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Abstract

In this thesis, we consider the forms of non-equilibrium phenomena that can arise in
atoms or polar molecules trapped in a deep optical lattice and coupled by dipolar
internal degrees of freedom. We specifically focus on only two internal states, which
results in the systems studied behaving as spin−1/2 models with long-range interactions.

We first study a closed system with both static and resonant near-field dipole
interactions under an external drive. By studying the uniform mean-field dynamics of
the system, we find the dynamics are given by Rabi oscillations, with a bifurcation
in the dynamics as a function of drive strength between small scale and large scale
oscillations. Analysing the stability of these oscillations to small fluctuations reveals
that interactions tend to cause the oscillations to decohere. However, we find parameter
regimes where coherent oscillations can persist for high enough intensity drive.

We then consider the effects of an environment on the non-equilibrium dynamics
of the near-field dipole model. We find that within the mean-field approximation, an
environment causes the system to relax to many novel steady state spin configura-
tions, such as spin density waves, antiferromagnetism and long-time oscillations, as
well as bistabilities between these phases. To assess the validity of the mean-field
approximation, we compare our mean-field results to small quantum systems. We
carry out a similar analysis on a system with far-field dipole interactions, where it is
necessary to introduce nonlocal dissipation, which results in several decay modes into
the environment. These decay modes lead to instabilities of many of the steady state
phases that occurred in the near-field dipole system, leading to the emergence of more
spin density wave and oscillatory phases.

Finally, we examine the dynamics on the approach to steady state in a dissipative
dipolar system by studying Rydberg atoms coupled to a photonic crystal waveguide,
which mediates an effective dipole-dipole interaction between the atoms. We find
that if two excitations exist in the system, then bound states can form, with nonlocal
dissipation resulting in a momentum dependent decay rate of the bound states and
also greater freedom in engineering the bound state energy dispersion.
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Chapter 1

Introduction

When atoms and molecules are cooled to low temperatures, their thermal energy
becomes comparable to the energy scales of inter-particle interactions and quantum
mechanical kinetic energy. The equivalence of these energy scales results in a significant
interplay of these effects, leading to the emergence of new physical phenomena. The
last few decades have seen major progress in observing these new phenomena in dilute
cold gases, which have been cooled to near zero Kelvin. The first breakthrough was
achieved by Chu, Cohen-Tannoudji and Phillips, who were awarded the 1997 Nobel
prize [4] for engineering methods to cool and trap atoms using lasers and magnetic
fields. These methods resulted in the production of optical molasses, gases of Sodium
atoms at micro-Kelvin temperatures, which had greatly reduced velocities. The second
breakthrough was by Ketterle, Cornell and Wieman with further cooling of gases by
using a magneto-optical trap and evaporative cooling. This led to the achievement of
nano-Kelvin temperatures and the realisation of the Bose Einstein condensate, a new
phase of matter that is strongly characterised by quantum mechanical properties. For
this result, Ketterle, Cornell and Wieman were awarded the 2001 Nobel prize [5]. Since
these discoveries, the ability to readily produce ultracold atomic gases and molecules
has opened up a new and exciting avenue to explore the effects of quantum mechanics
and inter-particle interactions, and the discovery and realisation of other new exotic
phenomena.

1.1 Quantum Simulation of Spin Systems

One of the most exciting aspects of ultracold atomic gases is the emerging field of
quantum simulation. When theoretically modelling a quantum system, the biggest
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obstacle one faces is the curse of dimensionality, where the dimension of a Hilbert space
grows exponentially with the system size. Take, for example, N two-level systems, for
which the Hilbert space dimension grows as 2N . Classical computers can only currently
simulate of the order N ≈ 30 two-level systems and in order to simulate N on the order
of hundreds, you would need more atoms than are currently in the entire universe. The
idea of a quantum simulator, suggested by Feynman [6], is to circumvent this issue by
directly simulating the quantum dynamics in experiment and observing the outcome.
While there are currently many theoretical ways to approximate the behaviour of large
quantum systems, without direct simulation of the dynamics, it is difficult to tell what
approximations are valid and when.

When building a quantum simulator, one usually wants to have the relevant particles
studied to be subjected to periodic arrays, either to model crystalline materials or to
exploit coherence effects. To do this, one can illuminate the particles with lasers, which
results in a potential of the form [7]

V (r) = −d.E = −1
2β⟨|E(t, r)|2⟩t, (1.1)

where β is the polarisability of the particle being illuminated, d is the dipole moment
and E is the electric field from the laser. The angled brackets on the electric field
represent temporal averaging. If counter-propagating lasers are used, the electric field
is given by E = E0 sin(k · r) and the potential takes the form

V (r) = −β|E0|2

2 sin2(k · r). (1.2)

The particles now experience a periodic potential, known as an optical lattice. Optical
lattices are an extremely versatile tool. By using different arrangements of lasers, it
is possible to form a multitude of different lattice geometries such as 1D chains, 2D
square and hexagonal lattices, as well as Kagome lattices, which can be used to study
frustration effects, and also quasicrystal geometries [8]. By shaking the optical lattice,
it is also possible to generate synthetic gauge fields [9] which can be used as a way to
study the effects on magnetism on neutral particles. The high freedom and versatility
of ultracold particles in optical lattices can be used to simulate a variety of real-world
crystalline models and novel quantum phenomena [7, 10, 11].

In this thesis, we will be concerned with the quantum simulation of spin-1/2 systems,
where each lattice site only contains two degrees of freedom. The following sections will
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explain how these spin-1/2 systems can be realised, in ultracold gases and also other
experimental settings, by exploiting either motional or internal degrees of freedom.

1.1.1 Motional Degrees of Freedom

When particles lie in an optical lattice, the dynamics of the particles depend on the
depth of the lattice potential, which is given by β|E0|2/2, in relation to the recoil
energy, ~2|k|2/2m, where m is the mass of the particle. For sufficiently shallow lattices,
we have β|E0|2/2 ∼ ~2|k|2/2m and it is possible for particles to quantum mechanically
tunnel between different sites. To describe the behaviour of particles in the lattice, we
consider the Hubbard model,

ĤHub = −
∑

σ

N∑
⟨i,l⟩

hσ(â†l,σâi,σ + âl,σâ
†
i,σ) +

∑
σ

N∑
l

Uσ

2 n̂l,σ (n̂l,σ − 1) +
N∑
l

U↑↓n̂l,↑n̂l,↓, (1.3)

where â†l,σ and âl,σ are either bosonic or fermionic operators, which create and destroy
a particle on site l respectively. The operator n̂l,σ = â†l,σâl,σ counts the number of
particles on site l [10, 12] and the index σ indicates the spin of the particle, with
σ =↑, ↓. The first term in Eq. (1.3) is the kinetic energy of the particles hopping
through the lattice, where the parameter hσ is the spin dependent hopping potential,
which depends on the tunnelling strength between two adjacent sites. The second
and third terms in Eq. (1.3) are onsite interaction terms, with strengths Uσ and U↑↓

respectively, which gives an energy cost for multiple occupation of a site. If the optical
lattice is shallow, then hσ ≫ Uσ, U↑↓ and so the particles are delocalised throughout
the lattice rather than constrained on any site.

If the potential of the optical lattice is large however, such that β|E0|2/2 ≫
~2|k|2/2m, then hσ is small and tunnelling between sites is suppressed. In this case,
hσ ≪ Uσ, U↑↓, and so the system will lie in a Mott Insulator state where, on average,
there is a single particle per site, with double occupation being unfavourable for
Uσ, U↑↓ > 0. When this is the case, particles can still hop between sites, but only
through swapping place with a nearby neighbour. For a spin-1/2 particle, particle
motion coupled with the spin degree of freedom leads to a superexchange mechanism,
that gives rise to an effective spin interaction of the following form [13]

Ĥ =
N∑
⟨i,l⟩

Jzzσ̂
z
i σ̂

z
l + Jxy (σ̂x

i σ̂
x
l + σ̂y

i σ̂
y
l ) , (1.4)
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where the ⟨.⟩ brackets indicate summation over nearest-neighbours only and the spin
operators are defined as σ̂z

l = |↑l⟩ ⟨↑l| − |↓l⟩ ⟨↓l|, σ̂y
l = −i |↑l⟩ ⟨↓l| + i |↓l⟩ ⟨↑l| and

σ̂x
l = |↑l⟩ ⟨↓l| + |↓l⟩ ⟨↑l|. This is the XXZ model, and is just one example of how

a spin-1/2 model can be engineered in cold atom gases. The parameters Jzz =
(h2
↑ + h2

↓)/2U↑↓ and Jxy = h↑h↓/U↑↓ for fermions. This reduces to the well known
Heisenberg model [14, 15] when h↑ = h↓. For bosons, the parameters are given by
Jzz = (h2

↑ + h2
↓)/2U↑↓ − h2

↑/U↑ − h2
↓/U↓ and Jxy = −h↑h↓/U↑↓ [13, 16].

We can also obtain spin Hamiltonians of the form in Eq. (1.4) when considering
the Hubbard model, Eq. (1.3), with spinless (σ takes only one value and U↑↓ = 0)
fermions in a 1D optical lattice, when there are fewer fermions than lattice sites. Each
site behaves as a spin-1/2 system, but with the spin degrees of freedom corresponding
to a site being occupied (|↑l⟩) or unoccupied (|↓l⟩) rather than an internal spin degree
of freedom as before. The Hubbard model, Eq. (1.3), can then be mapped to a spin
system by applying the Jordan Wigner transformation [14]

σ̂z
l = 2f̂ †l f̂l − 1, σ̂−l = f̂le

−iπ
∑

m<l
n̂m , σ̂+

l = f̂ †l e
iπ
∑

m<l
n̂m , (1.5)

where f̂l are fermionic operators.
The same is also true for few spinless bosons in an optical lattice of any dimension

when Uσ → ∞, which then means double occupation of a site is essentially forbidden,
with (b̂†i )2 = 0. We can then obtain a spin system by applying the following mapping
to Eq. (1.3)

σ̂z
i = 2b̂†i b̂i − 1, σ̂−i = b̂i, σ̂+

i = b̂†i , (1.6)

where b̂i are bosonic operators. Bosonic excitations with (b̂†i)2 = 0 are known as
Hardcore bosons. Finally, spin models can also be achieved with spinless bosons in
tilted optical lattices [17, 18].

1.1.2 Internal Degrees of Freedom

As well as through motional degrees of freedom, spin models arise naturally when
particles interact purely through their internal degrees of freedom, such as electronic
or hyperfine energy levels. Typically, the internal energy levels of particles interact
through exchange of photons which couple to the dipole moment of the internal energy
transition. In situations where the time scales set by the interactions are much faster
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than the motional degrees of freedom, we can safely ignore any motional effects and
treat the particles as if they are at fixed positions. For example, such a set up is possible
in ultracold gases when the lattice potential is so large that hσ ≈ 0 and no particle
hopping can occur. When only two internal states are relevant for the inter-particle
interactions, the dynamics again map to spin-1/2 system, although including more
internal states allows higher spin models to be achieved.

Through appropriate choice of the internal degrees of freedom, it is possible to tune
a variety of spin interactions. As in the previous section, we will primarily focus on
generic spin models of the type

Ĥ =
N∑
i

∆z
i σ̂

z
i +

N∑
i

∆x
i σ̂

x
i +

N∑
i

∆y
i σ̂

y
i +

N∑
i,l

Jz
ilσ̂

z
i σ̂

z
l + Jx

ilσ̂
x
i σ̂

x
l + Jy

ilσ̂
y
i σ̂

y
l , (1.7)

where the quantities ∆x,y,z are set by external drives and the interactions Jx,y,z are set
by the coupling of dipole moments between the two-level systems. The spin operators
are now defined by the two energy levels involved,

σ̂z
l = |el⟩ ⟨el| − |gl⟩ ⟨gl| ,

σ̂+
l = |el⟩ ⟨gl| ,

σ̂−l = |gl⟩ ⟨el| ,

σ̂x
l = σ̂−l + σ̂+

l ,

σ̂y
l = iσ̂−l − iσ̂+

l ,

(1.8)

where |el⟩ is the excited energy level and |gl⟩ is the groundstate energy level of a
particle on site l. Throughout this thesis, the appearance of the Pauli operators will
occur often and will always obey these definitions unless stated otherwise. Also note
that throughout this thesis, we will work with the convention that ~ = 1.

For cold gases, spin systems can be implemented with the internal triplet states of
alkaline-earth atoms such as Sr [19–21], or rotational energy levels of polar molecules
such as KRb [22–24]. It is also possible to construct spin models with the electronic
energy levels of Rydberg atoms, atoms which have their outermost electron excited to
very high quantum numbers, inheriting very strong dipole moments as a consequence
[25–30]. Engineering spin interactions through trapped particle degrees of freedom
is also possible in a variety of different systems other than ultracold gases [31]. It
is possible to engineer Hamiltonians of the form in Eq. (1.7) through trapped ions,
where ions can be constrained using microtraps and then laser cooled [32, 33] and also
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through coupled cavities, where atoms are trapped inside cavities which can be then
arranged in periodic arrays [34, 35]. Further implementations are superconducting
circuits, where the two-level system is formed of energy levels of an LC circuit with a
Josephson junction [36, 37] and nuclear spins in Nitrogen vacancy (NV) centres [38–40].
Spin systems with motional degrees of freedom are also possible in other systems such
as in arrays of quantum dots, where electrons are confined to discrete energy levels in
semiconductor wells and form spin interactions via superexchange [41, 42].

While we have discussed both motional and internal degrees of freedom to construct
spin models, we will only consider fixed particles interacting through their energy levels
by dipole interactions from now on. The experimental focus will be on cold atoms and
molecules, but the references in this chapter demonstrate that many of the models we
consider in this thesis can be implemented in a variety of different ways.

1.2 Non-Equilibrium Phenomena

One major interest in quantum simulation is studying systems consisting of a macro-
scopic number of degrees of freedom, which can present interesting forms of collective
behaviour, notably the existence of different phases of matter at thermal equilibrium.
Much work is currently focused on macroscopic quantum systems in far-from-equilibrium
settings [10] which are now possible to study experimentally in ultracold atomic gases
[43, 44]. In closed quantum systems (systems that do not interact with an external
environment), it is expected that interactions will lead to a redistribution of energy
among all degrees of freedom, resulting in thermalisation at long times. This allows
the system to be described in terms of only a few key macroscopic quantities rather
than having to know the full details of the underlying microscopic dynamics. The
thermalisation of quantum systems is usually expected due to the eigenstate thermali-
sation hypothesis, which postulates that the eigenstates of generic quantum systems
inherently contain a thermal state and this thermal state is eventually revealed in
the long-time limit under standard unitary evolution [45]. However, it is known that
thermalisation of a quantum system need not always occur. Instead, there can be
regimes of synchronization, where coherent dynamics persist, many-body localization,
where quantum states are prevented from thermalisation due to disorder in the system,
or prethermalisation, where the system appears to thermalise in the long-time limit,
before undergoing further dynamics and reaching true thermal equilibrium at a later
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time [46–49]. Determining under what conditions a system does not thermalise and the
form of non-equilibrium phenomena that can exist is an active area of current research.

Interactions between atoms and molecules are crucial for thermalisation phenomena.
For example, given a system of isolated two-level systems under an external drive,
there is no mechanism for energy to be transferred between degrees of freedom and so
we expect the system to not thermalise and instead for the two-level system to undergo
persistent Rabi oscillations. However, interactions between the two-level systems leads
to (local) energy shifts of the resonance frequency. Consequently, when driven out
of equilibrium, the interactions are expected to lead to dephasing of collective Rabi
oscillation [50–56] causing observables to relax to some (non-equilibrium) steady state
values. In some systems, even with the presence of interactions, a system will not
thermalise due to there being as many conserved quantities as degrees of freedom. Such
systems are known as integrable [57].

As well as through interactions, far-from-equilibrium behaviour also naturally
arises when systems are subject to noise from an external environment, which causes
decoherence of quantum effects. This can lead to new phases of matter not found
in isolated systems and also alter phase transitions that occur in closed systems.
Simulating and studying the steady state behaviour of open quantum systems is a very
active area of research [58–60], as exploiting the presence of an environment is useful,
especially in experiments involving optical transitions where environmental effects are
hard to remove. We will give a proper introduction to open quantum systems and the
effects of an environment in the next chapter.

Finally, in addition to looking at the long-time dynamics and steady states of a
system, it is also interesting to study transient non-equilibrium phenomena by studying
the dynamics and decay of excitations within a system. With strongly coupled two-level
quantum systems, it is possible to explore fundamental issues in the quantum dynamics
of many-body systems subject to strong interparticle interactions [61–63]. An example
we will look into is that of magnon dynamics, including magnon bound states, where
two excitations in a quantum system can bind together and travel as a single unit.

1.3 Dipole Interactions

As mentioned earlier, interactions between fixed particles typically occur due to their
dipole moments. We will therefore be focusing on dipole-dipole interactions between
two-level systems in this thesis. This is one of the simplest physical realisations which
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explores the far-from-equilibrium dynamics of many interacting quantum degrees of
freedom. Dipole interactions can be long-ranged and dissipative, and arise naturally
in many systems, such as ultracold polar molecules, polarisable ultracold atoms and
Rydberg atoms. The range and form of the dipole interactions depends on the
wavelength of the energy level transition between the internal states chosen. We shall
look at both the case of near-field dipole interactions, which are short-ranged, and also
far-field dipole interactions, which are long-ranged and dissipative. The different forms
of the dipole interactions can have large differences on the resultant non-equilibrium
phenomena.

1.3.1 Near-field Dipole Interactions

When the two-level transition wavelength is large compared to the distance between the
particles, then the interactions between the internal states are described by a near-field
dipole interaction of the form

ĤDip =
N∑
i,l
i ̸=l

J0

r3
il

[
d̂i · d̂l − 3(d̂i · ril)(d̂l · ril)

r2
il

]
, (1.9)

where ril = ri −rl, with ri being the position vector of a dipole on site i, ril = |ril|, d̂i is
the dipole moment operator on site i and J0 = 1/4πϵ0 for electric dipoles or J0 = µ0/4π
for magnetic dipoles. The spatial profile of the near-field dipole interactions is 1/r3,
which means the boundary of the system will be important in 3D, but not important
in 2D or 1D systems. Near-field dipole interactions occur when the wavelength of
the two-level transition is typically in the microwave regime, which is common when
working with rotational levels in polar molecules, such as KRb or with highly excited
electronic states in Rydberg atoms. Both polar molecules and Rydberg atoms typically
have both exchange and static dipole interactions. For the case of two energy levels,
we can choose the quantisation of the dipole along the z axis [64] and then have the
static dipole terms, d0 = ⟨g| dz |g⟩, d1 = ⟨e| dz |e⟩, and also the transfer dipole term,
q1 = | ⟨g| dz |e⟩ | = | ⟨e| dz |g⟩ |, transforming the Hamiltonian in Eq. (1.9) into the
following spin Hamiltonian

HDip =
N∑
i,l
i ̸=l

J0

r3
il

(
(d1 − d0)2

4 σ̂z
i σ̂

z
l + q2

1(σ̂+
i σ̂
−
l + σ̂−i σ̂

+
l ) + d2

1 − d2
0

4 (σ̂z
i + σ̂z

l ) + (d1 + d0)2

4

)
.

(1.10)
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We can see here how the static dipole moment results in an Ising interaction while the
exchange dipole moment results in an XY interaction. This type of Hamiltonian will
appear in Chapters 3 and 4.

Many experiments have already been performed to realise isolated dipole coupled
spin systems, where Rydberg atoms [65–68] have been used to realise XY models and
Ising like models, as well as allow storage and read out of photons. There is also
considerable progress using polar molecules to realise quantum magnetism [22, 23, 69–
71]. There are numerous novel theoretical predictions for the behaviour of near-field
dipole coupled spins. These include work showing how the 1/r3 nature of dipole
interactions can stabilise Bose Einstein condensates against fluctuations and disorder
[72], as well as lead to interesting topological properties of the groundstate of the
Hamiltonian [64] and the role of dipole interactions in spin ice [73]. There are also
many studies on the role of near-field dipole interactions in magnetic materials [74].

1.3.2 Far-Field Dipole Interactions

When the two-level transition wavelength is comparable to or smaller than the distance
between the particles, the interactions between the internal states are then described
by a far-field dipole interaction of the form

ĤDip = − κ3

4πϵ0

N∑
i,l
i ̸=l

eiκril

{[
d̂i · d̂l − (d̂i · ril)(d̂l · ril)

r2
il

]
1
κril

+
[
d̂i · d̂l − 3(d̂i · ril)(d̂l · ril)

r2
il

](
i

(κril)2 − 1
(κril)3

)}
,

(1.11)

where κ = 2π/λd, with λd being the wavelength of the dipole transition. In this
regime, the spatial profile of the dipole interaction is long-ranged, with 1/r and 1/r2

terms as well as the 1/r3 form from the near-field case. The long-range nature of
the interaction can have significant effects on the quantum system, especially the 1/r
terms, which means the boundary of the system is important even in one dimensional
systems. The interaction has real and imaginary parts, where the imaginary parts of
the field correspond to loss into the environment and will play an important part of
the dynamics. Note that in the limit κ → 0, we regain the near-field dipole interaction
in Eq. (1.9) as expected.

Far-field dipole interactions occur in polarisable atoms, rather than polar molecules
and Rydberg atoms. For these systems, the wavelength of transition is in the optical
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regime. We also lose the static dipole moment, as atoms have weak or non-existent
permanent dipole moments. The interaction of an electromagnetic wave with a medium
formed from an array of polarisable particles is a recurring problem in physics. If these
particles are two-level quantum systems driven close to resonance, then collective effects
can arise due to the strong resonant dipole-dipole interactions provided the average
interparticle spacing is smaller than the dipolar transition wavelength. These collective
effects give significant deviations in the behaviour of the medium compared to one
formed of non-interacting scatterers. Key differences include the emergence of Lamb
shifts, where interactions modify the two-level transition energies [75, 76], and the
formation of superradiant and subradiant modes, where the dipole-dipole interactions
enhance or suppress decay of excitations [77, 78]. Understanding how these collective
effects alter the response of a medium is still an ongoing topic of research.

Because the transition wavelength is in the optical regime, dipole interactions of
the form in Eq. (1.11) are very important in understanding how light scatters through
cold disordered atomic gas clouds due to the large scale collective effects that can
arise. Much work has already been carried out on theoretically understanding light
scattering through cold atom gases [79–84], with some of these effects being realised
experimentally [85–88]. Most work focuses on the low light intensity limit, where
interactions between excitations is negligible and the full quantum model simplifies
to a problem of classical scatterers. In these models, the collective effects can be
exploited, especially when the atoms are arranged periodically on a lattice [89]. This
can lead to effects such as electromagnetically induced transparency interferences
[90, 91], long-time excitation storage in subradiant modes [92] and enhanced optical
cross sections [93].

1.4 Outline of Thesis

The outline of this thesis is as follows. In Chapter 2, we introduce the theory of open
quantum systems, when the atoms interact with a common environment, which will
be required for later chapters on dissipative systems. In Chapter 3, we study a closed
system of two-level systems with near-field static and exchange dipole interactions
under an external drive, finding regimes of collective Rabi oscillations despite the
presence of interactions. In Chapter 4, we look at the same near-field dipole system
from Chapter 3, but now coupled to an environment, which induces local dissipation
and causes the excitations to decay. We find the presence of an environment leads to a
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range of new non-equilibrium phenomena. Then in Chapter 5, we focus on far-field
dipole interactions, which introduces nonlocal dissipation to the system and changes
the non-equilibrium phases that arise due to the coupling of several decay modes into
the environment. In Chapter 6, we study the dynamics of excitations in dipole coupled
systems on the approach to the steady state, looking at two-excitation bound states
and how the presence of nonlocal dissipation effects their dynamics. Finally, in Chapter
7, we draw conclusions and also outline future work.





Chapter 2

Open Quantum Systems

2.1 Introduction

In nearly all experimental settings, a system cannot be perfectly isolated from its
environment. Instead, interactions can cause decay of excitations and dephasing of
the system and, in many cases, can have significant impact on the resultant dynamics
and phases. In this chapter, we introduce how to handle the effects of an environment
by using the theory of open quantum systems [94], which will be important in later
chapters.

2.2 Master Equation Derivation

When a system interacts with an environment, it is useful to consider the system of
interest and the environment together as one large isolated system. Then, one separates
the system Hamiltonian into a bath Hamiltonian, ĤB, containing all unwanted degrees
of freedom, the system Hamiltonian, ĤS, containing all the degrees of freedom of
interest, and the interaction between the two, ĤI , such that

Ĥ = ĤS + ĤB + ĤI . (2.1)

To describe the dynamics of the system, it is convenient to work with the density
matrix, defined as ρ̂(t) = |ψ(t)⟩ ⟨ψ(t)|, where |ψ(t)⟩ is the wavefunction of the system.
The density matrix has the property Tr{ρ̂(t)} = 1 due to unitarity, and any observable
of the system is given by ⟨Ô⟩ = Tr

{
ρ̂(t)Ô

}
, where Ô is some generic operator. The

dynamics of the full system (system, bath and interaction) still obey the Schrödinger
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equation. Therefore, the density matrix of the full system obeys

dρ̂(t)
dt

= −i
[
ĤI + ĤS + ĤB, ρ̂(t)

]
. (2.2)

We wish to focus on the dynamics of just the system and its interaction with the
environment, rather than trying to simulate the full system dynamics, which is generally
impossible. Therefore, to proceed, we will need to develop an effective model of the
environmental degrees of freedom. To do this, we first write Eq. (2.2) in the interaction
picture by applying the unitary transform Û(t, 0) = exp

(
−it(ĤS + ĤB)

)
to Eq. (2.2),

which gives
dR̂(t)
dt

= −i
[
ĤI(t), R̂(t)

]
, (2.3)

where the interaction picture density matrix is given by R̂(t) = eit(ĤS+ĤB)ρ̂(t)e−it(ĤS+ĤB)

and the interaction picture Hamiltonian defined by ĤI(t) = eit(ĤS+ĤB)ĤIe
−it(ĤS+ĤB).

We now integrate Eq. (2.3) to obtain an expression for R̂(t) and then substitute this
expression back into Eq. (2.3). By tracing out the environmental degrees of freedom,
we define the reduced density matrix, R̂S(t) = TrB{R̂(t)}, which obeys

dR̂S(t)
dt

= −
∫ t

0
dsTrB

{[
ĤI(t),

[
ĤI(s), R̂(s)

]]}
, (2.4)

assuming that TrB

{[
ĤI(t), R̂(0)

]}
= 0 so there is no constant of integration. The

dynamics of the reduced density matrix still depend on full density matrix R̂(t).
Therefore, to simplify the dynamics, we follow the steps taken in Ref. [94]. Firstly, we
apply the Born approximation, which involves assuming that the coupling between the
system and the environment is weak, so that changes in the system have only a small
effect on the environment. This allows us to write R̂(t) ≈ R̂S(t) ⊗ R̂B. Furthermore,
we have to assume that the environment has no memory effects, known as the Markov
approximation, which means the dynamics of the density matrix do not depend on its
previous state. This allows us to replace R̂(s) with R̂(t) in the integral equation, Eq.
(2.4) and, with a subsequent relabelling of s → t − s, change the upper limit of the
integral to infinity. With these approximations, we can now write Eq. (2.4) as

dR̂S(t)
dt

= −
∫ ∞

0
dsTrB

{[
ĤI(t),

[
ĤI(t− s), R̂S(t) ⊗ R̂B

]]}
. (2.5)
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To simplify the dynamics further, we now apply the Secular approximation, which
first involves rewriting the interaction Hamiltonian in the basis of system Hamiltonian
eigenstates. In the Schrödinger picture, the interaction Hamiltonian can be written in
the following form

ĤI =
∑

α

Âα ⊗ B̂α, (2.6)

where Âα and B̂α are arbitrary Hermitian operators, where Âα acts on the system and
B̂α acts on the environment. We now introduce the operators

Âα(ω) ≡
∑

ϵ−ϵ′=ω

Π̂(ϵ)ÂαΠ̂(ϵ′), (2.7)

where ϵ and ϵ′ are eigenvalues of the system and Π̂(ϵ) is a projector onto the eigen-
vector(s) of the eigenvalue ϵ. The sum is over a finite bandwidth where the differ-
ence between energies satisfies ϵ − ϵ′ = ω. The operators Â(ω) obey the relations
[ĤS, Âα(ω)] = −ωÂα(ω) and [ĤS, Â

†
α(ω)] = ωÂ†α(ω). They also obey a complete-

ness relation ∑
ω Aα(ω) = ∑

ω A
†
α(ω) = Aα which allows us to write the interaction

Hamiltonian as
ĤI =

∑
α,ω

Âα(ω) ⊗ B̂α =
∑
α,ω

Âα(ω)† ⊗ B̂†α. (2.8)

In the interaction picture, the interaction Hamiltonian is then given by

ĤI(t) =
∑
α,ω

e−iωtÂα(ω) ⊗ B̂α(t) =
∑
α,ω

eiωtÂα(ω)† ⊗ B̂α(t)†, (2.9)

where B̂α(t) = eiĤBtB̂αe
−iĤBt. Inserting the interaction Hamiltonian into Eq. (2.5)

gives

dR̂S(t)
dt

= −
∫ ∞

0
TrB

{
ĤI(t− s)R̂S(t) ⊗ R̂BĤI(t) − ĤI(t)ĤI(t− s)R̂S(t) ⊗ R̂B

}
+ h.c.

=
∑
ωω′

∑
αβ

ei(ω−ω′)tGαβ(ω)
[
Âβ(ω)R̂S(t)Â†α(ω′) − Â†α(ω′)Âβ(ω)R̂S(t)

]
+ h.c.,

(2.10)

where h.c. denotes the hermitian conjugate. The quantities Gαβ are defined as

Gαβ(ω) =
∫ ∞

0
TrB

{
B̂†α(t)B̂β(t− s)R̂B

}
eiωsds. (2.11)
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The terms of ω ̸= ω′ in the sum of Eq. (2.10) can be ignored if they oscillate much faster
than the inverse of the relaxation time of the system, τR. Therefore, we only include
the terms with ω = ω′ in the sum. Finally, splitting the function Gαβ = Γαβ/2 + iSαβ

into real and imaginary parts gives

dρ̂S(t)
dt

= −i

ĤS +
∑
ω

∑
αβ

SαβÂ
†
α(ω)Âβ(ω), ρ̂S(t)


+
∑
ω

∑
αβ

Γαβ

2 (2Âβ(ω)ρ̂S(t)Â†α(ω) − Â†α(ω)Âβ(ω)ρ̂S(t) − ρ̂S(t)Â†α(ω)Âβ(ω)),

(2.12)

where we have moved back to the Schrödinger picture. This is the master equation which
describes the dynamics of the reduced density matrix of the system. The expression
in the commutators represents unitary evolution under the Hamiltonian whilst the
second term is the loss terms from interaction with the environment. In general, for
the Markovian approximation to be valid, we require the reservoir correlation functions
in Eq. (2.12) to decay much faster than the relaxation time τR. If the environment
density matrix ρ̂B is a stationary state of the bath i.e. [ĤB, ρ̂B] = 0, then the quantities
Gαβ are independent of t, which will be assumed in future chapters.

2.3 Adjoint Equation

As for closed system quantum dynamics, it is sometimes useful to consider the evolution
of the system from the perspective of the Heisenberg picture, looking at the dynamics
of the operators rather than the density matrix. To do this, let us take the master
equation, Eq. (2.12) and rewrite it using the Liouvillian superoperator L̂, which acts
on an operator, Ô, as follows

L̂Ô = −i

ĤS +
∑
ω

∑
αβ

SαβÂ
†
α(ω)Âβ(ω), Ô


+
∑
ω

∑
αβ

Γαβ

2
(
2Âβ(ω)ÔÂ†α(ω) − {Â†α(ω)Âβ(ω), Ô}

)
,

(2.13)

where the curly brackets denote the anti-commutator. The master equation, Eq.
(2.12), can be written as dρ̂(t)/dt = L̂ρ̂(t). By introducing the propagator V̂ (t, t0) =
T→ exp

(∫ t
t0

L̂dt
)
, the dynamical evolution of the open quantum system can be written
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as
ρ̂S(t) = V̂ (t, t0)ρ̂S(t0), (2.14)

where time ordering has been applied to V̂ (t, t0), denoted by T→. Any observable in
the open quantum system is given by TrS

{
ÔV̂ (t, t0)ρ̂S(t0)

}
which can be rewritten

as TrS

{
V̂ †(t, t0)Ôρ̂S(t0)

}
. This motivates the introduction of the Heisenberg operator

as ÔH(t) = V̂ †(t, t0)Ô where V̂ †(t, t0) = T← exp
(∫ t

t0
L̂†dt

)
, and T← denotes anti-

chronological time ordering. The equation of motion for the Heisenberg operator is
now given as

dÔH(t)
dt

= V̂ †(t, t0)L̂†Ô. (2.15)

If the Liouvillian superoperator is time independent, then V̂ †(t, t0) and L̂† commute.
This means Eq. (2.15) can be written as dÔH(t)/dt = L̂†ÔH(t), which can be fully
expanded to give the adjoint master equation,

dÔH(t)
dt

= i
[
Ĥ, ÔH(t)

]
+
∑
ω

∑
αβ

Γαβ

2
(
2Â†α(ω)ÔH(t)Âβ(ω) − {Â†α(ω)Âβ(ω), ÔH(t)}

)
.

(2.16)

The adjoint master equation can be more convenient to study than the master equation
in determining the dynamics of observables.

2.4 Single Two-Level System in an Electromagnetic
Environment

In order to demonstrate some key properties of dissipative systems, we will now study a
simple model of a two-level system interacting with an electromagnetic bath. This will
form the basis for future chapters when considering several two-level systems interacting
with each other and an electromagnetic environment. The system Hamiltonian is given
by

ĤS = ω0

2 σ̂
z, (2.17)

where ω0 is the frequency of the two-level transition, and the bath Hamiltonian is given
by harmonic oscillators for each mode of the electromagnetic field,

ĤB =
∑

k

∑
ν=1,2

ωkâ
†
ν(k)âν(k), (2.18)
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where k is the wavevector of the mode, ωk = c|k| is the frequency of the mode and âν ,
â†ν are the bosonic annihilation and creation operators of a mode with a polarisation
indexed by ν. The interaction Hamiltonian is given by

ĤI = −d̂.Ê, (2.19)

where d̂ is the dipole operator of the two-level system. The operator Ê is the electric
field, given by

Ê = i
∑

k

∑
ν=1,2

√
ωk

V ϵ0
eν(k)

(
âν(k) − â†ν(k)

)
, (2.20)

where V is the volume of space within which the radiation field is quantised and eν(k) is
the transverse polarisation unit vector. Given our system Hamiltonian, we can see that
the eigenvectors of the system are simply |g⟩ and |e⟩. The interaction Hamiltonian is
already in the form of Eq. (2.6), so we can write down the operators Âα(ω0) as Âα(ω0) =
⟨e| d̂α |g⟩ σ̂− where α labels the Cartesian components, x, y and z. The functions Gαβ

are defined by the electric field and given by Gαβ =
∫∞

0 ⟨Êα(t)Êβ(t− s)⟩eiω0sds. For a
bath at zero temperature, we can evaluate the integral in Gαβ (full details are given in
[94]) to obtain Gαβ(ω0) = δαβ(Γ(ω0)/2 + iS(ω0)) where

Γ(ω0) = ω3
0|d|2

3πc3ϵ0
= κ3|d|2

3πϵ0
, (2.21)

where κ = 2π/λ0, with λ0 being the wavelength of the two-level transition. This
definition of Γ will appear in future chapters. We ignore the form of S(ω0) as this just
results in a energy shift of the two-level system and can therefore be absorbed into the
definition of ω0. The final master equation is given by

dρ̂(t)
dt

= −i[ĤS, ρ̂(t)] + Γ
2 (2σ̂−ρ̂(t)σ̂+ − σ̂+σ̂−ρ̂(t) − ρ̂(t)σ̂+σ̂−). (2.22)

Note here that ρ̂(t) is the system density matrix, but we have dropped the S subscript.
Unless stated otherwise, we will adopt this convention for the rest of the thesis. We will
also adopt the same convention for traces, which will now always be over the system
degrees of freedom.

We can also add additional terms to our system Hamiltonian without changing the
dissipation. Primarily, we will be concerned with driving the two-level transition with
an external field, E = ϵe−iωt + ϵ∗eiωt, with ϵ being the polarisation of the drive. This
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external field will also couple to the dipole moment to give a new term of the form

ĤDrive = Ω
2 σ̂

x, (2.23)

where Ω = 2ϵ · d∗. Note that we have made the rotating wave approximation in Eq.
(2.23), which also shifts the energy of the system Hamiltonian so that ω0 → ∆ in Eq.
(2.17) where ∆ = ω − ω0.

To study the dynamics of the driven dissipative two-level system in more detail, we
can derive the equations of motion for the spin by taking the trace Sβ(t) = 1

2 Tr{σ̂β ρ̂(t)}
where β = x, y, z, which gives

dSx(t)
dt

= −Γ
2S

x(t) − ∆
2 S

y(t),

dSy(t)
dt

= −Γ
2S

y(t) + ∆
2 S

x(t) − ΩSz(t),

dSz(t)
dt

= −Γ
(1

2 + Sz(t)
)

+ ΩSy(t).

(2.24)

These equations are known as the optical Bloch equations. In Fig. 2.1, we plot
some example dynamics of the optical Bloch equations for an initial condition of
(Sx, Sy, Sz) = (0, 0, 1/2) with Γ/Ω = 0 and Γ/Ω = 0.5.

Figure 2.1 Plot of the optical Bloch equations for Γ/Ω = 0 (left) and Γ/Ω = 0.5 (right) with
∆/Ω = −0.5. The presence of an environment drives the dynamics to a steady state at long times,
whereas in a closed system, the dynamics would continuously oscillate due to the external drive.
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The dynamics of the optical Bloch equations give examples of important changes
due to the presence of an environment. For no dissipation, the system undergoes
persistent Rabi oscillations, unless the initial condition is a steady state of the dynamics.
However, introducing an environment causes the system to decay and results in the
spin components always approaching a steady state, no matter how strong the drive
or detuning. At low drive (Ω ≈ 0), this steady state is simply the groundstate of
the system Hamiltonian, with (Sx, Sy, Sz) = (0, 0,−1/2). However, at high drive, the
solution is given by a mixed state with vanishing spin magnitude [95]. In later chapters,
we will find examples of where we can recover oscillations even with dissipation when
we include interactions between spin systems.

2.5 Superoperator Formalism

Finally, before moving to other chapters, it is worth discussing another convenient way
to write the master Eq. (2.12). We mentioned in the discussion of the Adjoint master
equation how the the Lindblad dynamics described by Eq. (2.12) can be written as a
propagator acting on the density matrix. By working in a higher dimensional Hilbert
space, we can rewrite this as a matrix equation by writing the density matrix in the
superoperator formalism. This involves promoting the density matrix to a vector in
Hilbert space of dimension 4N and then the Lindblad master equation can be rewritten
as a linear matrix equation of the form

dρS(t)
dt

= LρS(t). (2.25)

The 4N × 4N matrix L always has at least one zero eigenvalue, with the corresponding
eigenvector being the steady state density matrix. All eigenvalues have zero or negative
real part provided the master equation gives decay and the eigenvalues also come in
complex conjugate pairs due to the Hermitian nature of ρ̂S(t). In this form the time
evolution is given by ρS(t) = exp(Lt)ρS(0) which can be expanded in the eigenvalues
of L to give

ρS(t) =
4N−1∑
i=0

cie
λitRi, (2.26)

where ci = Li.ρS(0) and Li and Ri are the left and right eigenvectors of L which are
distinct as L is non-Hermitian.
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Again, if we look at a single two-level system coupled to an electromagnetic field,
we find the Liouvillian in superoperator form is given by

L =


−Γ −iΩ iΩ 0
−iΩ Γ

2 − 2i∆ 0 iΩ
iΩ 0 Γ

2 − 2i∆ −iΩ
Γ iΩ −iΩ 0

 . (2.27)

There is a zero eigenvalue as expected, with the remaining eigenvalues, λ, given by
solutions to the cubic

4λ3 + 8Γλ2 +
(
5Γ2 + 4∆2 + 4Ω2

)
λ+ Γ3 + 4Γ∆2 + 2ΓΩ2 = 0. (2.28)

Using Descartes’ rule sign we can explicitly see that all the eigenvalues must be negative
or complex as there are no sign changes between coefficients and all coefficients are
positive. More importantly, we can also see that there is never another zero eigenvalue,
meaning there is only ever one steady state solution to the optical Bloch equations
dynamics. Cases where there are two long-time steady states are referred to as
bistabilities. An interesting quantity to study is the eigenvalue with the smallest real
part which determines the approach to the steady state solution. In Fig. 2.2, we plot
the smallest real part of the eigenvalues of the Liouvillian, also known as Liouvillian
spectral gap.
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Figure 2.2 Spectral gap of the Liouvillian for a single dissipative two-level system as a function of
Rabi drive and detuning. We see the gap never decreases below 0.5Γ in magnitude, so there is only
ever one steady state to the dynamics.

We see the gap never closes, and reaches a minimum of 0.5Γ, so no bistability exists
in a single spin coupled to an environment. In later chapters, we will look at examples
where interacting spins have a gap smaller than 0.5Γ for certain Ω and ∆, indicating
that the gap could possibly close for large systems and that there could be more than
one steady state.



Chapter 3

Stable collective dynamics of
two-level systems coupled by dipole
interactions

3.1 Introduction

In this chapter, we consider a closed system of a large number of two-level systems
which are coupled by near-field dipole interactions and subjected to an external drive.
After preparing the system out of equilibrium, we seek to find when collective coherent
behaviour occurs, as a function of the strength of the external drive and also dependence
on the form of the dipole-coupling (modified by the geometry, by the orientation of
the dipoles, and by the relative strength of the static and transition dipole moments).
Whereas the interactions give rise to chaotic behaviour and possible thermalisation in
many cases, we show that there are parameter regimes where this no longer occurs
and the system undergoes stable collective Rabi oscillations. By showing that stable
collective oscillations can occur under an external drive, our work is complementary
to that of Ref. [72] which considered the dynamics of non-equilibrium dipole-coupled
two-level systems in a Ramsay sequence where the dynamics occur in the absence of
any drive field.

This chapter is organised as follows. In Section 3.2 we define the model we study.
We describe the resulting dynamical evolution in Section 3.3 as a function of the
strength of the Rabi coupling. We focus first on a collective spin picture, §3.3.1, before
proceeding to analyse when this collective picture breaks down, §3.3.2. In §3.3.3,



24 Stable collective dynamics of two-level systems coupled by dipole interactions

we study the high Rabi coupling limit analytically and show that in certain regimes
collective Rabi oscillations are stable. The overall results are discussed in Section 3.4
and the conclusions are summarized in Section 3.5.

3.2 Model

We study the dynamics of N two-level systems coupled by dipole interactions in a
uniform external driving field, where N is large. As mentioned in Chapter 1, such
a system can be realised with atoms or polar molecules, held at fixed positions in
an optical lattice, with the two levels being two internal energy levels between which
there is a non-zero (magnetic or electric) dipole matrix element (e.g. these could be
two rotational levels of a polar molecule). Representing each two-level system by a
S = 1/2 spin, and working in the rotating wave approximation such that the drive
field is time-independent, leads to the Hamiltonian

Ĥ = Ω
2

N∑
i

σ̂x
i +

N∑
i,l
i ̸=l

Jil

4r3
il

[cosασ̂z
i σ̂

z
l + sinα (σ̂y

i σ̂
y
l + σ̂x

i σ̂
x
l )] , (3.1)

where Ω is the Rabi coupling. We shall consider the positions of the two-level systems
to be in 1D or 2D arrays, as specified by the couplings Jil. Here, Jil = J0a

3(1 −
3 cos2 φil sin2 Θ), where a is the lattice spacing, Θ represents the angle between the
dipole orientation and the z axis, and φil is the angle between dipoles in the x − y

plane (see Fig. 3.1). The parameter J0 is given by J0 = 1/4πϵ0. For polar molecules,
Θ can be tuned by application of a d.c. electric field along which the dipoles align [64].
The parameter α relates the relative strength of the Ising and XY dipole interactions
and can take values between −π to π. We focus only on the range 0 ≤ α < π as
values below zero simply corresponds to a change in the sign of J0 and give the same
results. The value of α depends on the choice of internal states and external fields,
with cosα = (d0 − d1)2, where d0 = ⟨g| dz |g⟩ is the dipole moment of the groundstate,
and d1 = ⟨e| dz |e⟩ is the dipole moment of the excited state. We also have sinα = q2

1,
where q1 = | ⟨g| dz |e⟩ | = | ⟨e| dz |g⟩ | is the exchange dipole moment [64]. One example
of such a realisable set up involves the rotational states of polar molecules, the two
levels being the ro-vibrational groundstate (J = 0) and one of the rotationally excited
states (J = 1,mJ = 0). However, other states could also be chosen [22]. The dynamics
of the system with no driving has already been studied [96–98]. The full model we
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consider has been touched upon in [99], but that work does not consider the driven
steady states that we identify here. Eq. (3.1) can also be mapped to a hardcore boson
model [100].

We assume that all the two-level systems are initially in the groundstate, corre-
sponding to all the spins lying along (Sx, Sy, Sz) = (0, 0,−1/2). This initial state
is not an eigenstate of Hamiltonian (3.1) and so the subsequent evolution involves
far-from-equilibrium dynamics. Since we consider a macroscopic number of dipoles,
an exact description of the dynamics is impossible. We make the approximation that
the system behaves classically and quantum fluctuations are negligible. We expect
this approximation to be valid in regimes where the two-level systems remain largely
coherent – that is, with only long-range variations of the spin, such that there is a well-
defined local spin and the system can be viewed as having slowly-varying ferromagnetic
order. Indeed, we shall show that such situations of stable long-range coherence arise
in certain parameter regimes.

Figure 3.1 A sketch of the considered geometry, with dipoles oriented at an angle Θ to a 2D lattice
under an applied external field, E. φ is the 2D polar angle between dipoles.

3.3 Dynamical Evolution

In order to investigate the collective dynamics induced by Eq. (3.1), we solve numerically
the Heisenberg equations of motion. For an exact quantum system, the number of
equations of motion scales as 2N where N is the number of spins, making the problem
intractable for large systems. However, in the classical approximation, we can ignore
quantum correlations by factorizing ⟨Ŝα

i Ŝ
β
l ⟩ ≈ ⟨Ŝα

i ⟩⟨Ŝβ
l ⟩, where Ŝβ ≡ 1

2 σ̂
β and β takes
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the values x, y or z. The number of equations of motion then scales linearly with
system size, and are given by

dSx
l

dt
= 2 sinα

N∑
i( ̸=l)

Jil

r3
il

Sz
l S

y
i − 2 cosα

N∑
i(̸=l)

Jil

r3
il

Sz
i S

y
l ,

dSy
l

dt
= −ΩSz

l − 2 sinα
N∑

i(̸=l)

Jil

r3
il

Sz
l S

x
i + 2 cosα

N∑
i(̸=l)

Jil

r3
il

Sz
i S

x
l ,

dSz
l

dt
= ΩSy

l + 2 sinα
N∑

i(̸=l)

Jil

r3
il

(Sy
i S

x
l − Sy

l S
x
i ) ,

(3.2)

where Sβ
i ≡ ⟨Ŝβ

i ⟩. We impose periodic boundary conditions, which in the large N limit
approximate a system with open boundary conditions very well for 1D and 2D, as the
boundary effects become negligible. This would not be the case in 3D (which we do not
consider here), for which the choice of boundary remains important for the dynamics
owing to the dipolar interactions.

Solving Eqs. (3.2) we find that the spins behave collectively if all prepared in the
same initial state. We can therefore simplify the equations of motion and study the
collective dynamics in more detail, before analysing the stability under perturbations.

3.3.1 Collective Dynamics

Treating the spins as a uniform collective spin, we set Sβ
i = Sβ in Eqs. (3.2), and

obtain a new set of equations valid on each lattice site

dSx

dt
= 2ϵ̃0S

zSy,

dSy

dt
= −ΩSz − 2ϵ̃0S

xSz,

dSz

dt
= ΩSy,

(3.3)

with ϵ̃0 = (sinα− cosα)∑N
i ̸=0 Ji0 which is a measure of the dipole interaction strength,

depending on the dipole tilt, underlying lattice and dimensionality. Fig. 3.2 shows the
spin dynamics for the specific case of α = π/2 and with the dipoles perpendicular to the
lattice (Θ = 0). We plot the orbit for an initial condition of (Sx, Sy, Sz) = (0, 0,−1/2)
in red (dashed line), and that for an initial condition of (Sx, Sy, Sz) = (0, 0,+1/2) in
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Figure 3.2 Bifurcation Dynamics (a) - Small oscillations at low Rabi coupling. (b) - Before the
critical Rabi coupling at Ω = 0.9(ϵ̃0/2). The two orbits for the spin up/down initial condition
form teardrop shapes and start to meet at the origin which corresponds to the stationary state
(Sx, Sy, Sz) = (1/2, 0, 0). (c) - Orbit at the critical Rabi coupling, Ω = ϵ̃0/2. The spin up and spin
down orbits meet at the origin and form Homoclinic orbits. This change in dynamics is a Homoclinic
Bifurcation. (d) - Past the critical Rabi coupling, Ω = 1.1(ϵ̃0/2). The two orbits have now merged
and explore each other’s phase space. As the frequency increases, the orbit becomes a circle centred
about the origin. (e) - Rabi Oscillations at high Rabi coupling.

blue (solid line). The equations of motion conserve total spin, so, for clarity, the orbits
can be projected down from the Bloch sphere onto the Sz − Sy plane.

At low Rabi coupling, Fig. 3.2 (a), the orbits are small oscillations about the
stationary states given by (Sx, Sy, Sz) =

(
−Ω/2ϵ̃0, 0,±1

2

√
1 − (Ω/ϵ̃0)2

)
. As the Rabi

coupling increases, the orbit radius grows in size and the stationary state moves closer
to the origin. At high Rabi coupling, Fig. 3.2 (e), the orbits have merged to give full
Rabi oscillations about the stationary state (Sx, Sy, Sz) = (1/2, 0, 0). This behaviour
can be derived from the collective equations of motion, Eqs. (3.3), as ϵ̃0 becomes much
smaller than Ω or zero in the special cases of dipole geometry or α = π/4.

Fig. 3.2 (b), (c) and (d) show the dynamics at intermediate Rabi couplings. At
a critical coupling, Ω = ϵ̃0/2, there is a bifurcation in the dynamics, indicative of a
sharp transition in the form of the expected time evolution of the system. We can
study this bifurcation more clearly by writing Sx =

√
S2 − (Sy)2 + (Sz)2 and defining

new variables x =
√

2ϵ̃0S
z/Ω and y =

√
2ϵ̃0S

y. This allows us to rewrite the Sz and
Sy equations of motion, Eqs. (3.3), as

dx

dt
= y,

dy

dt
= −Ω2

(
1 − ϵ̃0

2

2Ω2

)
x− Ω2ϵ̃0x

3.
(3.4)
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The Hamiltonian of the system can also be recast as

H = 1
2Ω2

(
1 − ϵ̃0

2

2Ω2

)
x2 + 1

4Ω2ϵ̃0x
4 + 1

2y
2. (3.5)

The collective equations of motion are now seen to be the equations of motion of
a particle in a quartic potential well, which is also an undamped, unforced Duffing
oscillator [101]. The potential energy forms a double well, with the spin initial conditions
(Sx, Sy, Sz) = (0, 0,±1/2) sitting in one well each. At the bifurcation point, the two
orbits hit the top of their respective potential wells and then move beyond them.
Therefore, the Homoclinic orbit that arises at the critical frequency is also a separatrix
between two different forms of orbits, those inside the double potential well and those
outside. We can calculate the value of Rabi coupling at the bifurcation point by equating
the energy of the orbit with that of the stationary state (Sx, Sy, Sz) = (1/2, 0, 0), which
gives the bifurcation coupling of Ω = ϵ̃0/2 found in the dynamics. In summary, within
the assumption of a uniform collective spin, the dynamics undergo a transition from
small constrained orbits dominated by the dipole interaction at low Rabi coupling, to
full Rabi oscillations at large Rabi coupling. The boundary between these two regimes
is given by a bifurcation in the dynamics.

3.3.2 Stability to Non-Uniform Modulations

Having established the collective behaviour of the system, it is important to analyse
the stability of the collective motion under small perturbations. To quantify this,
we linearise the individual spin equations of motion, Eqs. (3.2), about the collective
motion by setting Si = Scol + δSi where Si is the spin vector on lattice site i. We then
use the periodicity of the system to Fourier transform the linearised equations and
put them into matrix form dδSk/dt = Ak(t)δSk where the matrix Ak(t) contains the
collective solutions and is therefore periodic. This means that our matrix equation
is now a Floquet equation. We can write the solutions to this equation as a matrix
that obeys dX(t)/dt = Ak(t)X(t) which allows us to define the Monodromy matrix
B = X(T ). The Monodromy matrix propagates the solutions forward by one period
such that X(t+ T ) = X(t)B. After n periods, we have X(t+ nT ) = X(t)Bn and so
any individual eigenstate of B obeys xl(t+ nT ) = ρn

l xl(t), with ρl an eigenvalue of B,
which we refer to as a Floquet multiplier. More details on Floquet matrix theory are
given in Appendix A. We calculate the full spectrum of Floquet multipliers and plot
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the largest as a function of Rabi coupling, where any multiplier with magnitude greater
than unity represents an instability in the orbit as it leads to exponential growth of
fluctuations.

In our analysis of the dynamics of the collective spin of §3.3.1, the tilt of the dipoles,
Θ, and anisotropy, α, acted only to rescale the parameter ϵ̃0. However, in analysing
stability to non-uniform spin-states, both Θ and α can have significant effects. We
therefore study three distinct geometries which are representative of all cases. The
first is where all the dipoles are perpendicular to the lattice, Θ = 0, giving an isotropic
environment at each site. The second is where the dipoles lie in the lattice with
Θ = π/2. Finally, we consider the dipoles at the so called ‘Magic Angle’ for which
the average dipole interaction vanishes. For 1D, this angle occurs at sin2 Θ = 1/3 and
for 2D occurs at sin2 Θ = 2/3. We analyse the stability for each of the three dipole
arrangements for specific cases of 0 ≤ α < π.

Isotropic

The first case we consider is the isotropic dipole arrangement, Θ = 0. Fig. 3.3 shows
the largest Floquet multiplier for specific values of α between 0 and π in the 1D
system. We find that for all values of α, the initial instability behaviour is the same.
At low coupling, the multiplier is near unity, but increases in size as a function of
Rabi coupling. Stability is expected at zero coupling given that the initial state is an
eigenstate of the Hamiltonian. As the Rabi coupling approaches the bifurcation value,
the collective dynamics becomes increasingly unstable, reaching maximum values at
the bifurcation point. Increasing the Rabi coupling further, past the bifurcation point,
the multiplier decreases in value indicating a suppression of the instability. Therefore,
we find that, in general, the collective picture is unstable and the only places where it
may persist are high Rabi couplings. Our numerics show that in the high Rabi coupling
region, stability depends on the value of α. For π/4 < α ≤ 7π/8, our numerics show
the Floquet multiplier never reaches unity except for α = 3π/4, meaning the collective
Rabi oscillations always break apart. However, for 0 ≤ α ≤ π/4, the multiplier tends
to unity again and collective motion persists. Later, we will quantify analytically the
high Rabi coupling behaviour and derive the regime of stability.

Moving away from the high Rabi coupling region, we find that for 0 ≤ α ≤ π/4,
the multiplier is close to unity for a Rabi coupling that is comparable to, but still
greater than, the dipole interaction. We also note the presence of oscillations in the
multiplier value which are robust to changes in system size and geometry. These
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oscillations and the stability down to relatively low values of the Rabi coupling stability
are unexplained, but do not affect our conclusions in the high Rabi coupling regime.

Across the α range, the bifurcation point is seen to move closer to zero Rabi
coupling as we move α from 0 through to π/4. At α = π/4 there is complete stability
for all values of the Rabi coupling. This can be understood as a consequence of
the conservation of total spin which occurs as the Hamiltonian becomes an isotropic
Heisenberg Hamiltonian.
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Figure 3.3 Plots of the largest Floquet multiplier for the 1D system. The multiplier is plotted as a
function of Rabi coupling. The bifurcation line is shown in red. For each plot, the system is unstable
for low Rabi coupling across the bifurcation point. However, for α < π/4, the multipliers are in
general smaller than for α > π/4 and also the curves return to unity at high Rabi coupling.

In Fig. 3.4, we plot the largest Floquet multiplier for the 2D system for the same α
values. The qualitative results are the same as the 1D system, with the only difference
being stability for the case α = 7π/8 in 2D at high Rabi coupling. Overall, in both 1D
and 2D, we find stability of the collective state can only be obtained either at high
Rabi coupling, zero Rabi coupling, or when α = π/4. Small perturbations otherwise
broaden the bifurcation peak in the collective dynamics.

In Plane

We now consider the case where the dipoles lie along the lattice, Θ = π/2. For the 1D
case, there is no change in stability due to the fact that tilting the dipoles only changes
the relative sign of the interaction. Therefore, the results of the stability analysis will
mirror that for the 1D isotropic case. For 2D however, the tilting of dipoles creates
anisotropy in the dipole interaction and will have different effects. Fig. 3.5 shows the
Floquet multiplier results. The same broad instability behaviour about the bifurcation
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Figure 3.4 Plots of the largest Floquet multiplier for the 2D isotropic system, with the bifurcation
line shown in red. The multiplier is plotted as a function of Rabi coupling. The results are similar to
those in 1D, but with stability arising for α = 7π/8 at high Rabi coupling.

coupling is seen, but in contrast to the isotropic case, the only situation where stable
orbits occur at high Rabi coupling is when α = π/4.

Magic Angle

Finally, we consider the case where the dipoles are oriented at the magic angle which
leads to an average zero dipole interaction. For 1D, the dipole interaction cancels
entirely and so stable Rabi oscillations are seen across the entire Rabi coupling range
for all α values. For 2D, the dipole interaction only cancels on average and so instability
can still arise from fluctuations. We find that at low Rabi coupling, fluctuations give
rise to large instabilities, but at large Rabi coupling, the system becomes stable again
for 0 ≤ α ≤ 3π/4 and remains unstable for 3π/4 < α < π. Because of the average
dipole cancellation, the time period of the collective state depends purely on the Rabi
coupling and there is no longer a bifurcation or critical coupling. In Fig. 3.6 we show
the Floquet multiplier results for α = 5π/8, α = 3π/4 and α = 7π/8. Any oscillatory
behaviour in the Floquet multiplier at low coupling is a finite size effect.

3.3.3 Analytical Analysis at High Rabi Coupling

Our numerical Floquet analysis showed that collective behaviour was only stable in
the high Rabi coupling limit under certain ranges of α and with certain tilt angles of
the dipoles. Here, we analytically compute when the collective picture is stable in the
high Rabi coupling limit and compare to our numerical results. To do this, we move
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Figure 3.5 Plots of the largest Floquet multiplier for a 2D lattice for an in plane geometry. The
multiplier is plotted as a function of Rabi coupling. The bifurcation line is shown in red. For each plot,
we see the system is unstable for low Rabi coupling across the bifurcation point, but also unstable at
high Rabi couplings in contrast to the isotropic case.
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Figure 3.6 Plots of the largest Floquet multiplier for a 2D system at the magic angle, sin2 Θ = 2/3.
The multiplier is plotted as a function of Rabi coupling. The system is stable at high Rabi coupling
for 0 ≤ α ≤ 3π/4, and unstable for 3π/4 < α < π.

to a frame rotating at the Rabi frequency, obtaining a time-dependent Hamiltonian
with no Rabi term to which we apply a Magnus expansion, as outlined in Ref. [102],
in powers of J0/Ω. We start with the time dependent Hamiltonian we obtain from
applying the unitary transform Û = exp

[
iΩ/2∑N

i σ̂
x
i

]
to Eq. (3.1). Splitting into time
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independent and dependent parts gives

Ĥrot = Ĥstat + V̂ (t) =
N∑
i,l
i ̸=l

Jil

4r3
il

(
sinασ̂x

i σ̂
x
l + sinα

2 σ̂y
i σ̂

y
l + cosα

2 σ̂z
i σ̂

z
l

)

+
N∑
i,l
i ̸=l

Jil

4r3
il

(cosα− sinα
2

)
(cos(2Ωt) (σ̂z

i σ̂
z
l − σ̂y

i σ̂
y
l ) + 2 sin(2Ωt)σ̂y

i σ̂
z
l )

+
N∑
i

∆i

2 (σ̂z
i cos(Ωt) + σ̂y

i sin(Ωt)) ,

(3.6)

where we have introduced a detuning term to our original Hamiltonian, Eq. (3.1), with
∆i ≡ ω0i − ω, where ω is the applied field frequency, and ω0i the two-level transition
frequency on site i. We now write the potential in terms of Fourier components

V̂ ±1 =
∑

l

∆l

4 (σ̂z
l ∓ iσ̂y

l ) ,

V̂ ±2 =
∑
j,l

j ̸=l

Jjl(cosα− sinα)
16r3

jl

[
σ̂z

j σ̂
z
l − σ̂y

j σ̂
y
l ∓ 2iσ̂y

j σ̂
z
l

]
.

(3.7)

Following [102], we can now make the following unitary transform, Û = exp
[
iK̂(t)

]
,

to move to a rotating frame that removes the time dependent parts. This gives the
effective Hamiltonian

Ĥeff = eiK̂(t)Ĥ(t)e−iK̂(t) + i
∂eiK̂(t)

∂t
e−iK̂(t). (3.8)

We can expand K̂ and Ĥ in powers of 1/Ω and, by comparing powers, obtain the
following

Ĥ0 = Ĥstat,

Ĥ1 = 1
Ω

∞∑
j=1

1
j

[
V̂ (j), V̂ (−j)

]
,

Ĥ2 = 1
2Ω2

∞∑
j=1

1
j2

([[
V̂ (j), Ĥ0

]
, V̂ (−j)

]
+ h.c.

)
,

(3.9)
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where h.c. denotes the Hermitian conjugate. The effective high frequency Hamiltonian
is simply given by the time independent Hamiltonian, Ĥstat, which is explicitly given as

Ĥ0 =
N∑
i,l
i ̸=l

Jil

4r3
il

[
sinασ̂x

i σ̂
x
l + sinα + cosα

2 (σ̂y
i σ̂

y
l + σ̂z

i σ̂
z
l )
]
, (3.10)

while the the next term in the expansion is given by

Ĥ1 = 1
Ω

N∑
i

∆2
i σ̂

x
i + cosα− sinα

32Ω
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JilJkl

r3
ilr

3
kl

(σ̂y
i σ̂
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i σ̂
z
k) σ̂x

l . (3.11)

The Kick operator to first order is given by

K̂(t) = 1
2Ω

N∑
i

∆i (σ̂z
i sin(Ωt) − σ̂y

i cos(Ωt)) +

1
Ω

N∑
i,l
i ̸=l

Jil

4r3
il

(cosα− sinα
4

)
(sin(2Ωt) (σ̂z

i σ̂
z
l − σ̂y

i σ̂
y
l ) − 2 cos(2Ωt)σ̂y

i σ̂
z
l ) .

(3.12)

We now study the stability of persistent Rabi oscillations by performing a spin wave
analysis [14] of the effective Hamiltonian about the Sz collective state. We apply
a spin wave analysis, where, for a generic spin magnitude S, we have the following
transformations

Ŝ−i = â†i (2S − â†i âi)1/2 ≈
√

2Sâ†i ,

Ŝ+
i = (2S − â†i âi)1/2âi ≈

√
2Sâi,

Ŝz
i = S − â†i âi,

(3.13)

where â†i and âi are the bosonic creation and annihilation operators on site i respectively.
Applying these transformations for S = 1/2 and introducing the Fourier transform,
âi = ∑

q âqe
iq·ri/

√
N , transforms the Hamiltonian into the following form

Ĥ =
∑

q
Aq

(
â†qâq + â†−qâ−q

)
+Bq

(
â†qâ

†
−q + â−qâq

)
+O(â4

q), (3.14)

where Aq = (cosα + 3 sinα)ϵq/8 − (cosα + sinα)ϵ0/4 and Bq = (sinα − cosα)ϵq/8.
Note that in Eq. (3.14) we have ignored any constant terms. The quantity ϵq is the
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dipole dispersion relation defined by

ϵq =
N∑
i

J0a
3(1 − 3 cos2 φRi

sin2 Θ)e
iq·Ri

|Ri|3
, (3.15)

where φR is the angle between the position vector, Ri, and the x axis. To obtain the
spectrum of excitations about the collective Sz state, we apply the following Bogoliubov
transform

âq = cosh θα̂q + sinh θα̂†-q, (3.16)

â†q = cosh θα̂†q + sinh θα̂-q, (3.17)

tanh 2θ = (sinα− cosα)ϵq

2(sinα + cosα)ϵ0 − (3 sinα + cosα)ϵq
, (3.18)

which diagonalises the Hamiltonian to give

H =
∑

q
Eqα̂

†
qα̂q +O(α̂4

q), (3.19)

where we have again ignored any constant terms. The spin-wave excitation spectrum
is given by

Eq = 1
2
√

(ϵq − ϵ0)(sinα + cosα)((2ϵq − ϵ0) sinα− ϵ0 cosα). (3.20)

By studying when the excitation spectrum becomes imaginary, we can find when Rabi
oscillations are unstable. Also note that as the momentum tends to zero, the excitation
spectrum also tends to zero. This is consistent with the presence of a Goldstone boson,
related to the continuous symmetry of the Hamiltonian under rotations around Sx.

Before examining the excitation spectrum for each of the three geometries, we
establish the low momentum limit of the dipole dispersion, Eq. (3.15), which is
important in determining the stability of Rabi oscillations. In 1D, φR = 0 and so we
can expand Eq. (3.15) directly to obtain the following low momentum behaviour

ϵq =
(
1 − 3 sin2 Θ

) (
ϵ

(1D)
0 − J0a

2q2 +O(q4)
)
, (3.21)
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where ϵ(1D)
0 ≈ 2.4J0. In 2D, due to the angle φR, we need to separate the dipole

dispersion into different angular components

ϵq = ϵ0
q

(
1 − 3

2 sin2 Θ
)

− 3
2 sin2 Θ

(
ϵ(2)

q + ϵ(−2)
q

)
, (3.22)

where
ϵ(m)

q = J0a
3

N∑
i

eiq·Ri+imφR

|Ri|3
. (3.23)

For a large number of spins, the spectrum is conveniently found via Ewald summation
[64, 103]. This involves rewriting the dispersion in terms of Bessel functions of the first
kind, which on expansion give

ϵq = ϵ
(2D)
0

(
1 − 3

2 sin2 Θ
)

+ 2πJ0|q|a
(

−1 + 3
2 sin2 Θ − sin2 Θ cos 2ψ

)
+ J0|q|2a2

(
1 − 3

2 sin2 Θ − η sin2 Θ cos 2ψ
)
,

(3.24)

where η ≃ 0.23 is a numerical constant. Here, ϵ(2D)
0 ≈ 9J0 and ψ is the angle between

the q vector and the qx axis. The key difference between 1D and 2D is the presence
of the linear term in momentum. Given the low momentum expansion of the dipole
interactions, we can now study the stability of Rabi oscillations for the different
geometries.

Isotropic

For the isotropic case, stability is predominantly determined by low momentum fluc-
tuations. Applying the low momentum expansions in the excitation spectrum gives
Eq =

√
ϵ

(2D)
0 cos(2α)(2πJ0|q|a) in 2D and Eq =

√
ϵ

(1D)
0 cos(2α)(J0q2a2) for 1D. We find

that stability depends only on the value of α. For 0 ≤ α ≤ π/4, the spectrum is real and
therefore we have stable Rabi oscillations. However, for π/4 < α < 3π/4, the spectrum
becomes imaginary and Rabi oscillations become unstable. Both these outcomes agree
with the numerical analysis. We can see here that α = π/4 and α = 3π/4 result in
zero excitation spectrum. When 3π/4 < α, the spectrum becomes imaginary as high
momentum fluctuations cause instabilities instead of low momentum ones, but this is
the only region where this occurs. The spectrum is real again when 7π/8 < α in 1D
and 2.506 < α in 2D.
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To compare our analytical results to our numerical results further, we can calculate
the decay rate of the collective state in the unstable regions. From the spectrum of the
Sz state, the time scale of decay is derived from the momentum that causes maximum
instability i.e. gives the largest imaginary component. When π/4 < α < 3π/4, this
maximum decay occurs when ϵq = (3 sinα+ cosα)ϵ0/(4 sinα), which gives an energy
and corresponding decay time of

Im(E) = 1/τ = ϵ0(sinα− cosα)
4
√

2

√
sinα + cosα

sinα , (3.25)

where we have assumed the expectation value of the spins decays as exp(iEt). However,
when 3π/4 < α < π, there are still decay modes in certain cases, and these occur for
q = π. The Floquet multipliers relate to the decay of the initial state in the following
way

x(t+ nT ) = ρnx(t), (3.26)

where x(t) is a vector of the classical solutions and the Floquet multiplier sets the
growth rate of fluctuations/decay of the collective orbit. Given an initial state x(t), we
can relate these two time scales by

log
(

x(t+ nT )
x(t)

)
= n log(ρ) = nT

τ
, (3.27)

where τ = 1/Im[E]. Therefore,

τ = lim
Ω→∞

T

log(ρ) . (3.28)

Fig. 3.7 shows the decay times for different values of α for the 1D isotropic case plotted
with the theoretical curves from our analytic results. The blue (darker) curve is the
decay time from Eq. (3.25) and the orange (lighter) curve from Eq. (3.20) at q = π.
The agreement is excellent.
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Figure 3.7 Decay times for the 1D Floquet system. The blue (darker) curve is the analytic curve for
decay from Eq. (3.25), the orange (lighter) curve is the excitation spectrum evaluated at q = π and
the points are the Floquet multipliers for Ω = 50ϵ0. The numerically computed Floquet multipliers
are very close to the analytic curve.

In Plane

As we mentioned before in the Floquet analysis, §3.3.2, there is no change in the
stability of the 1D dipole system when the dipoles lie in the lattice plane, as the
head-head interactions simply becomes head-tail interactions, which leads to a change
in sign of J0. We can see this directly from the low momentum expansion Eq. (3.21).
However, in 2D, there is now both head-head and head-tail interactions which gives an
anisotropy to the dipole interaction. The 2D low momentum expansion, Eq. (3.24),
has a negative quadratic dispersion along one direction, and positive linear dispersion
along another, due to the cos 2ψ term. This means that the excitation spectrum Eq.
(3.20) is unstable at both low and high momenta for all values of α, as along certain
directions the spectrum is imaginary. This again agrees with our numerical results
which showed instability at high Rabi coupling for all values of α except α = π/4 and
α = 3π/4.

As for the isotropic case, we can compute decay times to compare analytics and
numerics. These are plotted in Fig. 3.8 for the 2D system. Although not plotted here
the 1D curve is identical to that from the isotropic case. We see that the 2D data fits
the theoretical curve well.
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Figure 3.8 Decay times for the 2D system with dipoles in plane. The blue (darker) curve is the
analytic curve from the α decay and the orange (lighter) curve from numerical analysis of Eq. (3.20).
The points are the Floquet multipliers evaluated at Ω = 50ϵ0. The numerically computed Floquet
multipliers match the analytic curve very well.

Magic Angle

Lastly, we consider the case where the dipoles lie at the magic angle. For 1D, the
dipole interaction disappears completely, so ϵq = 0 for all momenta and there are no
effects of spin-wave fluctuations at any Rabi coupling. For 2D, whilst ϵ0 = 0, the dipole
interaction only cancels along certain directions. The fluctuation spectrum becomes

Eq = ϵq

√
2 sinα(sinα + cosα). (3.29)

The average cancellation of the dipole interaction allows us to pull the dipole dispersion
out of the square root. Now the stability of this spectrum depends purely on the
relative strengths of the Ising and XY terms in the Hamiltonian and becomes unstable
if 3π/4 < α < π, as seen in our numerical results.

Higher Order Corrections

In our spin wave analysis, we have only focused on the leading term in the Magnus
expansion, finding it gives excellent agreement with our numerical results at high Rabi
coupling. We expect that terms of order 1/Ω (see Eq. (3.11)) or higher in the Magnus
expansion will also capture lower Rabi coupling behaviour under spin wave analysis,
but have the additional complication of the kick operator. Study of the effective
Hamiltonian by itself at higher orders results in a conservation of total Sx which is
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not physical at lower Rabi coupling and so the kick operator (which violates total Sx

conservation) must be included to capture the full system dynamics. However, this has
no influence on our results, which are at zeroth order, as the leading term of the kick
operator is of order 1/Ω.

3.4 Discussion

We have established the form of the collective dynamics of the system and the regimes
and geometries under which the coherent collective dynamics of all two-level systems
are stable against non-uniform modulations. We find in both 1D and 2D that stability
occurs across the entire Rabi coupling range for α = π/4 and otherwise stability occurs
only at high Rabi coupling under certain conditions and dimensionality. In this high
Rabi coupling limit, one can determine stability of the collective picture from the
spectrum of spin waves of the effective Hamiltonian, Eq. (3.20). We use this to plot
a phase diagram of the system in the high Rabi coupling regime as a function of tilt
angle Θ and the relative strengths of the Ising and XY interaction, α. These phase
diagrams are shown in Fig. 3.9 and Fig. 3.10 for the 1D and 2D system respectively.

Summarising the key features of the phase diagrams, we find that for the isotropic
geometry, sin2 Θ = 0, only the regions 0 ≤ α ≤ π/4, α = 3π/4 or αc < α ≤ π leads
to stable Rabi oscillations in 1D and 2D. For π/4 < α < 3π/4, instabilities arise
from low momentum fluctuations whilst for 3π/4 < α < αc, instabilities arise from
high momentum fluctuations. The cut off angle αc is the value of α beyond which
high momentum fluctuations cannot cause instability and we find these values take
α(1D)

c = 7π/8 and α(2D)
c = 2.506 for 1D and 2D respectively. Increasing the tilt of the

dipoles, we find these conditions of stability do not change in 1D where tilting the
dipoles only scales the interaction strength, except at the magic angle where the dipole
interactions cancel exactly. However, in 2D, the collective picture becomes unstable
for all α past a certain value of sin2 Θ, when the anisotropy in the dipole dispersion
becomes large enough to destabilise the excitation spectrum. We also find that α(2D)

c

depends on the tilt angle. Once the tilt reaches the magic angle, the average dipole
interaction cancels and we again obtain stability across all values of α except in the
range 3π/4 < α < π for 2D.

The existence of stable collective Rabi oscillations over a range of Rabi couplings at
the magic angle is surprising in 2D, given that small scale fluctuations still exist and
otherwise destabilise the collective picture at tilt angles above and below the critical
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Figure 3.9 Phase diagram at high Rabi coupling in 1D. The blue (lined) regions represent stability
and the orange (plain) regions represent instability. The α = π/4 line is stable across all tilt angles
due to the Heisenberg symmetry. The magic angle line at sin2 Θ = 1/3 is stable across the entire
α range and occurs due to the cancellation of the entire dipole interaction. There is a region of
instability between 3π/4 < α ≤ 7π/8 due to high momentum fluctuations.

Figure 3.10 Phase diagram at high Rabi coupling in 2D. The blue (lined) regions represent stability
and the orange (plain) regions represent instability. As for 1D, the α = π/4 line is stable across all
tilt angles due to the Heisenberg symmetry. The magic angle line at sin2 Θ = 2/3 is stable up to
α = 3π/4. Unlike in 1D, the anisotropy in the dipole interaction causes instability as the dipoles are
tilted for 0 ≤ α ≤ π/4.
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line. It would be interesting to see how this depends on the underlying geometry and
why the fluctuations can behave in such a way that stability is retained. In all other
cases, the collective picture breaks apart after a finite time set by the value of the
Floquet multiplier, with quickest decay of the collective dynamics occurring at the
bifurcation coupling. By studying the time evolution of the system in the unstable
regions via numerical simulations, we find that chaotic dynamics dominate and possible
thermal states form. For example, at low Rabi coupling when 0 < α < π/4, we find
there is an average steady state of spins lying in the xz plane. This result is similar to
those of exact diagonalization results in a system with Van der Waals interactions [56].

Our results in this section rely on two important approximations. One approxima-
tion is the truncation of the Magnus expansion to lowest order. This neglects terms of
order J2

0/Ω, so our results should hold at least up to time scales of t ≈ Ω/J2
0 . While

our results could persist much longer than this, the full Magnus expansion is expected
to break down on time scales that are exponentially long in Ω/J0, which sets an upper
limit for the lifetime of stable oscillations before the system becomes ergodic and
heats to infinite temperature [104]. The other approximation is to treat the effective
Hamiltonian Eq. (3.10) within the classical approximation. Exact diagonalization of
the effective Hamiltonian shows that for small systems (up to N = 12), the classical
approximation breaks down due to spin squeezing [105], where quantum fluctuations
of the collective spin grow in the zy plane. Consequently the classical approximation
is only valid up to times of order t ≈ 2

√
N/ϵ̃0. Thus, for any finite systems the Rabi

oscillations will dephase for all α.
Finally, we comment on how our results relate to experiment. In our analysis, we

have implemented periodic boundary conditions as a convenient way of studying the
thermodynamic limit. From numerical simulations of the dynamics of systems with
open boundary conditions in 1D and 2D, we find that the collective oscillation can
break down more easily for small systems with open boundary conditions than for
periodic boundary conditions. However, these finite size effects become insignificant
at the high Rabi couplings for which we predict collective behaviour and our analytic
analysis becomes valid. Indeed, the analytic results at high Rabi coupling are readily
performed also for open boundary conditions, and lead to the same conclusions and
same phase diagrams. Therefore, we expect our results to hold in systems that are
large, but still well below the thermodynamic limit.

Furthermore, in Fig. 3.7 and Fig. 3.8, we have calculated the dephasing time of
our system which we now compare to other experimental time scales. If we consider a
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system of KRb molecules with J0/h = 52Hz, where h is Planck’s constant, then this
gives a decay time of around 2s (for α = π/2). This is much lower than the lifetime of
the molecules (up to 25s) [53] so the breakdown of Rabi oscillations should be evident
in experiment. Similarly, for Rydberg atoms under resonant exchange (α = π/2), we
find dephasing time scales of 25µs and Rydberg lifetimes of up to 100µs in the absence
of motional dephasing [65], so again, we expect our results to be observable.

Lastly, we briefly studied the numerics of non-unity filling fraction and detuning
which can arise in experimental set up. We first consider non-unity filling disorder,
where each site is randomly occupied or unoccupied with an occupation probability
of 0.75. The decay time is calculated for each configuration and averaged over 100
different configurations. Results are shown in Fig. 3.11.

Figure 3.11 Decay times of a 1D system where each site has an occupation probability of 0.75. We
find that filling disorder can cause decay in the region αc < α < π which is stable at unity filling, but
with long decay times. Otherwise, filling disorder causes no other instabilities.

We find that the same stability/instability transition as for the homogeneous system,
except in the range αc < α < π which becomes unstable, but with large decay times.
Therefore, in this range, we expect breakdown of the Rabi oscillations will occur, but
otherwise our results should hold in the presence of filling disorder. We find that at
high Rabi coupling, any effects from filling disorder do not appear to be significant for
0 ≤ α < αc. Inhomogeneity did seem to cause decay for αc < α < π where before the
system was stable, but with large decay times. Therefore, experimentally, the Rabi
oscillations will eventually breakdown in this region.

We also calculate the decay time for small random detunings that are Gaussian
distributed about zero with a standard deviation W = 0.1J0, and once again average
over 100 configurations. The decay times are shown in Fig. 3.12.
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Figure 3.12 Decay times of a 1D system with small random detunings that are Gaussian distributed
about zero with a standard deviation of W = 0.1J0. We find the detuning disorder does not cause
further instabilities compared to the ordered system.

We find no change in stability across the entire range of α. This agrees with our
Magnus expansion, where detuning appears as a 1/Ω term and so should be negligible
at high enough Rabi coupling. Non-unity filling, however, appears even at zeroth order
in the Magnus expansion as it modifies the dipole coupling Jil. In both disorder studies,
we have looked at a low level of disorder. We expect that at strong enough disorder,
more instabilities will arise and Rabi oscillations will break down for all α.

3.5 Conclusions

We have studied a system of interacting dipoles with both an Ising and XY dipole
interaction terms under external driving in both 1D and 2D. After preparing all
the spins in an ideal Sz state, we found that collective behaviour occurred, with
Rabi oscillations at high Rabi coupling, small oscillations at low Rabi coupling and
a bifurcation in the dynamics at a critical value of coupling. Using Floquet analysis,
we have found that the collective picture is unstable for most values of Rabi coupling.
However, we did find stable collective behaviour at high coupling under certain regimes,
either when the dipoles are oriented at the magic angle or when the Ising interaction
dominates over the XY interaction.



Chapter 4

Phases of driven two-level systems
with local dissipation

4.1 Introduction

In this chapter, we now examine how dissipation alters the dynamics of a dipole
coupled quantum system. Whereas dissipative processes have been viewed as an issue
in experiment, recent work has shown that the interplay between an external drive
and dissipation can produce exotic non-equilibrium phases such as spin density waves,
persistent oscillations and phase bistabilities within spin-1/2 systems [106–109] and
also higher spin systems [110] or systems with mixtures of atomic species [111].

In order to capture the steady state phases in a macroscopically large system,
it is common to employ a mean-field approximation, where correlations between
sites are ignored. While the use of the mean-field approximation is well understood
in equilibrium phenomena, a key question that still remains is the validity of the
mean-field approximation for dissipative systems. For thermal gases, the mean-field
approximation becomes valid as quantum fluctuations become negligible [112, 113].
However, for cold systems, this is not necessarily the case. There have already been
many studies into the true phases and transitions for the driven dissipative systems,
using variational methods [114], Keldysh methods [115], cluster mean-field [116–118],
Monte Carlo [119] and also t-DMRG [120] and other Matrix Product Operator methods
[121, 122]. These studies have shown that first order transitions in the mean-field
approximation can become second order when quantum fluctuations are included,
and that bistabilities can be lost [114, 115, 117, 121, 122]. They have also shown
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that the emergence of certain phases, such as antiferromagnetism phases or long-time
oscillations may not occur in low dimensional spin-1/2 systems [115, 116, 118, 119].

Despite the disagreements between mean-field and exact numerics of quantum
systems, the mean-field approximation can still serve as an indicator of features that
emerge in the full quantum system. For example, it has been shown that regions of
mean-field bistability for the Ising model correspond to long spatial correlations in the
full quantum model [123]. Also, while it has been shown that true bistability cannot
occur for finite sized quantum systems [124], the bistable nature of the mean-field
solutions is evident in quantum trajectories of the system [125–127] and also results in
a decrease in the spectral gap of the Liouvillian [108]. Therefore, it is interesting to
ask to what degree the mean-field imprints itself on the dynamics and phases of the
full quantum system.

In this chapter, we study a driven-dissipative XXZ model with a tunable ratio
between the XY and Ising near-field dipole interactions, which was studied in Chapter
3, as a function of detuning and external drive. We calculate the non-equilibrium phase
diagram at mean-field level, finding many phases such as antiferromagnetism, spin
density waves, persistent oscillations and bistabilities. We then analyse small quantum
systems and carry out an in-depth comparison to the mean-field phase diagram. As
for similar previous studies, while we do not find the same phase diagram for the full
quantum system, we do find strong signatures of the mean-field in the spin fluctuations
which relate to bistabilities and spatial phases that arise in the mean-field results.

The rest of this chapter is organised as follows. In Section 4.2, we describe the
model. Then in Section 4.3, we derive the mean-field phase diagram as a function
of parameters. In Section 4.4, we then look at the full quantum model. Finally, we
discuss the results in Section 4.5 before drawing conclusions in Section 4.6.

4.2 Model

The system consists of a large number, N , of two-level systems coupled by dipole
interactions in 1D under a uniform external driving field, which is detuned from
resonance, and interacting with an electromagnetic environment which causes decay.
Under the Born and Markov approximations, the dynamics of the system are then
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Figure 4.1 A schematic of a 1D array of atoms or polar molecules under an external drive. The
electric field, shown by the green arrow, is oriented at an angle Θ to the z axis and controls the
orientation of the dipoles. The lattice spacing is denoted by a.

described by the following master equation

dρ̂N(t)
dt

= − i
[
Ĥ, ρ̂N(t)

]
+ Γ

2

N∑
i

[
2σ̂−i ρ̂N(t)σ̂+

i −
{
σ̂+

i σ̂
−
i , ρ̂N(t)

}]
, (4.1)

where the single atom decay rate, Γ, is defined in Eq. (2.21). Provided Γ > 0, then Eq.
(4.1) describes decay of the excited state, driven by the operators σ̂−i . The Hamiltonian
is given by

Ĥ = Ω
2

N∑
i

σ̂x
i − ∆

2

N∑
i

σ̂z
i +

N∑
i,l
i ̸=l

J

4r3
il

[cosασ̂z
i σ̂

z
l + sinα (σ̂y

i σ̂
y
l + σ̂x

i σ̂
x
l )] , (4.2)

where the detuning is given by ∆ = ω − ω0, where ω is the drive frequency and ω0 the
two-level transition frequency, and the drive strength is set by the Rabi coupling Ω. The
dipole-dipole interaction is given as in the previous chapter by J = J0a

3(1 − 3 sin2 Θ)
where a is the lattice spacing [96] and where we have set φil = 0 as we will only look
at 1D geometries (see Fig. 4.1). Also, as in the previous chapter, the angle Θ is the
orientation of the dipoles, with Θ = π/2 corresponding to the dipoles lying along the
atomic chain. For the remainder of the chapter, we will work with Θ = π/2. Other
values of Θ will result in a sign change and scaling of the interaction in 1D, but will not
lead to significant changes in the types of phases that appear in our system, only in
the size of the regions as a function of ∆ and Ω. We will also work with J0a

3/Γ = −5
throughout this chapter.
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In order to find the long-time steady state of Eq. (4.1), we make a Gutzwiller
mean-field approximation which involves taking ρ̂N (t) = ⊗ρ̂i(t), where ρ̂i(t) is a density
matrix on site i, and effectively ignoring correlations between spins. Then, by taking
the trace of Eq. (4.1) over all the sites except a given site l, we obtain the equations of
motion as

dSx
l

dt
= − ΓSx

l − ∆Sy
l + 2 sinα

N∑
i( ̸=l)

J

r3
il

Sz
l S

y
i − 2 cosα

N∑
i( ̸=l)

J

r3
il

Sz
i S

y
l ,

dSy
l

dt
= − ΓSy

l − ΩSz
l + ∆Sx
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N∑
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J
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il

Sz
l S

x
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N∑
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J

r3
il

Sz
i S

x
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dSz
l

dt
= − Γ(Sz

l + 1/2) + ΩSy
l + 2 sinα

N∑
i( ̸=l)

J

r3
il

(Sy
i S

x
l − Sy

l S
x
i ),

(4.3)

where Sβ
l (t) = 1

2 Tr{σ̂β
l ρ̂N(t)} are the spin expectation values, which have their time

argument suppressed in Eqs. (4.3). We can see that in the limit Γ → 0 and with
∆ = 0, we recover the mean-field equations in Eqs. (3.2).

4.3 Mean-Field Phase Diagram

We compute the mean-field phase diagram by finding the steady states to Eqs. (4.3)
within a bipartite sublattice ansatz, where we split the lattice into two sublattices, A
and B. Depending on the parameters, Eqs. (4.3) can result in up to three uniform
solutions and three sets of antiferromagnetic solutions. To determine the final phases
that exist in the system, we perform linear stability analysis of the resultant solutions.
To confirm the sublattice results, we evolve Eqs. (4.3) in time until the long-time limit
(up to tΓ = 1000 for a system size of N = 100 with periodic boundary conditions
(PBCs)) and also find the resultant phases in regimes where the sublattice ansatz
breaks down. For our dynamical simulations, we use either an initial condition of
(Sx, Sy, Sz) = (0, 0,−1/2) or, if examining phase instability, the steady state that
becomes unstable as the initial condition.

In Fig. 4.2, we show a collection of phase diagrams as a function of ∆ and Ω for
select values of α in the range 0 ≤ α < π. Note that for π ≤ α < 2π, we will obtain
the same phases as for 0 ≤ α < π but with the phase diagram reflected about ∆ = 0
due to the sign change in the interaction term. This is also true if the dipoles are tilted
out of plane (Θ = 0), although the interaction strength is then scaled by a factor of
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Figure 4.2 Mean-field phase diagrams as a function of Rabi coupling and detuning, for values of
0 ≤ α < π. We find the emergence of four key phases: uniform phases, antiferromagnetic phases,
spin density wave phases and oscillatory phases. We also find examples of where these phases can be
bistable with one another which means both phases can coexist within the corresponding parameter
regime, and which phase the system ends up in depends on the initial conditions. These regions are
denoted with double labelling e.g. AFM/U1.

1/2. Therefore, it is sufficient to consider the range 0 ≤ α < π to cover all phases that
can occur in the 1D system.

From our phase diagrams, we can see some general features that occur for all or
almost all α values. Specifically, we can classify four key phases that emerge in the
system. Firstly, for all α, there are the spatially uniform phases, which are shown by
the white regions in the phase diagrams. At low Rabi drive, the uniform phase has a
high spin magnitude and the spins lie in or close to the state (Sx, Sy, Sz) = (0, 0,−1/2).
We define this uniform phase as the U1 phase. At high drive, the spin magnitude
decreases and the spins lie close to the mixed state, which we denote as the U2 phase.
As mentioned in Chapter 2, both of these uniform phases occur for any spin half
system even without interactions as they are just general solutions to the optical Bloch
equations and are solutions of the full quantum system [95] in the limit of low/high
Rabi coupling respectively. For all α, the U1 phase smoothly crosses over into the U2

phase for most parameter ranges. However, for α ̸= π/4, when the drive and detuning
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are comparable to the interaction strength (V12/Γ ≈ −5), regimes of bistability between
the U1 and U2 exist, which lead to sharp transitions between the two phases. Regions
of bistability are denoted by the dark blue regions in the phase diagram and which
phase the system ends up in within this region depends on the initial conditions. Note
that for α = π/4, we have a Heisenberg Hamiltonian which conserves total spin, and
so the uniform phases are the only phases that occur and there is no bistability. The
behaviour of the uniform phases is analogous to a liquid-gas phase diagram where the
U1 phase can be considered the high density liquid phase and the U2 phase as low
density gaseous phase. The first order transition at |∆/Γ| . 1 and smooth crossover
at |∆/Γ| ≫ 1 are then similar to the liquid-gas transitions where detuning and Rabi
coupling take the role of pressure and temperature respectively.

It is also the case that when the drive and detuning are comparable to the interac-
tions, for all α ≠ π/4, the uniform phases can become unstable to fluctuations, breaking
translational invariance and giving rise to non-trivial phases. In the red regions, the
uniform phase becomes unstable to fluctuations with a wavevector of qa = π and a
stable set of antiferromagnetic solutions exist. This results in the emergence of a canted
antiferromagnetic (AFM) solution, with the nature of the AFM phases depending on
the α value. When the Ising term dominates (0 ≤ α < π/4 and 3π/4 < α < π), the
AFM solution has the largest deviation between the Sz components. However, when
the XY interaction dominates, the AFM solution has the strongest deviation in the
Sy components. As well as instabilities to qa = π, the uniform phases can become
unstable to qa < π which results in the emergence of a spin density wave (SDW) phase,
provided no other stable phase exists. In the SDW phase, shown by the green regions,
the spin orientation varies periodically through the lattice with a period set by the
instability wavevector, qa. The final key phase to emerge are long-time oscillations
(OSC), where the effects of the drive dominate over the effects from dissipation. We
find all oscillations emerge from the instability of the AFM phase, which undergoes a
Hopf bifurcation, and inherit an AFM nature. The oscillations are shown by the light
red regions.

In several regions of the phase diagrams, multiple solutions to Eqs. (4.3) coexist,
which can lead to bistabilities. In the yellow regions, a stable uniform solution and
stable set of AFM solutions exist, which results in AFM/U1 bistability. Similarly, in
the light yellow regions, there is an OSC phase which is also bistable to the U1 phase.
However, we do find that sometimes the oscillations become unstable and so only the
uniform phase exists. We have not marked these regions on the phase diagram. In the



4.4 Quantum Phase Diagram 51

light blue regions, both the U1 phase and U2 phase exist, but one becomes unstable to
fluctuations. When simulating the dynamics in these regions, we find only the stable
uniform solution exists i.e. there is no U1/SDW phase bistability. Similarly, in the
orange regions, there exist both a uniform phase and an antiferromagnetic phase, but
the uniform phase is unstable. We find when simulating the dynamics in this region
that only the AFM phase exists, although the AFM phase is frustrated, with the
amount of frustration depending on the initial conditions. Likewise, in the light orange
regions, there is an OSC phase and an unstable uniform phase. We find only the OSC
phase exists, and again that there are frustration effects. As one final note on the
phase diagrams, we find that there are no SDW instabilities for α = 0. Therefore, it
seems that SDW instabilities are inherently related to the XY interaction.

Our phase diagram for α = π/2 is similar to a pure XY model with nearest-
neighbour coupling studied in Ref. [108]. Similarly, our results for α = 0 are similar to
a nearest-neighbour Ising model studied in Ref. [107].

4.4 Quantum Phase Diagram

Having calculated the phase diagram at mean-field level, we now examine how it
compares to the phase diagram of the full quantum system to test the validity of the
mean-field approximation. To do this, we look at steady states of small quantum
systems with N = 8 spins and PBCs by finding the zero eigenvalue of the Liouvillian
(See Chapter 2). At very low Rabi coupling, we expect the mean-field approximation
to capture the full quantum model because the system lies close to the steady state of
Eq. (4.1), given by ρ̂ss = |0⟩ ⟨0|, where |0⟩ = ∏N

i |gi⟩. The spin components are nearly
conserved due to the Hamiltonian and ∑N

i S
z
i ≈ −N/2. Therefore, single excitations

can then be viewed classically due to the large effective spin, allowing the system to be
mapped to coupled oscillators. However, for higher Rabi coupling where the interesting
phases emerge, quantum effects will be more significant. Mean-field theory is expected
to be valid for a higher effective co-ordination number where quantum fluctuations
can cancel on average. Therefore our results in 1D are most susceptible to quantum
fluctuations. Despite the small system size, we can see some distinct features emerge
for the quantum system that reflect the mean-field phases.

We first examine the spin expectation values on each site for a direct comparison
to the mean-field results. We find that for the quantum system, the expectation values
on each site are uniform, with little to no spatial variation. However, this is likely due
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to the small system size and use of PBCs, and that spatial variation in the expectation
values would arise for larger quantum systems. If we compare the quantum expectation
values to the mean-field expectation values from our phase diagrams in regions where
stable uniform phases exist, we find there is good agreement at strong Rabi drive and
detuning. This is true for all α, especially for α = π/4, where the expectation values
agree exactly for all detuning and Rabi drive. For α ̸= π/4, the difference between
the expectation values becomes larger when the drive and detuning are comparable to
interactions, particularly in regions where there is U1/U2 bistability. This is because
we find no bistability in the small quantum systems, but a smooth crossover between
the U1 and U2 phases. Therefore the quantum expectation values will eventually differ
from either choice of the U1 or U2 mean-field solution.

Despite the fact the expectation values seem only to show a single uniform phase,
the connected correlators between sites give insight into spatial structure of the
fluctuations about the expectation values and possible non-uniform phases that may
arise in larger quantum systems. In Fig. 4.3 (1-a), we plot the connected correlator,
⟨Ŝz

i Ŝ
z
l ⟩c = ⟨Ŝz

i Ŝ
z
l ⟩ − ⟨Ŝz

i ⟩⟨Ŝz
l ⟩, between a site i and its nearest-neighbour for α = 0. We

find that the connected correlator changes sign between nearest-neighbour sites in the
region where where AFM solutions exist in the mean-field, but maintains the same
sign when in the uniform region. The insets (1-b) and (1-c) show examples of how the
connected correlator varies across the lattice sites for a choice of ∆ and Ω in the AFM
region and in the uniform region, shown by the red and blue circles respectively. We
can see how both connected correlators lose long-range order quickly, but maintain an
alternating sign in the AFM region, whilst being persistently positive in the uniform
region. We find similar results when we plot the ⟨Ŝy

i Ŝ
y
l ⟩c connected correlator for

α = π/2. The choice of connected correlator is based on the spin component with the
strongest deviation from the spatially uniform phase in the mean-field analysis.

While the expectation values and connected correlators give some correspondence
to the mean-field picture, we find that within the bistable regions, there is a much
stronger signature of the mean-field results given by the index of dispersion (IOD). In
regions of bistability, studies [108, 125, 126, 128] have found examples of bimodality in
the expectation value distributions when using Quantum Monte Carlo wavefunction
methods [129]. This bimodality arises due to the double well nature of the system
when there are two stable mean-field solutions. A bimodal distribution means that
the IOD, a measure of a distribution’s variance normalised by its mean, will peak in
regions of bistability. For our phase diagram, bistability brings the greatest change in
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1-a 1-b

1-c

2-a 2-b

2-c

Figure 4.3 Examples of connected correlators for the quantum system. (1-a) - The ⟨Ŝz
1 Ŝz

2 ⟩c connected
correlator for α = 0. We can see the connected correlator becomes negative for nearest-neighbour
sites when in the mean-field AFM region. The insets (1-b) and (1-c) show examples of how the
connected correlator varies across sites for the red and blue circle respectively. We see that in both
cases, long-range order is lost, but the changes of sign are as expected. (2-a) - The ⟨Ŝy

1 Ŝy
2 ⟩c connected

correlator for α = π/2. Again, we can see that the connected correlator changes sign between
nearest-neighbours when in the mean-field AFM region. The insets (2-b) and (2-c) show examples of
how the connected correlator varies across sites for the red and blue squares respectively.
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Figure 4.4 Index of dispersion (IOD) of the number of excitations, ⟨Ŝz⟩ + 1/2. We see there is an
increase in the IOD in regions of bistability, before a quick decrease to 1/2 when entering the region of
the U2 phase. The black contours show the regions of our mean-field phase diagram where bistability
exists.

Sz values between the two mean-field phases, so we look the index of dispersion of the
excitations in the system, give by ⟨Sz⟩ + 1/2. With this choice of observable, the IOD
is given by

IOD =
∑N

i,l

(
⟨Ŝz

i Ŝ
z
l ⟩ − ⟨Ŝz

i ⟩⟨Ŝz
l ⟩
)

∑N
i

(
⟨Ŝz

i ⟩ + 1/2
) . (4.4)

In the limit of zero Rabi drive, when ⟨Ŝz
i ⟩ = −1/2, we have IOD = 1, whereas in the

limit of high Rabi drive, when ⟨Ŝz
i ⟩ ≈ 0, we have IOD = 1/2. In between these two

limits, the IOD will either decrease or, when there is a bimodality in the distribution,
increase above unity. In Fig. 4.4, we plot the IOD as a function of drive and detuning,
marking the areas of mean-field bistability with the black contours. We can see from
our figures that the agreement between the fluctuation region and the bistability region
is very good for all α values, suggesting that the large peak in the IOD is indeed due to
the double well structure of the mean-field solution appearing in the quantum steady
state. The results for α = π/2 have been shown before in [108], but the results for
other α are new.



4.4 Quantum Phase Diagram 55

Figure 4.5 Real part of the spectral gap of the Liouvillian. We see that there is a decrease in real
part within the regime of bistability for all α, indicating that the spectral gap could close in the limit
of large enough quantum systems.

Another signature of bistability should also be evident in spectral gap of the
Liouvillian. In systems with true bistability, the spectral gap should close so the system
has two steady states. However, for small quantum systems, it is known that the gap
will remain finite [124]. Despite this, bistability may occur in very large quantum
systems, and if this is to be the case, then we expect the gap to decrease in the region
of bistability even for small systems. In Fig. 4.5, we compute [130] and plot the real
part of the spectral gap for a system of size N = 6. We see there is indeed a decrease
in the gap size in the bistability region, with the magnitude of the real part of the
eigenvalue dropping below 0.5Γ, which is the spectral gap for a non-interacting system,
as found in Chapter 2.

To measure the spectral gap in experiment, one could look at two-time correlators,
whose decay depends specifically on the gap in the long-time limit. For two operators,
Â and B̂, the two-time correlator is given by

⟨Â(t+ τ)B̂(t)⟩ = Tr{Âe(τ+t−t)L̂B̂ρ̂(t)}

= Tr{B̂ρ̂(t)} Tr{Âρ̂ss} +
4N−1∑
i=1

eλiτ Tr{L̂iB̂ρ̂(t)} Tr{ÂR̂i},
(4.5)
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where in the last line, we have inserted the density matrix expansion given in Chapter
2 in Eq. (2.26), but rewritten in operator form in the original 2N Hilbert space and
with the initial condition B̂ρ̂(t). If we allow t → ∞, then Eq. (4.5) simplifies to

lim
t→∞

⟨Â(t+ τ)B̂(t)⟩

= Tr{Âρ̂ss} Tr{B̂ρ̂ss} +
4N−1∑
i=1

Tr{L̂iB̂ρ̂ss} Tr{ÂR̂i}eλiτ

≈ Tr{Âρ̂ss} Tr{B̂ρ̂ss} + Tr{L̂1B̂ρ̂ss} Tr{ÂR̂1}eλ1τ ,

(4.6)

where in the last line, we have assumed that τ is large and that λ1 is well separated from
the rest of the Liouvillian spectrum. This shows how the two-time correlator will decay
exponentially with a decay time set by the spectral gap. Therefore, if the spectral gap
does decrease in a given parameter regime, we should find that any two-time correlator
will have a much longer decay than in regions where the spectral gap is large. In Fig.
4.6, we plot the real part of the second spectral gap of the Liouvillian to see if the first
spectral gap is well separated from the spectral bulk. We find for a dominant Ising
interaction, there is a separation inside the bistable regime, so measuring the gap from
the connected correlator decay should be possible. For a dominant XY interaction, the
gap from the bulk is quite small and therefore measuring the gap from the two-time
correlator will be harder.

4.5 Discussion

We have studied the mean-field phase diagram of an driven-dissipative XXZ model
with tunable XY and Ising interaction, finding that the interplay between drive and
dissipation leads to four key types of non-equilibrium phases, specifically uniform
phases, AFM phases, SDW phases and OSC phases as well as bistabilities between
these phases. As discussed in Ref. [106], such a system could be readily implemented
with Rydberg atoms or trapped ions, where decay can be controlled by optical pumping.
Such systems are also realisable in coupled cavities [108, 131, 132].

The in-depth study of the full quantum system for a small number of spins revealed
that the expectation values of the small quantum system agree well with the mean-
field uniform phases at strong Rabi drive and detuning, but do not agree as well
when the drive and detuning are comparable to the interaction strength. The biggest
difference between the mean-field and quantum results is the small quantum system
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Figure 4.6 Difference between the spectral gap and the next eigenvalue in the spectrum. We see
for a dominant Ising interaction, there is an increase in separation which indicates the spectral gap
could be measured from the decay of connected correlators. For an XY dominated interaction, the
difference between the real part of the eigenvalues is much smaller and so measuring the gap from the
connected correlator will be harder.

does not exhibit any bistabilities, OSC, AFM or SDW phases. However, analysis of
the connected correlator shows how fluctuations about these expectation values give
signatures of the non-spatially uniform mean-field phases and indicate the possibility
of agreement between the mean-field and quantum results for large systems. A much
stronger correspondence between the mean-field and quantum results is found when
studying the IOD, where we have shown there is good agreement between the region
where the IOD of excitations in the system peaks and mean-field bistability. The
regular occurrence of this feature in other studies suggests it is a general result for
spin-1/2 systems. It would be interesting to see if this is a general feature in any open
quantum system exhibiting bistability in its mean-field results. We also showed there
was a good agreement between the bistability region and a decreased spectral gap
in the Liouvillian, which should be observable by a decrease in the decay times of
two-time correlators.

Many of our results here agree with similar studies with nearest-neighbour inter-
actions, both at the mean-field and quantum level, indicating that the power-law
nature of the interactions have little effect on the resultant phases. Given this and
the fact that the system is 1D, modelling the system with t-DMRG methods [133]
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to achieve larger system sizes should be achievable. It would be interesting to see if
the quantum fluctuations grow stronger in larger systems and lead to the breaking of
spatial uniformity we have seen in our analysis, resulting in a phase diagram closer to
our mean-field results. It would also be interesting to study how the IOD peak grows
with system size. If the mean-field is expected to become increasingly correct with
larger system sizes, then the IOD should drop to zero as the connected correlators
in Eq. (4.4) become zero. However, the mean-field is unlikely to become valid for
a 1D system, so the behaviour of the IOD is unclear for larger systems. Looking
at how the IOD behaves in higher dimensionalities would also be interesting as we
expect the mean-field approximation to get increasingly better for higher dimensions.
Finally, carrying out finite-size scaling of the Liouvillian gap may indicate if the gap
will eventually close in large enough quantum systems and if the separation of the bulk
increases.

4.6 Conclusions

We have studied the mean-field phase diagram of a driven-dissipative XXZ model with
a tunable Ising to XY interaction. We found the emergence of four key types of phase:
uniform phases, spin density wave phases, antiferromagnetism and oscillatory phases
as well as phase bistabilities. We characterised how the nature of these phases change
with changes in the Ising to XY ratio. We then analyse the phases of the corresponding
quantum system for small numbers of spins and found that the mean-field results
correspond to key features in the quantum phase diagram. We found a strong agreement
between peaks in the normalised variance of the Sz expectation values and decrease in
the Liouvillian gap to the regions of mean-field bistability and also agreements between
connected correlators and spatially varying phases in the mean-field phase diagram.



Chapter 5

Phases of driven two-level systems
with nonlocal dissipation

5.1 Introduction

In the last chapter, we saw how the presence of an environment significantly changed
the steady state properties of a quantum system with dipole interactions, and gave rise
to new non-equilibrium phenomena. In this chapter, we now focus on a system
of polarisable atoms, which lack the static dipole interaction given by the Ising
interaction, but have far-field dipole interactions which are long-ranged and dissipative.
Of particular interest is the dissipative nature of the far-field dipole interactions,
which give rise to nonlocal dissipation, where the decay of one atom is coupled to its
neighbours. This leads to several decay modes of the system into the environment. As
mentioned in Chapter 1, far-field dipole interactions are a common physical problem
when the transitions of the two-level systems are in the optical regime. Therefore,
understanding the role of far-field interactions is highly applicable to problems of
light-scattering through polarisable media, and can lead to useful applications when
the atoms in placed in ordered arrays, such as optical mirrors [93] and excitation
storage [92]. It is also important in understanding scattering and light propagation in
meta-materials [134] and photonic waveguides [135].

Most work on light scattering focuses on the low light intensity limit, where
interactions between excitations are negligible and the mean-field approximation for
the dissipative system is valid. However, much less work has been done beyond low
intensities, and has been largely limited to small system sizes [126, 136–138]. As seen
in the last chapter, at moderate to high intensity drive, these spin systems show novel
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phases such as phase bistabilities, antiferromagnetism (AFM), spin density waves
(SDW) and even oscillations (OSC) where the spins persistently oscillate despite the
presence of dissipation [106, 107].

Here, we study the properties of a driven cold atomic ensemble beyond the regime
of low intensity by again employing a numerical mean-field analysis of a large number
of two-level systems on a lattice. We establish the open system phase diagram in a 1D
geometry and find examples of bistabilities, OSC phases, SDW phases and AFM phases.
We also explain how these phases arise due to interactions and the presence of nonlocal
dissipation which causes superradiant and subradiant decay, finding key differences in
the long-time phases between a system with local and nonlocal dissipation.

This chapter is organised as follows. In Section 5.2 we set up our model. In
Section 5.3, we establish the mean field phase diagram with quantum checks in
Section 5.4. Finally, in Section 5.5 we discuss our results and possible experimental
realisations before drawing conclusions in Section 5.6.

5.2 Model

We consider a large number, N , of two-level systems fixed in position in a deep 1D
optical lattice to form a 1D array. The two-level systems are illuminated with a
uniform plane wave and coupled to one another by resonant dipole-dipole interactions.
The system is also coupled to the electromagnetic field in free space, which acts as a
Markovian environment and allows the dipoles to decay. The resultant Master equation
is given by [139, 140]

dρ̂N(t)
dt

= − i

Ĥsys +
N∑
i,l
i ̸=l

Vilσ̂
+
i σ̂
−
l , ρ̂N(t)

+
N∑
i,l

Γil

2
[
2σ̂−i ρ̂N(t)σ̂+

l −
{
σ̂+

l σ̂
−
i , ρ̂N(t)

}]
,

(5.1)

where the square brackets represent a commutator, curly brackets represent the anti-
commutator. The on-site Hamiltonian is given by Ĥsys = Ω/2∑N

i σ̂
x
i − ∆/2∑N

i σ̂
z
i ,

where ∆ = ω − ω0 is the detuning from the two-level transition energy, ω0, and
Ω = 2d.E is the Rabi coupling determined by the dipole moment vector d and the
electric field vector, E, of an external drive. We consider an experimental set up where
the wavevector of the drive, k, is perpendicular to the lattice and the electric field
parallel to the lattice so that E = E0x̂e

−iky. The dipole interactions and decay terms
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Figure 5.1 A schematic of a 1D array of atoms under external drive. The electric field, shown by
the purple arrow, is oriented parallel to the x axis and controls the orientation of the dipoles shown in
red. The lattice spacing is denoted by a. The boxed image shows the microscopic picture of two-level
systems interacting via photon exchange and dissipation, where the external drive controls the value
of the Rabi coupling, Ω.

are then given by

Vil = −3Γ
2

(
sin κril

(κril)2 + cosκril

(κril)3

)
,

Γil = 3Γ
(

−cosκril

(κril)2 + sin κril

(κril)3

)
,

(5.2)

where the single atom decay rate, Γ, is defined in Eq. (2.21). Note that Γii = Γ so
there is local as well as nonlocal dissipation in the system.

The parameter κa = 2πa/λ0, as mentioned in Chapter 1, is the ratio of the two-level
transition wavelength, λ0, to the lattice spacing a, and is important in determining
the nature of the interactions and loss. If we consider κa ≈ 0, with a fixed, then the
system becomes closed, with the interactions reducing to the near-field dipole model of
Chapters 3 and 4. If we instead consider κa ≈ 0, with κ fixed, then the interaction
strength diverges and dissipation becomes all-to-all with Γil = Γ. In the opposite limit
where κa & 2π, the interactions become negligible and the dissipation becomes local
(however, we will later find that κa . 1.2 to observe interesting results). Throughout
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the rest of this chapter, we work with κa = 0.7 which is well within these limits and
allows us to see the effects of nonlocal interactions and dissipation.

Making the Gutzwiller mean-field approximation, ρ̂N ≈ ⊗ρ̂i and taking the trace
of Eq. (5.1) over all the sites except a given site l gives the equations of motion as

dSx
l

dt
= − Γ

2S
x
l − ∆Sy

l − 2
N∑

i(̸=l)
VilS

z
l S

y
i +

N∑
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z
l S

x
i ,

dSy
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= − Γ
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z
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N∑
i(̸=l)

ΓilS
z
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i ),

(5.3)

where Sβ
l (t) = 1

2 Tr{σ̂β
l ρ̂N(t)} are the spin expectation values which have their time

argument suppressed in Eqs. (5.3).

5.3 Mean-Field Phase Diagram

We can classify the steady states of Eqs. (5.3) and plot a phase diagram as a function of
detuning and Rabi coupling. The phase diagram is shown in Fig. 5.2. To calculate the
phase diagram, we perform the same steps as in Chapter 4, by finding and analysing
the linear stability of all the uniform and antiferromagnetic solutions of Eqs. (5.3)
within a bipartite sublattice ansatz. This determines most boundaries in the phase
diagram as well as regions of bistability.

We support the stability analysis by time evolving the full dynamics of Eqs. (5.3)
to the long-time limit (up to tΓ = 350) to confirm the uniform and antiferromagnetic
phases and also to determine the resultant phase when the uniform or antiferromagnetic
phases become unstable. This allows us to define the boundaries between SDW and OSC
phases and to check that the wavevector causing instability of the uniform solutions, q,
has the same periodicity as the SDW phases that emerge in the full dynamics. Finally,
whenever the instability wavevector is of the form qa = 2π/n, where n is a integer
with 1 < n ≤ 10, we also simulate the dynamics in a sublattice ansatz, which involves
reducing Eqs. (5.3) to n sites which repeat periodically throughout the full lattice.
For the time evolution, we simulate system sizes of up to 200 spins with periodic
boundary conditions and use an initial condition of (Sx, Sy, Sz) = (0, 0,−1/2), which
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U1/A-OSC
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Figure 5.2 Steady state phase diagram of the system at long times. We find a variety of phases,
including AFM, SDW, and OSC. Regions with two labelled phases represent bistability between
those two phases. Thin lines represent second order transitions and thick lines enclose regions of
bistability within which a first order transition will occur as Rabi coupling is increased. The dashed
line represents an arbitrary crossover between the U1 and U2 phases at Sz = −1/4, such that we call
the region with Sz < −1/4 the U1 phase and that with −1/4 < Sz < 0 the U2 phase.

is most experimentally relevant as it represents all the atoms in the their groundstate.
Throughout the text, (Sx, Sy, Sz) = (0, 0,−1/2) will also define our use of the term
‘groundstate’. We do, however, consider other initial conditions in certain regimes to
check for bistability.

Our analysis shows that many different long-time phases occur in the system. As
expected, we find again the occurrence of spatially uniform phases. At low Rabi coupling,
for all detuning values, the system lies close to the groundstate with Sz → −1/2 as
Ω/Γ → 0, which we denote as the U1 phase. At high Rabi coupling, the system lies in
a state with a small value of Sz, where Sz → 0 as Ω/Γ ≫ 1. We denote this as the
U2 phase. At |∆/Γ| ≫ 1, the U1 phase smoothly crosses over into the U2 phase as
the Rabi coupling is increased. However, when |∆/Γ| . 1 we find phase a sharp first
order transition between the U1 and U2 phases, which occurs within a region of U1-U2

bistability. In Fig. 5.2, for |∆/Γ| ≫ 1, we define an arbitrary crossover between the
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Figure 5.3 Examples of the spin dynamics for ∆/Γ = 1.75 for a series of sites i, i + 1, i + 2 etc. in
the 1D chain. The value, S =

√
(Sx)2 + (Sy)2 + (Sz)2, is the spin magnitude. At low Rabi coupling,

there is a spatially uniform U1 phase where the spins lie close to the groundstate. As the Rabi coupling
increases, a SDW phase with qa = 2π/4 develops, then an oscillatory phase and then an AFM phase.
Finally, at high Rabi coupling we have the U2 phase where the spins lie in a mixed state and the spin
magnitude decreases.

U1 and U2 phases by the condition Sz = −1/4, so one can consider the U1 phase to
be defined as Sz < −1/4 and the U2 phase as −1/4 < Sz < 0. When the magnitudes
of detuning and Rabi coupling are comparable to the interaction between nearest
neighbour sites (|V12/Γ| = 5.32), we also find additional non-trivial phases, which we
now discuss in more detail.

Negative Detuning - For ∆/Γ < 0, the uniform phase becomes unstable to per-
turbations with wavevectors in the range 0 < qa < π. This breaks the translational
invariance of the system, and results in the formation of Spin Density Wave (SDW)
phases, where the spin orientation smoothly changes across the lattice with a period
set by the instability wavevector [see Fig. 5.3 (b)]. The magnitude of the instability
wavevector, and hence period of the SDW, varies with detuning and Rabi coupling,
moving from minimal values of around 2π/10 at strong negative detuning to larger
values of around 2π/4 near zero detuning. As well as the U1-U2 bistability mentioned
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earlier, we find SDW-U2 bistability, where a first order transition will occur between
the SDW and U2 phases. Where this transition occurs and what phase the system
ends up in within the bistability region depends on the initial conditions.

Within certain ranges of detuning and Rabi coupling, the SDW phase can develop
into an oscillatory (S-OSC) phase which persists into the long-time limit and breaks
both spatial symmetry and time-translational symmetry. We found the occurrence of
persistent oscillations in the last chapter and also noted that they have been reported
in similar studies [106–108]. In contrast to the studies in [106–108] and the last chapter,
however, we find that the oscillations here are noisy and appear chaotic, which indicates
they are unstable to perturbations. We also find that while the SDW and U2 can
be bistable, no such bistability appears to exist between the S-OSC and U2, which
is possibly a consequence of the unstable nature of the oscillations. Because no such
bistability exists, there is an immediate first order transition between the S-OSC and
the U2 phase as Rabi coupling is increased.

Positive Detuning - For ∆/Γ > 0, we again find the U1 phase becomes unstable to
perturbations, forming a SDW. However, whereas for negative detuning the U1 phase
only became unstable to one or two perturbations at a time, now the U1 phase becomes
unstable to a range of wavevectors as Rabi coupling is increased. The wavevector that
causes the largest instability (indicated by the largest positive eigenvalue in the linear
stability analysis) determines the period of the resultant SDW. The wavevectors still
vary with detuning and Rabi coupling, but are larger than for negative detuning, with
values in the range 2π/3 ≤ qa ≤ π. At qa = π, the SDW becomes a canted AFM
phase. We find that in certain regimes, there are additional AFM phases that can be
bistable with the SDW phase.

As for negative detuning, we find another oscillatory phase develops across a large
range of Rabi coupling and detuning. At low Rabi coupling, noisy oscillations emerge
from the SDW, forming an S-OSC phase, whilst at high Rabi coupling, the oscillations
have a clear antiferromagnetic order (denoted A-OSC). At intermediate values of Rabi
coupling, the oscillations take on a frustrated antiferromagnetic order due to the mixing
of SDW and AFM solutions. This is also accompanied by regions of SDW-(A-OSC)
bistability or small regions of (S-OSC)-(A-OSC) bistability. We do not show the
boundaries between these regions but instead denote this mixture of phases as M-OSC
for mixed oscillation. The boundary of the M-OSC region is defined by where the
AFM phase becomes unstable or where the SDW phase disappears.
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Oscillations for positive detuning with an antiferromagnetic nature were observed
in the last chapter and other similar models with local dissipation [108], including a
frustrated AFM phase which seems related to our M-OSC phase. However, the S-OSC
region appears to be new and also our results show a much larger region of AFM
oscillation, with oscillations that contain many beat frequencies. Fig. 5.3 (c) shows an
example of the AFM oscillation.

In Fig. 5.4, we show examples of most of the phase transitions occurring within
the phase diagram by simulating the full dynamics in the same parameter range as in
Fig. 5.3. To study the phase transitions, we calculate the order parameter

σ = 1
N

N∑
i

(S̄ − Si)2, (5.4)

where Si = (Sx
i , S

y
i , S

z
i )/S, S =

√
(Sx

i )2 + (Sy
i )2 + (Sz

i )2 and S̄ = ∑N
j Sj/N is the

average spin. We also calculate the order parameter

T = 1
Nτ

N∑
i

∫ τ

0
(Si(tf ) − Si(tf + t))2dt, (5.5)

where τ = 200/Γ and tf = 700/Γ, which is well into the long-time limit. The order
parameter σ takes non zero values when the phase breaks translational symmetry
such as in the SDW phase and T takes non zero values when the phase breaks time-
translational symmetry such as in the OSC phase.

We see from Fig. 5.4 that the SDW phase emerges via a second order transition
from the U1 phase and then becomes unstable via another second order transition
to form an S-OSC phase. The S-OSC phase then undergoes a first order transition
to the A-OSC phase within the M-OSC region, leading to a sharp jump in σ and a
discontinuity in T . As the Rabi coupling increases, the frustration in the A-OSC phase
decreases which leads to an increase in the temporal order parameter. Eventually, the
OSC phase transitions to the AFM phase, which then disappears via another second
order transition to the U2 phase. Note that the order parameters shown here won’t
show a transition crossing into the M-OSC region because the M-OSC boundary is
determined by when the AFM solution becomes unstable as determined by the linear
stability analysis.
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Figure 5.4 Evolution of the order parameters σ and T , given by Eqs. (5.4) and (5.5) respectively, as
a function of Rabi coupling for ∆/Γ = 1.75. The SDW phase emerges via a second order transition
from the U1 phase at Ω/Γ = 2.8. (Note the jagged structure at low Rabi coupling is a finite size
effect, owing to competing SDW wave vectors.) The SDW then forms into an S-OSC phase and later
undergoes a first order transition at Ω/Γ = 6.6 to the A-OSC phase within the M-OSC region. As
the Rabi coupling is increased, the system moves to the AFM phase, where a further second order
transition occurs between the AFM and U2 phase at Ω/Γ = 12.4. The dashed lines indicate the
crossings into the SDW, SDW/AFM, OSC, AFM and U2 regions respectively.

Explanation of Features

Many aspects of the phase diagram presented here are found also for the case of
α = π/2 for the near-field dipole model in Chapter 4 and also for a nearest neighbour
XY model with local dissipation, studied in Ref. [108]. However, there are also clear
differences that arise due to the long range interactions and nonlocal dissipation. In
particular, we find larger regimes of uniform phase instability at low Rabi coupling,
which leads to a greater emergence of spin density waves. To understand this difference
more, we study the stability of the uniform phases for systems with local and nonlocal
dissipation.

To determine the uniform phases in the systems with local and nonlocal dissipation,
we solve the equations of motion, Eqs. (5.3), for the uniform picture, such that Sβ

i = Sβ,
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which allows us to obtain the following cubic polynomial

8
(
ϵΓ(0)2

4 + ϵV (0)2
)

(Sz)3

+ 4
(
ϵΓ(0)2

4 + ϵV (0)2 + 2∆ϵV (0) − ΓϵΓ(0)
)

(Sz)2

+
(

2∆2 + Γ2

2 + Ω2 + 4∆ϵV (0) − ΓϵΓ(0)
)
Sz

+ ∆2 + Γ2/4 = 0,

(5.6)

where ϵV (0) ≡ ∑N
l ̸=0 Vl0 = −12.4Γ and ϵΓ(0) ≡ ∑N

l ̸=0 Γl0 = 2.9Γ. The discriminant
of a cubic given by ax3 + bx2 + cx + d is b2c2 − 4ac3 − 4b3d − 27a2d2 + 18abcd. By
substituting in for a, b, c and d, we can determine the number of real roots, and hence
steady state solutions, of Eq. (5.6). If the discriminant is greater than zero, there are
three solutions, while if it is less than zero, there is only one solution. Using this, we
can easily find the region of multiple uniform solutions and how the area of this region
changes as a function of lattice spacing. To look at the solutions for local dissipation
only, we set ϵΓ(0) = 0 in Eq. (5.6). Once we have obtained the uniform solutions, we
check their stability to linear perturbations by linearising Eqs. (5.3) about the uniform
steady state, which gives us the matrix equation Eq. (5.7). Once again, to look at
local dissipation only, we set ϵΓ(0) = 0 in Eq. (5.7).

Fig. 5.5 shows the instability of the uniform state for a system with local and
nonlocal dissipation with the black line showing the region where three uniform solutions
exist. Within this region, we show the instability of only one uniform solution (the
U1 phase) as one solution is always stable (the U2 phase) and the other unnamed
phase is always unstable to perturbations with wavevector qa = 0. We see that both
systems share similarities, such as the region of multiple uniform solutions occurring
at negative detuning and the same overall shape of the instability-U2 crossover. The
asymmetry of the phase diagram structure across the detuning range is due to the
interactions, which results in a mean-field shift of the two-level transition energy. Both
bistability and smallest increase in Rabi coupling needed to move from U1 to U2 occurs
when the detuning begins to compensate for the energy shift from the interactions,
bringing the drive back on resonance again. This is perhaps easiest to see from Eqs.
(5.3), where in the uniform picture dSx/y/dt ∼ ±(∆ + 2SzϵV (0))Sy/x. Considering
that −1/2 ≤ Sz ≤ 0, we see resonance occurs when ∆/Γ ≤ 0. Specifically for the
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Figure 5.5 Plot of the instability wavevector of the uniform solution for systems with (a) local
dissipation and (b) nonlocal dissipation. The colour represents the magnitude of the wavevector as a
multiple of π and the black line encloses the region where multiple uniform solutions exist. We can
clearly see that the system with nonlocal dissipation has a larger range of instability than the system
with local dissipation at lower Rabi coupling. Note that the ‘finned’ structure at low Rabi coupling is
a finite size effect.

Sz = −1/4 contour in the phase diagram, resonance occurs at ∆/Γ = −6.2 which is
approximately where the lowest Rabi coupling is needed to cross the contour.

In both systems, we find also that SDW and AFM phases can form, with a similar
arrangement of instability wavevectors for positive and negative detuning. However,
for the system with nonlocal dissipation, the SDW/AFM regions are larger and extend
to lower Rabi coupling. To explain this, we elaborate on the linear stability analysis of
the uniform phases. By linearising Eqs. (5.3) about a uniform steady state, we find
the resultant matrix equation to be given by

d

dt


δSz

δSy

δSx

 =


−Γ Ω + f(q) g(q)

−Ω + h −Γ̃(q)/2 ∆̃(q)
I −∆̃(q) −Γ̃(q)/2



δSz

δSy

δSx

 , (5.7)

where f(q) = −Sy(ϵΓ(0) + ϵΓ(q)) − 2Sx(ϵV (q) − ϵV (0)), h = SyϵΓ(0) + 2SxϵV (0),
g(q) = −Sx(ϵΓ(q) + ϵΓ(0)) − 2Sy(ϵV (0) − ϵV (q)) and I = −2SyϵV (0) + SxϵΓ(0). The
functions ϵV (q) = ∑N

l ̸=0 Vl0 exp(iqrl0) and ϵΓ(q) = ∑N
l ̸=0 Γl0 exp(iqrl0) are the dispersion

relations, with ϵV (0)/Γ = −12.4 and ϵΓ(0)/Γ = 2.9 for our system, and q being the
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Figure 5.6 Effective damping and detuning of the Sx/y fluctuations for different values of Sz. While
modification of the detuning by interactions occurs for any system with interactions, the modification
of the decay rate is a consequence of nonlocal dissipation. We see that the effective damping quickly
becomes subradiant for higher values of qa, but eventually becomes equal to the onsite decay as Sz

increases.

momentum fluctuation. Note that the q used here is the same q used to classify the
SDW phases earlier in the text.

From Eq. (5.7), we see that the interactions modify the detuning, resulting in
∆̃(q) = ∆ + 2SzϵV (q). We also see that whilst the nonlocal dissipation alters the
off-diagonal elements of the matrix, the crucial difference is the fluctuations in Sx/y

have an effective damping, Γ̃(q)/2 = Γ/2 − SzϵΓ(q). This effective damping is a
direct consequence of the nonlocal dissipation and cannot occur in a system with local
dissipation, where the Sx/y fluctuations would always experience a fixed decay rate of
Γ/2.

In Fig. 5.6, we plot Γ̃(q) and ∆̃(q) as functions of wavevector, q, for different values
of Sz. Focusing on Γ̃(q), we see that it quickly drops to minimal values for qa ≥ 2π/10,
which means the Sx/y fluctuations experience a subradiant decay rate. By having a
reduced dissipation, fluctuations can grow at much lower Rabi coupling compared to
the local dissipation model, resulting in instabilities and the formation of SDW phases.
The fact that high momentum fluctuations are subradiant can be understood as a
result of destructive interference between the dipoles, which begin to oscillate out of
phase, inhibiting photon emission and therefore trapping excitations in the system. As
the Rabi coupling is increased, Sz will decrease in value and Γ̃(q) eventually tends to
Γ. This results in the similarity between the local and nonlocal dissipation instability
plots at higher Rabi coupling, as the effects of nonlocal dissipation become negligible.
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Examining the characteristic polynomial from the matrix in Eq. (5.7) gives more
insight into the phase diagram structure. We find that stability of the uniform solution
is determined by the sign of the expression

A0 =Γ̃
2

[
Γ̃(q)

2 Γ + Ω(Ω − h+ f(q)) − Ig(q) − f(q)h
]

+

∆̃(q)
[
∆̃(q)Γ − Ω(I + g(q)) + g(q)h− If(q)

]
.

(5.8)

To show this, let us write the characteristic polynomial of the matrix in Eq. (5.7)
explicitly as A3λ

3 + A2λ
2 + A1λ + A0. We can formulate the Routh array of the

characteristic polynomial and determine stability of the uniform solutions from the
polynomial coefficients, without explicitly having to solve the cubic [141]. The Routh
array is given by

A3 A1

A2 A0
A2A1−A0A3

A2
0

A0 0

For stability, A2, A1A2 − A0A3 and A0 all need to be greater than zero for the
solution to be stable. If any of the coefficients change sign, then the solution becomes
unstable. Also, if A1A2 − A0A3 changes sign, then the system undergoes a Hopf
bifurcation as we have a row of zeroes with no sign change on either side of the row.
We find numerically this does not happen for the uniform solution, so does not need
to be considered further. From the matrix equation, Eq. (5.7), we can calculate the
values A0 to A3 which are given by

A3 =1,

A2 =Γ + Γ̃(q),

A1 =Γ̃(q)
2

(
Γ̃(q)

2 + 2Γ
)

+ Ω(Ω − h+ f(q))

+ ∆̃(q)2 − Ig(q) − f(q)h,

A0 =Γ̃
2

[
Γ̃(q)

2 Γ + Ω(Ω − h+ f(q)) − Ig(q) − f(q)h
]

+

∆̃(q)
[
∆̃(q)Γ − Ω(I + g(q)) + g(q)h− If(q)

]
.

(5.9)
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We find that A2 and A1A2 − A0 are always greater than zero, so stability is given by
A0 only.

Having established that the stability of the uniform solution is given by A0, we
look at Eq. (5.8) in more detail. We see that the expression in the first set of
brackets is multiplied by Γ̃(q). If Γ̃(q) ≈ 0, this means the sign of A0, and hence the
stability of the uniform solution, is determined by the sign of ∆̃(q) and the expression
∆̃(q)Γ − Ω(I + g(q)) + g(q)h − If(q). By looking at the dispersion ϵV (q) plotted in
Fig. 5.6, we can see that the sign of ∆̃(q) depends on the value of the detuning and
the momentum wavevector. If the detuning is positive, then only wavevectors between
2π/4 < qa < π can cause ∆̃(q) < 0 and hence instabilities, whereas if the detuning
is negative, then only wavevectors with 0 < qa < 2π/4 can cause instabilities. This
therefore explains the ordering of spin density waves for negative and positive detuning.

We also found the emergence of two OSC phases in our phase diagram, one for
∆/Γ > 0 and one for ∆/Γ < 0. As mentioned earlier, aspects of the OSC phase
for ∆/Γ > 0 were seen in the near-field dipole model with local dissipation, whereas
the OSC phase for ∆/Γ < 0, which occurs on the SDW-U2 boundary, is new and
a consequence of nonlocal dissipation. We would intuitively expect oscillations to
occur on the boundaries between two phases with different spin orientations where the
orientation of the spins is susceptible to change direction [106] and so can be easily
driven. Therefore, this new OSC phase is linked to the emergence of the SDW phases
at negative detuning.

The oscillations within this phase appear to be noisy and chaotic. We study the
emergence and dynamics of the oscillations in more detail by employing a sublattice
ansatz. Analysing the stability of the sublattice solution, we determine that the
oscillations arise from Hopf bifurcations [142] in the SDW phase, which lead to stable
limit cycles. Checking the stability of these limit cycles using classical Floquet analysis,
we find that they become unstable to perturbations with wavevectors not allowed in
the sublattice system. Whilst the underlying cause of this is unclear in detail, one can
imagine that if one were to drive and populate several highly subradiant modes, then
the system would behave as a closed driven XY model with dipole couplings which we
showed to have unstable noisy oscillations in Chapter 3.

We now focus on the OSC phases for ∆/Γ > 0, again employing a sublattice
ansatz and Floquet analysis. We find at low Rabi coupling, the SDW phase can
become unstable, giving rise to oscillations that are mostly noisy and chaotic, just
as for the OSC phase at ∆/Γ < 0. However, there are additional AFM phases for



5.4 Beyond Mean Field 73

positive detuning that can be bistable with the SDW and S-OSC phases and these
AFM solutions also become unstable as the Rabi coupling is increased. This gives rise
to the M-OSC phase where both forms of oscillation can mix or the SDW and A-OSC
phases mix. There are also regimes of SDW-(A-OSC) bistability and (S-OSC)-(A-OSC)
bistability. As the wavevector of the SDW tends to π with increasing Rabi coupling,
eventually only the A-OSC phase exists. Therefore we find that nonlocal dissipation
gives rise to two components for the OSC phase; firstly, the emergence of an S-OSC
phase which does not occur in the system with local dissipation and secondly a region
of an A-OSC phase which is much larger than in the system with local dissipation.

5.4 Beyond Mean Field

We have employed a mean-field approximation to compute the long-time steady state
phases of our system. As discussed in the last chapter, we do not expect the mean-field
approximation to hold for small quantum systems beyond low Rabi drive as quantum
fluctuations become significant. This is especially true in 1D as the coordination
number between lattice sites is low, although long-range interactions help increase the
effective co-ordination number. However, we have shown that despite this, mean-field
theory can still capture some aspects of the full quantum system. We now discuss these
features to assess how much of the mean-field is captured by small quantum systems.

In regimes where mean-field theory predicts bistability, we still expect a unique
steady state in the full quantum system with far-field dipole interactions [124] and a
smooth crossover between the U1 and U2 phases [121] rather than a sharp transition.
Looking at the index of dispersion, as defined in Eq. (4.4), we look for signatures of
mean-field bistability. Fig. 5.7 shows a plot of the IOD for a system of N = 10 spins
with periodic boundary conditions. We find a peak in the IOD near the onset of both
bistability regions. Similar results have been seen in [126] for the uniform bistability
region. We also calculate the connected correlator, ⟨Sy

i S
y
l ⟩c ≡ ⟨Sy

i S
y
l ⟩ − ⟨Sy

i ⟩⟨Sy
l ⟩, for

N = 10 spins on a chain with periodic boundary conditions. The choice of the Sy

components is because they show the strongest spin deviation in the mean-field picture,
similar to the near-field model. In Fig. 5.8, we plot ⟨Sy

1S
y
2 ⟩c across the entire phase

diagram, although the same results hold for any spin in the chain due to translational
symmetry. Our results show that the correlations lose long range order, but take an
antiferromagnetic nature for ∆/Γ > 0. For ∆/Γ < 0, spins become more positively
correlated with their nearest neighbours in the region where the uniform phase persists,
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Figure 5.7 IOD for N = 10 spins with periodic boundary conditions. The IOD peaks at the onset of
bistability.

(b)

(c)

Figure 5.8 (a) Connected correlator ⟨Sy
1 Sy

2 ⟩c as a function of Rabi coupling and detuning for N = 10
spins on a chain with periodic boundary conditions. We see the correlation is negative for ∆/Γ > 0
and positive for ∆/Γ < 0. The black lines show the mean-field phase diagram boundaries. The insets
(b) and (c) show examples of ⟨Sy

1 Sy
i ⟩c along the spin chain at the points indicated by the red and

blue circles in (a) respectively.
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which agrees with the mean-field phase diagram. Therefore our quantum checks indicate
that aspects of the mean-field theory still persist in smaller quantum systems as was
the case in Chapter 4.

5.5 Discussion

We have explored the phase diagram of an ensemble of two-level systems under an
external drive and with resonant far-field dipole-dipole interactions. We have found
the emergence of SDW, AFM and OSC phases and phase bistabilities, and determined
how the formation of these phases relates to nonlocal dissipation. To realise such a
system experimentally, Sr atoms can be used, with the two-level transition between
the 3P0 and 3D1(m = 0) levels [21]. This transition has a transition wavelength of
λ = 2.6µm and would require a lattice spacing of a = 289.6nm to achieve κa = 0.7.
Other lattice spacings and atomic species may be used, as we expect many of our
results to extend to nearby values of κa. We do find however, that beyond a certain
lattice spacing, the interaction between spins becomes insignificant. A good indicator
of where this cut off occurs can be determined by looking at the region of multiple
uniform solutions, enclosed by the black line in Fig. 5.5. In Fig. 5.9, we plot how the
area of this region changes as a function of κa. We find that as κa increases, the area
decreases and eventually disappears at κa ≈ 1.2. Beyond this limit, we expect only
uniform phases to exist.

In our simulations, we evolved the system to times of tΓ = 350 or greater to reach
the steady state. It may be the case that some phases we find are metastable with
a very long decay time. Furthermore, the majority of our simulations were carried
out for an initial condition of all the spins in the groundstate, though we did use
other initial conditions to examine regions of bistability. We believe our analysis
accounts for the majority of phases that exist in the system, but there may be other
bistable/multistable phases not captured in our phase diagram that can occur for other
initial conditions. Finally, we have only considered 1D systems under uniform driving.
It would be interesting to see what features change in higher dimensions, different
geometries and under non-uniform driving given the presence of nonlocal dissipation.
While our quantum results indicated some aspects of the mean-field theory should be
observable, it would also be of interest to study the full quantum system in more detail
and quantify where the mean-field theory approximation may fail.
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Figure 5.9 Area of the multiple uniform solution region (shown enclosed by the black line in Fig.
5.5) as a function of lattice spacing. For κa ≥ 1.2, the area is nearly zero and we expect only uniform
phases to exist beyond this limit. It should be noted that at low lattice spacing, the interaction
strength diverges, causing the area of multiple uniform solutions to artificially peak and then decrease
to zero within any fixed range of ∆/Γ and Ω/Γ. We emphasise this by showing two curves for the
ranges −∆m/Γ ≤ ∆/Γ ≤ ∆m/Γ and 0 ≤ Ω/Γ ≤ Ωm/Γ. At higher κa the curves overlap so the cutoff
doesn’t affect our results. The grey line shows the choice of lattice spacing of κa = 0.7 used in this
study.

5.6 Conclusions

We have studied the mean-field nonlinear dynamics of a 1D chain of two-level systems
coupled with dipole-dipole interactions and nonlocal dissipation being driven by an
external field. We determined the phases that form in the long-time limit such as
antiferromagnetism, spin density waves, oscillations and phase bistabilities. We found
that nonlocal dissipation plays a key role in the emergence of these phases by coupling
fluctuations in the system to different decay modes and causing a greater formation of
spin density and oscillatory phases. We also found that some of the mean-field features
persist in the full quantum regime.



Chapter 6

Dissipative Bound States

6.1 Introduction

Up until now, we have been focused on the long-time steady state of open quantum
systems. However, in the last chapter, we saw how nonlocal dissipation resulted in a
range of decay rates for a system into the environment. Some of these decay rates were
quite small and so reaching the steady state would take a large amount of time. As
such, it is also an interesting question to consider the dynamics on the approach to the
steady state and find which excitations decay slowest. Furthermore, the dynamics of
strongly coupled spin-1/2 systems can be used to explore fundamental issues in the
quantum dynamics of many-body systems subject to strong inter-particle interactions.

A famous example of a strong-interaction phenomenon in quantum spins systems
is provided by magnon bound states, first proposed by Bethe [143] more than 80 years
ago. In this work, it was shown that magnon bound states could form in 1D spin-1/2
Heisenberg chain with nearest-neighbour interactions, lowering their energy compared
to free magnons in the system. Subsequent work then extended this result to higher
dimensions, anisotropic spin chains and arbitrary spin including solitons [144–147] and
spin chains with long-range interactions [148–151]. Furthermore, magnon bound states
have been studied in systems with frustration [152], topological structure [153, 154] and
in Floquet systems [155, 156]. They have also recently been observed experimentally
[63] and shown to have an important role in magnetisation switching [157], transport
[158, 159] and to have interesting effects on entanglement entropy [160].

One key aspect in all of these studies is that the system is closed and so the question
of bound state decay rates is not considered. However, if the system is coupled to an
external environment, then the excitations will eventually decay and so it is natural
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to ask how long lived these excitations can be. For a system with local dissipation,
the decay rate of both free excitations and bound states will be given by m times the
local decay rate [161] where m is the number of excitations. However, for systems
involving radiative decay, the dissipation typically becomes nonlocal, where a range of
decay rates to the environment exist, which are either superradiant (greater than the
local decay rate) or subradiant (smaller than the local decay rate). In these scenarios,
the relative decay rates of the free excitations and bound states becomes unclear. For
example, is it possible for the decay rate of the bound states to be smaller than that of
the free magnons?

In this chapter, we address the question of bound state decay rates in systems
with nonlocal dissipation. We look at three models with a nearest-neighbour Ising
interaction, which is crucial for the bound states to form, and different forms of XY
interaction and nonlocal dissipation. The first two models are a nearest-neighbour and
next-nearest-neighbour XY interaction for which we can obtain analytical results. The
final model is an experimentally achievable setting in which to observe our results with
Rydberg dressed atoms coupled to a photonic crystal waveguide.

The layout of this chapter is as follows. In Section 6.2, we derive the equations
needed to obtain the energy and decay rate of the free excitations and bound states. In
Section 6.3, we show that in general the decay rate of the bound state lies within the
two-magnon decay rate continuum. Then in Section 6.4, we obtain the energies and
decay rates for the three models. In Section 6.5 we discuss our results and experimental
implementation before drawing conclusions in Section 6.6.

6.2 Model

We consider a macroscopic number, N , of two-level systems fixed in position on a
1D optical lattice with spacing, a, and periodic boundary conditions. The atoms
interact with an electromagnetic field which acts as an environment for the system.
We assume the Markovian and Born approximations, which are valid provided the
coupling between the system and environment is weak. These allow us to describe the
system using a master equation approach. We will later discuss the validity of this
approximation in relation to our results. The resultant master equation is given by

dρ̂(t)
dt

= −i
[
Ĥ, ρ̂(t)

]
+

N∑
i,l

Γil

2
(
2σ̂−i ρ̂(t)σ̂+

l −
{
σ̂+

l σ̂
−
i , ρ̂(t)

})
. (6.1)
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We require that the eigenvalues of the matrix Γil are all greater than or equal to zero,
in order for Eq. (6.1) to describe decay of the excited state, driven by the operators
σ̂−i . Then the steady state density matrix is given by ρ̂ss = |0⟩ ⟨0| where |0⟩ = ∏N

i |gi⟩.
The Hamiltonian is given by

Ĥ = ∆
N∑
i

σ̂z
i +

N∑
i,l
i ̸=l

Vilσ̂
+
i σ̂
−
l + Jz

2

N∑
i

σ̂z
i σ̂

z
i+1. (6.2)

Note that we will assume translational invariance for our system, such that Vil and Γil

depend only on the relative distance, ri − rj , where ri is the coordinate of site labelled
i. The Hamiltonian in Eq. (6.2) conserves the number of excitations in the system
whilst the dissipator allows the excitations to decay. We can therefore talk about the
dynamics of few-magnon excitations. To compute the energies and decay rates of one-
and two-magnon excitations in our system, we employ a Green’s function method.

We first start with the single magnon Green’s function, defined as G(i, j; t) =
Tr{σ̂−i (t)σ̂+

j (0)ρ̂(0)}Θ(t) = ⟨0| σ̂−i (t)σ̂+
j (0) |0⟩ Θ(t), where Θ(t) is the Heaviside step

function. We choose the initial condition, ρ̂(0), to be the pure state |0⟩ ⟨0|. The single
magnon Green’s function obeys the following equation

dG(i, j; t)
dt

− δijδ(t) =
(

−i∆ − Γ
2 + 4iJz

)
G(i, j; t) − i

N∑
p̸=j

(
Vpj − i

Γpj

2

)
G(i, p; t),

(6.3)

where Γ = Γii is the onsite decay, which is the same for each site due to the translational
invariance of the system. Fourier transforming Eq. (6.3) gives the spectrum of the
single magnon states from the poles of

G(k, ω) = lim
ϵ→0

i(ω − E(k) + iϵ)−1, (6.4)

where
E(k) = −4Jz + ∆ − iΓ

2 +
N∑

l=1
(2Vl0 − iΓl0) cos(kl), (6.5)

is the single magnon dispersion, with the real part corresponding to the energy and
the magnitude of the imaginary part corresponding to the decay rate.
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For two magnons, we consider the following Green’s function, G(i, j, l,m; t) =
Tr{σ̂−i (t)σ̂−j (t)σ̂+

l σ̂
+
mρ̂(0)}Θ(t), which obeys the equation

dG(i, j, l,m; t)
dt

− (1 − δij)δ(t)(δilδjm + δimδjl) =

(−2i∆ + 8iJz − Γ − 4iJzδm,l+1)G(i, j, l,m; t)

− i
N∑

p ̸=l

JplG(i, j, p,m; t) − i
N∑

p ̸=m

JpmG(i, j, p, l; t)

+ 2iδlm

N∑
p̸=m

JpmG(i, j, p,m; t),

(6.6)

where Jpl = Vpl − iΓpl/2. This equation can be rewritten as a matrix equation and par-
tially Fourier transformed withG(r, r′, Q, ζ) = ∑

R−R′ e−i(R−R′)Q ∫∞
−∞G(i, j, l,m; t)eiζtdt,

where we have defined the relative coordinates, r = ri − rj, r′ = rl − rm and also the
centre of mass coordinates R = (ri + rj)/2, and R′ = (rl + rm)/2, to give (see Appendix
B)

G(r, r′, Q, ζ) = Γ(r, r′, Q, ζ)h(r) −
N∑
r′′
K(r, r′′, Q, ζ)G(r′′, r′, Q, ζ), (6.7)

with

K(r, r′;Q, ζ) = 2i
N

∑
q∈BZ

cos(qr′)
ζ − S(q,Q) ×

[
4iJz cos(q) − 2i

(
V (r) − i

Γ(r)
2

)
cos(Qr/2)

]
,

Γ(r, r′;Q, ζ) = −2i
N

∑
q∈BZ

cos(qr′) cos(qr)
ζ − S(q,Q) .

(6.8)

The momenta q and Q in Eq. (6.7) and Eq. (6.8) are the difference and sum of
momenta, defined by q = (k1 − k2)/2 and Q = k1 + k2, where k1 and k2 are the
momenta of the individual magnons. The momenta q are summed over the Brillouin
zone denoted by BZ. The function in the denominator of Eq. (6.8), S(q,Q), is the
dispersion of two free magnons, given by

S(q,Q) = E(Q/2 + q) + E(Q/2 − q)

= −8Jz + 2∆ − iΓ +
N∑

j=1
(4Vj0 − 2iΓj0) cos(jQa/2) cos(jqa),

(6.9)
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which determines the poles of Γ(r, r′, Q, ζ), whilst the two-magnon bound states are
given by solutions to the determinant equation

det [δrr′′ +K(r, r′′, Q, ζ)] = 0. (6.10)

Because of the nearest-neighbour Ising coupling, this determinant equation can be
simplified to 1 − 1

N

∑
q∈BZ

8Jz cos2(qa)
ζ − S(q,Q)

1 + 1
N

∑
q′∈BZ

S(q′, Q) + χ

ζ − S(q′, Q)


+ 8Jz

N2

∑
q,q′∈BZ

cos(qa) cos(q′a)(S(q′, Q) + χ)
[ζ − S(q,Q)] [ζ − S(q′, Q)] = 0,

(6.11)

where χ = 8Jz − 2∆ + iΓ. In the limit N → ∞, we can rewrite Eq. (6.11) as

(ζ + χ)
[
I0(ζ,Q)

8Jz

− I0(ζ,Q)I2(ζ,Q) + I1(ζ,Q)2
]

= 0, (6.12)

where
Im(ζ,Q) =

∫ π

−π

cosm(q)
ζ − S(q,Q)

dq

2π . (6.13)

In Section 6.4, we shall find the energies and decay rates of the bound states by
solving Eq. (6.12) (or Eq. (6.11) where appropriate) for three specific forms of the XY
interaction and nonlocal dissipation: a nearest-neighbour model, next-nearest-neighbour
model and a photonic crystal waveguide model. Note that ζ = −χ = −8Jz + 2∆ − iΓ
is always a solution to Eq. (6.12). However, this solution always lies within the
two-magnon energy continuum. In general, we will dismiss any solutions that lie inside
the two-magnon energy continuum where the bound state is no longer well defined
because it can scatter into the continuum states and become a resonance. While it
is possible to have bound states that exist in the scattering continuum [162], these
usually occur when the system has certain symmetries that protect the state, which
we are not aware of existing in our models.

6.3 General Decay Rates of Bound States

We first show that in general, for any model with nonlocal dissipation of the form
given in the master equation, Eq. (5.1), the decay rate of the bound state always lies
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within the maximal and minimal decay rates of two-free magnons, which we refer to
as the two-magnon decay rate continuum. This means the bound state cannot decay
more quickly or slowly than its constituent parts. To show this, we consider Eq. (6.1)
rewritten in diagonal form

dρ̂(t)
dt

= −i
[
Ĥ, ρ̂(t)

]
+
∑

k

(
2Ĵ−k ρ̂(t)Ĵ+

k −
{
Ĵ+

k Ĵ
−
k , ρ̂(t)

})
. (6.14)

Here, Ĵk is a decay operator for mode k, given by Ĵ−k = √
γk
∑N

i c
k
i σ̂
−
i , where ck

i is the
ith component of the kth eigenvector of Γil/2 and γk is the corresponding eigenvalue.
For a periodic or large enough system, the eigenvector components are given by
ck

i = eikri/
√
N . To determine the decay rate of the bound state, we focus on the

initial dynamics of the |Q⟩ ⟨Q| component of the density matrix, by computing the
time evolution of ρQ(t) = ⟨Q| ρ̂(t) |Q⟩, with ρQ(0) = 1 such that ρ̂(0) = |Q⟩ ⟨Q|. The
wavefunction |Q⟩ is the wavefunction of a bound state with momentum Q, given by

|Q⟩ =
N∑
ij

αQfQ(|ri − rj|)eiQ(ri+rj)/2σ̂+
i σ̂

+
j |0⟩ , (6.15)

where fQ(r) is some localised function that determines the spatial decay of the
bound state, with r = |ri − rj|, and αQ is a normalisation constant given by αQ =
1/
(
2N ∑

r ̸=0 |fQ(r)|2
)
. Note that we have assumed that the bound state is uniquely

determined by its momentum. Indeed in future sections, we only find one bound state
solution to Eq. (6.12) (and Eq. (6.11)) for each momentum value Q. In general, it is
possible for more than one bound state solution to exist for a given Q value, which
results in an additional label on fQ(r) in Eq. (6.15) to distinguish between the different
bound states that have the same momentum. However, our results in this section will
still hold even if this is the case. The equation of motion for a pure bound state density
matrix at short initial times is given by

dρQ(t)
dt

≈ −
∑

k

8γk|αQF (Q/2 − k)|2ρQ(t), (6.16)

where ρQ(t) = ⟨Q| ρ̂(t) |Q⟩ and

F (Q/2 − k) =
∑
r ̸=0

fQ(r)eir(Q/2−k), (6.17)
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is the Fourier transform of the localised function. At later times, there can be the
population of coherences between the bound state and scattering states, which we have
neglected. We can see that the bound state density matrix has a decay rate of 4γ̃Q,
where γ̃Q ≡ ∑

k 2γk|αQF (Q/2 − k)|2, which is the weighted sum of all single magnon
decay rates. Note that γ̃Q, is equivalent to the decay rate we will obtain from our
Green’s function method.

For local dissipation where γk = γ ≡ Γ/2, the sum over k in γ̃Q can be completed
to give ∑

k

2|αQF (Q/2 − k)|2 = 1, (6.18)

and so the decay rate of the bound state wavefunction (which is half the decay rate of
the pure density matrix) is 2γ as expected. For nonlocal dissipation, in order to have a
bound state decay rate that exists below the two-magnon decay rate continuum, we
would need

γ̃Q =
∑

k

2γk|αQF (Q/2 − k)|2 < γmin, (6.19)

where γmin is the smallest decay rate for a single magnon. However, using Eq. (6.18),
we can rewrite this condition as

∑
k

2(γk − γmin)|αQF (Q/2 − k)|2 < 0. (6.20)

Both |αQF (Q/2−k)|2 and γk −γmin are always positive, which means this condition can
never be fulfilled. The lowest decay rate that could possibly be achieved for the bound
state is the lowest decay rate that can be achieved for two free magnons, although
this may not always obey the bound state equation. The same argument applies for
showing that the bound state cannot have a decay rate above the two-magnon decay
rate continuum, such that

∑
k

2(γk − γmax)|αQF (Q/2 − k)|2 > 0, (6.21)

where γmax is the largest decay rate in the system. Again |αQF (Q/2 − k)|2 > 0, but
γk − γmax < 0, so this condition can not be satisfied and the bound state decay rate
must always lie within the two-magnon decay rate continuum.
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6.4 Results

6.4.1 Nearest-Neighbour Model

Having shown in general that the decay rate of the bound state always lies within the
two-magnon decay rate continuum, we now look at three specific models for dissipative
bound states. The first model we consider is one in which all interactions and the
nonlocal dissipation are nearest-neighbour (NN). The energies and decay rates of the
one and two free magnon states are given by

Re[E(k)] = −4Jz + ∆ + 2V12 cos(ka),

| Im[E(k)]| = Γ
2 + Γ12 cos(ka),

Re[S(q,Q)] = −8Jz + 2∆ + 4V12 cos(Qa/2) cos(qa),

| Im[S(q,Q)]| = Γ + 2Γ12 cos(Qa/2) cos(qa).

(6.22)

We now solve Eq. (6.12) for the bound state solution. We can evaluate the integrals
as defined in Eq. (6.13) using contour integration. Substituting z = eiq, the integral
transforms into

Im(t, Q) = −1
2m

∮ (z + z−1)m

νz2 − (ζ + χ)z + ν

dz

2πi,
(6.23)

where we have defined ν = (2V12 − iΓ12) cos(Qa/2). The integral has a pole of order m
at z = 0 and simple poles at z± = (ζ + χ)/2ν ±

√
((ζ + χ)/2ν)2 − 1. The two poles

only coincide at |z| = 1, so the case of double poles can be ignored for the derivation.
Evaluating the integrals gives

I0(t, Q) = − ±1√
(ζ + χ)2 − 4ν2

,

I1(t, Q) = −1
ν

− (ζ + χ)
2ν

±1√
(ζ + χ)2 − 4ν2

,

I2(t, Q) = −(ζ + χ)
ν2 − (ζ + χ)2

4ν2
±1√

(ζ + χ)2 − 4ν2
,

(6.24)
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where the ±1 sign depends on whether z+ or z− lie in the contour. Substituting these
solutions into the bound state equation, Eq. (6.12), we obtain the equation

±1√
(ζ + χ)2 − ν2

(
2Jz

(ζ + χ)
ν2 − 1

)
+ 2Jz

ν2 = 0, (6.25)

which gives the solution ζ + χ = 4 + ν2/(4Jz). This gives the following bound state
solution

ζ(Q) = −4Jz + 2∆ − iΓ + (2V12 − iΓ12)2

4Jz

cos2(Qa/2), (6.26)

which can be written in terms of the energy and decay rate as

Re[ζ(Q)] = −4Jz + 2∆ + 4V 2
12 − Γ2

12
4Jz

cos2(Qa/2),

| Im[ζ(Q)]| = Γ + V12Γ12

Jz

cos2(Qa/2).
(6.27)

These expressions first appeared in Ref. [163], although we analyse them in more detail
here. For the expressions in Eqs. (6.27), there are limits to the parameters we can
choose for the solutions to satisfy the bound state equation, Eq. (6.12). However,
provided we choose V12 and Γ12 such that the energy term in Eq. (6.27) lies below
the two-magnon energy continuum, then we find the bound state equation is always
satisfied. We also have to impose Γ/2 ≥ |Γ12| in order for the dissipator to always give
decay.

Comparing the bound state solution Eq. (6.27) to the free magnon dispersions in
Eq. (6.22), we see the energy and decay rate of the bound state depend on a mixture of
the interaction and dissipation. The presence of nonlocal dissipation creates a negative
shift in energy compared to the XY interaction, which means that the bound state
energy is shifted further from the two-magnon energy continuum than in a closed
system. This is important as the effects of nonlocal dissipation will not only cause the
bound state to decay, but will alter its dynamics travelling through the lattice meaning
that even if the bound state has a very small decay rate, it is not sufficient to ignore
environmental effects. Furthermore, due to nonlocal dissipation, there is more freedom
to engineer the bound state energy and decay than in a closed system. For example,
the bound state energy band can be made entirely flat by choosing V12 = Γ12/2. Also,
by choosing V12 = 0 such that there is no XY interaction, the bound state experiences
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only local dissipation, with a decay rate of Γ, whereas the one and two free magnons
still experience nonlocal dissipation. Finally, looking at Eq. (6.27) in the limit where
V12,Γ12 ≪ Jz, we can see the effects of the XY interaction and nonlocal dissipation
become negligible, with the energy of the bound state tending to −4Jz and the decay
rate tending to Γ which would be expected for an Ising model with local dissipation.

The relative signs of the XY interaction, nonlocal dissipation and Ising interaction
allow the bound state decay rate to be tuned such that it is either entirely subradiant
or superradiant, with the most super- or subradiant decay at Qa = 0 and a decay rate
of Γ at the band edge, Qa = ±π. To find how subradiant or superradiant it is possible
to make the bound state, we extremise the decay rate of the bound state with respect
to the parameters V12 and Γ12 for a fixed value of Jz, while still obeying the constraint
that the bound state energy must lie below the two-magnon energy continuum. We
also maintain a fixed decay rate Γ (otherwise there is always a trivial minimal decay
rate with Γ = Γ12 = 0). We find the extremal decay rates occur when Γ12 = ±2Jz and
V12 = ±Jz (where the signs can be chosen independently), and so the corresponding
energies and decay rates are given by

Re[ζ(Q)] = −4Jz + 2∆,

| Im[ζ(Q)]| = Γ ∓ 2Jz cos2(Qa/2),
(6.28)

where the negative sign gives the maximal (minimal) decay rate and the positive sign
gives the minimal (maximal) decay rate for Jz < 0 (Jz > 0). The largest values for
Γ12 and V12 occur when the bound state makes contact with the energy continuum
at Qa = 0. In Fig. 6.1, we show the minimal decay rate solution for Jz < 0 and
Γ = 2|Γ12|. The bound state solution is shown by the red band, while the other bands
represent the free magnon states, which form a continuum in the thermodynamic
limit. We will therefore refer to the energy curves of the free-magnon states as the two-
magnon energy continuum and the corresponding decay rate curves as the two-magnon
decay rate continuum. Note that the shading used on the free magnon bands gives a
correspondence between the energy of the band and its associated decay rate i.e. the
light bands at low energy in the top plot of Fig. 6.1 have a decay rate given by the
light bands in the lower plot of Fig. 6.1. This convention will be used throughout the
chapter. The bound state decay rate lies in the two-magnon decay rate continuum as
expected and is smaller than half the free magnon decay rates at Qa = π and 2/3 of
the continuum at Qa = 0, with the lowest energy bands of the two-magnon continuum
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Figure 6.1 Energy (top) and decay rate (bottom) of the bound state for a NN system for Jz < 0
and Γ = 2|Γ12|. The bound state solution is shown in red whilst the shaded region represents the
two-magnon continuum. The parameters used are Γ12/|Jz| = −2 and V12/|Jz| = −1 which give the
smallest possible decay rate for the bound state while keeping the energy separate from the continuum.
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having the smallest decay rates. For the maximal decay rate solution, the results are
similar to Fig. 6.1, but the decay rates reverse, with the lowest energy bands having
the highest decay rates and the bound state solution having a larger decay rate than
most of the two-magnon decay rate continuum.

6.4.2 Next-Nearest-Neighbour Model

The NN model studied in the previous section demonstrated many features of dissipative
bound states, but also missed some qualitative features of bound states with longer
range hopping. We therefore consider a model where the XY interaction and nonlocal
dissipation are both next-nearest-neighbour (NNN), finding that the inclusion of
additional site interactions produces important differences in the properties of the
bound state compared to a NN model. The one and two free magnon energies and
decay rates are given by

Re[E(k)] = − 4Jz + ∆ + 2V12 cos(ka) + 2V13 cos(2ka),

| Im[E(k)]| =Γ
2 + Γ12 cos(ka) + Γ13 cos(2ka),

Re[S(q,Q)] = − 8Jz + 2∆ + 4V12 cos(Qa/2) cos(qa) + 4V13 cos(Qa) cos(2qa),

| Im[S(q,Q)]| =Γ + 2Γ12 cos(Qa/2) cos(qa) + 2Γ13 cos(Qa) cos(2qa).
(6.29)

To derive the analytic expression for the next-nearest-neighbour bound state solution,
we use the substitution z = eiq to transform the integral in Eq. (6.13) into the following
contour integral

Im(t, Q) = −1
2m

∮ z(z + z−1)m

ξz4 + νz3 − (ζ + χ)z2 + νz + ξ

dz

2πi,
(6.30)

where ξ = (2V13 − iΓ13) cos(Qa) and ν = (2V12 − iΓ12) cos(Qa/2). The quartic in the
denominator is palindromic, which means the solutions obey a quadratic in (z + 1/z).
Therefore, if z is a solution to the quartic, then so too is 1/z, and this immediately
indicates that only two of the four roots can exist inside the contour. We also find that
the residue of the roots 1/z and z only differ by a sign. The integrals in Eq. (6.30)
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can therefore be evaluated to give

I0(t, Q) = −1
ξ

(F1 + F2),

I1(t, Q) = −1
2ξ (β1F1 + β2F2),

I2(t, Q) = −1
4ξ (1 + β2

1F1 + β2
2F2),

(6.31)

where

F1/2 = ± 1√
β2

1/2 − 4(β1/2 − β2/1)
,

β1/2 = − ν

2ξ ∓

√√√√( ν

2ξ

)2

+ (ζ + χ)
ξ

+ 2.
(6.32)

The sign of F1/2 depends on whether the root z1/2 or its inverse lies inside the contour.
Substituting the integral solutions into the bound state equation, Eq. (6.12), gives

1
F1

+ 1
F2

+ 2Jz(β1 − β2)2

ξ + 2Jz

= 0. (6.33)

We can now solve Eq. (6.33) to obtain the bound state solution. Before doing
so, we note that there is also the possibility of a double root in Eq. (6.30) when
ζ + χ = 2ξ + ν2/(4ξ). In this case, the denominator of the integrals in Eq. (6.13)
can be simplified to (4ξ cos(q) − ν)2/(4ξ). We can then evaluate the NNN integrals
without using contour integration, but find these solutions do not obey the bound state
solution.

The bound state solution that obeys Eq. (6.33) is given by

ζ(Q) = −8Jz + 2∆ − iΓ + 4J13 cos(Qa) + J2
12 cos2(Qa/2)

Jz

+ J2
12 cos2(Qa/2)J13 cos(Qa)

2J2
z

+ 8J2
z

2Jz + J13 cos(Qa) ,
(6.34)
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where J12 = V12 − iΓ12/2 and J13 = V13 − iΓ13/2. Writing in terms of the energy and
decay rate gives

Re[ζ(Q)] = −8Jz + 2∆ + 4V 2
12 − Γ2

12
4Jz

cos2(Qa/2)

+ V13(4V 2
12 − Γ2

12) − 2Γ13Γ12V12

8J2
z

cos(Qa) cos2(Qa/2)

+ 4V13 cos(Qa) + 16J2
z (4Jz + 2V13 cos(Qa))

(4Jz + 2V13 cos(Qa))2 + (Γ13 cos(Qa))2 ,

| Im[ζ(Q)]| = Γ + V12Γ12

Jz

cos2(Qa/2) + 2Γ13 cos(Qa)

+ Γ13(4V 2
12 − Γ2

12) + 8V13Γ12V12

16J2
z

cos(Qa) cos2(Qa/2)

− 16J2
z Γ13 cos(Qa)

(4Jz + 2V13 cos(Qa))2 + (Γ13 cos(Qa))2 .

(6.35)

As for the NN model, there is a constraint on the values of the dissipative couplings
to ensure the magnons always decay, which is Γ/2 ≥ |Γ12 + Γ13|. Likewise, we have
to choose parameters that satisfy the bound state condition Eq. (6.12), finding again
that provided the energy of the bound state lies below the continuum, then Eq. (6.12)
is satisfied. Our NNN bound state solution is the same as that found in Ref. [151] but
with a complex XY interaction. This is also true of our NN result in Eq. (6.27), which
can be obtained by taking the bound state result in Ref. [144] with a complex XY
interaction.

The inclusion of an additional site in the XY interaction and nonlocal dissipation
results in a more complex bound state solution than in the NN model. Looking at
the terms in Eq. (6.35) in more detail, we see that the NN solution in Eq. (6.27)
can be recovered by letting V13,Γ13 = 0, and that now we have additional terms due
to two-site hopping processes and a term that mixes the NN and NNN parameters.
Because of the new magnon hopping terms, the decay rate of the bound state is no
longer fixed to be Γ at Qa = ±π as was the case for NN interactions, and the smallest
and largest decay rates do not have to occur at Qa = 0 anymore. Therefore the
inclusion of NNN interactions allows more freedom in choosing at what momenta Q
the bound state can have its highest or smallest decay rate. However, we can now no
longer engineer an entirely flat energy band due to the presence of both cos(Qa/2) and
cos(Qa) terms (unless trivially the NNN couplings are set to zero). Looking at the
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limit of V13,Γ13, V12,Γ12 ≪ Jz, we find Eq. (6.35) simplifies to

Re[ζ(Q)] ≈ −4Jz + 2∆ + 2V13 cos(Qa),

| Im[ζ(Q)]| ≈ Γ + Γ13 cos(Qa).
(6.36)

We find that there is now always a contribution to the decay rate from the NNN
interactions, that means even tightly confined bound states still experience the effects
of nonlocal dissipation, which was not the case for the NN model. We can also see
that the smallest decay rate will occur at Qa = 0 (Qa = ±π) and largest decay rate at
Qa = ±π (Qa = 0) for Γ13 < 0 (Γ13 > 0).

We now extremise the NNN bound state decay rate for a fixed Γ with respect to the
parameters V12, V13, Γ12 and Γ13 to find the smallest and largest decay rates the bound
state can have while its energy remains separate from the two-magnon energy continuum.
Due to the complexity of Eqs. (6.35), we solve this numerically, finding that the solution
with minimal (maximal) decay rate occurs when V12 = ±1.135Jz, V13 = −0.293Jz,
Γ12 = ±1.926Jz and Γ13 = 0.578Jz, and the maximal (minimal) solution occurs when
V12 = ∓1.135Jz, V13 = −0.293Jz, Γ12 = ±1.926Jz and Γ13 = −0.578Jz for Jz < 0
(Jz > 0), where in both cases, we are free to choose the positive or negative sign. The
largest values of all parameters occur when the bound state energy makes contact with
the two-magnon energy continuum at Qa = 0, as was the case for the NN interactions.
In Fig. 6.2, we show the minimal solution with Jz < 0 and Γ = 2|(Γ12 +Γ13)|. Again, we
find the decay rate of the bound state lies within the two-magnon decay rate continuum,
with the bound state having a smaller decay rate than 30% of the continuum at Qa = π

and up to 70% of the continuum at Qa = 0. We should note there is a second minimal
(maximal) decay rate solution with parameters V12 = Γ12 = 0, Γ13 = +0.402Jz and
V13 = −0.827Jz and maximal (minimal) solution for V12 = Γ12 = 0, Γ13 = −0.402Jz

and V13 = −0.827Jz for Jz < 0 (Jz > 0). However, we have not shown this solution as
it is more unphysical due to the absence of the NN terms.

6.4.3 Photonic Crystal Waveguide Model

We now study one final model, which should be an experimentally realisable set-up to
study dissipative bound states. We consider Rydberg dressed two-level atoms that are
coupled to a photonic crystal waveguide (PCW). Systems of two-level atoms where
one state is a Rydberg state or Rydberg dressed are already well studied as realisable
quantum simulators [26–30]. Likewise, PCWs are also gaining attention as a method
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Figure 6.2 Energy (top) and decay rate (bottom) of the bound state for a NNN system with
Γ = 2|(Γ12 + Γ13)| and Jz < 0.The bound state solution is shown by the red curve whilst the
shaded curves represent the two free magnon solutions. The parameters used are V12/|Jz| = 1.135,
V13/|Jz| = 0.293, Γ12/|Jz| = 1.926 and Γ13/|Jz| = −0.578, which give the smallest possible decay rate
for the bound state while keeping the energy separate from the continuum.
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for quantum simulation and quantum information processing due to the high tunability
of the interactions between coupled quantum emitters [164–168]. For atoms coupled
to a PCW, photons emitted from the atoms can propagate to other atoms along the
chain, which mediates an effective XY interaction and nonlocal dissipation. With a
system Hamiltonian, Ĥsys = ∑

k

(
ωwg − iγc

2 − 2J cos k
)
â†kâk +∑i ωegσ̂

z
i , the interaction

between the atoms and the PCW in the interaction picture is given by [169]

Ĥ(t) = g
∑

i

(σ̂+
i e
−iωegtÊ(xi, t) + σ̂−i e

−iωegtÊ†(xi, t)), (6.37)

where Ê(x, t) = ∑
k e

ikxeiωwgtâk/
√
N is the electric field operator, g is the coupling of

the atoms to the PCW, ωeg is the transition energy of the two-level system, and ωwg

the photon mode frequency, with a loss rate γc. By tracing out the photonic modes,
âk, and assuming the Born and Markov approximations as outlined in Chapter 2, we
can obtain a master equation of the form in Eq. (6.1). The dissipation couplings are
given by Γil = 2Re[Aij] and the XY interaction given by Vil = Im[Aij], where Aij is of
the form

Aij = g2
∫ ∞

0
⟨Ê(xi, t)Ê†(xj, t− τ)⟩eiωegτdτ

= Jxye
iK|rij |

2
√

1 − (δ/(2J) + iγc/(4J))2
.

(6.38)

The parameter Jxy = g2/J is the coupling of the atoms to the PCW, J is an energy
scale determining the PCW bandwidth, and Kwga = π − arccos (δ/(2J) + iγc/(4J)) =
kwga+ iκwga is the PCW wavevector. The PCW wavevector depends on the detuning,
δ = (ωeg − ωwg), of the atomic transition frequency, ωeg, from the photon mode
frequency, ωwg, and also the loss rate of photons from the PCW, γc. If |δ/J | < 2, then
the photon lies within the bandwidth and can propagate along the PCW with a group
velocity given by v = |

√
4J2 − (δ + iγc/2)2|. However, if |δ/J | > 2, then the photon

cannot propagate and instead exponentially decays along the PCW.
In order for bound states to form, we also need an Ising interaction. This can be

engineered by dressing [26] either the excited state, |e⟩ or ground state, |g⟩, of an atom
with a Rydberg state |r⟩, giving a new state |ẽ⟩ = |e⟩ + β |r⟩ where β = ζd/2∆d, set by
the drive ζd and detuning ∆d that couple |e⟩ to |r⟩. The atoms then interact with an
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Ising interaction of the form

Uil = U0

1 + (|ri − rl|/Rc)6 , (6.39)

where U0 = ~ζ4
d/8∆3

d and Rc is some cut off length to the interaction. For small Rc,
this is a good approximation to a NN Ising interaction. The sign and magnitude of
U0 can be fixed by the laser detuning and it is also possible to add additional XY
interactions between the atoms which gives more freedom in tuning Vij separately from
Γij.

For the PCW system, the one and two free magnon energies and decay rates are
given by

Re[E(k)] = −4Jz + ∆ + f(k) + f(−k),

| Im[E(k)]| = Γ
2 + g(k) + g(−k),

Re[S(q,Q)] = −8Jz + 2∆ + f(Q/2 + q) + f(Q/2 − q) + f(−Q/2 + q) + f(−Q/2 − q),

| Im[S(q,Q)]| = Γ + g(Q/2 + q) + g(Q/2 − q) + g(−Q/2 + q) + g(−Q/2 − q),
(6.40)

where ∆ = V11/2 + δ/2 + δadd, with δadd being an additional detuning to those from
the waveguide, and

f(k) =
(

Γ sin((kwg + k)a) + V11[cos((kwg + k)a) − e−κwga]
eκwga + e−κwga − 2 cos((kwg + k)a)

)
,

g(k) =
(

Γ[cos((kwg + k)a) − e−κwga] − V11 sin((kwg + k)a)
eκwga + e−κwqa − 2 cos((kwg + k)a)

)
.

(6.41)

For the rest of this section, we will choose the additional detuning, δadd such that
∆ = 0 and so we can ignore the contributions to energy from the onsite term, V11 and
detuning from the waveguide mode δ. We will also work with Jz < 0.

In Fig. 6.3, we plot the energy and decay rate of the single magnon dispersion for
γc/J = 2, δ/J = 0 and Jxy/|Jz| = 3. If |δ/J | < 2 and γc/J is small, then about the
points k = ±kwg, the decay rate is well modelled by two Lorentzians with a width of
4 sinh(κwga/2) and maximum value of Γ/[4 tanh(κwga/2)]. Similarly, the energy of the
magnon is well described by the derivative of a Lorentzian with width 4 sinh(κwga/2)
and maximal (minimal) values given by ±Γ/[8 sinh(κwga/2)]. As γc/J decreases (and so
κwg → 0), the energies of the magnons and decay rates about k = ±kwg diverge within
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Figure 6.3 Energy and decay rate of a single magnon for the PCW system with γc/J = 2, δ/J = 0
and Jxy/|Jz| = 3. The energy is shown by the red (solid) line and the decay rate by the purple
(dashed) line. The largest decay rates occur when k = ±kwg, shown by the grey lines.

the photonic bandwidth (|δ/J | < 2). However, outside the bandwidth (|δ/J | > 2), the
energy of the magnon is bounded and its decay rate drops to zero as γc → 0, leaving
the system effectively closed. The single magnon dispersions can be thought of as
the hybridisation of a photon propagating through the waveguide with a dispersion
ωk = ωwg − 2J cos(k) and momentum k, and a single atom with energy ωeg.

We now look at the bound state solutions in the PCW and discuss their properties.
The bound state condition, Eq. (6.12), is too complex to be solved analytically, so we
instead tackle the problem numerically for finite sized systems by solving Eq. (6.11).
In Fig. 6.4, we plot some typical solutions of Eq. (6.11) for a system size of N = 99,
with γc/J = 2, Jxy/|Jz| = 3 and for δ/J = (−3,−1.5, 0, 1.5, 3). We see that bound
state decay rate lies within the two-magnon decay rate continuum as expected, and is
smaller than the decay rate of the lowest energy bands of the continuum for δ/J < −2,
but larger than the decay rate of the lowest energy bands of the continuum for δ/J > 2.
For intermediate detunings, whether the bound state decay rate is smaller or larger
than the decay rate of the lowest energy bands depends on the momentum of the
bound state. As for the NNN model, we find the minimal and maximal decay rate of
the bound state is no longer constrained to occur at Qa = 0 and that the decay rate at
Qa = π is not given by Γ as a consequence of the long-range interactions. If κwg is
large enough, then the bound state solutions are well modelled by the NNN analytics
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Figure 6.4 Examples of the two-magnon bound states that can form in the PCW model for a system
size of N = 99 with parameters γc/J = 2, Jxy/|Jz| = 3 and δ/J = (−3, −1.5, 0, 1.5, 3). The top panels
show the energy of the bound state and the lower panels show the decay rate. The red line represents
the bound state solution and the shaded region represents the continuum of two-magnon states. We
find that the bound state energy lies below the two-magnon energy continuum and the decay rate
of the bound state always lies within the two-magnon decay rate continuum. When δ/J < −2, the
bound state decay rate is always lower than that of the lowest energy bands whilst if δ/J > 2, then
the decay rate of the bound state is larger than the lowest energy bands. Note that for δ/J = 0, the
decay rates of the lowest energy bands are obscured by the highest energy bands as they share the
same decay rate. We also show the NNN bound state result from Eq. (6.35) with the dashed orange
line. We see the NNN result agrees well with the waveguide results when κwga is large.

due to the exponential decay of the PCW interaction. This can be seen by the close
agreement between the NNN and PCW bound state solutions when δ/J = ±3, which
gives the largest κwg. For intermediate detunings, the agreement is not as good, but
can be made increasingly better for larger γc/J .

In Fig. 6.5, we plot the momentum for which the bound state has the smallest
decay rate as a function of δ/J and γc/J . We find that there is a transition between
the bound state having the smallest decay rate at Qa = 0 when |δ/J | < 1.4 to Qa = π

when |δ/J | > 1.4. This transition can be explained by looking at the weak XY limit of
the NNN bound state solutions given by Eq. (6.36). In the weak limit, we find that
the momentum where the decay rate of the bound state is smallest transitions from
Qa = 0 to Qa = π when Γ13 changes sign. We show when Γ13 = 0 in Fig. 6.5 by the
red dashed lines, and find it agrees well with the transition in the PCW, with Γ13 < 0
when |δ/J | > 1.4. The transition moves to larger values of |δ/J | as γc/J increases,
and also becomes sharper as the NNN solution becomes a better approximation to the
PCW results.

Finally, we discuss how the bound state formation depends on δ/J and γc/J . Fig.
6.6 shows where the bound state rejoins the two-magnon energy continuum as a
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Figure 6.5 (a) Momentum at which the smallest decay rate of the bound state occurs for a system
size of N = 99 with Jxy/|Jz| = 1.5. We see there is a clear transition between the smallest decay rate
occurring at Qa = π when |δ/J | & 1.4, and Qa = 0 for |δ/J | . 1.4. The red dashed lines show when
Γ13 changes sign which explains the transition as described in the main text. The black region shows
where the bound state solution starts to merge with the two-magnon continuum. (b) Magnitude of
the smallest decay rate. We see that when the crossover in momentum occurs when Γ13 = 0, the
decay rate increases, but decreases again as Γ13 becomes larger.
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Figure 6.6 Diagram of when the bound state can form for the PCW model for a system size of
N = 99 with Jxy/|Jz| = 1.5 (dashed line) and Jxy/|Jz| = 3 (solid line). Between the δ axis and the
bound state line, the bound state energy starts to join the two-magnon energy continuum for some
or all momenta, Q. Outside this region, the bound state energy lies separate from the two-magnon
energy continuum for all momenta Q. We see that the bound state can not remain separate from
the two-magnon energy continuum at low γc/J near the band edge or inside the bandwidth, but can
remain separate from the two-magnon energy continuum everywhere else.

function of δ/J and γc/J . We find there is a region inside the bandwidth that extends
along the γc/J axis where the bound state joins the continuum and that, as Jxy/|Jz|
increases, this region also increases in size. The reason the bound state starts to rejoin
the continuum for small γc/J inside the bandwith is due to the diverging strength
of the single magnon energy around k = ±kwg. For increasingly large systems, more
momentum modes around these points are allowed and so the energy range of the
two-magnon continuum grows until the bound state is absorbed. However, outside the
bandwidth and in the small γc/J limit, the bound state energy can remain separate
from the two-magnon energy continuum for any value of Jxy/|Jz|, provided δ/J is
large enough. This is because the two-magnon energy continuum is now bounded as
γc/J → 0 and so bound states can remain separate from the continuum. As mentioned
in our discussion of the single magnon dispersion, the imaginary part of the PCW
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interaction, Eq. (6.38), becomes negligible in this limit, and so the system becomes
closed, with the decay rate of the bound state dropping to zero. When γc/J becomes
large, or when |δ/J | ≫ 2, the XY interaction becomes increasingly shorter ranged
due to the exponential decay, until eventually it is negligible compared to the Ising
interaction. In this limit, the bound state is well separated from the two-magnon
energy continuum with the bound state energy tending to −4Jz and the decay rate
tending to Γ.

Our analysis of a PCW has shown how many features of dissipative bound states
can be obtained for a single photonic mode and how, for large κwga, the PCW is well
described by the NNN analytics. For a single mode, it is not possible to obtain the NN
results, no matter how large κwga is. To see why this is the case, we look at the NNN
bound state solution in Eq. (6.34). We can see that for an exponentially decaying
function, J13 ∼ J2

12/Jz, which means that there is always a NNN contribution to the
bound state solution that is of the order of the NN parts, so the NNN contribution
cannot be ignored. However, it could be possible to engineer more exotic XY interactions
by combining many modes or coupling to more than one waveguide. This could also be
done in parallel with different Rydberg dressing schemes or allowing other interactions,
such as dipole interactions, to occur between atoms.

6.5 Discussion

We have shown that two-magnon bound states can generally form in dissipative spin
chains with XY and Ising interactions. We find the inclusion of nonlocal dissipation
not only gives the bound state a momentum dependent decay rate, but also alters
the bound state energy compared to a closed system or system with local dissipation.
Nonlocal dissipation also allows for a greater degree of freedom in engineering the
energy and decay rate of the bound state. We have shown that the decay rate of the
bound state cannot be smaller or larger than its constituent free magnons. Nevertheless,
it is still possible to achieve bound states that have a decay rate much lower than a
large proportion of the two-magnon decay rate continuum.

We now discuss the experimental set-up of the PCW model in more detail. The
PCW can be realised with an alligator waveguide [166, 167], with high tunability over
the allowed modes and loss processes. By choosing an appropriate Rydberg dressing
scheme for either the ground or excited state of the two-level transition coupled to the
PCW, it should be possible to engineer suitable Ising-like interactions with NN or even
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beyond NN range. We note that the waveguide can modify the interaction between
the Rydberg atoms [170]. Typically, the effect of the waveguide will make the Rydberg
interactions shorter ranged than in free space which means the nearest-neighbour Ising
interaction will still hold. However, even if the Ising interaction has a spatial extent
beyond NN, we expect many of our results will be qualitatively the same.

When studying the bound states, one has to be careful not to violate the Markovian
approximation. For the Markovian approximation to be valid, it is required that the
time for a photon to travel down a PCW, (N − 1)a/v, where v = |

√
4J2 − (δ + iγc/2)2|

is the PCW group velocity, is much smaller than the time for the atoms to decay,
1/Γ = 1/(2Re[Aii]) [169]. Substituting in Aii from Eq. (6.38) gives the condition

Re
[√

1 − (δ/(2J) + iγc/(4J))2
]

Jxy

≫ (N − 1)a
|
√

4J2 − (δ + iγc/2)2|
, (6.42)

which is satisfied provided the coupling of the atoms to the waveguide is weak and also
that the detuning is away from the band edge at δ = ±2J when γc/J is small. The
expression Eq. (6.42) also shows that the system needs to be finite to not violate the
Markovian approximation. However, we have checked and found that there are bound
state solutions with similar properties to those in the main text for finite size systems
with open boundary conditions. Therefore, it should be possible to observe many of
our bound states results for large enough finite sized systems with open boundary
conditions or periodic boundary conditions.

Finally, measurement of the bound state decay rate and energy should be possible
by observing the emission when the bound state decays. Following the steps outlined
in Ref. [163], the emission properties of the bound state are given by the correlator
g(t, r) = ⟨Ê(−)(t, r)Ê(+)(t, r)⟩ which can be calculated from the electric field, Ê

(−)(t, r).
For decay of a pure bound state, ρ̂(0) = |Q⟩ ⟨Q|, the correlator g(t, r) is given by

g(t, r)
|ηW (r)|2 =

∑
k

4|αQF (Q/2 − k)|2
[
δQ−k,∆Q

k
sin(β)/ce

−4γ̃Qtr

+ γk+Q

γ̃Q − γk

δk,∆k
0 sin(β)/c

(
e−2γktr − e−4γ̃Qtr

)]
,

(6.43)

where tr ≡ t− r/c, ∆k
0 = Re[E(k)], ∆Q

k = Re[ζ(Q)] − Re[E(k)], η = ω2
eg/(4πϵ0c) and

W (r) = d/r− r(d.r)/r3 is the far-field dipole emission profile. Note we have neglected
any coherences between the bound state and scattering states which may occur at later
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times. There are two contributions to the emission of the bound state; one from the
decay of the bound state to a single magnon with momentum k, and one from the decay
of a single magnon to the ground state. The delta functions determine the emission
angle β for each of these decay processes in terms of the momentum and energy of
the bound state and single magnons, where β is defined from the perpendicular axis
from the spin chain. The total emission is then a sum over all these processes. The
quantity |αQF (Q/2 − k)|2 that determined the decay rate of the bound state also plays
a crucial role in the angular dependence of the emission, which was noted in [163]. By
examining the spatial and temporal emission of the bound state, it should be possible
to determine its energy and decay rate for a given momentum Q.

In future work, it would be interesting to extend our results to m magnon-bound
states and to see how the decay rates of different magnon sectors compare to one
another. Given our proof that the two-magnon bound state decay rate must lie within
the continuum of decay rates, it seems likely that this would also be true for m magnon
states, and possibly also true for magnon states with larger spin and in systems of
higher dimension. It would also be interesting to study different forms of dissipators
and find systems where the bound state can have a decay rate that lies outside the
two-magnon continuum.

6.6 Conclusions

We have studied the energies and decay rates of one and two free magnons and two-
magnon bound states in an XXZ model with nonlocal dissipation. We have proved that
in general the decay rate of the bound state must lie within the decay rate continuum
of two free magnons. We have then examined three examples of dissipative bound
states in more detail, first looking at two forms of the XY interaction and nonlocal
dissipation analytically; a nearest-neighbour model and next-nearest-neighbour model.
We have found that the inclusion of nonlocal dissipation leads to momentum dependent
decay rates and changes in the energy of the bound state compared to a closed system
or a system with local dissipation. The nonlocal dissipation also allows a higher degree
of tunability in the energies and decay rates of the bound states. Finally, in our
third example, we have numerically studied an experimentally realisable model to
observe dissipative bound states using Rydberg dressed atoms coupled to a photonic
crystal waveguide. This model demonstrated many key features of our simpler models
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and could also be used to obtain our next-nearest-neighbour results within certain
parameter regimes.



Chapter 7

Summary

In this thesis, we have studied a variety of novel non-equilibrium phenomena that can
be found in driven two-level systems when coupled via near-field and far-field dipole
interactions. In Chapter 3, we studied a system with near-field dipole interactions
with both static and exchange nature under external drive, extending the results
found in the undriven system [72]. We found that the non-equilibrium dynamics
were oscillations which exhibited a bifurcation between dipole-dominated and Rabi-
dominated oscillations. Despite the presence of dipole interactions which usually cause
the oscillations to decohere, it was possible to still find regimes of collective behaviour
when strongly driving the system for certain tilts of the dipoles and ratios of the Ising
to XY dipole interaction.

In Chapter 4, we examined how the inclusion of dissipation fundamentally changed
the dynamics of the system compared to Chapter 3. We found the inclusion of dissipa-
tion allowed more exotic forms of non-equilibrium phases such as antiferromagnetism,
spin density waves, persistent oscillations and bistabilities within the mean-field ap-
proximation, and how these varied with the tuning of the Ising to XY interaction.
We also compared small quantum systems and the mean-field phase diagram, finding
key signatures of the mean-field through connected correlators and the distribution of
expectation values. While these features had been touched upon in other mean-field
studies, our results suggest these are generic features of dissipative spin systems. In
Chapter 5, we studied the full resonant dipole-dipole interaction. We found the non-
equilibrium phases that can arise with far-field dipole coupling beyond low intensity
drive, which had not been identified before. We then explained how nonlocal dissipation
was important in the formation of these non-equilibrium phases. As in Chapter 4,
there was an emergence of many exotic phases, such as oscillations, bistabilities and
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spin density waves and we also found that nonlocal dissipation causes the formation of
more spin density waves and oscillations than in systems with local dissipation. We
attributed this to the fact that the long-range dipole interactions allow the dipoles to
oscillate out of phase and trap more photons in the system. Similarly to Chapter 4, we
also found signatures of the mean-field in the full quantum picture.

Finally, in Chapter 6, we studied the dynamics of an open quantum system on
approach to the steady state in a system with nonlocal dissipation and also static and
exchange dipole moments. We focused on the dynamics of a two-magnon bound state,
which now had a decay rate that depended on its momentum because of the nonlocal
dissipation, and examined how it decays compared to two free magnons in the system.
We proved that the bound state could not have a decay rate larger or smaller than the
maximal or minimal decay rate of two free magnons for any arbitrary XY interaction
and nonlocal dissipation. We then characterised the decay rates of the single magnons
and bound states for a nearest-neighbour, next-nearest-neighbour and photonic crystal
waveguide model.

7.1 Outlook

The biggest question raised in this thesis is the validity of the mean-field approximation.
For Chapter 3 and the study of the closed system, we expect the mean-field to be
accurate because of the highly classical nature of the non-equilibrium state that
emerges at high drive. However, for the dissipative dynamics in Chapters 4 and 5,
the applicability of the mean-field approximation is unclear. While it is expected
to be valid for systems with high coordination number, such as systems with high
spatial dimension or with all-to-all interactions, little is known about the validity of
the mean-field approximation for power law interactions. We have shown that, in small
quantum systems, some signatures of the mean-field can be found, such as the index
of dispersion corresponding to regions of bistability. However, understanding in what
regimes the mean-field approximation can be used will require much further work. As
discussed at the end of Chapter 4, near-field dipole terms in the open quantum system
seem to give results similar to that of a nearest-neighbour interaction. Therefore, given
the fact the system is 1D, it may be possible to study this system using t-DMRG
methods [133] to study larger systems and gain a better understanding of how strong
these mean-field signatures become with larger system size. However, for the far-field



7.1 Outlook 105

dipole system in Chapter 5, the long-range nature of the interactions makes these
methods more difficult to implement and so others will have to be employed.

Understanding the validity of mean-field in the far-field dipole systems is of particular
importance as there are currently many experimental efforts exploring the effects of
dipole interactions in cold gas clouds [171, 172]. Experiments are still working on the
low intensity limit, but are starting to move beyond this regime [173] and examine
the effects of multiple excitations in disordered cold gases. Of particular interest is
whether or not bistability can occur in these experiments and what signatures of this
can be measured. By using the mean-field approximation, it should be possible to make
clear predictions of what experimentalists may be able to measure, and simultaneously
evaluate the applicability of mean-field by corroborating with experiment, which will
be a natural extension of the work in Chapter 5.

Another route of further work would be to expand on the results of dissipative
bound states in Chapter 6. While we proved that the decay rate of the bound states
must lie within the two-magnon decay rate continuum, the possibility to study other
forms of nonlocal dissipation and determine if they can result in a bound state with
a higher or lower decay rate than the continuum would be interesting. Furthermore,
we have only studied a nearest-neighbour Ising interaction and looked at a 1D system.
Looking into longer-ranged Ising interactions and higher dimensions could lead to
multiple bound states with even more exotic properties.

For all the chapters on open quantum systems, we have assumed both the Markov
and Born approximations. However, there has been recent growing interest in relaxing
these assumptions and studying non-markovian effects [174]. How these effects alter
steady state phase diagrams or decay of excitations is largely unexplored. For all
chapters, it is natural to ask how the key findings generalise to the inclusion of more
energy levels, which results in larger spin systems. It would also be interesting to
understand the effects of altering the underlying lattice geometry, where certain lattices,
such as Kagome and triangular, lead to frustration effects between spins [175]. Finally,
as briefly considered at the end of Chapter 3, it would also be useful to understand
how the key findings of this thesis are altered by non-unity filling of the lattice and
disorder due to small motional effects. These effects will be important for possible
future experimental implementation.





Appendix A

Floquet Theory

Below we prove the key results from Floquet theory and how they relate to the stability
of the system. For any Floquet equation, we can write the solutions in matrix form

dX
dt

= A(t)X, (A.1)

with X(0) = I, where I is the indentity matrix. For any non-singular matrix X(t), we
can find another matrix Y(t) = X(t)B that is also a solution to the equations where
B is some constant matrix

Y′(t) = X′(t)B

= A(t)X(t)B

= A(t)Y(t).

(A.2)

We can also show that X(t + nT ), where n is an integer, is a solution to Eq. (A.1)
provided A(t) is periodic such that A(t+ nT ) = A(t). We therefore have

X′(t+ nT ) = A(t+ nT )X(t+ nT )

= A(t)X(t+ nT ).
(A.3)

We can now define the matrix Y(t) = X(t + nT )X(nT )−1, which is immediately a
solution to Eq. (A.1) because of our previous results. If Y(t) and X(t) are both
solutions to Eq. (A.1), then because the solutions are unique, it must be the case that
Y(t) = X(t) and so X(t+ nT ) = X(t)X(nT ). As an additional result, if we set t = T ,
we can show that X(nT ) = X(T )n. Therefore, X(t+ nT ) = X(t)X(T )n and motivates
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the definition of the constant matrix

B = X(T ). (A.4)

This is the Monodromy matrix whose eigenvalues give the Floquet multipliers, ρl. Each
multiplier can be written as the exponent of a Floquet value. However, these values
are not unique due to the addition of 2πi in the exponent.

We can show the multipliers relate to the stability of the orbits as follow. Let bl be
an eigenvector of B, with Bbl = ρlbl, and let x(t)l = X(t)bl. Then we have

x(t+ T )l = X(t+ T )bl = X(t)Bbl = ρlx(t)l. (A.5)

Therefore, after time T , the solution to the Floquet equation becomes scaled by the
multiplier. If we let time run for nT times, we find

x(t+ nT ) = ρn
l x(t). (A.6)

We can see then that if the multiplier is greater than one, the solution will diverge
exponentially in time. If the multiplier is unity, the solution is periodic and if the
multiplier is less than unity, the solution decays. i.e. the fluctuations die down.
Therefore, the original solution is only stable if all multipliers are less than unity.



Appendix B

Deriving the Bound State
Determinant Equation

Below, we outline the steps to obtain the bound state equation in Eq. (6.11). For
an open quantum system, provided the Liouvillian operator is time independent, any
Heisenberg operator, ÂH(t) will obey the adjoint master equation, given by [94]

dÂH(t)
dt

= i[Ĥ, ÂH(t)] +
N∑
i,l

Γil

2
(
2σ̂+

l ÂH(t)σ̂−i −
{
σ̂+

l σ̂
−
i , ÂH(t)

})
. (B.1)

Therefore, the Green’s function Tr
(
ÂH(t)B̂ρ̂(0)

)
= ⟨0| ÂH(t)B̂ |0⟩, with the initial

condition ρ̂(0) = |0⟩ ⟨0|, will obey

⟨0| dÂH(t)
dt

B̂ |0⟩ = i ⟨0| ÂH(t)[B̂, Ĥ] |0⟩ −
N∑
i,l

Γil

2 ⟨0| Â(t)σ̂+
l σ̂
−
i B̂ |0⟩ . (B.2)
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where B̂ = B̂H(0) which is equivalent to the Schrodinger picture operator. For the
two-magnon Green’s function, G(i, j, l,m; t) = ⟨0| σ̂−i (t)σ̂−j (t)σ̂+

l σ̂
+
m |0⟩ Θ(t), this gives

dG(i, j, l,m; t)
dt

− (1 − δij)δ(t)(δilδjm + δimδjl) =−2i∆ + 4i
N∑

a̸=m

Uam + 4i
N∑

a̸=l

Ual − Γ − 8iUlm

G(i, j, l,m; t)

− i
N∑

p ̸=l

JplG(i, j, p,m; t) − i
N∑

p ̸=m

JpmG(i, j, p, l; t)

+ 2iδlm

N∑
p ̸=m

JpmG(i, j, p,m; t),

(B.3)

where Jpl = Vpl − iΓpl/2. In order to solve Eq. (B.3), it will be useful to view it as a
matrix equation [176] given by (L + δL)G = µh, where the matrices are defined as

L(l,m, p, v; t− t′) = iδ(t− t′)δvmJpl + iδ(t− t′)δvlJpm+

δ(t− t′)δplδvm

 d

dt′
+ 2i∆ − 4i

N∑
a̸=m

Uam − 4i
N∑

a̸=l

Ual + Γ
 ,

δL(l,m, p, v; t− t′) = −iδ(t− t′)δpmδlmJvl

− iδ(t− t′)δvlδlmJpl + 8iδ(t− t′)δplδvmUpv,

h(i, j, p, v) = δipδjv(1 − δij),

µ(l,m, p, v; t− t′) = δ(t− t′)(δplδvm + δpmδvl),

(B.4)

To solve Eq. (B.3), we now follow the same steps taken by Wortis [144] by introducing
the function Γ(i, j, l,m; t) = G(i, l; t)G(j,m; t) + G(i,m; t)G(j, l; t), where G(j, l; t)
is the single magnon Green’s function. We find that Γ(i, j, l,m; t) obeys Eq. (B.3)
without the last two terms and no 1 − δij term. Viewed in terms of matrices, this
means LΓ = µ and so we can write L = µΓ−1. This allows Eq. (B.3) to be rewritten
as

Γ(i, j, a, b; t)h(i, j) −G(i, j, a, b; t)

=
∫ ∞
−∞

N∑
pv

N∑
lm

Γ(l,m, a, b; t)δL(l,m, p, v, t− t′)G(i, j, p, v; t′)

=
∫ ∞
−∞

N∑
pv

K(a, b, p, v; t− t′)G(i, j, p, v; t′),

(B.5)
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where in the last line we have defined

K(a, b, p, v; t) = 8iUpqΓ(p, v, a, b; t)

− i(Jpv/2) (Γ(v, v, a, b; t) + Γ(p, p, a, b; t)) .
(B.6)

In order to obtain the bound state solutions, we now need to partially Fourier transform
Eq. (B.5). The Fourier transform of Γ(i, j, a, b; t) is given by

Γ(i, j, a, b; Ω) =
∫ ∞
−∞

Γ(i, j, a, b; t)eiΩtdt. (B.7)

By using the definition of Γ(i, j, a, b; t) and the Fourier transform of the single magnon
Green’s function, this can be written as

Γ(i, j, a, b; Ω) =
∑

k1∈BZ

∑
k2∈BZ

(
eik1ria+ik2rjb + eik1rib+ik2rja

N

)
×

∫ ∞
−∞

∫ ∞
−∞

∫ ∞
−∞

G̃(k1, ω1)G̃(k2, ω2)ei(Ω−ω1−ω2)tdt
dω1

2π
dω2

2π ,
(B.8)

where ria = ri − ra. We now rewrite the momentum sums using the sum and difference
of momenta, Q = k1 + k2 and q = (k1 − k2)/2, and also the sum and difference of
coordinates R = (ri + rj)/2, r = ri − rj and R′ = (ra + rb)/2, r′ = ra − rb. Once we
evaluate the frequency integrals, we then obtain

Γ(i, j, a, b; Ω) =
∑

Q∈BZ

eiQ(R−R′)

−2i
N

∑
q∈BZ

cos(qr) cos(qr′)
Ω − S(q,Q)


=

∑
Q∈BZ

eiQ(R−R′)Γ(r, r′;Q,Ω),
(B.9)

where S(q,Q) is the two free magnon dispersion, defined in Eq. (6.9) in the main text.
Similarly, we can Fourier transform and rewrite K(l,m, p, q; t) as

K(a, b, p, v; Ω) =
∑

Q∈BZ

eiQ(R′−R′′) ∑
q∈BZ

2i
N

cos(qr′′)
Ω − S(q,Q)×

(
8iU(r′) cos(qr′) − 2i

(
V (r′) − i

Γ(r′)
2

)
cos(Qr′/2)

)
=

∑
Q∈BZ

eiQ(R′−R′′)K(r′, r′′;Q,Ω).

(B.10)
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where R′′ = (rp + rv)/2 and r′′ = rp − rv. Transforming Eq. (B.5) by inserting the
results of Eq. (B.9) and Eq. (B.10) gives

1
N

∫ ∞
−∞

dt
∑

Q∈BZ

eiQ(R−R′)e−iΩt

[
G(r, r′, Q,Ω)−

Γ(r, r′, Q,Ω)h(r) +
N∑
r′′
K(r, r′′, Q,Ω)G(r′, r′′, Q,Ω)

]
= 0.

(B.11)

This equation is obeyed provided we set the integrand to zero such that

N∑
r′′

[
δr′r′′ +K(r′, r′′, Q,Ω)

]
G(r, r′′, Q,Ω)

= Γ(r, r′, Q,Ω)h(r).
(B.12)

The bound state solutions are found when the determinant of the matrix δr′r′′ +
K(r′, r′′, Q,Ω) is singular, which means G(r, r′′, Q,Ω) cannot be written as the sum of
two free magnon solutions. The bound state solutions are therefore solutions to

det
[
δr′r′′ − 2

N

∑
q∈BZ

8U(r′)cos(qr′) cos(qr′′)
Ω − S(q,Q) +

2
N

∑
q∈BZ

[2V (r′) − iΓ(r′)] cos(Qr′/2) cos(qr′′)
Ω − S(q,Q)

]
= 0.

(B.13)

If the Ising interaction is nearest-neighbour such that Uil = Jzδl,i+1/2, we can simplify
the determinant in Eq. (B.13) to obtain Eq. (6.11) in the main text.

To simplify the determinant, we first define the Ising and XY matrices,

ZZrr′ = −8Jz

N

∑
q∈BZ

cos(qr) cos(qr′)δr′,1

Ω − S(q,Q)

XYrr′ = ArBr′ ,

(B.14)

where

Ar = 4
N

∑
q∈BZ

cos(qr)
Ω − S(q,Q)

Br′ =
(
V (r′) − i

Γ(r′)
2

)
cos(Qr′/2).

(B.15)
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This allows us to rewrite the determinant condition, Eq. (B.13), as

det(I + ZZ + XY )

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣



B1A1 + ZZ11 + 1 B2A1 . . BNA1

B1A2 + ZZ21 B2A2 + 1 . . BNA2

. . . . .

. . . . .

B1AN + ZZN1 B2AN . . BNAN + 1



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣



A1 + ZZ11
B1

+ 1
B1

A1 . . A1

A2 + ZZ21
B1

A2 + 1
B2

. . A2

. . . . .

. . . . .

AN + ZZN1
B1

AN . . AN + 1
BN



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
B1..BN .

(B.16)

The determinant can be simplified by subtracting the last column from all the other
columns, C1 − CN , C2 − CN ,...CN−1 − CN , giving

(ZZ11 + 1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣



1 0 . . 0 BNA2

0 1 . . . .

. . . . . .

. . . . 0 .

0 . . 0 1 .

− B1
BN

. . . . BNAN + 1



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

+ (−1)N(BNA1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣



ZZ21 1 0 . . 0
ZZ31 0 1 . . .

. . . . . .

. . . . . 0
ZZ(N−1)1 0 . . 0 1
ZZN1 − B1

BN
− B2

BN
. . . −BN−1

BN



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

(B.17)

where we partially Laplace expand the determinant. For the first determinant, we
can swap the first and last column, C1 ↔ CN and then swap the first and last row,
R1 ↔ RN . In the second determinant, we can carry out the row-swap operation,
RN ↔ RN−1, followed by RN−1 ↔ RN−2, RN−2 ↔ RN−3 etc. until the last row
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becomes the first row. This then gives

(ZZ11 + 1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣



BNAN + 1 − B3
BN

. . −BN−1
BN

− B2
BN

B3A3 1 0 . . 0
. 0 1 . . .

. . . . . .

BN−1AN−1 . . . . .

B2A2 0 . . 0 1



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

− (BNA1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣



ZZN1 − B1
BN

− B2
BN

− B3
BN

. . BN−1
BN

ZZ21 1 0 . . 0
. 0 1 . . .

. . . . . .

ZZ(N−2)1 . . . . 0
ZZ(N−1)1 0 . . 0 1



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

(B.18)

which are the determinants of arrowhead matrices, where an arrowhead matrix is a
matrix of the form

G =



a b2 b3 . . bN

c2 d2 0 . . 0
c3 0 d3 . . .

. . . . . .

. . . . . .

cN 0 . . . dN


. (B.19)

Using the Sherman-Morrison-Woodbury formula, we can evaluate the determinant of
the arrowhead matrix by rewriting Eq. (B.19) as

det(G) = det(A + CBT )

= det
(
I + BT A(−1)C

)
det(A),

(B.20)
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where

A =



a 0 0 . . 0
0 d2 0 . . 0
0 0 . . . .

. . . . . .

0 0 . . . dN


,

B =
b1 b2 b3 . . bN

1 0 0 . . 0

 ,
CT =

c1 c2 c3 . . cN

1 0 0 . . 0

 .

(B.21)

Using this gives a determinant of

det(G) =
[
a −

N∑
i=2

bici

di

]
N∏

i=2
di. (B.22)

Substituting the values of a, bi, ci and di for the two arrowhead matrices in Eq. (B.18),
we obtain the determinant equation

det(G) = (ZZ11 + 1)(1 + Tr(XY )) − A1

N∑
i=1

ZZi1Bi. (B.23)

Once we plug in the definitions of ZZ and XY into Eq. (B.23), we obtain Eq. (6.11)
in the main text.
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