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ABSTRACT
Over half of all observed hot subdwarf B (sdB) stars are found in binaries, and over half
of these are found in close configurations with orbital periods of 10 d or less. In order to
estimate the companion masses in these predominantly single-lined systems, tidal locking
has frequently been assumed for sdB binaries with periods less than half a day. Observed
non-synchronicity of a number of close sdB binaries challenges that assumption and hence
provides an ideal testbed for tidal theory. We solve the second-order differential equations
for detailed 1D stellar models of sdB stars to obtain the tidal dissipation strength and hence
to estimate the tidal synchronization time-scale owing to Zahn’s dynamical tide. The results
indicate synchronization time-scales longer than the sdB lifetime in all observed cases. Further,
we examine the roles of convective overshooting and convective dissipation in the core of sdB
stars and find no theoretical framework in which tidally induced synchronization should occur.

Key words: binaries: close – stars: horizontal branch – stars: interiors – stars: rotation –
subdwarfs.

1 IN T RO D U C T I O N

Hot subdwarf B (sdB) stars are compact sub-luminous stars. They
have surface temperatures between 20 000 and 40 000 K and surface
gravities 5 < log10(gsurf/cm s−2) < 6. The sdBs were first observed
by Humason & Zwicky (1947) and their spectra were quantified by
Sargent & Searle (1968). The stars are helium core burning with
low-mass hydrogen envelopes. Typically the stars spend around
150 M yrs in their He burning phase. They are thought to be the
cores of red giant branch (RGB) stars exposed by close binary-star
interaction (Han et al. 2002). One of the proposed mechanisms for
sdB formation is common envelope ejection. The sdBs produced in
this manner are in binary systems with orbital periods less than 10 d.
Observations suggest that about half of the observed sdB systems
lie in such configurations (Napiwotzki et al. 2004; Copperwheat
et al. 2011).

The close sdB binaries are spectroscopically single-lined with
either white dwarf (WD) or low-mass main-sequence dM compan-
ions. Eclipsing post-common-envelope sdBs with a dM companion
are referred to as HW Vir type systems. Unless it is eclipsing, it
is generally not possible to find the inclination of a system. This
means it can be difficult to estimate the component masses. By as-
suming tidal synchronization, a spectroscopic measurement of the
projected rotation velocity and an assumed radius constrains the
rotational period, the orbital inclination, and hence the companion
mass. Kudritzki & Simon (1978) first applied this method to the
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subdwarf O star HD49798. Geier et al. (2010) further applied the
same technique to a sample of 51 close sdB stars.

The fact that so many sdBs are in close binaries makes them an
ideal test bed for tidal dissipation theories. These theories have al-
ways been controversial for stars with convective cores and radiative
envelopes such as sdBs. Two competing theoretical prescriptions for
dissipation in such stars are given by Zahn (1975, 1977) and Tas-
soul & Tassoul (1992). Giuricin, Mardirossian & Mezzetti (1984)
demonstrated that the dynamical tide proposed by Zahn (1977) is
too inefficient to describe the observed level of synchronization
of some early main-sequence spectroscopic binaries, particularly
when the fractional radius of the convective region is below 0.05.
Tassoul & Tassoul (1992) address this efficiency issue by suggest-
ing that pumping across the Ekman boundary provides a mechanism
for tidal dissipation. Rieutord & Zahn (1997) dispute the physical
validity of Tassoul’s mechanism.

In Section 2, we review the current observations and previous
calculations of tidal synchronization. In Section 3, we address the
methods used for this paper, first by reviewing tidal theory, then by
discussing the numerical methods and finally the stellar models. In
Section 4, we present our results and Section 5 concludes.

2 O B S E RVAT I O N S A N D PR E V I O U S ST U D I E S
OF TI DA L SYNCHRO NI ZATI ON TI ME-SCALES

In a circular orbit, full tidal synchronization has been achieved when
the entire star rotates as a solid body with a spin period equal to
the binary orbital period. Until recently, only the surface rotation
of sdBs could be determined from rotational broadening of spectral
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Figure 1. Companion mass, M2, versus orbital period for all observed sdB
binary systems with orbital period less than 0.6 d. The masses of these
systems have been estimated from spectroscopic orbits. The white points
have assumed tidal synchronization.

Table 1. Rotation and orbit properties of sdBs with orbital periods below
0.6 d and known spin periods.

Name Porb/d Prot/d

CD −30◦11223 0.048 9 0.042 7 or 0.064 6
J162256+473051 0.069 789 0.115 156 352 3
NY Vir 0.101 016 0.101 016
Feige 48 0.343 75 ?
KIC 11179657 0.394 454 167 7.4
B4 0.398 5 9.63
KIC 02991403 0.443 075 10.3

lines. The metal lines are used to determine the projected equa-
torial speed vrotsin i. Pulsations of sdBs have been both predicted
(Charpinet et al. 1996) and observed (Kilkenny et al. 1997) mak-
ing them candidates for asteroseismology. If the stars are rotating,
one of the degeneracies of the pulsations is broken. This manifests
itself as a small symmetric splitting of the pulsation modes. If this
splitting can be resolved the internal rotation rate of the star can be
determined. If the rotation period and orbital period are known tidal
synchronization can be confirmed or dismissed.

2.1 Observational context

About 65 sdB binaries with orbital periods below 0.6 d have been
observed so far. The orbital periods and companion masses of this
sample are shown in Fig. 1. Of this sample some have assumed
tidal synchronization. The observations are summarized by Kupfer
et al. (2015) and in papers cited therein. Several pulsating sdBs
have been observed with the Kepler mission (Østensen et al. 2010).
The observed properties of the sdBs most relevant to this study are
summarized in Table 1.

Of all observed sdB binaries, NY Vir is the only object for which
the outer layers show evidence of synchronous rotation with the
binary orbit from asteroseismology (Charpinet et al. 2008). If the
star is in synchronous rotation it is a fast rotator which complicates

asteroseismological analysis. Charpinet et al. (2008) obtained an
sdB mass of 0.459 ± 0.006 M� from asteroseismology. Vučković
et al. (2007) solved for the binary properties of the system using
multiband photometric light curves and radial velocity curves from
high-resolution spectra. Owing to the correlation between the large
number of free parameters and degeneracies in the mass ratio of the
binary, three equally probable solutions were obtained. These three
solutions predict sdB masses of 0.530M�, 0.466M�, or 0.389 M�.
The companion mass M2 is either 0.11M� or 0.12 M� and the orbital
period of the binary Porb = 0.101016 d. Van Grootel et al. (2013)’s
seismic analysis measured an sdB mass of 0.471 ± 0.006 M�.

Feige 48 was initially thought to be synchronized with Prot =
9.02 ± 0.07 hr (Van Grootel et al. 2008) and Porb = 9.0 ± 0.5 hr
(O’Toole, Heber & Benjamin 2004). This Prot was determined
from asteroseismology with a six night campaign at CFHT. La-
tour, Fontaine & Green (2014) remeasured Porb = 8.24662 hr,
which challenges conclusion of tidal synchronization. In addition,
Fontaine et al. (2014) carried out an extensive 5-month asteroseis-
mic campaign which challenges the Prot obtained by Van Grootel
et al. (2008). The true Prot remains unknown.

Rotational splitting was measured for the three HW Vir type sys-
tems B4 (Pablo, Kawaler & Green 2012b), KIC 02991403 and KIC
11179657 (Pablo et al. 2012a). All of these were found to be rotat-
ing substantially sub-synchronously. B4 is a sdB binary in the NGC
6791 open cluster. It has Porb = 0.3985 d and Prot = 9.63 d. The
companion has been identified as a low-mass main-sequence star but
its mass has not been further constrained. KIC 11179657 has Porb =
9.4669 hr, Prot = 7.4 d, and M2 < 0.26 M�. KIC 02991403 has
Porb = 10.6338 hr, Prot = 10.3 d, and M2 < 0.26 M�.

The remaining sdB binaries observed with Kepler and with as-
teroseismically inferred rotation rates are PG1142-037 (Reed et al.
2016), KIC 7664467 (Baran et al. 2016), KIC 10553698 (Østensen
et al. 2014), and KIC 7668647 (Telting et al. 2014). These have
13 hr < Porb < 14 d and 35 d < Prot < 47 d. Typical rotation rates
for sdBs, without considering the effects of common envelope evo-
lution, have been approximated with measurements from red clump
stars, which are considered to have a similar evolutionary origin
(Mosser et al. 2012). If we take initial spin periods from those of
the red clump stars as lying between 30 and 300 d, the binaries in
wider orbits are not spun up while those in systems with Prot � 30 d
are somewhat spun up but predominantly not synchronized.

Further insight is provided by J162256+473051, the shortest pe-
riod HW Vir system known, with Porb = 0.069789 d (Schaffenroth
et al. 2014). The system is eclipsing, so the inclination is known and
the surface rotation rate can be directly measured from the line pro-
files. Combined with the measured radius, Prot = 0.1151563523 d
and so J162256+473051 is rotating non-synchronously. The mass
of the sdB star was found to be between 0.28 and 0.64 M�, with
MsdB = 0.48 ± 0.03 M� giving the best results (Schaffenroth et al.
2014). With the orbit fully solved, the mass of the unseen compan-
ion is found to be 0.064 M�, well below the H-burning threshold.
This is therefore evidence that sub-stellar companions can provide
enough energy to remove the H-envelope during common envelope
evolution but not enough torque to synchronize the sdB star.

To date, the shortest period sdB binary is CD −30◦11223 with
Porb = 0.0489 d. This system is eclipsing and displays clear signs
of ellipsoidal variations. Spectroscopically, the projected surface
rotation vrot sin i = 177 ± 10 km s−1 and the inclination i = 83.8◦

± 0.6 (Vennes et al. 2012). The logarithmic surface gravity
log(gsurf/cm s−2) of this sdB has been measured as 5.72 from high-
dispersion spectra and 5.36 from low-dispersion spectra (Vennes,
Kawka & Németh 2011). The higher solution gravity is consis-
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Figure 2. The ratio of synchronization time-scale to the extreme horizontal
branch lifetime as a function of the orbital period for the known close sdB
binaries with orbital periods less than 0.6 d as calculated by Geier et al.
(2010) using Zahn’s mechanism. Geier’s calculations of Zahn’s dynamical
tide suggest that sdB stars synchronize with orbital periods less than 0.39 d.

tent with the system being synchronized but the lower is not. If the
canonical mass of 0.47 M� is assumed for the sdB star, the compan-
ion mass M2 = 0.74 M�. A sdB mass of 0.54 M� and companion
mass of M2 = 0.79 M� also provide a consistent solution. Because
CD −30◦11223 is an extreme system with both a short orbital pe-
riod and a high companion mass, it is the sdB binary most likely to
have been synchronized.

2.2 Previous calculations

Geier et al. (2010) investigated whether the assumption of tidal
synchronization could be used to determine the inclination and thus
yield the companion mass for close spectroscopically single lined
sdB binaries. They analysed a sample of 51 observed sdB stars in
binaries with periods below 10 d. They calculated synchronization
time-scales with the theoretical prescriptions described by Zahn
(1977) and Tassoul & Tassoul (1992). Fig. 2 applies the calculations
of synchronization due to Zahn’s dynamical tide to the set of known
sdBs with orbital periods less than 0.6 d assuming an EHB lifetime
of 150 Myr.

The Tassouls’ mechanism for dissipation predicts that all systems
with Porb < 10 d are synchronized which is not observed. Zahn’s
theory of dynamical tides describes tidal dissipation for stars with
convective cores and radiative envelopes. The synchronization time-
scales depend on the tidal coupling coefficient E2 which is highly
dependent on the structure of the star. The coefficient is laborious to
calculate so Geier et al. (2010) used a scaling from main-sequence
models and E2 was approximated as (rconv/RsdB)8 (Claret & Cunha
1997), where rconv is the radius of the convective core and RsdB is
the total radius of the sdB star. Note that rconv includes any semi-
convective region. The sdB model used had rconv/RsdB = 0.15 and
a canonical mass of 0.47 M�. The radii of the sdBs are calcu-
lated from observed spectroscopic gsurf. Zahn’s dynamical tide does
not consider dissipation via turbulent convection, this must be cal-

culated separately. See Sections 3.2 and 3.3 for details of these
mechanisms.

Geier et al. (2010)’s calculations of Zahn’s dynamical tide pre-
dicted that systems with orbital periods less than 0.39 d would syn-
chronize within the EHB lifetime. The study found that the systems
with orbital periods up to 1.2 d could be solved consistently under
the assumption of tidal synchronization. However, using this ap-
proach they found a dearth of systems at high inclinations and also
predicted some very large companion masses. The assumption of
tidal locking is further contradicted by Schaffenroth et al. (2014)
and the three Pablo observations. Follow up observations of some
of the Geier et al. (2010) systems have shown that the observed
companion masses are lower than those predicted.

In light of the asteroseismological results for sub-synchronously
rotating sdB systems with orbital periods substantially below 1.2 d,
Pablo (2012) recalculated the time-scales predicted by Zahn’s dy-
namical tide. This approach was to solve the two required structural
differential equations to get a precise E2. He did this for one de-
tailed stellar model with a mass of 0.478 M�, radius 0.298 R�, and
rconv/RsdB = 0.08 and an undisclosed radius of gyration. These
calculations found E2 to be significantly smaller than (rconv/RsdB)8.
Ultimately, he predicted that systems with Porb < 3.6 hr should be
synchronized within a typical sdB lifetime of 150 Myr. Pablo’s
study looked at only one sdB model which has a fairly large radius
compared to most sdBs and only considered dissipation owing to
excited, and subsequently damped, g-modes.

3 M E T H O D S

Calculation of the tidal effects for all dissipation mechanisms con-
sidered in this paper requires solving structural differential equa-
tions for detailed stellar models. A grid of stellar models was created
for this purpose and differential equation solvers were written and
included in the tidal dissipation calculation code.

3.1 Theory

The basic idea of tidal interactions (Fig. 3) is as follows. If a com-
panion is close to the star there is a difference in the potential
between the side closest to and that furthest from the companion
star. This causes a bulge to form along the line connecting the centre
of masses of the two stars. The star is distended both towards the
companion, because the matter there is pulled towards the compan-
ion, and away from the companion, because the matter there is less
tightly bound.

If the system is synchronized the bulge stays in the same place on
the star and always points towards the companion. If the system is
not synchronized and there is no dissipation mechanism, the bulge
moves around the star always pointing towards the companion. If
the system is not synchronized and there is a dissipative mechanism,
the bulge moves away from the line connecting the centre of masses.
This creates a torque through the star causing it to spin up or down
until it is synchronized, if such a stable configuration exists.

3.2 Convective dissipation

In convective regions the bulk movement of material over large dis-
tances causes a natural turbulent viscosity. This viscosity provides
a drag which prevents the bulge moving instantaneously around the
star and instead introduces a lag.

Closely following the formalism of Eggleton, Kiseleva & Hut
(1998) and Eggleton (2006), the tidal bulge is modelled as symmet-
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Figure 3. Schematic diagram illustrating basic tidal interactions. The top
panel is a single unperturbed star. In the second panel, the star has a close
companion causing tidal distortion in the form of a bulge on both sides of
the star. This system is either locked or has no dissipation because the bulge
is along the line connecting the centres of mass of the objects. The bottom
panel shows a tidally distorted star with some sort of dissipation mechanism
causing the bulge to move away from the line connecting the centres of mass
of the two stars. This system is rotating sub-synchronously, spinning slower
than it orbits, causing the tidal bulge to lag behind the line connecting the
two centres of masses. The tidal bulges then experience a torque that serves
to drive the system to synchronism.

ric with a shape described by a second-order Legendre polynomial.
The mean radius r̄ is constant over an equipotential of a tidally
distorted star and is defined so that

r̄ = r(1 + α(r)P2(cos θ )), (1)

where r(θ ) is radius, P2 is the second-order Legendre polynomial
and θ is the polar angle subtended in the star. The amplitude of the
distortion at a given radius of the star is defined by α which is di-
mensionless and highly dependent on the structure of the star. It can
be found by solving Clairaut’s second-order differential equation,

α′′ +
(

4

r
− 2φ′′

φ′

)
α′ +

(
2φ′′

rφ′ − 2

r2

)
α = 0, (2)

where φ is the gravitational potential of the star and primes de-
note derivatives with respect to the radius of an undistorted model
r = r̄ . In the homogeneous density case, α(r) = const. In the non-
homogeneous case, Clairaut’s equation can be solved for an unper-
turbed, non-rotating, detailed 1D stellar model, such as is output
by the STARS code (see Section 3.5). The solution for α then de-
scribes a 2D distorted star. The shape of which can be modelled
with a quadrupole tensor qij. The moment of this quadrupole tensor
is denoted Q and defined by

Q =
∫ R

0

4πρr4(5α + rα′)
5MR2α(R)

dr, (3)

where ρ(r) is the density of the star at a given r, α(R) is α(r) at the
surface of the star and R is the total radius of the star.

If the orbit of the binary is not synchronized with the rotation, a
time varying velocity field is produced within the star as tides are
raised and lowered. A model of the interior of the star as a fluid with
constant density along equipotentials and a tidal bulge described by

a Legendre polynomial allows the velocity field to be described with
the equation of continuity. The shape of the tidal distortion can be
re-written as

r̄ = r + α(r)

r
H, (4)

where H(r, θ ) is a harmonic function describing the shape of the
distorted star and r̄ is constant in θ ,

H (r, θ ) = r2P2(cos θ )

d3
, (5)

with ddd being the centre of mass of the system and d = |ddd|. With
the time derivative of H denoted by K, the continuity equation can
be satisfied by by the velocity field vvv defined as

v = −1

2
β(r)α(R)∇K. (6)

Here,

β(r) = − 1

ρ

∫ R

r

α(r)

α(R)

dρ

dr
dr. (7)

From mixing length theory, the local turbulent viscosity can be
approximated as ν = wl, where w is the mean velocity of the
turbulent eddies and l is the mixing length which refers to the size
of the largest cells. As the tidal bulge moves around the star, this
viscosity provides a dissipative mechanism for the tides. The rate
of dissipation of the mechanical energy ε through the star is

− dε

dt
= 1

2

∫
ρwlt2

ij dV = 9M2
2 R6

2M2
1 (1 − Q)2

s2
ij

∫ M1

0
wlγ (r)dm.

(8)

The rate of strain tensor is described by tij and sij is the symmetric,
time dependent, space independent stress tensor. The masses of the
primary and secondary stars are given by M1 and M2, respectively,
and

γ (r) = β2 + 2

3
rββ ′ + 7

30
r2β ′2. (9)

The viscous time-scale of the convective region τ visc is defined by

1

τvisc
= 1

M1R
2
1

∫ M1

0
wlγ (r)dm. (10)

Care must be taken here to evaluate this only in the convective
regions of the star. The tidal time-scale can be found to be

τtide = 2τvisc

9

a8

R8

M2
1 (1 − Q)2

M2(M1 + M2)
. (11)

From this tidal time-scale, the rate of change of rotational angular
velocity d�

dt
can be found to be

d�

dt
= ω

τtide

(
1 − �

ω

)
M2

M1 + M2

a2

R2k2
r

. (12)

The radius of gyration of the star k2
r refers to the distribution of

the components of an object around its rotational axis. It is defined
so that k2

r = I/MR2, where I is the moment of inertia of the star.
Solving this first order differential equation allows �(t) to be found.
From this, the time taken to arrive at a synchronous state can be
calculated as

τsync = log

(
ω − �0

ω − �

)
τtide(M1 + M2)R2k2

r

M2a2
. (13)

It is assumed that the orbital angular velocity ω remains constant
over these time-scales because the moment of inertia of an sdB star
is small compared to that of the binary orbit.
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3.3 Zahn’s mechanism of radiative dissipation

Zahn (1975, 1977) developed a theory of dynamical dissipation for
stars with radiative envelopes and convective cores. The periodic
tidal potential induced by the companion star resonates with g-
modes in the core. At the radiative boundary, these excited g-modes
are damped. This provides a mechanism for tidal dissipation. The
resultant characteristic synchronization time-scale is given by

1

τsync
= 5 · 25/3

(
gsurf

R

)1/2

k2
r

(
R

a

)17/2

q2(q + 1)5/6E2, (14)

where gsurf is the surface gravity of the star and the mass ratio of the
stars is q = M2/M1. The tidal coefficient E2 describes the coupling
between the tidal potential and the excited pulsations. It is highly
dependent on the structure of the star and is defined as

E2 = 38/3�( 4
3 )2

(2n + 1)(2(2 + 1))4/3

ρR3

M

((
N 2

x 2

)′

cc

ρR3

gs

)−1/3

H 2
2 , (15)

where �( 4
3 ) = 0.48060041894 and x is the fractional radius r/R.

The Brunt–Vaisala frequency N2 characterizes the buoyancy of ma-
terial within the star. The primes denote derivatives with respect to
x. The subscript cc refers to the convective boundary location. The
quantity H2 is

H2 = 2 × 2 + 1

((n − 3)Y (1) + Y ′(1))X(xcc)

∫ xcc

0

(
Y ′′ − 2(2 + 1)

Y

x2

)
Xdx.

(16)

where Y is the solution to the differential equation

Y ′′ − 6

x

(
1 − ρ

ρ̄

)
Y ′ −

(
6 − 12(1 − ρ

ρ̄
)

)
Y

x2
= 0, (17)

which is evaluated throughout the star, and X is a structural quantity
given by the solution to the differential equation

X ′′ − ρ ′

ρ
X ′ − 6

x2
X = 0, (18)

which is only evaluated in the convective region. This description
of tidal dissipation does not consider the effect of the convective
dissipation. This theory again models the tidal bulge as a second-
order Legendre polynomial.

3.4 Differential equation solvers

Both dissipation prescriptions require solutions to second-order dif-
ferential equations for detailed 1D stellar models. Both differential
equations are initial value problems that can be solved with integra-
tor methods. We constructed an Euler solver, second-order Runge–
Kutta solver and a fourth order Runge–Kutta solver based on the
algorithms presented by Conte & Boor (1980). These methods all
allow for variable step sizes so errors introduced by interpolation
can be avoided. The Euler solution is the fastest computationally
but also the least accurate. However, all the methods predicted the
same time-scales to within 0.5 per cent.

3.5 Stellar models

All the stellar models used were created with the Cambridge STARS
code (Eggleton 1971). STARS has been modified substantially since
its inception (Stancliffe & Eldridge 2009). It uses OPAL II type
opacity tables, allows for binary evolution and follows the chemical
evolution of 1H, 3He, 4He, 12C, 14N, 16O, and 20Ne. The code uses an

Figure 4. The H composition profile through the post He-flash model. The
purple line is the profile of the degenerate star just before He ignition. The
black line is the profile of the He burning non-degenerate star before mod-
ifying the core or envelope. The purple points show the adjusted 1.75 M�
post He-flash model. The adjusted profile maintains the steep composition
gradient formed during the red giant branch phase.

adaptive non-Lagrangian mesh. Convection is treated with mixing-
length theory (MLT) as described by Böhm-Vitense (1958) and uses
an MLT parameter of α = 2.0 (defined as the ratio of mixing length
to pressure scale height). Semi-convection is treated as a diffusive
process (Eggleton 1972). Convective overshooting as described by
Schroder, Pols & Eggleton (1997a) is also included. Mass-loss on
the red giant branch (RGB) is described by Reimers’ prescription
(Reimers 1977). The sdB star models were made with the method
described by Hu et al. (2010) as follows.

3.5.1 The He flash

The STARS code cannot evolve stars through the He-flash inde-
pendently. To imitate this process, a star with just enough mass to
ignite He quietly and non-degenerately is created (Pols et al. 1998).
This is allowed to evolve until just after He is ignited. Next, mass
is removed from the star to give it the desired mass. The composi-
tion profile through the star is modified and the core is allowed to
grow a little to give the same envelope profile and core mass as its
degenerate counterpart. The H composition profile for the 1.75 M�
post He-flash star is displayed in Fig. 4. This method works on the
principle that once He is ignited, the degeneracy of the core is lifted,
and also that the stellar structure is independent of the evolutionary
history.

3.5.2 The sdB stars

The sdBs were made from three different mass progenitors,
1.25M�, 1.5M�, and 1.75 M�. These stars had respective core
masses of 0.4680M�, 0.4614M�, and 0.4510 M� at the tip of the
RGB. Common envelope ejection was simulated with high mass-
loss rates. During the common-envelope simulation the nuclear
reactions were turned off and the star was kept in thermal equilib-
rium. The mass-loss was stopped with envelope masses distributed
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Figure 5. The logarithm of the surface gravity as a function of effective
temperature Teff. The tracks are the sdB models. The observed quantities for
the known close sdB binaries shown in Fig. 1 are plotted in black with error
bars. The sdBs with the largest envelope masses have the lowest effective
temperatures and surface gravities.

Figure 6. The evolution of the fractional radial extent of the convective
core over the sdB evolution for a single evolutionary sequence against time
t measured from the start of the sdB phase. Towards the end of the sdB
evolution core breathing pulses can be seen. The model is a 0.47 M� sdB
star with a 10−4 M� envelope.

between 0, where the hydrogen mass fraction reached 0.1, and
0.02 M� giving a range of resultant sdB masses distributed near
the canonical mass of 0.47 M�. Each sdB model was then allowed
to relax on to the zero-age extreme horizontal branch (ZAEHB)
and then to evolve through He burning. As discussed by Schindler,
Green & Arnett (2015), overshooting affects the mass of the sdB’s
convective region during its evolution. Models with no overshoot-
ing and an overshooting parameter of δov = 0.12 (Schröder, Pols

Figure 7. E2 as a function of the ratio of the radial extent of the convective
zone of the ZAEHB sdB models. The blue circles are E2 calculated as
(rconv/RsdB)8 and the green circles are E2 calculated by solving the required
second order differential equations. The blue line is that used for Geier
(2010)’s study. The two different methods for calculating E2 give results
that differ by an average of 4 orders of magnitude and show that scaling
from main-sequence models does not work.

Figure 8. As Fig. 2 with tsync computed via Zahn’s mechanism with E2 =
10−10.6.

& Eggleton 1997b) were created. This results in a grid of over 800
stellar models with a range of envelope masses and evolutionary
states. Fig. 5 shows the sdB models on a Teff–logg diagram with
the observed close sdBs from Fig. 1. The radial growth of the con-
vective core for a single sdB evolutionary sequence can be seen in
Fig. 6 for an sdB model with MsdB = 0.47 M� and envelope mass
10−4 M� and no convective overshoot.

4 R ESULTS

We calculated synchronization time-scales for all of the modelled
sdBs with companion masses below the Chandrasekhar mass limit
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Tidal Interactions of Close sdB Binaries 721

Figure 9. Plot of synchronization time-scales by convective dissipation for a single ZAEHB sdB model with Msdb = 0.47 M�, Menv = 10−4 M�. Companion
masses less than the Chandrasekhar mass limit and orbital periods less than 0.5 d were calculated. Observed stars are open points with error bars. The
synchronization time is shown in the colour bar. Only the closest sdBs with intermediate-mass white dwarf companions are expected to synchronize within the
sdB lifetime.

and orbital periods less than 4 hr for dissipation by Zahn’s pre-
scription. Our results suggest that the sdBs cannot become tidally
synchronized within the extreme horizontal branch (EHB) lifetime.
Traditionally, the dynamical tide assumes no dissipation via the
equilibrium tide. In the case of sdBs, this assumption may not be
valid. The sdBs have had the majority of their envelope removed
meaning that the convective core now occupies a much more sub-
stantial fraction of the star. The synchronization time and change in
the rotational period due to the equilibrium tide is also calculated.

4.1 Zahn’s dynamical tide

Previous studies of tidal synchronization for sdB stars have focused
on Zahn’s prescription of tidal dissipation which applies to stars
with convective cores and radiative envelopes. The grid of models
discussed in Section 3.5 was used to solve equations (17) and (18)
and then to find the tidal coefficient E2. The results of these cal-
culations are shown in Fig. 7. This re-calculation of E2 shows that
the main-sequence scaling treatment is a poor approximation. The
parametrization overpredicts E2 by at least a factor of 3000. In ad-
dition, E2 is highly sensitive to the relative size of the convective
region and spreads over two orders of magnitude.

Geier et al. (2010) assumed rconv/RsdB = 0.15. The ZAEHB
sdB model with rconv/RsdB = 0.15 has E2 = 10−10.6. The results
of applying this to the synchronization calculations can be seen in
Fig. 8. None of the systems reach synchronization within the sdB
lifetime and so the dynamical tide cannot explain any observed tidal
synchronization. This approach assumes that all sdB stars have the
same E2, which has been demonstrated to be incorrect and will be
addressed further in Section 4.3.

4.2 Basic convective dissipation

We consider convective dissipation in the model of a zero-age ex-
tended horizontal-branch (ZAEHB) star with Msdb = 0.47 M� and
Menv = 10−4 M�. As a preliminary investigation into the signifi-
cance of convective dissipation, the Porb and M2 parameter space

for tidal synchronization within the EHB lifetime for a single sdB
model has been computed and is shown in Fig. 9. This plot shows
the results for convective dissipation assuming an initial rotation
period of 100 d based on observations of rotation rates of red clump
stars (Mosser et al. 2012). As can be seen, synchronization is not
achieved within the EHB lifetime by this mechanism except for
the shortest period systems with relatively high-mass white dwarf
companions. These systems rapidly reach a state of tidal synchro-
nization. The model was selected because it has the canonical mass
of 0.47 M� and one of the lower mass envelopes of the grid. Owing
to its influence on the overall stellar radius, the envelope mass is
the main factor governing the fractional radial extent of the convec-
tive region. A model with a low envelope mass synchronizes more
quickly than one with a higher envelope mass. Closer examination
of the mixing length and velocity of this model shows that the con-
vective turnover time is substantially longer than the orbital period.
This results in the tidal forces being significantly damped because
convective elements do not travel over the full mixing length during
one orbital revolution (Goldreich & Keeley 1977). The implications
of this damping are discussed the next section.

4.3 Synchronization time-scales

Convective dissipation approximates the convective viscosity as
ν = wl, where w is the local velocity of MLT convective cells
and l is the size of these cells. The convective turnover time was
found to be orders of magnitude longer than the orbital periods at
which tides are most effective. This means the dissipation of the
tides is damped. The damping factor is introduced to the equation
for finding the convective time-scale of the tides and equation (9) is
updated to

1

τvisc
= 1

M1R
2
1

∫ M1

0
wlγ (r)�(r)dm. (19)

Hurley, Tout & Pols (2002) define the damping factor �(r) as

�1(r) = ∣∣ Porb

2tturnover

∣∣. (20)
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Figure 10. The synchronization time for CD −30◦11223 as a function of the fractional size of the convective region for the ZAEHB models. The different
mixing length (MLT) prescriptions are defined in Section 4.3. The initial rotation period (Prot 0) and choice of damping factor (�1(r) or �2(r)) are shown
in the legend for each panel. MLT3 predicts the shortest time-scales whilst MLT1 predicts the longest. Dynamical calc refers to Zahn’s calculations with E2

calculated as discussed in the text. Dynamical approx refers to Zahn’s calculations with E2 = (rconv/RsdB)8.

Zahn (1966) had previously introduced

�2(r) = ∣∣ Porb

2tturnover

∣∣2
. (21)

Penev et al. (2007) carried out 3D hydrodynamical simula-
tions to investigate this damping and obtained results more
in agreement with �1(r). They suggest that these results are
most applicable to tidal dissipation in gaseous planets owing to
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Figure 11. The synchronization time as a function of sdB age for a 0.47 M�
sdB star with a 10−4 M� envelope. An initial rotation period of 1 d and a
damping factor �(r)1 were used.

uncertainties in stellar convection feedback. We compare the two
cases here.

The mixing length in the core of the star tends to infinity when
defined as l = αP/ρg, where α is the mixing length parameter, P
is the pressure, ρ is the density and g is the gravity. It is unphys-
ical for l to exceed the radius of the convective region so several
different approximations were used to study the effect on the tidal
synchronization times. The four mixing lengths examined are as
follows:

(i) MLT1 is l as predicted by traditional mixing length theory
(ii) MLT2 is l restricted to the distance to the edge of the convec-

tive region. This is the most necessary constraint.
(iii) MLT3 has l limited so that the convective turnover time is

just less than the orbital period and so the tides are not damped.
Assuming l = rconv/20 satisfies this.

(iv) MLT4 has l = rconv/50.

CD −30◦11223

The effects of initial rotation rate and different damping factors
are considered for the full set of ZAEHB models and applied to the
CD −30◦11223 system in Fig. 10. Properties of CD −30◦11223 can
be found in Table 1. The majority of models predict synchronization
time-scales longer than the typical EHB lifetime. In the most effi-
cient cases, with a modified MLT, synchronization via convective
dissipation, is predicted within the EHB lifetime for some models.
Even the models which predict synchronization within the EHB life-
time do so on times comparable to this evolutionary stage meaning
assumptions of tidal synchronization should be made with extreme
care. An initial rotation rate of 1 d only has a very small effect on
the synchronization time-scales.

The equilibrium tidal dissipation time-scales are generally longer
than dynamical tide dissipations unless MLT3 or MLT4 are used as
can be seen in Fig. 10. Calculation by Geier et al. (2010)’s method
predicts synchronization well within the EHB lifetime of 150 Myr.
However detailed calculation of E2 does not predict this system to

be synchronized. The results are slightly different to those predicted
in Section 4.1 because E2 is calculated individually for each model.

Without taking damping of the tidal dissipation into considera-
tion, shorter mixing lengths predict longer synchronization times
because the viscosity in the convective region is smaller. However,
the fastest synchronization predictions are for MLT3 because the
convective turnover time for this scheme is just below the thresh-
old for the damping to be applied. If the mixing length is longer
than this the dissipation of the tides are damped and if the mixing
length is shorter the viscosity decreases. When �1(r) is used the
dependence on the mixing length is decreased for MLT1 and MLT2.
MLT3 and MLT4 have convective turnover times shorter than the
orbital period and so are not affected by the damping. MLT4 pre-
dicts slightly longer synchronization times than MLT3 because it
has a lower viscosity.

The synchronization time as a function of sdB age for a 0.47 M�
sdB star with a 10−4 M� envelope can be seen in Fig. 11. The
ZAEHB models predict the shortest synchronization time-scales.
For these calculations, a damping factor of �(r)1 and an initial
rotation rate of 1 d were used.

4.4 Change in rotational period over sdB lifetime

At this stage, it is apparent that sdB stars do not synchronize in
the EHB lifetime. Despite this, the tides may still cause the stars
to be spun up to some degree. The change in the angular velocity
�(t) of the sdB star as it evolves can be calculated by integrating
equation (12) with kr, R, and τ tide are all functions of time.

These calculations were applied to the systems CD −30◦11223 ,
J162256+473051, and NY Vir to find the rotational period at the
TAEHB. J162256+473051 is the shortest period sdB binary not
observed to be tidally synchronized. It has Porb = 0.069 d and sub-
stellar companion mass M2 = 0.064 M�. Neither convective dis-
sipation nor radiative dissipation predict the synchronization of this
system. NY Vir is the only sdB with asteroseimsological evidence
suggesting that it is rotating synchronously. The rotational period
at the TAEHB was calculated using �1(r) and �2(r) and multiple
mixing length schemes and can be seen in Fig. 12.

In contradiction to the observations, J162256+473051 is pre-
dicted to be spun up more than NY Vir by the time it reaches
the TAEHB. This is due to the fact that the orbital period of
J162256+473051 is substantially shorter than that of NY Vir.

Using traditional mixing length theory or restricting the mixing
length to the Schwarzschild radius, we find the stars not to be spun
up at all. If the mixing length is limited so that the convective
turnover time is faster than the tides and the tidal forces are no
longer dissipated, all three systems considered are spun up to some
degree. If �1(r) is used the mixing length dependence becomes less
strong. MLT3 and MLT4 are independent of �(r) because they have
sufficiently fast convective turnover times.

4.5 Convective cores and associated uncertainties

The models presented above use standard convection theories
widely implemented in stellar evolution codes. However, the ex-
tent of the convective core measured in some asteroseismic studies,
log (1 − mconv/MsdB) = −0.30 (Van Grootel et al. 2010; Charpinet
et al. 2011), is somewhat larger than that seen in our models. Addi-
tional evidence from white dwarf asteroseismology (Giammichele
et al. 2018) suggests even more of the core of the post horizontal-
branch star has been homogenized, presumably by additional con-
vective processes. Evidence suggests that red clump stars also have
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724 H. P. Preece, C. A. Tout and C. S. Jeffery

Figure 12. The rotational period of the sdB evolutionary sequences at the TAEHB is shown as a function of the envelope mass of the model. The MLT and
damping prescriptions are described in Section 4.3. Whilst the envelope mass does not directly influence the radius of the convection zone it is the main factor
governing the stellar radius RsdB. Tidal interactions are strongly dependent on rconv/RsdB. The data points shown here are for evolutionary sequences with an
rconv/RsdB which varies.
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larger convective regions than predicted by standard stellar models
(Constantino et al. 2015). A newly adopted maximal overshoot-
ing scheme must be used to reproduce the period spacings of the
g-dominated mixed modes observed in these stars. However, the
physical validity of such a scheme is still in question.

Recent theoretical investigations show that extreme care must be
taken when determining edges of convective regions in stellar evo-
lution codes (Gabriel et al. 2014; Paxton et al. 2018). Both studies
find that the exact method used to find the convective boundary has
consequences for the subsequent evolution of a model.

In summary, the physics of helium burning cores is still not well
established. In the context of tidal interactions, a larger convec-
tive core mass implies a larger fractional convective core radius
and hence a shorter tidal synchronization time. However, in the ab-
sence of a self-consistent framework in which to compute extreme-
horizontal branch models with larger convective cores, it is not
possible to compute the effect directly. A parametric investigation
would make a worthwhile study.

5 C O N C L U S I O N S

The goal of this study was to find synchronization time-scales for
short period sdB binary systems. A grid of sdB models was created
with the STARS code for a variety of progenitor masses, envelope
masses, and treatments of convection. Previous studies have pre-
dominantly used Zahn’s theory of dynamical tides with a scaling
from main-sequence models to find the synchronization times. Re-
calculating the tidal coefficient E2 for the grid of sdBs shows scaling
from main-sequence models overpredicts E2 by a factor of at least
3000. The synchronization time-scales should be several orders of
magnitude longer. As a result, estimates of Zahn’s dynamical tide
synchronization time-scales are longer than EHB lifetimes, even for
the extreme case of CD −30◦11223.

The sdB stars have convective cores which provide a mecha-
nism for tidal dissipation. By solving Clairaut’s equation, the tidal
synchronization times owing to turbulent convection have been cal-
culated. Initial calculations of the convective tides predicted that the
three sdB systems with the most massive WD companions should
be synchronized. Closer examination revealed that the orbital period
is typically shorter than the convective turnover time. This causes
the convective dissipation of the tides to be damped and become
substantially less efficient. The damping coefficient depends on the
turnover time for viscous elements within the star and is calculated
with mixing length theory. The damping factor causes estimates of
synchronization time-scales to increase by several orders of magni-
tude so that no sdB binary systems are conclusively predicted to be
synchronized.

Traditional mixing length theory predicts a singularity at the stel-
lar centre. The effects on tidal synchronization time-scales when
the mixing length was altered to remove this singularity were ex-
amined. Reducing the mixing length to avoid the central singularity
generally increases the synchronization time because the estimated
viscosity decreases. The optimal case for tidal dissipation is to re-
duce the mixing such that the convective turnover time is slightly
shorter than the orbital period so that the tidal dissipation is not
damped. Even in this case synchronization is not achieved because
the viscosity is substantially reduced and the tidal interactions are
less efficient.

The rotational periods of sdB stars at the TAEHB were calculated
to investigate the impact of the tides. The models with the optimally
chosen mixing length and with envelope masses less than 0.01 M�
are most substantially affected by the tides. The convective region

accounts for a larger fractional volume in the sdBs with the lowest
mass envelopes so tides are more effectively dissipated.

With the theoretical framework presented, tidal synchronization
times for EHB stars are long, but not excessively so, compared
with nuclear lifetimes. With evidence from asteroseismology that
convective core sizes may be larger than those predicted by classi-
cal convection theory, and with the possibility that the tides could
induce differential rotation with the EHB star, these avenues of
exploration still open.
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