
Enhancement of
superconductivity in Magnesium

Diboride nano-structures

Project Thesis for Master of Philosophy in Micro &

Nanotechnology Enterprise

Department of Materials Science and Metallurgy

Aurelio Romero Bermúdez
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Enhancement of superconductivity in MgB2 nano-structures
Aurelio Romero Bermudez Section 1

1 Motivation, summary and outline

For many years scientists have tried different strategies to improve superconductivity. The

recent development in the growth of thin films and grains at the nanoscale has allowed to

measure in certain materials critical temperatures that differ from the bulk values [1], [2], [3],

[4]. At the same time these results have motivated theoretical studies that try to reproduce

them using first-principles calculations and different theories about superconductivity.

We aim to contribute in this area with an analytical study of MgB2 superconducting thin

films. We choose to study this material since it is a conventional superconductor1 with the

highest critical temperature: 39 K among these kind of superconductors.

Another motivation to carry out this research is that in recent experiments they have ma-

naged to grow MgB2 films with an acceptable quality and a thickness of less than 10 nm

[2] [3]. Even though further optimization of the growing techniques needs to be performed,

this demonstrates that the effects we have studied theoritically should not be far from being

measurable.

MgB2 is a two-bands superconductor. To our knowledge there are not many studies regar-

ding this kind of superconductors at the nanoscale [5]. We have studied a range of thicknesses

going from 2 nm to 20 nm for infinite films (lateral sizes much larger than its thickness) and finite

films (lateral size of the order of its thickness). We have used a mean field approach (Bardeen-

Cooper-Schrieffer or BCS theory) and tried to extend the model presented by Thompson and

Blatt [6] of a one-band superconductor thin film to the case of a two-bands superconductor

thin film.

The most relevant results of this research are: for an infinite thin film with a thickness

of less than 10 nm the critical temperature ”oscillates” between Tc = 62.4 K and Tc = 31.2

K, showing that shape resonances induce both enhancement and suppression as the thickness

changes. We have also seen that superconductivity can be in average enhanced or suppressed

depending on the type of bands and sign of the effective masses. Finally, we have obtained that

the equations derived are robust under changes of the parameters used.

It is important to mention that due to the limitations of the theory used and the simpli-

fications made: neglecting quantum fluctuations, defects, the influence of substrate, etc. our

results must not be taken fully quantitative, specially for thicknesses smaller 4 nm. Yet, we

believe they grasp most of the relevant physical phenomena of the described nano-scale system.

As a final comment we only add that we will submit our findings to Physical Review B.

1This means it can be studied in a mean field theory.

3
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1.1 Outline

1. The first three sections are a review on MgB2 and the methods used to study the impact

of reducing the system size over superconductivity.

The first section of this part, section 2, is a description of MgB2 ; its electronic structure

and superconducting properties are going to be the most relevant information we will

use. However, we also give a practical motivation for choosing this material as well as its

applicability in different areas of Science and Technology. We review the most important

research papers that contributed to give a precise description of the material.

In section 3, we give a brief overview about BCS theory both for a classical bulk

superconductor and for a non-bulk superconductor. This will help us towards the deriva-

tion of the equations that describe MgB2 thin films. We also discuss relevant theoretical

studies about finite size effects on superconductivity and how their results relate to the

experimental evidence. This is a very important part of the review since we explain the

main idea behind the enhancement of superconductivity through FSE: the change in the

density of states and the effective BCS interaction.

Section 4 contains different examples about how FSE are studied experimentally.

By looking at different research papers we review the techniques used to synthesize nano-

structured superconductors. More specifically, in the last part of the section we summarize

the main techniques used to grow MgB2 thin films.

2. The following sections are the main part of the project and contain our original work.

In section 5 we derive step by step the equations that describe the energy gaps, critical

temperature and the chemical potential of a two-gaps superconductor thin film. This is

our original work and is based on an extension of the idea given by Blatt and Thompson

that consists on separating the 3 dimensional problem of a one-band superconductor thin

film into two problems: one for two (infinite) dimensions which represent the lateral size

of the thin film and one for the third dimension: the film thickness, which is in the order

of a few nanometers. The analytical equations we derived can be applied not only to

MgB2 but also to other two-bands superconductors thin films.

We then extend our calculation to finite lateral size films. We use analytical techniques

commonly employed in the study of nano-grains. These are based on periodic orbit theory

and semiclassical approximations. We do not derive these methods but only apply them

in order to modify the equations obtained previously for an infinite film. The aim here is

to study a thin film for which the lateral size reduces to a few nanometers. In this way

we explore FSE of a system that resembles a nano-grain.
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In the last part of this section we verify that the previous equations are consistent in the

large size limit.

Section 6 goes through the method used to solve the transcendental equations derived

and how we can match the constants to those given in the literature so we can focus our

study on MgB2.

In section 7 we present the results about the size dependence of the superconducting

properties of a MgB2 thin film. We show this dependence both for an infinite film (lateral

size >> thickness) and finite film (lateral size ∼ thickness). We will see the so called

shape resonances in the first case and the shell effects in the second which, in average,

can enhance or suppress superconductivity as size decreases.

In section 8 we mention the most important limitations of our method.

Based on the latest experiments and state-of-the-art techniques, we propose in section

9 possible experimental techniques to measure the finite size effects on MgB2 thin films.

2 Review on Magnesium Diboride

The superconducting properties of this material were reported in March of 2001 by Naga-

matsu et al [7]. It was a striking discovery since it had the highest critical temperature (Tc = 39

K) at that time among the non-copper-oxide superconductors. It is a phonon-mediated super-

conductor and therefore a conventional superconductor, in contrast to high-temperature super-

conductors (HTS) in which the mechanism responsible for superconductivity is still unknown.

In this section we will discuss the general properties of the material, applications and su-

perconducting properties.

2.1 MgB2 general properties

MgB2 has an hexagonal unit cell with cell parameters: a = 3.086 Å and c = 3.524 Å

according to [7]. The symmetry or space group is: P6/mmm (D6h in Schönflies notation).

Both boron and magnesium atoms are stacked in layers; the boron atoms in graphite-like

layers while magnesium forms hexagonal layers. See Fig. 1.
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Figure 1: Crystal structure of MgB2 . [7]

The electronic band structure of MgB2 was studied long before the discovery of its super-

conducting properties [8]. But here we will discuss results given in more recent works using

modern techniques (See Kortus et al [9] and references there).

The electronic structure of Mg is: 1s22s22p63s2 and for B: 1s22s22p1.

B is sp2 (spxpy) hybridized. This allows to form σ bonds in analogy to the bonds in a

graphite layer. At the same time, the 3s electrons of Mg are promoted to the pz orbitals of

B. This allows to get π bonds. In Fig. 2 we present part of a B sheet showing the hybridized

orbitals that give rise to such bonds.

Figure 2: σ (yellow) and π (green) bonds in the B layer of MgB2 . [10]

From the distribution of bonds it is easy to see that in-plane vibrations of B atoms will

significantly alter the electron distribution of the σ bonds (yellow in Fig. 2) while the electrons

in the π bonds (green in Fig. 2) are not greatly disturbed by such vibrations. This strong inter-

action between lattice vibrations (phonos) and electrons results in the electron-pairs (Cooper
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Enhancement of superconductivity in MgB2 nano-structures
Aurelio Romero Bermudez Section 2

pairs) formation, as stated in BCS theory. Therefore, we intuitively see how the electronic

structure allows the possibility of superconductivity. In this sense MgB2 is considered to be

a strongly coupled superconductor: the interaction between phonons and (some) electrons is

very intense.

Regarding the band structure of MgB2, we present the band structure of B which, as we will

see later, is the most relevant one for our study on superconductivity. Kortus et al [9] obtained

the results shown in Fig. 3 using the tight-binding approximation. In this figure they plot the

energy versus the symmetry points of the Brillouin zone in reciprocal (momentum) space.

Figure 3: Band structure of B in MgB2 corresponding to p orbital in terms of the momentum in the

directions given by the symmetry points. The radii of the red (black) circles are proportional to the

contribution of pz (pxpy) orbitals. [9]

They have concluded that the pz orbitals give rise to two bands while px and py to four

bands. The two bands corresponding to the first orbital cross the Fermi level while only two of

the four bands corresponding to px and py orbitals do so. This leaves four conducting bands

which will be responsible for superconductivity.

The representation of the bands in the three dimensional reciprocal space is:
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Figure 4: a) Fermi surface of MgB2 . Green and blue cylinders correspond to bands arising from

px,y orbitals. The blue and red tubular network correspond to the bands arising from pz orbital. [9].

Different representation: b) σ bonding (light-hole) band. c) σ∗ antibonding (heavy-hole) band. d) π

bonding (hole) band. e) π∗ antibonding (electron) band. The black trajectories do not concern this

discussion. [11]

Now we summarize the dispersion relations for the band gaps relevant to our work:

Band corresponding to pz orbital [12]:

επ = eπ + 2 t⊥z cos(c kz)± tz

√√√√1 + 4 cos
aky
2

(
cos

aky
2

+ cos
akx
√

3

2

)
(1)

Where eπ = 0.04 eV, t⊥z = 0.92 eV and tz = 1.60 eV, + corresponds to the antibonding

(electron) π∗ band and − to the bonding (hole) π band.

Band corresponding to px,y orbitals [12]:

εσ = eσ − 2 t⊥xy cos ckz −
t‖a

2

4
(k2
x + k2

y)

εσ∗ = eσ − 2 t⊥xy cos ckz −
3t′‖a

2

4
(k2
x + k2

y)

(2)

Where eσ = 0.58 eV, t⊥xy = 0.094 eV, t‖ = 5.69 eV (heavy hole) and t′‖ = 0.91 eV (light

hole).

Other relevant electronic properties are:

• Electron state density: N
V

= 3.34 · 1028 states/m3

• Electron densities at the Fermi energy: gσ(0) = 0.150 states/(eV · spin), gπ(0) =

0.205 states/(eV · spin)

• Fermi velocities: vxy = 4.90× 105 m/s and vz = 4.76× 105 m/s [9].
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2.2 Methods of synthesis of MgB2

We omit the methods used so far to synthesize MgB2 thin films as we will give full details

in Sec. 4.3. Other types of arrangements, both bulk and in the nanoscale, in which MgB2 can

be grown are:

• Wires: B fiber reacting with Mg vapor in a Ta tube [13]. High density wires of 160 µm

were synthesized by introducing a 100 µm diameter B fiber in a Ta mold with Mg vapor

at a temperature of 950◦C which allows Mg to diffuse into the B fiber.

The powder-in-tube (PIT) technique has also been reported [14].

• Bulk polycrystalline: solid-state reaction of high purity Mg and B in a sealed tantalum

mold and heating at 950◦C. Method used by [13]

• Single crystal: difficult to implement. High pressure and high temperature needed [15].

2.3 MgB2 superconducting properties

Nagamatsu et al have measured, for the first time, the dependence of magnetic suscepti-

bility (χ) and resistivity with temperature. For the magnetic measurements they have used a

superconducting quantum interference device (SQUID) and the resistivity has been obtained

using the four-probe technique. In Fig. 5 we show their results.

Figure 5: a) Magnetic susceptibility dependence with temperature in field-cooled (10 Oe) and zero-

field-cooled processes. b) Resistivity dependence with temperature in zero-field-cooled process. [7].

It becomes clear from these results that bulk MgB2 is superconducting for temperatures

below 39 K and that the critical field is higher than 10 Oe. MgB2 had the highest Tc in 2001

among the non-copper-oxide superconductors.
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After the discovery of the superconducting properties, scientists tried to find out which

mechanism was responsible for superconductivity in MgB2. One of the key experiment consisted

in measuring the isotope effect in MgB2 [16] which demonstrated that phonon-electron coupling

gave rise to superconductivity in this material. The isotope effect consists on the substitution

of the isotope of one (or more) element present in the material by another isotope. This implies

a change in the phonon frequency, and therefore in the phonon-electron interaction and this

changes Tc; the reciprocal implication also applies, if there is a change in Tc when changing

isotopes then it must be that the interaction is phonon-mediated.

In Fig. 6 we see the transition of magnetic susceptibility and resistivity between normal

and superconducting state of MgB2 with two isotopes of B: 10B and 11B.

Figure 6: Shifts in magnetic susceptibility and resistivity in the transition from normal to supercon-

ducting states of Mg10B2 and Mg11B2. [16] [17].

Tc shifts by 1 K demonstrating that the interaction is due to phonon-electron coupling and

that this interaction is changed when the B isotopes are changed. Measurements with different

isotopes of Mg were performed, but no isotope effect could be measured.2 These results proved

that MgB2 could be studied within BCS theory.

Shortly after these experiments, several studies of the superconducting gap of MgB2 were

published. In [18] they report the existence of a single gap of 4.5 ± 0.3 meV at 15 K. In [19]

the gap given is 5 meV at 4.2 K. They also show that the temperature dependence of this

single gap follows the prediction given in BCS theory. A few months later, Osborn et al [20]

reported an estimation of the coupling constant and stated that their data was consistent with

the phonon-electron coupling in which BCS theory is based.

2It could be either there is no influence of Mg phonons or that due to its higher mass the effect is so weak

that the shifts are not significant enough to bemeasured.
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Once MgB2 seemed to be understood using one-gap BCS theory, both theoretical and ex-

perimental studies suggested and proved that, actually MgB2 had two gaps.

The experimental evidence mostly consisted on measurements of the quasiparticle density of

states and specific heat. Scanning tunneling microscopy (STM) was used to obtain the density

of states, see for example [21] and [22]. Giubileo et al [21] have used a small crystal of MgB2 as

the tip in the STM experiment while Iavarone et al [22] have grown MgB2 epitaxial films using

hybrid physical-chemical vapor deporsition (HPCVD) and then perform STM.

The results of these STM experiments showed two peaks in the conductance which means

that single electron states are available at two different energies. In Fig. 7 we see two peaks at

positive (negative) sample bias, corresponding to electrons tunneling into (out of) the sample.

The tunnel effect out of the sample occurs when an electron has an energy enough to break a

Cooper pair.

Figure 7: Conductance vs sample bias at T=4.3 K. Peaks at: ±3.8 mV and ±7.8 mV. Inset:

conductance at different positions in the sample. RT is the tunneling resistance. [21]

On the other hand, measurements of the dependence of the specific heat of MgB2 with

temperature showed results incompatible with the one-gap BCS model, [23]. We will discuss

these experiments in Sec. 2.5.

Other evidence of the existence of two gaps comes from experiments studying the electronic

Raman spectra [24] and photoemission spectroscopy [25].

We will now summarize the superconducting properties relevant to our study:

• Critical temperature: Tc = 39 K [7].

11



Enhancement of superconductivity in MgB2 nano-structures
Aurelio Romero Bermudez Section 2

• Energy gaps: ∆π = 2.3± 0.2 meV, ∆σ = 7.1± 0.2 meV at T = 4.2 K [22].

• Dimensional coupling constants: Vσ,σ = 0.694 eV, Vπ,π = 0.056 eV, Vσ,π = Vπ,σ = 0.353

eV [5], although we will use other values available in the literature as well.

• Coherence lengths: ξσ = 13 nm, ξπ = 51 nm at T = 0 K [26].

2.4 Applications of MgB2

Given the superconducting properties like its high critical temperature and general proper-

ties like its simple crystal structure and inexpensive elements we can name some of the potential

and current applications of MgB2 :

1. Applications where high magnetic fields are required, for example superconducting mag-

nets used in particle accelerators and in magnetic resonance imaging (MRI) systems.

Since Tc = 39 K, the operation above 20 K is possible using commercial cryocoolers.

2. Applications where low magnetic fields are measured, for example in SQUIDs [27] where

MgB2 Josephson junctions are used. Again the critical temperature of MgB2 allows to

operate at ∼20 K.

3. Other applications of this superconductor consist on neutron detectors based on films of

MgB2 striplines. The MgB2 is enriched with 10B and the following nuclear reaction occurs:
10B(n,α)7Li which means that a neutron has reacted with 10B to give an α particle and
7Li. This process causes a local deterioration of superconductivity in the MgB2 stripline

and in consequence a voltage change that can be measured [28],[29]. Other types of

detectors are based on the electron-phonon relaxation processes in superconducting films:

hot electron bolometers and superconducting single photon detectors.

4. Applications using superconducting wires like superconducting digital circuits, which are

mostly based on a more expensive material: Nb.3 The use of MgB2 for superconducting

wires would reduce the costs regarding the materials used; the challenge is related to

the costs and difficulties of the synthesization method (powder-in-tube (PIT)) itself. See

[32] for a detailed discussion on the application of superconducting materials (included

MgB2 ) in large-scale applications.

3Examples where this circuits are used are superconducting single-photodetectors [30] and hot electron

bolometers [31].
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2.5 Theoretical models proposed for MgB2

We have seen in Sec. 2.3 the experimental evidence supporting that MgB2 could be studied

with BCS theory (the isotope effect) and demonstrating the existence of two gaps. We will now

discuss the most relevant theoretical studies that describe MgB2 and the experimental evidence.

We start by introducing the ab initio calculation of the superconducting gaps, by Choi et

al [33].

Their work is based on the Eliashberg formalism of superconductivity which is adequate

for strongly coupled superconductors and is needed in order to achieve quantitative good re-

sults. The reason is related to the more realistic and complicated interaction used. In this

model the phonon-mediated interaction between two electrons is not regarded as a constant

(homogeneous) as in BCS theory. Furthermore, it is not instantaneous but retarded, which is

more realistic. In addition, the Coulomb repulsive interaction between electrons is taken into

account.

This approach provided them non-linear equations for the superconducting gaps, which were

solved using iterative methods and detailed information of the material. They have taken as

an hypothesis the existence of two gaps (see references of [33] for details).

Figure 8: a) Fermi surface as already presented in Fig. 4. b) Gap density distribution. c) Local gap

density distribution at different heights with respect to a B plane. [33]

In Fig. 8 Choi et al represent the local gap distribution ρ(~r,∆), defined as:

ρ(~r,∆) =
∑
~k

|ψ~k(~r)|
2δ(∆−∆~k) (3)

Where ψ~k(~r) is the wave function that describes the Cooper pairs and ∆ and ∆~k are the
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gap and the gap when the momentum of the Cooper pairs is ~k.

In this figure it is shown how the different bonds of the electronic structure explained

contribute to superconductivity. In Fig. 8 the color legend marks the contribution of each part

or sheet of the Fermi surface to the superconducting energy gap. We see in Fig. 8.b how the red

sheet of the σ-bonds corresponds to an energy gap of ∼ 7.2 meV while the orange sheet of the

same bonds gives a contribution between 6.4 and 6.8 meV. These two contributions correspond

to one of the gaps of MgB2 . The same can be said for the green and blue sheets corresponding

to π-bonds. This contribution is between 1.2 and 3.7 meV and represent the second gap of

MgB2 .

In Fig. 8.c it is represented how the gap density varies when we move out of the B plane.

This confirms that the gap between 6.4 and 7.2 meV is due to the σ-bonds between B atoms

while the lower gap arises from the π-bonds out of the B planes.

In Sec. 2.3 we addressed the experimental data incompatible with one-gap BCS theory

came from measurements of the dependence of specific heat with temperature. Choi et al have

made a quantitative comparison of their model with these experimental data. The result is

shown in Fig. 9

Figure 9: Comparison of theoretical predictions (dotted line: one-gap BCS, continuous line: predicted

by Choi et al ) with experimental data available. [33]

It becomes clear that the behavior of the two-gaps-curve fits the experimental data much

better than the prediction given by the one-gap BCS model, which especially deviates from the

experimental values for temperatures around 10 K.

As a final remark, it is worth mentioning that this kind of results showing two-gap super-

conductivity has also been observed in other compounds (like Lu2Fe3Si5, see [34]) which were
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already known but were thought to have a single gap; measurements of the specific heat yield

similar results incompatible with one-gap BCS theory. In this sense we see how MgB2 has

impulsed again the study of multiple-bands superconductivity.

The fact that MgB2 is a two-band superconductor is going to be particularly relevant to our

study since this implies that instead of having a single equation for the energy gap as given in

the textbooks we will need to derive and solve a system of two transcendental equations with

two variables (the two gaps).

2.6 Interest in using MgB2

Even though the critical temperature of MgB2 is not the highest, it is surprising and conve-

nient that this material consists on a simple intermetallic structure, compared to other super-

conductors like copper-oxide based and iron based superconductors with complicated crystal

structures. In addition, MgB2 is relatively cheap to produce and the technology available allows

to synthesize this compound in different sizes and shapes in the nanoscale.

Furthermore, it can be studied in a mean-field theory in contraposition with HTS. In the

next section we will go over the theoretical methods that can be used.

3 Review on theoretical methods to model Finite Size

Effects over superconductivity

In this section we will go through some of the techniques used to include the effects of the

system size in a superconductor. We will refer to these as finite size effects (FSE).

FSE can be used to change properties of superconductors such as the energy gap (∆), the

critical temperature (Tc), etc. These changes are commonly observed as ”oscillations”; this

means that for a few geometries and sizes Tc and ∆ are enhanced while others cause a decrease.

FSE are, in general, material-dependent and therefore they do not manifest to the same extend

in all the elements or compounds. This is due to the fact that the fundamental reason behind

FSE is the change in the electronic density of states and in the phonon-mediated interaction,

which are different according to the material.

When studying FSE on superconductivity one must be aware that Quantum and Thermal

fluctuations might become significant as size decreases. These cause the breakdown of super-

conductivity and therefore we are not interested to study this size regime. We will focus in the

superconducting phase of non-bulk MgB2 and we will only address the conditions needed to

neglect these fluctuations.
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3.1 BCS theory

In this subsection we draw a general background of BCS theory for bulk superconductors.

The net interaction between electrons included in BCS theory is attractive and phonon-

mediated. This means that two electrons interact only through lattice vibrations (phonos) and

therefore this model can only be applied to superconductors that exhibit the isotope effect, as

it has already been explained in Sec. 2.3 for the case of MgB2 .

The BCS Hamiltonian that describes a bulk, phonon-mediated superconductor consists on

the energy of Bloch electrons and the attractive interaction between electrons with opposite

momentum and spin (Eq. 4).

H =
∑
~k,σ

ξ~kc
†
~kσ
c~kσ +

∑
~k,~k′

c†~k↑c
†
~−k↓
V (~k,~k′)c~k′↓c~k′↑ (4)

• ξ~k = E~k − µ is the energy of an electron represented by a wavefunction with momentum

~k with respect to the Fermi energy or chemical potential.

• c~k,σ, c
†
~k,σ

are the annihilation and creation operators of an electron with momentum ~k

and spin σ.

• V (~k,~k′) is the interaction potential between electrons with opposite momenta and spins.

Without going into too much detail we only mention that the creation and annihilation

operators act as follows:

c~kn,σn|n~k1,σ1 , n~k2,σ2 , ..., n~kn,σn , ...〉 = ± n~k,σ|n~k1,σ1 , n~k2,σ2 , ..., n~kn,σn − 1, ...〉

c†~kn,σn
|n~k1,σ1 , n~k2,σ2 , ..., n~kn,σn , ...〉 = ± (1− n~k,σ)|n~k1,σ1 , n~k2,σ2 , ..., n~kn,σn + 1, ...〉

(5)

Where n~ki,σi is the occupation number of an electron state with momentum ~ki and spin σi.

Since we are dealing with fermions n~ki,σi can only be 0 or 1. The ± depends on the parity of∑
i<n n~ki,σi and is obtained as: (−1)

∑
i<n n~ki,σi .

They follow the usual commutation relations for fermions operators:

{c~k,σ, c~k′,σ′} = c~k,σc~k′,σ′ + c~k′,σ′c~k,σ = 0

{c~k,σ, c
†
~k′,σ′
} = c~k,σc

†
~k′,σ′

+ c†~k′,σ′c~k,σ = δ~k~k′δσσ′
(6)

In BCS theory the potential is taken as constant: typically V (~k,~k′) = −Ṽ , with Ṽ >

0. (First assumption). This means the interaction is considered to be instantaneous and
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homogeneous in space. It is also required that only electrons ”close” the Fermi surface are

affected by this interaction. How ”close” is determined by Debye’s energy. The reason is that

we are considering the case in which phonos are responsible of such interactions and the phonos

are all described, in the Debye approximation, for k < kD.4 Therefore:

V (~k,~k′) =

−Ṽ if |ξ~k|, |ξ~k′| < ~ωD

0 if otherwise.
(7)

The next step is to calculate the minimum state energy of the system described by the

Hamiltonian of Eq. 4. To do that it is needed to take into account the following:

• The probability of having states the states: ~k, σ and −~k,−σ occupied by an electron

in each one before the interaction, and the probability of having empty states ~k′, σ′ and

−~k′,−σ′ to be occupied after the interaction.

• The Fermi-Dirac distribution to model the occupation of electronic states at finite tem-

peratures.

This leads to the equation:

∆(T ) = Ṽ
∑
~k

∆(T )

2
√
ξ2
~k

+ ∆2(T )

(
1− 2fFD(ξ~k, T )

)
(8)

Where the sum is restricted to those ~k such that |ξ~k| < ~ωD and fFD(ξ~k, T ) is the Fermi-

Dirac distribution.5 ∆(T ) is the temperature dependent gap, assumed to be independent of ~k.

(Second assumption).

This discrete expression (Eq. 8) can be written as continuous sum if we multiply by the

density of states g(ξ) (units: [Energy]−1). For simplicity, it is assumed to be constant within

the integration limits and equal to the density of states at the Fermi energy: g(ξ = 0) = NF .

(Third assumption). Finally:

1

Ṽ NF

=

∫ ~ωD

0

dξ√
ξ2 + ∆2

tanh

√
ξ2 + ∆2

2kBT
(9)

Eq. 9 is referred to as the BCS Gap equation in the literature.

4For energies (temperatures) above the Debye’s energy: ~ωD = kBTD, all the lattice vibrations are excited.

5fFD(ξ~k, T ) = 1/[1 + e

√
ξ2
~k

+∆2(T )/kBT
]
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3.2 BCS for non-bulk superconductors

As it has been pointed out, these results are for a bulk superconductor. If we now consider

a finite superconductor, some of the assumptions and approximations of BCS theory do not

hold.

First of all, when assuming a finite geometry, for example cubic, the electrons wavefunctions

can no longer be considered as plane waves.6

The Hamiltonian (Eq. 4) is expressed as follows:

H =
∑
n,σ

ξnc
†
nσcnσ + λ

∑
n,n′

c†n↑c
†
n↓Vn,n′cn′↓cn′↑ (10)

Where now the potential is not assumed to be a constant, therefore it is not homogeneous.

The general expression is:

Vn,n′ = −V
∫
V

ψ2
n(~r)ψ2

n′(~r)d
3~r (11)

Where V is the volume of the considered geometric shape (grain), λ the common BCS

coupling constant and ψn(~r) the eigenfunctions of the free electrons confined in the grain. Vn,n′

now depends on the quantum numbers n, n′ and therefore on the energies ξn, ξn′ in contrast to

the constant value from the previous subsection. (First assumption broken).

The gap equation Eq. 8 transforms into:

∆n = −λ
∑
n′

∆n′Vn,n′

2
√
ξ2
n′ + ∆2

n′(0)
for T=0

∆n = −λ
∑
n′

∆n′Vn,n′

2
√
ξ2
n′ + ∆2

n′(T )
tanh

√
ξ2 + ∆2

n′(T )

2kBT
for T>0

(12)

Where the sum is restricted to those n′ such that |ξn′ | < ~ωD and since Vn,n′ depends on

n, the gap is not independent of the energy (and momentum): for n 6= n′, ∆n 6= ∆n′ . (Second

assumption broken).

Finally, in the integral form:

∆(ξ) = −λ
∫ ~ωD

−~ωD
dξ′

∆(ξ′)V (ξ, ξ′)g(ξ′)

2
√
ξ′2 + ∆(ξ′)2

for T=0

∆(ξ) = −λ
∫ ~ωD

−~ωD
dξ′

∆(ξ′)V (ξ, ξ′)g(ξ′)

2
√
ξ′2 + ∆(ξ′)2

tanh

√
ξ2 + ∆2(ξ′)

2kBT
for T>0

(13)

6This is easily seen when solving Schrödinger’s equation in a quantum well for example.
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As pointed out before, from Eq. 13 we see that changes in the density of states g(ξ) cause

a change in the gap ∆(ξ). Furthermore, ∆(ξ) can also be enhanced by an increase in the

interaction: whether in the coupling constant: λ or the matrix elements: V (ξ, ξ′).

The third assumption, constant density of states in the integration region, does not hold

either. As it happens in many other situations (for example quantum wells, quantum dots, etc)

the spacial extent of the potential in which the states are confined, affects the energy structure

and density of states of the system. In some cases the density of states can significantly change

in the integration region near the Fermi energy, therefore it should not be treated as a constant.

3.3 Most relevant theoretical studies of FSE in superconductivity

Once we have drawn the formal equations and theory we will need to use, we now present

previous theoretical works about FSE in superconductors.

3.3.1 Thompson and Blatt study of a superconductor thin film

This type of analysis, in which the density of states is not constant and the potential is

energy-dependent, has been used to study FSE in superconductors for a long time. Different

geometries have been analyzed; for example in 1963: Thompson and Blatt studied a thin film

[6]. They report the dependence of the energy gap with the thickness of such film, referring to

this effect as shape resonances because of the defined peaks at defined thicknesses (Fig. 11).

They have made both analytical and numerical calculations of the solutions for a thin film

with the electrons’ eigenfunctions delocalized in two dimensions. In the third one they have set

the potential to be a quantum well. The electron wavefunctions and dispersion relation are:

ψ~k(r) = ψn(z) ei(kxx+kyy)/L, ψn(z) =

√
2

a
Sin

nπz

a

ε~k =
~2

2M

(nπ
a

)2

+
~2

2M
(k2
x + k2

y), n ∈ N

The solution obtained for the chemical potential and the gap, as a function of the film

thickness are:

µ =
πa~2

Mν

[
N

V
+

π

6a3
ν(ν +

1

2
)(ν + 1)

]
(14)

∆ = ~ωC/Sinh

[
2π~2

JM

a

ν + 1/2

]
(15)
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Where ν is an integer, N/V is the number density (constant), M the effective mass of the

electrons given by the dispersion relation, a the thickness of the film and ”J” the coupling con-

stant given in units of Energy times Volume by: 〈ψ~k, ψ ~−k|V (~k,~k′)|ψ~k′ , ψ ~−k′〉 = − J
L2

∫ a
0

dx (ψn(z)ψn′(z))2

These expressions are valid inside thickness regions given by [aν , aν+1] where a3
ν = π

2N/V
[ν3−

1
3
ν(ν + 1/2)(ν + 1)]

Figure 10: Chemical potential vs film thickness. EF = ~2k2
F /2M is the bulk Fermi energy. [6]

Figure 11: Gap vs film thickness. C∞ stands for the gap value for the bulk superconductor. The

natural numbers in each peak correspond to the value of n of the quantum well solution. [6]

We can see that the oscillations of the energy gap are not centered in the bulk value. The
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relative increases (peaks’ maxima) are more significant than the the drops (peaks’ minima)

meaning than in average the gap is above the bulk value. This could be explained by the fact

that the chemical potential is always higher than the bulk chemical potential.

The fact that the chemical potential increases this way as the film gets thinner implies that

the energy needed to break a Cooper pair ”oscillates” with peaks not centered in the bulk gap

value.

The method described described before is very relevant to out work and is going to be

generalized for the case of a thin film of a two-band superconductor (MgB2).

3.3.2 Numerical study on MgB2 thin films

In [5] they have numerically obtained the size dependence of critical temperature of MgB2 thin

films. In this study, the electronic density of states is considered to be constant but the matrix

elements are changed due to the electronic wavefuncitons; similarly to what we have seen in Sec.

3.3.1. Changing the matrix elements is basically a change in the phonon-mediated interaction.

They have obtained that the critical temperature decreases in a non-monotonous way as

the thickness decreases.

This study is relevant to us since we will use parameters given in this paper. On the other

hand, our work pretends to be completely analytical and includes a change in the density of

states.

3.3.3 Bogoliubov-de Gennes equations for a nanowire

Different techniques have been used in more recent investigations, [35], [36]. The work is

based in numerical solutions to the Bogoliubov-de Gennes (BdG) equations for a nanowire, i.e.

a system with quantum confinement in two dimensions.

These equations are deduced from the Hamiltonian of the BCS theory and allow to calcu-

late a position-dependent gap, therefore they are useful for inhomogeneous superconductors.

Despite we will not use these techniques for our analysis it is still relevant as these results rep-

resent both experimental and theoretical evidence of FSE in superconductor nanowires as well

as confirming the ideas discussed before. For example, in Fig. 12 we show numerical results of

the BdG equations for a 1 µm long cylindrical Al nanowire. It can be seen that a change in

the density of states is accompanied by oscillations of the energy gap 7. This is consistent with

Eq. 13 where we see the dependence of ∆ with N(ξ).

7This is an average of the position-dependent energy gap given by: ∆σ = 2
R2

∫ R
0

dρ ρ ∆(ρ) where ρ is the

cylindrical coordinate and R the radius.

21



Enhancement of superconductivity in MgB2 nano-structures
Aurelio Romero Bermudez Section 3

Figure 12: (a) Width dependence of the energy gap with respect to the bulk value.

(b) Mean density of single-electron states in the Debye window near the Fermi level vs the square

root of cross section. T=0 K. [36]

They also compare their results with the shape resonances shown in Fig. 11 accounted by

Blatt and Thompson for thin films. The relative oscillations of the energy gap for nanowires

with a diameter similar to the film thickness are higher than for a thin film. If we look at Fig.

11: a factor 2 for the first peak, and in Fig. 12: a factor 8 for the first peak.

The fundamental reason is related to symmetry which induces degeneracy of the energy

states. Since the symmetry of the wavefunctions in a cylinder is ”higher” than for a paral-

lelepiped, the degeneracy will also be greater. This means there will be more electron states

available for a given energy than in the non-degenerate case. If this energy level is near the

Fermi level and contributes to the integral of Eq. 13, the gap is enhanced.

In Fig. 13 it is shown the critical temperature calculated with the numerical solution of

the BdG equations for Al and Sn nanowires. As it happens with the gap the oscillations, Tc

oscillations are not centered in the bulk value and this is related to the change in the chemical

potential explained before in Thompson and Batt’s calculations.
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Figure 13: a) Calculated critical temperatures for Al and Sn nanowires vs the square root of cross

section. b) Calculated and experimental values for a wider range of the square root of the cross section.

Ref. 4 is [54], Ref. 5 is [43] and Ref. 13 is a private communication from K. Arutyunov and M. Zgirski.

[36]

3.3.4 Shell effects and periodic orbit theory in metallic nanograins

Analytical methods can be used to solve Eq. 12 or 13. In [37] and [38] they study FSE

on metallic nanograins. Both grains, those with geometrical shapes and those with no specific

shape, are studied; this is interesting as experimentally the grains might not be synthesized in

a perfect geometric shape.

This analytical study requires techniques that will not be demonstrated here. However

we will use them to study a parallelepiped MgB2 nanograin. These techniques consist on

semiclassical approximations and the use of periodic orbit theory to calculate a modified density

of states in the grain. See [38] for more details.

For us, the most relevant result of this study is the dependence of the gap with the number

of electrons present in a cubic and parallelepiped-shaped grain. 8

In Fig. 14 we can see the so called shell effects. The reason for this name is the degeneracy in

the energy spectrum. This means that different states might have the same energy, or energies

very close to each other, forming an ”energy shell”.9 As the size decreases, the chemical

potential increases (in average) and therefore states with higher energies can be occupied.

However, since the states are ”grouped” in a shell, none will be occupied until the energy

allowed equals the energy shell. This causes ∆/∆bulk to decrease when the chemical potential is

8The number of electrons: N is proportional to the grain volume, therefore a variation in N is equivalent to

change the size of the grain.
9The difference in energy between levels from different shells is much higher than the difference between the

levels inside the shell.
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between energy shells. When the chemical potential is at the level of a shell, ∆/∆bulk increases

and this increase is much stronger than for the case in which no energy degeneracy is present

since the states more are ”concentrated” around the allowed energy.

Figure 14: Energy gap relative to the bulk gap (∆0) vs the volume of the grain: N
181 nm

3 where N

is the number of electrons. Red circles: cubic grain. Blue squares: parallelepiped-shaped grain. [38]

3.4 Conditions to neglect fluctuations.

We will now comment on the constrains to apply these techniques in which no fluctuations are

included.

First of all, BCS theory for bulk superconductors assumes the following conditions:

• EF >> ~ωD

• Furthermore from BCS theory: kBTc ' 1.14~ωDexp(−1/NF Ṽ ) with NF Ṽ ≤ 0.3 [39] for

the majority of superconductors. This leads to kBTc << ~ωD.

To neglect quantum fluctuations: [40]

2. δ
∆bulk

<< 1

To avoid thermal fluctuations: [40], [41]

3.
√

δ
kBTc

<< 1

Where δ = 1/N(0) is the ”mean level spacing” at the Fermi energy and has units of energy.
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4 Review on experimental methods to study Finite Size

Effects over superconductivity

So far we have seen theoretical methods to predict or model FSE in superconductors. In

this section we will go over a few techniques used to study FSE in superconductors, comment

on the results obtained and compare to the theoretical methods drawn before. Since we are

studying MgB2 we will also do a review about the techniques that have been used to synthesize

MgB2 thin films.

Different materials and geometries have been used to observe deviations of the supercon-

ducting properties from the bulk regime. For example: Sn and Pb nanoparticles [42], [1], Al

and Sn nanowires [43], [44], a few nanometers thick Al and Pb films, [45], [4], [46], [47], [48]

etc. Other, more elaborated, geometries like tunnel junctions have also been fabricated, [50],

[51].

4.1 Early experiments

The first experiments about superconductivity at the nanoscale that will be discussed were

performed in the decade of 1960s.

One of the experiments consisted on metal crystallites films, [45]. They have synthesized

different metal grains by vapor deposition of the metal, controlling the crystallites size by means

of the oxygen pressure.

They have found in most of the cases an enhancement in Tc (see Tab. 1) and an inverse

relation between size and Tc (see Fig. 15), as it was expected from calculations in the previous

section and.

Metal Tc (K) Tc/T
bulk
c d (nm)

Al 3.0 2.6 4.0

Ga 7.2 6.5 –

Sn 4.1 1.1 11.0

In 3.7 1.1 11.0

Pb 7.2 1.0 –

Table 1: Critical temperature for various crystallite sizes: d. [45]
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Figure 15: Critical temperature for Al films with different crystallite sizes. Circles and square

correspond to different substrate temperatures during growth.

We see the general trend of a higher critical temperature the thinner (smaller grains) the

film is. No oscillations are observed (as it would be expected from what has been explained

in Sec. 3.2) probably because of insufficient data; if more data points were measured for more

thicknesses around 10 nm may be these oscillations would be present in the graph.

The theoretical curve in Fig. 15 has been obtained using a model not relevant to our present

work.

Other experiments consisted in fabricating tunnel barriers between superconducting nanopar-

ticles. The idea is to probe the density of states of these particles by tunneling electrons into

and out of them, and therefore obtain their resistivity.

One of the earliest works of this kind, [42] from 1968, aimed to find evidence of the existence

of superconductivity in sizes for which theoretical predictions indicated it would not be possible.

Giaever and Zeller reported in this work superconductivity in Sn nanoparticles. The experiment

consisted on electron tunneling through arrangements of these Sn nanoparticles.

The nanoparticles were grown as before using evaporation. The evaporated Sn was deposited

over an oxidized Al film. The Sn agglomerated by itself forming ”islands” with a minimum

radius of 2.5 nm. Aluminium oxide was grown between the Sn islands and the Sn itself was

oxidized. Finally an Al layer was grown on top.

They have measured the resistivity of such Sn grains in the normal and superconducting

state and obtained it is higher in the superconducting state, which means that no current

passes through the grains until the voltage is enough to break Cooper pairs and allow single
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quasiparticles to move in the grain.

In the decade of 1990s this kind of experiments were carried out again. Black, Ralph and

Tinkham, [50] and [51], performed tunneling experiments though single Al superconducting

nanoparticles (in contrast to tunnel through an arrangement of several nanoparticles as it was

the case previously discussed).

The experiment consisted on fabricating a bowl-shaped hole in a membrane of Si3N4 (an

insulator) using electro-beam lithography and a reactive-ion etching process. The Al is gas

deposited on the bottom and then is oxidized: this is the tunnel barrier.

They have measured that the gap is between 1.6 to 2.2 times larger than the bulk gap

of Al, however, they claim they can not relate this enhancement to the reduced size of the

superconducting particles. According to their results, there is no appreciable size dependence

of the gap, given the experimental uncertainties.

Experiments on superconducting nanowires have been performed in recent years thanks

to the development of modern techniques to synthesize them. The most common technique

consists on filling templates of cylindrical holes. The filling process can be achieved by elec-

trodeposition [44] or vapor deposition [53]. There are other techniques to produce nanowires,

for example the vapor-liquid-solid mechanism (VLS) and atomic layer deposition. In addition,

ion beam sputtering techniques are used to thin nanostructures such as nanowires and tunnel

junctions [54].

Tian et al [44] have synthesized Sn nanowires with diameters ranging from 20 nm to 100

nm. They have performed electrical transport measurements and obtained a higher resistivity

for the thinnest wires (20 nm - 40 nm) than for the rest. The same result was obtained by

Zgirski et al [43] with Al nanowires which have been gradually thinned by the method described

in [54].

Among the reasons for the breakdown of superconductivity in such nanowires we can men-

tion the fluctuations that have been addressed before in this work. Quantum and thermal

fluctuations destroy superconductivity under certain conditions that depend on the size and

shape of the system and the properties of the material.

4.2 Pb thin films and Sn nanograins

Other studies [4], [46], [47], [48], show superconductivity in Pb films with cross sections of

some squared milimeters and some monolayers thick. Apart from demonstrating the films to

be superconducting, they have observed deviations (”oscillations”) of the critical temperature,

the density of states and the critical field when varying the thickness of the film. Since Pb is
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phonon-mediated [49] it can be treated in BCS theory and so these experiments confirm the

predictions of Sec. 3.

The Pb films were synthesized in most of the cases by controlled vapor deposition in ultra-

high vacuum over Si or Ge substrates. Techniques such as STM were used not only to measure

the topography but also to directly probe the energy levels and the conductance. Once the

conductance is known, the gap and critical temperature are obtained. [47]

In Fig. 16 we present the results reported by Eom et al , [47]. FSE are clearly observed in

the critical temperature. These results are relevant for us since we expect something similar,

at least qualitatively, for MgB2 finite films which are close enough to a grain.

They also present both the calculated10 and measured energy levels for the films. As a

general trend we see in Fig. 16.c the energy of a level is higher for films with an even number

of monolayers.

Figure 16: a) Critical temperature for Pb films between 5 and 15 monolayers thick. See [47] for

details on the calculations of the error bars. b) Calculation of the density of states near the Fermi

level as a function of the layer thickness by using a simple infinite well potential. c) Measurements of

the energy levels for different films. Red: even number of layers, blue: odd number of layers. [47]

Similar results were obtained by Guo et al , [4] for lead films. They have used STM

to perform topography measurements and to study the energy levels they have performed

magnetoresistance measurements and studied the photoemission spectra.

10For the calculation they have used a quantum well model for the thickness.
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In Fig. 17.a we can see that, similarly to Fig. 16.c, the energy level is higher for a film

with even number of monolayers than for one with odd number. Regarding the oscillation (Fig.

17.b) of the critical temperature (red data) and the data proportional to the density of states

(black data) there seems to be a correlation between a higher density of states and a higher

critical temperature, confirming previous ideas given in Sec. 3.2 (see Fig. 12).

Figure 17: a) Photoemission spectra for Pb films with different number of monolayers. b) Red data:

critical temperature as a function of the thickness. Black data: data proportional to the density of

states. The inset graph shows the resistance as a function of temperature. The convention used to

obtain Tc is the temperature at which the resistance has dropped by half. [4]

From the values of the critical temperature in Fig. 17.b we see that superconductivity is

actually suppressed, with respect to the bulk value (T bulkc = 7.2 K) however these results are

still relevant to us since FSE were confirmed in Pb thin films. We will now see that this is not

the case for all geometries; for example, for lead nanoparticles no oscillations were observed in

the energy gap.

Bose et al [1] report measurements of the conductance of Sn and Pb nanoparticles of different

sizes. They have grown the particles over a BN/Rh(111) substrate.

As in previous works, STM was used to measure the topography (sizes between 1 nm and

35 nm) and also to probe the density of states and conductance of the nanoparticles.

For the Pb particles the conductance showed a monotonous decrease when the size of the

particle is reduced. For Sn however, the conductance varied non-monotonically depending on

the size regime (see Fig. 18).
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Figure 18: a) Conductance of Pb particles of different sizes. As a size reduces the zero-bias conduc-

tance also decreases. b) and c) Conductance for Sn particles. For two particles with an approximate

height of 30 nm the conductance is the same. For smaller particles around 10 nm high, the conductance

changes for two different sizes.[1]

The energy gaps for Pb and Sn nanoparticles is obtained from the conductance shown

before. They have estimated, again, that the gap Pb decreases monotonously while for Sn, the

gap ”oscillates” around the bulk value when the size of the nanoparticles changes. Therefore,

we see how for the same system size and geometrical shape, FSE are different for two different

materials. These oscillations reflect the shell effects analyzed in [38]. A comparison of the

experimental data and the theoretical calculation explained in [38] is shown in Fig. 19.

Figure 19: Theoretical calculations and experimental data of the critical temperature as a function

of particle size. The height (h) of the particle is assumed to be 0.9 times its radius (R). [1]

In all of these studies we have seen how FSE are directly related to the change in the density

of states as it has been pointed out when analyzing Eq. 13
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4.3 MgB2 thin films

4.3.1 Growth

Soon after the discovery of the superconducting properties of MgB2, scientists carried out

experiments to deposit MgB2 thin films. The main three type of methods are:

• Annealing of B films in Mg vapor.

• Physical vapor deposition.

• Hybrid physical chemical vapor deposition.

After reviewing several experiments we can summarize the main difficulties encountered to

grow MgB2 thin films:

• Mg is volatile causing the thermodynamic stable region of MgB2 is ”small”. At high

deposition temperatures, very high Mg vapor pressure is needed. For example: for 1080
◦C, a Mg pressure of 10 Torr needs to be applied, while in most molecular beam epitaxy

setups the highest pressure used is around 10−4 Torr. [55]

• Low sticking coefficient of Mg at high temperature. [56]

• Reactivity of Mg with O2. This effect produces nanograins of MgO instead of MgB2

• Carbon contamination during growth which comes from the sputtering and evaporation

sources.

The first technique mentioned above was the first used (in 2001) to grow MgB2 thin films.

A precursor of B or Mg-B were used to sputter a B film; laser ablation and evaporation have

also been used. The temperatures at this stage were around 900 ◦C. Finally the B film was

annealed in a Mg vapor [57]. This methods had most of the problems mentioned before. Thin

films of the order of µm were grown. In more recent years the B film was formed using CVD.

[58]

In order to overcome the difficulty of the high vapor pressure needed they have used physical

vapor deposition (PVD) techniques at lower temperatures: pulsed laser deposition (PLD) at

around 400 ◦C [59] and molecular beam epitaxy at temperatures between 150 ◦C and 320 ◦C

[60]. However, the most successful PVD technique consisted on a reactive evaporation in which

a circular rotating substrate was exposed to electro-beam evaporated B on one half and on the

other to a high Mg vapor pressure container. [61]. The thickness achieved by this method is

around 550 nm.
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A co-evaporation method has being used by Shimakage et al [2] and they have managed to

synthesize MgB2 films with thicknesses between 15 nm and 100 nm at relatively low tempera-

tures (between 200 ◦C and 400 ◦C).

Finally, hybrid physical chemical vapor deposition has also proved to be a successful tech-

nique in order to obtain MgB2 thin films with good crystallinity and low contaminating agents.

The B is obtained by decomposing a gas precursor: B2H6 while Mg comes from a high pu-

rity bulk source. The inconvenient is that it still needs high temperature and high Mg vapor

pressure. [62]

4.3.2 Superconducting properties

We now present different experimental results of the critical temperatures for thin films

grown by the methods described before.

In [62] they measured Tc = 39.3 K for a 200 nm thick film that had been grown by HPCVD

over sapphire (Al2O3).

In [63] they have reported that a 800 nm film grown by PLD over the same substrate as

before had a Tc = 33.1 K.

In [64] they showed that a 230 nm film grown over SiC had a Tc = 41.4 K. They have used

HPCVD.

Xi presented a compilation of interesting measurements of the dependence of Tc films of

thicknesses of around 100 nm and larger:

Figure 20: Experimental values of the critical temperature vs. thickness of a MgB2 film grown over

two different substrates. [65]

Other relevant results for our work consist on recent measurements of the critical tempera-

ture for MgB2 films less than 10 nm thick [2]:
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Figure 21: Critical temperature vs. thickness of MgB2 films grown by HPCVD at 2 · 10−8 Torr. a)

Mg evaporation rate: 0.5 nm s−1, B evaporation rate: 0.5 nm s−1 and substrate temperature: 340 ◦C.

Thinner films did not show superconductivity. b) Mg evaporation rate: 32 nm s−1, B evaporation rate:

0.5 nm s−1 and substrate temperature: 350 ◦C. Thinner films show considerable superconductivity.

[2]

We can see from Fig. 21a) and b) that for different growing conditions the films can stop

being superconducting, they believe that for the films first grown corresponding to Fig. 21a),

significative Mg oxidation occurs. On the other hand, in Fig. 21b) we see they have managed

to grow films with significant superconducting properties and in a region of thicknesses in which

FSE are expected to be important. However, they stated that further improvement in the thin

film quality was still possible, something that might allow to see higher critical temperatures

and to observe FSE.

In [3] they have managed to optimize these conditions to prevent the Mg oxidation. They

have also shown that there is no significant impurity in the films. Their measurements of the

critical temperature improved considerably compared to the previous experiment. See Fig. 22.
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Figure 22: Critical temperature vs. thickness of MgB2 films grown by HPCVD at 5.2 kPa (39 Torr)

and substrate temperatures between 660◦C and 720◦C. [3]

First of all we can see they have obtained critical temperatures much larger than those

shown in Fig. 21. Furthermore, it seems that the overall tendency is that Tc decreases as the

film get thinner. However, the 10 nm film has a larger Tc than the 20 nm. It would be necessary

more data to see if this is due to FSE or due to different film qualities, disorder etc.

Finally we show part of a table from [66] where it can be seen how the critical temperature

depends not only on the film thickness but on the HPCVD growth temperature.

Figure 23: Part of table from [66] showing the critical temperature of the film for different film

thicknesses and growth temperatures.
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We have gone through the most relevant background and now we present the main part of

the research project containing our original work.

5 Derivation of the equations for superconductivity in

MgB2 thin films

In this section we derive the equations that describe the energy gaps and the critical

temperature of a two band superconductor considering two geometries:

1. An infinite thin film of dimensions L× L× a, where L >> a.

2. A finite thin film of dimensions L1×L2× a, where Li is larger than a (a factor 2 or 3).11

In the case of the thin film, the method developed is a generalization of Thompson and

Blatt’s model presented in Sec. 3.3.1. For the finite film we will use the equations derived for

the first case and modify them accordingly to obtain results similar to those presented in Sec.

3.3.4 and 4.2 for metallic nanograins.

With the exception of [5] we are not aware of other theoretical studies on MgB2 thin films.

In [5], the size dependence of the critical temperature is numerically calculated. Our work

represents an analytical way to address the problem. Additionally, we have studied four cases

that correspond to different types of energy bands (electron or hole bands). Furthermore, we

have extended our results to thin films in which the lateral size is in the nano-scale as well.

5.1 Gaps equations of a MgB2 infinite thin film

In Sec. 3.2 we presented the background of BCS theory and the formal equations we will

use. In particular we want to solve Eq. 13 for T=0. However, we first need to rewrite it for

the case of a superconductor with two energy gaps, as it is the case of MgB2. Since we have

two variables (∆σ and ∆π) we have two coupled equations:

∆σ = −1

2

∑
k′

[
Vσkσk′√

(εσ − µ)2 + ∆2
σ

∆σ +
Vσkπk′√

(επ − µ)2 + ∆2
π

∆π

]

∆π = −1

2

∑
k′

[
Vπkσk′√

(εσ − µ)2 + ∆2
σ

∆σ +
Vπkπk′√

(επ − µ)2 + ∆2
π

∆π

] (16)

11From now on we will refer to the semi-infinite thin film as thin film and for the finite thin film as a grain,

even though it is not strictly a grain since the 3 dimensions are not the same.
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Where µ is the chemical potential, εσ and επ are the energy dispersion relations for the σ

and π band and Vαkβk′ the interaction matrix elements.

Following Thompson and Blatt’s notation presented in Sec. 3.3.1:

Vαkβk′ = 〈ψα~k, ψα−~k|V (~k,~k′)|ψβ~k′ , ψβ−~k′〉 =

=


−Jαβ

L2

∫ a
0

dx (ψαn(z)ψβn′(z))2 , if |εα~k − µ| < ~ωD and

|εβ~k′ − µ| < ~ωD

0, otherwise

(17)

Jσσ, Jππ are the σ and π intraband dimensional coupling constants. These represent the

interaction between two electrons inside the same band.

Jσπ, Jσπ are the interband dimensional coupling constants, which are treated as different

constants. This represents the interaction between two electrons from different bands.

We can see that the interaction matrix elements are non-zero inside a region defined in Eq.

17. This is the usual BCS restriction for the interaction explained in Sec. 3.1 and in analogy

to Eq. 7.

Since the matrix elements depend on the momentum (they depend on n, n′ and also on

kx and ky through the conditions |εα~k − µ| < ~ωD) ∆σ and ∆π may, in principle, depend

on ~k. However, for simplicity we will assume that the gaps are independent of the X and Y

coordinates of the momentum. There is however, dependence in the Z-direction introduced by

the matrix elements Eq. 19.

Furthermore, the electron wavefunction is given by:

ψα~k(r) =
1

L
ψαn(z) ei(kαxx+kαyy), ψαn(z) =

√
2

a
Sin

nαπz

a
(18)

Where ψαn(z) is the solution to the problem of a infinite potential well, therefore with

boundary conditions: ψαn(0) = ψαn(a) = 0.12 While the exponential corresponds to a Bloch

wavefunction (periodic boundary conditions).

By plugging this expression in Eq. 17, the matrix elements become:

Vαkβk′ = −Jαβ
aL2

(
1 +

1

2
δnn′

)
(19)

At the same time we take the dispersion relations from Sec. 2 (Eq. 1 and Eq. 2 ) and

Taylor expand them around the Fermi energy in order to get a quadratic dispersion relation:

12We will discuss in Sec. 8 that these boundary conditions neglect the effect of the substrate over any property.

We will mention how this influence could be included.
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εα = eα0 +
~2

2mα1

k2
x +

~2

2mα2

k2
y +

~2

2mα3

k2
z

We must keep in mind that kx and ky are continuos while kz = nπ/a. Therefore, in our

coupled equations for the gaps (Eq. 16) we can perform the sum in kx and ky by changing

the sum by an integral and including the density of states in 2D while the sum in the integer

number corresponding to kz is maintained. It is important to remember the regions where the

interaction matrix elements are non-zero in order to set the integration and sum limits.

For a quadratic dispersion relation in two dimensions: ε = e0 + ~2
2m1

k2
x + ~2

2m2
k2
y, the density

of states is: dN
dε

=
√
m1m2

π~2 L2 which is a constant, therefore the integrals are trivial.

As an example we will explicitly perform one of the integrals. Rewriting the quadratic

expansion as:

εσ = ξσ,xy + ησ,n′ (20)

Where: ξσ,xy = ~2
2mσ1

k2
x+ ~2

2mσ2
k2
y and ησ,n′ = eσ0 + ~2

2mσ3
k2
z and substituting in one of the sums

from Eq. 16:

∑
k′

1√
(εσ − µ)2 + ∆2

σ

→
∑
n′

∫ ~ωD+µ−ησ,n′

µ−ησ,n′

√
mσ1mσ2

π~2
L2 dξσ,xy√

[ξσ,xy − (µ− ησ,n′)]2 + ∆2
σ

(21)

We have restricted the integral to the region µ − ησ,n′ > ~ωD following Thompson and

Blatt’s analysis [6]. This condition sets a maximum value of n′ which we call νσ:

µ− ησ,νσ > ~ωD ⇒ νσ = integral part of

[
a

π

√
(µ− eσ0 − ~ωD)

2mσ3

~2

]
(22)

Renaming the integration variable as X =
ξσ,xy−(µ−ησ,n′ )

∆σ
we get:

√
mσ1mσ2

π~2
L2

νσ∑
n′=1

∫ ~ωD/∆σ

0

dX√
X2 + 1

=
νσ∑
n′=1

√
mσ1mσ2

π~2
L2arcSinh

~ωD
∆σ

(23)

In a similar way, for the other three terms in Eq. 16 we get:

∆σ = −1

2

νσ∑
n′=1

∆σ Vσkσk′

√
mσ1mσ2

π~2
L2asinh

~ωD
∆σ

− 1

2

νπ∑
n′=1

∆π Vσkπk′

√
mπ1mπ2

π~2
L2asinh

~ωD
∆π

∆π = −1

2

νσ∑
n′

∆σ Vπkσk′

√
mσ1mσ2

π~2
L2asinh

~ωD
∆σ

− 1

2

νπ∑
n′=1

∆π Vπkπk′

√
mπ1mπ2

π~2
L2asinh

~ωD
∆π

(24)

Before substituting the interaction matrix elements we analyze the region in which these

equations are well defined. We see that have set an upper limit in the sums over kz in both
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bands. We need to set these integers to the most restrictive value, meaning that we need to

take the minimum.

In order to do that we analyze the restriction mentioned before in Eq. 22 for the π and

σ bands.13 If we neglect the constants eα0 with respect to µ we see that the lowest integer

between νσ and νπ is the one for which for which mα3 is lower (we have assumed that: mσ3 > 0

and mπ3 > 0). If mσ3 < 0 and mπ3 > 0 (mσ3 > 0, mπ3 < 0), then the upper limit of the sums

is νπ (νσ). If mσ3 < 0 and mπ3 < 0 the upper limit is νσ as we will see. In any case this matter

is not important at this stage and we will discuss the consequences of the sign of these masses

when we present our results further on.

We now go back to Eq. 24 and set νσ = νπ = ν and substitute the interaction matrix

elements given in Eq. 19.

∆σ =
ν + 1/2

2π~2a

[
Jσσ
√
mσ1mσ2 ∆σ arcSinh

~ωD
∆σ

+ Jσπ
√
mπ1mπ2 ∆π arcSinh

~ωD
∆π

]
∆π =

ν + 1/2

2π~2a

[
Jππ
√
mπ1mπ2 ∆π arcSinh

~ωD
∆π

+ Jπσ
√
mσ1mσ2 ∆σ arcSinh

~ωD
∆σ

] (25)

In the last equation we see that the factors ν+1/2
2π~2a Jαβ

√
mα1mα2 do not have dimensions and

we will consider these as the modified non-dimensional coupling constants from now on. As

we will discuss later, these should tend to a constant as the thickness increases, because this

means thin film tends to a bulk system and it will be necessary to match the constants to the

MgB2 non-dimensional coupling constants available in the literature.

For a fixed value of ν = ν0, the solution of Eq. 25 gives ∆σ and ∆π inside the region

[aν0 , aν0+1]. Our aim now is to get an expression for aν . To do this we study the number of

electronic states N which is given by:

N =

∫ µ

0

g(E)dE =

∫ µ

0

∑
j

δ(E − Ej)dE =
ν∑
j=1

1 where ν : E < µ

Where g(E) is the 3D density of states. If we separate the 2D density of states (which in

our case is:
√
m1m2L2

π~2 ) and using E = ξxy + ηn:

N =

∫ µ

0

g(E)dE =
ν∑
j=1

∫ µ−ηj

0

g2Ddξxy =
ν∑
j=1

√
m1m2L

2

π~2
(µ− ηj) where ν : ξxy < µ− ηj

13The equation for νπ is the same as Eq. 22 but substituting the subscript σ by π
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Using the previous equation divided by the volume (V = aL2) taking into account that we

have two energy bands we can write that the electronic state density is:

N

V
=

ν∑
j=1

√
mσ1mσ2

π~2a
(µ− ησ,j) +

ν∑
j=1

√
mπ1mπ2

π~2a
(µ− ηπ,j) (26)

We now substitute the chemical potential using the condition from Eq. 22: µ−ησ,ν > ~ωD14

and ησ,j as well.

In order to get an analytical expression for aν we neglect both ~ωD and eσ0. Therefore we

substitute µ ' π2~2ν2
2mσ3a2

in Eq. 26:

N

V
=
π
√
mσ1mσ2

2mσ3a3

[
ν3 − 1

6
ν(ν + 1)(2ν + 1)

]
+
π
√
mπ1mπ2

2mσ3a3
ν3 −

π
√
mπ1mπ2

2mπ3a3

1

6
ν(ν + 1)(2ν + 1)

To calculate the sum of ησ,j and ηπ,j we have used the following expression for the partial sum:∑n
i i

2 = n(n+ 1)(2n+ 1)/6. We now rename a as aν :

a3
ν =

π

2N/V

[
ν3

√
mπ1mπ2 +

√
mσ1mσ2

mσ3

− 1

6
ν(ν + 1)(2ν + 1)

(√
mσ1mσ2

mσ3

+

√
mπ1mπ2

mπ3

)]
(27)

If we include the term eσ0 in Eq. 26 we need to substitute: µ ' π2~2ν2
2mσ3a2

+ eσ0 and therefore

the equation for aν is:

N

V
=

π

2a3
ν

[
ν3

√
mπ1mπ2 +

√
mσ1mσ2

mσ3

− 1

6
ν(ν + 1)(2ν + 1)

(√
mσ1mσ2

mσ3

+

√
mπ1mπ2

mπ3

)]
+

+
ν

aν

√
mπ1mπ2

π~2
(eσ0 − e0π)

(28)

Which needs to be solved numerically. For now we will use Eq. 27 instead.

Furthermore, the equation for the electronic density of states can also provide more infor-

mation: the chemical potential. If we only substitute ησ,j (neglecting eσ0 and eπ0) then we can

obtain µ as a function of the electronic density of states (a property of the material) and ν:

N

V
=

√
mσ1mσ2

π~2a

[
νµ− 1

6
ν(ν + 1)(2ν + 1)

π2~2

2mσ3a2

]
+

√
mπ1mπ2

π~2a

[
νµ− 1

6
ν(ν + 1)(2ν + 1)

π2~2

2mπ3a2

]
Which implies:

µ =
π~2

√
mσ1mσ2 +

√
mπ1mπ2

a

ν

[
N

V
+

π

6a3
ν(ν + 1)(ν + 1/2)

(√
mπ1mπ2

mπ3

+

√
mσ1mσ2

mσ3

)]
(29)

14We are assuming that the integer ν = νσ. If for the reasons discussed before, ν = νπ instead, then the

equation for aν is the same but interchanging the subscripts σ and π.
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This equation is defined in regions, just as Eq. 25. For a fixed ν = n, the chemical potential

from Eq. 29 is valid for a ∈ [an, an+1].

To obtain Eq. 29 we have neglected eσ0 and eπ0 just as we did to obtain aν . If we include

these terms we would have to add in Eq. 29: (eσ0
√
mσ1mσ2 + eπ0

√
mπ1mπ2)/(

√
mσ1mσ2 +

√
mπ1mπ2) which is a constant and thus does not affect the shape of µ. The exact value of µ

is going to affect the quantitative extend of FSE. Nonetheless, their manifestation is still going

to be present. We will discuss this in section 7.

5.2 Critical temperature equation of a MgB2 infinite thin film

Now we repeat the generalization of Eq. 13 but for T > 0:

∆σ = −1

2

∑
k′

[
Vσkσk′∆σ√

(εσ − µ)2 + ∆2
σ

tanh

√
(εσ − µ)2 + ∆2

σ

2kBT
+

Vσkπk′∆π√
(επ − µ)2 + ∆2

π

tanh

√
(επ − µ)2 + ∆2

π

2kBT

]

∆σ = −1

2

∑
k′

[
Vπkσk′∆σ√

(εσ − µ)2 + ∆2
σ

tanh

√
(εσ − µ)2 + ∆2

σ

2kBT
+

Vπkπk′∆π√
(επ − µ)2 + ∆2

π

tanh

√
(επ − µ)2 + ∆2

π

2kBT

]
(30)

To get Tc from this equation we can not just set the gaps to zero, we need to rearrange in a

way we get a solution. Assuming ∆σ and ∆π are independent of ~k we rearrange factors of ∆σ

to the left hand side of each equation and factors of ∆π to the right hand side; then we divide

one equation by the other:

1 + 1
2

∑
k′

Vσkσk′√
(εσ−µ)2+∆2

σ

tanh

√
(εσ−µ)2+∆2

σ

2kBT

1
2

∑
k′

Vπkσk′√
(εσ−µ)2+∆2

σ

tanh

√
(εσ−µ)2+∆2

σ

2kBT

=

1
2

∑
k′

Vσkπk′√
(εσ−µ)2+∆2

σ

tanh

√
(εσ−µ)2+∆2

σ

2kBT

1 + 1
2

∑
k′

Vπkπk′√
(εσ−µ)2+∆2

σ

tanh

√
(εσ−µ)2+∆2

σ

2kBT

(31)

Now we can set ∆σ = 0, ∆π = 0 and T = Tc. We also substitute the interaction matrix

elements from Eq. 19 and perform the sums in kx and ky, however the integral is not trivial in

this case:

1− Jσ,σ
√
mσ1mσ2

2π~2a
∑ν

n′=1(1 + 1
2
δnn′)F (Tc)

−Jπ,σ
√
mσ1mσ2

2π~2a
∑ν

n′=1(1 + 1
2
δnn′)F (Tc)

=
−Jσ,π

√
mπ1mπ2

2π~2a
∑ν

n′=1(1 + 1
2
δnn′)F (Tc)

1− Jπ,π
√
mπ1mπ2

2π~2a
∑ν

n′=1(1 + 1
2
δnn′)F (Tc)

Performing the remaining sums:

1− Jσ,σ
√
mσ1mσ2

2π~2a (ν + 1
2)F (Tc)

−Jπ,σ
√
mσ1mσ2

2π~2a (ν + 1
2)F (Tc)

=
−Jσ,π

√
mπ1mπ2

2π~2a (ν + 1
2)F (Tc)

1− Jπ,π
√
mπ1mπ2

2π~2a (ν + 1
2)F (Tc)

(32)
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Where:

F (Tc) =

∫ ~ωD+µ−ηαn′

µ−ηαn′
dξα,xy

tanh
ξα,xy−(µ−ηαn′ )

2kBT

ξα,xy − (µ− ηαn′)
=

∫ ~ωD
2kBTc

0

dx
tanhx

x
' log

(
4eγ

π

~ωD
2kBTc

)
(33)

γ = 0.577215664 is the Euler-Mascheroni constant. The last approximation is only valid

when the integration limit is much higher than 1, in our case ~ωD
2kBTc

= θD
2Tc
' 1050

2∗40
= 13.

5.3 Gaps and critical temperature equations of a MgB2 finite thin

film

In this section we will study what happens when the two infinite dimensions of the thin

film reduce to the nano-scale. Therefore the system is no longer a thin film but a grain of size

L1 × L2 × a being a the height and L1, L2 the lateral dimensions.

In order to study this situation we will not go through any derivation of equations but we

will use the results regarding the modification of the density of states for a grain presented

in [38]. The idea behind this study is that, using certain semiclassical approximations (see

Appendix 1 in [38]) the density of states can be calculated using a sum over periodic orbits

inside the grain. This means that in Eq. 21 the density of states is not a constant anymore

and it can not be taken out of the integral. However, in [38] it has been demonstrated that the

factor multiplying the density of states can be calculated in a way that it is independent of the

energy. The modified density of states is:

ν(ε′) ' νTF (0)[1 + g(0) + gl(0)] (34)

Where:

νTF (0) =
dN

dε
=

√
m1m2

π~2
L2

g(0) = − L
2kFA

= −L1 + L2

kFL1L2

gl(0) = g
(2)
12 (0)− 1

2
g

(1)
1 (0)− 1

2
g

(1)
2 (0)

(35)

g
(2)
12 (0), g

(1)
1 (0) and g

(1)
2 (0) can be calculated as follows:

g
(2)
12 (0) =

∞∑
L1,2
n =0

J0(kFL
1,2
n )×K0(L1,2

n /ξ), L1,2
n = 2

√
L2

1n
2
1 + L2

2n
2
2, n1, n2 ∈ N

g
(1)
1 (0) =

4

kFL2

∞∑
L
(1)
n =0

cos(kFL
(1)
n )×K0(L(1)

n /ξ), L(1)
n = 2nL1, n ∈ N

g
(1)
2 (0) =

4

kFL1

∞∑
L
(2)
n =0

cos(kFL
(2)
n )×K0(L(2)

n /ξ), L(2)
n = 2nL2, n ∈ N

(36)
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The sums are over the lengths of all the periodic orbits. J0(x) is the Bessel function of first

kind of order 0 and K0(x) is the modified Bessel function of first kind of order 0 and ξ is the

coherence length of the corresponding band.15

K0(x) is the weighting function for each periodic orbit. It depends on the ratio of the

length of the periodic orbit to the coherence length of the corresponding band and for lengths

much larger than the coherence length (which means x >> 1) K0(x) tends to be a decreasing

exponential, therefore the contribution of those periodic orbits is negligible.16

5.3.1 Gap equations of a MgB2 finite thin film

There is no need to repeat the derivation of Eq. 25 and 32 since we only need to substitute

the 2D densities of states by the modified ones given by Eq. 34. The system of coupled

equations for the two superconducting gaps of a MgB2 grain is:

∆σ =
ν + 1/2

2π~2a

{
[1 + gσ(0) + glσ(0)] Jσσ

√
mσ1mσ2 ∆σ arcSinh

~ωD
∆σ

+

+[1 + gπ(0) + glπ(0)] Jσπ
√
mπ1mπ2 ∆π arcSinh

~ωD
∆π

}
∆π =

ν + 1/2

2π~2a

{
[1 + gπ(0) + glπ(0)] Jππ

√
mπ1mπ2 ∆π arcSinh

~ωD
∆π

+[1 + gσ(0) + glσ(0)] Jπσ
√
mσ1mσ2 ∆σ arcSinh

~ωD
∆σ

}
(37)

5.3.2 Critical temperature equation of a MgB2 finite thin film

1− [1 + gπ(0) + glσ(0)]
Jσ,σ
√
mσ1mσ2

2π~2a (ν + 1
2
)F (Tc)

−[1 + gπ(0) + glσ(0)]
Jπ,σ
√
mσ1mσ2

2π~2a (ν + 1
2
)F (Tc)

=

=
−[1 + gπ(0) + glπ(0)]

Jσ,π
√
mπ1mπ2

2π~2a (ν + 1
2
)F (Tc)

1− [1 + gπ(0) + glπ(0)]
Jπ,π
√
mπ1mπ2

2π~2a (ν + 1
2
)F (Tc)

(38)

Where F (Tc) ' log
(

4eγ

π
~ωD

2kBTc

)
as before.

15We are dealing with two bands, therefore two densities of states and two coherence lengths. This means

we need to add a subscript (σ or π) for the densities of states and coherence lengths in the previous equations

according to the corresponding band.
16Actually a further simplification would be to drop the weighting function and set as a maximum limit in

the sums of Eq. 36 the corresponding coherence length.
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5.4 Large sizes limit

As we mentioned in the previous section after deriving Eq. 25, the ”modified coupling

constants”: ν+1/2
2π~2a Jαβ

√
mα1mα2 should tend to a constant value as the thickness increases.

With the exception of a and ν the factors are independent of size, therefore we study the limit

of aν/ν as ν →∞ as .

lim
ν→+∞

aν
ν

= lim
ν→+∞

1

ν

(
π

2N/V

)1/3 [
Aν3 − 1

6
ν(ν + 1)(2ν + 1)B

]1/3

lim
ν→+∞

(
π

2N/V

)1/3 [
A− 1

6ν3
(2ν3 + 3ν2 + ν)B

]1/3

=

(
π

2N/V

)1/3(
A− B

3

)1/3

Where: A =
√
mπ1mπ2+

√
mσ1mσ2

mσ3
and B =

√
mσ1mσ2
mσ3

+
√
mπ1mπ2
mπ3

Which confirms that our expressions have a well defined limit when the thickness tends to

infinity.

6 Computational techniques

In this section we describe the steps taken to solve the equations derived in previous sections

in order to get the superconducting properties of MgB2 thin films and grains. The software

used to solve the equations is Matlab R2011b.

After deriving equations for the gaps, the critical temperature and the chemical potential

we need to match our parameters for the interaction matrix elements to those given in the

literature.

In order to do so, we have repeated the derivation of the gap equations for a bulk super-

conductor with two-gaps. From here we have identified the common non-dimensional coupling

constants (normally called λ in the literature) and how these were modified in the case of a

thin film. The mapping is as follows:

Jσσ

(
ν +

1

2

) √
mσ1mσ2

2π~2a
→ λσσ = 2gσ(0)Ṽσσ

Jππ

(
ν +

1

2

) √
mπ1mπ2

2π~2a
→ λππ = 2gπ(0)Ṽππ

Jσπ

(
ν +

1

2

) √
mπ1mπ2

2π~2a
→ λσπ = 2gπ(0)Ṽσπ

Jπσ

(
ν +

1

2

) √
mσ1mσ2

2π~2a
→ λπσ = 2gσ(0)Ṽπσ

(39)

Where Ṽαβ corresponds to the Ṽ introduced in Sec. 3.1 when we talked about BCS theory.
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gσ(0) and gπ(0) are the single spin bulk energy density and can be found in the literature as

well.

Once we have identified the factors in the equations to the bulk-system parameters we can

concentrate in solving the equations to get the gaps and the critical temperature as a function

of size. The steps followed for the case of a MgB2 thin film were:

1. Substitute the bulk non-dimensional coupling constants and solve the equations for ∆σ,

∆π and Tc; the solutions obtained should correspond to the bulk properties of MgB2. Set

these constants to be those corresponding to a sufficiently large thickness: amax ' 490

nm and its corresponding value of ν = νmax = 880. For this thickness, FSE are expected

to be negligible.

2. Generate the regions in which our equations are valid: [a1, a2], [a2, a3], [a3, a4] and so on,

until we reach the highest ν chosen in last step. Here we use the expression for anu given

in Eq. 27. To use it we need the values of the effective masses: mαi.

3. In order to find a solution ∀ a ∈ [an, an+1], we set ν = n in the corresponding equations

(Eq. 25 and 32). We also fix the value of the modified coupling constants as follows:

Jαβ

(
n+

1

2

) √
mβ1mβ2

2π~2an
=

2gβ(0)λαβ
νmax + 1/2

amax
n+ 1/2

an
(40)

In this way we calculate the modified coupling constants for every thickness using the

coupling constants we have assigned to amax in step 1.

4. Inside each region: [an, an+1] we calculate 10 equally spaced thicknesses and solve Eq. 25

and 32 for these ten points using the parameters from step 3.

5. We repeat 3 and 4 for all the regions defined.

In the case of the grains, we have used the same method to solve Eq. 37 and 38 to get

∆σ, ∆π and Tc as a function of the thickness a and fixed area: L1 × L2. Furthermore we have

solved, for a fixed thickness a and changing L1 and L2.
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7 Results

In this section we present the solutions of the equations for the gaps and the critical tem-

perature derived in Sec. 5.

7.1 Bulk solution of gaps and critical temperature.

Here we give the solutions of Eq. 25 and 32 for a sufficiently large thickness of a MgB2 thin

film, which basically means we have a bulk system (step 1 of the method described in Sec. 6).

The equations solved are:

∆σ = 2gσ(0)Ṽσσ ∆σ arcSinh
~ωD
∆σ

+ 2gπ(0)Ṽσπ ∆π arcSinh
~ωD
∆π

∆π = 2gπ(0)Ṽππ ∆π arcSinh
~ωD
∆π

+ 2gσ(0)Ṽπσ ∆σ arcSinh
~ωD
∆σ

(41)

1− 2gσ(0)Ṽσσ F (Tc)

−2gσ(0)Ṽπσ F (Tc)
=
−2gπ(0)Ṽσπ F (Tc)

1− 2gπ(0)Ṽππ F (Tc)
(42)

Where:

~ωD = 90.48 meV (θD = 1050 K)

gσ(0) = 0.149 eV−1, gπ(0) = 0.29 eV−1

Ṽσ,σ = 0.694 eV

Ṽπ,π = 0.056 eV

Ṽσ,π = Ṽπ,σ = 0.353 eV

(43)

We have taken the values from [5] and performed small modifications to obtain solutions

closer to the bulk experimental values. With these values the non-dimensional coupling con-

stants are: λσσ = 0.207, λπσ = 0.105, λσπ = 0.205, λππ = 0.204.17

The solutions of the previous equations are:

∆σ = 7.22 meV, ∆π = 2.83 meV, Tc = 38.01 K (44)

17We have checked that our equations are robust under small changes in these parameters. We will use other

coupling constants available in the literature to check this.
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7.2 Effective masses

We can obtain the effective masses in each band from the dispersion relations (Eq. 1 and

2) given in the first section and using the definition:

m−1
α,i = ± 1

~2

∂2εα
∂k2

i

(45)

The + sign corresponds to band minimum (electrons) while − to band maximum (holes)[67].

The numerical values of effective masses calculated in this way are:

|m1σ| = |m2σ| = 0.58732 ·me

|m3σ| = 3.26936 ·me

|m1π| = |m2π| = 1.00211 ·me

|m3π| = 0.33404 ·me

(46)

In section 7 we mentioned the masses could be positive or negative and how this affected

the derivation of the equations. Based on the type of energy bands for MgB2 (see section

2.1) and on the definition of the effective mass (Eq. 45) the cases corresponding to MgB2 are:

mσ1 = mσ2 > 0, mσ3 < 0 and mπ1 = mπ2 < 0, mπ3 can be positive (holes) or negative

(electrons). However we are going to discuss other cases for the sign of the masses and their

effect on the results.We will use other values for the masses given in the literature as well.

Once we have the effective masses we can obtain the regions [aν , aν+1] described in step 2

from section 5.

7.3 Superconducting properties of a MgB2 infinite thin film

We now present the results obtained by solving the equations for the critical temperature

and gaps for a MgB2 infinite film. We find the solutions inside each region: [aν , aν+1] defined.

We use the parameters given in Eq. 43 and the value of the masses given in Eq. 46.

For the critical temperature and the superconducting gaps we will present our results for

thicknesses larger than 2 nm. As we mentioned in the summary, the reason we do this is that

in our model we have neglected quantum fluctuations, film disorder and the influence of the

substrate. This influence is more important the thinner the film is, therefore our results are

not applicable in this region.
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7.3.1 Thin film superconducting properties according to the signs of the effective

masses

From our equations we concluded that the signs of m1α and m2α (where α = σ or π) have

no influence on the results. Only the signs of m3σ and m3π are relevant.

We have already mentioned that, using the expressions of the band structure (Eq. 1 and 2)

and the general definition of the effective masses (Eq. 45), the relevant cases in MgB2 should

be:

mσ3 < 0 and mπ3

 > 0

< 0

Since the π band can actually be electron and hole-like. We will first discuss these two cases

and then the other two, which can be relevant for other two-bands superconductors.

Case 1: mσ3 = −3.26936 · me, m3π = 0.33404 · me

Critical temperature:

Figure 24: Critical temperature with respect to calculated bulk value vs. thickness of a MgB2 film.

Solutions of Eq. 32 in the case: mσ3 < 0, mπ3 > 0.

47



Enhancement of superconductivity in MgB2 nano-structures
Aurelio Romero Bermudez Section 7

Gaps:

Figure 25: Gaps vs. thickness of a MgB2 film. Solutions of Eq. 25 in the case: mσ3 < 0, mπ3 > 0.

Chemical potential:
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F i l m  t h i c k n e s s  ( n m )

Figure 26: Chemical potential vs thickness of a MgB2 film. The line (4.27 eV) is the ”bulk” limit of

Eq. 29 when ν → +∞. Case mσ3 < 0, mπ3 > 0.
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Case 2: mσ3 = −3.26936 · me, m3π = −0.33404 · me

Critical temperature:

Figure 27: Critical temperature with respect to calculated bulk value vs. thickness of a MgB2 film.

Solutions of Eq. 32 in the case: mσ3 < 0, mπ3 < 0.

Gaps:

Figure 28: Gaps vs. thickness of a MgB2 film. Solutions of Eq. 25 in the case: mσ3 < 0, mπ3 < 0.
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Chemical potential:

At first we obtained that the chemical potential was negative, which is not reasonable in our

model. However, when we derived Eq. 29 for µ we mentioned that there was in fact an additive

constant which we had chosen to omit and was not going to affect the relative change of the

chemical potential with respect to the bulk value. Nonetheless, it affects the absolute value.

Indeed, after including it for this case we obtained that the chemical potential was positive.

2 4 6 8 1 0 1 2 1 4 1 6 1 8 2 0
3 , 8

4 , 0

4 , 2

4 , 4

4 , 6

4 , 8

5 , 0

5 , 2

5 , 4

µb u l k =  4 . 1 1  e Vµ (
eV

)

F i l m  t h i c k n e s s  ( n m )

Figure 29: Chemical potential vs thickness of a MgB2 film. The red line (4.11 eV) is the ”bulk”

limit of Eq. 29 when ν → +∞. Case mσ3 < 0, mπ3 < 0.

From Fig. 29 we immediately conclude there are two aspects that do not make sense or are

at least unexpected.

First of all, the oscillations of µ are large with respect to case 1. In the previous case the

largest difference between a maximum and the consecutive minimum is around 6%; in this case

it is of 17%.

Secondly, the chemical potential is not always larger than its bulk limit. As we have men-

tioned when studying Thompson and Blatt’s research, due to FSE the chemical potential is

expected to be above the bulk limit.

Therefore we believe that, in this case using Eq. 27 (in which we have neglected eσ0, eπ0)

is not adequate and we should use Eq. 28 instead. Neglecting these terms resulted to be

important for the calculation of µ.
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Further calculation is needed in this case to clarify whether there is an average enhancement

or suppression of superconductivity. Even though, there is no experimental data in the literature

to compare with and to try to observe the shape resonances, we can try to compare these results

to Fig. 21 and Fig. 22. As we have already mentioned, in Fig. 21 we can see that for four

different thicknesses the critical temperature decreases. From Fig. 22 we can infer again that

the overall tendency is that Tc decreases as the thickness decreases which is similar to what has

been obtained in Fig. 27.

In any case we want to repeat that this calculation must be performed using Eq. 28, specially

for the chemical potential, as we do not believe it is correct.

We are now going to discuss the other two cases which can be important for other two-bands

superconductors.

Case 3: mσ3 = 3.26936 · me, m3π = 0.33404 · me

Critical temperature:

Figure 30: Critical temperature with respect to calculated bulk value vs. thickness of a MgB2 film.

Solutions of Eq. 32 in the case: mσ3 > 0, mπ3 > 0.
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Gaps:

Figure 31: Gaps vs. thickness of a MgB2 film. Solutions of Eq. 25 in the case: mσ3 > 0, mπ3 > 0.

Chemical potential:
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Figure 32: Chemical potential vs thickness of a MgB2 film. The line (4.33 eV) is the ”bulk” limit of

Eq. 29 when ν → +∞. Case mσ3 > 0, mπ3 > 0.
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This case is very similar to case 1; the shape resonances in Tc and the gaps are in average

above the bulk limits as well the chemical potential. Furthermore, the oscillations in µ are

again around a 7% and always above the bulk limit.

Case 4: mσ3 = 3.26936 · me, m3π = −0.33404 · me

Critical temperature:

Figure 33: Critical temperature with respect to calculated bulk value vs. thickness of a MgB2 film.

Solutions of Eq. 32 in the case: mσ3 > 0, mπ3 < 0.

53



Enhancement of superconductivity in MgB2 nano-structures
Aurelio Romero Bermudez Section 7

Gaps:

Figure 34: Gaps vs. thickness of a MgB2 film. Solutions of Eq. 25 in the case: mσ3 > 0, mπ3 < 0.

Chemical potential:
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Figure 35: Chemical potential vs thickness of a MgB2 film. The line (0.72 eV) is the ”bulk” limit of

Eq. 29 when ν → +∞. Case mσ3 > 0, mπ3 < 0.

From Fig. 35 we see that, even though µ is always above the bulk limit, the oscillations are
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again large compared to cases 1 and 3. Regarding the shape resonances in Tc and the gaps we

see that they are in average below the bulk values.

We conclude therefore that large oscillations of the chemical potential are observed together

an average suppression of superconductivity. May we remind that we strongly believe there

might be an error in the way µ is obtained. Further analysis would be required in order to

conclude if this is the case. In spite of this, shape resonances in the critical temperature and

the gaps have been calculated.

In the case of MgB2, we believe case 1 and 2 are the relevant cases, given the equations for

the band structure. However, further research and consult with experts in the field of band

structure might be necessary.

7.3.2 Large thicknesses

We have computed the critical temperature for thicknesses in the range of 100 nm to 500

nm. In this case we can not apply the same method described in Sec. 6 since the thickness

range is so large that we would need to calculate a large number of regions: [aν , aν+1] and

therefore the data would be uninterpretable from the plot. Instead, we obtain a few of the

maxima and minima of the shape resonances. For example, if we take a look at Fig. 30 we see

Tc oscillates between maxima, which seem to decrease exponentially and minima, which seem

to increase logarithmically. We are going to compute those two ”curves”, which means Tc is

delimited inside them for all the thicknesses in the plot.

1 2 0 1 5 0 1 8 0 2 1 0 2 4 0 2 7 0 3 0 0 3 3 0 3 6 0 3 9 0 4 2 0 4 5 0 4 8 0
3 7 , 8 0

3 7 , 8 5

3 7 , 9 0

3 7 , 9 5

3 8 , 0 0

3 8 , 0 5

3 8 , 1 0

3 8 , 1 5

3 8 , 2 0

3 8 , 2 5

3 8 , 3 0

T b u l k
c =  3 8 . 0 1  KTc

 (K
)

F i l m  t h i c k n e s s  ( n m )
Figure 36: Maxima and minima of the critical temperatures (from Eq. 32) vs. thickness of a

MgB2 films. Tc is between the two curves given. Masses: mσ3 = −3.26936 ·me, m3π = 0.33404 ·me
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If we compare this plot to Fig. 20 we can see that in this range of thickness we have also

obtained that the change of the critical temperature with respect the bulk value is very small,

showing once more that our results are consistent.

7.4 Superconducting properties of a MgB2 infinite thin film. Pa-

rameters taken from the literature

In Sec. 7.1 and 7.2 we have mentioned the values used for the coupling constants and the

effective masses. The masses were obtained from the expressions for the energy bands while the

coupling constants from [5]. We now present the results using masses and coupling constants

given in the literature in order to prove that our results are robust under changes of the value

of the parameters.

7.4.1 Effective masses

We use the coupling constants from Eq. 43 and the effective masses from [68]:

m1σ = m2σ = 0.335 ·me, m3σ = 66.410 ·me

m1π = m2π = 0.879 ·me, m3π = 0.628 ·me

(47)

Figure 37: Critical temperature vs film thickness. Effective masses from [68].
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Figure 38: ∆π and ∆σ vs film thickness. Effective masses from [68].

7.4.2 Coupling constants

We are going to repeat the calculation in case 1 from section 7.3.1 using coupling constants

from the literature; the values were taken from Table 2 of [69]. The bulk values obtained are:

1. For λσσ = 1.017, λσπ = 0.213, λπσ = 0.155, λππ = 0.448:

Tc = 467 K, ∆σ = 95 meV, ∆π = 40 meV

2. For λσσ = 0.96, λσπ = 0.23, λπσ = 0.17, λππ = 0.29:

Tc = 444 K, ∆σ = 88 meV, ∆π = 29 meV

3. For λσσ = 0.78, λσπ = 0.15, λπσ = 0.11, λππ = 0.21:

Tc = 345 K, ∆σ = 63 meV, ∆π = 16 meV

Which are not close to the experimental values. Looking back at the calculation we see

that we have used θD = 1050 K. In some cases, the cutoff (Debye energy) used is different;

for example, in [71] they study the phonon spectrum of MgB2 and they show in figure 2 the

temperature dependence of the gaps. These go to zero at Tc/θD ' 0.46, which means that the

Debye temperature they use is: θD ' 87 K.

If we repeat our calculation with this Debye temperature we get:

For constants of point 1: Tc = 38.7 K, ∆σ = 7.89 meV, ∆π = 3.35 meV
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For constants of point 2: Tc = 36.8 K, ∆σ = 7.34 meV, ∆π = 2.41 meV

For constants of point 3: Tc = 28.6 K, ∆σ = 5.2 meV, ∆π = 1.34 meV

Furthermore, the shape resonances around these values are very similar to those previously

calculated in case 1 from section 7.3.1. In particular we show, in Fig. 39 and 40, the critical

temperature and gaps using the first set of constants: λσσ = 1.017, λσπ = 0.213, λπσ =

0.155, λππ = 0.448 .

Figure 39: Critical temperature (Eq. 32) vs film thickness. Coupling constants from [70]
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Figure 40: Energy gaps (Eq. 25) vs film thickness. Coupling constants from [70]
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Despite we have obtained solutions closer to the experimental values, the Debye temperature

is 1050 K and not 85 K. We believe that this discrepancy is because the coupling constants

given in the literature are calculated using McMillan’s formula for Tc [72].

This formula includes effects, such as Coulomb interactions and a precise description of

the phonons, which are not taken into account in the BCS theory. Furthermore, in order to

obtain the electron-phonon coupling constants from McMillan’s formula, it is necessary to use

experimental data. Therefore these constants are more realistic but, since our model does not

include all these interactions, they are not suitable for us.

In spite of this, we can still conclude that our equations are robust under changes of pa-

rameters such like the masses and the coupling constants. This means that even if we change

these parameters the shape resonances are still observed. On the other hand, the sign of the

masses seems to be very important.

7.5 Superconducting properties of a MgB2 finite thin film

Once we have seen what happens when MgB2 is synthesized in a thin film, we are going to

study FSE when the two ”infinite” dimensions are in the nano-scale.

We first study the dependence of the superconducting properties with the grain thickness for

fixed lateral sizes. In our calculations, we have used mσ3 = −3.26936 ·me, m3π = 0.33404 ·me

which corresponds to Case 1 from Sec. 7.3.1.

Before starting we need to check the range of sizes for which quantum and thermal fluctu-

ations can be neglected (see Sec. 3.4).

To do that, we need to calculate, first of all, the Fermi energies and the 3 dimensional

density of states: g(E) = V
2π2

(
2m
~

)3/2√
E at the Fermi energy in each band and from here, the

mean level spacing: δ = 1/g(EF ).

To do this we use the Fermi velocities given in Sec. 2.1 and for the mass in each band we

use: mσ = (m1σm2σm3σ)1/3 and mπ = (m1πm2πm3π)1/3.

EF,σ = 0.71 eV, kF,σ = 7 · 108 m/s, EF,π = 0.45 eV, kF,π = 4.5 · 108 m/s

Finally, the mean level spacings: δσ = 1.74 · 10−28/V eV and δπ = 3.05 · 10−28/V eV, where

V is the volume in m3.

For a thickness of 4 nm and a lateral size of 6 nm:

δσ
∆σ

= 0.17
δπ
∆π

= 0.92

√
δσ
kBTc

= 0.59

√
δπ
kBTc

= 0.78

For smaller volumes, the fluctuations become dominant and therefore we need to restrict

our results to volumes larger than 4× 6× 6 nm3
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Figure 41: Critical temperature (Eq. 38) vs grain thickness for six different lateral sizes.
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Figure 42: ∆σ (Eq. 37) vs grain thickness for six different lateral sizes.
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Figure 43: ∆π (Eq. 37) vs grain thickness for six different lateral sizes.

From these plots we can see that for finite films the superconducting properties change with

the thickness in the same way as for infinite films. We also see that the lateral size affects in

great matter the value around which the gap and Tc oscillate. Furthermore, the most interesting

thing is that the Tc and gaps do not increase monotonously as the thickness decreases.

What we mean by this is that if we look at Fig. 41 we can see that for all thicknesses

(X-axis) as we go up in Tc (Y-axis) we find that the data are ordered, from lowest to highest,

as follows:

1. 17 nm × 17 nm

2. 11 nm × 11 nm

3. 9 nm × 9 nm

4. 12 nm × 12 nm

5. 14 nm × 14 nm

6. 13 nm × 13 nm

This is in fact a manifestation of the shell effects we introduced in Sec. 3.3.4. We expect

the values to be lower, on average, as we increase the size, however due to the contribution of

new shells for some thicknesses this order is lost.

We now present the dependence of the superconducting properties with lateral size for fixed

thicknesses. We first present the gaps for four thicknesses separately and in the end, the critical
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temperature for the four thicknesses together.

We have chosen two thicknesses for which there is enhancement and two for which there is

suppression. This means that if we take a look at the previous plots, we are fixing the thickness

at two values for which the critical temperatures are in a peak and the other two when they

are in a trough.

Figure 44: Gaps vs lateral size for four grain thicknesses: a) a = 4.40 nm (enhancement), b) a = 5.00

nm (suppression), c) a = 7.26 nm (suppression) and d) a = 10.08 nm (enhancement).
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Figure 45: Critical temperature vs lateral size for four grain thicknesses.

In these plots the shell effects, due to the change in the lateral size, are more clearly seen

for the four different thicknesses considered.

As a first observation we can mention that the shape of the gaps and of Tc is the same for

the four cases shown. This was expected since the correction in the density of states, given by

1 + g(0) + gl(0), depends only on the lateral size and material properties, not on the thickness.

At the same time we see that for these thicknesses the FSE in the critical temperature

are stronger as the thickness decreases: between 4.40 nm and 10.08 nm (which we have said

corresponded to peaks in Fig. 41) the enhancement is stronger for 4.40 nm. On the other

hand, between 5.00 nm and 7.26 (which we have said corresponded to troughs in Fig. 41) the

suppression is stronger for 5.00 nm.

This is consistent with Fig. 24 from case 1, where we see that in an infinite film, FSE (both

enhancement and suppression) are stronger as the film thickness decreases.

So far we have not mentioned that the values obtained for the critical temperature are

lower than the bulk experimental values. This is because the shell effects strongly depend on

the exact value of the Fermi momenta used. Therefore a fine tuning of this value would be

necessary. We have used Fermi velocities from the literature but to calculate the momenta we

have assumed: mσ = (m1σm2σm3σ)1/3 and mπ = (m1πm2πm3π)1/3 which might not be a good

approximation.
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8 Limitations of the model

We now mention the conditions under which our results are valid, the limitations of our

research and, in some cases, how they could be overcome.

• Rigid boundary condition in the z direction. We have assumed an infinite potential well

in this direction to obtain the electron wavefunction in the thin film. This is not realistic

as the wavefunction extends out of the material. This might cause the shape resonances

to be less significative. This limitation is expected to be of less importance for a grain

since finite size effects are due to the contribution of energy shells instead of single states

like in the thin film.

Setting different boundary conditions that allow tunneling can be a way to include the

influence of the substrate over the superconducting properties of the thin film. It is

reasonable to expect this influence to be more important as the thickness of the film

decreases. However, the it is not well known which boundary conditions and which values

of the parameters that are more convenient and realistic to describe the substrate.

From our point of view, one way to model the substrate is by a potential barrier: Fig. 46

Figure 46: Critical temperature vs lateral size for four thicknesses

• Taylor expansion of the energy bands to get the effective masses. This approximation

might have caused to oversimplify the influence of the bands, missing any possible non-

trivial influence of the bands. However, in order to develop a feasible analytical calculation

that can give a qualitative behavior of the superconducting properties, the quadratic

dispersion relations seem to be appropriate.

• The equations derived are based in BCS theory. In order to obtain more precise results

for MgB2 it would be needed to study FSE inside Eliashberg theory, taking into account

the phonon distribution instead of a mean field interaction. This would allow for example

to use the coupling constants from the literature and McMillan’s formula.

However, as it was mentioned above, we do not expect qualitatively different results if

using a more complicated model or theory.
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• In the case of finite thin film, our results are only valid for volumes larger than 2 nm ×
6 nm × 6 nm . Otherwise quantum and thermal fluctuations become important and this

conceals FSE.

• In our model it is assumed that the thickness of the film is perfectly fixed. Experimentally

this is not the case; for example for a PLD-grown film with an area of 5× 5 µm2, it has

been reported a root mean square roughness of 4 nm [63]; while for an film grown by

HPCVD with an area of 10 × 10 µm2, the roughness is between 2 nm and 4 nm. A

variable thickness throughout the film is expected to affect the shape resonances of the

superconducting properties.

We have neither considered disorder inside the film nor the effect of the orientation of the

deposited film.

9 Proposed experiments to measure Finite Size Effects

in MgB2

Regarding the infinite thin films we have mentioned in Sec. 4.3 that the most successful

technique to grow MgB2 films was HPCVD. We have also mentioned in Sec. 4.3.2 that in

recent years they have been able to grow films with thicknesses smaller than 10 nm [2] [3]. An

optimization of the experimental conditions, such as the evaporation rates and the substrate

temperature, needs to be carried out in order to improve the quality of the film, reducing the

disorder and impurities. In any case, the capability of this method has been demonstrated.

By looking at our plots we can see that oscillations on Tc can be observed if the thickness of

the film is changed in steps of around 0.5 nm. Since a monolayer of MgB2 has a thickness of

approximately 0.3 nm we conclude that if good quality films can be grown with one or two

monolayer precision, going from 2 nm to 20 nm, shape resonances could be measured.

Secondly, in order to measure shell effects in MgB2 films with lateral sizes between 10 nm to

20 nm we can think of fabricating a template of holes and then use HPCVD to grow MgB2 in

each of them. Different techniques can be used to fabricate a template. For example, extreme

UV (λ ∼ 190 nm) has a resolution of 10 nm while for X-ray lithography and Focused Ion Beam

milling it is 20 nm approximately. It would be recommended to fabricate a mask with negative

profile suitable for lift-off methods.

Regarding the substrate, sapphire has demonstrated to be the most effective one.

Finally, STM could be used to measure the density of states of MgB2 films. This allows to

calculate the conductance and the gaps. STM has already been used for metallic nanograins[1].
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10 Conclusions

1. We have derived equations for the critical temperature, energy gaps and chemical potential

for an infinite superconducting MgB2 thin film. These equations are derived inside BCS

theory and need to be taken as a qualitative description of the superconducting properties

given the limitations of the theory used and the approximations done, especially those

regarding the Taylor expansion of the energy bands and the rigid boundary conditions.

2. The signs of the effective masses in each band are of great importance. This can have

effects both on the average value of the FSE with respect to the bulk values and also

change the size dependence. We have analyzed four different cases according to the signs

of the masses, something that can be useful for other two-bands superconductors. In any

case we have restricted to two cases to be important for MgB2.

3. We have demonstrated the shape resonances in an infinite MgB2 thin film in a range

of thicknesses between 2 nm and 20 nm. The biggest enhancement obtained in the

critical temperature is a factor 1.6 while the biggest suppression is a factor 0.8. Further

clarification regarding the band structure needs to be carried out. It might also be

necessary to repeat the calculations in two of the cases analyzed.

4. For an infinite film with thicknesses between 120 nm and 500 nm there is practically no

change in the critical temperature, as observed experimentally.

5. Our equations are robust under changes in the parameters like the effective masses and

the coupling constants. We have used different parameters from the literature and all the

solutions found reflected the shape resonances. There is a quantitative discrepancy with

respect to the experimental values probably because the parameters in the literature are

calculated in a more complete and sophisticated model. In any case we believe our model

is good enough to grasp the physical phenomena in MgB2 infinite thin films.

6. We have obtained equations for the critical temperature and energy gaps for a finite thin

film (lateral size comparable to the thickness). We have used techniques from [38] which

consist on semiclassical approximations to calculate the density of states as a sum over

periodic orbits inside the grain.

7. We have also observed finite size effects in a MgB2 finite thin film. As expected, the finite

size effects in this case are stronger than for an infinite thin film. The exact value of the

solutions for a finite film strongly depend on the value of the Fermi momenta.
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8. The limitations of our model imply that our results need to be taken as a qualitative

description of finite size effects in MgB2 thin films. In spite of this, we believe that if

good quality thin films are grown in the range of thicknesses between 2 nm and 15 nm,

these effects would be observed. They are expected to be stronger in nano-structures in

which all the dimensions are in this size range as well.
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