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CHAPTER I. INTRODUCTION 

I.1 On determining the band structure of metals 

For many years we have had a good semi-quantitative 

and semi-empirical understanding of most of the properties 

of metals, in particular those prop·erties that depend 

essentially on the characteristics of the pure material, 

rather than on the imperfections which any particular 

specimen may have in it (cf. Mott and Jones 1936). However, 

we still have no detailed, quantitative, fundamental account 

of the properties of any one metal. Most of the properties 

of a metal can be expressed in terms of its band structure, 

as well as various scattering probabilities among the 

states (Wilson 1953), so that a knowledge of the band 

structure is essential to an understanding of its properties. 

(The states of the electrons in a metal can be represented 

by waves, and by the band structure we mean the variation 

of the energy E(k) with the wave vector k in the 

Brillouin zones occupied by the conduction electrons (Mott 

and Jones 1936, chapter II).) 

Ever since the beginning of the quantum mechanical 

theory of solids, attempts have been made to put it as far 

as possible on a quantitative basis by calculating the 
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energy function E(k) and then explaining observed proper

ties in terms of it (for a historical review, see Reitz 

1955, p.15). Such attempts have met with relatively little 

quantitative success. In fact even now we are not yet at 

the stage where much actual physical significance can be 

attached to the results of a band structure calculation. 

Such a calculation consists essentially of determining an 

effective potential in which the electrons are supposed to 

move, and then in solving the Schroedinger equation for 

this potential so as to obtain the wave functions and 

energy levels E(k) of the electrons. Before the war, 

some of the difficulty was associated with solving the 

Schroedinger equation to a satisfactory degree of approxi

mation (cf. Shockley's empty lattice test, (1937)). More 

recently accurate and powerful methods have been and are 

being developed for carrying out such calculations, for 

instance the orthogonalized plane wave method (Herring 

1940), the improved cellular method, the augmented plane 

wave method and others (for a full list of references see 

Reitz 1955). However, the difficulties in determining the 

effective potential remain, particularly those associated 

with taking adequate account of the interaction of the con

duction electrons one with another. These difficulties are 

partly ones of computation, and partly of theory. 
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In view of the rather discouraging results of this 

fundamental approach, it has been usual to correlate and 

explain as many different properties of a particular metal 

as possible in terms of an en:ipirical model of the band 

structure. For instance throughout his book, Wilson (1953) 

almost invariably discusses experimental results in terms 

of a band structure with one band partially filled with 

electrons and another band almost completely filled (i.e. a 

band of "positive holes"), in each of which E( k) is a 

quadratic function of k. However, since on the whole the 

formulae for the electric, magnetic, and thermal properties 

can be expressed in complete generality as regards their 

dependence on E(k) , the question arises whether or not 

these formulae can be inverted. I.e., is it possible to 

deduce E(k) at least near the surface of the Fermi dis

tribution (the region of states in k space occupied by 

conduction electrons) from a study of some particular 

properties of a metal? Most of the ordinary properties 

such as the conductivity are quite unsuitable for such a job. 

They involve E(k) in a very complicated way and depend in 

addition on the probabilities of some scattering processes. 

It has been shown though, principally by Onsager (1952), 

Pippard (1954), Lifshitz and Kosevitch (1954), that the 

anomalous skin effect and the de Haas-van Alphen effect do 
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furnish quantities with which this inversion is to a certain 

extent possible. The two quantities do not depend on re

laxation processes and only involve the geometry of the 

Fermi surface in a relatively simple way. 

The de Haas-van Alphen effect is much the more 

powerful of the two in principle. The effect is an 

oscillation of the magnetic susceptibility with field at 

very low temperatures. If the Fermi surface consists of a 

number of unconnected closed pieces, each piece gives rise 

to its own oscillating component which is periodic in 1/H 

where H is the magnetic field. The components can be 

distinguished, and the shape of a particular piece of 

surface (if it has a centre of symmetry) can be determined 

from a complete orientational study of its component 

oscillation. An effective mass parameter is also obtained, 

and further details are given in section III.3. The useful 

quantity in the anomalous skin effect is the surface resist

ance in the high frequency limit when the mean free path of 

the conduction electrons becomes much longer than the skin 

depth. This gives the curvature of the Fermi surface in a 

certain region depending on the geometry of the experiment, 

but only a combined average is obtained if the Fermi surface 

consists of several separate parts. From experiments on a 

polycrystalline specimen we obtain approximately the total 
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area o:f the Fermi surface ( cf. section II I. 2). 

I.2 An outline o:f the present investigation 

The present work may be roughly divided into four 

related projects. The first is building up as clear a 

picture as possible of the band structure and particularly 

the Fermi surface of aluminium metal, using all the avail

able experimental data and all possible theoretical con

clusions. Then secondly, once it has been dec ided what the 

band structure is like, there follows an attempt to over

come all the more serious difficulties and errors in 

previous band structure calculations, and a recalculation 

of the band structure of aluminium from fundamentals. 

These two projects are described in part 1. In connection 

with the first of these, it became desirable to decide 

what, if any, useful information could be furnished by a 

study of the de Haas-van Alphen e:ffect in dilute alloys. 

The thepry of this, and also its application to determining 

the band structure of bismuth, form part 2. At the expense 

of some repetition, we will now describe each of the pro

jects in somewhat greater detail, and give a guide to the 

material in subsequent sections. 

In section I.1 it was stated that the shape of the 
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Fermi surface can be determined in principle from the 

de Haas-van Alphen effect, and that much information is 

also given by the anomalous skin effect. In practice, 

however, the experiments are long and difficult (Pippard 

1954, Shoenberg 1956), so that at present the available 

results can only be described as fragmentary. Instead of 

waiting until all the desired data had accumulated for one 

metal, it seemed desirable to test the whole approach and 

to see how much use could be made of partially complete 

information. Tin is the only metal for which an orienta

tional study of the anomalous skin effect has b~en carried 

out, but as the Fermi surface must consist of more than one 

piece, no uni~ue interpretation is possible (Fawcett 1955). 

An orientational study of a group of de Haas-van Alphen 

oscillations in aluminium was just being comi;>leted 

(Gunnersen . 1955), but these oscillations correspond not to 

the main part of the Fermi surface but only to small pieces 

of it containing about 3.7 x 10-3 positive holes per atom. 

Oscillations corresponding to the main parts of the Fermi 

surface in aluminium have not been observed yet (Shoenberg 

1956). The only other orientational study of the de Haas

van Alphen effect that has been done is of the oscillations 

in bismuth, which fit a set of three similar ellipsoidal 

pieces of Fermi surface (Shoenberg 1939). 



Other data existing for aluminium include the density 

of states at the Fermi level as determined by the low 

temperature electronic specific heat, and also the surface 

resistance of polycrystalline aluminium in the extreme 

anomalous limit (section III.2). In spite of the experi

mental data being so incomplete, it was decided to see what 

could be got out of them. One of the surprising things 

about this project is, that the picture obtained of the 

Fermi surface is as clear as it is (sections III.7 and III.8). 

To this end it was most important to sort out the different 

components of the group of de Haas-van Alphen oscillations. 

The periods of the components when these had observable 

amplitude had been determined by Mr Gunnersen from his 

experimental curves. It then became necessary to construct 

a set of surfaces to which the components corresponded, and 

to determine the positions of these surfaces in the Brillouin 

zone. This was done largely by the arguments based on 

symmetry which are developed in section III.4. Using those 

ideas, Mr Gunnersen then constructed the actual shape of 

these small pieces of Fermi surface assuming they were 

centro-symrnetric. The experimental results were used in 

the present work (section III.5) in this form. 

Because the experimental information is so incomplete, 

it soon became obvious that a band structure calculation was 



necessary. Approximate though the results of such a calcu

lation necessarily are, it is possible from past experience 

of other calculations to set some probable limit on the 

error (section II.2). The results thus suggest various 

likely forms of the Fermi surface and rule out others. 

This was used in conjunction with the experimental int'orrna

tion to build up a fairly detailed picture of the Fermi 

surface (chapter III). For these purposes it is of course 

unnecessary to do the band structure calculation to an 

arithmetical accuracy much better than the errors inherent 

in the approximate potential on which it is based. The 

orthogonalized plane wave method was accordingly chosen for 

the calculation (section II.1). In the past the greatest 

difficulty with this method was the very poor convergence 

of the secular equation (Herman 1952, 1954b). Some thought 

was given to this matter and the cause diagnosed. It was 

then obvious how to improve the convergence vastly, and the 

effect of' the excited states turned out to be about a 

factor of' ten smaller than Herman's (section V.2). This 

also resulted in a convenient f'orm f'or the calculation, with 

which accurate work can be done with little more labour 

than is involved in previous approximate f'orms of' the cal

culation (sections II.1, II.3, II.5, II.6). E(k) was thus 

calculated using the electronic computer EDSAC I at about 



140 different values of k in the Brillouin zone, not 

counting equivalent ones related by symmetry. 

The second project arose out of the first in the 

sense that aluminium is a particularly suitable metal on 

which to try to improve band structure calculations, 

because we now have some definite information about the 

true Fermi surface with which to compare the results. 

9 

Being a light metal with a fairly high density of conduc

tion electrons, it also appeared suitable from other points 

of view (cf. section IV.1). The potential due to the con

duction electrons was made self-consistent for the first 

time, regarding both the oscillations of the wave functions 

near the atomic nuclei (section IV.4), and the potential in 

the regions about half way between the nuclei where the 

potential is not constant nor spherically symmetrical about 

some point (section IV.5). The effect of the ion core, 

especially the part due to exchange between the conduction 

and the ion core electrons, has been taken account of in 

greater detail than before. The total error in E(k) due 

to errors in the potential is estimated at 0.01 ry, and the 

error in the actual calculation of E(k) about 0.01 to 

0.02 ry. Nevertheless the calculated band structure does 

not agree with the one adopted as above on experimental 

grounds. The discrepancy , amounting to about 0.11 ry, is 
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rather puzzling but appears to be due to correlation and 

exchange effects among the conduction electrons. Such an 

accurate band structure calculation has necessitated a 

deeper discussion than usual (Reitz 1955, p.2) of what we 

mean by a "one-electron" model. In particular we have to 

adapt the Bohm and Pines theory (Pines 1955) of the free 

electron gas to the conduction electrons in a metal, and 

graft this onto the Hartree-Fock equations which form a 

good approximation for taking into account the interaction 

of the ion core electrons amongst themselves and with the 

conduction electrons. In section IV.1 we analy~e these two 

theories in terms of the physical picture which they 

present, and this suggests a unified point of view in which 

they could both be incorporated. It has not yet been 

possible to put this method on a sound theoretical basis. 

In fact it appears there are still unanswered questions 

about the alleged "independent-particles" nature of the 

Bohm and Pines model of the free electron gas. Thus 

although the ultimate goal of doing a band structure calcu

lation to an accuracy of about 0.01 ry which would make the 

results of physical value has not been attained, several of 

the obstacles have been overcome so that new light is thrown 

on the remaining one (or ones). 

While the experimental work on the de Haas-van Alphen 
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effect was still in progress, I noticed that a study of the 

effect in dilute alloys could in principle determine 

whether the corresponding piece of Fermi -surface enclosed 

a region of electrons or positive holes. Suppose we alloy 

aluminium with a little magnesium thus reducing the concen

tration of conduction electrons per atom. Then if the 

oscillations in the alloy correspond to an enlarged piece 

of Fermi surface, the latter presumably encloses a region 

of positive holes. The order of magnitude of the effect 

can also be calculated in an elementary way along these 

lines. Now in fitting the observed pieces of Fermi surface 

in aluminium into the complete band structure, it would 

have been extremely valuable to have knovm from the sign of 

the effect of alloying whether they enclose electrons or 

holes. The simple theory indicated that the effect might 

be just observable, but it turned out not to be so. 

Although the de Haas-van Alphen effect in alloys 

was of no great use in studying the Fermi surface in 

aluminium, a more thorough theoretical study of the effect 

of alloying was indicated. It all seems simple from the 

above picture, but the few experimental data that exist 

contain unexpected features, and so the current theory of 

dilute alloys (Friedel 1952) was applied to the problem 

(Chapter VI). The anomalies have been explained, and the 
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work shows that a study of the de Haas-van Alphen effect in 

alloys could furnish interesting information about the 

nature of bound states round the solute atoms when they 

exist. As well as indicating the nature (electrons or 

positive holes) of the carriers responsible for the oscilla

tions, such a study gives a rough figure for the density of 

states when this is not otherwise available. Also in some 

cases like bismuth we obtain an indication, of the total 

number of free carriers in the metal. 

One of the anomalies mentioned above related to some 

de Haas-van Alphen effect data on bismuth alloys (Shoenberg 

and Uddin 1936). Thus while studying the theory of the 

effect of alloying, it happened that some new and interest

ing evidence about the band structure of bismuth was ob

tained. In Chapter VII we will review all the various 

available experimental data about this metal in the light 

of the new evidence, and obtain a more definite picture of 

its band structure. There is undoubtedly one band contain

ing about 1.5 x 10-5 electrons per atom, for which the 

Fermi surface consists of three ellipsoids related by 

symmetry (Shoenberg 1939). The question has always been 

whether there is a further band containing a considerably 

larger number of electrons (Wilson 1953, p.228). It is 

shown that all the observed properties can be explained 
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without assuming the existence of this additional band of 

electrons, and there is in fact considerable positive 

evidence that it does not exist. 

Further details about the four projects are given 

in the introductory and concluding sections at the various 

stages of the work to follow. For the sake of clarity but 

at the expense of some repetition, the main points are 

emphasized in these sections with as little direct refer

ence as possible t o the detailed arguments. 



PART 1 

THE BAND STRUCTrURE AND FERMI SURFACE 

OF ALUMINIUM METAL 



CHAPTER II. THE CALCULATION OF THE BAND STRUCTURE 

II.1 The difficulties in energy band structure 
calculations, and the orthogonalized plane wave method 

14 

The wave functions of electrons in solids are of a 

composite type, particularly in metals. Near each atomic 

nucleus they are very similar to atomic wave functions, but 

in the region between the nuclei they approximate to plane 

waves travelling through the lattice (Mott and Jones 1936, 

chapter II). Because of this fact, the wave functions are 

rather difficult to calculate, for the methods suitable for 

the one type of function are on the whole unsuitable for 

the other. Thus the methods that have been used for calcu

lating the wave functions and energy levels may be classi

fied into three types: (i) the methods based on atomic-like 

wave functions, (ii) a method based on plane waves, and 

(iii) composite methods which try to build up the wave 

function from a plane wave part and an atomic-like part. 

There is in addition a variational method. An example of 

the first type is the cellular method first used by Wigner 

and Seitz (cf. Mott and Jones 1936, p.76). This method is 

admirably suited to calculating the wave functions near the 

nuclei, but runs into difficult matching conditions in the 

region half-way between atoms. The only example of the 



second type is the plane wave method. This consists of ex

panding each wave function in terms of a series of plane 

waves. This series converges very slowly, because terms 

, with small wavelengths are required to represent the rapid 

oscillations of the wave function near the nuclei. The 

third type is best illustrated by the augmented plane wave 

method, which starts by surrounding each atom with a sphere 

large enough to contain the ion core of the atom but not 

large enough for neighbouring spheres to touch. The wave 

functions are taken to be plane waves in the region between 

the spheres, and these functions are then matched to 

atomic-like functions inside the spheres. These and other 

methods have recently been reviewed by Reitz (1955), so 

that further details and references will not be given here. 

The orthogonalized plane wave method which was used in the 

present work also belongs to type (iii) above, and is dis

cussed in detail below. 

There is another serious difficulty of quite a 

different type in band structure calculations. There are 

usually considerable uncertainties in the potential in the 

lattice on which the calculations are based, as discussed 

in section II. 2. They are known to give considerable 



errors of up to 0.2 ry~ in the calculated energy levels 

(cf. section II.2), so that if one is interested in the 

physical significance of the results, there is little point 

in using a time consuming accurate method of calculation 

based on an unavoidably inaccurate potential. For instance, 

the augmented plane wave method is one of the methods which 

are regarded at the present time as being most useful for 

accurate band structure calculations (Howarth 1955). 

Starting from some definite potential, it gives an accuracy 

of about 0.001 to 0.0001 ry. However, it was estimated 

that a minimum of two or more years work would be needed to 

obtain any result at all with it, and when the present work 

was started the method was still in the process of being 

developed and used for the first time by Dr Howarth. 

Anyway it would probably require a prohibitive amount of 

error-free running time on EDSAC I, which is much slower 

than the machine used by Dr Howarth. Thus this method was 

not adopted for the present calculations. On the other 

hand, the orthogonalized plane wave method appeared to 

*The unit of energy used throughout the present work is 
1 Rydberg unit= 13.60 electron volts, which will be 
abbreviated as ry. All other quantities will be ex
pressed in atomic units (Hartree 1928). In this 
system the charge on a proton, the mass of the electron, 
and 11 are unity. These units will be taken to apply 
to all numerical values and mathematical relations, 
except where otherwise expressly stated. 
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offer adequate accuracy (of the order of 0.05 ry or better, 

cf. section II.5) for the least amount of calculation. It 

was therefore chosen for the present work, and the arithme

tic took about 9 months using the electronic calculator 

EDSAC I at most stages of the computations. 

Let us now consider the wave functions of the con

duction electrons in aluminium metal. In the free atom, 

the valence electrons occupy 3s and 3p orbitals, so that 

the wave functions in the conduction band of the metal 

approximate near the atomic nuclei to a mixture of these. 

The conduction band wave function with lowest energy lf k=O 

is shown inside each atomic sphere (the sphere of radius 

r
0 

round each atom, whose volume is equal to the mean 

volume per atom in the crystal) schematically in figure 1, 

which also shows the atomic 1s and 2s wave functions ~1 
and ~2 . The orthogonalized plane wave method depends on 

the following three points. 

(i) The wave function 'fk=O is approximately constant, 

equal to a say, corresponding to a plane wave with 

zero wave vector over a large part of the atomic sphere. 

It deviates from this appreciably only in the region 

r .C:::.fr
0 

, i.e. over about i of the whole volume (cf. 

Mott and Jones 1936, p. 79). 

(ii) Over the region r < !r
0

, the form of the 
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tic took about 9 months using the electronic calculator 

EDSAC I at most stages of the computations. 

Let us now consider the wave functions of the con

duction electrons in aluminium metal. In the free atom, 

the valence electrons occupy 3s and 3P orbitals, so that 

the wave functions in the conduction band of the metal 

approximate near the atomic nuclei to a mixture of these. 

The conduction band wave function with lowest energy lf k=O 

is shown inside each atomic sphere (the sphere of radius 

r
0 

round each atom, whose volume is equal to the mean 

volume per atom in the crystal) schematically in figure 1, 

which also shows the atomic 1s and 2s wave functions 01 
and 02 . The orthogonalized plane wave method depends on 

the following three points. 

(i) The wave function 'fk=O is approximately constant, 

equal to a say, corresponding to a plane wave with 

zero wave vector over a large part of the atomic sphere. 

It deviates from this appreciably only in the region 

r 4'.ir
0 

, i.e. over about i of the whole volume (cf. 

Mott and Jones 1936, p. 79). 

(ii) Over the region r < ir
0

, the form of the 



18 

oscillations in lJI k=O which are like those of an 

atomic 3s function, can be represented rather well as 

the sum of the plane wave and the atomic 1s and 2s 

functions. Thus we write 

(II.1.01) 

where b1 and b 2 are constants. 1s, 2s, 3s wave 

functions have been calculated by Bierman and Harting 

(1942) for the ion + Al , and for these it was found 

that the form (2.1.01) could fit the 3s function in the 

range 0 r 0.7 r
0 

correct to about a 'few per 

cent, which can only be described as remarkable. 

(iii) The wave functions in the conduction band must be 

orthogonal to the 1s and 2s atomic functions. This 

follows either from the exclusion principle because the 

1s and 2s states are filled by core electrons, or from 

the fact that the different eigenfunctions of the 

Hamiltonian operator must be mutually orthogonal. This 

condition can be used to determine the constants b1 
and b2 , and a is then determined by normalization. 

With this brief description of the basis of the orthogonal

ized plane wave method, we proceed to outline the develop

ment of the method. So that the main trend of the argument 

is not lost among the details, some of the symbols will· not 
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be defined very precisely. The correct relations will be 

given in full later (section II.3). 

Let (PW) represent a plane wave wave-function, or 

a linear combination of plane waves, say with wave vector 

k Let ~t with t = 1, 2, x, y, z be normalized atomic 

wave functions of type 1s, 2s, 2px' 2py' 2pz respectively, 

and (~t) the corresponding Bloch II tight binding" wave 

function with wave vector k (cf. Mott and Jones 1936, 

p.66; also equation II.3.05). Then following (II.1.01), we 

shall define the orthogonalized plane wave (OPW) corres

ponding to (PW) by the relation 

( OPW) = a [{PW) - 2_ bt (~t.27 , 
t 

( II. 1 • 02) 

where the bt can all be made real. If this function is 

orthogonal to each of the (~t) , we have 

= s (~t)* (PW) dv ( II. 1. 03) 

If the orthogonalized plane wave be also normalized, we 

have the condition 

s (OPW)" (OPW) dv = a
2 

(1 - ~ b~) = 1 . (II.1.04) 

The Hamiltonian operator is 

H = - V 2 + U(r) ( II.1. 05) 

where U is the potential energy function of an electron 
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in the lattice. The energy of the state (II.1.02) is then 

E · = (OPW)* H(OPW) dv 

= 
2 

a (Pw)*H(PW)dv 
t 

+ 
r t 

We may also write 

5(Pw)*u(PW)dv . 

(II.1.06) 

(II.1.07) 

We now have to discuss the functions ~t ' in greater 

detail and they may be regarded from two different points 

of view. From one point of view, the ~t are rather 

arbitrary functions, the only requirement of them being 

that they make the wave function (OPW) approximate to the 

true wave function as closely as possible. From this point 

of view the fact that the ~t may be taken as atomic-like 

1s etc. wave functions is then merely a convenient accident. 

Thus the functions ~t that have been used in the past are 

analytical functions like rn exp (-er) (Parmenter 1952), 

or atomic wave functions that have been calculated for the 

free atom or ion from the Hartree or Hartree-Fock equations 

( cf. Reitz 1 9 5 5 ) . 
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The other point of view, which has been adopted 

apparently for the first time in the present work, uses the 

1s etc. eigenfunctions of the same Hamiltonian (II.1.05) as 

is used for the conduction band wave functions. This has 

two advantages. Firstly, it is necessary by a fundamental 

theorem in quantum mechanics (Schiff 1949, p.44) that the 

true conduction band wave functions are orthogonal to these 

1s etc. eigenfunctions of the same Hamiltonian. Thus we 

would expect to obtain better wave functions (II.1.02) by 

the suggested choice of the ~t functions. That this is 

so is seen by the rapid convergence of the secular equation 

(see below). The other advantage of this procedure is that 

we have the relation 

(II.1.08) 

where -Et is the eigenvalue corresponding to (~t) , and 

Et is positive. This relation, together with the fact 

that the different ~t really are orthogonal to one another 

which they are not if they are the solution of Hartree's 

equations, allows us to simplify (II.1.06) enormously. We 

obtain, using (II.1.07) and (II.1.08), 

E = a
2Lk2 

+ S (PW)* U (PW) dv + ~ b~ EJ. 
(II.1.09) 

There is a corresponding reduction in the amount of computa

tion required to evaluate the energy values. 
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Equation (II.1.09) . may be interpreted physically as 

follows. The first term in the bracket is the energy of 

the plane wave. The second term is always negative because 

the potential U acting on an electron in the lattice is 

attractive. It represents the mean potential energy of the 

electron, and the third term is the additional energy due 

to the oscillation of the wave function near the nuclei and 

this may be interpreted as kinetic energy (cf. Mot t and 

Jones 1936, p.80). In aluminium, k2 was found to be on 

the average about 0.5 ry, and the last two terms each about 

1 ry. However, the second and third terms are negative and 

positive respectively so that they cancel one another, and 

their sum was usually found to be of the order of 0.05 ry, 

so that the final energy values are close to the free 

electron values (cf. section II.8). For instance, functions 

that have predominantly p-like symmetry about the nuclei 

give relatively low values for each of the two terms. On 

the other hand functions with s-like symmetry have a lower 

potential energy because they give a higher probability for 

the electron to be near the nuclei, but they also have a 

higher kinetic energy because the wave function has one 

more node per atom in it than the corresponding p-like 

function (Mott and Jones 1936, p. 75). The fact that the 

large potential and kinetic components of the energy have 
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to be evaluated separately in the orthogonalized plane wave 

method, means that these terms have to be calculated 

accurately which is one of the drawbacks of the method. 

The next stage in the development of the method is 

to approximate more closely to the true wave functions than 

a single orthogonalized plane wave can, by considering 

linear combinations of them. It is only necessary to 

consider waves whose wave vectors differ by 2tr times a 

reciprocal lattice displacement (Mott and Jones 1936, p.59; 
'T 

Bouckaeit, Smoluchowski, and Wigner 1936), and we will 

assume that for a particular k these can be arranged in 

some order, say according to increasing energy, so that we 

can distinguish them by labelling each with an integer n. 

Thus we consider linear combinations of orthogonalized 

plane waves (LCOPW)'s of the form 

( LCOPW) = 2.._ en ( OPW, n) 
n 

(II.1.10) 

The orthogonalized plane waves form a complete set for ex

panding- functions that are orthogonal to the (~t) , so 

that as usual in the matrix formulation of quantum mechani

cal problems (Schiff 1949, chapter 6), we may obtain the 

energy eigenvalues to any desired degree of approximation 

from the secular equation 

determinant/ Hmn - E Smn / = o, (II.1.11) 



where 

and 

Hrnn 

srnn 

= 

= 

~ (OPW,m)* H (OPW,n) dv 

j ( OPW, m) * ( OPW, n) d v . 

In practice we can only consider the equation 

(II.1.11) cut off at some finite order M, which results 
in an error in the energy which we shall refer to as the 
convergence error. With M about 10, the convergence 
error in the orthogonalized plane wave method as used by 

Herman (1952, 1954a and b) was of the order of 0.2 ry. In 
the present work it was found to be about 0.02 ry with 
M = 2 or 4, and this improvement is due to the particular 
choice of the .0t in the present adaptation of ,the method. 
The reason for this is discussed in section V.2, where the 
theory of the convergence of (II.1.11) is developed. 

In section II.2 we will consider in detail what is 
the net electric potential acting on the conduction elec

trons, taking into account exchange and correlation between 
electrons as well as possible, and making the potential due 
to the conduction electrons roughly self-consistent. In 
section ·11.3 we will give the precise relations used in the 
orthogonalized plane wave calculation corresponding to the 
outline presented above. Section II.4 describes the 

numerical computations .that were involved, and in particular 
describes how symmetry considerations allow one to simplify 
the calculation of the energy corresponding to a point of 
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high symmetry in the Brillouin zone. Section II.5 contains 

a discussion of the various errors and correction terms that 

are involved in the computations, with particular reference 

to those which depend critically on the choice of the 

functions ~t. These considerations are important in 

assessing the usefulness of the orthogonalized plane wave 

method for calculating band structures in section II.6. 

Section II.7 describes some of the general properties of 

the energy as a function of k in the Brillouin zone, with 

particular reference to interpolating between the calculated 

energy values, and to the possibility of degeneracy between 

the states of different zones. The results of the calcula

tion are summed up in section II.8, with the exception of 

the calculations dealing particularly with the energy near 

the corners of the zone. This topic is postponed to 

section III.5. 

II.2 The potential in the lattice 

It has been pointed out in the last section that at 

the moment the most serious obstacle to determining the band 

structure of a solid theoretically, is the uncertainty that 

exists about what is the net potential acting on a conduc

tion band electron in a metal as it moves through the 
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lattice. In this section, we will first consider to what 

extent the calculated band structure is sensitive to these 

uncertainties. We shall see that there is evidence that 

the corresponding uncertainites in the calculated energy 

values is large (about 0.2 ry), and we have already seen 

in section II.1 how this fact determined the method of calcu

lation that was adopted in the present work. We will then 

discuss what these uncertainties in the potential are due 

to, and how the potential that was used in the present 

calculation, although approximate, was arrived at in a way 

which overcame some of them. The present discussion should 

not be confused with the calculation in Chapter DJ of a 

much more accurate potential. The latter work arose out of 

the present project, and had not been envisaged at this 

stage. 

As regards the uncertainty in the calculated energy 

values, there is one case where we have detailed published 

results of reliable energy band calculations based on some

what different potentials, namely Howarth's (1953, 1955) 

determinations of the 4s, 4P conduction band of copper. He 

showed conclusively that small differences in the assumed 

potential gave differences of up to 0.2 ry in the energy 

values of different states in the conduction band relative 

to one another. The states with higher values of the wave 
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vector k, which may not be occupied in monovalent copper 

but are in trivalent aluminium, are particularly affected. 

Similar but less detailed results have been obtained for 

lithium (Kohn and Rostoker 1954). Jenkins (1954) also 

found a calculated overlap of the valence and conduction 

bands of silicon of nearly 0.2 ry, so that some of the 

calculated energy values must have errors of this order of 

magnitude. 

These uncertainties in the potential arise as diffi

culties partly of principle, and partly of calculation. In 

the former class comes the question of how to take adequate 

account of correlation and exchange effects in the "one

electron forrrmlation" (Reitz 1955) which is inherent in 

most of the present theory of solids. In the second category 

come the amount of labour that would be required to obtain 

a self-consistent solution for all the electron states in 

the solid, and the inclusion of that part of the potential 

which is not spherically symmetrical about the nucleus in 

any atomic polyhedron. Of course even deeper goes the 

question to what extent this independent electron approxima

tion, in which each electron moves in some net potential due 

to all the other electrons and the nuclei, is valid at all 

for the electrons in the conduction band of solids. The 

experimental evidence is that the approximation is in some 



ways very good. For instance it has accounted in such 

detail for the many thermo-magneto-electric properties of 

semiconductors, such as resistance, Hall voltage, thermo

electric power, cyclotron resonance, etc •. We also have 

the de Haas-van Alphen effect in metals (Shoenberg 1952), 

in which is due small groups of electrons (10-3 to 10-6 per 

atom) behaving quite separately from the rest of the con

duction electrons. Although this fact is surprising in 

some ways, because the Coulomb repulsion between each pair 

of electrons is so strong at the electron concentrations 

found in metals, the work of Bohm and Pines (Pines 1955) 

is able to give us some understanding of it. Thus working 

in terms of this independent electron model, we have to 

consider in arriving at our net potential acting on a con

duction electron the following points in turn: 

(i) the potential due to the ion core; 

(ii) exchange amongst the ion core electrons; 

(iii) exchange between the ion core and conduction 

electrons; 

(iv) correlation amongst the ion core electrons; 

(v) correlation between the ion core and conduction 

electrons; 

(vi) correlation amongst the conduction electrons ; 

(vii) exchange amongst the conduction electrons; 



( viii) the potential due to the conduction electrons; 

(ix) the deviations of the potential from spherical 

symmetry round each nucleus; 

(x) the self consistency of the whole scheme; 

(xi) spin-orbit coupling. 

It will be convenient to represent the potential energy of 

a conduction electron inside any atomic sphere as 

V( r) = (II.2.1) 

so that Zp(r) is always positive and tends to 13, the 

atomic number of aluminium, for small values of r. 

As regards items (i) and (ii), a survey of the 

literature (cf. Hartree 1948) indicated that atomic self 

consistent field calculations had been made for Al+++ 

(Hartr~e 1935) and Al+ (Biermann and Harting 1942), of 

which the latter was considered to correspond more closely 

to aluminium metal. These calculations did not include 

exchange, which can be compensated for in some measure by 

omitting any correction under item (iii), the exchange 

·effect of the core electrons on the conduction electrons. 

In detail, the core wave functions calculated by Biermann 

and Harting (1942) without exchange are too extensive, so 

that the effect of core-core exchange would be to reduce 
2 2 6 the values of ZP for the ion 1s 2s 2p calculated from 

their wave functions. However, the ef fect of exchange 



would also be to make the potential more attractive as 

seen by a conduction electron, i.e. to increase ZP 
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These two effects are known to compensate one another to a 

considerable extent in calculations on free atoms or ions, 

as noted by Hartree and Hartree (1936). It is this fact 

which makes Hartree wave functions for atoms, calculated 

without exchange, approximate so well to the true wave 

functions. Nevertheless, the lack of exact compensation 

is probably the largest source of error in the potential 

that was used. 

Let us consider points (v) and (vi) above. Any one 

particular electron is always acted upon by the Coulomb 

repulsion of all other electrons, which cannot be repre

sented by a fixed field because the other electrons are not 

stationary. However, their average effect can be taken 

into account, and is done so in the Hartree and Hartree

Fock equations (Mott and Jones 1936, section II.1) in such 

a way as to give the lowest total energy using a particular 

form for the total wave function. By "correlation" we mean 

as usual the electronic interaction that is not taken 

account of by the Hartree-Fock field. At present it is far 

from clear whether the Hartree-Fock method minimizes the 

effect of correlation as regards other properties besides 

the total energy. Considering for instance a conduction 
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electron, it can presumably penetrate the ion core more 

than is given by the Hartree-Fock equations because the 

other electrons get out of its way as it comes along. On 

the other hand, this would presumably result in more rapid 

variations of the core electron wave functions, which would 

tend to give them higher energy and thus tend to make them 

spread out more. This is similar to the effect of including 

exchange in the Hartree-Fock equations as compared with the 

Hartree equations (Hartree and Hartree 1936). With.a small 

ion core, the effect is expected to be small (cf. section V. 

3) and we will omit it. 

Nevertheless correlation could not be left out 

entirely. If we take only exchange between the conduction 

electrons into account (item (vi)) without correlation 

( item ( v)), it is well known ( cf. Pines 1955, section 2; 

Seitz 1940, p.422) that we are led to some absurd results, 

which can only be avoided by treating both items together 

as has ~een done by Bohm and Pines (Pines 1955). Correla

tion and exchange represent the fact that any pair of 

electrons tend to keep apart because of the Coulomb repul

sion between them and because of the exclusion principle. 

They result in a region of low electronic .density, termed 

a II correlation and exchange hole", surrounding any particu

lar electron, which thus has a somewhat lower potential 
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energy tban it has according to the Hartree model (Mott 

and Jones 1936, p.139). We shall refer to this additional 

negative potential energy as the correlation and exchange 

potential VBP(r,k) , where ~ is the electron wave vector. 

In the past, items (v) and (vi) have usually been 

taken into account in the manner first introduced by Wigner 

and Seitz (cf. Mott and Jones 1936, p.137). In this 

approximation, if the electron under consideration is in 

one particular atomic polyhedron (Mott and Jones 1936, p. 76), 

then it is assumed that correlation and exchange on the 

average keep one other electron out of that atomic polyhe

dron compared with a uniform charge density, and thus that 

the electron moves in the field of a singly charged ion. 

This rather crude approximation, which has been used up 

till the present, can be seriously criticized on three 

counts. Firstly the assumption is obviously not true in 

regions near the boundary of the atomic polyhedron where 

the exc~ange and correlation hole will affect electrons in 

two or more neighbouring polyhedra, and such regions make 

up the majority of the volume of the metal. In fact the 

correlation and exchange hole is not tied to the cent re of 

a polyhedron as in this assumption, but moves with the 

electron. Secondly the mean radius of the hole in this 

approximation is always r
0

, the radius of the atomic 
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sphere and does not decrease with an increase in the number 
of electrons per atom, so that if it is approximately 
correct (as it is, see below) for a monovalent metal, it 
will be incorrect for aluminium. Thirdly the exchange and 
correlation potent ial must depend on the wave vector k of 
the conduction electron, as does for instance quite 
markedly the exchange potential for free electrons (Seitz 
1940, p.341). 

All these objections to the Wigner-Seitz me thod can 
be overcome in an approximate way. Wigner and more recently 
Bohm and Pines (see Pines 1955) have considered correlation 
and exchange in a gas of free electrons, and the latter 
authors give an explicit formula ((II.2.2) below) for 
VBP(r,k) , which in this completely free electron case of 
course does not depend on r. Thus the exchange and 
correlation hole follows the electron around, giving it an 
extra potential energy VBP(k) • We may reasonably apply 
this also to conduction electrons in aluminium, because 
98% of the ion core electrons are contained within a radius 
of fr

0 
(Bierman and Harting 1942) occupying only i of the 

whole volume. Thus the conduction electrons do form very 
nearly a gas of freely interacting particles, and the wave 
functions approximate to plane waves over the region 
r )> fr

0 
(cf. section II.1). A rough preliminary calculation 



34 

showed that the energy in the conduction band approximated 

to that of free electrons, and that the particle density 

~- 'f *( r) 'f ( r) over the region of the ion core averaged out 

to approximately the same as that outside the core, which 

all gave support to the approach. In fact the results of 

the final calculation (section II.8) showed that for most 

values of k the energy was almost exactly the free elect

ron energy k2 (without VBP), so that the analysis of Bohm 

and Pines should be applicable since it only makes use of 

the variation of the energy of the particles with k. 

Also it was not necessary to assume an effective mass 

different from the free electron mass. Thus in the actual 

calculations, the potential that was used was that of the 

neutral lattice, and the free electron correlation and 

exchange potential VBP(k) was added on to the calculated 

energy values at the end. If aluminium had not approximated 

to the free electron gas so well, it might have been 

necessary to consider VBP varying with r in such a way 

that at every point VBP corresponds to the total elec-

tronic charge density at that point. VBP was calculated 

from the relations given by Pines (1954) by substituting 

the constants appropriate to aluminium (cf. table 16). Thus 



Table 2 

k k VBP(k) 

(tr/a)(o,o,o) 0 -0. 560 

(lr/a)(1,1,1) 0.714 -0.389 

( 'lr /a)(o,2,0) 0.825 -0. 364 

( tr I a) ( o, 3/2, 3/2) 0.875 -0.355 

( Y /a)(0,2,1) 0.922 -0.344 

Fermi level 0.927 -0.342 
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2 t + t n /.J "_/ ry' 

1- f ~ t~1; 

where t = 1.077 k, 

and f is a constant given approximately by 

(3 = 

(II.2.2) 

( II. 2 .3) 

where n is the number of conduction electrons per atom, 

or f is determined from the graph given by Pines ( 1954) 

which in our case gives f3 = 0.53. Table 2 gives VBP 

for the most important values of k. Further, the radius 

of the exchange and correlation hole is approximately 

1 
1. 48 r; -1/6 

n ' (II.2.4) 

which has quite a different dependence on r
0 

and n than 

the radius r
0 

corresponding to the Wigner-Seitz potential. 

In our case (II.2.4) gives a radius of 2.14 atomic units, 

as against the Wigner-Seitz value 2.97 which would be more 

nearly correct for n = 1 . 



As regards item (viii), the potential due to the 
conduction electrons, it has been shown in the last para
graph that we must use in the calculation the potential of 
the neutral lattice as seen by an infinitesimal test charge, 
because the effect of the correlation and exchange hole is 
taken account of later by adding on VBP(k) . Thus we re
quire the potential from the distribution of three conduc
tion electrons per atom. Although the wave functions are 
nearly plane waves over most of the atomic polyhedron, 
their charge density over the region of the ion core is 
less than that outside, because of exchange repulsion. 
Thus it was not considered adequate to calculate simply the 
potential due to a completely uniform charge distribution, 
and the first step in the direction of self-consistency was 
taken. We may calculate the potential due to the conduc
tion electrons by considering three representative ortho
gonalized plane waves and averaging over all orientations. 
Three suitable orthogonalized plane waves are the ground 
state one with k = o, and two with k on the boundary of 
the Brillouin zone one having s-like symmetry about the 
nucleus and the other p-like. We can calculate the charge 

~ density lf r due to each of these wave f~nctions, average 
over all directions of k analytically, and we obtain the 
charge density as a function of the radius r in the form 



Table 1 

r 2Zp( r) 2Zp ( r) 2Zp ( r) 
I II difference 

0 0 0 0 

0.2 o. 604 o. 591 o. 013 

0.5 1. 497 1 .429 o. 068 

1 • 0 2.910 2.727 0.183 

1 • 2 3.432 3.240 0.192 

1. 4 3. 921 3.736 0.185 

2.0 5.137 5.059 o. 078 

2.4 5. 684 5. 654 0.030 

2.9765 ( ro) 6.000 6.000 0 

I. has been derived assuming that the charge distribution 
is uniform inside the atomic sphere. 

II has been derived from the charge distribution corres
·ponding to the sum of three orthogonalized plane waves. 
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+ (1/kr
2

)(A9P1 + A10P2 ) sin (kr) + A11 (1/r)PxJ
1

(kr) 

(II.2.5) 

Here the Pt(r) are the radial parts of the wave functions 

~t as defined by equation (II.3.03), and the A's are 

coefficients which depend on the a's and bt's of the 

three orthogonalized plane waves (cf. equations II.1.02, 03, 

and 04). The atomic 1s, 2s, 2p functions calculated by 

Biermann and Harting (1942) were used for the ~t , (II.2.5) 

thus tabulated numerically and then integrated twice 

(equation IV.4.2) to give the potential. This potential is 

expressed using (II. 2. 1 ) in terms of 2ZP ( r) , some rep re

sent at i ve values of which are shown in table 1 under column 

II and compared with the corresponding values obtained from 

a perfectly uniform distribution of free electrons (column 

I). The differences amount to a few per cent which is 

quite appreciable, though probably smaller than the errors . 
introduced in the present calculation in items (i), (ii), 

and (iii). 

Thus for the whole metal, we assume that there is an 

aluminium 1s
2 

2s
2 

2p
6 

ion situated at each lattice site, and 
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that each atomic sphere contains three electrons distri

buted with the charge density (II.2.5). The corresponding 

potential energy function acting on an introduced test 

charge is then 

U(r) = 2. V(r - r.) 
. - -1 
l 

(II.2. 6) 

where V(r - ri) is the potential due to the contents of 

one atomic sphere and we have put 

V( r) = (II.2.7) 

with V( r) = 0 f'or 

The total values of' 2ZP(r) are shown in table 17. 

Thus in regions of' type C (f'igure 2) between the atomic 

spheres the potential is zero, while at B where two spheres 

overlap it is V(£ - r 1 ) + V(£ - r 2 ). 

Considering now item (ix) above, the deviations of' 

the potential from spherical symmetry around each nucleus, 

it is immediately obvious that our potential U(r) (II.2.6) 

corresponds to a highly artif'icial charge distribution, 

which is zero over regions of type C (f'igure 2) and very 

high in regions of' type B where two atomic spheres overlap. 

In reality, this disparity is largely evened out by movement 

of charge from B to C, which would result in a lower 

potential at Band a higher one at c. Thus our potential 



is closer to the true potential than is the form 

V( r) = 0 

used in the augmented plane wave and other methods. This 
latter form is zero at all points outside t ouching spheres, 
and is thus the same at points half-way between atoms 1 and 
2, and 1 and 4 (figure 2 ) . We would not expect the error 
r esulting from our form (II.2.7 ) of the potential to be 
very large, firstly because the correction is positive at 
some places and negative at others so that it tends to 

cancel in any case, and secondly the wave functions over 
the regions concerned are all rather like plane waves so 
that the net effect would be nearly the same on each of 

them, and thus differences between the energy levels would 
not be greatly affected. 

To make the whole solution of the conduction band 

and the ion core wave functions self-consistent, the most 
importan~ step would be to do a Hartree-Fock calculation 
for the core electrons (items (i) and (ii)). However, 
before this would be worth the effort involved, it would b~ 
necessary to reconsider all the other items above in more 
detail and to overcome in a greater measure the errors 
introduced by them. This topic is taken up in Chapter IV. 
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Spin-orbit coupling (item (xi)) is quite negligible 

compared with our errors. The expected band splitting due 

to it would be about 0.003 ry, similar to that in silicon 

which is next to aluminium in the periodic table (cf. 

Dresselhaus 1955). 
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II.3 Setting up the secular equation 

The formulae used in the orthogonalized plane wave 

method for calculating the energy of a state have already 

been given in outline in section II.1. By trivial exten

sions of the argument presented there, we arrive at the 

following precise definitions and relations. 

The Hamiltonian for an electron moving through the 

lattice is taken as 

where r. 
-J 

H = ~2 + 
N 
~ 
j=1 

V(r - r.) 
- -J 

(II.3.01) 

is the position vector of the jth atom out of the 

N atoms, which we assume are arranged in a rectangular 

block. V(r) is the spherically symmetric potential derived 

in section II.2, which decreases to zero at and outside the 

atomic radius r
0

• We have thus approximated to the real 

potential by using in (1) a sum of spherical potentials 

overlapping a little. The Hamiltonian (II.1.01) should also 

contain the potential VBP(k, r) (c.f. section II.2), but 

since in our case this does not vary with r, it is more 

convenient sirqply to add it onto the calculated energies at 

the end. 

Consider also the atomic-like Hamiltonian 



illouin zone of the tac 
c ntr d cubic structure, bowing point of 
high eymm try. 
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- V 2 + V( r). (II.3.02) 

This has atomic-like 1 s, 2s, and 2p eigenf'unctions ,0
1

, ,0
2

, 

,0x' ,0y' ,0z' normalized to unity, where ,0x' ,0y' ,0z are the 

2p solutions that transform like x, y, z under rotations. 

Let the energy eigenvalues be (-E1 ) ' (-E2)' (-Ex)' (-Ey)' 

( -Ez)' with Ex = E = Ez' and all the Et positive. It is y 
convenient to express the ,0t in the form 

.01 Cr) = P1 ( r)/r J 4;r 
' 

~x(r) i (X) 
Px(r) M , etc. (II.3.03) = r r 

where J P~(r)dr = 1 , and Px = p = p y z 

The aluminium lattice is face centred cubic, so that 

if we use periodic (Born-von Karman) boundary conditions 

(Seitz 1940, p.272), the eigenfunctions of (II.3.01) can be 

associated with a wave vector k in the first Brilloru:nzone 

shown in figure 3. Let us represent a plane wave, normalized 

to unity over the region of N atoms, by the wave function 

(PW, k, n) 1 exp ( ik I o £.) = 
' (Nvo)2 

(II.3.04) 

with k' = ~+Kn ' 
where v0 is the atomic volume, equal to the volume of a 

sphere of radius r
0 

, and K -n is 2 n- times a reciprocal 

lattice vector. We can also define Block.functions 
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( II. 3. 05) 

and orthogonalized plane waves 

(OPW,k,n) = ( II. 3. 06) 

The Bloch functions (~t'k) are eigenfunctions of H with 

energies -Et , if we assume that the atomic functions on 

neighbouring atoms do not overlap appreciably. While this 

is a very good approximation for the 1s functions, it is 

not quite so good for the 2p functions, and the necessary 

corrections are considered in section II.5. The orthogon

ality and normalization conditions (II.1.02 and 03) deter

mining the a and b coefficients become 

= ( II. 3. 07) 

so that they are all real when ~t has the form (II.3.03), 

and 

( II. 3. 08) 

The integral in (II.3.07) may be simplified by using (II.3.03). 

Thus 
1 o<> 

b1kn = (3/r~/- s p1 (r) sin(k'r) dr, 
k' 0 

1 s~p1 (r) = (3/r~/- r dr, (k' = o) 
' 0 
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k' r:x(r) bxkn = :--h (--K) j1 (k'r) r dr 
' etc., 

r k' 
0 0 

(II.3.09) 
where k' = /k' 

' x' 
k' k') y' z ' 

and j1 ( z) J3/2(z) 
sin z cos z (II.3.10) = = 2 z z 

If we regard the orthogonalized plane waves as a com
plete, infinite set of functions, we can set up the Hamil
tonian (II.3.01) in matrix form, and the eigenvalues are 

determined by the secular equation (II.1.07). States with 

different k belong to different irreducible representations 
of the translation group of the lattice, so that the secular 
equation factorizes into a sequence of secular equations 

determinant / Hmn - ESmn / = 0, (II.3.11) 

where Smn is the overlap matrix, one equation for each 

allowed value of k in the Brillouin zone. Here 

smn = 1 for m = n , 

= for m + n , (II.3.12) 

and 

Hmn = 

+ (II.3.13) 
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where 

(V, K) 1 r exp(-iK.£) V( r) dv = ' VO 

= ~ r 2Zp ( r) sin(Kr) dr, (II.3.14) v
0
K 

0 

where 2Z (r) = -r V(r) 
p -

as in section II.2, and K = K-m - K - -n 
is 2 ir times a reciprocal lattice vector. The energy E(k) 

was calculated from (II.3.11 ), after the matrix elements 

had been determined for different values of k. 

II.4 The numerical conwutation of the energy 

The numerical computation of the energy proceeds in 

four stages: 

(i) the calculation of the 1s, 2s, 2p functions Pt(r) 

and their energies from (II.3.02 and 03); 

(ii) the calculation of the a and b coefficients from 

(II.3.08 and 09); 

(iii) the calculation of the Fourier components (V, K) of 

the potential from (II.3.14); 

(iv) the solving of the secular equation (II.3.11). 

Of these, the first three stages are routine integrations. 

The fourth is rather more interesting, because the overlap 

matrix S is not the unit matrix, and because at points of 



high symmetry in the Brillouin zone, the secular equation 

can be simplified further. This stage is therefore the 

only one that will be discussed in detail. Almost all the 

numerical work was carried out on the electronic computer 

EDSAC I of the Mathematical Laboratory, using the library 

sub-routines for carrying out integrations, evaluating 

determinants, evaluating sines and cosines, etc •• 

The calculation of the 1s, 2s, 2p wave functions 

round the atomic centres reduces to the integration of the 

radial equation for P(r),* 

P" + L2Z /r - E - 1(1 + 1 )/r2
JP p = 0 

(II.4.01) 

The difficulty about this equation is that the boundary 

conditions P = O at r = O and r infinite, do not 

refer to the same value of r. A solution in the form of 

a series expansion (Hartree 1928) gives the value of P'/P 

at some small value of r (0.001 in our case), from which 

the numerical integration may be started, all for some 

chosen value of E. The integration is stopped at a 

finite radius r 1 just beyond the last maximum or minimum 

*ram indebted to Miss Charlotte Froese for acquainting me 
with the technique for calculating atomic wave func
tions, as developed by Professor Hartree and his 
group for use in a self-consistent field calculation. 



Table 3 

Values of Vn = -(V, K) 

K vn 

0 Vo 0.794228 

( lr/a ) (2,2,2) v2 0.472635 

( lr/a)(0,4,0) v1 o. 405364 

( tr/a)(4,4,0) V3 0.248389 

( tr/a)(2,6,2) V5 O. 1 90* 

( )r/a)(4,4,4) V4 0.183833 

*By graphical interpolation 

47 

of P(r) , because it is unsatisfactory to carry on the 
integration with a view tb adjusting E until the solution 
decreases to zero for large r. The reason is that round
ing errors in the integration and in the initial value of 
P'/P, introduce into the solution a small amount of the 
complementary function which increases exponentially with 
r. Accordingly it is better to start at some large finite 
r, using an asyn:(ptotic expansion to determine P'/P, and 
to integrate inwards to r 1 • E is then adjusted until 
P'/P at r 1 is the same for the outward and inward inte
grations, so that the solutions join onto each other. The 
normalization constants for the Pt(r) , the ove~lap inte
grals ( II. 3. 09), and the Fourier components ( II. 3.14), were 
also calculated by radial step by step integration. The 
functions pt with Et are shown in tables 18 and 19, the 
overlap integrals btkn in table 20, and the Fourier 
components (V,K) of V (II.3.14) in table 3. Since the 
(V,K) are only functions of the modulus K, a more con
venient notation is (V,K) = -Vn, where n = 0 for K = O, 
n = 1 for K = (l,/a)(0,4,0) and any other K with the same 
modulus, etc., as defined in table 3. 

There are standard methods for determining the 
eigenvalues E and eigenvectors u of the matrix equation, 
of order M say, 
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Hu = ESu (II.4.02) 

when S is the unit matrix, and there exists an EDSAC 

library subroutine for one such method. However, the 

problem is considerably more complicated when S is not 

the unit matrix, and only two ways were found in the 

literature for handling it. One can either make the 

orthogonalized plane waves orthogonal to one another before 

setting up the secular equation which seems an unnecessary 

amount of trouble; or one can multiply (II.4.02) through 

by s-1 
, which results in the equation H'u = Eu where 

H' is no longer a symmetric matrix and therefore cannot 

be handled by the existing EDSAC routine. However, the 

following appeared to be possible methods, suitable for 

machine computation, for solving (II.4.02) when S is not 

the unit matrix. If we regard (II.4.02) as a matrix equa

tion, the existing routine could be used to diagonalize S, 

i.e. to find an orthogonal matrix T such that 

T'ST = diag(q;, q~, .... ). The qf are necessarily positive, 

because S is an overlap matrix and therefore positive 

definite. If the elements of the ith row and the ith 

column of T'HT be then divided by qi, the problem 

reduces to the simple eigenvalue problem, for which the 

existing routine can be used again.* If only energy values 

*This method has since also been given by Howarth (1955). 
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without eigenvectors are required, we may consider instead 

the algebraic equation 

f(E) = det / H - ES/ = 0 (II.4.03) 

A saving in time may be possible, because with present 

programmes, it takes about twenty times as long to diagonal

ize a matrix as to evaluate a determinant of the same 

order. There is an existing subroutine which, if given 

values E1 and E2 such that f(E1 ) and f(E2 ) have 

opposite sign, adjusts E by successive interpolation 

until f(E) = 0, where f(E) is any function defined by 

some auxiliary subroutine. This requires the evaluation 

of f(E) several times for each eigenvalue, and in the 

present problem this was carried out by a direct evaluation 

of the determinant which ·was only of order four. For 

large determinants, it would be more economical of machine 

time to evaluate the determinant for M + 1 or more values 

of E, and then to use a formula, exact for an Mth degree 

polynomial, which expresses f(E) in terms of the known 

f(Ei) . A suitable formula would be the direct expression* 

f(E) = 

M+1 M+1 

2 f(E.).JL_(E - Ei)/(E. 
j J i~j J 

- E.) ' 1 

or an interpolation forrrmla based on finite differences up 

*The existence of this formula was pointed out to me by 
Mr B. Haselgrove. 



Table 5 

Point in 
Brillouin zone Edet Eco 

E co 

X 0.5785 0.5769 
o. 6306 o. 6353 

L o. 4261 0.4233 
0.4650 0.4620 

K,U o.6486 o. 6475 
0.6506 o. 6491 
o. 7675 0.7767 

is the energy, without the correction VBP' calculated 
by the EDSAC programme based on the 4 x 4 determinantal 
equation and on approximate overlap integrals btkn· 

is the corresponding energy calculated using the group 
theoretical method and correct overlap integrals, but 
based on linear combinations of only two or three plane 
waves. 

50 

to the Mth order. 

Due to the cubic symmetry, it is only necessary to 

calculate the energy in a solid sector of the reduced 

Brillouin zone defined by the surface lying between the 

points L, K, W, X, U of figure 3. The energy at the points 

of high symmetry was calcuJated by factorizing the secular 

equation (II.3.11), using the symmetry properties as ex

plained below. The energy was also calculated at about 

140 other points in the region of the zone described above 

with energy close to the Fermi energy. The EDSAC programme 

with which the latter calculations were carried out, was in 

fact designed to calculate the energy only over a small 

-region of the zone, with a radius of about k = 0.1 round 

the point W for the purposes discussed in section III.5. 

The overlap integrals (II.3.09) were approximated to by 

fitting a parabolic law to the figures of table 20 near 

k = (rr/a)(0,2,1); and in the secular equation (II.3.11) 

only the four rows and columns with K = O, ( tr /a) ( 2, 2, 2), -n 
( r/a)(0,4,0), (Tr /a)(2,2,2) were retained, since other 

values of Kn give orthogonalized plane waves with much 

larger k' and much higher energy. However, the energy 

Edet determined in this way for the points X, L, and K, 

turned out to remarkably close to the values Eco calculated 

without approximating to the overlap integrals, cf. table 5 



and the discussion below. As W is fairly centrally 

situated in the required region of the zone, this enabled 

the form of the energy contours near the Fermi level to be 

determined. Table 21 contains the energy values obtained 

in this way, i.e. before adding the exchange and correla

tion term VBP (II.2.02). 

At points k of high symmetry in the zone, e.g. W 

(figure 3), each wave function has to be chosen so that it 

transforms according to some irreducible representation 

( t .he "small representation") of the group of operations 
, (the "group of k"), chosen from the full cubic symmetry 

group, that leaves k invariant; cf. Bouckaert, Smoluchowski, 
and Wigner (1936). Thus if we set up the secular equation 

(II.3.11), not in terms of the simple orthogonalized plane 

waves (II.3.04), but in terms of the correct symmetrical 

linear combinations of them, then there can be no matrix 

elements Hmn or Smn connecting orthogonalized linear 

combinations of plane waves (OLCPW's) belonging to differ

ent irreducible representations. Thus if we neglect 

excited states of the same symmetry because they have con

siderably higher energies, we only have to calculate the 

energies Hnn of the OLCPW's, without considering a 

secular equation of order greater than one. 

Let us for example consider the point W, a corner 
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kW= ( T( /a)(0,2,1) of the zone (figure 3). The four plane 

waves with k1 = ( 'fr I a) ( O, 2, 1 ) , k2 = ( ,r /a) ( 2, O, 1) , 

k
3 

= ( Jr /a)(0,2,1), k4 = ( 11' /a)(2,o,T) all have wave 

vectors at different corners of the zone, but they can all 

be associated with the single wave vector k , because -w 

the differences k. - ~m are -J .. 2 ii times the reciprocal 

lattice displacements mentioned in the last paragraph but 

one above. The k. 
-J are transformed into one another by 

the group of operations 42m about the z-axis (i.e. re

flection in the yz-plane, two-fold rotation about the line 

x = y, z = o, and all combinatio.ns of these), and we require 

linear combinations of the four plane waves that transform 

according to irreducible representations of the group. 

With the standard use of group characters (Van der Waerden 

1932, p.57), the irreducible representations can be shown 

to be w1 , w2, and w
3 

in the notation of Bouckaert, 

Smoluchowski, and Wigner (1936).* The appropriate corres

ponding combinations 

*we shall use this notation throughout the present work. 
It will be convenient to use the same symbol, say w

3
, 

also for the quantum state and for its energy, as 
well as for the irreducible representation according 
to which it transforms. 
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can then be written down by inspection, giving the 

coefficients listed in table 4, which also displays the 

symmetry of the functions by giving the first term in a 

power series expansion about the origin. The coefficients 

bt in the orthogonalized linear combination 

are again determined by (II.1.02) and are thus simply re

lated to the coefficients btk O (II.3.07) in the simple 
.....,,,,; 

orthogonalized plane wave (OPW, kw' 0) . The energy of an 

orthogonalized linear combination is 

2 2 2 ( II. 4. 04) EOLCPW = a (ELCPW + bt Et) ' t 

where ELCPW = ) (LCPW)* H (LCPW) dv 

is the energy of the linear combination in the approximation 

of nearly free electrons (Mott and Jones 1936). The bt 

and ELCPW are also included in the table. 

Similar data are given in table 22 for the points 

;-, K, X, and L. The irreducible representa tions and t he 

corresponding coefficients ci were obtained by a mixture 

of inspection and the standard group theo r et i ca l methods 

(Eyring , Walter, and Ki mbal 1944). At K, the irreducible 

rep resent a t i on K1 occurs t wice ( er. table 22), so t hat 

the corresp onding ort hogonal i zed l inear combinati ons are 



not necessarily orthogonal to one another, and it is 

necessary to set up a 2 x 2 secular equation with them. 

The energy at the points K and U are necessarily the 

same, because K is displaced by 2 If' times a reciprocal 

lattice displacement from the point (JT"/a)(2,-t,-t), 

which by the cubic symmetry is equivalent to U. The 

energy values calculated from (II.4.04) are listed in 

table 23. 

The EDSAC programme for radial integrations of the 

wave equation (II.4.01), which had been constructed to 

compute the Pt functions, was also used to calculate by 

the method of Wigner and Seitz (Mott and Jones 1936, p. 77) 

the lowest energy in the conduction band. This value is 

only 0.0035 ry lower than the energy of the single ortho

gonalized plane wave with k = O, and is also shown in 

table 23. The final relevant energy values, including 

VBP (section II.2), are shown in table 6, which also gives 

for comparison the corresponding energy values for an 

electron in a free electron gas in the approximation of 

Bohm and Pines (Pines 1954). 

II.5 Inaccuracies and correction terms in 
the calculation 

We must consider the following sources of error in 



the calculations: 

(i) the approximations that are involved in arriving at 
the potential in the lattice on which the calculations 

are based; 

(ii) rounding off errors in the values of 2ZP(r) which 

are given to 3 decimal places (table 17); 

(iii) truncation errors in the integrations, i.e. errors 

inherent in the finite step by step nature of the 

computation; 

(iv) rounding ·off errors in the calculations, particularly 
at each step of the integrations; 

(v) the fact that the atomic-like wave functions 

~t(r - r.) centred on neighbouring atoms do overlap - -J 

one another, contrary to the assumption of section 

II.3; 

(vi) approximating to the infinite secular equation 

(II.3.11) by a finite one, usually of order two or four. 
The errors due to (i) are large. We presume them to be of 
the order - of 0.1 ry, as discussed in detail in section II.2. 
As these errors are unavoidable, they set the standard of 
accuracy that was aimed at in the actual calculation. Thus 

the errors in 2ZP(r) due to (i) are of the order of 0.1 
(efl, te.1,lc ), so that the rounding errors of+ 0.001 in 

2ZP(r) (item (ii) above) are negligible in comparison 
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with (i). 

Rounding off errors (item (iv) above) have been kept 

negligible at all stages of the calculation. The usual 

long-storage locations in EDSAC have a capacity of about 

10 decimal digits, and since some of the integrations 

(II.3.03) involved over 500 individual steps of integration, 

with several additions and multiplications per step, it 

might at first appear as if rounding errors would accumulate 

at an alarming rate. However, the integration subroutine 

that was used is so programmed that rounding errors per step 

accumulated at a rate corresponding to retaining about 12 

decimal digits, which kept them negligibly small. At other 

stages of the calculations, all the decimal digits given by 

EDSAC were retained. 

The truncation errors in the integrations (II.4.01), 

(II.3.09), and (II.3.14) (item (iii) above) are of the 

order of 10-7(~r)5 per step, where (.Ar) is the interval 

of r between successive steps of the integration. In the 

integrals (II.3.14) invoiving the potential, these errors 

were at all times negligible compared with items (i) and 

(ii) above. The overlap integrals btkn (rr.3.09) involve 

the cunmlative errors of the integration (II.3.09) and the 

integration of the ~t (II.3.03). The final errors in the 

quantities btkn (table 20) are as follows: 
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in b1kn of the order of 1 in 104 . 
' ' 

in b2kn of the order of 1 in 104 . 
' ' 

in bxkn etc., of the order of 1 in 103 

The total consequent error in ~ (II.3.13) is of the 

order of 0.001 ry. 

Item (vi) above is the error from neglecting excited 

states in the secular equation (II.3.11). The consequent 

errors in the energy are estimated to be of the order of 

0.02 ry. Let us consider OLCPW states transforming accord

ing to the irreducible representation x1 , and let us set 

up the secular equation 

H11 - ES11 ' 

H12 - ES12 ' 

H12 - ES12 

H22 - ES22 

= 0 ' (II.5.1) 

where the suffix 1 refers to the state with lowest energy, 

and the suffix 2 to the first excited state. s12 is the 

overlap between states (1) and (2), and limn the matrix 

elements of the Hamiltonian (II.3.01). The matrix elements 

s12 and limn are evaluated by extending the definitions 

(II.3.12} and (II.3.13) for matrix elements between OPW's, 

to OLCPW's in the manner of section (II.4). The fact that 

we are using OLCPW's belonging to definite irreducible 

representations, means that there are no non-zero matrix 

elements connecting state (1) with states transforming 
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according to other irreducible representations. Hence 

state (2) has a considerably higher energy than (1), which 

reduces its influence. The quantities H12 tend to be 

small, because they contain (et'. (II.3.13)) a positive 

kinetic energy term due to the nodes in the wavet'unctions 

near the nuclei, and a negative potential energy term due 

to the attraction ot' the nuclei, which nearly cancel (et'. 

section II.1). For the irreducible representation x1 , we 

have the following values which are typical: H11 = 0.635, 

H22 = 1.48, H12 = -0.078, s12 = -0.23, with s11 = s22 = 1. 

From (II.5.1), the corrected solution is E1 = o.6?6, so 

that the error involved in neglecting state (2) is -0.009. 

More illuminating is the following general approximate 

solution ot' (II.5.1) regarding s12 and H12 as small com

pared with the other quantities: 

= (II.5.2) 

The quantities in (II.5.2) ot' course depend in turn on the 

Fourier components ot' the potential (II.3.14) and particu

larly on the integrals btkn. Inspection shows that the 

dit't'erent terms in ( II. 5. 2) always tend to cancel one 

another for the sort of values of Hmn and s12 that 

arise, and that the error in general is ot' the order of 
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0.02 ry or less. This is only the effect of the first 

excited state. The effect ·of states with higher energy 

still will in general decrease with increasing energy, but 

it does not decrease rapidly as will be discussed in 

section V.2. Thus we would expect that including all 

excited states beyond the first would give a correction as 

large as that from the first excited state. Hence there is 

relatively little value in calculating only the correction 

involving the first excited state, which could be done 

without an undue amount of labour, and secular equations 

of large order would be required to produce significantly 

more accurate results. Thus in the present calculation, 

no attempt was made to include the effect of excited states. 

However, the error that this involves is still smaller than 

that due to uncertainties in the potential (item (i) above). 

Let us now consider the errors introduced by the fact 

that the atomic-like functions ~2 and ~x etc. (II.3.03) 

extend considerably outside the atomic sphere on which they 

are centred (item (v) above). For instance the value of 

P (r)/r at the boundary of the atomic sphere is 0.12, X 

compared with its maximum value of 3.52 (cf. table 19). As 

in the "tight binding" approximation (Mott and Jones 1936, 

p.65), the Bloch functions (~t'k) (II.3.05) are now no 

longer exact eigenfunctions of the Hamiltonian (II.3.01), 

i 

I 
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nor exactly normalized. Let us retain the definition of 

(OPW, k, n) according to equations (II.3.06, 07, and 08). 

Then to a sufficient degree of approximation, the correc-

tion terms we have to consider are given by the expression 

i (OPW,Js.,n)* H (OPW,k,n) dv 

s (OPW,kn)* (OPW,k,n) dv 
H ' nn (II.5.3) 

where H and Hnn are defined by (II.3.01 and 13). Let 

us restrict k to points of high symmetry in the Brillouin 

zone, for which the OLCPW's because of symmetry contain 

or only % ., % , % 
X y Z 

(i.e. are completely s- or 

p-like), so t:ti..at overlap between ~ 2 and %x etc. may be 

omitted. Then (II.5.3) when expanded contains terms of the 

following three types: 

5 exp(ik.r) V (r - rj) ~t (r) dv, 

5 %~ (r - rj) V (r - ri) %t (r) dv, 

S %~ ( !. - r j ) ~ t ( r) d v , 

r. ~ O ,· 
-J 

r. and r. not -J -1 

both zero; 

r. ~ O • -J 
(II.5.4) 

Although the last of these can be calculated reasonably 

accurately by approximating to the functions Pt(r) for 

large values of r by a function of the form c exp(-dr2 ) , 

the first two are more difficult to calculate. Rough esti

mates of their magnitude have been made, and they indicate 
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that the correction (II.5.3) has a magnitude of about 0.01 

to 0.02 ry. This is comparable with the magnitude of 

item (vi) above, and less than item (i). 

The atomic-like 1s, 2s, 2p functions ~t required 

in the orthogonalized plane wave method (cf. section II.1) 

may be handled in two different ways, They may be chosen as 

the eigenfunctions of the Hamiltonian (II.3.02) as in the 

present work, or they may be convenient arbitrary functions 
II I 

~t say, perhaps chosen to become zero at such a radius 

" ' that there is no overlap between functions ~t centred on 

neighbouring atoms. This has the advantages, firstly that 
I 

the separate calculation of the ~t from equation (II.4.01) 

is avoided, and secondly that the correction terms involv

ing (II.5.4) are entirely absent. However, this method 

requires the evaluation of a large number of integrals of 

the forms: 

s ~t'*(r) L--v2 + V(rJJ 0t,',(r) dv, including t' = t ' 

(II.5.5) 

~ 0~'*(r) 0t\(r) dv, t' f. t ; 

~ exp (ik.r) 0t' (r) dv. 

In the present method, the functions ~t are calculated 
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f'rom ( II. 4. 01 ) once and f'or all, and then because they are 

eigenvalues of' the atomic-like Hamiltonian 2 -V + V(r), 

we have that ~t and ~t' are orthogonal and that 

j_-- V2 + V(r)J ~t = - Et ~t ' 

so that only the last of the integrals (II.5.5) has to be 

calculated explicitly. Thus if as in the present work the 

corrections (II.5.3) due to overlap can be neglected, the 

present method is quicker than the usually adopted one if' 

the energy has to be calculated at a large number of points 

in the zone. For instance the calculations in the present 

work required about 20 hours of error free running time on 

EDSAC I. 

II.6 The usefulness of the orthogonalized plane wave 
method in band structure determinations 

It will be seen in Chapter III that the present band 

structure calculation occupies an essential role in devising 

a Fermi -~urface to correspond to the experimental data, and 

this situation is likely to apply also in future. Thus 

there is a need for a method of calculating band structures 

which is not too crude, which is reasonably quick, but whose 

numerical accuracy need not be _much greater than the magni

tude of the errors due to the approximations in the assumed 

potential. 
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We see from the preceding sections that the ortho

gonalized plane wave method is very suitable for this 

purpose for aluminium, and presumably equally so for other 

light 1'?}3tals. The energy has been calculated at a large 

number of general points in the zone using linear combina

tions of four orthogonalized plane waves. The method is 

particularly simple in the form developed in the present 

chapter, in which the atomic-like 1s, etc. functions ~t 

are the calculated eigenf'unctions of the Hami ltonian 

- v... ( ) ( ) + V r . II. 6. 1 

In the preceding section, it was shown that the 

effect of excited states higher than those taken into 

account, is small. The estimated error of 0.02 ry due to 

this is much smaller than the error of 0.2 ry found by 

Herman (1952, 1954b) in similar calculations. This is not 

just accidental, as is shown by the theory of the converg

ence of the secular equation which has been deferred to 

section V.3. The main conclusions affecting the present 

discussion are: 

(1) the error due to neglecting the excited states is 

sensitive to the choice of the ~t; 

(11) our choice of the ~t as eigenf'unctions of (II.6.1) 

in general reduces the error to a minimum; 

(iii) this minimum error is in general about 0.02 ry or less. 
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II. 7 Accidental degeneracy .and compatibility relations 

Before we can interpolate even qualitatively between 
the energy values calculated for certain values of k, we 
have to be clear about certain general theoretical results 
about the variation of energy with k. For instance, is 
it necessary for the lowest energy at any particular value 
of k to belong to the first zone, the next energy to the 

second zone, etc.? If so, how do we resolve the following 
difficulty? Consider the state in the first zone (table 6, 
section II.4) corresponding to the point U in the Brillouin 
zone (figure 3). It transforms according to the irreducible 
representation u1 (Bouckaert, Smoluchowski, and Wigner 
-1936) of the symmetry group of the crystal, so that it is 
symmetric with respect to reflection in the plane y = 0. 
All states corresponding to points on the square face 

~Y = 2 lr"' /a of the zone can be classified as symmetric or 

antisymmetric with respect to this reflection, and in 
particular the state X' 4 is antisymmetric. The difficulty 
is to describe how it is possible that states with k at 
S , any point along UX (figure 3) are symmetric near U, 
antisymmetric near X, and suddenly change from one to the 
other somewhere in between. These questions have been dis

cussed fully by Herring (1937) and by Bouckaert, Smoluchow

ski, and Wigner (1936). In view of the absence of any 



published elementary review of the work of these authors, 

it seemed worthwhile to present their main conclusions as 

applied to the present work. 

Let us work entirely in terms of the reduced zone 

scheme, i.e. the energy is considered as a multi-valued 

function of the wave vector k, which is restricted to the 

Brillouin zone of figure 3. For the sake of brevity let a 

state with k corresponding to the point X in the zone 

be referred to as "a state at X", and let the symbol x' 4 
say be used for the state itself and the energy of the 

state, as well as fbr the irreducible representation accord

ing to which the state transforms. Two zones will be 

ref'erred to as "touching at a point" in the zone, if the 

energy of the states of the two zones are the same at the 

point. 

Consider two states with the same value of k in 

two zones, and let us represent their wave functions as 

linear combinations of two orthogonal functions '/ 1 (k,r) 

and 'f2Ck,r) . The secular equation determining their 

energy is 

H11 - E H12 I = 0 . 
H21 H22 - E 

Here the Hmn are the matrix elements of the Hamiltonian 
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between '/' 1 and '/' 2 . H12 and H21 can both be made 
real when the crystal has a centre of symmetry, so that 
H12 = H21 . The difference E1 - E2 between the two roots 
of this equation is given by 

Thus if the two states have equal energy, it is necessary 
that 

and 

These are two relations in the three variables kx' ky' and 
kz, so that we may expect their solution to contain one 
degree of freedom. Thus according to this model it is 
possible for two zones to touch along a curve in k-space, 
but not at all points of a surface, and it may be shown 
that this conclusion is also generally true. Hence the 
only unique way of ordering the states into consecutive 
zones, is to take for each value of k the state with 
lowest energy for the first zone, the next highest energy 
for the seco~d zone, etc • States at points where two . zones touch cannot be assigned uniquely to one zone or the 
other. With this system (and only this system), it is 
possible to move from one state to any other state in the 
same zone by continuous variation of k and of the wave 
function, and it is only possible to move to another zone 
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at a point of contact. The energy :function in each zone 

also has the full point group symmetry of the crystal 

(cubic in our case), for instance the energy is the same at 

every corner of a zone. Thus although so far we have 

worked in ter:ms of one particular corner W (figure 3), 

we shall refer to the whole set of corners when necessary 

as "the corners W". 

Two different types of contact between zones exist. 

An illustration of the first type is the contact between 

the first and second zones at the point W (table 6), 

which is due to the fact that w
3 

is a two-dimensional 

irreducible representation. This type of contact only 

occurs at points of high symmetry in the zone. The only 

other example occurring in the present work is the contact 

between the second, third, and fourth zones at the point 

;-, because the states belong to the three-dimensional 

irreducible representation /;~. 

The other type of contact, known as "accidental" 

degeneracy, _occurs between states belonging to different 

irreducible representations. In the example discussed at 

the beginning of this section, it is necessary that a point 

of "accidental" degeneracy occurs between the first and 

second zones at some point along UX, so that the wave 

function can change from the one type of symmetry to the 
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other. The energy appears sc~ematically as in figure 4. 

Further, all points on the square face of the zone can be 

classed as symmetric or antisymmetric, so that the contact 

point along UX is only one point of a continuous curve of 

contact on the face. 

The representation at S along UX is not completely 

specified by saying it is symmetric or antisymmetric with 

respect to reflection in the plane y = 0. In fact there 

are four possible representations s1 to SL~ • Now all the 

symmetry operations of the group of S (cf. section II.4) 

are contained in the group of X. If two representations 

and Sj , for instance X' 
4 and 83 , have the same 

characters for all these operations, they are said to be 

compatible. This implies that a function with symmetry X' 4 
can change by continuous variation into a function with 

symmetry 83 without suddenly having to change its symmetry 

properties. Thus the compatibility relations can be written 

down from inspection of the complete character tables given 

by Bouchaert, Smoluchowski, and Wigner (1936). Tables of 

the most important compatibility relations are also given 

by these authors, so that they will not be listed here. 

As a final example, figure 5, shows a part of the 

plane Rx = O of the Brillouin zone, and the representa-

tions appropriate to the second zone. z1 is compatible 



with x1 but not with w
3 ,' so that there is a contact 

point along XW at which the representation changes. This 

point is part of a curve of contact in the plane shown. 

The states .t11 , x1 , z1 , and all others on the left of the 

curve of contact are symmetric with respect to reflection 

' in the plane x = O; the states z4, w
3

, K
3

, 2.. 
3

, ;-25 and 

all others on the right of the curve are antisymmetric. 

The degeneracies discussed above are the only ones 

affecting the first and second zones, unless the order of 

the energy levels at the points of high symmetry is differ

ent from that given in table 6. For instance if the energy 

K
3 is less than K1 , the curve of contact on the square 

face disappears, but is replaced by a curve of contact of 

the first and second zones around the point K in the 

planeRx = O. 

We should add that throughout the present work, we 

take without loss of generality the hexagonal faces of the 

zone to be plane. This is not necessary by symmetry, as 

it is with · the square faces (Bouckaert, Smoluchowski and 

Wigner 1936). 



Table 6 

Energy (including VBP) at points of high symmetry in 

the Brillouin zone 

Point in First zone Second zone 

the zone Irred. rep Energy Irred. rep Energy 

;- ~ s-like -0. 637 l;s d-like 1. 41 

L L' 2 p-like 0.034 L1 s-like o. 073 

X X' 
4 

p-like 0.213 X1 s-like o. 271 

K,U K1 p-like 0.292 K3 p-like 0.294 

w w3 p-like o. 378 W3 p-like 0.378 

Fermi approximately 0.47 level 

Further energy values 

At w: first and second zones degenerate; 

third zone, w2, p-like, 0.383; 

fourth zone, w1 , s-like, 0.591. 

At K: third zone, K1 , s-like, 0.422; 

fourth zone, estimated, 1.3. 

Free 
electron 
energy 

(1)-0.637 
(2) 1. 66 

0.044 

o. 240 

0.333 

0.430 

0.449 

At ;-: third and fourth zones, also ;-2S' d-like, 1.41. 

At 

At 

L 

X : 

third and fourth zones, estimated, 1.6. 

third and fourth zones, estimated, 1.1. 

II.8 A summary of the band structure as 
calculated in this chapter 
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The calculated values of the energy (cf. section II. 

4) are given in tables 6, 21 and 23. They may be described 

as follows. 

The energy at all points of the first and second 

zones is close to the energy of free electrons whose wave 

functions have the same wave vector. This is so particu

larly in the interior of a zone, away from points of high 

symmetry. Figure 6 shows a section of the Brillouin zone 

by the planekx =kz, with the energy contour E = 0.332 as 

calculated and as it would be for free electrons. The 

energy was calculated for a large number of points in the 

zone which were expected to have energies near this value, 

so that a good picture of the constant energy surface 

E = 0· 332. in the zone could be obtained. The surface has 

very nearly the shape of a spherical cap over each of the 

hexagonal and square faces of the zone. This energy surface 

lies about O·/'f- ry below the Fermi level, but all the indi

cations of table 21 are that the same description applies 

to the shape of the Fermi surface. The energy in the 

second zone increases from the surface of the zone to the 

centre. The first zone is completely filled on the present 

picture, as are all states on the surface of the second zone. 
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The third zone has considerably higher energy than 

the second, except near the corners W, and near the line 

of contact between these zones shown in figure 5. At K 

and U for instance, the energy is already considerably 

higher than the free electron energy. For free electrons, 

the fourth zone is degenerate with the first, second, and 

third at W, but in our case it has rather higher energy. 

All these calculated energy values are subject to 

unavoidable uncertainties of about 0.1 ry (section II.5), 

but we may rely on the gross features of the results. The 

modifications in the present picture required to explain 

certain experimental observations will be discussed in the 

next chapter. 



CHAPTER III. SYNTHESIZING' Th~ TRUE FERMI SURFACE 

FROM THE CALCULATED BAND STRUCTURE AND THE 

EXPERIMENTAL INFORMATION 

III.1 Introduction 

As mentioned in Chapters I and II, a calculation of 

the band structure of a metal suffers from unavoidable in

accuracies. In particular, we expect that the calculated 

energy values of Chapter II are subject to errors of the 

order of 0.1 or 0.2 ry, so that the true band structure 

and in particular the Fermi surface are in some regions of 

k space not even qualitatively determined. Nor is there 

yet any direct method of determining the shape of the 

Fermi surface completely experimentally, although almost 

all properties of metals depend on the shape of the Fermi 

surface among other things, and hence yield some indirect 

information concerning it. 

In t .his connection some properties yield much more 

useful information than others, in so far as it does not 

depend very much on other factors. In this chapter we will 

consider such information, as well as the calculation of 

Chapter II, and attempt to synthesize a consistent picture 

of the Fermi surface. In principle this process involves 

considering all the possible band structures that result 
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if we allow some uncertainty in each of the calculated 

energy levels, and picking out the one that shows the best 

fit with experiment and that does not deviate from the cal

culated band structure by an unplausible amount. In 

practice the process still retains rrmch of that character 

of trial and error, but for the sake of clarity in exposi

tion, we will present the material rather from the point of 

view of "deducing" certain features of the band structure 

from each of the experimental results. The fact that many 

backward and forward references among the different sections 

of the present chapter are required merely shows the need 

for the inverted commas ("deducing") above. Section 2 is 

concerned with the low temperature specific heat and the 

anomalous skin effect; sections 3, 4, and 5 with the de Haas

van Alphen effect and some calculations of E(k) near the 

corners of the zone; and section 6 with the soft X-ray 

spectra and the low frequency de Haas-van Alphen oscilla

tions. The conclusions are summarized in section 7. 

Although the principle of analysing experimental 

results to obtain information about the band structure is 

of course old, the present work represents apparently the 

most concentrated attack on any one metal containing more 

than one conduction band electron per atom. This applies 

both to the theoretical side, as well as to the use of the 
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relatively new and powerful experimental tools, the de 

Haas-van Alphen and anomalous skin effects (Pippard 1954). 

In section 8, we will attempt in the light of experience at 

some appraisal of the methods of the present work, from the 

point of view of their application in future to other 

metals. In particular we will discuss the value of the 

band structure calculation and the two effects mentioned. 

III.2 The low temperature specific heat 
and the anomalous skin effect 

At very low temperatures, the conduction electrons 

give an appreciable contribution to the specific heat of 

the metal, from which the density of electronic states at 

the Fermi level n
0 

may be calculated (Mott and Jones 

1936, p.178), as is so well known that the details will not 

be repeated here. If the specific heat is ?fe1T , then 

( el for aluminium probably lies in the range 3.0 - 3.5 

x 10-4 cal./mole deg. 2 and we shall for the sake of 

definiteness adopt the most recent figure of 3.27 x 10-4 

(Howling, Mendoza, and Zimmerman 1955). This gives a value 

for the density of states in aluminium of 0.580 states per 

atom per electron volt or 0.071 states per unit volume in 

atomic units perry, which is 1.5 times the value corres

ponding to perfectly free electrons on the Sommerf/eld 
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model, counting both spins in each case. The effect of 

electronic interactions (Pines 1955) would be to decrease 

n
0 

by 10% below that for the Sormnerfield model, and thus 

to make the above ratio even higher. 

At very high (microwave) frequencies, the classical 

skin depth is comparable with or less than the mean free 

path of the conduction electrons in a metal, which leads to 

a greater surface impedance than that given by classical 

electromagnetic theory. This is known as the anomalous 

skin effect. Let us denote by R the surface resistance 

at a particular angular frequency w in the limit of very 

long mean free paths (the extreme anomalous limit) which in 

practice is achieved by using high purity materials at very 

low temperatures. Then R-3 w2 is directly related to the 

curvature of the Fermi surface over certain regions of the 

surface (Pippard 1954), and depends on the orientation of 

the crystal axes relative to the surface of the specimen on 

which the measurement of R is made. The mean value 
-3 2 R w , where the bar denotes an average over all orienta-

tions, is related directly to S , the total surface area 

of the Fermi surface in k space. If S is in atomic 

units, and R-3 w2 in e.m.u., then 

s = 0. 234 R-3 w2 , (III.2.1) 



and this result is valid even when the Fermi surface con

sists of several distinct parts in different zones. 

A study of R as a function of orientation has not 

yet been carried out, but with polycrystalline specimens 

some averaged value of R which we shall call R' is ob

tained. It is not quite clear whether R' corresponds to 
- -1 - (R-1) the mean resistance R or the mean conductance or 

neither, and this must depend on the detailed experimental 

arrangement. However, we have by an extension of Hoelder's 

inequality (Hardy, Littlewood, and Polya 1934, p.26) the 

inequalities 

so that we may presume 

(R')-3. (III.2.2) 

Thus if we use (R')-3 in (III.2.1), we obtain a value of 

S that is smaller than the true value, but the difference 

should not be large unless the Fermi surface is very 

anisotropic. 

For aluminium, (R')-3 w2 
is 45.5 e.m.u. (Faber and 

Pippard 1955), which gives from (III.2.1) and (III.2.2) a 

minimum value for S of 10.6 atomic units, .which is 

identical within experimental error with the value S = 10.8 



for a distribution of perfectly free electrons with a 

density of three electrons per atom. That S for alumin

ium should be as high as the free electron value is indeed 

surprising for on the whole the presence of zone boundaries 

tends to decrease the total area of Fermi surface (cf. Mott 

and Jones 1936, fig.39(b), p.90). If the first and second 

zones were both completely filled except for a spherical 

region in the centre of the second zone corresponding to 

one electron per atom, then S would attain its lowest 

possible value of 5.2 atomic units. 

The density of states n
0 

may be expressed 'in the 

form 

= 
1 s (III.2.3) 

4 ;r 3 
s 

Since E(k) has nearly everywhere approximately the free 

electron value k2 (cf. section II.8), and S has the 

free electron value, whereas n
0 

is 50% above the free 

electron value, there must be some regions of the Fermi 

surface where gradk E is abnormally low. This fact, and 

the large value of S, constitute the two pieces of infor

mation about the Fermi surface which we can extract from 

the above experimental results. We will now use them, in 

conjunction with the calculation of Chapter II, to obtain a 
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clearer view of the whole band structure. 

The calculations of Chapter II allow us to make the 
following assertions. The corner points W are rather 
crucial points in the band structure, and in the first zone 
W is the point with highest energy (cf. tables 6 and 21). 
In the second zone it is the point of highest energy on the 
zone surface, i.e. on the square and hexagonal faces of the 
zone, and W is also the point of lowest energy in the 
third and fourth zones. At present we cannot make any 
definite statement about the relative positions of the 
levels w1 , w3 , w2 , and the Fermi level a.i W due to the 

, inaccuracies in the calculation. In the true band structure 
the points K and U may replace W in some of the above 
remarks which would not alter the argument essentially, but 
otherwise it would be an undue distortion of the calculated 
band structure to assume anything else. 

As regards gradk E, its value throughout the main 
part of the zones will be close to its free electron value 
2k' (where in the notation of section II.3 k' is the 
proper wave vector of a plane wave with reduced wave vector 
k ) , which is 1. 86 at the Fermi level. However, . close to 
the zone faces, E(k) is appreciably different from the 
free electron value, and gradk E is distorted. correspond
ingly. For instance over the square face of the second 



zone, gradk E is parallel to· the face and of the order 

of magnitude of CEw - Ex:)/(1w - 1,c) = 0.26, and over the 

hexagonal face approximately ("E:w - EL)/(1w - kL) = 0.43. 

Thus over the surface of the second zone, there are states 

with abnormally low gradk E. In the third and fourth 

zones this is not so, except for a small region round KVI/U 

in the third zone. 

In the calculated band structure of Chapter II, the 

first zone is completely filled; the second zone is filled 

at all points on the surface of the zone but there is an 

unoccupied region in the centre of the zone; there are a 

few electrons around all the edges KWU of the third zone; 

and the fourth zone is completely empty (section II.8). 

This situation is not in accordance with the de Haas-van 

Alphen effect (section III.5), nor are there any states at 

the Fermi level with abnormally low gradk E for in the 

third zone the low gradk E is along the edge and all 

states there are filled; gradk E is large normal to the 

edge. Further the value of S would probably be too low, 

for it would require a very distorted surface with full 

cubic symmetry in the second zone to have an area twice as 

large as the sphere with the same volume, and it is doubtful 

whether the electrons in the third zone would contribute an 

appreciable amount. 
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Considering the points· made in each of the preceding 

four paragraphs, we are led to the following conclusion. 

The first zone is undoubtedly full or nearly so. In the 

second zone the states at W, or U and K, or probably 

both, are above the Fermi level, so that there are states 

at the.Fermi level on the surface of the zone with an 

abnormally low gradk E. Thus the different regions of 

the second zone near the different zone faces, which are 

occupied by electrons, are not merged into one another, so 

that one would expect them to have a total surface area 

close to the free electron value. The third zone is 

probably empty, with possibly a few electrons near W or 

U and K: the fourth zone is empty. This band structure 

deviates by about 0.15 ry near K and W from that calcu

lated in Chapter II. 

This picture can be made a little more definite by 

making a rough calculation of the density of states. 

Figure 7 shows an idealized section of the Fermi distribu

tion near a -zone face, and gradk E is abnormally low 

along the strip CD, EF of the Fermi surface. · E(k) 

normal to a zone face is shown in figure 8. The energy gap 

LlE between the first and second zones is about 0.04 to 

O. 05 ry over both the s q_uare and hexagonal faces ( table 21 ) . 

normal to the face if there were no energy gap, 



i.e. in the free electron model, would be about 1.6, so 

that the width d of the strip CD, EF is approximately 

A E/ ( 2 x 1 • 6) = • O 1 4. Let 1 be the length of line along 

which the Fermi surface cuts the zone surface in the second 

zone. Then we assume that the strip CD, EF of length 1 

and width d with gradk E approximately 0.4, accounts 

for the difference between the observed (0.071) and free 

electron (0.047) values of n
0 

Thus from (III.2.3), 

0.071 - 0.047 1 ld 

47r 3 gradk E 
= 

whence with the figures given above, 1 = 85. This is 

even larger than 50, the maximum possible value of 1, 

which is twice the length of all the edges of the zone. 

We therefore conclude that W, K, and U in the second zone 

probably all lie above the Fermi level and that the differ

ent pieces of the Fermi distribution near the different 

zone faces are not joined together, for this makes 1 and 

s as large as possible. 

III.3 The information given by the 
de Haas-van Alphen effect 

The magnetic susceptibility of some metals shows 

oscillations at low temperatures (the de Haas-van Alphen 

effect). These oscillations are strictly periodic if the 
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susceptibility is expressed as a function of 1/H where H 

is the applied w~gnetic field, apart from a slowly varying 

amplitude factor. The period P, measured in units of 

1/H, is related to the electronic structure of the metal by 

the formula 

(III.3.1) 

in gaussian units. Here u is a unit vector in the 

direction of the magnetic field, and Sm is the area in 

k-space of a section of the Fermi distribution by a plane 

perpendicular to u and so chosen as to make the area a 

maximum (or minimum) (Onsager 1952, Pippard 1954, Lifshitz 

and Kosevi tch 1954). Relation ( III. 3.1) may also be ex

pressed as 

P(u) = 2.674 x 10-9/s (u) , m- ( III. 3. 2) 

where P -1 is in gauss and Sm ink-space in atomic units. 

Sm may thus be considered a function of ~, the energy 

at the surface of the Fermi distribution. 

A~ shown in the papers quoted above, we may deduce 

from the variation with temperature of the amplitude of the 

oscillations a quantity which we call the effective mass 

m1 , and which is related to the variation of Sm with ~ 

and hence to the band structure by the formula 

m1(u) = (1/tr) I d Sm(£)/ d ~ I (III.3.3) 
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in atomic units { E,.., ;.. ,, ) • 

If the Fermi distribution in the Brillouin zone 
scheme is such that the Fermi surface consists of several 
distinct closed surfaces, or of pieces that can be joined 
up into closed surface by displacing parts of the zone in 
k-space by 2;; times a reciprocal lattice displacement, or 
of such a contorted surface that more than one maximum (or 
minimum) area exists, then each ma.ximum (and minimum) cross 
sectional area contributes a periodic term to the oscilla
tions with its own period given by (III.3.2). If for any 
particular one of these closed surfaces Sm(u) is deter
mined experimentally from (III.3.2) for all directions of 

\ u, then the shape of the surface may be calculated from 
Sm(u) , subject to certain restrictions (cf. section III.5). 
Thus in principle it is possible to determine the shape of 
the whole Fermi surface, even when it consists of several 
independent parts in different zones or different parts of 
one zone. The oscillations due to the main parts of the 
Fermi surface would from (III.3.2) have very small periods, 
and they have been observed in tin, cadmium, and lead, but 
not in aluminium or other metals presumably because of 
experimental difficulties. However, in aluminium some 
oscillations with periods of the order of 3 x 10-7 gauss-1 

are observed (Shoenberg 1952), corresponding to some small 
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closed pieces of Fermi surface containing of the order of 

10-3 electrons or positive holes per atom. Such small 

regions oft-space, or "pockets" of electrons or holes as 

we shall call them, are not unlikely to occur at points in 

the Brillouin zone scheme where the Fermi distribution just 

,enters a particular zone, or leaves a few states unfilled 

in a zone, particularly at points of high symmetry in the 

zones. In such cases we may expect there to be several 

similar pockets related to one another by the crystal 

symmetry. 

The oscillations with periods of about 3 x 10-7 

gauss-1 mentioned above, which we shall refer to as the 

"high frequency" oscillations, have been studied by Mr 

Gunnersen in this laboratory (Gunnersen 1955). At first 

up to two periods had been observed at some orientations, 

but at others the amplitude of some of the oscillations 

appeared to become too small to be observed, so that the 

interpretation of the results is not straightforward. Mr 

Gunnersen had been trying to explain these observed periods 

in terms -of a single surface which is rather contorted so 

that it may have more than one extreme (maximum or minimum) 

cross sectional area for any particular u. This appeared 

to me a most unlikely model. Some general arguments about 

band structures, mostly based on symmetry, indicated that 



the relevant pockets were centred about the corners of the 
Brillouin zone (figure 3), and this enabled some predictions 
to be made about the high frequency periods which were later 
verified experimentally (cf. Gunnersen 1955). These argu
ments are given in section III.4, and are typical of the 

kind of considerations that will always be required in 

synthesizing the shape of the Fermi surface from a knowledge 
of the de Haas-van Alphen effect periods. 

This interpretation of the observed periods as being 
due to pockets at the corners of the zone, enabled Mr 

Gunnersen (1955) to calculate the actual shape of these 
; 

pockets (with certain reservations; cf. section III.5). The 
calculation of the band structure described in Chapter II 
is not sufficiently accurate to predict reliably any 

definite shape for these pockets. However, we shall show 
in section III.5 that the observed shape can be used, by 
varying some of the parameters in the calculation, to deduce 
what is the probable arrangement of energy levels at the 
corner of the zone and to show that the relevant pockets 
represent some positive holes (unfilled electronic states) 
around the corners in the first zone. 



III.4 The symmetry properties of pockets 
round the corners of the zone 
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The interpretation of the observed de Haas-van 

Alphen oscillations in terms of a single pocket with a 

very contorted surface was described as unlikely in the 

preceding section. Such a pocket would have to be around 

the centre of the second or higher zone and we would 

expect the energy at such points to be well above the Fermi 

level, and E(k) to be approximately spherically symmetri

cal over such small regions of k and not very contorted. 

Nor on the other hand would we expect the pockets to be 

situated at general points in the zone, because then there 

would have to be 48 geometrically similar pockets related 

to one another by the cubic crystal symmetry, leading to 24 

different periods (taking account of inversion symmetry; 

cf. below) at any one orientation, which is not what is ob

served. Thus let us consider the points of high symmetry 

in the zone (figure 3), near which points the effective 

mass anyway tends to be abnormally small (Mott and Jones 

1936, p.83); as do the observed effective masses (Shoenberg 

1952). In the free electron model, the points W, K, U, and 

X in the first and second zones would all have energies 

near the Fermi level, so that we may consider them as likely 

sites for the pockets. In this approximation for instance, 



the four lowest zones are degenerate at W with an energy 
only 0.001 ry below the Fermi level, and in reality these 
levels would be split. Thus it is more than likely that 

the Fermi surface cuts off a smaLl pocket of electrons or 
positive holes in one of the first four zones. Incidentally, 
although the pockets appear extremely small when it is said 
that they contain of the order of 10-3 electron states per 
atom, this corresponds to a radius ink-space of about one 
sixth of the distance WU. 

We will now deduce the number of de Haas-van Alphen 
periods and their kind of variation with orientation, that 
we would expect from a set of pockets situated about the 
corner points W of the zone. In the reduced zone scheme, 
the corners (ir/a)(o,2,1), (1r/a)(0,-2,1), (tr/a)(2,o,-1), 
and (>r"/a)(-2,0,-1) are separated from one another by 2)'(' 
times a reciprocal lattice displacement, and therefore 
represent the same wave vector. These points ink-space 
are transformed into one another by a fourfold improper 

rotation about the z-axis, by reflection in the yz-plane, 
and by any combination of these two operations: i.e. the 
set of points has point-group symmetry 42 m (Bunn 1945) 

about the z-axis. Thus four pieces of Fermi surface con

tained inside one zone round these four points, can be 

joined up into one closed surface by making use of the 
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periodicity of k-space, and this closed surface also has 

point-group symn~try 42 m. A similar piece of Fermi 

surface has to exist around each of the other corners of 

the zone to preserve the cubic symmetry ( cf'. section II. 7), 

and the pieces round the corners (lr/a)(0,-2,-1), 

( lr/a')( 0,2,-1 ), ( tr/a)(-2,0,1 ), and (;,-/a)(2,0,1) similarly 

join up to f'orm another closed surf'ace, which is the 

inversion image of' the f'irst surface. Since for any one 

surface S ( u) = S (-u) 
m - m - for all ~, the maximum cross 

sectional area Sm(u) is the same f'or the two surfaces 

f'or any direction u and its variation with u shows an 

additional centre of' symmetry, i.e. has point-group symme

try 4/ mmm (Bunn 1945). Thus the two pockets together 

contribute a single term to the de Haas-van Alphen oscilla

tions, with a period P(~) whose variation with orientation 

also has point-group symmetry 4/ mmm (f'igure 9). For f'uture 

reference we will denote special values of u as f'ollows: 

the f'ourf'old direction by c, another tetrad cube axis 

perpendicular to .£ by ~ , a ( 1, 1, 0) direction perpendicu

lar to c by b (cf'. f'igure 9). 

Similarly to the above, the pieces of' Fermi surface 

around the other 16 corners of' the zone group themselves 

into two sets of' eight, each set making up two closed 

surfaces but giving one period with poin~-group symmetry 
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4/ mmm about the x- and y-axes respectively. Thus in 

general at any orientation there will be three different 

periods, which superposed together show the full cubic 

symmetry as can be seen from some plasticene models or from 

stereograms (figure 10). Figure 10 shows stereographic 

projections of 48 different directions (related by cubic 

symmetry) in which the same period may be observed. The 

directions have been grouped into three sets, shown on 

different stereograms, corresponding to the three pairs of 

surfaces to which the period is due. The fourfold direc

tion c is shown for each set. The figure also illustrates 

another point. The directions as drawn nearly lie in (1,1,rf) 
planes. If they had been exactly in such planes, then the 

directions labelled u1 and u2 would be coincident, and 

the two sets of surfaces represented by the middle and 

right-hand stereograms would give rise to equal periods in 

this direction. Thus for any direction in a (f,1,9) plane, 

two of the three periods are coincident. 

These and other features which may be deduced in a 

similar manner, can be summarized into the following items. 

(i) For any direction of the magnetic field, there are in 

general oscillating terms in the susceptibility with 

three different periods. These together show the full 

cubic symmetry. 
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(ii) For all directions in a ~,1,~ plane, two of the 

periods are coincident. . In a [1 , 1 , -iJ direction, all 

three are coincident. 

(iii) For directions in a ~,1 ,~ plane, each period has a 

twofold rotational symmetry about the (1 , 1 , 1] axis, 

but the three periods vary with orientation such that 

the overall effect has threefold symmetry. 

(iv) For directions in a (f,o,r;f/ plane, one period has 

fourfold symmetry and the other two each have twofold 

symmetry. 

If further we make some assumption about the relative magni

tudes of the periods from one particular pair of surfaces 

in the directions a, b, and Q, then we can trace out 

the qualitative variation of the periods with u. Let us 

assume P(b) _> P( a) > P(Q) Then P(£) is shown in 

figure 11 as a triple valued function of £, for u in 

certain planes. Certain directions relative to the tetrad 

crystal axes are marked. 

The experimentally measured periods can be repre

sented well _by such a scheme and are indicated schematic

ally in figure 11 by the full lines (Gunnersen 1955). The 

dotted portions of the curves are presumed to correspond to 

periods with amplitudes that are unobservably low for one of 

several reasons. Mr Gunnersen has in fact shown in detail 
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that all features of the observed results, including many 

directions not represented in the figure, are in accordance 

with the interpretation suggested above. 

By arguments similar to the above, it may be shown 

that pockets situated round the points U or K or other 

points in the zone, would give rise to de Haas-van Alphen 

periods showing symmetry properties quite different from 

items (i) to (iv) above. However, pockets around the 

points X would show precisely the same features as 

pockets around W, with one exception. A calculation of 

E(k) near X showed that pockets around X would give 

P(a), P(b), P(c) approximately in the ratio 5:5:1, and the 

observed ratio is about 1.47: 1.88 : 1. The energy gap 

across the square face of the Brillouin zone would have to 

be about 10 t irries larger than calculated before the observed 

ratio could be interpreted in terms of pockets around X, 

and certain features of the calculated shape of the sur

faces (section III.5) also make this model appear very un

plausible. · Thus we may conclude that the observed "high 

frequency" oscillations are due to pockets around the 

corners of the zone. 



III.5 The place of the observed pockets in 
the complete band structure 
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With the interpretation of section III.4, there is 

no difficulty in deciding at any particular u which period 

is due to which pair of surfaces, so that it is possible to 

determine from the experimental results S ( u) m- for one 

particular pair. The question now arises, does Sm(u) 

determine the shape of the surface to which it applies 

uniquely? Clearly it does not, for we have already seen 

how two different surfaces which are inversion images of 

one another give the same Sm(£) • In fact it seems likely 

that an infinite set of surfaces exists, each with the same 

Sm(u) . Of these, however, Lifshitz and Pogorelov (1954) 

have shown that the surface with a centre of symmetry is 

uniquely determined by Sm(£) , and have given formulae for 

calculating this surface. Mr Gunnersen (1955) has used 

these formulae to calculate the shape of the surface with a 

centre of symmetry which corresponds to his observed values 

of P(£) and hence Sm(u) . We shall term this the 

"symmetrized surface", for clearly it does not represent 

the shape of the Fermi surface round each of our pockets 

which do not have a centre of symmetry (symmetry 42 m), but 

is some symmetrical hybrid between the two members of one 

pair (cf. section III.4). This symmetrized surface, which 



Table 7 

t f energy values for the pockets Analysis of one se o 
near W 

Energy values 

W = 0.380 
3 

W' = 0.383 2 
w1 = o. 591 

measured from ( 1T /a:)( 0, 2 ' 1 ) E(k) relative 
- to w

3 

0.03 

0.05 
0.06 

0 

0 

0 

0.021213 

0.042426 

0.021213 

-0.021213 

ky kz 

0 

0 
o· 

0 

0 

0 

0.021213 

0.042426 

0 

0 
1 

(0.021213 = 0.03/22
) 

0 

0 

0 

0.03 

0.05 

0.06 

0 

0 

0.021213 

-0.021213 

Analysis h 
With ~ = W - 0.0337, the l~ngths oft e 
of the pocket, and the effective masses m., 

-0.0317 

-0.0555 

-0.0677 

-0.0206 

-0.0334 

-0.0395 

-0.0288 

-0.0578 

-0.0330 

-0.0143 

axes r(u) 
become: 

u r(u) 
Direction calculated -observed 

m1 
calculated observed 

(1,0,0) 
(1,1,0) 
(0,0,1) 

a o.032 0.090 
b o. 035 o. 062 

0.050 0.037 

0.12 
0.11 
0.08 l approx. 

0.15 
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has the symmetry 4/ mmm, is shaped rather like a cushion. 

The length r(~) of the radius vector from the centre to 

the surface in atomic units in the direction u, as calcu

lated by Mr Gunnersen for the directions a, b, and Q 

is included in table 7. r(u) was also calculated for two 

other directions, which show that the section of the 

surface in the ~ b plane is nearly a square. 

As pointed out in chapter II, the calculated E(k) 

is subject to considerable errors, so that there is no 

possibility of calculating and predicting a definite shape 

f9r our surfaces from first principles. In the present 

case, the results of Chapter II (cf. section III_.2) do not 

indicate the presence of any isolated pockets round W, 

but a continuous filament of electrons round all the edges 

of the third zone. Thus we will use our knowledge of r(u) 

to determine empirically the relative positions of the 

levels w3 , w2 , w1 , and the Fermi level, by varying 

arbitrarily some of the parameters in the calculation and 

then looking for the best fit with experiment. 

For instance, table 7 shows some values of E(k) in 

the first zone near the corner point W taken from table 

21. If we arbitrarily assume that the Fermi level comes 

somewhat below the lowest energy level w
3

, then pockets 

of positive holes are left in the corners of the zone. By 
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interpolating between the E(k) shown, we can determine 

r(u) for the three directions a, Q, and c, and the 

effective mass m1 (eq. III.3.3.) as shown also in table 7. 
!_For the pockets around the corners (;, /a)(0,2, 1), 

( >f/a)(0,-2,1), ( )(/a)(2,0,-1), ( 11"'/a)(-2,0,-1), the c 

direction is the kz-axis~ We see that the energy varies 

rapidly with ~, giving a low effective mass which agrees 

well with the observed value. However, in detail, the cal

culated results for r(~), r(b), r(.2,) do not agree well 

with the experimental values. 

and W' 2 

In the above calculations (table 7), the levels w3 
come very close together. By varying the Fourier 

components v0 , v1 , v2 of the potential, which appear as 

parameters in the LCPW energies of the states (section II.4), 

it is easy to make w
3 and W' 2 have predetermined values. 

In this way, the calculations near W were repeated with 

three other different values for the difference w2 - w
3

, 

two positive and one negative. The detailed results are 

recorded in the appendix, table 24. The results may be 

described as follows. Going away from W , the energy in 

the first zone decreases rapidly, with an effective mass of 

the order of 0.1, so that a pocket of holes would be pro

duced if EM is less than both w
3 

and w2 . The energy 

in the second zone varies only slowly with k 
-,,~ 

( effect"mass 



Table 8 

Shape of the pocket near W under varying assumptions 

Energy levels (relative Lengths of axes 
values only) 

w3 W' w1 EM r(~) r(g) r(c) 
2 

(i) 0.3797 o. 3832 o. 591 o. 3460 0.032 0.035 0.050 

(ii) 0.3797 0.3832 0.591 0.4260 0.048 o.o6o 

(iii) 0.3903 0.3730 0.491 o. 3360 0.040 0.045 0.09 

(iv) 0.3903 0.3730 o. 491 0.4360 0.052 0.04 0.046 

( V) 0.3798 0.4880 0.591 o. 3460 0.051 0.07 0.050 

( vi) 0.3990 o. 62 0.59 o. 3660 0.058 0.08 0.054 

(vii) II II II 0.3910 0.030 0.037 0.013 

experimental values 0.090 0.062 0.037 

The effective mass in all cases is about 0.1 . 

cases (i), (iii), (v), (vi), (vii) correspond. to pockets of 
holes in the first zone. 

cases (ii) and (iv) correspond to pockets of electrons in the 
third zone. 
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greater than one), so that ~ lying between w
3 

and w2 
does not agree with the experimental results. In the third 

zone, the energy increases rapidly, again with an effective 

mass of the order of 0.1; except that when w2 lies above 

w
3

, the energy in the third zone decreases in the (o,0,1) 

direction, because it has to touch the second zone at some 

point in this direction for symmetry reasons, as in section 

II. 7. Thus sui fable pockets of electrons in the third zone 

may not be possible with some arrangements of the energy 

levels. 

The calculated energy values just described have 

been analysed in the manner of table 7 to give the shapes 

of the pockets when these are possible, and the results are 

shown in . table 8. In no case is the agreement with experi

ment particularly good, so that we cannot conclude 

immediately what the actual arrangement of levels must be. 

Cases (ii) and (iv) indicate one possibility with electrons 

in the third zone; cases (v) to (vii) indicate another 

possibility with a pocket of positive holes in the first 

zone and the level w
3 

below w2 . 
The former alternative with electrons in the third 

zone will now be dismissed as unlikely for three reasons. 

Firstly (cf. section III.2) it seems impossible to account 

fo r the large values of the total area of Fermi surfa ce a nd 
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the large density of states without assuming that both 

K (and U) and W in the second zone are above the Fermi 

level which of course rules out electrons around W in the 

third zone. Secondly, even if it were possible to account 

for S and n
0 

with K (and U) in the second zone above 

the Fermi level and W below, allowing a pocket of elect

rons around W in the third zone, this would imply a rather 

drastic modification of the calculated band structure (table 

6), for if the calculated energy levels are subject to 

considerable errors due to the inaccuracies in the poten

tial, then these errors are not random but would be expected 

to have the same sign and the same order of magnitude for 

similar wave functions e.g. for the levels K
3 

and w3 

(cf. table 22). Thirdly, a more detailed consideration of 

the shape of the pocket does not lead to as good agreement 

with experiment as the information under case (iv) table 8 

would indicate. In the third zone, K and U do not lie 

very much higher than W, compared with X, L, and ;-. 

Thus we would expect the minimum effective mass and hence 

the largest r(u) in the directions WK and WU, as is 

approximately borne out by the calculations as far as they 

go (table 21). We would then obtain P(a) <: P(Q) ~ P(c) , 

which is not in accordance with experiment (section III.4). 

Thus we return to the other alternative that W' 2 
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lies above w
3 1 

with w
3 about 0.04 ry above the Fermi 

level. The second zone is unoccupied at W, probably also 

at K for the reasons of section III.2, and the first zone 

has a small pocket of positive holes at each corner. This 

picture is also in accordance with the considerations of 

section III. 2. 

There are various difficulties in the way of trying 

to get closer agreement with experiment as regards the shape 

of the pocket. Firstly, E(k) does not vary linearly nor 

quadratically (cf. table 21) round W in any particular 

direction over the interval we are interested in, so that 

the variation cannot be characterized by an effective mass 

parameter which could perhaps be obtained from perturbation 

arguments. Hence the energy in any direction has to be 

plotted out from a sequence of calculated values. In this 

connection notice also the difference in shape between 

cases (vi) and (vii) of table 8. Secondly, the pocket is 

far from being centre-symmetric. This means that it is un

satisfactory t0 compare calculations with the symmetrized 

shape_ of the pocket determined from the experimental data. 

Thus one would carefully have to build up the actual shape 

of the surface, calculate the maximum cross sectional area, 

and compare directly with the de Haas-van Alphen effect 

period. These two considerations would make for tedious 
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work and at Dresent would not warrant the large amount of 

EDSAC time required, without presenting questions of prin

ciple. 

The third difficulty goes deeper. The 4 x 4 secular 

equation used in the present approximation (section II.4), 

involves fifteen parameters. It would not be adequate to 

vary these arbitrarily and independently for they are all 

determined by the lattice potential, although this was done 

for table 24 to alter the most important feature, namely 

the relative positions of the levels w
3 

and w2 . The 

numerical approximations, like neglecting interaction with 

excited states, would not be adequate either. Then we do 

not know whether the shape of the pocket is sensitive to 

the non spherically symmetric part of the potential, nor to 

correlation and exchange effects. In short, one has all 

the difficulties involved in an accurate band energy calcu

lation, but it may well be that the existence of such 

precise experimental dataabout E(k) , even in a very small 

part of the zone, will in the future be useful as a gauge 

against which to test calculated band structures, so that 

the importance of these various effects may be determined. 

The shape of the pockets as calculated from the 

observed periods also shows that the pockets cannot be at 

X, although this is allowed by symmetry considerations. 



Figure 12. S ction of the trized pocket 

in the ~ b plane ( :rt r Gunner n 

1955). 

It has already been· noted (section III.4) that pockets in 

the second zone at X would be expected to have a nmch 

larger ratio of r(a) and r(b) to r(c) than is ob

served. Further, the only two orthogonalized plane waves, 

which we will refer to as (i) and (ii)
7
with an energy close 

to that in the second zone are the two with k 1 near 

+ (1r/a)(2,o,o) where k' is the actual wave vector of the 
- I 

plane wave part as in section II.3. Other states with the 

same reduced wave vector k have much larger k' and 

higher energy (cf. table 6). The secular equation (II.3.11) 

has matrix elements between the orthogonalized plane waves 

(i) and (ii) which are axially symmetric fork around X. 

Thus only the interactions (section II.5) with excited 

states produce deviations from circular symmetry, and it is 

difficult to see how these could vary sufficiently rapidly 

with k to produce the observed ratio of 1.5 for r(a) to 

r(b) . Further, for pockets at X each period would not 

represent two asymmetric surfaces as at W, but a single 

surface with symmetry~ mmm. Thus the shape deduced from 

experiment would be the actual shape of each pocket. 

Figure 12 shows the ~ b section of this shape, which is 

seen to be very irregular, and the b c section also 

differs appreciably from an ellipsoid (Gunnersen 1955). 

Instead of this irregular shape representing the actual 
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E( k) as it would if the pockets were at X , it is much 

more plausible to suppose that the irregularities arise 

because the shape is that of a symmetrized hybrid between 

two surfaces each of which (section III.4) differs markedly 

from centro-symmetry ( cf. table 21 ) • 

III.6 The soft X-ray emission spectra and the low 
frequency de Haas-van Alphen oscillations; other properties 

In this section we will discuss various other items 

of experimental information that are directly related to 

the band structure. We will see that some of them corrobo

rate the picture of the band structure which we have 

developed in the preceding sections, but none of them help 

us to clarify it much further. 

Figure 13 f.s_rtoP Skifiner 1~JO) shows schematically 

the variation with energy, of the K and L3 soft X-ray 

emission spectra. The intensities I of the K and L3 

bands represent approximately the p-like and s-like com

ponents of the density of states, (Skinner 1938). We 

notice first that the total density of states is high at 

the Fermi level, higher in fact than if we fitted a parabo

lic curve corresponding to free electrons to the combined 

density. This is in agreement with the low temperature 

specific heat data (section III.2). We also notice that 
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band has two kinks in it, with a rapid rise on the 

high energy side. This might well indicate the beginning 

of overflow into the second zone, say across a zone face, 

in which case the states near the surface in the second 

zone woµld appear to haves-like symmetry. This would also 

be in accord with the dip at lower energies of the L
3 

curve due to the states having p-like symmetry at the 

surface of the first zone. This is all in accordance with 

the calculated band structure (table 6). 

The total band width may also be estimated from the 

soft X-ray band spectra. However, there is a considerable 

amount of difficulty because of the tail GC on the low 

energy side of the band (cf. the lowest diagram of figure 
3 

11), and there is uncertainty about how to cut it off so as 

to arrive at a reliable estimate of the true band width. 

Prior to the work of Bohm and Pines (Pines 1955), the 

reduced band width was taken as BD obtained by a parabolic 

extrapolation GB. Then Raimes (1954) showed that since the 

theory of Bohm and Pines indicates a band shape due to the 

exchange energy (II.2.2) of the form GFA, the reduced 

band width would be obtained more correctly by a linear 

extrapolation. This leaves the tail CGA even smaller 

than before, which was already somewhat smaller than ex

pected theoretically (cf. Pines 1955, p.413), and this 
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discrepancy has not yet been explained. We have the 

following table comparing our calculated with the observed 

band widths (after Pines 1955, Raimes 1954, Skinner 1938): 

Observed (BD, parabolic extrapolation) o.87 + 0.04 ry, 

Observed (AD, linear extrapolation) 0.97 + 0.03 ry, 

Calculated 1 • 1 1 + 0. 1 ry, 

Calculated including .L1 s.r. 
corr 1 .08 + 0. 1 ry, 

where ~ s.r. 
corr is a correction (Pines 1955, p.410) due to 

short range correlation between electrons of antiparallel 

spin. Thus our calculations favour the larger band width 

AD. 

Aluminium also exhibits de Haas-van Alphen oscilla

tions of considerably longer periods than those discussed 

in sections III.3 to III.5 (Gunnersen 1955). These 

oscillations have not been studied in detail so that no 

information exists about the shape and syrrnnetry of the 

pieces of Fermi surface giving rise to them. However, it 

is known that the effect of alloying the alu..minium with 

magnesium is to increase the period, i.e. to decrease the 

maximum area of cross-section of the Fermi surface, and 

this indicates that the pocket consists of electrons 

rather than positive holes (cf. Chapter VI). The dis

cussion of sections II.7 and II.8 shows that we would not 

expect pockets of electrons round any special symmetry 



points in the Brillouin zone. The energy in the third 

:Zone, however, has to become ·degenerate with the second 

along some curve, and it is quite possible that a small 

part of it is just below the Fermi level thus producing 

the required pockets of electrons. 
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The two properties that are next most simply related 

to the band structure are the thermoelectric power and the 

elastic constants. We saw in section III.2 that whereas 

the density of states is normal over most of the Fermi 

surface (which we will refer to as B), there are some 

parts of it (A) where the density of states is very high. 

We would expect the conductivity to be due mainly to 
' 

electrons at B with a high Fermi velocity, but their 

relaxation time to be controlled by transitions to A 

because of the high density of states for them to be 

scattered into there. Let us idealize the picture by 

assuming that the region A has area SA over which 

gradk EA is constant, and similarly for region B. The 

thermoelectric power is then proportional to (cf. Mott and 

Jones 1936,- p.310) 

1 d O" 1 d grad EA 1 d grad EB 
- <T d~ = grad EA d EM grad ~ d~ 

SA d (SB/SA) 1 d PBA 
- SB d~ PBA d~ 

( III. 6. 1 ) 
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Here er' is the electrical conductivity, EM the energy 

at the Fermi level, and PBA the scattering probability 

from B to A. PBA does not vary rapidly with ~ if 

we adopt the approximation of Mott and Jones (1936, p.254, 

equation 23), so that the last term in (III.6.1) is pro

bably negligible. The variation of the thermoelectric 

power as the Fermi level is raised or lowered by alloying 

involves simply a further differentiation of (III.6.1) 

with respect to ~~. An attempt was made to explain the 

signs of the observed thermoelectric power and its varia

tion on alloying with magnesium and silicon (Crussard 1947, 

Galt 1949). It was found, however, that our picture of 

the band structure, particularly around the points U and 

~ in the zone, is not precise enough for a definite inter

pretation to be given. This is largely due to the high 

order derivatives (up to third order) of E(k) which are 

involved. 

The elastic constants of aluminium, particularly 

those corresponding to the two types of shear, differ 

markedly from the values which would be expected on Fuchs' 

theory (Mott and Jones 1936, p.147) assuming the electrons 

to form simply a free electron gas. When the lattice is 

sheared, the Brillouin zone is distorted and this may 

result in a considerable rearrangement of the. Fermi 
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distribution. Leigh (1951) has shown that this effect 

could account for the observed elastic constants. His 

actual model, which does not appear very realistic, was to 

assume that the energy surfaces in the second zone are 

rigidly attached to the 

the lattice is sheared. 

would indicate that the 

zone faces and move with them when 
prct.e""t 

TheAcalculations, on the contrary, 

lattice potential has very little 

net effect on E(k) over most of the zone where it is 

very nearly e~ual to the free electron energy. We would 

expect shearing to affect the band structure more near the 

zone edges. This is just the region where the Fermi sur

face has a high density of states so that a considerable 

number of electrons would be involved. However, this is 

also the region over which we have the least precise infor

mation about the Fermi surface, nor does there appear to be 

any simple way of calculating the effect of shearing on the 

band structure, so that we cannot discuss the matter in 

further detail. 

III.7 The final picture of the band structure 
of aluminium 

We will now collect together and repeat the conclu

sions which have been reached about the band structure and 

particularly about the shape of the Fermi surface. We use 
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the reduced zone scheme, in which case each zone has the 

shape shown in figure 3. 

The first zone is completely occupied with electrons, 

apart from small regions of positive holes around each of 

the corners W, at which the energy is about 0.04 ry 

above the Fermi level. These regions, when placed to

gether to form complete closed surfaces, do not have a 

centre of symmetry, so that their exact shape is not 

determined by the de Haas-van Alphen effect results. 

Approximately the lengths of their axes from W are 0.09, 

0.06, and 0.04 atomic units in the directions perpendicular 

to the square face, WL, and WX respectively; (for 

comparison WX is 0.41 atomic units). The total number 

of holes is 3.7 x 10-3 per atom, and the effective mass 

0.1 times the free electron mass (cf. section III.3 to 

III.5). These regions of holes appear to be too small to 

affect other properties of the metal. 

There is overflow of electrons into the second zone 

across both the square and hexagonal faces, but there is 

an unoccupied region around the corners. 

the surface of the zone is the same as 

E(k) 

E(k) 

away from 

in the free 

electron gas according to the theory of Bohm and Pines 

(Pines 1955), within the accuracy of the calculation 

( about 0.1 ry) ( cf. section II. 8). Thus the Fermi surface 



consists of nearly spherical caps over the zone faces. 

There is a very low gradk E (high density of states) 

along the zone surface in the regions where the Fermi 

surface cuts the zone surface, accounting for the ob

served high density of states. The indications are that 

the points U and K are also above the Fermi level, in 

which case the intersection of the zone surface and the 

Fermi surface is a series of closed contours near the edge 

of every zone face (cf. section III.2). The states near 

the centres of the zone faces appear to haves-like 

symmetry about the nuclei in the second zone, and p-like 

in the first zone (cf. sections II.8 and III.6). 

The third zone probably contains the small region 

of- electrons responsible for the lower frequency de Haas

van Alphen oscillations ( section III. 6). This is not un

likely near a curve in the plane Rx= 0 where the energy 

in the second and third zones has to be degenerate (section 

II. 7). Otherwise the third zone is empty and so is the 

fourth. 

This picture of the band structure, with the uncer

tainties as noted, appears to be the only one that is 

compatible with all the available information. In so far 

as the information is rather limited at the present time, 

the arguments on the whole have been only semi-quantitative, 



and so the results are open to doubt to that extent. 

III.8 Concluding discussion about determining 
band structures from experimental data 
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Previously the de Haas-van Alphen effect has been 

used to determine part of the Fermi surface in bismuth 

(Shoenberg 1939), and Fawcett (1955) has devised a 

possible model of the Fermi surface in tin to account for 

the results of his orientational study of the anomalous 

skin effect. However, the present work represents the 

most determined attack that has been made on the band 

structure of any metal. Thus a few general comments about 

the whole approach may not be out of place. Most of them 

are rather obvious, but some represent experience gained. 

Trying to determine the band structure from the 

limited experimental data that have been available, is 

really trying to squeeze more information out of them 

than they contain. We have used virtually no experimental 

results besides some details given by the de Haas-van 

Alphen effect about some tiny parts of the Fermi surface, 

the approximate total area of Fermi surface determined by 

the anomalous skin effect in polycrystalline aluminium, 

and the total density of states. These cannot determine 

the shape of the Fermi surface and its relation to the 



Brillouin zones. Thus we cannot be surprised that our 
picture has not been precise e.nough to give a clear ex
planation of say the thermoelectric power (section III.6). 
Rather the reverse, I have been surprised at how clear a 
picture of the band structure has been obtained, so that 
now we know more about the band structure of aluminium 
than any other ordinary metal, except say the alkalis. 
For instance, people still discuss whether the Fermi dis
tribution in copper touches the zone boundaries. 

This high extraction efficiency of band structure 
information from experimental results,has been due to the 
use of theoretical conclusions, for instance the symmetry 
arguments used to sort out the de Haas-van Alphen periods. 
In this connection the band structure calculation has been 
essential, highly approximate though such calculations 
still are. Although in principle the de Haas-van Alphen 
effect carried up to very high fields is sufficient in 
itself to determine the whole Fermi surface (apart from the 
difficulty when this does not have a centre of symmetry), 
in practice it has been difficult to observe the effect in 
some metals at very high fields (Shoenberg 1956). Thus we 
will probably be concerned with making use of incomplete 
data for some time in the future, and band structure calcu
lations will probably play an important role. In this 
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connection the orthogonalized plane wave method should be 

useful, particularly in the form developed in Chapter II, 

for reasons already discussed in section II.6. From this 

point of view it would be most profitable to extend the 

experimental study of aluminium as far as possible, and 

then to consider the other light metals. 

There is one unexpected point about the de Haas-van 

Alphen oscillations observable in ordinary fields up to 20 

k Gauss. For the present purposes they are much more 

important than the small part of Fermi surface which gives 

rise to them would indicate. It is in the nature of band 

structures, that there is a rather large chance of having 

small pockets of electrons or holes in some zone around 

a poJnt of high symmetry. For instance in aluminium we 

expect from the free electron model that the Fermi energy 

and the energy levels (two of them degenerate) in the first 

four zones at the corner points will all lie rather close 

together. Of the 24 possible arrangements of these levels 

relative to one another, 20 correspond to such pockets 

being left in one of the zones. This is presumably the 

reason why so many metals exhibit a de Haas-van Alphen 

effect (Shoenberg 1952). In conjunction with other data 

it may be possible to decide in which zone the pockets are, 

and whether they correspond to electrons or holes. This 
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then automatically determines in which zones the point of 

high symmetry is above and below the Fermi level, which in 

turn in large measure determines qualitatively the geome

try of the Fermi surface, as has happened in the present 

work (section III.5). 

In this connection the effect of alloying on the de 

Haas-van Alphen period is of particular importance. The 

change in the period, if large enough to be observable, 

tells us directly whether the pocket concerned contains 
. 

holes or electrons (cf. section III.6 and chapter VI). In 

the present work it would have added considerably to the 

certainty of our picture if this effect had been 1'arge 

enough to be observed for the "high frequency" oscillations 

of sections III. 3 to III. 5. 

The main uncertainty in section III.7 about the 

Fermi surface is its nature near K and U in the zone. 

If the energy at these points (which is degenerate by 

symmetry) in the second zone lies above the Fermi level, 

then the ~ermi surface in the second zone is equivalent to 

seven unconnected closed surfaces representing the electrons 

grouped about each of the zone faces. If, however, the 

energy at K and U lies below the Fermi level, the seven 

surfaces are all multiply connected to one another at all 

the edges of the zone. The anomalous skin effect involves 
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an average over all pieces of the Fermi surface, so that 
an orientational study would be rather difficult to inter
pret in the present case. In particular it is uncertain 
whether such a study could resolve the ~uestion about 
whether U and K lie above or below the Fermi level. 
Certainly the de Haas-van Alphen effect at very high 
fields, if and when it becomes observable, would be ex
pected to give a clear decision. This undoubtedly is the 
most promising tool for the future determination of band 
structures. 



CHAPTER IV. THE RECALCULATION OF THE 

BAND STRUCTURE: THE NEW POTENT I AL 

IV.1 Introduction and the reasons for 
the recalculation 

In Chapter II, we have seen how the previous band 

structure calculation had an accuracy of about 0.2 ry. 

This is the sort of error that is present in all other 

previous band structure calculations of metals due to the 

uncertainties in the potentials on which they have been 

based. When the work of the preceding chapters had been 

completed, it was seen that there were several reasons why 

aluminium would be a particularly suitable metal for which 

to attempt a considerably more accurate band structure 

calculation than has ever been done for a metal in the past. 

Most important is the fact that we know more about 

the band structure of aluminium than of any other metal. 

From the work of the preceding chapters we have a fairly 

good picture of what the band structure really is, and 

some precise experimental information about a part of it. 

We can compare with this the results of a calculation from 

first principles, and thus judge how good the latter is. 

One of the largest errors in the potential in 

section II.2 was associated with the ion core, and it was 
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particularly fortunate that Hartree-Fock calculations for 
the Al+ ion became available at this time (Froese 1956).* 
The fact that the ion core is reasonably small (its radius 
is about half the atomic radius) also helps to keep the 
errors due to some of the approximations sufficiently 

small. 

In section II.2 another serious source of error 

came from the potential in the region approximately midway 
between the atoms. In other methods of calculating band 

structures there is considerable difficulty in taking 

this into account. However, it seemed (cf. section IV.5) 
that the whole potential could be represented adequately 
as the sum of identical potentials, spherically symmetri
cal but overlapping considerably, centred on each of the 
atomic nuclei. It is one of the advantages of the 

orthogonalized plane wave method that it can use such a 
general potential. 

In this connection it is important to note that the 
convergence error of the orthogonalized plane wave method, 
when used in the manner developed in Chapter II, was found 
to be not so large as to render the me thod nearly useless, 
as reported by previous workers (cf. section II.5, II.6, 

*ram indebted to Miss Charlotte Froese for making her results available to me prior to publication. 



and V.2). A theoretical investigation indicated that 

this was not just accidental in the calculation of 

Chapter II. 
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Thus there were considerable grounds for thinking 

that a considerably more accurate band structure calculation 

could be carried out, and for hoping that good agreement 

with the experimental picture of the band structure would 

be obtained. In any case such a calculation would provide 

valuable experience in obtaining a self-consistent poten

tial. We now indicate briefly the successive steps in the 

calculation to be described. 

In section IV.2 we discuss correlation and exchange, 

to what extent they can be taken into account while still 

retaining an independent particle model, and how their 

effect can be represented as an effective potential. In 

section IV.3 we list again (as in section II.2) all the 

contributions to the effective potential that ITR1st be taken 

into account, and we consider the potential due to the ion 

core electrons and exchange and correlation with them. In 

sections IV.4 and IV.5 we consider the potential due to 

the conduction electrons and achieve its self-consistency 

as regards both the oscillations in the wave functions near 

the nuclei, and its variation half-way between the nuclei. 

It was originally hoped to obtain each contribution 



to the potential so that the error in it produces an error 

of less than 0.01 ry in the energy levels, even for the 

states with high symmetry, making a total error of say 

0.02 ry, which is a factor of ten smaller than the error 

in Chapter II. This was achieved in all the itenIB men

tioned above, as far as the errors remaining can be esti

mated. 

As regards correlation and exchange amo ng the con

duction electrons, the calcul ation of Bohm and Pines (Pines 

1955, p.398) is regarded as being correct to 0.01 ry. 

Further, the results should be applicable to aluminium 

(Pines 1955, pp.404, 435; cf. section IV.6). Thus it was 

expec·ted that the contribution (II.2.2) to E(k) calcu

lated by Bohm and Pines using plane waves would be applic

able directly. The details are given in section IV.6, 

taking a small variation of the charge density into account. 

The band structure calculation was carried out on this 

basis as described in section v.17, and the results are 

shown in table 13. 

We see that on the basis of these calculated results 

the energy at the corners of the first three zones lies 

be low the Ji'ermi level, which is just the picture that we 

rejected in Chapter III. The energy should be about 0.11 ry 



higher to fit the accepted model. The discrepancy appears 

to be due to exchange and correlation effects between the 

conduction electrons (section V.3), but it is puzzling 

that it should be so large (section V.4). 

1he question of the rate of convergence of the 

secular equation in the orthogonalized plane wave method 

has been deferred to section V.2, so that numerical 

results obtained in the course of the present calculation 

could be incorporated into the discussion. 

Thus the goa l of doing a band structure calculation 

for a metal to an accuracy of about 0.02 ry which would 

make the results of real physical interest, has not been 

achieved as was hoped. However, considerable progress has 

been made in this direction, and we summarize the lessons 

to be learnt from the present work in section V.4. 

IV.2 Correlation and exchange in an 
independent-particles model 

The work - of Bohm and Pines (Pines 1955) has shown 

that it is vital to take into account correlation when dis

cussing the wave functions of the conduction electrons of 

metals. Thus the simple Hartree-Fock model has to be 

abandoned, but it is equally important not to surrender 
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some of the "indi vidual-particles11 properties of this model 

if we are to make any progress in the theory of metals. 

To what extent is this possible? 

Let us consider first what has just been termed the 

"Hartree-Fock11 model, namely the model in which the wave 

function of the whole system of electrons in the metal is 

expressed as a single determinant (IV.2.01 ). 

1 

(N! )-2 det / ,01 , ,02 , ... ,0i' ..... / 
(IV. 2. 01 ) 

In this and the next sections only, the ,0i will denote 

the wave functions including spin of all the electrons; tn 

other sections the definitions of section II.3 will be 

adhered to. The ,0i satisfy the equations 

r_ V 2 + U(r.)J ,0.(r.) - Y.(r.) = E.,0.(r.) L -i l -i l -i l l -i 

{IV. 2. 02) 

Here u( ri) = UN(ri) 

+ ~ 5 fo"(r.)fo.(r.)(1/r . . ) dvj ' . J -J J -J lJ J 
(IV.2.03) 

where UN( .!:i) is the potential due to the nuclei, and the 

other term is the potential due to the charge distribution 

~ ,0~ ,0 .. 
j J J 

Y. ( r.) 
l -l 

The exchange term 

~ s,0~( r . ) ,0 . ( r. ) ( 1 / r . . ) ,0 . ( r . ) J -J J -i lJ l -J j 
dv. , 

J 
= 

(IV.2.04) 



can be expressed in the form of an effective exchange 

potential 
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U h .(r.) = Y.(r.) / ri.(r.) exc ,1 -1 1 -1 ~1 -1 (rv.2.05) 

As has been discussed in detail by Slater (1951), this 

represents the potential due to the local reduction of the 

charge density (i.e. the exchange hole) round the ith 

electron. Throughout the present work it will be convenient 

to express all exchange terms in the form (IV.2.05), to 

which the expression II exchange potent ial11 will be applied. 

The wave function (IV.2.01) has a well known 
11 indi vidual-particles 11 property. If Q is an operator 

which can be expressed in the form 

where Q. . l 

Q = 2.. Q. 
i l 

operates only on the variables 

(IV. 2. 06) 

r. , then 
-1 

~ 5 f6~(r.) Q. ~- (r.) dv .. (IV.2.07) . l -1 l l -1 l . l 

Thus the ex~ectation value of Q is the sum of contribu

tions from all the electrons individually. This property 

does not of course apply to operators which involve the 

coordinates of more than one particle simultaneously, e.g. 

the total energy, or the probability density of the other 

N - 1 electrons when one electron is at the point £. 
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Thus the particles are only independent in a restricted 

sense, but the property (IV.2.07) is all that is usually 

required in the band theory of metals. 

At first sight, it might seem that if we improve on 

the wave function (IV.2.01) by considering say a sum of 
,, 

sueh determinants, we would completely lose the individual-,, 
particlesproperty of the Hartree-Fock model automatically. 

This is not quite true. It is possible to set up more 

general wave functions than the form (IV.2.01), which still 

retain some individual particle characteristics, for in

stance the wave function used by Bohm and Pines (Pines 1955), 

(IV.2.08) 

We are now restricting the discussion to the conduction 

electrons only, and ,y is the wave function which /Vose 
represents the plasma oscillations in their lowest state. 

' Let us denote the determinant in IV.2.08 by D. Then the 

total energy to a good approximation is 

l. ~ 
k<kc 

(~ -

V. t . . J Ddv , 1n ,1J 
(IV.2.09) 



121 

where the first term is the energy due to the long range 

Coulomb interaction which has been redescribed in terms of 

the collective oscillations with angular freQuency wp. 

The second term is the energy of a system of particles 

whose mass has been increased by a factor ( 1 - p 3 /6)-1 

and which have a short range interaction Vint,ij. Notice 

that the ~ osc does not appear in (IV.2.09) because the 

collective and electron coordinates have been separated. 

In the free electron gas discussed by Bohm and Pines, the 

individual particle wave functions %i are simply plane 

waves. More generally, however, we can apply the varia

tional theorem to the form (IV.2.09) just as in setting up 

the Hartree-Fock eQuations, and derive a set of N eQua

tions of the form (IV.2.02) for the N functions %i, 

the only change from (IV.2.02) being to replace the inter-

action (1/r
1
.J.) by V and to increase the effective int,ij 

mass. In this respect we have an independent particle 

model. 

Let us now consider the operator 

~ d 
~ i 

Using the wave function (IV.2.08), we have 

\ f* ~ d 
'/' dv 

l "a xi 
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= ) D"D ,to" ~ )~ 
i b xi 

dv 

+ \ ~* :t:, D* ~ dD 
i o xi 

dv. 

The first term on the right hand side is identically zero, 
because with all the oscillators in their ground state~ ")l. 

is invariant under the inversion transformation. In the 
second term, the relative nurriber of collective coordinates 
is small (about 2% in aluminium), so that we have approxi
mately 

= ') * d c;. D ~ D dv. 
i xi (IV.2.10) 

~ 
i 

This is the formula from which all the usual theory of 
transport phenomena in terms of the band model may be 
derived (cf. Wilson 1953, chapter 2). However, in so far 
as (IV.2.10) is not exactly true particularly for excited 
states of the system describing a current, it seems to me 
that the model of Bohm and Pines even in its most approxi-

H 
M mate form does not have the independent-particles charac-

teristics of the Hartree-Fock model. This point does not 
appear to have been discussed at all in the literature, 
where the particles are always referred to as "independent". 

The model may be described in physical terms as 
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follows. The electrons are surrounded by a region of low 

charge density due to the long range nature of the Coulomb 

interaction and this II long range correlation" as it has 

been termed is completely redescribed in terms of the 

plasma oscillations. Since these are always in their 

ground state and affect all electrons equally, we need not 

consider them explicitly. There is also a short range 

interaction leading to an additional exchange and correla

tion hole round each electron as in the usual theory of 

electronic interactions. 

We now have to consider electronic interactions in a 

real metal. In the absence of a definite theory, the dis

cussion at this stage becomes definitely speculative. 

Nevertheless some definite scheme for all the electrons 

including those in the ion cores has to be adopted before 

one can start calculations, and I have used the following 

one. It seems physically reasonable, reduces to the Bohm 

and Pines theory when the lattice is smeared out into a 

positively charged continuum, and reduces to the Hartree

Fock equations on neglecting correlation but not exchange. 

Let us state again that from the point of view of the band 

theory of metals, we are interested in the independent 

motion of the electrons insofar as this exists, and in 

p articular in how the energy varies from state to state, 
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i.e. in E(k) . Let us assume therefore that the electron 

moves in an effective potential which is the potential in 

the neutral lattice (defined as in electrostatics by means 

of an infinitesimal test charge having no quantum proper

ties), plus the expectation value of the potential at the 

point r due to the correlation and exchange hole 

surrounding the electron when it is at the point r. This 

potential can be derived from the probability density of 

all the other electrons when one electron is in a neigh

bourhood dr ~of the point ~, and is therefore quantum 

mechanically a precisely defined quantity. 

In aluminium, theory and experiment indicate that 

the transformations of Bohm and Pines should be applicable 

to the conduction electrons, even when the effect of the 

ion cores and the band structure are included (Pines 1955, 

pp.404, 435). Thus we will assume that we have the 

following contributions to the exchange and correlation 

hole for a conduction electron. Exchange with the ion 

core electrons operates as usual and there is also some 

correlation. The short range interaction Vint,ij with 

other conduction electrons produces a potential due to t he 

exchange hole, some correlation between electrons with 

antiparallel spins , and a negligible additional cor r elation 
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between electrons of parallel spin (cf. Pines 1955, p.396). 

The long range correlation can again be described in terms 

of plasma oscillations in their ground states affecting 

all electrons equally so that we do not need to consider 

them further. Thus in the following the word "correlation" 
I 

will be used in the restricted sense of the correlation 

between the motion of the electrons excluding that part 

which is due to the antisymmetry condition, and excluding 

the long range part redescribed in terms of plasma oscilla

tions. The potential of the preceding paragraph due to 

the correlation and exchange hole will be termed "the 

correlation and exchange potential". 

IV.3 The contribution to the potential due 
to the ion core 

According to the discussion of section IV.2, the 

potential we require for putting into the wave equation is 

the mean potential, including the effect of exchange and 

correlation, tha_t acts on an electron in a particular 

state. In section II.2 we considered in turn the different 

factors that determine this potential, namely: 

(i) the potential due to the ion core, including 

(ii) exchange amongst the ion core electrons; 



(iii) exchange between the ion core and conduction elect-

rons; 

(iv) correlation amongst the ion core electrons; 

(v) correlation between the ion core and conduction 

electrons; 

(vi) correlation amongst the conduction electrons; 
(vii) exchange amongst the conduction electrons; 

(viii) the potential due to the conduction electrons, and 
(ix) its deviations from spherical symmetry round each 

nucleus; 

and also 

(x) the errors remaining in the whole scheme; and 
(xi) spin-orbit coupling. 

We will now reconsider each of these points, showing how 
the approximations of section II.2 have been improved upon. 
The general remarks of section II.2 will be taken as under
stood and will not be repeated here. 

As regards items (i) and (ii), instead of the calcu
lation without exchange that was used in section II.2, the 
recent calculations (Froese 1956) with exchange were used. 
In those calculations, it was found that adding the (3s) 2 

electrons to an Al+++ ion affected the (1s) 2 (2s) 2 (2p) 6 

ion core to a negligible extent, so that we may safely use 
the same wave functions for the ion core in aluminium 



Table 9 

Contributions to 2Zp ( r) 

III IV V VI VII VIII IX X 

I II 

26·000 26 ·000 
0 0 0 0 · o 0 

0 26·000 22·654 22·50'd 
o ·5 85 -0 · 161 0·009 -0·001 

O·C5 22·084 -0·007 0·7J1 
0·722 -O·J1 9 0·017 -O•OOJ 20·074 1'::)· b71 

O • 1 19·267 -0·014 1 · 125 
O ·548 0•80J -0·62 8 O•OJ5 -0·006 15 · YJ5 15·b10 

0·2 15 · 43 4 -O•C2 b 
12 •6::)4 

O·J 12·5:,2 -0·042 1 •061 1 · 031 -0 • :;!JO O·C52 -0·00:3 12 • 72~ 

1 · 451 1 · 46'::) -1 ·492 O·C87 -0·01 4 s-e5::3 8 • 8 l 'd 

0·1 O• 
0·9 

1 · 1 
1 · 5 
1 . ~ 
2·3 

2· 7 
3·1 
3·5 
J·9 

I. 

II. 

III. 

IV. 

v. 
VI. 

VII. 

VIII. 

IX. 

X 

8 • tH3 1 -0·053 O · 122 -0·020 7·402 7 · 43 1 
7·140 -0•049 2•221 2·250 .:..2-012 

6·427 -0·036 -0·52 6 -0·650 -2 · 51 / O · 15 7 -0·026 J. 47::i 3·355 

6 • 155 -0·022 0•060 - 0 •040 -J·01 9 0 · 1 ~2 -O·OJ1 3·334 J·234 

6•02 1 -0•005 0·05/ 0·027 -3 · 9'::)4 0·262 ..:.o • 043 2•JOO 2 ·26'.;3 

6• 004 - 0·001 0•022 0•01C - 4 ·857 O·J32 -0 · 041 1 · 459 1 · 44 7 

0•008 O•OOJ -5·523 0·401 0•006 0·891 0 • ~ 'db 
6 · 000 0•000 

b•OOO 0 •000 0 •00 3 0•000 -5·921 0•462 0·049 0·596 0·59) 

6·000 0•000 0•001 O•OUU - b•OOU O·J56 O•C 11 0·368 0·367 

6·000 0•000 O•OOC 0•000 - 6·000 0•04::) 0•000 0 •04'::) 0 •C4:J 

0·000 0•000 - 6·000 0·000 0·000 0•000 O•OOC 
6·000 0·000 

r (atomic units). 
ion core as from Hartree-Fock e~uations (section IV.3). 

correlation among ion core electrons (section IV.3). 

exchange with ion core electrons 2Xs (section IV.3). , 

exchange with ion core electrons 2~ (section IV.3). 

conduction electrons inside atomic sphere (section IV.4). 

correction due to use of atomic spheres in VI (section IV.5). 

v , correction to VBP (section IV.6). 
ecc 

total ( s). 

total (p). 
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metal (table 9, column II). 

Correlation amongst the ion core electrons is rather 

unimportant. One might expect this on the grounds that 

correlation is an effect that saturates, i.e. for a free 

electron gas it has a maximum effect on the energy of 0.1 

ry per electron in the limit of infinite charge density 

(p · 1955 398) In the Al+++ · th · d · · d 1nes , p. . 10n core, e 1n l.Vl. -

ual electron energies (in terms of the Hartree-Fock approxi

mation) lie in the range 6 to 100 ry, so that we might 

expect the charge distribution and potential of the ion 

core to be affected by of the order of 1~ , as is in fact 

the case (cf. table 9, colunm III). No detailed calcula

tions of the effect of correlation have been made for 

aluminium, but Bernal and Boys (1952) have calculated the 

wave function of the Na+ ion, expressing it as the sum 

of several Slater determinants.* The corresponding charge 

distribution was compared with that obtained by Hartree 

and Hartree (1948) using the Hartree-Fock approximation, 

and the potential corresponding to the difference calculated. 

This is listed in table 9, column III, and its maximum 

*ram indebted to Dr S.F. Boys for supplying me with the 
unpublished charge distribution corresponding to this 
wave function. 



Table 9 

Cont ri but ions to 2Zp ( r) 

I II III IV V VI VI I VIII IX X 

0 26·000 0 0 0 0 · o 0 26·000 26·000 

-0 · 161 0·009 -0·001 22·654 22·50tl 
0 ·05 22·084 -0·007 0·731 o ·585 

0·017 -0•003 20·074 1:;) · b7 1 
0 • 1 19·267 -0·014 1 • 125 0·722 -O·J1 9 

0•803 -0· 628 O·OJ5 -0· 006 15·355 15·b10 
0·2 15 • 43 4 -0•02 'd 0 ·548 

0·3 12 • 5 :,2 -0· 04~ 1 • 061 1 • C31 -0·:3)0 O·C52 -0· 00:/ 12 • 725 12·6:/4 

1 • 46'3 -1 ·492 0•0137 -0·01 4 8 • ~5::.l 'd•8J'd 

0·1 O• 
0·9 

1 · 1 
1 • 5 
1 • :3 
2·J 

~ . 7 
3·1 
3·5 
3·9 

I. 
II. 

III. 

IV. 
v. 

VI. 

VII. 

VIII. 

IX. 

X 

8 • tH3 1 -O·C5J 1 · 451 
7·140 -0•049 2•221 2·250 -2~012 0 · 122 -0·020 7· 402 7 · 431 

6 · 42 7 -O·CJ6 -0·526 -0· 650 -2·517 O • 15 7 -0· 026 3·47:i .3·355 

6 • 155 -0·022 0•060 -0•040 -J•019 O · 1 '.:J2 -O•OJ1 J·JJ4 J·2J4 

6•02 1 - 0 ·005 0•05/ 0·027 -3 ·'.:J'.:J4 0·262 ..:..o• 04J 2·JOO 2•2blj 

6•004 -0·001 0•022 0•01G -4·857 O•JJ2 - 0 · 041 1 · 459 1 · 44 7 

6·000 0•000 0•008 0•003 - 5 ·52 3 0·401 0•006 0•8'.:)1 O • 8 'db 

6•000 0•000 O•OOj 0•000 - 5 • '::)21 0•462 0·049 O ·5'.:Jb O ·5'.:JJ 

6 ·000 0•000 0•001 O•OUU - 6•00U 0·356 0•011 O·J68 o~J67 

6•000 0•000 O•COC 0•000 - 6·000 0 •04'.:) 0•000 O ·04'.:) O•C4:i 

6·000 0•000 0·000 0•000 -6·000 0•000 0•000 0•000 0•000 

r (atomic units). 
ion core as from Hartree-Fock equations (section IV.3). 

correlation among ion core electrons (section IV.3). 

exchange with ion core electrons 2X
8 

(section IV.3). , 

exchange with ion core electrons 2~ (section IV.3). 

conduction electrons inside atomic sphere (section IV.4). 

correction due to use of atomic spheres in VI (section IV.5). 

V , correction to VBP (section IV.6). 
ecc 

total (s). 

total (p). 

metal (table 9, column II). 

Correlation amongst the ion core electrons is rather 

unimportant. One might expect this on the grounds that 

correlation is an effect that saturates, i.e. for a free 

electron gas it has a maximum effect on the energy of 0.1 

ry per electron in the limit of infinite charge density 

(p · 1955 398) In the Al+++ · th · d · · d ines , p. • ion core, e in ivi -

ual electron energies (in terms of the Hartree-Fock approxi

mation) lie in the range 6 to 100 ry, so that we might 

expect the charge distribution and potential of the ion 

core to be affected by of the order of 1~ , as is in fact 

the case (cf. table 9, column III). No detailed calcula

tions of the effect of correlation have been made for 

aluminium, but Bernal and Boys (1952) have calculated the 

wave function of the Na+ ion, expressing it as the sum 

of several Slater determinants.* The corresponding charge 

distribution was compared with that obtained by Hartree 

and Hartree (1948) using the Hartree-Fock approximation, 

and the potentiai corresponding to the difference calculated. 

This is listed in table 9, column III, and its maximlllll 

*ram indebted to Dr S.F. Boys for supplying me with the 
unpublished charge distribution corresponding to this 
wave function. 
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effect on the conduction band energy levels is 0.01 ry. 

Of course some correction factor depending on the ratio 

13/11 of the atomic numbers of aluminium and sodium should 

have been applied. However, this factor is unknown; but 

since t~e whole effect of correlation is almost negligible 

anyway, no appreciable error is involved. 

Exchange between the ion core electrons and the 

conduction electrons (item (iii)) was taken into account as 

follows. Let us first restrict ourselves to points k of 

high symmetry in the zone, such that the corresponding 

wave functions have either s-like or p-like symmetry near 

the nuclei, i.e. transform as an atomic s or p function 

under the group of k. These functions are then nearly 

the same over the region of the ion core where the exchange 

is appreciable (apart from an amplitude factor) as atomic 

3s or 3p functions. Hence the exchange term Y(r) (IV.2.4), 

obtained in Hartree-Fock type of calculations (Froese 1956) 

on the Al+ ion in the (3s) 2 and (3p) 2 configurations, was 

expressed as an ·exchange potential using (IV.2.5).* In this 

form the exchange term is independent of the amplitude of 

the wave function being calculated. We will express this 

*ram particularly indebted to Miss C. Froese for calculat
ing (using her existing EDSAC programmes) Y

3
p and 

~3p for me. The 3s functions had already been ob
tained in the course of her work. 



exchange potential in the form 

Vexch,(r)· = 
2X(r) 

r 

where X carries a suffix s or p according to the 

type of function to which it applies. and X are p 

shown in table 9, and it can be seen that they are very 

nearly the same over the important range 0.25 to O. 7 of r 

where the wave functions are appreciable. The difference 

is of the order of 0.1 ry over the ion core which occupies 

about one tenth of the atomic volume. Hence if the actual . 
conduction band wave functions contain a component, which 

is not atomic 3s- or 3p-like and which amounts to a frac

tion f of the probability density over the region of the 

core, then the error in the energy due to using X
8 

or XP 

is of the order of (1/10)(0.1)f ry, which is negligible. 

This justifies our procedure. The rather larger fluctua-

tions of xs and X near p r = o.8 and of xs near 

r = 0.08 are due to the fact that the nodes of Y( r) and 

~( r) do not come at exactly the same values of r 
' 

so 

that X(r) tends to + ,aO near the nodes of ~( r) . These 

fluctuations were smoothed out over a small range of r, 

but this incurs a negligible error since ~3s and ~3p 

are approximately zero at these values of r. 

An interesting comparison can be made at this stage 
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with the potential of section II.2. As mentioned there, 

the errors due to neglecting exchange among the ion core 

wave functions and between the ion core and conduction 

electron wave functions, although tending to compensate, 

were two of the largest errors in the calculation of 

Chapter ' II. The following values at r = 0.5 

2Zp due to core calculated without exchange 

2Zp II II " If with II 

difference due to exchange among ion core 
.electrons 

are typical. 

9.140 

8.881 

-0.259 

1. 451 

1 .469 

Thus the compensation is in fact a large over-compensation, 

so that it would have been more accurate in the calculation 

of Chapter II to include 2X than to omit it. However, 

the calculation of the ion core with exchange (Froese 1956) 

was not available then so that this fact was not realized. 

Exchange and correlation among the conduction 

electrons will be taken into account in section IV.6 in 

much the same manner as in section II.2. Now e~uation 

(IV.2.4) shows that the effect of exchange is simply 

additive for different electrons, i.e. the exchange poten

tial due to exchange between the conduction and ion core 

electrons and among the conduction electrons themselves 

may be calculated separately and added, as we are doing. 
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Correlation, however, is not an additive effect. For in
stance, the correlation energy of a free electron gas is 
not proportional to the density of the gas but tends to 
0.11 ry per electron in the high density limit. In alumin
ium the actual conduction electron density corresponds to a 
correlation energy of 0.09 ry per electron, so that the 
high charge density in the ion core would only deepen the 
correlation hole round a conduction electron by about an 
additional 0.02 ry. Since this is effective over the ion 
core which occupies only 1/10 of the whole atomic volume, 
the contribution of ion core-conduction electron correla
tion to the potential (item (v)) is negligible, except for 
ans-like state of high symmetry like w1 where it would 
be about 0.01 ry. No attempt was made to incorporate this 
effect in the potential, but a correction is included in 

/J the final energy values ( table ft). 
Spin-orbit coupling (item (xi)) is still negligible, 

cf. section II.2. 

IV.4 The potential due to the conduction electrons and its self-consistency 

In this section we will consider the potential due 
to the conduction electrons inside an atomic sphere ( i tern 
(viii)). A discussion of the fact that the whole metal 



cannot be considered as made up out of N atomic spheres 

(item (ix)) will be deferred to the next section. 

Let us consider an atomic sphere. The wave func

tions near the surface of the sphere may be shown to be so 

nearly plane waves, that the wave functions of Chapter II 

which are normalized to 1/N over an atomic polyhedron 

are also normalized to 1/N over an atomic sphere to a 

very good approximation. 

We assume as an approximation that the wave func

tions are given by the orthogonalized plane waves calcu

lated in Chapter II, and that the Fermi distribution is 

just a sphere of radius kM. The charge distribution is 

then spherically symmetrical inside the atomic sphere. 

Hence the average charge distribution of all orthogonalized 

plane waves with the same /k'/ is the same as r (r) the 

charge distribution of one of them averaged over all 

directions (in real space), and is given by 

4 ,;- r2 p ( r) 

a 2kn 

4 - 2 
II r = + 
VO 

2 

+ 
bzkn 

( k 1 /k' ) 2 
z 

(b1kn p1 

2 
b1 kn P1 + 2 2 

b2kn P2 

p2 + 2b1kn b2kn p1 p2 z 

1 

+ b2kn P2) (4n-/v )2 
0 

( 2/k') sin (k'r) 



bzkn 
- (k 1/k 1 ) p z 

3 
2r 

1 

(1271'/v )2 
0 
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(IV.4.1) 

p (r) was calculated at a large number of values of r 

for each of 11 difrerent values of le' spaced at equal 

intervals of k 1 3 between k 1 =0 and kM so as to give the 

correct weighting factors. 

The integrated charge density due to the whole 

Fermi distribution was then formed using Gregory's inte

gration formula (Hartree 1952). The potential due to the 

resulting charge distribution was then calculated (in the 

form 

where 

and 

2Z /r) from the relation p 

ZP(r) = Z(r) + rI(r
0

) 

Z(r) = for ) 4 ii' r
2 

/ ( r) 

rI( r) 

dr 

I(r) = I: 4i7r r<r) dr , 

(IV.4.2) 

and is shown in table 9 column VI and in table 10 column III. 

We must now estimate the error involved in the two 

assumptions made at the beginning of the preceding para

graph. For small values of k 1 in the first zone, the 

simple orthogonalized plane waves represent the true wave 

functions quite adequately in fact. However, this cannot 

be true for states in the second zone because they are not 



Table 10 

Contribution to 2Zp(r) from the conduction electrons 
atomic sphere inside an 

I II III IV 
r 

O .151 0.151 o. 151 0.152 
0.05 

0.302 0.299 0.319 0.302 
0. 1 

o. 604 0.591 o. 628 o. 598 
0.2 

0.904 o.879 0.930 o.889 
0.3 

1. 497 1.429 1 .492 1.445 
0.5 

2.077 1. 952 2.012 1.977 
0.7 

3.175 2.985 3.019 3.025 
1 • 1 

4.151 3.991 3.993 4.022 
1 • 5 

4. 965 4.873 4.857 4.882 
1 . 9 

5. 571 5.529 5.524 5.533 
2.3 

5.925 5.918 5.922 5.917 
2.7 6.000 
2.9765 6.000 6.000 6.000 

I has been derived assuming that the charge distribution 
is uniform inside the sphere. 

II 

III 

IV 

h been derived from the charge distribution corres
o~~ing to the sum of three orthogonalized plane !aves, 

P d ·n the fi'rst calculation: c.f. section II.2. and was use i 
has been derived from the wave functions obtained in ~he. 

first calculation, and was used in the second calculation. 
c.f. section IV.4. 

h Wave functions obtained in the 
has been derived from t e 

second calculation. 
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orthogonal to the orthogonalized plane wave in the first 

zone with the same k (cf. equation (II.3.12)). The over

lap integral between the two is about 0.1. Thus if we 

assume that half the fil led states are affected by this, 

the error in the potential should be of the order of (1/20) 

times the difference between the calculated potential and 

that due to simple plane waves. From table 10 and the 

discussion below about self-consistency, it may be seen 

that the resulting error in the energy levels is of the 

order of 0.005 ry. Now near the zone surface, the ortho

gonalized plane waves are even more mixed and the Fermi 

surface departs from a simple sphere introducing a further 

error. However, we may expect this to be small because the 

actual volume in k-space affected, i.e. the number of 

states, is relatively small. For instance the pockets of 

holes in the corners of the first zone only contain a 

total of 4 x 10-3 states per atom. 

When the present recalculation of the band structure 

was completed, the potential corresponding to the new wave 

functions was calculated in exactly the same way, and is 

shown in the last column of table 10. The difference be

tween this new potential IV and that calculated from the 

old wave functions III gives the contributions to the 

Fourier components of the potential shown in the last 
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column of table 25. · From these it may be seen (cf. 

section V.1) that the corresponding effect on the band 

structure is to raise the energy of all states by 0.005 ry 

and to shift states of high symmetry relative to one 

another by a maximum of 0.003 ry. This correction has been 

incorporated using perturbation theory in the final energy 

values shown in i~~ fflt~~l9 ~Q+lJ.rrlP: 0£ table 13. Thus we 

have achieved self-consistency in the potential to the 

desired accuracy. 

An interesting feature of table 10 is that the 

potential II determined in section II.2 from three ortho

gonalized plane waves represents the potentials III and IV 

so well, in fact it differs from them on the whole by no 

more than they differ among themselves. The explanation 

is that the real parts of the orthogonalized plane waves 

are all very rrmch the same for small values of r being 

3s-like functions, and so are the imaginary parts being 

3p-like functions (cf. the table of btkn coefficients, 

table 27). Thus it does not matter whether one takes 

three representative orthogonalized plane waves or inte

grates over the Fermi distribution. Likewise outside the 

ion core the wave functions are nearly plane waves with a 

constant charge density, so that here it again does not 

matter. This all strongly supports the assumption above 
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that the potential is not sensi.tive to the precise form of 

the Fermi surface and the admixing of orthogonalized plane 

waves. 

Another point about table 10 is how little the 

potentials III and IV differ when there are such relatively 

large differences between the ~t and the btkn in the 

two calculations (cf. tables 18, 19, 20, 26, 27). For 

instance the b 2kn and bxkn differ by about 20% and 55% 
respectively. There appears to be a large measure of com

pensation between the changes in the ~t and the btkn. 

The differences in the ~t were brought about by the 

potential near the nucleus in .the second calculation being 

considerably more attractive due to the term X(r) (section 

IV. 3), thus pulling al l the ~t inwards. 

This brings us to the important conclusion that 

fr·om the point of view of achieving self-consistency, the 

band structure calculation of Chapter II could have been 

dispensed with entirely. The present degree of self

consistency wquld have been achieved, if we had started 

with the crude potential calculated in section II.2 using 

three orthogonalized plane waves and using atomic wave 

functions for the ~t , (and included of course the exchange 

terms etc. of this chapter which do not affect the question 

of approaching self-consistency). Thus only a single band 
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structure calculation f'ollowed by·a small correction using 

perturbation theory, would have been required. 

IV.5 The potential in the regions midway 
between the ion cores 

We have now to consider the f'act that the charge 

distribution of' conduction electrons in a metal does not 

consist of' a number of overlapping spheres of charge, which 

have a nearly uniform density inside as found in section 

IV.4 dropping abruptly to zero at the atomic radius r
0 

The potential, corresponding to this "uniform spheres 11 

model as we shall term it, is therefore far from self

consistent. The model has been used in the past e.g. in 

section II.2, and in some calculations f'or instance using 

augmented plane waves the even more unrealistic assumption 

is made that the potential is constant between touching .. · 
spheres, which therefore corresponds to zero charge density 

between the spheres. The error in these potentials should 

not affect the relative energies of states not too close to 

the surface of the Brillouin zone, for their charge densi

ties are rather uniform over the regions concerned. This 

does not apply to states with high symmetry, e.g. those at 

the corners of the zone. The error in this case has not 

been calculated, but is estimated as being probably less 
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than but of the order of 0.1 ry. 

The most general form of potential that can be used 

directly in the orthogonalized plane wave method is 

where C is a constant and r. 
-1 

(IV. 5. 01 ) 

is the position of a 

nucleus. The only practical requirement is that V(r) 

should not be too large at large r. Here and elsewhere 

U(r) with some suffix denotes a periodic potential 

spreading through the whole lattice, and V(£) a potential 

centred at each nucleus. When the latter is spherically 

symmetrical, this will be denoted by omitting the vector 

sign under r • 

We will now show by some general considerations why 

we should expect to be able to represent the actual 

potential u2 (£) in the lattice rather well by the form 

(IV.5.01). The potential u2 is determined uniquely by 

its Fourier coefficients c2K. , where 
-1 

(IV.5.02) 

and the K. are 2 t, times the reciprocal lattice vectors. -1 

The Fourier coefficients of u1 depend only on the modulus 

Ki and are given by 

c1K. = f1K. ' c1 ,O = f1,o + 0 1 (IV.5.03) 
l l 
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where 

= (IV.5.04) 

is proportional to the Fourier transform of v1 . We shall 

use a small letter k when this is not restricted to 21T 

times a reciprocal lattice vector. Now the c~ K. _, 

are by symmetry the same for a set of different K. 
-l 

related to one another by crystal symmetry. Thus in 

general c2K is~ a function only of the modulus K 

and thus we can put f1k = c2K. for k = K. i 0 . The 
l 

l 

' 

only exceptions occur at rather high values of K where 

it can happen accidentally that two different sets of K. 
-l 

have the same modulus, e.g. ( if/a)(6,6,6) and ( 11/a)(10,2,2). 

In this case we can put 2f1K. = c 2K. + c2K! and the error 
1 1 1 

due to this approximation is quite negligible. For such 

large values of K the c2K are becom(fJIJSmall, and the 

difference between c2K and c2K, will be an order of 

magnitude smaller still because these high Fourier coeffi

cients correspond~ to small wave lengths are principally ....... 
determined by the spherically symmetrical potential near 

the nuclei. Further we can show using perturbation theory 

that the orthogonalized plane waves in the first and second 

zone are affected by these high Fourier coefficients only 

through the excited states. Thus the actual potential u2 



determines f 1 k where k is 2• times the modulus of a 
reciprocal lattice vector. We can then construct any 

function f 1 k going through the given points f 1K. , and 
l by inversion of (IV.5.04) determine the corresponding 

V 1 ( r) . We notice that this involves a considerable 
arbitrariness in f 1 k and hence v1 (r) , particularly for 
k less than 1.17 corresponding to the shortest reciprocal 
lattice vector, and it is this range of k that principally 
determines v1 ( r) at large r . This arbitrariness has 
been increased by including the constant c1 in (IV.5.01) 
so that f 1 , 0 is arbitrary. Thus we have proved that we 
can for our purposes represent the real potential u2 (r) , 
in the lattice by the form (IV.5.01), and that this leaves 
considerable arbitrariness in v1 (r) particularly at 

large r . This fact is importarn~ in that it gives us 
confidence in the following somewhat cruder method that was 
actually used to determine a suitable v1 (r) . The method 
of the present paragraph did not seem very practicable for 
the numerical calculation of v1 . 

Instead it was decided to fit the fo~n (IV.5.01) to 
u2 (r) at a nunilier of points Pi , and then to interpolate 
v1 (r) graphically between them using a little bit of 

additional information. The points chosen were 



point position 

· (o,o,o) 

a(i,!,o) 

a(i,o,o) 

(atomic radius r
0 

= 0.391 a) 

R. 
l 

0 

0.354a 

0.408a 

0.433a 

0.5 a 

and all crystographically equivalent points which will 

sinwly be referred to by the same letters. Ri is the 

distance of Pi from the nearest nucleus. This covers 
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the face centred cubic lattice quite well, in particular 

the region about midway between nuclei. If we consider a 

face centred cubic lattice composed of close-packed spheres, 

we have two types of holes between the spheres, big holes 

centred at P2 and bounded by six spheres in octahedral 

positions, and little holes centred at P4 and bounded by 

four spheres in tetrahedral positions. We see from the 

value of R2 that there is for instance quite a large 

volume around P2 over which there is zero charge density 

in the uniform spheres model. P
3 

is equidistant from 

three nuclei in a close-packed plane, P 1 half-way between 

two nuclei, and P0 at a nucleus. Thus v1 (r) must extend 

out at least as far as r = R2 . 

Consider first a lattice of protons with the same 



lattice constant as aluminium, with a uniform distribution 
of negative charge corresponding to one electron per atom. 
Let the ~otential in this lattice be u

3
(r) , where as 

usual u
3 is the electrostatic potential energy of an 

electron at r in ry. u
3

(Pi) has been determined using 
the Ewald technique as presented by Kittel (1953, p.347). 
We may represent the charge density as the sum of two 
charge densities 

(IV.5.05) 

with corresponding potentials u
4 

and u
5

. f 
4 

is a 
uniform density of negative charge corresponding to one 
electron per atom, with a spherically symmetric Gaussian 
distribution of positive charge centred at each lattice 
point. r S is a proton plus a Gaussian distribution of 
negative charge at each lattice point. The Gaussian 
charge density is 

(IV. 5. 06) 

where s is in the meantime arbitrary. 

The Fourier coefficients f 4K of f 4 may be ob-
tained directly from (IV.5.06) (cf. equations IV.5.01, 03, 
and 04), and the Fourier coefficients of u

4 
from the 

relation 

K-/ 0 • 

I 

11 



Table 11 

u4 (r) u
5
(r) u3 (r) 

near P0 -0.002565 0.817158* 0.814593* 

p1 0.000121 -0. 261268 -0.261147 

P3 0.000455 -0.242402 -0.241947 

P4 0.000358 -0.205464 -0.205106 

p2 0.001839 -0.144718 -0.142879 

u6( r) u7(r) v
7

( r) 

near P 0 1. 00790* -0.05042 -0.05042 

p1 -0.01964 -0. 09862 -0.04931 

P3 0 -0.09906 -0.03302 

P4 0 -0.06222 -0.01556 

p2 0 0 0 

c7 = -0.14288 

*plus (-2/r) + O(r) 

ni 

1 

2 

3 

4 

6 
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c4 , 0 is arbitrary and we shall set it eg_ual to zero. 

Thus we obtain 

u4(r) = (8;r Iv ) ~ 
0 . 

J. 

( 2) ( 2 2 1/K . exp -K./4s + iK .. r) . 
J. J. -J. -

(IV.5.07) 

As regards f' 5 , each proton with its associated negative 

charge has from (IV.4.2) a spherically symmetrical potential 

v
5
(r) = (2/r) G(sr) (IV.5.08) 

with 
1 r· e:x;p (-t2) G(x) = (2/1T 2) dt ' 

X 
1 

v5 (r) = - 2/r + 4s/if" 2 + O(r) near r = O • and 

u
5 

( r) = l V(/r - r./) . (IV.5.09) 
i - -J. 

Then 

It was fo und that putting s 2 
= 8/a2 gave good convergence 

of both u4 (£) and u5 (.r) . When all terms connected by 

crystal symmetry had been grouped together, it was found 

that the summations in (IV.5.07) and (IV.5.09) reduced to 

four terms on the average before the terms became smaller 

than 10-
6

• The va lues of u4 (£), u
5

(£), and their sum 

u3 (r) are shown in table 11, and they are certainly correct 

to five significant figures. 

The most convenient way of making use of these 

results is by expressing them in terms of a correction to 



r 

o to 2.2 

2.3 

2.4 

2.5 

2.6 

2.7 

2.8 

2.9 

3.0 

3. 1 

3.2 

3.3 

3.4 

3.5 

3.6 

3.7 

3.8 
greater than 

3. 808 

Table 12 

v
7
(r) 

-0.05042 

-0.0504 

-0.0502 

-0.0500 

-0.0498 

-0.0494 

-0.0486 

-0.0464 

-0.0424 

-0.0332 

-0.0244 

-0.0156 

-0.0088 

-0.0040 

-0.0016 

-0.0004 

-0.0000 

0 

·t * charge densi Y 

1. OOO 

1 • 0 

1.0 

1 • 0 

0.9 

0.8 

0.4 

0.2 

-1.2(?) 

-0.1 

-0.3 

0.7 

o.B 

1. 0 

o.6 

0.4 

0.3 

0 

*'" the total charge density corresponding 
-This is ·t f' electrons per atom. to v 6 + v

7 
in uni so 

the potential u6(r) corresponding to the uniform spheres 

model. u6(r) is given by 

where = 

The values of' u6(Pi) are also shown in table 11. Let us 

express the correction potential u
7 

in the form 

= u7(r) + c7 ' 

= C7 + 2. v7(/r - ri/) 
i 

(IV.5.10) 

At this stage we assume 

v7(r) = 0 
' 

for r ~ R2 . (IV. 5. 11 ) 

This then determines C7 uniquely, and hence also u7(Pi) 

and V7(Ri) as shown in table 11. In going f'rom u7(r) 

to v
7
(r) 

' 
it must be remembered that the points pi are 

covered by the potential v7 f'rom ni lattice points , 

where ni is shown in the last column of' the table 11. 

Further values of v7(r) were determined by graphical 

interpolation a nd are shown in table 12, which also shows 

the total charge density corresponding to v
6
(r) + v

7
(r) 



determined by differentiation using finite differences. 

The curvature of v
7
(r) at r = R2 was taken so as to 

give the correct charge density around P
2 • There is a 

high order kink at r = r 0 to cancel the finite discon

tinuity in the second derivative of v6(r) . The results 

may be scaled to apply to any other face centred cubic 

lattice with lattice constant a' by multiplying the 

values of r by (a'/a) and by dividing the corresponding 

potential by the same quantity. 

Calculations of the potential in the lattice at 

other points have not been made, so that there is no 

definite evidence as to how well the potential 

U' ( r) 
3 = c7 + ~ V 6(/r - ri/) + ~ 

i i 
V 7(/r - !:i/) 

which we have determined really represents 

(IV. 5. 12) 

u
3

(r) . In 

particular does the assumption of the preceding paragraph 

that Vir) = 0 for r 4" R2 represent a good approxima-

tion ? Now u3(r) is certainly equal to u
3

(r) at the 

points pi ' 
and as already mentioned they give a reason-

able coverage of the whole lattice, so that on grounds of 

continuity we would not expect a great error. 

cannot vary very rapidly with r because the charge 

density V 2 u
3

(r) is a constant. Also it was pointed 

out earlier in this section that there exists a considerable 



arbitrariness in v
7(r) at large r so that our particu

lar assumption of letting it become zero at R2 is not as 
drastic as it 

-H.c 
that/\ v7(Ri) 

curve. If we 

become zero at 

in ( IV. 5 . 1 0 ) a 

where 

would otherwise be. Further 

shown in table 11 do in fact 

retain our assumption about 

R2 and try to COII!Pensate 

term 

v8 (r) s
4 

= (5/2) ~(x4 + y4 + z4);r4 

it was found 

lie on a smooth 

letting v7(r) 

this by including 

3/5J, 
(IV.5.13) 

we find that either v8 (r) varies rapidly in sign with r, 
or it is impossible to fit a smooth curve to the v

7
(Ri) 

if v8 (r) is 0.005 or more. Thus a conservative estimate 
of the error in the energy levels due to v7(r) not having 
quite the right form is 0.01 ry. Nevertheless the charge 
density corresponding to u3(r) does have little regions 
of high and low charge density, but they are much smaller 
than those for U 6( r) . 

The calculation of v
7(r) has been carried through 

for a lattice of protons. To apply the results to alumin
ium, we note that we may add at each lattice site a 
spherically symmetrical charge distribution, which has zero 
total charge and does not extend outsider= 2.6. Such a 
charge distribution gives zero potential outside itself and 

I 
I 



therefore does not affect the argument about how to repre

sent the potential near the surface of the atomic polyhedron 

and in particular at the Pi . This point takes care of 

the presence of the ion core and the oscillations of the 

conduction band wave functions near the nuclei. In 

aluminium the density of conduction electrons over the 

surface of the atomic sphere is a little higher than 3 

electrons per atom due to the exchange repulsion of the 

ion cores (actually 3 x 1.154 per atom, cf. section IV.6). 

The values of v
7(r) shown in table 12 have therefore been 

multiplied by 3 x 1.154, and the results expressed using 

(II.2. 7) in terms of a contribution to 2ZP , as shown in, 

table 9. 

IV.6 Correlation and exchange among the 
conduction electrons 

In accordance with section IV. 2, we require the 

potential at the point r due to the correlation and ex

change hole round the electron when it is at the point r. 

This is given approximately by VBP(k) (II.2.2) as in 

section II.2, corresponding to a uniform gas of free elect

rons with a density corresponding to the mean electronic 

density in aluminium. In this section we consider two 

corrections to this. 
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The charge density of electrons is not uniform near 

each nucleus because of the 3s- and 3p-like oscillations 

of the wave functions there. These variations extend only 

over the region of the ion core and have a wavelength of 

the order of 0.5 atomic units. However, the radius of the 

exchange and correlation hole (II.2.4) is greater than 2 

units, so that these variations are very effectively 

smoothed over. A similar tendency can be noticed in the 

exchange term between the core and conduction electrons 

(section II.3). Thus the approximation of Slater (1951) 

that the exchange hole should be calculated according to 

the local charge density, would overerr:q:ihasize these varia

tions of charge density enormously. It seems a rm1ch better 

approximation to neglect them entirely, and this has been 

done in the present calculation. We return to this point 

in section V.3. 

There are also variations of electron density on a 

larger scale. The fact that a~n of equation (II.3.08) 

is greater than unity (on the average 1.154) shows that the 

electron density near the surface of the atomic polyhedron 

is 15.4% greater than the average density. This is due to 

the exchange repulsion of the ion core. An additional 

exchange and correlation potential V (k,r) has been 
ecc 

calculated such that VBP(k) + V (k,r) is equal to the 
ecc 
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value of VBP(k) appropriate to the local charge density 
at the point £, in accordance with the substance of 

Slater's (1951) suggestion. Thus V ( k, r) ecc 
for r = r 

0 
and averages to zero over all r 

is negative 

in each 
atomic sphere. It does not affect the state with k = O 

in the first zone nor states corresponding to general 
points not near the surface of the Brillouin zone, for 

their probability density is sufficiently uniform over the 
atomic sphere. Only states with high symmetry are affected, 
and since we are mainly interested in the states at W 
which lie very close to the Fermi level, we have taken 

k = kM for purposes of computing V . Its contribution ecc 
to 2Z (r) is shown in column VIII of table 9, where the p 

discontinuity at r = r has been smoothed out. The effect 0 

of V is about 0.01 ry. ecc 

The fact that the wave functions are not plane waves 
but linear combinations of orthogonalized plane waves was 
not taken into account in the present calculations. In 
section V.3 we show how in principle it could be, but in 
the discussion of section V.4 we point out that we do not 
expect it to make very much dif~erence. 



Table 13 
Energies of states of high symmetry 

. relative to the state The second column.gile~i~~et~~e~~~relation and exchange 
with Vk = 0 adftthere ~~l~ corrections of chapter IV. The term an . BP . the results obtained in third column gives for con:g;:iarison 
chapter II. 

Energy 
level 

/~ 

/\ (p-potl) 
(Fermi level) (mean 

potl) 

W3 

W' 2 

w1 

X' 
4 

X1 

K3 

K1 

K1 

Relative 
energy 

including 
VBP 

0.000 

1. 064 
1. 059 

0.989 

1. 042 

1 .158 

o. 787 

0.909 

0.900 

0.945 

1. 280 

Relative 
energy 
in old 

calculation 

0.000 

1 . 11 

1. 015 

1. 020 

1. 228 

o.850 

0.908 

o. 931 

0.929 

1. 059 

CHAPTER V. THE RECALCULATION OF TEE BAND 

STRUCTURE (continued) 

V.1 The details of the calculation and the results 

The recalculation of the band structure differs 

from the calculation of Chapter II principally in the 

much more carefully determined potential (Chapter IV). 
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The actual details of the method of calculating the energy 
levels from this potential are almost identical with those 
of Chapter II, and will not on the whole be repeated here .. 
The potential was calculated at about 125 values of r, 
from which table 9 is of course only a selection. The Vn, 
~t , Et , btkn were then calculated as before, and are 
recorded in tables 25, 26, and 27. 

The energy at points of high symmetry are shown in 
table 13. The small corrections of Chapter rv have been 
included to make the results correspond to the self

consistent potential, and VBP(k) (II.2.2) has been used 
to represent the effect of correlation and exchange among 
the conduction electrons. For convenience the energies 
are given relative to the bottom of the band. We see that 
the energy at the corner in the first zone comes at about 

0.07 ry below the Fermi level, instead of 0.04 ry above it 



Table 14 

Shape of the pocket near Win th~ recalcul~~ion of 
the band structure under varying assump ions 

Energy levels (relative 
values only) 

W3 W2 W1 EM 

0.4021 0.4733 0.6098 0.3700* 

6 8 0. 6300** 0.4021 0.4733 o. 09 

0.4380 0.4386 0.574 o.38oo* 

0.4380 

O .4021 

0.4021 

0.4021 

O. 4021 

0.4021 

0.4386 

0.4733 

0.4733 

0.3428 

o.574 0.4800*** 

0.4423 0.3700* 

o.4423 0.5170** 

0.4423 0.3250* 

0.5345 0.4790 0.3700* 

0.5345 0.4790 0.5600** 

experimental values 

Lengths of axes 

r(a) r(b) r(c) 

0.045 0.054 0.043 

0.052 0~054 0.061 

0.045 0.055 0.08 

0.050 0.050 0.037 

0.034 0.043 0.043 

0.049 0.060 0.064 

0.029 0.034 0.07 

0.042 0.054 0.043 

0.047 0.051 0.052 

0.090 0.062 0.037 

Pockets Of holes in the first zone. *correspond to 
**correspond to pockets of electrons in the fourth zone. 

***corresponds to pockets of electrons in the third zone. 

151 

as in the accepted band structure (section III. 7). The 

energy was also calculated at a few general points inside 

the zone (table 28) using a 4 x 4 secular equation (cf. 

section II.4). These show that the Fermi surface cuts 

the lines 1;- and x;- at very nearly the same points 

as before, and we may conclude that E(k) inside the zone 

is again very close to its value for free electrons. Table 

29 shows the energy at points near W, corresponding to 

different arrangements of the levels at W (cf. section 

III.5), and these have been analysed (cf. table 7) to give 

the axes r(a) , r(b) , r(c) of the corresponding pockets 

as shown in table 14. We notice that the axes of a pocket 

of holes in the first zone also do not correspond at all 

well with experiment. These two discrepancies will be dis

cussed in the next section. 

The errors in the computation of the energy levels 

were investigated as in section (II.5). Since we are now 

aiming at keeping errors down to 0.01 ry or below, the 

energy at points of high symmetry in the Brillouin zone 

were calculated by including a much larger number of terms 

in the secular equation (II.3.11) than in Chapter II. The 

secular equation was again reduced in order as far as 

possible by forming linear combinations of the orthogonal

ized plane waves (cf. section II.4). The results of using 
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the secular equation cut off at a varying order M are 

shown in table 15, and from the rate of convergence we may 

estimate that the effect of including terms from orthogonal

ized plane waves with still higher energy would be of the 

order of 0.02 ry. Apart from- correlation and exchange 

terms discussed in section (V.3), this appears to be the 

largest in the calculation. We are mainly interested in 

the relative positions of the p-like levels W' 
2 and 

and the Fermi level where states are predominantly p-like, 

and we may expect that further terms in the secular equa

tion would not affect these differences by more than 0.01 

to 0.02 ry. 

In section II.5, the effect on the energy of overlap 

between functions centered on neighbouring lattice points 

was estimated as being of the order of 0.01 ry, so that 

in the present calcula tio.n it is necessary to consider 

this in detail. We shall only be interested in states 

having either completely s-like or p-like symmetry, and 

formed from the appropriate symmetric linear combination 

of plane waves (LCPW). To the first order in the overlap 

terms, the correction to the energy is given by (II.5.3), 

which in accordance with (II.5.4) is equal to 

2_1 
exp(-ik. r j) S /3:( r 

j 

- r.) 
-J 

fit(r) dv 
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2 exp(-ik. rn) ~ ,0~( r-;:n)>'\ ( r) 2 1 
V( r-r j )dv 

n j 

/ 
~ V( r-r j ).'\ ( r )dv 

1 

N2 ( LCPW, r) * 
j 

(V.1.1) 
Here the dash on the summation sign indicates that the 

term j = O should be omitted. ~t is either a 2p or 2s 
function according to the symmetry since 1s functions have 
no appreciable overlap with neighbours. bt is the 

coefficient of (~t) in the whole orthogonalized linear 

combination of plane waves as in (II.4.04). The correction 

for 2s functions was found to be negligible, and for the 

sake of definiteness we shall discuss the 2p case. An 

upper limit to the first term of (V.1.1) may be obtained 

by omitting the angular variation of ~t(r) and approximat
ing to the tail of Pt(r) by an exponential function, and 
this was found to be of the order of 0.001 ry. The second 

term may similarly be shown to be negligible, because 

V(r) over the region of overlap lies in the range 0.1 to 
1 b.5 ry. The third term is certainly the largest because it 

contains bt and ~t only to the first degree. Let us 

consider the integral 

I = 14;,- dv, 

(V.1.2) 
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where suffices A and B denote measurement from two 

neighbouring lattice points A and B. This integral is 

not easy to evaluate quickly as it stands, but the inte

grand is large only over a limited range along the line of 

centres AB , and decreases fairly rapidly perpendicular 

to this line. We will therefore approximate by replacing 

(x/r)B by its value along AB, and exp(-ik.rA) by 

PeFlaeing it by-

si~. ( rA - !c.27 + LCos(k. ( rA - !cl) -v} 
(V.1.3) 

where ,Ee is the value of r for which the integrand has 

its maximum. The third term in the curly brackets ranges 

between o;} and over the range where the integrand is 

appreciable and therefore averages approximately to zero. 

The second term will contribute very little by symrnetry 

and we retain only the first term. The error is estimated 

as being of the order of 20%, which as we shall see is 

negligible for our purposes. The volume element in terms 

of rA and rB becomes ( 2 lf" rA rB/R)drA drB where R 

is the distance AB, and in our approximation the integral 

then becomes separable. 

I = 

where 
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The integral over rB may be evaluated analytically to a 
sufficient degree of approximation by fitting an exponen
tial function to Px(rB) over the range from which most 
of the contribution to the integral comes, and we finally 
obtain from a numerical integration over rA the value 
J = - 1.3 x 10-2 • We also have to sum (x/r) 0 sin (k.r0 ) 
over all nearest neighbours, and over all the k vectors 
(with their coefficients) included in (LCPW). These 
factors are at a maximum for the state W' 2 which includes 
four plane waves. For this the final correction was found 
to be+ 0.002, which is just negligible. 

For levels not having wholly s-like or p-like 
symmetry, there is a little doubt about what potential to 
use. The results of using the p-potential and the mean of 

;~ 1-,:;c,l,/e I 3 
the s- and p-potentials is shownAfor the point /\ . The 
difference is only 0.005 ry, and we would expect the true 
energy to lie between the two limits. For the states K1 
the mean potential was used. The point /\ is k = ( iT /a) 
(0. 7,0. 7,0. 7) ana lies as close as can be judged to the 
Fermi level. The round number 0.7 is purely accidental. 

Other calculating errors were also kept. negligible 
as in section II.5. Apart from the effect of correlation 
and exchange among the conduction electrons, we estimate 
our total error to be of the order of 0.03 ry, most of 



which is due to cutting off the secular e~uation at a 

finite order. The final results are shown in ~tte second. 

last eol"bl:Hlil of table 13, for which the above correlation 

and exchange effect was taken as VBP(k) (II.2.2). We 

defer discussion of the results to section V.3. 

Some of the minor corrections, in particular those 

involved in achieving self-consistency in the potential 

(section IV.4), have been taken into account using pertur

bation theory and treating the wave functions as linear 

combinations of plane waves. This is valid for potentials 

which do not vary rapidly compared with the oscillations 

in the wave function. We have seen (section IV.4) that 

the probability density, when the oscillations are smoothed 

out, of an orthogonalized linear combination of plane waves 

differs by only about 10% from the corresponding plane 

waves linear combination. 

V.2 The rate of conver ence of the ortho onalized lane 
wave method and the choice of the t functions 

In a metal, the energy gap between the zones at a 

zone face is usually less than 0.2 ry, so that the matrix 

element between two simple orthogonalized plane waves at 

points on the zone face is about 0.1 ry. In general the 

matrix element connecting an orthogonalized plane wave in 



Table 15 
convergence of the secular equation 

M is the total number of simple orthogonaliz~d plane 
waves included in the secular equation. m tistthessible 
order of the secular equation after.the grea ~~eo~o The 
reduction on account of symmetry using group .Y· 
last column gives the amount by w~ich the energy is lower 
than the entry immediately above it. 

Energy 
level 

w1 

( ·s-like) 

W' 2 

(p-like) 

W3 

(p-like) 

X1 

( s-like) 

X' 4 
(p-like) 

K1 

M 

4 
8 

16 
20 
28 
32 

4 
8 

1 6 
20 
28 
32 

4 
8 

20 

2 
6 

14 
22 

2 
22 

1 
6 

1 
8 

m 

1 
2 
3 
4 
5 
6 

1 
2 
3 
4 
5 
6 

1 
2 
4 

1 
2 
3 
4 

1 

3 

1 
4 

1 
4 

Energy Effect 

0.0055 
0.0012 
0.0028 

0.5835 
0.5780 
o. 5768 
0.5739 
0.5739 0.00005 
0.5739 0.00000 

(total) 0.0096 

0.4702 
0.4604 0.0098 
0.4561 0.0043 
0.4557 0.0004 
0.4480 0.0077 
0.4457 0.0022 

(total) 0.0245 

0.3981 
0.3980 
0.3927 

(total) 

0.3488 
0.3481 
0.3422 
0.3396 

0.2386 
0.2110 

(total) 

0.3753 
0.3626 

0.4686 
0.4644 

o. 0001 · 
0.0053 
0.0055 

0.0007 
0.0059 
0.0026 
0.0092 

0.0276 

0.0126 

0.0042 
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one of the lower zones to one with higher energy decreases 

as th~ energy difference increasei. The first excited 

state has an energy about 0.5 ry higher, so that by per

turbation theory we would expect its effect on the energy 

of the levels in the first two zones in our calculation to 

be about 0.02 ry. With the orthogonalized plane wave 

method, the argument is actually a little more complicated 

because our secular equation has the form 

E smn / = o (V.2.1) 

where Smn is the overlap matrix (section II.3), but the 

above conclusion applies. The figure found in the present 

calculation has been about 0.01 ry (cf. table 15). The 

only other cases where the effect of excited states in the 

orthogonalized plane wave method have been investigated 

are in the work of Herman, who found much larger values, 

namely 0.6 ry in germanium (Herman 1954b) and 0.3 ry in 

diamond (Herman 1952). We will now enquire into the 

reasons for this, and show how our much better convergence 

has been achieved. 

It might at first be thought that in Herman's case 

the bad convergence was due to germanium and diamond being 

valence crystals, so that simple linear combinations of 

plane wave cannot represent the wave functions between the 



atoms as adequately as in a metal. While this may be a 
contributing factor to the poor convergence, all the 
indications are that the oscillations of the wave function 
near the nuclei are the most serious cause. We notice for 
instance in table 15 that the effect of the excited states 
is on the whole appreciably greater for the p-like states w2 , w3 , x4 than for the s-like states w1 , and x1 . 
Further Herman (1954b) states that the convergence could 
be improved by adjusting the value of Et, which in his 
case was not obtained as precisely as in our me t hod. 

Equation (II.3.13) shows that the value of an off
diagonal Hmn is determined by a balance between kinetic 
energy terms due to the %t and potential energy terms 
determined by the Fourier coefficients of the potential, 
the magnitude of each being about 0.5 to 1.0 ry. From 
equation (II.5.2) we see also that the effect of an excited 
state on the energy of a lower state is determined by a 
further balance between Hmn, and Smn which is about 0.1 
and entirely due to the %t . Thus we see that taking the 
oscillations of the wave function near the nuclei correctly 
into account, i.e. determining the %t, is very important 
in trying to achieve good convergence of the secular 
equation. 

It is of course not necessary to the orthogonalized 

' 

i 
I 

I 

11 
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plane wave method that the ~t be ,chosen as in the present 

work. It is then necessary, however, to generalize the 

equations of section II.3 by using the forms (II.5.5). The 

~t may be convenient arbitrary functions, in which case 

we shall denote them by ~t' , for instance analytic 

functions (Parmenter 1952), or functions which tend to 

zero at the surface of the atomic polyhedron so that there 

is no over l ap between neighboUI'ing centres , or wave func

tions found from Hartree's equations without exchange for 

the core states in a free atom or ion. The ~t may also 

be chosen to be the wave function of the ion core electrons 

as determined from the Hartree-Fock equations for the 

crystal. In practice they will be the same as for the 

free atom or ion (cf. section IV.3) except for the outer 

shell in transition elements, and these Hartree-Fock func-

tions we will refer to as n(II 

"'t . The may also be 

chosen as in the present work so that they are eigenfunc

tions of the Hamiltonian 

.:. V 2 + V( r) . (V.2.2) 

In this case in the present section we will refer to them 

as %t . No superscript on %t will be used when we do 

not wish to specify particularly the type of function. 

Although the use of the arbitrary %"1 may be cont 

venient for some of the reasons already suggested above, 
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any linear combination of orthogonalized plane waves is 

orthogonal to them. Since they are arbitrary functions, 

there is no reason why the conduction band wave functions 

should be orthogonal to them, so that the orthogonalized 

plane waves do not form a complete set in which the re

quired wave functions can be expanded. Thus we must in-

elude the f.6" I t explicitly in the expansion and thus use 

an enlarged secular equation of the form (V.2.1) of order 

M + 5 in the case of aluminium, where M is the number of 

orthogonalized plane waves included. This is also true if 

we use the f,6' t or f.6'' t when the and potentials 

centered on neighbouring lattice points overlap. Then the 

Bloch functions (f6t) and (f.6t) (II.3.05) are no longer 

true eigenfunctions (cf. Mott and Jones 1936, p.66)and 

correction (II.5.3) become necessary. If, however, there 

is no such overlap, the secular equation (V.2.1) between 

orthogonalized plane wave suffices, because the conduction 

band wave functions are orthogonal to the (f,6t) being 

eigenfunctions of -the same Hamiltonian, and orthogonal to 

the (f.6t) by the usual orthogonality property of the 

Hartree-Fock equations (Slater 1951). Another advantage 

of the f.6t assuming no overlap with neighbours is that 

the expressions for the elements of (V.2.1) simplify as 

in section II.3 while still remaining exact. These remarks 
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about t h e relative advantages of the different types of 

~t are all rather obvious and have been made before at 

times (Callaway 1955, Herman 1954a, Herring 1940), but 

there has been little attempt in previous work (except 

that by Herring and Hill 1940) to take these remarks 

seriously and to take the terms due to the %t accurately 

into account. As was emphasised in section II.1, the 

accuracy of the final energy l evels depends critically on 

the accuracy of these terms. 

Thus in considering the convergence of the orthogon

alized plane wave method in general, we must include the 

(~t) themselves in setting up the secular equation. Let 

us take as an approximate trial wave function the form 

M 

+ 2_ en (OPW,n) 
n=1 

(V.2.3) 

If we vary the coefficients en and dt so as to minimise 

the expectation value of the energy of the state, we ob

tain that energy as usual as the lowest solution of the 

secular equation (V. 2.1) expanded to order M + 5 to in

clude matrix elements with the (~t) . A further property 

of the secular equation is that the higher energy values 

correspond to wave functions also of the form (V.2.3) but 

orthogonal to all the ones with lower energy. The energy 
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. 
of each state is also a minimum subject to thts orthogon-

ality. Let us define the convergence error as the error 

in the energy of the state being considered in the conduc

tion band when a certain number of plane waves has been 

included in (V.2.3). When we include only the minimum 

number of plane waves consistent with the symmetry of the 

state we shall speak of the initial convergence error. The 

rate at which this convergence error is decreased by lett

ing M increase we shall term the rate of convergence.· 

Let us suppose we are using the f:6 ' t in (v.2.3) and 

that there is no overlap between neighbouring centres. 

Then the (fZt) are themselves already tft~exact eigenfunc- , 

tions of the Hamiltonian, and the conduction band wave 

:functions are at all stages exactly orthogonal to these 

lower eigenfunctions. Thus the oscillations in the conduc

tion band wave :functions are determined as well as possible 

and we expect to obtain the lowest convergence error and 

the most rapid rate of convergence that the orthogonalized 

plane wave method is capable of. As we see from table 15 

and as we expect (see above), the initial convergence error 

is of the order of 0.02 ry. The rate of convergence is, 

however, not particularly rapid because we are increasing 

the :function space allowed to the wave function by includ

ing plane waves, and not excited atomic- like states as in 



the augmented plane wave method. Table 15 shows also, as 

already remarked, that the convergence error for the s-like 

states is smaller on the average than that for the p-like 

states. This is presumably due to the fact that p-like 

states contain only a single ~x, ~Y, 

the s-like ones contain ~1 and ~2 . 

or r1. whereas 
1J z ' 

Thus the latter 

wave functions are better determined over the region of the 

core. When we come to the state J;5 in the second zone, 

it has d-like symmetry and is automatically orthogonal to 

all our (~t) , so that we come back to the bad convergence 

of the plane wave method (Callaway 1955). These considera

tions therefore suggest that the convergence of the method 

should not get rapidly worse with increasing atomic number. 

Let us now contrast this with the situation when we 

use arbitrary rill I 
1Jt • As already pointed out, the initial 

convergence error is large because the energy contains 

large kinetic energy terms which are sensitive to the 

For any value of M 
' 

let the five wave functions with 

rl.11 I 1Jt • 

lowest energy be (~M) 
- t . The function space spanned by 

the M wave functions with higher energy is exactly the 

same as that spanned by M orthogonalized plane waves set 

up using the (~~) instead of the (~"') . Thus the 
t 

energy of the conduction band wave functions converges to 

t 1 r1.Mt its true value a least as slow y as the 1J obtained from 



the ~" ' t converge to the 
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~t. This convergence is known 
to be very slow because the atomic-like functions ~111 - ~I 

t t 
cannot be represented by the sum of a few plane waves 

since the "wavelength" of their oscillations is so small. 
Particularly the spike at r = O in s wave functions 

presents difficulty. 

A glance at tables 18, 19, and 26, and a table of 

the atomic Hartree-Fock functions (Froese 1956) soon shows 
that all this fuss about the different ~t is far from 
being pedantic. Wave functions, it is well known, are ex
tremely sensitive to the potential, and we must remember 
that a core electron moves in a very different potential 
from a conduction electron because the effective potential 
for the - core electron does not include its own field. We 
notice for instance the difference of up to 80%(!) between 

the Et and _ btkn in the calculations of this chapter 
and of Chapter II (tables 18, 19, 20, 26, 27), largely 

brought about by including exchange terms with the ion 

core electrons (section IV.3) in the potential. In the 
final energy levels these differences largely cancel out, 
but this figure shows the care required in evaluating the 

separate terms. 

One further matter should be mentioned. In the 

expansion (V.2.3) the functions (~t) and (OPW,n) not 
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only form a complete set of functions, but in fact form an 
over complete set. Thus we have the linear relations 

U\) = ~ n btn (PW, n) 
' (V.2.4) 

and thus 

2- btn 
( OPW, n) 0 ' = n an (V.2.5) 

where an and btn are given by (II.1.03 and 04). These 
two relations may be verified without difficulty from the 
definitions of an and btn. (V.2.4) converges very 
slowly, for a large number of plane waves are required to 
represent adequately the 1s etc. functions (~t) . 
(V.2.5) converges equally slowly, for an is always about 
unity. 

Now an arbitrary multiple of (V.2.5) can always be 
added to any particular expansion (V.2.3), so that it 
might at first appear as if the energy determined by 
(V.2.1) converges equally slowly, but this is not so.* 
The convergence of the energy is determined by how well 
the true eigenfunctions can be approximated to in the 
region of function space covered by the finite number of 
·functions used in the expansion. Thus suppose we have 

*ram indebted to Dr S.F. Boys for a very helpful discussion about this point. 



solved for the energy and determined the coefficients in an 

expansion in terms of M linearly independent functions, 

and then suppose we add to the expansion an (M + 1)th 

function which is a linear combination of the other M. 

We have not increased the region of function space covered 

by our expansion, and so will get exactly the same estimate 

of the energy as before. However, there is an arbitrari

ness in the coefficients in the expansion, and we may 

expect, depending on our numerical procedures, that some 

of the coefficients may become very large in such a way 

that their effects cancel, and that they may become very 

sensitive to rounding off and other approximations in the 

numerical work. In our case the relations (II.6.4) and 

(II.6.5) converge sufficiently slowly for such difficulties 

not to be important in practice, and anyway these difficul

ties would not be insuperable. For instance one could 

always orthogonalize all functions with respect to one 

another and thus eliminate the linear relation between the 

functions, or with modern computing facilities one could 

always carry a sufficiently large number of significant 

digits for one to be able to cope with the numerical 

instability. 

Thus we have shown that using arbitrary functions 

~t' results in a large convergence error and a slow rate 



of convergence. The eigenfunctions rt' t 
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of (V.2.2), how-

ever, give in general the lowest initial convergence error, 

and this is sufficiently small to make the orthogonalized 

plane wave method more useful for accurate calculations 

than had been anticipated in section II.1. The use of the 

ftt has the further two advantages mentioned above, namely 

that the (ftt) need not be included in the secular equation 

(V.2.1), and that the formulae for the matrix elements 

simplify as in section II.3 resulting in a net reduction in 

the labour of calculation, apart from small corrections 

when overlap between neighbouring centres cannot be 

.neglected. 

V.3 Further effects of correlation and exchange among 
the conduction electrons 

We have seen in section V.1 (table 13) that there is 

a large discrepancy between the calculated band structure 

near the zone corners and that adopted in section III.7 on 
experimental grounds. The difference of about 0.11 ry at 

W is considerably larger than the estimated error due to 

approximations made in deriving the self-consistent poten

tial (Chapter IV), which points to correlation and exchange 

among the conduction electrons as the probable source, this 

having only been included in the form VBP(k) (II.2.2) 
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corresponding to plane waves. 

There is further evidence for this view from tables 

14 and 29. The energy values (table 29) corresponding to 

a different arrangement of levels at W, were calculated 

by altering the Vi. For the point W, this simulates 

the effect of adding a set of constants ~E' etc. to 2 

each energy level W' 2 etc., say to represent the effect 

of correlation and exchange on them. If we set up the 

secular equation for an arbitrary point k near W using 

the same linear combinations of four plane waves, it may 

be seen that the matrix elements connecting different 

states do not involve the Vi, and to a very good approxi

mation the use of altered Vi corresponds to adding the 

same set of constants ~ E2 etc. to the levels which now 

have nearly the symmetry of W' 2 etc .. This simulates the 

effect of errors in the potential or of an exchange and 

correlation term which is different for the different 

zones but does not vary rapidly with k. Now the fact 

that even by altering the Vi we do not obtain agreement 

between the calculated and observed axes of the pocket in 

the first zone, shows that the term which has not been in

cluded correctly in the calcula ted energy levels does not 

behave as above, but does vary rapidly with k. There 

does not appear to be anything tha t could behave like this 

l 
I 
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except correlation and exchange among the conduction 

electrons. In this connection it should also be pointed 

out that the difference between the calculated and observed 

axes r(~) , r(b) , r(Q) of the pocket, cannot be explained 

by the fact that the values shown in table 14 as II experi

mental" have been deduced from the data by assuming a 

centre of symmetry (Chapter III). More careful considera

tions bearing in mind the asymmetry of the real pocket in 

the directions WK and WU (tables 28, 29), show that 

r( a)/r(.2.) ~ 2 while r(b) is more difficult to esti

mate, and this still does not agree with the calculated 

values. 

We will now show what would be involved in applying 

the scheme of section IV.2 to calculating the effect of 

correlation and exchange among the conduction electrons 

instead of assuming it to be of the plane wave form 

VBP(k) • The task would require a lot of computation and 

has not been attempted yet, but it does not seem impossible. 

It has already been pointed out (sections IV.1 and IV. 6) 

that the theory of Bohm and P ines should be applicable to 

the conduction electrons in aluminium when the core elect

rons are taken into account, both as regards showing the 

existence of plasma oscillations and as regards their fre

quency (Pines 1955, pp.404, 435). Thus we may expect their 



transformed Hamiltonian (Pines 1955, p.389) to apply to 

the conduction electrons. Besides the plasma oscillations, 

this Hamiltonian shows that the electrons have an effective 

mass increased in the ratio 1/(1 - ~3/6) , and interact 

with one another with an interaction which we will write 

Vint (rij) • It remains to apply this to our actual wave 
functions which are not simple plane waves. 

The oscillations of the conduction band wave func

tions near the atomic nuclei is due to the interaction 

with the ion core electrons via the exclusion principle. 

Thus we would not expect on the basis of our prescription 

in section IV.2, that the increased effective mass applies 

to these oscillations. If it did it would raise the energy 

of most states by about 0.004 ry and the state w1 by the 

maximum amount of 0.016 ry, and incidentally make the dis

crepancy between the observed and calculated band structure 

greater. Thus we should include , as in VBP(k) (II.2.2), 

the increased mass applied only to the kinetic energy of 

the plane wave portions of the wave functions. 

Vint (r1 j) -results in the manner of section IV.2 in 

an exchange potential 

(OLCPW, j,~1 ) 
(OLCPW,1,r1 ) (V.3.1) 
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acting on (OLCPW,1 ,r1 ) where j is summed over all 
occupied states. In addition there is some correlation 
between electrons of' opposite spin, and a f'urther correla
tion between parallel spins which is not included in 
(V.3.1), but both these eff'ects are small (Pines 1955, 
p.396). For the reasons already given in section IV.6 VX 
is not expected to vary nearly as rapidly over the atomic 
polyhedron as (OLCPW,1,r1 ) , so that it is a good approxi
mation to take its ef'f'ect on (OLCPW,1,r1 ) as 

~ (OLCPW,1,r1 )* VX (OLCPW,1,r1 ) dv1 . (V.3.2) 

When the orthogonalized plane waves have been expanded to 
a suitable approximation in the (~t) and say up to f'our 
plane waves, (V.3.2) becomes the sum of' a large number of 
terms of' the f'orm 

( const) ~ f': (r1 ) f'~ (r2 ) Vint(r12 )f'c(r1 )fd(_r2 )dv1 dv2 , 

(V.3.3) 
where the fi may be any combination of' the ~t and 
plane waves. When one of' the f'i is a ~t , it should be 
quite accurate enough to put Vint(r12 ) = (1/r12 )exp(-kcr12 ) 
(cf'. Pines 1955, p.387), or even = (1/r12 ) when the region 
of' integration is small say with 1s functions. In this 
way it can be seen that some of' the terms (V.3.3) involving 
the ~t have a magnitude of about 0.05 ry, using the 



values of atomic exchange integrals (Froese 1956). (V.3.3) 
can be evaluated simply when all the fi are plane waves, 
as in Pines (1955). 

It would also be necessary to have the coefficients 
of the plane waves in the wave functions. While these are 
fixed by symmetry at a few points in the zone, they could 
be calculated at a large number of general points using 
say the 4 x 4 secular equation that was used (section II.4) 
to calculate all the energy values of table 21. This 
would then enable the required summations over the Fermi 
distribution to be carried out. 

V.4 General conclusions about band structure 
calculations 

(i) It is clear from the present results that band 
structure calculations should for the time being be viewed 
as attempts to develop a satisfactory method of carrying 
out such calculations, and that no great reliance should be 
placed on the resu~ts except in the approximate sense of 
Chapters II and III. From this point of view aluminium is 
in a unique position, because we have experimental data 
about E(k) near the corners W of the zone with which 
to compare the results of calculations. As far as I know, 
there is no other light metal which is being studied 

'I 



173 

experimentally at the moment in a similar way, although of 

course we have g_ui te a lot of information from cyclotron 

resonance etc. about parts of the band structure of silicon 

and germanium. The usefulness of the results for aluminium 

lies in the fact that we have what may be termed a gross 

feature of the band structure, namely that E(k) -w in the 

first zone lies 0.04 ry above the Fermi level, when the 

energy levels at W are the ones most sensitive to the 

potential. In addition there are the highly detailed 

results related to the variation of E(k) near W. 

(ii) The most serious defect of band structure calcula

tions for a metal in general, is that we really have no 

clear idea of what we are trying to calculate. The Hartree

Fock eg_uations for instance are a definite set of eg_uations, 

which give the best total wave function under certain well 

defined restrictions according to a definite criterion, 

and this wave f'unction has "individual-particles" proper

ties which can be def'ined in a definite sense (section IV.2). 

We discard these eg_uations because they constitute a bad 

approximation for the conduction electrons, but at the same 

time we leave behind the realm of certainty. It has been 

shown that even the approximate wave function of Bohm and 

Pines does not have the "individual-particles" properties 

of the Hartree-Fock wave function (section IV.2). Also 

I, 

I 

I 

ii 



there is a t present no rigorous scheme for treating the 

interaction of the ion cores with the conduction electrons, 

while simultaneously applying the Bohm and P ines theory to 

the interactions of the conduction electrons among them

selves (Pines 1955, p.400). The scheme suggested in 

sections IV.2 and V.3 on physical grounds, would seem to 

be the only unig_ue, simple way of solving these problems, 

and would appear physically reasonable for deriving the 

one-electron parameters E(k) reg_uired in the usual band 

structure interpretation of metallic properties like the 

de Haas-van Alphen effect. It would be interesting to 

know if this was a best procedure according to some definite 

criterion. Anyway the scheme has led to a definite method 

of obtaining the contribution to the energy levels of ex

change and correlation, including that among the conduction 

electrons. in a self-consistent way. Thus the next step 

would seem to be to carry through the computations to 

evaluate the latter, and then to compare the resultant 

band structure with experiment again. This will in itself 

form a test of the procedure. 

However, it should be pointed out that there are 

good reasons for thinking that if the calculations of 

section V.3 were carried through as suggested, agreement 

with experiment would still not be obtained. For the 



reasons given in section IV.6, the oscillations of the wave 

functions near the nuclei should have little effect. Also 

the exchange potential (V.3.1) should not depend greatly 

on the wave function being calculated, in accordance with 

the analysis of Slater (1951) and our experience with ex

change with the core electrons ( section IV. 3), but. depend 

principally on the charge density. This view is supported 

by some calculations of exchange integrals between various 

pairs of functions of the forms (PW,k1 ) + (PW,k1+K1 ) , 

(PW,k2 ) + (PW,k2+K2 ) , (PW,k
3

) • In fact it is difficult 

to see how the discrepancy of 0.11 ry could be explained 

in this way, when VBP(k) is only about -0.4 ry (table ,2). 

Thus the interaction between the electrons may be more com

plica-ted than a simple short range potential, particularly 

as regards its effect near points of high symmetry in the 

Brillouin zone. 
f lea..s e.. see. f. l7S "-. 

(iii) As regards the mechanics of band structure calcula

tions, we saw in the present case (sections IV.4 and IV.5) 

that the potential due to the conduction electrons becomes 

very rapidly self-consistent. To obtain the energy levels, 

only a single detailed band structure calculation followed 

by some corrections using perturbation theory, is all that 

would have been necessary. The potential does not seem to 
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The discrepancy may be explained, following a 

private suggestion by Dr P. Aigrin. The holes in the first 

zone may arise, because it may be energetically favourable 

for some of the states near W to be left unoccupied, 

although they are up to 0.11 ry below the Fermi level. 

Each of the holes so formed combines with the electron gas 

to give a sort of exciton, which lowers the energy due to 

correlation. The energy gained from an exciton formed from 

a single electron of normal mass and a hole of effective 

mass 0.15, is about 0.13 ry which is about the required 

magnitude. The actual structure would be more like a fixed 

positive impurity screened by the electron gas (cf. Chapter 

VI), and the lowering of the energy can easily be calculated 

in the Thomas-Fermi approximation. In our case, the posi

tive hole far from being fixed, has an effective mass of 

0.15 of t he electron mass, but this simply reduces the 

energy by a factor 0.13 (the reduced mass) as usual. We 

obtain 0.11 ry. 

From the results of Chapter III, it would appear that 

the states near W in the second and third zones are also 

lifted above the Fermi level by the presence of holes in 

the first zone, but the reason for this is not clear. 

Thus we may say for a light meta l like aluminium, 

that achieving a self-consistent potential presents no 

formidable difficulties (see item (iii) below). It also 

seems that exchange and correlation among the conduction 

electrons as a whole can be calculated. 

For this the Bohm and Pines formula (II.2.2) applic

able to plane waves probably gives adequate accuracy with 

the correction of section IV.6; otherwise the necessary 

calculations using a short range potential are described in 

section V.3. If the band structure contains both electrons 



175b 

and positive holes, there is a further correlational 
effect between them, resulting in structures like excitons. 
There has been no atterqpt so far to discuss the effect of 
this on the rest of the band structure or the properties 
of the metal. 
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be sensitive to the exact form of the Fermi surface because 

all the wave functions have very similar charge densities. 

In particular the potential in the regions between the ion 

cores, which has always been a source of diffi culty (Reitz 

1955, pp.63, 85), has been calculated and expressed in the 

form (section IV.5) 

(V.4.1) 

i.e. as a sum of overlapping but spherically symmetrical 

terms situated at all the atomic nuclei r .. -J This aspect 

of the work has entailed some approximations whose effect 

is estimated as being small, but they will undoubtedly 

merit further consideration when the more serious difficul

ties (item (ii) above) have been overcome. 

(iv) The orthogonalized plane wave method has come out 

of the present work with a better reputation (as far as I 

am concerned) than what it had initially. Its value in 

approximate calculations (to 0.1 ry) has been discussed in 

section II.6, and we will here refer to it only in the con

text of more accurate calculations to say 0.01 ry or better. 

Its greatest virtue perhaps is that it takes the potential 

· in the form (V.4.1) more naturally in its stride than any 

other method. If the atomic-like functions ~t are calcu

lated from the actual crystal potential, the matrix elements 
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that have to be calculated for the secular equation have a 

very simple form which is moreover exact (sections II.1 

and II.3). The use of these ~t also results in a much 

smaller initial convergence error (in the sense of section 

V.2) than that found by previous workers. However, the 

rate of convergence is still rather slow, and in the 

present work the error due to this was the largest contri

bution to the total error besides item (ii) above, but was 

not large enough to be very serious. The slowness of the 

convergence is due to our increasing the function space 

available to the wave functions by including more and more 

plane waves in setting up the secular equation. In this 

way the matrix elements are rather easily calculated, but 

it does seem worth investigating if one is going to use big 

secular equations whether it is not worth including some 

functions specially designed so that the wave functions are 

rather accurately represented over the region near the 

nuclei, as in the augmented plane wave method (cf. the 

convergence of this method, Howarth 1955). 
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TABLES 16 - 29 



Table 16 

Values of the lattice constants 

a is the length of an edge of the cubic unit cell. 
0 a = 4.0414 KX units at 25 O., 

where 1KX unit= 1.00202 x 10-10 m. (Hume-Rothery and Raynor 1954). 

Variation of a with temperature: 
The coefficient of expansion between o0 o and 25°0 -6 was taken as 24.54 x 10 . 
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The following formula, given for the range -200°0 to o0 o, was used to calculate a at -270°0, since no data extending below -200°0 were given, (International Critical Tables 1927, II, p.459): 

Thus: 

using 1 

a(t 0 c) = a(o 0 o) x (1 +At+ Bt2 + ct3), 
where A = 

B = 
C = 

-6 + 22. 65 X 10 , 
+ 16. 75 X 10-9 , 

36.67 X 10-12 • 

-10 o a = 4.0302 x 10 m. at -270 O; 
(/(/a) = 0.41248 atomic units, 
Bohr radius = 5. 29151 X 10-11 m. (Dw'VIond 

ro = 2. 9765 atomic units , 
where a3/4 = (4iT/3) ~ 

and Cohen 
1 9 51 ) ; 
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Table 11 

2 zP r 

26000 ----------------- 0 

25 956 
25911 
25867 
2582 3 
2578C 
257 36 
25692 
25648 intervals of 0.0005 

25604 
25560 --- 0.005 
25516 
254 72 
25438 
25385 
2534 1 
25297 
25253 
25209 
25 166 
25 122 ----------------- o. 01 

24906 
24693 
24480 
242 70 
24062 
23859 
23656 
23458 
23262 
23071 
22881 
22695 
22522 
22334 
22156 
2198 3 --- 0.05 intervals of 0.0025 

21812 
21646 
2 1480 
213 19 
2 11 60 
21005 
20850 
20699 
20550 
20406 
20261 
20120 
19978 
19844 
19713 
19582 
19449 
19319 
19189 
19069 ----------------- 0.1 

18824 
18590 
18355 
18 130 
17907 
17693 
17478 
17271 
17067 
16870 
16672 
16480 
162 91 
16106 
15922 
15742 
1556.3 
1538 8 
15213 
15041 --- 0.2 
14871 
14701 
14531 
14364 
14203 
14044 
1.388 5 
13729 
13572 
13417 
13262 intervals of 0.005 

13110 
12962 
12816 



2J071 
22881 
22695 
22522 
22334 
22156 
21983 --- 0.05 intervals or 0.0025 
21812 
21646 
21480 
2 131 9 
21160 
21005 
20850 
20699 
20550 
20406 
20261 
20120 
19978 
1S844 
19713 
19582 
19449 
19319 
19189 
19069 ----------------- 0.1 
18824 
18590 
18355 
18130 
17907 
17693 
17478 
17271 
17067 
16870 
16672 
16480 
162 91 
16106 
15922 
157 42 
15563 
15388 
15213 
15041 --- 0.2 
14871 
14701 
14531 
14364 
14203 
14044 
13885 
13729 
13572 
13417 
13262 intervals or 0.005 
13110 
12962 
12816 
12670 
12526 
12J84 
12245 
12106 
11969 --- 0.3 
118 33 
11699 
11565 
11434 
11301 
11173 
11045 
10920 
10799 
10679 
10559 
1C442 
1032 3 
10207 
10091 
09976 
09867 
09760 
09653 
09548 --- 0.4 
09443 
09J41 
092 .39 
09139 
09040 
08943 
08846 
08751 
08657 
08566 
08475 
08386 
08296 
08209 
08121 



11565 
11434 
11 J0 1 

----1:111) 
11045 
10920 
10799 
10679 
1C559 
1C442 
10J2 J 

. 10207 
10091 
09976 
09867 
09760 
0965J 
09548 
0944J 
09J41 
092.39 
09139 
09040 
0894J 
08846 
08751 
08657 
08566 
08475 
08J86 
08296 
08209 
08121 
08035 
07951 
078 71 
07789 
07711 
07332 
06994 
06656 
06.360 
06082 
05834 
05586 
05368 
05162 
04978 
04793 
046JO 
0447 J 
04331 
04190 
04060 
OJ9J7 
03825 
OJ712 
03610 
OJ508 
034 13 
OJJ18 
OJ228 
OJ1J8 
OJ054 
0297 J 
02893 
02745 
02601 
02457 
02J17 
02177 
02043 
01910 
01783 
01665 
01554 
01443 
013J9 
01236 
01138 
01041 
00949 
00858 
00774 
00690 
00612 
00538 
00471 
00405 
00346 
00291 
00242 
0019J 
00151 
00113 
00084 
00055 
OOOJ4 
00017 
00009 
00002 
00000 

--- 0.4 

------- ----------- 0.5 

o.85 intervals of 0.025 

----------------- 1.2 

--- 2.0 

intervals of 0.05 

--- 2.5 

----------------- 3.0 
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Table 18 

' To obtain the values of P 1 normalized according 

to equation (II.3.03), the entries in this table 

nmst all be multiplied by 21. 785 999. The 

unnormalized numbers are to be considered as 

decimals, with the decimal point immediately pre

ceding the first digit. The energy eigenvalue is 

E1 = 101.173 00. 

P 1 ( not 

normalized) 

OOO 
004 
00789 67497 
01169 23349 
01538 87952 
01898 81363 
02249 23280 
02590 32924 
02922 29270 
03245 31086 
03559 56684 
05005 59123 
06258 12182 
07336 48180 
08258 23030 
09039 31172 
09694 18773 
10235 95613 
10676 50256 
11026 61991 
112 96 06339 
11493 66787 
11627 42861 
11704 58637 
11731 68650 
11714 65339 
11658 83442 
11569 05207 
11L149 68143 
11137 53618 
10749 4L1702 
10307 36551 
09829 00818 
09328 60215 
08817 47293 
08304 73847 
07797 21501 
07300 28011 
068 17 99324 
06353 33858 
05908 42872 
05484 66827 
05082 87148 
04703 39535 
04346 24014 
04011 12270 
03697 53480 
03404 80472 
03132 13935 
02878 66233 
02643 4Ll387 
02L125 52457 
02223 93344 
02037 70053 
01865 86866 
01707 50545 
01561 7103 8 
01427 61832 
01304 40082 
01191 27043 
01087 48211 
00992 33342 
00905 16423 
00825 35600 
00752 33038 
00685 54803 
0062L1 50729 
00568 74229 
00517 82066 
00200 70252 
00076 59773 
00028 9Ll923 
00010 86966 
00004 06244 
00001 51295 
00000 56154 
00000 20688 

r 

--------------- 0 

intervals of 0.001 

--------------- 0.01 

--- 0.05 intervals of 0.005 

--------------- 0.1 

--- 0.2 

--- 0.3 intervals of 0.01 

--- 0.4 

--------------- 0.5 

intervals of 0.1 

--------------- 1.3 
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Table 19 

To obtain the values ot' P2 and Px normalized according 
to eq. (II.3.03), the entries in this table IJillst be IJilllti
plied by 10.619 654 and 56.874 428 respectively. The un
normalized numbers are to be considered as decimals, with 
the decimal point immediately preceding the t'irst digit. 
The energy eigenvalues are: E2 = 4.9794 44909, 
Ex= 2.2982 45147. 

p2 
( unnormalized) 

()(; () 

-'J O? 
-00;54 
- On584 
- 0076S' 
- OO S1 4S 
-011 ?3 
- 012S4 
- Q14~C 
- 01620 
-0177 G 
- 02LISJ 
-03107 
-03 62 7 
- o40S1 
- 044 16 
- 046~S 
- 04S 15 
- 05,071 
- 05 17? 
-0 52 2 3 
-C522fl 
- C51 52 
-05117 
-o~occ 
- o~ ess 
-047 0~ 
-n451n 
- 042S5 
- OJ8C8 
-nJ")t:;O ...._. L _,,,, (_1 

- 0266 1 
-C'?O?P 
-01372 
- co7on 
- 000?2 

21875 
54 165 
2 5281 
CJ527 
S70S2 
13582 
6? 142 
4S46S' 
83688 

00656 
013?S 
015S'3 
02642 
03?74 
03887 
04472 
05045 
oi::;i::;ee 
05106 
nsi:;ce, 
07063 
075 02 
07S15 
OP-:30? 
ceS64 
osooo 
OSJ1? 
09601 
OS866 
101ns-
10330 
1053 1 
1Cl712 
10P74 
11 017 
11143 
11?5J 
11346 
11425 
114 8S 
11540 
1157 8 
11600 
11JS7 
11033 
105~8 
10011 
OS422 
nes 14 
np2c,3 

?C5S8 
22716 
31566 
27466 
JC'035 
05888 
70122 
S'2026 
SS 057 
775,18 
78824 
18152 
c114 18 
?5286 
8005 1 
5,1? R2 
21 57 s~ 
53505 
553S'0 
S07 4S 
47?72 
SS076 
;55::-0 
25552 
JP472 
37428 
7577 6 
180?6 
62j~2 
SJ 57 4 
53815 
37204 
P646S 
81370 
38814 
04053 
47c4c 
6272? 
591?2 
616LJ1 
161151 
6747 6 
76~14 J 
OB471 
342S·6 
30023 
74S 57 
4~?07 
34177 
1210'3 
6 ~335 
7 sros 
24761 
?1S25 
c:::54 8 
S?533 
78047 
84466 
SS054 . 
C'Q?8? 
63975 
47187 
5SS38 
7743 6 
48028 
3?660 
48S55 
5e~7S 

07 5 C' 1 
n7017 
~ r .Ar-, ,,.~nrn 

PX 
(unnormalized) 

OOO ---- 0 
00000 1 
onoon J57RP 
OOOOCB'. 88880 

r intervals 
ot' r 

00001 56534 
00002 4J5SJ 0.001 
OOOOJ 48488 

0004 71?50 
00006 11"541 
00007 65007 
cooos 43301 ---- 0.01 
00020 55563 
00035 40527 
CC053 61133 
00074 83?7? 0.005 
ooos e 755 0LI 

01?5 088JS 
00 153 5651ri 
00 183 S38J6 ---- 0.05 
002 15 s eo6S 
0024S 42171 
00284 24724 
00320 OS779 
co35S s677P 0.005 
003S4 404 1? 
00432 56562 
00471 ??164 
00510 25128 
0054S 54381 , ---- 0.1 
00628 51533 
007C7 40880 
00785 611 02 
00862 60705 
0DSJ7 s6e3s 0.01 
n1011 J ,1018 
0 1 0 8 2 4 3 3 4 8, 
01151 01588 
01216 S0555 
0127S S6476 ---- 0.2 
01340. 05·476 
01JS17 ?3177 
01451 34?10 
01502 413?0 
01550 45JS3 0.01 
015S5 4S305 
01637 57483 
01676 7537 P-
01713 05506 
01746 67148 ---- 0.3 
01777 56?71 
01805 854 1S 
01831 636 10 

1855 00 17S 
01876 04495 0.01 
018S4 858JS 
01511 53592 
01526 172? 8 
01S38 86 156 
01S49 59325 ---- o.4 
C1S5f' 7574S 
01s66 13S1 8 
C1S71 S2355 
01576 1S2S? 
01579 02744 0.01 
01sso 50417 
0158() 65754 
01S7S 6sro2 
01S77 52171 
01574 28878 ---- 0.5 
01944 11SE12 · 
01t55 40155 
01833 57S 11 
01762 81C1?J 
01686 3055S 
01606 4753S 
015?5 15?03 0.05 
C'144J 70115 
01363 153?? 
C1?P!l ?5S71 
A-11""\f"'\f crc: /1 -'t 

k' 
(h"""/a) 

. (2,2,2) 

(0,2,1) 

(0,3/2,3/2) 

(0,2,0) 

(1,1,1) 

k' 
( ,r/a) 

1. 5 
2. 06 

2.04 
2.02 

1. 98 
1. 96 

1 

(1.1)(52 ) 
1 

(1.05)( 52 ) 
1 

(0.95)(52 ) 
1 

( 0. 9) ( 52 ) 

0 

k' 

1 • 4288' 

o. 9223. 

0.8249 
o. 87501 

0.7144 

O. 6187 

0.8497 
0.8414 
0.8332 
0.8167 
0.8084 

1. 0145 
o. 9684 
o. 8762 

0.8301 
0 
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Table 19 

Table 20 To obtain the values of' P2 and Px normalized according 
to eg_. (II.3.03), the entries in this table must be multi-

bxkn 
U'Jl.'.J~ll 1 / 4 1 / k' 

k' 

•-· I L .) I C.. I .) - ) 

( n-/a) b1kn b2kn (k '7k' J 
0148P 1s:112 004 15 758 13 
0120? ?5445 00356 37 502 

2.0 oocsc oss 51 OOJ05 02816 
(2,2,2) 1. 428872 0.0319518 0.202310 0.237020 

0077 S 71350 00260 77 6Je 
(0,2,1) 0.922333 0.0325137 o. 275627 0.232730 

006~6 3e277 0022? 74731 
00.50? 58815 00 1SO 144S2 

(0,3/2,3/2) 0.824960 0.0325952 0.289013 0.223280 
00402 85S8J 00 1S2 ?4S48 

0.1 (0,2,0) 0.875002 0.0325544 0.282208 0.227996 
()()J?? 6S 7S? C0 1J t 41274 
00?5P JJ~?6 00 11 8 08481 

(1,1,1) 0.714436 o. 0326771 0.303338 0.207532 
OO?OS 7,1147 00 100 750S2 
oo 15 S· 413SO 00085 9EJOO 
00132 '3150? 0007J 4044 7 

k' • 
OC 105 868 16 0006? 5PSJ5 3.0 

( >r /a) 00084 6~455 ono53 5577S 
00067 755(52 00045 771 61 

1. 5 0.618720 0.0327376 0.3147 0.1908 
00054 2044? 0003S 1?( <4 __ __, 

2.06 0.849709 o. 285669 0.226020 
00043 J5J50 OOCJJ 460J7 

0.0325753 'JCCJ4 6 S 07 f. 000?8 620 11 0. 1 
2.04 0.841459 0.0325820 o. 286788 0.225133 

oro27 7 52 53 00024 42586 
000?2 ~ C:? 02 nro2n S'SJ14 2 •. 02 0.833210 0.0325886 0.287903 0.224220 OOO 17 76156 00017 S342S-

1. 98 0.816710 0.0326017 0.290118 0.222314 
00014 20S?C 0C'0 15 J5J08 
0001 1 167'36 000 13 14570 4.0 

1.96 o. 808461 o. 0326081 0.291217 0.221322 
('C•':>P,1 000 11 ?.5753 1 

r:cnrs - - _)' . 

(1.1)(52 ) 1.014566 0.0324284 0.262493 0.238588 
nono7 ?74Se ririons 64?06 

1 00005 E' 1SSC C0008 25SSO (1.05)(52 ) 0.968450 0.0324721 o. 269104 0.236014 
nnnn4 655p7 00007 rn C..31 

1 l~I I -.I -

0.1 (0.95)(52 ) o. 876216 0.0325534 0.282041 o. 228695 
00003 72462 00006 0633 1 

1 0000? S7S57 00005 1 ~ 5S6 
(0.9)(52 ) 0.830100 0.0325912 0.288322 o. 223869 

nono2 J8J72 00004 45318 
0 0 0.0329246 0 .352927 0 

00001 S06SC onon3 217 0n 
OQG01 ~2541 onon3 ?7?05 
ncnr1 ??('llc:; nno02 P.O~ 1 P. 5.0 
onnro C:7S?7 00002 40_5 15 rrroo 7FOS3 ooc•ri? 11S217 nnc,oo 6?467 0000 1 7S862 
r 00 N' 4S ~S6 0/iQ(i 1 51585 
c1n:-i0n ;:? S 71 0orn 1 3n106 0.1 nonrr, '31S72 n0nn1 11 sos, 
noncr 2:::'E?_'.: ocr::n0 S r::7 55 
(1()(1(H' ?OL1S1 ro0on 8? 164 
n-. r_w n 163S? r.nr,;n 7()51"1 
~nr00 1JOP7 () (H) C10 SCJSJ"' r,nnn0 10475 ornoc :'1~72 

6.2 000cc, 08J8S 00000 44640 
J.J 
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Table 21 

Note: k = (k ,k ,k ) in this table is measured from the 
- X y Z 

point w in the Brillouin zone · ( figure 3). 

Energy 

kx ky k 1st 2nd 3rd 
z zone zone zone 

w 0 0 0 0.7237 0.7237 0.7272 
X 0 0 -0.41248 0.5785 o. 6306 · 
L 0.41248 -0.41248 0 O. 4261 0.4650 
u 0.20624 0 -0.20624 o. 6486 o. 6506 0.7675 
K 0 -0. 20624 0.20624 0. 6486 o. 6506 0.7675 

Near W 0.03 0 0 0.6920 o. 7245 0.7550 
0.05 0 0 0.6682 o. 7259 0.7715 
0.06 0 0 o. 6560 

0 0 0.03 o. 7031 o. 7251 0.7459 
0 0 0.05 0.6903 0.7210 0.7616 
0 0 0.06 0.6842 o. 7184 0.7698 

0.02121 0.02121 0 0.6949 0.7187 
0.04243 0.04243 0 o. 6659 0.7052 

0.02121 0 0.02121 0.6907 0.7396 o. 7431 
0.04243 0 0.04243 0.6524 o. 7572 0.7615 
0.02121 0 -0.02121 0.7094 o. 7110 o. 7518 
0.04243 0 -0.04243 o. 7681 

Near 13v 0 0 -0.10312 0.6597 0.7040 0.8069 
0 0 -0.20624 o.6144 o.6654 
0 0 -0.30936 0.5875 o.6384 

0 0 -0.31248 o. 5869 o. 6378 
0 -0.03 -0.31248 o. 5603 o. 6658 
0 ..;O. 06 -0.31248 0.5194 o. 711 O 
0 -0.09 -0.31248 0.7594 

0 0 -0.21248 0.6123 0.6633 
0 -0.03 -0.21248 o. 5864 0.6903 
0 -0.06 -0.21248 o. 5461 0.7340 
0 -0.09 -0.21248 0.5053 
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Table 21 { continued~ E n e r g y 
kx ky kz 

1st 2nd 3rd 
zone zone zone Near 'XX{ 0 0 -0.11248 0.6548 o. 7005 ( contd) 0 -0.03 -0.11248 o. 6304 o. 7320 0 -0.06 -0.11248 0.5901 o. 7658 0 -0.09 -0.11248 0.5502 

0 0 -0.10 0.6613 0.7052 0 0 -0.11 o. 6561 0.7015 0 0 -0., 12 o. 651 o o. 6976 0 0 -0.13 o. 6461 0.6938 0 0 -0.14 o.6413 o. 6899 0 0 -0.15 o. 6368 o. 6860 

xr 0 0 -0.41248 0.5785 o. 6306 0 -0.01 -0.41248 0.5743 0.6350 0 -0.02 -0.41248 0.5644 o. 6455 0 -0.04 -0.41248 0.5385 0.6733 0 -0.05 -0. 41248 0.5248 o. 6886 
0 -0.10312 -0.41248 0.4515 0.7757 0 -0.20026 -0.41248 o. 321 6 0 -0.03 -0.41248 0.5519 o. 6587 0 -0.06 -0.41248 0.5108 0.7044 0 -0.09 -0.41248 0.4694 0.7535 

Near UX o. 15468 0 -0.25780 0.6190 0.6653 0.8345 0.10312 0 -0.30936 o. 5965 o. 6478 0.9 0.05156 0 -0. 36092 0.5830 o. 6348 
0.0707 0 -0.34178 o. 5869 o. 6384 o. 0707 -0.03 -0.34178 0.5604 0.6663 o. 0707 -0.06 -0.34178 0.5196 o. 7114 o. 0707 _ -0. 09 -0.34178 0.7598 
0.1414 0 -0.27108 0.6122 o. 6612 0.1414 -0.03 -0.27108 o. 5863 o. 6877 0.1414 -0.06 -0.27108 0.5462 o. 7291 0.1414 -0.09 -0.27108 0.5054 0.7703 
0.1835 0 -0.22898 0.6355 o. 6661 0.1835 0.03 -0.22898 o. 6086 o. 6885 0.1835 0.06 -0.22898 o. 5695 0.7132 0.1835 0.09 -0.22898 0.5296 0.7299 
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Table 21 ( continued) 
E n e r g y 

kx ky kz 
1 st 2nd 3rd 

zone zone zone 

WU Same as WK 

Near WU 0.08 0 -0.08 o. 6780 0.6780 0.7757 
0.07 -0.04 -0.09 o. 6308 o. 7138 
0.06 -0.08 -0.10 0.5729 0.7475 

0.14 0 -0.14 0.6566 O. 6581 o. 7691 
0.13 -0.04 -0.15 0.6105 o.6934 
0.12 -0.08 -0.16 0.5523 0.7281 

0.19624 0.04 -0.21624 o. 6029 o. 6857 
0.18624 -0.08 -0. 22624 0.5446 0.7207 

0.18046 -0.10312 -0.23202 0.5104 o. 7140 o. 8658 
0.15468 -0.20624 -0.25780 o. 3661 0.8399 

WK 0 -0.15468 0.15468 0.6539 o. 65 0.7677 
0 -0.10312 0.10312 o.67 o.67 0.7739 
0 -0.05156 0.05156 o. 68 o. 68 0.7720 

Near WK 0 -0.30936 0.10312 0.4597 o. 7421 o. 8460 
0 -0.41248 0 0.8722 

0 -0.08 0.08 0.6780 o. 6780 0.7757 
0 -0.11 0.05 o. 6292 o. 7007 
0 -0.14 0.02 0.5719 o. 7267 

0 -0.14 0.14 o.6566 o. 6581 o. 7691 
0 -0.17 o. 11 · o. 6086 O. 6808 
0 -0.20 0.08 0.5510 o. 7068 

0 -0.23624 0.17624 0.6733 
0 -0.26624 o. 14624 o. 6992 

Lr 0.34248 -0.48248 -0.07 o. 6266 
0.33248 -0.49248 -0.08 o.6545 
0.32248 -0.50248 -0.09 o. 6828 
0.31248 -0.51248 -0.10 o. 7118 
0.30248 -0.52248 -0.11 0.7413 
0.29248 -0.53248 -0.12 0.7713 



Table 21 ( continued2 
E n e r g y 

k ky k 
1 st 2nd 3rd 

X z zone zone zone 

LW 0.30936 -0.30936 0 0.4434 0.4844 
o. 20624 -0. 20624 0 0.4988 0.5477 
0.09 -0.09 0 o. 6071 o.6599 
0.08 -0.08 0 0.6188 0.6702 
0.07 -0.07 0 0.6308 o. 6803 
0.06 -0.06 0 0.6432 o.6899 
0.05 -0.05 0 o. 6560 0.6990 
0.04 -0.04 0 O. 6691 o. 7071 

Near LW o. 04648 -0. 08648 -0.02 0.6104 0.7090 
o. 02648 -0.10648 -0.04 o. 5721 0.7481 
o. 00648 -0.12648 -0.06 0.5335 o. 7825 

0.03148 -0.03148 0 o. 6806 o. 7130 
0.01148 -0.05148 -0.02 o.6543 0.7365 

0.17948 -0.29948 -0.06 O. 6517 
0.13948 -0.33948 -0.10 o. 7606 

0.13548 -0.13548 0 0.5588 o. 6126 
0.11548 -0.15548 -0.02 o. 5336 o. 6397 
0.09548 -0.17548 -0.04 o. 6845 
0.07548 -0.19548 -0. 06 o. 7328 

0.10048 -0.10048 0 0.5953 o.6489 
0.08048 -0.12048 -0.02 o. 5706 0.6750 
0.06048 -0.14048 -0.04 0.5318 o. 7180 

. o. 06648 -0. 06648 0 O. 6351 o. 6837 

LU 0.36092 -0.30936 -0.05156 0.4388 0.4793 
(and 0.30936 -0.20624 -0.10312 0.4803 0.5274 

LK) 0.25780 --0.10312 -0.15468 0.5501 o. 6042 

Near LU 0.25248 -0.27248 -0.16 o. 6527 
0.21248 -0.31248 -0.20 0.7625 

0.2548 -0.09248 -0.16 0.5589 o. 6131 
0.23248 -0.11248 -0.18 0.5340 o. 6403 
0.21248 -0.13248 -0.20 o. 6854 
0.19248 -0.15248 -0.22 o. 7344 
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Table 21 (continued~ 
E n e r g y 

kx ky kz 
1 st 2nd 3rd 

zone zone zone 

Near LU 0.23248 -0.05248 -0. 18 0.5950 o.6454 
( contd) 0.21248 -0.07248 -0.20 0.5707 0.6720 

0.19248 -0.09248 -0.22 0.5322 o. 7147 

0.21248 -0.01248 -0.20 o. 6356 0.6576 

Near LK 0.15248 -0.37248 0.04 0.6519 
0.11248 -0.41248 0 o. 7602 

0.09248 -0.25248 0.16 0.5589 o. 6131 
0.07248 -0. 27248 0.14 0.5336 o. 6394 
0.05248 -0.29248 0.12 o. 6823 
0.03248 -0.31248 0.10 O. 7261 

0.05248 -0.23248 0.18 0.5950 o.6454 
0.03248 -0.25248 0.16 o. 5700 o. 6686 
0.01248 -0.27248 0.14 0.5311 0.7016 

0.01248 -0.21248 0.20 o. 6355 o. 6576 



Point X 

k
1 

= ( )r / a ) ( O , 2 , O ) 

ci 
Irred. 

rep. 

1 -.1. ( 1 , 1 ) 
22 

x1 

1.1. ( 1 '-1 ) 
22 

X' 4 

Point L 

k1 = ( tr I a ) ( 1 , 1 , 1 ) 

ci 
Irred. 
rep. 

l.t(1,1) L1 22 

1 

Table 22 

kx = ( rr /a)(o,2,0) 

k
2 = ( }'( I a) ( o , 2, o ) 

Behaviour near1 
ELCPW origin x (Nvo)2 

2f + O(r2 ) s-like ~ - V - 0 - v1 

1 
k2 82 i try/a p-like - Vo + V1 ....:x 

kL = (1T /a)(1,1,1) 

k2 = (rr/a)(-1,-1,-1) 

Behaviour near1 
ELCPW origin x (Nv

0
) 2 

1 
+ O(r2 ) k2 22 s-like - vo - v2 -L 

1.1. ( 1 '-1 ) L' 2 (22 i lr/a)(x+y+z) p-like k2 
-L - VO - v2 22 

I 



Table 22 ( continued) 

Point K 

k1 = ( l'r /a)(0,3/2,3/2) 

.~ = ( rr I a) ( o, 3/ 2 , 3/ 2) 

k 2 = ( ,r I a) ( -2 , -t , -t ) 
k

3 
= ( ,r I a) ( 2, -t, -t) 

Irred. Behaviour near1 
ELCPW 

ci rep. origin x (Nvo)2 

1.1.. ( O, -1 , 1 ) 
1 

2 K3 82 i h"°' x/a p-like ~ - vo + v1 22 

11 ( 2' -1 '-1 ) 
1 

ki-V0+(4/3)V2-!V1 
K1 (4i lT /62a) ( y+z) p-like 62 

189 

1.1.. ( 1 , 1 , 1 ) 
1 

~-V0-(4/3)V2~2/3)V1 
K1 32 + (?) ( y+z) s-like 32 

Point r k = (o,o,o) -r 
1st zone: k = (O,O,O) ~nly, Irfed. rep./~, s-like, 

= 1/(Nv
0

) 2 near origin. 

Higher zones: 
k 1 = ( ii /a) ( 2 , 2 , 2 ) 
k 2 = ( rr /a) ( -2, 2, 2) 

k3 = ( i'r /a)(2,-2,2) 
~ = ( ;r I a) ( 2, 2, -2) 

k
5 

= ( l7' /a) ( -2, -2, -2) 
· k6 = ( )r /a) ( 2, -2, -2) 

k
7 = ( 1r" /a) ( -2, 2, -2) 
~ = ( ,,.. I a) ( -2, -2, 2) 



Table 22 (continued) 

Irred Symmetry 
ELCPW ci rep near origin 

11..(1,1,1,1; 1,1,1,1) I;" s-like 2 
~ -V 0-3V 1 - 3V 3-V 4 82 

11.. ( -1 ' 1 ' 1 ' 1 ; 1 , -1 , -1 , -1 ) 
_, 

not s-, p- 2 
82 12 nor d-like k1 -V0+3v1-3v

3
+v

4 
I 

11.. ( -1 '1 ' 1 '-1 ; -1 , 1 , 1 , -1 ) 
82 

1 
1,1,-1,-1) 

_, 
2 -1.. ( 1 , 1 , -1 , -1 ; 125 d-like ~-Vo+V1+V3-V4 82 

1, 

11.. ( 1 '-1 '1 '-1 ; 
82 

1 , -1 , 1 , -1 ) 

11.. ( 1 , -1 , 1 , 1 ; 
82 

-1 , 1 , -1 , -1 ) px-like 

11.. ( 1 ' 1 ' -1 ' 1 ; 
I 2 -1 , -1 , 1 , -1 ) !;"5 :Py-like k1-Vo-V1+V3+V4 82 

11.. ( 1 ' 1 ' 1 ' -1 ; 82 
-1,-1,-1,1) Pz-like 



Table 23 

EOLCPW 
L' 

0.4233 
2 

L1 o. 4620 

X' 
o. 5769 4 

x1 o. 6353 

K1 (p-like) o. 6475 
K1 ( s-like) 0.7767 
K3 o. 6491 

w3 o. 7237 
W' 

o. 7272 2 
w1 0.9348 

/~ (1 st zone) -0.0736 
(by Wigner-Seitz method) -0. 0771 

;-
(higher zone) 2.347 

1 

;-;;, 
2 1. 902 

/;5 1. 717 

~5 2.310 

Fermi level 0.79 (approx.) 
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Table 24 

Note: k = (kx' ~, kz) is measured from the point W in 
the Brillouin zone (figure 3). 

V0 = 0.794 228 

0 

0.03 
0.05 
0.06 

0 
0 
0 

0 
0 
0 

0 
0 
0 

0.02121 0.02121 
0.04243 0.04243 

0. 02121 
0.04243 
0.02121 
0.04243 

0 
0 
0 
0 

V0 = 0.794 228 

0 0 

0.03 0 
o. 06 0 

0 0 
0 0 

0.02121 0.02121 
0.04243 0.04243 

v1 = o. 472 635 

1st 
zone 

v2 = 0.405 364 
E n e r g y 

2nd 3rd 
zone zone 

0 

0 
0 
0 

0.03 
0.05 
o. 06 

0 
0 

0. 02121 
0.04243 

-0.02121 
-0.04243 

0.7237 

0.6920 
o. 6682 
o. 6560 

o. 7031 
0.6903 
o. 6842 

0.7237 

0.7245 
0.7259 

O. 7251 
0.7210 
o. 7184 

O. 6949 O. 71 8 7 
0.6659 0.7052 

o. 6907 
o. 6524 
0.7094 

o. 7396 
o. 7572 
0. 7110 

0.7272 

0.7550 
0.7715 

0.7459 
0.7616 
o. 7698 

o. 7431 
o. 7615 
0.7518 
O. 7681 

v1 = o.472 635 

0 

0 
0 

0.03 
0.06 

0 
0 

E n e r g y 
1st 2nd 3rd 

zone zone zone 

0.7170 0.7343 0.7343 

0.6918 0.7354 0.7549 
0.6567 0.7378 0.7761 

O. 7569 
0.6952 0.7078 0.7807 

0.6940 0.7289 0.7594 
o. 6656 o. 7138 
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Table 24 (continued) 

Vo= 0.734 228 v1 = 0.532 635 
E n e r g y 

kx ky kz 
1st 2nd 3rd 

zone zone zone 
0 0 0 o. 743 o. 743 0. 96 

0.03 0 
0.06 0 

0 o. 7347 
0 0.7484 

0 0 0.03 0.7250 
0 0 0.06 o. 7061 

0.02121 o. 02121 
0.04243 0.04243 

0 o. 7389 
0 0.7219 

V0 = 0.769 228 v1 = 0.497 635 v2 = 0.380 364 
Energy 

kx k k 1 st 2nd 3rd 
y z zone zone zone 

0 0 0 0.7238 o. 7238 0.8320 

0 0 -0.03 o. 7031 o. 7459 0.8266 
0 0 -0.06 o. 6841 o. 7697 0.8136 
0 0 -0.09 o. 6668 0.7952 o. 7976 
0 0 -0.12 0.6510 o. 7811 0.8224 
0 0 -0.15 o. 6368 o. 7653 0.8512 

0.03 0 0 0.7109 
0.06 0 0 0. 681 6 

0.04243 0.04243 0 o. 6982 



Table 25 

Fourier coefficients of the potential 

K ef'fect of 
( ..-/a) s-potential p-potential using new 

~t 

VO o,o,o 1. 05536 1. 04626 -0.00506 

v1 4,0,0 0.41784 0.41435 0.00118 

v2 2,2,2 0.49900 0.49453 0.00036 

V3 4,4,0 0.27326 0. 27217 0.00206 

V4 4,4,4 0.21533 0.21528 0.00154 

V5 2,2,6 0.22879 0.22855 

v6 6,6,2 0.15482 0.15535 

V7 8,o,o 0.17643 0.17683 

V8 8,4,0 0.14906 0.14961 

v9 8,4,4 0.13148 0.13199 

v10 
( 6,6,6 0.12184 0.12226 (10,2,2 

v11 8,8,0 0.10807 0.10828 

v12 ~ 8,8,4 
12,0,0 O. 09762 0.09765 



195 Table 26 

To obtain t he values of P 1 , P2 , Px normalized 

according to equation (II.3.03), the entries 

in this table must be multiplied by 22.3223, 

11.4922, and 66.36602 respectively. - The numbers 

in this table are to be considered as decimals, 

with the decimal point immediately preceding the 

first digit. The energy eigenvalues are: 

E1 = 110.22783, E2 = 7.077 3585, Ex= 4.155 4232. 

r/10 

0 
0002 
0004 
0006 
0008 
0010 
0015 
0020 
0025 
0030 
0035 
0040 
0045 
0050 
0055 
0060 
0065 
0070 
0075 
0080 
0085 
0090 
0095 
010 ' 
012 
014 
016 
018 
020 
022 
024 
026 
028 
030 
032 I 

034 
036 
038 
040 
042 
044 
046 
048 
050 
060 
070 
080 
090 
100 
110 
120 
130 
140 
150 
17 
19 
21 
23 
25 
27 
29 
31 
33 
35 
37 
39 
41 
43 
45 
47 
49 
51 
53 
55 
57 
59 
61 
63 

p 1 

( unnormal-
ized) 

0 
00789 67497 
01538 85541 
02249 13582 
02922 05573 
03559 10185 
05004 06560 
06254 68423 
07330 1287.3 
08247 87482 
09023 83631 
09672 49099 
10207 00374 
10639 33571 
10980 35751 
11239 92971 
11426 98954 
11549 64517 
11615 24512 
11630 44046 
11601 24617 
11533 09387 
11430 89010 
11299 06382 
10548 98265 
09578 57306 
08517 97219 
07463 54001 
06469 87275 
05561 77708 
04747 79165 
04029 25944 
03402 61557 
02861 38240 
02397 58937 
02002 7.3540 
01668 39892 
01.386 60494 
01150 02787 
00952 08352 
00786 94815 
00649 53525 
00535 44728 
00440 91317 
00165 23108 
00061 03392 
00022 19834 
00007 96042 
00002 84578 
00001 01472 
00000 36080 
00000 12764 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

p2 

(unnormal
ized) 

0 
-00394 81875 
-00769 22936 
-01123 87858 
-01459 39619 
-01776 39563 
-02491 75745 
-03103 94641 
-03621 22200 
-04051 27301 
-04401 25041 
-04677 80015 
-04887 09767 
-05034 87831 
-05126 47215 
-05166 82528 
-05160 52618 
-05111 83700 
-05024 71488 
-04902 83116 
-04749 59150 
-04568 15314 
-04361 44526 
-04132 18525 
-03037 18293 
-01752 21097 
-00376 82364 

01015 95718 
02.376 79339 
03672 21470 
04879 39043 
05984 29950 
06979 51993 
07862 49352 
08634 16396 
09297 95595 
09858 98185 
10323 43832 
10698 15428 
10990 25602 
11206 90344 
11355 11024 
11441 63099 
11472 87892 
10995 02763 
09846 23271 
08360 56750 
06877 41907 
05593 08285 
04505 47993 
03599 49084 
02856 01419 
02253 28438 
01769 38738 
01078 97307 
00650 68040 
00389 39308 
00231 81639 
001)7 5.3009 
00081 41258 
00048 10883 
00028 36993 
00016 69580 
00009 81388 
00005 76627 
0000.3 38782 
00001 99041 
00001 16940 
00000 68703 
00000 40364 
00000 23715 
00000 13933 
00000 08188 
00000 04813 
00000 028.35 
00000 01676 
00000 01005 
00000 00624 

PX 
(unnormal -

ized) 

0 
00000 39788 
00001 57104 
00003 48927 
00006 123 49 
00009 44553 
00020 58009 
00035 43922 
00053 64670 
00074 85526 
00098 74438 
00125 017 94 
00153 40259 
00183 6459 9 
00215 51551 
00248 79636 
00283 29050 
00318 81549 
00355 20301 
00.392 29823 
00429 95859 
00468 05278 
00506 46009 
00545 06976 
00699 58749 
00850 55679 
00994 34014 
01128 49975 
01251 51596 
01)62 55454 
01461 28876 
01547 76479 
01622 29854 
01685 · 39233 
01737 73613 
01779 95844 

· 01812 79453 
01836 99060 
01853 28535 
01862 39659 
01865 00867 
01861 76380 
01853 26292 
01840 06225 
01719 90545 
01539 95501 
01328 18667 
01119 97924 

. 0093~ 246 73 
00785 25841 
00653 79399 
00542 25632 
00448 23324 
00.369 43497 
002 49 18317, 
00166 88464 
00111 24117 
00073 93544 
00049 06143 
00032 53140 
00021 55647 
00014 26608 
00009 42901 
00006 22925 
00004 11656 
00002 72196 
00001 80079 
00001 19193 
00000 78924 
00000 52281 
00000 34644 . 
00000 22969 
00000 15241 
00000 10132 
00000 06761 
00000 04544 
00000 031 12 
00000 022 14 

k' 
~ 1r /a; 

(0,2,1) 
(0,2,3) 
(4,2,1) 

f4,2,3j 
0,2,5 

(0,6,1) 

(2,0,0) 
(2,2,0) 
(2,4,0) 
(2,2,4) 
(6,o,o) ) 
(4,2,4) ) 

(0,3/2,3/2) 
(2,1/2,1/2) 

(5/2,3/2,0) 

(5/2,5/2,0) 

( 2, 7/2, 1/2) 

(4,3/2,3/2) 

(4,5/2,3/2) 

(0.7,0.7,0.7) 

(1 . 3, 1.3,L3) 

(2. 7, 1.3 , 1.3) 

(3. 3, 0.7, 0.7) 

(1 . 3, 2.7,2 . 7) 

(2. 7,2. 7, 2. 7) 

(o ,o ,o ) 

) 
) 

] 
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Table 27 
To obtain the values of P1 , P2 , Px normalized 

k' b 
b ·b2kn 

xkn according to equation (II.3.03), the entries (lr/a) 1kn (k 1J'k') in this table rrmst be rrmltiplied by 22.3223, 
11.4922, and 66.36602 respec~ively. The ~umbers 

(0,2,1) 0.0310519 o. 240811 o. 156829 in this table are to be considered as dec7mals, 
with the decimal point immediately preceding the (0,2,3) 0.0304774 0.182357 0.181390 ,p; T>Q+. r1; ,.,.; + 'flt"'\o .on.o.nf"Y'"''" o; rr.o.Y"\"'t-:ro 1 ",~~ oVlo. • 

(4,2,1) 0.0299193 0.141395 o. 174575 
~4,2,3) 
0,2,5) 

) 
) o. 0293771 0.111574 o. 1 6131 O 

(0,6,1) o. 0288501 0.089214 0.147326 

(2,0,0) 0.0311247 0.249844 0.146988 
(2,2,0) 0.0308345 o. 216261 o. 173763 
(2,4,0) 0.0299882 0.145808 0.175987 
(2,2,4) 0.0297142 0.129145 0.169894 
f 6,o,o~ 
4,2,4 ~ 0.0289152 0.091687 0.149041 

~0,3/2,3/2~ 
2,1/2,1/2 ~ 0.0310883 0.245270 0.152265 

(5/2,3/2,0) 0.030795 0.2130 0.175375 
(5/2,5/2,0) 0.0305128 0.185412 0.181270 
( 2, 7 /2, 1 /2) 0.0302313 0.162742 0.17995.7 
(4,3/2,3/2) 0.0299538 0.143580 0.175293 
(4,5/2,3/2) 0.029686 O. 1273 0.169067 

(o. 7,0.7,0.7) 0.0313108 o. 274901 0.100883 
(1.3,1.3,1.3) 0.0310468 0.240196 0.157416 
(2. 7,1.3,1.3) - o. 0306430 0.197192 o. 179840 

0 

(3.3,0.7,0.7) o. 030563 0.1895 0.180967 
(1.3,2.7,2.7) 0.0302474 0.163943 0.180147 
(2.7,2.7,2. 7) 0.0298596 0.137694 0.173278 

(o,o,o) 0.0314196 0.291096 0.000000 



Table 28 
Note: k = (k, k, k) in this table is measured from the 

- X y Z point w in the Brillouin zone. The following values 
of the Fourier coefficients of the potential were used; Vo = 1. 043 952 v1 = 0.416 007 v2 = o.495 762 

En e r g Y kx k kz 1st 2nd 3rd 4th 
y 

zone zone zone zone w 0 0 0 0.4021 0.4021 0.4733 o. 6098 
near 0.03 0 0 0.3852 0.4030 o. 4863 o. 6164 

w 0.05 0 0 0.3636 0.4045 0.5007 0.6283 
0.06 0 0 0.3517 0.4055 0.5075 o. 6365 0 0 0.03 0.3796 0.4263 0.4699 0.6150 
0 0 0.05 0.3656 0.4434 0.4644 0.6237 
0 0 0.06 0.3588 0.4522 0.4609 0.6293 0.02121 0.02121 0 0.3897 0.3974 o. 4875 o. 6162 
0.04243 0.04243 0 0.3653 0.3849 o. 5174 o. 6339 0.02121 0 o. 02121 0.3772 0.4195 0.4793 o. 6149 
0.04243 0 0.04243 0.3419 0.4385 0.4936 o. 6273 
o. 02121 0 -0.02121 o. 3865 0.4092 0.4785 o. 6166 
0.04243 0 -0.04243 0.3725 0.4042 0.4853 o. 6392 

near 0 0 -0.41248 0.2420 0.3640 
X 0 -0.03 -0.41248 0.3812 0 -0.06 -0.41248 0.4195 0 -0.09 -0.41248 o. 4661 

on 0.35874 -0.46622 -0.05374 o. 2762 
1r 0.30874 -0.51622 -0.10374 o. 4165 0.28874 -0.53622 -0.12374 0.4770 0.26874 -0.55622 -0.14374 0.5398 
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Table 29 

Note: k = (k, k, k) in this table is measured from the 
- X Y Z 

point Win the Brillouin zone (figure 3). 

V0 = 1.043 952 

0 

0.03 
0.05 
0.06 

0 
0 
0 

0 

0 
0 
0 

0 
0 
0 

v1 = o.451 007 v2 = o.495 762 

0 

0 
0 
0 

0.03 
0.05 
0.06 

1 st 
zone 

Energy 
2nd 3rd 

zone zone 

0.4380 0.4380 0.4380 

0.3756 0.4409 0.4804 
0.3623 0.4419 0.4857 

0.4161 0.4339 0.4627 
0.4020 0.4279 0.4798 
0.3953 0.4242 0.4886 

4th 
zone 

0.02121 0.02121 0 
0.04243 0.04243 O 

0.4055 0.4307 0.4725 
0.3746 0.4119 0.5086 

0.02121 0 
0.04243 O 
0.02121 O 
0.04243 o-

Vo = 1.075 952 

0 0 

0.03 
0.05 
0.06 

0 
0 
0 

0 0 
0 0 
0 0 

0.02121 0.02121 
0.04243 0.04243 
0.02121 0 
0.04243 O 
0.02121 0 

. o. 04243 O 

0.02121 0.4004 
0.04243 

-0.02121 
0.4751? 0.4751? 
o. 4637? 

-0.04243 0.4714? 

v1 = o.448 007 v2 = 0.527 762 

O 0.4021 0.4021 0.4423 0.4733 

0 
0 
0 

0.03 
0.05 
0.06 

0 
0 

0.02121 
0.04243 

-0.02121 
-0.04243 

0.3747 0.4030 0.4541 0.4916 
0.3471 0.4047 0.4586 0.5194 
0.3330 0.4055 0.4602 0.5350 

0.3796 0.4263 0.4297 
0.3656 0.4165 0.4434 
0.3588 0.4099 0.4522 

0.3834 0.3897 0.4627 
0.3545 0.3653 0.4969 
0.3699 0.4195 0.4502 
0.3262 0.4385 0.4672 
0.3865 0.4024 0.4390 
0.3725 0.3914 0.4277 

0.4877 
0.5040 
0.5128 

0.4874 
o. 5171 
0.4838 
o. 5018 
o. 4955 
0.5421 



Table 29 { continued~ 
E n e r g Y 

kx k k 1 st . 2nd 3rd 4th 
y z zone zone zone zone 

VO = 1. 053 976 v1 = 426 007 v2 = 0.535 762 

0 0 0 0.4021 0.4021 0.4790 0.5345 
0.03 0 0 0.3834 0.4903 0.5445 0.05 0 0 o. 3601 0.4044 0.4996 o. 5631 0.06 0 0 0.3474 0.4055 o. 5031 0.5754 
0 0 0.03 0.3796 0.4263 0.4705 0.5446 0 0 0.05 0.3655 0.4434 0.4598 o. 5586 0 0 0.06 0.3588 0.5666 
0.02121 0.02121 0 0.3900 0.3950 0.4928 0.5434 0.04243 0.04243 0 0.3655 0.3776 0.5224 o. 5660 
0.02121 0 0.02121 0.3759 0.4194 0.4835 0.5422 0.04243 0 0.04243 0.3382 0.4385 o. 4968 0.5580 0. 02121 0 -0.02121 0.3864 0.4086 0.4787 0.5473 0.04243 0 -0.04243 0.3725 0.4033 0.4722 0.5834 

VO = 1 .1 07 9 52 v1 = 0.480 007 v2 = o.495 762 
0 0 0 0.3427 0.4021 0.4021 0.4423 
0.03 0 0 0.3267 0.3979 0.4030 0.4652 0.05 0 0 0.3046 0.3970 0.4047 0.4929 0.06 0 0 0.2950 

0 0 0.03 0.3379 0.3796 0.4263 0.4490 0 0 0.05 0.3305 0.3655 0.4434 0.4595 0 0 0.06 0.3399? 0.4440 0.4507 
o. 02121 0.02121 0 0.3285 0.3834 0.4181 0.4627 0.04243 0.04243 0 0.3026 0.3545 0.4492 o. 4969 
0.02121 0 0.02121 0.3272 0.3933 0.4195 0.4528 0.04243 0 0.04243 0.2892 0.4046 0.4400? 0.4709 0.02121 0 -0. 02121 0.3358 o. 3865 0.4060 0.4645 0.04243 0 -0.04243 0.3244 0.3725 0.3953 0.5110 



PART 2 

THE DE HAAS-VANALPHEN EFFECT IN DILUTE ALLOYS 

AND ITS APPLICATION TO DETERMINING THE 

BAND STRUGrURE OF BISMUTH 



CHAPTER VI. THE THEORY OF THE DE HAAS-VAN ALPHEN 

EFFECT IN DILUTE ALLOYS 

VI.1 Introduction 

My interest in the influence of alloying on the 
de Haas-van Alphen effect was aroused, when I noticed that 
this might be a useful tool in deciding whether the pieces 
of Fermi surface giving rise to the de Haas-van Alphen 
oscillations enclose regions of electrons or of positive 
holes in the band structure. As described in section I.2, 
if we alter the concentration of conduction electrons per 
atom in the solvent by alloying, we increase or decrease 
the size of the pieces of Fermi surface, with a consequent 
change in the period of the oscillations. The sign of the 
effect thus indicates the nature (electrons or positive 
holes) of the carriers that are being studied. 

This simple model can be made quantitative (it just 
corresponds to the "rigid band" model of an alloy; cf. 
section VI.2), and the experimental data were gathered to
gether to compare with it. The effect of alloying had 
been measured in four alloys of bisnmth and one of zinc, 
while no detectable effect had been found in four other 
alloys (table 30). Two unexpected features were 



immediately apparent. On the above model, the eff.ect of 
alloying on the de Haas-van Alphen period is proportional 
to the change in the electron concentration, and thus to 
the valency of the solute relative to the solvent, which 
we shall call Z. Now with bismuth, the magnitude of the 
effect varies by a factor of 15 between three alloys all 
with Z = +1 • In the alloy Zn Cu,* the effect is of the 
expected order of magnitude, whereas in Zn Al it is at 
least 40 times smaller (undetectably small). These features 
had to be explained before it could be claimed that the 
de Haas-van Alphen effect in alloys is a useful tool for 
determining whether the carriers are electrons or positive 
holes, and in this chapter we apply the current theory of 
dilute alloys to the problem. We will see that we can 
explain these features in a semi-quantitative way, and 
will find that in addition they give some interesting 
information about the band structure of bismuth and the 
nature of a bound level around the solute atoms in Zn Al. 

In the alloys in which no detectable effect on the 
period was observed, the investigation had been limited by 
the drastic reduction on alloying in the amplitude of the 
oscillations. This reduction is brought about by the 

*we shall denote dilute solid solution alloys by such. symbols, with the solvent element placed first and underlined. 
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reduction in the relaxation time of the electrons due to scattering at the solute atoms, (Shoenberg 1952, Dingle 1952). The order of magnitude of this can be calculated from the relaxation time as deduced from measurements of the resistance of the alloys (Shoenberg 1952). When it was suggested that some measurements of the period in aluminium alloys would aid the band structure determination in Part 1, it was calculated that under present experimental conditions the change in the period should be observable for the "low frequency" oscillations and might be just observable for the "high frequency" ones ( section III. 6, also table 30). The amplitude of the oscillations was calculated using Mott's result for the scattering by solute atoms ih a metal (Mott and Jones 1936, p.294), and was found (Gunnersen 1955) to be in approximate agreement with experiment. 

We will now give an outline (section VI.2) of Friedel's statistical theory of dilute alloys based on a modified form .of the Thomas-Fermi assumption (Mott and Jones 1936, p.48). This is applied to calculating the change in the period of the de Haas-van Alphen oscillations (sections VI.3 and VI.4). In section (VI.5) we apply the same statistical approximation to discussing in greater detail than hitherto the effect of solutes from different 
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rows of the periodic table from the solvent. In section 
VI.6 we explain some of the results by invoking the pre
sence of a bound state round each solute atom. The con
clusions from this work are given in section VI,7, 

VI.2 Friedel's theory of dilute primary solid solution alloys 

The whole of this section is based on the review 
article by Friedel (1954) and the references given there. 
It is included so that we can derive the more important 
formulae and introduce the nomenclature required subse
quently. For the sake of convenient reference we adhere 
as closely as possible to Friedel's notation.~ 

In 1934, Jones put forward what is now termed the 
"rigid band" model of an alloy to explain the Hume-Rothery 
rules (Mott and Jones 1936, chapter V). In this model 
applied to a dilute alloy

1the density of states in the con
duction band is assumed to be unaffected by alloying, and 
this band structur~ is just filled up to a level determined 
by the average number of conduction electrons per atom. 
Mott, however, has given what appears at first quite a 
different picture (Mott and Jones 1936, p.86). If we 

*The units throughout this chapter are atomic units, unless otherwise stated. 



introduce into a metal an atom with say one extra nuclear 
charge, the conduction electrons of the solvent act to 
screen out the electric field due to the solute atom. The 
net result is. an increased density of electrons, amounting 
to one electron all together, surrounding the solute atom, 
with the state of affairs a few atomic diameters away the 
same as in a pure metal. These two points of view have 
been reconciled and incorporated in Friedel's theory. 

It is at present only possible to discuss the actual 
perturbed states in an alloy in a very qualitative way 
(section VI.6), so that we make use of the density of 
states n(E) (per unit volume of metal) in the conduction 
band, and the local density of states n(E,r) with energy 
E given by the relation 

with 

n(E,r) 

n(E) 

= 

= 

n(E) 'fJ*(r ) f/J (r) , 

d N/~ E. 

(VI.2.01) 

(VI. 2. 02) 
Here N is the number of states per unit volume with 
energy less than E contained in the band. 
the wave function of a state with energy E and with an 
amplitude of one electron per unit volume, and the bar 
denotes an average over all states with energy E. Let 
the total density of states per unit volume with energy 
less than E be f (E, r) . 
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( (E,r) = r n(E,r) dE. (VI. 2. 03) 
If the states are quantized in a large region of constant potential, the actual~ energy eigenfunctions in a region of one shape may differ considerably from those in another, e.g. a rectangular box and a sphere. Nevertheless it may be shown that f (E,r) is constant and the same throughout the regions except within a de Broglie wave length or so of the boundary, and this result may also be extended to periodic lattices (Friedel 1954, p.453). Let us consider a piece of metal and then apply a constant perturbation VP to it. If f' (E,r) and p 

O 
(E,r) are the densities of states with energies less than E in the perturbed and unperturbed metal, we have that 

= 
(VI. 2. 04) 

From the above remarks, this relation is still approximately true if we allow VP to vary slowly with r compared with the de Broglie wave length. This condition shows that it cannot be valid near the top or bottom of a band where the effective wave length tends to zero. The relation (VI.2.04) with Vp varying with r reduces for free electrons to the usual assumption in the Thomas-Fermi method (Mott and Jones 1936, p.48), so that we will refer to it as the 



modified Thorras-Fermi approximation. 
Using this approximation, we will now discuss the 

effect of introducing substitutionally into the metal an 
atom with a valency Z relative to the solvent. Let the 
net perturbing potential around it be Vp(r) , and the 
increase in the energy Erv1 at the Fermi level be ~ ~ 
With the notation of the preceding paragraph, Poisson's 
equation determining VP becomes 

= 

The bracket on the right hand side is the additional 
electron density screening the solute atom. Using the 
modified Thomas-Fermi approximation (VI.2.04), we obtain 

v 2 
VP = -4rrL7'o(EM - VP+ AEM,r) - f' o(EM,£)J. 

(VI.2.06) 
In the present treatment we will make a further twofold 
approximation and put 

f o ( EM - V p + -A EM' r) - f o ( ~1' r) 

= LVp ( r) - A EMJ d f 
0
/d ~ + 0 ( v~) , ( VI. 2. 07) 

Thus (VI.2.06) becomes 

v2 
VP = 4 7( (Vp - A ~) n

0 (EM) , (VI.2.09) 
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of which the solution for a single solute atom in a large 
piece of solvent is 

VP = (-Z/r) exp (-g_r) 
' (VI.2.10) 

with L\ EM = 0 

and 2 
4 ff no(EM) g_ = . (VI. 2 .11 ) 

For a finite concentration of C solute atoms per unit 
volume, the form of VP is a little different and 
L\ EM = () (c5/3) . For the small concentrations (less than 
1%) that we are interested in, we only require the effect 
linear in C , and we may put ~ EM = O and consider our 
solute atoms as isolated and non-interacting so that each 
is surrounded by a potential of the form (VI. 2.10). We 
now calcu1ate the effect of this perturbation on the con
duction band using first order perturbation theory, making 
the same assumption as in (VI.2.08), namely that f// ~ l/J 
(VI.2.01) is constant. Then the perturbation shifts every 
energy level by 

(- S E) = C ·. i VP dv = -41r zc 
g_2 = -ZC 

no(~) • 
(VI.2.12) 

Since the energy at the Fermi level remains unaltered, this 
allows us to accorrnnodate an extra 

SE n
0

(EM) = ZC (VI.2.13) 
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electrons per unit volume in the conduction band as required. 
Thus in this theory we obtain the localized screening of 
the solute atoms as in Mott's picture above, and since 
(VI.2.12) is the same for all states we also obtain the 
rigid band model. The only difference is that in Jones' 
original model the energy of states in the band was con
sidered fixed with the Fermi level moving up by JE = ZC/n

0
(EM) (that is for Z positive), whereas we 

now consider the Fermi level fixed with the energy of all 
states being shifted by - ~ E . 

In (VI.2.07) we have neglected higher powers of 
i-Vp(r) - ..'3~_7 in the Taylor expansion, and in (VI.2.08) 
we have replaced n

0
(EM,r) by n

0
(EM) . The first of 

these approximations has been investigated by Friedel (1954), 
who has obtained the solution keeping the next term in the 
expansion, and also an exact solution assuming a quadratic 
form for E(k) • Although we shall have to refer to these 
results in sections VI.3 and VI.4, they do not involve any 
new principle and wtll not be given here. The second 
approximation (in (VI.2.08)) has not been discussed by 
Friedel. In section VI.5 in considering the effect of 
solutes from different rows of the periodic table, we will 
have to take the variation of n

0
(~,r) with r into 

account. By a rather different mathematical procedure we 
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will show that (VI.2.12) is still valid for the states at the Fermi level. The new procedure also t akes a finite 
concentration and a finite 4 ~ automatically in its 
stride. 

Such a statistical theory can of course be expected to give answers that only approximate to the true quantum mechanical solution of our problem. For instance the 
Thomas-Fermi method is known to give a correlation and exchange hole in a free electron gas that is about t wice as big as that given by the theory of Bohm and Pines (Pines 1955, p.394). We might expect the screening of a solute atom to be affected similarly, but this problem has not been solved yet. Nevertheless the theory should be valuable for comparing different alloys with one another, and from this point of view we wil l later discuss refinements that might at first appear pedantic in view of the major approximations that the theory involves. 

VI.3 Applica~i on to the de Haas-van Alphen effect 

We first recall from Chapter III the salient features of this effect, in which the magnetic susceptibility at low temperatures shows oscillations of which the period and amplitude are of interest. The period P, measured in 
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units of 1/H( f/E
0 

in Shoenberg's notation (1952))is 
related to the electronic structure of the metal by the 
fornru.la 

P = eh/c Sm , (VI.3.1) 
in gaussian units. Here S is the area in momentum space m 
of a section of that part of the Fermi distribution to 
which the observed effect is due by a plane perpendicular 
to the magnetic field and so chosen as to make the area a 
maximum (Onsager 1952, Pippard 1954, Lifshitz and Kosevitch 
1954). Sm may thus be considered a function of EM, the 
energy at the surface of the Fermi distribution in the pure 
metal. As shown in the papers quoted above, we may deduce 
from the variation with temperature of the amplitude of 
the oscillations a quantity which we call the effective 
mass m1 ' and which is related to the variation of Sm with EM and hence to the band structure by the formula 

m1 2:m/ ') Sm / 
(VI.3.2) 

= 
O EM 

m 

In what follows, we shall require a somewhat more 
general treatment than that given in the last section, so 
that we will assume that the effect of alloying is to dis
place each energy level by an amount E

0
• Then the energy 

levels are displaced by an amount (- & E) relative to the 



Fermi level, where 

(VI.3.3) 
Thus the net effect of alloying on the surface of the Fermi 
distribution, is as if the band structure of the pure metal 
has been filled up with electrons to a new level EM + OEM , 
where &EM is the value o:f bE at the Fermi level. 

The corresponding change in the period P which 
results from alloying can be calculated from (VI.3.1) and 
(VI.3.2), since m1 is known from experiment. It is con
venient to express the change ~ P in P in terms of the 
quantity R defined by 

R = ~P/PZC' , (VI. 3. 4) 
where Z is .the valence of the solute relative to the 
solvent atom, and C' is the concentration of solute atoms 
per atom of solvent. Thus we obtain 

-R = +2lTmP 
bEM m1 zcr (m) (VI.3.5) 

The sign o:f R indicates whether the band responsible :for 
the de Haas-van Alphen effect consists of electrons or 
positive holes. In what follows, we will calculate R 
from (VI. 3. 5) by calculating b EM and using experimental 
values for P and m1/ m. Thus although the de Haas~van 
Alphen effect is usually very anisotropic, the data we 
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Alloy z Robs Experimental 
Data 

Sn In -1 

] f RI ~ 10 Shoenberg, 1952 
Sn Hg -2 

Sn Sb +1 JRI ~ 25 Croft et al, 1954 

Al Mg -1 ]RJ .:::: 4 Gunners en, 1955 
high freq. 

Al Mg -1 -9+4 Gunners en, 1955 
low freq. 

Zn Cu -1 +156+15 
Marcus, 1950 

Zn Al +1 IRI ~ 4 

Bi Te +1 -15,000 

Bi Sn -1 - 3,000 Shoenberg et al, 1936 
-
Bi Pb -1 - 1,000 -
Bi Sb 0 relatively 

very small 
effect 
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? /Rf= 9 Wilson, 1953 
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Screen-
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1/q1 
(Bohr 
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) 1.07 

1950 
<: 1. 07 

12 

) 2.5 

2.5 

R calc 

-25 
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< +145 

-18,000 

-R> 1 ,OOO 

-1 ,OOO 
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except for bism 
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Table 30 

Nature of 
carriers References responsible Rrb n~(~) for d.H.v.A 
effect 

li 
? JR I = 9 Wilson, 1953 

holes +5 Howling et al, 1955 

electrons -40 Howling et al, 1955 

holes +145 Silvidi et al, 1950 

. 

6 electrons -3,400 see text 

, ... 

zero 
effect 

Screen-
radius 
1/ q1 R calc (Bohr 

units) 

0.63 -25 

) 1.07 ). +145 

<: 1. 07 < +145 

12 -18,000 

> 2. 5 -R> 1 ,OOO 

2.5 -1 ,OOO 
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require for comparing the experimental results with the 

theory are the effective mass of' the pure metal, the 

period, and the change in period on alloying, all for a 

single direction of the magnetic field. We do not need 

any knowledge about their variation with orientation. 

On the rigid band model of' an al loy, 8EM given 

by (VI.2.12) is simply the shift calculated from the change 

~N in the number of' conduction electrons per unit volume 

and from the density of' states n
0

(EM) . Thus the value of' 

R, calculated from (VI.3.5) with the rigid band model, is 

= - 7 (mi) P + 8 • 66 X 1 0 m n~ (~a) , (VI. 3. 6) 

where n~(Ewr) is the density of' states, now expressed as 

per atom per electron volt. Table 30 compares Rrb with 

the experimentally observed changes in period, expressed 

using (VI.3.4) as the quantity Robs . n~(EM) was obtained 

from the observed values of' the electronic specific heat, 

except for bismuth as discussed in section VI.4. No effect 

was observed in the periods of the first four entries in 

table 30, and the limits shown for 

experimental errors. The values of 

R obs 
R obs 

are set by the 

and are 

seen to agree as to order of magnitude. The non-zero 

results will now be discussed in terms of the more detailed 

theory of alloys which has already been outlined in the 
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first order of approximation in section VI.2. We will 

take into account in section VI.4 the signs of Z and of 

the screening charges, exchange, and the non-validity of 

the modified Thomas-Fermi approximation near the band edge, 

in section VI.5 the .effect of solutes from different rows 

of the periodic table, and in section VI.6 the possibility 

of bound states. 

VI.4 The screening radius and the band shift 

The calculation of R proceeds in two stages; first 

we determine the screening radius 1/q
1 

of the potential 

round the solute atoms, and then the change in energy of 

the band giving the de Haas-van Alphen effect and hence from 

(IV.3.5) the corresponding value of R, which we shall 

refer to as Reale. Experimentally the alloys used have a 

low concentration (less than 1%) of solute, so that we have 

effectively infinite dilution and zero absolute shift 6 EM 

of the Fermi energy -(cf. section VI.2). 

In the first order of approximation at all stages 

(section VI. 2), the screening radius is 1/ q , where q is 

given by (VI.2.11). The perturbing potential (VI.2.10) 

shifts the energy of every state in the band by (- ~E) 

given by (VI.2.12), and this corresponds to the rigid band 

model. In particular, from (VI.3.5) and (VI.2.12) we 



obtain the result R. = Rrb. 

In a higher order of approximation, the screening 
radius 1/q1 is not simply given by (VI.2.11) and it 
depends on the sign of Z and on whether the screening 
electrons at ·the Fermi level behave as negative electrons 
or as positive holes (Friedel 1954, p.484). To obtain the 
values of 1/q1 shown in table 30, we first calculate q 
from (VI.2.11) using the density of states determined from 
low temperature specific heat measurements, except for 
bismuth as explained below. As we do not know experiment
ally the value of '}n

0
(~)/ ~ EM , we cannot calculate q1 

from q by formula (52) of Friedel (1954, p.484). Instead 
we will assume that for screening purposes, the electrons 
in the metal may be taken to behave in the same way as a 
gas of some appropriate number of free electrons or positive 
holes having the observed density of states at the Fermi 
level, so that we can use the relationship between q1 and 
q for the free electron gas (Friedel 1954, pp.486-8). In 
aluminium, the Fermi surface corresponds very closely to a 
sphere containing three electrons per atom (cf. section 
III. 7), and we can talce the carriers as electrons, in agree
ment with the observed Hall effect (Seitz 1940, p.183). In 
zinc, we assume the existence of equal numbers of positive 
holes and electrons, the holes having the smaller effective 
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mass and thus giving rise to the positive Hall coefficient 
(Wilson 1953, pp.213, 218), and th~ electrons having the 
greater effective mass and giving the main contribution to 
the density of states. Thus for screening purposes, the 
effect of the electrons p·redominates over that of the 
holes; but because the effective masses are not very differ
ent (Wilson loc. c·i t.), the simple model of a gas of 
electrons is not good. Thus for zinc we will only assume 
that d n

0
(~)/ l~ is positive but probably small, this 

then determining the sign of the correction q1 - q, whose 
magnitude is then also small (Friedel 1954, p.484, eq.52). 
The density of states in bismuth was taken as 0.016 
electrons (counting both spins) per atom per electron volt 
mainly due to a band containing about 1.5 x 10-4 holes per 
atom to give good agreement between Robs and the final 
calculated values. This figure for the density of states 
is about half that deduced from the low temperature speci
fic heat measurements of Keesom and Pearlman (1954). The 
exchange effect (Friedel 1954, p.471, eq.33) was also taken 
into account for ·:!!1 Mg, which is the only case approximat
ing to the free electron model for this purpose. 

In calculating the effect of the screened coulomb 
potential on the states of the band giving the de Haas-van 
Alphen effect, it is quite unsatisfactory to use the 
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modified Thomas-Fermi approximation (section VI.2), which 
leads to almost zero or inrinite values for R because 
the difference between the energies of the Fermi surface 
and the lowest (or highest) state of the band is so small. 
Instead, the shift in energy of the lowest (or highest) 
state of this band. relative to the Fermi energy was calcu
lated using perturbation theory, the second order term 
being relatively small (1 % to 20%) because of the low 
effective mass in this band. We assume that the wave 
functions of the band can be written in the form 
u

0
(r) exp(ik.r) , where k is measured from the point of 

the Brillouin zone which has the lowest (or highest) energy 
in the band, and that the nodes and maxima of u3E u 

0 0 
effecti~ely average out so that we can regard it as a con
stant. We also assume that the energy in the band has the 
form E(k) =Em+ k2/2f"- with /A of the order of m1/m. 
Here and elsewhere, the upper sign refers to a band of 
electrons, and the lower one to positive holes. We then 
apply the perturbing potential (-Z/r) exp(-q1 r) to the 
second order, neglect matrix elements connecting states in 
different bands, and obtain 

(- ~ ~) = (VI.4.1) 

Comparison with (VI.2.12) gives 



modified Thomas-Fermi approximation (section VI.2), which 

leads to almost zero or infinite values for R because 

the difference between the energies of the Fermi surface 

and the lowest (or highest) state of the band is so small. 

Instead, the shift in energy of the lowest (or highest) 

state of this band.relative to the Fermi energy was calcu

lated using perturbation theory , the second order term 

being relatively small (1 % to 20%) because of the low 

effective mass in this band. We assume that the wave 

functions of the band can be written in the form 

u
0

(r) exp(ik.r) , where k is measured from the point of 

the Brillouin zone which has the lowest (or highest) energy 

in the band, and that the nodes and maxima of UJE U 
0 0 

effecti~ely average out so that we can regard it as a con

stant. We also assume that the energy in the band has the 

form E(k) =Em+ k2/2j"- wi th /A of the order of m1/m. 

Here and elsewhere, the upper sign refers to a band of 

electrons, and the lower one to positive holes. We then 

apply the perturbing potential (-Z/r) exp(-q1r) to the 

second order, neglect matrix elements connecting states in 

different bands, and obtain 

= (VI. 4. 1) 

Comparison with (VI.2.12) gives 
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(VI.4.2) 

from which we obtain the values in table 3D, subject to 
the discussion of the next section. We see that the differ
ent screening of solute atoms with positive and negative Z 
can account for the large difference between R obs for 
Bi Te and Bi Pb, and incidentally that the density of 
states in bismuth must be principally due to a band contain
ing positive holes. 

The particle densities lf * '/I are not the same for 
the electrons responsible for the de Haas-van Alphen effect 
and the other electrons at the Fermi surface as assumed so 
far. Only the difference is important, and we could take 
it into account if the wave functions were known. Since 
the states concerned are likely to be near points in the 
Brillouin zone having special symmetry in the wave function, 
this effect may be important and may account for the dis-
crepancy between Robs and R calc for ~ Mg and for 
the difference between P for bismuth and P for £ll_ Sb 
alloys. However, it should not seriously affect comparison 
between different alloys of one solvent. 
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VI.5 Solutes from different rows of the periodic table 

Solutes not from the same row of the periodic table 
as the solvent are not adequately treated by the preceding 
theory, which may be extended by introducing the local 
density of states· n (E,r) 

0 -
(VI.2.01 ). Comparing for in-

stance Zn Al and Zn Ga, the solute ions in the former 
are smaller and the conduction electrons come closer in to 
the nucleus, so that they provide better screening but are 
also more affected by the perturbation potential. The 
following theorem, which we state in a general form applic
able also to finite concentrations, shows that these two 
effects cancel one another in the first order of approxima
tion. Consider the alloy Zn Mg, and take the local 
density of states n

0
(E,£) as referring to it. Although 

the local density of states n (E,r) 
0 -

in Zn Mg differs 
from that in pure zinc near the sites of the magnesium 
atoms, we may assume (cf. section V/.6) that the net 
density of states. n

0
(E) in the conduction band is the 

same in Zn Mg as in pure zinc. We then consider the 
magnesium to be replaced by aluminium, retain the modified 
Thomas-Fermi approximation and assume the perturbing 
potential VP to be small, so that the Poisson's equation 
which determines VP takes the form (VI.2.07), with the 
boundary conditions 
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/V - z I J:r. - rif 

near each solute atom ri , and that 3 Vp/d £ vanishes 
over some surface S enclosing a volume v containing a 
large number of solute atoms. We assume that the radial 
charge density round a magnesium atom in Zn Mg of a state 
with energy near the Fermi energy, is the same for the 
electrons involved in the de Haas-van Alphen effect as 
those in the density of states. Then considering a state 
in Zn Mg in the band to which the de Haas-van Alphen 
effect is due and with energy EM, the shift (- 6 EM) 
in its energy relative to the Fermi level as we pass to 
Zn Al becomes 

f Vp(r) n
0

(~,.£) dv 
(- ~~) V = 

~ n
0

(EM,r) dv 
V 

1 5 .Y_ VP.dS 4,r 
S' = from (VI. 2. 07) 

-V no(~) 

= 

Here the surface S' is S plus an infinitesimal spheri
cal surface round each solute nucleus. The result is 
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identical with that obtained in the usual first order 
approximation (VI.2.12) not taking the variation of 
n

0
(EM,r) with r into account, and also does not depend 

on any assumptions about A~ or the f'orm of' Vp(!) . 
Since in zinc the ef'fect of' the second order of approxima
tion is small ( q1 is nearly the same f'or Z = +1 ), we 
would expect on the basis of' this analysis that Reale 
for Zn Al dif'f'ers by only a f'ew per cent f'rom the value · 
shown in table 30 which really refers to Zn Ga. Thus these 
considerations do not explain the very small value of' 

Robs for Zn Al. 

We cannot base a discussion of' the difference be
tween Bi Sn and Bi Pb on {VI.2.07) since in this case the 
series expansion " 0 (Vp 2 ) 11 does not converge, due to the 
low density of states in bismuth. Higher order eff'ects are 
dominant, giving rise for instance to values of' q1 depend
ing markedly on Z as shown in table 30. However, we can 
argue qualitatively as follows. The smaller atomic and 
ionic radii of tin as compared with lead would indicate 
that the valence electrons in the tin can penetrate closer 
to the nucleus. Thus the attraction of the nucleus and 
the exchange repulsion of the ion core electrons balance 
in such a way that the valence electrons in tin are acted 
on by an additional net attractive potential using the 
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modified Thomas-Fermi point of view. Since in bismuth 
alloys the screening charges act as positive holes, the 
local density of states around the solute atoms in Bi Sn 
is lowered by the additional attractive potential (attrac
tive as seen by negatively charged electrons) so that the 
screening is reduced and /R/ is increased, in agreement 
with experiment. We would expect the corresponding effect 
in Bi Te with Z positive to be very small, because with 
such a large screening radius, the holes dof not penetrate 
too near the repulsive tellurium centres. 

VI.6 Bound states 

Among the alloys listed in table 30, Bi Te and 
Zn Al have positive values of Z, so that the possibility 
arises that one or two electrons are held in localized. 
bound states round the solute ion cores in these alloys. 
We will now discuss to what extent the existence of bound 
states affects the calculations of the previous sections, 
and in particular whether their existence could explain the 
discrepance between Robs and Reale for Zn Al. Such 
bound states are simply subtracted from the bottom of the 
conduction band as described by Friedel (1952) but the 
change in the de Haas-van Alphen effect period depends on 
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how the states remaining in the band are affected by the 
perturbation. More precisely, we wish to determine to what 
level compared with the pure solvent the band is filled by 
the available number of electrons. As we cannot do this 
in general, we shall only discuss two extreme types of 
situation, which we may reasonably expect to correspond 
approximately to Bi Te and Zn Al respectively. 

Consider first the alloy Cu Ag. In this alloy, the 
attractive perturbing potential due to the higher atomic 
number of silver is sufficient to subtract 18 states from 
the conduction band to form the 4s, 4P, and 4d shells of 
silver, and an equal number of states are added to the 
conduction band by subtracting them from unfilled higher 
bands. Thus it is usually assumed (Friedel 1952, p.171) 
that the distribution of states in the conduction band 
remains unaltered, while each wave function is changed 
from a 4s one into a 5s one round each atom. The reverse 
situation would apply to ~ Cu and also Bi Sb. Thus 
on this model, we -would expect Bi Sb to have the same de 
Haas-van Alphen effect period as pure bismuth apart from 
the effect mentioned at the end of section V/.t.,-, in 
approximate agreement with experiment (Shoenberg and Uddin 
1936). 

Similarly we may assume that Bi Te behaves in 
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the following discussion. In a bismuth alloy, particularly 

one with positive Z , the large screening radius calcu
lated by the modified Thomas-Fermi method above (cf. the 
values in table 30) would lead us to expect a bound state 
according to the criterion Z/q1 ~ 0.7 (Friedel 1954, 
p.491), and with such a slowly decreasing potential the 
localized wave function would extend over several atoms. 
In this case, if we expand the wave function of the bound 
state in terms of the wave functions of states in the pure 

solvent, only the states with energies near the lowest 
energy of the conduction band enter into the expansion with 

large coefficients, as in the theory of donor states in 
semiconductors (Kittel and Mitchell 1954). If we also 
expand the perturbed wave functions of the conduction band 

in terms of the unperturbed wave functions, we can regard 
this transformation from the unperturbed to the perturbed 
states as a unitary transformation, affecting mainly the 
states in the conduction band with energies well below the 

Fermi energy. This has two consequences. Firstly the 
total charge density due to these occupied states with low 

energies (including the bound state in the perturbed case) 

remains unaltered by the transformation, so that they can 
provide no net screening of the perturbing potential. The 
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actual screening is again due to electrons at the Fermi 

level. Secondly the density of states in the actual con

duction band is reduced, so that the total number of s tates, 

including the bound one, below some level in the band which 

is well above the lowest energy in the band, remains un

changed by the transformation. These two conclusions show 

that the existence of a bound state round each solute atom 

in Bi Po or Bi Te should not invalidate the calculation 

of R calc in the previous sections. The argument is un-

affected if we have a doubly occupied uound orbital instead 

of a single bound state. 

In Zn Mg, the situation is similar to that in 

~ Cu and Bi Sb. We assume again that the perturbing 

potential due to 18 less nuclear charges and 18 less 

electrons modifies all wave functions in such a way that 

the distribution of states in the conduction band is the 

same in Zn Mg as in pure zinc, in which case the alloy 

and the pure metal would also have the same de Haas-van 

Alphen effect period. If we assume further that in Zn Al 

one electron is held in a bound 3s state round the aluminium 

ion core, the difference between the potentials near solute 

atoms in Zn Mg and Zn Al is not very large, and the 

distribution of states in the conduction band of Zn Al 

may again be the same as in pure zinc. In this case Zn Al 
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and zinc would also have the same de Haas-van Alphen effect 
period, because the extra electron in Zn Al is in the 
bound state, and R for Zn Al would be zero. This argu
ment could only hold if the occupied part of the conduction 
band of zinc has less than 50% s-like symmetry near the 
atomic nuclei, as otherwise the bound state would seriously 
affect the conduction band because of the exclusion princi
ple, but this could well be true. 

In an alloy with one bound electron round the ion 
core of each solute atom, the bound electron should give 
rise to a paramagnetism, as appears to be observed in some 
cases (Friedel 1952). At low temperatures, it may be 
possible to saturate this paramagnetism using magnetic 
fields of the order of ten kilogauss. Then due to the 
exchange effect, electrons with spins parallel and anti
parallel to the magnetic field would move in different 
effective potential fields near the solute atoms, and 
would thus give rise to different de Haas-van Alphen 
effect periods. The difference might be observable in 
some cases. 

VI. 7 Conclusions 

In the preceding treatment, the perturbing potential 
round the solute atoms shifts the energy of states in the 
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conduction band relative to the Fermi level which remains 
nearly unaltered. From this point of view there can be no 
doubt that the sign of R determines the sign (positive 
holes or negatively charged electrons) of the carriers 
giving rise to the de Haas-van Alphen effect, whence the 
usefulness of alloys in band structure determinations 
(section III.8). 

The absolute magnitude of the effect of alloying on 
the period of the oscillations is given approximately by 
the rigid band model. The refinements of the present 
theory do not really give any better estimates of this, but 
do account for the differences between the values of Robs 
for various alloys of one solvent. These differences are 
small in general, for instance between alloys with solutes 
with the same Z from different rows of the periodic 
table. Exceptions to this rule are to be expected when the 
density of states n

0
(~) is very low as in bismuth, and 

when there is the possibility of bound states round the 
solute atoms occu~ring under some conditions. The value of 
Robs furnishes an estimate of n

0
(~a) when this is not 

known from other measurements. When n
0

(EM) is very small, 
we may also obtain an indication of the total number of 
carriers, and this will be applied to bismuth in section 
VII.4. 
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From the point of view of the band structure of 
alloys, the de Haas-van Alphen effect can give a very 
sensitive measure of the energy of some states near the 
Fermi level. This represents information of a more funda
mental and detailed kind than is furnished by most of the 
experiments one can do on alloys. Thus the de Haas-van 
Alphen effect may become a useful tool for studying the 
nature of alloys, in particular the band structure when 
bound states occur. 
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CHAPTER VII. THE BAND STRUCTURE OF BISMUTH 

VII.1 Introduction 

In bismuth, the existence of a particular band of 
electrons appears to be well established by the de Haas
van Alphen effect (Shoenberg 1939, Shoenberg and Uddin 
1936, p.717) the galvanomagnetic effects (Abeles and 
Meiboom 1955), and cyclotron resonance (Tinkham 1955). 
The number N1 of electrons in this band. is 1.5 x 10-5 
per atom. The observations show that they are distributed 
in momentum space inside three equivalent ellipsoidal 
Fermi surfaces related to one another by the crystal 
symrnet~y, and have a small very anisotropic effective 
mass (approximately ~/m = 0.0024, ~/m = 2.53, m

3/m = 
0.025 referred to the principal axes of the ellipsoids), 
the Fermi level being 0.012 electron volts (equivalent to 
205°K, Dhillon and Shoenberg 1955) above the lowest energy 
in the band. The question to be discussed here is whether 
there is in addition another band (or bands) containing a 
considerably larger number N2 of electrons per atom. In 
any case there must be a band (or bands) containing N

3 holes per atom, where N
3 

= N1 + N2 , say with an effective 
mass assumed isotropic JA, 

3 times the free electron mass. 
We shall refer to these bands of electrons and holes as 
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bands I, II, and III respectively. 

The purpose of this chapter is to test the hypothe
sis that band II of electrons does not exist and thus that 
N

3 
= N1 = 1.5 x 10-5 . We will show in sections VIl2 and 

VII.3 that the properties of bismuth and its alloys can be 
roughly explained on the basis of this hypothesis, but 
they are not at present understood in detail so that in 
general we cannot say they are inconsistent with any other 
model of the band structure of bisnmth. However, in 
section VII.4 we will discuss four particular aspects of 
the observed magnetic properties that make the hypothesis 
appear very plausible, and which set in any case an upper 
limit of about 10-4 on N2 and N

3
. 

-In section VII.3, the inadequacy of the Land.au
Peierls formula for the diamagnetic susceptibility (Mott 
and Jones 1936, p.209) is demonstrated, and we use the more 
complete theory of Adams (1953) which includes inter-band 
interactions to give a qualitative explanation of the ob
served data. These considerations do not affect the usual 
interpretation of the de Haas-van Alphen period in terms of 
the shape of the Fermi surface (Chapter III; section VI.3), 
as is shown in section VII.5. 



VII.2 The general properties of bismuth and its alloys 

230 

The observed galvanomagnetic effects (Abeles and Meiboom 1955), and mean free path effects (Chambers 1953; Wilson 1953, pp.230-1) are stated by these authors to be consistent with our hypothesis that band II does not exist, so that we will not discuss these effects further. 
Let the density of states at the Fermi level ~ be n~(EM) per atom per electron volt for both spin directions together. The value of n~(~) may be deduced from measurement of the low temperature specific heat (Mott and, Jones 1936, p.179, eq.11; Keesom and Pearlman 1954; 

Ramanathan and Srinivasan 1955), and from the change on alloying of the period of the de Haas-van Alphen effect (equation VI.3.6; section VI. 7). The values of n~(EM) deduced in these two ways differ only by a factor of two, and for the sake of definiteness we adopt the value 
n~(~) = 1.65 X 10-2 

(VII.2.1) 
deduced from the de Haas-van Alphen effect. The measurements of this effect indicate that the density of states is principally due to a band containing positive hol.es, so that we deduce from (VII. 2.1) that/' 3 and N

3 are related by the formula 

= -5 5.4x10 . (VII. 2. 2) 

I . 
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with respect to the 

On the basis of our hypothesis about the band 

structure, we deduce from (VII.2.2) that JA' 
3 

= 1.5. 
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Then if we add donor atoms (e.g. tellurium) to bismuth, 

the extra electrons almost all go to fill up the band of 

holes, because of the high effective massJ-4'
3 

there, 

until at a concentration c1 of donors slightly greater 

than N1 (= 0.0015% per atom), there are no holes left 

and all further electrons go into band I. On the other 

hand, a much larger concentration c2 of acceptors (tin 

or lead) is required to empty band I of electrons, because 

the effective mass in band III is so much larger than th~t 

in band I. A simple calculation assuming a rigid band 

structure unaffected by alloying gives c
2 

= 0.08%. The 

situation is illustrated in figure 14. With all the 

physical properties that have been studied, the effects of 

alloying bismuth with tin and lead respectively are nearly 

identical, except that about one third or one quarter as 

much tin is required to produce the same effect as a 

certain concentration of lead. A possible explanation of 

this fact has been given in section VI.5, and this explana

tion also leads one to expect that lead is behaving 

norm.ally and contributing one hole per atom. Thus all com

parisons wi th experimental data will refer to lead alloys. 

At a concentration of acceptors greater than c
2 
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but still of this order of magnitude, band I is completely 
empty at absolute zero and a finite activation energy of a 
few hundred degrees absolute is required to excite an 
electron from band III to band I where it has a higher 
mobility due to the lower effective mass. This leads to a 
maximum in the variation of the resistance with temperature 
as shown experimentally and theoretically by Thompson ( 1936). 
This effect only occurs at a concentration of lead greater 
than about 0.1%, in good agreement with .our calculated 
value of c2 above. Thus contrary to a statement made by 
Wilson (1953, p.228), these experimental facts are con
sistent with our hypothesis and do not indicate that N2 
is of _the order of 10-3. A similar maximum occurs in the 
temperature variation of the magnetic susceptibility 'X.-

1 
( Shoenberg and Uddin 1936, p. 694; X 1 and 'X 

3 
are 

l: ..J. and · X1 I respectively) • 

The variation of X 1 with concentration of lead 
shows a maximum, which will also be associated with the 
emptying of band -I in section VII.3. At 75°K, this maximum 
occurs at a concentration of 0.3% lead (Shoenberg and 
Uddin 1936, p.698), but inspection of the variation of~ 1 
with temperature (Shoenberg and Uddin, 1936, p.694) indi
cates that at very low temperature this maximum would occur 
at about 0.13% lead, in good agreement with our calculated 
value of c2 . 
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VII.3 The diamagnetic susceptibility 

The usual Landau-Peierls theory of diamagnetism in 

metals is quite inadequate to explain the observed varia

tion of the susceptibility on alloying bismuth with donors 

and acceptors (figure 15). This can be seen without 

reference to any particular model of the band structure of 

bismuth. 

The Landau-Peierls formula (Mott and Jones 1936, 

p.209, eq.56; Wilson 1953, p.175, eq.6.8.1) predicts that 

a full Brillouin zone by itself has zero susceptibility, 

that some holes inside the zone (in band III in our nomen

clature) give a diamagnetic susceptibility varying as 
1 

(N3 ) 3 
-, and that some addit ional electrons in band I and II 

do likewise. Now it is observed that the diamagnetic sus

ceptibility -:X1 decreases with increasing concentration 

of tellurium. On the Landau-Peierls theory, this could 

only be due to some band of holes filling up, in which case 

the contribution from this band to the susceptibility would 

vary as 
1 

(N' )3 
3 

where N' 
3 is the number of holes per atom 

left in it. This contribution would have an infinite 

gradient at some finite concentration of donors when N3 
becomes zero. However, the observed variation of -X.

1 
has quite a different shape, which is thus at variance 

I 
I 
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with the Landau-Peierls theory. Similar remarks apply to 
the variation of -'X.1 and -X,

3 with the addition of 
donors. Incidentally, the density of states in bismuth is 
so low that the Pauli spin paramagnetism (Mott and Jones 
19 36, p. 184) is negligible. 

Let us therefore abandon the Landau-Peierls theory 
and study the experimental variations of 'X, 

3 
and ~ 1 

as functions of donor and acceptor concentrations (figure 
15). These indicate that if the Brillouin zone were com
pletely filled and there were no electrons outside it, it 
would have a large diamagnetic susceptibility, which is 
continuously decreased by an increasing concentration of 
donors -or acceptors (i.e. by the presence of additional 
electrons outside the zone or holes inside it) if we dis
regard in the meantime the more complicated behaviour at 
the low concentrations. This general conclusion is inde
pendent of any particular assumptions about bands I, II 
and III. We will first give a Qualitative explanation of 
it, and then show how the more complicated variations of 
the susceptibility at low concentrations of donors and 
acceptors can be accounted for on the basis of our particu
lar hypothesis about the band structure. 

Adams (1953) has shown that when we have a band with 
a very low effective mass such as band I in bismuth, 
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various correction terms that are omitted in the Landau

Peierls theory become imPortant, and give a contribution to 

the susceptibility of the same order as the usual Landau

Peierls diamagnetic susceptibility. This additional con-

tribution cannot be estimated quantitatively at present. 

Let us first consider the susceptibility that the Brillouin 

zone .would have if there were no holes inside it and no 

additional electrons outside it, and then the modifying 

influence of the electrons and holes in bands I, II and III. 

Adams (1953) has shown that the zone by itself would have 

a diamagnetic susceptibility due to the filled states near 

the boundary of the zone and to the presence of unfilled 

states outside the zone with only slightly higher energy, 

both having a small effective mass,say .I"'- times the free 

electron mass. This susceptibility should be of the order 

of 1~ times the Landau diamagnetism of a free electron 

gas (Mott and Jones 1936, p.210 eq.59) with a density of 

five electrons per atom, so that we obtain agreement with 

experiment with JA- of the order of O. 02, a not unreason

able figure in view of the effective mass in band I. This 

diamagnetism would then be reduced by electrons filling 

the states in bands I and II, and by holes removing the 

electrons inside the zone near the zone boundaries (figure 

1 6). 

111 
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Thus on the basis of our hypothesis, we would inter

pret the variation of X 1 and ~ 
3 

with donor and 

acceptor concentrations (figures 15 and 16) as follows. 

The presence of electrons in band I has a very strong 

paramagnetic effect (i.e. decreases the magnitude of the 

diamagnetism) on % 1 and a very weak one on X. 
3 

• In 

each case the magnitude of the effect is of the order of 

the corresponding susceptibility calculated from the Landau

Peierls formula, but of opposite sign as already discussed. 

The presence of holes in band III has paramagnetic effects 

of intermediate magnitude on both .:t, 1 and ;t 
3 

• Thus 

- X- 1 increases with the addition of acceptors due to the 

predominating effect of the emptying of band I, until it is 

completely empty at a concentration c2 ~ 0.1%, after 

which the effect of the holes in band III becomes evident. 

Similarly the sudden increase in - X 
3 

on adding donors 

is due to band III becoming filled at a concentration 

c1 ~ O. 0015%: the corresponding effect in X 
1 

is not 

observed owing to the predominating effect of band I. 

VII.4 Four observations which favour our 
hypothesis 

We can now discuss the four effects which suggest 

particularly that our hypothesis is correct. Firstly, the 



sudden increase in - ~ 1 on addition of some concentra

tion of donors less than 10-4 per atom (figure 15), is very 

difficult to explain except by assuming that some band con

taining fewer than this number of holes has been filled 

with electrons. Although this is not necessarily the only 

band of holes, the variation of 'X. 1 and -X.. 
3 

with donor 

concentration gives no indication that other bands with a 

larger number of holes are also filling up. 

Secondly, there is the observation that no de Haas

van Alphen oscillations have been observed in bismuth 

besides those due to the electrons in band I (Dhillon and 

Shoenberg 1955, Shoenberg 1953). This fact, together with 

a consideration of the amplitude of the expected oscilla

tions due to the holes in band III, will allow us to set a 

limit on the value of N
3

. The observation is for in

stance quite consistent with our hypothesis, because with 

N3 = 1.5 x 10-5 and JA-
3 = 1.5 (cf. section VII.2) the 

temperature-dependent factor in the amplitude of the 

oscillations due. to the holes is extremely small (Wilson 

1953, p.171). More generally, if we assume that N2 is 

not zero, N3 and r 
3 are related by (VII.2.2), /4'

3 
being reduced as N 

3 
increases. Both these factors in-

crease the amplitude, which detailed considerations show 

should be observable if N
3 

> 1 o-4 . 

I 
I 



The third and fourth points below depend essentially 

on the usual interpretation of the period of the de Haas

van Alphen oscillations. For these arguments to be valid, 

we have to show that the usual interpretation of the period 

remains unaffected by the large corrections that are 

necessary in the usual Landau-Peierls theory of the steady 

susceptibility (Adams 1953), although the latter is based 

on the same fundamental approximation (cf. Harper 1955, 

p.878; Adams 1953, p.638). This is proved in the appendix 

(section VII.5). 

Thirdly we consider the de Haas-van Alphen effect 

period of the Bi Te alloys (Shoenberg and Uddin 1936, 

p. 712). As in section (VII.2), we would expect on the 

basis of our hypothesis that all the electrons from donors 

appear in band I when the donor concentration is greater 

than about 0.0015%. The period of the oscillations in the 

usual interpretation of the de Haas-van Alphen effect is 

inversely proportional to the area of cross section of the 

Fermi distribution in momentillil space (equation (VI.3.1)), 

and thus varies as (N1)-2/3 , where N1 is the total 

number of electrons in band I. From the value of N1 , we 

can thus calculate for any donor concentration the expected 

value of ft. , which we define as the ratio of the period 

for the alloy to the period for pure bisrrmth. Reasonable 



Table 31 

The de Haas-van Alphen period in Bi Te alloys 

Donor concentration 

Observed 

Calculated i\ 

0.002% 

0.75 

o.83 

Table 32 

o. 004i6 0.008% 

0.58 0.40 0.38 

0.52 0.33 0.30 

Calculated values of Rd/Ra for bismuth alloys 

-2 
1. 5 X 10 

5.1 17 

1.5 X 10- 5 

statistical 
theory not 
applicable 
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agreement with experiment is obtained, as shown in table 31, 

for a donor concentration from 0.002% up to the highest 

measured (0.009%). It is very difficult to see how this 

result could occur by chance if a partially filled band II 

and some holes in band III are present as well. The shift 

in energy on alloying of states in these two bands would 

have to be of opposite signs or zero, which would be inex

plicable on the present theory of alloys (Friedel 1954; 

Chapter VI). 

Fourthly we consider the difference between the 

effects of introducing donors and acceptors on the de Haas

van Alphen period (Shoenberg and Uddin 1936, p. 712). It 

is convenient to worl<: in terms of the q_uanti ty R defined 

in s-ection VI. 3 which is proportional to the magnitude of 

the effect, and R 
a 

referring to alloys with donors 

and acceptors respectively. Although the calculated order 

of magnitude of Rd and Ra is determined by n~(~) 

their precise value and in particular the ratio Ra/Ra 

depend on the density of the carriers responsible for 

screening the solute atoms, which in our case is N3 

(section VI.4). Table 32 shows values of Ra_/Ra calcu

lated by a modified Thomas-Fermi method (Friedel 1954) in 

the manner of section VI.4 for various values of N3 • The 

observed ratio is 15, so that we deduce from table 32 that · 
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N
3 

is of the order of 10-4 or less. The values of 

Rd/Ra in table 32 are probably overestimated, because 

with the large screening radii in bismuth dielectric 

polarization will help to reduce the perturbing potential 

round the solute atoms as in semiconductors (Mott and 

Gurney 1940, chapter 3). Although the condition for the 

validity of the statistical calculation is not really ful

filled, namely that the number of holes should be large 

inside a volume over which the perturbing potential does 

not vary appreciably (section VI.2), we would expect it to 

give answers of the right order of magnitude except for ' the 

lowest value of N
3 

that corresponds to our hypothesis 

that N
3 

= N1 • In this case the concentration of intro

duced atoms becomes much larger than N
3 

, and we have to 

consider Rd and Ra separately. We have already shown 

that the period of the de Haas-van Alphen effect of Bi Te 

alloys supports our hypothesis; as regards Ra, we can 

only say at present that it is not inconsistent with the 

hypothesis. 

Summarizing, we have found that the properties of 

bismuth and its alloys are consistent with our hypothesis 

that there are only 1.5 x 10-5 free electrons and the same 

number of holes present in bismuth. There do not appear 

to be any observations that contradict this view, and there 



are four that particularly support it, although in the 

present vague state of our knowledge none of the evidence 

provided by them is by itself entirely unassailable. 

Accurate determinations of the de Haas-van Alphen period 

and of X 
3 

at very small donor concentrations would be 

expected to give more decisive evidence for the filling up 

of a band containing such a small nlliuber of holes. 

A study of Bi Sb alloys may also be helpful. The 

de Haas-van Alphen period of bismuth is increased by the 
( S"'o~"'loe..,..., ~Mtil Udd ;111 I 'I 5' J 

addition of antimon1, which means that N1 is decreased. 

Presumably N
3 

is decreased equally because both metals 

have the same number of valence electrons per atom. Rather 

uncertain extrapolation of the observed data would indicate 

that N1 may decrease to zero at a concentration of about 

4% antimony. At higher concentrations the material would 

then be a typical semiconductor, which may make band III 

more accessible to direct study. The observed variations 

of the steady susceptibility with antimony concentration 

and with temperature (Shoenberg and Uddin 1936) and the 

variation of resistance with temperature (Thompson 1936) 

are not inconsistent with this view but the data are very 

meagre. 



VII.5 Appendix; the effect of Adams' corrections to the 
steady diamagnetic susceptibility on the de Haas-van 

Alphen effect 

Consider a single band containing N electrons per 

atom, and an applied magnetic field H. The highly degene

rate energy levels of the electrons with zero component of 

momentum along the magne tic field are 

= (VII. 5. 1) 

relative to the lowest energy of the band, where n is an 

integer, r 
O 

the Bohr magneton, 'lf some constant less 

than one, and ~ the ratio of the effective mass to the 

free electron mass. If the Fermi level in the band is ' ~ 

relative to the lowest energy of the band, the maxima of 

the susceptibility in the de Haas-van Alphen effect occur 

according to the usual theory (Pippard 1954) at fields 

given by the relation 

where 

1 
Rn 

= (VII. 5. 2) 

~· differs from '?{ by some constant such as 1/8 or 

3/8. The Landau-Peierls susceptibility per atom (Mott and 

Jones 1936, p.209) may be written in the form 

-X LP = 
NP~ 

2~~r2 ' 

where in the case of ellipsoidal energy surfaces ~ is 



the same combination of the principal effective masses as 

JA in (VII. 5.1). Adams' ( 1953) additional terms in the 

susceptibility are of the order of X, LP , and thus corres

pond to an average additional energy per electron of the 

order of 

f, ~ H2 4~, 2 = 
2 fo H~ 

8(n + 1 ) 
from (VII.5.1) . (VII. 5. 3) 

Thus we must correct the energy levels (VII. 5.1. ) by some

thing of this order of magnitude, and then the relation 

determining Hn becomes 

= 
2 f O ( 

r Ewi ' }{ " 
n + i + 8(n + "¥ ) ' (VII. 5. 4) 

where 1 " is some constant. Thus comparing (VII. 5. 4) and 

(VII.5.2), we would only expect the first few oscillations 

at high magnetic fields to be effected appreciably, but 

not the period as determined at lower fields. 

There still remains the possibility that energy 

correction terms larger than (VII.5.3) by an order of magni

tude, i.e. linear in H, do exist but being sometimes 

positive and other times negative average to zero over all 

the electrons. Such terms do exist and broaden each energy 

level (VII.5.1) into a little band (Harper 1955). In a 

single band that does not overlap other bands these terms 
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the same combination of the principal effective masses as 

~ in (VII.5.1). Adams' (1953) additional terms in the 

susceptibility are of' the order of X, LP , and thus corres

pond to an average additional energy per electron of' the 

order of 

f!, ~ H2 

4Ewif 
2 = from (VII.5.1) . (VII. 5. 3) 

Thus we IlRlSt correct the energy levels (VII.5.1) by some

thing of this order of magni tude, and then the relation 

determining Hn becomes 

1 2 f o ( n + jj 'lf... tl (VII. 5'. 4) 
Hn 

= + 8(n + 0 ) ' r~ 
where 1 

tl is some constant. Thus comparing (VII.5.4) and 

(VII.5.2), we would only expect the first few oscillations 

at high magnetic fields to be effected appreciably, but 

not the period as determined at lower fields. 

There still remains the possibility that energy 

correction terms larger than (VII.5.3) by an order of magni

tude, i.e. linear in H, do exist but being sometimes 

positive and other times negative average to zero over all 

the electrons. Such terms do exist and broaden each energy 

level (VII.5.1) into a little band (Harper 1955). In a 

single band that does not overlap other bands these terms 



cannot affect the mean energy of each broadened level to 

the same order of magnitude, as this would lead to a term 

linear in H in the energy of the whole electron gas. 

However, when two bands overlap in energy, the levels in 

them may be effected oppositely by an amount of the order 

Po H~ This may seriously upset the periodicity of 

the energy levels (VII.5.1) in each band, but we would ex

pect to see a de Haas-van Alphen effect with an approximate 

period equal to the lowest cormnon multiple of the individ

ual periods of the bands (Harper 1955, p.890). This is 

unlikely to be the situation in bismuth because the var~a

tion of period with orientation and the temperature 

dependence of the amplitude, all fit the ellipsoidal model 

so well, and because successive maxima and minima come with 

great regularity without any irregular subsidiary maxima in 

between (Shoenberg 1939, Dhillon and Shoenberg 1955). Thus 

we may use the usual interpretation of the de Haas-van 

Alphen period in terms of the shape and size of the Fermi 

surface. 
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