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Abstract 

In spite of its influence on a number of physical properties, short-range order in crystalline 

alloys has received little recent attention, largely due to the complexity of the experimental 

methods involved. In this work, a novel approach that could be used for the analysis of 

ordering transitions and short-range order in crystalline alloys using total scattering and 

reverse Monte Carlo (RMC) refinements is presented. Calculated pair distribution functions 

representative of different types of short-range order are used to illustrate the level of 

information contained within these experimentally accessible functions and the insight into 

ordering which may be obtained using this new method. Key considerations in the acquisition 

of data of sufficient quality for successful analysis are also discussed. It is shown that the 

atomistic models obtained from RMC refinements may be analysed to identify directly the 

Clapp configurations that are present. It is further shown how these configurations can be 

enhanced compared with a random structure, and how their degradation pathways and the 
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distribution of Warren-Cowley parameters can then be used to obtain a detailed, quantitative 

description of the short-range order occurring in crystalline alloys.  

Keywords: Atomic ordering; Diffraction; Pair correlation function; Short-range order; 

Short-range ordering 
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1. Introduction 

1.1 Background and context 

The effects of short-range order on physical properties have long been noted in a variety 

of alloys systems. Thermodynamic discontinuities [1] in nickel chromium alloys, along with 

observed anomalies in electrical resistivity [2,3] have led to the description of a Komplex (K-

) state containing a different order to that expected for a random solid solution. Similarly, 

changes in magnetic properties, such as an increase in the observed spin wave stiffness of 

Ni3Mn [4], provide evidence for short-range ordering. In addition, short-range order has been 

shown to influence dislocation motion [5,6] and has been observed in a number of systems 

used for structural applications, including nickel superalloys [7]. In spite of this influence on 

numerous materials properties, the study of short-range ordering in alloy systems has been 

largely abandoned over the last 20 years or so. This is due mainly to the lack of experimental 

evidence available from conventional diffraction experiments and the difficulties associated 

with the calculation of the ordering parameters from the diffuse scattering observed in single 

crystal experiments.  

In this paper, a methodology is presented by which total scattering techniques may be 

used for the direct observation of short-range order in crystalline alloy systems. Simulated 

supercells based on the face-centered cubic (fcc) structure, containing various types and 

degrees of short-range order, are used to explore the information content of pair distribution 

functions, which are experimentally accessible through Fourier transformation of total 

scattering data. The atomistic models that may be obtained from the analysis of such 

experimental data can used to provide quantitative information about the types of short-range 

order present, and approaches by which this can be achieved are discussed. 
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1.2 Total scattering 

Standard diffraction experiments, particularly of powder samples, derive structural 

information from the characteristic Bragg pattern [8]. Inherently, this analysis is based on the 

long-range average structure of the material and information on the short-range ordering that 

may be present in the system is lost in the averaging. The study of amorphous materials, 

which by definition lack the long-range order that leads to Bragg peaks, motivated the 

development of the total scattering technique, in which the Bragg and diffuse scattering from 

a sample are measured and analysed simultaneously. The technique has, more recently, been 

applied with great success to study many crystalline and disordered-crystalline systems [9], 

providing insight into the local information through analysis of deviations from the average 

structure. The basic scattering function for neutrons [10] is given as: 

 𝑆 𝑄 =  
1
𝑁 𝑏!𝑏! exp(𝑖𝑄. [𝑟! − 𝑟!])

!,!

 …(1) 

where 𝑖  and 𝑗  are atomic labels, 𝑟  the instantaneous position of an atom, 𝑏  the atomic 

scattering length, 𝑁 the number of atoms and 𝑄 the magnitude of the scattering vector 𝑸 i.e. 

the momentum transfer of the incident radiation. An equivalent expression for X-rays can be 

derived, replacing the neutron scattering length 𝑏 with the 𝑄-dependent atomic form factor. 

For a periodic crystal this equation simplifies to the Bragg condition. In the case of an 

amorphous glass this may be written as: 

 
𝑆 𝑄 =  

1
𝑁 𝑏!𝑏!

!,!

sin(𝑄 𝑟! − 𝑟! )
𝑄 𝑟! − 𝑟!

 …(2) 

Separating the self-scattering components: 

 
𝑆 𝑄 =

1
𝑁 𝑏!

!

!

+  
1
𝑁 𝑏!𝑏!

!!!

sin(𝑄 𝑟! − 𝑟! )
𝑄 𝑟! − 𝑟!

 …(3) 

which can be recast in the form: 
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 𝑆 𝑄 =  𝐹 𝑄 +  𝑐!𝑏!
!

!

 …(4) 

where 𝑐! is the concentration of species 𝑖 and the total scattering function, 𝐹 𝑄 , is given by: 

 𝐹(𝑄) = 𝜌! 4𝜋𝑟!𝐺 𝑟
sin𝑄𝑟
𝑄𝑟

!

!
 d𝑟 …(5) 

in which 𝜌! is the average density of the structure and: 

 𝐺 𝑟 = 𝑐!𝑐!𝑏!𝑏!(𝑔!" 𝑟 − 1)
!,!

 …(6) 

where the 𝑔!" 𝑟  terms are the partial pair distribution functions. The function 𝐺 𝑟  is often 

known as the pair distribution function (PDF).  The inverse Fourier transform of Eq. 5, used 

for the calculation of a PDF, is given by: 

 
𝐺 𝑟 =

1
2𝜋 !𝜌!

4𝜋𝑄!𝐹 𝑄
sin𝑄𝑟
𝑄𝑟

!

!
 d𝑄 …(7) 

Alternative normalisations of the PDF are sometimes used for convenience, to emphasise 

specific features of the function related to the properties and length-scales of interest. A full 

description of the other formulations of the PDF has been provided by Keen [11]. Unless 

otherwise stated, the terms 𝐺 𝑟  and PDF are used interchangeably here. 

The partial PDFs are described mathematically as: 

	 𝑔!" 𝑟 =
𝑛!"(𝑟)

4𝜋𝑟!𝜌!d𝑟
	 …(8)	

where 𝑛!"(𝑟) is the number of atoms lying within 𝑟 and 𝑟 + d𝑟, and 𝜌! = 𝑐!𝜌!, where 𝜌! is 

the density of the substance and 𝑐! the concentration of species 𝑖. Critically, this description is 

as applicable to periodic crystals as to amorphous materials.  

The PDF, by definition, is a weighted histogram of the distribution of distances between 

atoms in the structure. A peak in the PDF will indicate the average distance of one atom 

relative to another; its width being dependent on the distribution of the inter-atomic distances 
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(thermal vibration or static displacements) and its area being governed by the number and 

scattering length of the correlating atoms.  

As is apparent from Eq. 5 and 7, the PDF and 𝐹 𝑄  are effectively different 

representations of the same information (both contain the local structural information lacking 

in the Bragg peaks alone). Here the PDF is considered, as it is intuitively understandable as a 

visual representation of the local structure, but an equivalent analysis could be achieved 

through consideration of the 𝐹 𝑄 . 

Whilst other local structural probes exist, such as EXAFS and NMR spectroscopy, they 

are of limited use for the analysis of short-range order in alloy systems, owing to the fact that 

ordering information for a large number of coordination shells can be extracted from a PDF, 

whilst EXAFS and NMR provide information for only the first couple of shells. 

It is straightforward to achieve a qualitative understanding of the information provided by 

a PDF, however producing structural models is more involved. There are two popular 

approaches. The first, often known as ‘small-box’ modelling, utilises tools such as PDFgui 

[12], and is analogous to Rietveld refinement though the models are constrained by the PDF 

instead of the Bragg diffraction pattern. This technique is not well suited to the 

characterisation of short-range order in alloys since it produces a crystallographic description 

of a structure (i.e. one that comprises cell parameters, thermal parameters, fractional site 

occupancies), albeit one that is biased towards the local, rather than the average, structure. 

The second, a ‘large-box’ modelling technique using the reverse Monte Carlo [13] algorithm, 

is arguably better suited for the analysis of ordering in alloy systems as it is unconstrained by 

symmetry and produces large ( > 10,000 atom) models that provide the ability to probe the 

ordering across appropriate length scales. 
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1.3 The reverse Monte Carlo technique 

Traditionally, analysis of total scattering data involves visual inspection of the scattering 

functions and the use of peak fitting to obtain information about the arrangement of the first 

one or two coordination shells. It is also common to use molecular dynamics or hard-sphere 

Monte-Carlo to calculate structural models, from which theoretical total scattering functions 

can be calculated and compared with the observed data. Analysis of the system is then 

possible only if the two are found to be in good agreement. The tuning of initial potentials to 

create a structural model that more accurately reflects the data is theoretically possible, but 

the direct effect of the potentials on the diffuse scattering is often difficult to quantify and the 

process of fine-tuning is laborious. To this end, the empirical potential structure refinement 

(EPSR) technique [14] combines direct Monte-Carlo simulations with the refinement of an 

empirical potential in order to obtain calculated scattering functions that are in good 

agreement with the observed data. In contrast, the reverse Monte Carlo (RMC) technique [13] 

is an iterative process in which goodness-of-fit parameters, which describe the statistical 

quality of the agreement between the model and the experiment, are minimised.   

In the RMC method, an initial arrangement of atoms is created that reflects the average 

structure of the system, as determined by analysis of the Bragg diffraction data. The PDF 

calculated from this will consist of a series of delta functions, as every atom will be on its 

ideal position, with no allowance made for positional variations associated with thermal 

vibrations. However, a more realistic initial model can be obtained by applying small off-site 

displacements to each atom according to a pseudo-random Gaussian distribution generated 

using the Box-Muller method [15]. From this, a number of scattering functions may then be 

calculated and compared with the experimental data.  

In general, the quality of the fit is defined by an agreement factor, χ!, which is calculated 

as follows: 
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	 χ! = (𝑦!!"# − 𝑦!!"#!)/𝜎!!
!

	 …(9)	

where 𝑗 indicates a data point, 𝑦!!"# the experimental value at that point, 𝑦!!!"# the value 

calculated from the refined box and 𝜎! the weighting factor for an individual data set. The χ! 

parameters for different data sets are then summed as follows: 

	 χ!!"# = χ!!(!) + χ
!
!(!) + χ

!
!"#$$ + χ

!
!"#$%#&'() +⋯	 …(10)	

Any number of data sets can be summed, allowing the independent fitting of multiple 

different data sets simultaneously. The implementation of physical constraints (e.g. 

χ!!"#$%#&'()) helps to ensure physically realistic results are obtained from the refinement. 

The refinement makes random atomic translations and swaps and calculates the change in 

the scattering functions that result. Changes that lower χ!!"# will be automatically accepted, 

whilst those that increase χ!!"# by Δχ!!"#will be accepted with a probability of: 

	 𝑃 = exp(−
Δχ!!"#
2 )	 …(11)	

By accepting a certain number of ‘bad’ moves, the system may be prevented from becoming 

stuck in false minima. The result of the RMC refinement is an atomistic model that 

adequately fits all datasets and obeys all applied constraints.  

The RMC algorithm has been implemented in a number of software packages (for 

example [16,14,17,18]) for the analysis of local structure and disorder. However, for accurate 

analysis of the structure of crystalline alloy systems, it is necessary to explicitly fit the Bragg 

pattern as well as the total scattering data. The RMCProfile [16] code, developed and 

maintained by some of the authors of this work, which incorporates this functionality, is 

therefore optimised for studies of this nature. 
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2. Background metallurgical theory 

2.1 Super-lattice structures in binary alloys 

The phase diagrams of many alloy systems show regions where long-range ordered 

structures form, that differ from the disordered parent phases only in that the atoms are not 

randomly distributed but occupy specific lattice sites, either within a single cell or a super-

cell of the parent phase. This results in the breaking of the symmetry of the parent structure 

and the appearance of super-lattice peaks in the diffraction pattern. To demonstrate the 

efficacy of analysing short-range order though characterisation of pair distribution functions, 

the super-lattice structures of the face centred cubic (fcc) lattice have been considered, but the 

analyses carried out could equally be extended to other structural families.  Owing to the 

common occurrence of certain long-range ordered structures, Strukturbericht notation is 

normally adopted for ease of reference. For example the L12 structure (A3B) is based on the 

face centred cubic structure, but with atoms of type A on the faces and atoms of type B on the 

corners. The case example for this type of ordering is Cu3Au [19], however it is common in 

other systems such as Ni3Al [20]. 

2.2 Short-range order in binary alloys 

There are three main types of short-range order (shown in Fig. 1): statistical order, the 

disperse model and the micro-domain model. Statistical order is akin to the ordering observed 

in some glasses, where the proportion of atoms in a given coordination shell differs from that 

of the nominal stoichiometry. The statistical ordering model describes a homogenous order 

throughout the sample.  

The alternative models describe heterogeneous short-range order, in which the order is 

not continuous, but rather nanoscale ordered regions exist within a disordered matrix. For 

systems such as Cu-Al [21] the ordered regions are observed to be of a different 

stoichiometry to that of the bulk material, with the matrix compensating accordingly – an 
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example of the disperse model. This model also describes clustering of atoms, such as that 

observed in the Cu-Ni system [22]. Alternatively, the Cu3Au system exhibits short-range 

ordering consistent with the micro-domain model [23,22], with the ordered regions and 

matrix being of the same stoichiometry and only distinguishable by the level of order present.   

Whilst the formation of a random solid solution is driven by entropic effects, long-range 

ordered structures are driven by the favourable enthalpy of forming like or dislike bonds in a 

given coordination shell. Short-range order exists between these two extremes as a balance 

between increased enthalpy of forming certain favoured bonds and the loss in entropy caused 

by doing so. Therefore, it is necessary to consider both of these end member states in any 

future analyses in order to understand the intermediate short-range ordered systems. 

2.3 Quantitative descriptions of short-range order 

In order to link the short-range order of a system to its observed physical properties, 

quantitative descriptors of the ordering occurring in the system are required. This section 

Fig. 1. Examples of the different types of short-range order that can be exhibited by a 

crystalline alloy system. In each case the average unit cell of each box is the same. In the 

disperse and micro-domain models, the ordered region is outlined by the solid line. 
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outlines two of the main methods by which this is typically achieved. The way they can be 

related to large box models, is discussed in Section 3.3. 

2.3.1 Warren-Cowley parameters 

The Warren-Cowley parameters [24,25] are one of the simplest and oldest methods of 

describing short-range order in a system and are most closely linked to the statistical model 

of short-range order. They describe how the observed occupation of a coordination shell 

differs from that of the nominal stoichiometry. 

They are defined as: 

	 𝛼!"#!" = 1−
𝑃!"#!"

𝑐!
= 1−

𝑃!"#!"

𝑐!
	 …(12)	

where 𝑃!"#!"  is defined as the probability of finding a B atom at position 𝑟!"# = 𝑙𝑎! +𝑚𝑎! +

𝑛𝑎! (where 𝑎!, 𝑎! and 𝑎! are lattice vectors, and 𝑙,𝑚 and 𝑛 are fractional coordinates) from 

an origin placed on an A atom, and 𝑐! and 𝑐! are defined as the atomic fractions of A and B 

respectively in the alloy. For a random distribution of atoms in an alloy, 𝛼!"#!" = 0, with the 

exception that, by definition, for any system 𝛼!!!!" = 1. Positive values (to a maximum of 1) 

suggest a preference for like atom coordination in the system; conversely negative values (to 

a minimum value of !! !!
!! 

 when measured around B, and !! !!
!!

 when measured around A) 

indicate a preference for dislike atom coordination. 

Whilst for a random structure all 𝛼!" parameters will tend to zero, for long-range ordered 

structures, 𝛼!"  will oscillate in a predictable manner through the coordination shells. 

Historically, experimental 𝛼-parameters were calculated using either the Borie-Sparks [26], 

Georgopolous-Cohen [27] or 3λ methods [28], from single crystal diffuse scattering patterns. 

These reported values are the average 𝛼-parameter of the sample. 

Whilst the preceding description applies only to binary alloy systems, extensions have 

been made for ternary or higher systems. For higher-dimensional systems, ordering 
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parameters analogous to the Warren-Cowley parameters are possible, such as the pairwise 

multicomponent short-range order (PM-SRO) parameters [29], which are defined as: 

	 𝛼!!" =
𝑝!!" − 𝑐!
𝛿!" − 𝑐!

	 …(13)	

where 𝛿!" = 1 if 𝐴 = 𝐵 and zero otherwise, 𝑝!!" is the probability of finding a B-type atom 

around an A type atom, in shell 𝑚. This parameter reduces to the Warren-Cowley parameter 

for a binary alloy. More complex formulations, such as the generalised multicomponent 

short-range order (GM-SRO) parameters [30], also exists that can describe interactions of 

multiple species.  

2.3.2 Clapp configurations 

Although they provide useful information about the hallmarks of short-range order in a 

system, the Warren-Cowley parameters do not provide an exact description of local atomic 

arrangements within an alloy. As an alternative description, Clapp [31] published a complete 

list of the 144 possible arrangements of the 12 nearest neighbour atoms in an fcc lattice. The 

number of configurations is reduced from the theoretical maximum of 4096 by the removal 

of any orientation basis of the configuration.  

An alloy with a random distribution of atoms will occupy many Clapp configurations, 

whereas a long-range ordered structure will occupy only a range of very specific 

configurations that are necessary structural motifs for the building of the structure. Fig. 2 

shows three common long-range ordered structures and the associated Clapp configurations 

from which they are made.  
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3. Development of total scattering analysis for metallurgical systems 

3.1 Experimental considerations 

3.1.1 The measurement of high-quality PDFs 

Owing to the low intensity of the diffuse scattering signal, compared with the much 

stronger Bragg peaks, high quality data are required in order to obtain a statistically 

significant measurement of the diffuse scattering in a total scattering experiment. Care must 

be taken in both the acquisition of the data and the subsequent correction, processing and 

analysis.   

It can be seen from Eq. 7 above, that the integral should be calculated over an infinite 𝑄-

range, and while this is obviously not achievable experimentally, as wide a 𝑄-range as 

Fig. 2. Some typical long-range ordered structures and the Clapp configurations occupied by 
the atoms in the structure. Filled circles represent atoms are of type A and unfilled circles 
atoms of type B. L10 has stoichiometry AB, whilst L12 and D022 are both A3B. 
 



	 14	

possible is required for obtaining a high-quality PDF. Since the magnitude of 𝑄 is given by 

𝑄 = !! !"#!
!

 (where 𝜃 is the diffracted angle and λ the incident radiation wavelength) it can be 

seen that the use of short-wavelength incident radiation is desirable. A typical laboratory X-

ray diffractometer operating with Cu Kα radiation can achieve a 𝑄!"# ~ 6 Å-1, while a 

specialised instrument with an Ag source can achieve 𝑄!"# ~ 18− 20  Å-1. However, 

superior data may be obtained at high-energy synchrotron X-ray and spallation neutron 

sources, which can achieve a 𝑄!"# > 30 Å-1. 

The choice between synchrotron X-ray and neutron radiation, should be made based on 

the specific system of interest. The radiation should be chosen so as to maximise the 

difference in the scattering between the random and ordered structures. This will be 

dependent on the relative concentrations of the atomic species and their relative scattering 

lengths and form factors. For example, the study of Cu-Au alloys with neutrons is unfeasible 

due to their almost identical neutron scattering lengths; and conversely, the study of alloys 

with many components of similar atomic number would be impossible with X-rays.  

3.1.2 Sample preparation 

Total scattering is, by nature, a powder technique and so requires samples that are 

crystallographic powders. Therefore, when studying engineering materials and alloys the 

issue of crystallographic texture inherited from the prior processing must be accounted for. 

Whilst the effect of texture on Bragg data is well documented in the literature, the effect of 

texture on a PDF is not well understood. Hence, collected total scattering data must be as free 

from textural effects as possible, and the Bragg intensities should therefore be carefully 

assessed for discrepancies. 

In addition to issues associated with the sample texture, the experimental set up should 

seek to maximise the number of crystallites illuminated by the incident radiation to ensure a 

powder average is achieved. For neutrons, a large sample volume makes this relatively 
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straightforward; however, with X-rays the irradiated volume is much smaller, and care must 

be taken during sample preparation to minimise crystallite size. In alloy systems, thermo-

mechanical processing is commonly used to reduce grain size but can result in strong 

crystallographic textures. Consequently, an atomisation technique (either water or gas) is 

required. In gas atomisation, the alloy is heated until molten and sprayed with argon to 

produce spherical droplets of powder. Water atomisation is similar but relies on a jet of water 

rather than argon, resulting in a greater variation in particle size and morphology. Gas 

atomisation is known to produce solidification induced micro-segregation textures in the gas 

atomised powder, so samples must be subsequently heat-treated in the single-phase field 

(solid solution) in order to remove multiple phases with different compositions and ensure a 

homogenous random sample is ultimately achieved. The powders made in this manner can 

subsequently be heat-treated at the temperature of interest to allow ordering to develop in the 

sample. 

3.2 Calculated PDFs 

For all of the proposed models of short-range order in alloy systems, the limiting cases 

for ordering in structures are the random distribution and long-range ordered structures.  A 

comparison between the theoretical PDFs of these structures can be used to demonstrate the 

level of information available in a PDF, and what may be observed in short-range ordered 

systems.  

To illustrate this, 20×20×20 supercells of the face-centred cubic (fcc) structure (with 

lattice parameter 𝑎 = 3.55 Å) were created to reflect possible structures of the Cu3Au alloy at 

high temperature (atoms randomly distributed across all sites in the fcc) and low temperature 

(forming the L12 structure). A random displacement was applied to the atom positions to 

yield a Gaussian distribution that mimics the effect of thermal motion. The same Gaussian 

displacement was applied to both structures, the situation reflecting different degrees of order 
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frozen into the structure at the same temperature by quenching. PDFs were calculated for 

these structures, as if the sample were an alloy of copper and gold scattering X-rays and are 

shown in Fig. 3. *  

It is important to note that, in contrast to systems more typically studied with total 

scattering, alloy ordering transitions are not necessarily associated with a shift in the peak 

positions or the appearance of additional features in the PDF. Instead, only the area of the 

peaks will change as they reflect alterations in the occupation of different coordination shells 

(see Eq. 8). Identifying which peaks change, and the extent of the change, can provide 

																																																								
* It is common in the analysis of X-ray total scattering data to use an average atomic form 
factor as a simple method to account for the Q-dependency of X-ray scattering [33]. As such 
this effectively approximates the system as a series of “point-scatterers”, equivalent to the 
scattering of neutrons. Therefore, in this study the PDFs have been calculated using a Q 
independent X-ray “scattering length” equivalent to the atomic number, Z, to weight the 
contributions of each pair of atoms. 

Fig. 3. Calculated PDFs for a random Cu3Au alloy (solid) and an ordered L12 (dotted) 

structure. The offset line indicates the calculated difference. 
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information about the type of ordering occurring in the system. This can be demonstrated by 

a consideration of a host of long-range ordered structures. 

The number of long-range ordered structures is a countable infinity; however, here the 

consideration is restricted to a subset of structures, those with 4 atoms or fewer in the unit 

cell. Hart [32] suggested that there are only 17 binary supercells modelled on a fcc structure 

that fulfil this criterion and listed those that have been observed and those that have yet to be 

observed in the literature. For reference, images of these structures can be found in 

Supplementary Fig. S1. The D1a structure is also included for consideration, as it is part of a 

family of structures commonly observed in short-range ordered systems. 

To examine the sensitivity of the PDF to different types of ordering, 24×24×24 face-

centred cubic (fcc) supercells were created of the eighteen long-range ordered structures of 

interest, in a similar manner to that outlined previously (for the D1a a 25×25×25 box was 

used owing to the dimensions of the D1a supercell). PDFs were calculated in the same 

manner as previously. The atomic arrangement was randomised using unconstrained Monte-

Carlo swapping and the normalised PDF calculated for the random structure. The difference 

between the ordered structure PDF and that of the randomised box was calculated, and these 

difference PDFs, which represent the maximum differences that can be expected to occur, are 

shown in Fig. 4.  

It is important to note that the predicted difference PDFs shown in Fig. 4 represent the 

differences between long-range order and no order. To extend this analysis to the study of 

short-range order, it is necessary to consider how the PDF would vary depending on the 

different types and amounts of short-range order that could occur. To this end, a Monte-Carlo 

algorithm was written to generate statistically ordered boxes with specified Warren-Cowley 

parameters. Software was also written to generate supercells containing different size 

domains of long-range ordered structures, to create microdomain and disperse-model based 
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systems. A detailed explanation of the generated boxes can be found in the supplementary 

information. 

Fig. 4. Predicted difference PDFs for some long-range ordered binary alloy structures. The 

panels reflect long-range ordered structures of the same stoichiometry: (a) A4B, (b) A2B, (c) 

A3B and (d) AB. The structures are those described by Hart [32] and the D1a structure. 

Images of all the structures can be found in the figure S1 for reference. Structures indicated 

by * have been predicted to exist in the system they are named after, but as yet have not been 

physically observed. Structures indicated ** have been neither predicted nor observed. These 

are named after the family of planes in which there is an observed oscillation in the type of 

atom occupying the plane. Otherwise structures are named after with the standard 

Structurbericht notation, or the case example system in which they are observed to exist. 
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Given that the change in area of the peaks is of greatest interest, as previously mentioned, 

the integral of the PDFs is calculated and the difference from a random arrangement of the 

same nominal stoichiometry (i.e. the 𝑛 = 0 or 𝑚 = 0 case) plotted, Fig. 5.  

Whilst for the statistical and microdomain models the difference integral PDF oscillates 

close to the base line, for the disperse model there is a notable increase in the base line with 

size of domain. This is due to differences between the local concentration and the nominal 

stoichiometry of the system. Oscillations on this curved background are also visible that have 

a similar dampening to that observed in the microdomain case. For the microdomain system, 

as the size of the domain increases, so does the magnitude of the oscillations, and the degree 

of dampening decreases (i.e. the number of shells in which the oscillation is observed 

increase) as the domain gradually grows to fill the box completely. A similar effect of 

Fig. 5. Difference integrated PDFs for a series of boxes containing different types and 

amounts of short-range order. The panels are as follows: (a) Statistical order with different 

magnitudes of Warren-Cowley parameter for the first two shells (created by a Monte-Carlo 

simulation), (b) Microdomain order – containing cubic domains of the L12 structure of 

different sizes, (c) Disperse order – containing cubic domains of the L10 structure of different 

sizes. In panels (a) and (b) the difference integral PDFs are offset for ease of viewing. 
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increased magnitude of oscillation is notable in the statistically ordered case.  However, the 

change in the number of affected shells is relatively constant and does not change as much as 

the micro-domain case.  

3.3 Extracting short-range order parameters from structural models 

3.3.1 Warren-Cowley extension to large box models 

Warren-Cowley parameters can be extracted directly from an atomistic model, by 

averaging the Warren-Cowley parameter calculated for every individual atom. From the set 

of long-range ordered structures used to simulate the PDFs in Fig. 4 it is possible to calculate 

how the Warren-Cowley parameters oscillate through the co-ordination shells. The calculated 

𝛼!" parameters for some standard structures are shown in Supplementary Fig. S2. 

Similarly, the Warren-Cowley parameters for the short-range ordered boxes generated 

previously can be calculated. A selection of these, corresponding to both the disperse and 

microdomain cases, are shown in Supplementary Fig. S3. It can be seen that the magnitude of 

the oscillation changes as expected.  However, it is difficult to assign any meaningful 

interpretation to the oscillations.  

More usefully, by using a large box method it is possible to extract additional information 

about the system by a consideration of the distribution of the Warren-Cowley parameters 

within a given shell, and not simply the average value for each shell for the entire box. For a 

random box, the theoretical distribution of the Warren-Cowley parameters in a given shell 

may be calculated by a simple application of binomial theorem.  

For a given atom the probability, 𝑃 𝑛! , of it having 𝑛! neighbouring atoms of type A, in 

a coordination shell containing 𝑑 atoms is given as: 

	 𝑃 𝑛! =
𝑑!

𝑛!! 𝑑 − 𝑛! !
𝑐!!!𝑐!!!!! 	 …(14)	

where 𝑐! and 𝑐! are the concentration of  𝐴 and 𝐵 respectively. For a given value 𝑛! the 

Warren-Cowley parameter can then be calculated as: 
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	 𝛼!" = 1−
𝑛!
𝑑𝑐!

	 …(15)	

For every atom in the model, the Warren-Cowley parameter may be calculated, and so the 

distribution of the number of atoms with a given parameter plotted. By comparing these 

observed distributions, in a given shell, with those predicted by the binomial distribution 

above, information about the nature and magnitude of order in the box may be extracted.  

The distributions of Warren-Cowley parameters from different models of short-range 

order can be calculated using the same simulated boxes as previous. Fig. 6 shows the first 

shell Warren-Cowley parameters for the random case and different simulated types of short-

range order.   

The observed Warren-Cowley parameters in the random case (a) can, as expected, be 

seen to agree well with those predicted using the binomial theorem. In the statistical case (b) 

it can be seen that, while the general shape has been maintained, the maximum of the 

distribution has shifted. This reflects the fact that, on average across the box, A atoms tend to 

form more A-B bonds in their first coordination shell than would be expected based on the 

stoichiometry alone. In the microdomain box (c), the contribution of the random matrix 

(dotted line) has been scaled by a factor of 0.875 to reflect the proportion of the box it 

occupies, and this reveals a clear increase in the number of atoms (both A and B) with α1
 = -

0.3333, corresponding to the atoms in the L12 microdomain region. Finally, in the L10 

disperse box (d), increases in different parameters for the two atom types (αAB = -1.6667 and 

αBA = 0.1111) are apparent, which is indicative of the stoichiometry of the domain being 

different to that of the box. In this case, the matrix contribution was scaled for both the 

proportion of the box it occupies and the difference in concentration caused by the disperse 

domain. 
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Fig. 6. The distribution of Warren-Cowley parameters for the first coordination shells (α1) in 

generated supercells of size 20x20x20 and stoichiometry A3B. The short range order present 

is as follows: (a) random, (b) statistical order created using a Monte Carlo simulation with a 

preference for dislike nearest-neighbour bonds (average α1
AB = -0.0417 and α2

AB = 0.1250), 

(c) an L12 microdomain of size 10x10x10 unit cells and (d) an L10 disperse domain of size 

10x10x10 unit cells. In all cases, the solid black line with markers indicates the observed 

values around A atoms (α1
AB). The solid red line with markers indicates the observed values 

around B atoms (α1
BA). For panels (a) and (b) the dotted lines indicate the contribution of the 

random matrix distribution predicted by Eq. 14 and 15.  For panels (c) and (d) the dotted lines 

indicate the random distribution for the matrix contribution as predicted by Eq. 14 and 15 and 

accounting for the change in local concentration of the matrix and size of the matrix 

compared with the size of the domain. In panels (c) and (d) an increase in occupation of a 

specific α1
AB and α1

BA are indicated by vertical dashed lines. 
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By working out the concentration at which αAB = αBA for the parameters with increased 

occupation, the concentration of the ordered domain, 𝑐!,!"#, can be calculated. i.e.: 

	 𝑐!,!"# =
1− 𝛼!"#!" 𝑐!,!"#

1− 𝛼!"#!" 𝑐!,!"# + 1− 𝛼!"#!" 𝑐!,!"#
	 …(16)	

where 𝛼!"#!"  and 𝛼!"#!"  are the increased Warren-Cowley parameters in the observed 

distribution, and 𝑐!,!"# and 𝑐!,!"# are the nominal stoichiometry of the box. This can then be 

used to fit the remainder of the pattern with a matrix of the correct size and concentration, 

and thus estimate the size of the domain. When performed on the L10 disperse box 

considered previously, this calculation yields a domain size of approximately 9×9×10 unit 

cells, very close to the correct value of 10×10×10. 

Whilst in these cases it is possible to see the increase in the number of atoms with an 𝛼 

corresponding to that of the ordered domain, as the domain size reduces, it becomes almost 

impossible to see this increase. For a 5×5×5 unit cell domain, i.e. 1.5625% of the volume of 

the sample, it is no longer possible to see this increase and extract information about the 

system. The exact percentage at which this increase would not be visible is dependent on the 

stoichiometry of both the overall system and the local concentration in the domain. 

Although here only the first shell has been considered, a similar analysis could be 

performed in all shells and the nature of ordering occurring in the microdomain extracted. 

3.3.2 Clapp Configurations from large box models 

In a large box model that represents an alloy with no long- or short-range order, the 

occupation of a given Clapp configuration will depend only on the stoichiometry of the alloy, 

the number of like atoms in the box and the multiplicity of the configuration. The theoretical 

probability of a given Clapp configuration 𝑎 existing in a face centred cubic alloy AxB(1-x) 

(around either atom type A or B) can be calculated using the binomial theorem and is given 

by:  
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	 𝑝! = 𝑚![𝑥! 1− 𝑥 !"!! + 𝑥!"!! 1− 𝑥 !]	 …(17)	

where n is the number of like atoms amongst the 12 nearest neighbours, 𝑚!  is the multiplicity 

of the configuration and 𝑥 is the concentration of species A. 

Comparing this theoretical distribution with several random supercells, the model is 

found to be in good agreement. The variation in occupation of a given configuration between 

the simulated random box and the values calculated from Eq. 17 should be within the 

statistical variation of the distribution. As such, it is essential to obtain some measure of this 

statistical noise, in order to separate the real enhancements from the random fluctuations of 

the box. Considering only one Clapp configuration and arguing that either an atom exists in 

this configuration, or does not, a second application of the binomial theorem states that the 

mean (𝑛!) and standard deviation (𝜎!!) in occupation of the configuration (𝑛!) will be 

given by: 

	 𝑛! = 𝑝!𝑁	 …(18)	

 

	 𝜎!! = 𝑝!(1− 𝑝!)𝑁	 …(19)	

where 𝑝! is as defined in Eq. 17 and 𝑁 the number of atoms in the box. 

An enhancement factor 𝛽! for configuration 𝑎, may then be defined as follows: 

	 𝛽! =
(𝑛! − 𝑛!)

𝜎!!
	 …(20)	

where  𝑛! is the observed number of configurations 𝑎 existing in the refined box and 𝑛!  

and 𝜎!! are defined by Eq. 18 and 19. The central limit theorem indicates that for a large 

number of iterations of a probability distribution, the distribution will tend to a normal 

distribution. The number of atoms in a large box model is sufficient to satisfy this condition. 

Consequently, the probability of a certain range of values of enhancement factors is that of a 

normal distribution.  
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It follows that if, in a structural model, a configuration has an enhancement factor 

𝛽! ≥ 3, this configuration is enhanced due to some ordering effect, and not merely the 

result of statistical noise in a random box. An enhancement in specific configurations can 

then indicate that the ordering is tending towards a certain long-range ordered structure. 

Reference tables of long-range ordered structures, and the Clapp configurations from which 

they are made, can be drawn up (see Supplementary Table S1).  

The application of these enhancement factors to the analysis of order in a system can be 

demonstrated using the same simulated boxes as for the Warren-Cowley analysis (Section 

3.3.1). The results are shown in Fig. 7. In the random case (a) the fluctuations are well within 

the bounds predicted probabilistically. For the statistically ordered case (b) a range of 

significant enhancements, both positive and negative, are observed. In contrast, with the 

micro-domain (c) and disperse models (d) there are massive enhancements in the 

configurations corresponding to the domains of the L12 (C-1 and C16) and L10 (C-16) 

structures respectively. The Clapp configuration enhancement factors also identify 

enhancements even with the 5×5×5 domain structures, making it an apparently more 

sensitive probe of the order present in the box than the Warren-Cowley parameter 

distributions.  

If, as has been previously described, short-range order is considered to be an intermediate 

state between disorder and long-range order, there is likely to be much interest in the 

processes through which order develops. As the atoms diffuse through the solid forming the 

ordered structure it may be expected that not only the Clapp configurations present in the 

final structure will be enhanced, but also those that are structurally related. This may in turn 

highlight key structural motifs that are important to the process of formation of the final 

structure.  
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An understanding of the relationship between the Clapp configurations is fairly easy to 

develop.  For each configuration a consideration is made as to how the structure would be 

affected by either the addition, or removal of certain atomic types. This creates a degradation 

Fig. 7 – Enhancement factors for generated supercells of size 20x20x20 and stoichiometry 

A3B. The short range order present is as follows: (a) random, (b) statistical order created 

using a Monte Carlo simulation with a preference for dislike nearest-neighbour bonds 

(average α1
AB = -0.0417 and α2

AB = 0.1250), (c) an L12 microdomain of size 10x10x10 unit 

cells and (d) an L10 disperse domain of size 10x10x10 unit cells. The dashed lines indicate 

the bounds of the region |𝛽!| ≤ 3 in which the enhancement may be due to random statistical 

fluctuations of the box rather than from ordering in the box. 
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pathway that describes how the configurations would develop as the local composition of the 

box changes. In addition, many phase diagrams often identify a region containing a long-

range ordered structure that extends beyond the ideal stoichiometry of the ordered structure. 

In these ‘off-composition’ alloys cases, the degradation pathways can also be used for 

identifying the type of ordering that might be present. Fig. 8 shows the degradation pathways 

related to the C16 configuration, an essential component of the L12 structure. Returning again 

to Fig. 7 in the microdomain case (c), the enhancement in the C34 configuration can now be 

understood due to it’s degradation relationship to the C16 structure, as seen in Fig. 8. The full 

degradation pathway diagram for all the structures derived from a face centred cubic structure 

is too complex to reproduce here, but can be found in the supplementary information (Figure 

S4).  

So far, only binary alloys have been considered in this analysis. Extensions of the 

Warren-Cowley parameters to multicomponent systems have already been discussed. The 

Clapp configurations, unfortunately, may not so easily be extended to higher dimensions. 

Whilst for a binary alloy the number of arrangements of two atom types in a face centred 

cubic lattice may be reduced by symmetry to the 144 already discussed, for a three-

Fig. 8 – Degradation pathways for the C16 structure as concentration of B atoms (filled) in 

the structure is either increased or decreased. Numbers indicate the Clapp configuration. 
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component system the same symmetry reduction yields 12,111 configurations. It is proposed, 

therefore, that Clapp configurations are only likely be of practical use if combinations of 

atoms are used to reduce the system to a pseudo-binary system. This will often make 

chemical sense due to the natural partitioning of elements onto specific sites during ordering 

transitions. 

 

4. Discussion and Conclusions 

It is clear from the preceding sections that the use of total scattering for the analysis of 

short-range order in crystalline alloys could provide valuable insight into the structure and 

properties of many complex alloy systems. To increase confidence in the results obtained in 

such a manner, it is essential to establish a systematic methodology for the collection and 

analysis of data. 

4.1 Proposed method for the analysis of short-range order in alloys 

The following method for the analysis of total scattering data from a alloy is proposed: 

• Samples should be prepared in a manner which produces an adequate powder 

average. 

• High quality total scattering data should be obtained using X-ray synchrotron and/or 

spallation neutron sources.  

• Atomistic models representative of the long- and short-range order of the alloy, 

should be produced using appropriate simulation and/or refinement techniques, 

guided by the total scattering data. 

• Short-range order in the system should then be determined, quantified and described 

by the methods outlined in this work: 

i. Warren-Cowley distributions: to demonstrate the type and magnitude of 

order occurring in the system.  
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ii. Clapp Configuration enhancement factors: to identify the local 

arrangement of atoms. 

iii. Degradation pathways: to identify the key structural motifs and related 

LRO structures. 

4.2 Conclusions 

Theoretical work has suggested the use of the total scattering technique may provide new 

insight into ordering transitions and short-range ordering occurring in alloy systems. In the 

examples considered, the simulated boxes containing different types and amounts of short-

range order have been used to show that PDFs contain the necessary level of information to 

understand and differentiate between the different short-range order models. In addition, 

developments to the quantitative descriptions of short-range order used historically have 

extended their applicability to the analysis of order in large box models, such as those 

obtained from RMC refinements. Using a combination of Warren-Cowley parameter 

distributions, Clapp configuration enhancement factors and degradation pathways, a 

quantitative description of the ordering in the system can be provided. This level of 

quantitative information is required if models are to be developed to explain the link between 

the observed order and physical properties such as resistivity or strengthening.   

It is anticipated that the proposed methodical approach to the measurement, fitting and 

analysis of short-range order using total scattering, will provide new insights into a host of 

alloy systems and ordering reactions. 
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