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Abstract

This thesis considers various extensions to the fluid/gravity correspondence as well as
problems fundamental to the study of fluid dynamics. The fluid/gravity correspondence
is a map between the solutions of the Navier-Stokes equations of fluid dynamics and
the solutions of the Einstein equations in one higher spatial dimension. This map arose
within the context of string theory and holography and is a specific realisation of a
much wider class of dualities known as the Anti de Sitter/Conformal Field Theory
(AdS/CFT) correspondence.

The first chapter is an introduction; the second chapter reviews the fluid/gravity
correspondence. The next two chapters extend existing work on the fluid/gravity
map. Our first result concerns the fluid/gravity map for forced fluid dynamics in
arbitrary spacetime dimensions. Forced fluid flows are of particular interest as they
are known to demonstrate turbulent behaviour. For the case of a fluid with a dilaton-
dependent forcing term, we present explicit expressions for the dual bulk metric, the
fluid dynamical stress tensor and Lagrangian to second order in boundary spacetime
derivatives. Our second result concerns fluid flows with multiple anomalous currents
in the presence of external electromagnetic fields. It has recently been shown using
thermodynamic arguments that the entropy current for such anomalous fluids contains
additional first order terms proportional to the vorticity and magnetic field. Using the
fluid/gravity map, we replicate this result using gravitational methods.

The final two chapters consider questions related to the equations of fluid dynamics
themselves; these chapters do not involve the fluid/gravity correspondence. The first
of these chapters is a review of the various constraints that must be satisfied by
the transport coefficients. In the final chapter, we derive the constraints obtained
by requiring that the equilibrium fluid configurations are linearly stable to small
perturbations. The inequalities that we obtain here are slightly weaker than those
found by demanding that the divergence of the entropy current is non-negative.
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Chapter 1

Introduction

1.1 AdS/CFT and holographic fluid dynamics

The AdS/CFT correspondence [1, 2] offers a novel perspective on quantum field theories.
This duality enables us to translate a problem in field theory into a gravitational/string
theoretic language. The hope of course is that, where conventional field theoretic
methods have failed, the dual description may prove to be more intuitive and the
problem therefore more tractable. This is especially true for strongly coupled field
theories and there is significant interest in obtaining holographic descriptions of certain
strongly coupled phenomena [3, 4].

Considerable progress has already been made in obtaining the holographic duals of
equilibrium field theory configurations. Two canonical examples in the AdS/CFT
dictionary are the Schwarzschild-AdS black brane which corresponds to a thermal state
in the field theory and the Reissner-Nordstrom-AdS black brane which corresponds to
a thermal state at finite density. Now, while an understanding of equilibrium states
is useful to describe certain physical phenomena (the study of phase transitions, for
example, need not include any explicit time-dependence), many interesting strongly
coupled phenomena are dynamical. Hence, there is considerable physical motivation
for the holographic study of non-equilibrium behaviour [5].

Unfortunately, while the holographic study of non-equilibrium dynamics is of much
greater interest, it is also correspondingly much more difficult. Some headway can
be made by focusing on small deviations away from equilibrium. The study of these
small amplitude perturbations is known as linear response theory and the holographic
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methodology involved is part of the standard AdS/CFT toolkit [6–11]. However, the
regime of validity of linear response theory does not cover large amplitude, violent
perturbations away from equilibrium and, in such cases, often progress can only be
made using numerical methods [12–14].

If we are motivated by the desire to obtain analytically the holographic dual of a certain
class of interesting, non-trivial non-equilibrium phenomena (beyond the reach of linear
response theory), a natural starting point would be fluid dynamics. We will now
provide some intuition for this statement. For the sake of having a concrete example,
we consider the most familiar case of the AdS/CFT correspondence: the duality between
SU(N) N = 4 Super Yang-Mills theory and Type IIB string theory on AdS5×S5. For
generic values of N and coupling λ, both sides of this duality are fairly complicated
theories. If we are interested in obtaining analytic, time-dependent solutions with the
aim of studying non-equilibrium phenomena, it is well worth considering a limit in
which the dynamics will simplify. A natural way forward would be to take N → ∞ in
the ’t Hooft limit; the bulk theory now becomes classical Type IIB string theory. If
we further take the strong coupling limit (λ → ∞), the massive string states decouple
and the bulk theory simplifies to Type IIB supergravity. Now, while progressing from
Type IIB string theory on AdS5×S5 to Type IIB supergravity certainly is a step in
the right direction, more can still be done. Type IIB supergravity on AdS5×S5 has
several consistent truncations to reduced, decoupled subsectors of dynamics; we focus
on the simplest of these which is pure Einstein gravity with negative cosmological
constant1,

EAB ≡ RAB − 1
2RgAB + ΛgAB = 0, Λ ≡ −d(d − 1)

2 . (1.1)

It is worth emphasising here that this result applies with much greater universality than
implied above. There are an infinite number of field theories possessing gravitational
duals; all of which admit large N and strong coupling limits. And in these limits, the
bulk theories will generically simplify to two derivative Einstein gravity interacting with
other fields. Regardless of the specific nature of these interactions, these bulk theories
of gravity will certainly admit AdSd+1 ×MI as a solution (MI is some internal manifold).
Bulk dynamics with these characteristics all possess consistent truncations to pure
Einstein gravity with negative cosmological constant. In this sense, the dynamics
described by equation (1.1) is the universal subsector of dynamics for an infinite class
of bulk theories. And from the field theory perspective, bearing in mind that the bulk
graviton is dual to the boundary field theory stress tensor, we see that pure Einstein

1The bulk spacetime has d + 1 dimensions. Also, we have set the AdS curvature radius to unity.
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gravity with negative cosmological constant is the universal dual bulk description of
the stress tensor dynamics of an infinite class of strongly coupled field theories.

Let us now pause to summarise our current position. Motivated by our desire to obtain
analytic, time-dependent holographic solutions, we were led to the universal subsector
of dynamics (1.1) which is the dual dynamics of the boundary stress tensor. Yet even
now, attempting to classify all time-dependent solutions to the Einstein equations
is far from an easy task. And on the field theory side as well, the full behaviour of
the stress tensor is still very nontrivial. To achieve further progress it is again worth
limiting our attention to a simpler case. A promising path that we could take would
be to focus only on stress tensor dynamics for field theory configurations which are
locally equilibrated. Such configurations are governed by fluid dynamics [15]; and the
key fluid dynamical equations of motion simply follow from conservation of the stress
tensor2,

∇µT µν = 0. (1.2)

Perhaps constructing bulk time-dependent solutions of (1.1) dual to boundary fluid
dynamics is a more realistic aim?

This goal was concretely achieved in [16] where the authors explicitly constructed
asymptotically AdS5 long wavelength solutions to the Einstein equations with negative
cosmological constant which are dual to solutions of the four-dimensional conformal
relativistic Navier-Stokes equations. It should be stressed here that this work constitutes
a derivation of nonlinear fluid dynamics from gravity and thus is valid for fluid
dynamical solutions with arbitrarily large velocity amplitudes. This is distinct from
previous work on holographic linearised hydrodynamics [17–20] which is only valid for
small amplitude perturbations about equilibrium configurations. Work on obtaining the
holographic dual of nonlinear fluid dynamics was in some sense pioneered by [21–23];
here, the authors considered nonlinear solutions dual to Bjorken flow, a particular
boost invariant flow.

This duality between long wavelength solutions of the Einstein equations and solu-
tions of nonlinear boundary fluid dynamics has become known as the fluid/gravity
correspondence [24, 25]. Subsequent work soon after the seminal paper [16] generalised
this map to arbitrary spacetime dimensions [26, 27]. Many new lines of research have
also developed to consider further interesting generalisations. In [28], Bhattacharyya

2Greek indices label boundary coordinates.
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et al extended this result to nonrelativistic fluids and holographically obtained the
incompressible nonrelativistic Navier-Stokes equations. Work has also been done on
constructing the bulk duals of non-conformal fluids [29], of charged fluids [30, 31], of
superfluids [32–34], and of anomalous fluids [35].

1.2 Outline of thesis

Having presented a brief introduction to holographic hydrodynamics we now give a
fairly detailed outline of the remaining chapters of this thesis.

Chapter 2 contains a review of the fluid/gravity correspondence. In particular, we
walk through the methodology for obtaining the bulk metric highlighting important
principles and assumptions. This calculation is shown in full detail.

Chapters 3 and 4 extend existing results on the fluid/gravity correspondence in several
interesting directions. In chapter 3, we focus on forced fluid dynamics. We consider
long wavelength solutions to the Einstein-dilaton system with negative cosmological
constant which are dual, under the AdS/CFT correspondence, to solutions of the
conformal relativistic Navier-Stokes equations with a dilaton-dependent forcing term.
Certain forced fluid flows are known to exhibit turbulence; holographic duals of forced
fluid dynamics are therefore of particular interest as they may aid efforts towards an
explicit model of holographic steady state turbulence. In recent work, Bhattacharyya et
al [36] have constructed long wavelength asymptotically locally AdS5 bulk spacetimes
with a slowly varying boundary dilaton field which are dual to forced fluid flows on
the 4-dimensional boundary. In this chapter, we generalise their work to arbitrary
spacetime dimensions; we explicitly compute the dual bulk metric, the fluid dynamical
stress tensor and Lagrangian to second order in a boundary derivative expansion.

In chapter 4, our focus is on the holographic derivation of the fluid dynamical entropy
current for anomalous fluids. We construct long wavelength asymptotically locally
AdS5 spacetimes with slowly varying (background) gauge fields which are solutions
to the U(1)n Einstein-Maxwell-Chern-Simons system. These bulk spacetimes are
dual to (3 + 1)-dimensional fluid flows with n anomalous currents in the presence
of external electromagnetic fields. We utilise the area form on the outer horizon
to holographically compute an entropy current for the dual fluid to first order in
boundary derivatives. Our resulting expression contains additional terms proportional
to the vorticity and magnetic field and thus provides holographic confirmation of
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the entropy current calculated by Son and Surowka for hydrodynamics with triangle
anomalies [37]. We then restrict our bulk metric to describe the fluid/gravity model of
the chiral magnetic effect (CME) [38] and again holographically obtain the entropy
current. As expected, our calculation replicates the result produced using standard
hydrodynamic/thermodynamic arguments.

Chapters 5 and 6 consider problems fundamental to the study of fluid dynamics.
Although research in these areas was inspired by recent developments in string theory,
these problems concern fluid dynamics alone and are independent of holography.
Chapter 5 contains review material. We give an overview of the constraints imposed on
the transport coefficients in fluid dynamics. The main question here is what constraints
must the transport coefficients satisfy to ensure that the effective theory of fluid
dynamics is completely consistent with an underlying microscopic field theory. Various
sets of constraints are currently being explored in the literature and work is being done
towards conclusively identifying an exhaustive set of physical constraints. One source
of constraints is the requirement that fluid dynamics is consistent with a local form of
the second law of thermodynamics; we must demand that the local divergence of the
entropy current is always non-negative [39]. Another source of constraints comes from
demanding that the solutions to the equations of fluid dynamics are consistent with
existence of an equilibrium partition function [40]. We consider the constraints from
both these principles for the case of an uncharged fluid at first order.

Chapter 6 develops further the programme of research towards a complete set of
physical constraints for the effective theory of fluid dynamics. As stated above, if we
demand that the local divergence of the entropy current is non-negative, we obtain
various constraints on the transport coefficients. It is well-known that this requirement
gives inequality-type constraints on the viscosities; what is perhaps less well-known is
that you also obtain equality-type constraints between transport coefficients at each
order in the derivative expansion. Now, if we consider the constraints arising from
demanding consistency with an equilibrium partition function, it turns out, quite
miraculously, that we obtain exactly the same equality-type constraints which result
from restricting to non-negative divergence entropy currents. In this chapter, we
consider the following question: What further requirement related to equilibrium fluid
solutions do we need in order to obtain the inequality-type constraints as well? Here we
investigate the constraints arising from demanding that all equilibrium configurations
are dynamically stable. We look at the simplest example of a fluid on a flat spacetime
background and perform a linear stability analysis. It turns out that the inequalities
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that we obtain are slightly weaker than those obtained from the local form of the
second law of thermodynamics.



Chapter 2

Review of the fluid/gravity
correspondence

2.1 Relativistic fluid dynamics

We begin with an overview of relativistic fluid dynamics. For the purpose of having a
concrete example, we will first work with the relativistic Navier-Stokes equation which
describes a relativistic viscous fluid. The dynamics of such a fluid are governed by the
following system of equations:

∇µTµν = 0,

Tµν = p(gµν + uµuν) + ρuµuν + τµν .
(2.1)

The overarching physical principle here is simply the conservation of the stress tensor
Tµν . The first two terms of the stress tensor represent the ideal fluid component
(constructed from pressure p, fluid velocity uµ, energy density ρ, and background
spacetime gµν) whereas the final part τµν introduces the viscosity. This term τµν is
given by the following expression:

τµν = 2ησµν + ζθ(gµν + uµuν). (2.2)

Here σµν is the fluid shear tensor, a transverse1 traceless symmetric rank 2 tensor
constructed from first order fluid velocity derivatives. The coefficients η and ζ represent

1By transverse we mean orthogonal to the fluid velocity vector uµ.
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the shear and bulk viscosities while θ is the divergence of the fluid velocity field
∇µuµ.

Now, purely as an instructive tool, let us introduce a dummy variable ϵ and perform
the following transformation of variables:

x = ϵx̃.

With the above transformation, the first order derivative terms in τµν pick up a factor
of ϵ:

τ̃µν(x̃) = ϵτµν(ϵx̃). (2.3)

And in the ϵ → 0 limit, we see that this coordinate transformation effectively suppresses
the first order derivative terms relative to the zeroth order terms. It is useful to now
understand physically what this coordinate transformation represents. It essentially
magnifies the coordinate axis; a change in x̃ corresponds to a very small change in x

for ϵ ≪ 1. And regardless of the scale of variation present in Tµν , if you take ϵ small
enough, τ̃µν(x̃) will be suppressed and T̃µν will vary very slowly in x̃. Although there are
only first order derivatives present in the stress tensor for the relativistic Navier-Stokes
equation, it is straightforward to see that if higher order derivatives were present, each
order would be suppressed relative to the previous order by a factor of ϵ. As such, in
this limit of slow variation it makes sense to work with an effective theory valid up till
a specific order of derivatives; a long wavelength effective theory. Also, observe that
in the ϵ → 0 limit, we magnify the coordinate axis and essentially zoom into a small
local area in the coordinate space. And with all higher derivatives suppressed, the
relativistic Navier-Stokes equations will locally admit constant solutions and will thus
trivially reduce to equilibrium thermodynamics.

In the above paragraph, we used a coordinate transformation to artificially induce
very slow variation. And under such conditions, we concluded that the equations
of fluid dynamics are best described by a long wavelength effective theory specified
to an arbitrary order in derivatives. We also noted that locally, fluid dynamics will
reduce to equilibrium thermodynamics. However, this limit of slow variation is not
just the outcome of an artificial coordinate transformation. For fluid dynamics, there
is actually a concrete physical reason for why all fluid dynamical quantities must be
slowly varying; the equations are only meaningful if this is the case. We will now give
a brief intuitive explanation of the reasoning behind this.
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For the equations of fluid dynamics, the canonical variables are those of thermodynamics
(energy density ρ, pressure p as functions of temperature T ) and a fluid velocity field uµ.
These will be functions of the coordinate space xµ and will have spatial and temporal
profiles. For a value to be assigned to the temperature field T at point xµ say, the fluid
must have locally equilibrated at that point. And by this we mean that within a spatial
region of sufficient size and over a sufficient period of time (length and timescales are
determined by the microscopic physics of the system), local thermal equilibrium must
have been reached and thermodynamic quantities can thus be meaningfully assigned.
Because of these physical constraints, the fluid dynamical variables must necessarily
have slowly-varying spatial and temporal profiles relative to these equilibrium length
and timescales. It then follows that fluid dynamics, as argued in the previous paragraph,
should naturally be expressed as an effective theory valid up to a specified order in
derivatives.

We now move away from our concrete example of the relativistic Navier-Stokes equations
and present fluid dynamics as an effective theory expressed as an expansion in derivatives.
The governing equations follow from the conservation of the stress tensor

∇µTµν = 0

but here we allow the stress tensor to be organised as an expansion in derivatives:

Tµν =
∞∑

l=0
T (l)

µν (2.4)

where T (l)
µν contains terms of order l in derivatives. The Navier-Stokes stress tensor

only contained terms till first order in derivatives with

T (1)
µν = 2ησµν + ζθ(gµν + uµuν). (2.5)

It is possible to constrain the first order terms of a general fluid dynamical stress tensor
to take the above form using symmetry arguments. Indeed, this applies to all orders
in derivatives; symmetry considerations restrict the allowed terms at each order. It is
instructive to work through the first order case as it will illustrate some subtleties. We
will now proceed to do this.

First, it is important to note that the stress tensor should only contain independent
terms. And here by independence we mean that the equations of motion should not
impose relations between any two terms. To illustrate this in more detail, let us
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consider the zeroth order stress tensor:

T (0)
µν = p(gµν + uµuν) + ρuµuν .

The equations of motion, ∇µTµν = 0, will contain first order terms derived from the
zeroth order stress tensor T (0)

µν . These are given by the following:

∇µT (0)
µν = ∇µp(gµν + uµuν) + (p + ρ)(∇µuµuν + uµ∇µuν) + (uµ∇µρ)uν = 0 (2.6)

For clarity, we decompose this into its spatial and temporal components using the
projection tensor, Pµν = gµν + uµuν .

uν∇µT (0)
µν : uµ∇µρ + (p + ρ)∇µuµ = 0

P να∇µT (0)
µα : P ν

µ ∇µp + (p + ρ)uµ∇µuν = 0
(2.7)

From these two equations we can see that the first order derivatives of the pressure and
energy density fields, p and ρ, can be expressed in terms of fluid velocity derivatives
(this is further simplified for conformal fluids). Thus when enumerating all possible
independent terms for our first order stress tensor we need only consider fluid velocity
derivatives.

Now, consider the first order derivative for the fluid velocity field ∇µuν ; it is straight-
forward to use the velocity field uµ and projection tensor Pµν to decompose this into
its scalar, vector, and tensor components. We have two scalars:

uµuν∇µuν , P µαP β
µ ∇αuβ. (2.8)

The first term vanishes (∇µ(uνuν) = 0) and the second is proportional to the divergence
∇µuµ. For the vector components, we have:

uνP µα∇νuα, uνP µα∇αuν (2.9)

The first term is equivalent to uν∇νuµ and the second vanishes. And finally for the
tensor components, we have:

P µαP νβ∇αuβ (2.10)
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This term can be decomposed into traceless symmetric and antisymmetric components
and a trace component:

P µαP νβ∇(αuβ) − 1
d − 1∇αuαP µν , P µαP νβ∇[αuβ], ∇αuαP µν . (2.11)

Here the round and square brackets denote symmetrisation and antisymmetrisation
respectively. The first term was defined earlier; it is the shear tensor σµν . The second
is the vorticity tensor ωµν .

Given this decomposition of ∇µuν into its scalar, vector, and tensor components

∇µuµ, uν∇νuµ, σµν , ωµν , ∇αuαPµν (2.12)

we can now enumerate all allowed first order terms for the stress tensor. Here we are
interested in only symmetric tensors. Thus,

T (1)
µν = α∇αuαPµν + βσµν + γuα∇αu(µuν) (2.13)

There is one final subtlety that we need to mention. Not all the terms in the above
equation are physically meaningful. The velocity field uµ only has physical significance
in (local) equilibrium (as it is a thermodynamic variable). If you can introduce
a transformation of uµ which reduces to the identity in equilibrium, then all such
transformations of uµ would be physically equivalent. It is possible to use this ‘field
definition ambiguity’ to transform away the third term uα∇αu(µuν). The first two
terms however are invariant under such transformations and therefore are the only
physically relevant terms. This ambiguity is fixed by a choice of frame, usually chosen
to be the Landau frame. This is defined in the following manner:

Tµνuν = −ρuµ. (2.14)

Or equivalently,
T (l)

µν uν = 0 for l ≥ 1. (2.15)

The first order stress tensor therefore reduces to:

T (1)
µν = 2ησµν + ζθPµν (2.16)

where the coefficients represent the bulk and shear viscosities as we found for the
relativistic Navier-Stokes equations. As mentioned previously, this procedure can be
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extended to all orders in derivatives. This concludes our overview of relativistic fluid
dynamics.

2.2 Gravity dual

Given we now have an understanding of the main features of relativistic fluid dynamics,
how should we go about constructing a gravitational dual (via the AdS/CFT corre-
spondence) to a fluid dynamical configuration? There are two parts to this question:
First, what system of equations governs the dynamics of the gravitational dual? And
second, how do we solve this system of equations to determine the precise gravitational
configuration dual to a certain fluid?

We begin with the first part. We presented this argument in the introductory chapter
but we repeat it here for completeness. Different field theories have different dual
gravitational dynamics; some of these fairly complicated. However the vast majority of
them are two derivative gravity systems with various additional fields. Observe that,
regardless of how complicated the field theory is, we expect its dynamics to reduce to
that of a fluid at sufficiently high temperatures. Thus, for all gravitational systems dual
to these various field theories, there should always be a reduced subsector of dynamics
which is dual to fluid dynamics. In this sense, there should be a universal subsector on
the gravitational side since fluid dynamical behaviour is universally exhibited by many
field theories.

All of these dual two derivative gravity systems must necessarily contain Einstein
gravity with a negative cosmological constant;

Rab − 1
2Rgab + Λgab = 0; Λ < 0 (2.17)

otherwise they would not admit AdSd+1 as a solution. Furthermore, the field theory
stress tensor, whose conservation determines the equations of fluid dynamics, is dual
to spacetime metric. It is therefore reasonable to assume that pure gravity (with a
negative cosmological constant) is all that is needed to obtain the dual description of
fluid dynamics.

Armed with this assumption, we can now address the second part: How do we solve
the Einstein equations with negative cosmological constant to determine the precise
spacetimes dual to fluid dynamical configurations? We can draw some intuition from
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the previous section on relativistic fluid dynamics. There we explained that the fluid
dynamical stress tensor is naturally expressed as an expansion in derivatives. Also,
locally, fluid dynamics should reduce to equilibrium thermodynamics. And given that
the field theory stress tensor is dual to the bulk spacetime metric, it seems reasonable
that the bulk spacetime metric should admit the following expansion:

gab = g
(0)
ab + g

(1)
ab + g

(2)
ab + g

(3)
ab + · · · (2.18)

where g
(n)
ab contains terms of order n in boundary spacetime derivatives. Furthermore,

we should expect g
(0)
AB to locally approximate a uniform black brane, signifying local

thermodynamic equilibrium.

Given this, our zeroth order ansatz g
(0)
ab could be the boosted Schwarzschild-AdSd+1

metric with the thermodynamic variables uµ and T promoted to spacetime-varying
fields, uµ(xν) and T (xν). This is given below:

ds2 = dr2

r2f(br) + r2 (−f(br)uµuνdxµdxν + Pµνdxµdxν)

f(br) = 1 − 1
(br)d

, b = d

4πT

(2.19)

where r is the radial coordinate and µ, ν are boundary spacetime coordinates.

However, there is a problem with using this metric as our zeroth order ansatz and it is
quite a subtle one. The issue lies with how tubes of constant xµ extend into the bulk
from the boundary. Consider what would happen if a sudden forcing were applied at a
point yµ on the boundary. This forcing would affect all areas causally connected to yµ;
we can define a future light cone C(yµ) emanating from the point yµ confined to the
boundary. Now consider the bulk region B(yµ) formed by extending C(yµ) into the
bulk along tubes of constant xµ. We would expect this area to be causally connected
to yµ; it should be within the future bulk light cone emanating from yµ. This condition
is not met if we use the Schwarzschild-AdSd+1 coordinates (see Figure 2.1). Instead, if
we use Eddington-Finkelstein coordinates:

ds2 = −2uµdxµdr − r2f(br)uµuνdxµdxν + r2Pµνdxµdxν , (2.20)

then tubes of constant xµ extend along null geodesics into the bulk and this problem
is no longer an issue. With this in mind, it seems appropriate to use the Eddington-
Finkelstein formulation as our zeroth order ansatz. We are now in a position to
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Past Singularity

Past Horizon

Time−like

  Boundary of

      AdS

Eddington

    Finkelstein        Tube
Future Horizon

Future 

        Singularity

Schwarzschild tubeBifurcation
  Point

Fig. 2.1 This shows the Penrose diagram of a uniform black brane; tubes of constant
xµ are shown in both the Eddington-Finkelstein and Schwarzschild coordinates. This
figure is taken from [26].

perturbatively solve the bulk Einstein equations using an expansion in boundary
derivatives. This will be our focus for the remainder of this chapter.

2.3 First order equations

In this section, we will derive and solve the first order equations for the fluid/gravity
correspondence. For the purposes of our review, we will work to first order only as
that is sufficient to highlight the most important conceptual issues.

2.3.1 Einstein equations and metric ansatz

As always, our starting point is the Einstein equations:

Eab ≡ Rab − 1
2gabR − 6gab = 0. (2.21)
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We are working in 5 spacetime dimensions and we choose our units such that RAdS = 1.
With these choices, the Ricci scalar can be calculated by taking a contraction of the
above equation:

gabEab = 0 =⇒ R = −20. (2.22)

Our Einstein equations then simplify to just:

Rab + 4gab = 0. (2.23)

To proceed further, it is necessary to rewrite the above equation using just the metric,
its inverse, and their derivatives. We can then easily substitute our ansatz for the
fluid/gravity metric into the equation. The definitions for the Christoffel symbols,
Riemann tensor, and Ricci tensor are given below:

Γc
ab = 1

2gcd (gbd,a + gad,b − gab,d) (2.24)

Rabc
d = Γd

ac,b − Γd
bc,a + Γe

abΓd
eb − Γe

bcΓd
ea (2.25)

Rab = Γc
ab,c − Γc

cb,a + Γe
abΓc

ec − Γe
cbΓc

ea. (2.26)

Expressing the Ricci tensor in terms of the metric gives us:

Rab = 1
2gcd

,c (gbd,a + gad,b − gab,d) + 1
2gcd (gad,bc − gab,dc)

− 1
2gcd

,a (gbd,c + gcd,b − gcb,d) − 1
2gcd (gcd,ba − gcb,da)

+ 1
4gedgcfgcf,e (gbd,a + gad,b − gab,d)

− 1
4gedgcfgef,a (gbd,c + gcd,b − gcb,d)

− 1
4gedgcfgaf,e (gbd,c + gcd,b − gcb,d)

+ 1
4gedgcfgea,f (gbd,c + gcd,b − gcb,d) .

(2.27)
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Using some symmetric-antisymmetric pair cancellations, this simplifies slightly to:

Rab = 1
2gcd

,c (gbd,a + gad,b − gab,d) + 1
2gcd (gad,bc − gab,dc)

− 1
2gcd

,agcd,b − 1
2gcd (gcd,ba − gcb,da)

+ 1
4gedgcfgcf,e (gbd,a + gad,b − gab,d)

− 1
4gedgcfgef,agcd,b

+ 1
2gedgcfgea,f (gbd,c − gcb,d) .

(2.28)

Clearly, to evaluate these expressions at first order in boundary derivatives we require
the metric till first order. We have previously established that the zeroth order terms
should locally resemble boosted black branes

g
(0)
ab dxadxb = −2uµdxµdr − r2f(br)uµuνdxµdxν + r2Pµνdxµdxν .

We now need to parametrise the first order terms. It is useful to first choose a gauge
to avoid complications with coordinate diffeomorphisms. We utilise the gauge chosen
in the seminal paper [16]; this is known as the ‘background field’ gauge

grr = 0, grµ ∝ uµ, T r
((

g(0)
)−1

g(n)
)

= 0 ∀n > 0. (2.29)

And for our parametrisation of g(1), we take advantage of the SO(3) invariance of the
Einstein equations

g
(1)
ab dxadxb = −3h1dvdr + r2h1dxidxi + k1

r2 dv2 + 2j
(1)
i

r2 dvdxi + r2α
(1)
ij dxidxj (2.30)

where the unknown functions h1, k1, j
(1)
i , α

(1)
ij parametrise the first order metric terms.

The resulting equations will decouple into separate scalar, vector, and tensor compo-
nents.

It now seems as though we are in a position to obtain the precise form of the fluid/gravity
equations. We have the expression for the Einstein equations in terms of the metric,
its inverse, and their derivatives, as well as an ansatz for the metric up to first order;
it should be straightforward to input the metric ansatz into the Einstein equations
and consider what it evaluates to. However, there are two subtleties that first need to
be addressed. The first subtlety is fairly intuitive. Given that our formulation of the
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fluid/gravity setup requires that the metric admit an expansion in terms of boundary
derivatives, it is natural to expect that the fluid velocity field and temperature field
should also admit corrections order by order in boundary derivatives. After all, the
fluid velocity field and temperature field are parameters of the boundary stress tensor
which is dual to the bulk metric. Our velocity and temperature fields, defined via:

uv = 1√
1 − β2 , ui = βi√

1 − β2 ,

b = 1
πT

,

(2.31)

should admit the following expansions:

βi = β
(0)
i + β

(1)
i + O

(
ϵ2
)

b = b(0) + b(1) + O
(
ϵ2
)

.
(2.32)

The second subtlety is perhaps slightly more subtle. It turns out it is easier to solve
these equations locally utilising a Taylor expansion of the metric ansatz around some
arbitrary point and then later covariantising the resulting local solution. Our metric
ansatz to first order thus becomes:

ds2 = 2dvdr − r2f(r)dv2 + r2dxidxi

− 2xµ∂µβ
(0)
i dxidr − 2xµ∂µβ

(0)
i r2 (1 − f(r)) dxidv − 4xµ∂µb(0)

r2 dv2

− 3h1dvdr + r2h1dxidxi + k1

r2 dv2 + 2j
(1)
i

r2 dvdxi + r2α
(1)
ij dxidxj

(2.33)

And without loss of generality, we take b = 1 and uµ = (1, 0, 0, 0) at our chosen
point; note that the derivatives ∂µβ

(0)
i and ∂µb(0) in the above expression are the values

evaluated here also. That is all that we will say at the moment; a more complete
explanation of the necessity of this local expansion will be deferred to subsection
2.3.6.

2.3.2 Inverse metric, gab

In this subsection, we obtain the inverse metric gab to first order in boundary spacetime
derivatives. This will be required to evaluate the terms in the Einstein equation. The
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inverse metric to first order should obey the following:

gabg
bc = δc

a

=⇒
(
g

(0)
ab + g

(1)
ab

) (
g(0)bc + g(1)bc

)
= δc

a

=⇒ g
(0)
ab g(0)bc + g

(0)
ab g(1)bc + g

(1)
ab g(0)bc + O

(
ϵ2
)

= δc
a

=⇒ g
(0)
ab g(0)bc = δc

a and g
(0)
ab g(1)bc + g

(1)
ab g(0)bc = 0.

(2.34)

Previously we obtained the metric at zeroth and first order. We repeat these below in
matrix form (basis in terms of r, v, i):

g
(0)
ab =


0 1 −xµ∂µβ

(0)
i

1 −
(

r2f + 4xµ∂µb(0)

r2

)
−xµ∂µβ

(0)
i r2 (1 − f)

−xµ∂µβ
(0)
i −xµ∂µβ

(0)
i r2 (1 − f) f 2 r2δij

 ,

g
(1)
ab =


0 −3

2h1 0
−3

2h1
k1
r2 r2 (1 − f) j

(1)
i

0 r2 (1 − f) j
(1)
i r2h1δij + r2αij

 .

We can calculate the inverse metric at zeroth order simply using g
(0)
ab g(0)bc = δc

a:

g(0)ab =


r2f + 4xµ∂µb(0)

r2 1 xµ∂µβ
(0)
i

1 0 xµ∂µβ
(0)
i

r2

xµ∂µβ
(0)
i

xµ∂µβ
(0)
i

r2
1
r2 δij

 .

With this, we now compute the product g
(1)
ab g(0)bc:

g
(1)
ab g(0)bc =


−3

2h1 0 0
−3

2r2f + k1
r2 −3

2h1 (1 − f)j(1)
i

r2(1 − f)j(1)
i 0 h1δij + αij



and using the relation g
(0)
ab g(1)bc + g

(1)
ab g(0)bc = 0, we obtain the first order component of

the inverse metric:

g(1)ab =


3h1r

2f − k1
r2

3
2h1 −(1 − f)j(1)

i
3
2h1 0 0

−(1 − f)j(1)
i 0 − 1

r2 (h1δij + αij)

 .
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2.3.3 First order equations: Scalar components

Here we will compute the Einstein equations at first order. There are two types of
terms which will appear; those which contain the unknown functions h1, k1, j

(1)
i , αij

and those which do not. The terms which contain those functions form the differential
operator for our resulting equations and the other terms will be the source terms for
those differential equations.

Our focus in this subsection will be on the scalar equations (the following subsections
deal with the vector and tensor components).

Err

We begin with Err:

Err = Rrr + 4grr

= gab
,agrb,r − 1

2gab
,agrr,b + gabgrb,ra − 1

2gabgrr,ba

− 1
2gab

,rgab,r − 1
2gabgab,rr

+ 1
2gcbgadgad,cgrb,r − 1

4gcbgadgad,cgrr,b

− 1
4gcbgadgcd,rgab,r

+ 1
2gcbgadgcr,dgrb,a − 1

2gcbgadgcr,dgar,b + 4grr

(2.35)

First we calculate the terms which give rise to the differential operator, Ediff
rr . To do

this, we express the metric gab in terms of zeroth and first order terms gab = g
(0)
ab + g

(1)
ab .

Then, we isolate the terms which contain g
(1)
ab (or its inverse) and are first order in

boundary spacetime derivatives. This can essentially be thought of as a simple problem
in combinatorics. For example, consider the product of terms, 1

2gcbgadgcr,dgrb,a. The
condition that it must contain g

(1)
ab or its inverse immediately leads to four options.

Either the first term could be g(1)cb and all the other terms g(0), or the second term be
g(1)ad and again all the others g(0), and so on. When one term is chosen to be g(1) this
forces the derivatives of all other terms to be with respect to r since overall it must
be of first order. The expression 1

2gcbgadgcr,dgrb,a would thus lead to the terms given
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below:
1
2g(1)cbg(0)rrg(0)

cr,rg
(0)
rb,r + 1

2g(0)cbg(1)rrg(0)
cr,rg

(0)
rb,r

+ 1
2g(0)cbg(0)rrg(1)

cr,rg
(0)
rb,r + 1

2g(0)cbg(0)rrg(0)
cr,rg

(1)
rb,r

(2.36)

where µ, ν depict boundary spacetime directions v and i. This would of course become
more involved at higher orders. Overall, we find that Ediff

rr comprises of the following
terms:

Ediff
rr = −1

2g(1)µν
,rg

(0)
µν,r − 1

2g(0)µν
,rg

(1)
µν,r − 1

2g(1)µνg(0)
µν,rr − 1

2g(0)µνg(1)
µν,rr

+ 1
2g(1)rbg(0)adg

(0)
ad,rg

(0)
rb,r + 1

2g(0)rbg(1)adg
(0)
ad,rg

(0)
rb,r

+ 1
2g(0)rbg(0)adg

(1)
ad,rg

(0)
rb,r + 1

2g(0)rbg(0)adg
(0)
ad,rg

(1)
rb,r

− 1
4g(1)rrg(0)adg

(0)
ad,rg

(0)
rr,r − 1

4g(0)rrg(1)adg
(0)
ad,rg

(0)
rr,r

− 1
4g(0)rrg(0)adg

(1)
ad,rg

(0)
rr,r − 1

4g(0)rrg(0)adg
(0)
ad,rg

(1)
rr,r

− 1
4g(1)cbg(0)adg

(0)
cd,rg

(0)
ab,r − 1

4g(0)cbg(1)adg
(0)
cd,rg

(0)
ab,r

− 1
4g(0)cbg(0)adg

(1)
cd,rg

(0)
ab,r − 1

4g(0)cbg(0)adg
(0)
cd,rg

(1)
ab,r

+ 1
2g(1)cbg(0)rrg(0)

cr,rg
(0)
rb,r + 1

2g(0)cbg(1)rrg(0)
cr,rg

(0)
rb,r

+ 1
2g(0)cbg(0)rrg(1)

cr,rg
(0)
rb,r + 1

2g(0)cbg(0)rrg(0)
cr,rg

(1)
rb,r

− 1
2g(1)crg(0)arg(0)

cr,rg
(0)
ar,r − 1

2g(0)crg(1)arg(0)
cr,rg

(0)
ar,r

− 1
2g(0)crg(0)arg(1)

cr,rg
(0)
ar,r − 1

2g(0)crg(0)arg(0)
cr,rg

(1)
ar,r

+ 4g(1)
rr

(2.37)
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Most of these terms evaluate to zero but below we show the nonzero terms:

Ediff
rr = −1

2 · 2r ·
(

−3h1

r2

)′

− 1
2 · −2

r3 ·
(
3r2h1

)′
− 1

2 · 2 · −3h1

r2 − 1
2 · 1

r2 ·
(
3h1r

2
)′′

+ 0 + 0

+ 0 + 1
2 · 6

r
· −3h′

1
2

− 0 − 0
− 0 − 0

− 1
4 · −h1

r2 · 1
r2 · 2r · 2r · 3 − 1

4 · −h1

r2 · 1
r2 · 2r · 2r · 3

− 1
4 · 1

r2 · 1
r2

(
r2h1

)′
· 2r · 3 − 1

4 · 1
r2 · 1

r2

(
r2h1

)′
· 2r · 3

+ 0 + 0
+ 0 + 0
− 0 − 0
− 0 − 0
+ 4 · 0

= −15
2

h′
1

r
− 3

2h′′
1.

(2.38)
The ′ symbol denotes a derivative with respect to r.

And now for the source terms, Esource
rr ; we are interested in terms which do not contain

g(1) and hence do not contain any of the unknown functions h1, k1, j
(1)
i , α

(1)
ij . There

must only be zeroth order metric terms and their derivatives; overall the terms must
be of first order. We obtain:

Esource
rr = g(0)µb

,µg
(0)
rb,r − 1

2g(0)µr
,µg(0)

rr,r − 1
2g(0)rµ

,rg
(0)
rr,µ + g(0)µbg

(0)
rb,rµ

− g(0)rµg(0)
rr,rµ

+ 1
2g(0)µbg(0)adg

(0)
ad,µg

(0)
rb,r − 1

4g(0)µrg(0)adg
(0)
ad,µg(0)

rr,r − 1
4g(0)rµg(0)adg

(0)
ad,rg

(0)
rr,µ

+ g(0)cbg(0)rµg(0)
cr,rg

(0)
rb,µ − g(0)crg(0)aµg(0)

cr,µg(0)
ar,r.

(2.39)

In fact, all of these terms evaluate to zero. So the final equation for Err at first order
is just:

− 3
2h′′

1 − 15
2

h′
1

r
= 0. (2.40)
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Erv

We now repeat the computation for the Erv component of the Einstein equations.
The procedure is essentially the same, so from here on we leave out some of the
algebra.

Erv = Rrv + 4grv

= 1
2gab

,agvb,r + 1
2gab

,agrb,v − 1
2gab

,agrv,b + 1
2gabgrb,va − 1

2gabgrv,ba

− 1
2gab

,rgab,v − 1
2gabgab,vr + 1

2gabgav,br

+ 1
4gcbgadgad,cgvb,r + 1

4gcbgadgad,cgrb,v − 1
4gcbgadgad,cgrv,b

− 1
4gcbgadgcd,rgab,v

+ 1
2gcbgadgcr,dgvb,a − 1

2gcbgadgcr,dgav,b + 4grv

(2.41)

In terms of zeroth and first order metric terms, the differential part becomes:

Erv = 1
2g(1)rµ

,rg
(0)
vµ,r + 1

2g(0)rµ
,rg

(1)
vµ,r − 1

2g(1)µrg(0)
µv,rr + 1

2g(0)µrg(1)
µv,rr

− 1
2g(1)rrg(0)

rv,rr − 1
2g(0)rrg(1)

rv,rr + 1
2g(1)arg(0)

av,rr + 1
2g(0)arg(1)

av,rr

+ 1
4g(1)rµg(0)adg

(0)
ad,rg

(0)
vµ,r + 1

4g(0)rµg(1)adg
(0)
ad,rg

(0)
vµ,r

+ 1
4g(0)rµg(0)adg

(1)
ad,rg

(0)
vµ,r + 1

4g(0)rµg(0)adg
(0)
ad,rg

(1)
vµ,r

+ 1
2g(1)cbg(0)rrg(0)

cr,rg
(0)
vb,r + 1

2g(0)cbg(1)rrg(0)
cr,rg

(0)
vb,r

+ 1
2g(0)cbg(0)rrg(1)

cr,rg
(0)
vb,r + 1

2g(0)cbg(0)rrg(0)
cr,rg

(1)
vb,r

− 1
2g(1)crg(0)arg(0)

cr,rg
(0)
av,r − 1

2g(0)crg(1)arg(0)
cr,rg

(0)
av,r

− 1
2g(0)crg(0)arg(1)

cr,rg
(0)
av,r − 1

2g(0)crg(0)arg(0)
cr,rg

(1)
av,r

+ g(1)
rv

(2.42)

which reduces to:

Ediff
rv = −12h1 + −3rh′

1 − 1
2r3 k′

1 + 1
2r2 k′′

1 . (2.43)
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And for the source terms:

Esource
rv = 1

2g(0)µb
,µg

(0)
vb,r + 1

2g(0)rb
,rg

(0)
rb,v − 1

2g(0)rµ
,rg

(0)
rv,µ − 1

2g(0)rµ
,µg(0)

rv,r

+ 1
2g(0)rbg

(0)
rb,vr − g(0)rµg(0)

rv,rµ

− 1
2g(0)ab

,rg
(0)
ab,v − 1

2g(0)abg
(0)
ab,vr + 1

2g(0)aµg(0)
av,µr

+ 1
4g(0)µbg(0)adg

(0)
ad,µg

(0)
vb,r + 1

4g(0)rbg(0)adg
(0)
ad,rg

(0)
rb,v

− 1
4g(0)rµg(0)adg

(0)
ad,rg

(0)
rv,µ − 1

4g(0)rµg(0)adg
(0)
ad,µg(0)

rv,r

− 1
4g(0)cbg(0)adg

(0)
cd,rg

(0)
ab,v

+ 1
2g(0)cbg(0)rµg(0)

cr,rg
(0)
vb,µ + 1

2g(0)cbg(0)rµg(0)
cr,µg

(0)
vb,r

− 1
2g(0)crg(0)aµg(0)

cr,µg(0)
av,r − 1

2g(0)cµg(0)arg(0)
cr,rg

(0)
av,µ

(2.44)

which simplifies to:
Esource

rv = −1
r

∂iβ
(0)
i (2.45)

leading to a complete equation of:

− 12h1 − 3rh′
1 − 1

2r3 k′
1 + 1

2r2 k′′
1 − 1

r
∂iβ

(0)
i = 0. (2.46)

Evv

The final scalar equation is the vv-component of the Einstein equations.

Evv = Rvv + 4gvv

= gab
,agvb,v − 1

2gab
,agvv,b + gabgvb,va − 1

2gabgvv,ba

− 1
2gab

,vgab,v − 1
2gabgab,vv

+ 1
2gcbgadgad,cgvb,v − 1

4gcbgadgad,cgvv,b

− 1
4gcbgadgcd,vgab,v

+ 1
2gcbgadgcv,dgvb,a − 1

2gcbgadgcv,dgav,b + 4gvv

(2.47)
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In terms of the zeroth and first order metric terms, the differential operator comprises
of the following:

Ediff
vv = −1

2g(1)rr
,rg

(0)
vv,r − 1

2g(0)rr
,rg

(1)
vv,r − 1

2g(1)rrg(0)
vv,rr − 1

2g(0)rrg(1)
vv,rr

− 1
4g(1)rrg(0)adg

(0)
ad,rg

(0)
vv,r − 1

4g(0)rrg(1)adg
(0)
ad,rg

(0)
vv,r

− 1
4g(0)rrg(0)adg

(1)
ad,rg

(0)
vv,r − 1

4g(0)rrg(0)adg
(0)
ad,rg

(1)
vv,r

+ 1
2g(1)cbg(0)rrg(0)

cv,rg
(0)
vb,r + 1

2g(0)cbg(1)rrg(0)
cv,rg

(0)
vb,r

+ 1
2g(0)cbg(0)rrg(1)

cv,rg
(0)
vb,r + 1

2g(0)cbg(0)rrg(0)
cv,rg

(1)
vb,r

− 1
2g(1)crg(0)arg(0)

cv,rg
(0)
av,r − 1

2g(0)crg(1)arg(0)
cv,rg

(0)
av,r

− 1
2g(0)crg(0)arg(1)

cv,rg
(0)
av,r − 1

2g(0)crg(0)arg(0)
cv,rg

(1)
av,r

+ 4g(1)
vv .

(2.48)

Computing this explicitly gives us:

Ediff
vv =

(
12r2 − 12

r2

)
h1 +

(
3r3 − 3

r

)
h′

1 + 1
2

f

r
k′

1 − 1
2fk′′

1 . (2.49)

The source terms are as follows:

Esource
vv = g(0)rb

,rg
(0)
vb,v − 1

2g(0)rµ
,µg(0)

vv,r − 1
2g(0)µr

,rg
(0)
vv,µ + g(0)rbg

(0)
vb,vr

− g(0)rµg(0)
vv,rµ

+ 1
2g(0)rbg(0)adg

(0)
ad,rg

(0)
vb,v − 1

4g(0)rµg(0)adg
(0)
ad,rg

(0)
vv,µ − 1

4g(0)rµg(0)adg
(0)
ad,µg(0)

vv,r

+ 1
2g(0)cbg(0)rµg(0)

cv,rg
(0)
vb,µ + 1

2g(0)cbg(0)rµg(0)
cv,µg

(0)
vb,r

− 1
2g(0)crg(0)aµg(0)

cv,µg(0)
av,r − 1

2g(0)cµg(0)arg(0)
cv,rg

(0)
av,µ

(2.50)

which reduces to:
Esource

vv = ∂iβ
(0)
i

(
r + 1

r3

)
− 6∂vb(0)

r3 . (2.51)

Thus the complete equation is:

(
12r2 − 12

r2

)
h1+

(
3r3 − 3

r

)
h′

1+ 1
2

f

r
k′

1− 1
2fk′′

1 +∂iβ
(0)
i

(
r + 1

r3

)
− 6∂vb(0)

r3 = 0. (2.52)
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2.3.4 First order equations: Vector components

Eri

Similarly, here we perform the same calculations for the vector components starting
with Eri:

Eri = 1
2gab

,agib,r + 1
2gab

,agrb,i − 1
2gab

,agri,b + 1
2gabgrb,ia − 1

2gabgri,ba

− 1
2gab

,rgab,i − 1
2gabgab,ir + 1

2gabgai,br

+ 1
4gcbgadgad,cgib,r + 1

4gcbgadgad,cgrb,i − 1
4gcbgadgad,cgri,b

− 1
4gcbgadgcd,rgab,i

+ 1
2gcbgadgcr,dgib,a − 1

2gcbgadgcr,dgai,b

+ 4gri.

(2.53)

The differential part in terms of the zeroth and first order metric components is given
by:

Ediff
ri = 1

2g(1)rµ
,rg

(0)
iµ,r + 1

2g(0)rµ
,rg

(1)
iµ,r + 1

2g(1)µrg
(0)
µi,rr + 1

2g(0)µrg
(1)
µi,rr

+ 1
4g(1)rµg(0)adg

(0)
ad,rg

(0)
iµ,r + 1

4g(0)rµg(1)adg
(0)
ad,rg

(0)
iµ,r

+ 1
4g(0)rµg(0)adg

(1)
ad,rg

(0)
iµ,r + 1

4g(0)rµg(0)adg
(0)
ad,rg

(1)
iµ,r

+ 1
2g(1)cbg(0)rrg(0)

cr,rg
(0)
ib,r + 1

2g(0)cbg(1)rrg(0)
cr,rg

(0)
ib,r

+ 1
2g(0)cbg(0)rrg(1)

cr,rg
(0)
ib,r + 1

2g(0)cbg(0)rrg(0)
cr,rg

(1)
ib,r

− 1
2g(1)crg(0)arg(0)

cr,rg
(0)
ai,r − 1

2g(0)crg(1)arg(0)
cr,rg

(0)
ai,r

− 1
2g(0)crg(0)arg(1)

cr,rg
(0)
ai,r − 1

2g(0)crg(0)arg(0)
cr,rg

(1)
ai,r

+ 4g
(1)
ri ,

(2.54)

which evaluates to:
Ediff

ri = 1
2r2 j

(1)′′
i − 3

2r3 j
(1)′
i . (2.55)
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And for the source terms, we find:

Esource
ri = 1

2g(0)µb
,µg

(0)
ib,r + 1

2g(0)rb
,rg

(0)
rb,i − 1

2g(0)µr
,µg

(0)
ri,r − 1

2g(0)rµ
,rg

(0)
ri,µ

+ 1
2g(0)rbg

(0)
rb,ir − g(0)rµg

(0)
ri,rµ

− 1
2g(0)ab

,rg
(0)
ab,i − 1

2g(0)abg
(0)
ab,ir + 1

2g(0)aµg
(0)
ai,µr

+ 1
4g(0)µbg(0)adg

(0)
ad,µg

(0)
ib,r + 1

4g(0)rbg(0)adg
(0)
ad,rg

(0)
rb,i − 1

4g(0)µrg(0)adg
(0)
ad,µg

(0)
ri,r

− 1
4g(0)µrg(0)adg

(0)
ad,rg

(0)
ri,µ

− 1
4g(0)cbg(0)adg

(0)
cd,rg

(0)
ab,i

+ 1
2g(0)cbg(0)rµg(0)

cr,µg
(0)
ib,r + 1

2g(0)cbg(0)rµg(0)
cr,rg

(0)
ib,µ

− 1
2g(0)cµg(0)arg(0)

cr,rg
(0)
ai,µ − 1

2g(0)crg(0)aµg(0)
cr,µg

(0)
ai,r

(2.56)

which evaluates to just:
Esource

ri = 3
2r

∂vβ
(0)
i . (2.57)

Thus the complete equation is:

1
2r2 j

(1)′′
i − 3

2r3 j
(1)′
i + 3

2r
∂vβ

(0)
i = 0. (2.58)

Evi

The final vector equation is given by the vi-component of the Einstein equations.

Evi = Rvi + 4gvi

= 1
2gab

,agib,v + 1
2gab

,agvb,i − 1
2gab

,agvi,b + 1
2gabgvb,ia − 1

2gabgvi,ba

− 1
2gab

,vgab,i − 1
2gabgab,iv + 1

2gabgai,bv

+ 1
4gcbgadgad,cgib,v + 1

4gcbgadgad,cgvb,i − 1
4gcbgadgad,cgvi,b

− 1
4gcbgadgcd,vgab,i

+ 1
2gcbgabgcv,dgib,a − 1

2gcbgadgcv,dgai,b + 4gvi

(2.59)
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The differential operator can be calculated as follows:

Ediff
vi = −1

2g(1)rr
,rg

(0)
vi,r − 1

2g(0)rr
,rg

(1)
vi,r − 1

2g(1)rrg
(0)
vi,rr − 1

2g(0)rrg
(1)
vi,rr

− 1
4g(1)rrg(0)adg

(0)
ad,rg

(0)
vi,r − 1

4g(0)rrg(1)adg
(0)
ad,rg

(0)
vi,r

− 1
4g(0)rrg(0)adg

(1)
ad,rg

(0)
vi,r − 1

4g(0)rrg(0)adg
(0)
ad,rg

(1)
vi,r

+ 1
2g(1)cbg(0)rrg(0)

cv,rg
(0)
ib,r + 1

2g(0)cbg(1)rrg(0)
cv,rg

(0)
ib,r

+ 1
2g(0)cbg(0)rrg(1)

cv,rg
(0)
ib,r + 1

2g(0)cbg(0)rrg(0)
cv,rg

(1)
ib,r

− 1
2g(1)crg(0)arg(0)

cv,rg
(0)
ai,r − 1

2g(0crg(1)arg(0)
cv,rg

(0)
ai,r

− 1
2g(0)crg(0)arg(1)

cv,rg
(0)
ai,r − 1

2g(0crg(0)arg(0)
cv,rg

(1)
ai,r

+ 4g
(1)
vi

(2.60)

which, when evaluated, simplifies to just:

Ediff
vi = −1

2fj
(1)′′
i + 3

2
f

r
j

(1)′
i (2.61)

For the source terms, we find:

Esource
vi = 1

2g(0)rb
,rg

(0)
ib,v + 1

2g(0)rb
vb,i − 1

2g(0)rµ
,rg

(0)
vi,µ − 1

2g(0)µr
,µg

(0)
vi,r

+ 1
2g(0)rbg

(0)
vb,ir − g(0)rµg

(0)
vi,rµ

+ 1
2g(0)arg

(0)
ai,rv

+ 1
4g(0)rbg(0)adg

(0)
ad,rg

(0)
ib,v + 1

4g(0)rbg(0)adg
(0)
ad,rg

(0)
vb,i

− 1
4g(0)rµg(0)adg

(0
ad,rg

(0)
vi,µ − 1

4g(0)µrg(0)adg
(0)
ad,µg

(0)
vi,r

+ 1
2g(0)cbg(0)rµg(0)

cv,µg
(0)
ib,r + 1

2g(0)cbg(0)µrg(0)
cv,rg

(0)
ib,µ

− 1
2g(0)crg(0)aµg(0)

cv,µg
(0)
ai,r − 1

2g(0)cµg(0)arg(0)
cv,rg

(0)
ai,µ

(2.62)

which evaluates to:

Esource
vi = 2

r3 ∂ib
(0) − 1

2r3 ∂vβ
(0)
i − 3

2r∂vβ
(0)
i . (2.63)
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And thus for Evi, we are left with the following complete equation:

− 1
2fj

(1)′′
i + 3

2
f

r
j

(1)′
i + 2

r3 ∂ib
(0) − 1

2r3 ∂vβ
(0)
i − 3

2r∂vβ
(0)
i = 0. (2.64)

2.3.5 First order equations: Tensor components

Eij

The tensor components are slightly more involved. There will be a traceless tensor
part and a scalar trace.

Eij = Rij + 4gij

= 1
2gab

,agjb,i + 1
2gab

,agib,j − 1
2gab

,agij,b + 1
2gabgib,ja − 1

2gabgij,ba

− 1
2gab

,igab,j − 1
2gabgab,ji + 1

2gabgaj,bi

+ 1
4gcbgadgad,cgjb,i + 1

4gcbgadgad,cgib,j − 1
4gcbgadgad,cgij,b

− 1
4gcbgadgcd,igab,j

+ 1
2gcbgadgci,dgjb,a − 1

2gcbgadgci,dgaj,b + 4gij

(2.65)

In terms of the zeroth and first order metric components, the differential part comprises
of the following:

Ediff
ij = −1

2g(1)rr
,rg

(0)
ij,r − 1

2g(0)rr
,rg

(1)
ij,r − 1

2g(1)rrg
(0)
ij,rr − 1

2g(0)rrg
(1)
ij,rr

− 1
4g(1)rrg(0)adg

(0)
ad,rg

(0)
ij,r − 1

4g(0)rrg(1)adg
(0)
ad,rg

(0)
ij,r

− 1
4g(0)rrg(0)adg

(1)
ad,rg

(0)
ij,r − 1

4g(0)rrg(0)adg
(0)
ad,rg

(1)
ij,r

+ 1
2g(1)cbg(0)rrg

(0)
ci,rg

(0)
jb,r + 1

2g(0)cbg(1)rrg
(0)
ci,rg

(0)
jb,r

+ 1
2g(0)cbg(0)rrg

(1)
ci,rg

(0)
jb,r + 1

2g(0)cbg(0)rrg
(0)
ci,rg

(1)
jb,r

− 1
2g(1)crg(0)arg

(0)
ci,rg

(0)
aj,r − 1

2g(0)crg(1)arg
(0)
ci,rg

(0)
aj,r

− 1
2g(0)crg(0)arg

(1)
ci,rg

(0)
aj,r − 1

2g(0)crg(0)arg
(0)
ci,rg

(1)
aj,r

+ 4g
(1)
ij

(2.66)
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and this evaluates to:

Ediff
ij = −12r2h1δij +

(−11
2 r3 + 7

2r

)
h′

1δij − r4f

2 h′′
1δij + 1

r
k′

1δij

+
(−5

2 r3 + 1
2r

)
α

(1)′
ij − 1

2r4fα
(1)′′
ij .

(2.67)

And the source terms:

Esource
ij = 1

2g(0)rb
,rg

(0)
jb,i + 1

2g(0)rb
,rg

(0)
ib,j − 1

2g(0)rµ
,rg

(0)
ij,µ − 1

2g(0)rµ
,µg

(0)
ij,r + 1

2g(0)rbg
(0)
ib,jr

− g(0)rµg
(0)
ij,rµ + 1

2g(0)arg
(0)
aj,ri

+ 1
4g(0)rbg(0)adg

(0)
ad,rg

(0)
jb,i + 1

4g(0)rbg(0)adg
(0)
ad,rg

(0)
ib,j

− 1
4g(0)rµg(0)adg

(0)
ad,rg

(0)
ij,µ − 1

4g(0)rµg(0)adg
(0)
ad,µg

(0)
ij,r

+ 1
2g(0)cbg(0)rµg

(0)
ci,rg

(0)
jb,µ + 1

2g(0)cbg(0)rµg
(0)
ci,µg

(0)
jb,r

− 1
2g(0)crg(0)aµg

(0)
ci,µg

(0)
aj,r − 1

2g(0)cµg(0)arg
(0)
ci,rg

(0)
aj,µ

(2.68)
which simplifies to:

Esource
ij =

(
−3r∂(iβ

(0)
j) + r∂kβ

(0)
k δij

)
− 2r∂kβ

(0)
k δij. (2.69)

The terms in brackets form the traceless component and the second part is the trace.
The tensor component thus becomes an equation for the traceless tensor:

− 1
2r4fα

(1)′′
ij +

(−5
2 r3 + 1

2r

)
α

(1)′
ij − 3r∂(iβ

(0)
j) + r∂kβ

(0)
k δij = 0 (2.70)

and an equation for the scalar trace:

− 12r2h1 +
(−11

2 r3 + 7
2r

)
h′

1 − r4f

2 h′′
1 + k′

1
r

− 2r∂kβ
(0)
k = 0. (2.71)

2.3.6 Solutions

In this subsection, we aim to solve the differential equations that we have just derived
and obtain the first order metric terms. Below we reproduce all the equations that we
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have derived thus far:

rr : −3
2h′′

1 − 15
2

h′
1

r
= 0

rv : −12h1 − 3rh′
1 − 1

2r3 k′
1 + 1

2r2 k′′
1 − 1

r
∂iβ

(0)
i = 0

vv :
(

12r2 − 12
r2

)
h1 +

(
3r3 − 3

r

)
h′

1 + 1
2

f

r
k′

1 − 1
2fk′′

1 + ∂iβ
(0)
i

(
r + 1

r3

)
− 6∂vb(0)

r3 = 0

ri : 1
2r2 j

(1)′′
i − 3

2r3 j
(1)′
i + 3

2r
∂vβ

(0)
i = 0

vi : −1
2fj

(1)′′
i + 3

2
f

r
j

(1)′
i + 2

r3 ∂ib
(0) − 1

2r3 ∂vβ
(0)
i − 3

2r∂vβ
(0)
i = 0

ij traceless : −1
2r4fα

(1)′′
ij +

(−5
2 r3 + 1

2r

)
α

(1)′
ij − 3r∂(iβ

(0)
j) + r∂kβ

(0)
k δij = 0

ij trace : −12r2h1 +
(−11

2 r3 + 7
2r

)
h′

1 − r4f

2 h′′
1 + k′

1
r

− 2r∂kβ
(0)
k = 0.

(2.72)
By considering the following linear combinations of the above equations, we also find
these constraints:

r2fErr + Evr = 0 : 12r3h1 +
(
3r4 − 1

)
h′

1 − k′
1 = −6r2 ∂iβ

(0)
i

3

r2fErv + Evv = 0 : ∂vb(0) = ∂iβ
(0)
i

3
r2fEri + Evi = 0 : ∂ib

(0) = ∂vβ
(0)
i .

(2.73)

For the first equation above we have to substitute for h′′
1 and k′′

1 using the ij-trace and
vv-component equations to get the result shown.

To solve for h1 we utilise the rr-component of the Einstein equations. This can be
rewritten as the following first order differential equation which can then easily be
solved: (

r5h′
1

)′
= 0. (2.74)

This gives us the solution below:

h1 = s + t

r4 (2.75)

where s and t are functions of the boundary spacetime coordinates.
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And now for k1, it is simplest to use our first constraint equation which after substituting
for h1 becomes:

12r3s + 4t

r5 − k′
1 = −6r2 ∂iβ

(0)
i

3 (2.76)

which integrates to:
k1 = 2

3r3∂iβ
(0)
i + 3r4s − t

r4 + u. (2.77)

To determine the functions s, t, and u, we use three principles. First, the resulting metric
cannot lead to deformations which violate our boundary conditions at r = ∞. The term
3r4s in the expression for k1 would lead to a field theory metric deformation and hence
we must set s = 0. Second, any coefficients which can arise from gauge transformations
can be chosen to be zero. The coordinate transformation r′ = r

(
1 + a

r4

)
can generate

terms proportional to 1
r4 so we set t = 0. And third, if a metric term leads to terms

in Tµν which are essentially redefinitions of the temperature and velocity fields then
this ambiguity is fixed via our choice of the Landau frame (as discussed in section 2.1).
This is the case for u which vanishes if we demand u(0)

µ T µν = 0.

For the vector sector, the function j
(1)
i can be determined using the ri-component of

the Einstein equations. This can be rewritten as:
( 1

r3 j
(1)′
i

)′
= − 3

r2 ∂vβ
(0)
i (2.78)

which has the following solution:

j
(1)
i = ∂vβ

(0)
i r3 + air

4 + ci. (2.79)

The function ai introduces a deformation to the boundary metric at r = ∞ and must
be set to zero; ci vanishes according to the Landau frame condition.

And in the tensor sector, we require the traceless part of the ij-component of the
Einstein equation which is equivalent to:

(
r5fα

(1)
ij

)′
= −6r2σij (2.80)

where σij = ∂(iβ
(0)
j) − 1

3∂kβ
(0)
k δij is the boundary fluid tensor σµν restricted to the bound-

ary spatial coordinates and evaluated locally. This can be integrated to obtain:

α
(1)
ij = 6σ

(0)
ij

∫ ∞

r

dx

fx5

∫ x

1
y2dy (2.81)
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where note that the integral limits do not lead to any terms which violate our boundary
conditions. The integral can be further simplified:

∫ ∞

r

dx

fx5

∫ x

1
y2dy = 1

3

∫ ∞

r

dx (x3 − 1)
x (x4 − 1) = 1

3

∫ ∞

r

dx (x2 + x + 1)
x (x2 + 1) (x + 1) =: 1

3F (r). (2.82)

Combining our results across all sectors gives us the first order metric shown below:

ds2 = 2dvdr − r2f(r)dv2 + r2dxidxi

− 2xµ∂µβ
(0)
i dxidr − 2xµ∂µβ

(0)
i r2 (1 − f(r)) dxidv − 4xµ∂µb(0)

r2 dv2

+ 2
3r∂iβ

(0)
i dv2 + 2r∂vβ

(0)
i dvdxi + 2r2F (r)σijdxidxj.

(2.83)

Clearly this solution is only valid locally. However, we can easily write down a covariant
expression which reduces to the above when evaluated close to our chosen point. Such
a solution, given below, would then be valid globally.

ds2 = −2uµdxµdr − r2f(br)uµuνdxµdxν + r2Pµνdxµdxν

+ 2r2bF (br)σµνdxµdxν + 2
3ruµuν∂λuλdxµdxν − ruλ∂λ (uµuν) dxµdxν .

(2.84)

Before ending this subsection, there are two important points that we should mention.
First, the constraint equations:

r2fErv + Evv = 0 : ∂vb(0) = ∂iβ
(0)
i

3
r2fEri + Evi = 0 : ∂ib

(0) = ∂vβ
(0)
i .

(2.85)

These have an especially simple dual boundary interpretation. They are equivalent to
the conservation of the boundary stress tensor ∇µT µν = 0 at first order in derivatives.
And second, we stated earlier that it would be simpler to solve the Einstein equations
locally before covariantising to obtain a global solution but gave no justification for this.
We will do so now. The reason for this is the constraint equations. Perhaps at first
order these are simple to solve but at higher orders they are far more nontrivial. By
expanding locally about a point, finding solutions to the constraint equations reduces
to simply matching various derivatives evaluated at our chosen point. This is more
straightforward and we can then use these relations between derivatives to reduce our
source terms to a subset of independent terms. We saw an analogue of this when we
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reviewed relativistic fluid dynamics; it was necessary to use the equations of motion to
find independent terms for our stress tensor at each order. This ends our discussion of
the derivation and solving of the first order equations.

2.4 Abstraction to higher orders

In this section, we comment on the structure of the differential equations and on how
they generalise to higher orders. At a given order n, the equations take the schematic
form below:

H
[
g(0)

]
g(n)(r, xµ) = sn. (2.86)

Observe that since g(n) is already of order n in boundary derivatives, the differential
operator is necessarily linear. Further, the differential operator solely involves the radial
coordinate r and all its coefficients must be zeroth order functions. In this sense, H is
ultralocal in the field theory directions; it cannot have any boundary derivatives. We
also note that H is a second order differential operator which is the same at each order
in the perturbation theory. It is second order because it inherits the structure of the
Einstein equations, and it is independent of n because the exact same combinations of
zeroth order functions and partial derivatives in r which act on g(n) will also act on g(m)

for all m ≥ 1, and hence we must have the same homogeneous operator at all orders
in the perturbation theory. The source terms, however, which consist of boundary
derivatives acting on lower order functions, will be different at each order.

It is certainly worth pausing here to emphasise what this means. In this long wavelength
limit, the Einstein equations have reduced to a system of inhomogeneous second order
linear differential equations in the variable r alone. Here we stress that we have not
sacrificed the nonlinearity of the Einstein equations; the fact that the differential
operator is linear is an advantage that we obtain by working perturbatively order by
order in boundary derivatives. This deceptive linearity, coupled with the ultralocality in
the boundary directions, is what makes the Einstein equations so much more tractable
in this long wavelength limit.

We now comment further on the nature of these equations. In d + 1 spacetime
dimensions, this system of equations will provide us with (d+1)(d+2)

2 equations. Only
d2+d+2

2 of these equations will explicitly involve the unknown function g(n); and of these,
one will prove to be redundant. For the first order case, these are the second order
dynamical equations involving h1, k1, j

(1)
i , and α

(1)
ij that we derived. The remaining d
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will only involve boundary derivatives of lower order terms, g(m) for m ≤ n − 1. These
are our constraint equations.

The dynamical equations can always be solved by direct integration for an arbitrary
source sn; and subject to imposing regularity at r > 0, our boundary conditions at
r = ∞, and fixing the ambiguity associated with redefinitions of the velocity and
temperature fields via our choice of the Landau frame, a unique solution can be
obtained. The constraint equations, on the other hand, impose relations between
boundary derivatives of g(m) for m ≤ n − 1. And since these g(m) are themselves
constructed from appropriate derivatives of the velocity (uµ(x)) and temperature
(T (x)) fields, the constraint equations are ultimately relations constraining the allowed
forms of uµ(x) and T (x). These constraint equations will always be the equations of
conservation of the boundary stress tensor at one order lower,

∇µT µν
(n−1) = 0. (2.87)

Thus we see that this methodology generalises in a fairly straightforward way to higher
orders. We will see a detailed example at second order in the next chapter.



Chapter 3

Forced fluid dynamics from gravity
in arbitrary dimensions

3.1 Introduction

A particularly interesting research direction that will be the focus of this chapter is the
construction of bulk duals for forced fluid flows [36]. Solutions of fluid dynamics with
particular forcing terms are known to exhibit turbulence, which is a phenomenon that is
not well understood. A holographic understanding of turbulence may well provide new
insights on this topic. Research along these lines has already begun; some examples in
the literature relating to holographic turbulence are [41–44]. Another interesting aspect
of turbulence in relativistic fluids is that its behaviour in (2 + 1)-spacetime dimensions
is remarkably different to higher dimensions. In (2 + 1)-dimensions, energy dissipates
by cascading from short to long wavelengths. The opposite behaviour is displayed
in (3 + 1) and higher-dimensional spacetimes. It is therefore of use to investigate
holographic models of forced fluids in multiple spacetime dimensions.

In this chapter, we consider long wavelength solutions to the Einstein-dilaton system
in arbitrary spacetime dimensions,

RAB + dgAB − 1
2∂AΦ∂BΦ = 0, (3.1)

∇2Φ = 0. (3.2)
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These bulk metrics are dual to the forced fluid dynamical motions of boundary field
theories with actions of the form,

S =
∫ √

ge−ϕL. (3.3)

The boundary fluid obeys the following equation of motion,

∇µT µν = e−ϕL∇νϕ, (3.4)

which effectively is the equations for relativistic fluid dynamics with an explicit dilaton-
dependent forcing term. Stating our results more explicitly, we construct long wave-
length, asymptotically locally AdSd+1 bulk solutions with a slowly-varying boundary
dilaton field and a weakly curved boundary metric to second order in a boundary
derivative expansion. We also explicitly compute the fluid dynamical stress tensor
and Lagrangian to second order in the derivative expansion thus generalising to arbi-
trary dimensions previous work by Bhattacharyya et al [36] which was specific to a
five-dimensional bulk spacetime.

This chapter is organised as follows. In section 3.2 we present a review of the Weyl
covariant notation for conformal fluid dynamics developed in [45] which we will be
using throughout the rest of the chapter. Our main results are contained in section
3.3; we present explicit solutions to the Einstein-dilaton equations valid for arbitrary
spacetime dimensions to second order in a boundary derivative expansion, as well as
expressions for the boundary stress tensor and Lagrangian accurate to the same order.
Our calculations are shown in great detail throughout. Section 3.4 has a discussion of
our results and their significance.

3.2 Manifest Weyl covariance

We begin by reviewing the Weyl covariant formalism introduced in [45] for conformal
relativistic fluid dynamics. This formalism allows for more compact notation. Also, as
we shall see in the final subsection, the components of the bulk metric can be classified
according to how they transform under Weyl rescaling; thus, it is convenient to adopt
a formalism which makes their Weyl transformation properties manifest.
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3.2.1 Regulation and Weyl symmetry

The aim of this subsection is to elaborate on a well-known subtlety in the AdS/CFT
correspondence relating to the interpretation of the boundary field theory. This
subtlety in interpretation leads to the Weyl covariant nature of the boundary fluid
dynamics.

We begin by noting that to obtain the dual field theory interpretation of a bulk solution,
one needs to regulate the solution near the boundary on slices of constant r, the radial
coordinate. More concretely, the bulk solution will be interpreted as a state of the
dual field theory on a background whose metric is related to the induced metric on
the regulated boundary. However, there is a well-known ambiguity in the choice of the
radial coordinate. To illustrate this further, consider the following parametrisation of
AdS:

ds2 = −2uµdxµdr + r2gµνdxµdxν . (3.5)

With this choice of coordinates, the dual field theory is considered to live on a
background whose metric is given precisely by gµν . If we instead choose a different
radial coordinate r̃, given by a constant rescaling of r, and replace gµν and uµ as
follows:

r = λ−1r̃, uµ = λũµ, gµν = λ2g̃µν , (3.6)

for constant λ, the bulk metric takes the following (invariant) form:

ds2 = −2ũµdxµdr̃ + r̃2g̃µνdxµdxν . (3.7)

Regulating on surfaces of constant r̃ gives us a field theory vacuum state on a background
g̃µν = λ−2gµν . This equivalence between boundary metrics related by a constant
rescaling arises from the dilatational symmetry of AdS, SO(1, 1). The full symmetry
group of AdS, however, is the conformal group, SO(d, 2), and although this symmetry
is not explicitly manifest in the choice of coordinates (3.5), the bulk AdS spacetime
must therefore be dual to a field theory state defined on a space with any of the infinite
number of metrics Weyl equivalent to gµν ; this reflects the Weyl symmetry of the dual
field theory.

Now, bulk spacetimes dual to fluid dynamics are asymptotically locally AdS. As such,
the boundary fluid dynamics should correspondingly be Weyl invariant. However, in
contrast to AdS spacetime (3.5), this boundary Weyl symmetry is explicitly manifest
in the bulk metric. By this we mean that if we choose to regulate the fluid dynamical
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bulk spacetime using a locally rescaled radial coordinate, r = e−χ(xµ)r̃, and perform
the following simultaneous replacements:

r = e−χr̃, uµ = eχũµ, b = eχb̃, gµν = e2χg̃µν , (3.8)

the form of the bulk metric will remain invariant. We will now proceed to prove this.
As previously established, bulk spacetimes dual to fluid dynamics admit an expansion
in boundary derivatives of the form,

gAB = g
(0)
AB + g

(1)
AB + g

(2)
AB + g

(3)
AB + · · · , (3.9)

where the zeroth order contribution, g
(0)
AB, is given by:

ds2 = −2uµdxµdr − r2f(br)uµuνdxµdxν + r2Pµνdxµdxν . (3.10)

Now, if we perform the simultaneous replacements (3.8), the bulk metric will take the
form:

g̃AB = g̃
(0)
AB + g̃

(1)
AB + g̃

(2)
AB + g̃

(3)
AB + · · · , (3.11)

where the terms are functions of the new rescaled variables:

g̃
(n)
AB ≡ g̃

(n)
AB(r̃, ũµ, b̃) ∀n. (3.12)

But note that the form of the zeroth order contribution, g̃
(0)
AB, remains invariant under

(3.8), i.e.:
ds2 = −2ũµdxµdr̃ − r̃2f(b̃r̃)ũµũνdxµdxν + r̃2P̃µνdxµdxν ,

P̃µν = g̃µν + ũµũν .
(3.13)

However, we equally could have directly used the expression (3.13) as our zeroth order
ansatz to perturbatively construct a bulk spacetime with (3.13) as the fluid dynamical
initial data. In doing so, we would have obtained a bulk spacetime identical to (3.9) at
each order except with the variables r, uµ, and b replaced by r̃, ũµ, and b̃. Now, recall
that our perturbative procedure constructs a unique bulk spacetime for a specified
zeroth order ansatz. Hence we are forced to conclude that the bulk spacetime obtained
from (3.9) by performing the simultaneous replacements (3.8) must be the same as the
bulk spacetime obtained directly from the zeroth order ansatz (3.13); this would be
identical to (3.9) at all orders except with r, uµ, and b replaced by r̃, ũµ, and b̃. This
concludes our proof; the bulk spacetime dual to fluid dynamics is therefore invariant
under the simultaneous replacements (3.8).
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Observe that, from the perspective of the boundary, (3.8) is nothing more than a
boundary Weyl transformation with uµ and b transforming as Weyl tensors of weight
−1. It is thus convenient to adopt a Weyl covariant formalism; we develop this further
in the next subsection.

3.2.2 Weyl covariant derivative

A Weyl covariant tensor is a quantity that transforms homogeneously under a Weyl
transformation. More specifically, a tensor of weight w transforms as follows:

Qµ···
ν··· = e−wχ(x)Q̃µ···

ν··· (3.14)

under a Weyl rescaling, gµν = e2χ(x)g̃µν . The main obstruction to maintaining explicit
Weyl covariance is that ordinary covariant derivatives of Weyl covariant tensors are not
themselves Weyl covariant. This problem can be circumvented by introducing a ‘Weyl
covariant derivative’; this was the main technical innovation of [45]. The action of the
Weyl covariant derivative on an arbitrary tensor Qµ···

ν··· of weight w is defined by:

DλQµ···
ν··· ≡ ∇λQµ···

ν··· + wAλQµ···
ν···

+ [gλαAµ − δµ
λAα − δµ

αAλ] Qα···
ν··· + · · ·

− [gλνAα − δα
λ Aν − δα

ν Aλ] Qµ···
α··· − · · · .

(3.15)

The Weyl connection, Aµ, is constructed from the fluid velocity field, uµ, as fol-
lows:

Aµ ≡ uλ∇λuµ − ∇λuλ

d − 1uµ = Ãµ + ∂µχ. (3.16)

As we can see from the last equality, this expression for Aµ transforms in a similar
manner to a metric connection under a Weyl transformation. This is what enables us
to construct a derivative that is Weyl covariant, as done in (3.15); the parts of ∇λQµ···

ν···

which do not transform homogeneously are cancelled by the terms involving Aµ. It can
further be shown that the Weyl covariant derivative of a tensor of weight w is itself a
tensor of weight w.

We will now introduce several Weyl covariant tensors that will be used throughout the
rest of the chapter. The following tensors are naturally constructed from the Weyl
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covariant derivative:

[Dµ, Dν ] Vλ ≡ wFµνVλ + Rµνλ
αVα with

Fµν ≡ ∇µAν − ∇νAµ and

Rµνλσ ≡ Rµνλσ + Fµνgλσ − δα
[µgν][λδβ

σ]

(
∇αAβ + AαAβ − A2

2 gαβ

)
.

(3.17)

We will also make use of the following two contractions obtained from the Weyl
covariant Riemann tensor, Rµνλσ:

Rµν ≡ Rµλν
λ = Rµν + (d − 2)(∇µAν + AµAν − A2gµν) + gµν∇λAλ + Fµν ;

R ≡ Rλ
λ = R + 2(d − 1)∇λAλ − (d − 2)(d − 1)A2.

(3.18)

And finally we define the shear strain rate, σµν , and vorticity, ωµν , of the boundary
fluid:

σµν ≡ D(µuν);
ωµν ≡ D[µuν].

(3.19)

3.2.3 Independent Weyl invariant tensors

Here, we classify all Weyl invariant scalars, transverse1 vectors, and symmetric traceless
transverse tensors up till second order in derivatives; this will be of importance in
the following subsection. There are two subtleties involved in this classification that
we should first highlight. Note that the equations of motion, ∇µT µν = e−ϕL∇νϕ,
impose relations between various Weyl covariant quantities; thus, in our counting, we
only list Weyl tensors which are independent on-shell. And also, since the dilaton
is Weyl invariant, any Weyl invariant tensor can be multiplied by a function of ϕ to
get another independent Weyl invariant quantity; we will neglect this complication in
our classification as well. The methodology behind listing independent tensors was
explained in detail in the previous review chapter in subsection 2.1 on relativistic fluid
dynamics so we leave out some of the detail here.

We begin with the zeroth order Weyl invariant tensors. We aim to construct Weyl
invariants using the boundary dilaton field, ϕ, the boundary metric, gµν , and the fluid
dynamical quantities, b and uµ. The boundary dilaton ϕ is a Weyl invariant scalar
while b and uµ transform homogeneously under Weyl rescalings with weight −1. It

1By transverse we mean orthogonal to uµ.
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thus follows that there are no nontrivial Weyl invariant scalars, transverse vectors, or
symmetric traceless transverse tensors at zeroth order in derivatives.

To obtain the Weyl invariants at first order, we must consider the first order relations
imposed by the equations of motion, ∇µT µν = e−ϕL∇νϕ. It is easy to see that these
relations arise from the zeroth order contributions to the stress tensor, T µν , and
Lagrangian, L. For the stress tensor, the zeroth order contribution is simply that of
a perfect fluid, b−d (gµν + duµuν). And for the Lagrangian, there can be no zeroth
order contribution. The reason for this is as follows: if we set ϕ to be a constant,
the Einstein-dilaton system must consistently truncate to the Einstein equations with
negative cosmological constant. Correspondingly, the boundary fluid dynamics must
reduce to that of the unforced case. Thus, the lowest order contribution to the
Lagrangian must be proportional to a derivative of ϕ; there can be no zeroth order
terms. Analysing the resulting first order relations, it can be shown that first order
partial derivatives of b can be expressed as derivatives of uµ. This result was derived
explicitly in the previous review chapter when we calculated the first order constraint
equations. It follows that there is only one independent Weyl invariant scalar at
first order (which can be taken to be buµDµϕ), one Weyl invariant transverse vector(
P ν

µ Dνϕ
)
, and one Weyl invariant symmetric traceless transverse tensor (b−1σµν).

For the second order Weyl invariant tensors, we must similarly consider the relations
imposed at second order by the equations of motion; these originate from the first
order contributions to T µν and L. The stress tensor, T µν , transforms with weight
d + 2; and thus, using our previous classification of first order Weyl invariants, we can
deduce that the first order contribution to T µν must be proportional to b1−dσµν . And
for the Lagrangian, which transforms with weight d, we can similarly conclude that the
first order term must be of the form b1−duµDµϕ. The two derivative relations which
result can be used to express the partial derivatives of b to second order in terms of
derivatives of uµ and ϕ. There are thus seven independent Weyl invariant scalars:

b2σµνσµν , b2ωµνωµν , b2R,

b2P µνDµDνϕ, b2uµuνDµDνϕ, b2P µνDµϕDνϕ, and b2uµuνDµϕDνϕ,
(3.20)

six Weyl invariant transverse vectors:

bP ν
µ Dλσν

λ, bP ν
µ Dλων

λ, bP ν
µ uλDνDλϕ, bP ν

µ uλDνϕDλϕ,

bσµ
λDλϕ, and bωµ

λDλϕ,
(3.21)
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and eight Weyl invariant symmetric traceless transverse tensors:

uλDλσµν , σµνuλDλϕ, Cµανβuαuβ, ωµ
λσλν + ων

λσλµ,

1
2

[
P α

µ P β
ν + P α

ν P β
µ − 2

d − 1P αβPµν

]
DαDβϕ,

[
P α

µ P β
ν − 1

d − 1P αβPµν

]
DαϕDβϕ,

σµ
λσλν − 1

d − 1Pµνσαβσαβ, and ωµ
λωλν + 1

d − 1Pµνωαβωαβ.

(3.22)

3.2.4 Weyl covariant form of the fluid dynamical metric

In this final subsection, we demonstrate that it is possible to use boundary Weyl
invariance to constrain the form of the bulk metric. In more detail, we show that
because the bulk metric is invariant under the simultaneous replacements (3.8), the
components of the bulk metric can be classified according to how they transform under
boundary Weyl rescalings.

Before we proceed further, we must first choose a gauge for the bulk metric. We use
the same gauge2 as [26], which is specified by:

grr = 0, grµ = −uµ. (3.24)

This gauge has the nice geometric interpretation that lines of constant xµ are ingoing
null geodesics with r being an affine parameter along them. Also, note that this gauge
choice is invariant under the transformation (3.8).

Now, observe that, consistent with our gauge choice (3.24), we can parametrise our
bulk metric as follows:

ds2 = −2uµdxµ (dr + Vν (r, uα, b) dxν) + Gµν (r, uα, b) dxµdxν with Gµν transverse.
(3.25)

We aim to determine how the functions Vν and Gµν transform under (3.8) which effec-
tively is a boundary Weyl transformation. Recall that the fluid dynamical bulk metric

2Some early work on the fluid/gravity correspondence [16, 36] used a different gauge, given by:

grr = 0, grµ ∝ uµ, T r

((
g(0)

)−1
g(m)

)
= 0 (m > 0). (3.23)

All of our results can be recast in this gauge by making an appropriate change of variables. In fact,
we used this gauge in the previous review chapter.
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is invariant under the simultaneous replacements (3.8), thus, under this transformation,
the bulk metric (3.25) becomes:

ds2 = −2ũµdxµ
(
dr̃ + Vν

(
r̃, ũα, b̃

)
dxν

)
+ Gµν

(
r̃, ũα, b̃

)
dxµdxν

= −2uµdxµ
(
dr + e−χVν

(
r̃, ũα, b̃

)
dxν + r∂νχdxν

)
+ Gµν

(
r̃, ũα, b̃

)
dxµdxν .

(3.26)
By comparing the two equivalent metrics (3.25) and (3.26), we can deduce the trans-
formation properties of Vν and Gµν :

Vν (r, uα, b) = e−χ
[
Vν

(
r̃, ũα, b̃

)
+ r̃∂νχ

]
and Gµν (r, uα, b) = Gµν

(
r̃, ũα, b̃

)
. (3.27)

It follows that Vν −rAν must be a linear sum of Weyl covariant vectors (both transverse
and non-transverse) of weight +1 with coefficients that are arbitrary functions of br.
Similarly, Gµν must be a linear sum of Weyl invariant tensors. These Weyl covariant
vectors of weight +1 and the Weyl invariant tensors can easily be obtained from
our classification in the previous subsection. The functions of br, however, must be
determined by direct calculation.

In keeping with explicit Weyl covariance, we now choose a slightly different starting
ansatz, g

(0)
AB:

ds2 = −2uµdxµ

(
dr +

(
rAν + r2f(br)

2 uν

)
dxν

)
+ r2Pµνdxµdxν . (3.28)

Using this ansatz, we can perturbatively solve the Einstein equations and determine
the functions Vν and Gµν to any order in boundary derivatives. We present the results
of such a calculation to second order in the next section.

3.3 Derivation of fluid/gravity equations and their
solutions

The Einstein-dilaton system is governed by the following equations:

Eab ≡ Rab − 1
2Rgab + Λgab − 1

2∂aΦ∂bΦ + 1
4 (∂Φ)2 gab = 0,

gab∇a∇bΦ = 0.
(3.29)
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And upon resubstituting for the Ricci scalar R and the cosmological constant Λ, this
then simplifies to:

Eab ≡ Rab + dgab − 1
2∂aΦ∂bΦ = 0,

gab∇a∇bΦ = 0.
(3.30)

We now proceed in an analogous manner to what was done in the previous chapter.
Field theory intuition again tells us that the metric should be a slowly-varying function
in the boundary coordinates and that we should thus be aiming to solve the equations
(3.30) perturbatively to a certain accuracy in boundary derivatives. However, for the
Einstein-dilaton system, the metric couples to the dilaton, and so we must further
require that the dilaton be slowly-varying in the boundary directions as well. Hence, it
must also admit an expansion in boundary derivatives:

Φ = Φ(0) + Φ(1) + Φ(2) + Φ(3) + · · · . (3.31)

We must again address the issue of choosing the zeroth order ansatz, but this is just
a straightforward generalisation of the unforced case. The Einstein-dilaton system
admits uniform black brane solutions of the following form,

ds2 = −2uµdxµdr − r2f(br)uµuνdxµdxν + r2Pµνdxµdxν ,

Φ = ϕ0,
(3.32)

where ϕ0 is a constant. Patching together tubes of uniform black brane solutions with
different parameter values gives us in principle our zeroth order ansatz. However, as
discussed in the previous section, we choose a Weyl covariant form of this:

ds2 = −2uµdxµ

(
dr +

(
rAν + r2f(br)

2 uν

)
dxν

)
+ r2Pµνdxµdxν

Φ = ϕ(x).
(3.33)

Note that the velocity and temperature have become functions of boundary coordinates
uµ(x) and b(x).

With all of this in hand, we can now substitute the expansions for the metric and
the dilaton into the Einstein and dilaton equations and examine the structure of the
resulting equations. The equations at order n in the derivative expansion can be
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schematically represented as:

H
[
g(0)

]
g(n)(r, xµ) = sn, (3.34)

HΦ
[
g(0)

]
Φ(n)(r, xµ) = sΦ

n , (3.35)

where HΦ and sΦ
n are the differential operator and source terms for Φ respectively. The

dynamical equations of (3.34) together with the equation for the dilaton (3.35) are
sufficient to determine g(n) and Φ(n). The remaining d constraint equations reduce to
the equations of forced fluid dynamics (3.4).

3.3.1 Einstein equations: First order

We begin with the Einstein equations at first order in boundary derivatives.

Inverse metric to first order

We require the zeroth and first order components or the metric and its inverse. Our
zeroth order metric ansatz was introduced in the previous subsection on Weyl covariance.
It is shown below in matrix form (basis in terms of r,µ) Taylor expanded to first order
about xµ = 0:

g
(0)
ab =

 0
(
−u(0)

ν − xλ∂λu(0)
ν

)(
−u(0)

µ − xλ∂λu(0)
µ

) (
r2ηµν + r2−du(0)

µ u(0)
ν − dr2−dxλ∂λb(0)u(0)

µ u(0)
ν + 2r2−du

(0)
(µ xλ∂λu

(0)
ν)

) .

Our first order metric terms are parametrised according to the Weyl covariant form
(and gauge choice) that we discussed in the last section on Weyl covariance. It too is
given below in matrix form:

g
(1)
ab =

0 0
0

(
−2ru

(0)
(µ A(1)

ν) − 2u
(0)
(µ V(1)

ν) + G(1)
µν

) .
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The inverse metric to first order is calculated according to the following formula:

gabg
bc = δc

a(
g

(0)
ab + g

(1)
ab

) (
g(0)bc + g(1)bc

)
= δc

a

=⇒ g
(0)
ab g(0)bc = δc

a and
g

(0)
ab g(1)bc + g

(1)
ab g(0)bc = 0.

(3.36)

The inverse metric is then found to be (in matrix form):

g(0)ab =
r2f + dxλ∂λb(0)r2−d u(0)ν + xλ∂λu(0)ν

u(0)µ + xλ∂λu(0)µ 1
r2 P (0)µν + 2

r2 u(0)(µxλ∂λu(0)ν)



g(1)ab =
 −2u(0)λA(1)

λ r − 2u(0)λV(1)
λ −1

r
P (0)µλA(1)

λ − 1
r2 P (0)µλV(1)

−1
r
p(0)µλA(1)

λ − 1
r2 P (0)µλV(1)

λ − 1
r4 G(1)µν

 .

The remaining calculation is analogous to that which we considered in our review in
the previous chapter. However, with our Weyl covariant formulation of the metric,
we only need compute the rr, rµ, and µν-components of Eab. For each of these, we
calculate the differential operator and the source terms.
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Err

The differential operator comprises of the following terms:

Err = −1
2g(1)µν

,rg
(0)
µν,r − 1

2g(0)µν
,rg

(1)
µν,r − 1

2g(1)µνg(0)
µν,rr − 1

2g(0)µνg(1)
µν,rr

+ 1
2g(1)rbg(0)adg

(0)
ad,rg

(0)
rb,r + 1

2g(0)rbg(1)adg
(0)
ad,rg

(0)
rb,r

+ 1
2g(0)rbg(0)adg

(1)
ad,rg

(0)
rb,r + 1

2g(0)rbg(0)adg
(0)
ad,rg

(1)
rb,r

− 1
4g(1)rrg(0)adg

(0)
ad,rg

(0)
rr,r − 1

4g(0)rrg(1)adg
(0)
ad,rg

(0)
rr,r

− 1
4g(0)rrg(0)adg

(1)
ad,rg

(0)
rr,r − 1

4g(0)rrg(0)adg
(0)
ad,rg

(1)
rr,r

− 1
4g(1)cbg(0)adg

(0)
cd,rg

(0)
ab,r − 1

4g(0)cbg(1)adg
(0)
cd,rg

(0)
ab,r

− 1
4g(0)cbg(0)adg

(1)
cd,rg

(0)
ab,r − 1

4g(0)cbg(0)adg
(0)
cd,rg

(1)
ab,r

+ 1
2g(1)cbg(0)rrg(0)

cr,rg
(0)
rb,r + 1

2g(0)cbg(1)rrg(0)
cr,rg

(0)
rb,r

+ 1
2g(0)cbg(0)rrg(1)

cr,rg
(0)
rb,r + 1

2g(0)cbg(0)rrg(0)
cr,rg

(1)
rb,r

− 1
2g(1)crg(0)arg(0)

cr,rg
(0)
ar,r − 1

2g(0)crg(1)arg(0)
cr,rg

(0)
ar,r

− 1
2g(0)crg(0)arg(1)

cr,rg
(0)
ar,r − 1

2g(0)crg(0)arg(0)
cr,rg

(1)
ar,r

+ dg(1)
rr .

(3.37)
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These terms evaluate explicitly to:

Ediff
rr = 1

2

( 4
r5 G(1)µν − 1

r4 G(1)′µν
) (

2rηµν + (2 − d)r1−du(0)
µ u(0)

ν

)
− 1

2

(
− 2

r3 P (0)µν
) (

−2u
(0)
(µ A(1)

ν) − 2u
(0)
(µ V(1)′

ν) + G(1)′
µν

)
− 1

2

(
− 1

r4 G(1)µν
) (

ηµν + (2 − d)(1 − d)r−du(0)
µ u(0)

ν

)
− 1

2

( 1
r2 P (0)µν

) (
−2u

(0)
(µ V(1)′′

ν) + G(1)′′
µν

)
+ 0 + 0
+ 0 + 0
− 0 − 0
− 0 − 0

− 1
2

(
− 1

r4 G(1)ρν
)( 1

r2 P (0)µδ
) (

2rηρδ + (2 − d)r1−du(0)
ρ u

(0)
δ

) (
2rηµν + (2 − d)r1−du(0)

µ u(0)
ν

)
− 1

2

( 1
r2 P (0)ρν

)( 1
r2 P (0)µδ

) (
−2u

(0)
(ρ A(1)

δ) − 2u
(0)
(ρ V(1)′

δ) + G(1)′
ρδ

) (
2rηµν + (2 − d)r1−du(0)

µ u(0)
ν

)
+ 0

(3.38)
which simplifies to:

Ediff
rr = −G(1)′′µ

µ

2r2 + G(1)′µ
µ

r3 − G(1)µ
µ

r4 . (3.39)

As for the source terms:

Esource
rr = g(0)µb

,µg
(0)
rb,r − 1

2g(0)µr
,µ g(0)

rr,r − 1
2g(0)rµ

,rg
(0)
rr,µ + g(0)µbg

(0)
rb,rµ

− g(0)rµg(0)
rr,rµ

+ 1
2g(0)µbg(0)adg

(0)
ad,µg

(0)
rb,r − 1

4g(0)µrg(0)adg
(0)
ad,µg(0)

rr,r − 1
4g(0)rµg(0)adg

(0)
ad,rg

(0)
rr,µ

+ g(0)cbg(0)rµg(0)
cr,rg

(0)
rb,µ − g(0)crg(0)aµg(0)

cr,µg(0)
ar,r

(3.40)

which actually all evaluate to zero:

Esource
rr = 0. (3.41)
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Erµ

The differential operator is given by:

Ediff
rµ = 1

2grµ
,rg

(0)
µν,r + 1

2g(0)rν
,rg

(1)
µν,r + 1

2g(1)νrg(0)
νµ,rr + 1

2g(0)νrg(1)
νµ,rr

+ 1
4g(1)rνg(0)adg

(0)
ad,rg

(0)
µν,r + 1

4g(0)rνg(1)adg
(0)
ad,rg

(0)
µν,r

+ 1
4g(0)rνg(0)adg

(1)
ad,rg

(0)
µν,r + 1

4g(0)rνg(0)adg
(0)
ad,rg

(1)
µν,r

+ 1
2g(1)cbg(0)rrg(0)

cr,rg
(0)
µb,r + 1

2g(0)cbg(1)rrg(0)
cr,rg

(0)
µb,r

+ 1
2g(0)cbg(0)rrg(1)

cr,rg
(0)
µb,r + 1

2g(0)cbg(0)rrg(0)
cr,rg

(1)
µb,r

− 1
2g(1)crg(0)arg(0)

cr,rg
(0)
aµ,r − 1

2g(0)crg(1)arg(0)
cr,rg

(0)
aµ,r

− 1
2g(0)crg(0)arg(1)

cr,rg
(0)
aµ,r − 1

2g(0)crg(0)arg(0)
cr,rg

(1)
aµ,r

(3.42)

which computes to:

Ediff
rµ = 1

2P (0)
µ

λV(1)′′
λ + d − 3

2r
P (0)

µ
λV(1)′

λ − d − 2
r2 P (0)

µ
λV(1)

λ

− u(0)νV(1)′′
ν u(0)

µ − d − 1
r

u(0)νV(1)′
ν u(0)

µ

− 1
2r2

(
2 − (2 − d)r−d

)
G(1)ρ

ρu(0)
µ + 1

4r

(
2 − (2 − dd)r−d

)
G(1)′ρ

ρu(0)
µ

− ∂ρu(0)ρ

r
u(0)

µ − d − 1
2r

u(0)ρ∂ρu(0)
µ .

(3.43)

The first line involves operator terms transverse to u(0)
µ , the second and third lines

are differential operator terms in the direction of u(0)
µ . The final line involves terms

derived from Aµ which are technically source terms but we include them here since we
included Aµ in our parametrisation of the first order metric for the purpose of Weyl
covariance.
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And the source terms can be calculated from:

Esource
rµ = 1

2g(0)νb
,νg

(0)
µb,r + 1

2g(0)rb
,rg

(0)
rb,µ

1
2g(0)νr

,νg(0)
rµ,r − 1

2g(0)rν
,rg

(0)
rµ,ν

+ 1
2g(0)rbg

(0)
rb,µr − g(0)rνg(0)

rµ,rν

− 1
2g(0)ab

,rg
(0)
ab,µ − 1

2g(0)abg
(0)
ab,µr + 1

2g(0)aνg(0)
aµ,νr

+ 1
4g(0)νbg(0)adg

(0)
ad,νg

(0)
µb,r + 1

4g(0)rbg(0)adg
(0)
ad,rg

(0)
rb,µ − 1

4g(0)νrg(0)adg
(0)
ad,νg(0)

rµ,r

− 1
4g(0)νrg(0)adg

(0)
ad,rg

(0)
rµ,ν

− 1
4g(0)cbg(0)adg

(0)
cd,rg

(0)
ab,µ

+ 1
2g(0)cbg(0)rνg(0)

cr,νg
(0)
µb,r + 1

2g(0)cbg(0)rνg(0)
cr,rg

(0)
µb,ν

− 1
2g(0)cνg(0)arg(0)

cr,rg
(0)
aµ,ν − 1

2g(0)crg(0)aνg(0)
cr,νg(0)

aµ,r

(3.44)

which gives:
Esource

rµ = 1
r

u(0)
µ ∂νu(0)ν + 1

2
d − 1

r
u(0)ν∂νu(0)

µ . (3.45)

Eµν

The differential operator is given by:

Ediff
µν = 1

2g(1)rr
,rg

(0)
µν,r − 1

2g(0)rr
,rg

(1)
µν,r − 1

2g(1)rrg(0)
µν,rr − 1

2g(0rrg(1)
µν,rr

− 1
4g(1)rrg(0)adg

(0)
ad,rg

(0)
µν,r − 1

4g(0)rrg(1)adg
(0)
ad,rg

(0)
µν,r

− 1
4g(0)rrg(0)adg

(1)
ad,rg

(0)
µν,r − 1

4g(0)rrg(0)adg
(0)
ad,rg

(1)
µν,r

+ 1
2g(1)cbg(0)rrg(0)

cµ,rg
(0)
νb,r + 1

2g(0)cbg(1)rrg(0)
cµ,rg

(0)
νb,r

+ 1
2g(0)cbg(0)rrg(1)

cµ,rg
(0)
νb,r + 1

2g(0)cbg(0)rrg(0)
cµ,rg

(1)
νb,r

− 1
2g(1)crg(0)arg(0)

cµ,rg
(0)
aν,r − 1

2g(0)crg(1)arg(0)
cµ,rg

(0)
aν,r

− 1
2g(0)crg(0)arg(1)

cµ,rg
(0)
aν,r − 1

2g(0)crg(0)arg(0)
cµ,rg

(1)
aν,r

+ dg(1)
µν

(3.46)
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which evaluates to:

Ediff
µν = 2(2 − d)fu(0)λV(1)

λ u(0)
µ u(0)

ν + 2(2 − d)fu
(0)
(µ V(1)

ν)

− 2rfu(0)λV(1)′
λ u(0)

µ u(0)
ν + (d − 3)rfu

(0)
(µ V(1)′

ν)

+ r2fu
(0)
(µ V(1)′′

ν)

+ 2(d − 2)u(0)λV(1)
λ P (0)

µν + 2ru(0)λV(1)′
λ P (0)

µν

− r2f

2 G(1)′′
µν − (d − 3)r

2 G(1)′
µν − 3

2r1−dG(1)′
µν + (d − 2)G(1)

µν + 2r−dG(1)
µν

+ 2r∂ρu(0)ρηµν + ∂ρu(0)ρu(0)
µ u(0)

ν r1−d + r∂ρu(0)ρu(0)
µ u(0)

ν

+ (d − 1)r1−du(0)ρu
(0)
(µ ∂ρu

(0)
ν) − (d − 1)ru(0)ρu

(0)
(µ ∂ρu

(0)
ν) .

(3.47)

The source terms are:

Esource
µν = 1

2g(0)rb
,rg

(0)
νb,µ + 1

2g(0)rb
,rg

(0)
µb,ν − 1

2g(0)rρ
,rg

(0)
µν,ρ − 1

2g(0)rρ
,ρg(0)

µν,r + 1
2g(0)rbg

(0)
µb,νr

− g(0)rρg(0)
µν,rρ + 1

2g(0)arg(0)
aν,rµ

+ 1
4g(0)rbg(0)adg

(0)
ad,rg

(0)
νb,µ + 1

4g(0)rbg(0)adg
(0)
ad,rg

(0)
µb,ν

− 1
4g(0)rρg(0)adg

(0)
ad,rg

(0)
µν,ρ − 1

4g(0)rρg(0)adg
(0)
ad,ρg(0)

µν,r

+ 1
2g(0)cbg(0)rρg(0)

cµ,rg
(0)
νb,ρ + 1

2g(0)cbg(0)rρg(0)
cµ,ρg

(0)
νb,r

− 1
2g(0)crg(0)aρg(0)

cµ,ρg(0)
aν,r − 1

2g(0)cρg(0)arg(0)
cµ,rg

(0)
aν,ρ

(3.48)
which upon substituting for the metric and its derivatives become:

Esource
µν = r1−du(0)ρu

(0)
(µ ∂ρu

(0)
ν) + (1 − d)r∂(µu

(0)
ν) − dr1−d∂(µb(0)u

(0)
ν)

− d

2(d − 1)r1−du(0)ρ∂ρb(0)u(0)
µ u(0)

ν − rηµν∂ρu(0)ρ − 2 − d

2 r1−du(0)
µ u(0)

ν ∂ρu(0)ρ.

(3.49)

Constraint equations at first order

The constraint equations are obtained by contracting the Einstein equations with nA,
the normal to the constant r hypersurface: EΦ

ABnB = 0. The boundary components of
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this equation give us the following relation:

∂µb(0) =
(

u(0)λ∂λu(0)
µ − ∂λu(0)λ

d − 1 u(0)
µ

)
(3.50)

which can be re-expressed as (the b has been added on dimensional grounds):

∂µb = Aµb. (3.51)

This relation is equivalent to the equations of forced fluid dynamics ∇µT µν = e−ϕL∇νϕ

at first order in derivatives. This explicitly confirms our expectation that our perturba-
tive procedure constructs bulk spacetimes dual to solutions of forced fluid dynamics. At
first order, the relevant terms in this equation stem from the zeroth order contributions
to the stress tensor T µν and Lagrangian L; and since the Lagrangian only consists of
first and higher orders terms, the equations at this order are the same as the unforced
case.

Solution at first order

The rr-component of the Einstein equations, as found previously, gives us the following
equation:

− G(1)′′µ
µ

2r2 + G(1)′µ
µ

r3 − G(1)µ
µ

r4 = 0. (3.52)

Subject to our boundary conditions at r = ∞ and our Landau frame requirement this
integrates to give G(1)µ

µ = 0.

The rµ-component of the Einstein equations simplifies to become:

1
2P (0)

µ
λV(1)′′

λ + d − 3
2r

P (0)
µ

λV(1)′
λ − d − 2

r2 P (0)
µ

λV(1)
λ = 0,

−u(0)νV(1)′′
ν − d − 1

r
u(0)νV(1)′

ν = 0.

(3.53)

We have separated this into its transverse and non-transverse components. Note that
the non-operator terms arising from Ediff

rµ exactly cancel the terms in Esource
rµ leaving

effectively no source terms. Also G(1)µ
µ which appears in Ediff

rµ was set to zero as we
just determined. Solving this subject to all conditions again gives zero, V(1)

µ = 0.

And finally for the µν-component of the Einstein equation, we only require the transverse
traceless part to determine the traceless part of G(1)

µν , which is all that remains to be
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found. This is given by:

−(br)2 − (br)2−d

2 G̃(1)′′
µν − (br)

2 (d − 3)G̃(1)′
µν − 3(br)1−d

2 G̃(1)′
µν + (d − 2 + 2(br)−d)G̃(1)

µν

= (d − 1)(br)σµν .

(3.54)
with:

σµν := 1
2Pµ

αPν
β∇(µuν) − 1

d − 1∇λuλ = D(µuν). (3.55)

Here, we have used G̃µν ≡ Gµν − 1
d−1Gα

αPµν though essentially there is no difference
since we found the trace of G(1)

µν to be zero. Further, we have reintroduced the factors
of b for Weyl covariance. This integrates (using the same methodology described in
the previous review chapter) to give:

G(1)
µν = 2(br)2F (br)1

b
σµν (3.56)

where the function F (br) is:

F (br) ≡
∫ ∞

br

yd−1 − 1
y(yd − 1)dy.

Our appropriately covariantised metric at first order is thus:

ds2 = −2uµdxµ

[
dr +

(
rAν + r2f(br)

2 uν

)
dxν

]
+
[
r2Pµν + 2(br)2F (br)1

b
σµν

]
dxµdxν .

(3.57)
Since the dilaton terms appearing in the Einstein equations Eab are at least second
order in derivatives, we do not see any contribution from the dilaton at first order
here.

3.3.2 Einstein equations: Second order

In this subsection, we consider the Einstein equations at second order in boundary
derivatives.
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Subtleties at second order

At second order there are several subtleties that we must account for. First, note
that our previous calculation at first order gave us constraint equations that imposed
relations on u(0) and b(0). This generalises to all orders in boundary derivatives. At
each order, the constraint equations impose relations at one order lower. At second
order, we must therefore expand the velocity and temperature fields to first order as
follows:

uµ = u(0)
µ + u(1)

µ + O(ϵ2)
b = b(0) + b(1) + O(ϵ2).

(3.58)

A second subtlety is that there exists an ambiguity in definition between b(0) and b(1)

and similarly for uµ. If parts of u(1)
µ solve the first order fluid equations of motion then

they can be absorbed into the definition of u(0)
µ . We use this ambiguity to set u(1)

µ

to zero. Given that we are working locally around xµ = 0, this means that we can
set all derivatives of u(1)

µ at xµ = 0 to be zero. The actual values for b(1) and u(1)
µ at

xµ = 0 can be set to be zero by the same coordinate transformations that fixed u(0)
µ =

(−1, 0, 0, 0) and b(0) = 1, as explained in the previous review chapter. Thus, we only
need consider the derivatives of b(1) at second order.

The final subtlety that we need to consider concerns how we ensure that the first order
fluid equations of motion continue to hold at second order. In the last section, our
constraint equations were equivalent to:

∇µT (0)µν = 0 (3.59)

where T (0)µν ∝ b−d (gµν + duµuµ) and there are no forcing terms since the dilaton terms
only appear at second order. But here at second order in boundary derivatives, we
are now working to second order in a Taylor expansion about xµ = 0. Expanding the
above relation to second order in derivatives about xµ = 0 imposes further conditions
between derivative terms given by:

∇λ∇µT (0)µν |xρ=0 = 0. (3.60)
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This evaluates explicitly to the following:

+ d(d + 1)∂λb(0)∂µb(0)
(
ηµν + du(0)µu(0)ν

)
− d2∂µb(0)∂λu(0)µu(0)ν − d2∂µb(0)∂λu(0)νu(0)µ

−d2∂λb(0)∂µu(0)µu(0)ν − d2∂λb(0)u(0)µ∂µu(0)ν − d∂λ∂µb(0)ηµν − d2∂λ∂µb(0)u(0)µu(0)ν

+d∂λ∂µu(0)µu(0)ν + du(0)µ∂λ∂µu(0)ν + d∂µu(0)µ∂λu(0)ν + d∂λu(0)µ∂µu(0)ν = 0.

(3.61)
This is used to reduce our source terms to a subset of independent terms.

Inverse metric to second order

As we established previously, the fluid/gravity metric to first order is given by:

ds2 = −2uµdxµ (dr + rAνdxν) + r2gµνdxµdxν + 1
(br)d

r2uµuνdxµdxν

+ 2(br)2F (br)1
b
σµνdxµdxν .

(3.62)

Adding on our parametrisation of the second order metric terms gives us:

ds2 = −2uµdxµ (dr + rAνdxν) + r2gµνdxµdxν + 1
(br)d

r2uµuνdxµdxν

+ 2(br)2F (br)1
b
σµνdxµdxν

+ −2uµdxµV(2)
ν dxν + G(2)

µν .

(3.63)

After Taylor expanding about xµ = 0 to second order, we obtain:

g
(0)
ab =



0
−u

(0)
µ

−xλ∂λu
(0)
µ

− 1
2 xλxρ∂λ∂ρu

(0)
µ

−u
(0)
ν

−xλ∂λu
(0)
ν

− 1
2 xλxρ∂λ∂ρu

(0)
ν

r2ηµν+r2−du
(0)
µ u

(0)
ν

−d.r2−dxλ∂λb(0)u
(0)
µ u

(0)
ν +2r2−dxλ∂λu

(0)
(µ

u
(0)
ν)

+ r2
2 xλxρ∂λ∂ρgµν+r2−dxλxρNλρµν


.
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g
(1)
ab =



0 0

0

2r2F (r)σ(1)
µν −2ru

(0)
(µ

A(1)
ν) −r2−ddb(1)u

(0)
µ u

(0)
ν

+r2xλF (r)Oλµν+2r3xλ∂λb(0)F ′(r)σ(1)
µν

+rxλMλµν−r2−dxλd∂λb(1)u
(0)
µ u

(0)
ν

+r2−dd(d+1)b(1)xλ∂λb(0)u
(0)
µ u

(0)
ν

−2r2−ddb(1)xλ∂λu
(0)
(µ

u
(0)
ν)



g
(2)
ab =



0 0

0
−2u

(0)
(µ

V(2)
ν) +G(2)

µν

+ d(d+1)
2 b(1)2

r2−du
(0)
µ u

(0)
ν

+2r2b(1)F (r)σ(1)
µν +2r3F ′(r)b(1)σ

(1)
µν


where the terms Mλµν , Nλρµν , Oλµν are given by:

Mλµν = −2∂λu
(0)
(µ A(1)

ν) − 2∂λu(0)ρu
(0)
(µ ∂ρu

(0)
ν) − 2u(0)ρu

(0)
(µ ∂λ∂ρu

(0)
ν) + 2u(0)δu

(0)
(µ ∂λΓδ(2)

δν) u(0)
ρ

+ 2
d − 1∂ρu(0)ρu

(0)
(µ ∂λu

(0)
ν) + 2

d − 1u(0)
µ u(0)

ν ∂λ∂ρu(0)ρ + 2
d − 1u(0)

µ u(0)
ν ∂λΓδ(2)

δρ u(0)ρ

(3.64)

Nλρµν = −d

2∂λ∂ρb(0)u(0)
µ u(0)

ν + ∂λ∂ρu(0)
µ u(0)

ν − 2d∂λb(0)∂ρu
(0)
(µ u

(0)
ν) + ∂λu

(0)
(µ ∂ρu

(0)
ν)

+ d(d + 1)
2 ∂λb(0)∂ρb(0)u(0)

µ u(0)
ν

(3.65)

Oλµν = 2∂λb(0)σ(1)
µν + 4u(0)α∂λu

(0)
(µ P (0)β

ν)∂(αu
(0)
β) + 4∂λu(0)αu

(0)
(µ P (0)β

ν)∂(αu
(0)
β)

+ 2P (0)α
µP (0)β

ν∂λ∂(αu
(0)
β) − 2∂λΓ(ρ(2)

αβ u(0)
ρ P (0)α

µP (0)β
ν − 4

d − 1∂λu
(0)
(µ u

(0)
ν) ∂αu(0)α

− 2
d − 1∂λ∂αu(0)αP (0)

µν − 2
d − 1∂λΓ(α(2)

αρ u(0)ρP (0)
µν .

(3.66)
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Given the complexity of these expressions, we obtain the inverse in a slightly different
manner to our first order calculation. For a matrix of the form:

gab =
 0 −uµ

−uν −2u(µVν) + Gµν


where (Vµ − rAµ) is a linear sum of Weyl coveriant vectors with weight 1 and Gµν is a
linear sum of Weyl invariant forms all of which are transverse (uµGµν = 0), the inverse
matrix will take the following general form:

gab =
−2uλVλ + (G−1)λρ VλVρ uµ − (G−1)µλ Vλ

uν − (G−1)νλ Vλ (G−1)µν


where (G−1)µν satisfies uµ (G−1)µν = 0 and (G−1)µλ Gλν = P µ

ν .

For our metric till second order,

ds2 = −2uµdxµ (dr + rAνdxν) + r2gµνdxµdxν + 1
(br)d

r2uµuνdxµdxν

+ 2(br)2F (br)1
b
σµνdxµdxν

+ −2uµdxµV(2)
ν dxν + G(2)

µν

(3.67)

the functions Vµ and Gµν are given by:

Vµ = rAµ + r2f(br)
2 uµ + V(2)

µ (3.68)

Gµν = r2Pµν + 2(br)2F (br)1
b
σµν + G(2)

µν . (3.69)

Using all this, we can calculate (G−1)µν . We find the following expression to second
order:

(
G−1

)µν
= 1

r2 P µν − 2
r2 F (br)bσµν + 4

r2 F 2(br)b2σµ
λσλν − 1

r4 G(2)µν . (3.70)

This gives us a complete inverse metric as follows:

g(0)ab =
r2f(br) uµ

uν 1
r2 P µν
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g(1)ab =
−2ruλAλ −1

r
P µλAλ

−1
r
P νλAλ − 2

r2 F (br)bσµν



g(2)ab =
 −2uλV(2)

λ + P λρAλAρ
2
r
F (br)bσµλAλ − 1

r2 P µλV(2)
λ

2
r
F (br)bσνλAλ − 1

r2 P νλV(2)
λ

4
r2 F 2(br)b2σµ

λσλν − 1
r4 G(2)µν

 .

Taylor expanding this about xµ = 0 to second order gives:

g(0)ab =



r2−r2−d

+dr2−dxλ∂λb(0)

+r2−dxλxρ( d
2 ∂λ∂ρb(0)− d(d+1)

2 ∂λb(0)∂ρb(0))
u(0)µ

+xλ∂λu(0)µ

+ 1
2 xλxρ∂λ∂ρu(0)µ

u(0)ν

+xλ∂λu(0)ν

+ 1
2 xλxρ∂λ∂ρu(0)ν

1
r2 P (0)µν

+ 2
r2 xλ∂λu(0)(µu(0)ν)

+ 1
r2 xλxρ( 1

2 ∂λ∂ρgµν+∂λ∂ρu(0)(µu(0)ν)+∂λu(0)µ∂ρu(0)ν)



g(1)ab =



−2ru(0)λA(1)
λ

+dr2−db(1)

+rxρMρ
λ

λ

+dr2−dxλ∂λb(1)−r2−dd(d+1)b(1)xλ∂λb(0)

− 1
r

P (0)µλA(1)
λ

+ 1
r

xρWρ
µ

− 1
r

P (0)νλA(1)
λ

+ 1
r

xρWρ
ν

− 2
r2 F (r)σ(1)µν

− 1
r2 F (r)xλOλ

µν− 2
r

xλ∂λb(0)F ′(r)σ(1)µν



g(2)ab =



−2u(0)λV(2)
λ

+P (0)λρA(1)
λ

A(1)
ρ

−r2−d d(d+1)
2 b(1)2

2
r

F (r)σ(1)µλA(1)
λ

− 1
r2 P (0)µλV(2)

λ

2
r

F (r)σ(1)νλA(1)
λ

− 1
r2 P (0)νλV(2)

λ

4
r2 F 2(r)σ(1)µ

λσ(1)λν− 1
r4 G(2)µν

− 2
r2 b(1)F (r)σ(1)µν− 2

r
b(1)F ′(r)σ(1)µν


where

Wρ
µ = −2∂ρu(0)(µu(0)λ)u(0)δ∂δu

(0)
λ − P (0)µλ∂ρu(0)δ∂δu

(0)
λ − P (0)µλu(0)δ∂ρ∂δu

(0)
λ

+ P (0)µλu(0)γ∂ρΓδ(2)
γλ u

(0)
δ .

(3.71)

We are now ready to calculate the differential operator terms and the source terms
from the Einstein equations.
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Err

The differential operator terms are given by:

Ediff
rr = −1

2g(2)µν
,rg

(0)
µν,r − 1

2g(0)µν
,rg

(2)
µν,r − 1

2g(2)µνg(0)
µν,rr − 1

2g(0)µνg(2)
µν,rr

+ 1
2g(2)rbg(0)adg

(0)
ad,rg

(0)
rb,r + 1

2g(0)rbg(2)adg
(0)
ad,rg

(0)
rb,r

+ 1
2g(0)rbg(0)adg

(2)
ad,rg

(0)
rb,r + 1

2g(0)rbg(0)adg
(0)
ad,rg

(2)
rb,r

− 1
4g(2)rrg(0)adg

(0)
ad,rg

(0)
rr,r − 1

4g(0)rrg(2)adg
(0)
ad,rg

(0)
rr,r

− 1
4g(0)rrg(0)adg

(2)
ad,rg

(0)
rr,r − 1

4g(0)rrg(0)adg
(0)
ad,rg

(2)
rr,r

− 1
2g(2)cbg(0)adg

(0)
cd,rg

(0)
ab,r − 1

2g(0)cbg(2)adg
(0)
cd,rg

(0)
ab,r

− 1
2g(0)cbg(0)adg

(2)
cd,rg

(0)
ab,r − 1

2g(0)cbg(0)adg
(0)
cd,rg

(2)
ab,r

+ 1
2g(2)cbg(0)rrg(0)

cr,rg
(0)
rb,r + 1

2g(0)cbg(2)rrg(0)
cr,rg

(0)
rb,r

+ 1
2g(0)cbg(0)rrg(2)

cr,rg
(0)
rb,r + 1

2g(0)cbg(0)rrg(0)
cr,rg

(2)
rb,r

− 1
2g(2)crg(0)arg(0)

cr,rg
(0)
ar,r − 1

2g(0)crg(2)arg(0)
cr,rg

(0)
ar,r

− 1
2g(0)crg(0)arg(2)

cr,rg
(0)
ar,r − 1

2g(0)crg(0)arg(0)
cr,rg

(2)
ar,r

+ dg(2)
rr

(3.72)

which evaluates to:

Ediff
rr = −G(2)′′µ

µ

2r2 + G(2)′µ
µ

r3 − G(2)µ
µ

r4 +
(

− 4
r2 F 2(r) − 8

r
F (r)F ′(r)

)
σ(1)ρδσ

(1)
ρδ . (3.73)
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And the source terms:

Esource
rr = −1

2g(0)µν
,µg(0)

rr,ν − 1
2g(1)rµ

,rg
(0)
rr,µ − 1

2g(0)µνg(0)
rr,µν − 1

2g(1)ab
,rg

(1)
ab,r − 1

2g(1)abg
(1)
ab,rr

− 1
4g(1)cbg(1)adg

(0)
cd,rg

(0)
ab,r − 1

4g(1)cbg(0)adg
(1)
cd,rg

(0)
ab,r

− 1
4g(1)cbg(0)adg

(0)
cd,rg

(1)
ab,r − 1

4g(0)cbg(1)adg
(1)
cd,rg

(0)
ab,r

− 1
4g(0)cbg(1)adg

(0)
cd,rg

(1)
ab,r − 1

4g(0)cbg(0)adg
(1)
cd,rg

(1)
ab,r

+ 1
2g(0)cbg(0)µνg(0)

cr,νg
(0)
rb,µ − 1

2g(0)cµg(0)aνg(0)
cr,νg(0)

ar,µ

− 1
2Φ(1)

,r Φ(1)
,r

(3.74)
which simplifies to:

Esource
rr =

( 4
r2 F 2(r) + 12

r
F (r)F ′(r) + F ′2(r) + 2F ′′(r)F (r)

)
σ(1)µνσ(1)

µν

+ 1
r4 ω(1)

µν ω(1)µν

− 1
2Φ(1)

,r Φ(1)
,r

(3.75)

where ω(1)
µν = 1

2 (Dµuν − Dνuµ).

Erµ

The differential operator terms are:

Ediff
rµ = 1

2g(2)rν
,rg

(0)
µν,r + 1

2g(0)rν
,rg

(2)
µν,r + 1

2g(2)νrg(0)
νµ,rr + 1

2g(0)νrg(2)
νµ,rr

+ 1
4g(2)rνg(0)adg

(0)
ad,rg

(0)
µν,r + 1

4g(0)rνg(2)adg
(0)
ad,rg

(0)
µν,r

+ 1
4g(0)rνg(0)adg

(2)
ad,rg

(0)
µν,r + 1

4g(0)rνg(0)adg
(0)
ad,rg

(2)
µν,r

+ 1
2g(2)cbg(0)rrg(0)

cr,rg
(0)
µb,r + 1

2g(0)cbg(2)rrg(0)
cr,rg

(0)
µb,r

+ 1
2g(0)cbg(0)rrg(2)

cr,rg
(0)
µb,r + 1

2g(0)cbg(0)rrg(0)
cr,rg

(2)
µb,r

− 1
2g(2)crg(0)arg(0)

cr,rg
(0)
aµ,r − 1

2g(0)crg(2)arg(0)
cr,rg

(0)
aµ,r

− 1
2g(0)crg(0)arg(2)

cr,rg
(0)
aµ,r − 1

2g(0)crg(0)arg(0)
cr,rg

(2)
aµ,r

(3.76)
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which computes to give:

Ediff
rµ =

(
2(d − 1)

r
F (r) + 2F ′(r)

)
σ(1)

µ
λA(1)

λ

+ 1
2P (0)

µ
λV(2)′′

λ + 1
2

d − 3
r

P (0)
µ

λV(2)′
λ − d − 2

r2 P (0)
µ

λV(2)
λ

− u(0)νV(2)′′
ν u(0)

µ − d − 1
r

u(0)νV(2)′
ν u(0)

µ

+ 2F 2(r)
(
2 − (2 − d)r−d

)
σ

(1)
ρδ σ(1)ρδu(0)

µ − 1
2r2

(
2 − (2 − d)r−d

)
G(2)ρ

ρu(0)
µ

+ 1
4r

(
2 − (2 − d)r−d

)
G(2)ρ′

ρu(0)
µ .

(3.77)
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And for the source terms:

Esource
rµ = 1

2g(1)νb
,νg

(0)
µb,r + 1

2g(0)νb
,νg

(1)
µb,r + 1

2g(1)rb
,rg

(1)
µb,r

+ 1
2g(0)rb

,rg
(1)
rb,µ + 1

2g(0)νb
,νg

(0)
rb,µ + 1

2g(1)rb
,rg

(0)
rb,µ

− 1
2g(1)νr

,νg(0)
rµ,r − 1

2g(0)rν
,rg

(1)
rµ,ν − 1

2g(0)νρ
,νg(0)

rµ,ρ − 1
2g(1)rν

,rg
(0)
rµ,ν

− 1
2g(0)νr

,νg(1)
rµ,r − g(1)rr

,rg
(1)
rµ,r

+ 1
2g(0)νbg

(0)
rb,µν + 1

2g(0)rbg
(1)
rb,µr + 1

2g(1)rbg
(0)
rb,µr

− 1
2g(0)νρg(0)

rµ,νρ − g(0)rνg(1)
rµ,rν − g(1)rνg(0)

rµ,rν − 1
2g(1)rrg(1)

rµ,rr

− 1
2g(0)ab

,rg
(1)
ab,µ − 1

2g(1)ab
,rg

(0)
ab,µ

− 1
2g(0)abg

(1)
ab,µr − 1

2g(1)abg
(0)
ab,µr

+ 1
2g(0)aνg(1)

aµ,νr + 1
2g(1)aνg(0)

aµ,νr + 1
2g(1)arg(1)

aµ,rr

+ 1
4g(0)νbg(0)adg

(1)
ad,νg

(0)
µb,r + 1

4g(1)rbg(1)adg
(0)
ad,rg

(0)
µb,r + 1

4g(1)νbg(0)adg
(0)
ad,νg

(0)
µb,r

+ 1
4g(1)rbg(0)adg

(1)
ad,rg

(0)
µb,r + 1

4g(1)rbg(0)adg
(0)
ad,rg

(1)
µb,r + 1

4g(0)νbg(1)adg
(0)
ad,νg

(0)
µb,r

+ 1
4g(0)rbg(1)adg

(1)
ad,rg

(0)
µb,r + 1

4g(0)rbg(1)adg
(0)
ad,rg

(1)
µb,r + 1

4g(0)νbg(0)adg
(0)
ad,νg

(1)
µb,r

+ 1
4g(0)rbg(0)adg

(1)
ad,rg

(1)
µb,r

+ 1
4g(0)rbg(0)adg

(0)
ad,rg

(1)
rb,µ + 1

4g(1)rbg(0)adg
(0)
ad,rg

(0)
rb,µ + 1

4g(0)rbg(1)adg
(0)
ad,rg

(0)
rb,µ

+ 1
4g(0)νbg(0)adg

(0)
ad,νg

(0)
rb,µ + 1

4g(0)rbg(0)adg
(0)
ad,rg

(0)
rb,µ

− 1
4g(0)νrg(0)adg

(1)
ad,νg(0)

rµ,r − 1
4g(0)rνg(0)adg

(0)
ad,rg

(0)
rµ,ν − 1

4g(1)rνg(0)adg
(0)
ad,rg

(1)
rµ,ν

− 1
4g(0)rνg(1)adg

(0)
ad,rg

(0)
rµ,ν − 1

4g(0)νρg(0)adg
(0)
ad,νg(0)

rµ,ρ − 1
4g(0)rνg(0)adg

(1)
ad,rg

(0)
rµ,ν

− 1
4g(0)cbg(0)adg

(0)
cd,rg

(1)
ab,µ − 1

4g(1)cbg(0)adg
(0)
cd,rg

(0)
ab,µ − 1

4g(0)cbg(1)adg
(0)
cd,rg

(0)
ab,µ

− 1
4g(0)cbg(0)adg

(1)
cd,rg

(0)
ab,µ

+ 1
2g(0)cbg(0)rνg(1)

cr,νg
(0)
µb,r + 1

2g(1)cbg(0)rνg(0)
cr,νg

(0)
µb,r + 1

2g(0)cbg(1)rνg(0)
cr,νg

(0)
µb,r

+ 1
2g(0)cbg(0)ρνg(0)

cr,νg
(0)
µb,ρ + 1

2g(0)cbg(0)rνg(0)
cr,νg

(1)
µb,r

− 1
2g(0)crg(0)aνg(1)

cr,νg(0)
aµ,r − 1

2g(1)crg(0)aνg(0)
cr,νg(0)

aµ,r − 1
2g(0)crg(1)aνg(0)

cr,νg(0)
aµ,r

− 1
2g(0)cρg(0)aνg(0)

cr,νg(0)
aµ,ρ − 1

2g(0)crg(0)aνg(1)
cr,νg(1)

aµ,r − 1
2Φ(1)

,r Φ(0)
,µ

(3.78)
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which evaluates to:

Esource
rµ = −F ′(r)u(0)αu(0)β∂µ∂αu

(0)
β + 1

2F ′(r)P (0)νβ∂µ∂νu
(0)
β + 1

2F ′(r)P (0)νβ∂ν∂βu(0)
µ

− 1
d − 1F ′(r)∂µ∂αu(0)α − 1

2r2 P (0)νρ∂µ∂νu(0)
ρ + 1

2r2 P (0)νρ∂ν∂ρu(0)
µ

+ (2F ′(r) + rF ′′(r)) σ(1)
µ

ν
∂νb(0)

+ 1
2F ′(r)∂νu(0)νu(0)α∂αu(0)

µ + 2
d − 1

F (r)
r

∂αu(0)αu(0)ν∂νu(0)
µ + 1

2r2 ∂νu(0)νu(0)ρ∂ρu(0)
µ

+ 1
2F ′(r)u(0)α∂αu(0)µ∂νu(0)

µ − F (r)
r

u(0)ν∂νu(0)α∂αu(0)
µ − d − 3

2r2 u(0)ν∂νu(0)ρ∂ρu(0)
ρ

− F ′(r)u(0)α∂µu(0)β∂αu
(0)
β − F (r)

r
u(0)α∂µu(0)β∂αu

(0)
β + d − 4

2r2 u(0)λ∂λu(0)ρ∂µu(0)
ρ

+
(

−2(d − 2)F (r)
r

− (d + 2)F ′(r) − rF ′′(r)
)

σ(1)
µρ u(0)γ∂γu(0)ρ − 1

2Φ(1)
,r Φ(0)

,µ .

(3.79)

Eµν

The differential operator is given by:

Ediff
µν = −1

2g(2)rr
,rg

(0)
µν,r − 1

2g(0)rr
,rg

(2)
µν,r − 1

2g(2)rrg(0)
µν,rr − 1

2g(0)rrg(2)
µν,rr

− 1
4g(2)rrg(0)adg

(0)
ad,rg

(0)
µν,r − 1

4g(0)rrg(2)adg
(0)
ad,rg

(0)
µν,r

− 1
4g(0)rrg(0)adg

(2)
ad,rg

(0)
µν,r − 1

4g(0)rrg(0)adg
(0)
ad,rg

(2)
µν,r

+ 1
2g(2)cbg(0)rrg(0)

cµ,rg
(0)
νb,r + 1

2g(0)cbg(2)rrg(0)
cµ,rg

(0)
νb,r

+ 1
2g(0)cbg(0)rrg(2)

cµ,rg
(0)
νb,r + 1

2g(0)cbg(0)rrg(0)
cµ,rg

(2)
νb,r

− 1
2g(2)crg(0)arg(0)

cµ,rg
(0)
aν,r − 1

2g(0)crg(2)arg(0)
cµ,rg

(0)
aν,r

− 1
2g(0)crg(0)arg(2)

cµ,rg
(0)
aν,r − 1

2g(0)crg(0)arg(0)
cµ,rg

(2)
aν,r

+ dg(2)
µν .

(3.80)

We only require the transverse part of this equation (along with Erµ and Err) to
determine the second order fluid/gravity metric. The transverse traceless (TT ) part
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computes to:

Ediff,T T
µν = G̃(2)

µν

(
(d − 2) + 2r2−d

)
+ G̃(2)′

µν

(
3 − d

2 r − 3
2r1−d

)
+ G̃(2)′′

µν

(
−1

2r2 + 1
2r2−d

)
+
(
r4 − r4−d

)( 8
r2 F 2(r)σ(1)

µλ σ(1)λ
ν − 1

d − 1
8
r2 F 2(r)σ(1)αβσ

(1)
αβ P (0)

µν

)
(3.81)

where G̃(2)
µν = G̃(2)

µν − 1
d−1 G̃(2)γ

γ P (0)
µν , is the traceless part of G̃(2)

µν . The operator part is just
the first line:

Ediff,T T,operator
µν = G̃(2)

µν

(
(d − 2) + 2r2−d

)
+ G̃(2)′

µν

(
3 − d

2 r − 3
2r1−d

)
+ G̃(2)′′

µν

(
−1

2r2 + 1
2r2−d

)
.

(3.82)
For the transverse trace, the operator terms are:

Ediff,T race,operator
µν = 2ru(0)λV(2)′

λ + (d − 2)2u(0)λV(2)
λ − r2 − r2−d

2(d − 1) G(2)′′α
α

+
(

2 − d

d − 1r + d − 4
2(d − 1)r1−d

)
G(2)′α

α +
(

2d − 3
d − 1 − d − 3

d − 1r−d

)
G(2)α

α.

(3.83)

And for the source terms:

Esource
µν = 1

2g(0)rb
,rg

(1)
νb,µ + 1

2g(1)rb
,rg

(0)
νb,µ + 1

2g(0)ρb
,ρg

(0)
νb,µ

+ 1
2g(0)rb

,rg
(1)
µb,ν + 1

2g(1)rb
,rg

(0)
µb,ν + 1

2g(0)ρb
,ρg

(0)
µb,ν

− 1
2g(1)ρr

,ρg(0)
µν,r − 1

2g(0)rρ
,rg

(0)
µν,ρ + 1

2g(1)rr
,rg

(1)
µν,r − 1

2g(0)ρr
,ρg(1)

µν,r

− 1
2g(1)rρ

,rg
(0)
µν,ρ − 1

2g(0)ργ
,ρg(0)

µν,γ

+ 1
2g(0)rbg

(1)
µb,νr + 1

2g(0)ρbg(0)µb,νρ + 1
2g(1)rbg

(0)
µb,νr

− 1
2g(0)ργg(0)

µν,ργ − g(0)rρg(1)
µν,rρ − 1

2g(1)rrg(1)
µν,rr − g(1)rρg(0)

µν,rρ

− 1
2g(0)ab

,µg
(0)
ab,ν − 1

2g(0)abg
(0)
ab,νµ + 1

2g(0)arg(1)
aν,rµ + 1

2g(0)aρg(0)
aν,ρµ

+ 1
2g(1)arg(0)

aν,rµ

+ 1
4g(0)rbg(0)adg

(0)
ad,rg

(1)
νb,µ + 1

4g(1)rbg(0)adg
(0)
ad,rg

(0)
νb,µ + 1

4g(0)rbg(1)adg
(0)
ad,rg

(0)
νb,µ

+ 1
4g(0)rbg(0)adg

(1)
ad,rg

(0)
νb,µ + 1

4g(0)ρbg(0)adg
(0)
ad,ρg

(0)
νb,µ
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+ 1
4g(0)rbg(0)adg

(0)
ad,rg

(1)
µb,ν + 1

4g(1)rbg(0)adg
(0)
ad,rg

(0)
µb,ν + 1

4g(0)rbg(1)adg
(0)
ad,rg

(0)
µb,ν

+ 1
4g(0)rbg(0)adg

(1)
ad,rg

(0)
µb,ν + 1

4g(0)ρbg(0)adg
(0)
ad,ρg

(0)
µb,ν

− 1
4g(0)ρrg(0)adg

(1)
ad,ρg(0)

µν,r − 1
4g(0)rρg(0)adg

(0)
ad,rg

(1)
µν,ρ − 1

4g(1)rrg(1)adg
(0)
ad,rg

(0)
µν,r

− 1
4g(1)rrg(0)adg

(1)
ad,rg

(0)
µν,r − 1

4g(1)ρrg(0)adg
(0)
ad,ρg(0)

µν,r − 1
4g(1)rrg(0)adg

(0)
ad,rg

(1)
µν,r

− 1
4g(1)rρg(0)adg

(0)
ad,rg

(0)
µν,ρ − 1

4g(0)rrg(1)adg
(1)
ad,rg

(0)
µν,r − 1

4g(0)ρrg(1)adg
(0)
ad,ρg(0)

µν,r

− 1
4g(0)rrg(1)adg

(0)
ad,rg

(1)
µν,r − 1

4g(0)rρg(1)adg
(0)
ad,rg

(0)
µν,ρ − 1

4g(0)rrg(0)adg
(1)
ad,rg

(1)
µν,r

− 1
4g(0)ρrg(0)adg

(0)
ad,ρg(1)

µν,r − 1
4g(0)rρg(0)adg

(1)
ad,rg

(0)
µν,ρ − 1

4g(0)ργg(0)adg
(0)
ad,ρg(0)

µν,γ

− 1
4g(0)cbg(0)adg

(0)
cd,µg

(0)
ab,ν

+ 1
2g(0)cbg(0)rρg(1)

cµ,ρg
(0)
νb,r + 1

2g(0)cbg(0)ρrg(0)
cµ,rg

(1)
νb,ρ + 1

2g(1)cbg(1)rrg(0)
cµ,rg

(0)
νb,r

+ 1
2g(1)cbg(0)rrg(1)

cµ,rg
(0)
νb,r + 1

2g(1)cbg(0)rρg(0)
cµ,ρg

(0)
νb,r + 1

2g(1)cbg(0)rrg(0)
cµ,rg

(1)
νb,r

+ 1
2g(1)cbg(0)ρrg(0)

cµ,rg
(0)
νb,ρ + 1

2g(0)cbg(1)rrg(1)
cµ,rg

(0)
νb,r + 1

2g(0)cbg(1)rρg(0)
cµ,ρg

(0)
νb,r

+ 1
2g(0)cbg(1)rrg(0)

cµ,rg
(1)
νb,r + 1

2g(0)cbg(1)ρrg(0)
cµ,rg

(0)
νb,ρ + 1

2g(0)cbg(0)rrg(1)
cµ,rg

(1)
νb,r

+ 1
2g(0)cbg(0)rρg(0)

cµ,ρg
(1)
νb,r + 1

2g(0)cbg(0)ρrg(1)
cµ,rg

(0)
νb,ρ + 1

2g(0)cbg(0)ργg(0)
cµ,γg

(0)
νb,ρ

− 1
2g(0)crg(0)aρg(1)

cµ,ρg(0)
aν,r − 1

2g(0)cρg(0)arg(0)
cµ,rg

(1)
aν,ρ − 1

2g(1)crg(1)arg(0)
cµ,rg

(0)
aν,r

− 1
2g(1)crg(0)arg(1)

cµ,rg
(0)
aν,r − 1

2g(1)crg(0)aρg(0)
cµ,ρg(0)

aν,r − 1
2g(1)crg(0)arg(0)

cµ,rg
(1)
aν,r

− 1
2g(1)cρg(0)arg(0)

cµ,rg
(0)
aν,ρ − 1

2g(0)crg(1)arg(1)
cµ,rg

(0)
aν,r − 1

2g(0)crg(1)aρg(0)
cµ,ρg(0)

aν,r

− 1
2g(0)crg(1)arg(0)

cµ,rg
(1)
aν,r − 1

2g(0)cρg(1)arg(0)
cµ,rg

(0)
aν,ρ − 1

2g(0)crg(0)arg(1)
cµ,rg

(1)
aν,r

− 1
2g(0)crg(0)aρg(0)

cµ,ρg(1)
aν,r − 1

2g(0)cρg(0)arg(1)
cµ,rg

(0)
aν,ρ − 1

2g(0)cρg(0)aγg(0)
cµ,γg(0)

aν,ρ

− 1
2Φ(0)

,µ Φ(0)
,ν

We are interested in only the transverse part. For the transverse traceless part (if we
add on the non-operator terms from Ediff,T T

µν ) we obtain the following expression:

Esource,T T
µν = ∂ρu(0)ρσ(1)

µν (−1 + 3rF (r))
+ u(0)ρ∂ρu(0)

µ u(0)δ∂δu
(0)
ν

(
−2r2F ′(r) − (d − 1)rF (r) + (d − 3)

)
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+ u(0)ρ∂ρ∂(µu
(0)
ν)

(
+(d − 3) − 2r2F ′(r) − (d − 1)rF (r)

)
− d − 1

2 rF (r)
(
2∂µu(0)α∂νu(0)

α + ∂νu(0)α∂αu(0)
µ + ∂µu(0)α∂αu

(0)
λ + ∂µu(0)α∂αu(0)

ν

)
+ σ(1)

µ

λ
σ

(1)
λν · 2r2F ′2(r)

(
r2 − r2−d

)
+ r2F ′(r)

(
∂λu(0)

µ ∂λu(0)
ν − ∂µu(0)λ∂νu

(0)
λ + u(0)λ∂λu(0)

ν u(0)ρ∂ρu(0)
µ − 2

d − 1σ(1)
µν ∂ρu(0)ρ

)
+ ∂µu(0)ρ∂νu(0)

ρ

(
−1

2 − 1
2r−d

)
+ P (0)ργ∂γu(0)

µ ∂ρu(0)
ν

(1
2 − 1

2r−d
)

+ 1
2r−d∂νu(0)

γ ∂γu(0)
µ + 1

2r−d∂µu(0)
γ ∂γu(0)

ν

+
(

−1 + d

2

)(
∂νu(0)γ∂γu(0)

µ + ∂µu(0)γ∂γu(0)
ν

)
+ (d − 2)Cµανβu(0)αu(0)β

− 1
2

(
P (0)α

µ P (0)β
ν ∂αϕ∂βϕ − 1

d − 1P (0)
µν P (0)αβ∂αϕ∂βϕ

)
.

where Cµανβ is the Weyl curvature tensor. In Weyl covariant form, this becomes:

Esource,T T
µν =

[
−(d − 4) + 2(d − 1)(br)F (br) + 4(br)2F ′(br) + 2(1 − (br)2−d)

(br)d − 1

](
σµ

λσλν − σαβσαβ

d − 1 Pµν

)
+
[
−(d − 3) + (d − 1)(br)F (br) + 2(br)2F ′(br)

]
uλDλσµν

+
[
1 + (d − 1)(br)F (br) + 2(br)2F ′(br)

] (
ωµ

λσλν + ων
λσµλ

)
+
[
−(d − 2) − 2(br)−d

]
ωµ

λωλν + (d − 2)Cµανβuαuβ

− 1
2

(
P α

µ P β
ν DαϕDβϕ − 1

d − 1PµνP αβDαϕDβϕ
)

.

(3.84)
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For the trace, the scalar terms are given by:

Esource
µν,T race = −uαDλσλ

α + uαDλωλ
α − R

d − 1 + 1
2(d − 1)P αβDαϕDβϕ

+
[

2(d − 2)
d − 1 (br)−d − 2d − 3

d − 1

]
ωαβωαβ

+ F (br)
[

−4d

d − 1(br)3F ′(br) + 2d

d − 1(br)3−dF ′(br) − 2
d − 1

(
(br)4 − (br)4−d

)
F ′′(br)

]
σαβσαβ

+
[ −1
d − 1F ′2(br)

(
(br)4 − (br)4−d

)
+ 1

d − 1(br)1−d
]

σαβσαβ

+
[
− 1

d − 1(br)2−d(br − 1)F ′(br) − 2
]

σαβσαβ

+
[

−1
2(d − 1) − 1

d − 1(br)3−dF ′(br) − 1
2(d − 1)(br)2−d (br)d−2 − 1

(br)d − 1

]
uαuβDαϕDβϕ

+
[

1
2(d − 1)

(
(br)4 − (br)4−d

)
F ′2(br)

]
uαuβDαϕDβϕ.

(3.85)

Constraint equations at second order

If we now consider the boundary components of EΦ
ABnB = 0 at second order, we find

that the relation (3.51) acquires a second order correction:

∂µb = Aµb + 2b2
[

σαβσαβ

d − 1 uµ − Dλσλ
µ

d

]
+ b2

d

[
uαDαϕuβDβϕ

d − 1 uµ + uαDαϕPµλDλϕ

]
.

(3.86)
This can again be shown to be equivalent to ∇µT µν = e−ϕL∇νϕ; the additional second
order terms arise from the first order contributions to T µν and L.

Solution at second order

For the rr-component of the Einstein equations, we derived the following equation:

− G(2)′′µ
µ

2r2 + G(2)′µ
µ

r3 − G(2)µ
µ

r4

= −
(4

r
F (r)F ′(r) + F ′2(r) + 2F ′′(r)F (r)

)
σ(1)µνσ(1)

µν − 1
r4 ω(1)

µν ω(1)µν + 1
2Φ(1)

,r Φ(1)
,r .

(3.87)
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We require Φ(1) which we will determine in the following subsection, so we just quote
the answer here for now.

Φ(1) = buµDµϕF (br). (3.88)

Now using the same methodology introduced in our previous review chapter, our
equation for G(2)µ

µ above integrates to give (factors of b included):

G(2)µ
µ = +2(br)2

[
F 2(br) − K1(br)

]
σαβσαβ − ωαβωαβ − (br)2K1(br)uαuβDαϕDβϕ.

(3.89)
where

K1(br) ≡
∫ ∞

br

dξ

ξ2

∫ ∞

ξ
dy y2F ′(y)2.

For the rµ-component of the Einstein equations, we only require the transverse part;
this simplifies to:

1
2P (0)λ

µ V(2)′′
λ + 1

2
d − 3

r
P (0)λ

µ V(2)′
λ − d − 2

r2 P (0)λ
µ V(2)

λ

= 1
2F ′(r)u(0)αDαϕP (0)λ

µ Dλϕ − 1
2F ′(r)P (0)λ

µ Dασ
(1)α
λ − 1

2r3 P (0)λ
µ Dαω(1)α

λ.

(3.90)

This is sufficient to determine P λ
µ V(2)

λ .

P λ
µ V(2)

λ = − 1
2(d − 2)Dλσλ

µ + L(br)
(br)d−2 P λ

µ Dασα
λ − 1

2(d − 2)Dλωλ
µ

+ 1
(br)d−2

[
(br)d−2

2(d − 2) + L(br)
]

uαDαϕP λ
µ Dλϕ

(3.91)

where:
L(br) ≡

∫ ∞

br
ξd−1dξ

∫ ∞

ξ
dy

y − 1
y3(yd − 1) .
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To solve for uλV(2)
λ we use the trace of the transverse part of the µν-component of the

Einstein equations. This is:

2ru(0)λV(2)′
λ + (d − 2)2u(0)λV(2)

λ − r2 − r2−d

2(d − 1) G(2)′′α
α

+
(

2 − d

d − 1r + d − 4
2(d − 1)r1−d

)
G(2)′α

α +
(

2d − 3
d − 1 − d − 3

d − 1r−d

)
G(2)α

α

= −u(0)αDλσ(1)λ
α + u(0)αDλω(1)λ

α − R
d − 1 + 1

2(d − 1)P (0)αβDαϕDβϕ

+
[

2(d − 2)
d − 1 r−d − 2d − 3

d − 1

]
ω

(1)
αβ ω(1)αβ

+ F (r)
[

−4d

d − 1r3F ′(r) + 2d

d − 1r3−dF ′(r) − 2
d − 1

(
r4 − r4−d

)
F ′′(r)

]
σ

(1)
αβ σ(1)αβ

+
[ −1
d − 1F ′2(r)

(
r4 − r4−d

)
+ 1

d − 1r1−d − 1
d − 1r2−d(r − 1)F ′(r) − 2

]
σ

(1)
αβ σ(1)αβ

+
[

−1
2(d − 1) − 1

d − 1r3−dF ′(r) − 1
2(d − 1)r2−d rd−2 − 1

(br)d − 1

]
u(0)αu(0)βDαϕDβϕ

+
[

1
2(d − 1)

(
r4 − r4−d

)
F ′2(r)

]
u(0)αu(0)βDαϕDβϕ.

(3.92)
This integrates to give:

uλV(2)
λ = 1

4(br)d
ωαβωαβ + K2(br)

2(br)d−2
σαβσαβ

(d − 1) + R
2(d − 1)(d − 2)

− 1
4(d − 2)(d − 1)P αβDαϕDβϕ

− 1
2(br)d−2

[
(2d − 3)(br)d−2

2(d − 1)(d − 2) + K3(br)
]

uαuβDαϕDβϕ

(3.93)

where:

K2(br) ≡
∫ ∞

br

dξ

ξ2

[
1 − ξ(ξ − 1)F ′(ξ) − 2(d − 1)ξd−1

+
(
2(d − 1)ξd − (d − 2)

) ∫ ∞

ξ
dy y2F ′(y)2

]
,

K3(br) ≡ d − 2
2(d − 1)K1(br) − 1

d − 1F (br) + 1
2(d − 1)H1(br)

+
∫ ∞

br
dξ
(

ξd−3 − ξd−2
∫ ∞

ξ
dy y2F ′(y)2

)
.
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And finally for the traceless part of G(2)
µν , we need the transverse traceless part of the

µν-component of the Einstein equations:

(
−1

2r2 + 1
2r2−d

)
G̃(2)′′

µν +
(

(3 − d)
2 r − 3

2r1−d

)
G̃(2)′

µν +
(
(d − 2) + 2r−d

)
G̃(2)

µν

=
[
−(d − 4) + 2(d − 1)rF (r) + 4(br)2F ′(r) + 2(1 − r2−d)

rd − 1

]σ(1)
µ

λσ
(1)
λν −

σ
(1)
αβ σ(1)αβ

d − 1 P (0)
µν


+
[
−(d − 3) + (d − 1)rF (r) + 2(r)2F ′(r)

]
u(0)λDλσ(1)

µν

+
[
1 + (d − 1)rF (r) + 2(r)2F ′(r)

] (
ω(1)

µ
λσ

(1)
λν + ω(1)

ν
λσ

(1)
µλ

)
+
[
−(d − 2) − 2(r)−d

]
ω(1)

µ
λω

(1)
λν + (d − 2)Cµανβu(0)αu(0)β

− 1
2

(
P (0)α

µP (0)β
νDαϕDβϕ − 1

d − 1P (0)
µν P (0)αβDαϕDβϕ

)
(3.94)

where G̃(2)
µν ≡ G(2)

µν − 1
d−1G(2)α

αPµν . We integrate this to obtain:

G̃(2)
µν = 2(br)2

[(
F 2(br) − H1(br)

) (
σµ

λσλν − 1
d − 1σαβσαβPµν

)
+ (H2(br) − H1(br)) uλDλσµν

]
+ 2(br)2

[
H2(br)

(
ωµ

λσλν + ων
λσλµ

)
− H1(br)Cµανβuαuβ

]
− ωµ

λωλν

+ (br)2

(d − 2)H1(br)
[
P α

µ P β
ν DαϕDβϕ − 1

d − 1PµνP αβDαϕDβϕ
]

(3.95)
with:

H1(br) ≡
∫ ∞

br

yd−2 − 1
y(yd − 1)dy

H2(br) ≡
∫ ∞

br

dξ

ξ(ξd − 1)

∫ ξ

1
yd−3dy

[
1 + (d − 1)yF (y) + 2y2F ′(y)

]
= 1

2F (br)2 −
∫ ∞

br

dξ

ξ(ξd − 1)

∫ ξ

1

yd−2 − 1
y(yd − 1)dy
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Thus, the full metric to second order is:

ds2 = −2uµdxµ

[
dr +

(
rAν + r2f(br)

2 uν

)
dxν

]
+
[
r2Pµν + 2(br)2F (br)1

b
σµν

]
dxµdxν

+
[

1
d − 2Dλσλ

(µuν) + 2L(br)
(br)d−2 u(µP λ

ν)Dασα
λ − 1

d − 2Dλωλ
(µuν)

]
dxµdxν

− 2
(br)d−2

[
(br)d−2

2(d − 2) + L(br)
]

uαDαϕu(µP λ
ν)Dλϕdxµdxν

−
[

1
2(br)d

ωαβωαβ + K2(br)
(br)d−2

σαβσαβ

(d − 1) + R
(d − 1)(d − 2)

]
uµuνdxµdxν

+ 1
2(d − 2)(d − 1)P αβDαϕDβϕuµuνdxµdxν

+ 1
(br)d−2

[
(2d − 3)(br)d−2

2(d − 1)(d − 2) + K3(br)
]

uαuβDαϕDβϕuµuνdxµdxν

+ 2(br)2
[(

F 2(br) − H1(br)
)

σµ
λσλν + (H2(br) − H1(br)) uλDλσµν

]
dxµdxν

+ 2(br)2
[
H2(br)

(
ωµ

λσλν + ων
λσλµ

)
− H1(br)Cµανβuαuβ

]
dxµdxν − ωµ

λωλνdxµdxν

+ (br)2

(d − 2)H1(br)
[
P α

µ P β
ν DαϕDβϕ − 1

d − 1PµνP αβDαϕDβϕ
]

dxµdxν

+ 2(br)2 [H1(br) − K1(br)] σαβσαβ

d − 1 Pµνdxµdxν − (br)2

d − 1K1(br)uαuβDαϕDβϕPµνdxµdxν .

(3.96)

3.3.3 Dilaton equations: First order

Here, we solve the dilaton equation to determine the first and second order dilaton
corrections, Φ(1) and Φ(2). For clarity, we rewrite the field equation for the dilaton in
terms of explicit partial derivatives of the metric and Φ.

EΦ := gab∇a∇bΦ = gabΦ,ab − gabgcdgad,bΦ,c + 1
2gabgcdgab,dΦ,c. (3.97)

We begin with the first order equation. The differential operator terms at first order
are:

E
Φ(1)
diff = g(0)abΦ(1)

,ab − g(0)abg(0)cdg
(0)
ad,bΦ(1)

,c + 1
2g(0)abg(0)cdg

(0)
ab,dΦ(1)

,c

= g(0)rrΦ(1)
,rr − g(0)arg(0)rdg

(0)
ad,rΦ(1)

,r + 1
2g(0)abg(0)rrg

(0)
ab,rΦ(1)

,r

(3.98)
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which evaluates to:

E
Φ(1)
diff =

(
r2 − r2−d

)
Φ(1)

,rr +
(
(d + 1)r − r1−d

)
Φ(1)

,r . (3.99)

And for the source terms

EΦ(1)
source = 2g(0)rµΦ(0)

,rµ − g(0)arg(0)µdg
(0)
ad,rΦ(0)

,µ + 1
2g(0)abg(0)µrg

(0)
ab,rΦ(0)

,µ (3.100)

which equates to:
EΦ(1)

source = d − 1
r

u(0)µΦ(0)
,µ . (3.101)

The entire equation at first order is then:

(
r2 − r2−d

)
Φ(1)

,rr +
(
(d + 1)r − r1−d

)
Φ(1)

,r + d − 1
r

u(0)µΦ(0)
,µ = 0 (3.102)

which can be rewritten as:

1
rd−1 ∂r

(
rd+1

(
1 − 1

rd
∂r

)
Φ(1)

)
+ 1

rd−1 ∂r

(
rd−1u(0)µΦ(0)

,µ

)
= 0. (3.103)

This integrates to give:

Φ(1) = u(0)µ∂µϕ
∫ ∞

r

yd−1 − 1
yd+1f(r)dr (3.104)

3.3.4 Dilaton equations: Second order

Differential operator is:

E
Φ(2)
diff = g(0)rrΦ(2)

,rr − g(0)arg(0)rdg
(0)
ad,rΦ(2

,r + 1
2g(0)abg(0)rrg

(0)
ab,rΦ(2)

,r (3.105)

which again evaluates to:

E
Φ(2)
diff =

(
r2 − r2−d

)
Φ(2)

,rr +
(
(d + 1)r − r1−d

)
Φ(2)

,r . (3.106)
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And the source terms are given by:

EΦ(2)
source = g(0)µνΦ(0)

µν + 2g(0)rµΦ(1)
,rµ + g(1)rrΦ(1)

,rr

− g(0)arg(0)µdg
(0)
ad,rΦ(1)

,µ − g(1)arg(0)rdg
(0)
ad,rΦ(1)

,r − g(0)arg(1)rdg
(0)
ad,rΦ(1)

,r

− g(0)arg(0)rdg
(1)
ad,rΦ(1)

,r − g(0)aµg(0)rdg
(0)
ad,µΦ(1)

,r − g(1)arg(0)µdg
(0)
ad,rΦ(0)

,µ

− g(0)arg(1)µdg
(0)
ad,rΦ(0)

,µ − g(0)arg(0)µdg
(1)
ad,rΦ(0)

,µ − g(0)aµg(0)νdg
(0)
ad,µΦ(1)

,ν

+ 1
2g(0)abg(0)µrg

(0)
ab,rΦ(1)

,µ + 1
2g(1)abg(0)rrg

(0)
ab,rΦ(1)

,r + 1
2g(0)abg(1)rrg

(0)
ab,rΦ(1)

,r

+ 1
2g(0)abg(0)rrg

(1)
ab,rΦ(1)

,r + 1
2g(0)abg(0)rµg

(0)
ab,µΦ(1)

,r + 1
2g(1)abg(0)µrg

(0)
ab,rΦ(0)

,µ

+ 1
2g(0)abg(1)µrg

(0)
ab,rΦ(0)

,µ + 1
2g(0)abg(0)µrg

(1)
ab,rΦ(0)

,µ + 1
2g(0)abg(0)µνg

(0)
ab,νΦ(0)

,µ .

(3.107)

This simplifies to:

EΦ(2)
source = 1

r2 ∇2ϕ

+ u(0)µu(0)ν∂µ∂νϕ
( 1

r2 + 2F ′(r) + 1
r

F (r)(d − 1)
)

+ u(0)µ∂µu(0)ν∂νϕ
(

2F ′(r) + 1
r2 (3 − d) + 1

r
F (r)(d − 1)

)
+ ∂λu(0)λu(0)µ∂µϕ

( 1
r2 + 2

d − 1F ′(r) + 1
r

F (r)
)

(3.108)

which can be rewritten in the following Weyl covariant form:

EΦ(2)
source = 1

r2 D2ϕ + uµuνDµDνϕ
( 1

r2 + 2F ′(r) + 1
r

F (r)(d − 1)
)

. (3.109)

It is straightforward to integrate this to obtain:

Φ(2) = b2
∫ ∞

br

1
ξ(ξd − 1)

∫ ξ

1
yd−3

(
D2ϕ +

(
1 + y2F ′(y) + yF (y)(d − 1)

)
uµuνDµDνϕ

)
.

(3.110)
Thus the dilaton to second order in Weyl covariant form is given by:

Φ = ϕ + buµDµϕF (br) + b2

d − 2H1(br)D2ϕ + b2H2(br)uµuνDµϕDνϕ. (3.111)
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3.3.5 Stress tensor and Lagrangrian of the dual fluid

We now calculate the boundary stress tensor and Lagrangian using the following
formulae [26]:

16πGd+1T
µ
ν = lim

r→∞
rd
(
2(Kαβhαβδµ

ν − Kµ
ν )

+Ḡµ
ν − d(d − 1)

2 δµ
ν − 1

d − 2

(
∇̄µΦ∇̄νΦ − δµ

ν

2 (∇̄Φ)2
))

,

16πGd+1e
−ϕ L = − lim

r→∞
rd
(

∂nΦ + 1
d − 2∇̄2Φ

)
.

(3.112)

Here, hµν is the induced metric on the constant r hypersurface; from this, we obtain
the covariant derivative ∇̄ and the corresponding Einstein tensor Ḡµ

ν . We define nA

to be the outward pointing unit normal of the constant r hypersurface; the extrinsic
curvature of the constant r hypersurface is then defined by the Lie derivative of the
induced metric, Kµν ≡ 1

2Lnhµν , and ∂n is the partial derivative along nA. In the
formulae above, all the indices are raised using the induced metric.

We find that the boundary stress tensor is given by:

16πGd+1Tµν = b−d (gµν + duµuν) − 2b1−dσµν

− 2b2−dτω

[
uλDλσµν + ωµ

λσλν + ων
λσµλ

]
+ 2b2−d

[
uλDλσµν + σµ

λσλν − σαβσαβ

d − 1 Pµν + Cµανβuαuβ

]

− 1
d − 2b2−d

[
P α

µ P β
ν DαϕDβϕ − 1

d − 1PµνP αβDαϕDβϕ
]

(3.113)

with
b = d

4πT
and τω =

∫ ∞

1

yd−2 − 1
y(yd − 1)dy. (3.114)

We further obtain the following expression for the Lagrangian:

16πGd+1e
−ϕL = −b1−duµDµϕ − 1

d − 2b2−dD2ϕ − b2−dτωuµuνDµϕDνϕ. (3.115)

3.4 Conclusions

In this chapter, we have constructed asymptotically locally AdSd+1 bulk spacetimes
with a slowly varying dilaton field which are dual, under the AdS/CFT correspondence,
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to forced fluid flows on the weakly curved boundary metric. These forced fluid flows
satisfy the conformal relativistic Navier-Stokes equations with a dilaton-dependent
forcing term. We have also obtained the form of the dual stress tensor and Lagrangian,
all to second order in the boundary derivative expansion. Our results further generalise
previous work on the fluid/gravity correspondence [16, 36, 26, 27]; in particular, we
have generalised the results of [26] to arbitrary spacetime dimensions.

There are several interesting applications of our work which merit further consideration.
It would be useful to study in detail holographic models of novel forced fluid flows. One
avenue which is worth exploring would be to consider holographic duals of forced fluid
flows which exhibit turbulence. A holographic model of turbulence would certainly
offer a new perspective on this poorly understood phenomenon, and hopefully new
and fruitful insights could then be derived from this. By carefully choosing the form of
the forcing term (which is fixed by our choice of ϕ(x)), it could be possible to stir the
boundary fluid into turbulent configurations3. A noteworthy point that should be raised
here is that unforced fluid flows can exhibit turbulence as well; however, these turbulent
phases will be transient. And, in fact, a holographic model of transient turbulence has
already been constructed [44]. The key advantage of considering holographic models of
forced fluid flows, on the other hand, is the possibility of realising holographic models
of steady state turbulence; such configurations can only exist with a forcing term as the
fluid would otherwise eventually settle down into a non-dissipative configuration.

Also, observe that the expressions that we have obtained are valid for arbitrary
spacetime dimensions; this is particularly relevant for the study of turbulence. It
is a well-known fact that turbulent phases for relativistic fluids in 2 + 1 dimensions
display remarkably different behaviour to relativistic fluids in higher dimensions. In
2 + 1 dimensions, relativistic fluids display an ‘inverse energy cascade’; energy cascades
from short to long wavelengths [41]. This is in sharp contrast to the standard cascade
observed in higher dimensions which is from long to short wavelengths. The results of
this chapter could in principle be used to construct holographic models of turbulence
in different dimensions which would then shed light on the source of the discrepancy
between the nature of the energy cascades in two spatial dimensions and greater. Such
holographic models would also be of interest purely from a gravitational perspective.
The construction of such models would suggest that AdS4 displays qualitatively different

3Another possibility of realising turbulence which is potentially more straightforward would be to
consider a boundary spacetime which consists of small time-dependent fluctuations away from flat
space. These linearised time-dependent fluctuations can effectively act as a forcing term for a fluid on
a flat background metric; this is discussed in more detail in the introduction of [36].
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instabilities to AdSd+1 for d > 3. Further, these models may have interesting connections
to the weakly turbulent instability of AdS discovered in [46].



Chapter 4

Holographic derivation of the
entropy current for an anomalous
charged fluid with background
electromagnetic fields

4.1 Introduction

In this chapter we consider another extension of the fluid/gravity correspondence; in
particular, we study the fluid/gravity model for multiple anomalous currents in the
presence of background electromagnetic fields. As a concrete example of this, we will
further specify to the fluid/gravity model of the chiral magnetic effect (CME) [38].
The chiral magnetic effect [47] is a phenomenon where a background magnetic field
induces a current in the direction of the field in the presence of imbalanced chirality;
such imbalances in chirality can arise in topologically nontrivial gluonic configurations
in QCD due to the axial anomaly, for example. Early work on the CME derived this
current for equilibrium systems [47]. More recently, a hydrodynamic model of the CME
was constructed [48, 49]; these results are based on the arguments presented in [37]
where the authors considered (holographic) hydrodynamics with triangle anomalies.
The results of [37] represent one of the notable triumphs of AdS/CFT; and, as their
work is relevant to our discussion, we now pause to elaborate on their paper and to
provide some background.
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For generic hydrodynamic models, the currents can be expressed as a sum of terms
allowed by symmetries, each with an attached transport coefficient. However, in
canonical textbook examples [15], some of these terms were disallowed on the grounds
that they were inconsistent with the second law of thermodynamics. However, most
surprisingly, in recent holographic calculations involving the bulk dual of a charged fluid
[30, 31], one of these coefficients was found to be nonzero, implying an incompatibility
with the second law. In [37], the authors resolved this issue. By considering fluid
dynamics with triangle anomalies, they showed that that these problematic transport
coefficients can be included if we allow the entropy current to be modified by the
inclusion of additional terms; further, such additional terms are in fact required by the
presence of triangle anomalies. Their findings have challenged standard lore and have
led to a modification of the canonical equations of fluid dynamics.

In the simplest case of a charged fluid with one U(1) current (and a U(1)3 anomaly),
the additional terms to the charge current represent contributions to the current in
the direction of the vorticity and external magnetic field (if one is present). And it
is the term proportional to the magnetic field that has been connected to the chiral
magnetic effect in heavy ion collisions. Given that heavy ion collisions probe physics at
strong coupling, it is useful to establish holographic models describing the CME; here,
calculations at strong coupling can be done using fairly straightforward gravitational
methods. The fluid/gravity model of the CME mentioned above [38] is an example of
a successful holographic model (see [50–53] for earlier attempts). In [38], the authors
holographically modelled a hydrodynamic system involving two currents, denoted by
U(1)A and U(1)V respectively, in the presence of a background magnetic field. These
currents represent the axial and vector currents in QCD, jν

5 = q̄γνγ5q and jν = q̄γνq,
and we label their associated chemical potentials by µ and µ5. The chemical potential
µ5 for the U(1)A axial current, which the authors modelled as anomalous, can be
thought of as representing the imbalance in chirality due to the axial anomaly. The
presence of the anomalous axial current requires the addition of the extra transport
coefficient signifying the existence of a current in the direction of the magnetic field.
Their fluid/gravity model correctly reproduced the results for the transport coefficients
given in [48, 49] and thus provides holographic confirmation of their hydrodynamic
extension of the CME.

In this chapter, we extend the results of [38] by holographically computing the entropy
current for the hydrodynamic model of the CME. We first demonstrate that the
bulk solutions presented in [38] possess a regular event horizon and we determine its
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location; then, utilising the area form on the horizon, we construct a gravitational
entropy current. Mapping this to the boundary along ingoing null geodesics allows
us to determine an entropy current for the corresponding hydrodynamic model of
the CME defined on the boundary. The area increase theorem of general relativity
guarantees the positive divergence of this entropy current.

More concretely, we first obtain long wavelength bulk solutions dual to a fluid with
multiple anomalous currents in the presence of external electromagnetic fields - this
generalises previous work which considered more specific configurations [30, 31, 38].
The dynamics of such bulk spacetimes are governed by the U(1)n Einstein-Maxwell
action with a Chern-Simons term:

S = 1
16πG5

∫
d5x

√
−g

[
R − 12 − F a

MNF aMN + Sabc

6√
−g

ϵP KLMNAa
P F b

KLF c
MN

]
(4.1)

We calculate the location of the regular event horizon for such fluid bulk duals and
determine the expression for the entropy current. These results are in themselves
already novel generalisations of existing work - the location of the event horizon and
the form of the entropy current thus far have only been calculated for bulk duals
of fluids with a single charge without any background electromagnetic fields [54].
Our expression for the entropy current contains additional terms proportional to the
vorticity and magnetic field, and is completely consistent with the results of [37]. We
then specify to the fluid/gravity model of the CME and holographically calculate its
entropy current.

This chapter is organised as follows. In sections 4.2, we compute the bulk dual for
a conformal fluid with multiple anomalous currents in the presence of background
electromagnetic fields; we also determine the location of the event horizon and calculate
the (holographic) entropy current. In section 4.3 we specify to the fluid/gravity model
of the CME and holographically calculate its entropy current as well. We end with a
discussion of our results in section 4.4.

4.2 Holographic fluid with n anomalous currents
with background fields

Here we present the explicit results of our calculations for the fluid/gravity model
with n anomalous currents with background electromagnetic fields. In the following
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subsections, we give the expressions for the bulk metric, (outer) event horizon, and
entropy current for this fluid/gravity model. These are already novel results which
further generalise existing literature. In the next section, we then specify to the
fluid/gravity model of the chiral magnetic effect - these results are of particular interest
from a condensed matter perspective.

4.2.1 Bulk metric

We aim to construct bulk gravitational solutions dual to a fluid with n anomalous
currents in the presence of background electromagnetic fields. This can be done by
obtaining long wavelength solutions to the bulk dynamics described by the U(1)n

Einstein-Maxwell-Chern-Simons action1

S = 1
16πG5

∫
d5x

√
−g

[
R − 12 − F a

MNF aMN + Sabc

6√
−g

ϵP KLMNAa
P F b

KLF c
MN

]
. (4.3)

The triangles anomalies for the currents are encoded in the Chern-Simons parameter
via the relation:

Cabc = − Sabc

4πG5
(4.4)

as found in [37].

The equations of motion which result from this action are given by:

GMN − 6gMN + 2
(

F a
MRF aR

N − 1
4gMNF a

SRF aSR
)

= 0,

∇MF aMP = − Sabc

8√
−g

εP MNKLF b
MNF c

KL.
(4.5)

The bulk fluid duals can then be computed using the method pioneered in [16] (see
also [24, 25, 36]). This methodology was explained in detail in the last two chapters
so we just make a few comments here on how this naturally extends to the charged
case. Note that the equations (4.5) admit the following solution describing a uniform
charged black brane corresponding to a field theory state at constant temperature and

1Repeated lower case Latin indices imply summation, for example:

qaqa ≡ Σn
a=1qaqa. (4.2)

.
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chemical potentials:

ds2 = −2uµdxµdr − r2f(r)uµuνdxµdxµ + r2Pµνdxµdxν ,

Aa =
√

3qa

2r2 uµdxµ ,
(4.6)

where
f(r) = 1 − m

r4 + qaqa

r6 ,

Pµν = ηµν + uµuν .
(4.7)

The function f(r) has two positive, real solutions which describe the outer and inner
horizon of the black brane. The position of the (outer) event horizon is at r = r+

with

r+ = πT

2

1 +
√

1 + 8
3π2

µaµa

T 2

 . (4.8)

There is also an inner horizon at r = r−:

r2
− = 1

2r2
+

−1 +
√√√√9 − 8

1
2

(
1 +

√
1 + 8

3π2
µaµa

T 2

)
 . (4.9)

Here, the chemical potentials µa and temperature T can be expressed in terms of bulk
quantities as:

T = r+

2π

(
2 − qaqa

r6
+

)
,

µa =
√

3qa

2r2
+

.

(4.10)

To obtain a bulk hydrodynamic dual representing a locally equilibrated boundary con-
figuration, we thus proceed by promoting the constant mass m, charges qa, and velocity
field uµ to slowly-varying fluid dynamical parameters; we further introduce back-
ground gauge fields Aa

µ to model external electromagnetic fields Baµ = 1
2ϵµναβuνF a

Aαβ

and Eaµ = F aµν
A uν (where F aµν

A = ∂µAaν − ∂νAaµ). We therefore take the following
expressions as our zeroth order ansatz:

ds2 = −2uµ(x)dxµdr − r2f(r, m(x), qa(x))uµ(x)uν(x)dxµdxµ + r2Pµν(x)dxµdxν ,

Aa =
√

3qa(x)
2r2 uµ(x)dxµ + Aa

µ(x)dxµ ,

(4.11)
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and perturbatively solve the equations (4.5) to a specified order in boundary deriva-
tives.

To first order, we obtain the following expression for the bulk metric:

ds2 = −2uµdxµ (dr + rAνdxν) − r2f(r)uµuνdxµdxµ + r2Pµνdxµdxν ,

− 2
√

3Sabcqaqbqc

8mr4 u(µων)dxµdxν − 12r2

r7
+

u(µP λ
ν)q

aDλqaFq(r)dxµdxν

− 2FB(r)Sabcqaqbu(µBc
ν)dxµdxν

− 2FE(r)qau(µEa
ν)dxµdxν + 2r2

r+
Fσ(r)σµνdxµdxν

(4.12)

where

Fq(r) ≡ 1
3f(r)

∫ ∞

r
dr′ r8

+
f(r′)2

(
r+

r′8 − 3
4r′7

(
1 + r4

+
m

))
,

Fσ(r) ≡
∫ ∞

r
r+

dr′ r′ (r′2 + r′ + 1)

(r′ + 1)
(

r′4 + r′2 − m
r4

+
+ 1

) ,

FB(r) = 3r2f(r)
∫ r

∞
dr′ 1

r′5f(r′)2

(
1

2r′4 −
r6

+ + qaqa

4
r′2r4

+m

)
,

FE(r) = −r2f(r)
∫ ∞

r
dr′

(
3
√

3qaqa

r+mr′3 − 4
√

3(r′ − r+)
r′3

)∫ ∞

r′
dr′′ 1

r′′5f(r′′)2

+ r2f(r)
(∫ ∞

r
dr′ 1

r′5f(r′)2

)(∫ ∞

r
dr′

(
3
√

3qaqa

r+mr′3 − 4
√

3(r′ − r+)
r′3

))

(4.13)

where ωµ = ϵµναβuνωαβ. We now pause to elaborate on the significance of these results
within the context of existing literature. The results above describe the bulk dual of a
fluid with multiple anomalous currents in the presence of background electromagnetic
fields. While similar situations have been studied in the literature [38, 30, 31], their
calculations were for more specific configurations. Our results, which are also explicitly
Weyl covariant, extend existing work on the fluid/gravity correspondence to greater
generality.



4.2 Holographic fluid with n anomalous currents with background fields 83

4.2.2 Event horizon

With this bulk metric in hand, we can determine the location of the outer horizon
following the procedure laid out in [55]. This procedure uses a clever argument which
we outline now before working through the calculation in detail.

It is reasonable to assume that the location of the outer horizon should be given by an
expansion in boundary derivatives; to first order this would be:

rH = r0 + r1 + · · · . (4.14)

It is further also reasonable to assume that the bulk metric will settle down to the dual
of uniform flow given enough time; this would be a uniform black brane. Note that at
this asymptotic time, all boundary derivatives should thus vanish and our expression
for rH should reduce to just r0 which must then be equal to r+, the outer horizon for a
uniform charged black brane (since we are working with charged fluids). To determine
rH to all orders in boundary derivatives we use the fact that the outer horizon is a null
hypersurface. If the outer horizon is specified by the following equation:

SH(r, x) = r − rH(x) = 0 (4.15)

then the condition that it is null is simply:

gAB∂ASH∂BSH = 0. (4.16)

Solving this to first order should give us the first order correction to the outer horizon
location r1. We will now walk through this calculation.

To evaluate our null condition above we need the inverse metric gAB. If we rewrite our
bulk metric in the following form:

ds2 = −2uµdrdxµ + χµνdxµdxν (4.17)
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with χµν defined by χµνχνρ = δµ
ρ, the inverse metric is given by the expressions

below:
grr = − 1

uµuνχµν
,

grα = χαβuβ

−uµuνχµν
,

gαβ =
uγuδ

(
χαβχγδ − χαγχβδ

)
−uµuνχµν

.

(4.18)

We would now like to determine the zeroth and first order components of χµν =
χ(0)µν + χ(1)µν + · · · . From χµνχνρ = δµ

ρ, we obtain the following relations:

χ(0)
µν χ(0)νρ = δµ

ρ

χ(0)µρχ(1)
ρν + χ(1)µρχ(0)

ρν = 0.
(4.19)

This gives us χ(0)µν as below:

χ(0)µν = − 1
r2f(r)uµuν + 1

r2 P µν . (4.20)

To compute χ(1)µν let us first express χ(1)
µν as:

χ(1)
µν = −2ru(µAν) − 2F̃ω(r)u(µων) − 2u(µP λ

ν)DλqaF̃q(r)
− 2F̃ a

B(r)u(µBa
ν) − 2F̃ a

E(r)u(µEa
ν) + 2F̃σ(r)σµν

(4.21)

where the functions F̃ are defined implicitly. These have been introduced for notational
convenience. The terms χ(0)µρχ(1)

ρν and χ(1)µρχ(0)
ρν now evaluate to:

χ(0)µρχ(1)
ρν = − 1

rf(r)uµAν + 1
rf(r)uρAρuµuν − 1

r
P µρAρuν

− 1
r2f(r) F̃ω(r)uµων − 1

r2f(r)uµP λ
ν DλqaF̃q(r) − 1

r2f(r)uµBa
ν F̃ a

B(r)

− 1
r2f(r)uµEa

ν F̃ a
E(r)

− 1
r2 F̃ω(r)uµων − 1

r2 uµP λ
ν DλqaF̃q(r) − 1

r2 uµBa
ν F̃ a

B(r) − 1
r2 uµEa

ν F̃ a
E(r)

+ 2
r2 F̃σ(r)σµ

ν

χ(1)µρχ(0)
ρν = −r2f(r)χ(1)µρuρuν + r2Pρνχ(1)ρµ.

(4.22)
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We can thus calculate χ(1)µν to obtain:

χ(1)µν = 2
r3f(r)uρAρuµuν + 2

r3 u(µP ν)ρAρ + 2
r4f(r)ω(µuν)F̃ω(r)

+ 2
r4f(r)u(µP ν)λDλqaF̃q(r) + 2

r4f(r)Ea(µuν)F̃ a
E(r)

+ 2
r4f(r)Ba(µuν)F̃ a

B(r) − 2
r4 F̃σ(r)σµν .

(4.23)

Our null condition in terms of our inverse metric is:

− 1
uµuνχµν

(
1 − 2χαβuβ∂αrH −

(
χαβχγδ − χαγχβδ

)
uγuδ∂αrH∂βrH

)
= 0. (4.24)

Evaluating this to first order using the explicit form of the inverse metric gives:

r2
Hf(rH)

(
1 − 2

r2
Hf(rH)uα∂αrH

)
= 0,

=⇒ r2
+f ′(r+)r1 − 2uα∂αr+ = 0

(4.25)

which actually just evaluates to r1 = 0. Thus the first order correction to the location
of the outer horizon vanishes. In hindsight, this is unsurprising and follows from Weyl
covariance [55]. Bulk fluid dynamical spacetimes are invariant under boundary Weyl
transformations of the hydrodynamic variables - this is a reflection of the conformal
nature of the boundary fluid dynamics. This boundary Weyl symmetry constrains
the form of the terms allowed in the bulk metric. Consequently, the location of the
horizon must be given as a sum of Weyl covariant scalars; and since there are no Weyl
covariant scalars at first order in boundary derivatives, the outer horizon receives no
first order correction.

4.2.3 Entropy current

In this subsection, applying the method discussed in [55], we compute the entropy
current to first order in boundary derivatives. The formula they derived for the entropy
current is given below:

Jµ
S =

√
h

4G5

nµ

nv
(4.26)

where h is the determinant of the 3-metric on the spatial slice of the outer horizon, nµ

is the normal to the outer horizon, and nv is its v-component which we can take to be
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uµnµ. This formula was obtained by considering the area form on the event horizon
then mapping it to the boundary. We do not reproduce their proof here but we will
show all the calculations required to evaluate the expression above.

First, we need to determine h. Taking the metric and restricting to a constant v-slice
of the event horizon r = rH = r+ at first order, we obtain:

ds2 = r2
+δijdxidxj + 2r+Fσ(r+)σijdxidxj. (4.27)

We can evaluate the determinant of this metric perturbatively in boundary derivatives
using the expansion:

det(I + ϵA) = 1 + ϵTr(A) + O(ϵ2). (4.28)

Fortunately, the trace of σij is zero by construction which gives h = r6
+ or

√
h = r3

+.
And for the normal to the horizon nA = gAB∂BSH (SH = r − rH = 0 defines the
horizon), we are only interested in the boundary directions nµ:

nµ = gµr∂rSH + gµν∂νSH

= r2
+f(r+)

1 − 2uρAρ

r+

(
1

r2
+f(r+)uµ − 2

r3
+f(r+)uρAρuµ − 1

r3
+

P µρAρ − 1
r4

+f(r+)ωµF̃ω(r+)

− 1
r4

+f(r+)P µλDλqaF̃q(r+) − 1
r4

+f(r+)EaµF̃ a
E(r+) − 1

r4
+f(r+)BaµF̃ a

B(r+)
)

+ r2
+f(r+)

1 − 2uρAρ

r+

(
1
r2

+
P µν · − 1

r2
+f(r+) · −∂νr+

)
+ O(ϵ2).

(4.29)
To first order, this simplifies to just:

nµ = uµ − f(r+)
r+

P µρAρ − 1
r2

+
ωµF̃ω(r+) − 1

r2
+

P µλDλqaF̃q(r+)

− 1
r2

+
EaµF̃ a

E(r+) − 1
r2

+
BaµF̃ a

B(r+).
(4.30)

Putting this altogether gives us the following expression for the entropy current:

Jµ
S = 1

4G5
· r3

+

(
uµ − f(r+)

r+
P µρAρ − 1

r2
+

ωµF̃ω(r+) − 1
r2

+
P µλDλqaF̃q(r+)

− 1
r2

+
EaµF̃ a

E(r+) − 1
r2

+
BaµF̃ a

B(r+)
)

.

(4.31)
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If we now evaluate all the integral expressions explicitly (using Mathematica), we
obtain:

Jµ
S = 1

4G5

(
r3

+uµ + 3qa(qbqb + 2r6
+)

4m(2r6
+ − qbqb)P µνDνqa − Sabcqaqbqc

√
3

8mr3
+

ωµ

− Sabcqaqb 3
8mr+

Bcµ +
√

3π(2r6
+ − qbqb)

2m2 qaEaµ

)
.

(4.32)

To make contact with existing literature, we rewrite our expression for the entropy
current in the following form:

Jµ
S = suµ − µa

T
νaµ + Dωµ + Da

BBaµ, (4.33)

where
νaµ = −σabTP µν∂ν

(
µb

T

)
+ σabEbµ + ξaωµ + ξab

B Bbµ. (4.34)

The entropy density s, electrical conductivity σab, and anomalous transport coefficients
ξa and ξab

B are given by:

s = r3
+

4G5

σab = πT 2r7
+

4G5m2 δab

ξa = −3Sabcqbqc

16πG5

ξab
B = −

√
3
(
3r4

+ + m
)

Sabcqc

32πG5mr2
+

.

(4.35)

The expressions for s and σab can be obtained by comparison with (4.32)2; the anomalous
transport coefficients ξa and ξab

B were holographically computed in [37]. We assume
that these parameters are given and use our holographic computation of the entropy
current (4.32) to determine the coefficients D and Da

B. We find that:

D = 1
3T

Cabcµaµbµc,

Da
B = 1

2T
Cabcµbµc.

(4.36)

2We make use of the relations (4.10).
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This is in perfect agreement with the results of [37]; here, the authors computed the
coefficients Da

B and D using thermodynamic arguments. Our results thus provide
holographic confirmation of their calculation.

4.3 Holographic entropy current for the chiral mag-
netic effect

In this subsection, we specify to the fluid/gravity model of the chiral magnetic effect.
As explained in the introduction, we require just two currents, an axial current and a
vector current, with associated gauge fields AA and AV , and chemical potentials µ5

and µ. An external magnetic field is needed as well. To model this, it is sufficient
to have just an external vector gauge field AV µ with a nonzero magnetic component
Bµ; we set the corresponding electric field Eµ to zero. The anomaly coefficient Cabc is
determined by C−parity [56]:

C121 = C211 = C112 = 0 ,

C222 = 0 ,

C111 ̸= 0 ,

C122 = C221 = C212 ̸= 0 .

(4.37)

We choose C111 = C122 ≡ C/3; this then fixes the Chern-Simons parameter Sabc via
relation (4.4).

Observe that, with the restrictions imposed thus far, the two currents are both
anomalous. This is not consistent with the hydrodynamic model of the CME which
requires just the axial current to be anomalous, accounting for the imbalance in chirality
caused by the axial anomaly. The vector current should remain conserved. Thish
issue can easily be addressed by the addition of Bardeen currents [56] which can
be incorporated by including the Bardeen counterterm in the action; the Bardeen
currents will restore conservation of the vector current. However, here, we are primarily
interested in the form of the coefficients which appear in the expression for the entropy
current. These coefficients depend only on the temperature T and chemical potentials
µ and µ5, and are unchanged by the inclusion of Bardeen currents. We therefore neglect
this subtlety in our calculation.
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The bulk metric is similar to (4.12) with just the inclusion of the modifications described
above, so we do not write it here explicitly. And, similarly, there is no first order
correction to the location of the outer horizon. For the entropy current, we find the
following expressions for the coefficients D and Da

B:

D = C

T
µ2µ5,

DB = C

T
µµ5.

(4.38)

And this is completely consistent with the results of the purely hydrodynamic analysis
of [48].

4.4 Discussion

In this chapter, we have constructed long wavelength asymptotically locally AdS5 bulk
spacetimes with slowly varying gauge fields which are solutions of the U(1)n Einstein-
Maxwell-Chern-Simons system. These bulk spacetimes are dual to (3 + 1)−dimensional
fluid flows with n anomalous currents in the presence of background electromagnetic
fields. Using the methodology introduced in [55], we then computed the entropy
current for the boundary fluid flow to first order in boundary spacetime derivatives.
These results further generalise existing work on the fluid/gravity correspondence. In
particular, holographic computations of the entropy current have previously only been
done for a fluid with a single U(1) current (possessing a U(1)3 anomaly) without any
background electromagnetic fields present. Finally, we restricted our results to the
fluid/gravity model of the chiral magnetic effect, and calculated the corresponding
entropy current. Our calculations are all consistent with those done using conventional
thermodynamic/hydrodynamic methods.

A very natural generalisation of our work would be to extend our bulk metric (4.12) to
second order in boundary derivatives. Then, using standard holographic techniques,
the corresponding transport coefficients can easily be obtained. It would certainly be of
interest to understand the physical significance of these second order coefficients.

The logical next step would be to extend the expression for the entropy current to
second order as well; however, this is a much more intricate problem. From a purely
hydrodynamic perspective, the requirement that the divergence of the entropy current
be non-negative fixes the first order contribution to the current. This is not true in



90
Holographic derivation of the entropy current for an anomalous charged fluid with

background electromagnetic fields

general at second order and an ambiguity remains. This has been shown explicitly in
[39]. Here, the author found that the entropy current (with non-negative divergence)
at second order for an uncharged conformal fluid has a four-parameter ambiguity. We
should also mention here that these results can also be reproduced by demanding
consistency with a partition function [40] instead of using the constraints arising from
non-negativity of the divergence of the entropy current. And in fact, this alternative
method may be more computationally tractable. It would be very useful to extend
the analyses of [39, 40] to a charged fluid with anomalous currents, as studied in this
chapter.

If we now consider this issue holographically, the ambiguity in the entropy current
at second order should be reflected in the bulk construction as well. Two sources of
ambiguity have already been determined in previous literature. First, there exists
freedom in how we choose to map the gravitational entropy current from the horizon
to the boundary [55]. And second, it is possible to construct entropy currents (with
non-negative divergence) on horizons other than the event horizon - this leads to a
further source of ambiguity. In [54, 57], the authors constructed an entropy current on
a Weyl-invariant apparent horizon and demonstrated that it also satisfies all relevant
hydrodynamic constraints. A possible extension of our work would be to utilise their
method to construct this alternative entropy current. It would be interesting to see if
the ambiguity in the entropy current computed holographically precisely matches the
ambiguity one would find using the hydrodynamic analyses of [39, 40].



Chapter 5

Constraints on transport
coefficients

5.1 Introduction

Previous chapters have considered the fluid/gravity correspondence. This chapter
and the next one, however, do not relate to this correspondence and are completely
independent of string theory. Here, we consider problems fundamental to fluid dynamics,
specifically the nature of the various constraints that must be imposed on the fluid
dynamical transport coefficients. This chapter will just be a review; original results
are presented in the next chapter.

Fluid dynamics is by construction a long wavelength effective theory; it provides a
macroscopic description of field theory configurations which are locally equilibrated.
The emphasis here is on the word macroscopic. To ensure that the equations of fluid
dynamics are consistent with an underlying microscopic field theory, we need to impose
further constraints on the transport coefficients. Otherwise, the fluid may not be
physical. It is currently not known what constitutes an exhaustive set of constraints.
In this chapter, we review two different physical principles which lead to various sets
of constraints.

The first physical principle that we consider is a local form of the second law of
thermodynamics. More precisely, we demand that the divergence of the fluid dynamical
entropy current is non-negative for all fluid flows. This constraint has been well-
established within the fluid dynamics literature for a long time, and is contained
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within the works of Landau and Lifshitz [15]. Requiring that the divergence of the
entropy be positive semi-definite results in several inequality-type constraints; for
example, the viscosities must be non-negative. It is perhaps less well-known that
equality-type constraints result as well. These reduce the number of independent
transport coefficients.

This physical principle is certainly necessary; entropy must increase. However, it
is computationally quite involved to obtain these constraints, especially at higher
orders in the derivative expansion. Also, the microscopic origins of the second law
of thermodynamics are fairly unclear. It would be informative to derive these same
constraints from another physical principle which has more transparent microscopic
origins.

The second physical principle we consider has both these properties; it is far less
computationally intensive and it relates more directly to the microscopic field theory.
This principle is the requirement that the solutions of the relativistic Navier-Stokes
equations admit equilibrium solutions which are derivable from an equilibrium partition
function; this was introduced in [40]. More precisely, they considered stationary
background spacetimes and demanded that the fluid dynamical equations admit
equilibrium solutions expressed in terms of the background metric fields and their
derivatives. Next, they derived the most general equilibrium partition function on such
a background and demanded that the stress tensor was consistent with this. As this
physical principle deals directly with the partition function, it is more transparent
microscopically.

What is surprising is that the equality-type constraints which result from the second
law completely match the constraints obtained by requiring consistency with the
equilibrium partition function (no inequality-type constraints are obtained from the
equilibrium partition function though). This matching is conjectured to hold to all
orders in the derivative expansion.

This review chapter is organised as follows. In section 5.2 we derive the constraints
which follow from requiring local entropy production for the simplest case of an
uncharged fluid at first order. Next in section 5.3 we briefly outline the methodology
used to derive the constraints from demanding consistency with an equilibrium partition
function. These results will offer a useful point of comparison for our original work in
the following chapter.
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Before ending this introduction, it is worth making one last point. We stated earlier that
the material contained in this chapter and the next is completely independent of string
theory and is solely concerned with fluid dynamics. However, the fluid/gravity duality
offers us the possibility of translating all of these results into a gravitational language.
We could, for example, investigate how these physical principles are interpreted on
the bulk gravity side. It is already known that the second law of thermodynamics
for the boundary fluid corresponds to the area increase theorem on the bulk side.
Yet, the bulk interpretation of the constraints imposed by the equilibrium partition
function is still unknown. If this alternative requirement is indeed equivalent to the
area increase theorem then it could potentially provide a method of deriving an area
increase theorem for higher curvature gravity. This has been discussed in [55].

5.2 Constraints from entropy increase

Our starting point is simply the entropy current. For an uncharged fluid at first order
we have:

Jµ
S = suµ. (5.1)

Taking its divergence gives us:

∇µJµ
S = uµ∂µs + s∇µuµ. (5.2)

If we work with the pressure p and energy density ρ via the following relations:

s = ρ + p

T

dρ = Tds
(5.3)

we can rewrite ∇µJµ
S as:

∇µJµ
S = 1

T
(uµ∂µρ + (ρ + p) ∇µuµ) . (5.4)

Recall the equation for the conservation of the stress tensor at first order:

0 = ∇µT µν = ∂µp · P µν + ∂µρ · uµuν + (ρ + p)(∇µuµuν + uµ∇µuν)
+ 2∂µησµν + 2η∇µσµν

+ ∂µζ(∇µuµ)P µν + ζ(∇µuµ)(∇µuµuν + uµ∇µuν).
(5.5)
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Taking the component proportional to uµ, i.e. uν∇µT µν we obtain:

0 = uν∇µT µν = uµ∂µρ + (ρ + p)∇µuµ − 2ηuν∇µσµν + ζ(∇µuµ)2. (5.6)

Thus, the equation for the divergence of the entropy current can be expressed as:

∇µJµ
S = −2ηuν∇µσµν + ζ(∇µuµ)2. (5.7)

Using the chain rule and dropping terms on the boundary, we have:

− uν∇µσµν = ∇µuν · σµν = σµνσµν , (5.8)

giving us the following result:

∇µJµ
S = 2ησµνσµν + ζ(∇µuµ)2. (5.9)

Therefore, in order to have local entropy production, we require η, ζ ≥ 0. Notice here
that there are only inequality relations. This is the case for an uncharged fluid at first
order but generally there will be both inequality and equality constraints. However,
for our work in the next chapter, the inequality constraints derived here are the only
ones that are relevant.

5.3 Constraints from equilibrium partition functions

In this section we consider the constraints from demanding consistency with an
equilibrium partition function. As this calculation is not that relevant for our work in the
following chapter, we just provide a schematic outline for the sake of completeness.

The fluid stress tensor comprises of dissipative and non-dissipative terms:

Tµν = T disp
µν + T non−disp

µν . (5.10)

Each term from first order onwards will have an attached transport coefficient. The
dissipative terms will vanish when evaluated on equilibrium configurations and thus
cannot be constrained by equilibrium considerations. Demanding consistency with an
equilibrium partition function will only impose constraints on the transport coefficients
arising from T non−disp

µν .
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Our constraints from this principle are derived as follows. We first parametrise all
possible equilibrium solutions. For a fluid on given stationary spacetime background
gAB(xi) (where xi represent spatial coordinates only) the fluid variables will necessarily
be functions of this metric (there are no other characteristic scales in the system). For
equilibrium configurations, the velocity and temperature field, ueq

µ and T eq must take
the following functional form:

ueq
µ = uµ(gAB(xi))

T eq = T (gAB(xi)).
(5.11)

As a consequence, the stress tensor will evaluate to:

T eq
µν = T non−disp

µν (gAB(xi)). (5.12)

The result above gives us a set of expressions for the stress tensor terms at each order
in the derivative expansion.

Another approach to evaluating the stress tensor on equilibrium configurations would
be to construct the partition function; again, this must be a function of the background
metric fields:

log Z = log Z(gAB(xi)). (5.13)

The equilibrium stress tensor would then be proportional to this derivative of the
partition function:

T partition
µν ∝ δ log Z

δgAB

. (5.14)

Equating these two expressions T partition
µν and T eq

µν will give us equality constraints for the
non-dissipative transport coefficients at each order in the derivative expansion.

Note that for an uncharged fluid at first order, the stress tensor only has two transport
coefficients η and ζ, the shear and bulk viscosities, which are both dissipative terms.
Thus there can be no equality constraints at first order if we restrict to the uncharged
case. This matches what we found in the previous section when we derived the
constraints using the principle of entropy increase.





Chapter 6

Stability of equilibrium in fluid
dynamics

6.1 Introduction

In the previous chapter, we considered two physical principles which led to sets of
constraints on the transport coefficients. The first was that the divergence of the fluid
dynamical entropy current must be non-negative for all admissible fluid flows. This is
a local form of the second law of thermodynamics. The second physical principle that
we examined was compatibility with an equilibrium partition function. In general, the
equality-type relations which result from the second law exactly match the constraints
imposed by compatibility with an equilibrium partition function. The requirement
of entropy increase also yielded a set of inequalities; these were not obtained by the
equilibrium partition function method.

It is very interesting to consider how exactly these two physical principles are related.
For example, if we could recast the second law of thermodynamics in the language
of partition functions, it would make its microscopic origins much clearer. As things
stand, these two physical principles are not completely equivalent given the additional
inequalities that result from the second law. This naturally motivates the question:
What further ingredient do we need to add for our equilibrium considerations to yield
exactly the same set of constraints as the second law? It was conjectured in [39] that
compatibility with an equilibrium partition function together with the requirement
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that the equilibrium solutions be dynamically stable will be equivalent to positivity of
the divergence of the entropy current.

We now pause to consider this conjecture further. It is well-known that the second
law of thermodynamics implies stability of equilibrium. This is intuitively clear.
The equilibrium configuration would be at a local maximum of the entropy; small
perturbations away from this would then evolve back to the same equilibrium given
that entropy is constrained to always increase. This conjecture, however, concerns the
reverse implication. Can the existence of equilibrium together with the requirement
of stability imply the second law for fluid dynamics? This would be an immensely
significant statement. It would imply that statements concerning small perturbations
around equilibrium could result in the same constraints as the second law which holds
for all non-equilibrium fluid flow, however far from equilibrium.

In this chapter, we consider this conjecture in the simplest possible case. We study
uncharged fluid dynamics on a flat spacetime background to first order in the derivative
expansion. A linear stability analysis is done and we determine the constraints imposed
by stability about equilibrium. It turns out that the inequalities that we obtain are
slightly weaker than the inequalities imposed by the second law.

We now outline the structure of this chapter. In section 6.2, we consider small amplitude
perturbations about equilibrium for linearised hydrodynamics in flat spacetime; the
requirement of linear stability imposes a set of inequalities which we list here. Reasons
for the inequivalence between the two sets of inequalities derived from stability of
equilibrium and the second law of thermodynamics are then discussed in section 6.3.
We end with our conclusions in the final section 6.4.

6.2 Linear stability analysis

We are interested in the equations of relativistic fluid dynamics to first order in the
derivative expansion. Our stress tensor is of the form

T µν = (ρ + p)uµuν + pgµν + Πµν

where we define Πµν as follows

Πµν = ζθP µν + ησµν .
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The equations for fluid dynamics then follow from ∇µT µν = 0; we take the projections of
this equation in the transverse and longitudinal directions relative to the velocity

0 = uν∇µT µν = −uµ∇µρ − ρ∇µuµ − p∇µuµ

− η∇(αuβ)P
µα∇µuβ − (ζ − 1

3η)∇ρuρ · ∇µuµ,

0 = P α
ν∇µT µν = ρuµ∇µuα + ∇µp · P µα + ∇µη∇(δuβ)P

µδP αβ

+ puµ∇µuα + η · 1
2 (∇µ∇δuβ + ∇µ∇βuδ) P µδP αβ

+ η∇(δuβ)
(
∇µuµ · uδ + uµ∇µuδ

)
P αβ

+ η∇(δuβ)P
µδ
(
∇µuα · uβ

)
+
(

∇µζ − 1
3∇µη

)
∇ρuρ · P µα +

(
ζ − 1

3η
)

∇µ∇ρuρ · P µα

+
(

ζ − 1
3η
)

∇ρuρ · uµ∇µuα.

(6.1)

We consider small amplitude perturbations about equilibrium. Without loss of general-
ity, we can take our equilibrium fluid to be at rest. The fluid velocity and temperature
are taken to be our variables and we consider perturbations of the following form:

T = T0 + δT (t, x⃗), uµ = (1, 0⃗) + δuµ(t, x⃗). (6.2)

Substituting this into (6.1), linearising, and keeping terms to second order in derivatives
gives:

δ (uν∇µT µν) = −ρ′′ · δT · uµ∇µT − ρ′δuµ∇µT − ρ′uµ∇µδT

− ρ′δT∇µuµ − ρ∇µδuµ − p′δT∇µuµ − p∇µδuµ

− η′δT∇(αuβ)P
µα∇µuβ − η∇(αδuβ)P

µα∇µuβ

− η∇(αuβ) (δuµ · uα + uµ · δuα) ∇µuβ − η∇(αuβ)P
µα∇µδuβ

−
(

ζ ′ · δT − 1
3η′ · δT

)
∇ρuρ · ∇µuµ − 2

(
ζ − 1

3η
)

∇ρδuρ∇µuµ,

(6.3)
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δ (P α
ν∇µT µν) = ρ′δTuµ∇µuα + ρδuµ∇µuα + ρuµ∇µδuα + p′∇µδT · P µα

+ p′∇µT · δuµ · uα + η′∇µT∇(δδuβ)P
µδP αβ

+ η′∇µT · ∇(δuβ) · δuµ · uδP αβ + η′∇µT∇(δuβ)P
µδ
(
δuα · uβ + uαδuβ

)
+ p′δTuµ∇µuα + pδuµ∇µuα + puµ∇µδuα

+ 1
2η
(
∇µ∇δδuβ + ∇µ∇βδuδ

)
P µδP αβ

+ 1
2η (∇µ∇δuβ + ∇µ∇βuδ)

(
δuµuδ + uµδuδ

)
P αβ

+ 1
2η (∇µ∇δuβ + ∇µ∇βuδ) P µδ

(
δuα · uβ + uαδuβ

)
+ η∇(δδuβ) · uµ∇µuδP αβ + η∇(δuβ)

(
∇µδuµ · uδ + uµ∇µδuδ

)
P αβ

+ η∇(δuβ)u
µ∇µuδ

(
δuα · uβ + uαδuβ

)
+ η′δT∇(δuβ)P

µδ
(
∇µuα · uβ

)
+ η∇(δδuβ)P

µδ∇µuα · uβ + η∇(δuβ)u
µδuδ∇µuα · uβ

+ η∇(δuβ)P
µδ
(
∇µδuα · uβ + ∇µuαδuβ

)
+
(

ζ ′∇µT − 1
3η′∇µT

)
∇ρδuρP µα

+
(

ζ − 1
3η
)

∇µ∇ρδuρP µα +
(

ζ − 1
3η
)

∇ρδuρ · uµ∇µuα.

(6.4)
Removing all derivatives of equilibrium fields, this simplifies to just:

δ (uν∇µT µν) = −ρ′∂tδT − ρ∂iδui − p∂iδui

δ (P α
ν∇µT µν) = ρ∂tδui + p′∂iδT + p∂tδui + 1

2η
(
∂2δui + ∂t∂jδuj

)
+
(

ζ − 1
3η
)

∂i∂jδuj.

(6.5)
Utilising translational invariance, we decompose the perturbation into plane waves; we
consider wavenumbers with just an x-component:

δT = eiωt−ikxδTω,k, δui = eiωt−ikxδui
ω,k.

Using this ansatz, we obtain:

iω ρ′δTω,k − ik(ρ + p) δux
ω,k = 0, (6.6)

iω(ρ + p) δux
ω,k − ikp′δTω,k − ik

(4
3ikη + ikζ

)
δux

ω,k = 0, (6.7)

iω(ρ + p) δuy
ω,k − ik (ikη) δuy

ω,k = 0 . (6.8)
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For the transverse velocity perturbation δuy(t, x) we have the following dispersion
relation

ω = i
η

ρ + p
k2 . (6.9)

And for the longitudinal density and velocity perturbations (sound waves) δTω,k and
δux

ω,k, we find:

iω − i
k2

ω
p′ + k2

(
4
3

η

ρ + p
+ ζ

ρ + p

)
. (6.10)

In the hydrodynamic limit ω, k ≪ 1 , this becomes

ω = ±kcs + ik2
(

2
3

η
ρ+p

+ 1
2

ζ
ρ+p

)
∓ k3

2cs

(
2
3

η
ρ+p

+ 1
2

ζ
ρ+p

)2
, (6.11)

where we have introduced cs for the sound speed

cs ≡
√

dp

dρ
. (6.12)

Having found the plane wave solutions to the linearised equations we now need to
determine the condition for stability. The leading order imaginary part of ω must be
positive for the perturbations to decay. For the transverse velocity perturbation we
require

η ≥ 0,

and for the longitudinal perturbations we require
(2

3η + 1
2ζ
)

≥ 0.

.

6.3 Reasons for inequivalence between constraints
from stability of equilibrium and from entropy
increase

We should first state very precisely what problem we have addressed. In this chapter,
we have performed a linear stability analysis about equilibrium fluid configurations
on flat spacetime backgrounds; our calculation was further restricted to first order
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uncharged fluid dynamics. This linear stability analysis enabled us to derive constraints
on the transport coefficients; in particular, the shear and bulk viscosities η and ζ. We
found the following constraints

η ≥ 0,
(2

3η + 1
2ζ
)

≥ 0.

And in the last chapter, we considered the constraints imposed by the second law of
thermodynamics for our case of first order uncharged fluid dynamics; the constraints
were slightly stronger

η ≥ 0, ζ ≥ 0.

Why do these two physical requirements not result in the same constraints on the
transport coefficients? It is instructive to closely examine our linear stability analysis
to determine what causes this divergence. The fact that our calculation was linear and
done on a flat spacetime background allowed us to utilise translational invariance and
consider plane wave solutions. At this crucial step, we effectively reduced our system
to a one-dimensional system; there was just one direction of note which was given by
the wavenumber. We took this to just be the x-direction, without loss of generality.
This reduction to a unidirectional system caused the two viscosities to combine. We
saw this in equation (6.11). This is a common feature of one-dimensional fluids; the
shear and bulk viscosities are no longer independent and combine to form the factor(

2
3η + 1

2ζ
)
. This then led to the slightly weaker condition

(2
3η + 1

2ζ
)

≥ 0,

instead of
ζ ≥ 0.

This can perhaps be understood more physically by the fact that dissipation is a
quadratic effect and therefore a linear plane wave analysis is unlikely to capture the
full constraints obtained from demanding that entropy increases on all admissible fluid
flows.
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6.4 Discussion

The conclusion of this chapter is that our linear stability analysis about equilibrium
configurations for uncharged fluid dynamics on a flat spacetime background does not
yield the same constraints as imposing positivity of the divergence of the entropy
current. There are several useful extensions to this calculation that are well worth
considering.

First, it would be interesting to extend this calculation to encompass nonlinear stability
of equilibrium uncharged fluid configurations on curved backgrounds. A plane wave
analysis would not be applicable here and a more sophisticated dynamical systems
approach would have to be utilised.

And second, this linear stability analysis could be extended to the charged case; this
would be fairly straightforward. It would be worthwhile to check to see if the inequality-
type constraints on the conductivities which follow from a linear stability analysis
match those derived from the second law.
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