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Abstract

The central idea in this thesis is the introduction of a new isometric invariant of
a Banach space. This is Property AI-I. A Banach space has Property AI-I if when-
ever a finite metric space almost-isometrically embeds into the space, it isomet-
rically embeds. To study this property we introduce two further properties that
can be thought of as finite metric variants of Dvoretzky’s Theorem and Krivine’s
Theorem. We say that a Banach space satisfies the Finite Isometric Dvoretzky
Property (FIDP) if it contains every finite subset of `2 isometrically. We say that
a Banach space has the Finite Isometric Krivine Property (FIKP) if whenever p is
such that `p is finitely representable in the space then it contains every subset of
`p isometrically. We show that every infinite-dimensional Banach space nearly has
FIDP and every Banach space nearly has FIKP. We then use convexity arguments
to demonstrate that not every Banach space has FIKP, and thus we can exhibit
classes of Banach spaces that fail to have Property AI-I. The methods used break
down when one attempts to prove that there is a Banach space without the FIDP
and we conjecture that every infinite-dimensional Banach space has the FIDP.
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Introduction

One of the oldest themes in Banach space theory is to attempt to find structural
properties that are true either for all Banach spaces, or all Banach spaces within
a certain class. Over time, research interests have changed from finding linear
structural properties, i.e., properties that are dependent upon subspaces, to finding
metric structural properties, i.e., properties that are dependent upon subsets.

We will begin by introducing three metric properties of a Banach space. These
metric properties are the key in understanding the motivation of the work under-
taken here. The results we obtain are limited versions of ’compactness’ that work
for Banach spaces that exist in certain classes.

We will begin with an overview of these three properties - any notation and ter-
minology will be defined later.

Property AI-I

The first metric property we consider is a very general one. We say that a Ba-
nach space X has Property AI-I (AI-I stands for ”almost isometric to isometric”)
if whenever a finite metric space almost-isometrically embeds into X it isometri-
cally embeds into X.

More specifically, we say that a Banach space X has Property AI-I if whenever
M is a finite metric space such that for all e > 0 there is a (1 + e)-distortion
embedding of M into X, M isometrically embeds into X.

This attempts to capture a compactness principle - the way one would want to
create such an isometric embedding is by considering (1 + 1/n)-distortion em-
beddings and then passing to a subsequence to construct an isometry. There is
no naive way of doing this in infinite dimensions, so we have to use more com-
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plicated arguments.3

It should be relatively clear to the reader that the spaces `2 and `• have Property
AI-I. It is trivial that `• has Property AI-I, indeed, `• contains every finite metric
space isometrically. For `2, we can observe (by a Gram-Schmidt argument) that
every n-point subset of `2 is isometric to an n-point subset of `n

2 , and we can thus
use the limiting procedure detailed above.

Our general question is whether a Banach space X has Property AI-I, ideally find-
ing some specific ’nice’ linear property that is equivalent to it (or even implies it.)
The generality of Property AI-I makes this a hard task. We can restrict the gener-
ality of Property AI-I to ask easier questions, and we can restrict Property AI-I in
two ways.

The first is that we could restrict to certain classes of Banach spaces. This results in
questions of the type: Does every uniformly convex Banach space have Property
AI-I? Does every Banach space with a ’very nice’ basis have Property AI-I?

The second is that we could restrict the class of metric spaces under consideration.
If U is a class of metric spaces, we could restrict the definition of Property AI-I
to only metric spaces in this class, i.e., a Banach space X has Property AI-I(U ) if
whenever a finite metric space in U almost-isometrically embeds into X then it
embeds isometrically into X. Evidently, for a space to have property AI-I, it must
have Property AI-I(U ) for any class of metric spaces U .

We consider two classes U throughout our work. These classes (which we detail
below) are chosen due to their interaction with the linear properties of a Banach
space. A careful analysis of these two properties will give certain spaces that fail
Property AI-I. Whenever our work on these properties yields information about
Property AI-I we will point it out to the reader.

A Finite Isometric Dvoretzky Property

Suppose that X is an infinite-dimensional Banach space. By Dvoretzky’s theorem,
for any finite subset M of `2 there is a (1 + e)-distortion embedding of M into X.
We say that a Banach space X has the Finite Isometric Dvoretzky Property, or X
has FIDP for short, if it contains every finite subset of `2 isometrically.

3In finite dimensions we iteratively pass to norm convergent sequences, and this gives us our
isometry. In any dual Banach space we have weak-star convergence, however this does not help
to construct isometries.
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This is a restriction of Property AI-I that is of interest in all infinite-dimensional
Banach spaces. We also have restrictions of Property AI-I that are of primary
interest in Banach spaces lying in some fixed class.

A Finite Isometric Krivine Property

Suppose that X is an infinite-dimensional Banach space. There is some p such
that `p is finitely represented in X (by Krivine’s theorem). Then for any finite
subset M of `p there is a (1 + e)-distortion embedding of M into X. We say that a
Banach space has the Finite Isometric Krivine Property, or X has FIKP for short,
if it contains every finite subset of `p isometrically

We note that the three properties above are all about finite subsets of Banach
spaces. At various points throughout the text, we will have cause to mention
infinite discrete subsets of a Banach space. This is not necessarily the main goal
of our work, however, our methods will sometimes give us insights into infinite
discrete subsets of a Banach space.

Structure of the Text

Chapter 1 of this work sets up the stage. We introduce the ideas necessary to
understand the arguments given in the thesis, and we build up the necessary
notation and terminology. We lean in the direction of giving more rather than
fewer details.

Chapter 2 discusses the case of `•, namely, it aims to discuss what is known about
the question ”If a Banach space X contains every finite dimensional Banach space
isomorphically does it contain every finite metric space isometrically?” We show
that such Banach spaces contain ’most’ finite metric spaces isometrically, but they
do not necessarily contain all finite metric spaces isometrically.

Chapter 3 discusses the case of `2, namely, it aims to discuss what is known about
the question ”If X is an infinite-dimensional Banach space, does it contain every
subset of `2 isometrically?” We prove a positive result for affinely independent
subsets of `2 then discuss what is known about affinely dependent subsets.

Chapter 4 discusses the case of `p, namely, it aims to discuss what is known about
the question ”If X is an infinite-dimensional Banach space that contains `n

p almost-
isometrically for each n, then does it contain every subset of `p isometrically?”

13
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We prove a positive result for ’almost all’ finite subsets of `p and give a negative
result in general.
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Chapter 1

Definitions, Notation and Known
Results

Our central objects of study are Banach spaces and metric spaces. This introduc-
tion is split into three parts: the first two parts are about terminology and known
results for Banach spaces and metric spaces respectively. The third is an assorted
collection of results that will be needed throughout.

Throughout this thesis we will be interested in embedding finite metric spaces
into Banach spaces. Infinite-dimensional Banach spaces throughout will be la-
belled X, Y, Z, . . . , with norms k.k (or k.kX if the dependence on X is needed),
finite-dimensional Banach spaces will be labelled E, F, . . . and metric spaces will
be labelled M, N, . . . with distances d (or dM if the dependence on M is needed.)

Points in X will be labelled x1, x2, x3, . . . , points in Y will be labelled y1, y2, y3, . . .
and moreover x and y will only ever refer to elements of Banach spaces. Points in M
will be labelled as m1, m2, m3, . . . and points in N will be labelled as r1, r2, r3 . . .
(generally the letter n will be used for dimension or sizes.) m and r will only ever
refer to elements of metric spaces.

If we refer to a matrix, we will always refer to matrices with calligraphic font, i.e.,
matrices will be M or P (since M is a metric space!)

Functions will either have long names that are obviously functions (e.g.., see Sec-
tion 1.2.4 for the function ”CMDet”), or if we need to use a specific letter for a
function we will use Greek letters, i.e., functions will thus be things like Q or F.
If we are considering continuous linear functions between Banach spaces, we will
use S, T, . . . .

15
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1.1 Banach Spaces

Throughout this thesis, Banach spaces will normally be considered over R: if we
are considering a Banach space over C we will mention it. We will use various
standard notation from the theory of Banach spaces including the following:

• BX = {x 2 X : kxk  1} is the closed unit ball of X

• SX = {x 2 X : kxk = 1 :} is the unit sphere of X

• If T : X ! Y is a bounded linear map between Banach spaces X and Y we
define kTk = sup{kTxk : x 2 BX}. This norm turns L(X, Y), the space of
all continuous linear maps between X and Y, into a Banach space.

• If X and Y are Banach spaces with dimension n, m respectively we identify
L(X, Y) with Matn⇥m(R), the set of all n ⇥ m real matrices.

• If (X, k.k) is a Banach space, and we equip it with a new norm k.k0, we say
that k.k and k.k0 are equivalent if there are strictly positive constants a, b such
that ak.k  k.k0  bk.k. If b

a  C we say that k.k and k.k0 are C-equivalent.

A subset A of a Banach space X is convex if whenever x, y 2 A we have that
lx+(1�l)y 2 X for all l 2 (0, 1). We note that BX is convex. We say that A is an
m�dimensional convex set if it is contained in some affine subspace of dimension
m, and it is not contained in any affine subspace of strictly smaller dimension.

The space `p,1 for 1 < p < • is the space of real sequences (xi)i2N such that

Â•
i=1 |xi|p < • and we equip `p with the norm kxkp = (Â•

i=1 |xi|p)1/p. We will
also be interested in the finite-dimensional variants of this, `n

p, which are vectors
in Rn with norm kxkp = (Ân

i=1 |xi|p)1/p. The corresponding space `• is the space
of bounded real sequences with norm kxk = supi |xi|, and `n

• is defined analo-
gously. We define c0 as the space of real sequences tending to zero, and observe
this is a closed subspace of `• in the k.k• norm, and thus (c0, k.k•) is a Banach
space. We define c00 to be those vectors of c0 with finite support.

In `p we will let the vector ei be the vector (0, . . . , 0, 1, 0, . . . ) where the i’th co-
ordinate is 1 and every other co-ordinate is zero. We note that `p is the closure in
the `p norm of c00 and c0 is the closure in the `• norm of c00.

1We note that we take `p with the subscript at the bottom. It is sometimes the case that peo-
ple write `p instead. We prefer to keep the subscript at the bottom because we will be using a
superscript n to denote dimensionality.
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For 1  p < • the dual of `p is canonically isometrically isomorphic to `p0 where
for 1 < p < • we have that 1

p + 1
p0 = 1, and for p = 1 we have that p0 = •.

p0 is called the conjugate index of p. The mapping from `p0 to `⇤p is given by the
mapping y 7! fy where fy(x) = Â•

n=1 ynxn. Similarly we have c⇤0 is canonically
isometrically isomorphic to `1. However, `⇤• is not canonically isometrically iso-
morphic to `1.

`2 is a Hilbert space, and we shall use the language of basic Hilbert space theory
throughout. The inner product is defined as hx, yi = Â•

n=1 xnyn.

If X and Y are two Banach spaces, we will write X �p Y for the p-direct sum
of X and Y. This is the space {(x, y) : x 2 X, y 2 Y} with norm k(x, y)k =

(kxkp + kykp)1/p, and we can show that it is a Banach space with this norm. If Xn

is a sequence of Banach spaces we will write (�•
n=1Xn)p for the infinite p-direct

sum of the Xn’s which is the space

{(xn)
•
n=1 : xn 2 Xn and k (kxnkXn)

•
n=1 kp is finite}

with norm k(xn)•
n=1k = k (kxnkXn)

•
n=1 kp. One can show that this is a Banach

space.

Correspondingly one can define the c0 direct sum of Banach spaces Xn. One
writes (�•

n=1Xn)c0
for the space {(xn)•

n=1 : xn 2 Xn and kxnkXn ! 0}. Similar to
the above this is a Banach space.

Basic results on the `p spaces, and basic results on the Hilbertian structure of `2,
including things such as proofs that `p is a Banach space with the norm given,
Hölder’s inequality, Minkowski’s inequality, the duality correspondence stated
above, . . . can be found in any introductory text on functional analysis, for exam-
ple, see [5].

The Banach–Mazur distance will also be required throughout. If X and Y are
Banach spaces, we let

d(X, Y) = inf{kTkkT�1k : T is an isomorphism from X to Y}.

We say that d(X, Y) = • if no isomorphism exists between X and Y. It is clear
that if two Banach spaces are isometrically isomorphic then d(X, Y) = 1. The
converse is not true, i.e., d(X, Y) = 1 is not enough for us to say that X and Y
are isometrically isomorphic. Indeed, all d(X, Y) = 1 means is that for any e > 0
there is an isomorphism T from X to Y such that kTkkT�1k < 1 + e. We will see
an example of this phenomenon as Theorem 1.1.19.
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It is well known that whenever E and F are two Banach spaces of the same dimen-
sion the Banach–Mazur distance between E and F is less than infinity, i.e., any two
Banach spaces of the same dimension are isomorphic. A slightly less well known
fact is that whenever E and F are n-dimensional, we have that d(E, F)  n, see
for example [5, Chapter 4].

If X is a Banach space and (xi)•
i=1 is a sequence in X, we say that (xi)•

i=1 is a basic
sequence if for every element y in span{xi : i 2 N} there are unique scalars (ai)•

i=1

such that y = Â•
i=1 aiyi. If we choose an element y of span{xi : i 2 N} we say

that the support of y is the set {i 2 N : ai 6= 0} where y = Â•
i=1 aixi. We say (yi)n

i=1

is a blocking of the xi’s if whenever i < j, k is in the support of yi and l is in the
support of yj then k < l.

If X and Y are Banach spaces, we say that X
C
,! Y if there is a mapping T : X ! Y

such that kxk  kTxk  Ckxk. We say that Y almost isometrically contains X if

X
1+e
,! Y for each e > 0. We write X ,! Y if X

C
,! Y for some C.

If Xn is a collection of Banach spaces and Y is a fixed target space, we say that
the Xn’s embed uniformly into Y, or Y uniformly contains Xn, if there is some C > 0

such that Xn
C
,! Y for all n. We will say that Y almost isometrically contains Xn if

the constant C in the above can be chosen to be 1 + e for any e > 0.

If X is a Banach space, then BX is compact if and only if X is finite-dimensional.

1.1.1 Some Remarks on `p

Among the `p spaces, `• and `1 have certain universality properties. The first of
these we will need to use later, and thus include a proof.
Lemma 1.1.1. Every separable Banach space embeds isometrically into `•.

This result is the beginning of the theory of universal spaces - we say that the
space `• is isometrically universal for the class of separable Banach spaces.

Proof. Since X is separable we can take some sequence x1, x2, . . . such that {xn} =

X. Use the Hahn-Banach theorem to choose functionals x⇤i such that x⇤i (xi) =

kxik and kx⇤i k = 1. Then the map T :! `• given by T(x) = (x⇤i (x))•
i=1 is the

required isometric embedding.

Indeed, since the x⇤i ’s have unit modulus it is clear that kT(x)k  kxk. By choos-
ing a sequence nj such that xnj ! x and letting j tend to infinity in the inequality

18
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kT(x)k � |x⇤nj
(x)|, we obtain that kT(x)k = kxk.

The second of these we include for interest, and will not include a proof of.
Lemma 1.1.2 (Unproved). Every separable Banach space is isomorphic to a quotient of
`1.

It is a classical fact that all of the `p spaces, for 1  p  •, together with c0, are all
mutually nonisomorphic. This can be seen either by the results of Section 1.1.6,
or by Pitt’s Theorem:
Theorem 1.1.3. [[1, Chapter 2]] If T : `p ! `q is a bounded linear map, with 1  q <

p < •, then T is compact, i.e., T(B`p)
`q is compact in `q.

This result (which we shall not prove) indicates that d(`n
p, `n

q ) ! • as n ! •.
Later on, however, we will be interested in estimates on d(`n

p, `n
q ):

Lemma 1.1.4. If 1  p  q  • we have that d(`n
p, `n

q )  n1/p�1/q (where if q = •
we interpret 1/q as zero.)

Proof. We consider the identity map T : `n
p ! `n

q , i.e., T(x1, . . . , xn) = (x1, . . . , xn)

and wish to estimate the norm of this map.

First we give an upper estimate. Note that

n

Â
i=1

|xi|p 
 

n

Â
i=1

1

!1�p/q n

Â
i=1

|xi|q
!p/q

by an application of Hölder’s inequality with exponent q/p (since q > p this
exponent is larger than 1.) Raising both sides to the power of 1/p we see that
kxkp  n1/p�1/qkxkq.

For a lower estimate, suppose that Ân
i=1 |xi|p = 1. Then

1 =
n

Â
i=1

|xi|p �
n

Â
i=1

|xi|q

(since q > p and every |xi|  1). Raising both sides to the power of 1/q shows
that kxkq  1. Homogeneity now shows that kxkp � kxkq.

These two arguments show that kTk · kT�1k  n1/p�1/q.

Remark 1.1.5. A great deal more can be said about this bound. The interested
reader can see Chapter 1 of the book [20] for more information. In the case 1 
p, q  2 or 2  p, q  • the bound given is tight. However, if 1  p  2  q  •
we get that d(`n

p, `n
q ) is bounded above by C max(n1/p�1/2, n1/2�1/q), where C is
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some absolute constant whose exact value is unknown. An example of this phe-
nomenon is that the real Banach spaces `2

1 and `2
• are isometrically isomorphic,

with the map T : `2
• ! `2

1 given by

(x, y) 7!
✓

x + y
2

,
x � y

2

◆
.

In `2 we have the property that any n-point subset of `2 embeds isometrically into
`n

2 . Indeed, if we have any x1, . . . , xn in `2 we may perform the Gram–Schmidt
procedure on x1, . . . , xn to find orthonormal vectors e1, . . . , ej (with j possibly dif-
ferent from n) such that xi lies in the span of {e1, . . . , ej}. A different argument
works in `• (see Section 1.2.3) and shows that any n-point subset of `• embeds
into `n

•.

One may hope that the same is true for `p, i.e., that for any n-point subset M of `p

there is an isometric embedding of M into `n
p. However, this is not true, a result

in the paper [3] shows that there is an n-point subset of `1 that embeds into `m
1

just when m � (n�2
2 ). However, we have the following theorem:

Theorem 1.1.6 ([3, Proposition 1]). Suppose M is an n-point subset of `p. Then M is
isometric to a subset of `(

n
2)

p .
Remark 1.1.7. This result is true more generally, in fact, if M is an n-point subset
of any Lp space (of which both `p and Lp form examples) then M is isometric to
an n-point subset of `(

n
2)

p .

The result here is key and will inform certain definitions and choices made in
the sequel. Theorem 1.1.6 gives us a mapping Q that associates to any n-point
subset of `p an n-point subset of `(

n
2)

p . In the sequel it is of relevance to know, say,
whether the mapping Q is continuous. This issue is discussed more completely
in a remark following Lemma 4.3.1.

To prove Theorem 1.1.6 we will need to use Carathéodory’s Theorem, which we
recall here:
Theorem 1.1.8. Suppose that V is a real vector space and A ⇢ V is an m�dimensional
convex set. If there is a collection {xg : g 2 G} such that A ⇢ conv({xg : g 2 G}) then
for any point x 2 A there exist g1, . . . , gm+1 and real numbers l1, . . . , ln � 0 such that

Âm
i=1 li = 1 and Âm

i=1 lixgi = x.

The proof of this statement is a relatively simple induction and can be found in,
say, [12, Section 1].
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⇥

Caratheodory’s theorem in this example says that any point in the shape is
contained in a triangle whose corners are three vertices.

The proof of Theorem 1.1.6 contains a lot of notation and ideas that are revisited
throughout this section.

Proof of Theorem 1.1.6. We will prove this theorem in the case of `p - this is the
only case we need. We consider the set Mn = {(kxi � xjkp)n

i,j=1 : (xi)n
i=1 are

points in `p}. We will call an element of Mn linear if the associated set x1, . . . , xn

can be isometrically embedded into R. Let K denote the intersection of Un with
the compact convex set {A 2 Matn(R) : Âi,j Aij = 1}. Let m = (n

2).

We claim that Mn is a convex set. We, in fact, show that Mn is a cone, i.e., a set
closed under positive scaling and under addition.

If we take A 2 Mn and B 2 Mn, then there are subsets of `p, {x1, . . . , xn} and
{y1, . . . , yn} such that kxi � xjkp = Aij and kyi � yjkp = Bij. We define elements
zj of `p as follows: the 2i’th term of zj is the i’th term of xj and the (2i + 1)’th term
of zj is the i’th term of yj. Then kzi � zjkp = kxi � xjkp + kyi � yjkp, i.e, we can
find a subset z1, . . . , zn of `p such that if we let Cij = kzi � zjkp then Cij = Aij +Bij.
It follows that K is convex, as it is the intersection of two convex sets.

Let L be the set of linear points points in K. Evidently the convex hull of L is
contained within K. Our goal is now to show that K is contained within the
convex hull of L. Since L is a compact set, the closure conv(L) is equal to conv(L),
so for the former all we need to do is show that every element is contained in the
closure of the convex hull of L.

Consider a collection x1, . . . , xn 2 `p. Then, for each r we have that the element
Q 2 Mn given by Qij = |xi(r) � xj(r)|p is a linear point of Mn.2 Hence every
element of K is formed from a convex combination of elements from L.

Since K is an (m � 1)-dimensional convex set, then (by Caratheodory’s Theorem)
every element of K can be written as a convex combination of at most m points of

2Simply, this is an embedding into the real line.
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L. But this is the statement that every set of n points admits an isometric embed-
ding into `

(n
2)

p .

1.1.2 The Quasi-Banach spaces `p with 0 < p < 1

At times, it is interesting to consider the analogues of the `p spaces for which
0 < p < 1. In this section (and only this section!) we shall fix 0 < p < 1. The
proofs from this section are primarily adapted from [14].

We can define `p to be the space of real sequences (xi)i2N such that Â•
i=1 |xi|p <

•. We then consider a ‘norm’ on this space given by kxkp = (Â•
i=1 |xi|p)1/p. We

will prove three facts about the space `p. The first is that there is a sensible metric
to take on it, the second is that it is a quasi-Banach space, and the third is that it
is not a Banach space.
Lemma 1.1.9. If 0 < p < 1, the function d(x, y) = kx � ykp

p is a metric on `p.

Proof. The main thing to prove here is the triangle inequality. Everything else
follows straightforwardly. We wish to show that d(x, y) + d(y, z) � d(x, z), i.e.,

Â |xi � yi|p + |yi � zi|p � Â |xi � zi|p. It is evidently enough to prove that (x +

y)p  xp + yp for x, y non-negative and p 2 (0, 1).

If y = 0 this is obvious. Otherwise divide by yp and consider f (x) = (1 + x)p �
1 � xp. It is then sufficient to show that f 0(x) is negative, but f 0(x) = p(1 +

x)p�1 � pxp�1, and since p � 1 < 0 this is always negative.

This shows us that `p is a metric space when equipped with a certain metric.
We will now introduce the notion of a quasi-Banach space, and show that the `p

spaces, for 0 < p < 1, form a natural class of examples. A quasi-Banach space
(X, k.k) is a vector space X equipped with a function k.k : X ! R such that:

• For every x 2 X, kxk � 0

• There is a constant K such that for all x, y we have that kx + yk  K(kxk+
kyk)

• For each x 2 X and l 2 R, klxk = |l|kxk.
Lemma 1.1.10. `p for 0 < p < 1 is a quasi-Banach space.

Proof. Clearly k.kp satisfies the first and third of the conditions for a quasi-Banach
space, so we just need to prove the modified triangle inequality.

22



FINITE METRIC SUBSETS OF BANACH SPACES

We first observe that, if q > 1 then the function l 7! lq is convex as a positive
real function. Thus, if x, y are positive reals,

(x + y)1/p =

✓
2x + 2y

2

◆1/p
 (2x)1/p + (2y)1/p

2
= 21/p�1(x1/p + y1/p)

where the inequality is an application of Jensen’s inequality.

Now kx + ykp = (Â |xn + yn|p)1/p is less than (Â |xn|p + Â |yn|p)1/p by Lemma
1.1.9. This is less than 21/p�1 (Â |xn|p)1/p + 21/p�1 (Â |yn|p)1/p, which is as re-
quired.

We finally show that the unit ball is not convex, in fact, we will show that when-
ever the coefficients of x and y have the same sign, then the triangle inequality
reverses.
Lemma 1.1.11. If x and y are non-negative sequences in `p then kx + ykp � kxkp +

kykp.

Proof. Let q = 1/p and consider w = (u, v) = (xq, yq) where xq means (xq)n =

(xn)q. We equip R2 with the q�norm. Let I(w) = (Â un, Â vn). Then kI(w)kq
q =

(Â un)
q + (Â vn)

q. This is equal to kxkp + kykp.

However,
�
Â kwkq

�q
=
�
Â(uq

n + vq
n)1/q�q

= (Â(xn + yn)q)1/q. It is clear that
kI(w)k  kwk, and so we are done.

The ”unit ball” of an `p space looks very strange - the fact that the triangle in-
equality reverses indicates that it is not convex. The following is a sketch of the
unit ball of `p for 0 < p < 1:
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1.1.3 Convexity and Constants

Strict Convexity

The simplest notion of convexity is the notion of strict convexity. We say that a
Banach space X is strictly convex if for any two points x 6= y 2 SX we have that
kx + yk < 2. We note that strict convexity is an isometric invariant of a space
X: if we have two Banach spaces X and Y that are isometrically isomorphic, X is
strictly convex if and only if Y is strictly convex. It is, however, not an isomorphic
invariant. Indeed `2

1 and `2
2 are isomorphic, but we will see that `2

2 is strictly
convex while `2

1 is not.

The space `2
2 is strictly convex because there is a ’gap’ between the circle and the

midpoint of the constructed line.

⇥
⇥

⇥

The space `2
1 given here is not strictly convex - the midpoint lies exactly on the

line.

The simplest example of a strictly convex Banach space is Hilbert space. Suppose
that we take x 6= y 2 S`2 . Then the parallelogram law states that kx + yk2 + kx �
yk2 = 2(kxk2 + kyk2), ie, that kx + yk =

p
4 � kx � yk2. This is evidently less

than 2, so Hilbert space is strictly convex.

It is equally important to know that there are spaces that are not strictly convex.
Two key examples of these are the spaces `1 and `•. In `1, the two points x =

(1, 0, . . . ) and y = (0, 1, 0, . . . ) have the property that kxk = kyk = 1 and kx +
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yk = 2. In `• we can similarly take the points x = (1, 0, . . . ) and y = (1, 1, 0, . . . ).

For 1 < p < • the spaces involved are strictly convex, however the proofs of this
are slightly more complicated. In `2 we used the parallelogram law. However,
this is not true in general Banach spaces. We can think of trying to generalise this
to `p, attempting to relate kx + ykp

p and kx � ykp
p to kxkp

p and kykp
p. It turns out to

be impossible to find an identity between these two things in general. However,
we can find inequalities.

These inequalities are known as Clarkson’s inequalities. They take different forms
for p < 2 and p > 2. Clarkson’s inequalities are very classical, dating back to
Clarkson’s seminal paper [8]. The proofs we present are from [6, Chapter 11]
(who attributes them to Boas) with some of the details filled in.
Lemma 1.1.12 (Clarkson’s inequality for p > 2). If p > 2 and x, y are in `p, then

����
x + y

2

����
p

p
+

����
x � y

2

����
p

p
 1

2
(kxkp

p + kykp
p).

Proof. We first show for real numbers a, b 2 R that

|a + b|p + |a � b|p  2p�1(|a|p + |b|p).

Applying this inequality with a = xn and b = yn, dividing by 2p, then summing,
gives the result.

Since the `p norms are decreasing, we have that (|a + b|p + |a � b|p)1/p  (|a +
b|2 + |a � b|2)1/2. By the parallelogram law, this is equal to 21/2(|a|2 + |b|2)1/2.
Using the constant of equivalence (which is 21/2�1/p, see Lemma 1.1.4) between
`2

p and `2
2, we get that this is at most 21�1/p(|a|p + |b|p), as required.

For p < 2, Clarkson’s inequality is more complicated:
Lemma 1.1.13 (Clarkson’s inequality for p < 2). Suppose that 1 < p  2, x, y 2 `p

and 1
p +

1
q = 1. Then kx + ykq

p + kx � ykq
p  2(kxkp

p + kykp
p)q�1.

We first establish the following pointwise inequality:
Lemma 1.1.14. If 1 < p  2, 1

p +
1
q = 1 and 0  x  1 then

(1 + x)q + (1 � x)q  2(1 + xp)q�1.

Proof. Consider the function

f (a) = (1 + a1�qx)(1 + ax)q�1 + (1 � a1�qx)(1 � ax)q�1

25



FINITE METRIC SUBSETS OF BANACH SPACES

for 0  a  1. Then f (1) is the left hand side of the inequality, and f (xp�1) is the
right hand side of the inequality. Since 1 � xp�1 we show that ∂a f  0. But this
is easy, we have that

∂a f = (q � 1)x(1 � a�q)
⇣
(1 + ax)q�2 � (1 � ax)q�2

⌘
.

Now since (1 � a�q)  0 (as a  1) and the bracket
⇣
(1 + ax)q�2 � (1 � ax)q�2

⌘
� 0

(as q � 2) we have that the derivative is negative.

Proof of Lemma 1.1.13. We begin by noting that

kxkq
p = (Â |xn|p)1/(p�1) = (Â |xn|q(p�1))1/(p�1) = k|x|qkp�1,

where by k.kp�1 we are referring to the quasi-Banach space `p�1, see Section 1.1.2.
Here the triangle inequality reverses, so kx + ykq

p + kx � ykq
p = k|x + y|qkp�1 +

k|x � y|qkp�1  k|x + y|q + |x � y|qkp�1. Applying the pointwise inequality
proved above, we have that this is  2k(|x|p + |y|p)q�1kp�1. This is equal to
2(kxkp

p + kykp
p)q�1 because (q � 1)(p � 1) = 1.

We can now show very easily that the `p spaces are strictly convex:
Theorem 1.1.15. The space `p is strictly convex for 1 < p < •.

Proof. First suppose that p > 2. If x 6= y with x, y 2 S`p , then by Lemma 1.1.12,
we have that kx + yk  (2p � kx � ykp

p)1/p < 2. In the case p < 2, if x 6= y with
x, y 2 S`p , then by Lemma 1.1.13, we have that kx + ykp  (2q � kx � ykq

p)1/q,
which is less than 2.

The version of Clarkson’s inequalities presented above are not the strongest forms
possible. The proofs of the following stronger versions are more technical, gener-
ally depending on interpolation results that we do not want to be involved with.
The reader can find a proof of these results in, for example, [14, Chapter 9].
Theorem 1.1.16. Suppose that x, y 2 `p, where 1 < p < •. We let p0 be such that
p�1 + (p0)�1 = 1, and take 1  r  min(p, p0). Then:

• kx + ykr0
p + kx � ykr0

p  2(kxkr
p + kykr

p)
r0�1

• 2(kxkr0
p + kykr0

p )
r�1  kx + ykr

p + kx � ykr
p

• 2(kxkr0
p + kykr0

p )  kx + ykr0
p + kx � ykr0

p  2r0�1(kxkr0
p + kykr0

p )
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• 2r�1(kxkr
p + kykr

p)  kx + ykr
p + kx � ykr

p  2(kxkr
p + kykr

p).
Remark 1.1.17. The inequalities above are not the strongest inequalities relating
to the convexity of the `p spaces. Hanner’s inequality, as given below, is stronger.
Lemma 1.1.18. Suppose that 1  p  2 and x, y 2 `p. Then

kx + ykp
p + kx � ykp

p � (kxkp + kykp)
p + |kxkp � kykp|p.

If 2  p < • the inequality reverses.

Since we have no need to use this strengthened inequality we will not give a
proof.

Strict convexity is a property that is essentially only related to local geometric
conditions on the space. We can, however, use it to deduce some theorems of a
global nature:
Theorem 1.1.19. There are two Banach spaces X and Y such that d(X, Y) = 1 but X
and Y are not isometrically isomorphic.

This result is interesting in and of itself. However, the construction given will be
modified later to construct a counter-example. This is why we give such a careful
proof of it.3

Proof. Take (qn)•
n=1 a sequence that is dense in (1, 2), and consider the space X =⇣

�•
n=1`

2
qn

⌘

2
and Y = `2

1 �2 X. We claim that, for any e > 0, there is a mapping
T from X to Y such that kTk · kT�1k < 1 + e. We think of elements of X as
sequences (x1, x2, . . . ) with xi 2 `2

qi
and elements of Y as sequences (y0, y1, . . . )

with y0 2 `2
1 and yi 2 `2

qi
.

Fix some d > 0, that will be chosen later. The mapping T that we take will
send the sequence (x1, x2, . . . ) to the sequence (xs(1), xs(2), . . . ) where s is a per-
mutation of N with the property that qi < qs(i) and either |qs(i) � qi| < d or
|qi � qs�1(i)| < d.

We construct s by a ’back-and-forth’ construction. We take two sets M1 and M2

that we update at each stage, and set both of them equal to N to begin with.

Start by finding some s(1) such that |qs(1)� 1| < d, and some s�1(1) to be chosen
such that |qs�1(1)� q1| < d, and q1 < qs(1). We set M0

1 = M1 \ {1, s�1(1)} and
M0

2 = M1 \ {1, s(1)} and relabel to remove the 0.

3The proof as written here was written by the author, however, there is no claim of originality
to the result or the method of proof.
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Assume we have performed n stages of this process. In the n + 1’st stage, we
choose the smallest element i of M1 and the smallest element j of M2. We then
define s(i) to be any element of M2 for which |qi � qs(i)| < d and qi < qs(i) and
s�1(j) to be any element of M1 such that |qs�1(j) � qj| < d and qs�1(j) < qj.
Update M1 by removing i and s�1(j) and M2 by removing s(i) and j.

We note that s is, indeed, a permutation of the natural numbers. At each stage,
we add in the smallest number in both the domain and range that have not been
used.

We now check that, if d is small enough, that kTkkT�1k < 1 + e. We first note,
that since the `p norms are monotonically decreasing, we have that kTk < 1,
by the condition that qi < qs(i). We now need to check that T�1 is bounded.
kT�1(x1, x2, . . . )k2 = k(xs(1), xs(2), . . . )k2 = Â kxs(i)k2

i . Now, by the computa-
tion in Lemma 1.1.4, kxs(i)ki  21/qs(i)�1/qikxik. Since we have chosen qs(i) � qi

to be small, the constant 21/qs(i)�1/qi can be made as arbitrarily close to 1 + e (by
shrinking d at the beginning of the argument).

We now need to check that the spaces involved are not isometrically isomorphic.
We will see later that the 2-direct sum of strictly convex spaces is strictly convex,
and thus X is convex. It is, however, clear that the space Y is not as `2

1 isometri-
cally embeds into Y. Thus there is no possible isometry from Y to X, if we take
two distinct points x, y 2 SY such that kx + yk = 2, there is no possible image for
them in X.

It is of interest to know whether a Banach space can be given an equivalent strictly
convex norm. This is a topic of wide interest and much has been said on it (e.g.,
the interested reader can see the introduction to [32] for results and references.)
In our thesis we will be interested in two such spaces, `1 and `•. We will first
show that `• has an equivalent strictly convex norm, and then use this to show
that every separable Banach space has an equivalent strictly convex norm.
Lemma 1.1.20. For any e > 0 there is a norm k.k0 on `• such that k.k0 is (1 + e)-
equivalent to the original norm and k.k0 is strictly convex.

Proof. We first define a function T : `• ! `2 by T(x1, x2, . . . ) = (x1, x2
2 , x3

3 , . . . ).

Note that this is bounded, kTxk =
q

Â•
i=1
�� xi

i
��2  kxk•

p
Â•

i=1 i�2  2kxk•. For
some d > 0, we define a new norm on `• by kxk0 = kxk• + dkTxk2. This is
evidently a norm, and the distance from (`•, k.k0) to `• is at most 1 + 2d, so all
we need to do is check strict convexity. Indeed, suppose kxk0 = kyk0 = 1 and
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kx + yk0 = 2. Then

kx + yk0 = sup |xi + yi|+
s

•

Â
i=1

|xi + yi|2
n2 .

This is less than

sup |xi|+ sup |yi|+
r

Â |xi|2
n2 +

r

Â |yi|2
n2 .

Equality in the triangle inequality for `2 occurs just when x and y are positive
scalar multiples of each other. Since x, y both have prime-norm one, this means
that both are the same, i.e. x = y. This is the condition of strict convexity.

Theorem 1.1.21. Suppose X is a separable Banach space. Then there is an equivalent
norm on X such that X is strictly convex.

Proof. We first recall, by our earlier results, that every separable Banach space has
an isometric embedding T into `•.

We define a new norm on X by kxksc = kT(x)k0, where the prime norm is as
above. This embeds X into a subspace of a strictly convex space, and thus X is
isomorphic to a strictly convex space.

Uniform Convexity

Uniform convexity is a quantitative variant of the definition of strict convexity.
We say that a Banach space is uniformly convex if for any e > 0 there is some d > 0
such that if we take x, y 2 SX with kx � yk � e then kx + yk < 2 � 2d. Evidently
a uniformly convex space is strictly convex.

Uniform convexity is a strong condition. One may ask whether every Banach
space can be given a uniformly convex norm, i.e., whether an analogue of Theo-
rem 1.1.21 holds. This is, however, not true. Uniform convexity turns out to be a
remarkably strong property, and we have the following result.
Theorem 1.1.22. Suppose that X is a uniformly convex Banach space. Then X is reflex-
ive.

For a proof of this, see [35, Section 8].

This condition shows us that not every separable Banach space is uniformly con-
vexifiable, i.e., there is no analogue of Theorem 1.1.21. Thus the condition of
uniform convexifiability is a strong geometric condition on the Banach space.
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The first thing to observe is that strict convexity implies uniform convexity in
finite-dimensional Banach spaces. To show this, fix some e > 0 and assume that
there is no d > 0 such that kx � yk � e implies kx + yk < 2 � 2d. Set d = 1/n
and take points xn, yn such that kxn � ynk � e and kxn + ynk > 2 � 2/n. Then,
passing to subsequences, we get two points x and y such that kx � yk � e but
kx + yk � 2, a contradiction.

The second thing to observe is that there are infinite-dimensional Banach spaces
that are strictly convex but not uniformly convex. We are going to prove a result
later for spaces with this property, so we give three examples. The simplest ex-
ample is (`•, k.k0), which was defined above. Since `• is not reflexive we see that
this space can not be uniformly convex.

The next example we give is
�
�•

i=1`pi

�
2 where pi is a sequence in (1, •) that has

a subsequence pnj converging to either 1 or •. In the case that pni ! 1 simply
note that ke1 + e2kpi = 21/pi ! 2. In the case that pni ! • simply note that
(e1 + e2)/21/pi and (e1 � e2)21/pi are norm one vectors that, when added, give a
vector whose norm tends to 2.

For a slightly more complicated example we give the construction of Talponen
style sequence spaces (for more the interested reader can see [42]). To define this,
given a sequence pn 2 [1, •] we define a space which we think of as ”a varying
`p” sum. On R we define the norm kxk0 = |x|. We inductively define the norm
on Rn by k(x1, . . . , xn)kn =

�
k(x1, . . . , xn�1)k

pn�1
n�1 + |xn|pn�1

�1/pn�1 . This evidently
defines a norm on c00 and we define the space `(pi) by the the completion of this
norm.

This space has the property that `2
pn isometrically embeds into it for each n. As

in the previous case, one can see that if 1 < pi < • we have that the constructed
space is strictly convex, but the space is not uniformly convex if any subsequence
of the pi tends to 1 or any subsequence of the pi tends to •.

We mention a third example without any details - this is the exponential Orlicz
space. For the definition of this, the reader can see Section 4.5.4 where we take
r(t) = et � 1. Proving that this space is strictly convex but not uniformly convex
is relatively complicated, the reader can see the details in [31] (and simply check
that r(t) satisfies the conditions of the theorem in this paper.)

One may ask why we mention this space here if we give none of the details - this
is simply because it isn’t a ”weird counterexample” space, the exponential Orlicz
space is a relatively natural generalization of the Lp spaces and has received atten-
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tion in physics. So, we can even say that not every ”natural” or ”obvious” Banach
space has the property that strict convexity is equivalent to uniform convexity.

1.1.4 A way of defining Banach spaces

Suppose that E is a finite-dimensional Banach space. Then the closed unit ball BE

of E has the property that it is compact, convex, centrally symmetric and there is
some Euclidean neighbourhood of zero contained in BE. Conversely, if we have
a subset U of Rn with these properties, then there is a Banach space E whose unit
ball is U. We define the norm on E by the Minkowski functional of U, given by

pU(x) = inf{l 2 R+ : x 2 lU}.

Clearly p(x) is well defined, and the set {x 2 Rn : pU(x)  1} is E. The fact that
pU is a norm (i.e., obeys pU(lx) = |l|pU(X) and the triangle inequality) is classi-
cal and can be found in many books. The presentation in [39] is understandable.

We will mainly be interested in the case n = 2 where the idea of the Minkowski
functional gives us a convenient way of constructing counter-examples. To define
a norm on R2 we can specify a certain type of curve G. G will play the role of the
boundary of the set C above.

We begin by taking a continuous map g : [0, 1] ! R2 that is injective on [0, 1) and
is such that g(0) = g(1). We write G for the image of g and call G a simple closed
curve. The Jordan curve theorem says that G splits the plane into two connected
components, one bounded and one unbounded. We call the bounded component
the interior of the curve.

We say a convex curve is one whose interior is convex, and a symmetric curve is
one for which if x 2 G then �x 2 G. Since we will primarily be interested in spec-
ifying norms on 2-dimensional Banach spaces later on, we record the following
lemma:
Lemma 1.1.23. Suppose that G is a simple closed curve in R2 not containing 0 and let Ĝ
be the curve together with its interior. Then the Minkowski functional pG = pĜ defines a
norm on R2 with unit sphere G.

We will use this later on where to specify a norm on R2 we will simply define a
curve G.
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1.1.5 Finite representability

Suppose that X and Y are Banach spaces. We say that X is crudely finitely repre-
sentable in Y if there is a constant C > 0 such that for any finite-dimensional sub-
space E of X, there is a finite-dimensional subspace F of Y such that d(E, F)  C.
We say that X is finitely representable in Y if for any finite-dimensional subspace
E of X, and any e > 0 there is a finite-dimensional subspace F of Y such that
d(E, F) < 1 + e.

We illustrate this concept with a lemma that will be of interest later:
Lemma 1.1.24. For 1  p < •, Lp[0, 1] is finitely representable in `p.
Remark 1.1.25. The above statement is true for the case p = •, albeit for different
reasons. We showed in Section 1.1.1 that every every finite-dimensional Banach
space embeds linearly isometrically into `•, and thus any Banach space is finitely
representable in `•.

The proof we give here does not use the structure of [0, 1] at all, indeed, Lp[0, 1]
can be replaced by Lp(W,F , µ) for any measure space (W,F , µ).

Proof. Suppose that we are given an n-dimensional subspace E of Lp[0, 1] and
e > 0. Let f1, . . . , fn be a basis for E. Fix some d > 0. Since simple functions are
dense in Lp[0, 1] we can take g1, . . . , gn such that gi are simple and kgi � fik < d.

Since the gi are simple we can find pairwise disjoint sets E1, . . . , EN such that
[Ei = [0, 1] and gi|Ej is constant. It is clear that the span of the indicator functions
of the Ei’s is isometrically isomorphic to `N

p , and that the span of the g1, . . . , gn is
contained in this space.

We now define an isomorphism T from Lp[0, 1] ! Lp[0, 1] that has the property
that T( fi) = gi. We can define functionals on the subspace E by the formula
ji( f j) = dij. These functionals can be extended by the Hahn-Banach theorem to
all of Lp[0, 1]. Define a map S : Lp[0, 1] ! Lp[0, 1] by S( f ) = Ân

i=1 ji( f )( fi � gi).
Then kSk  Â kjikk fi � gik  nd max kjik.

We now define T by (I � S). This clearly has the property that T( fi) = gi. More-
over we note that since, if d is smaller than 1

2n max kjik
that (I � S) is invertible.

Moreover, we note that kTk  1 + kSk and kT�1k  1
1�kSk , so

kTkkT�1k  1 + kSk
1 � kSk .

Clearly kSk ! 0 as d ! 0, and thus kTkkT�1k ! 1 as d ! 0.
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Thus the map T from E to T(E) is an into isomorphism from span{ f1, . . . , fn} to
span{1E1 , . . . , 1EN}, which is isometrically isomorphic to `N

p .

Remark 1.1.26. It is simple to show that `p isometrically embeds into Lp[0, 1], so
for trivial reasons we also have that `p is finitely represented in Lp[0, 1].
Remark 1.1.27. We can combine Lemma 1.1.24 with Theorem 1.1.6 to deduce the
following variant of Theorem 1.1.6: if we take n functions f1, . . . , fn in Lp(W) then
we can isometrically embed the set M = { f1, . . . , fn} with the inherited `p-norm
into `

(n
2)

p . Indeed, by Lemma 1.1.24 for any e > 0 we can find elements x1, . . . , xn of
`p such that |kxi � xjk � k fi � f jk| < e. Applying Theorem 1.1.6 we can, without

loss of generality, assume that xi 2 `
(n

2)
p .

Applying this process with e = 1/m gives us points xm
i such that |kxm

i � xm
j k �

k fi � f jk| < 1/n. We now wish to apply compactness to find limits of the
xn

i ’s. By translation we may assume that xm
1 = 0 for all n and thus that the set

{xn
i : i 2 {1, . . . , n}, n 2 N} is bounded. Applying compactness we can pass

to a subsequence nj such that x
nj
i is convergent. The limits xi are the required

isometric embedding of fi into `
(n

2)
p .

We now define the concept of a superreflexive Banach space. A Banach space X is
said to be superreflexive if whenever Y is finitely representable in X, then Y is re-
flexive. An example of a space that is reflexive but not superreflexive is (�n`n

•)2,
c0 is finitely representable in this space. The following remarkable theorem is due
to Enflo:
Theorem 1.1.28 ([13]). A Banach space X is superreflexive if and only if it is isomorphic
to a uniformly convex space.

Historically, it had been hoped that every infinite-dimensional Banach space con-
tained an isomorphic copy of some `p space or c0. Indeed, every classical Banach
space has this property and it took until the introduction of Tsirelson’s space in
1974 to give an example of a Banach space that contained no isomorphic copy of
some `p space or c0.

The local question is different. The following two theorems show that at a lo-
cal level the `p spaces (together with c0) form ’building blocks’ of the infinite-
dimensional Banach spaces.

The first of these theorems shows that ”`2 is finitely representable in every infinite-
dimensional Banach space”. It was originally conjectured in [15] and first proved
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in [11]:4

Theorem 1.1.29 (Dvoretzky’s Theorem). For all n 2 N and e > 0 there is some
N 2 N, depending on n and e, such that if E is an N-dimensional Banach space then
there is a subspace F of E such that d(F, `n

2) < 1 + e.

A combination of Dvoretzky’s Theorem and Lemma 1.1.23 gives that if we choose
any symmetric convex body with non-empty interior in RN, we can choose some
n-dimensional cross-section of the body that resembles an ellipsoid.

The theorem immediately implies that whenever we have an infinite-dimensional
Banach space X, any n 2 N and any e > 0 there is an n-dimensional subspace E
of X such that d(E, `n

2) < 1 + e, i.e., `2 is finitely representable in X.

The second of these theorems very roughly says ”some `p is finitely representable
in any basic sequence”. We state two different variations of it. The second is more
useful for our purposes, but the first gives us an insight into why we would want
to look at this in the first place.

The first version of this theorem was proved in [24]5:
Theorem 1.1.30 (Krivine’s Theorem (I)). Suppose X is an infinite-dimensional Banach
space and x1, x2, . . . is a basic sequence in X. Then there is a p 2 [1, •] such that for
any e > 0 and any m 2 N we can choose vectors y1 = Ân1

i=1 aixi, y2 = Ân2
i=n1+1 aixi,

. . . , and ym = Ânm
nm�1+1 aixi such that for any scalars a1, . . . , am we have that

k(ai)
m
i=1kp  k

n

Â
i=1

aiyik  (1 + e)k(ai)
m
i=1kp

It is worth spelling out the difference between Dvoretzky’s Theorem and Kriv-
ine’s Theorem. Suppose that we have a basic sequence x1, x2, . . . in an infinite-
dimensional Banach space X. Then for any n 2 N, Dvoretzky’s Theorem gives us
a subspace of span(x1, x2, . . . ) which is isomorphic to `n

2 and Krivine’s Theorem
gives us a subspace of span(x1, x2, . . . ) which is isomorphic to `n

p.

In Krivine’s Theorem we can choose vectors that have disjoint support whereas it
is impossible to guarantee this in Dvoretzky’s Theorem.
Remark 1.1.31. As a concrete example of this, if p 6= 2 and we look at the unit
vector basis ei of `p, then any finite blocking of e1, e2, . . . is a sequence that is 1-

4The reference given here is the original proof. However, it is a little hard to track down. The
interested reader can see a proof in [1, Chapter 13].

5This paper is in French and a little hard to find. The interested reader can find an English
version of the proof (that is slicker) in [29, Chapter 12]
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equivalent to the unit basis of `n
p. Thus this blocking is not (1 + e)-equivalent to

the unit basis of `2. This means that no ’block version’ of Dvoretzky is true.

The following finite quantitative variant was proved in [2],
Theorem 1.1.32 (Krivine’s Theorem (II)). For all n 2 N, e > 0, C > 0 and 1 < p <

•, there is some N = N(n, e, C, p) such that if E is an N-dimensional Banach space with
d(E, `N

p ) < C there is an n-dimensional subspace F of E such that d(F, `n
p) < 1 + e.

The main way we will use this theorem is through the following corollary (that
follows from Theorem 1.1.32 and Remark 1.1.31):
Corollary 1.1.33. If `p ,! X, then for all e > 0 and n 2 N, `n

p
1+e
,! X

1.1.6 Type and Cotype

The topic of finite representability of `p in a Banach space has natural links to
the theory of type and cotype. We will provide a brief introduction to this theory
here.

The idea of type and cotype comes from the desire to generalize a property of
Hilbert space6. We begin by reminding the reader of the generalized parallelo-
gram identity which states for any x1, . . . , xn that

1
2n Â

(e1,...,en)2{�1,1}n

�����

n

Â
i=1

eixi

�����

2

=
n

Â
i=1

kxik2.

Type and cotype form a natural generalisation of this equality.

We say that a Banach space has type p if there is some constant T such that for any
n 2 N and x1, . . . , xn 2 X we have that

1
2n Â

(e1,...,en)2{�1,1}n

�����

n

Â
i=1

eixi

�����

p

 Tp
n

Â
i=1

kxikp.

The least such constant is called the type p constant of X and is denoted Tp.

We say that a Banach space has cotype q if there is some constant C such that for
any n 2 N and x1, . . . , xn 2 X we have that

Cq

0

@ 1
2n Â

(e1,...,en)2{�1,1}n

�����

n

Â
i=1

eixi

�����

q
1

A �
n

Â
i=1

kxikq.

The least such constant is called the type q constant of X and is denoted Cq.

6A lot of good Banach space theory properties come from the same desire.

35



FINITE METRIC SUBSETS OF BANACH SPACES

By taking every xi = x for some kxk = 1 we can see that no Banach space has
type p for p > 2 and no Banach space has cotype q for q < 2. Every Banach space
has type 1 and cotype infinity by an application of the triangle inequality. These
two facts motivate the following definition, we set

pX = sup{p : X has type p}

and

qX = inf{q : X has cotype q}.

We see that pX 2 [1, 2] and qX 2 [2, •]. We will say that a Banach space has no
non-trival type if pX = 1 and no non-trivial cotype if qX = •.

It is clear that pX and qX are isomorphic invariants of a Banach space, thus we
can show that two Banach spaces X and Y are not isomorphic by showing that
pX 6= pY or qX 6= qY. We have the following fact:
Lemma 1.1.34. [[1, Chapter 6]] If X = Lp for 1  p  • then pX = min{p, 2} and
qX = max{q, 2}.

A combination of the two previous lemmas shows that Lp is not isomorphic to Lq

for any p 6= q - a strengthening of the fact from the beginning of Section 1.1.1.

During our thesis we will prove theorems that are contingent on `p being finitely
representable inside of a space. The following results demonstrate a fundamental
link between `p being finitely representable in a space and linear properties of
that space. The first of these results is called the Maurey-Pisier theorem.
Theorem 1.1.35. [[30, Chapter 13] Suppose X is an infinite-dimensional Banach space.
Then `pX and `qX are both finitely representable in X.

We will primarily be interested in using the Maurey-Pisier Theorem in the fol-
lowing special case:
Theorem 1.1.36. Suppose that X is a Banach space with no non-trivial cotype. Then for

every n 2 N and e > 0, `n
•

1+e
,! X. Moreover, every finite metric space embeds almost

isometrically into X.
Remark 1.1.37. The ”moreover” part of the previous theorem easily follows from
results on metric spaces presented in Section 1.2, specifically Lemma 1.2.7.
Remark 1.1.38. The converse of this statement is true, i.e., if we have a Banach
space X and a constant C such that every finite metric embeds space into X with
distortion C7 then X contains `n

• almost isometrically. The author does not know

7For the definition of distortion see Section 1.2, or the reader is free to ignore the comment if
they do not want to read it.
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a self-contained proof of this result8.However, it follows from some develope-
ments of Mendel and Naor in [27] on the metric theory of cotype (combined with
the Maurey-Pisier theorem.).

1.1.7 Some Results on Distortion

Much of our work is centred on the question of whether a certain finite metric
space embeds into a given Banach space. A natural question is whether these
results can be extended to the case of infinite metric spaces.

When we are interested in the case of finite metric spaces, and embeddings of
finite subsets of `p, we will find the following corollary of Krivine’s Theorem
useful: if X is a Banach space such that for some 1  p  • there is some C > 0

such that `n
p

C
,! X then for any e > 0 we have that `n

p
1+e
,! X

It is natural to ask if there is an infinite analogue of this, i.e.,
Question 1.1.39. Suppose that X is an infinite dimensional Banach space, 1  p  •,

and that `p ,! X (or c0 ,! X.) Then does `p
1+e
,! X (or c0

1+e
,! X) for all e > 0?

This question was first studied in the cases of `1 and c0 by James in [19], and was
answered positively. The case of `• was answered positively by Partington in
[36], which we state now (as we will need to refer to it later):
Theorem 1.1.40. Suppose X is a Banach space containing a subspace isomorphic to `•.
Then, for any e > 0, X contains a subspace which is (1 + e)-equivalent to `•.

It was a major unsolved problem whether the question has a positive answer
for the case of `p with 1 < p < •. The case of p = 2 was of most interest
and was called ”the distortion problem”. It was answered negative by Odell and
Schlumprecht in the paper [34].

This negative answer represents a barrier to us attempting to generalise our re-
sults to the infinite-dimensional case.

1.1.8 The Concept of a Null Set

One of the most powerful concepts in mathematics is that of a ”small set”. These
can take various forms. However, there are two notions of smallness that are
familiar to most mathematicians. These are nowhere dense sets, i.e., subsets N of a

8But would like to.
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topological space for which N is empty, and measure zero sets, i.e., subsets N of a
measure space which have zero measure.

If we denote the collection of measure zero sets or nowhere dense sets by F , then:

• If Ai 2 F for all i 2 N then so is
S•

i=1 Ai 2 F .

• If A 2 F and B ⇢ A, then B 2 F .

• ∆ 2 F .

We call a collection of sets satisfying the above three properties a s-ideal.

Now let us specialise to X, a finite-dimensional Banach space, which we equip
with Lebesgue measure.9 In this case, the measure zero sets and the nowhere
dense sets share another property, and that is translational invariance. Indeed, if
A is measure zero or Lesbegue null, then so is x + A for any x 2 X.

When we wish to prove results about infinite-dimensional Banach spaces we
would like to have a notion of ”small” that has these two properties, i.e., we
have an infinite-dimensional Banach space X and we are seeking a collection of
sets F that is translational invariant and a s-ideal.

A natural way of attempting to do this would be to introduce a translationally
invariant Borel measure µ on X, i.e., a measure µ on the measurable space (X,G)
where G is the smallest s-algebra that contains the open sets of X. We would then
be able to set F as the measure zero sets of µ. However, the following theorem
shows that this is impossible to do usefully in most cases:
Theorem 1.1.41. Suppose that X is an infinite-dimensional separable Banach space.
Then any translational-invariant Borel measure on X either assigns 0 or • to every open
subset of X.

The author can not find the origin of this claim in the literature. However the
result seems to date back until at least the 1930’s. The proof as presented here is
a modification of the proof in [18].

Proof. For contradiction, suppose that µ is a Borel measure on X and that A ⇢ X is
an open set with measure 0 < µ(A) < •. Since A is open, we can find some e > 0
and x 2 A such that x + eBX ⇢ A. A standard Hahn-Banach argument shows
that we can find a family of points y1, y2, . . . with yi 2 eBX and kyi � yjk > e/3.

9More specifically, since all n-dimensional Banach spaces are isomorphic to `n
2 , if we take an

n-dimensional Banach space X we can equip X with the pushforward of Lesbegue measure. Since
we are only interested in measure zero sets, the choice of isomorphism does not matter.
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Now we can look at the set [•
i=1(yi + e/3Bx). This is a subset of A, and thus

has finite measure. We now observe that µ([•
i=1(yi + e/3BX)) = Â•

i=1 µ(yi +

e/3BX) = Â•
i=1 µ(e/3BX), where the first inequality is due to the sets involved

being disjoint, and the second inequality is due to the translational-invariance of
the measure. We thus have that µ(e/3BX) = 0.

Since X is separable, there is some collection of points z1, z2, . . . such that A ⇢
{z1, z2, . . . }. It is now clear that A ⇢ [•

i=1(zi + e/3BX). However, we can bound
the measure of [•

i=1(zi + e/3BX) by countable subadditivity, and we get that it is
less than or equal to Â•

i=1 µ(zi + e/3BX) = Â•
i=1 µ(e/3BX) = 0, a contradiction to

A having non-zero measure.

Thus, in infinite-dimensional separable Banach spaces, it is hard to define a no-
tion of measure that is sensible, i.e., one that isn’t identically zero or infinity on
all open sets. We can, however, introduce a different notion of null sets.

Let X be a Banach space. We say that Borel set A is Haar null if for every Borel
probability measure on X, and every x 2 X, µ(x + A) = 0. The following results,
of which the first three are taken from [4] and the last is obvious from the defini-
tion, give us that the Haar null sets are a s-ideal of translationally-invariant sets
that play an infinite-dimensional analogue of Lebesgue null sets in Rn:
Theorem 1.1.42. 1. Haar null sets form a s-ideal.

2. In finite-dimensional Banach spaces the notions of Haar null and Lebesgue null
coincide.

3. If A is a subset of X such that for some n-dimensional subspace Y of X and every
x 2 X we have that the set Y \ (x + A) is Lebesgue null, then A is Haar null.

4. The translate of a Haar null set is Haar null.
Remark 1.1.43. The notion of Haar null is not the only notion that satisfies prop-
erties 1,2 and 4 from the above theorem. There is a relative profusion of such
notions, cube null, Gaussian null, . . . . The interested reader can read [4, Chapter
6] for explanations of these notions and the links between them.

1.2 Metric Spaces

Let (M, dM) and (N, dN) be metric spaces, and f : M ! N be a map between
them. We say that f is a Lipschitz function if there is a constant a > 0 such that
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dN( f (x), f (y))  adM(x, y). We say that f is bilipschitz if there exist constants
a, b > 0 such that

adM(x, y)  dN( f (x), f (y))  bdM(x, y).

We say that f has distortion C > 0, or f is a C-distortion embedding, or f is a C-
embedding, if it is bilipschitz, and b

a  C. We say f is an isometry if a = b = 1.
We say that M almost-isometrically embeds into N if there is a (1 + e)�distortion
embedding f : M ! N for each e > 0.

Throughout this thesis, we will often need to view a metric space M as its matrix
of distances, i.e., if we have a finite metric space M = {m1, . . . , mn}, we can
associate with it the symmetric matrix M =

�
d(mi, mj)

�n
i,j=1, noting that Mii = 0

for each i. We say that M represents the metric space M or M represents M. Since
the collection of n ⇥ n symmetric matrices with zero diagonal will be relevant
later, we denote this by Un. We consider Un as a subspace of Matn⇥n(R) and will
consider the subspace topology on it.
Remark 1.2.1. We note that not all of the elements of Un represent a metric space.
The requirement that an element M 2 Un represents a metric space is that Mij +

Mjk � Mik for every distinct triple i, j, k. If this is the case we can define a metric
space on points {m1, . . . , mn} by setting d(mi, mj) = Mij if i < j and 0 if i = j.
This then satisfies all the axioms for a metric space. In this case we will say that
the matrix M represents a metric space.

We note that Un has dimension (n
2) as a vector space (or as a manifold). Through-

out this thesis, we will consider Un as R J where J = {(i, j) : 1  i < j  n}.
Remark 1.2.2. The above notation is the clearest for everything except, perhaps,
the notion of taking a determinant. We will spell this out for the reader - if we
have a linear map T : R J ! R J we will use the definition

det(T) = Â
s2SJ

e(s) ’
(i,j)2J

T(i,j),s(i,j).

There are, in general, different matrices that can represent the metric space M,
these correspond to picking some ordering of the points of M. When we say that
M represents M, we really mean this with respect to some ordering. We will, in
general, implicitly fix some ordering in advance.
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1.2.1 Some remarks on embedding finite metric spaces into Ba-

nach spaces

In this section we will give various simple remarks about embedding finite metric
spaces into Banach spaces. These are things that are simple. However, without
them the subject may seem a little pointless.
Lemma 1.2.3. Every three-point metric space embeds isometrically into every Banach
space of dimension � 2.

Proof. This is an intermediate value argument. Let M be a metric space on points
m1, m2, m3, and let X be a 2-dimensional Banach space with basis e1, e2, which we
may assume have norm 1. We construct the isometry f as follows: first we set
f (m1) = 0 and f (m2) = d(m1, m2)e1.

We now have to find the image of m3. Let us consider a parametrization of
d(m3, m1)SX, i.e., a function r : [0, 1] ! SX such that r is a continuous func-
tion, bijective on [0, 1) and r(0) = r(1). Such a function exists by, e.g., choosing
r(t) as the unique intersection of SX with the ray forming an angle 2pt with the
x axis. There are real numbers t0 and t1 such that d( f (m2), r(t0)) = d(m1, m2)�
d(m1, m3) and d( f (m2), r(t1)) = d(m1, m2) + d(m1, m3), since r[0, 1] contains both
of ±d(m3, m1)e1. We note that, by the triangle inequality, d(m2, m3) 2 [d(m1, m2)�
d(m1, m3), d(m1, m2) + d(m1, m3)].

Finally, the function t 7! kr(t) � f (m2)k is continuous in t, and thus there is
a point t2 2 [t0, t1] such that it this function attains the value d(m2, m3), and
f (m3) = r(t2) is the required isometric extension.

r(t)

r(t1)r(t2)

This diagram shows the proof strategy.
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Lemma 1.2.4. There is a four point metric space that does not isometrically embed into
any Hilbert space.

This example is taken from [35]. It is one of many examples in this book. How-
ever, this has the advantage of (perhaps) being the simplest.

Proof. Let K1,3 be the metric space on points m1, m2, m3, m4 where d(m1, mi) = 1
for any i 6= 1 and d(mi, mj) = 2 for any other pairs i, j. The metric space K1,3 is
the complete bipartite graph with a vertex set of size 1 and a vertex set of size 3
equipped with the graph distance.

`2 has the following property: if x, y, z are in `2 such that kx � yk + ky � zk =

kx � zk then x, y, z lie on the same line. Indeed, we may suppose (wlog) that y is
zero. Then kx � zk2 = kxk2 + kzk2 � 2hx, zi. If this is equal to (kxk+ kzk)2 that
requires that hx, zi = �kx|2kzk2, which is the condition that x, z are co-linear and
lie on opposite sides of 0.

This shows that m1 is on the line joining m2 to m3, m1 is on the line joining m2 to
m4 and also on the line joining m3 to m4. Thus m1, m2, m3 and m4 are collinear,
i.e., there exists an isometric embedding of K1,3 into the real line. However this
is impossible, there are not three real numbers a, b, c such that |a � b| = |a � c| =
|b � c|.

We note that this argument requires the strict convexity of `2 and some idea of
metric midpoints. We discuss these ideas more in the next section.

1.2.2 Convexity and Concavity of Metric Spaces

Just as there are a wealth of concepts of convexity and concavity for Banach
spaces, there are a wealth of notions of convexity and concavity for metric spaces.
The way that these concepts interact with the theory of Banach spaces will be of
most interest to us.

We will call a metric space M concave if the triangle inequality is always an in-
equality, i.e., for distinct x, y, z 2 M we have that d(x, y) + d(y, z) > d(x, z). This
terminology was suggested by Nik Weaver on MathOverflow, see [16]. We will
give some simple examples of concave metric spaces:

• If (M, d) is a metric space, then the a-snowflake, for 0 < a < 1, is defined
to be the metric space (M, da), where da(m1, m2) = (d(m1, m2))a. If we
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take m1, m2, m3 a distinct triple, then d(m1, m3)  d(m1, m2) + d(m2, m3).
Taking the a power of both sides of this inequality, and using the fact that
(d(m1, m2) + d(m2, m3))a < d(m1, m2)a + d(m2, m3)a (if these are non-zero),
shows that the a-snowflake of any metric space is concave.10

• If (M, d) is an infinite metric space such that d(mi, mj) = 1 for any distinct
points mi, mj 2 M, this space is concave. We call (M, d) the equilateral
space.

• If (M, d) is an ultrametric space, i.e., a space where we have the strength-
ened triangle inequality d(x, z)  max(d(x, y), d(y, z)) then the space is ev-
idently concave.

A very useful notion is one of metric midpoints. If M is a metric space and
x, y, z 2 M are distinct points, we say y is a metric midpoint of x and z if d(x, y) =
d(y, z) = 1

2 d(x, z). We say that a metric space has unique metric midpoints if there
is at most one such y. The condition that a metric space has unique metric mid-
points can be thought of as a convexity condition in light of the following result:
Lemma 1.2.5. Suppose that X is a strictly convex Banach space. Then X has unique
metric midpoints.

Proof. Suppose that w, x, y, z are distinct points such that both y and z are metric
midpoints of w and x. We define 2d to be the distance between x and w, i.e.,
2d = kx � wk. Then y and z both lie on x + dSX and w + dSX. It is then clear to
see that any point on the line segment joining y to z also lies in both of these sets,
i.e., if we define L = {ay + (1 � a)z : a 2 [0, 1]} then L ⇢ x + dSX \ w + dSX.

If u 2 L then d(x, u)  d and d(u, w)  d by the convexity of the norm. Since
2d = kx � wk  kx � wk+ ku � wk  2d, we see that kx � uk = ku � wk = d.
Setting u = y+z

2 we see that kx � uk = d, a contradiction to strict convexity.

The following picture explains what is occurring in this proof (and is simpler to
follow than the words). The line between y and z has to lie on the interior of both
the ball of radius d around x and the interior of the ball of radius d around w thus
the points have to be closer than the distance from x to z. But this was chosen to
be minimal.

10Compare to Section 1.1.2.
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We obtain the following corollary that gives a huge class of finite metric spaces
that do not embed into any strictly convex Banach space:
Corollary 1.2.6. If M is a metric space that does not have unique metric midpoints, it
does not isometrically embed into any strictly convex Banach space.

1.2.3 The Fréchet–Kuratowski Embedding

The Fréchet–Kuratowski embedding is a foundational result about the theory of
metric spaces, dating back to the very first paper on metric spaces. The first proof
the author is aware of is in [25], a 1935 paper by Kuratowski which is in French.
Our interest will be in both the result and its method of proof.
Lemma 1.2.7. Suppose that M is a metric space consisting of n points {m1, . . . , mn}.
Then there is an isometric embedding fM of M into `n

•.

Proof. We define a map fM = f : M ! `n
• by f (mj) = (d(mj, mi))n

i=1. We then
claim that this map is an isometry. Indeed, k f (mj)� f (mk)k• = supi |d(mj, mi)�
d(mk, mi)|. By the reverse triangle inequality this is less than d(mj, mk).

To see that the upper bound is attained, set i = k. Then we get d(mj, mk)� 0 =

d(mj, mk). Thus the mapping f is an isometry.

Remark 1.2.8. We will need the structure of this proof later on. Specifically we
will need the fact that if we perturb the distances in the metric space M, then
fM(M) changes continuously.

To make this precise, suppose that we have an open set V ⇢ Un such that ev-
ery element of V represents a metric space. If M is an element of V, let the
metric space it represents be denoted by M = {m1, . . . , mn}. Then the mapping
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M 7! fM({m1, . . . , mn}), as a mapping from V ! `n
• ⇥ · · ·⇥ `n

•| {z }
n times

, is evidently a

continuous mapping; co-ordinate wise it is dM(mi, mj) = Mij.
Remark 1.2.9. The statement that ”every n-point metric space embeds into `n

•”
can be sharpened. It is easy enough to see that we can embed every n-point metric
space into `n�1

• , simply by mapping one of the points to zero. Recent work in [37]
has shown that every n-point metric space embeds into `s(n)

• where n� s(n) ! •
as n ! •. The exact rate of growth of n� s(n) is unknown, however Ball proved
in [3] that s(n) = o(n).

1.2.4 The Cayley–Menger Determinant

In Chapter 3 we will consider embeddings of finite metric spaces M into `2.
There is a classical algorithm that checks whether a metric space M embeds as
an affinely independent subset of `2 that we will detail here. As in the case of the
Fréchet–Kuratowski embedding we will be interested in the exact details of the
proof, and thus we will give the proof as found in [41, Section 4].

If we have n distinct points m1, m2, . . . , mn in a metric space M, we consider the
associated matrix M defined, as above, by Mij = d(mi, mj). Define P to be
the n ⇥ n matrix given by Pij = M2

ij. Then the Cayley–Menger determinant of
m1, . . . , mn, shortened CMDet, is defined as

CMDet(m1, . . . , mn) = det

 
P 1
1T 0

!

where 1 is the column vector of length n consisting entirely of 1’s.
Remark 1.2.10. The reader should observe that permutations of m1, . . . , mn do not
affect the value of CMDet, indeed, when we transpose mi and mj, the determinant
is unaffected.

We have the following sharp criterion:
Theorem 1.2.11. A metric space M consisting of n + 1 distinct points m0, . . . , mn can
be isometrically embedded into `n

2 as an affinely independent set if and only if the sign of
CMDet(m0, . . . , mr) is (�1)r+1 for each r = 1, . . . , n.

Proof. First suppose that {m0, . . . , mn} is an affinely independent subset of `n
2 .

We will show that the sign of CMDet(m0, . . . , mn) is (�1)n+1. Write the j’th co-
ordinate of mi as m(j)

i . Let D denote the simplex with vertices at mi, i.e., D is the
convex hull of {m0, . . . , mn}.
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It is classical that the n-volume of a simplex with vertices {m0, . . . , mn} is given
by the formula:

vol(D) =
1
n!

�����det

 
m0 m1 m2 . . . mn

1 1 1 . . . 1

!�����

where we think of mi as a column vector.

We note that this is equal to

vol(D) =
1
n!

��������
det

0

BB@

m0 m1 m2 . . . mn 0
1 1 1 . . . 1 0
0 0 0 . . . 0 1

1

CCA

��������
.

Squaring this formula and using the fact that detM = detMT, we get that

(n! vol(D)))2 = det

0

BBBBBBB@

mT
0 1 0

mT
1 1 0

...
...

...
mT

n 1 0
0T 0 1

1

CCCCCCCA

det

0

BB@

m0 . . . mn 0
1 . . . 1 0
0 . . . 0 1

1

CCA

where 0 is the column vector of length n consisting entirely of zeros. Interchang-
ing the last two columns of the first matrix gives,

�(n! vol(D)))2 = det

0

BBBBBBB@

mT
0 0 1

mT
1 0 1

...
...

...
mT

n 0 1
0T 1 0

1

CCCCCCCA

det

0

BB@

m0 . . . mn 0
1 . . . 1 0
0 . . . 0 1

1

CCA

We can then multiply these two matrices together, using the multiplicativity of
the the determinant to get that

�(n! vol(D))2 = det

0

BBBBBBB@

hm0, m0i hm0, m1i . . . hm0, mni 1
hm1, m0i hm1, m1i . . . hm1, mni 1

...
... . . .

...
...

hmn, m0i hmn, m1i . . . hmn, mni 1
1 1 . . . 1 0

1

CCCCCCCA

We can now expand 2hmi, mji = hmi, mii + hmj, mji � d(mi, mj)2, and subtract
multiples of the last row/column to get that this is equal to

�(n! vol(D))2 =
(�1)n

2n+1 CMDet(m0, . . . , mn).
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This shows that if a metric space on n + 1 points embeds into `n
2 as an affinely

independent set, then its Cayley Menger determinant has sign (�1)n+1.

Remark 1.2.12. The above proof shows that if m0, . . . , mn embeds as an affinely
dependent set into `n

2 , then CMDet(m0, . . . , mn) = 0.

We now need to show the converse, i.e., if CMDet(m0, . . . , mk) has sign (�1)k+1

for each k then m0, . . . , mn embeds isometrically into `n
2 as an affinely independent

set. We prove this inductively. For n = 0 this theorem is obvious. We may
assume inductively that the theorem is true for n � 1, i.e., we have embedded
m0, . . . , mn�1 into span{e1, . . . , en�1}, where ei is the standard orthonormal basis
of `n

2 . Suppose m0 7! 0, and mi 7! xi with the span of xi being all of `n�1
2 .

We want to find a point xn 2 `n
2 , which we denote by x, such that kxk2 = M0n

and kx � xik2 = Min. Write x = v + len where v 2 `n�1
2 , i.e., hv, eni = 0.

Squaring the equation kx � xik2 = Min we get 2hxi, vi = kxk2
2 +M2

0i �M2
in,

which is equal to 2hxi, vi = M2
0n +M2

0i �M2
in. Since the xi’s are linearly in-

dependent, this is solvable, i.e., there is a unique solution v to this system of
simultaneous equations.

Remark 1.2.13. We observe that this unique solution v varies continuously on the
values of Mi,j, e.g., by using the cofactor formula for the determinant.

The equation kxk2 = M0n can be squared and simplified to l2 = M2
0n � kvk2

2. It
remains to show that M2

0n � kvk2
2 is positive.

Remark 1.2.14. We observe that the value of l varies continuously on the values
Mi,j (if M2

0,n � kvk2
2 is positive). It is just a square root.

By Remark 1.2.12, we have that the Cayley–Menger determinant of the points
0, x1, . . . , xn�1, v is equal to zero, i.e.,

det

0

BBBBBBBBBB@

0 M2
0,1 . . . M2

0,n�1 kvk2 1
M2

1,0 0 . . . M2
1.n�1 kv � x1k2

2 1
...

...
...

...
...

...
M2

n�1,0 M2
n�1,1 . . . 0 kv � xn�1k2 1

kvk2
2 kv � x1k2

2 . . . kv � xn�1k2
2 0 1

1 1 . . . 1 1 0

1

CCCCCCCCCCA

= 0

We have that kv� xik2
2 = kvk2

2 � 2hv, xii+ kxik2
2, which is equal to kvk2

2 �M2
0,n +

M2
in. Since the determinant is invariant under row and column operations we can
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subtract the final row multiplied by (kvk2
2 �M2

0,n) from the penultimate row and
not affect the determinant. We also can subtract the final column multiplied by
(kvk2

2 �M2
0,n) from the penultimate column and not affect the determinant. This

gives us that

det

0

BBBBBBBBBB@

0 M2
0,1 . . . M2

0,n�1 M2
0,n 1

M2
1,0 0 . . . M2

1.n�1 M2
1,n 1

...
...

...
...

...
...

M2
n�1,0 M2

n�1,1 . . . 0 M2
n�1,n 1

M2
0,n M2

1,n . . . M2
n�1,n �2(kvk2

2 �M2
0,n) 1

1 1 . . . 1 1 0

1

CCCCCCCCCCA

= 0.

This determinant is the same as the determinant CMDet(m0, . . . , mn) except in
the (n + 1, n + 1) entry. We can write the penultimate column as

0

BBBBBBBBBB@

M2
0,n

M2
1,n
...

M2
n�1,n

0
1

1

CCCCCCCCCCA

+

0

BBBBBBBBBB@

0
0
...
0

�2(kvk2
2 �M2

0,n)

0

1

CCCCCCCCCCA

.

We now use the multilinearity of the determinant in the (n + 1)’st column and
the fact that to obtain that

CMDet(m0, . . . , mn)+

det

0

BBBBBBBBBB@

0 M2
0,1 . . . M2

0,n�1 0 1
M2

1,0 0 . . . M2
1.n�1 0 1

...
...

...
...

...
...

M2
n�1,0 M2

n�1,1 . . . 0 0 1
M2

0,n M2
1,n . . . M2

n�1,n �2(kvk2
2 �M2

0,n) 1
1 1 . . . 1 0 0

1

CCCCCCCCCCA

= 0

and expanding the second determinant along the penultimate column gives us
that

CMDet(m0, . . . , mn)� 2(kvk2
2 �M2

0,n)CMDet(m0, . . . , mn�1) = 0.

Since the signs of CMDet(m0, . . . , mn) and CMDet(m0, . . . , mn�1) are different by
assumption, we necessarily have that kvk2

2 �M2
0,n < 0, which was as required.
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If M is a metric space satisfying the assumptions of Theorem 1.2.11, let gM denote
the embedding of M into `n

2 that is constructed by following the proof of the
previous theorem.
Remark 1.2.15. We can observe, similar to Remark 1.2.8 in the case of the Fréchet–
Kuratowski embedding, that the embedding gM(M) is a continuous function of
the distances involved in M. This is not quite as obvious as in the case of the
Frechet–Kuratowski embedding but can be read out of the above proof by com-
bining Remarks 1.2.13 and 1.2.14.

1.3 Assorted Extras

Throughout this thesis we will need some theorems from analysis and geometry
that did not naturally fit into any of the earlier sections. We collect these results
in this section.

1.3.1 Brouwer’s Fixed Point Theorem

At key points in our arguments later on we will need Brouwer’s fixed point the-
orem.
Theorem 1.3.1. Let K be a non-empty compact convex subset of Rn. Then every contin-
uous function f : K ! K has a fixed point.

This forms a natural generalization of the intermediate value theorem. Indeed, in
the case where n = 1 it can be recovered from this theorem.

We will not give a proof of this theorem. Indeed, there are many proofs available
and the interested reader can check [5, Chapter 15] for a self contained proof.

Even though the statement of the theorem is straightforward, there is an aspect
of the theorem we would like to bring the reader’s attention to: the map sending
a function to its fixed point is not well behaved.
Remark 1.3.2. Suppose that K is a compact convex subset of Rn, and that, for
r 2 [0, 1], fr is a family of continuous functions fr : K ! K. Moreover, suppose
that fr depends continuously on r, i.e., the function f : [0, 1] ⇥ K ! K given
by f (r, x) = fr(x) is a continuous function. Then there is a set-valued function
S : [0, 1] ! 2K that sends a function fr to the set of its fixed points. We may
ask a very natural question: is there a continuous map s : [0, 1] ! K such that
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s(r) 2 S(r)?

The answer in general is no. We give an example for n = 1 and K = [0, 1]. Then
consider maps defined by: fr(x) = (2r)x for r  1/2 and fr(x) = (2r � 1) + (2 �
2r)x for r � 1/2.

r < 1/2 r = 1/2 r > 1/2

It is now easy to see that the map s associated to this family of functions must be
discontinuous. Indeed, s(r) = 0 for r < 1/2 and s(r) = 1 for r > 1/2.

There are more pathological examples that show that the function sending a func-
tion to its set of fixed point must be badly behaved. There are set theoretic results
saying (very roughly) that if a function is of a certain ’complexity’ its fixed points
can be of higher ’complexity’. There are examples showing, for example, that if
we have a function f : [0, 1]2 ! [0, 1]2 that is computable its fixed points can fail to
be computable.

The fact that this map is badly behaved will illustrate why some of our methods
of proof later can not be extended.

The poor behaviour of Brouwer’s Fixed Point Theorem should be contrasted with
the good behaviour of the Contraction Mapping Theorem.
Theorem 1.3.3. Let (X, d) be a non-empty complete metric space, 0  l < 1, f : X !
X and suppose f satisfies d( f (x), f (y))  ld(x, y). Then there is a unique fixed point
x⇤ of f . Moreover, x⇤ = limn f (n)(x) for any x 2 X, where f (n) is the n-fold iterate of f
with itself.

We call a function with the property that d( f (x), f (y))  ld(x, y) a l-contraction.

The uniqueness of the fixed point in this case, coupled with the property of l-
contractiveness allows us to show that the map sending a l-contraction to its
unique fixed point is well behaved. Indeed, if f and g are two l�contractions,
with fixed points x f , xg, respectively, then

d(x f , xg)  d( f (x f ), f (xg)) + d( f (xg), g(xg)).
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This shows that d(x f , xg)  1
1�l supx(d( f (x), g(x)). For compact metric spaces

this shows that the map sending a contraction to its fixed point is continuous,
with respect to the supremum distance.
Remark 1.3.4. There is a remarkable counter-point to Remark 1.3.2 whose exis-
tence I learned of on MathOverflow, see [17].
Theorem 1.3.5. Let K be a non-empty, compact, convex subset of Rn and suppose that
{ fi : i 2 I} is a family of continuous functions on K indexed by some compact subset of
I of Rm (for m and n possibly different.) Suppose that fi depends continuously on I, i.e.
that the function G : I ⇥ K ! K given by G(i, x) is a continuous function. Moreover,
suppose that the fixed points of such functions are unique. Then the map sending a
function to its fixed point is continuous in i.

This theorem will follow easily from the Closed Graph Theorem for topological
spaces which we now recall.
Theorem 1.3.6. Suppose that f : S ! T is a map from a topological space S to a compact
Hausdorff space T. Then f is continuous if and only if the graph G( f ) = {(s, f (s)) : s 2
S} is closed.

Proof. Let E be the set {(i, x) : G(i, x)� x = 0}. It is easy to see that E is closed,
and that E is the graph of the function that sends a function fi to its fixed point.
Applying Theorem 1.3.6 we see that the function that sends a function to its fixed
point is continuous.

1.3.2 The Inverse Function Theorem and The Submersion The-

orem

At various points in the text we will need to use differentiability arguments. To fix
notation and terminology, we say that a function F : Rn ! Rm is a C1-map if F is
continuous, differentiable, and the map that sends x 7! (DF)(x) is continuous.

We begin by recalling the Inverse Function Theorem.
Theorem 1.3.7. Let x 2 Rn and W be an open neighbourhood of x. Let F : W ! Rn

be a C1�map such that (DF)(x) is an invertible linear map.

Then there is an open subset U of x, an open subset V of F(x) and a map Y : V ! U
such that F|U is a bijection, F(Y(z)) = z for all z 2 V and Y(F(z)) = z for all z 2 U.

The Submersion Theorem and the Immersion Theorem are close relatives of the
Inverse Function Theorem. Both relate the behaviour of a function at a point to
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the rank of the derivative there. A function F : Rn ! Rm is a submersion at a point
x if (DF)(x) is surjective, i.e., has rank m. This necessarily means that n � m.
This is dual to the concept of an immersion at a point x where (DF)(x) is injective,
i.e., has rank n. This necessarily means that m � n.
Theorem 1.3.8. Suppose F : Rn ! Rm is a C1 � map.

• If F is a submersion at a point x, there is an open set U containing x, and an open
set V containing F(x) such that that F(U) = V. Moreover, there is a continuous
map Y : V ! U such that F � Y is the identity and Y(F(x)) = x.

• If F is an immersion at a point x, there is an open set U containing x, and an open
set V containing F(x) such that F(U) ⇢ V. Moreover, there is a continuous map
Y : V ! U such that Y(V) = U and Y � F is the identity on U.

Remark 1.3.9. The following consequence of Theorem 1.3.8 is important for our
purposes: if a map F : Rn ! Rm is a submersion at a point x then it is locally
surjective, i.e., there is an open set V around F(x) such that F(Rn) contains V.

1.3.3 Green’s Theorem and a Corollary

At some point in the text, we will need to use an argument based on integration.
A key technical ingredient in these arguments will be Green’s Theorem. We will
mainly be interested in these arguments in the context of Lemma 1.1.23, i.e., we
will have a closed convex curve that we will be the boundary of the unit sphere
of a 2-dimensional Banach space.
Theorem 1.3.10. Let C be a simple closed smooth curve in R2, bounding a region D.
Moreover, suppose that we take C being traversed counter clockwise. Suppose that Q, Y
are real-valued differentiable functions of x, y in an open region containing D. Then

I

C
Q dx + Y dy =

ZZ

D
∂xY � ∂yQ dxdy.

An incredibly simple corollary of this is:
Corollary 1.3.11. Suppose that D is a convex subset of the plane bounded by a piecewise
smooth curve G. Then

�
I

G
y dx =

I

G
x dy = Area(D).
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1.4 Some Preliminary Observations about the Prop-

erty AI-I

This section contains our first observations about Property AI-I. We first recall
the definition of Property AI-I, which the reader is now equipped to understand.
We say that a Banach space X has Property AI-I if whenever M is a finite met-
ric space such that M almost isometrically embeds into X then M isometrically
embeds into X. We say that a Banach space X has the Finite Isometric Dvoretzky
Property if every finite subset of `2 isometrically embeds into X. We say that a Ba-
nach space X has the Finite Isometric Krivine Property if, whenever `p is finitely
representable in X, every finite subset of `p embeds isometrically into X.11

This section will be a little vaguer in places than the rest of the introduction,
however the reader should be satisfied that every question we pose will be made
precise. We will also discuss a possible generalization of Property AI-I.
Theorem 1.4.1. The following spaces have Property AI-I:

1. Any space that contains every finite metric space isometrically;

2. `2;

3. `p for 1  p  •;

4. any finite dimensional space.

The only hard one of these is `p for 1 < p < • which follows from Theorem 1.1.6
and compactness.

1.4.1 Some Questions

We will now list some questions that we will answer throughout this thesis.
Question 1.4.2. 1. Does every Banach space have Property AI-I?

2. What classes of Banach spaces have Property AI-I?

3. Does every reflexive Banach space have Property AI-I? Every superreflexive space?

4. How does Property AI-I relate to the properties of bases that Banach spaces have?

11These definitions make sense in light of Dvoretzky’s Theorem (Theorem 1.1.29) and Krivine’s
Theorem (Theorem 1.1.32.)
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5. Is Property AI-I ’open’? If two Banach spaces are close, then does one having
Property AI-I imply the other does?

6. Does every Banach space have the Finite Isometric Krivine Property?

During this thesis we will answer Questions 1, 3, 5 and 6 in the negative. Due to
the counterexamples constructed here, the following conjecture is natural:
Conjecture 1.4.3. Suppose that X is an infinite-dimensional Banach space with Property
AI-I and that X 6= `2. Then for every e > 0 there is a Banach space Y with d(X, Y) <
1 + e which lacks Property AI-I.

The reader should bear this conjecture in mind, especially within Section 4, where
we show that if X = `p, then it holds.

In Section 3 we will discuss the Dvoretzky analogue of the sixth question above,
i.e., we will conjecture:
Conjecture 1.4.4. Every Banach space has the Finite Isometric Dvoretzky Property.

1.4.2 A Generalisation

The reader should notice that Property AI-I only makes reference to finite metric
spaces. We can ask the following analogue of part 2 of Question 1.4.2:
Question 1.4.5. Suppose that X is a Banach space. What classes of Banach spaces X
have the property that whenever M is a countable metric space that almost isometrically
embeds into X, M isometrically embeds into X?

We say such a Banach space has Property AI-I(countable). We can provide some
insights into this question here that the reader may find interesting.

We first note that if X is a Banach space that is isometrically universal for all
countable metric spaces then X has Property AI-I(countable). This means implies
that `• has this property.

Second we note that `2 has this property. Indeed, suppose we have a metric space
M = {m1, m2, . . . } such that for every e > 0 we have a map fe : M ! `2 such
that d(mi, mj)  k fe(mi) � fe(mj)k2  (1 + e)d(mi, mj). Fix some orthonormal
basis e1, e2, . . . of `2. Then by translation and the Gram-Schmidt process we can
assume that fe(m1) = 0 and fe(mi) 2 span{e1, . . . , ei�1}.

Now focus on f1/n. We can pass to subsequences, and use a diagonal argument,
to construct some subsequence f1/nj such that ( f1/nj(mi))j is convergent for each
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i. Setting f (mi) = limj f1/nj(mi) yields an isometric embedding.

However, have the following two theorems:
Theorem 1.4.6. c0 does not have Property AI-I(countable).

Proof. This follows from work of Kalton and Lancien in [21]. Specifically Theorem
2.9 of this paper exhibits a countable metric space M that embeds into c0 with
distortion 1+ e for every e positive, but does not isometrically embed into c0.

Theorem 1.4.7. Any strictly convex Banach space that does not contain any subspace
isometrically isomorphic to `2

2 does not have Property AI-I(countable), in particular `p

for 1 < p < • and p /2 2N does not have Property AI-I(countable).

We will give the proof of the first part of this theorem later, in Theorem 3.3.5. To
deduce the second part we need to observe that `2

2 does not isometrically isomor-
phically embed into `p which was proven in [10].

These two results seem to indicate that the class of spaces that have Property
AI-I(countable) is small. Indeed, the author can not think of a space that is not
a Hilbert space12 or universal for all countable metric spaces that has Property
AI-I(countable). We give this as a conjecture, to which we have neither dedicated
particularly large amounts of time, nor have any idea how to approach:
Conjecture 1.4.8. The only spaces with Property AI-I countable are those that are either
isometrically isomorphic to a Hilbert space or those that are isometrically universal for
countable metric spaces.

Although this is not the main focus of our thesis we feel that this is an inter-
esting open problem. One can ask similar questions for metric spaces of higher
and higher cardinality where we would expect the classes of spaces would get
narrower and narrower. This is an interesting problem which the author has not
given much attention to.

12’A’ Hilbert space here means ’a Hilbert space of arbitrary cardinality’.
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Chapter 2

The `• Case

We begin by talking about isometric embeddings of finite metric spaces into a Ba-
nach space with no non-trivial cotype. We begin with this case because it is sim-
pler than the other cases that we will consider later. This is primarily due to the
Fréchet-Kuratowski embedding which makes all of our considerations very ex-
plicit. This allows us to give a more in-depth exposition and explain the method
of proof that we generalise later.

2.1 The Setup

We begin by considering an infinite-dimensional Banach space X that has no non-
trivial cotype, or equivalently (by the Maurey-Pisier Theorem, Theorem 1.1.36)
a Banach space X for which `• is finitely representable in X. We observe that
for any n-point metric space M, and any e > 0 there is a (1 + e)�distortion
embedding of M into X. Indeed, the Fréchet-Kuratowski embedding (see Lemma
1.2.7) shows that there is an isometric embedding f of M into `n

•. Then, taking a
subspace E of X for which d(E, `n

•) < 1 + e gives us a map T : `n
• ! E for which

kTkkT�1k < 1 + e. Scaling, we can assume that kTk = 1 and kT�1k < 1 + e.

The composite map T � f : M ! E  X is the required (1 + e)�distortion em-
bedding of M into X.

We are thus in the position where any finite metric space almost-isometrically
embeds into X. The question of whether X has Property AI-I is thus the question
of whether X is isometrically universal for all finite metric spaces. This brings us
to the question that drives our study for the rest of the chapter:
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Question 2.1.1. Suppose X is an infinite-dimensional Banach space that lacks non-
trivial cotype. Then is X isometrically universal for all finite metric spaces?

We structure the rest of the chapter as follows: we begin by proving a positive re-
sult for finite concave metric spaces. After this we give a counterexample show-
ing that the positive result does not extend to all finite metric spaces. To end
the chapter we discuss an extension of our positive result to the case of a certain
subclass of infinite concave metric spaces.

2.2 A Positive Result

We will begin by talking about concave metric spaces. We recall our definition of
concave metric spaces from Section 1.2.2: a metric M space is concave if for every
distinct triple x, y, z we have that d(x, y) + d(y, z) > d(x, y).
Theorem 2.2.1. Let n 2 N. Suppose that M is an n-point concave metric space, and
X is an infinite-dimensional Banach space for which `n

• almost isometrically embeds into
X. Then M isometrically embeds into X.

The hypothesis of this theorem is implied by any of the following assumptions in
increasing1 order of strength: X has no non-trivial cotype, X uniformly contains
the `n

•’s, c0 embeds into X or `• embeds into X. We reduce Theorem 2.2.1 to the
following quantitative finite dimensional result:
Theorem 2.2.2. Let n 2 N. If M is an n-point concave metric space then there is some
d > 0 such that if E is an n-dimensional Banach space with d(`n

•, E) < 1 + d, then M
isometrically embeds into E.

We will give three proofs of this result - even though the proofs are substantively
similar we wish to give all three to illustrate different aspects of the proof.

The first proof will be a proof similar to the author’s work in [23]. It is less clear
conceptually to extend to the case of infinite metric spaces, but has the advantage
of being the best indicator of a proof strategy for the `p case.

The second proof is the cleanest proof, taken from the author’s work in [22]. It is
the shortest and gives us the best insight as to how to extend to the case of infinite
metric spaces.

1Increasing, but not strictly increasing. The first two are equivalent by the Maurey-Pisier the-
orem.
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The above two proofs use Brouwer’s fixed point theorem to find an isometric
embedding of the metric space M. In both of these proofs we simultaneously
find the image points, i.e., we apply Brouwer’s fixed point theorem once and the
resulting fixed point is the image of M. In fact, we can do this iteratively, i.e.,
we have an isometric embedding of n � 1 points that we extend to an isometric
embedding of all n points (again by Brouwer’s fixed point theorem). In the third
proof we give the details of this. We also attempt to explain why the choice of
perturbation (which is present in all three proofs) is the most natural choice of
perturbation.

Proof One of Theorem 2.2.2

Let M consist of points {m1, . . . , mn} and set M to be matrix that represents the
space M, i.e., Mij = d(mi, mj). We remind the reader that Un is the space of n ⇥ n
symmetric matrices with zeroes on the diagonal. Let A ⇢ Un be the collection of
matrices that represent concave n-point metric spaces. In the following we will
take the `• norm on Matn⇥n(R) as it is the most convenient computationally.

We will first show that A is an open subset of Un. Indeed, a metric space M is
convex if and only if Mij +Mjk �Mik > 0 for each distinct triple of numbers
i, j, k. Thus A = \i,j,k{N 2 Un : Nij +Njk �Nik > 0}. This is an intersection of
open sets and thus A is an open subset of Matn⇥n(R).

Since A is an open subset of Un, there is some h > 0 such that the set B = {N 2
Un : kN �Mk• < h} ⇢ A.

For N 2 B, with N = {r1, . . . , rn} we consider the points xi(N ) = (d(rj, ri))n
j=1 2

`n
•. We recall from Section 1.2.3 that this is the Fréchet-Kuratowski embedding of

N into `n
•. This mapping satisfies kxi(N )� xj(N )k• = d(xi, xj). Moreover, the

mapping N 7! (xi(N ))n
i=1 is continuous when considered as a mapping from B

to (`n
•)n (see Remark 1.2.8).

We have now shown that if M is a concave metric space, then there is some h > 0
such that ‘h-small perturbations’ of M remain finite concave metric spaces, and
thus still embed into `n

•. We now wish to prove a dual statement to this, namely,
that if we consider a finite-dimensional Banach space E that is a small perturba-
tion of `n

•, then we can find an isometric copy of M inside E.

We fix d > 0 (to be determined later) and consider a Banach space E with the
property that d(E, `n

•) < 1 + d. Without loss of generality we may assume that
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E = (Rn, k.kE) with k.kE  k.k•  (1 + d)k.kE. Define i : `n
• ! E to be the

formal identity map. We now define a map Q : [0, h](
n
2) ! En by

Q(N ) = (i(xi(N +M)))n
i=1

where an element of [0, h](
n
2) is indexed by {(i, j) : 1  i < j  n} which we

identify as an element of Un in the obvious way.

We then consider the map j : [0, h](
n
2) ! R(n

2) given by

j(N )ij = Nij +Mij � kQ(N )i � Q(N )jkE.

We claim that if d is sufficiently small (and the size of d will depend only on M)
then j(N ) 2 [0, h](

n
2).

To establish the lower bound, note that

kQ(N )i � Q(N )jkE  kQ(N )i � Q(N )jk• = Nij +Mij

and thus j(N )ij � 0. For the upper bound, we have that

kQ(N )i � Q(N )jkE � 1
1 + d

kQ(N )i � Q(N )jk• =
1

1 + d
(Nij +Mij).

We thus have that

j(N )ij  Nij +Mij �
1

1 + d
(Nij +Mij) =

d

d + 1
(Nij +Mij)

and thus if d is sufficiently small, then this is < h.

By construction, j is a continuous mapping from [0, h](
n
2) to itself. The set [0, h](

n
2)

is a compact convex subset of R(n
2) and thus by the Brouwer fixed point theo-

rem, there is some N such that j(N ) = N . For this choice of N we have that
kQ(N )i � Q(N )jkE = Mij, and thus mi 7! Q(N )i is the required isometric em-
bedding of M into E.
Remark 2.2.3. This proof really demonstrates the role of concavity in the argu-
ment - the assumption of concavity shows that there is an open ball in Un such
that every element of this ball represents a concave metric space. If a metric space
is not concave, then for any e > 0, there is a matrix N 2 Un with kN �Mk• < e

and N not representing a metric space.

We reiterate this - it is not just the case that N does not represent a concave metric
space, it does not have to represent a metric space at all.
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Indeed, consider a metric space on three points, x, y, z with d(x, y) = d(y, z) = 1
and d(x, z) = 2. This has associated matrix

M =

0

BB@

0 1 2
1 0 1
2 1 0

1

CCA

but then, for any e > 0, we can consider the matrix

Me =

0

BB@

0 1 2 + e

1 0 1
2 + e 1 0

1

CCA .

This is a bona fide element of Un, but does not represent a metric space.

Pictorially M is represented by:

x y z

1 1

Since the points of M are collinear in this fashion, we can not move x and z further
apart without affecting the distances from x to y and x to z.

Proof Two of Theorem 2.2.2

Let M consist of the points {m1, . . . , mn}. Since M is concave and finite we can fix
some h > 0 such that for any distinct x, y, z 2 M, we have that d(x, y) + d(y, z)�
d(x, z) > 2h.

We fix d > 0 (to be determined later) and consider a Banach space E with the
property that d(E, `n

•) < 1 + d. Without loss of generality we may assume that
E = (Rn, k.kE) with k.kE  k.k•  (1 + d)k.kE.

We define a map Q : [0, h](
n
2) ! E ⇥ · · ·⇥ E| {z }

n times

as follows:

Q(e)1 = (d(m1, m1), d(m2, m1), d(m3, m1) . . . , d(mn, m1))

Q(e)2 = (d(m1, m2) + e1,2, d(m2, m2), d(m3, m2), . . . , d(mn, m2))

Q(e)3 = (d(m1, m3) + e1,3, d(m2, m3) + e2,3, d(m3, m3), . . . , d(m3, mn))

...

Q(e)n = (d(m1, mn) + e1,n, d(m2, mn) + e2,n, . . . , d(mn�1, mn) + en,n�1, d(mn, mn))
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We note that this is the Fréchet embedding of M into `n
• in the case that e = 0.

For i 6= j we have that

kQ(e)i � Q(e)jk• = sup
k

|d(mk, mi)� d(mk, mj) + ei,k � ej,k|

where we set es,t = 0 for s � t. This is equal to d(mi, mj) + eij as if k 6= i, j we
have that

d(mi, mk)� d(mj, mk) + eik � ekj  d(mi, mj)� 2h + eik � ejk  d(mi, mj)

where the first inequality is where the hypothesis of concavity is needed.

We now continue similarly to the previous proof, with different notation. Define
a map j : [0, h](

n
2) ! R(n

2) by

j(e)i,j = d(mi, mj) + eij � kQ(e)i � Q(e)jkE.

We claim that, if d is sufficiently small j sends [0, h](
n
2) to itself.

To show that j(e)i,j > 0 we note that

kQ(e)i � Q(e)jkE  kQ(e)i � Q(e)jk• = d(mi, mj) + ei,j

where the last equality is due to the above computation.

To show that j(e)ij < h for sufficiently small d, we note that

kQ(e)i � Q(e)jkE � 1
1 + d

kQ(e)i � Q(e)jk• =
1

1 + d
(d(mi, mj) + ei,j)

and thus
j(e)i,j 

d

1 + d
(d(mi, mj) + ei,j)

and thus whenever d is sufficiently small j(e)i,j is less than h.

By construction, j is a continuous mapping from [0, h](
n
2) to itself. The set [0, h](

n
2)

is a compact convex subset of R(n
2) and thus by the Brouwer fixed point theorem,

there is some e such that j(e) = e. For this choice of e we have that kQ(e)i �
Q(e)jkE = d(mi, mj), and thus mi 7! Q(e)i is the required isometric embedding
of M into E.

Proof Three of Theorem 2.2.2

In this proof, our goal is to more clearly understand the constructions given in
Proof Two above so that we can generalise them to give a (slightly different) re-
sult in the case of infinite metric spaces (see Section 2.5 for these details.) Our
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proof here is essentially identical to Proof Two above, however we choose the ei,j

inductively. This small tweak will allow us to generalise to an infinite result.

Let M consist of the points {m1, . . . , mn} and identify M with its image in `n
•

under the Frechét-Kolmogorov emebdding, i.e., mi = (d(m1, mi), . . . , d(mn, mi)).
Suppose that E = Rn with a norm k.kE that is ‘close’ to the `n

• norm in the Banach-
Mazur sense, i.e., we can (without loss of generality) assume that there is some
constant d > 0 such that

k.kE  k.k•  (1 + d)k.kE. (2.1)

This assumption is a normalisation of the norm k.kE. We aim to show that if d is
sufficiently small (depending on M) then M isometrically embeds into E.

In what follows, we are going to attempt a very “bare hands” inductive proof - at
stage i we will find a possible image m0

i 2 E of mi. At each stage we will try and
enforce that, for j < i, km0

i � m0
jkE = d(mi, mj).

For m1, the isometry condition is vacuous, we may as well set

m0
1 = (d(m1, m1), . . . , d(mn, m1)) = m1.

What do we do with m2? We have n co-ordinates to play with, so we could
send them anywhere. The simplest thing we could do is change only one co-
ordinate. This is a degrees of freedom argument: we have one condition (namely
km0

2 � m0
1k = d(m1, m2)) and thus only need to change one thing to force this

condition.

So, which co-ordinate do we change? First let’s see what happens if we change
the first co-ordinate.

Changing the first co-ordinate

Fix R > 0 (to be determined later) and for e in [0, R] define

f (e) = (d(m1, m2) + e, d(m2, m2), d(m3, m2), . . . )

which is an e-perturbation of m2. We note that f is a continuous function from
[�R, R] to E.

We are looking for some e such that k f (e)� m0
1kE = d(m2, m1). To find this we

are going to estimate k f (0)� m0
1kE and k f (R)� m0

1kE and show that one of these
is greater than d(m2, m1) and one of these is less than d(m2, m1).
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So, what is k f (0)� m0
1kE? Since

k f (0)� m0
1k• = km2 � m1k• = d(m1, m2)

we can use our choice of normalisation (2.1) to see that

1
1 + d

d(m1, m2)  k f (0)� m0
1kE  d(m1, m2).

The main thing to observe is that k f (0)� m0
1kE  d(m1, m2).

Now we look at k f (R)� m0
1kE. Similar to the above, we have to work out what

k f (R)� m0
1k• is. We can write this out explicitly as

k(d(m1, m2) + R � d(m1, m1), d(m2, m2)� d(m2, m1),

d(m3, m2)� d(m3, m1), . . . , d(mn, m2)� d(mn, m1)k•.

This supremum is easy to compute since the first term is d(m1, m2)+ R, and every
other term can be bounded above using the triangle inequality by d(m1, m2). We
thus have that k f (R)� m0

1k• = d(m1, m2) + R.

Using the choice of normalisation (2.1) we see that

1
1 + d

(d(m1, m2) + R)  k f (R)� m0
1k  d(m1, m2) + R.

If we choose R and d such that

d(m1, m2) + R
1 + d

> d(m1, m2)

then k f (R)� m0
1kE is larger than d(m1, m2).

We wish to apply the intermediate value theorem one some interval to find a
point e such that k f (e)� m0

1kE = d(m1, m2). So, define a function j : [0, R] ! R

by
j(e) = d(m1, m2)� k f (e)� m0

1kE.

It is clear that j is a continuous function. Our estimates above show that j(0) � 0
and that (if d is sufficiently small) j(R)  0. So there is some e for which j(e) = 0,
and we set

m0
2 = (d(m1, m2) + e, d(m2, m2), d(m3, m2), . . . ).

Changing a different co-ordinate

We could have, instead, opted to alter a different co-ordinate. What would have
happened then?
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Changing the second co-ordinate of m0
2 is the same thing as changing the first co-

ordinate after interchanging the roles of m1 and m2 in the proof above. We thus
do not consider changes in the second co-ordinate.

We will begin by considering the case that we alter some co-ordinate that is not
the second - let us imagine changing the third (the same argument works for any
co-ordinate that isn’t the first or second.) Then we would set

m0
2 = (d(m1, m2), d(m2, m2), d(m3, m2) + K, d(m4, m2), . . . )

for some K, and we want that km0
1 � m0

2kE = d(m1, m2). Then

km0
1 � m0

2k• = max(sup
i 6=3

|d(mi, m2)� d(mi, m1)|, |d(m3, m2) + K � d(m3, m1)|

= max(d(m1, m2), |d(m3, m2) + K � d(m3, m1)|).

Since the metric space is concave, we may assume that there is some h > 0 such
that for every triple i, j, k we have that d(mi, mj) + d(mj, mk) > d(mi, mk) + 2h2.
Now if |K| < h we have that km0

1 � m0
2k• = d(m1, m2). So, unless we happen to

have d(m1, m2) = km1 � m2kE estimates of the kind used above can not help us
to find a point m0

2 with km0
2 � m0

1k = d(m1, m2).

We thus have that |K| would have to be larger than h. Large perturbations in this
co-ordinate change all of the future distances, and violate this ‘inductive’ process
we are trying to accomplish for a possible infinite generalisation.

We note that it is possible that a ’non-inductive’ process works when an inductive
one fails. This statement is a little vague (intentionally) and we make this precise
in Section 3.4.

To recap m0
2

So to recap our process up to the point, we are trying to embed the metric space
M, which we are treating as a subset of `n

•, into E, which we are treating as Rn

with a norm k.kE that satisfies (2.1). To do this we iteratively construct a map f ,
by first setting f (m1) = m1. To construct f (m2), we looked at m2 + qe1 where q is
some small parameter, and showed (if d(E, `n

•) was small) that there is a small q

such that km2 + qe1 � m1kE = km2 � m1k•. We have also shown that if we had

2The factor 2 here will become relevant later, any concern the reader has may be assuaged that
d(mi, mj) + d(mj, mk) > d(mi, mk) + 2h certainly implies d(mi, mj) + d(mj, mk) > d(mi, mk) + h.
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considered m2 + qei, with i 6= 1, 2 to ensure that km2 + qei � m1kE = km2 � m1k•

then q would have to be large. This ’largeness’ is not what we want - we want
small perturbations to lead to small perturbations and the behaviour to not be
’chaotic’ in some sense.

Finding m0
3

Similar to our thought process with m0
2, we have n co-ordinates to play with,

and we could send them anywhere. The simplest thing we can do is change two
co-ordinates. We have two conditions (that km0

1 � m0
3kE = d(m1, m3) and that

km0
2 � m0

3kE = d(m2, m3),) and thus we have to change at least two co-ordinates
for there to be enough degrees of freedom in the system to solve it.

Which co-ordinates do we change? First let’s see what happens when we change
the first two co-ordinates.

Changing the first two co-ordinates

In the case of m0
2 we (eventually) considered a map f : [0, R] ! E where f (r)

perturbed the first co-ordinate by r. In this case we consider a map f : [0, R]2 ! E
by

f (e1, e2) = (d(m1, m3) + e1, d(m2, m3) + e2, d(m3, m3), . . . )

We wish to make an argument that looks like the argument in the previous sec-
tion: we wish to find a point (e1, e2) such that k f (e1, e2) � m0

1kE = d(m1, m3)

and k f (e1, e2) � m0
2kE = d(m2, m3). In the previous section we used an inter-

mediate value argument. The general way of extending an intermediate value
argument to more than one dimension is the Brouwer fixed point theorem, and
here it makes its appearance.

If we want k f (e1, e2)� m0
1kE = d(m1, m3) and k f (e1, e2)� m0

2kE = d(m2, m3) to
correspond to fixed points of a function on [0, R]2, the way we do this is by setting

e1 = d(m1, m3) + e1 � k f (e1, e2)� m0
1kE

and
e2 = d(m2, m3) + e2 � k f (e1, e2)� m0

2kE.

This informs our choice of function j(e1, e2), i.e., we set

j(e1, e2)i = d(mi, m3) + ei � k f (e1, e2)� m0
ikE.
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The reader should note that this is the same as the choice of j in the previous
proof (just in a restricted number of dimensions.) The same bounding as in the
previous proof gives that this continuous function does have a fixed point.

The reader should observe that the concavity of M is needed here. In Proof Two
we needed concavity to deduce that the function j had a fixed point - and here
we need the concavity of M.

Perturbing other co-ordinates

A similar symmetry argument to the case of m0
2 shows us that we can perturb any

two of the first three co-ordinates and find a point m0
3 as required. Since this is an

identical argument we do not consider it here.

However, if we perturb at least one of the co-ordinates above 3, the same issue
arises as for m0

2: the change in the co-ordinate required to find m0
3 such that km0

3 �
m0

1k = d(m3, m1) is large. Identical reasoning to m0
2 indicates that we do not want

to use large perturbations.

We will omit the details.

Finding further m0
k

Finding m0
k for k � 4 is then a simple inductive procedure where at stage k we

consider the function jk : [0, R]k�1 ! [0, R]k�1 with

jk(e1, . . . , ek�1)i = d(mi, mk) + ei � k f (e1, . . . , ek�1)� m0
ikE.

A conclusion of this method

In this method, the reader should find it clear why the previous result worked.
At each stage, we embed the i’th point and use the Brouwer’s fixed point theorem
in i dimensions to find a point m0

i such that km0
i � m0

jkE = d(mi, mj) for j < i. This
inductive process allows us to find the embedding of each point in turn.

The proof we have given here emphasises two aspects of the method. The first
is that the method is truly an inductive one. We send points in turn to a new
one, and at each stage we force the distances to be correct. It should not be a
surprise that there is a generalization to the infinite case, see Section 2.5, where
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we essentially just iterate this infinitely many times. The reader is cautioned that
the infinite generalization requires some slightly stronger conditions - the passage
to the infinite requires us that the bounds throughout this proof (which we have
been slightly sloppy with) do not converge to zero.

The second aspect that this proof emphasises is that it is a relatively natural thing
to do. At each stage we, in some sense, do the obvious thing and it works. The
author feels this is the key to the previous two proofs (even though they are much
simpler to read and understand.)

2.2.1 Some concluding thoughts

Before we continue to the negative results, the author wants to point out two
things from the previous theorem and its proofs.

The ’key’ idea

Here we want to extract a key idea from the arguments in the previous section.
We will make bountiful use of this lemma later. The reader can think of this
as a duality principle - given a pair (A, E) where E is a Banach space and A is
an n-point subset of E, if there is an e > 0 such that every e-perturbation of A
isometrically embeds into A then there is a d > 0 such that if F is a Banach space
that is a d-perturbation of E then A isometrically embeds into F. We make this
precise in the following,
Lemma 2.2.4. Suppose that E is a Banach space and A is an n-point concave subset of E
on points {a1, . . . , an}. Suppose that there is some e > 0 such that there is a continuous
function Q : [0, h](

n
2) ! En such that kQ(e)i � Q(e)jkE = d(ai, aj) + eij. Then there

is some d > 0 such that if d(E, F) < 1 + d then A embeds isometrically into F.

Note that the assumption on Q implies that all e-perturbations of the distance
matrix (d(ai, aj))n

i,j=1 are distance matrices of a metric space. This implies that
(viewing A as a metric space) A is concave. Moreover, note that the dimension of
E is not assumed to be equal to n.

Proof. This proof is essentially contained in the above work, but we give the de-
tails explicitly so we may make use of the result in the sequel.

Fix d > 0 to be determined later, and assume that F is a Banach space with
d(E, F)  1 + d. Moreover, we may assume that kxkE  kxkF  (1 + d)kxkE.
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The idea is that we define the ’helper’ function j : [0, h](
n
2) ! [0, h](

n
2) by setting

j(e)ij = d(ai, aj) + eij � kQ(e)i � Q(e)jkF.

We have to show that if d is sufficiently small (depending on A and h) then j is
well defined, i.e., that 0  j(e)ij  h. An application of the Brouwer fixed point
theorem provides us a point t such that j(e) = e, and by the definition of j, the
image of Q(e) is the required isometric embedding of A into F.

First we note that

j(e)ij � d(ai, aj) + eij � kQ(e)i � Q(e)jkE = 0

where we have used k.kF � k.kE. This gives us that the lower bound is satisfied.

For the upper bound, we have that

j(e)ij  d(ai, aj) + eij �
1

1 + d
kQ(e)i � Q(e)jkE =

d

d + 1
(d(ai, aj) + eij).

This is less than d
d+1(d(ai, aj) + h), and if d  h

d(ai,aj)
for all i, j this quantity is less

than h. Thus the function j is well defined, and we are done.

This proof of Lemma 2.2.4 reveals that one can take the following generalisation
which demonstrates that the fact we are in normed spaces is not particularly im-
portant. We can, in fact, take suitable generalisations to metric vector spaces with
a notion of ‘closeness’ that is similar to the Banach-Mazur notion.
Lemma 2.2.5. Suppose that M is a metric space and that we have a continuous function
G : M ! R, a collection {Rij : 1  i < j  n} an e > 0 and a continuous
function F : [0, e](

n
2) ! Mn such that G(F(e)i � F(e)j) = Rij + eij. Then there

is some d > 0 such that if we have a continuous H : Rn ! R with the property
that H(x)  F(x)  (1 + d)H(x) then there exist points x1, . . . , xn in Rn such that
H(xi � xj) = Rij.

The reader may (rightly) think that this gives a generalisation of every result in
this thesis. Every time we apply Lemma 2.2.4 we could instead apply this lemma
to obtain a generalisation to the case of metric spaces with this unusual notion of
closeness.

Our main reason for not presenting the ideas in this more general form is that
our interest is primarily in the case of Banach spaces, where we can apply results
such as Krivine’s Theorem, Dvoretzky’s Theorem or the Maury-Pisier Theorem to
find the function G in this lemma. Analysing metric variants of these properties
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would take us into an active research area where we would run into many open
problems. Presenting the ideas in this general metric setting would clutter the
presentation.

The proof is identical to that of Lemma 2.2.4.

How large can d be?

It is perhaps of interest to look at how large d can be in the above calculation.

To state the next result as clearly as possible, we need to introduce the notion of
an h�concave metric space. A metric space M is h-concave if d(x, y) + d(y, z)�
d(x, z) > 2h for each distinct triple x, y, z 2 M
Corollary 2.2.6. Let M be an h-concave metric space consisting of m points, and let
K = max d(mi, mj). If d(`m

•, E) < 1 + h/K then M embeds isometrically into E.

The key here is that this is dependent only on two things - the h-concavity and
the diameter of M. There is no dependence on |M|.

Proof. All we need to do is analyse the exact bounds in the proof of Lemma 2.2.4.
If one looks at the last paragraph, we require that d

d+1(d(mi, mj) + eij)  h. Since
eij is at most h, this follows from d  h

d(mi,mj)
. Since mini,j

h
d(mi,mj)

= h
K the result

follows.

2.3 A Negative Result

In this section we will show that there is a metric space containing `n
• uniformly

that does not isometrically contain every finite metric space. We will, in fact,
show the following theorem:
Theorem 2.3.1. There is a space that is isomorphic to `• that is not universal for all
finite metric spaces.

The assumption in this theorem is much stronger than that of containing `n
• uni-

formly.

In the previous section, to show that an n-point metric space embedded into
spaces close to `n

• we had to use concavity of the metric space. This assump-
tion seemed to be a technical one. However, the construction below will show
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that it is a genuine obstruction, and that the hypotheses of Theorem 2.2.1 can not
be weakened.

The proof of Theorem 2.3.1 is a generalization of the following, slightly easier to
understand, counter-example.
Lemma 2.3.2. There is a space X that almost isometrically contains the family `n

•, n 2
N, that is not universal for all finite metric spaces.

Proof. Consider the space X = (�•
n=2`

n
n)2. We first claim that `n

• is finitely repre-
sentable in X. This follows from our bound on the distance between the spaces
`n

p: Lemma 1.1.4 says that d(`n
p, `n

•)  n1/p. So, for fixed n and e > 0, if m is
sufficiently large d(`n

m, `n
•)  1 + e. Since `n

m isometrically embeds into `m
m, we

have that `n
• almost isometrically embeds into X.

We claim that if x, y 2 SX with x 6= y then kx + yk < 2. Indeed, take xn 2 `n
n and

yn 2 `n
n, and suppose that Â kxnk2 = Â kynk2 = 1. Moreover, suppose that we

have some m such that xm 6= ym.

First, we look at the case that kxnk = kynk for each n. In this case, by the strict
convexity of `m

m, we have that kxm + ymk < 2kxmk. For every other n we have
that kxn + ynk  2kxnk. Thus Â kxn + ynk2 < Â 4kxnk2 = 4, i.e., kx + yk < 2.

Second, we look at the case that kxmk and kymk are different for some m. In this
case we can bound differently, Â kxn + ynk2  Â(kxnk + kynk)2 = Â kxnk2 +

Â kynk2 + 2 Â kxnkkynk. Applying Cauchy-Schwarz, we see that this is smaller
than the quantity 2 + 2

p
Â kxnk2 Â kynk2, which is equal to 4.

Equality in the above statement holds just when the vector (kxnk)n is a scalar
multiple of the vector (kynk). Since both vectors have `2 norm 1, this scalar mul-
tiple has to be 1. We assumed that there was some m such that kxmk 6= kymk, and
thus Â kxn + ynk2 is strictly less than 4.

However, it is easy to see that in `2
• there are two points such that kxk = kyk = 1,

x 6= y and kx + yk = 2, take (for example) (1, 0) and (1, 1). So the metric space
{(0, 0), (1, 0), (1, 1), (1, 1/2)} with the inherited `2

• norm does not isometrically
embed into X. This is the content of Theorem 1.2.5.

Remark 2.3.3. The following classical result can be extracted from the above
proof.
Lemma 2.3.4. If Xn are strictly convex spaces then (�Xn)2 is a strictly convex space.
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Later on we will want to prove variants of this lemma which will be much less
straightforward: the use of 2-direct sums allowed us to use Cauchy-Schwarz.

In the above proof we used a finite metric space M that lacked the unique metric
midpoint property. If a strictly convex Banach space contains (1 + e)-distortion
copies of every finite metric space the above lemma shows that it is not finitely
universal as it does not contain M. The class of Banach spaces containing (1 +

e)�distortion copies of every finite metric space is, by Remark 1.1.38, the class of
Banach spaces containing `n

• almost isometrically. This is a strict class of Banach
spaces. The following theorem shows a larger class of spaces that are guaranteed
to almost isometrically contain such a space M, but not isometrically contain M.
Theorem 2.3.5. Suppose that X is a Banach space that is strictly convex but not uni-
formly convex. Then there is a four point metric space that (1 + n)-embeds into X for
any n > 0 but that does not isometrically embed into X.

Proof. Since X is not uniformly convex, there is some e > 0 such that for any
d > 0 we can find points xd and yd such that kxd � ydk = e but kxd + ydk >

2 � 2d. We construct our metric space M as follows: take points a, b, c, d with
d(a, b) = d(a, c) = d(a, d) = 1, d(b, c) = d(c, d) = e/2 and d(b, d) = e.

a b

d

c

A pictoral representation of the space M

Assume that there is an isometric embedding f : M ! X. Assume, without loss
of generality, that f (a) = 0. Then, since c is a metric midpoint of b, d and the
space X is strictly convex, f (c) = ( f (b) + f (d))/2 and k f (c)k = 1. This is a
contradiction of strict convexity, as f (b) and f (d) lie in SX (and are distinct.)

However, for any n > 0 there is a (1 + n) embedding of M into X. Indeed, defin-
ing fn by fn(a) = 0, fn(b) = x1/n, fn(d) = y1/n and fn(c) = 1/2(x1/n + y1/n) we
see that the map is isometric on all pairs of points except (a, c) where

1 > k fn(c)� fn(a)k > 1 � 1
n

.

Taking the limit as n tends to infinity we see that the distortion of the embedding
fn tends to 1.
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We can end this section with the proof of Theorem 2.3.1, i.e., a space isomorphic
to `• that is not finitely universal.

Proof of Theorem 2.3.1. Combine Theorem 2.3.5 with Lemma 1.1.20 (which is where
we constructed an explicit norm on `• that was strictly convex.3)

2.3.1 Some Remarks on Property AI-I

The work in the above section allows us to make some non-trivial remarks about
Property AI-I. Theorem 2.3.5 shows us that any space that is strictly convex but
not uniformly convex fails Property AI-I. We listed several of these in Section
1.1.3. For example, we have the following:
Theorem 2.3.6. There are reflexive spaces with unconditional bases that fail Property
AI-I.

Proof. Simply note that the space (�•
n=2`

n
n)2 is reflexive (as it is the 2 direct sum of

finite dimensional spaces), strictly convex, not uniformly convex and that space
has an unconditional basis.

We observe that the above space is not superreflexive, indeed c0 is finitely repre-
sentable in the space. This method of constructing spaces that fail Property AI-I
is not particularly helpful in finding a superreflexive example due to Theorem
1.1.28.4 We will see an example of a superreflexive space without Property AI-I
later.

The work we have established so far also allows us to show that Property AI-I
does not interact well with the notion of Banach-Mazur distance. One may hope
that the property is ’open’ in some sense, i.e., if a Banach space X has Property
AI-I there is some e > 0 such that if d(X, Y)  1 + e then Y has Property AI-I.
The next theorem shows that this is false in a very strong sense, you can even fail
with e = 0.
Theorem 2.3.7. There is a Banach space X with Property AI-I, and a Banach space
without Property AI-I such that d(X, Y) = 1.

3To observe that the norm constructed on `• is not uniformly convex recall that Theorem 1.1.22
showed that a uniformly convex Banach space was reflexive. `• is not reflexive.

4It is possible that such a method will work due to Theorem 1.1.28 being an isomorphic result
instead of an isometric result. This does not seem particularly fruitful avenue to the author.
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Proof. This is a modification of the proof of Theorem 1.1.19 (the proof that there
are two Banach spaces of distance 1 away from each other that are not isometri-
cally isomorphic.) We take the space X =

�
�2`

qn
pn

�
and Y = (�2`n

•)�2
�
�2`

qn
pn

�

where pn is a dense subset of [2, •) and qn a sequence of natural numbers that
takes every m 2 N infinitely often. The reader can observe that the proof of
Theorem 1.1.19 can be repeated with the spaces X and Y to show that they are
isomorphic. The space X is strictly convex, and the space Y evidently has Prop-
erty AI-I (simply, it is universal for finite metric spaces.)

Remark 2.3.8. The reader may be interested in the fact that there are many ex-
amples of non-isomorphic spaces that satisfy the assumptions in Theorem 2.3.5.
For an example, we can pick any two non-isomorphic separable spaces that are
not uniformly convexifiable (i.e., not superreflexive), apply the procedure in The-
orem 1.1.21 and then observe that the resulting spaces remain non-isomorphic. A
concrete example of this would be `1 �2 `p for 1  p  • - an uncountable family
of pairwise non-isomorphic spaces. A less trivial example would be the family of
generalized Tsirelson spaces of order a.

2.4 Two Open Problems

Over this section we have developed techniques to handling questions about
Property AI-I in the case that the spaces involved contain, for every e > 0, (1+ e)-
distortion copies of every finite metric space. Over the previous two subsections
we have shown that:

• If M is a finite concave metric space and X contains `n
• almost-isometrically,

then M isometrically embeds into X.

• There exists a non-concave metric space M and a space isomorphic to `•

such that M does not isometrically embed into X.

The author sees two clear directions of further study here. The first is to ask:
Question 2.4.1. Let R be the collection of finite metric spaces that isometrically embed
into every Banach space with no non-trivial cotype. Which metric spaces are in R?

We have shown that {finite concave spaces} ⇢ R. It is also clear, from the defi-
nition of a Banach space, that {subsets of R} ⇢ R. In some sense subsets of the
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reals are the ’least concave’ spaces: if we pick any three points then one is the
convex combination of the other two.

The author believes that it is possible that these are the only counter-examples,
i.e., he is of the opinion that ’two dimensional concavity is a barrier to embed-
dability.’ We formulate this here as a conjecture:
Conjecture 2.4.2. R = {finite concave spaces} [ {subsets of R}.

The second direction of study that the author sees is to ask the following:
Question 2.4.3. Is there a characterization of Banach spaces that contain every finite
metric space isometrically?

Of particular note to the author is:
Question 2.4.4. Is Tsirelson’s original space finitely isometrically universal?

2.5 An Infinite Result

The main result of this section is a generalisation of Theorem 2.2.2, originally
proven in [28]. We include it here because it is a simple extension of our idea
for the finite case (specifically we use Corollary 2.2.6.) The presentation of the
proof we have given above allows for a very easy generalization to the infinite
case (which is slightly different from the proof in [28], simply we keep the proof
in line with our presentation to this point.5.)
Theorem 2.5.1 ([28]). Suppose that M is an h-concave countably infinite bounded met-
ric space. Then there is some d > 0 such that if X contains an (1 + d)-isomorphic copy
of `• then M embeds isometrically into X.

Proof. Fix d = 1 + h/2 diam(M) and consider a Banach space X with d(X, `•) <

1 + d. Without loss of generality in what follows we may assume that X =

(`•, k.kE) such that k.kX  k.k•  (1 + d)k.kE. We will inductively embed M
into X, following precisely the argument of Proof 3 of 2.2.2.

So, assume we have isometrically embedded {m1, . . . , mn} into X by a map fn

where

fn(mi) = (d(mi, m1) + ei,1, d(mi, m2) + ei,2, . . . ,

d(mi, mi�1) + ei,i�1, d(mi, mi), d(mi, mi+1), . . . )

5Our proof also does not rely on the Schauder fixed point theorem: the iterative approach we
opt for allows us to only ever use Brouwer’s fixed point theorem.
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where 0  ei,j  h. We now construct an embedding fn+1 as follows: we set
fn+1(mi) = fn(mi) if i  n and we will construct fn+1(mn+1).

Set

Q(e1, . . . , en) = (d(mn+1, m1) + e1, d(mn+1, m2) + e2, . . .

,d(mn+1, mn) + en, d(mn+1, mn+1), . . . )

and our goal is to show that for some choice of (e1, . . . , en) 2 [0, h]n we have that

k fn(mi)� Q(e1, . . . , en)kX = d(mi, mn+1).

So, as per before, we take j : [0, h]n ! [0, h]n and set

j(e1, . . . , en)i = d(mi, mn+1) + ei � k fn(mi)� Q(e1, . . . , en)kX.

Then, the same computation as in Lemma 2.2.4 and Corollary 2.2.6 shows that for
our choice of d there is a fixed point of ji, and this choice of e1, . . . , en gives us
our choice, i.e., fn+1(mn+1) = Q(e1, . . . , en).

We can give an interesting application of this:
Theorem 2.5.2. Suppose that X is a Banach space that contains an isomorphic copy of
`•. Then X isometrically contains an infinite subset M = {m1, m2, . . . , } such that
d(mi, mj) = 1 for all i 6= j.

Proof. This is a combination of the previous result (with the trivial observation
that M satsifies the assumptions of the theorem) and Partington’s theorem, The-
orem 1.1.40.
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Chapter 3

The `2 Case

In the previous section we looked at Banach spaces with no non-trivial cotype.
Using the Maurey-Pisier theorem we deduced that these were almost-isometrically
universal for finite metric spaces. We then extended this to isometric universality
for certain finite metric spaces.

In this section we look at arbitrary infinite-dimensional Banach spaces. By Dvoret-
zky’s theorem we will observe that these are almost-isometrically universal for
all finite subsets of `2. This is a more complicated case than that of `• and will
require us to use different classical techniques to get a handle.

In the case of `• we found a restriction on finite metric spaces that guaranteed
that they embedded isometrically into any Banach space with no non-trivial co-
type. In this section we similarly find a condition on finite subsets of `2 that
guarantee they embed into every infinite-dimensional Banach space. However,
we do not establish the equivalent of Theorem 2.3.1. Indeed, it is still an open
problem to establish whether every infinite-dimensional Banach space is isomet-
rically universal for all finite subsets of `2. We discuss this in Section 3.4, where
we talk about issues with extending the results proven here.

3.1 The setup

We begin by considering an arbitrary infinite-dimensional Banach space X. By
Dvoretzky’s Theorem, Theorem 1.1.29, `2 is finitely representable in X, i.e., for

every n and e > 0, `n
2

1+e
,! X. Let M be a finite subset of `2.

By first applying the Gram-Schmidt process to M we may assume that M is a
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subset of `n
2 . Let E be an n-dimensional subspace of X such that d(E, `n

2) < 1 + e,
and suppose that T : `n

2 ! E is a mapping for which kTkkT�1k < 1 + e. Scaling,
we may assume that kTk = 1 and kT�1k < 1 + e. By taking i : M ! `n

2 to be the
formal inclusion mapping, the map T � i : M ! E  X is a (1 + e)�distortion
embedding of M into X.

We are thus in the position where any finite subset of `2 almost isometrically em-
beds into X. We are in the position to investigate the Finitely Isometric Dvoretzky
Property for any space X, i.e.,
Question 3.1.1. Suppose X is an infinite dimensional Banach space. Does every finite
subset of `2 embed isometrically into X?

3.2 A positive result for affinely independent subsets

A subset M of `2 is called affinely independent if for some x 2 `2, the set x + M is
linearly independent. The following Theorem was proven as Lemma 3 in [40].
Theorem 3.2.1. [Lemma 3 of [40]] Suppose that X is an infinite-dimensional Banach
space and that M is a finite, affinely independent subset of `2. Then M isometrically
embeds into X.

We note that affinely independent subsets of `2 are concave. If our Banach space
X has no non-trivial cotype this theorem will not give us a larger class of metric
spaces that embed into X. The converse is not true.

As in the `• case, we establish this result by proving the following more specific
theorem and then appealing to Dvoretzky’s theorem:
Theorem 3.2.2. If M is a finite, affinely independent subset of `2 then there is some
d > 0 such that if E is an n-dimensional Banach space with d(`n

2 , E) < 1 + d then M
isometrically embeds into E.

To very briefly spell out how Theorem 3.2.1 follows from Theorem 3.2.2, sup-
pose we have some M, an affinely independent subset of `2, and an infinite-
dimensional Banach space X. By Theorem 3.2.2, there is some d > 0 such that
if E is an n-dimensional Banach space with d(`n

2 , E) < 1 + d then M isometrically
embeds into E. By Dvoretzky’s theorem there is some subspace F of X such that
d(F, `n

2) < 1 + d, and thus M embeds isometrically into F (and hence X.)

Similar to the previous case, the proof will be an application of Brouwer’s fixed
point theorem. We are going to give two proofs - one inductive and one not
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inductive. The proof that is not inductive will be very similar to the first proof
given in the `• case, essentially we will replace all of our observations about
the Fréchet-Kolmogorov embedding with observations about the Cayley-Menger
determinant. This is the clearest way for the reader to understand what happens
in the `p case.

The proofs we will give of Theorem 3.2.2 are different than those in [40]. The proof
in this paper focuses on an argument via homotopy, whereas we will proceed
using Lemma 2.2.4.

Proof One of Theorem 3.2.2

First we shall recall the definition of the Cayley-Menger determinant. If we label
the (n + 1)-points of M by m0, . . . , mn, we consider the associated distance matrix
M =

�
d(mi, mj)

�n
i,j=0. Setting Pr =

⇣
M2

ij

⌘r

i,j=0
, we define

CMDet(m0, . . . , mr) = det

�����
Pr 1
1T 0

�����

where 1 is the length n vector of 1’s. Theorem 1.2.11 says that M isometrically
embeds into `n

2 just when the sign of CMDet(m0, . . . , mr) is (�1)r+1 for all r =

1, . . . , n.

We remind the reader that Un is the space of symmetric n ⇥ n-matrices with 0 on
the diagonal.

In the case of the Fréchet-Kuratowski embedding we noted that if we looked at
the matrix M associated to the metric space M, the mapping M 7! fM(M) (where
fM is the Fréchet-Kuratowski embedding) was a continuous mapping from Un to
`n

• ⇥ · · ·⇥ `n
•| {z }

n times

. We can say something similar here.

First note that if M is a matrix associated to a metric space M such that the
CMDet(m0, . . . , mi) has sign (�1)i+1, then for some e > 0, if N is another el-
ement of U such that kN �Mk• < e then N represents a metric space N =

{r0, . . . , rn} such that CMDet(r0, . . . , ri) has sign (�1)i+1 for all i = 1, . . . , n. Let
C = {N : kN �Mk• < e}. We observe that the fact that M isometrically em-
beds into `2 in an affinely independent way shows that M is concave. Thus, by
possibly shrinking e we may assume that all elements of C are matrices repre-
senting concave metric spaces.
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For any element M of C we construct a metric space M such that M represents
M: simply define M as a metric space on points {m1, . . . , mn} with distance func-
tion d defined by d(mi, mj) = Mij. We recall the function gM : M ! `n

2 defined
after the proof of Theorem 1.2.11. The function gM was constructed to have the
property that

kgM(mi)� gM(mj)k2 = d(mi, mj).

We now define a function g : C ! `n
2 ⇥ . . . `n

2| {z }
n times

by g(M) = (gM(m1), . . . , gM(mn)).

We now, essentially, replicate the proof of Theorem 2.2.2. We have shown that
if M is a metric space that embeds into `2 in an affinely independent way, then
there is some ball C around M and a continuous function from C to `n

2 ⇥ · · ·⇥ `n
2| {z }

n times
such that if N is in C then N represents a metric space N and the image of N is
an isometric copy of N.

Fix d > 0 and consider a Banach space E with d(E, `n
2) < 1 + d. Without loss of

generality we may assume that E = (Rn, k.kE) with k.kE  k.k2  (1 + d)k.kE.
Set i : `n

2 ! E to be the formal identity map and define a map Q : [0, e](
n
2) !

E ⇥ · · ·⇥ E| {z }
n times

by Q(N ) = i � gN0(N0) where N0 is the metric space associated to

M+N .

We are now in the position where an application of Lemma 2.2.4 completes the
proof.

Proof Two of Theorem 3.2.2

The following argument is going to use the Cayley-Menger determinant as little
as possible. It amounts to the same proof as the previous section. However, we
will emphasise the inductive nature of the argument.

Let M = {m0, m1, . . . , mn} be an affinely independent (n + 1)-point subset of
`n

2 . Without loss of generality we may assume that m0 = 0. Since M is affinely
independent, it is concave. By Theorem 1.2.11 we have that (�1)k+1 is the sign of
CMDet(m0, . . . , mk) for each k = 0, . . . , n.

Suppose that N = {r0, . . . , rn} is a set of (n + 1) points. Then there is some
e > 0 such that if |dN(ri, rj)� dM(mi, mj)| < e, then (N, dN) is a metric space and
CMDet(r0, . . . , rk) = (�1)k+1 for each k = 0, . . . , n.
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Fix d > 0 and consider a Banach space E with d(E, `n
2) < 1 + d. Without loss of

generality we may assume that E = (Rn, k.kE) with k.kE  k.k2  (1 + d)k.kE.
Let {e1, . . . , en} be the standard basis for Rn.

We are going to construct an isometric embedding f : M ! E inductively. Be-
gin by setting f (m0) = 0, and it is clear we can find a point f (m1) such that
k f (m0)� f (m1)k2 = d(m0, m1). Suppose that for some 1  k < n we have de-
fined f (m0), . . . , f (mk) such that f is an isometry and f (mi) 2 span{e1, . . . , ei}.

Fix e0, . . . , ek and set e = (e0, . . . , ek). We de fine a metric space N(e) consisting
of k + 2 distinct points r0, . . . , rk+1 with metric d = de as follows:

• d(ri, rj) = k f (mi)� f (mj)k2 for each i, j 2 {0, . . . , k}

• d(ri, rk+1) = d(mi, mk+1) + ei for each i 2 {0, . . . , k}.

Provided that d is sufficiently small, we have that |dM(mi, mj) � d(ri, rj)| < e

for all pairs i, j. Hence, by the choice of e, d is a metric on N(e). By Theorem
1.2.11 there is an isometric embedding G of N(e) into `k+1

2 whose image is an
affinely independent set. After a series of suitable reflections we may assume
that G(ri) = f (mi). Set g(e) = G(rk+1). Note that, by affine independence, there
are two possible choices of g(e) depending on the sign of the coefficient of ek+1.
By fixing a sign we obtain a continuous function g : [0, e]k+1 ! `k+1

2 .

We are now in a position to apply Lemma 2.2.4 to obtain the theorem.

3.3 On extensions of the proof of Theorem 3.2.2

In this section we will detail some results that are related to the proof of Theorem
3.2.2. These will primarily be centred around how possible extensions to the proof
would have to work.

The reader may note that we only study these possible results in the `2 case -
not the `p or `• cases. This is because we have definitive counter-examples in
these cases, so (of course) there can be no general positive result. We will mainly
be interested in the notion that any possible extension to Theorem 3.2.2 must
be global. Up until this point, the two positive results we have proven are local,
i.e., the proofs proceed by looking at images of points, fixing them, and then
embedding others.

The results here are mostly based on the following simple lemma:
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Lemma 3.3.1. Suppose that M is a metric space, X is a strictly convex Banach space
and a 2 (0, 1). Suppose that there are three distinct points m1, m2, m3 in M such that
d(m1, m2) = ad(m1, m3) and d(m2, m3) = (1 � a)d(m1, m3). If f : M ! X is an
isometry, then f (m2) = a f (m1) + (1 � a) f (m3).

Proof. This is a simple modification of the proof of Lemma 1.2.5.

Theorem 3.3.2. There is a 3-point subset M of `2
2 and a point m of `2

2 such that for all
e > 0 there is a Banach space E with d(E, `2

2)  1 + e, and an isometric embedding
f : M ! X such that there is no extension f̃ : M [ {m} ! X that remains isometric.

This is saying that there is no possible method of extending the method of the
proof of Theorem 3.2.2 to the case of affine dependence - we must break free of
local considerations and move to global ones.

Proof. Let M be the subset of `2
2 given by M = {(0, 0), (1, 1), (0, 1)} and let m be

the point (1/2, 0) The following is a diagram of M.

m

A diagrammatic representation of M and the point m.

We now construct a Banach space E such that d(E, `2
2) is small. Fix some e > 0.

We will construct the Banach space E by specifying a curve G and using Lemma
1.1.23: a Banach space in R2 can be defined by specifying its unit sphere. Let
(x1, x2) 2 R2. In the following, when we say ”argument of x”, we mean the
argument of x1 + ix2 where argument takes values in [0, 2p).

• If the argument of x is not in [p/4� e, p/4+ e], x 2 G if and only if x 2 S`2
2
.

• If the argument of x is in [p/4 � e, p/4 + e], we say x 2 G if and only if
C(e)(x3/2

1 + x3/2
2 ) = 1 where C(e) is chosen such that G is continuous.1 We

think of this sector of the unit disc as the ”bad sector”.

• We say that G has rotational symmetry of order 4, i.e., there are ’bad’ sectors
around p/4, 3p/4, 5p/4 and 7p/4.

1We can do this because both the `2
2 norm and the `2

3/2 norm are symmetric when we inter-
change x and y.
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The following is a diagram of the unit sphere of E, where the dashed line is ”not
quite the `2

2 norm”:

The norm k.ke is evidently strictly convex, and moreover d(E, `2
2) ! 1 as e ! 0.

By Lemma 1.2.3 (and its proof) we know that we can take an isometry f : M ! E
that sends (0, 0) to (0, 0), (0, 1) to e1 and (1, 1) to some point x.

Now, assume that we can extend f to the point (1/2, 0). Then, by the strict con-
vexity of E we have that f (1/2, 0) = (1/2, 0). Now, we can use the isometry con-
dition, noting that dE((1/2, 0), (1, 1)) = d`2((1/2, 0), (1, 1)) and dE((1, 0), (1, 1)) =
d`2((1, 0), (1, 1)), simply all these directions are in the ’good’ sector. Thus, for f
to be an isometry we have that x 2 ((1/2, 0) +

p
5/4S`2

2
) \ ((1, 1) + S`2

2
), which

is exactly (1, 1) and (�1, 1). Both of these do not have norm
p

2, by construction,
so f fails to be an isometry.

Remark 3.3.3. The above proof also shows that there exists an embedding of
((0, 0), (1/2, 0), (1, 0)) ⇢ `2

2 into a Banach space E with no possible extension
to (1, 1). This is an example where the new point added is affinely independent
of the previous points, yet there is no possible example.
Theorem 3.3.4. There is a four-point subset M of `2

2 such that for any strictly convex
Banach space X that contains no subspace isometric to `2

2, and for any isometric embed-
ding f : M ! X there is a point m 2 `2

2 such that no extension f̃ : M [ {m} ! X
remains isometric.

The reader should observe that here M is a four point metric space. It is possible
that we could reduce 4 to 3, however it does not seem particularly necessary to
optimise this result to best possible.

Proof. This is a modification of the previous result. We choose a slightly different
subset M of `2

2, M = {(0, 0), (1, 0), (�1, 0), (0, 1)}. Let X be any strictly convex
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Banach space with no subspaces isometric to `2
2, and let f : M ! X be an isomet-

ric embedding with f (0, 0) = 0. Now suppose that for any point m 2 `2
2 but not

in M we could extend f isometrically to M [ {m}.

First observe that if we take m = a(1, 0) + (1 � a)(0, 1) by Lemma 3.3.1 the ex-
tension f̃ must map m to a f (1, 0) + (1 � a) f (0, 1). We thus have that ka f (1, 0) +
(1 � a) f (0, 1)k =

p
a2 + (1 � a)2 for a 2 (0, 1). By homogeneity we get that

ka f (0, 1) + b f (1, 0)k =
p

a2 + b2 whenever a, b have the same sign.

Second, if we take m = a(�1, 0) + (1 � a)(0, 1), repeating the above shows that
ka f (�1, 0) + (1 � a) f (0, 1)k =

p
a2 + (1 � a)2. By homogeneity we get that

ka f (0, 1) + b f (1, 0)k =
p

a2 + b2 whenever a, b have different signs.

The final theorem is that we can not hope to extend any embedding indefinitely: if
X is strictly convex, finite-dimensional, and doesn’t contain any two dimensional
subspace isometric to `2

2 then we can find some M such that an M-point subset
of `2

2 does not embed into X. This is an isometric invariant of the space. It is,
perhaps, of interest to compute this number for some spaces, however, the author
has given little thought to this problem.

This theorem also tells us something else (which may be of interest when we deal
with the `p case.) By Theorem 3.2.2, for every n 2 N there is an N 2 N such
that every affinely independent subset of `n

2 embeds into every N-dimensional
Banach space sufficiently close to `N

2 (indeed, N = n + 1 in this case). This shows
that without the hypotheses of affinely independent subsets, this can not be true.
Theorem 3.3.5. If E is a strictly convex, finite-dimensional Banach space with no sub-
space isometric to `2

2, there is a subset M of `2
2 that does not embed into E.

Proof. Let m1, m2, . . . be a dense subset of `2
2 with m1 = 0 and consider embed-

dings fn : {m1, . . . , mn} ! E with fn(0) = 0. By a diagonal argument we can pass
to a subsequence such that fn(mi) is a convergent sequence (defining fn(mi) = 0
if i > n.) We denote the limit of fn(mi) as f (mi). By the continuity of the norm
this extends to an isometric embedding f̂ : `2

2 ! X, which is linear due to the
strict convexity of X and Lemma 3.3.1.
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3.4 A positive result for some affinely dependent sub-

sets

In this section we shall modify a proof of Nordlander from [33], and we shall
show that the simplest, non-trivial (i.e., not points on a line), case of an affinely
dependent subset of `2 can be embedded into any Banach space.
Theorem 3.4.1. Suppose that we take the subset M of `2

2 given by {0, m, n, am + (1 �
a)n} where m, n 2 S`2

2
are distinct and 0 < a < 1. Then M isometrically embeds into

every Banach space X of dimension 2 or greater.

The following is a diagram of M:

We include this argument here not because of its generality: it is in fact not very
general at all. However, it does (perhaps) include an insight into how one would
wish to proceed. The author cannot find a way of extending this argument to
more general subsets of `2 (or even `2

2). However the method of proof here pro-
vides some evidence that such an extension may be possible in this case.

This argument is also useful because all of the counter-examples we have in the
other cases use subsets of this type.

After the proof we will mention the aspects of it that make it hard to extend to
the case of more than 4 points (or a more complicated affine dependence.)

Proof. Without loss of generality we may assume that X has dimension two. Let
e = km � nk. It is easy to work out the size of kam + (1 � a)nk2, indeed, since
hm � n, m � ni = e2 we have that 2 � 2hm, ni = e2, i.e., hm, ni = 1 � e2/2. We
thus have that kam + (1 � a)k2

2 = 1 � a(1 � a)e2.
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Some technicalities are going to crop up during this proof. The first is that we are
primarily going to be interested in the case of differentiable parametrization of
the unit sphere - (evidently) this is only possible when the sphere is differentiable.
After we show that the space M isometrically embeds into every 2-dimensional
Banach space whose unit sphere has a differentiable parametrization we use the
following Lemma:

Lemma 3.4.2. If a finite metric space embeds into every n-dimensional Banach space
with differentiable unit sphere then it embeds into every n-dimensional Banach space.

This theorem follows from classical results about approximation of convex bod-
ies, specifically there are a wealth of results on showing that we have a convex
body C there is a sequence of smooth convex bodies Cn such that Cn ” ! ” C in
some sense. An example of this was formalised by Weil in [43].

We now take two functions r, s : [0, 1] ! SX that have the following properties:

• kr(t)� s(t)k = e.

• r, s are continuous bijections of [0, 1) and SX, with r(0) = r(1) and s(0) =

s(1).

• r, s are smooth, with the right hand derivatives at 1 agreeing with the left
hand derivatives at 0.

• r � s is a smooth parametrization of eSX.

• r and s are taken so that they traverse SX clockwise.

• r � s traverses eSX clockwise.

Remark 3.4.3. We construct the functions r and s as follows. We first fix q(t)
to be the standard clockwise parameterisation of the circle, i.e., we set q(t) =

(cos(2pt),� sin(2pt)). Then r(t) = q(t)
kq(t)k . This gives a bijection from [0, 1) to SX.

We choose s(t) as follows. By the Intermediate Value Theorem there is some point
t0 such that kr(t + t0) � r(t)k = e, where we interpret the sum t + t0 modulo
1. Indeed, kr(t + 1

2) � r(t)k = 2 and kr(t) � r(t)k = 0, and we have that the
value of t0 changes continuously. We set s(t) = r(t + t0). The fact that f (s) =

kr(t + s)� r(t)k is injective on [0, 1
2 ] is due to the smoothness of SX.

We write r(t) = (x1(t), y1(t)), s(t) = (x2(t), y2(t)). Since r and s are both parametriza-
tion of SX we know that the area contained by r and s is the same, which we de-
note by R. Moreover, since r � s is a smooth parametrization of eSX, we know
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that the area contained by r � s is equal to e2R. By Corollary 1.3.11 (the area
formula implied by Green’s Theorem) we have that

R =
Z 1

0
y1 dx1 =

Z 1

0
y2 dx2.

We now consider the area contained in the curve ar + (1 � as), and denote this
by R̃. We apply Corollary 1.3.11 again to see that

R̃ =
Z 1

0
(ay1 + (1 � a)y2) d(ax1 + (1 � a)x2),

which we can expand to get that

R̃ = a2
Z 1

0
y1 dx1 + (1 � a)2

Z 1

0
y2 dx2 + a(1 � a)

✓Z 1

0
y1 dx2 +

Z 1

0
y2 dx1

◆
.

We can also note that

R = a
Z 1

0
y1 dx1 + (1 � a)

Z 1

0
y2 dx2

and subtracting the previous two equalities gives that

R � R̃ = a(1 � a)

Z 1

0
y1 dx1 +

Z 1

0
y2 dx2 �

Z 1

0
y1 dx2 �

Z 1

0
y2 dx1

�
.

We thus get that

R � R̃ = a(1 � a)
Z 1

0
(y1 � y2) d(x1 � x2).

Since y1 � y2 forms a smooth parametrization of eSX we get that the left hand
side of this equality is equal to a(1 � a)e2R, e.g., R̂ = (1 � a(1 � a)e2)R.Thus the
curve ar + (1 � a)s is neither strictly contained within, nor strictly contains, the
curve

p
1 � a(1 � a)e2SX. So, there is some point in the intersection, i.e, there

are points v, w 2 SX with u = av + (1 � a)w 2
p

1 � a(1 � a)e2SX. This is as
required, and constructs the isometry.

3.4.1 Difficulty with extending this proof

There are several difficulties with extending this proof. It is perhaps worth ex-
plaining a high level view of the proof and then detailing whether or not it is
possible to extend each of these steps into higher dimensions.

We have shown that any affinely independent subset of `2 embeds isometrically
into every infinite-dimensional Banach space, and we have shown that the sim-
plest possible affinely dependent set (namely, the set M from Theorem 3.4.1) em-
beds into every infinite-dimensional Banach space. We wish to establish a similar
result for other affinely dependent sets. There are two ’obvious’ next choices:
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1. A collection M = {x1, . . . , xn} of affinely independent points in `n
2 and a

point xn+1 which is an affine combination of points in M.

2. The collection M = {0, x1, x2} (with 0, x1 and x2 not being collinear) and
points y1, y2 that are affine combinations of 0, x1 and x2.

Below we will talk about the first of these cases, i.e., we will fix an M ⇢ `n
2 of

affinely independent points and a point xn+1 that is an affine combination of
points in M. Discussing this case will show us issues in extending the proof
of Theorem 3.4.1 to more complicated cases. Similar ideas and issues exist in the
second case.

After some preamble in the proof (and some ’trivial’ approximation arguments),
we start with:

Difficulty 1 - Parametrizing the unit sphere

This is the first non trivial step in the proof. We choose points in the unit sphere
that have some special properties - namely we choose points r, s such that 0, r and
s form isometric copies of the isosceles triangle with base e. This is the contents
of Remark 3.4.3.

Suppose that xn+1 = Ân
i=1 aixi with Ân

i=1 ai = 1. For ease of stating what is going
on we will be attempting to embed M into a Banach space E, with dim(E) = n+ 1
and d(E, `n

2) = 1 + d, where d is the d that appears in the statement of Theorem
3.2.2.2

If we want to replicate the proof of Theorem 3.4.1, we need to do the following
iterative process:

• Take a parametrization of kx1kSE, we can think of this as a smooth function
j1 : [0, 1]n ! kx1kSE.

• Take a second smooth parametrization, this time of kx2kSE, given by j2 :
[0, 1]n ! kx2kSE such that kj1(t)� j2(t)k = kx1 � x2k for all t. Moreover,
we want j1(t)� j2(t) to form a parametrization of kx1 � x2kSE.

• Take a third parametrization , this time of kx3kSE, given by j3 : [0, 1]n !
kx3kSE such that kji(t)� j3(t)k = kxi � x3k for each i 2 {1, 2}. Moreover,

2The author is not claiming that n + 1 is correct - merely that it gets even more confusing to
state without doing this.
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we want ji(t) � j3(t) to form a parametrization of kxi � x3kSE for i 2
{1, 2}.

• ...

• Once we have all of our parametrization, we let jn+1(t) = Ân
i=1 ai ji(t).

It is unclear how to achieve these goals - indeed the process described for the
simple case above is certainly not enough. We note that in the simple case, we
had to use the intermediate value theorem to do it. So, to have any chance at this,
we will have to use the Brouwer’s fixed point theorem. This is where we run
into...

Difficulty 2 - Brouwer’s Fixed Point Theorem

We are now going to use Brouwer’s fixed point theorem, as in Theorem 3.2.2 to
construct the embeddings j. Since we have E as an (n+ 1)-dimensional space, we
can look at an n-dimensional slice of it, say, projected onto its first n co-ordinates.
We then have to ’glue’ them together to attempt to do something similar to the
volume arguments in Theorem 3.4.1.

So, let us go down this route. Fix some n-dimensional subspace U of Rn+1. We
are interested in ’how many ways this can be embedded into Rn+1’. The main
idea here is that the linear embedding of Rn into Rn+1 has n degrees of freedom -
if we fix some parametrization j(t) of Sn, we can embed the n-plane into Rn+1 in
such a way that it is perpendicular to the point j(t). Then Sn is an n-manifold, so
we have n degrees of freedom - a good sign that we may be getting somewhere.

Now what happens? Since we assumed that d(E, `n+1
2 ) < 1+ d, we can embed M

into any of the n-dimensional slices of Rn+1 using Theorem 3.2.2. This gives us
the embeddings j1, . . . , jn+1 as described above - indeed, suppose we fix some
parametrization of the sphere of `n+1

2 , this is a map F : [0, 1]n ! SE that is bi-
jective and smooth. Then we set ji(t) to be the image of xi under the isometric
embedding constructed in Theorem 3.2.2 where we take the target Banach space
to be {x : x · F(t) = 0}.

However, the problem is that the construction in Theorem 3.2.2 uses Brouwer’s
fixed point theorem and as commented in Remark 1.3.2 it is certainly possible
that these embeddings are not continuous.
Remark 3.4.4. This is where Theorem 1.3.5 can come into play. If we, somehow,
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had engineered the Banach spaces so that the slices had unique places for M to
sit, we would be able to engineer that these embeddings were continuous. This
seems counterintuitive - to find nice properties we look where very not nice prop-
erties exist.

This is, however, very hard. Even if we did manage this we run into...

Difficulty 3 - Volumes

Let us look at the final part of the proof of Theorem 3.4.1. Now we are trying
to compare the volume contained in jn+1(t) with the volume of the Euclidean
n-sphere, and check whether it is right or not. In the case of two points we used
Green’s theorem in the plane. A natural generalization of this is the divergence
theorem that states

R
W r · Fdx =

R
∂W F · nds, where n is a normal to ∂W and W is a

domain. Let us write it out in co-ordinate form where F = (p1, . . . , pn), in which
case the divergence theorem says that

Z

∂W

n

Â
i=1

pi ’
j 6=i

dxj =
Z

W

�
Â ∂xi pi

�
dx1 . . . dxn.

This means that we can look at any choice of functions pi that make the right hand
side constant. Taking cues from the proof of Theorem 3.4.1 we can, e.g., choose
F = xiei + xjej to find statements such as

Vol(W) =
Z

W
xi (dx1 . . . dxn)

i + xj (dx1 . . . dxn)
j,

where the superscript j indicates we omit dxj.

Let us write ji(t) = (x1
i , . . . , xn

i ). The volume R contained in jn+1(t) is thus equal
to Vol(R) =

R
W(Â aixn

i )d(Âi ai ’n
j=1 dxi

j). We can expand this and we get a sum
of terms of the form

R
W xn

i ’j dxi
j and

R
W xn

i ’j dxk
j , with k 6= i. Terms of the first

type we know the value of, and terms of the second type we can deduce the value
of (since we know that ji � jk parametrizes some scaled copy of the n-sphere).

So difficulty 3 is not a difficulty! The linear relation will be independent of the
norm on the space. This means that Vol(R) will be the same as the volume as if
we were in the Euclidean case. Thus, if we can solve difficulties 1 and 2 we will
be done.
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Summary

We thus have a proof strategy that is nearly complete, all we have to do is either:

• Choose our norm such that embeddings are unique, so Theorem 1.3.5 ap-
plies.

• Choose our norm in a way with some ’nice’ properties so that the non-
uniqueness does not matter. One possible idea here would be to choose
an ’algebraic’ norm, i.e., a norm for which kxk = 1 is the solution to some
polynomial equation. We would then impose algebraic conditions to deduce
existence of embeddings, however, the author can not see a way of complet-
ing this.3

3There is an issue where the solutions of polynomial equations can fail to be connected, and
thus a similar problem happens. However if the generated set is an irreducible variety then it
is connected. The reader may find it interesting (the author certainly does) that the condition of
irreducibility on the variety seems remarkably close to the condition of uniqueness of solutions
for the norm.
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Chapter 4

The `p Case

We now arrive at the case of a general 1 < p < •. Since this is the most compli-
cated case, we will assume the reader’s familiarity with the general strategy taken
in the last two sections. Namely, the proof strategy is to show that ”most” n-point
subsets of `n

p have the property that small perturbations of them embed isomet-
rically into `n

p. This ’openness’ is then leveraged to show that ”most” n-point
subsets of `p embed isometrically into spaces almost isometrically containing `m

p

for each m 2 N.

In each of these two steps we have complicating factors because of the fact that
we are in `p and not in `2 or `•. We shall list the major complicating factors now.

First complicating factor: In the case of `2 and `• we have a ’dimension reduc-
tion’ result, i.e., if we take an n-point subset of `2 (or `•) it embeds isometrically
into `n

2 or `n
•.

This is false in general - a fact that we mentioned before the statement of Theorem
1.1.6. Indeed, to briefly remind the reader, the paper [3] has an example of an n-
point subset of `1 that embeds into `m

1 just when m � (n�2
2 ).

Second complicating factor: In the case of `2 (and `•) we have the following
statement: Every n-point subset {x1, . . . , xn} of `n

2 (or `n
•) is isometric to an n-

point subset {y1, . . . , yn} of `n
2 (or `n

•) such that the yi 2 span{e1, . . . , ei}.

In the case of `2 this follows from the Gram-Schmidt process. In the case of `•

this follows from a minor modification of Lemma 1.2.7 - indeed if we have any
n-point metric space M = {m1, . . . , mn} then the mapping f̃ (mj) = (d(mj, mi))

j
i=1

is an isometric embedding of M into `n
•.

This fact was used implicitly in the proofs of Theorem 2.2.2 and 3.2.2.
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In the case of `n
p it is not true that an n-point subset {x1, . . . , xn} of `n

p is isomet-
ric to a subset {y1, . . . , yn} of `n

p such that yi 2 span{e1, . . . , ei}. This is a major
complicating factor in establishing analogues of Theorems 3.2.2 and 2.2.2.

Third Complicating Factor: We have a classical method to establish whether an
n-point metric space isometrically embeds into `2, namely, the Cayley-Menger
determinant. Moreover, the conditions arising in the Cayley-Menger determinant
lead to the construction of an isometric embedding of this metric space into `2.
The isometric embedding constructed this way is continuous in the distances in
the metric space, as observed in Remark 1.2.15.

In `• we have the stronger result that every n-point metric space isometrically
embeds into `•, through the Frechét-Kolmogorov embedding. We observed in
Remark 1.2.8 that this isometric embedding is continuous in the distances in-
volved.

To the best of the author’s knowledge there is no known generalisation of these
ideas to the case of `p, i.e., there is no known condition on the distances in a metric
space that imply that it is embeddable into `p. Moreover, we would require that
such an idea would lead to an explicit embedding of the metric space into `p that
gave rise to an embedding that was continuous in the distances, similar to the
continuity discussed in Remark 1.2.8 and 1.2.15.

This lack of global condition is the main obstacle in proving an equivalent result
for `p.

4.1 The setup

Suppose that X is a Banach space that uniformly contains `n
p, i.e., there is some

universal constant C such that `n
p

C
,! X for each n 2 N. Fix some n-point subset

M = {m1, . . . , mn} of `p.

By Krivine’s Theorem, Theorem 1.1.32, for each m 2 N and e > 0 we can find a
subspace Em,e of X and a map Tm,e : `m

p ! Em,e such that kTm,ekkT�1
m,ek < 1 + e.

Without loss of generality we may suppose that kxk  kTm,exk  (1 + e)kxk.

It easily follows from Ball’s result, Theorem 1.1.6, that M almost isometrically
embeds into X. We give a direct proof of this result1 since we will use a similar

1As direct as a proof can be that invokes Krivine’s Theorem.
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strategy later.

The way we show that M almost isometrically embeds into X is to show that for
each e > 0 we can choose m large enough and d small enough such that there
exists fe : M ! Em,d  X such that fe has distortion (1 + e).

For this aim, fix some N > 0 such that for each i we have Â•
j=N+1 |m

(j)
i |p < dp, and

let m̃i = (m(1)
i , . . . , m(N)

i ). We now define a mapping fe from M to X by sending
mi to Tm,d(m̃i).

We can now see that

kmi � mjk � 2d  k fe(m̃i)� fe(m̃j)k  (1 + d)(kmi � mjk+ 2d),

so evidently the distortion of this mapping tends to one as d ! 0.

We can now ask the following question, which is us spelling out the sixth part of
Question 1.4.2.
Question 4.1.1. Suppose that M is a finite subset of `p and X is a Banach space uni-
formly containing `n

p. Then does M isometrically embed into X?

In this chapter we will show that the answer to this question is, in general, no.
However, we will show that if we are willing to restrict to a ’large collection’ of
finite subsets of `p, the answer becomes true:
Theorem 4.1.2. Suppose that X is a Banach space such that `n

p almost isometrically
embeds into X for each n. Then, for each n 2 N, the set of n-point subsets of `p that do
not embed into X is nowhere dense and Haar null.

Since the positive partial answer to Question 4.1.1 is more involved than the pos-
itive answers we have obtained in the previous sections, we will split it into sec-
tions in an attempt to make it easier to follow.

We begin with a definition: if we have M, a metric space on {m1, . . . , mn} and N,
a metric space on {r1, . . . , rn}, we say that N is an e-perturbation of M if

|dM(mi, mj)� dN(ri, rj)| < e

for all i, j.

4.2 A result on e-perturbations of subsets of `p

Throughout this section, where working in Rn, almost all will be refering to ”with
respect to Lesbegue measure”. We will fix some 1 < p < • and some n 2
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N. We will denote the p-norm on `n
p by k.k. The following theorem may be of

independent interest, but for us it provides the ’openness’ criterion for subsets of
`n

p.

In what follows there is a slight technical difference between ’unordered n-point
subsets of Rn’ and ’n-tuples of elements of Rn’. We will primarily prove all results
in the case of n-tuples of elements, since if our results are true for n-tuples of
elements then they are clearly true for n-point subsets.
Theorem 4.2.1. For almost all n-point subsets M of `n

p, there is an e > 0 such that if N
is an e�perturbation of M then N isometrically embeds into `n

p.

Before this moment, we have been using Un to refer to the set of symmetric matri-
ces with zero on the diagonal. We will take a brief departure here and use U = Un

to refer to upper triangular matrices.2 We hope that the reader can forgive this
slight abuse of notation given the oncoming notational storm.

Let us (very briefly) motivate the proof strategy, since this is a departure from
everything we have done so far. Let

X : {ordered n-point metric spaces} ! Matn⇥n(R)

be given by X(M) = N where Nij = dM(mi, mj)
j
i=1. Then the statement that a

metric space embeds isometrically into `n
p is the statement that X(M) 2 X({n-

point subsets of `p}).

Let X0 denote X restricted to the set of ordered n-point subsets of `p. The state-
ment in Theorem 4.2.1 is equivalent to the following: for almost all n-point sub-
sets M of `n

p there is an e > 0 such that if N represents a metric space and
kX0(M)�N k• < e then there is some N ⇢ `n

p of size n, such that X0(N) = N .
This is an equivalent rephrasing of Theorem 4.2.1 and (hopefully) will inform the
following definitions and notation.

Let Matn(R) = Rn ⇥ · · ·⇥ Rn
| {z }

n times

, which throughout this proof we are considering

as the set of ordered n-point subsets of `n
p. Let e1, . . . , en be the standard basis

of Rn and ej
i be the element of Matn(R) with ej in the i’th co-ordinate and zero

everywhere else. Given m = (m1, . . . , mn) we denote the j’th co-ordinate of mi

(with respect to the standard basis) as mj
i so that m = Âi,j mj

ie
j
i . Let Mij be the

n ⇥ n matrix with 1 in the (i, j)-entry and 0 elsewhere. We have that Mij, 1  i <
j  n forms a basis for U.

2This simplifies notation in the proof a little - one can do the entire proof with Un being the
space of symmetric matrices, the modifications are slight but increase the amount of notation.
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We define the map Q = Qn : Matn(R) ! U by

Q(m1, . . . , mn) =
�
kmi � mjkp�

1i<jn .

The definition of Q is chosen as a more convenient definition to work with than
X0.

We observe that Q is a C1-map3, indeed, by computing the partial derivative in
the direction ek

l we get that

∂Q
∂ek

l
(r1, . . . , rn) =

⇣
p|rk

i � rk
j |p�1sgn(rk

i � rk
j )(dil � djl)

⌘

1i<jn
(4.1)

Theorem 4.2.1 follows from the statement that Q is locally open at almost all n-
tuples in Rn. It is this rephrasing we work with, i.e., we attempt (and succeed)
to establish a stronger result than Theorem 4.2.1, which is Theorem 4.2.2 below.
Namely, we will need that an e-perturbation of M embeds into `n

p in a way that
continuously depends on the perturbation (in a way we make precise below):
Theorem 4.2.2. Let Q : Matn(R) ! U be defined as above. Set C = Cn = {m 2
Matn(R) : DQ|m has rank (n

2)}. Then C is an open subset of Matn(R) whose comple-
ment is measure zero (and is thus nowhere dense). Moreover, given m 2 Matn(R), there
is an open subset A of Matn(R) containing m, a open subset B of U containing Q(m)

and a C1-map F : B ! A such that Q � F = IdB and F(Q(m)) = m.

Let us now spell out (in considerable detail) how the proof of Theorem 4.2.1 fol-
lows from the proof of Theorem 4.2.2. Suppose M = {m1, . . . , mn} is an n-point
subset of `n

p such that m = (m1, . . . , mn) 2 C, and let Pij = kmi � mjkp. Then,
since m 2 C, by Theorem 4.2.2 there are open subsets A of Matn(R) and B of U
such that m 2 A, Q(m) 2 B and Q(A) = B. Thus there is some e > 0 such that
if Q 2 U and |Qij � Pij| < e for all i, j then Q is an element of B and thus is the
image under Q of some {r1, . . . , rn} 2 A. Hence Nij = Q1/p

ij defines a metric on
an n-point set and the resulting metric space embeds isometrically into `n

p. This
recovers the statement that e-perturbations of the metric space {m1, . . . , mn} with
the inherited metric embed isometrically into `n

p.

Proof of Theorem 4.2.2. Let us first show that C is an open set. Indeed, if m 2 C,
there is a linear map B : U ! Matn(R) such that (DQ)|m � B = IdU. Since DQ is
continuous, there is some e > 0 such that whenever y is such that km � yk < e,
kDQ|y � B � IdUk < 1. Thus DQ|y � B is invertible, and DQ|y has full rank.

3This is where we are using the fact that 1 < p < •.
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Our goal is to now show that Matn(R) \ C has measure zero. Once we have done
this, the rest of Theorem 4.2.2 will follow from the submersion theorem. Our first
goal is to establish a certain subset of C.

Lemma 4.2.3. Let D = {(m1, . . . , mn) 2 Matn(R) : mi = ei + Âi�1
j=1 mj

iej for each
i = 1, . . . , n}. Then, if m 2 D, the partial derivatives ∂Q

∂ek
l
(m), 1  k < l  n, are

linearly independent. In particular D ⇢ C.

Remark 4.2.4. The reader should bear in mind ”what is going on if we specialised
to p = 2 or p = •?” In either of these cases, one can ask if the function Q is locally
open at the points of D.

If p = 2 then it is clear a point of D corresponds to an affinely independent subset
of `2, and thus (by the first part of the proof of Theorem 3.2.2) we see that Q is
locally open here.

If p = • then it is clear that a point of D corresponds to a concave metric space,
and thus (by the first part of the proof of Theorem 2.2.2) we see that Q is locally
open here.

Remark 4.2.5. In what follows, we only ever look at the partial derivatives ∂Q
∂ek

l
(m)

with 1  k < l  n and show that these are linearly independent. If one carefully
checks the proof of the Submersion Theorem we, in fact, obtain the following
theorem:

Theorem 4.2.6. Almost all n-tuples (m1, . . . , mn) of `n
p have the following property:

there is some e > 0 such that if M is an n-point metric space {y1, . . . , yn} with the
property that |d(yi, yj)�kmi � mjk| < e, then there are points {m0

1, . . . , m0
n} such that

m0
i = mi + Âi�1

j=1 ai,jej and km0
i � m0

jk = d(yi, yj).

This stronger form will not be used in what follows. However, it can be compared
to the case of p = 2 and p = •. A careful analysis of these proofs show that the
same is true for these.

Proof of 4.2.3. Fix m = (m1, . . . , mn) 2 D. By (4.1) we see that the (i, j) entry of
∂Q
∂ek

l
(m) = 0 unless j = l and i  k. We can hence expand ∂Q

∂ek
l
(m) in terms of the

matrices Mkl as follows,

∂Q
∂ek

l
(m) = �pMkl +

k�1

Â
i=1

ak
i Mil
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where ak
i are constants depending on m. It follows by induction on k that Mkl

is in the span of ∂Q
∂ej

i
(m) for all 1  k < l  n. This completes the proof of the

lemma.

We now set V = {m = (m1, . . . , mn) 2 Matn(R) : there are i, j, k 2 {1, . . . , n}
such that i 6= j and mk

i = mk
j }. Matn(R) \ V has finitely many components; these

components are open and convex. Since µ(V) = 0 it suffices to show that for
any connected component W of Matn(R) \ V we have that µ(W \ C) = 0. The
following lemma will be vital to this aim:

Lemma 4.2.7. Suppose that m = (m1, . . . , mn) and r = (r1, . . . , rn) are two points in
the same connected component of Matn(R) \V, and suppose that ∂Q

∂ei
j
(m), 1  i < j  n,

are linearly independent. Then, for all but finitely many values of t 2 [0, 1], the partial
derivatives ∂Q

∂ei
j
((1 � t)m + tr), 1  i < j  n are linearly independent. In particular,

for all but finitely many values of t 2 [0, 1], we have that (1 � t)m + tr 2 C.

It is the author’s opinion that this lemma is the technical heart of this proof.

Proof. Define J to be the set {(k, l) : 1  k < l  n}. For s = (i, j) 2 J we will
write es = ei

j, and for M 2 U we will write Ms for the (i, j)-entry of M. By

assumption the J ⇥ J matrix given by

 ✓
∂Q
∂es

(m)

◆

r

!
has non-zero determinant.

We now define a function g : [0, 1] ! R by setting

g(t) = det

 ✓
∂Q
∂es

((1 � t)m + tr)
◆

r

!
= det(M(t)).

Using Equation (4.1) and the fact that m and r are in the same component of
Matn(R) \ V, for each r, s 2 J, the matrix M(t) has (s, r)-entry given by

p(as,rt + bs,r)
p�1es,r

where as,r and bs,r are non-zero constants with as,rt + bs,r > 0 for all t 2 [0, 1]
and es,r 2 {�1, 0, 1}.

By compactness there is an open connected subset W of C containing [0, 1] such
that the real part of as,rt + bs,r is positive for each t 2 W. It follows that the func-
tion g extends analytically to all of W, since the function z 7! zp�1 is an analytic
function on C \ {<z  0}. Since g is the restriction of an analytic function, the
identity principles shows that it has at most finitely many zeroes in [0, 1].

Observe that g(t) being non-zero implies that M(t) has full rank. This means
that, at the point (1 � t)m + tr, DQ is surjective.
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Remark 4.2.8. We have now shown that if there is some ’good’ point in some con-
nected component W of Matn(R) \ V then if we choose another point of this con-
nected component, only finitely many points on the line joining them are ’bad’.
To complete the proof, we will show that there is a ’good’ point in every con-
nected component - essentially we show this by looking at the points in Lemma
4.2.3 and permuting the co-ordinates. The following argument is technical but
the ’natural’ thing to do.

We consider the subset R of Matn(R) defined by

R = {(m1, . . . , mn) 2 Matn(R) : mi
i > mi

j for each 1  i < j  n}.

Note that for each component W of Matn(R) \V either W ⇢ R or W \ R = ∆. We
next show that in order to prove that µ(W \ C) = 0 for all connected components
W it suffices to consider components W that are contained within R.

Fix (m1, . . . , mn) 2 Matn(R) \ V. We define a permutation p 2 Sn recursively as
follows: for j = 1, . . . , n let p(j) be the unique i 2 {1, . . . , n} \ {p(1), . . . , p(j� 1)}
such that

mj
i > mj

k for all k 2 {1, . . . , n} \ {p(1), . . . , p(j � 1), i}.

It then follows that mj
p(j) > mj

p(k) for all 1  j < k  n, and hence we have that
(mp(1), . . . , mp(n)) 2 R.

Define a map Ap : Matn(R) ! Matn(R) by Ap(y1, . . . , yn) = (yp(1), . . . , yp(n))

and a map Bp : U ! U by Bp(Mij) = Nij where

Nij =

8
<

:
Mp(i),p(j) if p(i) < p(j)

Mp(j),p(i) if p(i) > p(j)

It is apparent that A and B are diffeomorphisms of Rn2 . We note that B�1
p QAp =

Q, and thus B�1
p DQ|Ap(m)Ap = DQ|m, so to verify that Q has full rank at x it is

sufficient to verify that F has full rank at Ap(m), which lies in R. This completes
the proof that it is sufficient to show that µ(W \C) = 0 whenever W is a connected
component that is contained in R.

Remark 4.2.9. We now have some sets with some strange properties and we need
to show that they are Lebesgue null. If we take a connected component W of R,
we can find some point r 2 C such that every line through r that intersects W
has, at worst, countably many points on it that are not in C. This property we can
exploit to show that the set of points not in C has measure zero.
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Fix some component W of Matn(R) \ V with W ⇢ R. If µ(W \ C) > 0 we can
apply Lebesgue’s density theorem to find a point r 2 W \ C on which the set
W \ C is ’dense’, i.e.,

lim
e!0

µ(Be(r) \ (W \ C))
µ(Be(r))

! 1.

For i, j 2 {1, . . . , n} we define

mj
i =

8
>>><

>>>:

1 if i = j

1 if rj
i > rj

j

0 otherwise.

It is easy to verify that if rk
i < rk

j then mk
i  mk

j and thus (1 � t)m + tr 2 W for
each t 2 (0, 1]. Moreover, since r 2 R we have that m 2 D. It follows, by Lemma
4.2.3, that the partial derivatives ∂Q

∂ei
j
(m), 1  i < j  n, are linearly independent.

Hence there is some e > 0 such that at each s 2 Be(m) the same holds. Choose
t 2 (0, 1) such that u = (1 � t)r + tm 2 Be(m). Then u 2 Be(m) \ W, so there is
some d > 0 such that Bd(u) ⇢ Be(m) \ W.

The Lebesgue density of W \ C is equal to 1 at r, so by making d smaller we may
assume that Bd(u) ⇢ W and µ(Bd(r) \C) > 0. By Lemma 4.2.7, each line in the di-
rection r � n through a point in Bd(r) intersects Bd(n) \ G in finitely many points.
The lines in the direction r � n through Bd(r) can be parametrised by where they
first intersect the hyperplane through u whose normal is in the direction r � n,
an
�
(n

2)� 1
�
�dimensional hyperplane. The measure of Bd(r) \ C can be given by

Fubini’s Theorem as

µ(Bd(r) \ C) =
Z

R(n2)�1

Z

[as,bs]
1L(s)\Bd(r)\Cdµ0ds

where L(s) is the line through the point s in the previously mentioned hyper-
plane, [as, bs] is the interval for which L(s) intersects the sphere Bd(r) and µ0 is
one-dimensional Lebesgue measure. This integral is equal to zero as L(s)\ Bd(n)
is finite. This is a contradiction on r being a point of Lebesgue density and thus of
W \ C having non-zero measure. Thus µ(W \ C) = 0, and the proof is complete.

Remark 4.2.10. The above proof uses the definition of the `p norm explicitly. At
multiple times throughout the proof we make explicit use of the definition of the
`p norm instead of merely the properties of the `p norm has.
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Remark 4.2.11. Theorem 4.2.1 may be surprising to the reader. However, we can
justify it by looking at the proof of Theorem 1.1.6. In the proof of this theorem we
demonstrated that the set Mn = {kxi � xjkp : {x1, . . . , xn} is a subset of `p} was
a convex cone. It can be shown that the cone Mn is ‘full-dimensional’, i.e., the
interior of the cone contains a ball. This indicates that the following is true:
Theorem 4.2.12. If {x1, . . . , xn} is a subset of `p such that Q(x1, . . . , xn) lies inside of
the interior of the cone Mn, then there is an e > 0 such that whenever Aij, 1  i < j  n,
are numbers such that |Aij � Q(x1, . . . , xn)ij| < e, there is some subset {y1, . . . , yn} of
`p such that Q(y1, . . . , yn)ij = Aij.

Our choice of presentation, i.e., deducing Theorem 4.2.1 from Theorem 4.2.2, may
seem strange in light of this. However, by using Theorem 4.2.2 we can deduce
that for almost all {x1, . . . , xn} the set {y1, . . . , yn} is such that kxi � yik is small,
and can be chosen in a continuous way. These two properties are key in what
follows.

To attempt to use Theorem 4.2.12 in what follows we would have to show that the
mapping Q is open for almost all n-tuples of elements from `n

p. This is, essentially,
the contents of Theorem 4.2.2 and we preferred to avoid reintroducing the set Mn

into our presentation.

4.3 The Proof of Theorem 4.1.2

In this section we first take the result of the previous section, i.e., ”small pertur-
bation of most subsets of size n of `n

p embed isometrically into `n
p, and generalize

them to `p. This takes two parts, the first is a reduction from `p to `N
p , and then

we prove a technical result about `N
p .

After this we will use (essentially) the argument from the proof of Lemma 2.2.4
to finish the proof of Theorem 4.1.2.

Given a subset S = {s1, . . . , sn} of N with s1 < s2 < · · · < sn, if x = (xi)•
i=1 2 `p

or x = (xi)N
i=1 2 `N

p with N > sn, we define the projection operator PS by PS(x) =
(xs1 , . . . , xsn). If N 2 N we write PN instead of P{1,...,N}.

We say that an n-tuple (x1, . . . , xn) in `p (or `N
p with N � n) has Property K if

there is an S ⇢ N of size n (or S ⇢ {1, . . . , N} respectively) such that the n-tuple
(PS(x1), . . . , PS(xn)) 2 Cn, where Cn is the set in Theorem 4.2.2. We will motivate
the choice of Property K later: there are a few technical possibilities here that
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attempt to leverage the openness of Q at a point. Note that the set of n-tuples
with Property K is open since the set Cn is open, and we are taking an infinite
union.

We prove Theorem 4.1.2 by showing that the closed set of n-tuples without Prop-
erty K is Haar null (and thus nowhere dense), and that an n-tuple with Property
K embeds isometrically into a Banach space that satisfies the assumptions of The-
orem 4.1.2.
Lemma 4.3.1. Suppose that x = (x1, . . . , xn) is an n-tuple in `p with Property K. Then
there is some N 2 N, and vectors y1, . . . , yn in `N

p such that kyi � yjk = kxi � xjk and
the n-tuple (y1, . . . , yn) has Property K.
Remark 4.3.2. This lemma is a variant of Theorem 1.1.6. We will, briefly, discuss
why we use this more technical lemma than Theorem 1.1.6. The issue with the
proof of Theorem 1.1.6 is that the proof is very non-constructive - the embedding
goes via a convexity argument and it is unclear whether the mapping involved
is continuous. Indeed, a careful analysis of Caratheodory’s theorem shows that
the mapping involved isn’t necessarily continuous. It is unclear how the mapping
depends on the points, indeed, it is still an open problem whether the (n

2) in the
statement of Theorem 1.1.6 is the best bound. We could be in a situation where the
image of every n-point subset of `p lands on some smaller dimensional manifold
and we would have no hope for openness. Thus, we prefer to use the lemma here,
which is very much a weaker result than Theorem 1.1.6 in terms of the bound it
gives (the bound we have depends on the subset as well as n), but allows us to
use Property K to apply the local openness of the mapping Q in the previous
section.

Proof. Let S ⇢ N be such that |S| = n and (PS(x1), . . . , PS(xn)) 2 Cn. After an
isometry (permuting the indices) we may assume, without loss of generality, that
S = {1, . . . , n}. Then since (Pnx1, . . . , Pnxn) 2 Cn and Cn is open, there is some
e > 0 such that if zi 2 `n

p and kzi � Pnxik < e then (z1, . . . , zn) 2 Cn.

Since (Pnx1, . . . , Pnxn) 2 Cn, by Theorem 4.2.2, there are open sets A containing
(Pnx1, . . . , Pnxn), B 3 Q(Pnx1, . . . , Pnxn) and a C1-map F : B ! A such that
Q � F = IdB and F(Q(x1, . . . , xn)) = (x1, . . . , xn).

Fix N � n and define rij = rij(N) by kxi � xjkp = kPNxi � PNxjkp + rij. Since
rij ! 0 as N ! • there is an N > n such that the element N = N (N) = (kPnxi �
Pnxjkp + rij)1i<jn of U is in the set B. Set z = z(N) = (z1, . . . , zn) = F(N ). By
the continuity of F at the point Q(Pnx1, . . . , Pnxn), if N is sufficiently large then
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kzi � Pnxik < e and hence (z1, . . . , zn) 2 Cn.

Now define the points y1, . . . , yn 2 `N
p by:

• Pnyi = zi

• (PN � Pn)yi = (PN � Pn)xi.

By construction, (Pny1, . . . , Pnyn) is in Cn, and thus (y1, . . . , yn) has Property K.
We need to verify that kyi � yjk = kxi � xjk. Note that

kyi � yjkp = kPnyi � Pnyjkp + k(PN � Pn)yi � (PN � Pn)yjkp

which is equal to

kzi � zjkp + k(PN � Pn)xi � (PN � Pn)xjkp.

By the definition of zi we have that kzi � zjkp = kPnxi � Pnxjkp + rij.

We have shown that an n-tuple in `p with Property K is isometric to an n-tuple
in `N

p with Property K. We now show an analogue of Theorem 4.2.2, i.e., that the
continuity of the local inverse of Q in `n

p can be extended to `N
p .

Lemma 4.3.3. Suppose (x1, . . . , xn) is an n-tuple in `N
p with Property K. Then there

is some e > 0 such that any e-perturbation of the metric space consisting of points
(x1, . . . , xn) with distance given by the `p norm embeds into `N

p with the embedding
depending continuously on the perturbation.

At the beginning of the proof we will make clear what ”continuous dependence
on the perturbation” means - it is the exact analogue of the statement of Theorem
4.2.2.

Proof. Define Q̃ : RN ⇥ · · ·⇥ RN
| {z }

n times

! Un by

Q̃(y1, . . . , yn) = (kyi � yjk)1i<jn,

where the lack of p’th power is intentional. Our goal is to show that there is an
open subset B̃ of Un and a continuous map Y : B̃ ! RN ⇥ · · ·⇥ RN

| {z }
n times

such that:

• Q̃(x) 2 B̃

• Y(Q̃(x)) = x

• Q̃ � Y = IdB.
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Let S ⇢ {1, . . . , N} be such that |S| = n and (PS(x1), . . . , PS(xn)) 2 Cn. Again,
without loss of generality, we may assume that S = {1, . . . , n}.

By Theorem 4.2.2, there exists an open set A 3 (Pnx1, . . . , Pnxn), an open set B 3
Q(Pnx1, . . . , Pnxn) and a C1-mapping F : B ! A such that F(Q(Pnx1, . . . , Pnxn)) =

(Pnx1, . . . , Pnxn) and Q � F = IdB. Fix e > 0 such that if N 2 Un is specified such
that

|Nij � kPnxi � Pnxjkp| < e

then N 2 B.

Choose d = d(e) to be specified later. We set

B̃ = {N 2 Un : |Nij � kxi � xjk| < d for all pairs i, j}.

Fix N 2 B̃. We define Y(N ) similarly to the way we defined the points (y1, . . . , yn)

in the proof of Lemma 4.3.1. We define rij = Nij � kxi � xjk and eij = eij(N )

by (kxi � xjk + rij)p = kxi � xjkp + eij. If |rij| is sufficiently small (i.e., our
choice of d is sufficiently small) then (kPnxi � Pnxjkp + eij)1i<jn is in B. De-
fine z = F((kPnxi � Pnxjkp + eij)1i<jn). We then set Y(N ) to be the n-tuple
(y1, . . . , yn) where :

• Pnyi = zi

• (PN � Pn)yi = (PN � Pn)xi.

We verify that kyi � yjk = kxi � xjk+ rij = Nij, i.e. that F̃(Y(N )) = N , as this is
the only one of the three properties of Y and B̃ listed above that is non-trivial.

Indeed,

kyi � yjkp = kPnyi � Pnyjkp + k(PN � Pn)yi � (PN � Pn)yjkp,

which by the definition of yi is equal to

kzi � zjkp + k(PN � Pn)xi � (PN � Pn)xjkp

which is equal to, by the definition of zi,

kxi � xjkp + eij.

By our definition of eij this is equal to (kxi � xjk+ rij)p, which is as required.

Our next, and final, lemma in this section shows that an n-point subset of `N
p with

Property K embeds isometrically into any Banach space satisfying the assump-
tions of Theorem 4.1.2. This result is in some sense dual of Theorem 4.1.2, where
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Theorem 4.1.2 says ”small perturbations of metric spaces embed into the Banach
space”, this is saying that ”the metric space embeds into small perturbations of
the Banach space”.
Lemma 4.3.4. Let x = (x1, . . . , xn) be an n-tuple in `N

p , N � n, with Property K. Then
there is some d > 0 such that if d(E, `N

p ) < 1 + d then {x1, . . . , xn} with the metric
inherited from `p embeds isometrically into E.

From our quite laborious set up, it will turn out that the majority of this proof is
similar to the cases 2 and •.

Proof. Let Q̃, B̃ and Y be as in the proof of Lemma 4.3.3. We now simply apply
Lemma 2.2.4.4

We (finally) give our proof of Theorem 4.1.2.

Proof of Theorem 4.1.2. By a combination of Lemmas 4.3.1 and 4.3.4, we see that if
an n-tuple (x1, . . . , xn) in `p has Property K, then there is some N 2 N and d > 0
such that if E is a Banach space with d(E, `N

p ) < 1 + d then {x1, . . . , xn} with
the metric inherited from `p embeds isometrically into E. By Krivine’s Theorem,
Theorem 1.1.32, any Banach space X satisfying the assumptions of the theorem
(i.e., containing the spaces `n

p, n 2 N, uniformly), contains a subspace E with
d(E, `N

P ) < 1 + d. Thus {x1, . . . , xn} with the metric inherited from `p embeds
isometrically into X.

To conclude we just need to see that the set A of all n-tuples of elements of `p that
do not have Property K is Haar null. Indeed, the intersection of A with the finite-
dimensional subspace `n

p ⇥ · · ·⇥ `N
p is contained in the complement of Gn, which

by Theorem 4.2.2 has measure zero. Note also that A is translation invariant:
thus by the characterization of Haar null stated in Theorem 1.1.42, A is Haar null.
Since A is closed, it follows that A is nowhere dense.

4.4 Some Remarks on the Proof of Theorem 4.1.2

We have some remarks that we would like to give about the proof of Theorem
4.1.2.

4This was the ’key idea’ lemma for `• that was our use of Brouwer’s fixed point theorem.

104



FINITE METRIC SUBSETS OF BANACH SPACES

The first is our notion of Property K. If the reader analyses the above proof,
there is a much more ”obvious”5 choice of Property K. We could say that an n-
tuple (x1, . . . , xn) of `p has Property K0 if the map Q : `p ⇥ · · ·⇥ `p| {z }

n times

! Un has a

continuous local right inverse at Q(x1, . . . , xn).

This choice of Property K works, in fact. All of the result of the previous section
go through, and the following theorem can be deduced:
Theorem 4.4.1. Suppose that X is a Banach space that contains an isomorphic copy of
`p. Then, up to Haar null complement, every finite subset of `p embeds isometrically into
X.6

The weaker results of this theorem compared to the results of Theorem 4.1.2 ex-
plains why we chose the seemingly weird definition of Property K.

We could also have chosen the definition ”a subset has Property K if the projec-
tion onto the first n co-ordinates are in Cn.” This definition would work, but has
several drawbacks that make it unsatisfying. The clearest of these is related to
zero padding: suppose that (x1, . . . , xn) is an n-tuple that satisfies the suggested
Property K and that we consider the n-tuple (x̃1, . . . , x̃n) where we set x̃j

i = xj+1
i

and x̃0
i = 0. Then the n-tuple (x̃1, . . . , x̃n) does not have the suggested Property

K, yet is clearly isometric to the original n-tuple.

The results presented here are generalizations of our results in the previous chap-
ters.
Theorem 4.4.2. Every finite affinely independent subset of `2 isometrically embeds into
every infinite-dimensional Banach space X.

Proof. First note that every affinely independent set in `2 has a linearly indepen-
dent translate, so without loss of generality, we may reduce to the case of linearly
independent sets. Let e1, e2, . . . be an orthonormal basis of `2. If {x1, . . . , xn}
is a linearly independent subset of `2 then there is some isometry Y such that
Yxi 2 span(e1, . . . , ei) with the coefficient in the direction ei of Yxi is non zero.
Such a Y is constructed using the Gram-Schmidt process.

Then a minor variant of Lemma 4.2.3 (in which the coefficients of ei in xi is non-
zero but not necessarily one) shows that the n-tuple (Yx1, . . . , Yxn) belongs to Cn.
Thus (Yx1, . . . , Yxn) has Property K.

5Obvious to the mind of the author, not necessarily the reader.
6This theorem is easier to see if `p almost-isometrically embeds into X, but with a little more

work one can deduce the case for `p isomorphically embedding into X.
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Applying Lemma 4.3.4 to (Yx1, . . . , Yxn) we see that there is some d > 0 such
that whenever E is an n-dimensional Banach space with d(E, `n

2) < 1 + d then
(Qx1, . . . , Qxn) embeds isometrically into E. By Dvoretzky’s Theorem there is a
subspace Z of X such that d(Z, `n

2) < 1+ d, and thus Z contains an isometric copy
of (Yx1, . . . , Yxn) (which is isometric to (x1, . . . , xn)).

In the case of `•, our results in Section 2 essentially proceed by showing that, if
(m1, . . . , mn) is a convex space then the mapping Q̃ is locally open at (m1, . . . , mn).
This argument does not use differentiation - it is simpler in this case.

4.4.1 What about `1?

Our results are much less clear in the case of `1. So let us think about what hap-
pens in this case. Throughout this section we will use notation from the previous
two sections.

Suppose we have an n-tuple (x1, . . . , xn) that has Property K. This is defined
exactly as in the case of `p, i.e., there is a projection onto n co-ordinates such that
the map Q has a continuous local right inverse at this n-tuple.

A careful reading of Section 4.3 reveals that at no point did we use the assumption
1 < p < • and indeed the result holds for p = 1, i.e., if X contains `n

1 uniformly
then X contains an isometric copy of (x1, . . . , xn). Indeed, the main place that
1 < p < • was used is in the proof that the mapping Q was a C1-mapping.

In the case of 1 < p < • we used differentiation (and the submersion theorem)
to show the existence of n-tuples with Property K. Here we attempt the same
approach, to see how it lends itself to the case p = 1.

Looking at Equation (4.1) in the case p = 1 gives that:

∂Q
∂ek

l
(r1, . . . , rn) =

⇣
sgn(rk

i � rk
j )(dil � djl)

⌘

1i<jn
, (4.2)

and Q is not differentiable if rk
i = rk

j for any i, j, k.

Note that this is only dependent on the order of {rk
i : i = 1, . . . , n}, and not on

the values. Moreover, we have that DQ is a matrix consisting of only 1’s and -1’s.
We can observe that DQ is invertible just when this collection of matrices has (n

2)

linearly independent elements.

This allows us to form the following theorem:
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Theorem 4.4.3. Let n 2 N and p1, . . . , pn 2 Sn. We define R = Rp1,...,pn to be the
cone of elements in `n

1 ⇥ · · ·⇥ `n
1| {z }

n times

given by the condition that (x1, . . . , xn) 2 R just when

xi
pi(1)

< xi
pi(2)

< · · · < xi
pi(n)

for each i. Then the following are equivalent:

• R ⇢ Cn

• R \ Cn 6= ∆.

Using this theorem, and the observation that all of the theorems in Section 4.3, we
can form the following:
Theorem 4.4.4. Suppose that (x1, . . . , xn) 2 `1 ⇥ · · ·⇥ `1| {z }

n times

. Suppose that there is some

subset i1, . . . , in of N such that P{i1,...,in}x1, . . . , P{i1,...,in}xn 2 Rp1,...,pn with Rp1,...,pn ⇢
Cn.7 Then if `1 is finitely representable in a Banach space X, X isometrically contains a
copy of (x1, . . . , xn).

This result is not particularly satisfying - however we can not do better. One
can show that certain choices of p1, . . . , pn lead to Rp1,...,pn not being in Cn - a
good example is in the case of 3 points x1, x2 and x3 where xi

1 < xi
2 < xi

3 for all
i, j. This corresponds to a metric space where d(x1, x2) + d(x2, x3) = d(x1, x3) - a
space where equality is attained in the triangle inequality. Identical reasoning to
Remark 2.2.3 allows us to see that the function Q is not open at this point - and
similar reasoning to Theorem 2.3.1 shows us that some minor variants of such a
space will not necessarily embed into a space that is a small perturbation of `1.
Remark 4.4.5. Note that there are quite a lot of degrees of freedom in different
possible choices of R. The natural correspondence (through taking the derivative
of Q at a point in some Rp1,...,pn) between {p1, . . . , pn} and (n

2) ⇥ (n
2) matrices

consisting of only ±1’s is surjective: any possible choice of ±1’s can be attained.

4.5 Negative Results

In this section we will present two negative results. These results show that the
we cannot drop the phrase ”almost all” from Theorem 4.1.2. We will first present
an example to show that the we cannot strengthen Theorem 4.1.2 to all n-point
subsets of `p, i.e., the following question has a negative answer,

7We write 2 R to accentuate that this is a condition on the ordering of the co-ordinates and not
on the values of the co-ordinates.
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Question 4.5.1. If X is a Banach space such that `n
p ,! X for every e > 0 and n 2 N,

then does every finite subset of `p embed isometrically into X?

We are also interested in the following (harder) variant:
Question 4.5.2. If X is a Banach space isomorphic to `p, then does every n-point subset
of `p embed isometrically into X?

We note that a negative answer to Question 4.5.2 forms a counter example to
a possible strengthening of Theorem 4.1.2. However, the counter example for
Question 4.5.2 is harder, and will require us to develop more theory. We will first
take a detour into some classical theory.

4.5.1 James constants and Jordan-von Neumann constants

James constants and Jordan-von Neumann constants are isometric quantities that
characterize how close a Banach space is to being Hilbert. We will first give the
definition and give some examples.

Suppose X is a Banach space. We define the Jordan-von Neumann constant of X by

JvN(X) = sup
⇢
kx + yk2 + kx � yk2

2kxk2 + 2kyk2 : x, y 6= 0
�

and the James constant of X by

J(X) = sup {min (kx + yk, kx � yk) , kxk = kyk = 1} .

Let us start by computing the values of these constants for the `p spaces.
Lemma 4.5.3. If 1 < p  2 then J(`p) = 21/p and JvN(`p) = 22/p�1, and if 2  p <

• then J(`p) = 21�1/p and JvN(`p) = 21�2/p.

These results are classical. The proof we present for the Jordan-von Neumann
constant is due to Clarkson in [7]. The proof that we write for the James constant
is the author’s, but similar proofs may well appear in the literature. We will need
to generalise this proof to answer Question 4.5.2.

Proof. In both of these cases, it is easier to write down the answer, and then prove
that this is the correct value. By Ball’s result, Theorem 1.1.6, we have that J(`p) =

J(`2
p) (and similar for the Jordan von-Neumann constant).

The proofs split up naturally into the case p = 2, 1 < p < 2 and 2 < p < •. As
before, we will let p0 be the conjugate index of p, i.e., p�1 + (p0)�1 = 1.
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p = 2

To compute JvN(`2) we note that the parallelogram identity says that kx + yk2 +

kx � yk2 = 2(kxk2 + kyk2) and the Jordan-von Neumann constant of `2 is 1.

To compute the James constant, note that kx + yk2 = kxk2 + kyk2 + 2hx, yi and
kx � yk2 = kxk2 + kyk2 � 2hx, yi, i.e., the minimum of these two quantities is
maximized when hx, yi = 0. In this case we have that kx + yk2 = kx � yk2 = 2,
and thus the James constant of `2 is equal to

p
2.

1 < p < 2

In the case 1 < p < 2 we will show that the suprema in the definition of the
Jordan-von Neumann constant and the James constant are both attained with the
points x = e1 and y = e2. In this case we have that kx + yk = kx � yk = 21/p, i.e.,
the James constant is 21/p and the Jordan-von Neumann constant is 22/p�1.

We now need to show that these are maximal. First let us show that the Jordan-
von Neumann constant is equal to 22/p�1. Note that, by an application of Hölder’s
inequality, kx + yk2 + kx � yk2  2(p0�2)/p0(kx + ykp0 + kx � ykp0)2/p0 . We now
use the inequalities of Clarkson, Lemma 1.1.13, to get that

kx + yk2 + kx � yk2  2(kxkp + kykp)2/p.

An application of Hölder’s inequality shows that

kxkp + kykp  21�p/2(kxk2 + kyk2)p/2,

and substitution of this into the previous expression shows that

kx + yk2 + kx � yk2

2(kxk2 + kyk2)
 22/p�1.

We now show that the James constant of `p is 21/p. Indeed, suppose that there
are points x, y 2 S`p such that kx + yk and kx � yk are both larger than 21/p, i.e.,
kx + ykp + kx � ykp > 4. Applying the fourth generalised Clarkson inequality
from Theorem 1.1.16, we see that

kx + ykp + kx � ykp  2(kxkp + kykp) = 4,

a contradiction.
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2 < p < •

In the case 2 < p < • the Jordan-von Neumann constant and the James constant
are both attained with the unit vectors x = (e1 + e2)/21/p and y = (e1 � e2)/21/p.
In this case we have that kx + yk = kx � yk = 21�1/p and thus J(`p) = 21�1/p

and JvN(`p) = 21�2/p.

The proofs here are entirely the same as the previous case, except we apply the
relevant Clarkson inequality where needed (noting that Hölder’s inequality still
works identically.)

We will include plots here of the Jordan-von Neumann constant of `p as p varies,
and of the James constant of `p as p varies. The key property of these two graphs
is that we have two isometric invariants of spaces that are minimized for p = 2.
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Our strategy of proof in what follows is, for each p, to find strictly convex spaces
X isomorphic to `p such that one of the constants JvN(X) or J(X) is equal to
the corresponding constant for `p, but that the supremum in the definition is not
attained. This is then enough to show the result. Indeed, this is the contents of
the following theorem:
Theorem 4.5.4. Suppose that X is a space isomorphic to `p such that either JvN(X) =

JvN(`p) or J(X) = J(`p), but the supremum in the definition of the constant is not
attained. Then there is a five-point subset of `p that does not embed isometrically into X.

Proof. Suppose p < 2. In this case the set U = {0,±e1,±e2} does not embed
isometrically into X. Indeed, suppose there was an isometric embedding f : U !
X. Then, by the strict convexity of X (and Lemma 1.2.5) we have that f (�e1) =

� f (e1) (and the same for e2). Denote f (e1) = x and f (e2) = y. Then we have that
kx + ykX = kx � ykX = ke1 ± e2kp = 21/p. This is a contradiction of the fact that
the supremum in the definition is not attained.

If 2 < p < • the set V = {0,±(e1 + e2)/21/p,±(e1 � e2)/21/p} takes the role of
U above, and the proof is the same.

Remark 4.5.5. A consequence of Krivine’s theorem is that if X is isomorphic to
`p then J(X) � J(`p) and JvN(X) � JvN(`p). Indeed, Krivine’s Theorem (see

Theorem 1.1.32) implies that for any e > 0 we have that `2
p

1+e
,! X. We can thus

see that, for any e > 0 we have that J(X) � (1 + e)�1 J(`2
p). Since J(`2

p) = J(`p),
and we can take e as small as we please, we have that J(X) � J(`p). A similar
computation shows us that this holds for JvN(X) as well.
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4.5.2 The easy case

We can now give an easy proof of the following:
Theorem 4.5.6. For each p 6= 2 there is a Banach space X such that `p is finitely rep-
resented in X, and a five point subset M of `p such that M does not isometrically embed
into X.

In this section we are denoting the `p norm by k.kp

Proof. Fix some p 6= 2. We define a sequence pn to be a sequence converging to p
with the following property:

• If p > 2 we take 2 < pn < p and pn % p.

• If p < 2 we take p < pn < 2 and pn & p.

We define the space X =
⇣
�•

n=1`
n
pn

⌘

2
. Evidently `p is finitely representable in X:

any finite dimensional subspace of `p is (1+ e)-equivalent to a finite dimensional
subspace of `N

p for sufficiently large N (by truncation), and `N
p can be (1 + e/2)-

embedded into `M
pM

for M large enough.

We claim that the Jordan-von Neumann constant of X is the same as the Jordan-
von Neumann constant of `p, but that there are no points x, y 2 X such that
kx+yk2+kx�yk2

2(kxk2+kyk2)
is equal to the Jordan-von Neumann constant of X.

For x, y 2 X we have that

kx + yk2 + kx � yk2 =
•

Â
n=1

kxn + ynk2
pn + kxn � ynk2

pn


•

Â
n=1

JvN(`pn)2(kxnk2 + kynk2).

This is strictly less than

JvN(`p)2
•

Â
n=1

(kxnk2 + kynk2) = JvN(`p)2(kxk2 + kyk2)

i.e., that
kx + yk2 + kx � yk2

2(kxk2 + kyk2)
< JvN(`p).

It is, however, obvious that JvN(X) = JvN(`p). Indeed, JvN(X) � JvN(`2
pn) =

JvN(`pn) for each n, and thus (as JvN(`pn) ! JvN(`p)) we have that JvN(X) =

JvN(`p).

We are thus done by Theorem 4.5.4.
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4.5.3 Interlude

The results of the previous section give us the ”easy” counter-example. This, in
fact, answers our question about the Finite Isometric Krivine Property, one of the
questions in Question 1.4.2 - indeed we have the following:
Theorem 4.5.7. There is a superreflexive space with unconditional basis that fails to have
the Finite Isometric Krivine Property (and thus fails Property AI-I).

Proof. We have to demonstrate that X =
⇣
�•

n=1`
n
pn

⌘

2
is superreflexive (since the

other constraints are obvious). Indeed, every uniformly convex space is super-
reflexive, and we only have to show that this space is uniformly convex. This
follows from a result of Day - the interested reader can see the paper [9].8

Remark 4.5.8. The space X constructed above has the property that, upon passing
to an infinite dimensional subspace of X, we lose the property that `p is finitely
representable in X. Thus the ’Krivine p’ of X is not actually p. It is, in fact, 2. The
space we construct later will not have this property.

We will have to work a little harder to create spaces X which are isomorphic to
`p but fail to have the Finite Isometric Krivine Property, not just spaces X that
almost-isometrically contain `n

p. The proof splits up naturally into two cases, the
case p < 2 and the case p > 2.

It is worth giving a little intuition about what we are doing. We are attempting to
perturb the `p norm ”in the direction of Hilbert space”. I think of this as ”trying to
make the `p norm slightly rounder”. This explains why the proof ends up being
different for p > 2 and p < 2, we have to push in different directions.

We will show the following theorem:
Theorem 4.5.9. For p 6= 2 there is a strictly convex Banach space X such that X is
isomorphic to `p, J(X) = J(`p) and the supremum in the definition of the James constant
is not attained.

We will then be done by Theorem 4.5.4.

The p < 2 case ends up being easier, and we will start with this. The main
technical tool in this section will be Clarkson’s inequalities.

8Establishing this is a little non-trivial. The reader should have a gut feeling that the result is
true (as the author does) but may find proving it harder than expected.
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4.5.4 The 1 < p < 2 case

For this case, we will recall the definition and some basic properties of Orlicz
spaces.

Orlicz spaces

For more details on Orlicz spaces, the interested reader can see [26, Section 4.a]
where a lot of information is given. To make this section self contained, we will
recall the definition and give different properties. Orlicz spaces are examples of
spaces that are rearrangement invariant sequence spaces, i.e., they have a basis en

(canonically identified as the sequence (0, . . . , 0, 1, 0, . . . ) with 1 in the n’th place)
such that kÂ anenk = kÂ ap(n)enk for all permutations p of the natural numbers.

We define the norm on an Orlicz sequence space in terms of a function r : [0, •) !
[0, •)9 that is convex, continuous, non-decreasing, r(0) = 0 and limt!• r(t) = •.
We call such a function an Orlicz function.

We now define the Orlicz space associated to the Orlicz function r as follows: `r is
the collection of sequences x = (x1, x2, . . . ) such that for some r > 0 we have that

Â r(|xi|/r) < •. We then define kxkr by:

kxkr = inf{r > 0 :
•

Â
i=1

r
✓
|xi|
r

◆
 1}.

We shall not prove this is a norm - essentially it comes down to the conditions
imposed on the function r, e.g., the convexity of r gives the triangle inequality for
k.kr. We observe that if r(t) = tp then we recover the `p spaces - i.e., the Orlicz
spaces are generalizations of the `p spaces.

The main theorem on Orlicz spaces we will need is the following simple result:
Theorem 4.5.10 (Proposition 4.a.5 from [26]). If r and s are two Orlicz functions, then
`r is isomorphic to `s with the identity map being an isomorphism if there exists constant
k > 0, K > 0 and t0 > 0 such that

K�1r(k�1t)  s(t)  Kr(kt)

for all 0  t  t0.

9The traditional letter for this function is M, however we have been consistently using M for
a metric space.
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Fix some q 2 (p, 2). We define r(t) = tp + tq and observe that `r is evidently
isomorphic to `p (by the previous theorem).

We will need to use the fact that `r is strictly convex. This follows from some
classical theory - indeed this follows from the classical theory of Orlicz spaces.
The interested reader can see [38, Chapter VII].

`r has the same James constant as `p but does not attain the supremum

Since `r is isomorphic to `p, by Remark 4.5.5, we have that J(`r) � J(`p). We will
now show that, in fact, J(`r) = J(`p) by showing that there do not exist points
x, y 2 S`r such that kx + yk and kx � yk are both � 21/p.

Let us spell out what it means for a vector x to have norm 1 in the space `r. In
this case (by the continuity of the function r) we have that Â r(|xi|) = 1, which is
the same as Â |xi|p + Â |xi|q = 1, i.e.,

kxkp
p + kxkq

q = 1.

Similarly, we have that
kykp

p + kykq
q = 1.

Adding these together we get that

kxkp
p + kxkq

q + kykp
p + kykq

q = 2.

Using Clarkson’s inequality (namely, the third inequality of 1.1.16) we immedi-
ately see that for any points x, y 2 S`r that

kx + ykp
p + kx � ykp

p + kx + ykq
q + kx � ykq

q  4. (4.3)

Now suppose that there are points x, y of norm 1 such that kx + ykr and kx � ykr

are both larger than or equal to 21/p. Let us now write out what this means. This
means that

kx + ykp
p

2
+

kx + ykq
q

2q/p � 1

and
kx � ykp

p

2
+

kx � ykq
q

2r/p � 1.

Adding these together, and multiplying by 2, we get that

kx + ykp
p + kx � ykp

p + 21�q/pkx + ykq
q + 21�q/pkx � ykq

q � 4.

Since 21�q/p < 1 this contradicts Equation (4.3). Thus, if x, y 2 S`r we have that
at least one kx + yk and kx � yk is less than 21/p.
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Conclusion

We are now done, i.e., we have constructed the space `r that is isomorphic to `p,
but the James constant of `r is not attained. By Theorem 4.5.4 `r is an example of
a space isomorphic to `p that does not contain every subset of `p isometrically.

4.5.5 The 2 < p < • case

For this case, we will recall the definition and some basic properties of modular
sequence spaces, which are more complicated versions of Orlicz sequence spaces.
In the previous section, we perturbed `p in the direction `2 by considering the
Orlicz function tp + tq where q lay between p and 2. However, if we do this for
p > 2 we would create a space isomorphic to `q and not `p. It is for this reason
that we have to be slightly cleverer.

Modular sequence spaces

For more details on modular sequence spaces, again, the reader can consult [26,
Section 4.d]. The snappy motto of modular sequence spaces is ”they are Orlicz
spaces, except you can have different Orlicz functions for each n”.

Suppose we have a sequence of Orlicz functions (ri)•
i=1. We define the modular

sequence space associated to the sequence ri as follows: `(ri) is the collection of
sequences x = (x1, x2, . . . ) such that for some r > 0 we have that Â ri(|xi|/r) <

•. We then define kxk(ri) by:

kxk(ri) = inf{r > 0 :
•

Â
i=1

ri

✓
|xi|
r

◆
 1}.

The main theorem we will need is the analogue of Theorem 4.5.10 for modular
sequence spaces, which is as follows:
Theorem 4.5.11. If (ri)•

i=1 and (si)•
i=1 are two collections of Orlicz functions, then `(ri)

is isomorphic to `(si) with the identity map being an isomorphism if there exist constants
K > 0, tn � 0 and an integer n0 such that:

• K�1rn(t)  sn(t)  Krn(t) for all n � n0 and t � tn.

• Â•
n=1 rn(tn) < •.
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Fix some sequence 2 < pi such that pi ! p very quickly and set ri(t) = tp + tpi . If
pi converges to p fast enough, then the previous criterion applied with s(t) = tp,
K = 3 and n0 = 1 shows that the generated space `(ri) is isomorphic to `p.

The space `(ri) is strictly convex

Our first goal is to show that `(ri) is strictly convex. This is not as easily deducible
from classical theory (results on strict convexity of modular sequence spaces tend
to not be well known), so we prefer to give an explicit proof.

We take vectors x, y 2 S`(ri)
, with x 6= y. We need to show that kx + yk < 2.

Let us first look at what x 2 S`(ri)
means, it means that Â ri(|xi|) = 1. This is the

same as Â |xi|p + |xi|pi = 1, i.e.,

kxkp
p + Â |xi|pi = 1.

Similarly we have that
kykp

p + Â |yi|pi = 1.

Adding these together we get that

kxkp
p + kykp

p + Â(|xi|pi + |yi|pi) = 2.

We now use Clarkson’s inequality for p > 2 on this to get that,

21�p(kx + ykp
p + kx � ykp

p) +
•

Â
i=1

21�pi(|xi + yi|pi + |xi � yi|pi)  2, (4.4)

with this inequality being strict unless xi = yi for all i.

We know that kx + yk  2, so for contradiction assume that kx + yk = 2. This is
the statement that

2�pkx + ykp
p +

•

Â
i=1

2�pi |xi + yi|pi = 1.

Multiplying this by 2 and comparing with Equation (4.4) is a contradiction, i.e.,
kx + yk < 2.

`(ri) has the same James constant as `p but does not attain the supremum

Since `(ri) is isomorphic to `p, by Remark 4.5.5, we have that J(`(ri)) � J(`p). We
will now show that, in fact, J(`(ri)) = J(`p) by showing that there do not exit
points x, y 2 S`(ri)

such that kx + yk and kx � yk are both � 21�1/p.
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Indeed, suppose that x, y of norm 1 such that kx + yk and kx � yk are both larger
than or equal to 21�1/p. Writing this out, we have that

kx + ykp
p

2p�1 +
•

Â
i=1

|xi + yi|pi

2pi(1� 1
p )

� 1

and
kx � ykp

p

2p�1 +
•

Â
i=1

|xi � yi|pi

2pi(1� 1
p )

� 1.

Adding and rearranging we get that

21�p(kx + ykp
p + kx � ykp

p) +
•

Â
i=1

2pi(
1
p�1)(|xi + yi|pi + |xi � yi|pi) � 2.

Since 2 < pi < p, this equation contradicts Equation (4.4). Thus, if x, y 2 S`(ri)

one of kx + yk, kx � yk is strictly less than 21�1/p.

Conclusion

We are now done, i.e., we have constructed the space `(ri) that is isomorphic to
`p, for which the James constant of `(ri) is not attained. By Theorem 4.5.4 `(ri) is
an example of a space isomorphic to `p that does not contain every subset of `p

isometrically.

4.5.6 Some concluding remarks

It is, perhaps, of interest to note that the examples of subsets that do not embed
isometrically in the previous section are small.

In fact, the examples constructed in the previous section are as small as possi-
ble. By Lemma 1.2.3, all three point metric spaces embed into every infinite-
dimensional Banach space. However, in this case we have constructed a four
point subset of `p that does not isometrically embed into a Banach space isomet-
ric to `p!10

The space we constructed in 4.5.4 also gives an example of a space that lacks
Property AI-I that has a collection of very nice properties:

10The reader may observe that the subsets from Theorem 4.5.4 consist of five points.11However,
we may also notice that if we omit any single non-zero point from the space the proofs work
identically since if an Equation of the form (4.4) is true for x, y it is automatically true for �x,�y.

11And that four does not equal five
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Theorem 4.5.12. There is a superreflexive Banach space X with symmetric, uncondi-
tional basis that lacks Property AI-I.

The reader should now be convinced that Property AI-I is a little weird as a Ba-
nach space theory property. It bears very little relation to any niceness properties
of Banach spaces: the properties above are about as nice as one could reasonably
ask for. However, the weakenings of Property AI-I remain interesting. We end the
thesis with the following three conjectures that the author finds very interesting.
Conjecture 4.5.13. The original Tsirelson space is finitely isometrically universal.
Conjecture 4.5.14. The dual of the original Tsirelson space (constructed by Figiel and
Johnson) isometrically contains every finite subset of `1.
Conjecture 4.5.15. Every infinite-dimensional Banach space contains every finite subset
of `2 isometrically.
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