there are three modes that correspond to bending motion in the y direction that 

must also be suppressed. Hence the matching conditions from the coil to the tail are 

(6.4.7) 

neglecting a sinusoidal factor in the right-hand-side for simplicity. 

When computing the asymptotic solution for the coil, we approximate these matching 

conditions by setting the variables in (6.4.7) to zero at some large value of 1771 · The 

O(exp( -lryiD215 )) error introduced by this approximation is very small. As discussed in 

§6.3.1, we approximate the matching condition for twisting motion towards the tail by 

imposing lllfz = 0. 

These 7 matching conditions together with the 10 boundary conditions (6.2.4) at the 

contact point fully determine the asymptotic solution to (6.3.2) when Fr » E112 . This 

solution, which we refer to as an 'inertial coil' , is unique since all the parameters have 

been scaled out. Figure 6.2 shows the shape of the inertial coil. Figure 6.3 plots the 

stress-moment components lVh, JV]z and M 3 of the inertial coil and compares them to the 

full numerical solution to (6 .2.1)-(6.2.4) for parameter values that are representative of 

the experiments of Mahadevan et al. (1998) . There is good agreement. 
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Figure 6.2: The inertial coil, in (a) side and (b) plan views. In the asymptotic limit of a very 
slender- thr-ead, this is the shape taken by a coil when Fr » t: 112 . 

6.4.3 Estimates of the coiling speed and frequency 

The coil exerts a vertical stress on the tail. Using the numerical solution for the unique 

inertial coil, we find that the vertical force is given by c/Jz = 1.35 in rescaled variables, or 

(6.4.8) 

m the original dimensionless variables. This value is greater than the momentum flux 

Fz = 1rFr Uc in the tail owing to an axial viscous compression that is generated by bending 

stress in t he coil. The velocity variation in the tail can be derived by solving (3.5.1) subject 

to U = Un at the nozzle and the stress condition (6.4.8) at the bottom. The coiling speed 

Uc can then be estimated by the fall speed at the bottom of the tail. 

The numerical solution for the inertial coil yields D = 0.741, or 

1/3 
D = 0.741Uc = 0.816 (Fr Ug) 

6i E2 
(6.4.9) 

m the original dimensionless variables, where (6.4.2) has been substituted for 6i. The 

corresponding asymptotic estimate for the coiling radius is then implied by (6.2.4j) to be 

(6.4.10) 
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Figure 6.3: The rescaled numerical solution to the full system (6.2.1)~(6.2.4) of coiling equations 
approaches the inertial-coil sol·ution as t: decreases. The variables are scaled according to (6.3.1a,c) 

with o; = (3t:2 I 4Fr u;) l/3 . The parameter values t: = 4 X 10~4 , F1: = 26 and Un = 2 X 10~3 aTe 

representative of experiments performed by M ahadevan et al. ( 1998). Here the numerical solutions 
are given for t: = 10~3 and 10~ 4 . The ineTtial-coil solution is almost indistinguishable from the 
numerical solution for t: = 10~4 . 
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Figure 6.4: Comparison of the coil·ing frequency obtained from the solution to the full system 
(6. 2. 1}- (6. 2.4) of coiling equations and the asymptotic estimate (6.4.9). The parameter values used 
are given by t: = t:o/ H*2 , Fr = 26H *:J and Un = 2 x 10-3 / H*2 , where variations of H* correspond 
to variations of the fall height with other experimental parameters fixed. The asymptotic estimate 
agrees closely with the numerical calc·ulation for t:o = 10- 4 . 

Figure 6.4 compares the asymptotic estimate (6.4.9) for the coiling frequency with the 

value calculated from the numerical solution to the full system (6 .2.1)- (6.2.4) of coiling 

equations. To determine the dependence of coiling frequency on the height of fall while 

holding other experimental parameters at constant values, the parameter values are varied 

according to Un = 2 X w-3 / H*2
, Fr = 26H*3 and E = w-3 / H *2 and w-4 /H* 2

, where 

H * ranges between 0.5 and 2 and represents a variation of the fall height while all other 

parameters are held fixed. The parameter values when H * = 1 are representative of the 

experiments of Mahadevan et al. (1998). 

6.4.4 Stress exerted by the coil 

In the experiments of Mahadevan et al. (1998) , though inertia is dominant in the coil, Fr 

is small enough that inertia does not dominate viscous stress in the tail. For these experi

ments the compressive stress exerted by the coil is accommodated by a global modification 

to the velocity variation in the tail, in a similar way to that described in §3.4.1. However if 

Fr » 1 then the fall of the thread is dominated by an inertia-gravity balance everywhere 

except for thin boundary layers near the nozzle and near the bottom of t he thread. The 

analysis in §3.5.2 shows t hat the stress condition (6.4.8) results in a significant deceleration 
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6.4 Inertia-dominated coiling for Fr » E1/ 2 

at the bottom of the thread, on a lengthscale that is greater than that of the coil but less 

than that of the tail. By substituting a = 0.35 into (3.5.8), we find that Uc is related to 

the free-fall speed UJ by 

(6.4.11) 

R04 estimated the radius of the thread in the coil by solving (3.5.1) subject to U = Un 

at the nozzle and the condition that there is no stretching at the bottom of the tail so that 

U' = 0 there. This corresponds to setting a = 0 in (3.5.8), and when Fr » 1, the resulting 

estimate for the coiling speed is Uc = ~· From (6.4.11) , we obtain Uc = )1.481/Fr 

which differs from Ribe's estimate since we have shown that, although the compressional 

region at the bottom of the tail is thin, there is nonetheless a significant variation in 

velocity across it. 

To demonstrate the effect of the compressional region for Fr » 1, we calculate the 

velocity variation in the thread for parameter values Fr = 208, Un = 5 x 10-4 , and 

E = 2.5 x 10-4 and 2.5 x 10- 5 . These correspond to the experiments of Mahadevan et al. 

(1998) except with a height of fall that is twice as large. Figure 6.5 shows the variation in 

speed along the thread calculated using the full system (6.2.1 )- (6.2.4) of coiling equations. 

The asymptotic estimate of the velocity variation , obtained by solving the extensional-flow 

equation (3.5.1) subject to U = 10-3 at s = -1 and the stress condition (6.4.8), gives very 

good agreement with the solution to the full system. 

R04 remarked that solving (3.5.1) subject to there being no stretching at the bottom 

of the tail (and with a small O(R) modification to the fall height) typically introduces 

an error of around 5 per cent in the radius in the coil, compared with that predicted 

by solving the full system (6.2.1)-(6.2.4). Since Uc = 1/a~, this means that the size of 

this error would equate to an error of around 10 per cent in the estimated coiling speed. 

Figure 6.6 shows the coiling speed predicted by solving the full system (6.2.1)- (6.2.4) of 

coiling equations and compares it with the estimates obtained by solving (3.5.1) for the 

velocity variation in the tail, subject to the velocity condition (3 .3. 2) at the nozzle and 

the stress condition (3.5.4) at the bottom with a = 0.35 and a = 0. The parameter values 

used are the same as those used in figure 6.4. While the error introduced by making the 

approximation a = 0 is only around 10 per cent for H* ;S 1, it is around 20 per cent for 

the larger fall heights considered here. The asymptotic estimate with a = 0.35 clearly 

improves on that of R04, particularly for larger fall heights. 

The asymptotic estimate neglects gravitational effects in the coil and, as described in 

§6.4.1, is valid provided E2 « Fr4 Ug. When H * = 0.5, the numerical values of the 

parameters are E = 4 x 10-4 , Fr ~ 4 and Uc ~ 10-1 . For these values E2 
rv Fr4 U~, and 

hence inertial effects do not dominate gravitational effects. The use of the inertial-coil 

solution to estimate the coiling speed is therefore inappropriate when H* ;S 0.5. 
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Figure 6. 5: The velocity var·iation in the tail pTedicted by solving the cxtcnsional-fiow equation 
{3.5.1), subject to U = 10-3 at s = - 1 and {3.5.4) with a= 0.35, is in good agTeement with the 
solution to the full system {6.2.1)-{6.2.4) of coiling equations for f ~ 2.5 x 10-4 and E ~ 2.5 x 10-5 . 

The velocity profile obtained by instead using a = 0 omits the compressive force exerted on the tail 
by the coil. 

6.5 Gravity-dominated coiling for Fr << c ln c 

We now consider coiling in the regime where inertia is negligible everywhere in the thread, 

so that the motion of both the tail and the coil are governed by a gravity- viscosity balance. 

We neglect the effects of inertia entirely by setting Fr = 0. vVe will return to the effects of 

inertia in §6.6, where we show that the results obtained in this section are valid provided 

Fr « ElnE. 

In this regime, the bending stress in the coil does not need to support much axial 

compression since most of the weight of the tail is supported by extensional stress and the 

momentum flux is negligible. The bending stress in the coil causes a horizontal force to 

be exerted on the tail. The tail behaves like a catenary, and hence a small force exerted 

at the bottom results in a logarithmically large displacement at the bottom of the tail. 

This will in turn affect the coiling radius since the coil must match smoothly onto the 

tail. We will show that analysis of this interaction between the coil and the tail yields a 

quantitative prediction for the coiling frequency which includes a (square-root logarithmic) 

leading-order correction to previous scaling estimates. 

93 



0.1 

0.09 

0.08 

0.07 

0.06 
[,) 
~ 

0.05 --... 
~ 

0.04 

0.03 

0.02 

0.01 

0 
0.4 

,, 
'' '' '', 

' ' ' -' ', 

'<<',,,'',,, 

0.6 0.8 

',, 

Full Numerica l Calculation 

Asymptotic estimate with a = 0.35 

Estimate with a = 0 from R04 ----

1.2 1.4 1.6 1.8 2 2.2 
H * 

Figure 6.6: The coiling speed estimated by solving (3.5.1) subject to (3.3.2) and (3.5.4) with 

ex = 0.35 agrees well with the speed pr-edicted by the solution to the full pmblem (6.2. 1)- (6.2.4). 
The pammeteT values used aTe c: R:J 10- 4 I H *2 , Fr = 26H*3 and Un = 2 x 103 I H *2 , wheTe variations 

in H * cor'respond to var'iations in the fall height while all otheT pammeteTs aTe fixed. The prediction 

obtained using a: = 0 rather than a: = 0.35 significantly overestimates the coiling speed due to the 

neglect of the compressive force exeTted on the tail by the coil. 
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6.5 Gravity-dominated coiling for Fr « E ln E 

6.5.1 Stress and length scalings 

Since the stress balance (6 .3.2c) in this regime is dominated by a balance between viscous 

and gravitational stress, we compare the corresponding terms to obtain the balance 

(6.5.1) 

which implies that the lengthscale of the coil in this regime is 

(6.5.2) 

We note t hat this scaling is identical to that derived in §4.5 , and also to the lengthscale 

obtained by R04 for coiling in this regime. 

Since inertia is negligible, the stress balance (6.3 .2c) implies that the rescaled horizontal 

stress components c/Jx and c/Jy are constant in t he coil. This simplifies the analysis that 

follows . 

6.5.2 Matching the bending stress towards the tail 

As discussed in §6.3. 1, twisting is decoupled from bending in t he tail and we can again 

omit the dynamic effects of twisting in the following discussion of matching conditions. 

As in §6.4, the thread is almost vertical in the matching region and the motions in the x 

and y directions are decouplecl from each other at leading order. 

vVe follow a similar process to the derivation of matching conditions for the gravitational 

heel in §4.5 . From (6.3.2e) , My= wy at leading order, and we substitute this into (6.3.2d) 

and then project onto ey to obtain 

(6.5.3) 

In the tail, d 3 ~ -ez and (6.3.2c) implies that t he vertical stress component is given by 

c/Jz rv 17 + 1Jo , where 17 represents the rescalecl weight of the thread and 7]0 is an offset clue 

to the vertical force exerted by bending stress in the coil. Projection of (6.3.2b) onto ex 

and omission of twisting yields wy "' -d;x. Hence 

e 
1 « -17 « 8" 

g 
(6.5.4) 
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The solution approaches 

cPx "" ( 3 4/3) cbx "" - --- + L....t Ai exp - 4' Ai''7 , 
"7 + 'l]o =1 2 3 'l- , ' 

e 
1 « -rl «-

'I 0 l 
g 

(6.5.5) 

where >..r = -1 and the Ai are the complex amplitudes of the three exponential modes. 
The first term on the right-hand side of (6.5.5) is a leading-order particular integral and the 
exponential modes are WKBJ approximations to the complementary function (neglecting 
an algebraic factor in the amplitude for simplicity). 

As in §4.5, there are two bending modes in the x direction that do not decay towards 
the tail. There are two similar modes that represent bending in the y direction. All four 
of these modes are suppressed by imposing the matching conditions 

d1 rv c/Jy 
3y J;~' 

where we have substituted 17 + 'l]o = cPz· 

e 
1 « -rl «-

'I 0 l 
g 

(6.5.6a- d) 

Together with the matching condition lllfz = 0 for twisting motion towards the tail, 
the conditions (6.5.6) prescribe the bending and twisting motion in the coil that matches 
smoothly onto the tail. The remaining two conditions required to complete the system 
must be consistent with the pinning of the thread at the rescaled position (0, 0, 091 ) of 
the nozzle. 

6.5.3 Pinning of thread at the nozzle 

The tail is governed by a balance between hoop stress and gravity, and it is pulled sideways 
from beneath the nozzle by bending forces in the coil. The horizontal stress components 
are constant throughout the thread, and so the tail lies in a plane at leading order. To 
be consistent with the condition that the thread is pinned at the nozzle, this plane must 
pass through x = y = 0. Hence the tangent d3 to the thread satisfies 

xd3y - yd3x = 0 ( exp ( ~774/3)) ' 
e 

1 « -rl «-
'I 0 l 

g 
(6.5 .7) 

where the right-hand side represents the exponentially decaying bending mode in (6.5.5). 

The condition (6.5.7) imposes the direction but not the magnitude of the tail 's deflection. 
As discussed in §3.4.2, for a given force exerted on the tail we can obtain the leading
order deflection at the bottom of the tail by making the approximation that the thread 
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has constant radius in the tail. From (3.4.15) with rescaled force J;h = F1Jrra~o9 and 

displacement xh = xtfo9 , we obtain 

~ ~ (tan(enj2)) 
Xh('T/) rv (Ph ln tan(e j2) ' 

where e(17) is the deflection from vertical at rescaled arclength 'T/ and en is the deflection 

from vertical that the tail would have if it were extrapolated upwards to the nozzle while 

the thread radius is fixed. By integrating (3.4.14) and again substituting J;h = Fhj1ra~o9 , 

this angle is given at leading order by en= J;ho9j£, while e = J;hji'Tl i· Substituting these 

into the above expression gives 

(6.5.8) 

The conditions (6.5.7) and (6.5.8) complete the seven matching conditions that together 

with the boundary condition (6.2.4) close the system (6.3.2). 

vVe will see that the coiling radius R is large when o9 « 0, and that the rescaled length 

R.jo9 is even larger, with a square-root logarithmic scale separation Rand R.jo9 as o9 --+ 0. 

Hence in this limit, resolving both the behaviour of the coil and of the tail introduces a very 

large computational cost. To avoid this difficulty we instead use a solution computed over 

a truncated domain by applying the matching conditions derived above at arclength 'T/ = 

-10. Figure 6. 7 shows the agreement between the solutions computed on this truncated 

domain and those computed by instead applying the nozzle boundary conditions (6.2.3a

i) at rescaled height z = 34 and 340. These heights correspond to the parameter values 

E = 10- 3 and 10- 5 . There is very good agreement, which might be expected since the errors 

introduced by imposing the matching conditions decay exponentially towards the tail. The 

use of the truncated solutions to determine the solution structure in the asymptotic limit 

E --+ 0 is therefore justified. 

6.5.4 Asymptotic structure of the coil for 0 < E « 1 

We now analyse the behaviour of gravity-dominated coiling in the asymptotic limit of 

an extremely slender thread. Figure 6.8 shows plan views of coils calculated using the 

truncated solution as described in §6.5.3, for o9 = 10-2 , 10-8 and 10- 16 . These solutions 

suggest that as o9 --+ 0, or equivalently E --+ 0, the dominant contribution to the coiling 

radius is from the deflection of the tail, and that the direction in which the tail is deflected 

approaches the x axis. We will see that this is because the O(J;h ln o9) displacement of the 

tail implied by (6.5.8) is asymptotically larger (just) than the axiallengthscale of the coil, 

which remains 0(1) by the choice of scaling made here. 
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Figure 6 . 7: The solutions that are computed for the truncated thread are almost identical to the 

solutions to the full system (6.2.1) - (6.2.4). Here the stress component ~1 is plotted forE= 10-3 

and 10-5 and the truncated solution is obtained by applying the matching conditions (6.3.3) and 
(6.5.6) - (6.5.8) at rescaled arclength 'r) = -10. The solutions agree to within the width of the line 
when E ;S 10-5 . 
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Figure 6. 8: Plan views of gravitational coils, calculated joT 69 = 10- 2 , 10- 8 and 10- 16 using the 
truncated solution. The solutions weTe tTuncated at 'r) = -10 and the truncation points are circled. 
As 69 ____. 0, the coiling radius increases and the direction in which the tail is deflected approaches 
the positive x axis, but only ve'T'y slowly due to a dependence on ln 69 . 
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Figure 6.9: Side views of gmvitational coils, calculated for 89 10- 2 , 10-8 and 10- 16 using 
the truncated solution. The shape of the thread when viewed from. the side approaches that of the 
gravitational heel (analysed in §4.5) for which ;jy = 0 and <l? z = 0.82. 

'0/e now show that at leading order, the coil behaves as a heel in the y- z plane that 

is perturbed by a small force in the x direction. The plan view of the coils in figure 6.8 

suggests that while the total x-displacement of the contact point increases as 69 ---t 0, 

the contribution from the coil decreases. In contrast, the y-component of displacement 

in the coil appears to remain 0(1) as 69 ---t 0. This suggests that at leading order, the 

coil is simply a two-dimensional heel that rolls in the y direction with velocity Ucey . It is 

prevented from rolling indefinitely in that direction by a small restoring force 'Jx applied 

in the x direction, and we analyse the consequent (small) correction below. Figure 6.8 also 

shows that the orientation of the tail approaches the x axis, and we therefore expect that 

c/Yy is even smaller than c/Jx and hence that the two-dimensional heel in the y- z plane will 

have c/Yy = 0 at leading order. Figure 6.9 shows truncated coil solutions viewed from the 

x direction , and demonstrates their approach towards the two-dimensional heel (obtained 

in §4.5) for which J;Y = 0 and ~z = 0.82. 
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6.5 Gravity-dominated coiling for Fr « E ln E 

'Ne now analyse the effect of the small force in the x direction on a heel in the y-z 

plane. The variables that govern the unperturbed heel are y, z, d3y, cl3z, Wx, 1\lfx, c/Jy and 

J;z; the equations that govern their variation in the heel are obtained through expansion 

of (6.3.2) , and are 

_, d 
y = 3y and z' = d3z (6.5.9a, b) 

cl~Y = -wxcl3z + O(J;~) and cl;z = wxcl3y + O(f~), (6.5.9c,d) 
~ -2 

w~ = Mx + O(rj;x) and !:' -- -2 Mx- rf;y + O(rj;x) (6.5.9e,J) 

J;~ = 0 and J;~ = 1 + O(J;~). (6.5.9g,h) 

The O(J;;) terms are higher-order perturbations due to the coupling of motion in the x and 

y directions by rotation of the thread in the coil. The boundary and matching conditions 

applied to these variables are obtained through expansion of the boundary conditions 

(6.2.4b,c,e- g) and matching conditions (6.5.6b,d). This gives 

y = Z = d3z = Wx = 0 and cl3y = - 1 at 'fl=O (6.5.10a-e) 

cl3 rv - rPy cl;y 
rf;y p_ 

(6.5.10j,g) and rv- 1 « -1] « -. 
'y 1] 2' flg 'T7 

The system of equations (6.5.9) and (6.5.10) is equivalent to the equation (4.5.2) , subject 

to (4.2.9f-i ) and (4.5.11), that describes the motion of a gravitational heel formed when 

a thread is dragged by a moving belt; the solution is therefore a gravitational heel in the 

y-z plane. 

The heel is perturbed out of the y-z plane by the restoring force rPx· The remaining 

variables are thus O(J;x). The equations governing them are obtained at leading order 

through linearisation of (6.3 .2) about the heel in the y- z plane, and are 

(x- R)' = d3x 

_ , M 1-' cl wy = y + 3w3 3y 

M~ = WzJ;x - WxJ;z 

where the twist rate 

and 

and 

and 

d~x = Wycl3z - Wzcl3y 

_, M 1-' cl Wz = z + 3W3 3z 

M~= wxJ;v- wyJ;x 

J;~ = 0, 

W3 = Wxcl3x + Wycl3y + Wzcl3z 

(6.5.11a, b) 

(6.5.11c,d) 

(6.5.11e,j) 

(6.5.11g) 

is also an O(J;x) variable. The boundary and matching conditions applied to the pertur

bation variables are obtained through linearisation of (6.2.4a,c,h- i) and (6.5 .6a,c) , and 
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are 

(x - R) = d3x = wy = 0 and Wz = -D at 1]=0 (6.5.12a-d) 

c/JJ; 1 c/Jx and ~Nfz = 0, 
e 

(6.5.12e- g) chx "'--, d3x"' 2 1 « -1] « -r-· 
1] 1] g 

(The approximated matching condition (6.5.12g) introduces only an 0(69 /1!) error which 

is negligible compared to the leading-order perturbation to the heel.) 

Equations (6.5.11) and (6 .. 5.12) are a linear system of equations, whose only inhomo

geneity is the non-zero right-hand-side in (6.5.12d). It follows that the entire solution 

is proportional to D and in particular that the (constant) stress component ~x satisfies 

~x ex: D. The matching condition (6.5.8) implies that R "' ~h ln 69 at leading order. 

Combining these results and OR= 1, we obtain 

and ~1; = 0 ( ~) . ln 69 

(6.5 .13a,b) 

The above analysis has shown that at leading order the coil behaves like a heel in the y-z 

plane. Vie have rescaled variables with respect to the axial lengthscale of the coil, and 

the coil therefore gives an 0(1) contribution to the displacement Rex of the contact point 

from underneath the nozzle. Hence (6.5.13a) justifies the earlier assumption that the tail 

gives the dominant contribution to R in the asymptotic limit 69 -t 0. At leading order, 

~h = ~x and so (6.5.13b) justifies the earlier assumption that ~h -t 0 as 69 -t 0. 

6.5.5 Estimates of the coiling frequency and radius 

The dependence of the coiling radius on 69 may now be obtained at leading order by 

solving (6.5.9)-(6.5.12) numerically to determine the constant of proportionality between 

c/Jx and 0. At leading order, the motion in the x direction is a perturbation to the heel 

in the y-z plane with <Pz = 0.82. Numerical solution of (6.5.11) and (6.5.12) for this heel 

yields 

(6.5.14) 

From (6.5 .14) , the leading-order relationship R"' ~x ln69 and the relationship RD = 1, 

we obtain R = J0.198ln 69 + 0(1) in the rescaled variables , or 

R = 69 J0.1981n69 + 0(69 ) and 5.044 O ( Uc ) 
ln 69 + 69 ln 69 

(6.5.15a, b) 
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Figure 6.10: The asymptotic estimate D "' J5.044/ In 69 for the coiling frequency approaches 
the value obtained using the truncated coil solution as 69 ----t 0. Val·ues of 69 representative of 
experiment range between 10 and 150, corresponding to 2.3 :::; ln og- 1 :::; 5.0, and for these values 
the asymptotic prediction is accurate to within 20 per cent. 

in the original dimensionless variables. Figure 6.10 compares the asymptotic estimate 

(6.5.15b) for n with the value obtained using the truncated numerical solution described 

in §6.5.3. The asymptotic estimate converges towards the numerical solution as o9 ----> 0, 

albeit very slowly due to the logarithmic nature of the higher-order correction terms. 

Typical values of o-g 1 encountered in experiments range between 10 and 150 and for these 

values the leading-order approximation is accurate to within 20 per cent . 

As for the gravitational heel in §4.5, the behaviour of the coil depends on the speed Uc 

at the bottom of the thread . Since bending stress in the coil does not compress the tail 

very much, we may again estimate the coiling speed Uc by the free-fall speed Ut calculated 

in §3.3. The leading-order estimate for the dimensional coiling frequency is therefore 

(6.5.16) 

Figure 6.11 compares this asymptotic prediction to the solution to the full system (6.2 .1 )

(6.2.4) of coiling equations for parameter values E :::::., 10-2 , Un = 10-3 and Fr = r = 0. 

The leading-order estimate Ut = 0.078 was obtained using (3.3.6). Typical values of E 

encountered in experiment range between 10- 4 and 10-2 , which corresponds to values of 

o9 between 10 and 100, and for this range (6.5.16) is accurate to within 20 per cent, despite 

the very slow logarithmic decay of the higher-order terms that have been omitted. 
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Figure 6.11: The asymptotic estimate (6. 5.16) joT the coiling frequency D of an extensible viscous 
thread agrees Teas on ably well with the value obtained from the full numerical solution to (6. 2.1 ) 
(6.2.4} , for parameter values Fr = r = 0 and Un = 10-3 . 

6.6 Inertia-gravitational coiling for Fr rv tln E 

The analysis in §6.5 is valid only if inertia is negligible compared to gravity both in the 

coil and in the tail. R06b demonstrated that for a narrow range of fall heights , the 

thread exhibits a resonant behaviour when the coiling frequency is close to one of the 

eigenfrequencies Dn of a free circular pendulum. In §3.6 we analysed the behaviour of a 

forced circular pendulum, and showed that away from resonance the dominant balance 

involves the hoop stress and the centrifugal acceleration of the thread. From (3.6.4), the 

centrifugal acceleration of the tail is negligible compared to hoop stress provided D2FJ.· « 1, 

which from (6.5.15b) requires 

Fr « c5; ln c5g rv E ln E. (6.6.1) 

When Fl.· rv c5; ln c59 , centrifugal acceleration is comparable with hoop stress in the tail. 

If the thread is very slender, then c59 « 1. It thus follows that FJ.· « 1 and the axial 

momentum flux remains negligible compared with the extensional stress in the tail. In 

this section we try to understand in more detail the dynamic interaction between the coil 

and the tail in this regime. vVe will see that while centrifugal acceleration changes the 

behaviour of the tail, the coil remains unaffected provided the coiling frequency does not 

excite an eigenmode of the tail. Bending stress in the coil causes a force to be exerted at 

the bottom of the tail, and we will obtain a prediction for the behaviour of the thread by 

modelling the tail as a weakly forced circular pendulum. 
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6.6.1 Stress and length scalings 

R06b suggested that in the inertia-gravitational regime, inertia is negligible in the coil 

provided the coiling frequency is not close to one of t he eigenfrequencies of a free thread. 

This motivates us to reuse t he lengthscale 69 , given by (6.5.2) and appropriate for coils 

that are dominated by a viscosity- gravity balance. The rescaled stress balance (6.3.2c) is 

then given by 

(6.6.2) 

We assume for the moment that the coil remains unchanged by inertia, and hence from 

(6.5.15b) that D = 0(1jo9.Jii1'Tg) and ;j;h = 0(1/.Jii1'Tg). Since Fr « 1, the fall speed is 

governed by extensional flow in the tail. There is negligible velocity variation in the coil 

and hence Uc = DR is 0(1) as o9 ---t 0. The horizontal displacement x scales like Rand 

t he inert ial terms in (6.6.2) are therefore O(Fr D/09 ). The total change in ;j;h across the 

coil may be obtained through integration of (6.6.2) over the 0(1) axial lengthscale of the 

coil. Hence the change in ;j;h across the coil is O(FrDjo9 ), and is much smaller than the 

0(1/.Jii1'Tg) bending stress in the coil provided Fr = O(o5lno9 ) and D is not too close to 

one of the eigenmodes Dn of the tail. Under these circumstances, the behaviour of the coil 

is t he same as for the gravitational coil analysed in §6.5 . 

6.6.2 Forcing of the tail by the coil away from resonance 

In §3.6 we analysed the behaviour of a forced tail that is governed primarily by a balance 

between centrifugal acceleration and hoop stress. vVe saw that the Coriolis acceleration of 

the thread is negligible provided the coiling frequency is not close to one of the eigenfre

quencies of an unforced thread. In this case the motion of the tail in the x and y directions 

are decoupled at leading order, which means that the deflection of the tail is in the same 

direction as the stress exerted on it by the coil. 

We reuse (6.5.14) to link t he stress component 'ix to the rescaled coiling frequency D by 

~ ~ ~3 

c/Jx = 0.198D + O(D ), (6.6.3) 

while the stress component ;j;Y = O(D2 ) . These stress components must match smoothly 

towards the bottom of the tail , and excite motion in t he tail. We model this forcing 

empirically by prescribing (in the original unsealed dimensionless variables) 

(6.6.4) 

104 



6.7 Summary and discussion 

which is obtained through substitution of (6.3.1b,d) into (6.6.3). We prescribe the forcing 

at z = 89 as an approximation that represents the presence of the coil in an 0(89 ) boundary 

layer at the bottom of the thread. This approximation is used to patch the solution of §6.5 

for the coil to the solution (3.6.14) for the tail; proper matching would require calculation 

of terms beyond the leading-order logarithmic variation. 

For simplicity, we now focus on the behaviour of a thread of constant radius for which 

we have an analytic solution. However, since the behaviour of the tail is qualitatively 

unchanged by variations in its radius, we expect that the following arguments may equally 

be applied to predict the behaviour of extensible threads. 

The height z = 89 corresponds to To = 2.JFr D289 in the analysis in §3.6. We substitute 

this into the leading-order estimate (3.6.14) for the response of the tail to obtain an 

estimate for the displacement at the bottom of the tail. This is given by 

2 N 18Jo(2W) ln To- 47rYo(2W) I and y = o(x), 
1facx rv X 4Jo(2W) + 1fT6Yo(2W) 

(6 .6.5) 

where W = D/Ff. As in §6.5, we make the leading-order estimate that the radius at the 

bottom of the tail is equal to the coiling radius so that x = R. We substitute this together 

with (6.6.4) and R = Uc/D into (6.6.5) to obtain 

UJ 18J0 (2W) ln To- 47rYo(2W) I 
0.198D2 8~ - 4Jo(2W) + 7rTJYo(2W) . 

(6.6.6) 

The rescaled coiling frequency is given by W = D/Ff; we substitute this into (6.6.6) to 

obtain 
Fr = 0.198W

2
18Jo(2W) ln To- 47rYo(2W) I w = nJFr. 

8~ U'f 4Jo(2W) + 7rTJYo(2W) ' 
(6.6.7) 

This is an implicit equation for the coiling frequency D as a function of E and Fr. 

Figure 6.12 compares this estimate against the value calculated numerically by solving 

the full system (6.2.1a- e), (6.2.3) and (6.2.4) of coiling equations for an thread whose 

radius is constant (U =a= 1) and for values of E equal to 4 x 10-5 and 2.5 x 10-6 . There 

is a fairly good empirical fit. 

6. 7 Summary and discussion 

In this chapter we have analysed the structure of a steadily coiling thread in the asymptotic 

limit of a very slender thread. V.fe have focussed on the dynamic interactions between the 

coil and the tail, and have thereby obtained quantitative estimates for the coiling frequency 
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Figure 6.12: Plot of W = DVFY against F:r/6;, calculated for a thread whose radius is constant 
(U = a = 1) by solving the full coiling problem (6.2.1a- e), (6.2.3) and (6.2.4) numerically and 
estimated by (6.6.7). The parameter values used are (a) E = 4 x 10- 5 and (b) E = 2.5 x 10-6

. 

There is reasonable agreement despite the rather empirical nature of the estimate. 

and radius. These estimates improve on previous scaling laws that are based only on force 

balances in the coil. 

We summarise the force balances that govern coiling in each of the regimes considered in 

table 6.1 and compare the scalings derived here with those derived by R06b. To facilitate 

this comparison, we note that their parameters are given by 

(6.7.1) 

Their scaling D rv H2rri112 for the coiling frequency in the gravitational regime corre

sponds ton rv E112 , and is missing the logarithmic factor in (6.5.15) due to omission of the 

effects of the tail. They estimate the onset of inertia- gravitational coiling by H rv II~ 1 /6 , 
which cm;responds to Fr rv E and again misses the logarithmic factor owing to the influ

ence of the tail. They estimate that inertia- gravitational coiling persists until H rv II~5/48 , 
which is consistent with the conclusion that inertia is dominant in the coil when Fr » E112 . 

\Vhen Fr ;S E112 and the tail is close to resonance, inertia is comparable with viscosity and 

gravity in the coil, and the tail appears to be governed by a balance between inertia 

and gravity, with no significant forcing by bending stress at the bottom (R06b). The 

quantitative structure of the coil in this regime remains an open question. 

When H » II~5/48 , or Fr » c1/ 2 in the notation used here, coiling falls within the inertial 

regime. The scaling obtained by R06b for the coiling frequency was D rv (H/H) 1013rri19
, 

where 

(6.7.2) 

represents the extent to which the coiling speed is decreased relative to the extensional 

velocity scale owing to inertia in the tail. Maleki et al. (2004) obtained H(H) numerically, 
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Regime Stress balance Horizontal stress Vertical stress 
in coil balance in tail balance in tail 

Fr « E ln E Bending Hoop stress Gravity 
Gravitational Gravity Forcing from coil Extensional stress 

n rv Uj(E ln E)- 112 

E ln E < Fr < E1/ 2 
rv rv Bending Hoop stress Gravity 

Inertio-gravi tational, Gravity Centrifugal acceleration Extensional stress 

away from resonance Forcing from coil 

n"" u1 c
112 

E ln E < Fr < E1/ 2 
rv rv Bending Hoop stress Gravity 

Inertio- gr a vi tational, Gravity Centrifugal acceleration Extensional stress 

near resonance Inertia Coriolis acceleration 

n"" u1 c
112 

E1/ 2 « Fr « 1 Bending Very small deflection Gravity 
Inertial Inertia in tail Extensional stress 

n rv F'l.l /3 ug/3 c2/3 

1 « F'J.· Bending Very small deflection Gravity 
Inertial Inertia in tail Momentum flux 

n rv F'l.-l/2c2/3 

Table 6.1: The stress balances that govern the motion of the thread, for each of the regimes 
considered in the preceding sections. The stress balances for the resonant case of the inertia
gravitational regime have been taken from R06b. 

but (in the absence of surface tension) '}-{ may be obtained analytically using the solution 

(3.1.13) that satisfies both the nozzle velocity condition and the stress condition (6.4.8). 

Here we state that the estimate D "" (if /'H) 1013ni/9 corresponds to 0 "" ug/
3Fr113c 2/ 3 

which is consistent with (6.4.9). 

In the regime F'l· » 1, inertia is dominant both in the coil and in the tail. The upward 

force exerted by the coil on the tail above it gives rise to a boundary layer at the bottom of 

the tail which is under compression. The lengthscale of this boundary layer is independent 

of bending stress in the coil at leading order, and therefore remains O(Fr- 112 ) as E ---7 0. 

Since a. very slender thread has a. very small bending resistance, it might be anticipated 

that this boundary layer could be unstable to buckling, and hence that inertial coiling 

could be unstable when F'J.· » 1. Conversely, this potential instability might be suppressed 

through the a.dvection of perturba.tions towards the coil before they have time to grow. 

Laboratory and numerical experiments to date involve values of F'J.· small enough that the 

deceleration at the bottom of the tail is fairly small. Possible avenues for future research 

include laboratory experiments at larger fall heights, and performing a linear stability 

analysis of steady fluid coiling (Ribe et al., 2006a) for Fr » 1. 
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6.7 Summary and discussion 

R06c noted that there is a close correspondence between the coiling speed Uc of a 

fluid thread and the critical belt speed u;; below which the same thread is unstable to 

meandering when it is dragged by a belt. The coiling frequency was also found to be close 

to the frequency of meandering at onset . At first sight the two phenomena appear to be 

unrelated due to their differing geometries. However, the results of chapter 5 and §6.5 now 

reveal a clear link between the two phenomena for fall heights small enough that inertia 

is negligible in the tail: 

For both steady coiling and the onset of meandering of a dragged thread, the frequency of 

unsteady motion (coiling or meandering) is governed at leading order by a balance between 

bending forces at the bottom of the thread and the tension in the tail. This similarity is 

manifested in the relationships CY* = (0.198ln c5_g 1 ) - 112 , from (5 .4. 6) , for the dimensionless 

meandering frequency at onset, and n = (0.198lnc5_g1)-112 , from (6.5.15b), for the dimen

sionless coiling frequency. The solution structure of a coiling thread when Fr « E ln E is 

also very similar to that of the neutrally-stable linear eigenmode of a dragged thread for 

which inertia is negligible. At leading order, the coil behaves like a two-dimensional heel 

that rolls along the surface with velocity Ucey in the plane x = R. This is analogous 

to the leading-order behaviour of the eigenmode in the dragged thread problem, which 

is simply a heel rolling with velocity Ubex after being translated sideways into the plane 

y = Aea-t. For both steady coiling and neutrally-stable meandering, the leading-order 

solution requires a small correction so that the (very long) tail satisfies pinning conditions 

at the nozzle. In the coiling problem, this correction involves an O(D) modification in 

the x direction . Since OR= 1, this correction is O(RD2 ) and is analogous to the O(ACY2 ) 

correction in (5.5.4b) that is in phase with the leading-order out-of-plane displacement of 

the eigenmode for the dragged-thread problem. 

In §6.6 we made progress towards understanding the physical processes that govern the 

thread in the 'inertia- gravitational' regime. We have given empirical evidence that the 

tail behaves like a forced circular pendulum, and have thereby built on the observation of 

R06b that the tail exhibits a resonant behaviour when the coiling frequency is close to an 

eigenfrequency of a 'free whirling string'. R06b also found (through numerical calculation) 

that inertia is unimportant in the coil when the thread is not close to resonance. We 

have shown analytically that this is indeed the case. However, while the forcing caused 

by bending stress in the coil is the same as that for gravity-dominated coiling in §6.5, 

centrifugal acceleration of the tail changes the forced response of the tail. 

iNe note that the correspondence between steady coiling and neutrally stable mean

dering applies also to heights of fall that correspond to the inertia- gravitational regime. 

A possible avenue for future research is therefore to extend the above analogy between 

meandering and coiling in the gravitational regime to analyse the onset of meandering of 
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6.7 Summary and discussion 

dragged threads when the height of fall is large enough that inertia is significant in the 

tail. 

While the results of §6.6 provide some insight into the physical processes that govern 

coiling in the inertio-gravitationa~ regime, there are several ways in which it could be 

extended and placed on a more rigorous footing. The estimate (6.6.7) was derived by 

modelling the effect of the coil through prescribing a force at a height z = 89 that corre

sponds roughly to the height of the coiling region. A more accurate estimate may instead 

be obtained through calculation of higher-order terms concerning the matching between 

the tail and the coil. Coriolis acceleration of the tail was also neglected , which is not valid 

when the coiling frequency D is close to one of the eigenfrequencies Dn of an unforced 

thread. This is a possible reason that the estimate (6.6.7) does not agree with the numer

ical calculation in figure 6.12 when D ~ Dn. The analysis should therefore be extended 

by modifying the estimate (6.6.5) of the deflection of a forced thread so that it includes 

the effects of Coriolis acceleration. 
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CHi\PTER 7 

CLOSING REMARKS 

This thesis has analysed the physical processes that govern the bending and buckling of 

a slender fluid thread as it falls through air and lands onto a horizontal surface. Here I 

summarise the results obtained in the preceding chapters, and describe some of the aspects 

that merit further investigation. 

7.1 Summary of results 

The steady fall of a viscous thread onto a moving belt was analysed in chapter 4. While 

the bending resistance of a slender thread is small, it is nonetheless important in a short 

boundary layer near the belt, where it balances hoop stress and gravity. There is negligible 

variation in the radius of the thread in this boundary layer. After nondimensionalising 

with respect to scalings that are appropriate near the belt, the behaviour of the boundary 

layer can be described by a single parameter that is related to the relative sizes of the 

belt speed and the free-fall speed of the thread . There are two limiting cases, which 

correspond to the belt speed being much larger or much smaller than the free-fall speed. 
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7.1 Summary of results 

In the case that the belt speed is much smaller than the free-fall speed, the thread forms 

a backward-facing 'compressional heel'. In this regime the thread must slow down before 

it lands on the belt, which places the bottom of the thread under vertical compression. 

This compression is supported by bending stresses in the heel. The shape of this heel 

is unique up to a rescaling of vaTiables. In the case that the belt speed is much larger 

than the free-fall speed, the thread is instead dragged out to form a catenary-like shape, 

with a 'curvature-adjustment layer' at the bottom across which the shape of the thread 

is slightly modified so that rolling conditions are satisfied at the belt. This 'curvature

adjustment layer' is also unique up to a rescaling of variables. The intermediate regime 

matches smoothly between the compressional-heel and curvature-adjustment solutions, 

and the solutions are governed by a balance between bending stress and gravity. 

The stability of a steadily dragged thread to a meandering instability was analysed in 

chapter 5. Near the onset of meandering the thread forms a backward-facing heel which is 

able to support some, but not much compression. The pinning of the thread at the nozzle 

causes there to be a restoring force that is exerted on the heel, which prevents the thread 

from falling sideways indefinitely. The meandering frequency at onset can be estimated 

by means of a balance between the restoring force in the tail and bending stress in the 

heel. At leading order, the thread is stable if bending stresses in the heel pull the tail in 

the same direction as the belt motion, and is unstable if bending stresses instead push the 

tail in the opposite direction. 

Steady fluid coiling was analysed in chapter 6. For fall heights large enough that exten

sional stress is significant, the bottom of the thread forms a 'coil' where bending stress 

is important, and the remainder of the thread forms a tail in which bending stress is 

negligible. The tail plays a significant role during coiling. The interaction between the 

tail and the coil must be considered in order to make an accurate prediction of the coiling 

frequency. For very large fall heights, the coil is governed by a balance between centrifugal 

and bending stresses, and the inertial-coil solution is unique up to a rescaling of param

eters. The coil exerts an upward vertical stress on the tail, and if the fall of the tail is 

dominated by an inertia- gravity balance, then this stress gives rise to a boundary layer at 

the bottom of the tail where the thread decelerates but does not bend. 

If the fall height is small enough that inertia is negligible both in the coil and in the tail, 

then the motion of the thread is governed by a balance between bending forces in the coil 

and the restoring force in the tail that is caused by the pinning of the tail at the nozzle. 

The dynamical role of the tail during steady gravitational coiling is closely analogous to 

the role of the tail during neutrally-stable meandering of a dragged thread. If the fall 

height is within the narrow range that corresponds to the 'inertia- gravitational' regime, 

then the tail typically behaves like a forced circular pendulum. In this case the forcing is 

clue to the balance of bending stress with gravitational stress in the coil. 
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7.2 Future work 

7.2 Future work 

The examination of inertia- gravitational coiling in §6.6 has yielded evidence in support 

of the hypothesis that the tail behaves as a forced pendulum. However, more detailed 

analysis is required before a more . rigorous argument can be made. For example, the 

matching between the tail and the coil should be considered at higher orders than have 

been calculated here. The matching conditions obtained should significantly improve the 

rather ad-hoc 'patching' conditions described in §6.6. These matching conditions would 

also allow the use of a truncated domain , similar to that used in §6.5, which would allow 

calculations to be performed for extremely slender threads and the asymptotic behaviour 

of the thread to be examined in far more detail. The higher-order matching conditions 

are also likely to include terms that relate the rescaled stress cPx to the rescaled coiling 

frequency n at higher order than the linear expansion (6.5.15b) , which should yield more 

accurate predictions of the coiling frequency even for values of E that are not extremely 

small. 

The behaviour of a steadily coiling thread whose frequency is close to one of the eigen

frequencies of an unforced thread has not been considered . The precise role of bending 

stress in this regime remains an open problem whose solution requires a detailed analysis 

of the dynamic interaction between the coil and the tail. 

If the fall height is such that steady coiling falls within the 'inertia-gravitational' regime, 

R06c observed a close correspondence between the coiling frequency of the thread, and 

the neutrally-stable meandering frequency of the thread when it is instead dragged by 

a moving belt. The similarities drawn between coiling and meandering in §6.7 suggest 

that once coiling in the inertia-gravitational regime is properly understood, it should be 

straightforward to re-apply the analysis to understand the onset of meandering in the 

same regime. 

The analysis in §6.4 suggests that for very large fall heights, a steadily coiling thread 

has a region above the coil where the thread is under compression and yet which does not 

bend. The stability of this solution is an open question, but it should be straightforward 

to resolve by means of laboratory experiments or a linear perturbation analysis. 

The effects of surface tension on the thread have not been considered in much detail, 

but they may readily be incorporated into the analysis of the preceding sections through 

recalculation of the behaviour of the tail and by rescaling N3 in the boundary layer ac

cording to (3.2. 7). The main effect of surface tension is that the tail is thinned more 

rapidly as it falls. Consequently, the thread diameter is smaller near the belt than if the 

effects of surface tension were omitted. Since the asymptotic estimates derived apply for 

very slender threads, it might be anticipated that their accuracy improves when surface 

tension is included. This hypothesis should be confirmed through numerical calculation . 
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