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Abstract

Exceptional points are found in the spectrum of a prototypical thermoacoustic system as the parameters of
the flame transfer function are varied. At these points, two eigenvalues and the associated eigenfunctions
coalesce. The system’s sensitivity to changes in the parameters becomes infinite. Two eigenvalue branches
collide at the exceptional point as the interaction index is increased. One branch originates from a purely
acoustic mode, whereas the other branch originates from an intrinsic thermoacoustic mode. The existence
of exceptional points in thermoacoustic systems has implications for physical understanding, computing,
modeling and control.
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1. Introduction

At exceptional points (EPs), at least two eigenvalues and the associated eigenfunctions coalesce, and the
eigenvalue sensitivity with respect to changes in the parameters becomes infinite [1, 2]. Interesting physical
phenomena associated with EPs appear across various disciplines from quantum mechanics through optics
and acoustics [2, 3, 4]. To the best of the authors’ knowledge, the role of exceptional points has not yet
been explored in thermoacoustic systems, although points in the parameter space with infinite sensitivity
were discussed in a recent review article [5]. In this letter, we show that these points in the thermoacoustic
spectrum are exceptional, and that they can be found in a generic thermoacoustic system when two real
parameters are varied.

1.1. Thermoacoustic instabilities

Thermoacoustic instabilities are a major challenge for the reliable operation of many technical combustion
systems, as reviewed by [5] and references therein. For most practical applications with low-Mach number
combustion, thermoacoustic phenomena can be modelled by an inhomogeneous Helmholtz equation, which
reads

∇ ·
(
c̄2∇p̂

)
+ ω2p̂ = −iω(γ − 1)ˆ̇q, (1)
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where ω is the complex frequency, c̄ is the mean speed of sound, i2 = −1, and γ is the heat-capacity ratio.
p̂ and ˆ̇q are the Fourier-transformed fluctuations1 of acoustic pressure and heat release rate, respectively.
Quantities are non-dimensionalized with a characteristic length, speed of sound, and density. The heat
release rate fluctuation is commonly related to a velocity fluctuation at a reference position by a time-delay
model [5], i.e. −iω(γ − 1)ˆ̇q = n exp(−iωτ) ∇p̂|xref

, where the parameters n and τ are the interaction index
and the time delay, respectively. The thermoacoustic stability problem is generally non-Hermitian because of
the flame response term and dissipative boundary conditions. On numerical discretization or travelling-wave
decomposition [5], thermoacoustic stability is governed by a nonlinear eigenvalue problem [6, 7]

L(ω; ε)p̂ = 0, (2)

where the vector ε ∈ RM contains M parameters related to, for example, the mean speed of sound, the
geometry, the flame response, and the boundary conditions. L ∈ CN×N is an analytic function of ε and ω in
some subdomain of RM ×C, where N is the number of degrees of freedom of the discretized equations. For
a given ε, the stability of the linear system is characterized by the eigenvalues ω = ωr + iωi, where ωr ∈ R
is the angular frequency and −ωi ∈ R is the growth rate of the linear oscillation. With this convention,
the system is linearly stable if ωi > 0. The associated thermoacoustic mode shapes are provided by the
eigenvectors p̂ ∈ CN .

1.2. Eigenvalue classification

Eigenvalues can be classified according to their algebraic and geometric multiplicities, a and g. The alge-
braic multiplicity is the eigenvalue’s multiplicity as a root of the dispersion relation, whereas the geometric
multiplicity is the dimension of the associated eigenspace, i.e. the number of linearly independent eigenvec-
tors. An eigenvalue of (2) can be either semi-simple, when a = g; or defective, when a > g. For the special
case a = g = 1 an eigenvalue is called simple. Semi-simple eigenvalues with g > 1 and defective eigenvalues
are referred to as degenerate eigenvalues. Defective eigenvalues that are branch-point singularities in the
parameter space are called exceptional points (EPs). On the one hand, eigenvalues of single-flame longitudi-
nal thermoacoustic systems are typically simple [5, 8]. On the other hand, systems with discrete rotational
symmetry, such as annular and can-annular combustors, feature semi-simple degenerate eigenvalues [6, 9],
with fewer simple eigenvalues.

1.3. Sensitivity at an exceptional point

Mathematically, in the neighborhood of an EP, the eigenvalue has a perturbation expansion in fractional
powers of the parameter (Section II-2.2 in [1]), also known as Puiseux series. At an EP with a = 2 (hence
g = 1), which is assumed in the remainder of this letter, the change of the eigenvalue due to a perturbation
to the i-th parameter, εi, reads

ω = ωEP + ω1

√
εi − εi,EP +O(εi − εi,EP) εi → εi,EP, (3)

where ω1 is a constant. Thus, the first-order sensitivity ∂ω/∂εi|ωEP,εEP
with respect to any parameter, εi,

is infinite2 [2] because (ω − ωEP)/(εi − εi,EP) → ∞ as εi → εi,EP. An equivalent expansion holds for the
eigenfunction at the EP.

1.4. Calculation of exceptional points in thermoacoustics

We consider a thermoacoustic system with an n–τ flame model and calculate EPs as n and τ are varied.
The eigenvalues are the roots of the dispersion relation

D(ω;n, τ) = 0, (4)

1e.g., a fluctuation evolves as (̂·) exp (iωt).
2This is in contrast with the semi-simple case, in which the first-order sensitivity is finite (Theorem II-2.3 in [1]).
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Table 1: Acoustic eigenvalue (in grey) and some close-by exceptional points. The parameters n and τ are given to ten decimal
places. With this precision, two eigenvalues are found to be identical up to four decimal places.

# n τ real(ω) imag(ω)

1 0.0 - 2.2273 0.0000
1.a 1.0332748434 0.9545158731 2.5967 0.7160
1.b 0.3397183716 3.6122221467 2.2766 0.2615
1.c 0.1367125262 9.2027775468 2.2357 0.1076
1.d −0.0939726697 13.4231684179 2.2313 0.0741

where D(ω;n, τ) ≡ det [L(ω;n, τ)] is the characteristic function, which is transcendental and analytic in ω
in some subdomain of the complex plane. For an eigenvalue to have a = 2, (4) must be satisfied with the
two following conditions

∂D

∂ω
(ω;n, τ) = 0, (5)

∂2D

∂ω2
(ω;n, τ) 6= 0. (6)

The solution of the two complex-valued equations (4) and (5) is the set of parameters (nEP, τEP) and the
defective eigenvalue ωEP. Equations (4) and (5) would also be satisfied for degenerate semi-simple eigen-
values, such as those found in systems with rotational symmetry. However, in systems without symmetry,
which we consider here, degenerate eigenvalues are generically defective [10]. The defective eigenvalue has
algebraic multiplicity two, but there is only one associated eigenvector p̂EP.

2. A prototypical time-delayed thermoacoustic system

We consider a prototypical thermoacoustic system, which contains the essential physical mechanisms of
many thermoacoustic systems [5]. We assume that (i) the frequency of the oscillation is smaller than the cut-
off frequency of the duct, i.e. only plane acoustic waves propagate; (ii) the duct has a sound hard end at the
upstream boundary (zero acoustic pressure gradient) and an open end at the downstream boundary (acoustic
pressure node); (iii) the flame is compact, i.e. it imposes a discontinuity in the mean temperature and acts
as a point source for the acoustic field. The flame is located at the non-dimensional location xflm = 0.6; the
non-dimensional reference position, at which the acoustic velocity drives the flame, is xref = 0.5; the ratio of
the speeds of sound between the hot and cold side is 2. The reference quantities for non-dimensionalization
are the length of the duct and the speed of sound / density of the cold side. The characteristic function for
this classical thermoacoustic problem reads

D(ω;n, τ) =

n exp(−iωτ) sin(ωxref) sin
(

(xflm − 1)
ω

2

)
+ sin(xflmω) sin

(
(xflm − 1)

ω

2

)
+ 2 cos(xflmω) cos

(
(xflm − 1)

ω

2

)
.

(7)

Table 1 lists the acoustic mode (n = 0) and the EPs found in the vicinity of it by solving Eqs. (4) and (5).
The EPs approach the acoustic eigenvalue as τ increases, while the magnitude of the associated interaction
index n decreases. Section 3 discusses the eigenvalue and eigenvector sensitivity in the vicinity of the EP
#1.a. The results for the other EPs in Tab. 1 are qualitatively similar (result not shown).

3. Exceptional points in the thermoacoustic spectrum

Because the algebraic multiplicity of the EPs considered here is a = 2, two eigenvalues will be found in
the vicinity of the defective eigenvalue as the parameters depart from the exceptional point. In combination
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Figure 1: Left: eigenvalue trajectories when n is varied from 0 to 3 times its exceptional value (mode #1.a in Table 1).
Blue lines are for τ < τEP while orange lines are for τ > τEP. τ varies equidistantly between τEP ± 0.2 2π

real(ωEP)
. The darker

the shading, the closer the values are to the exceptional point. The black lines indicate the trajectories for τ = τEP; their
intersection indicates the EP. The colored arrows indicate the direction of increasing n. The thin grey lines highlight solutions
for constant n. The markers on the black line depict values of n ranging equidistantly from 0 to 2nEP. Only solutions inside
the circle are shown. Right: the eigenvectors corresponding to the markers on the exceptional trajectories. Acoustic branch
in green, intrinsic thermoacoustic (ITA) branch in yellow, exceptional branch I in red, exceptional branch II in purple, EP in
black.

with the extreme sensitivity close to the EP, the numerical computation of EPs is therefore challenging for
algorithms based on fixed-point iteration, such as those commonly used in thermoacoustic analyses. In the
present work, a global contour-integral-based method proposed by Beyn [7] is used. This method provides
all the eigenvalues within a given circle in the complex plane, even if they are defective. The integration
circle has been centered at the defective eigenvalue #1.a with unit radius. This circle encloses the acoustic
eigenvalue ωac ≈ 2.2273 + 0i (mode #1). Figure 1 (left panel) shows the eigenvalue trajectories in the
vicinity of EP #1.a, which are parametrized by the interaction index n for different levels of τ . When
τ = τEP, while the interaction index n is varied from zero to 3nEP, two eigenvalue trajectories (black lines)
approach each other, coalesce at n = nEP and diverge eventually. At the EP, the eigenvalue trajectories
cross each other, i.e., they coalesce. This is a manifestation of the branch-point singularity, which implies
infinite parameter sensitivity. The acoustic eigenvalue ωac is the starting point of the trajectory labeled
‘acoustic’. It is neutrally stable because the system without flame is conservative. The trajectory coming
from the opposite direction starts far away from the circle with a large positive imaginary part, which, in
contrast to the acoustic mode, corresponds to a highly damped mode. As observed in [8] (and references
therein), the physical origin of this trajectory is an intrinsic thermoacoustic (ITA) mode, which, for n� 1, is
highly damped and independent of the geometry. Almost all the trajectories in the vicinity of the EP, thus,
originate from either an acoustic mode or an intrinsic mode. The exceptions to this rule are the branches I
and II, which are of mixed type, thus, they cannot be unambiguously traced back further than the EP. The
investigation of these branches is left for future work. The large parameter sensitivity becomes apparent
when considering eigenvalue trajectories that do not pass across the EP. The curvature and spread of these
lines show that the parameter sensitivity becomes larger as n and τ approach the EPs. Figure 1 (right panel)
shows the absolute value of the eigenvectors for different points along the exceptional branch (τ = τEP).
Because the exceptional point is a defective eigenvalue, the two mode shapes collapse at n = nEP, i.e. g = 1
(black line). A small perturbation to n significantly changes the mode shape around the EP.
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4. Discussion

Exceptional points in the spectrum of a prototypical thermoacoustic system are found and investigated
for the first time, to the best of the authors’ knowledge. In contrast to semi-simple degenerate eigenvalues,
which are found in the thermoacoustic analysis of annular combustors and have finite sensitivity, EPs do not
stem from a geometric symmetry of the system. These points are branch-point singularities in the parameter
space. They have fundamental and practical implications for thermoacoustic stability.

• Physics: Exceptional points occur when two eigenvalue trajectories with different physical nature
collide. One trajectory originates from an acoustic mode, and the other trajectory originates from an
intrinsic thermoacoustic mode.

• Numerical methods: Iterative methods based on fixed point algorithms, which are commonly used in
thermoacoustic stability analysis, do not seem to be robust in the vicinity of exceptional points. A
contour-integration-based approach [7] facilitates robust computations of the thermoacoustic spectrum.

• Modeling and control: The large sensitivity at an EP may help design new control schemes to mitigate
thermoacoustic instabilities with small changes in the design variables. The appropriate expansion at
the EP, which can be used to calculate sensitivities to the system’s parameters for passive control, is
in fractional powers of the parameters. Robust control schemes will be necessary around exceptional
points because small uncertainties in the parameters are exceedingly amplified.

Future research will be aimed at establishing the universality of EPs in thermoacoustic systems, investigate
the role of EPs in systems with discrete rotational symmetry, and exploit the properties of EPs, e.g. the
large sensitivity to parameters, for control of instabilities.

Acknowledgements

L.M. gratefully acknowledges support from the Royal Academy of Engineering Research fellowship.

References

[1] T. Kato, Perturbation theory for linear operators, 2nd Edition, Springer Berlin / Heidelberg, New York, 1980.
[2] W. D. Heiss, The physics of exceptional points, Journal of Physics A: Mathematical and Theoretical 45 (44) (2012) 444016.

URL http://stacks.iop.org/1751-8121/45/i=44/a=444016

[3] K. Ding, G. Ma, M. Xiao, Z. Q. Zhang, C. T. Chan, Emergence, coalescence, and topological properties of multiple
exceptional points and their experimental realization, Physical Review X 6 (2016) 021007. doi:10.1103/PhysRevX.6.

021007.
URL https://link.aps.org/doi/10.1103/PhysRevX.6.021007

[4] V. Achilleos, G. Teocharis, O. Richoux, V. Pagneux, Non-Hermitian acoustic metamaterials: Role of exceptional points
in sound absorption, Physical Review B 95 (2017) 144303. doi:10.1103/PhysRevB.95.144303.

[5] M. P. Juniper, R. Sujith, Sensitivity and nonlinearity of thermoacoustic oscillations, Annual Review of Fluid Mechanics
50 (1) (2018) 661–689. doi:10.1146/annurev-fluid-122316-045125.
URL https://doi.org/10.1146/annurev-fluid-122316-045125

[6] L. Magri, M. Bauerheim, M. P. Juniper, Stability analysis of thermo-acoustic nonlinear eigenproblems in annular combus-
tors. Part I. Sensitivity, Journal of Computational Physics 325 (2016) 395 – 410. doi:https://doi.org/10.1016/j.jcp.

2016.07.032.
URL http://www.sciencedirect.com/science/article/pii/S0021999116303278
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