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SUMMARY 

The boundary layer deve loping on the convex suction surface of 

a compressor blade governs the compressor performance to a large extent. 

This dissertation describes an investigation into the hehaviour of 

turbulent boundary layers on axial-flow compres sor blades 0 As the 

free- stream flow in a compressor is usually highly turbulent , initial 

experimental work is aimed at determining the behaviour of tur bulent 

boundary layers, both in zero-pressure-gradient and on a cascade blade, 

in a turbulent free-streamo Increasing levels of free-s tream turbulence 

are found to increase both the fullness of the mean velocity profile 

and the turbulence structural properties throughout the layer. 

A technique for determining the separate contributions to hot-

wire measurements of random turbulence and periodic unsteadinE:ss is 

developed using a digital- computer ensemble-averaging procedure 0 This 

technique is used to measure free-stream turbulence levels and ordered 

unsteadiness in a single-stage compressor. These observations, and 

spectral measurements downstream of a rotor row, show the free- stream 

. turbulenc.e and periodic unsteadiness levels to be of the same order 

near the compressor design point. Both time-mean and unsteady boundary 

layer measurements are made on the suction surface of an axial--f low 

compressor stator blade. The stator blade boundary l ayer is sho~m to 

be highly unsteady and boundar y layer growth is much greater than on a 

similar blade in a two-dimensional cascad e. 

Two existing i ntegral steady boundary layer calculation 

procedures are modified to include the effects of free-stream turbulence. 

A modified version of the method due to Hirst and Reynolds (1968), using 

extra terms in both the momentum integcal and turb 1..1lence model equations, 

· is found to give good agreement with exper iments in both zero and 
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adverse pressure gradients 9 Trial calcPla tions h,3.ve shown that present

day steady turbulent boundary layer calculation procedures are 

inadequate for predicting the highly unsteady boundary layer on an 

axia~flow compressor stator blade 0 
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CHAPTER 1 INTRODUCTION 

1.1 Introductory Remarks 

Lhe gas tur bine engine ha s found appl ication in nearly all 

areas where prinie movers are required. In a short life span of barely 

three decades the turbo- jet engine is today the standard power:plant 

for aircraft propulsion while increasing use is being made of the gas 

turbine engine for high speed mar ine propulsion and for peak demand 

electric power generation. Wi t h nearly every major a.utomobile 

manufacturer in the world studying gas turbine technology it appears 

as if we are on the threshold of turbine powered motor cars . The gas 

turbine engine has several advantages over conventional reciprocating 

engines for these applications, including high power-to-weight rat io 

1 

and the length of time before a major ove1:haul is required. In addition, 

with in.creasing concern over the quality of our environment, the more 

readily controllable combustion proces s of a gas turbine engine results 

in a lower proportion of noxious gases in the exhaust stream. 

The threat of a possible world shortage of fuel resources has 

placed increasing emphasis on improving the efficiency of the gas 

turbine engine. An increase in component efficiency of 1% can result 

in an increa.se in overall engine efficiency of between 3 and 5% (see 

Shepherd (1960)). As the compressor is usually the least efficient 

component of a gas turbine, much effort has been directed towards 

increasing its efficiency. A sma ll gain in ' compressor efficiency can 

result in a relatively large decrease 1n fuel consumption. 

The performanc.e of an axi a l - flow compressor blade i s large l y 

determined by the behaviour of the bounda:ry l ayer developing on the 

convex suction surface of the blade. Because this boundary l ayer 
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CHAPTER 1 INTRODUCTION 

1.1 Introductory Remarks 

'i'he gas turbine engine has found application in nearly all 

areas where prime movers are required. In a short life span of barely 

three decades the turbo-jet engine is today the standard powerplant 

for aircraft propulsion while increasing use is being made of the gas 

turbine engine for high speed marine propulsion and for peak demand 

electric power generation. With nearly every major automobile 

manufac.turer in the world s tudying gas turbine technology it appears 

as if we are on the threshold of turbine powered motor cars. The gas 

turbine engine has several advantages over conventional reciprocating 

engines for these app lications, including high power-to-weight ratio 

and the length of time before a major overhaul is required . In addition, 

with inc.reasing concern over the quality of our environment, the more 

readily controllable combustion process of a gas turbine engine results 

in a lower proportion of noxious gases in the exhaust strearn. 

The threat of a possible world shortage of fuel resources has 

placed increasing emphasis on improving the efficiency of the gas 

turbine engine. An increase in component efficiency of 1% can result 

in an increa.se in overall engine efficiency of between 3 and 5% (see 

Shepherd (1960)). As the compressor is usually the l east efficient 

component of a gas turbine, much effo~t has .been directed towards 

increasing its efficiency. A small gain in compressor efficiency can 

result in a relatively large decrease 1n fuel consumption. 

The performance of an axial-flow compressor blade is large ly 

determined by the behaviour of the bounda:cy l ayer developing on the 

convex suction surface of the blade . Because this boundary layer 
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develops under an adver se pressure gradient at usual inc.idences it is 

the first to separate and hence determines the stalling point of the 

blade. If a better understanding of the f actors affecting this boundar y 
layer can b e obtained , improved d esign pr ocedures will result in an 

increased efficiency and operating range. 

Design procedures 1.n current use employ the results of two

dimensional cascade tests to determine blade perfor:mance . Once a 

satisfactory design is completed, a prototype compressor is built and 

its performance is obtained by rig testing . The design values are then 

empirically "corrected" for use 1.n future designs. However , using this 
procedure, large errors in off-design analysis can result and the design 
and optimization of a new compressor can require the construction and 

testing of several prototypes. The ultimate goal of current research 

efforts, of which this thesis is pa.rt, is to provide accurate design 

procedures which result in a "right-first-time" design without the 

lengthy process of building and testing several costly prototypes. 

1.2 Scope of the Present Investigation 

The work reported in this thesis 1.s a comprehensive 

investigation of turbulent boundary layer development on an axial-flow 
compressor ;;-tator blade. A sunnnary of previous work , including a 

brief general review of turbulent boundary layer behaviour and 

calculation pr ocedures, 1.s given in Chapter 2. As the flow downstream 

of a turbomachine rotor 1.s usually highly tur bu lent, the effects of 

free-stream turbulence on tur bulent bound ary layer: behaviour is the 

subject of the next two chapters . In Chapter 3 the effects of f r ee

str eam tur bulenc e on a cons t ant pres sure t urbulen t boundary l ayer are 

investigated , whi l e Chapter 4 describes the effec ts of !:urbu i ence on a 
cascade of compres s or blades . 

11 
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Al though there has been some prev ious work on free- stream 

turbulence effects on cascades and much theoretical work on unsteady 

effects on blade lift, ther e have so far been no measurements 

available which distinguish between. these two effects on an actua l 

turbomachine. In Chaptei: 5 a technique is de scribed in which 

measurements of free - stream turbulence and periodic flow unstead iness 

may be s eparated. The results of measurements 1.n a single··stage 

compress or using this technique are presented . 

Detailed measurement s of boundary layer development on an 

axial- flow compressor stator blade are described in Chapter 6. Time

mean velocity profile measur ements are presented and compared with the 

measurements on a c.ascade of similar blades repor ted in Chapter 4 . 

3 

The instantaneous unsteady velocity profiles pres ented are to the 

author's knowledge the first time such measurements have been reported. 

The very large unsteady effects observed , part icular ly near the blade 

leading edge , emphasize the difficul ty of predicting a ctua l compressor 

performance from cascade data. 

Chapter 7 describes two procedures for calculating steady 

turbulent boundary layers in arb itrary pr essure grad ients. Modified 

vers ions of both procedures are developed to account for the effects 

of free-stream turbulence. Onemethod , which uses extra terms in both 

the momentum integral equation and an integral form of t he turbul en t 

kinetic energy equation, gives very good agreemen t with published 

measurements of a constant pressure turbulent boundary l ayer developing 

in a turbulent free-stream. Both modified calculation procedures give 

qualitative agreement with the cascade measurements of Chapter 4. 

Trial calculations of the stator blade measurements of Chapter 6 are 

presented, but are found to be l argely un::;uccessful due to the ui1steady 

-nature of the boundary l ayer. 
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CHAPTER 2 REVIEW OF PREVIOUS WORK 

This chapter describes background material relevant to the work 
reported in later chapters. The first two sections are a general 
introduction to turbulent boundary layers and ca lculation procedures, 
while later sections prov.ide a comprehensive review of work directly 
relevant to the remaining chapters. 

2.1 Turbulent Boundary Layers 

The study of turbulent boundary layers is one of the largest 
and most important branches of modern fluid mechanics. There are 
several excellent treatises on the subject (see for example , 
Schlichting (1960) and Rotta (1962)) , and only a very brief discussion 
of some of the fundamental points will be g iven here . Most of our 
present day understanding of turbulent flows has come from a study of 
statistic.al everages of the fluctuating velocities, and our discussion 
will centre around these averages. 

The components of the instantaneous velocity 1.n a two- dimensional 
turbulent flow can be written as: 

u. = u + u 1. 

v. = V + V (2 .1) 1. 

w. = w 1. 

where U and V are mean velocities and u , v' and w are fluctuating 
velocities ab out a mean va lue. If the rela tions (2.1) are substituted 
into the Navier-Stokes equa tions , and time averages ar ·e t aken wher e 
the period of averaging is much grea t er than the character i s tic time 
sca le for the turbulence, then wi th t he usual boundary layer 
approximations the equations of motion become: 



5 

2 au v~ auv 1 a2u au ap u - + + -- + ay :::; - -- + \! -2 ax ay ax p ax (2. 2) 
ay 

auv 2 
1 av aP -- + = - --dX ay p cly (2 .3) 

After some further simplification, equations (2.2) and (2 . 3) may be 

combined into an equation for the mean flow in the x direction: 

1 dP oo a · au · · a 2 2 p dx + ay (- UV + \) a:;) - ax (u - V ) (2 .4) 

The terms involving - uv and 22 (u - v) act as apparent additional 

shear: stresses and normal stresses respectively. The equations of 

motion were first written in this manner by o. Reynolds and the 

additional stresses are known as Reynolds stresses. 

Experimental observations and dimensional analysis have 

resulted in empirical formul a tions of the mean veiocity profiie which 

show excellent agreement with measurements. Near the wall derivatives 

with respect to y are very much greater than those with respect to 

x, so that using the continuity equation V = 0 and upon 

integration (2.4) yields: 

T 
w 

p 
::: - UV + \! 

au 
ay (2 . 5) 

This indicates that in a thin layer near the wall the shear stress, 

composed of both the turbulent Reynolds stress and the laminar stress, 

is a constant. Increasing distance from the wall within this 

constant stress layer results in an increase in the turbulent stress 

and a corresponding decrease in the laminar stress. 

If it is assumed tha t within the constant stress region the 

mean velocity depends only on T /p ' w 

then dimensional analysis results in: 

u 
u 

1 

y u 
::: f(--T) 

\) 

\! and the wall distance y ' 

(2 . 6) 
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where u = fr:; is the fric.tion ve loc ity . t J f- Within the viscous sub-

layer. right next to the wal l experimental observa tion has shown that: 

u 
u 

T 

= 
y u 

T 

\) 
(2. 7) 

Outside the viscous sub-layer , but still within the constant stress 

region, the veloc ity profile is assumed to be independent of viscosity. 

If (2.6) is differ entiated: 

au 
ay . = 

2 
u 

1 

\) 

a£ 

For the R.H.S. to be independent of viscosity and dimensionally 

correct, 

af 
= 

where K is a constant, and hence: 

au 
cly 

= 

\) 

Kyu · 
T 

u 
T 

Ky 
. yuT 

If this is now integrated, with the non-dimensional parameter (-- ) 
\) 

substituted for y, then: 

u 
u 

T 

yu 
l tn(-2) + C 
K v (2.8) 

Equation (2.8) is known as the law of the wall and Kand C are 

usua lly taken as 0.41 and 5.0 respectively. The two inner region 

velocity profile expressions , (2 . 7) and (2 . 8) , are shown schema tically 

in the semi- logar ithmic plot of Fig.2. 1. 

In the outer region of the boundary l ayer the mean veloc ity 

prof ile devia t es f rom the l aw of the wa ll , t he amount of the dev i a ti on 

being dependent on the ext erna l pre ssure gradi en t . Coles (1 956) ha s 

shovm that the velocity profile in the outer region behaves like a 

I 



7 

free-shear layer or wake. By examining many turbulent layers he has 

proposed a universal "law of the wake" to describe the outer layer mean 

velocity profile. The wake part of the outer layer profile is directly 

proportional to ~ W(y/6) , where II is the Coles wake parameter which 

increases with increas ing pressure gradient. Coles (1968) has given the 

relation 

W(y / 6) == . 2 sin2
. <f y/6) (2. 9) 

f or the universal law of the wake. A complete velocity profile for 

turbulent boundary layers can now be written. This is known as the 

Coles profile, and is used in many integral boundary layer calculation 

schemes: 

u 
u 

T 

== 
1 yuT . II 
K tn (~) + K W(y/6) + C (2.10) 

We have seen that dimensional analysis can give a good 

representation of the mean turbulent boundary layer velocity profile, 

but this yields no information on the way in which the individual 

turbulence intensities or the turbulent stresses are distributed 

throughout the layer. In a laminar boundary layer the shear stress at 

any point in the layer, au 
pv ay, is directly related to the mean 

velocity profile. However, in turbulent boundary layers there is no 

such direct relationship between shear stress and mean velocity 

gradient, although eddy viscosity and mixing length theories have been 

postulated to link these variables in some cases. In completely 

specifying a turbulent boundary layer, measurements of the mean-square 

values of the fluctuating quantities, sometimes called the turbulence 

str uctura l properties , are often resorted to. Measurements of the 

structural properties in a typical flat plate boundary l ayer, due to 

Klebanoff (1954), are shown in Fig .2. 2. One of the central problems 

of calculating turbulent boundary layers is attempting to relate these 

. structural properties to the mean flow variables. 



2. 1 .1 Unsteady turbulent boundary layers 

The problem of the unsteady tur bulent boundary layer is very 

complex and there has been little work in this field . Some insight 

into the problem may be obtained by brief ly looking at unsteady 

laminar boundary layer work. Stokes (1851) originally studied the 

problem of an i nfini t e plate oscillating in a stationary fluid. The 

Navier-S tokes equations in this case reduce to the so- called heat 

conduction equation : 

clU . 
clt . 

::: 

. 2 . cl u 

\) cly2 

If the wall oscillates according to 

of (2 .11) is : 

U == U cos wt, 
0 

then a solution 

8 

U(y , t) ::: 
-Ky U e cos(wt- Ky) 

0 (2.12) 

where K -J 2~ • Equation (2.12) represents shear waves travelling 

out from the surface and decaying exponentially with distance from the 

surface. The thickness of the oscillating boundary layer is 

proportional to /\J/w and decreases with increasing frequency . 

Both Lighthill (1954) and Lin (1956) have studied theoretically 

the cas e of a mean flow over a flat plate with a superimposed 

fluctuation of the f r ee- stream velocity . They have shown that for 

high frequencies of the fluctuating velocity the solution of the 

equations of motion reduces to the shear-wave type of solution . 

Hill (1958) has studied the oscillatin g l aminar layer exper imenta lly. 

Karlsson (1958) has reported some experimental results for 

t he unsteady turbulent boundary layer on a fla t plate wi t h a quasi

steady free-stream. The term "quasi-steady free-stream" is here 

taken to mean that the free-stream velocity is everywhere in phas e and 

therefore U == U (t) onlyo This is als o sometimes referred to as the 00 00 



acoustic wave pr oblemo Kar lsson's measurements were a t varying 

amplitudes of the fr ee- stream velocity with f r equencies of up to 

48 Hzo At all of the higher frequencies the out- of-pha se velocity 

component was restricted to a very thin region near the wall. The 

maximum obser vable phase advance in this layer was about 35°, which 

is close to the theor etically predicted value of 45° (Lighthill, 1954) 

for the high frequency laminar caseo Mugglestone (1973a) has also 

obtained some measurements of an unsteady turbulent boundary l ayer 

with a quasi-steady free-stream. 

2.2 Calcula tion of Turbulent Boundary Layer s 

The calculation of turbulent boundary layers is an important 

branch of c.omputational fluid mechanics. There are two main classes 

of boundar y layer calculation procedures and a brief discussion of t he 

tactics involved in each class is given here. Details of the specific 

calculation methods used in this research are given in Chapter 7, 

while a thorough review of available procedures may be found in the 

conference proceedings edited by Kline et a l . (1968). 

The first class of calculation procedures are usually called 

differential methods and involve direct integr ation of the partial 

differential equations of motion , (2 . 2) and (2.3), in conjunction with 

the continuity equation. In order to effect closure of the equations 

relations for the turbulent Reynolds stresses are required. It is 1.n 

the choice of auxiliary equations to descr ibe the distribution of 

turbul ent s tres ses through the l ayer that the main differ ences in the 

different ial me thods ar ise . Some proc edures make us e of one or more 

additiona l equations to descr ibe the distribution of an eddy viscosity 

or mixine l ength through the boundary layer. Bot h the eddy viscosity, 

£, and the mixing length, JI,, relate the turbulent shear stress, 't, 



at a point to the mean velocity gradients according to the following 
relations: 

10 

· au 
T = p E: t· ay (2.13) 

i I ~~ I au 
Tt. = ay (2.14) 

A particularly successful method, due to Bradshaw et al. (1967), 
assumes a direct relationship between the turbulent shear stress and 
the turbulent kinetic energy. The turbulent kinetic energy equation 
given by Tm,msend (195 6) is u.sed , together with some empirical 
assumptions for the diffusion and dissipation terms, to track the shear 
stress through the layer. 

The solution of the partial differential equations is usually 
obtained by using a finite difference scheme step-by-step along the 
length of the layer, although other schemes are used . Advantages of 
differential methods include a reasonably realistic modelling of the 
turbulence in the boundary layer and solutions for the shear stress 
distribution throughout the layer, which introduce a sense of the 
previous history of the flow into the solution. Disadvantages are the 
extra starting information required and the relatively large amount of 
computing time that is necessary. 

The second general class of calculation methods are know--n as 
integral methods. The basic equation for these method s is the integral 
across the boundary layer of the equation of motion (2 .4 ) .. This 
results in the momentum integral equation: 

de * 1 · auoo 
dx + (Ze+cS ) U dx (2. 15) = 

00 

where cS* _ J: (1 - ~
00

) dy (2.16) 

roo 
8 . - J ~ ( 1 - -}) dy 

0 00 00 

( 2 .17) 



are the di splacement and momentum thicknesses respectively . 

Integration of the equation of motion across the boundary layer has 

resulted in the loss of all information about the dist ribution of 

veloci ty and tur bulence pr operties within the layer, so that an 

assumption about the general shape of the velocity profile must be 

made. The Coles profile (2ol0) is often used to describe the mean 

velocity profile. 

It can be seen from equation (2.15) that there are three 
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unknowns involved : * 0 e and 1' 
w ' 

so that two a<lditional equations 

ar e required for closure of the system. If the Coles profile is used 

limiting values may be substituted into it to obtain an equation for the 

wall shear stress , 1 a 
w 

The one additional equation may be selected 

from a variety of alternatives, including the energy integral equation , 

the moment of momentum equation or the entrainment equat ion due to 

Head (1958) . The system of three ordinary differential equations may 

then be solved by standard techniques. Some advantages of integral 

methods are that they are relatively simple and quick to use and they 

require a minimum amount of starting information . A disadvantage is 

that they do not normally include information about the shearing stress 

distribution through the l ayer and hence are less physically realistic 

than differential methods. 

2.2.1 Unsteady calculation methods 

There has so far been very little progress in developing 

calculation procedures to predict unsteady t urbulent boundary layer 

deve lopment. Shamroth and McDonald (1971) have developed an unsteady 

integral method using the Coles profile to describe the instantaneous 

velocity profiles. They have pointed out that this choice uf ve loci ty 

profiles imposes limita t ions on the analysis. The A0 C~ boundary layer 



thickness for a flat plate oscillating sinusoidally can be given 

approximately by: 

0 . 
A.C. 

.6.5 ·{F' . J -w 

If the physical boundary layer thickness is taken for convenience to 

be approximated by the thickness of a laminar Blasius layer: 

:::: 5R· \!X u . 
00 

· 6A.C~ ~fj·Uoo then the ratio of the t wo thicknesses is If a Coles 
099 - ·wi 0 

profile is to adequately represent the instantaneous velocity profiles 

the boundary layer as a whole must respond to the time varying pressure 

gradient. For the boundary layer as 
6 . 

a whole to respond, Shamroth and 

A.G. 
0
9 9 

McDonald argue that the ratio must be of order 

· ·wx restricts their analysis to frequency parameters, U 
00 

1 ' which 

of order unity. 

Muggles tone (19 73b) , working at Cambridge, has also developed 

an integral unsteady calculation method.. He has assumed that Coles 

profiles adequately fit the instantaneous velocity profiles and has 

obtained solutions to the linearized equations , which restrict the 

analysis to low frequencies. He has assumed a quasi- steady variation 

of the free- stream velocity, of the form: V = u 
0 

iwt 
e • Mugg le stone 

(1J70) has also programmed an unsteady version of the differential 

method of Bradshaw et al. (1967), but the computer time required is 

too ·great to obtain meaningful results with present day machines
0 

2o3 Free-Stream Turbulence Effects on the Turbulent Boundary Layer 

Only a few workers have been interested in the development of 

turbulent boundary layers under a turbulent free-stream, and there is a 

lack of reliable data. In an attempt to model the turbulence structure 

of ch~nnel flow, Wieghardt (1944) has evidently carried out the first 
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experiments on a turbulent boundary layer with artificially enhanced 

turbulence in the free-stream. Wieghardt reported a considerable 

increase in the thickness of the boundary layer and a resultant decreas e 

in the fu l lness of the mean velocity pLofileo This increased thickness 

resulted in an increase in the momentum thickness of the layer . 

Wieghardt also reported a g~neral increase in the turbulence intensity 

and shear stress throughout the layer, as well as a decrease in the 

outer layer velocity defect. The decreased profile fullness and 

increased momentum thickness turn out to be at variance with all of 

the other reported dataa 

Following s ome experiments in which they found t hat rods placed 

upstream of a diffuser had a beneficial effect on delaying stall, 

Kline et al. (1960) conducted an investigation of the effects of free

stream turbulence, Tu, on turbulent boundary layer growtho They 

found an increase in the 99% boundary layer thickness, 0
99 

, with 

increasing Tu, and an increase in the velocity at the knee of the 

profileo The increase in the boundary layer thickness does not appear 

to be nearly as large as that reported by Wieghardt. Robertson and 

Holt (1972) performed an experiment designed to determine the effect 

of free- stream turbulence on the skin-friction and the boundary layer 

shape factor. They found an increase in Cf and a decrease in H 

with increasing levels of Tu. 

Pichal (1968), working in Czechoslovakia, has conducted 

experiments on a flat plate turbulent boundary layer with quite high 

free-stream turbulence levels produced by novel grids which employ 

vibrating vanes to increase the flow mixing. Increasing levels of Tu 

resulted in an initial decrease in the intermittent mixing zone and 

finally the disappearane:e altogether of an intermittent layer. Pichal 

has repor te d increased levels of the Reyno lds shear stress throughout 
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the l ayer and in particular a non-zero value of the shear str ess at the 

usual 0
99 edge of the boundary layer. 

In a short paper presented a t the 1971 AC~,RD conference on 

turbulent shear flows , Charnay et al o (1971) described some meas urements 

on a turbulent boundary l ayer developing on a flat plate under a 

turbulent free-st r eam. They have repor ted increases in the skin

friction, the growth rate of the boundary layer , and the shear stress 

at the edge of the layer with increasing Tu o They have also found a 

decrease in the outer layer velocity defect profiles with increasing 

levels of Tu . A collapse of the defect profiles onto a single curve 

was found if the profiles were made non-dimensional with 
... 

( u - o.29 ;) , 
't 

where · u 1.s the root- mean-square value of the fluctuating velocity in 

the free-stream. 

Huffman et al. (1972) have made a detailed study of the 

structural propertie$ of the turbulent boundary layer developing under 

a turbulent free- stream. They have found increases in the turbulence 

:i,ntensi ti~s, turbulent kinetic ene_rgy and Reynolds shear stress at the 

outer edge of the layer with increasing Tu. There was also a 

noticeable decrease in the Coles profile wake component with increasing 

levels of free-stream turbulence. The shear stress at the edge of the 

boundary layer appears to have reached very large values, almost 

equalling the wal l shear stress at the highe f;,t turbulence level. 

2.4 · Boundary Layer Deve lopment ori Blades in Cascade 

The boundary layer on the blade surfaces is the fundamenta l 

cause of profile losses, so that a considerable amount of effor t has 

been put into studying the development of this boundary layer. Only a 

brief revi ew of some of this work, particularly that related to varying 

levels of free-stream turbulencet will be given here. The reader is 



refer red t o B.J. Evans (1971) and Hor lock (1967) for a more detailed 

review. · 

Rhoden (1952 ) has reported a systematic and detailed study of 

the effect of varying Reynolds number on cas cade performance , although 

actual boundary l ayer measurements were not made . His main results are 

given in terms of total head l osses and outlet air angles, but 

velocity distributions around the blades a.re also given. The presence 

of laminar separ ation bubbles at low Reynolds number are clearly 

indicated by regions of constant static pressure on the pressur e 

distributions. Increasing the Reynolds number causes the separa t ion 

bubble to eventually disappear. In a par allel theoretical study , 

Stuart (195 2) has performed potential flow calculations and has 

corrected these for axial- velocity-ratio effects and boundary layer 

growth . The corrected potential flow pressure distr ibutons show quite 

good agreement with experiment. 

An investigation of available boundary layer transition 

correlations has been made by Hall and Gibbings (1970) and they suggest 

·some empirical rules for the effects of free-stream turbulence and 

pressure grad ient , both separa tely and combined , on transition. On a 

more theor etical basis, Sharland (1967) has given r elations for the 

sound power -generated by r otor blades inter acting with turbulence . 

Schlichting and Das (196 7) have measured the boundary layer on 

a cascade of blades with a vibrating grid upstream of the cascade. In 

this manner high l evels of free-stream turbulence could be es tabl ished. 

Increasing levels of Tu caused the suppression of any l aminar 

separation bubb le that might be present, and res ulted in earlier 

transition to turbulent flow. Small changes in the scale of turbulence 

were found to have no influence on boundary layer t ransition. At low 

Reynolds number increasing Tu resulted in a decrease in the profile 



loss coefficient, while at high Reynolds numbers with a nearly fully 

turbulent boundary layer at all condi tions there was an increase in 

loss coefficient with increasing Tu o Moran and Gibson (1969) used 

a similar experimental set- up with a continuously moving grid on an 

endless chain surrounding the cascadeo Increas ing levels of Tu were 

found to reduce the profile losses , particular ly at . low Reynolds numberso 

Kirillov and Shpenzer (1969) in the Soviet Union studied the 

effect of both surface roughness and free-stream turbulence on turbine 

cascade profile losses . They found that with smooth blade s increasing 

levels of Tu resulted in a turbulent boundary layer over a greater 

portion of the blade and an increase in the profile loss coefficient. 

With a large degree of surface roughness there was very little effect 

of varying the turbulence levelo 

B.J~ Evans (1971) has carried out a comprehensive study of the 

effects of free-stream turbulence on boundary layer transition on a 

cascade of C-4 compressor blades. A hot- wire anemometer probe was 

used to traverse the boundary layer at intervals of 10% chordo He 

has found that whenever a laminar separation bubble 1.s present 

increasing levels of Tu result in a reduction of the bubble length, 

and finally the complete disappearance of the bubble. Further 

increases in Tu cause the boundary layer natural transition point 

to move towards the blade leading edge. Many empirical transition 

correlations are shown to be seriously in error when applied to 

boundary layers with high levels of free-stream turbulence. Some 

preliminary experiments on the effects of varying free-stream 

turbulence scale have shown that the SJllaller the scale the greater 1.s 

the effect in pr omoting transition . Most of the e~isting procedures 

for predicting boundary layer transition on turbomachine blades have 

been reviewed by Dmham (1972) . 



2 . 5 · Tutbuler1c.e Measureme1i.ts in Turbortiachiries 

Early attemp ts at describing the flow fie ld downstream of a 

rotor row have concentrated on turbulence level measurements 0 

Schli chting and Das (1967) have reported turbulence measurements 1n a 

nine- stage axial flo,i c ompres sor o The tur bulence l eve l increased 

through the machine until it reached a value of approxi mate ly 6% a t 

the seventh stage . The value then remaiEed practically constant from 

·thereto the final stage of the compressor. 
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Wood (1973) has used a hot- wire anemometer to measure flow 

fluctua tions in the low-pressure cylinder of a 500 MW steam turbineo 

Varying hot -wire overheat ratios have been us ed to separate 

fluctuations in the mass flow from total tempera ture fluctuationso 

Wood has reported over all mass flow fluctuations of up to 18% and 

total temperature fluctuations of up to 15%. Power spectra l density 

measurements of the anemometer signals showed peaks at the blade 

passing frequency and at several har monics . There were al s o peaks at 

frequencies lower than the fundament a l blade passing frequency , but the 

origin of these was not clear. 

The fluctuating flow field do~mstream of a moving blade row is 

compr ised of both periodic fluctuations in the mean flow velocity and 

random velocity fluctuations or free-stream tur bulence. Only recently 

have workers realized the importance of analysing these t wo components 

separately 0 Kirillov et al. (1970) have studied the effect of flow 

unsteadiness on the profile losses of a turbine cas cade by measuring 

the loss coeffi c ient of a fixed cascade downstream of a moving cascade. 

They varied the degree of unsteadiness of the flow by varying the 

axial clearances between the two cascades . The profile loss 

coefficient was fo und t o increase by a factor of up to 2 over the 
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steady value at typical values of rotor- stator spacing . 

· Kieck (19 73) has obtained measur ements of the relative 

magnitude of mean veloc ity fluctuations and free - stream turbulence in a 

linear cascade by traversing a hot-wite probe downstream of the fixed 

cascade o By combining the results of these measur ements he has 

ob tained values for the overall fluctuating velocity downstream of a 

cascade , averaged over one blade pitch . The results of these 

measurements at varying distances downstream of the cascade t r aili.ng 

edge are then used to extrapolate turbulence measurements downstream 

of a rotor row in an axial flow compressor. Whitfield et al. (1972) 

used a single hot- wire probe rotated into each of the three coordinate 

direc tions in turn, and a phase- locked averaging procedure to produce 

contour plots of the periodic flow field downstream of a four bladed 

rotor. The averaging procedure used lost all information of the 

turbulence levels, but the authors point out that this could have been 

retained by suitable signal processing. Lakshminarayana and Poncet 

(1973) have recently also described a method of measuring three

dimensional wakes using hot-wires aligned in the three coordinate 

directions. 

2.6 Boundary Layer Development on Turbomachine Blade~ 

The -exper imental problems involved in studying the boundary 

layer developing on an actual turbomachine blade are not trivial. 

The small physical scale of the bladi.ng and ' the difficulty in access 

to the blades results in some extremely comple x instr umentation 

problems . For these reasons , most worker s have relied on mean pressur e 

distribution measur ements to determine the gross boundary layer 

proper ties of corr..pres sor blading (see f or examp l e, Doyl e and Shaw, 1965). 

A not able e xception t o t his is the detailed s tudy of boundary layer 



development on a single-st_age compressor stator blade carried out by 

Walker (1971) working in Tasmania. 
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Walk.er obtained boundary layer traverses by moving the complete 

stator blade row relative to a. fixed hot-wire probeo The research 

compressor used consisted of a row of inlet guide vanes, a rotor row 

and a stator row. All of the blades were of 3 inch chord C-4 section 

designed to give free-vortex operation at a design flow coefficient , 

Gx/Um , of 0.76 • The axial spacing between blade rows ·was slightly 

greater than one blade chord , which is larger than usually accepted 

compressor design practice. The greater axial spacing was required for 

ease of instrumentation. 

At low values of Reynolds number and negative incidences, 

Walker found large areas of lanunar flow present on the stator blades. 

None of the existing correlations for separation bubble length were 

successful in predicting the extent of separated flow, but a proposed 

new correlation gave reasonable agreement with the expe·rimental results o 

Similarly, a new transition correlation was found to describe the 

transition behaviour reasonably well over quite a wide range of flow 

conditionso Walker found that small movements of the transition point 

were able to produce large variations in blade performance when the long 

bubble type .of lanunar-turbulent transition was present. 

Measurement s in the fully turbulent boundary layer regions 

indicated no apparent law-of- the-wall type sinularity regions in the mean 

velocity profiles . The outer region velocity profiles were not described 

well by the Coles profile l aw-of-the-wake, or by a power law. A new 

skin-friction law was found to give better prediction of the experimenta l 

results than either the we ll-known Ludwieg-Tillmanrelat ion , or the l aw 

proposed by Nash and Macdonald (l966)c There were some doubts, however, 



about the accuracy of the skin-friction measurements due to 

uncertainties concerning the wall proximity corrections for the 

hot-wire probe . 

Walker carried out two- dimensional calculations of the boundary 

layer development using the method of Thwaites (1950) for the l aminar 

regions and that of Head (1958) for turbulent regions. Measured 

pressure distributions and Walker ' s own transition correlation were 

used for the predictions. For a range of incidence, - 4° < i < +1° , 

the calculations gave predictions to within 10% of the observed 

losses, but outside this range the errors increased to a maximum of 

about 30% at large positive and negative values of incidence. In all 

cases the predicted value of the loss coefficient was too lowo 



CHAPTER 3 FREE-STREA11 TURBULENCE EFFECTS ON A CONSTANT 
PRESSURE TURBULENT BOUNDARY LAYER 

30 1 Intrddtittion 
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In any attempt to calculate boundary l ayers on turbomachine 

blades the free-stream conditions bec ome important. In the past, as we 

have seen in Chapter 2 , the flow downstream of moving blade rows has 

been thought of as being highly turbulent , while more recent work 

indicates that it should be thought of as both an unsteady and a 

turbulent flow. Later chapters examine the problem of separating flow 

unsteadiness from free-s tream turbulence , while in this chapter we are 

concerned with gaining a clearer unders tanding of the effects of free

stream turbulence, Tu, on turbulent boundary layer developmento 

The experimental program described in this chapter was designed 

to study the effects of free-stream turbulence on both the integral and 

structural properties of turbulent boundary layers. Using this 

inforw.ation modifications to existing turbulent boundary layer 

calculation procedures can be determined. The actual modifications 

used, · and the calculation results, are given in a later chaptera 

3 0 2 Experim~ntal AEparatus and Procedure 

Meas-urements were made on the boundary layer developing on the 

wall of an 8 in I . D. perspex pipe at stati ons 3 ft and 5 ft 

downstream of the pipe entrance, A contoured inlet section was 

provided , and a 5/16 in trip wire was glued to the entrance of the 

pipeo The fan was situated downstream of the test section and the 

inlet placed in a large settling chamber with a honeycomb and wire 

gauze at the entrance . A sketch of the tunne l is shown in Fig.3 . 1 , 



Provision was made for placing ci r cular- bar rectangular mesh 

gr ids be tween the inlet and test section. Two grids were used, one 

with 0.25 in diameter bars and 1 in mesh sp acing, and one with 
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OoSO in diameter bars and 2 in mesh spacing. It was considered that 

larger diameter bars would provide too much flow blockage and would not 

yield homogeneous turbulence. The turbulence levels a s measured at the 

pipe centre-line are shown in Fig.3.2. A third condition was taken 

with no grid in place in which the turbulence levels on the pipe centre

line at the 3ft and 5ft stations were 1.0% and 0
0

6% respectively. 

All boundary layer measurements were made with a linearized 

DISA constant- temperature anemometer. A micrometer unit provided 

acc.urate probe positioning to .001 in. For turbulent shear stress 

measurements and determination of the u and v fluctuations an X 

probe and two linearized anemometers were used. A DISA random signal 

indicator and correlator provided the sum and difference signals 

necessary to measure shear stress and the individual fluctuating 

velocities. Appendix A gives details of the hot-wire anemometer 

relations used. 

The free-stream velocity on the pipe centre-line, U
00

, was set 

to 50 ft/sec at the 5 ft station for all measurements. A pitot 

tube and wall static tapping were used with a micromanometer for this 

setting. 

value of 

The 

y 

99% bou.~dary l ayer thickness, 0
99 

, defined as the 

at which U = 0.99 U was of the order of 1 in at the co 

5 ft station. 

3. 2.1 · Data r educti on and ana l ysis 

To obt ain the mean ve loci ty profil es a best- f i t curve was pas s ed 

by hand thr ough the hot-wire anemome t er measurements. Appr oxi mately 35 

points pe r profil e and an es t imate of the 99 % boundary l ayer thickness, 



0
99 

, were used to calculate the displacement and momentum thickness 

according to the procedures of Appendix c. For these calculations no 

attempt was made to fit a standard sub-layer profile in the region 

to 
,yuT 

V 
= 56 in the manner of Coles (1968) ~ as measurements 

yuT 
were ta.ken down to -- = 6 or less . Trial calculations were made v · 

using Wills v (1962) correction for hot-wire measurements near a wall. 

There was no change in or e to the fourth decimal point, so 

further corrections were abandoned. 

An attempt was made to fit the exper-imental data to Coles 

profiles. The universal Coles velocity profile is given by: 
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· u 1 yuT . TI 
(3.1) = £n + iz W(y / o) + C u K V 

T 

where TI is a parameter and W(y / o) is the wake function which 

Coles (1968) has approximated by: 

W(y/o) 

K 

. 2 . 1T 
= 2 sin (- y/o) 

2 . 

Oo41, and 

(3 . 2) 

u 
T 

is the von Karman constant , 

is the friction velocity, For these experiments the 

friction velocity has been obtained from measurements of the skin
. T . w friction, Cf = --

2 
, which in this chapter has been determined 

lpU 
2 00 

from Glauser plots. 

The Coles profile may also be written in velocity-defect form: 

u - u 
00 

= ~· {TI[2-W (y/o)] - £n(y/o)} (3.3) u 
00 

where 
u 

T 
w = u- ·. 

00 

The usual definitions of displacement and momentum 

thickness can be written as: 

1, I: 
u -u 

0 - (_'.:'-) dy (3 . 4) . u 
00 

,.00 u u - u 

la 
00 e ::::: (lJ) dy (3.5) u 

00 00 
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Now if equation (3 . 3) is substituted into (3 .4) and (3.5) , and the 

definition of shape factor, is used, then an equation for 

Coles wake parameter TI is found in terms of H and w 

2 K H 1 K H- 1 1.5 TI + (3.179 - w ; )IT+ (2 - w ~) ~ 0 (3.6) 

Using the value of w determined from the Clauser plots, and 

t he measured value of H , equation (3.6) may be solved for TI. 

Fig.3.3 shows the experimental points at x = 3 ft with the 0 . 25 in 

grid in place, and the fitted Coles profile with TI calculated from 

equation (3.6). The fit of the Coles profile to the experimental 

* points is seen to be only fair. Small errors in determining o and 

e can result in relatively large errors in H and hence in TI 

obtained from equation (3.6). For this reason the use of equation (3 . 6) 

can be seen t o be a poor method for fitting Coles profiles. In later 

chapters a systematic procedure suggested by Coles (1968), and outlined 

in Appendix C, has been used to obtain fits to the Coles profile. 

3.3 Integral Boundary Layer Properties 

The term "integral properties 11 is here used to denote all of 

those quantities which depend only on the complete velocity profile, 

and are therefore not a function of y/o • Included in this 

definition are all of the usual boundary layer thicknesses , the skin

friction and . the shape factor. All of the integral properties were 

calculated by the method outlined in the pr evious section. Table 3. 1 

gives a summary of the results for three different turbul ence levels 

at positions 3 ft and 5 ft downstream of the trip wire. 

The three mean velocity profiles measured at the x = 5 ft 

station are shown plotted in dimensiona l form in Fig.3.4 and are also 

typica l of the profiles at the 3 ft station. This plot clearly shows 



the effect of stream turbulence on the profile shape. There appears 

to be a very slight initial increase in the 99% boundary layer 

thickness, 0
99

, with increasing free-stream turbulence , but the most 

striking feature is the marked increase in the "fullness" of the 

velocity profile. The fuller velocity profiles , if they always had 

the same 0
99 

, would mean a decrease in the displacement and momentum 

thicknesses , as can be seen from equations (3 . 4) and (3o5) . However in 

the present case there appear to be two conflicting effects, one being 

the slight initial increase in 0
99 tending to increase the integral 

thicknesses, the other being a fuller profile which tends to decrease 

these thicknesses~ Figo3.5 shows the displacement and momentum 

thickness a s a function of free-stream turbulence levelo It is seen 

that the integral thicknesses tend to increase up to a Tu level of 

approximately 2% and then again start to decrease because of the 

increasing fullness of the velocity profile. Also shown in Fig.3.5 

is the data of Kline et al. (1960) which shows the same trend. 

The skin-friction coefficient for each profile was determined 

f.rom Claus er plots. Fig. 306 shows the effect of increasing free-stream 

turbulence on the skin-friction for the profiles at the x = 3 ft 

station. Also shown on Fig.3.6 1.s the data of Robertson and Holt 

(1972). 

formula: 

For both sets of data the value of Cf was taken from the 
0 

suggested by Ross (1953a). It can be seen that there 1.s a significant 

increase in skin-friction with increasing free- stream turbulence, 

levelling off at higher values of Tu. This result is consistent 

with the fuller velocity profile, which then has a steeper slope at the 

wall so that the shear stress, T , 1.s higher. The present experiments w 

suggest a greater initial increase in Cf/Cf with Tu than the data 
0 



of Robertson and Holt , but tend to level off to the same value. 

Using the values of c~ 
I 

previously obtained from Glauser 

plots , semi-logar ithmic velocity profiles could be constructed . 

Fig.3.7 shows a typical semi-logarithmic velocity profile plot and 

clearly indicates the straight line "log law" region. It can also be 

s een from this plot that the first few points were within the viscous 

sub-layer. This could also be confirmed by observing the hot- wire 

anemometer signal on an oscilloscope . 

The outer- layer prof iles for t hree Tu levels are plotted in 

Fig.3.8 which indicates that the Coles wake component at a given x 

station 1.s decreased with increasing Tu. This effect has also been 

noticed by Huffman et al . (1972). That this decreased wake component 

is due to the fuller velocity profiles can be seen more readily from 

the velocity defect plots of Fig.3.9. Outer layer velocity defect 

profiles, when made non-dimensional with the friction velocity u 
T 

are e xpected to collapse onto a single curve for a constant pressure 

gradient (Rotta, 1962). It can be seen from Fig.3.9 that the outer 

layer velocity defect is decreased with increasing Tu. This is 

consistent with what one would expect from a fuller velocity profileo 

3.4 · Turbulence Stnictural Properties 
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The term "turbulence structural properties" is used here to 

denote those quantities peculiar to the turbulent nature of the flow 

and. which have a definite distribution throughout the thickness of the 

boundary layer. Quantities which fall within this category are the 

fluctuating components of velocity, the turbulent shear stress , and the 

turbulence kinetic energy. This section describes the way in which 

these quantities vary with increasing levels of freE!-stream turbulence. 



Figs . 3 . 10 and 
u2 

intensities ~ ~ and 
u2 

co 

3.11 show the distribution of the turbulence 
2 
V 

2 , throughout the boundary layer for two 
UCO 

turbulence levels. The longitudinal component of the fluctuating 

velocity, u2
, is seen to be larger than the transverse component in 

the inner layer , although the two components converge to the same 

value at the outer edge of the layer where the free-stream turbulence 

is expected to be nearly isotropic. The same data is replotted in 

Figs.3.12 and 3. 13 to show the effect of increased Tu on both the 

longitudinal and transverse fluctuating components . There is a 

slight increase in intensity in the inner layer with increasing Tu 

but a marked increase 1.n the outer layer which is evidently due to 

the increased mixing with the turbulent free- stream. 

I n Fig.3.14 the distribution of Reynolds shear stress, 

, / p = - uv , through the boundary layer is shovm for two turbulence 

levels. There is seen to be an increase in shear stress with 

increasing free-stream turbulence which stays more or less constant 

throughout the boundary layer. With increasing Tu the shear stress 

is seen to persist further into the free-stream beyond the 99% 

thickness 0
99 

• 

27 

Twice the turbulence kinetic energy , 2 
q 1.s shown plotted in 

2 2 2 2 q = U + V + W o 
2 
w For these plots .the 

component, which was not measured, was taken to be , 2 2 
.1.0 V following 

Huffman (1972). There is seen to be a sligh~ increase in turbuL:~nce 

kinetic energy in the inner layer , wi th a much gr eater increa se in the 

outer mi xing l ayer due to increased Tu. The ratio of Reynolds shear 

s t r ess to turbul ence k inetic energy is shown in Fig . 3 0 16 . This is the 

quant i ty which Bradsh2.w et al. (196 7) ca ll and t ake a s a constant 

o . 15 in t he i r ca lcula tion method ~ At the lower t ur bulence leve l the 



peak value is very near 0.15 and is somewhat h igher with increased 

free- streci.m turbulence. In both cases the ratio falls off rapidly 

after the peak which occurs just outside the sub- layer. 

3.5 · Balance of the Momentli.m Integral Equation 

The usual von Karman momentum integral equation, including the 

Reynolds normal stresses, is given by Ross (1953b) as: 

d8 
dx 

::: 

"[ 
w 

u2 p 00 

'"'~ 00 28 + o dP · 1 . J cl 2 2 + 2 dx + 2 clx ( u - v ) dy 
pU U o 

00 00 

(3.7) 

In order to determine the order of magnitude of the normal stresses, 

the last term ort the R.H~S . of (3.7), Lewkowicz (1965) has examined a 

limited range of experimental data. The ratio of the normal stresses: 

N. S~ 

to the skin friction: 
T 
w 

- 2 
pU 

00 

is shown inFig .3, 17as a function of shape factor, H, for the 

experiments of Uram (1959) and Schubauer and Klebanoff (1950). The 

shape factor for a constant pressure turbulent layer is approximately 

1 0 4 (Schlichting, 1960), so that the normal stresses are seen to be 

negligible compared with the other terms, at least far away from 

separation. 

In the case of zero-pressure-gradient the second term on the 

R.H.S~ is also zero so that equation (3e7) reduces to: 

· de cf 

where we have again used 

::: 
dx · 2 

T 
w 

~ 2 p 00 

(3.8) 



In the present experiments e , · d8 and hence 
dx ' 
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has decreased wi th 

increasing Tu whi le Cf has increased . This behaviour would appear 

to be impossible in light of equation (3 0 8) . 

To solve this apparent paradox it 1s necessary to re-derive the 

momentum integra l equation taking into account the free-stream 

turbulenc e at the 099 edge of the boundary layer. This has been done 

in Appendix E, and the complete equation is: 

::;; 1 Jo a 
+ u2 3x 

0 0 

2 2 
(u - V) dy 

where the subscript o indicates that quantit ies have been eva luated 

at, or up to , the 0
99 

edge of the layer . Equation (3 0 9) now 

includes the shear stress at the edge of the layer ~ T
0

, which we 

have seen to be f inite 1n Fig.3. 14 e Again, for a constant pressur e 

layer, the second term on the LoH. S~ 1s zero and we assume the last 

term on the R.H.S. to be negligible, so that equation (3.9) becomes: 

. . de 
8 r dV0 

2 
v! l d u - \ -1 "'.' TO + i._ . Q .. 

(3.10) dx lvo 
-- + dx ( 2 )J ::;; 2 dx 2 uo pUo 

(A) (B) (C) (p) 

It is now neces sary to obtain some understanding of the order 

of magnitude of terms (B) and (C) in comparison with (A) and (D). I f 

the 099 edge of the layer is assumed to be the to ta l pressure edge, 

then following Preston (1973) the flow there .i s irrota tional, so that av 
8 

au 
3U ~ O 

0 
At the edge of the boundary layer that 

;::; . so 3x 3y 3y dV 0 0 and therefore (B) may be dropped from (3.10)~ If the free-dx 
~ 

stream turbulence is -'l. s sumed to be very nearly isotropic, then 

2 2 . <) u 0 ~ v ~ which can be seen to be true from Fig. 3.10 , so that C, rr~qy 0 0 



also be dropped from (3 . 10). The momentwn integral equation now 

becomes: 

From Fig.3.14 it can be seen that the shear stress at the edge of the 

layer , T
0

, increases more rapidly with increasing Tu than does T 
w 

Both the LeH . So and R.H~S. of equation (3 .11 ) therefore decreas e with 

increasing Tu so that balance is restored to the momentum integral 

equation. 

In order to check the momentum integral equation balance, a 

crude check on each of the terms in (3 . 11) at the 3 ft station with 

the 0 .25 in grid 1.n place may be madeo Equation (3.ll) may be 

approximated by: 
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Mo . = X 6..X - X 6..X (3. 12) 

where the value of 6..8
0 

1.s taken between the 3 ft and 5 ft 

stations and 6..x is taken as 24 in. Each of the terms in (3.12) 

may be evaluated from table 3.1 and Fig.3ol4 as follows: 

.1274 - .0814 

= .0460 

so that L.H~S~ ~ R.H.S. 

3.6 · Conclusions 

R.H~S~ 

.0020x24 - .ooolx24 

= .0456 

The effects of free-s tream turbulence, Tu, on the development 

of a constant- pressure turbulent boundary layer have been studied 

experimentally. The ~ffects of increasing Tu can be summarized 

as follows: 



(1) An initial increase, and then a decreas e in the displacement and 

momentum thicknesses, a* and G • Thes e increase initially due to 

a slight increase in 099 and then decrease due to a fuller velocity 

profile. 
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(2) An increase in the skin friction, Cf • This is ~onsistent with a 

au fuller: velocity profile and hence an increasing gradient at the 
8y 

wall. 

(3) A decrease in the wake component, II , of the Coles pr ofile and 

of the outer layer velocity defect. 

(4) An increase in turbulence intensities and kinetic energy, 

especially in the outer mixing region where the flow interacts with 

the free-stream. 

(5) An increase in turbulent shear stress , -puv, and the e xistence 

of a shear stress at the a99 edge of the boundary layer. 

(6) An increase in the ratio of turbulent shear stress to kinetic 

energy throughout the layer~ 

A n2w form of the momentum integral equation has overc ome the 

apparent paradox in momentum balance. Both sides of the new equation 

are seen to decrease with increasing levels of free-stream turbulence. 



CHAPTER 4 FREE-'STREA11 TURBULENCE EFFECTS ON THE TURBULENT 
. BOUNDARY LAYER ON A COMPRESSOR BLADE IN CASCADE 

4.1 Introduction 
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As we have seen in Chapter· 1 , the performance of an axial-flow 

compressor blade is very sensitive to changes in the behaviour of the 

boundary layer on the suction surface of the blade. It is only 

recently, however, that workers have become aware of the role of free

stream turbulence on the deve lopment of the profile boundary layer . 

The main work to date has been that of B.J. Evans (1971), which has 

been reviewed in Chapter 2. To briefly summarize here, Evans made a 

detailed study of the effects of free- stream t urbulence , Tu , on 

transition and separation of the profile boundary layer on a C-4 

compressor blade. He found that increased Tu caused the laminar 

separation bubble to shorten, and finally to collapse. Still higher 

levels of Tu caused the transition point to move towards the 

leading edge of the blade. 

At the high turbulence levels and Reynolds numbers of an 

actual compressor stage, the suction sur face boundary layer may be 

expected to be nearly wholly turbulent. Recent work on the development 

of a zero-pressure-gradient layer under the influence of grid- generated 

free-stream turbulence has been reviewed in Chapter 2, and some new 

work .presented in Chapter 3. However, as far as the author is aware, 

there is no detailed data on the influence of. free-stream turbulence 

on a turbulent boundary l ayer developing under a n adver se pre ssure 

gradient. The present experimental program was undertaken to extend 

the zer o- pressure- gradient meaaurements of Chapter 3 and to determine 

the effect of f r ee- stream turbulence on the performance of a compressor 

cascade operati ng under cond itions simi l ar t o those i n an actua l machine. 

' 

,I 



4-.2 · The Cascade Tunnel and Instrumentation 

All measurements were taken on the suction surface of a one-

foot chord C- 4 compressor blade, the details of which are given in 

table 4.lo The cascade consists of seven blades of two foot span, 

with the central blade instrumented for pressure distribution 

measurements. There is provision for side-wall and top-wall suction 

to . eliminate the boundary layer growing un the tunnel walls. 

The boundary layer probe consisted of a micrometer driven 

hot-wire anemometer.which pushes itself off the blade surface using 

piano wires sliding inside hypodermic tubing. The probe signals were 
fed to a DISA linearized c.onstant temperature anemometer unit which 

provided voltages proportional to the instantaneous flow velocity. 

A D.C . and an A.C. voltmeter were used to record the mean velocity 

U and therms turbulence velocity u. Both the cascade tunnel and 

boundary layer probe are described in detail by B.J. Evans (1971). 

The outlet traverses were taken with a claw type probe 9ne chord 

downstream of the trailing edge of the blades. 

Each blade of the cascade was fitted with a trip wire 

cemented a.t the 10% chord position to ensure a turbulent boundary 

layer over the greater portion of the blade suction surface . This 

condition was considered to be representative of the condi tions on a 

stator blade in a real machine operating at high Reynolds number. 

The trip wire used was .018 in in diameter -which corresponded 

approximately to the value of ~ - = 600 suggested by Preston (1958) 

for transition to fully turbulent flow. 

For each test the Reynolds number based on inlet velocity and 

blade chord was set at 5 5xl0 • Two sizes of turbulence generating 
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grids were placed 9 chords upstream of the leading edge of the central 
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blade 0 A grid of one inch diameter bars with a mesh spacing of 3.6 in 
produced a free-stream turbulence level of 3.14% at a position 1.5 
chords upstream of the central blade leading edge. A grid of two inch 
diameter bars with a mesh spacing of 605 in yielded a turbulence 

level of 5 .20% at this position. The macro-scale of the turbulence 
genera ted by these two grids has been given by B.J~ Evans as 0.712 in 
and 0 . 938 in for the one inch and two inch gr ids respectively. The 
macro-s<::ale is a measure of the size of the large eddies pres ent in the 
flow , and is obtained by integrating the lateral correlation 

coefficient, R11 (r2) = 
u(y) u(y+6y) 

from 0 to 00 A third • 2 u (y) 
turbulence condition was taken with no grid in place, which resulted 

in a free-stream turbulence level of 0 . 68% at the upstream measuring 

station. 

4.3 · ~xperimerital Results 

The turbulent boundary layer on the suction surface of the 

central blade was measured at four positions, X/C ~ 30%, 50%, 70% and 
80% chord, along the blade surface. Measurements were taken at each 

station with three different levels of free-stream turbulence, Tu, 
and the results ·are summarized in table 4.2. 

All of the boundary layer measurements were processed using the 
data reduction techniques of Appendix c. Because the boundary layer 

was thin it was considered necessary to apply a wall-correction to the 
hot-wire measurements very near the surface of the blade. The sub

routine for the Wills (1962) correction, developed in the appendix, 

was used for all the measurements. 

The pressure distributions measured at mid-span on the central 

blade are shown fo r a ll values of Tu in Fig . Lf.l. The pressur e 

11 



coefficient, 
P-P 

C ·~·~~
1 

is based on inlet condi tions. A short fl a t p I V2 
2P l 

r egion can be seen in the pressure distribution j us t after the t rip-

wire at 10% chord, which is probably due to a smal l separa tion 

bubble caused by the trip wi re. It i s not nearly so pronounced with 

the 2 in grid in place , indicating a mor e rapid transition to a 

fully turbulent l ayer . Other than this , the pressure distributions 

are very similar , so that the boundary l ayer s grow under very nearly 

the same pressure gradient in ea ch case . 

Figs . 4.2 to 4. 5 show the r esults of all the velocity profiles 

measured. All of these profiles exhibit the same characteristics as 

the zero- pressur e-gradient bound.ary layer with incr easing levels of 

free- str eam turbulence which has been studied in Chapter 3. There is 

a very small increase in the 99% boundary layer thickness, 0
99 

, 

with increasing Tu, and a considerable increa se in the "fullness" 

of the velocity profile. As in the zero-pressure-gradient case , there 

are two conflicting effects on the displacement thickness 

is the slight increase in tending to increase 

* 0 One 

and the 

other is the fuller profile which tends to decrease this value
0 
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The momentum thickness, e ,may either decrease or increase with 

increasing profile fullness. This may be most easily seen by 

differentiating the expression for with respect to e U/U : ex, 

e J
o:, ·u TT 

= - (1 - ::.__) dy u u 0 ex, ex, 

The integrand of this expression can be wri tt'en as: 

I .. -

and differentiating , 

.. . dl 

d (U /UCO) 
. u 

= 1 - 2(- ) 
UCO 

, I 
I 
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It can be seen that for values of U/U
00 

greater than o.5 , a fuller 

profile causes a decrease in the integrand , and hence 1.n e, while 

for U/U less than 0.5 there is an increase 1.n 8. 00 This means 

that for profiles very near separa tion most of the effects of free

stream turbulence is found 1.n the inner part of the layer and 8 

increases with increasing Tu . For profiles further f rom separation 

the fuller outer profile causes a decrease 1.n 8 , as in the constant 

pressure layer. 

Fig.4 . 6 shows the results of the displacement and momentum 

thickness measur ements for the present experiments. At the 30% chord 

position there is seen to be very little effect of increasing Tu as 

can also be seen from the velocity profiles of Fig.4.2. This is 

probably due to the fact that the boundar y layer has not yet developed 

into a fully turbulent layer and is still insensitive to changes 1.n 

the free- stream conditions. For this reason the results at X/C = 0. 3 

have not been used in inferring any of the correlations described 1.n 

this chapter. At the 50% and 70% chord positions, the effect is 

seen to be the same as for the zero-pres sure-gradient case; a decrease 

in the integral thicknes ses with increasing Tu, as we have seen in 

Chapter 3. 

At the 80% chord position, as the boundary layer approaches 

* separation, there is an increase 1.n o then a decrease , with 

increasing Tu . With pr ofiles near separation the thickness appears 

to be particularly sensitive to increasing Tu , and it is the 

increase J.n 0
99 

which causes the initial increase 1.n 
* . 

0 • Above a 

Tu of 3%, however, the effect of increased fullness takes over and 
* o again decreases . The increased profile fullness in the i nner 

portion of the lRyer (U/U
00 

< 0.5) , and the increa sed causes 8 

to increase initially with Tu while at higher levels of Tu it a.gain 



decreases due t o the fuller outer layer profile. 

The skin- fric tion measurements , determined f r om the Coles 

profile f itti ng procedure descr i bed in Appendi x C, are shown in 

Fig . 4.7 . At all chordwise pos itions the skin friction is seen to 

increase wi t h increas ing free- stream turbulence, which 1.s consistent 

with the increas ed fullness of the profiles. As separation is 

approached the increased fullness of the profiles is l ess and the 

increase in skin fr iction is corres pondingly lower . This trend of 

increa sing skin fricti on with free- stream turbul ence is predicted by 

the Ludwieg and Tillmann formula, C · "' 246xlo-· 6781\ -· 268 as both f O ~ · e 
H and R

8 are decreased with increasing Tu . 

Fig.Lf .8 shows semi- logarithmic velocity profiles for the 
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three profiles measured at the 80% chord station . There is seen to 

be a distinct decrease in the wake component (IT) of the outer portion 

of the layer with increasing levels of free- stream turbulence. This 

effect 1.s evident in the profiles measured at all chordwise stations, 1 

but is greater as the boundary layer nears separa tion; that 1.s as the 

wake component becomes larger with increasing pressur e . This 

decreased wake component can be explained by the fuller outer prof iles 

due to increased mixing with the turbulent free-stream. 

Because the so- called "outer" portion of the boundary layer 1.s 

such a large part of the velocity profile it is instructive to look at 

the outer l ayer velocity defect profiles. Fo~ a boundary layer 

deve loping under a gi ven pressure gradient, one might expect the 

velocity defect profiles at a given position X/C to collapse ont o a 

single curve in the outer part of the layer , provided that the 

dependence of the defect profiles on u 
T 

is slight (see Ro t ta, 1962). 

Fig.4o9 shows the outer layer velocity profiles for three levels of 

Tu at the 70% chord position . A$ would be expected with the f uller 
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velocity profiles and decreased wake components, the veloc ity defect 

made non~dimensional with the friction velocity u 
T 

is seen to 

decrease with increasing Tu. For their r.onstant pressure layer 

measurements, Charnay et al. (1971) subtracted o. 29 times the free-

1 
. .-., stream turbulence r . mos. ve ocity, u, from the friction velocity 
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before plotting the velocity defectso This gave quite a good collapse 
of their data onto a single curvee The present data at 70% chord is 
plo tted in this manner in Fige4.10. Although the defect profiles come 

together in the very outer part of the layer, the data is spread out 

much more over most of the outer portion of the layer. It was 

concluded that the correlation of Charnay et al~, although quite good 

for constant pressure layers, was unsuitable for boundary layers 1n 

an adverse pressure gradiento 

A new correlation of velocity defect profiles for adverse 

pressure gradient boundary layers is shown in Fig.4.11. The non-

dimensional velocity defect has been multiplied by 
. ·u 

{l + 5 . 0 ~} and 
cc a reasonable collapse of the data onto a single curve for all values 

of Tu 1.s seen over the whole of the outer layer. As the profiles at 
70% chord are approaching separation, they are quite a severe test 

for the correlation . On the basis of the present experiments, the 

corre lation: 

,-J u - u u 
{l + s~o -uJ 

00 

F {log(y/6)} 
00 

is suggested for boundary layers developing under the same adverse 

pressur e gradient but with varying free-stream turbulence levels . 

Bradshaw (1973) has pointed out that the correlation of 

Charnay et al. may be written to a linf!ar approxima tion as 
,...., 

{l + o . 29 ~} 
u 

T 

u - u 
00 

u 
T 

(4 .1) 

I 

I 



The correlation 

in this form by 

experiments may be written suggested for thefizp~esent 
u, - . f 

noting that - ~
2 

, so that: 
u"" 
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{l+s.oi}.· = (4.2 ) 
00 

The form (4.2) is to be preferred as the outer layer profiles may more 

realistically be assumed to scale ~n the friction velocity rather than 

the free-stream velocity . However, for the sake of simplicity the 

form (4 .1) has been us ed throughout this chapter, although it should be 

remembered that (4.2) may always be substituted into (~ .• l). 

4.4 Cascade Performance Measurements 

To determine the effect of fr ee- stream turbulence on cascade 

performance , outlet traverses of total and static pressure and outlet 

air angle were taken. These measurements were all t aken at mid- span, 

one chord davmstream of the trailing edge , and covered two blade 

pitches . 
ilPt 
-1--2 , 
2PV l 

Fig.4.12 shows the mass-weighted mean total pressu~e loss, 

-and the mean deviation angle, 8 = a - a' 
2 '2 ' 

as a function of 

free - stream turbulence level. The method of mass-weighting the total 

pressure loss takes account of the wake mixing losses only up t o the 

measuring station, and not any further mixing loss that may take place 

downstream of the station (see Stuart, 1952). 

From~ig . 4.12 it can be seen that there is a slight initial 

increase and then a decrease in the total pr essure loss with increased 

turbulence level. The main effect is an increase in the turbulence 

energy content of the boundary layer due to increased entrainment of the 

turbulent fr ee-s tream. This increas ed energy means that the boundary 

layer can susta in a larger adver se pressur e gradien t near t he trailing 

edge before s eparation occurs. This ef f ec t on the boundary layer 

turbu l enc e energy i s seen to prevai l for a Tu le~el grea t er than 3%, 
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and the mean total pressure loss coefficient decreases with increasing 

Tu. It is this effect on the boundary layer which also causes the 

mean deviation angle to decrease wi th increasing turbulence level. The 

fact that with increased Tu the boundary l ayer covers a greater 

portion of the blade surface before separating means that the cascade 

can effect increased turning of the flow. 

4.5 A Universal Vel oc ity Profile Modified for Free~stream Turbulence 

If a calculation procedure is to be developed for turbulent 

boundary layers growing under a turbulent free-stream, then either the 

effect of Tu on the growth of local values of turbulence kinetic 
2 energy, q , and shear stress , -puv, must be established, or the 

effects of Tu on mean velocity profiles must be found. In Chapter 7 

modified calculation procedures using both of these approaches have 

been developed. The measurements of Chapter 3 have been used for the 

first approach, while in this section we examine the second alternative, 

the effect of Tu on mean velocity profiles, since distr ibutions of 
2 q and -puv have not been determined in these experiments. 

There are two possible approaches to the effects of Tu on 

mean velocity profiles. Either (1) we can ascertain whether a 

universal velocity profile, U ~ f(u, y/8, IT) 
T 

such as that of Coles 

(1956), is va-lid even when free-stream turbulence is present , or (2) we 

can suppose that the form of the profile is modified locally by the 

effect of free-stream turbulence. We investigate both possibilities 

here, (1) and (2). 

4.5 . 1 · The validity of the Coles profile f6r a ll data 

The Coles profile has obtained almost universal acceptance for 

low turbulence flow . The usual Coles profile is given by: 

]' 
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·u 
u 

T 

::: 
1 yu, · TI 
K £n(~v~) + [ W(y/6) + C (4.3) 

where W(y/8) is the wake function: 

W(y/6) = 2 sin
2 (f y/8) (4.4) 

There seems to be no clear cut manner in which to determine the 

factor TI, which depends on pressure gradient. Probably the most 

reliab le method of determining TI is to measure it directly from 

the semi-logarithmic velocity profile (see Bull, 1969). Coles (1968) 

has suggested a method of fitting the experimental data to the 

complete profile. This method is described in Appendix C and has been 

used to find the values of TI for all the profiles measured her e . 

We first investigate whether all t he data obtained in these 

tests can be said to fit Coles profilesc Fig.4.13 shows the data at 

X/C :;: 0.8 plo tted as the wake function: 
· u ~l yu + c] - £n(-') . u, . K . V 

W (y / 6) = 
TITu/K 

versus y/6, where TITu is the wake parameter determined for the 

profile with a given turbulence level , Tu. The solid line shown is 

the analytic wake function, given by equation (Lf.4). Similar collapse 

of the data at the X/C = 0 . 5 and 0 0 7 stations was found, but the fit 

to the analytic wake funct ion was not quite as good, possibly due to 

the very small wake region in these profiles. Both TITu and the 

friction velocity 

of Appendix C. 

u 
T 

have been determined by the fitting procedure 

We conclude from Fig.4.13_ that the Coles profile has universal 

validity, no matter the value of free-stream turbulence, as long as TI 

and u are accurately determined locally. 
'C 

, I 



4 .5.2 · Modification of the velocity profile to acc:61..irit for 
free~stream turbulence 

The da ta alr eady presented shows that the presence of free

stream t urbulenc e, Tu, causes a decrease in the wake component, II , 

when compared with a boundary layer gr owing under the same pr essure 
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gradient but with Tu= 0 . The outer layer velocity defect profiles 

at a given position, X/C , collapse fairly well onto a single cur ve of 

the form: 

u u - u 
(1 + 5.0 U ) { 

00

u } = F {log(y/ cS )} 
oo T 

as wehave seen in section 4.3. That is , the actual defect in the 

outer layer is decreased with increasing free-stream turbulence, 
·'"" u 

Tu= - o u . 
00 

We therefore propose a modified form of Coles profile for 

finite Tu . Fig. 4 . 14 shows a plot of II/II aga inst Tu for the 
0 

data obtained at X/C = Oo5, Oo7 and 0 . 8, where the values of IT are 

those at any given turbulence l evel) Tu, and have been determined by 

the fitting procedure of Appendix C. The value of IT has been 
0 

determined by extrapo lating the data back to Tu= O. We conclude 

that IT = IT (1 - 5 Tu) describes remarkably well the var iation of IT 0 

with Tu at a given location . 

The modified form of the Coles profile is therefore: 

. u 
u 

T 

= 
1 yuT no 
K £n(~) + C + (1 - 5 Tu) 'iz" W(y/cS) (4.5) 

where IT is the wake parameter for: the boundary l ayer developing under 0 

the same pre s sure gradient, but with Tu= 0. If we have measurements 

(or calculations) in a boundary layer with zero Tu we can then use 

equation (4 . 5) to corr ect the Coles prof ile for the eff ec ts of free-

stream tur bulenc e on the velocity profile. 
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4 .• 6 · Discuss ion of Results and Conclus ions 

The measur ements of section 4.3 again bring into question the 

balance of the momentum i ntegra l equation. The usual von Kar man 

momentum integra l equation, neg lect ing the Reynolds normal stresses, is: 

· de · * 1 c1u00 

dx + <2e + 0 ) U dx :::: 

00 

)'. 

. 't 
w 

u2 
p 00 

(4.6) 

Both 6 and cS decrease with increasing fr ee-stream turbu l ence , and 

therefore at a given pres sure grad i en t we may expect the LoH~S. of 

equa tion (4.6) to decrease with increasing Tu. 

seen experimentally, the skin- friction and hence 

However, as we have 

't increases with 
w 

increas ing Tu, so that the two sides of equation (4 0 6) do not appear 

to balance. 

If we now use t he momentum integral equation derived 1.n 

Appendix E for a boundary layer with free-stream turbulenceJ and us e 

the approximations of Chapter 3: 

= (4 . 7) 

we see that there 1.S an extra term due to the shear stress at the edge 

of the layer . As we have seen in Chapter 3 , the T 0 term incr eases 

more rapidly with Tu thaff does T w so that both the R.H.S ~ and 

L. H~S . of equation (4.7) decrea se with increas ing Tu . We may then 

expect the new momentum integral equation (4. 7) to be 1.n balance at 

all turbulence levels, as we have found in Chapter 3 for the constant 

pressure layer . 

The succ2ss of the modified prof ile (Lf.5), described in 

section 4.5.2, can be judged from Fig.4.15, where experimental points 

from the measurements a t X/C :::: o. 7 are compared ~vith: 

a) the norw.a l Coles profile (4 . 3), using the values of IT calculated 

f-r:om equation (3.6) of Chapter 3, which is us ed in some integra l 



calculation schemes, and 

b) the modified profile (4.5) usrng the fi tting scheme of Appendix C 

to determine a single value of IT 
0 
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It should be noted that in each case the dashed line prof iles 

have been calculated using the exper imental values of H determined 

at the appropriate turbulence leve l. The solid line profiles have all 

been calculated using the same value of II ' which can be calculated 
0 

from any one of the measured profiles by using the correlation: 

IT/II . = (1 - 5 . 0 Tu) 
0 

Once one velocity profile is avai lable at a given pressure gradient 

and turbulence level (by experiment or calculation), the profile at 

any other turbulence level can be described by the modified profile (4 . 5) • 

It will be realized that the modified profile does not replace 

the standard Coles profile (4o3) if a suitable value of IT can be 

determined a priori. In the integra l calculation methods this is not 

usually possible, as IT is treated as one of the unknovms 0 Once an 

initial calculation has been done for zero Tu 

TI so obta ined wil l be valid for any level of Tu 
0 

however, the values of 

and with the 

modified profile (4.5) may be used to describe the boundary l ayer 

development for any Tu level (~ 5% within the range of these 

experiments) . 

4.6.1 'Cdticlu s ions 

The effects of free-stream turbulence on a boundary layer 

developing in an adverse pressure gradient are similar to the effects 

on a constant pressure layer except .that increasing Tu can cause an 

increase in the momentum thickness 8 for profiles near separationo 

The effects of increasing free-stream turbulence Tu at any position 



X/C can be summarized as follows: 

(1) A de~rease in the displacement thickness 
)'~ 

o due to the fuller 

velocity profiles. The fuller profiles may cause a decrease or an 

increase in the momentum thickness 6 depending on how close the 

profile is to separation. As the displacement thickness a lways 

decreases at a faster rate than does the momentum thickness there is 

a decrease in the shape factor, H, with increasing Tu. 

(2) An increas e in the skin friction Cf due to the fuller profile 
clU and increased gradient -- a t the wall. cly 

(3) All the profiles measured can be described 1n terms of Coles 

profiles if appropriate values of IT and u are determi~ed. 
't 
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(4) There is a decrease in the wake component of the Coles profile 

and the outer layer velocity defect at a given X/C for the same 

pressure gradient. The outer layer velocity defect profiles correlate 

quite well if they are multiplied by the factor (1 + 5.0 Tu) , which 

may also be written as: 

,v ~ 
{l + 5 • 0 ;:,_.J _J_ } 

. u 2 
't 

Increasing Tu causes a decrease in both the total pressure 

loss and mean deviation angle of a cascade of compressor .blades with 

turbulent boundary layers over 90% of the suction surface. The 

decrease is due to the fact that the boundary layer remains attached 

over .a greater portion of the blade because of the increased turbulence 

energy in the layer. 

Modification of the Coles velocity profile based on a 
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X/C can be summari zed as follows: 

(1) A de~rease in the di splac ement thickness 
~'~ 

o due to the fuller 
velocity profiles. The fuller profiles may cause a decrease or an 
increa se in the momentum thickness 8 depending on how close the 
profile is to separation . As the displacement thickness always 
decreases at a faster rate than does the momen t um thickness there is 
a decrease in the shape factor, H, with increasing Tu. 

(2) An increa se in the skin friction Cf due to the fuller profile 
au and increased gradient at the wall. cly 

(3) All the profiles measured can be described in terms of Coles 
profiles if appropriate values of IT and u are determined. T 
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(4) There is a decrease in the wake component of the Coles profile 
and the outer layer velocity defect at a given X/C for the same 
pressure gradient. The outer layer velocity defect profiles correlate 
quite well if they are multiplied by the factor (1 + 5.0 Tu) , which 
may also be written as: 

{1 + ,v Ff . . f s.o ~ . 2 } 
T 

Increasing Tu causes a decrease in both the total pressure 
loss and mean deviation angle of a cascade of compressor blades with 
turbulent boundary layers over 90% of the suction surface. The 
decrease is due to the fact that the boundary layer rema ins attached 
over .a greater portion of the blade because of the increased turbulence 
energy in the layer. 

Modifica t ion of t he Coles velocity pr of ile based on a 

correlation of velocity def ect profiles provides a successful fit to 
exper imenta l velocity pr of iles for free-stream tur bulence l eve ls l e ss 
than 5% . There seems to be no r eas on why t he modified profi l e 
wi ll not be successful for Tu levels greater than 5%, but 

-

c 0nfirrnat i o11 uf thi;; will have to wait tor further experimental evidence. 
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·cHAPTER 5 TURBULEN CE AND UNSTEADINESS HEASUREHENTS - ---------DOWNSTREAM OF A MOVING BLADE ROW 

5.1 Introduction 

At the present time there is very little information available 

on the behaviour of the flow downstream of turbomachine rotors . There 

has been a considerable amount of theoretical effort on the effects of 

flow unsteadiness on blade lift (Horlock ~ 1968), and it has been shown 

that unsteadiness is a necessary condition for work transfer to or 

from a fluid (Dean, 1959), but so far there is little experimenta l 

informa tion on the relative importance of random turbulence and 

periodic unstead iness at entrance to a stator row. Previous chapters 

have been directed towards studying the flow over blades in cascade 

in the presence of a highly turbulent free-stream, and some attempts 

have been made by other workers to measure turbulence levels in an 

actual machine. Kiock (1973) has attempted to separate periodic 

fluctuations in the mean flow from turbulent fluctuations by 

traversing a probe downstream of a stationary cascade, while 

Whitfield et al. (1972) produced contour plots of the periodic flow 

field downstr eam of a four-bladed rotor. This work has been briefly 

reviewed in Chapter 2. 

The experiments described in thi s chapter are an attempt to 

separate the fre e-stream turbulence level and the unsteadiness due to 

periodic fluctuations in both the mean velocity and the air angle at 

inlet to a compressor stator blade. 

5.2 · The Exper imen t a l Compressors and Ins t rumentat ion 

Two single- stage experimen tal compressors were used for the 

measurement s described here. Both compressors have identical 6 inch 

i 
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chord C-4 . rotor blading of 18 inches span which 1.s designed for 

free- vortex operation at a flow coefficient , C /U 
X m 

and 

for minimum loss at a design coef f icient of 0.6·. Compressor "A" 

consist s of a single 22 bladed rotor row, ·while compressor "B" has 

a 24 bladed rotor followed by a 15 blade row of one-foot chord C-4 

stator blades. Both compressors have a downstream throttle and an 

auxiliary fan so that the mass flow and rotor speed may be independently 

varied. Compressor "A" has been described by Oxford (1965) , while 

compressor "B" is described 1.n detail in Chapter 6 . The blade 

arrangement and probe position for. compressor "A" is shown in Figo5.la 

and for compressor "B" in Fig.5.lb. The co- ordinate system for the 

velocities and orientation of the probes is shown 1.n Fig.5.lc. 

For the experiments 1.n compressor "A" a standard X type probe 

was used with two DISA linearized hot-wire anemometers and an analog 

con:elator 0 This allowed fluctuations in both the mean flow and 

transverse direction to be measured, using the re lations of Appendix A. 

For the unsteadiness and turbulence measurements in compressor nB;r, a 

single wire rotatable probe was used with a DISA 55D01 anemometer. 

and a 55Dl0 linearizer. The probe was calibrated before and after 

the experiments in the Cambridge University Engineering Depar tment 

"Duplex" wind tunnel, and a mean calibration used . The linearized 

anemometer sig~al was then fed directly to the analog- digital converter 

of a PDP- 12 digital computer which was used to ensemble average the 

signal and store the results on magnetic tape. , 

5.3 · Measurements with the Hot-Wire X Probe 

The total tur bulence leve l , or preferably disturbance level, 

T~ , was first measured downstream of the rotor row in compressoi::: "A". 

The term distur banc e leve l indicates that the fluctuating velocity 

II 
,1 



recorded by the anemometer is composed of both a random turbulent 

component, a.nd a periodic wake defect component in the manner 

described by Kiock (1973). The probe was first ~laced in the x,e 

plane of Fig.S.lc, and then rotated about the r axis into the s, n 

plane so that the probe was aligned 1.n the mean flow direction , and 

fluctuations C' parallel to the mean f l ow and C' perpendicular to s n 
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this dir ection could be measured. The mean rotor outlet air angle a
1

, 

and hence the mean flow direction s, was determined by rotating the 

probe until the D.C. voltage from the 1.-wo wires was equal. To provide 

a check on C' s measurements, and to measure the fluctuations C' 
r 

in 

the radia l direction , the probe was then rotated about the s axis into 

the r,s plane. 

The results of the X probe measurements are shown in Fig. 5 .2 

for a range of flow coefficients from 0.45 to 0.70. It can be seen 

that the disturbance level in each of the co-ordinate directions 

approaches a minimum value very near the minimum loss design flow 

coefficient of 0.60, while at the lower values of flow coefficient , 

as the rotor approaches stall , the disturbance levels approximately 

double their minimum value. With the X probe in the r,s plane the 

D. C~ voltages from the two wires were equal, indicating zero mean 

radial velocity . Fig.5 .2 shows, however, that velocity fluctuations 

in the radial direction are of the same order of magnitude as the 

streamwise and tangential components. This observation is confirmed 

by the large changes in pitch angle in the wake region as reported by 

Whitfield et al. (1972), and is probably due to the lack of radial 

equilibr ium in the wakes. 

In order t o obtain a qualitative pi cture of what proportion of 

the disturbance level is due to periodic uns teady fluctuations , the X 

probe was replaced by a single wire probe, and the anemometer s i gnal was 

ii 
I 
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then processed with a Fenlow spectrum analyser. Spectral meas ur ements 

were made at three values of flow coefficient , with the wire axis 

placed perpendicular to the mean f low direct ion using the previously 

determined r otor outl e t air angles. Figs 0 5 0 3 to 5.5 show the results 

of these measurements in compressor "A" . As only qua litative 

inf ormation was s ought in these measurements, no attempt was made to 

calibrate the spectrum analyser, so that the power spectral density 

shown plotted as ordinate in Figs.5.3 to 5.5 is the value read 

directly from the analysere 

All the spectra l measurements show a peak at the blade passing 

frequency and at several distinct harmonics . If plotted on a linear 

scale, the area under the peaks would repres ent the fraction of the 

total fluctuation energy contained in the per iodic oscillations , while 

the area of the lower band would represent the fraction of the energy 

contained in the turbulent fluctuationso It i s interesting to note 

that the area corresponding to this background turbulence energy is 

highest at the flow coefficient of 0 . 5 near stall, and· lowest at the 

minimum loss flow coefficient of 0.6, while the area corresponding 

to the periodic fluctuations remains relatively constant. This would 

appear to confirm the general shape of the disturbance level cur ves 

of Fig.5.2 . 

5.4 Analysis and Measurement of Non~S tationary Random Signals 

This section outlines the use of ense·mble-averaging techniques 

to study periodically varying flows with a sup erimposed level of 

random velocity di stribution or free-str eam turbulence. For the 

purpose of this ana l ysis ·we assume the flow velocity to be measured 

at a single stati onary probe, and hence U : U(t) 0 Fig 0 5.6a shows a 

diagrauunatic representation of many samples, or re:.ords of the velo:::ity 



U(t) where a typical sample is the Kth record , K U(t) e An 

ensembl e ·average at time t
1 i s the average of the i n stantaneous 

velocity U(t1) over all records. We shall denote an ensemble 

average by a curly overbar: 

N 
= . 1im I 

N+00 K=l · 
N 
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If we carry out this process for every point in time we obtain 
rv 

the ensemble-averaged record, U(t) • A stationary random function is 

one for which ensemble averages at every point in t ime are i dentical 
"-' rv (see Bendat, 1958), i .e. U(t

1) = U(t1+t) • A time average of the 

Kth record is given by 

K U(t) . .. l JT K lim 2T U(t) dt 
T-+<x> - T 

and will be denoted by a straight overbar. If a sta tionary random 

function is further restricted so that every record has the same time 

aver age, K U( t) , for every record, then the function is called 

ergodice The ergodic hypothesis states that for every record K, 

the ensemble average is identical to the time average for a 

s t ationary and ergodic random function, i.e. 
,..__, K 
U(t) = U(t) for 

all K • For homogeneous , isotropic turbulence this is the case and 

ensemble averages may be replaced by t ime averages . 

We now look at the velocity- time r ecord of a turbomachine wake 

passing a fi xed probe , which is shown diagr arrunatically i n Fi g. 5.6b. 
,-..; 

The smooth line marked U(t) is the result of ensembl e avera ging over 

N records . We can see immedia tely tha t the condition for a 

stationary random function , namely uct ) = uct +t) 1 1 
is not fulfill ed . 

We c onc l ude therefor e tha t we must use en semble averaging techniques 

t o stucly t he £low <l owns tream of a moving b lade r ow. 
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Referring to Fig . 5.6b we can now define some r oot- mean-square 

values of the fluctuating veloci t y components . We fi r st define the 

-overall time- mean velocity U as: 

U = 2i IT U(t) dt 
- T 

(5 .1) 

The velocity fluctuation from the ensemble-averaged velocity U(t) 

is denoted by v' and is shown on the figure. The fluctuating 

-velocity from the time-mean velocity ·u we have called the 

"disturbance" velocity V' 
D 

and 1.S also shov;rn on the figure e It can 

be seen that 

v~ = v ' + 
,v 

(U(t) - U) (5 . 2) 

The root-mean-square of the disturbance velocity is: 

= _l v12 dt H [ -JT 11/2 
D · 2T -T D j (5 . 3) 

Introducing (5 .2) into (5.3) before taking the square root: 

v;/ . = · [:,~ t {v'
2 

+ 2v' ('ii(t) - U) + ('ii(t) -iihdt] 

dt (5 . 4) J
T · JT JT 1 2 1 ,..,, - 1 "' - 2 = -· v' dt + - . v' (U(t) - U)dt + ~, · (U(t)-U) 

2T -T T - T 2T - T 

The integral of the product of two statistically independent quantities 

is equal to the product of the integrals . If we therefore assume that 

the random tur bulent velocity fluctuations are statistically independent 

of the periodic wake velocity-defect fluctuations, the second term on 

the R. H~S. of equation (5 . 4) becomes : 

1 JT ,..., - ·. l · (T JT "' - . f . v'(U(t)-U)dt . = f {J· v' d t ~ (U(t) -U)dt} 
-T -T -T 

By definition the first term on the R.H~S. is zero, so that the cross

product term of equation (5 . 4) is zer o , and hence : 

1111 

.! 

I 
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111 

11 1 

I 

,Ii 



'2 .. 1 [T 2 1 (T 
cuCt) -u/ VD . = v' dt + - d t 2T ; _T 2T J _T 

V'2 = 
,2 

+ cue t)-u/ D . V 

We now define the over a 11 "disturbance" level: 

j v~2' 
l l l r· _ 2 J 1/2 

T~ ::: = - ~ . {U(t)-U} dt 
u U 2T -T . 

The free-stream turbulence level : 

/\ 
Tu ;:::: -u 

1 t 1 JT J 1/ 2 = = - ... . {U( t)-U(t) }dt 
U 2T -T 

and the "unsteadiness level": 

,..,_., 
Tu 

J 
\ 

"' - 2 · (U(t) -U) 
= = -u 

1 [ 1 rT 2 11/2 
2T 1 . (U(t) - U) dtj 

U J_T 

From (5.6) the relation between these quantities is seen to be: 

T~ ::: 
/\ 2 r-v2 
Tu+ Tu 
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(5 . 5) 

(5. 6) 

(5 0 7) 

(5. 8) 

(5 .9 ) 

(5 .10) 

Similar expressions to these were first obtained by Kiock (1973), 

except that he used both time and space averages and obtain results for 
......._, 
Tu by traversing a probe downstream of a fixed cascade. In practice 

the disturbance level, T~ , is the quantity measured directly by a 

fixed hot-wirce probe downstream of a r otor rowo The unsteadiness 

level may be found by taking the root-mean-square value of the 

ensemble-averaged waveform, and the free-stream turbulence level is 

then found by difference according to (5.10). It is important to note 

that both the analysis pres ented here (because the probe is assumed to 

be fixed in the mean flow direction) , and the analysis of Kiock, do 

not include the effect of changes in the absolute flow angle . However, 

as will be seen in a later section, this l atter effec t is probably the 
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most important one. 

5. 4 .1 An · enserilb le a\rer aging · t echnique 

A block-diagram of the equipment used for the ensemble 

averaging procedur~ is shown in Fig . 5.7 . The anemometer signal was 

first linearized before being processed in real time by the analog

digital converter of the PDP-12 computer. A coupling network provided 

for either AoC. or D. C. coupling of the linearizer to the A-D· 

conver ter. The sampling cycle of the A- D converter was initiated once 

every revo lution of the rotor by a synchronizing pulse obtained from a 

magnetic pickup and a marker located in the rotor hub. By triggering 

on this pulse every revolution the same rotor blade passages were 

sampled every time. The A-D converter sampl ed the signal at a total 

of 512 points every cycle , which, at the fastest sampling rate, was 

sufficient to record three complete rotor blade passages. After each 

cycle this block of 512 points was stored in the computer ready to be 

averaged with the next block of points sampled. 

The converter accepts signals of maximum amplitude -1 V to 

:,-1 V and converts these into digital quantities - 511 to +511 • 

For the fluctuating velocities measured here the anemometer was A. C~ 

coupled to the computer , and the A.C. voltage levels were found to 

be within the -1 V to +l V range. In operation the computer was 

controlled by a program written in assembler language. The program 

initiated a sampling cycle once per revoluti·on and ensemble averaged the 

results of successive records over as many cycles as the operator 

desired . The operator could choose the number of sampling cycles by 

typing a number on the teletype and for all measurements reported here 

this .;as taken to be 511 cyclf:s . At the en<l of the sampling pr oc ess 

the ensemble. averaged record was stored on magnetic tape and could 

I 

I 



then be retrieved at any time for fur ther processing using standard 

FORTRAN p~ogr annning. 

5.5 · Disturbance and Turbulence Level Measur ements 

Using the analysis of the previous section, measurements of 
. r v the disturbance level, T'l), and the unsteadiness level, Tu, were 

made between the rotor and stator rows of compressor "B". The 

position of the probe in relation to the blade rows . is shown in 

Figur e 5. lb . With reference to Figure 5. le , the hot w~re axis was 

located in the X,8 plane and could be aligned in any direction in 

this plane by rotation of the probe holder about the r axis. For 

each test the wire was first aligned so that its axis was in the mean 

flow direction, s, by rotating the probe holder until the minimum 

n.c. anemometer voltage level was found. The probe holder was then 

rotated thr ough 90° so that the wire was at right angles to the 

mean flow direction. For all tests a rotor speed of 650 rpm was 

used, which corresponded to a nominal Reynolds number of 5xlo5 in 

the middle of the flow coefficient range. The Reynolds number was 

ba.sed on rotor outlet absolute velocity and stator blade chord. 

The compressor flow c oefficient C /U was varied from 0.50 
X m 

to Oo60 in five steps. At each flow coefficient the anemometer 

D.C ~ voltage Jevel and the r.m.s. voltage level were recorded. As a 

linearized anemometer: was used the disturbance level was simply the 
V 

· f h 1 T = rms ratio o t e two vo tages: u... 
lJ VDC • 

At the same time the 

anemometer: signal was fed directly to the PDP-12 co~puter which 

ensemble- averaged the signal in real time. To find the unsteadiness 

level, this ensemble-averaged record was then processed off-line with 

a computer program which ca lculated t he root-mean-square of the record . 

figure 5 .8 shows the results of the ensemble-averaged 
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-fluctuations from the mean velocity, U , for three different flow 

coefficients. At the lowest value of flow coef ficient , C /U = 0 0 50, 
X ID 

the rotor is nearly stalled, and this is shown by the small amplitude 

of the velocity fluctuations and the large spread over the blade 

passage. As the flow coefficient is inc.reased towards the design 

value of C /U = 0.60, the wake velocity defect is seen to become X fil 

much sharper. On all records the velocity defect is seen to drop 

sharply on the pressure side of the blades, and rise not so sharply on 

the suction surface, indicating the thicker boundary layers on the 

suction surface. 

The root- mean- square of the velocity fluctuations show11 in 

-Fig.5.8, made non-dimensional with U, are shown plotted as the 
,.._,__, 

unstea.diness level, Tu , in Fige5.9. At a flow coefficient of 0.50 , 

near stall, the amplitude of the wake velocity defect is sma l l, and 

the unsteadiness level is lowest. This seems at first to be a 

surprising result, but i s due to the wakes being much more spread out 

near stal.l. As the flow coefficient increases, the wake velocity 

defect increases and the unsteadiness shows a corresponding increase. 

Also shown on Fig.5.9 is the disturbance level, T~ , determined 

from the anemometer readings, and by difference according to 

/\ equation (5.10) , the free- stream turbulence level, Tu. It can be 

seen that near stall the turbulence level is high and is the most 

significant component of the total disturbance level, while towards 

the design flow coefficient of 0.60 both the unsteadiness leve l and 

the turbulence level are of the same order. Compar ison of Fig . 5.9 

with the spectral measur ements of Figs . 5 . 3 to 5 . 5 shows the initial 

observations to be substantia lly correct . That is , with increasing 

flow coefficient the turbulence level decreases, while the 

unsteadiness due to the wake veloc ity-defect remains relat ively constant. 

11 
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The va.lues of the total disturbance level in the mean flow 

direction, as shown in Fig.5.9 , are of the same order of magnitude as 

those reported by Kiock (1973) , and at first appear to be surprisingly 

smalle However, it must again be emphasized that t he se measurements 

in no way take account of any fluctuation of the absolute flow ang le, 

which as we shall see in the next section may be of considerable 

importance. 

5 0 6 Unsteady Stator Incidence Ang le Measurements 

In order to further examine the unsteady nature of the flow 

at inlet to the stator, measurements of the instantaneous axial and 

tangential velocities , ex and c
6 , were taken in compressor "B". 

By assuming the simple cosine law for the response of the hot-wire 

anemometer:, and zero mean radial velocity, a lignment of the wire 

along the e axis of Fig.5.lc yielded the axial velocity C ' X 
and 

alignment along the x axis yielded the tangential velocity c
6 • 

The work of Friehe and Schwartz (1968) indicates that the cosine law 

is adequate for most measurements if a wire with a length-to-diameter 

rati o greater than about 200 is used . For these experiments a DISA 

miniature probe with a length-to-diameter of approximately 200 was 

used. The assumption of zero mean radial velocity at mid-span was 

based on the x probe measurements in the 1;,r plane of compressor 

"A" described in section 5 . 3. 

The ensemble averaging technique described previously was used 

for all measurements with the exception that the anemometer was D.C. 

coupled to the computer so that the instantaneous D.C~ voltage level 

was recorded, and not just the fluctua tions from the mean. Typical 

D.C. vultage levels from the anemometer were of the order of 4 volts, 

so that it was necessary to divide the signal by a factor of 5 in a 

I 

I I' 
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simple voltage-dividing network before pr ocessing it with the computer . 
Each cycle of the averaging process was again initiated by the timing 
pulse once per revolution, and the ensemble averaged veloc ities were 
taken to be the average over 100 cycles . 

A typical result of the measurements of axia l and tangential 
velocity is shown in Fig . 5.10 . The axial velocity shows a defect i n 
velocity as each wake passes the probe, while the tangential velocity 
shows a peak , in phase wi th the axial velocity defect. This behaviour 
can best be described by reference to the rotor outlet velocity 
triangles shoi;..1Il in Fig. 5 . U a. As each wake passes the probe , the 
rotor relative outle t veloci ty changes from w

2 to Wl, which causes 
a defect in the absolute axial velocity from cx

2 to c; . 
2 

To 
obtain the absolute velocities, the rotor blade speed U must be added 
to the relative velocities. When this is done, it can be seen that the 
absolute tangential velocity increases from c 82 to Ce

2 
passes. 

as a wake 

From Fig.5.lla it can also be seen t hat the rotor outlet air 
angle fluctuates between a

2 
and a' as a wake passes. 2 The tangent 

of this angle is simply found by dividing the instantaneous tangential 
velocity by the instantaneous axial velocity C 

X 
The results 

of these mea surements are shown plotted as stator inlet a ir angles, 
a

3 
~ in Figs . ~. 12 to 5 . 17 for six values of flow coefficient from 0 . 50 

to 0 . 60. Also shown on each plot is the modulus of the stator inlet 
velocity, obtained by tal ing the square root of the sum of the squares 
of the axia l an<l tangential velocities. At the probe position for these 
measurements the stator blade inlet ang l e i s 35 . 45° and is shown on 
each plo t a s s

1 • Flg . 5 . 12 shows that at a flow coefficient of a.so 
the stator incidence fluctuates between +3° and +18° while at a 
flow coefficient of 0.60 Fig.5~17 shows the incidence to range between 



--------~ 

0 
+9o5 • For all the flow coefficients shown the 
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incidence variations showed a peak-to- peak var i a tion of at least 12° . 

The fluctua tion of the modulus of the velocity vector does not show 

near ly such a l arge varia tion . 

5o7 · Discus sion of Re sults and Conclusions 

The total dis turbance and unstead5.ness levels in the mean flow 

direction have been measured downstr eam of a rotor r ow at the mid-span 

position o Perturbations about the mean flow velocity have been shown 

to consist of bo th random turbulent fluctuations and periodic 

fluctuations in the mean velocity. These two components are of the 

same or der of magnitude near the design point, but near stall the 

turbulence level becomes the most important . 

The unsteady a i r inlet angles for a stator row downstr eam of 

a r otor r ow have also been measured at mid- span. The stator incidence 

angles have been found to have a peak- to-peak varia tion of between 

12° and 15° at flow coefficients near the design point. It may he 

concluded that this large var iation in incidence angle is almost 

certainly more impor tan t from the point of view of calculating stator 

blade boundary layers than is the variation in inle t velocity. 

Gener ally this means that the Kemp and Sears and the Horlock type gust 

analyses, in both the streamwise and t ransverse directions (see 

Horlock , 1968) , should give a quite good representation of the 

unsteady forces on a tur bomachine blade. 

The veloci ty from c
2 

to c ' 
2 

shown as a dashed vector in 

Fig. 5 . lla is the s lip velocity of the rotor wakes re l a tive to the mean 

flow, a s pointed out by Kerrebrock and Mikolajczak (1970) . This 

relative velocity caus es a tendency for the rotor wakes to gather on 

the pressure surface of the stator blades as they pass through the 

machine. 

I 
11 
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It is interesting to note that for a turbine the stator 

incidence variation is not so serious as for the compressor case 0 

This can be seen by reference to Fig.Sollb , where some typical turbine 

rotor outlet velocity triangles are shown. It can be seen that both 

the axial and tangential velocities decrease in this case, and 

although there is still a change in rotor outlet air angle from a
2 t o 

a2 , it may well be less than for the compres sor. More importantly, 

however, for the turbine stator blade this causes the incidence to 

decrease rather than increase as for the compressor. This then results 

in a less adverse effect on the turbine stator blade boundary layers 

than in the comparable compressor case. 

ii 
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·cHAPTER 6 BOUNDARY LAYER MEASUREMENTS ON THE STATOR 
BLADE OF A SINGLE-'STAGE COMPRE SS OR 

601 Introduction 
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The boundary layer developing on the suction surface of an 

axial- flow compressor stator blade downstream of a rotor row was 

measur ed at the mid- span position under varying flow conditions. It was 

c.onsidered .:hat the compressor operating region of most interest was at 

high Reynolds number and reasonably high blade loadings, so that the 

test would be representative of a gas turbine compressor operating at 

or near the maximum power point. The nominal Reynolds number based on 

stator blade chord was chosen to be 5 5xl0 in the middle of the 

operating range of interest. This nominal Reynolds number resulted in 

a rotor blade speed of 650 rpm which was kept constant for all the 

boundary layer measurements. A range of stator blade incidence, 

nominally from o0 to 0 
+4 ' was covered in four steps. By keeping 

the rotor speed constant a constant value of blade passing frequency 

wa.s obtained for all tests. This procedure, however, a l lowed the 

Reynolds number to change slightly over the operating range, but this 

variation was considered to be of little importance. Expressions for 

the exact Reynolds number for each test, and the compressor operating 

procedure are given in Appendix B. 

The sta tor blade boundary layer was traver s ed at positions 

30%, 50% , 70% and 80% along the blade chord at each operating condition. 

At the highest values of stator blade incidence , the boundar y layer 

separated befor e the last measuring stations , so tha t not all the 

chordwise measuring stations were used . 

6 . 2 The -~xper i menta l Compress or 

The coTI'.pressor used for these measurements was one of two l arge) 

,1 



low-speed exper imental compre ssors in the Cambridge Univer sity 

Engineer ing Department . A schema tic of the c ompr essor is shown in 

Fig. 6 . 1, and a photograph in Plate l o The basic design consists of 

61 

an inlet contraction with honeycomb and screens, a single rotor blade 

row and a downstream throttle followed by a large centrifugal auxiliary 

fan. The compressor annulus has an I.D~ of 2 ft and an 0 0 D0 of 

5 ft resulting in a blade span of 18 in. A section of the casin~ 

is provided with sta tor blade fastening points , and may be located 

either upstream or downstream of the rotor rm.-1 to hold inlet or outlet 

guide vanese Wooden spacer rings provide for a wi de range of blade 

spacing. The configuration chosen for the present experiments was a 

rotor r ow followed by a stator row . A steel traverse ring running on 

rollers was placed between the rows to provide for circumferential 

traverses between the rotor and stator rows. 

The rotor blade row is powered by a 100 hp Keelavite 

hydraulic pump and motor set, with a continuously variable speed 

range from O to approximately 900 rpm A tachometer supplied 

with the hydraulic set is located in the control room and used 

initially to adjust the rotor speed. For accur ate rotor speed 

adjustment dur ing an experiment, a magnetic pickup and a single bolt 

head within the rotor hub were used to give a pulse once per revolution. 

A digital readout to 10 microseconds of the per i od between pulses 

then provided an accurate measuremen t of rotor speed . 

The downstream a uxiliary fan is power ed by a constant speed 

200 hp motor , so that suff icient ai r flow capacity is available to 

enable the test r i g to be r un as a single stage t ur bine if suitable 

blading i s provided . For a ll t he exper i ments repor ted here, sufficient 

air flow c ould be established by running t he rotor blade row only. The 

complete range of flow coefficients covered was obtained by adjusting 



62 

the do,m.stream thr ottle and al l owing the auxiliary fan to freewheel. 

602 0 1 · Compres sor blading 

At the start of the present experimental program, the compressor 

was a new facility at Cambridge, and as such was supplied withot rotor 

hub or blades . The provision of rotor and stator blades and rotor hub 

was undertaken by the Cambridge University Engineering Department 

workshops aad was a joint program between the present author and 

Thompson (1973) . The division of responsibility was arranged so that 

Thomps on was responsible for providing a set of stator blades 

instrumented to measure unsteady pressure distributions , and the 

present author was responsible for the rotor hub and bladeso 

In order to provide interchangeability with the existing 

experimental compres sor it was decided to use rotor blades of identical 

design . These were 6 in chord C- 4 section blades designed for free

vortex operation at a flow coefficient of 0.7 • The blade design 

angles are given in Table 6.1. The blades were manufactured from 

glass - fibre reinforced epoxy r esin using the procedure described by 

Gregory-Smith and Marsh (1971)~ 

The original rotor row in the existing compressor consisted of 

22 blades with a pitch to chord ratio of 1.0 at mid-span. For the 

present compressor it was thought to be useful to have a rotor row of 

24 blades so that by removing even numbers of blades several values of 

pitch- chord ratio could be obtained, and the blade passing frequency 

could be varied wi th the r otor speed held constant. With this end in 

mind, a rotor hub for 24 blades was designed. The hub design was 

essen tia lly the same as the existing 22 blade hub. I t was first rough 

machined from aluminium al loy , and then returned to the suppliers for 

heat treatment before final machining. After final assembly of the 
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rotor blades into the hub, the complete rotor assembly was sent to 

WoH~ Allen, Ltd. of Bedford for dynamic balancing before assembly into 

the compressor. For all the experiments reported here~ the full rotor 

row bf 24 blades was used. 

The stator blades were designed to have the same section at 

mid-span as the cascade used by B.J ~ Evans (1971) in his study of 

free-stream turbulence effects on cascade perfor~ance. This then 

allowed comparison of the present measurements with those of B.J 0 Evans 

(1971 ) a.nd with the measurements previously reported in Chapter 4. In 

order to ensure large Reynolds numbers and ease of instrumentat ion , a 

nominal blade chord of 12 inches, the same as the B.J~ Evans cascade 

was chosen. However, using this blade chord and an integral number of 

blades resulted in a pitch-chord ratio at mid-span slightly les s than 

that of the linear cascade. The final design resulted in 15 blades 

with a blade chord of 12.407 in which preserved the cascade pitch

chord ratio of .709 at mid- span. The mid-span design blade angles 

and the actual values as measured by Thompson (1973) are listed in 

Table 6.2. The discrepancy between the actual and the design values 

has been accounted for when calculating mean incidence angles. Full 

details of the design and construction of the stator blades may be 

found in Thompson (1973). Fig.6.2 shows both the rotor and stator 

bla.de design angles. 

6 .3 ·compressor Calibration and Performance 

The research compressor was a new facility at the time these 

experiments were be gun, and therefore had to be calibra.ted before any 

measurements were taken. As noted in the preface the caliLration and 

performance evaluation of the compressor was a joint program between 

the present author and 'Thompson (1973) . The first part of this section 



deals with calibration of the compressor duct without the blades in 

place, whi l e l atter parts exanune the compressor perf ormance and flow 

characteris tics in more detailo 

6.3.1 · Calibr ation 
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To obtain a convenient measure of the compressor mass flow, the 

axial velocity at the centre of the empty compressor annulus was 

calibrated in terms of inlet static pressure measured at an upstream 

wall static tap. During compres sor operation any value of axial 

velocity could then be obtained by setting the appropriate inlet static 

pressure as read on a manometer in the control roomo 

The axial velocity at the centre of the annulus was measured 

with a pr obe located at a position which would have been between rotor 

and stator rows if any blades had been in place. The probe chosen was 

a wedge- type probe with a total pressure hole in the leading edge and a 

static pressure hole in each of the wedge faces • Before this probe 

was used it was calibrated in the Cambridge University Engineering 

Department "Duplex" wind tunnel. 

The wedge probe was calibrated against reference total and 

static pressures obtained from a standard N.P~L. type pitot-static 

tube. To take a reading the wedge probe was first yawed so that there 

was a null balance be t ween the two yaw static pressure tappings. The 

zero yaw angle measured with the protractor attached to the probe was 

then recorded so that it could be subtracted from all measurements 

taken in the compressor to yield the t rue yaw angle. The wedge probe 

total a.n<l yaw pressures with the probe in the centre of the wind 

tunnel duct were recorded, and then the probe was retracted a few 

inches . The N. P. L. pitnt-s t a tic tube was then placed into the centre 

of tbe duct from the other side of th~ tunnel, and the reference total 
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and static pressures recorded. 

During calibration, the true dynamic pressure, 

PnNPL;:; (PT-PS)NPL, and the difference between the true static and the 

wedge probe yaw pressure, (PsNPL-PY ) , were found as a function ef the 

wedge probe dynamic pressure , PDWEDGE ;:; (PT-PY\JEDGE • The results 

of the probe calibration are shown 1.n Figs.6.3 and 6~4, where both the 

abscissa and ordinate are g1.ven 1.n inches of silicon fluid. 

Operating the auxiliary fan and opening the throttle from fully 

closed to fully open resulted 1.n the empty compressor duct ca libration 

shown in Fig.6.5, where again both ordinate and abscissa are in inches 

of sili~on fluid. Using this linear calibration any axial velocity at 

mid-span could be obtained by adjusting the throttle to set the 

appropriate inlet static press ure. The procedure for setting any flow 

coefficient, C /U , is outlined in detail in Appendix B. X m 

The wedge probe was next traversed radially across the duct 

annulus to see if there were any large variations in dynamic pressure 

or flow angle. The results of these measurements, with the throttle 

1.n the fully open position, are shown in Fig.6.6. The probe was 

placed at four circumferentia l positions, each 90° apart, around the 

duct . The four circumferential positions, in relation to the 

laboratory floor and wall, are also shown in Fig 6.6 as viewed from the 

duct inlet. The maximum variation in dynamic pressure over the entire 

annulus was approximately 3.2%, which was considered to be 

acceptable, especially considering the rather close proximity of the 

floor and wall to the inlet. 

The flow yaw angle, as measur ed from the horizontal, covers a 

fairly l arge r ange from +1° to - 3°. As the protractor wa s only 

clamped to the probe , and had to bl:! al i gned to it using scribe marks 

I 

I · 



after: ever y probe movement the overa ll accuracy of the angle 

measuremE:nts was estimated to be no better than 0 
,!2 • For this 

rea son the i n l e t swi r l was considered to be zero within the accuracy 

of the measur ements . 
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A check on the empty compressor duct mid- span turbulence levels 

was also made. Fig.6.7 shows the results of this check for a range of 

throttle settings between fully closed and fully openo At all values 

of throttle setting above fully closed the turbulence level was less 

than Oo5%, which was considered acceptable. 

6.3e2 Stage characteristics 

To evaluate the compressor overall performance ·and usable 

operati_ng range, the stage characteristics were ob.tained at two values 

of rotor blade speed. The static pressure rise across the stage was 

taken as the difference between the static pressure downstream of the 

s tator and upstream of the rotor, as measured by wall static pressure 

taps. This assumed that there was negligible swirl velocity downstream 

of the stator row, and hence a negligible radial pressure gradient, so 

that the wall static tap read the true static pressure at stage outlet. 

The upstream static tap was located in the parallel flow section 

upstream of the rotor but downstream of the inlet contraction . The 

stage static pr essure rise , made non- dimensional with rotor spe ed at 

mid-span , 1.s shown a s a function of flow coefficient, C /U , in 
X ID 

Fig . 6 . 8. The results for t wo rotor speeds, 610 and 860 rpm are 

seen to collapse f airly we ll onto a sing l e curve. The stage begins to 

stall and shows maximum pres sur e r ise a t a fl ow coef f ici ent of 0 . 50 , 

wh i l e the sta t ic pr es sure r ise drops to zero a t a fl ow coe f fi cient of 

abo ut o.33. For a 11 the stator blade boundary laye1· measurements 

r eported here the compressor was operated in a fairly highly loaded 
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condition at flow coefficients between a.so and o.60. 

603 . 3 · Stat or blade meari. incidence ang le meas(ttemetits 

The stator blade mean incidence angles were measured a s a 

function of flow coeff icient using a :wedge-type yaw probe 0 As it was 

i mportan t in these tests to have an accurate measurement of yaw angle, 

the wedge probe and traverse gear from the existing research compressor 

were substituted for the previously used probe . This probe was locked 

into a radial traverse gear and was provided with a vernier protractor 

unit which allowed angle measurements to an estimated accuracy of 
0 +0.1 to be taken. The probe was carefully calibrated in the 

"Duplex" wind tunnel and calibration curves similar to Figs.603 and 

6.4 were obtained. The actual linear calibrations obtained were: 

PD . ::; lo048 PD wedge 

PS . ::; Py + .0850 PD wedge + .008 

where : PD ::; dynamic pressure 

PS . ::; static pressure 

Py ::; yaw pressure 

and all quantities are in inches of silicon fluid . Particular 

attention was paid to aligning the traverse gear with the "Duplex" 

wind tunnel horizontal axis, and the compressor axis, by using feeler 

gauges between the traverse gear flange and the tunnel and compres sor 

flanges. The probe was loc.a ted at the axial traversing station 

1! inches downs tream of the rotor trailing edge and 2 inches 

upstream of the stator l eading edge at mid-span. 

The nominal stator incidence angle as a function of flow 

coefficient was first determined by measuring the rotor outlet yaw 

angle with the wedge probe at one ~ircurnferential position and relating 



t hi s to the des ign s t a t or b lade inlet angl e. At a f low coeff icient 

of qi°" 0546 the probe was then t ravers ed circumfer entially over 

one stator blade pitch using the traverse ring. The incidence 

obtained a s a f u.n ction of circumferen tial position is shown in 

Fig . 6 . 9 , where the upstream influence of the stator blade can be 

clear l y seen . At this flow coeff1cient, the nomina l incidence at the 
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usua l circumf erential probe position was 0 
- 0.66 • Using the results 

of Fig.6.9 , and the dynamic pr essures recorded at each point , the 

mass- we i gh t ed me an incidence averaged acros s one blade pitch was 

deter mined, and is also shown on the fi gure. It is seen that the 

. l d . . d 1. 36° h h . 1 true rnass - we1 g 1te mean 1nc1 ence was greater tan t e nornina 

incidence measured at the usual circumferential probe position 0 This 

value was then a fir st correction to be applied to all the nominal 

values of incidence measured . 

A second correction to the mean incidence was necessary 

because of the difference between the actual stator blade inlet angle 

as manufactured, and the design value, as shovm in Table · 6.2. The 

actua l inlet angle was 0.7° greater than the design value which 

meant a decrease of 0.7° from the nominal incidence 0 The total 

correction to be applied to the incidence measurements was then 
0 0 0 1.36 - 0 . 7 . ::: -+O e66 , which was added to all the nomina l mean 

incidence mea.surements 0 Fig. 6 . 10 shows the corrected values of 

stator blade mean incidence as a function of flow coefficient . 

6 . 4 Sta tor Blade Pressure Distributi ons 

One of t he stator b lades was pr ov i ded wi t h static pres sure 

t app i ngs at t he mid-span posi t i on so t hat time-mean pre s sure 

distribut i ons could be taken. Pressure distributions f or the four 

values of flow coefficient at which boundary layer measurements were 



taken are shown in Figso6. ll to 6 0 14. 

At all flow coefficients below 0.54 th~ boundary l ayer on 

the suction surface is seen to be separated well befo re the t railing 

edge, and there is no static pressure rise thro_ugh the stator row., · 

At a flow coefficient of a.so, which corresponds to a mean 

incidence of 4.4 de grees, the suct ion sur f ac e boundary layer appears 

to separate. at approximately 65% chord. As the flow coeffic i ent 

increases , and the mean incidence decreases, the separation poi nt 

moves f urther back along the blade s urface unt i l at <p = 0 0 54 the 

boundary layer is nearly wholly attached and a static pressure rise 

through the stator row is achievedo 

The negative pressure rise through t he stator row at low 
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values of flow coefficient is associated with l arge axial- velocity- ratio 

effects due to the growth of the annulus wall boundary l ayer. The 

pressure coefficient for the stator row may be written as : 

= 

c2 
. 2 

1 - c2 
1 

where c
1 

and c
2 

are the inlet and outlet relative velocities 

respectively. The axial velocities are related to the re lative 

velocities by : 

ex ::: cl cos <\ 1 

ex ::: c
2 

cos a2 2 

(6 .1) 

(6 02) 

where a
1 

and a
2 

are the inlet and outlet air angles respective l ye 

Equation (601) can then be written as: 

c2 2 

1 
.. ·x2 

X 
cos a1 - 2 2 cos a2 ex, ... 

') 2 c"" cos al 
1 - ( x2) -2--,...2 

"Xl cos a2 
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2 z · .. COS a1 ·- . l - (AVR) x 
2 (6. 3) 

cos a
2 

where AVR is the axial-velocity-ratio. From equation (6.3) : 

.A .. VR . ;::: 

For small outlet air angles, a
2 

, 

2 . J 1 /2 .. . COS a
2 

X 2 
cos a

1 

can be taken as 

(6.4) 

At 

a flow toefficient of 0 . 54, CP is seen to be 0.1 from Fig.6 0 11, 

so that from equation (6 .4): 

. 1 
0 0 9 X 

.65 

and hence AVR = 1.18, which is quite a reasonable value and there 1.s 

a positive pressur e ·rise through the blade row. At a flow coefficient 

of 0 .51, C = -.15 p and 

(AVR)
2 

and hence AVR = 1.40. 

= 
· . . l 

1 0 15 X ~ 
.59 

so that from equation (6.4): 

This is quite a large value for the axial-

velocity-ratio and a negative pressure r ise through the blade row 

results. 

Fig.6.15 shows a comparison between the pressure distributions 

of the linear cascade at +4 degrees incidence and the stator blade 

at +3.5 degrees and +4. 4 degrees incidence. If the small 

separation bubble caused by the trip wire on the cascade is ignored , 

the pressure gradient on the leading half of each blade 1.s of the 

same order. In the case of the cascade, however, this pressure 

gradient is maintained over a much greater fraction of the blade 

surface right up to very near the trailing edge . 

6 . 5 · The Boundary Layer Probe and Instrumentation 

The design requirements for the boundary layer probe were that 

it should be capable of traver sing in increments of ~oc,1 in pPrp""'rl; 0111 cir 

I 
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to the blade surface, present minimum interference with the mainstream 

flow between blades ~ and be capable of positioning at various points 

a long the blade surface. The final design chosen was an adaptat ion of 

the hot-wire anemometer probe used by B.J. Evans (1971) in hi s cadcade 

meas urements. The basic probe consists of a ho t-wi re element mounted 

between two curved needles, which in turn wer e supported fr om two short 

lengths of hypodermic tubing bent perpendicular to the blade surface 

1.n a 3/4 in radius. The two ends of the hypodermic tubing are 

spread apart 0.3 in either side of the hot- wire element to provide 

minimum flow inter ference . In opera tion , piano wires slide through the 

hypodermic tubing and push the hot- wi r e element away from the surface 

of the blade o Two close- up views of t he end of the probe are shown in 

Plates 2 and 3 . The piano wire has been retracted from the tubing in 

thes e photographs. 

The comp lete probe unit and suspension system, ready to be 

mounted in the compressor , 1.s shown 1.n Plate 4. The probe is allowed 

to pivot around the Oo25 in diameter s teel rod which is mount ed 

radially between the hub and casing walls of th?. compressoro A coil 

spring allows t he probe to be pre- loaded so that the piano ~ires are 

in contact with the blade surface at all time s . In Plate 4 the piano 

wires can be seen pr otruding from the hypodernri.c tubing at the end of 

t he probev 

Plate 5 shows the complete probe unit mounted in the compressor 

with the probe positioned towards the trailing edge of the stator blade 

suction surface. One of the templates used to posit ion the probe along 

the blade surface can be seen on the hub . The slots in these templates 

were machined following the locus of points on a tangent to the stator 

bla<l2 suction surface at mid-span and the distance between t.he hot-wire 

elen1ent and probe pi·vot point, ivhic.h '.rJas 6.5 ins • Both of these 



templates , one on the hub and one on the casing wa ll, were notched to 

allow the, pivot rod to be located with grub screws at positions every 

10% along the blade chord. 
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The piano wires which slide inside the hypodermic tubing to 

push the probe element away from the blade surface were activated with 

a micrometer from out s ide the compress or 0 To join the probe and 

micrometer , a long section of two pieces of hypodermic tubing soldered 

together was made up with a brass fitting on each end 0 One end was 

located with a grub screw in the probe pivot , and the other end 1.n the 

micrometer traverse unit. This then provided a continuous section of 

hypodermic tubing from the micrometer unit to the probe end. A spring 

inside the micrometer unit provided enough force to withdraw the piano 

wire from the tubing and hence lower the probe element towards the 

blade surface. 

Plate 6 shows the micrometer unit mounted on its track outside 

the compressor access window. This track allowed the micrometer unit 

to slide back and forth as the probe was located at various chordwise 

positions. The hypodermic tubing led from the micrometer unit to the 

probe through a split perspex plug in the window. This plug, which can 

be seen in Plate 6, allowed the micrometer unit to be passed through the 

window without disassembly when the window was removed for access to 

the probeo 

With a total length of hypodermic tubing and piano wire of 

approximately 3 ft, it was felt that there might have been 

considerable backlash in the system which would have introduced 

errors in measurements of boundary layer thickr..ess 0 To check this the 

probe was mounted on the table of a travelling micros~ope 1.n the 

Engineering Department metrology laboratory, and the probe movement was 



compared with micrometer read i ngs. The maximum discrepancy between 

the actuaJ measured probe movement and the micrometer reading was 

a pproximate ly 3.0% over a probe movement range of 0 . 5 in , which 

was c.onsidered acceptable . 
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Hot-wire anemometers used in close proximity to a solid surface 

require corrections for the added heat transfer t o the surface 0 This 

means that it is necessar y to have an accurate and independent means 

of determining the wall position in relation to the hot- wire probe 

instead of simp ly extrapolating the boundary layer ve locity profile 

to zeroo In order to accurately deter mine this wall position or "zero" 

reading of the probe micrometer , a strip of . 003 in shim stock was 

taped to the blade sur face at the measuring station each time the probe 

was moved . One arm of an ohmme ter was connected to the piece of shim 

and one arm to the hot-wire terminal as the probe was lowered towards 

the surface until the ohmmeter indicated contact between the shim and 

the probeo The probe was then raised slowly away from the surface 

until contact with the shim was just broken , as indicated by the 

Ohmmeter. The micrometer reading was taken as the reading with the 

hot-wire · 0003 in from the blade surfaceo 

6 . 5 . 1 · Instrumenta tion and probe ca librat ion 

The ho t-.wire probe was connected to a DISA type 55D01 

anemometer unit which was in turn connected to a type 55Dl0 linearizer. 

The D.C. voltage output of the linearizer was measured with a type 

55D30 voltmeter which integrated the signal over a period of approximately 

10 seconds. As the period of the rotor wakes at 650 rpm was 

approxima t ely 4 milliseconds, the voltmeter read the time-mean value 

of the velocity in the boundary l ayer. 

The best setting of the linec1.-rizer exponent was obtained by 



c.alibrating the probe several times 1.n the Duplex wind tunnel~ using 

a pitot-s,ta tic tube to obtain the reference velocity . In order to 

facilita te frequent calibration, it was desirable to be able to 

calibra te the probe 1.n the compressor . To test whether or not this 

was poss i ble a special fi tting was made up to enable a pitot- static 

tube and t he ho t-wire probe to be mounted at exit to the stator r ow 

between two stator blades . The compres sor was then operated over a 

wide range of thr ottle settings and the calibration so obtained was 

compared with the previous calibration in the Dup lex tunnelo The 

result of this comparison i s seen in Figo6.16 . In boundary layer work 

with a lineari zed anemometer , the actual value of the calibration 

constant is not as important as the linearity of the calibration, as 

all veloc.ities are made non-dimensional with the free- stream velocity, 

which is also obtained with t he hot-wire. From Fig.6 0 i6 the linearity 

of both calibrations i s seen to be good, and hence the probe was 

calibrated in the compressor before each set of experimental runs. 

6.6 · Time..;.mean bounda!Y lazer measurements 

Stator blade mean boundary l ayer profiles at mid-span were 

measured at four values of flow coefficient, qi aa 0 . 54-, 0.52 , o.51 and 

0 . 50 which corresponded to mean incidence angles of 0 0 
+0.8, +2.5 , 

0 0 +3.5 and +4 . 4 respectively . Profiles were measured at f our 

positions along the blade chor d , X/C ~ 30%, 50%, 70% and 80%, 

except at the higher incidences when the bounda~y layer was separated 

before the 70% and 80% chord positions. Table 6.3 gives a surrn:nary 

of all the measured boundary layer dataQ 

6 0 6.l Mean velocity profile measur ements 

The results of all the mean velocity profiles me asured can be 



75 

seen 1.n Figs.6al7 to 6020 for the four values of flow coefficient. 

All the points near the surface have been corrected for the ext r a heat 

transfer to the blade using the procedure given 1.n Appendix c. Also 

shown on each figure are Coles velocity profile fits to the 

experimenta l data using a procedure given by Coles (1968) and outlined 

rn Appendix C. 

The Coles profile is seen to fit the experimental points 

reasonably well near the leading edge of the blade~ but not so well 

towards the trailing edge as separation 1.s approached. Applying the 

Coles profile fit over a smaller region of the boundary layer results 

in a better fit i n the outer region for the profiles near separation. 
This results , however, in a definite positive slope in the profile at 

the edge of the layer and so 1.s not really representative of the 

experimental profile. Fig.6.17 shows the effect of varying the fitting 

region, and hence the parameter IT on the Coles profile fits. For 

all cases the Coles profile fit to the experimental data at X/C ~ 30% 
is quite good. This seems to indicate that the boundary layer act s 

like a wholly turbulent l ayer, at least in the time mean, from the 

30% chord position. 

6.6.2 Boundary layer integral properties and comparison · with cascade measurement s 

(~ The displacement and momentum thicknesses, o and e , and 

hence the shape factor H were determined using the data reduction 

procedures of Appendix c. The initial value of skin friction, Cf , 

was estimated from Glauser plots , and the fina l value determined from 

the Coles prof ile fitting procedure. A typical Glauser plot is given 

in Fig.6.21 . Experimental results for the four values of flow 

coeffic i ent are shmm in Figs.6.22 to 6.25. The re s ults at an 
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incidenc e angle of 0 +Oo8 ar e compared with the cascade res ult s of 

B. Jo Bvans (1971) at an incidence of 00 
' 

while the higher incidence 
results are compar ed with the turbulent cascade measurements with no 

tur bulence grids reported in Chapter 4o The cascade blade section was 
identical to the stator blade section at the measuring stationo 

The displacement and momentum thicknesses at 
• . 0 
1, = +0.8 is 

shown in Fig.6a22a. * The sharp rise in dis p lacement thickness , o 
80% chor d indicates that separation is imminent . The boundary layer 

growth 1.s seen to be much more rap id than in a cascade at 1, = o0 
0 

a t 

The cascade tests, as reported by B.J~ Evans (1971) , were made without 
a t rip wire on the blades, or turbulence grids, and a laminar 

separation bubble was present from 49 % to 55% chord. The cascade 

transition can be seen more clearly in Fig.6.22b where the shape 

factor, H , drops sharply at X/C = 55% from a maximum value of 3ol . 

* For laminar boundary layers the shape factor, rl = o /6 , ranges 

between about 2.3 to 3 .. 5 , while a constant pressure turbul en t 

boundary layer has a shape factor of approximately 1.4 (Schlichting , 
1960). For the stator blade, the shape factor is always less than the 
minimum va lue for a laminar layer, but rises sharply towards the 

separation point. Another indication of innninent separation is the 

drop towards zero of the skin friction at the 80% chord position. 

Boundary- layer development at i = 2.5° 1.s shown in Fig. 6. 23 

and compared with the cascade measurements of Chapter 4o The 

displacement and momentum thicknesses at t he 30% chord position are 

much t hicker on the cascade blade due to the trip wite at X/C = 10% • 

By about 65% chord , however , the thickness on the stator blade has 

equa lled tha t on the cascade and c on t i nues a t a much hi gher r a te of 

gr owth t o t he separation poi n t j ust past the 80% chord pos i t i on. 

The cascade shape factor shows a continuous i ncrease fr om X/C ~ 30%, 

11' 
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as is usual for a fully turbulent boundary layer in an adverse pressure 

gradient. The stator blade shape factor shows an initial decrease with 

chordwise position until 50% chord, after which it increases sharply 

to a separation value at 80% chord 0 The initial decrease in shape 

factor in an advers e pressure gradient is an indication that the 

boundary layer may still be partially transitional at the X/C "' 30% 

position. The skin friction on the stator blade is seen to be much 

greater than on the cascade until 80% chord. 

Fig . 6.24 shows the results of stator blade measurements at an 

incidence of 0 +3.5 • Traverses were impossible at the 80% chord 

position as the boundary layer was separated there. Compared with 

the cascade measurements the boundary layer growth is seen to be much 

greater, even though the incidence is very nearly the same 0 The 

shape factor again shows a slight initial decrease indicating some 

transitional effects at X/C"' 30%. The skin friction is initially 

greater than for the cascade blade, but drops more sharply towards an 

earlier separation point . 

For the stator blade at an incidence of 4.4° the boundary 

layer wa:s separated at the 70% chord position , so that only two 

chordwise positions are shown in Fig.6.25. By the 50% chord position 

the boundary layer thickness has matched that on the casc.ade. The 

shape factor again indicates some transitional effects at X/C = 30%, 

while the skin friction 1.s still larger than on the cascade blade. 

The initial decrease in shape factor at all values of incidence 

at first seems surprisingo However, hot-wire traces of the 

instantaneous velocity at the 30% chord position show small bursts of 

laminar flow , indicating that transition 1.s not complete at that 

station. The decrease in shape factor is much more spread out than 1.n 

the steady flow case which shows a sharp drop at the transition point,. 



This seems to indica te that the transition region in unsteady flow 
covers quite a large area~ and the t ransition "poine' probably 

oscilla tes in a similar manner to the free-stream 0 

Due to the much larger growth rates of the stator blade 

boundary layer compared with the cascade case there was some concern 
that this may have been at least partially due to three-dimensional 
effects in the centrifugal pressure gradient downstream of the free
vortex rotor outlet flow. However, boundary layer measurements on an 
annular cascade downstream of a swirling free-vortex flow by Olsson 
(1962) , indicated that the cross-flow was small and of the order of 
1/10 of the mainstream velocities. This observation has since been 
confirmed in the pres ent experiments by placing wool tufts on the 

suction surface of one of the stator blades. At all of the flow 
coefficients used for the boundary layer meas urements there appeared 
to be no large three- dimensional effects up to the separation pointo 

6.7 · Unsteady Boundary Layer Measurements 
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As the stator blade boundary layer growth was much more rapid 
than on the cascade at similar incidence angles, and three-dimensional 
effects seemed to be small, measurements of instantaneous velocity 
profiles appeared to be desirable to check on the extent of 

unsteadiness in the boundary layer. The ensemble averaging technique 
of section 5 . 4.1 w2s used to obtain records of the instantaneous 
mean velocity through the boundary layer. The term "instantaneous mean" 
implies that all random velocity fluctuations (turbulence) is averaged 
out, while any ordered unsteadiness in the velocity is preservedo 

Ar1 ensemble average of 511 records of the velocity was taken at 
each po i nt in the boundary layer , usiag the PDI'-12 cotrputer. 

Measurements were taken a t 30%, 50% and 70% chore on t he sta tor blade 
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suction surface at a flow coefficient of 0 . 51 , . corresponding to a 

mean inci4ence of +3a5° o Al l measurements were at a rotor speed of 

650 rpm, resulting in a nominal Reynolds number of 

6 c7 0 l · Experimen ta l results 

5 SxlO o 

Fig 0 6.26 shows oscillograms of the fluctuating velocity-time 

records at various points in the boundary layer at the 30% chord 

position . The bottom trace in each photograph is a typical 

instantaneous record , while the top trace 1.s the result of taking an 

ensemble average over 511 records. The free - stream velocity at 

y/0::: 1 .. 14 is seen to resemble a sawtooth type of waveform. The rotor 

wakes show up as jagged peaks in the instantaneous record and as a 

velocity defect in the ensemble-averaged records. At y / 6 = .715 a 

small secondary velocity defect peak approximately '8~0 l u out of phase 

with the free stream fluctuations can be seen developing. At 

y/6::: 0 485 the mainstream velocity fluctuations have nearly disappeared, 

while at y/8 "' .256 they have been completely absorbed into the 180° 

phase shifted fluctuations which have increased in amplitude to about 

three times the free-stream amplitude. Near the bottom of the boundary 

layer, at y/o ~ .143, the velocity fluctuations are restrained by 

the presence of the wall and begin to be damped out. 

In all of the instantaneous velocity records short smooth line 

segments can be seen between the velocity defect regions, indicating 

that there is some l aminar flow pre.seat in the boundary layer. This 

implies that the boundary layer is still in transition from laminar to 

turbulent at this chordwise station, and tends to confirm the large 

values of the shape factor, H , obtained in the time·-mean measurements. 

These instantaneous records appear to be siri,ilar to tl1ose obtained 

by Obremski and Fejer (1967) in their stud~, of boundary layer tr.:msition 

I 
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in unsteady flow. Evidently at X/C ::: 30% the amplification factor 

is not large enough for the turbulent "spots" to turn the flow 

completely turbulent 0 
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The abrupt phase change in the velocity fluctuations can be 

seen more clear ly by reference to the instantaneous velocity profiles 

in pig.6.27 0 The profile marked o0 
is taken at the rr.axirnurn amplitude 

point in the free- stream, and the one marked 180° refers to a free-

h 1 f 1800 0 st:cearn p ase ang e o There is seen t o be a nodal point in 

the profile at about y/o = . 78, above which the velocity fluctuates 

in phase with the free-s tream and below which it fluctuates 180° out 

of phase. The velocity record in Fig.6.26 at y/0. = .715 is near the 

nodal point and shows the rnunmurn fluctuation amplitude. Also shown in 

Fig.6.27 is the ratio of the boundary l ayer fluctuations to the free

stream fluctuations. The maximum ratio is about 4.3 which occurs at 

Oscillograins of the velocity records through the boundary layer 

at the 50% chord station are shown in Fig . 6.28 . The velocity profiles 

show similar behaviour to those at X/C = 0.3, except that 

amplification of the fluctuations is much les s. At y/6 ~ . lel9 the 

rotor wakes can be clearly seen as jagged patches embedded in the 

irrotational free-stream fluid. Within the layer at y/a "" >o.610 , the 

instantaneous record is seen to be completely turbulent, indicating that 

transition 1.s complete at this station. The ensemble--averaged record 

a.ppears to be quite smooth which implies that it is near a nodal point 

in the layer similar to the one at X/C = 0.3. In all of the 

remaining records in the bottom half of the layer, a 180° phase shift 

in the velocity fluctuations can again be seen . Ti1e instanta!leous 

velocity profiles shm.m in Fig.6 0 29 confirm the presence of a nodal 

ppini and a 180° phase shift in velocity fluctuations . The ratio of 

I :I 
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the amplitude of the fluctuation in the boundary layer to that in the 

free-stream is seen to be much smaller than at the 30% chord position. 

Instantaneous and ensemble-averaged velocity records at 

X/C "'Oo7 are shown in Figo6o30o The rotor wakes in the free - stream 

can still be seen quite clearly at the edge of the boundary layer, 

while within the l ayer all of the instantaneous records are fully 

turbulento The ensemble-averaged velocity fluctuations die out quite 

rapidly towards the bottom of the boundary layer and there appears to 

be no abrupt phase change as at the 30% chord and 50% chord 

stations 0 This observation is confirmed by the instantaneous velocity 

profiles in Fig.6.31. It is apparent that there is no nodal point as 

at the previous two stations. The velocity fluctuations decrease 

monotonically towards the bottom of the boundary layer. 

6 0 8 · Discussion of Results and Conclusions 

Both time- mean and instantaneous velocity profiles on the 

suction surface of a stator blade have been measured, and compared 

with boundary l ayer measurements in a linear cascadeo The most striking 

difference in the time- mean measurements is the very much larger rate 

of boundary layer growth on the stator blade compared to the cascade 

blade. As the three-dimensional flow in the boundary layer appeared 

to be small, the _rnost likely explanation of the large growth rates is 

the effect of the large unsteady component of the instantaneous 

incidence angles reported in Chapter 5 . The instantaneous incidence 

showed a peak-to-peak variation of between 12 and 15 degrees. 

Although the time-mean velocity profiles show a reasonable fit to Coles 

profiles the results of turbulent tascade tests give a very poor 

prediction of bound3ry layer de\.,.elopment en a stato-r blade. 

The mean stator blade turbulent velocity profiles measured by 

I 
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Walker (1971) appeared to have no logarithmic similarity region. 

Walker's measurements were made on a 3 in chord stator blade 

5 resulting in a Reynolds numb er of lo 3xl0 at an incidence of +4 
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degrees o As all of the present measurements appeared to have a well 

developed logari thmic r e gion, as is apparent in Fig . 6.21 , it may be 

concl uded that Walker ' s Reynolds number was too low fo r fully deve loped 

turbulent flowo The va lue of R
8 

for Walker's measurements was as 

low as 200 for some of his apparently tur bul ent profiles, while 

Preston (195 8) suggests that R "" 320 e is the minimum value for a 

turbulent boundary layer to exist 0 In the present experiments at 

X/C = 30%, un s teady boundary layer observations revealed the 

boundary layer to be transitional , while the mean velocity profile 

appeared fully turbulento In many of the cases considered by Walker, 

then, the boundary l ayer may have been trans ition.a l rather than 

fully turbulento 

Oscillograms of the i nstai1taneous velocity have shown the 

boundary layer to be slightly transitional at the 30% chord position. 

The ensemble-averaged velocity measurements at the 30% and 50% 

chord positions have shown a 180° phase change in velocity 

fluctuations and a resultant nodal point in the instantaneous velocity 

profiles 0 At the 70% chord position the fr ee-s tream fluctuat i ons 

apparently have -little effect on the boundary layer and the fluctuations 

die out fairly rapidly within the l ayer. 

Some insight in.to the behaviour of the unsteady boundary layer 

may be obtained by aga in l ooki ng at the results of studies on unsteady 

l amina.r boundary l ayers, which we have des cribed i n Chapter 2 . 

Light h i ll (1954) has gi ven t heoretical solutions for the laminar 

boundary layer under an oscillating free-stream at both low and high 

frequencies O At low frequency the boundary layer appears quas i-·s teady, 
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that i s like a series of steady profiles oscillating in phase with 

the free-.stream, while at high frequency -che behaviour is determined 

by the so- called "shear-wave" solution . Thfs solution shows that the 

velocity fluctuations very near the wall lead the free-stream 

fluctuations by 45° and show an increase in amplitude with frequencyo 

Lighthill shows that the c ross - over point for the t wo solutions 
0 ~6 V w. = o · x 

occurs a t a critical frequency, where V and x are 

typica l velocity and l ength scales respectively. If for the present 

exper i ments we take V to be 80 ft/sec , and x to be 1.0 ft, 

then uJ . = 48 • 
0 

The circu l ar frequency, w = 2nf, of the free-

stream fluctuations is approximately 1600 so we would certainly 

expect a shear-wave type of solution to appl y if the flow were 

laminar. The thickness of the "A. Co " .boundary layer or shear wave 

l ayer, is of the order of /v /w and therefore decreases with 

increasing freq uency. Kar ll son (1958) has provided experimenta l 

evidence of the same type of behaviour in tur bulent flow . At high 

frequencies the out- of-phase velocity component was restricted to a 

very thin region near the wall. All of these analyses and experiments 
have been for the case of a quasi - steady or "acoustic wave" type 

free- stream. 

The present experimental results , although at very hi gh 

frequency, exhibit a behaviour t hat is entirely different to that 

observed by Karllson for turbulent flow and described by Lighthill 

for laminar flow. In particular the present experiments indicate that 

the out-of-phase component is not restricted to a thin layer, and the 

phas e shift occurs abr uptly a t a nodal point within the boundary layer . 

The t entative c onclusion tha t may be drawn here i s t hat the unsteady 

turbul ent boundary l ayer with a convected-wave type of fr ee- s t ream, 
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where U = U (x, t) 
0 0 

rather than just u = u ( t) 
0 0 ' 

acts in a 

completely different manner from the boundary layer with a. quasi

steady free-streamo The fact that there may be phase differences in 

the free - stream velocity itsel f evidently leads to complex phase 

changes within the boundary layer 0 
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CHAPTER 7 TURBULENT .BOUNDARY LAYER CALCULATIONS 
AND COMPARISON WITH EXPERIMENT 

7 . 1 I ntr oduction 

As we have seen in the experiments so far uns teady effects 
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are impor tant in the development of turbulent boundary layers on 

turbomachine blades . In order to predict accurately these boundary 

layer s we would require a ca lculation procedure capable of describing 

the complete space- time development of the flow. At a recent 

conference (Eiche lbrenner, 1971) on unsteady boundary layers many 

calculation methods were pr esented . However , most of these dea lt with 

laminar boundary layers of low f requency with a quasi- steady free 

stream. By quasi- steady free-stream we mean here the acoustic wave 

type of problem where t emporal changes in the free-stream velocity 

at a point are felt instantaneously everywhere in the free-stream . 

In a turbomachine this is not the case a s the velocity perturbat ions 

are convected dmms tream at the speed of the wakes. Unfortunate ly 

at the present time there appears to be no calculation procedure 

capable of predicting the complete unsteady convected-wave type of 

turbulent boundary layer on a turbomachine blade. 

In this chapter we examine some steady turbulent boundary 

layer calcula t ion pr ocedures to see if they are suitable for 

calculating turbo:nachine blade boundary l ayers. In particular we 

develop modifications to existing procedures to account for the eff ect s 

of free-stream turbulence on the development of a steady turbulent 

boundary layer. The results of these calculation procedures are 

compared with the previous experimental results for both the steady 

boundary layers with free- stream turbulence and the unsteady stator 

blade boundary layer. 

! ' 

I I 



At first sight the differential method of Bradshaw et al. 

(1 967) would seem to be the most suitable for modification to include 

the effects of f ree-stream turbulenceo If we knew the way in which 

the turbulent kinet ic energy equation changed with increasing free

stream turbulence levels , then we should be able to incorpora te these 

changes into the calculation proc edure a The turbulen t kinetic energy 

equat ion is given by Bradshaw et aL as: 
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1 · · al + \r _a/) 2 p (U a;z- . 'ay ' 
au a - -r - + ay ay 

- 1-2-
(pv -i- -- q v) 

2 + PE: . = 0 (7 . 1) 

ADVECTION PRODUCTION DIFFUSION DIS SIPATION 

where: 2 2 2 
U + V + W ;::; 

1" = - puv 

au. 2 1. 
E: . = \J(- ) 

ax. 
J 

The first term represents advection of turbulent kinetic energy by the 

mean flow, the second pr oduction of turbulent energy by working of the 

mean flow against the turbulent shear stress, the third diffusion of 

energy by convective movements of turbulence and the fourth dissipation 

by viscosity . Townsend (1956) has shown that 1.n the inner region 

production of turbulent energy 1.s balanced by dissipation, while 1.n 

the outer region advection by the mean flow balances turbulent 

diffusion . Now if we measure each term in (7 0 1) t hroughout the layer 

f or varying leve ls of free- stream turbulence we should be able to 

suitably mod ify the calcula tion procedure 0 Unfor tuna tely , measurement 

of the terms in equation (7.1 ) is very difficult . The diffusion term 

a lone involves I!leasuremen t of triple velocity correlations , which is 

extremely difficult, and measurement of pressure-velocity correlations 

which with present day instrument techuology is vir ::.ually impossible. 

For these reasons, then, we have concentrated on integral 

calculation procedures. These procedures only require information on 

i' 
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the effects of free-stream turbulence at the boundaries of the flow, 

as the equations of motion are integrated across the boundary layer. 

Twodifferent approaches have been taken. In the first, additional 

terms in the equations of motion due to free-stream turbulence have 

been derived, while the second makes use of the empirically deduced 

modified velocity profile of Chapter 4. 

7.2 The Method of Hirst and Reynolds 

At the Stanford turbulent boundary layer conference (Kline 
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et al., 1968) the Hirst and Reynolds (1968) method was probably the most 

successful of all the integral methods presented, and was comparable to 

most of the differential methodse The responsibility for the success 

of the method doubtless lies in the way in which it takes explicit 

account of the turbulence by using a model of the turbulent kinetic 

energy equation. Unlike nearly all the other integral methods, it is 

able to include the previous history of the flow by introducing an 

initial value of entrainment. One slight disadvantage is that this 

upstream history must be paid for by the inclusion of extra input 

inforination . This method, then, retains the simplicity of integral 

methods while realistically taking account of the turbulence structure 

of the layer . 

The four brdinary differential equations to be solved are: 

1) Momentum integral equation 

. d8 ·e d,U00 

dx + (H+Z) U dx 
00 

2) Entrainment equation 

. ·~ fcS U d E 
dx Y · = 

0 
(7 .3) 
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3) Wall friction equation derived from the Coles profile 

u 
1' 

1 . U/5· . ·zJI 
= K in(~-;-) + K + C (7 • L1) 

where u 
'C' 

·(l't' is the friction velocity= ~, 
" p 

K the von Karman 

constant ;:; 0.41 , and C the constant in the law of the wall ;:; 5.0 • 

4) . Turbulence model equation 

. d rE2 ro J 
dx [2 Jo U dy = (7.5) 

which has been obtained from the integrated turbuleni:: kinetic energy 

equation by rela ting the entra inment, E, to the turbulence energy. 

These four coupled ord inary differential equations are solved by a 

pr:edic tor-corrector technique (see Fox, 1962), for the four unknowns , 

u · , JI , o and E • 
1." 

The mean flow terms in equations (7.2), (7.3) 

and (7.5) are put in terms of the four unknowns using the Coles profile: 

u 
u 

T 

;:: 

1 . . yu, . JI 
K 1n(~v~ ) + i W(y/o) + c 

where W(y/o) "" 2 sin
2(f y/o) • 

(7. 6) 

The first three of these equations are well- established and 

have been used in other calculation procedures. For example, one of 

the method s due to Lewkowicz et alo (1970) uses these three equations 

plus an empirical relation for the entrainment due to Head (1958) as 

the necessary fo~rth equation. As thi s empirical relation is taken from 

two particular sets of experiments , tl1is method gives better results for 

some types of experiments than for olhers . The method of Hirst and 

Reynolds uses the turbulence model e1uation (7.5), derived from the 

turbulent kinetic energy equation (7 .1) , as the additional equation for 

the entrainment. The derivation of this P-quation is described in the 

following section. 
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7 0 2 0 1 The turbul ence model equa tion 

If the turbulent kinetic energy equation (7 0 1) is divided by 

p and integrated across the layer the r esult is the integral 

turbulent kinetic energy equation : 
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d r U2 I: 3U 
dx - q dy ::: T -dy 2 3y I:£ dy (7 . 7) 

0 

ADVECTION PRODUCTION DISSIPATION 

where continuity has been used to eliminate V o In integrating (7.1) 

over a control volume to obtain (7o7) the dif f usion term has 

disappeared as this term only describes the re-distribution of energy 

over the control volume and not the production or destruction of 

kinetic energy within the control volume. 

Hirst and Reynolds introduc e a characteristic velocity scale 

for the turbulence, Q, where Q2 
is a measure of the average 

turbulent kinetic energy 

fa u 2 
q dy 

Jo · 
::: 

(u dy 

The production and dissipation of turbulent kinetic energy is all 

assumed to take place in the inner region so tha t the production and 

dissipation terms can be written as: 

P . J: 3U 
;:;; 't" - dy 3y (7 . 9) 

D ;::; J> dy (7 . 10) 

where A is the outer edge of the inner region. Assumirtg inner region 

length and time scales of v/u · and 
1" 

2 v/u respec tivelyt the shear 
't 

stress is postulated t o scale on the turbulence energy Q2 : 

1" = 

I 
I' 
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and the velocity gradient on t he time scale: 

2 
u . . '( 

g2 v (7 .12) 

where and 
.. yu. 

are assumed to be universal functions of (~-') 
\) 

in the inner regiono If (7 0 11) and (7.12) are used in (7 .9) and (7 . 10) , 

the production and dissipation t erms are: 

P . = Kl u 
T 

Q2 (7.13) 

D = K2 u Q2 
'( 

(7. 14) 

where K
1 

and K
2 

are constants. If these results are substituted 

into the integra l turbulent kinetic energy equation (7 . 7): 

= (7.15) 

Hirst anci Reynolds further assume that the entrainment rate 

is directly proportional to the turbulent velocity scale, Q: 

E = K Q (7 .16) 

so that (7.15) becomes: 

i._ rE2 f 8 U d J 
dx [2 y 

0 

(7. 17) = 

By evaluating approximately the terms in this equation from Klebanoff's 

(1954) flat plat~ experiment, Hirst and Reynolds obtained, after some 

optimization, the value of K
3 

= 0.14, so that (7 .17 ) becomes the 

turbulenc.e . model equation (7 . 5). 

7.3 · :Modification of the Me t hod of Hirst and Reynolds 
for free-stream turbulence 

Modifications to the calculation procedure of Hirst and Reynolds 

to account for free-stream turbulence are developed in this section. 



It has been seen experimentally in Chapter 3 that there is a finite 

value of turbulent shear stress at the edge of a boundary layer with 
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a turbulent free- streamo In order to ba lance the, momentum integr al 

equation it was necessary to introduce an extra. ter m due to this shear 

stress at the edge of the layer , and it may be assumed tha t this term 

should also be included in the prediction pr ocedure . Section 7 0 3.1 

describes the modified momentum integral equation in detail. 

A turbulent boundary layer developing under a turbulent free

stream may be expected to entrain some of the turbulent kinetic energy 

of the free- streamo It is not clear at the present time how this 

extra. turbulent energy spreads through the boundary layer, but it was 

seen in Chapter 3 that there is a general increase in turbulent energy 

throughout the layer with increasing free-stream turbulence. In 

section 7.3 0 2 the integral turbulent kinetic energy equation for a 

boundary layer with a turbulent free - stream is derived. 

Using the two new equations in place of equations (7 .2) and (7.5) 

provides the basis for the modified prediction methode In later 

sections of this chapter the results of this prediction method are 

compared with some experiments. 

7Q3.l · The momentum integral equat ion 

The usual von Karman momentum integral equation is given by 

Ross (1953b) as: 

· d8 
- + dx 

* 1 dUOO 
(28+6 ) U dx 

00 

TW 1 
- - + -2 . 2 pU U 

00 00 

[
6 o 22 

(u - v) 
JO clX 

(7.18) 

As we have seen in Chapter 3, the l ast term on ti1e Ro H. S~; · the Reynolds 

norma l str esses , c an usua lly be i gnored excep t very c l os e . t o s epara tion. 
* With this ;1s8 umption and noting that H 

c5 ' 

8 
and C ::: 

f 
·' w 
--2 ' 
lp U 
2 00 

i 
I I 

I 



equa tion (7 . 18) becomes equa tion (7. 2) which 1.s used 1.n the usual 

Rir st and Reynolds procedure. 

The complete momentum integr al equation for a boundar y layer 

with a turbulent free-str eam is deve loped in Appendix E. This 

equation is: 

d88 * 1 dU8 8 
dx + <29 5+58) u

8 
dx + 

0
2 
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8 

'CW-:T 8 

2 
pU8 

. 1. f 8 a + - -
U

2 ax 
22 

(u - v ) dy (7 .19) 
8 0 

This equation has been discussed in Chapter 3, and it was noted that 

to a first approximation the third term on the L.H.S ~ can be neglected. 

If we again assume that the Reynolds normal stresses are negligible, 

and noting cf / I 2 the momentum integral equation becomes: = Tw 2PD8 ' 
dB cS * 1 

dU8 cf 
(1 

; 1' 8 . 
(7. 20) - - + (288+88) u8 dx == 2 - - ) dx T 

w 

where the subscr ipt cS indicates that quantities are to be evaluated 

at the cS
99 

edge of the boundary layer. 

'\s In order to use equation (7.20), the variation of with 
1'w 

f ree-stream turbulence must be known. This informa tion has been taken 

from Fig.3.14 of Chapter 3 and is shown in Fig.7 . 1. Only two points 

are available, but nonetheless a straight line passing through the 

origin is found to fit the data well. The str aigh t line is given by: 

. T 8 

T 
w 

= 0.04 x Tu% 

and this r e lation ha s been used 1.n equa tion (7 . 20) fo r a l l of the 

calculations. 

7.3.2 · The turbu l ence mode l equation 

The usua l turbulence mode l equa tion 1.s ( 7.5) which may be regarded 

I i 

1 I 
I 

I 



as an equation for the boundary l ayer entrainment. For a boundary 

layer developing under a turbulent free-stream we could reasonably 

expect extra terms on the R.R.S~ of equation (7 o5) to acc ount for the 

added entrainment of free-stream energy into the boundary layer. 

I n Appendix D the complete turbulence model equation is 

derived from the turbulent kinetic energy equation taking account of 

the free-str eam turbulent energy at the edge of the layero The 

resulting equation is: 
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. d jE 2 Jo J 
dx Lz- u dy (7 . 22) 

0 

This equa tion is identical to equation (7.5) except for the extra 
q2 2 term ~ E on the R.HoS ~ In order to evalua te this term, q0 is 

put directly in terms of the free- stream turbulence level , Tu. 

Assuming i s otropic turbulence at the edge of the boundary layer, 

and Tu= ~ u' 0 

2 
qo . ;:: 

= 

so that : 

= 

2 2 2 
U . + V + w 

3 
2 
u 

(7 . 23) 

The relation (7 .2 3) has been used in equation (7 .22 ) for all of the 

calcula t ions with the mod ified calculat ion procedure. 

The basis of the modifi ed calculat ion pr ocedure, then, is 

obtained by replacing equations (7.2) and (7 . 5) py equations (7 . 20) 

and (7 0 22) respectively, together with the relations (7 .21) and (7.23) . 

The four eq•1ations to be solved are then: 

1) Momentum integral ~quation 

de
0 

(28, +o"~) 
., du

0 .c,. 
L i: 

(1 dx + --- = 2 0 6 uo dx 

TO 
4.0 Tu = X 

T w 

TO - - ) 
T 

(7 . 20) 
w 

(7 ,21) 
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2) Entrainment equation 

d fa 
dx 

0 

E u dy. = 

3) Wall friction equation 

u o 1 .. T ·211 
= - £n(- ) + -K + C K v 

4) . Turbulence model equation 

f~z ( u dy] 
2 

. d 
o.14 E2 

. qo 
dx 

::: u + -E ,.. 2 . 

2 
3 u2 Tu2 

qo ·- 0 

These four equations are solved for the f our unknowns, u , 11 , o 
T 
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(7 0 3) 

(7 .4) 

(7 .23) 

and E in exactly the same manner as the usual Hirst and Reynolds method. 

Results of the calculation procedure and comparison with t he unmodified 

method and experiments are given in a later sectiono 

7.4 The Method of Lewkowicz et alo 

Lewkowicz et al . (1970) have developed a family of integral 

methods to predict turbulent boundary layer development. In each of 

the three methods they solve the momentum integral equation, a wall

friction equation and a third equation taken from either the energy 

integral equation, the moment of momentum integral equation or the 

entrainment equation. The third method, using the entrainment 

equation , gave the best prediction of flows in s.evere adverse pressure 

gradients, and so was the one chosen for the present calculations. 

The basis of the entrainment method is the solution of the 

three equations: 

I 
, I 
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1) Momentum integral equation 

· dB 1 dUCO * 2 
dx + U dx (ZB+o ) ;:::; · w (7 .24) 

00 

where w 

2) Wall friction equation from the Coles prof ile 

1 1 
- - - £n w . = w K 

3) Entrainment equa tion 

1 . cSU co . 2,r 
- £n (- ) + - + C K \J K 

1 d ~ 'f~ J - - u (cS - cS) U dx co 
co 

"' E 

These three coupled ordinary differential equations are 

solved for the three unknowns, cS , II and w , where w can be 

(7o25) 

(7o26) 

. UT 
(l) = u 0 

written as As in the method of Hirst and Reynolds, the mean 
co 

flow terms in equations (7o24) and (7.26) are written in terms of the 

three unknowns using the Coles profile. For evaluating the boundary 

layer thicknesses the Coles profile is used more conveniently in its 

velocity- defect form: 

= ~ · {II[2 ~ W(y/cS)] - Q,n(y/6)} (7.27) 

In the method of Hirst and Reynolds, the entrainment , E, in 

equation (7 . 26) is treated as an unknown and a fourth equation (the 

tur bulence model ·equation) is introduced to solve for the four unknovms . 

Lewkowicz et al . take a different approach and use empirical information 

* to relate the entrainment, E, to the mean flow parameter s , cS, o and e • 
They take an analytical approximation to Head's (1958) experimental 

curve as: 

(7.28) 

I 

·.'I 
I 
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1': 
· (cS - 6 ) 

H * = --'-----'--
cS - cS 8 

·where is a shape factor. Lewkowicz et alQ then 

s olve equat i ons (7.24) , (70 25) and (7.26) with (7.28) using a Runge-

Kutta techniq.ie for the three unknovms c5 , II and w 0 

7.4.1 St~rting c6rtditions 

To start the calculation initial values of o, II and w are 

required. However, as Lewkowicz et al 0 point out, these three 

parameters ar e not independent as any one of them may be expressed in 

terms of the other two using the wall friction equation (7.25). 

Lewkowicz et al. used the velocity- defect form of the Coles pr ofile ~ 

equation (7.27), to obtain equations for 8 , o* and hence H in 

terms of c5 , II and lu • Using these two equations, the given initial 

values of H and 8 and the wall friction equation (7o25), the 

initial values of cS, II and w were computed. In this manner given 

va.lues of H and 8 were used to compute an initial value of Cf , 

where w =ll. 
For calculation of all of the experimental results described 

here, initial values of cf and 8 were considered to be more 

reliable than values of H and 8 • In determining H experimentally 

* small errors in cS and 8 can result in a relatively large error 

in H . Also, from an engineering viewpoint, starting with a correct 

initial value of Cf is probably more important than a correct initial 

value of H. For these reasons, then, a new starting subroutine was 

written to compute an initial value of H from given values of Cf 

and 8 • This also brings this method into line with the method of 

Hirst and Reynolds which star ts with ini tia l values of Cf and 8 • 

For the new starting procedure an equation for 8 in terms 

of o , TI and w is first obtained using the Coles velocity-defect 
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profile (7 027): 

2 
8 . ;:: 

WO w o 2 (l+TI) - (2o0 + 3.179rr + l.STI) K K2 . (7.29) 

The wall- friction equation (7.25) is taken as the second equation, and 

a Newton- Raphson iteration scheme (see Dorn and McCracken, 1972) is 

used to solve these two equations for o and TI given initial values 

of w and 8 • The improvement in the calculations using this 

starting procedure is demonstra ted in section 7.5.2. 

7.4.2 M6difitation for free-s tream turbulertce 

In developing calculation procedur es to predict turbulent 

boundary layers. growing under a turbulent free·-stream there are two 

approaches which may be taken. The first is to modify the fundamental 

equations to account for free-stream turbulence , and this is the 

approach which ha s been t aken in applying the method of Hirst and 

Reynolds. The second approach is to use a universal velocity profile 

which inherently takes account of the effects of free - stream. 

turbulence. This latter approach is the one which has been applied 

to the method of Lewkowicz et al. and is described here. 

In Chapter 4 it was seen that a modified form of Coles ' (1956) 

universal velocity profile fits the exper imental data. The profile 

propos ed there was: 

. u 
u 

'r 

;:: 
1 yu'r TIO 
K Q.n(~) + (1- 5. 0 Tu) if"" W(y/o) + C (7.30) 

where TI is the Coles wake parameter for zero free-stream t urbulence< 0 

A new wa ll-friction equation may be obtained from (7 .30) by putting 

l 1 
~ - "iz' Q.n w 

oU 2(1"".' 5 .0 .Tu) TI 
1 • . . co) + o_ + C 

= Q.n(-' K K V 

(7 .31) 

U ~ U at y = o 
00 



In calculating the integral thicknesses in terms of 8 , TI and w , 

a velocity-defect form of the profile (7 . 30) is used: 

= ~· {(l-5~0 Tu)n
0

[2 - W(y / o)] - tn(y/8)} 
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The basis of the modified method of Lewkowicz et al., then, is 

the use of equation (7.31) in place of equation (7 . 25) for the wall

friction equation, and the use of (7.32) in place of (7.27) to calculate 

* the values of 8 · and 0 in terms of 8, 11 and w in equations 
0 

(7 .2Lf) and (7 .26). The only additional information required is an 

initial starting value of Tu, which is read in at the beginning of 

each calculation. The results of this method are compared with the 

results of the unmodified procedure and with experiments in section 7.5.2. 

7.5 · R~sults of Calctilati6rtS and CompariS6n with E~peri~~nts 

This section presents .the results of turbulent boundary layer 

calculations using both the Hirst and Reynolds and the Lewkowicz et al. 

procedures. Results are presented for the unmodified procedures as 

well as for the versions modified for free-stream turbulence. All of 

the calcuiation procedures were programmed in FORTRAN and run on the 

Cambridge University Titan computer. Typical run times were of the 

order of 20 seconds for each flow considered. 

Three sets of experimental boundary layer results are used for 

comparison with the calculations. The first is the constant pressure 

turbulent boundary layer with varying free-stream turbulence reported 

by Huffman et al. (1972). This set of results was used primarily to 

"calibrate:r the modified Hirst and Reynolds procedure to determine i f 

the empirical input was of the correct order. In fact, the calculations 

showed that no modification of the empirical input was necessary to give 



good prediction of the experimental results. The results of Huffrnan 

et al. were chosen rather than the experiments of Chapter 3 as in the 

latter case measurements were taken at only two x stationsc 

The second set of experimental results used for comparison 

with the calculat ions was taken from the cascade measurements of 
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Chapter 4. Results from both the Hirst and Reynolds and Lewkowic z et al. 

procedures are shown. The stator blade bnundary layer measurements of 

Chapter 6 provided the third and final set of test cases 0 Results from 

the Hirst and Reynolds method only are presented for these experiments 

as the modifications to this method are based on les s empirical 

information than the modified Lewkowicz procedure and provide equally 

good results for the cascade measurements" 

7.5 0 1 · Constant pressure layer with a turbulent free-stream 

The results of calculations of the flat plate data of 

Huffman et aL (1972) , using the modified Hirst and Reynolds procedure, 

are shown in Figso7.2 and 7o3o Fig.7.2 shows the results from an 

earlier version of the procedure in which only the modified turbulence 

model equation was used, while Fig.7.3 shows modified forms of both 

the turbulence model equation and the momentum integral equation. As 

the first experimental point was at x = 1.8 ft, a starting point 

for the calculations as far upstream as possible was obtained by 

extrapolating back the data to i = 0.2 ft. Starting conditions 

at this point were varied by trial and error until the best predictions 

of the no-grid results were obtained with Tu= 0.0% 1.n the 

calculation procedure. These starting conditions at x = 0.2 ft were 

then used for all of the calculationso 

The solid line in Fi g.7.2 is the result of calculations with 

Tu= 0.0%. Good prediction of the no--gr id experimental values of 
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skin-friction and displacement thickness were obtained, while the 
momentum thickness is somewha t low and hence the shape factor slightly 
higho During the initial optimization of the starting va lues both the 
skin friction and momentum thickness were varied, allowing the initial 
value of the shape factor and displacement thickness to be calculated 0 

It was considered more important to obtain a good initial prediction 
of the displacement thickness as this quantity is more sensitive to 
free-stream turbulence than is the momentum thickness. The dotted line 
is the result of calculations with an early version of the program using 
the modified turbulence model equation only 0 The predictions for 
and H with Tu= 4.0% show remarkably good agreement with the 
experimental results at Tu= 5 . 7%. The displacement thickness, 
however, is still too hi gh and the momentum thickness has increased 
rather than decreased. It was at this point tha t a closer look was 
taken at the momentum integral equation, and the modified equation (7 .20) 
was developed . 

Fig .7.3 shows . the results of calculations with the fully 
modified Hirst and Reynolds procedure using the new forms of both the 
turbulence mode l equation and the momentum integral equation. The 
solid lir..e again shows results with Tu= 0.0%. These results are 
identical to calculations with the unmodified procedure, as with 
Tu = 0.0% the ex.t-ra terms in both equations are identically zero. 
The dotted line shows the results of calculations with Tu= 4.0%. 
Good prediction of all the experimental results can be seen. The 
displacement t hickness now shows a u.tUch l arger decrease than in the 
earlier version, and the predicted momentum thicknes s shows a decreas e 
with increasing Tu r a ther than the increas e of the earl i er ver sion . 
The reason f or. a s omewhat l ower va l ue of Tu 1.n t he ca!.cula tions than 
i n the experimen ts is evident l y due t o t he fact thdt t he free- s tream 
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turbulence is steadily decaying for the experimenta l re sults 0 

7.5.2 · Compressor ca scade ca l culations 

The compressor cascade measurements of Chapter 4 were us ed as 

the second test case for the calculation procedures 0 The results of 

predictions wi th the fully modified Hirst and Reynolds procedure are 

shown in Figs. 7. 4 and 7.5 , and with the modified proc edure of 

Lewkowic z et a l . in F.igs.7.6 and 7. 7. The measured pressure 

distributions shown in Chapter 4 with no turbulence grids in place 

were used for all of the calculationso The starting condi tions in 

each case were t aken to be the experimenta l values at x/c = 0.3 

with no turbulence grid in place. 

Fig . 7 . 4 shows the displac ement and momentum thickness 

pred ictions for the modified Hirst and Reynolds procedure. At 

Tu= 0.0% t he predicted value of * o is too high , but this quantity 

decreases with increasing Tu as do the exper i mental results 0 At 

Tu= 2.0% the predicted value of 
)~ 

o at x/c ~ 0.8 approximately 

matches the experimental data. Only one curve is shown for the 

momentum thickness pr edictions as the r esults for all turbulence leve ls 

were nearly identical. 

Skin- friction and shape factor predictions are shown in Fig.7. 5. 

There is seen to be a general increase in skin- friction and a decrease 

in shape factor with increasing fr ee- stream turbulence level. The 

correct t rend of the experimenta l da ta is predicted but agreement is 

qualitative r a ther than quantitative. Inclusion of free - stream 

turbulence in the ca lculations apparently r educes the t endency for 

the boundary l ayer tu separa t e more s trongly t han in t he experimental 

case. This may be due to the fact that experimentally t he tur bul ence 

le~el i s dec ay ing and is l ess effective towards the trailing edge, 
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while for the calculations Tu is a constan t . 

Fig.7 . 6 presents the results of the Lewkowicz et aL 
predictions for displacement and momentum thicknesso The curves marked 
A are the results of the unmodified procedure using initial values of 
H and e as input data. All of the other curves are for the procedure 
using the modified velocity profile and initial values of w and e as 
input data. Curve B is with Tu = 0.0% , C with Tu= 2.0% and 
D with Tu= 5.0% • Curves B, C and D show a slightly low initial . ~ value of 6 as initial experimental values of C.r: and e wete chosen 

.L 1~ 
and 6 and H were calculated. With Tti = 0.0% both versions A 

* and B predict values of 6 and e which are larger than the 
measured values. Increasing levels of Tu cause both * 6 and e to 
decrease as do the experimental results. With Tu= 2.0% quite 
reasonable prediction is obtained, while at Tu= 5 .0% the predicted 
values are too low near the trailing edge. 

The Lewkowicz et al. skin-fr iction and shape factor predictions 
are given in Fig.7.7. This figure clearly shows the advantage of the 
new starting subroutine which uses initial values of w and e rather 
t han H arid e • With the modified versions, B, C and D, quite 
reasonable predictions of the skin- friction are obtained , while version 
A severely under-predicts Cf • Towards the trailing edge the skin-
friction increases with increasing tur bulence level, confirming the 
experimental trend. The initial value of shape factor is poorly 
predicted using starting values of w and 8 but this is considered 
less important than a good initial prediction of skin friction. The 
shape factor near the trailing edge is predicted quite well by both 
versions A and B. H is seen to decrease with increasing Tu , 
following the experimental trend at least qualitatively. 

I I 
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7.5 o3 Stator blade ca lculations 

Predictions of the s t ator blade boundary layer measurements 

of Chapter 6 ,1ere made using the modified Hirst and Reynolds procedure. 

The measured pressure distributions sho,vn 1.n Chapter 6 were used for 

trial calculations at flo~ coefficients , ~, of 0 0 54 and 0 0 51, 

corresponding to mean incidences of 0 +3 . 5 respectively. 

Starti_ng values were again taken to be the measured values of Cf and 

8 at the x /i: Oo3 positiono 

Fig . 7 .8 shows the calculation resul t s a t * = 0.54 • The 

curves mar ked A are for Tu= 0 .0%, and those marked B for 

The predicted growth of both the displacement and 

momentum thicknesses is too small . The shape f ac tor and skin- friction 

are predicted reasonably well except near the trailing edge where the 

measurements begin to indicate .separation . For all of the quantities 

increasing the free- stream turbulence level of the calculations causes 

a considerable deterioration in the agreement with experiment. 

The calculation results at a flow coefficient of 0.5 1 are 

shown in Fig.7.9o Similar behaviour to the previous ca lculations is 

seen, with the predicted boundary layer growth considerably less than 

the exper imenta l value. There is also seen to be poor prediction of 

both the shape factor and skin-friction . As in the previous case 

increasing levels of free- stream turbulence in the calculation procedure 

caused the discrepancy between prediction and experiment to become much 

greater. 

7.6 Discussion of Results and Conclusions 

Two different. existing boundary l ayer calculation procedures 

have been modified to pred i ct turbulent boundary layers developin r; in a 
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turbulent fr ee-streamo The first method , origina lly due to Hir st 

and Reynolds , includes extra terms in both the turbulence model 

equation and the momentum integral equation to account for free-stream 
turbulenceo Good agreement with flat pla t e boundary layer measurements 

with free-stream turbulence has been obtained us ing only empirical 

information from Chapter 3 to describe the manner in which the shear 

stress at the edge of the layer, \s ~ varies with Tu • The reason 

that a value of Tu 1.n the calculations somewhat smaller than the 

measured values at x = 1.8 ft 1.s used to predict the data is most 

likely due to experimental decay of the turbulence 1.n the streamwise 

direction. 

Inclusion of small amounts of free-stream turbulence in the 

calculation procedure can effect somewhat improved predictions of the 

boundary layer on a compressor cascadeo This is particularly true of 

* the predictions for the displacement thickness, o , while predictions 

for the other boundary layer properties show at least qualitative 

agreement with expe rimento A smaller value of Tu is used in the 

calculations compared with the experimental values. This is again 

evidently due to the fact that the reference turbulence level for the 

cascade measurements is upstream of the blade leading edge and the 

turbulence is steadily decaying down the blade chord . 

The basis of the second calculation procedure used was the 

method of Lewkowicz et al. Modification to include free-stream 

turbulence effects consisted of utilizing the modified velocity profile 

described in Chapter 4 . Small amounts of free-stream t •.irbulence in the 

ca lcula tions resulted 1.n improved pred iction of the exper i mental 

results , particularly t he displacement and momen tum thicknesses. For 

this prediction method a new starting subroutine was written t o enable 
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the use of initia l va l ues of Cf and 6 rather than H and e • 
Ca lculations using this star ting procedure showed a marked improvement 
in predictions of the skin-friction with only a sl ight discrepancy in 
the initial value of d isplacement thickness. 

Both modified calculation procedures show qualitative 
agreement with the experimental resultso That is , decreased 
displacement and momentum thickness and :ncreased skin-friction were 
predicted with increasing l evel s of Tu. As far a s the cascade 
calcula tions are concerned, there is little to choose between either 
method. However , as the form of the modified velocity prof ile for 
the Lewkowicz pr ocedure was obtained from the cascade measurements, 
this procedure should be optimized for these particular calculationsc 
The Hirst and Reynolds method, on the other hand , uses much more 
physically realistic modifica tio.ns and gives good results for a f l at
plate layer and quite reasonable predictions for the cascade 
measurements. For these reasons the modified Hir st and Reynolds method 
is t o be preferred for calculations in arbitrary pressure gradients. 

Trial calculations of the stator blade boundary l ayer with the 
Hirst and Reynolds procedure show poor agreemen t with the experimental 
results. Increasing levels of free- stream turbul ence in the 
calculat ions result in an even larger discrepancy between prediction 
and experiment. The stator blade boundary layers, then, appear to be 
influenced more by the large fluctuati ons in the instantaneous 
incidence angles , as shown in Chapter 5 , than by free-stream 
tur bulence. 
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CHAPTER 8 CONCLUSIONS ,'\.ND SUGGEST I ONS FOR FUTURE WORK 

8.1 Conclusions 

A comprehensive study of the turbulent boundary l ayer 

development on an axial- flow compres sor blade has been carried out. 

Measur ements of boundary l ayer growth on a single- stage compressor 

stator blade are presented and compared with measurements on a linear 

cascade of similar bladeso During the course of the resear ch it 

became clear that more fundamental informa t ion on the effects of 

fr ee-stream turb ulence and flow unstead iness is required. To this 

end the effects of free- stream tur bulence on a r.:onstant pressure 

turbulent boundary layer have been studied, and a techni que has been 

developed and used to measure the extent of flow unsteadiness and 

f ree- stream turbulence in a compressor stage . In an attempt to 

predict boundary layer development on compressor blades existing 

ca.lculation procedures have been modified to include the effects of 

free- stream turbulence . The main conclusions of each of these pieces 

of research are given in sub- sections under the relevant head ings. 

8 .1.1 · Free-stream turbulence effects on turbulent boundary .· layers 

The effec ts of f ree-stream t urbulence on the development of a 

constant pressure -turbulent boundary layer have been studied 

experimenta llyo Increasing levels of free- stream turbulence, Tu , 

cause an incr ease in t he fullness of the ve locity prof ile with a 

cons equent decrea se in the displacement and momentum thicknesses. The 

increasing profile fullness r esults in increased wall skin-friction 

and a decrease in the outer l ayer velocity defect and hence in the 

Coles profile wake parameter, TI 0 The turbulence intensities and 

turbulent shear stress, -puv, at a given station show a general 



increase throughout the layer with increasing Tu. A new form of 

the momentum integral equation has been derived which explains the 

apparent paradox in boundary layer momentum ba l anceo 

Experiments on a cascade of compressor blades with varying 
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levels of fr ee-stream turbulence have shown the same genera l effects as 

on the constant pressure layer 0 Outer layer velocity- defect measurements 

at a given chordwise position , X/C , have been f ound to near ly collapse 

onto a single curve if they are multiplied by the factor (1+5 0 0 Tu) o 

On the basis of this correlation the following modified f orm of the 

Coles veloci ty profile for boundary layer s in turbulent free-streams 

1.s suggested : 

u 
u 

T 

= 
1 . yuT . ITO 
K £n(-;-) + (1-5 .0 Tu) K W(y/o) + C 

Using this new profile the effects of free-stream turbulence on measured 

velocity profiles can be determined without performing additiona l 

experimentso 

Increasing levels of Tu result in a decrease in brith the 

total pr essure loss and mean deviation angle of a cascade of compr essor 

blades with turbulent boundary layers over 90% of the suction 

surface. The decrease is due to the fact that the boundary layer 

remains attached over a greater portion of the blade because of the 

increased turbulence energy in the l ayer . 

8. L2 Turbulence and unsteadiness in axial.:..flov1 .compressors 

An ensemble-averaging technique used in cor1junction with hot

wire anemometry has been developed to distinguish between free- stream 

turbulence and periodic fluctuations in the mean flo w velocity. These 

twu components of the anemometer si gna l have be0n f0und to be of the 

same order near the design point of the s5.ngle-stage compressor Lested. 

{I~ 
1) 
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However , near the stalling point of the compressor the free-stream 

tur9ulence becomes the largest component while the periodic mean flow 

perturbations remain relatively constant 0 

The same technique has been used to measure the ensemble

averaged i nstantaneous axial and tangential velocities and hence the 

instantaneous stator inlet angles downstream of a rotor row 0 The 

stator incidence angles have been found to have a peak-to-peak 

variation of between 12° and 15° at flow coefficients near the 

design point. This large variation in incidence angle is almost 

certainly more important in determining stator blade boundary layer 

behaviour than is the level of free-stream turbulence. 

8.lo3 Turbulent boundary layers on axial-flow compressor stator blad es 

Detailed boundary layer traverses using a hot-wire anemometer 

probe have been made on the suction surface of a single-stage compressor 

stator bladeo Boundary layer growth on the stator blades has been 

found to be very much greater than on a cascade of similar blades at the 

same nominal mean incidence and Reynolds number. This very large 

boundary layer growth rate has been attributed to the large unsteady 

incidence angles which have been measuredo The results of linear 

c.a.scade tests have been shown to give very poor prediction of the 

boundary layer behaviour on a stator blade at the same mean incidence 

and .Reynolds numbero 

Measurements of instantaneous velocity profiles have shown the 

boundary layer to be highly unsteady. This is particularly tru~ near 

the leading edge of the blade although unsteady effects are still 

noticeable towards the trailing edge. The unsteady boundary layer 

behaviour appears to be inexplicable in terms of pres en t day theories , 

and 0nly qualitative speculation as to the ca uses of the ob s erved 

I 
ltl 1 
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behaviour can be given. 

Oscillograms of the instantaneous velocity throughout the layer 

have shown that there are still remnants of laminar flow at the 30% 

chor d position although the mean velocity profile measurements are 

characteristic of a turbulent layer. This slightly transitional 

character is a po s sible explanation of the decreasing value of shape 

factor over the leading half of the blade. For all practical purposes, 

at high Reynolds number (5xl05) and positive incidences, the boundary 

layer appears turbulent over at least 70% of the blade surface. 

8~1.4 · Calculation of turbul ent boundary layers with turbulent 
free-streams 

Two different integral turbulent boundary layer calculation 

proc.edures have been modified to account for the effects of free- s tream 

turbulence. The first method emp_loys extra terms due to free-stream 

turbulence in both the momentum integral equation and the turbulence 

model equation. Using this method calculations of a constant pressure 

turbulent boundary layer with varying levels of free- stream turbulence 

have shown very good agreement between experiment and theory. 

The second calculation procedure used the modified velocity 

profile proposed in Chapter 4 to account for free- stream turbulence. 

Prediction of the cascade measurements with varying levels of free-stream 

turbulence showed reasonable agreement between theory and exper iment for 

both calc.ulation procedures . With both me thods the correct trend of the 

experimental data with increas ing turbulence levels was predicted. 

Application of the calculation pr ocedures to the compressor 

sta tor b lade bound ary l ayer s ha s been l argely unsucc essful . In all 

case s the pred i cted boundary layer grow th was cons i derably les s than 

t he measur ed values a lthou gh e xper imental pressur e dis t ributions and 



starting values were used. Inclusion of free-stream turbulence 

effects in the calculation procedures resulted in an even l arger 

discrepancy between prediction and measurement. It may be concluded 

that steady boundary layer calculation procedures are inadequate for 

predicting the highly uns teady boundary layers on axial- flow 

compressor stator blades 0 

8.2 · Discus sion and Suggestions for Future Work 

11.0 

Experimental work reported 1.n this thesis has indicated that 

large discrepancies exist between boundary layer behaviour on a 

compressor stator blade and on a linear cascade blade, and must place 

severe doubt on the value of cascade tests for accurate prediction of 

compressor performance. Unsteady effects due to the large periodic 

fluctuation of incidence angle have been identi fied as the prime cause 

of this discrepancy, while free-stream turbulence effects are a 

secondary cause. Future blade section evaluation should concentrate 

on testing in an actual compressor stage, or on the development of a 

linea.r cascade apparatus which accurately models the unsteady flow at 

entrartce to a blade row. 

At the pLesent time there are no theories available which 

adequately describe the behaviour of the uns teady boundary layers 

developing on compressor blades. There is an urgent need for a detailed 

study, both theoretical and experimental, on the fundamental behaviour 

of unsteady turbulent boundary layers at high frequency parameters. 

Studies on botll the qua si- steady free stream, U · = U (t) , and the 
0 0 

convected wave type of problem, U . = U (x, t) , should be carried out . 0 0 . 

to determine the impor tant differences between the se t wo different 

physical cas es . 
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Calculation methods capable of predicting steady turbulent 

boundary iayers with turbulen t free-streams have been developed. 

These methods are unable, however, to give adequate prediction of the 

unsteady boundary layer deve lopment on a compressor blade. Work on 

calculation procedures should now concentrate on developing a fully 

unsteady method capable of predicting the convected wave type of 

free-st r eam boundary layer at high frequency parameterse 

VERSITY 
BRARY 
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APPENDIX A MEAN . VELOC ITY . At1\JD TURBULENCE MEASUREMENTS 
WITH HOT·.;.WIRE ANEHOHETERS 
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All of the mean veloci ty and turbul enc e measurements reported 

in this thesis have been made wi th a hot-wire anemome t ers The 

development of the necessary equations, and the nota tion closely 

follows tha t given by Lawn (1969). 

A single hot·-wi r e exposed to an a ir flow will respond wi th a 

voltage : 

R (R -R ) 
w w g 

::: 

where R = resistance at the wire temperatur e w 

R .· ::: resistance at the ambient temperature g 

(A. 1) 

and u eff 
is the effective cooling velocity . If the hot-wire probe 

lies in the X-Y . plane of Eig .A- 1, wi th the wire norma l t o the X 

direction , Ueff can be given by: 

(A.2 ) 

where K
1 

and K
2 

are the sensitivities to flow in the Y and Z 

directions respectively, and the velocity components consist of bo th 

mean and fluctuating parts : 

-
U . ::: u + u 

-
V ::; V + V 

-w. ::; w + w 

-We now consider a flow wi t h mean velocity U in the X 

direction only , and turbulent fluctuating velocities u , v and w. 

For a probe held in the mean flow direction, bt!t with a wire a t an 

angle ( n / 2 - qi ) to thi s direction , as in :E'ig . A-2 ~ Ueff is given 

by: 
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uz 
eff · 

· { (- ) . } 2 K2 { ( - ) . · } 2 2 2 = U+u cos<j> + v sin<j> · + 
1 

U+u sincp - v cos<j> + K
2 

w 

(A. 3) 

To first order in the fluctuating components, and t aking time means 

noting that u = v = w = 0 : 

= . 2,h) 1/2 sin 'f' (A .4) 

If a linear izer is used the voltage response equation (A 0 l) becomes: 

E .· = D + C U eff 

where D is a constant which may be eliminated by adjusting the 

lineari zer offset voltage for zero voltage at zero flow velocityo 

(A. 5) 

The slope of the calibration curve is obtained from (A . 5): 

C . 
dE 

= 
dU fr e · I 

-
where E is the time mean or D.C~ voltagee Then , from equation 

C dE ( 2 ,i, K2 . 2 ,i,) -1 / 2 . = -= cos 'f' + 1 sin 'f' 

dU 

Expanding equation (A. 3) and taking first order terms only: 

= U V +-+-x 
u u 

cos<)> . sincp. (l ·-:K~) 
·--,,,.---.,,,---:::--} 

2 ,h TT2 • 2 ,h cos y, + i:--.
1 

sin 'f' 

(A.If) : 

(A.6) 

(A . 7) 

If (A. 7) and (A.6) are substituted into (A.5) the resultant equation is: 

.. cos cp sin</> . (l ""'."K~) dE - . u V 
E . = D + - X U {l +-:-+-:-X . 2 } (A . 8) - - - 2 2 dU u u cos <j> + Kl sin cp 

If the voltage output i s written in terms of a mean D.C. voltage plus 

a fluctuating voltage: 

-
E .:: E + e (A. 9) 

then for a. single wire norrnal to the n1ean flcn.; direction: 

I 

Ii 
I 



- -E . = D + C' U 

e . = C'u 

where C' 1.s the slope of the mean calibr ation curve 

C' 
· ·dE · 

= -
dU 
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(A.10) 

(Ao 11) 

(A.12) 

An X probe, with the two wires at +TI/ 4 and -TI / 4 to the 

mean flow direction will yield the two fluctuating signals: 

l-K2 

C' {u + V 
.. . 1 

el . = (-)} 1 2 
1+1\ 

(A.13) 

l-K2 

e2 . = C' {u - V (~)} 
2 2 . 

l+K 
1 

(A. 14) 

When linearizing the two wires it is usual to adjust the linearizing 

circuits so that Ci = c; = C' • If this 1.s done, the sum and 

difference.of the signals measured with an r 0 mGs. voltmeter are: 

2 C' U 

l -K2 
,...._, . . . 1 

2 C' v (--) 
2 l+K
1 

(A. 15) 

(A . 16) 

These two equations form the basis of all the X probe measurements. 

The value for the constant 1.n equation (A.16) was taken to be K
1 

= 0.23 

a_s given by Lawn . In order to measure the turbulent shear stress, 

-puv, the ratio 

correlator. The 

Ruv 

r,J 

u 

and (A. 16) so that: 

·uv 
:;;-· 

rv-v 
UV 

and V 

-puv . = . - p 

1.s obtained directly from a DISA signal 

values are taken from equations (A.15) 

"' .--v 
el+2el- 2 

. 2 
2 .. l-:-K1 4C 1 

(--) 
2 l+K_ 
1 

Ruv (A.17) 
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APPE11D IX B COMPRESSOR OPERI\TING CONDITIONS 

A nominal operating Reynolds number of 5xlo5 was used for 

each compressor run, unless noted otherwise. The Reynolds number was 

based on stator r elative velocity, W , and stator blade chord, C 

. w X C Re _ ;::; 
\) 

A sketch of the relevant blade angles and velocities i s shown in 

Fig .B-1 . The rotor blade speed at mid- span is given by: 

u . ::; 
. m 

N rpm 
rrD 

X - -60 

The flow coefficient is defined as: 

== 
- C 

X 

u 
ID 

0 1833 N 
ft 

rpm sec (B.2) 

(B . 3) 

and the axial velocity, C 
X 

is related to the stator re l a tive velocity 

by: 

where is the sta tor inlet air angle, given by: 

== 

Using (B .2) , (B . 3) and (B.4) in (B. l) , the Reynolds number can be 

written as: 

Re _ == 

Re == 

u xcpx c 
m 

.1833 N __ x cp x c rpm 

(B . 5) 

(B.6 ) 

A value of N f or Re== 5xlo5 at a nominal incidence of i == o0 
rpm 

can now be obtained f rom equation (B.6). Fr om Fig.6 . 10 , cp == . SS 

for i == o0 , so tha t from (B .6): 

1( i 
11,1 

1,1 
,I 
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N . = 
r pm 

5 S 6 - 4 35 . 6° x10 · x 1~ xlO x c6S 
0 1833 X . 55 X l 0 Q 

1'1 . ;::; 6L:-6 rpm 

For convenience a va lue of N "'650 was t aken for all of the tests , rpm 

resulting in a nominal Reynolds number of 5 Sx lO • The exact Reynolds 

number for any oper a ting condition can be obtained from equation (B.6) 

using Figo6 . 10 to obtain a
3 

1.n terms of ~ and a suitable relation 

for: the dynamic viscosity , v , as a function of tempera ture and 

pressure . Fig 0 B-2 gives the variation of kinematic viscosity wi th 

temperature and pressure . For these experiments a standard value of 

v . :::: l.572xlo- 4 ft2
/sec has been taken at Pa= 29092 in Hg and 0 

Ta :::: 59°F • 

In order to set a par t icular value of stator mean incidence, 

Fig.6.10 is used 1.n conjunction with a relation for ~ in terms of 

inlet static pressure. The value of C 1.n terms of inlet static 
X 

pressur e may be obtained from Fig . 6 . 5 1.11 the form: 

ex ;::; j2~ llh' (B. 7) 

where A 1.s the slope of the calibration curve . Density varies with 

temperature according to: 

so tha t (B . 7) becomes: 

C . = 
X 

;::; 

. I> T 
0 

p T 
0 

~ -. 
nJ ~ L\.n sin 6 

where 6 1.s the manome ter angl e and D 1.s a constant 0 

(B . 8) 

For llh 

measured in i nches of s ilic on f l uid and T and P i n d.egrees Ke l v in a a 

and i nches of mer cury respectively, (B. 8) bec omes : 

1111 



C . == 
X 

If equation (B. 2) is used 

. C 
X 

~ . = -u 
m 

and re-arrangement yields: 

L'lh .· = 

18.776 
r-;:o;:-
J P . H L'lh in g a . 

sin 8 

for u 
' 

taen: 
ID 

18 .776 
/ T;a OK 

.L:ih v P Hg .su .. in = a 
.1833 N 

rpm 

T 
a 

2 2 
Pa · · ·~ · Nrpm 
sin 8 l0Lf97 

ft 
sec 

8 

With ~ obtained from Fig.6 J.O for any given incidence , i , and 
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(B. 9) 

N chosen as 650 rpm for 5 
Re = 5xl0 ~ equation (B . 11) was used to 

obtain the required inlet sta tic pressure setting . 
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APPENDIX C DATA REDUCTION AND ESTIMATE OF EXPERIMENTAL ACCURACY 

Col . Data Reduction 

For each boundary layer traver.se the hot-wire anemometer 

voltages were recorded by hand and later conver t ed into velocities us i ng 

the appropriate c2.libr ation curve obtained beforehando The hot-wire 

probes were generally checked for linearizati on after every three 

t r.averses, and the linearizer zero adjustment was set bef ore each 

t raverse. The velocities and values of the wall distance , y, together 

with the atmospher ic temperature and pressure , were stor ed as a data 

set for each traverse on magnetic tape for the PDP-12 computer. 

In order to fit a Coles profile to any data set a computer 
.. YUoo 

program first generates tables of Y. U, y/o , U/U and 
00. R --· y \) 

The values of U/U and 
00 

R 
y 

are then plotted on a Glauser plot to 

obtain an initial estimate of the skin friction, Cf • This estima te 

of 1.s typed into a second computer pr ogram which then generates 

t ables of y/o ' 
yu, 

and residua ls from t he l aw of the wa ll: \) 

· U 1 · yu, 
R . = - · - - i n (- ) - C u K v 

1' 

where K and C are taken as 0.41 and 5 .0 respective ly . The 

value of Cf 1.s then adjusted so that in sab sequen t printouts t he 

residuals within the log layer, near y/6 = 0.1 , are minimizede 

This final value of Cf 

profile where: 

is then used to obtain u 

u . = 
T 

u 

, T 

fj 
co 2 

for the Coles 

(C . l) 

When a suitable value of Cf ha s been obtained , tables of the 

Coles wake function: 

, II 

I 
I, 

II 

I 

I' 
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u 1 . yu,: 

. . K. 
£n(- ) - C 

ut V 

W(yio) ;: (C .2) 
Il/K 

are generated from the experimental data. The value of II 1.s then 

adjusted on the computer console s o that the wake components obtained 

are a best fit to the analytic wake function given by Coles (196 8) 

as: 

W(y/8) = 2 sin
2 (f y/o) (C. 3) 

The fit to the wake function, (C,3) , is generally limited to the region 

O.l < y/6 < Oo9 , but as Coles (1968) points out, as IT decreases 

the upper limit of the fitting region has to be decreased to y/o a: 0.8 
yu,: 

or Oo7 0 Points for which ~-. ~ 50 approximately , well out of the V 

wake region, are not used in the wake fitting process. 

A thir d computer program used a simple trapezoidal rule 

integration scheme to ca~culate the displacement and momentum 

* thicknesses , o and 8 , the shape factor H and the momentum 

thickness Reynolds number For these calculations no attempt 
.. YUT 

the region ~- = 0 
V 

was made to fit a standard sub- layer profile J_n 
yu,: 

to -- = 50 
V 

1.n the manner of Coles (1968) , as measurements were 

usually taken well into the linear regiono An estimate of the 

accuracy of the integration procedure is given in the next section 1.n 

which calcula tions for a well known profile are compared with 

published values. 

Corrections to the hot -wire readings close to the blade surface 

were made using the proc edure of Wills (1962) . Wills obtained a 

universal correction curve for laminar flow 1.n the form of corrections 

to as a function of y ia • R 
w 

1.s the wire Reynolds number, 

y the distance from the b lade surface and a is the wir e radius. 

l 1 



from his experimental results Wills deduced that the correct ion for 

turbulent flow is half of that for laminar flow. The laminar 

correction curve given by Wills i s shown in Fig. C- 1, where K . is a 
w 

constan t which is to be subtracted from the exper imenta l value of 
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R0.Lf5 • 
w 

For ease of use in the data reduction programs used here an 

approximate analytic curve has been fitted to Wi lls ' points~ The 

solid line in Fig.C- 1 is a hyperbola given by: 

K . . ~
w 

5 ~3 ~ ~028 (y/a) 
· (y/a) + 2.52 

A subroutine which subtracts half of the value of K given by 
W · 

(C .4) 

equation (C 0 4) from experimental values of has been written. 

This subroutine has been used to correct the experimental data for 

y/a < 150 in all of the data reduction pro grams unless noted otherwise. 

C. 2 · ·Estimate of Experimental Accuracy 

In setting the compressor inlet static pressure a manometer 

with graduations of .01 in was used. The usual reading was of the 

order of 2 in and it was estimated that the manometer could be read 

to + .02 in • The error in inlet static pressure was therefore of the 

order of .02/2.0 ~ 1%, and hence in axial ve locity of the order of 
C,.Sf• 
&iiii o All of the manometer readings for wedge-probe measurements and 

hot-wire probe calibration were estimated to be accurate to 1% of 

the reading. The rotor blade speed was set with a period meter which 

was capable of reading to 10 microseconds. The .speed was set to an 

accuracy of 0.1% and during any given run it varied by up to 0 . 5% 

at a setting of 650 r pm . 

The mean velocity measuremen ts were obtained with a DI SA 

digital voltmeter which read to 0.01 volts • For velocity profiles 

far from separation the reading was steady and could be obtained to an 
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accuracy of approximately · 0.2%. Near separation the reading was 

somewhat erratic and the estimated error in the voltage was of the 

order of 1%. Linearization of the hot-wire a~emometer res ulted in 

some inac curacies in the mean velocity measurements at low speeds. 

From Fig.6.16 it can be seen that f or velocities l ess than 20 ft/sec 

there is an error in mean velocity of up to 7 0 5% by taking the 

straight line as the probe calibra tion. At the highest velocities 

the error due to linearization is less than 1%. 

The wedge probe used for the compressor calibration in 

Chapter 6 was fitted into a traverse unit provided with a vernier 

protractor unit. By allowing up to 5 mins for the U tube yaw 

manometers to settle, readings accurate to 5 mins of angle could 

readily be obtained . For the hot-wire probe angular position settings 

of Chapter 5 an ordinary plastic protractor was used 0 Initial 

alignment of the wire axis with the protractor zero reading resulted 

in angular measurements accurate to 0 0 5 degrees 0 

In order to determine the accuracy of the trapezoidal rule 

integration scheme described in the previous section trial calculations 

of some published data were made. The boundary layer chosen for 

comparison was that due to Wieghardt and Tillmann (1951) which was 

chosen as flow 1400 for the Stanford turbulent bounary layer conference 

(see Kline et al;, 1968, vol.2) . The values for the integral thicknesses 

and the shape factor ob tained with the present calculation procedure are 

compared in Table C.l with those of Wieghardt and Tillmann (1951), and 

with those of Kline et al. (1968) vol.2. It can be seen that the 

present procedure gives results in between the previous two calculations. 

On this basis the ca lculation procedure was considered acceptab le and 

used for all the data reduction . 



APPENDIX D A TURBULENCE MODEL EQUATION MODIFIED 
FOR FREE·-STREAM Tm BULENCE 
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A modified turbulence model equation for use in the Hirst and 

Reynolds calculat io~ procedure with free-stream turbulence is developed 

by integrating the turbulent kinetic energy equation across the 

boundary layer. The integrals are taken from y = 0 to the 0
99 

ed ge 

of the boundary layer . 

The turbulent kinetic energy equation is: 

1 al 1 · a-:?" · - U -- +-V --'-;:::; 
2 . ax 2 ay · 

- · · au · · a P' · · 2 · 
- UV - - - { V (- · + L) } - E: ay ay p 2 (D ., 1) 

Integrating the L . H. S., using c5 as a shorthand version of 0
99 

r 2 fo · ·ale/ 2 (L eH~S ~) = u clq dj+ 
V ~y- J (D .2) dx 

Jo 0 

Now, 

a Jo 2 r a 2 2· 36 - u q dy = (Uq) dy + (Uq ) o dX . ax dx 0 0 

At the ed ge of the boundary layer, 2 2 
that: q = q 

0 ' 
so 

Jo 2 I: 2 . (0 7 au 2 a 
dy u aq dj+ 36 

ax O 
u q = - dy + uo q ax · Jo ax cS ax 

and u.sing the continuity equation , 

· · au · c1v 
- + -dX oy . 0 

afo 2 - · u d = dX . . q y . 
0 J

o 2 . [o - - · U ·~ ~ 2 ~t+ .2 . clo 
ax y · q cly J uo q o ~ 

0 J 0 
(D . 3) 

From (D . 2.) and (D.3), 

I 
I 

I 
I 

I r1 

I, 
I 
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• 0 (6 2 ro - 2 -zao (L oH~S ~) 
d . 

dy + la (q 2 · av · · aq 
dy - uo 

2 :::; u q -· +V-) qo a'x dX JO ay ay 

2 
= + 2· ao ~r u r -q dy 'f- (V q2) dy - uo q ax · 

0 0 clx 0 0 y 

= 

To eval ua te V0 t he continui ty equation is integra t ed: 

and 

so that , 

Jo ~~ dy + [° av ,, = o 
0 a JO ay 

· ·~ J0 
u d ax Y · 

0 

==. f o au dy + u l§. ax 6 ax 
0 

· · av · · a cS 
- - dy + u -ay cS ax 

· ao 
= - v ;- u -

cS 6 ax 

:::; u .?.§. - .L f 6 u Vo . cS ax clx · dy 
0 

I "" Joo . u dy ' and subs titut ing --

Using (D. 7) in (D.4), 

2 (L . H~ S . ) = a JcS u q2 dy + q: ru · -~ ~ arl _ ·2 acS 
clx . O u l O ax. axj uo qo ~ 

= ~x Joo lT q2 d. y - -q2cS- ~XI 2 ( Lo H ~ S ~ ) . 
0 0 

Returning to equation (D.1), the integra l of the R.T-I.S~ is: 

R.H.S. (
8

- au I p ' q 2 
-, r0 

:::; - J 
O 

uv -:;:; d y - , v < ~ + --) ·- J E a y 
L fJ 2 -'cS o 

(D . 4) 

(D . 5) 

(D .6 ) 

(D. 7) 

(D. 8) 

(D . 9) 
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If we follow Hirst and Reynolds and assume the integral of the diffusion 

term is ze,ro, then from (D 0 8) and (D.9) : 

= J
o _ 3~ 

UV - dy..;. 
o ay 

r. a I E dy 
lo 

-r 
· ·qo ·n 
+-·-

2 oX (D . 10) 

Again, following Hirst and Reynolds, a t ypical velocity scale Q is 

introduced , and the entrainment ra te is assumed proportional to Q , 

E ::: KQ , Using the dimensional analysis arguments 

introduced ia Chapter 7 the model equation is found from equation (D . 10): 

2 
== E

2 · qo 
+2 E (D. ll) 

Equation (D.11) is the new form of the turbulence model equation to 

be used in the Hirst and Reynolds procedure for calculating boundary 

layers deve loping under a turbulent free-stream 0 The second term on the 

R.H~S~ of (D . 11) represents the addition by entrainment of free-stream 

turbulence energy through the outer edge of the boundary layer. 



APPENDIX E THE MOMENTUM INTEGRAL EQUATION WITH 
FREE- STREAM TURBULENCE 

Using the Reynolds notation instantaneous ve locities 1.n the 

x and y directions are wc itten .as : 

u . . ::: u + u 
l. 

V. ::; V + V 
l. 

After introducing these relations into the Navier- Stokes equations 

and taking time- averages, Rotta (1962) gives the boundary layer 

equations as: 

2 
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. 3U . . 8U . clu 3uv u-+v - +-+ --ax ay ax ay · (Eo 1) 

· auv · 3v2 
-- + - - :::; ax ay · 

1 · 3p 
p8y (E. 2) 

.. auv 
The term 

2 av · 1.s at least one order of magnitude smaller than ~ ax 

in (E . 2) and is droppedo Integrating (E.2) then we obtain: 

2 
V ::: 

p 

p 
+ const. (E.,3) 

To evaluate the constant we note that at the o edge of the boundary 

layer I' Po and 2 2 
that: = V ::; 

VO so 
' 

2 Po 
v8 = + cons t . 

p 

and subtracting (E.4) from (Eo3): 

p ::; 
2 2 Po + pv o - pv 

(E . 4) 

(E . 5) 

To evaluate the pressur e in terms of ve locities we f oilow Pres ton's 

(19 73) suggestion tha t the tota l pressure a t the edge of the l ayer 

is cons t an t . This means t hat the subscript o now refers t o the 

"to tal pressure edge:' of the boundary layer, so that: 

I 

I 

': 



u2 2 2 . 
p( 0 

_+ Va . 1.).0 p ;:; Po + 2 ) + p( 
0, 

and substituting (E.6) into (E.5): 

Differentiating (E.7) w0 r.t. x 

1 3P -
p 3x · 

1 clP 
p 3x · 

u2 2 ·-a ·o +vo 
"" O clx P ( 2 ) 

If (E.8) is substituted into (Eol): 

2 
+ Vo 

) 
2 "' const. 

2 2 + pv - pv 
0 

d 2 _- · ci 2 
+-v --v 

dX O dX 

-3U 8U u-·-+v-
2 2 

· q.U o · dV o d · lJ.o - v o - 3 2 2 
"" U - -- + V - + - ( 

2 
_ ) (u - v ) cix 3y · 

where 
d 
- of ox 

o dx o dx dx clx 

U 's 
0 and V

0 's 

· 3 · 3U 
+ - (-UV+ V - ) 3y cly 

. d 
has been replaced by dx as 

U0,VQ := f(x) onlyo (E.9) is now the equation of motion to be 

integrated across the boundary l ayer. Noting that the total mean 

shear stress is given by, 

T 

(E. 9) is integrated: 

I: (U 3U + V 3U) 
3x 3y dy 

3U ;:: p(- UV+ V ~ ) 
3y 

I: _ clU 
0 

+ J: , _dV 
0 rd = u -- dy Vo dx dy + -o dx dx 

0 

. f 6 1 . 3-r d + --
--0 p 3y y J

o ..L (u2 - v2) d 
3x y 

0 

2 . . ti . ..;. 
0 . 

( 2 

The L.H.S~ may be integrated in the manner of Goldstein (1 938 ) : 
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(E.6) 

(E . 7) 

(E.8) 

(E. 9) 

2 
VO 

) dy 

(E .10) 



Noting 

0 

0 · 0 

. 
0 . • 

0 .. 

t ·~y 

. d 

dy 
(UV) 

(UV) dy = I: 
· 3V 
u - dy 3y 

. 3U . 3U 
(U rJx + V 8y) dy 

= 
· · 3V · cl U 

.u - +v --3y 3y 

f° 3V . 3U 
u - dy + v - dy 3y 3y Jo 

f o . . 3U 
+ . Va dy 

Jo y 

3V u - dy 
3y 

= Joo . . . 3U 
U dX dy + 

· av 
u -- dy 3y 

from c.on tinui ty 

• 
0 · 0 

• 
0 . • 

3V 3U 
8y ' = 

dX 

Vo . 
f O 3U = -dy 

; 
0 

3x 

(E .11) Jo L 2 ro U . ro "'V - -~x (U) dy ~ U ~x dy +UV - · U ,;;!__ dy 
0 0 J O O 8 8 j O 3y 

. !x ]
0 

u2 
dy 

2 38 
Uo :x r u dy - 2 ao = + u - - Do 3x 0 dX 

0 0 

:x r 2 . . a [0 
u dy = u dy - Uo ·3x ) · 

0 .. o 

The momentum thicknes s is defined a s: 

8, 
0 

- Jou - -. u 
0 0 

. u 
(1 - - ) dy = 

uo 
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(E .11) 

(Eo12) . 

(E .13) 

where t he subscript cS ind i ca t es t hat t he integr a tion is onl y t aken 

to . 8 . 
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a . 2 . ·l_· {U . (6 u dy} 
. d r u2 

dy dX 
(U 

0
8 

0
) . = 

ax c5 Jo ax 
0 

. d r : au a r u dy · · a . r 2 dy = u -. u dy + _ . - - u c5 ax ax ax 
0 0 0 

(E o 15) 

Substituting (E.15) into (E . 14) , 

J
o au au . 

(U a+ V 3 ) dy = 
0 X y (E.16) 

and (E . 16) into (E.10), 

= r 
0 

2 2 
+ f6 

d 
0 o .~ Vo J6 

1 OT dx ( 2 ) dy + pay dy 
·o o 

f
a _a 2 z 

I dX (u - V) dy 
'O 

a · ·d 
Changing sign and replacing 3x by dx wher e appropriate: 

2 2 
+fad t.J.c5-vc5 

J dx ( 2 ) dy · = 
0 

· 1 Jo h .f O ·_a 2 2 - -p . ~y dy + (ll - V ) dy 
O a JO . ax 

(E .17) 

The 2nd and 3rd terms on the L.H.S. can be written as: 

dU 0 {Jc5 
dx (00 - U) dy} 

0 

The displacement thickness is defined as: 

so that: 

(E . 18 ) 

,, 

I 

I 
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and introducing (E.18) into (E . 17) : 

dy . = f
6
·_;:i . (2 2 ) . 

U - V dy 
J clx 

0 

which bec omes: 

2 d80 * 1 cl.Uc .dV O fo 
u o { - + (28 

0 
+ 8 8) ---} + V - dy <lx U0 dx cS dx J 

0 

2 2 
- V r dy . [ T JO + r .:X 

. d . uo 1 2 2 +- ( cS) = - - (u - V ) dy (E . 19) dx 2 p 
0 

and finally: 

= 

* 1 dUo cS 
<28 0 + 00)-u-

0 
-dx- + -u-2 

0 

· 1 J6 
;:i 2 2 + ~ ~ (u - V) dy 

U2 clx 
0 0 

0 0 

(E .20) 

Equation (E. 20) is now the final form of the momentum integral 

equation to be used whenever fr ee- stream turbulence is present . The 

o edge of the boundary layer is defined as that point a t which the 

total pressure is a constant . 

.1 
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·sUMMARY OF INTEGRAL RESULTS 
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TABLE 4.1 

CASCADE BLADE DETAILS 

Inlet Blade Angle :::: 35065° 

Outlet Blade Angle = -8070° 

Camber Angle = 44.35° 

Stagger Angle = 13.45° 

Pitch/Chord Ratio = .709 

Incidence Angle = +40 



TABLE 4. 2 

CASCADE EXPERIMENTAL RESULTS 
·-
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TABLE 4 . 2 (continued) 

2" Grid (Tu = 5.20%) 
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RAD IUS 

12 

15 

18 
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24 

27 

30 

DESIGN 

MEASURED 

INLET BLADE 
ANGLE 

49o2 

52 . 7 

55.4 

58.0 

6Q.4 

62 . 7 

64e9 

TABLE 6. 1 

ROT OR BLADE ANGLE S 

OUTLET BLADE 
ANGLE 

1.1 

19o3 

32 . 2 

41.4 

48.3 

53 . 4 

56 . 7 

TABLE 6.2 

. STATOR BLADE ANGLES 

INLET BLADE OUTLET BLADE CAMBER 
ANGLE ANGLE ANGLE 

35.6 
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TABLE 60 3 

. PEREGRINE EXPERIMENTAL RESULTS 

(Time Mean Profi l es) 

qi = .54, 1. :::: 00 
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Table 6. 3 (continued) 

~ ;:: c51, ]_ = 30 

Run No . 31 · 29 30 

X/ C o . 3 Oo5 0.7 

u 
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TABLE Col 

Wieghardt flat plate- flow 1400 - X = 0.787 m 

Calculation due to: 

* Wieghardt and 0 . = .2167 cm 
Tillmann (1951) 

e. = 01621 cm 

H. = 1.33 

* Kline et aL 0 = .2245 cm 
(1968) vol.2 

e. = .1547 cm 

H = 1.45 

* Evans (1 973) o. = .2216 cm 

e. ;:::; 01595 cm 

H = 1.39 
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