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ABSTRACT
The average vertical pressure on a buried structure can be calculated using the silo theory, which
assumes the translation of a vertical prism of soil above the structure that is resisted by friction on
the sides of the prism. One of the key assumptions made is the value of the coefficient of lateral
stress, 𝐾. In this study, an assumption regarding the rotation of principal stresses in the yielding
soil has been used to calculate the average coefficient of lateral stress acting at the side of a prism
of yielding soil above the horizontal buried structure. The calculated value using the proposed
method agrees well with experimental observation made in literature for the value of 𝐾, and is
suggested for use in the estimation of loads on buried structures, where it is expected that the
structure will yield relative to a stiff body of soil.
INTRODUCTION
Many studies have been conducted to estimate the vertical pressure acting on a trapdoor in active
arching. These are developed from the silo theory of Janssen (1895), which considers friction on
a vertical wall that reduces the vertical pressure at the base of the silo. In trapdoor studies, the
failure mechanism above the trapdoor is approximated to a prism with vertical sides in the ultimate
failure state. The most prominent early work was conducted by Terzaghi (1946), who investigated
arching in ideal soils in trapdoors, which can be used as an approximation for a buried structure in
a stiff soil.
The derivation for the pressure acting on the base considers an infinitesimal layer of soil
subject to its own weight, with vertical sliding surfaces supported by frictional forces. A schematic
representation of the plane-strain problem and the resulting free body diagram used to solve for
the vertical stress on the yielding structure is shown in Figure 1.
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The normal stress acting on the sliding plane, 𝜎𝑎ℎ , is equal to 𝐾 𝜎𝑣 , where 𝜎𝑣 is the vertical
stress in the soil and 𝐾 is the coefficient of lateral stress. The Mohr-Coulomb model is used for a
cohesionless soil, and the shear force on the slip plane is given by: 𝜏𝑤 = tan 𝛿, where 𝛿 is the
mobilized angle of friction on the plane. 𝛿 ≤ 𝜙, where 𝜙 is the internal angle of friction of the
soil.

Figure 1. Arching above a yielding trapdoor (after Terzaghi, 1946)

Vertical equilibrium of a flat horizontal element of differential height gives:
𝑑𝜎𝑣
𝑑𝑧

= 𝛾 − 𝐾𝜎𝑣

2 tan 𝛿

(1)

𝐵

The integration of Equation 1 from the surface with a pressure of 𝑞 to the base at a depth of 𝐻 gives
the vertical pressure on the trapdoor as:
𝜎𝑣,𝑏𝑎𝑠𝑒 =

𝛾𝐵
(1 −
2𝐾𝑡𝑎𝑛𝛿

𝑒 −2𝐾𝑡𝑎𝑛𝛿𝐻/𝐵 ) + 𝑞𝑒 −2𝐾𝑡𝑎𝑛𝛿𝐻/𝐵

(2)

In order to apply this equation, an assumption of the coefficient of lateral stress, 𝐾, acting on the
failure surface needs to be made. Terzaghi indicated that the assumption of a value of unity leads
to good agreement with experimental results. Some applications have suggested the use of the
active coefficient of lateral stress, 𝐾𝑎 : for example, Marston and Anderson, (1913)). As described
by Handy (1985), these sliding planes have frictional forces on them to support the failure
equilibrium (shear forces), and thus 𝐾 ≠ 𝐾𝑎 as the latter implies the existence of principal stresses
on the boundary.
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To overcome this limitation, Handy (1985) considered the rotation of principal stresses at
the sliding planes. If the rotation of principal stresses across a flat differential element is known,
the average vertical stress on the element can be determined, and therefore the average coefficient
of lateral stress that is acting at the boundary, 𝐾𝑎𝑣𝑒 , in order to maintain equilibrium of the element.
In the derivation by Handy (1985), this rotation assumed a concave trajectory of minor principal
stresses in the shape of a circular arc. This method was developed further by Paik and Salgado
(2003) in the estimation of active earth pressure behind retaining walls with a consideration of the
arching effect, with an improvement in the calculation of 𝐾𝑎𝑣𝑒 .
The analytical solution presented in this paper has been adapted for the evaluation of the
active translation of a trapdoor below a cohesionless soil, with the critical change of the assumption
of a convex trajectory of the major principal stresses, which is deemed more appropriate than the
original suggestions made by Handy (1985) and Paik and Salgado (2003).
ANALYTICAL SOLUTION
Rotation of major prinicipal stresses
Because the vertical equilibrium of the differential element in Figure 1 is achieved by friction
acting on the slip plane, there is a shear force acting along this plane and the principal stresses
must therefore be inclined at an angle relative to this plane. Due to the symmetry of the problem,
there are no shear stresses on the centreline of the trapdoor.
When there is an active translation of a trapdoor below a granular material, the material
forms an ‘arch’ over the yielding area to support the load (Terzaghi, 1943). This arch can be
considered to follow the trajectory of the major principal stresses, as this is the path where the
loads will be transferred. This can be verified from experimental and numerical observations of
the phenomena; see for example the discrete element modelling and plotting of principal strain
directions in Chevalier et al. (2012).
This requires that on the centreline, the major principal strain is horizontal and the minor
principal strain is vertical; the soil in this region is in a passive state of failure.
This is in contrast to the assumptions that have been made in the analysis by Handy (1985)
and followed by Paik and Salgado (2003) which suggest that the major principal stress is vertical
at the centreline. The assumption of a passive state of failure leads to the requirement that the
trajectory of the major principal stresses will make a convex arch from an inclined angle 𝜃 to the
horizontal at the sliding plane, to horizontal along the centreline (no inclination). The minor
principal stresses are applied normal to this convex arch. A representation of this problem
definition is shown in Figure 2 and shown in more detail in Figure 3.
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Figure 2. Trajectory of major principal stresses in yielding soil

Figure 3. Differential flat element with rotation of major principal stresses
The angle of rotation of the major principal stress at the sliding plane can be calculated from the
soil properties. Equilibrium of the triangular element at the edge of the wall, shown in the inset in
Figure 3, gives:
Σ 𝐹𝑥 = 0

∴ 𝜎𝑎ℎ 𝑑𝑧 = (𝜎1 𝑑𝑧 cos 𝜃)𝑐𝑜𝑠𝜃 + (𝜎3 𝑑𝑧 sin 𝜃) sin 𝜃
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𝜎𝑎ℎ = 𝜎1 cos2 𝜃 + 𝜎3 sin2 𝜃

(3)

If this is written in terms of the minor principal stress rotation from the horizontal,  ( = 90° - ),
then:
𝜎𝑎ℎ = 𝜎1 sin2 𝛽 + 𝜎3 𝑐𝑜𝑠 2 𝛽

(4)

At any point along the width of the differential element shown in Figure 3, the minor principal
stress rotation is 𝜓. This is the angle between the tangent to the trajectory and the vertical, and the
horizontal stress at this point can be written as.
𝜎ℎ = 𝜎1 sin2 𝜓 + 𝜎3 𝑐𝑜𝑠 2 𝜓

(5)

Dividing this equation by 𝜎1 , gives:
𝜎ℎ
1
= sin2 𝜓 + 𝑐𝑜𝑠 2 𝜓
𝜎1
𝑁

(6)

where 𝑁 is the ratio of major to minor principal stresses, which is equal to the passive coefficient
of lateral stress, 𝑁 = 1 + tan2(45 + 𝜙/2).
From the Mohr's circle of stresses: σ1 + σ3 = σv + σh . Dividing this by σ1 , and solving
through, the ratio of the vertical stress to the principal stress at this same point can be found as:
𝜎𝑣
1
= cos2 𝜓 + 𝑠𝑖𝑛2 𝜓
𝜎1
𝑁

(7)

The horizontal and vertical stress at any point along the width of the differential element can be
calculated using Equations 6 and 7 if the angle 𝜓 is known or assumed across the width of the
element.
Angle of rotation of major principal stress at the sliding plane, 𝜽
The Mohr circle of stress for the yielding soil with an internal angle of friction, 𝜙 and no cohesion
is shown in Figure 4, assuming that the soil is in a limiting state of failure (i.e. the circle is
tangential to the Mohr-Coulomb failure line). The mobilized friction on this slip plane, δ, is shown
in the diagram. Using the sign convention for shear stresses in soil mechanics, counterclockwise
shear stresses acting on an element are positive. From the free body diagram in Figure 3, we know
that the soil above the trapdoor is moving downwards, and the shear stress is acting upwards on
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the plane to support the soil. The shear stresses on this plane are clockwise and therefore
considered negative.
For an angle of mobilized friction less than the maximum internal angle of friction, the
Mohr circle shows two possible solutions for the normal and shear stresses acting on the wall. For
a vertical wall, the intersection at the lower normal stress tends towards an active state in the soil
and the intersection at the higher normal stress tends towards to a passive state of failure in the soil
with 𝜎ℎ > 𝜎𝑣 . The Mohr circle in Figure 4 shows the ‘passive’ intersection point.

Figure 4. Mohr circle of soil in differential flat element
From triangles OBC and ABC in the Mohr circle:
𝜏𝑤 = 𝜎𝑎ℎ tan 𝛿 = (𝜎𝑎ℎ − 𝜎3 ) tan 𝜃
𝜎𝑎ℎ 𝜎𝑎ℎ
tan 𝜃 =
(
− 1) tan 𝛿
𝜎3 𝜎3

(8)

Substituting 𝜎𝑎ℎ / 𝜎3 from Equation 3 into Equation 8 leads to the following equation, from which
the solution of 𝜃 can be obtained (Equation 10).
𝑁 + tan2 𝜃
tan 𝜃 =
tan 𝛿
(9)
𝑁−1
𝜃 = tan−1

(𝑁 − 1) ± √(𝑁 − 1)2 − 4𝑁𝑡𝑎𝑛2 𝛿
2 tan 𝛿

(10)

As there are two potential intersection points for the mobilized friction, there are two solutions for
𝜃. The assumption made in the rotation of principal stresses is that the soil is in a passive state of
failure on the centreline. It is therefore expected that at the failure plane, the soil will tend towards
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the passive state of failure, and the smaller solution for 𝜃 from Equation 10 should be used.
If 𝛿 = 𝜙, then there is only one solution, and 𝜃 = 45° + 𝜙/2.
Average coefficient of lateral stress, 𝑲𝒂𝒗𝒆
The average lateral stress ratio, 𝐾𝑎𝑣𝑒 , acting on the vertical slip surface can be calculated by
dividing the horizontal stress at the wall by the average vertical stress acting across the differential
flat element.
Once the angle of rotation of the major principal stress at the boundary is known, an
assumption can be made about the distribution of this rotation across the flat differential element
in Figure 3. Assuming that the trajectory of the major principal stresses takes the shape of a circular
arc, the vertical force, 𝑑𝑉, acting on an element of differential width 𝑑𝐴 in this element is:
1
𝑑𝑉 = 𝜎𝑣 𝑑𝐴 = 𝜎1 (cos2 𝜓 + sin2 𝜓)(𝑅 𝑑𝜓 sin 𝜓)
(11)
𝑁
The total width of the element is 𝐵/2, and 𝐵/2 = 𝑅 cos 𝛽. The half width is used as the integration
is made from the slip plane to the centerline where the rotation of the minor principal stresses are
known. The average vertical stress, ̅̅̅,
𝜎𝑣 is the sum of the total vertical force divided by the width.
The vertical force is integrated from 𝜓 = 𝛽 at the vertical sliding plane, to 𝜓 = 𝜋/2 at the
centerline where the principal stresses act on vertical and horizontal planes.
𝜋

2
𝑉
1
1
sin 𝜓
𝜎𝑣 =
̅̅̅
=
∫ 𝑑𝑉 = ∫ 𝜎1 (cos 2 𝜓 + sin2 𝜓)
𝑑𝜓
𝐵/2 𝐵/2
𝑁
cos 𝛽
𝛽

(12)

Integration of this equation gives the result:
(𝑁 − 1) cos2 𝛽 + 3
(𝑁 − 1) sin2 𝜃 + 3
𝜎𝑣 = 𝜎1
̅̅̅
= 𝜎1
3𝑁
3𝑁

(13)

Dividing Equation 3 by this equation above yields the result for the average coefficient of lateral
stress on the vertical sliding plane considering the rotation of principal stresses occurring in the
soil which is in a limit equilibrium failure state.
𝐾𝑎𝑣𝑒 =

𝜎𝑎ℎ
𝜎1 cos2 𝜃 + 𝜎3 sin2 𝜃
3 (𝑁 cos 2 𝜃 + sin2 𝜃)
=
3𝑁
=
𝜎𝑣
̅̅̅
𝜎1 ((𝑁 − 1) sin2 𝜃 + 3)
3 + (𝑁 − 1) sin2 𝜃

(14)

This average value for the coefficient of lateral stress can be substituted into Equation 2 to calculate
the vertical stress at the base of the prism of soil, i.e. on the buried structure.
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COMPARISON TO EXPERIMENTAL RESULTS
K-values from active arching experiments literature
Several experimental investigations into the behavior of soil above a trapdoor have been conducted
and are available in literature. Many of these have either measured the 𝐾-value in the arching
process directly, or estimated it from back calculations from measured vertical pressure at the
trapdoor.
In his trapdoor tests, Terzaghi (1936) measured a 𝐾-value of 1.0 immediately above the
centerline, to a value of 1.6 one a half times the width of the trapdoor above the centerline; the soil
internal angle of friction is approximately 30°. As highlighted by Evans (1983), based on these
results, Terzaghi (1946) describes 𝐾 as an empirical constant and recommends that it be taken to
equal 1.0 for analysis purposes.
Further investigation was conducted by Evans (1983), who also measured the K-value at
the trapdoor in physical model tests. These results showed that 𝐾 was not constant through the
test: a peak value of 1.2 was obtained at the point when the minimum load on the trapdoor was
measured, which reduced to a final constant value of approximately 0.8 as the translation of the
trapdoor continued. The angle of internal friction of the soil used is given as 33°.
Chevalier et al. (2012) also made the observation that a value greater than unity was more
appropriate than previous suggestions of using the active lateral stress ratio or values of unity. An
appropriate value of 𝐾 was determined from fitting the analytical solution to experimental pressure
measurements with arching in sands and gravels.
Sand: 𝐾 = 1.17; 𝜙𝑝𝑒𝑎𝑘 = 49°; 𝜙𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 = 39°.
Gravel: 𝐾 = 1.40; 𝜙𝑝𝑒𝑎𝑘 = 54°; 𝜙𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 = 40°.

Predictions from analytical solution
The predicted 𝐾-value to be used in the analysis of the vertical stress acting on a buried structure
can be calculated from the soil properties using Equations 10 and 14 assuming that the soil fails
with vertical slip planes, and that a circular arch is formed. If the mobilized friction on the sliding
plane is equal to the angle of internal friction, the resulting average value of the coefficient of
lateral stress on the sliding plane is plotted in Figure 5.
If δ < ϕ, then the angle of rotation of the major principal stress will be less than if δ = ϕ
(see Mohr circle in Figure 4). If the pole of the circle is to the right of the circle center, then
intuitively, it can be seen that this results in a K-value that will be greater than that shown in Figure
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5 as the rotation of the major principal stress will be flatter and approaching that of the fully passive
state.

Figure 5. 𝑲𝒂𝒗𝒆 as a function of 𝝓, assuming 𝜹 = 𝝓
The 𝐾𝑎𝑣𝑒 values for the experimental results from literature have been calculated using the above
method, and the results are presented in Table 1. Where only a single internal angle of friction is
reported, it has been assumed that δ = ϕ. For the results from Chevalier et al. where the peak and
critical state angles of friction have been reported, it has been assumed that 𝜙 = 𝜙𝑝𝑒𝑎𝑘 and
𝛿 = 𝜙𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 .

Reference
Terzaghi (1943)
Evans (1983)
Chevalier et al.
(2012), sand
Chevalier et al.
(2012), gravel

Table 1. Mohr circle of soil in differential flat element
𝜙 (°)
𝛿 (°)
𝜃 (°)
𝐾 from literature
Calculated 𝐾𝑎𝑣𝑒
30
30
60
1.00
1.00
33
33
61.5
1.2 (0.8)
0.96
49

39

55.08

1.17

1.27

54

40

52.01

1.40

1.53

The calculated 𝐾𝑎𝑣𝑒 for Terzaghi matches exactly with his recommendation for the use of a value
of unity in the analysis of vertical stresses on the trapdoor; these equations used give a numerical
basis based on soil mechanics principles and an understanding of the rotation of principal stresses
to get to this previously empirically estimated factor. The calculated value for the case presented
by Evans (1983) is the average of the observed values in the test. If the angle of friction given is
the critical angle of friction and the peak angle is higher than 33°, then values for 𝐾𝑎𝑣𝑒 close to the
observed values in the tests can be calculated.
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The match between the back calculated values by Chevalier et al. (2012) and the calculated
value using the equations in this paper is excellent, and suggests that the theory presented can be
used in analysis with a good prediction of the expected vertical stresses on buried structures.
CONCLUSION
One of the key assumptions made in the estimation of loads on buried structures when the silo
theory of Janssen (1895) is applied is the assumption of an appropriate value for the coefficient of
lateral stress, 𝐾. Previous analysis has suggested the use of an empirical factor (Terzaghi, 1943),
the active coefficient of lateral stress (Marston and Anderson, 1913), or an average based on the
trajectory of minor principal stresses (Handy, 1985), amongst others.
Based on the idea of an arch supporting the yielding soil above a buried structure, this
investigation has considered the assumption of the rotation of principal stresses with a trajectory
of major principal stresses. The formation of vertical slip surfaces has been assumed as per the silo
theory. The principal stress is passive above the centerline, and tending towards passive at the
vertical slip surface.
A series of equations have been presented which allow the calculation of the rotation of
the major principal stress at the slip surface, as well as the average coefficient of lateral stress at
this boundary assuming a circular rotation of major principal stresses. The equations were used to
compare to the results of estimates or measurements of K that have been presented by other
researchers in the literature. An excellent match was observed, and this method of the estimation
of the coefficient of lateral stress is therefore expected to give a more accurate prediction of the
loads acting on buried structure when the structure is included in a stiff surrounding soil.
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