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†Department of Physics, Cavendish Laboratory, ‡Department of Chemistry, and §Department of Engineering, University of
Cambridge, Cambridge CB2 1TN, United Kingdom

*S Supporting Information

ABSTRACT: Amorphous and crystalline materials differ in their long-range structural
order. On the other hand, short-range order in amorphous and crystalline materials often
appears similar. Here, we use a recently introduced method for obtaining quantitative
measures for structural similarity to compare crystalline and amorphous materials. We
compare seven common crystalline polymorphs of TiO2, all assembled out of TiO6 or
TiO7 polyhedral building blocks, to liquid and amorphous TiO2 in a quantitative two-
dimensional similarity plot. We find high structural similarity between a model of
amorphous TiO2, obtained by ab initio molecular-dynamics, and the B-TiO2 crystalline
polymorph. The general approach presented here sheds new light on a long-standing
controversy in the structural theory of amorphous solids.

The major difference between amorphous and crystalline
materials lies in the long-range structural order. While an

ideal crystal can always be exactly defined via the periodic
translation of a single unit cell, the lack of inherent periodicity
makes such an approach impossible for the amorphous phase,
although there is often an appreciable degree of short-range and
even medium-range order. However, the extent of any
structural similarity between an amorphous phase and its
corresponding crystalline polymorphs has, hitherto, been
impossible to quantify. Here, we describe a new approach for
obtaining a quantitative measure for the structural similarity
between amorphous and crystalline phases, with an application
to the case of TiO2.
Amorphous materials are important in many areas of

application, such as optical fibers, displays, solar cells, thermal
transport and batteries.1−6 In some of them, the transition
between the amorphous and crystalline phases lies at the heart
of operation. Examples include phase-change (PC) memory
devices and biodegradable implants.7,8 While applications of
crystalline materials have been studied extensively, the search
for useful amorphous counterparts has been relatively sparse.
This is partly due to limited experimental characterization of
the amorphous structure and the lack of accurate structural
models. Progress has been made with the advance of reliable
computational techniques, and it is now possible to simulate
the amorphous−crystalline phase transition in PC materials at
experimental time scales using density functional theory
(DFT).9−11 On the other hand, while structural data on
particular amorphous systems is collected, little progress has
been made on a fundamental understanding of the structure of
the amorphous state itself.

Historically, two different paradigms about the structure of
amorphous solids were formulated in the 1950s, namely, the
crystallite theory and the random network theory.12 These two
paradigms evolved into a modern structural theory of
amorphous solids. Crystallites have been replaced by short-
range order, and random, by the absence of long-range order.
Thus, the modern interpretation considers structurally similar
building blocks connected in a network, where intermediate-
range order, that is, order on a scale larger than that of the
individual building blocks, might still persist to a certain degree.
However, fundamental questions remain. Specifically, what is
the extent of intermediate and long-range order in the
amorphous structure, i.e., the amount of randomness in the
system? Also, how close is the relationship between the
fundamental building blocks in amorphous materials and the
corresponding crystals?
TiO2 is an ideal system in which to search for answers to

these general questions. It exhibits a variety of crystalline
polymorphs, which are all built out of characteristic polyhedral
units. Differences between them can be attributed to relative
distortions of the units and the varying connectivity between
them. In this work, the most accurate structural models of
molten and solid a-TiO2 to date were generated using ab initio
molecular dynamics (AIMD). These have then been compared
to the crystalline structures using the recently developed
Smooth Overlap of Atomic Positions (SOAP) method.13,14

Snapshots of the generated liquid and amorphous TiO2 (a-
TiO2) models are shown in Figure 1. Similar to the crystals, the
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main structural characteristic of both the liquid and amorphous
phases are polyhedral units connected via vertices, edges and
faces. Visually, little distinction between the liquid and the
amorphous solid can be made, except for the different density.
However, slight differences appear in the relative amount of
different polyhedral units (Supporting Information: Figure S1,
Table S1). The proportion of octahedral TiO6 units is larger in
the amorphous phase (49.8%) than in the liquid (29.0%). This
trend is in accordance with previous findings, considering the
different densities of the phases.15−17 What about the crystalline
polymorphs? Among the crystals studied, all but baddeleyite-
type TiO2 contain TiO6 building units. This includes the most

common crystalline polymorphs of TiO2, rutile, anatase, and
brookite. In baddeleyite-type TiO2, the units are TiO7 units. A
simple way to quantify the differences between the polymorphs
is to count the edges shared between the polyhedral units.
Neighboring octahedra share two, three, and four common
edges in rutile, brookite, and anatase, respectively. However, the
number of common edges can be a direct reflection of the
change of the average coordination number. Thus, the ratio of
vertex to edge sharing is a more significant indicator for
polyhedral connectivity. The vertex/edge-sharing ratio is 4, 2,
and 1 for rutile, brookite, and anatase, respectively, and 3.0 for
the liquid model and 2.1 for the amorphous model. The value

Figure 1. 216-atom models of (a) liquid (2250 K, 3.21 g cm−3) and (b) solid (300 K, 3.57 g cm−3) a-TiO2, as obtained from AIMD simulations.
TiO4, TiO5, TiO6, and TiO7 polyhedra are shown in yellow, red, blue, and green, respectively.

Figure 2. SOAP-based similarity map of configurations of the AIMD TiO2 model to the corresponding crystalline polymorphs, during quenching
from the melt and volume equilibration of the amorphous state. Distances between two structures on the map indicate the degree of structural
similarity; the closer, the more similar. The crystal polymorphs investigated are rutile, anatase, brookite, B-TiO2, baddeleyite-type TiO2, columbite-
type TiO2, and hollandite-type TiO2.

19−24 A SOAP cutoff of 4.20 Å was used, and MDS was performed on the SOAP data. Snapshots of relevant
structural models are shown. Polyhedral building blocks are shown in gray. Lines indicate bonds around titanium (white) and oxygen (red).
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for a-TiO2 is in accordance with previous findings.18 Perhaps,
this indicates a structural similarity between a-TiO2 and
brookite. However, such an analysis is limited, since only one
aspect of the structure is considered, namely, polyhedral
connectivity. Other aspects, such as the density, the average
Ti−O distance, the relative orientation of polyhedral units or
the distortion of polyhedral units, are neglected. A more
sophisticated structural comparison performed with the SOAP
descriptor is presented in Figure 2, where the transition from
liquid to amorphous TiO2 is shown.
The SOAP descriptor takes all structural aspects of the

phases into account, providing a distance measure for similarity
between each of the phases investigated, yielding an N × N
matrix, where N is the number of structures investigated. To
visualize these data in two-dimensional space, multidimensional
scaling (MDS), a nonlinear dimensionality-reduction techni-
que, was performed.25 In this way, relative descriptor-distances
are maintained, and an accurate two-dimensional representa-
tion of the many-dimensional data is obtained. Thus, distances
between points in Figure 2 quantify the similarity between the
various structures.
Figure 2 shows that there is more to the structural similarity

between phases of TiO2 than simply polyhedral connectivity.
Although the similarity of the amorphous phase at 300 K to
brookite is indeed high, the structural similarity to B-TiO2 is
even higher. This is revealed by the shorter distance between B-
TiO2 and amorphous configurations in Figure 2. Another
important feature of the similarity map is that a distinction
between liquid and solid phases is clearly visible, an indication
of their fundamental structural differences. Consistently, the
method captures features of increased disorder in the liquid and
a narrowing of the distribution for the amorphous phase is
observed with decreasing temperature. Nevertheless, structural-
similarity results obtained with SOAP can be difficult to
interpret intuitively. The vertex/edge sharing ratio between
polyhedral units explains the similarity of the amorphous phase
to brookite, but no analogous simple argument can be made for
the similarity to B-TiO2. Bond-angle distribution functions
(BADFs), on the other hand, provide some insight. The
prominent Ti−O−Ti angles for B-TiO2 and brookite, as well as
their relative frequencies, agree to some extent with the BADFs
of amorphous TiO2, whereas there is less agreement between
baddeleyite-type TiO2 and the amorphous phase (Figure 3). A

comparison of any single physical quantity, such as the
polyhedral connectivity, the BADF or the bond-length, can
provide qualitative insight into the similarity, whereas SOAP
provides a quantitative measure.
It is expected that a resemblance between amorphous and

crystalline short-range order arises as a consequence of local
bonding.12 Ti−O bonding within individual polyhedral units is
expected to be similar for all phases. Indeed, a consistent trend
between the covalent bond-strength and the Ti−O bond length
is observed (Figure 4). The gray line in Figure 4 is a theoretical

fit to the amorphous data analogous to the well-known bond-
order versus bond-length relationship established by Pauling:28

=−
− −B r( ) 10R r D

Ti O
/cov Ti O (1)

Here, B(rTi−O) is the dimensionless bond-strength, calculated
as the integral of the projected crystal orbital Hamilton
population for a given bond,29,30 and rTi−O is the bonding
distance. Both D and Rcov are constants, and were determined
from the fit. While D has no simple physical interpretation, Rcov
can be interpreted as the sum of the covalent radii for Ti and O
ions31 and was determined from the fit to be 2.40 Å. This is
slightly larger than the tabulated value of 2.26 Å, which is based
on a statistical analysis of several thousand experimentally

Figure 3. Ti−O−Ti bond-angles and their frequencies (scaled by a factor of 0.1) for some crystalline polymorphs of TiO2 (vertical lines) compared
to the bond-angle distribution function (BADF) of the amorphous structure (gray curve). Only atoms within a 2.75 Å bonding cutoff distance were
considered. The colored lines are Gaussian kernel-density estimates26,27 of the distribution of Ti−O−Ti bond-angles for the corresponding
crystalline polymorphs.

Figure 4. Relationship between Ti−O bond-strengths and Ti−O
bond-lengths in crystalline TiO2 polymorphs (colored symbols) and
the amorphous solid (gray symbols). The curve is a fit to the
amorphous data, according to the Pauling expression, eq 1.28
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obtained crystalline Ti−O bond-lengths.32 This confirms that
crystalline TiO2 bonds are slightly stronger than the equivalent
amorphous bonds. Indeed, the former all lie on the upper part
of the Pauling fit in Figure 4. The near overlap of amorphous
and crystalline data is an indicator of similar bonding. It shows
that fundamental principles of bonding can be obtained from an
amorphous model alone, principles that are usually deduced
from a limited data set for crystalline phases. The distribution
of Ti−O bond-lengths in the amorphous phase reveals the
extent of the deformation of the polyhedral building blocks. B-
TiO2 also shows a wide (but smaller) distribution. As a
consequence, the distributions of iterative-Hirshfeld33 partial
charges in B-TiO2 and a-TiO2 are similar (see Supporting
Information).
This work contributes to a fundamental understanding of the

amorphous state, by showing that it is now, for the first time,
possible to quantify the extent of structural similarity between
amorphous and crystalline phases, thus shedding light on a
controversy debated for more than half a century. The problem
was nicely formulated by Gaskell in 1998: “One question more
than any other has focused the efforts of those working on the
structure of glasses. This is the extent to which the atomic
structure can be considered uniform, continuous, with
randomness at heart. Alternatively, is the structure essentially
inhomogeneous, granular, with some close relationship to the
structure of a neighboring crystalline phase?”34 A definite
answer, valid for all amorphous materials, does not exist.
Instead, individual systems can show a degree of similarity
toward certain crystalline polymorphs, as shown here for the
case of TiO2. The similarity is not necessarily confined to short-
range order. For some amorphous systems, the network
building units might be very similar to those of a crystalline
polymorph, while other systems might show distorted network
building units but more intermediate-range order. Conse-
quently, it is difficult to settle the matter solely within a pictorial
model. Nonetheless, we show here that the problem can be
tackled, for the first time quantitatively, within a rigorous
mathematical framework, i.e., by using structural descriptors.
The SOAP approach used here can quantify the extent to which
additional degrees of topological freedom in a disordered
amorphous network can influence the structure, by using
crystalline polymorphs as references. It can be readily extended
to other systems (e.g., the Si/Ge systems, where the liquid
structure is very different from those of the normal crystalline/
amorphous phases) to find analogous similarities, to discrim-
inate between amorphous phases of the same material (e.g.,
prepared in different ways), or even to facilitate the search for
structure−property relationships for amorphous materials, e.g.,
by searching for correlations of a structure-map, as presented in
this paper, with properties of interest.

■ COMPUTATIONAL METHODS
The melt-quench method35 was used to generate 216-atom
amorphous models. For all molecular-dynamics simulations,
density functional theory was used with VASP and the PBEsol
functional.36−38 A total simulation time of 130 ps with a 1 fs
time step was used to generate the amorphous model in a cubic
supercell, with an arbitrary cooling rate of −19.5 K/ps. Since
the density of the system is crucial for a correct description of
the structure, and the density of bulk amorphous TiO2 is not
known experimentally, special care was devoted to obtaining a
good density estimation for the amorphous solid. Time scales
needed for the equilibration of the structure with regard to

volume changes were much larger than time scales needed for
the equilibration with regard to changes in temperature. For
this reason, it was not possible to perform the whole quench in
the NpT-ensemble and to allow for continuous volume
equilibration, within 100 ps of cooling time. Instead, starting
from a density of 3.21 g cm−3 at 2250 K, an experimental
volume-temperature relationship for the liquid39 was followed
until a temperature of 1470 K was reached. Below that, the
relationship established by Alderman et al. in a classical MD
simulation40 was followed. The Nose−́Hoover thermostat,41−43
as implemented in VASP, was used. Finally, the amorphous
model was equilibrated in the NpH-ensemble to obtain the
density of 3.68 g cm−3. Parrinello−Rahman dynamics,44,45 as
implemented in VASP, were used for pressure control. The
liquid and amorphous models were validated against exper-
imental data18,40 by comparing experimental and calculated
structure factors. Bond-strengths were calculated using the
LOBSTER46 code.
The average global SOAP kernel, as implemented in the

Quippy package47 was used for the calculation of the SOAP
similarity. For a given structure, Gaussian functions are first
placed on each of the atoms. The obtained local density of
atoms is expanded on a basis composed of a set of orthogonal
radial basis functions, gb(r), and spherical harmonics,
Ylm(r).

13,14 The expansion coefficients, cblm, are then averaged
over all atoms i, j and the SOAP descriptor for a given structure
is given by

∑ ∑π
̅ =

+
†p

N l
c c

8
2 1

( )b b l
m i j

b lm
i

b lm
j

2
,

1 2 1 2
(2)

where N is the number of atoms. A measure for the similarity
between two structures is given by the dot product of two
SOAP descriptors, i.e., the kernel, ̅ = ̅ · ̅′K p p . Finally, the

structural distance is ̅ = − ̅D K2 2 . The package scikit-
learn48 was used for MDS.
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(32) Cordero, B.; Goḿez, V.; Platero-Prats, A. E.; Reveś, M.;
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