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The classical Langevin dynamics of a particle in a periodic potential energy landscape are studied via
the intermediate scattering function (ISF). By construction, the particle performs coupled vibrational
and activated jump motion with a wide separation of the vibrational period and the mean residence
time between jumps. The long time limit of the ISF is a decaying tail proportional to the function that
describes ideal jump motion in the absence of vibrations. The amplitude of the tail is unity in idealized
jump dynamics models but is reduced from unity by the intra-well motion. Analytical estimates of the
amplitude of the jump motion signature are provided by assuming a factorization of the conditional
probability density of the particle position at long times, motivated by the separation of time scales
associated with inter-cell and intra-cell motion. The assumption leads to a factorization of the ISF at
long correlation times, where one factor is an ideal jump motion signature and the other component
is the amplitude of the signature. The amplitude takes the form of a single-particle anharmonic
Debye-Waller factor. The factorization approximation is exact at the diffraction conditions associated
with the periodic potential. Numerical simulations of the Langevin equation in one and two spatial
dimensions confirm that for a strongly corrugated potential the analytical approximation provides a
good qualitative description of the trend in the jump signature amplitude, between the points where
the factorization is exact. Published by AIP Publishing. https://doi.org/10.1063/1.5053123

I. INTRODUCTION

Surface diffusion at the atomic scale is a unifying area
of study linking a fundamental theoretical and experimen-
tal understanding of model systems1–3 to diverse applica-
tions including the self-assembly of carbon sheets,4,5 ordered
organic6 and biological7 molecular layers, and quantum dots.8

The mobility of adsorbed species depends critically on the
interplay between vibrations and over-barrier hopping, driven
by fluctuation and dissipation.2,9,10 Both vibrational and dif-
fusive motions are sensitive measures of the mean adsor-
bate/surface interaction potential and are also the strength
of dissipative effects. Experimentally, vibrational and diffu-
sive surface dynamics can be studied on equal footing using
energy resolved scattering techniques.3,11–13 The present work
addresses the relative intensities of different regions of the
inelastic scattering spectrum in such experiments, as predicted
by simple kinematic scattering and dissipative molecular
dynamics.

To interpret the results of scattering experiments on
mobile overlayers, the effect of the substrate heat bath is
commonly modeled by Langevin dynamics,14–18 which can
be used to combine theoretical and experimental inputs to
learn about the microscopic origins of atomic-scale dissi-
pation.19 A natural and standard way to describe statisti-
cal motion such as trajectories in Langevin dynamics is

a)Present address: Department of Chemistry and Chemical Biology, Rutgers
University, Piscataway Township, New Jersey 08854, USA. Electronic mail:
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via conditional probabilities or equivalently by correlation
functions.20,21 The intermediate scattering function (ISF) is
one such correlation function and provides a comprehensive
mathematical description of different types of equilibrium
dynamics.3 Additionally, the ISF for an ensemble of diffus-
ing adsorbed species can be probed experimentally by the
helium-3 surface spin echo (HeSE) method,3 at length and time
scales where the results are directly sensitive to the detailed
nature of the potential energy landscape and the dissipation
mechanism.22

The results relating to absolute quasi-elastic scattering
intensities in the HeSE experiment have an important con-
tribution to make towards the interpretation of the underlying
surface dynamics. Up to now, most HeSE experiments have
focused on the slowly decaying tail of the ISF and its inter-
pretation in terms of jump motion. However, the fast decay
of the ISF at short correlation times contains a wealth of
information on the short time scale dynamics. Under certain
circumstances, the fast decay can provide a direct measure
of the friction,10 and for weakly corrugated adsorption sys-
tems, the fast decay dominates the experimental signature,
allowing continuous diffusive23 and ballistic24 motion to be
resolved. In the opposite limit of strongly corrugated lateral
potentials, the ISF separates into fast and slow components,
whose amplitudes are constrained by the absolute normaliza-
tion of the correlation function. The amplitude of the compo-
nent describing jump diffusion is typically substantially less
than unity in experiments,9,15,25–28 and the amplitude typi-
cally decreases with increasing surface-parallel momentum
transfer of the scattering probe.22,28 The low amplitude may
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be due to a number of effects, including inelastic scattering
from surface phonons.29–31 However, the intra-cell dynam-
ics of the adsorbates diffusing in a continuous potential also
contribute to a reduction in the amplitude of the jump motion
signature.32

The line shapes describing pure jump motion on a
Bravais lattice, completely neglecting intra-cell motion, are
well known.33 In the time domain, they consist of mono-
exponential decays with unit amplitude. In the opposite limit of
confined diffusion with no jumps, analytical results are known
for dephased harmonic vibrations.34 Previous attempts to syn-
thesise the vibration and jump motion limits into a unified
description of motion in a sinusoidal potential have included
the use of a cumulant expansion method combined with
variable parameters that allow the amplitude of different
components to be adjusted.35,36 In the present work, the ampli-
tude of the jump diffusion component of the ISF is estimated
from the continuous potential with no adjustable parame-
ters. The amplitude depends only weakly on the strength of
the Langevin friction, as long as the dynamics are cleanly
separated into intra-well and jump motion. The amplitude
is estimated without dynamical simulation using an approx-
imate factorization of the ISF at long times into a decay-
ing factor depending on the jump dynamics and a con-
stant factor depending on the intra-cell thermodynamics. In
Sec. II, the conceptual basis of the factorization approx-
imation is established, and the resulting estimate for the
amplitude of the jump component is shown to be an inter-
polation between the exact static levels of the ISF at the
diffraction conditions of the periodic potential. In Sec. III,
the factorization approximation is shown to closely match
the jump signature amplitudes fitted from numerical one-
dimensional, and non-separable two-dimensional, Langevin
simulations.

II. VIBRATION-JUMP DIFFUSION

Consider the dynamics of a particle, mass m, obeying a
one-dimensional classical Langevin Equation (LE), with fric-
tion γ, in a potential of mean force V (x). The friction represents
the decay rate of the velocity autocorrelation function in the
absence of the periodic potential.2,37 The LE for the particle
co-ordinate x reads

mẍ = −V ′(x) − mγẋ + F(t), (1)

in which F(t) is a random force of zero mean and auto-
correlation 〈F(t)F(0)〉 = mγkBTδ(t), thereby satisfying the
classical fluctuation-dissipation theorem.38 The (generalized)
LE is known to impose thermal equilibrium on the particle,39

meaning that the long-term distribution of the position is the
canonical distribution,

p(x) ∝ e−βV (x). (2)

The ISF depends on time-dependent conditional probabilities
which in general cannot be expressed so succinctly. How-
ever, the canonical distribution will retain a central importance
when estimating the decay amplitude of the tail of the ISF
representing jump motion.

A. Classical ISF

The classical ISF I(∆K, t) for one dimensional motion is
the spatial Fourier transform of van Hove’s conditional proba-
bility function G(x, t)40 or equivalently the autocorrelation of
a kinematic scattering amplitude ei∆Kx (t ). Explicitly,

I(∆K , t) = 〈ei∆Kx(t)e−i∆Kx(0)〉, (3)

where the angle brackets represent an ensemble average, or
equivalently a time average under ergodicity which is another
provable feature of the LE.39

It will prove useful to unpack the meaning of the average
〈· · · 〉 in Eq. (3) in terms of explicit conditional probabilities.
Let p(x) represent the equilibrium (canonical) probability den-
sity of the particle residing at x, and pt(x′|x) the conditional
probability density to move from x to x′ in time t, averaged over
any other co-ordinates and momenta in the system. Then, from
the general definition of a classical autocorrelation function,
the ISF can be written as

I(∆K , t) =
∫

dx dx′ p(x)ei∆Kx′e−i∆Kxpt(x
′ |x). (4)

The representation (4) makes no explicit reference to envi-
ronmental degrees of freedom, to which the particle is coupled,
but defines the ISF in terms of a stochastic process character-
ized by p(x) and pt(x′|x), which are to be interpreted as being
pre-averaged over all co-ordinates and momenta that affect the
time evolution of the particle co-ordinate.

B. Harmonic systems

It is convenient to review the ISF for a classical Langevin
particle in harmonic potential, in order to motivate the intu-
itive approximation underlying the later derivation of decay
amplitudes. In the harmonic potential,

V (x) =
1
2

mΩ2x2, (5)

the ISF has been previously35,41,42 derived as

I(∆K , t) = exp
(
−

kBT

mΩ2
∆K2

[
1−e−γt/2 { cos(ft) +

γ

2f
sin( ft)

}] )
,

(6)

where f =
√
Ω2 − γ2/4.

The key feature of the analytical result (6), for the present
argument, is the long time limit (static level) I(∆K, t →∞),

I(∆K , t → ∞) = exp
(
−

kBT

mΩ2
∆K2

)
. (7)

The static level of the ISF is nonzero, as a result of the con-
fined nature of the diffusion.32 Additionally, the static level
is a thermodynamic quantity independent of the dissipation
strength.

The static level can be computed directly, without com-
puting the entire ISF, by setting pt(x′|x) = p(x′) in the definition
(4). In other words, we assume that due to the action of the heat
bath with a finite friction, at long enough correlation times, the
particle position x′ follows its own independent canonical dis-
tribution, regardless of the initial position. The ISF can then
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be computed as the product of two time-independent integrals

I(∆K , t → ∞) =
( ∫

dx p(x)ei∆Kx
) ( ∫

dx p(x)e−i∆Kx
)

(8)

=
�����
∫ dx e−βmΩ2x2/2ei∆Kx

∫ dx′ e−βmΩ2x′2/2

�����

2

(9)

= exp
(
−

kBT

mΩ2
∆K2

)
, (10)

in agreement with Eq. (6). A similar factorization argument
will now be used to derive an approximate result giving the
amplitude of the long-time decaying tail of the ISF when intra-
cell vibrations are coupled to inter-cell jumps.

C. Factorization approximation

The ISF describing perfect jump diffusion with jumps of
lengths {j} and rates {Γj} on a one-dimensional Bravais lattice
of site separation a, with no intra-cell motion, is a mono-
exponential decay with unit amplitude and ∆K-dependent
decay rate α(∆K) given by the Chudley-Elliott model,33

I(∆K , t) = exp[−α(∆K), t], (11)

α(∆K) = 2
∑

j

Γj sin2
(∆Kaj

2

)
. (12)

In the analysis of motion in a continuous periodic potential,
sufficiently strongly corrugated that mean jump rates are sig-
nificantly slower than intra-cell time scales, we can therefore
define a decay amplitude A(∆K) by

I(∆K , t > t∗) ≈ A(∆K) exp[−α(∆K)t], (13)

where t∗ is a time beyond which the ISF is well described by
an exponential decay. In other words, in the present work, we
assume that the ISF for all times can be written as

I(∆K , t) = A(∆K , t) exp[−α(∆K)t], (14)

where A(∆K, t) decays to a constant, A(∆K), at long times.
At any given ∆K, both A and α can be determined from

simulated ISFs via the best exponential fit to the long-time
tail. Comparison of α(∆K) with the Chudley-Elliott model
defines the jump distribution and is a standard data reduction
method used to compare molecular dynamics simulations and
HeSE data.22,43–45 Predicting α(∆K) is an application of rate
theory,46,47 whereas the present work focuses on developing
an approximate theory for A(∆K). Phrased in the frequency
domain, it is well known that the relative amplitude of the
diffusive and vibrational contributions to the dynamical struc-
ture factor is ∆K-dependent,48 with the vibrational (T-mode)
contribution being an increasing function of ∆K.14,49 We now
derive an approximate analytical expression for the decreasing
function describing the amplitude remaining in the diffusive
jump-motion signature.

Write the particle co-ordinate x(t) as the sum of an integer-
valued co-ordinate n(t) describing the unit cell number and a
residual intra-cell co-ordinate 0 ≤ w(t) < a,

x(t) = an(t) + w(t). (15)

All integrals over w and w ′ will have implicit limits of 0 and a.
To avoid a proliferation of function names describing probabil-
ities, the label p() will be used to represent different probability

functions depending on the number and types of arguments.
p(w) or p(w ′) represent canonical probability density in a sin-
gle unit cell. pt(·|·) represents the t-dependent probability or
probability density of everything to the left of the divide | con-
ditional on everything to the right of the divide, regardless
of the number of co-ordinates to the left or the right of the
divide.

The formal expansion (4) of the ISF in terms of conditional
probabilities then reads

I(∆K , t) =
∫

dw dw ′
∑
n,n′

pt(n
′, w ′ |n, w)

× ei∆K(an′+w′)e−i∆K(an+w)p(n, w), (16)

where p(x)→ p(n, w) and pt(x′|x)→ pt(n′w ′|n, w) have been
substituted.

Since all initial sites are equivalent, we can choose an
arbitrary initial site, and we choose n = 0, so the ISF (16) is
given by

I(∆K , t) =
∫

dw dw ′
∑

n′
pt(n

′, w ′ |0, w)

× ei∆K(an′+w′)e−i∆Kwp(w), (17)

To make further progress with Eq. (16), which contains
all the full complexity of the nonlinear dissipative dynamics,
we introduce a factorization approximation based on the sep-
aration of time scales in jump dynamics. We assume that as
the conditional probability distribution pt(n′, w |0, w) spreads
out from the initial unit cell, the intra-cell relaxation is much
faster than the mean jump rate. Then, at intermediate times,
we should expect pt(n′, w ′|0, w) to factorize as

pt(n
′, w ′ |0, w) = p(w ′)pt(n

′ |0, w), (18)

where p(w ′) describes the same canonical equilibrium distri-
bution as p(w) and the remaining factor pt(n′|0, w) describes
the probability of the particle being found in the unit cell of
index n′. Substituting the factorized conditional probability
into the ISF (17) gives

I(∆K , t) =
∫

dw dw ′
∑

n′
p(w ′)pt(n

′ |0, w)

× ei∆K(an′+w′)e−i∆Kwp(n, w), (19)

which can be written as

I(∆K , t) =
∑

n′
ei∆Kan′qt(n

′), (20)

where the qt(n′) are integrals over initial and final intra-cell
co-ordinates,

qt(n
′) =

∫
dw dw ′ p(w ′)ei∆Kw′e−i∆Kwpt(n

′ |0, w)p(w). (21)

We calculate the amplitude A(∆K) in Eq. (13) by noting
that the Chudley-Elliot result (12) can be expressed in terms
of time-dependent site probabilities Pt(n′) as

I(∆K , t) =
∑

n′
ei∆Kan′Pt(n

′) , (22)

where the functions Pt(n′) satisfy∑
n′

Pt(n
′) = 1 (23)
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at all times. If the ISFs derived from Langevin dynamics
simulations in a corrugated potential display as their long
time limit mono-exponential tails whose α(∆K) agrees with a
Chudley-Elliott model, then at long times, the functions qt(n′)
in Eq. (20) stay in the correct proportions, as they evolve,
to describe jump motion. Then, at long times, the functions
qt(n′) are proportional to some set of probabilities Pt(n′) that
are normalized to unity as described by Eq. (23). The ampli-
tude of the exponential decay in the Chudley-Elliott model
is also unity, and therefore, the exponential decay amplitude
implied by Eq. (20) is the normalization of the set of qt(n′)
functions,

A(∆K) = lim
t→∞

∑
n′

qt(n
′). (24)

Substituting (21), and bringing the n′-sum inside the w, w ′-
integrations, the amplitude is expressed as

A(∆K) =
∫

dw dw ′ p(w ′)ei∆K(w′−w)p(w)
∑

n′
pt(n

′ |0, w). (25)

However, by construction,∑
n′

pt(n
′ |0, w) = 1 (26)

because the particle is certain to be found in some unit cell
at any time, regardless of the initial intra-cell position w.
Therefore the final expression for the amplitude simplifies to

A(∆K) ≈ ���

∫
dw ei∆Kwp(w)���

2
. (27)

The result takes the form of an anharmonic Debye-
Waller (DW) factor.50–52 Equivalently, if we impose periodic
boundary conditions on the intra-cell motion, then the motion
effectively becomes confined, imparting a static level to the
ISF,32 and the amplitude (27) represents that fictitious static
level.

The central approximation (18) neglects the detailed inter-
play between the spreading of probability from the initial site
to neighboring sites and the randomization of the intra-cell
position which occurs in parallel. Additionally, we have not
proved that in any given situation the functions qn(t) really do
evolve according to a Chudley-Elliott model. However, in any
situation where the Chudley-Elliott model is known to pro-
vide a good description of the ISF at long times, the result
(27) predicts the amplitudes subject to a single approximation
represented by the factorization (18) which is based on the
separation of time scales between vibrational relaxation and
the residence time between jumps.

Regardless of the quality of the factorization approxima-
tion, Eq. (27) gives the exact long-time limit of the ISF at the
diffraction conditions where exp(i∆Kan′) = 1 for all integers
n′. The factor exp(i∆Kan′) in (17) is constant such that

I(∆K , t) =
∫

dw dw ′
∑

n′
pt(n

′, w ′ |0, w)ei∆Kw′e−i∆Kwp(w).

(28)
Performing the internal sum over n′ at anyw ′ andwwill always
yield unity by definition. Then, given that the conditional prob-
ability pt(w ′|w) at long times relaxes to the unconditional

probability p(w ′), we recover the static level C(∆K) of the ISF
as the same expression previously derived for the exponential
amplitude,

I(∆K , t → ∞)→ C(∆K), (29)

C(∆K) = ���

∫
dw p(w)ei∆Kw ���

2
, (30)

which holds only at diffraction conditions where ei∆Ka = 1.
The assumption that pt(w ′|w)→ p(w ′) at long times depends
only on the ergodicity of the Langevin dynamics within one
unit cell with periodic boundary conditions and therefore does
not require a separation of time scales between inter-cell and
intra-cell motion.

Based on the results (27) and (30), the factorization
approximation can be viewed as a physically motivated inter-
polation of A(∆K) between the exact static levels of the ISF
at the diffraction conditions of the periodic potential. For
weakly corrugated potentials that do not satisfy the required
conditions for the approximation (18), the integral (27) over
the unit cell still gives the exact static level when ∆K is
a reciprocal lattice vector but is not guaranteed to accu-
rately predict the amplitude of the slowest decaying com-
ponent at other values of ∆K. Therefore, for weakly cor-
rugated potentials, there is scope for details such as the
strength and frequency dependence of dissipation to influ-
ence the relative amplitudes associated with different dynam-
ical processes, as they do in the case of a perfectly flat
potential.53

Explicitly, in a sinusoidal potential,

V (x) = V1 sin
(2πx

a

)
, (31)

the factorization approximation for the decay amplitude gives
us

A(∆K) =
�����
∫

a
0 dw e−βV1 sin(2πw/a)ei∆Kw

∫
a

0 dw e−βV1 sin(2πw/a)

�����

2

. (32)

An analytically simpler estimate can be constructed by
expanding the probability density p(w) as a Gaussian func-
tion centred about the potential well in the unit cell. Such
a harmonic approximation predicts a decay amplitude equal
to the static level of the harmonic oscillator, whose fre-
quency is the frustrated translational frequency of the potential.
Then, the amplitude can be expressed as a standard har-
monic Debye-Waller factor.52 In Sec. III, both the harmonic
and the anharmonic estimates are compared to numerical
data.

D. Interpretation as a Debye-Waller factor

We have noted that the approximate formula (27) is an
anharmonic Debye-Waller (DW) factor, which convention-
ally describes the reduction in elastic scattered intensity at
the Bragg conditions when a scattering probe diffracts from a
solid52 or with caveats a solid surface54 which may be clean
or adsorbate-covered.55 The expression (30) for the nonzero
static level of the single-particle ISF at the diffraction condi-
tions ei∆Ka = 1 is associated with an elastic contribution to the
dynamical structure factor S(∆K, ∆ω), the Fourier transform
of I(∆K, t) from the time to the frequency domain. Therefore
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the form of expression (30) for C(∆K) is unsurprising as it can
be written as

C(∆K) = exp[−2W (∆K)], (33)

where the implicit definition of the exponent via

exp[−W (∆K)] = 〈exp(i∆Kw)〉 (34)

matches the standard definition of the Debye-Waller expo-
nent.52

The DW factor is present even in the absence of adsorbates
in which case it arises from the nonzero mean square displace-
ments of substrate atoms. In considering the ISF associated
with adsorbate dynamics, we are considering only scatter-
ing from adsorbates, not from the substrate. The result (30)
shows that the fraction of intensity at the diffraction condition
which is scattered elastically, within the kinematic approxima-
tion for adsorbate-induced scattering, is attenuated by the DW
factor associated with the intra-cell co-ordinate in a periodic
adsorbate-substrate potential. The presence of the DW factor
in the static level of the ISF for confined vibrational motion
has been noted previously,34,56 and in the present work, we
connect the idea to the amplitude of the exponential tail of the
ISF present when the adsorbates have long range mobility due
to hopping motion.

Our approximation (27) for the amplitude of the expo-
nential tail of the ISF is the DW factor exp[−2W (∆K)] eval-
uated away from the diffraction conditions. In the frequency
domain, what would be an elastic contribution in the absence
of inter-cell hopping broadens into a Lorentzian with finite
width. The expression for the amplitude of the exponential
tail in the time domain is proportional to the area of the
Lorentzian contribution in the frequency domain. It is well
known that the quasi-elastic peak in S(∆K, ∆ω) cannot be
cleanly attributed to jump motion, since pure vibrational line
shapes include a quasi-elastic contribution.34,42,56,57 In the lan-
guage of Eq. (13), the fast-decaying component that must be
added to A(∆K) exp[−α(∆K)t] to make up the full ISF does
not have zero mean in general and therefore contains a quasi-
elastic contribution in the frequency domain. However, the
simulation results in Sec. III show that a component of the ISF
associated with jump motion can be cleanly separated out in
the time domain. The complementary perspective on surface
dynamics offered by the time domain is one reason for the
utility of the spin echo method for studying adsorbate jump
dynamics.3

E. Information contained in A(∆K )

A(∆K) is directly dependent on the adsorbate/substrate
potential. Within the data reduction I(∆K, t > t∗) ≈ A(∆K)
exp[−α(∆K)t], the decay rates α(∆K) are also very strongly
sensitive to the dynamical friction γ, but, as shown in the
manuscript, the amplitudes A(∆K) are not. Therefore, the
amplitudes provide a measure of V (w), independent of other
measures such as α(∆K). In the context of modeling surface
dynamics as measured by HeSE, predicting the relative ampli-
tudes of different components of multi-component dynamical
signatures is an ongoing project. Within a Langevin simulation
approach, the potential energy surface V (R) for the adsor-
bate motion can be tuned to adjust both α(∆K) and A(∆K).

FIG. 1. Illustration of the effect of the periodic potential on the amplitudes
A(∆K), within the approximation encoded by Eq. (27). The solid blue curve
shows A(∆K) evaluated by numerical integration of Eq. (27) for the sinusoidal
potential V (x) = V1 sin(2πx/a). The red dashed curve shows the corresponding
result when the sinusoidal potential is substituted for a square-wave potential
with the same barrier height. The potentials are plotted over one unit cell
(a = 2.55 Å) in the inset.

Such an operation has been carried out previously22 using
intuition to guide the adjustment of simulation parameters.
However, having a simple analytical formula to guide the
search would be valuable, and that is what the present work
contributes.

To illustrate the potentially dramatic effect on A(∆K) aris-
ing from the shape of the potential energy landscape, in Fig. 1,
we compare A(∆K) from the sinusoidal potential described in
Eq. (32) with A(∆K) from a square-wave potential with the
same barrier height.

F. Contribution of surface-perpendicular motion

The factorization approximation for the decay amplitude
of the jump diffusion signature should be interpreted here as
a way of understanding the amplitudes observed in Langevin
simulations. A full connection to the amplitudes observed in
experimental measurements that probe the ISF3 would require
more detailed scattering calculations, as well as considera-
tion of additional inelastic channels which could involve sur-
face phonons and potentially surface-perpendicular vibrations
(z-motion, or S-mode). Within the simple classical and kine-
matic approximation underlying Eq. (7), the z motion of typical
frequency Ωz will lead to a reduction in the jump signature
decay amplitude by a factor of

exp
(
−

kBT

mΩ2
z
∆k2

z

)
. (35)

A more detailed investigation of the intensities of S-
mode excitation in the HeSE experimental geometry would
be needed to confirm the absolute scale of the effect. How-
ever, within the classical kinematic estimate (35), the influence
of z-motion is most pronounced for adsorbates with small
mΩ2

z . Combined with the large typical surface-perpendicular
momentum transfer ∆kz ≈ 6 Å−1 on the Cambridge spin
echo spectrometer with its 44.4◦ fixed scattering angle13 and
8 meV standard beam energy, a large reduction in the mea-
sured decay amplitude due to z-motion is highly plausible
unless the S-mode excitation is strongly suppressed. Well-
known model adsorption systems exhibiting relatively low
mΩ2

z include Na/Cu(001) and several Xe/metal systems.12 For



194705-6 P. S. M. Townsend and J. Ellis J. Chem. Phys. 149, 194705 (2018)

Xe/Pt(111), at a surface temperature T = 121 K and using
~Ωz = 3.6 meV58 and∆kz = 6 Å−1, Eq. (35) predicts a reduction
of the jump signature amplitude by a factor of 0.5. There-
fore although an intriguing “table-top” model potential for
Xe/Pt(111), within a two-dimensional Langevin framework,
was successful in explaining the experimental relative ampli-
tudes of ballistic and jump-motion components,22 the surface-
perpendicular degree of freedom is highly relevant to any
attempt to explain the absolute amplitudes in the ISF for xenon
systems.

III. NUMERICAL RESULTS
A. One spatial dimension

The analytical estimates for the decay amplitude can be
tested by numerical Langevin simulations. The Langevin sim-
ulations whose results are illustrated in Figs. 2–4 were per-
formed for a particle of mass m = 28 amu in the sinusoidal
model potential of Eq. (31) with V1 = 50 meV, a = 2.55 Å,
at T = 200 K, and γ = {0.3, 3, 30} ps−1 using a time step
of 5 fs and Verlet integration.59 300 independent simulation
runs were performed. The ISF is calculated from each simu-
lated trajectory x(t) using the Wiener-Khinchin theorem in the
standard way,19,53 and the ISFs from the separate runs are com-
bined incoherently. Therefore, the average in expression (3) is
partly performed by time averaging and partly by ensemble
averaging. The long time tail of the ISF is fitted by nonlinear
least squares from a start time later than 1/γ.

Figure 1 shows a numerical ISF at ∆K = 1.6 Å−1 from
the γ = 3 ps−1 simulation. The blue solid curve represents
the simulation data, and the blue dashed curve shows the best
mono-exponential fit to the long time tail. The two curves
overlay each other for the majority of the plot. The intercept
of the fitted curve extrapolated back to t = 0 is equivalent to the
decay amplitude. In the main plot, the ISF is sampled every
0.25 ps. In the inset, the short time behavior of the ISF is shown
at a finer time resolution.

FIG. 2. Numerical ISF at ∆K = 1.6 Å−1, computed from one-dimensional
Langevin simulations performed for a particle of mass m = 28 amu in the
sinusoidal model potential of Eq. (31) with V1 = 50 meV, a = 2.55 Å, at
T = 200 K, and γ = 3 ps−1 using a time step of 5 fs and Verlet integration59

for 300 independent runs. The blue solid line represents the simulation data,
and the blue dashed line shows the best mono-exponential fit to the long time
tail. The intercept of the fitted curve extrapolated back to t = 0 is equivalent to
the decay amplitude. In the main plot, the ISF is sampled every 0.25 ps. In the
inset, the short time behavior of the ISF is shown at a finer time resolution.

FIG. 3. The ∆K-dependent decay rate α(∆K), obtained by fitting the tail
of the ISF to the functional form (13). Blue circles, red triangles, and green
diamonds respectively are the results of simulations atγ = 0.3, 3.0, and 30 ps−1.
α(∆K) is sinusoidal in ∆K and returns to a perfect minimum at the diffraction
condition ∆Ka = 2π, indicating jump motion. The solid curves are the best fit
to the one-dimensional Chudley-Elliott model (12) allowing for jumps up to
the third nearest neighbour in length. The absolute scale of α(∆K) is strongly
dependent on the friction, in agreement with the expectations of classical rate
theory.46,47 By contrast, the amplitudes in Fig. 4 display almost no dependence
on the friction. We emphasize that theα(∆K) and associated jump rates, in the
present work, are not computed independently using analytical rate theories
but are extracted freely from the Langevin simulation data. Although analytical
methods can be applied to compute accurate rates in two-dimensional diffusion
problems,47 any approximation introduced by constraining α(∆K) will bias
the extracted values of A(∆K), and therefore, it is desirable to fit A(∆K) and
α(∆K), as a free and mutually consistent pair of fitting parameters, from the
numerical simulated ISFs.

Figure 3 shows the dephasing rates α(∆K) extracted from
the simulations at the three different values of the friction.
The results for γ = 0.3, 3.0, and 30 ps−1 are shown in blue cir-
cles, red triangles, and green diamonds, respectively. The solid
curves are fits to the Chudley-Elliott model in one dimension as
specified by Eq. (12). Jumps up to the third nearest neighbour in
length are included in the fit. The minor disagreement between
the fit and the simulated data at low friction is likely due to
the presence of additional jumps. However, the important fea-
ture of the α(∆K) is the unambiguous zero at the diffraction

FIG. 4. The ∆K-dependent decay amplitudes A(∆K), associated with the
same ISFs whose decay rates are presented in Fig. 3. Unlike the α(∆K), the
amplitude A(∆K) is not sinusoidal and does not return to zero at the diffraction
condition, as the amplitude is related to motion in the continuous potential,
not on a discrete lattice. Additionally, the amplitudes in Fig. 4 display almost
no dependence on the friction strength, in contrast to the α(∆K). The black
solid curve overlaid is the prediction of Eq. (32) numerically integrated over
one unit cell of V (x). It is not a fit to the simulation data. The simple estimate
based on the harmonic well frequency [Eq. (7)] is plotted as the black dashed
curve.
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condition, showing that the fitted component of the ISF
describes jump motion.

Figure 4 shows the fitted decay amplitudes associated with
the same simulations whose α(∆K) were fitted and plotted in
Fig. 3. Unlike the α(∆K) which is very strongly dependent on
the dissipation strength γ, the amplitudes are barely affected
by γ over the two orders of magnitude considered. The factor-
ization approximation gives an accurate estimate of the decay
amplitude, with or without the simplifying harmonic approxi-
mation, for the conditions simulated. There are small system-
atic errors between the theory and the numerical amplitudes,
and the errors change sign about the first order diffraction con-
dition. Formulating the decay amplitudes in terms of the real
space correlation G(x, t) could give further insight into the
required corrections to the factorization approximation. How-
ever, the analytical approximations as they stand can clearly
be used to understand the trends and the absolute scale of the
amplitudes fitted from simulations.

B. Two spatial dimensions

In two dimensions, we should expect the expression (32)
to generalize straightforwardly to a two-dimensional integral
over a unit cell S,

A(∆K) =
�����
∫S dR e−βV (R)ei∆K ·R

∫S dR e−βV (R)

�����

2

. (36)

The two dimensional result can be verified for a non-
separable potential V (R) in two spatial dimensions by sim-
ulating

mR̈ = −∇V (R) − mγṘ + F(t), (37)

where isotropic friction will be assumed and 〈F i(t)F j(0)〉
= 2mkBTδ(t)δi ,j with δ(t) the Dirac delta function and δi ,j a
Kronecker-δ symbol over the two Cartesian spatial directions
of the simulation.

The potential energy surface is taken as a low order Fourier
expansion with the symmetry of a hexagonal close packed sur-
face.16,19,44 Let {G} be three linearly independent first-order
reciprocal lattice vectors of the surface, whose close packing
distance in real space is a. Then, a simple Fourier series rep-
resentation with the correct symmetry for the fcc(111) surface
is given by17,44

V (R) = V2

∑
G

cos(G · R). (38)

Explicitly, in Cartesian co-ordinates where the primitive sur-
face unit cell in real space is oriented with an axis along the x
direction, the potential is given by

V (x, y) = A
{

cos
( 4πy

a
√

3

)
+ cos

(2π
a

[
x −

y
√

3

] )
+ cos

(2π
a

[
x +

y
√

3

] )}
. (39)

If V2 < 0, then adsorption occurs at top sites,44 so we should
expect Chudley-Elliott behavior in the jump dynamics. The
saddle points of the potential, providing the minimum energy
path for surface diffusion, are the twofold bridge sites which
present an energy barrier of 4V2. We use V2 = 25 meV to
reproduce the same diffusion barrier as in the one dimensional
simulations.

FIG. 5. The ∆K-dependent decay rate α(∆K) of ISFs at different ∆K. The
ISFs were obtained from Langevin simulations in the model potential (38), at
the same simulation temperature (T = 200 K) and frictions (γ = 0.3, 3, 30 ps−1:
blue circles, red triangles and green diamonds respectively) as used in the one-
dimensional simulations in Sec. III A. The negative (positive) ∆K on the plot
corresponds to∆K projected along the x(y) direction in the simulation.α(∆K)
is sinusoidal in ∆K and returns to zero at the diffraction conditions, indicating
jump motion. The solid curves are fits to the Chudley-Elliott model (40) for
jump diffusion on a two dimensional Bravais lattice, including jumps up to the
third nearest neighbour in length. As in the case of one-dimensional motion,
the absolute scale of the α(∆K) is strongly sensitive to the friction strength,
whereas the decay amplitudes shown in Fig. 6 are not.

Figure 5 shows the dephasing rates α(∆K) extracted from
simulations of the two-dimensional LE (37) with the same
three values of the friction explored in the one dimensional
case and at the same simulation temperature. The momentum
transfer ∆K is projected along the x direction, shown as nega-
tive ∆K, and the y direction, shown as positive ∆K. The results
for γ = 0.3, 3, and 30 ps−1 are shown in blue circles, red trian-
gles, and green diamonds, respectively. The solid curves are
fits to the Chudley-Elliott model in two dimensions for jump
motion on a Bravais lattice of adsorption sites, allowed jump
vectors j and corresponding rates Γj,

α(∆K) = 2
∑

j

Γj sin2
(∆K · j

2

)
. (40)

FIG. 6. The ∆K-dependent decay amplitudes A(∆K), associated with the
same ISFs whose decay rates are presented in Fig. 5. As for the one-
dimensional results, the decay amplitude decreases monotonically with ∆K
and is almost independent of the friction strength. Furthermore, A(∆K) is
approximately isotropic, which reflects the local isotropy of the potential
about its minima. The dashed black curve is the prediction using the harmonic
approximation via Eq. (7). The solid black curve is the decay amplitude given
by a numerical integration of Eq. (36) to evaluate the anharmonic Debye-
Waller factor. The harmonic and anharmonic estimates both agree closely
with the fitted simulation data.
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Jumps up to the third nearest neighbour in length are included
in the fit. The minor disagreement between the fit and the
simulated data at low friction is likely due to the presence of
additional jumps. However, the important feature of the α(∆K)
is the unambiguous zero at the diffraction condition, showing
that the fitted component of the ISF describes jump motion.

Figure 6 shows the decay amplitudes that correspond to
the decay rates in Fig. 5. Unlike the α(∆K), the amplitudes are
almost isotropic, which reflects the isotropic harmonic expan-
sion of the potential at the minima. The amplitudes decay
monotonically with ∆K and are in good agreement with either
a harmonic approximation (dashed black curve) or a numerical
integration of Eq. (36) (solid black curve).

IV. CONCLUSIONS

The dynamics of a classical particle, obeying the Langevin
in a periodic potential with a Bravais lattice arrangement of
well-defined adsorption minima, have been studied via the
intermediate scattering function (ISF), the autocorrelation of
the kinematic scattering amplitude. Under all conditions stud-
ied, the long time limit of the ISF is an exponential decay
whose decay rate is in excellent agreement with an idealized
jump model, confirming that the long time dynamics are well
described as jump motion. The amplitude of the jump diffusion
signature is smaller than unity, due to the intra-cell dynam-
ics. The present work provides an analytical approximation
by which to quantitatively understand the momentum transfer
dependence of the jump signature amplitude, for strongly cor-
rugated systems exhibiting a clean separation between jump
and intra-cell motion.

The amplitude of the jump component is accurately
described by a factorization approximation, in which the con-
ditional probability density of the particle co-ordinate at long
times is assumed to relax into the product of an intra-cell
term and a probability to be found in different unit cells.
The factorization approximation predicts a simple thermody-
namic integral expression for the amplitude of the long-time,
exponential decay limit of the ISF describing jump motion.
The factorization approximation is exact when the ISF is
evaluated at a momentum transfer corresponding to a recip-
rocal lattice of the periodic potential, at which points the
formula comprises a classical anharmonic Debye-Waller fac-
tor for intra-cell motion. Comparison with Langevin molecular
dynamics simulations in strongly corrugated potentials shows
that the factorization formula also provides an accurate inter-
polation of the simulated amplitudes between the diffraction
conditions.
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4S. Hofmann, G. Csányi, A. Ferrari, M. Payne, and J. Robertson, Phys. Rev.
Lett. 95, 036101 (2005).

5P. Sutter, J.-I. Flege, and E. Sutter, Nat. Mater. 7, 406–411 (2008).
6J. C. Love, L. A. Estroff, J. K. Kriebel, R. G. Nuzzo, and G. M. Whitesides,
Chem. Rev. 105, 1103–1170 (2005).

7X. Sun, S. Hyeon Ko, C. Zhang, A. E. Ribbe, and C. Mao, J. Am. Chem.
Soc. 131, 13248–13249 (2009).

8P. M. Petroff, A. Lorke, and A. Imamoglu, Phys. Today 54(5), 46 (2001).
9A. P. Jardine, G. Alexandrowicz, H. Hedgeland, R. D. Diehl, W. Allison,
and J. Ellis, J. Phys.: Condens. Matter 19, 305010 (2007).

10B. Lechner, H. Hedgeland, A. Jardine, W. Allison, and J. Ellis, Phys. Chem.
Chem. Phys. 17, 1–5 (2015).

11J. P. Toennies, J. Phys.: Condens. Matter 5, A25 (1993).
12A. P. Graham, Surf. Sci. Rep. 49, 115–168 (2003).
13P. Fouquet, A. Jardine, S. Dworski, G. Alexandrowicz, W. Allison, and

J. Ellis, Rev. Sci. Instrum. 76, 053109 (2005).
14A. P. Graham, F. Hofmann, J. P. Toennies, L. Y. Chen, and S. C. Ying, Phys.

Rev. B 56, 10567–10578 (1997).
15H. Hedgeland, P. Kole, H. Davies, A. Jardine, G. Alexandrowicz, W. Allison,

J. Ellis, G. Fratesi, and G. Brivio, Phys. Rev. B 80, 1–7 (2009).
16H. Hedgeland, B. Lechner, F. Tuddenham, A. Jardine, W. Allison, J. Ellis,

M. Sacchi, S. Jenkins, and B. Hinch, Phys. Rev. Lett. 106, 6–9 (2011).
17B. Lechner, A. De Wijn, H. Hedgeland, A. Jardine, B. Hinch, W. Allison,

and J. Ellis, J. Chem. Phys. 138, 194710 (2013).
18P. Rotter, B. Lechner, A. Morherr, D. Chisnall, D. Ward, A. Jardine, J. Ellis,

W. Allison, B. Eckhardt, and G. Witte, Nat. Mater. 15, 397–400 (2016).
19S. Rittmeyer, D. Ward, P. Gütlein, J. Ellis, W. Allison, and K. Reuter, Phys.

Rev. Lett. 117, 196001 (2016).
20R. Zwanzig, Annu. Rev. Phys. Chem. 16, 67–102 (1965).
21G. D. Harp and B. J. Berne, Phys. Rev. A 2, 975–996 (1970).
22D. Ward, Ph.D. thesis, University of Cambridge, 2013.
23H. Hedgeland, P. Fouquet, A. Jardine, G. Alexandrowicz, W. Allison, and

J. Ellis, Nat. Phys. 5, 561–564 (2009).
24J. Ellis, A. Graham, and J. Toennies, Phys. Rev. Lett. 82, 5072–5075 (1999).
25P. Fouquet, H. Hedgeland, A. Jardine, G. Alexandrowicz, W. Allison, and

J. Ellis, Physica B 385-386, 269–271 (2006).
26A. P. Jardine, H. Hedgeland, D. Ward, Y. Xiaoqing, W. Allison, J. Ellis, and

G. Alexandrowicz, New J. Phys. 10, 125026 (2008).
27S. Paterson, W. Allison, H. Hedgeland, J. Ellis, and A. P. Jardine, Phys. Rev.

Lett. 106, 256101 (2011).
28P. Kole, H. Hedgeland, A. Jardine, W. Allison, J. Ellis, and G. Alexandrow-

icz, J. Phys.: Condens. Matter 24, 104016 (2012).
29G. Benedek and J. Toennies, Surf. Sci. 299-300, 587–611 (1994).
30G. Benedek, M. Bernasconi, V. Chis, E. Chulkov, P. M. Echenique,

B. Hellsing, and J. P. Toennies, J. Phys.: Condens. Matter 22, 084020 (2010).
31R. Martı́nez-Casado, A. Sanz, and S. Miret-Artés, J. Phys.: Condens. Matter

22, 304017 (2010).
32A. Jardine, G. Alexandrowicz, H. Hedgeland, W. Allison, and J. Ellis, Phys.

Chem. Chem. Phys. 11, 3355–3374 (2009).
33C. Chudley and R. Elliott, Proc. Phys. Soc. London 77, 353–361 (1961).
34J. Vega, R. Guantes, and S. Miret-Artés, J. Phys.: Condens. Matter 16,

S2879–S2894 (2004).
35R. Martı́nez-Casado, J. Vega, A. Sanz, and S. Miret-Artés, J. Chem. Phys.

126, 000001–5 (2007).
36R. Martı́nez-Casado, J. L. Vega, A. S. Sanz, and S. Miret-Artés, Phys. Rev.

Lett. 98, 216102 (2007).
37B. J. Berne, J. P. Boon, and S. A. Rice, J. Chem. Phys. 45, 1086–1096

(1966).
38R. Kubo, Rep. Prog. Phys. 29, 255–284 (1966).
39M. Ottobre and G. Pavliotis, Nonlinearity 24, 1629–1653 (2011).
40L. Van Hove, Phys. Rev. 95, 249–262 (1954).
41R. Guantes, J. L. Vega, S. Miret-Artés, and E. Pollak, J. Chem. Phys. 120,

10768–10779 (2004).
42R. Martı́nez-Casado, A. Sanz, J. Vega, G. Rojas-Lorenzo, and S. Miret-

Artés, Chem. Phys. 370, 180–193 (2010).
43G. Alexandrowicz, A. Jardine, H. Hedgeland, W. Allison, and J. Ellis, Phys.

Rev. Lett. 97, 1–4 (2006).
44G. Alexandrowicz, P. Kole, E. Lee, H. Hedgeland, R. Ferrando, A. Jardine,

W. Allison, and J. Ellis, J. Am. Chem. Soc. 130, 6789–6794 (2008).
45B. Lechner, Ph.D. thesis, University of Cambridge, 2012.
46P. Hänggi, P. Talkner, and M. Borkovec, Rev. Mod. Phys. 62, 251–341

(1990).

https://doi.org/10.1080/00018730110107902
https://doi.org/10.1088/0953-8984/17/49/009
https://doi.org/10.1016/j.progsurf.2009.07.001
https://doi.org/10.1016/j.progsurf.2009.07.001
https://doi.org/10.1103/physrevlett.95.036101
https://doi.org/10.1103/physrevlett.95.036101
https://doi.org/10.1038/nmat2166
https://doi.org/10.1021/cr0300789
https://doi.org/10.1021/ja906475w
https://doi.org/10.1021/ja906475w
https://doi.org/10.1063/1.1381102
https://doi.org/10.1088/0953-8984/19/30/305010
https://doi.org/10.1039/c5cp03123k
https://doi.org/10.1039/c5cp03123k
https://doi.org/10.1088/0953-8984/5/33a/003
https://doi.org/10.1016/s0167-5729(03)00012-8
https://doi.org/10.1063/1.1896945
https://doi.org/10.1103/physrevb.56.10567
https://doi.org/10.1103/physrevb.56.10567
https://doi.org/10.1103/physrevb.80.125426
https://doi.org/10.1103/physrevlett.106.186101
https://doi.org/10.1063/1.4804269
https://doi.org/10.1038/nmat4575
https://doi.org/10.1103/physrevlett.117.196001
https://doi.org/10.1103/physrevlett.117.196001
https://doi.org/10.1146/annurev.pc.16.100165.000435
https://doi.org/10.1103/physreva.2.975
https://doi.org/10.1038/nphys1335
https://doi.org/10.1103/physrevlett.82.5072
https://doi.org/10.1016/j.physb.2006.05.064
https://doi.org/10.1088/1367-2630/10/12/125026
https://doi.org/10.1103/physrevlett.106.256101
https://doi.org/10.1103/physrevlett.106.256101
https://doi.org/10.1088/0953-8984/24/10/104016
https://doi.org/10.1016/0039-6028(94)90683-1
https://doi.org/10.1088/0953-8984/22/8/084020
https://doi.org/10.1088/0953-8984/22/30/304017
https://doi.org/10.1039/b810769f
https://doi.org/10.1039/b810769f
https://doi.org/10.1088/0370-1328/77/2/319
https://doi.org/10.1088/0953-8984/16/29/003
https://doi.org/10.1063/1.2735586
https://doi.org/10.1103/physrevlett.98.216102
https://doi.org/10.1103/physrevlett.98.216102
https://doi.org/10.1063/1.1727719
https://doi.org/10.1088/0034-4885/29/1/306
https://doi.org/10.1088/0951-7715/24/5/013
https://doi.org/10.1103/physrev.95.249
https://doi.org/10.1063/1.1737299
https://doi.org/10.1016/j.chemphys.2010.02.013
https://doi.org/10.1103/physrevlett.97.156103
https://doi.org/10.1103/physrevlett.97.156103
https://doi.org/10.1021/ja800118x
https://doi.org/10.1103/revmodphys.62.251


194705-9 P. S. M. Townsend and J. Ellis J. Chem. Phys. 149, 194705 (2018)

47R. Guantes, J. L. Vega, S. Miret-Artés, and E. Pollak, J. Chem. Phys. 119,
2780–2791 (2003).

48L. Y. Chen and S. C. Ying, Phys. Rev. B 49, 13838–13847 (1994).
49J. Braun, D. Fuhrmann, M. Bertino, A. P. Graham, J. P. Toennies, C. Wöll,
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