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Abstract

This paper develops a new methodology to calculate the process rates in
a kinetic Monte Carlo (KMC) model of polycyclic aromatic hydrocarbon
(PAH) growth. The methodology uses a combination of the steady-state
and partial-equilibrium approximations. It shows good agreement with the
results from simulations using a detailed chemical mechanism under condi-
tions relevant to �ames (temperatures between 1000 and 2500 K, equivalence
ratios between 0.5 and 10). The new methodology is used to calculate the
rate of di�erent stochastic processes in KMC simulations of PAH growth of
premixed ethylene-oxygen �ames. The resulting rates are only a function of
temperature and the main gas-phase species present in the �ame environ-
ment. The results of the KMC model are shown to be consistent with the
concentrations of species calculated using a well-established mechanism for
the growth of small PAH species.
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1. Introduction

Polycyclic aromatic hydrocarbons (PAHs) are produced during the com-
bustion of hydrocarbon fuels. These molecules are typically stable under
�ame conditions [1] and negatively a�ect human health [2, 3]. PAHs play a
crucial role in the formation of carbonaceous particles including soot, which
has been shown to be toxic [4, 5] and has serious climate repercussions [6, 7].

Soot grows as a result of the interactions between PAHs, hydrocarbons
and free radical species in �ames. PAHs play a signi�cant role in the growth
of soot and are believed to participate in the inception process [8]. For
this reason, signi�cant research has been invested to develop an accurate
understanding of PAH growth as part of a wider e�ort to understand how
PAHs and soot form and grow in a combustion environment.

The hydrogen abstraction, acetylene addition (often referred to as HACA)
mechanism is widely considered the main route to explain the growth of PAH
species [8, 9]. The WF mechanism [10] and subsequently the ABF mechanism
[11] were some of the �rst studies to describe the growth of small gas-phase
PAHs by assuming successive HACA sequences. The mechanism has been
widely used and shows good agreement with experimental measurements
[11, 12, 13]. Reactions from the ABF mechanism have been included in a
number of modern mechanisms, including the DLR mechanism [14, 15, 16],
the KM2 mechanism [17, 18], the CRECKmechanism [19, 20] and the Caltech
mechanism [21, 22]. These include improved small hydrocarbon chemistry
and additional routes towards the production of small PAHs like the contri-
bution of cyclopentadiene or indene. These works use HACA sequences to
explain the growth of larger PAHs, similar to the ABF mechanism.

It is widely thought that soot particles are incepted from moderately sized
PAHs, of the order of 10�16 rings [23, 24, 25, 26]. It is therefore desirable
that simulations of PAH and soot growth are able to describe the evolution
of such PAHs. It is very common for simulations of PAH growth leading to
soot formation to use chemical mechanisms similar to those discussed above
to describe the composition of the gas-phase. Typically these simulations
solve an ordinary di�erential equation (ODE) for the concentration of each
species. However, the number of possible PAH species far exceeds the number
of ODEs that can be solved in practical simulations. For this reason, the
PAH growth pathways in the chemical mechanisms must be truncated. For
practical reasons the truncation occurs at PAH sizes much smaller than the
sizes thought to be relevant to soot formation. For example, the mass of
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PAHs forming nascent soot particles has been shown to be larger than the
mass of the largest PAHs contained in mechanisms [27, 28].

Rather than solving an ODE for the concentration of each species (mathe-
matically this is known as a particle number model because the model solves
for the number concentration of each entity, in this case each species), an
alternative approach is to use a stochastic numerical method to simulate the
evolution of each entity within a given control volume (mathematically this is
known as a particle model). This approach is the basis of kinetic Monte Carlo
(KMC) models [29] and is suitable for problems with a very large number
of species. These schemes use a set of reaction rules to simulate the growth
of an ensemble of molecules, where the rules are often expressed in terms of
reactions occurring at di�erent sites with rates that are extrapolated from
analogous gas-phase reactions.

A number of KMC models have been used to investigate in detail the
growth of individual PAH molecules. This approach allows fundamental in-
sight into the PAH chemistry and possible reaction pathways. Using this
type of model Frenklach and co-workers studied the surface growth rate of
single soot particles [30], the growth of graphene-like structures [31, 32], the
evolution of graphene under oxidising conditions [33] and soot particle oxi-
dation [34]. Violi and collaborators applied this type of model to investigate
the growth of soot precursors [35, 36], soot nucleation [37] and the e�ect of
oxygen addition on PAH growth [38, 39].

KMC models have also been used in the context of coupled simulations
of PAH growth and soot formation. Although methods have been developed
to couple such models to the gas-phase chemistry [40, 41], the prevailing
methodology is to perform the simulation as a post-process, having �rst
solved the gas-phase chemistry by some other means. This approach has been
used to reproduce experimental laser ionisation mass spectra [28], particle
size distributions [42, 43, 44] and study the coagulation e�ciency of soot
particles [45]. In these cases, the model must simulate the growth of a large
ensemble of PAHs. In these models, a simpler KMC scheme is required in
order to keep the computations tractable. One example of such a di�culty
with PAH-KMC schemes is that they can spend high computational e�ort to
simulate reversible reactions where the forward and reverse rates are large,
but where there is only a small net rate of change. Often this type of problem
can be solved by estimating the contributions of intermediate species using
steady-state or partial-equilibrium approximations [for example 30, 46]. It is
of course important to ensure consistency between the approximated system
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and the original mechanism.
The purpose of this work is to investigate the application of the

steady-state and partial-equilibrium approximations in the context of PAH-
KMC models [46, 28, 47]. The paper develops a new methodology to compute
the concentrations of PAH reaction intermediates based on a combination of
both approximations and computes a modi�ed rate equation. The methodol-
ogy is formulated such that is consistent with the available gas-phase mech-
anisms and such that it is suitable for inclusion in future KMC models of
PAH growth and soot formation.

2. Timescale separation approximations in models of PAH growth

Timescale separation approximations often allow a simpli�ed numeri-
cal treatment of the processes that control a reaction system. They are
based on the separation of fast and slow processes. Typically a subset of
the species concentrations are able to be estimated by solving a linear sys-
tem of equations (as opposed to coupled ODEs). Examples of such tech-
niques are the steady-state and partial-equilibrium approximations that we
study in this paper. Both methods are well-documented in the literature
[48, 49, 50, 51, 52, 53]. The model equations are summarised in Section S.1
of the Supplementary material.

A number of related approximations have been used in other applications.
For example, the simulation of turbulent combustion [54] and the generation
of skeletal mechanisms [55]. Methods worth mentioning are intrinsic lower
dimensional manifolds [56, 57], computational singular perturbation [58, 55,
51] and rate-controlled constrained equilibrium [59, 60, 61]. The reader is
referred to [48, 50, 52, 53] for a review of these techniques.

Timescale separation approximations can be applied to the reactions that
control the growth of PAHs. The HACAmechanism describes the consecutive
production of radicals and addition of acetylene molecules. Each intermedi-
ate step in the mechanism has a di�erent kinetic behaviour that needs to
be analysed to identify possible timescale separations. Figure 1 shows an
example of the reaction routes that are available for the growth of the most
basic PAH, benzene growing to form naphthalene.

In Fig. 1 reactions are shown as arrows and for simplicity only a single
arrow is shown when multiple reaction pathways are involved between two
species. The �gure not only illustrates some of the main reaction pathways
in PAH growth, it also shows the behaviour that can be observed for some of
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the intermediate species. Some reactions, shown as dashed blue arrows, are
typically fast in both the forward and reverse ways, while others, shown as
continuous red arrows, are usually fast only in one direction due to the high
stabilisation that the formation of a new aromatic ring can provide. This
behaviour allows a separation of fast and slow species that can be exploited
to model the growth of this type of molecule.

The concentrations of fast-forming intermediates can often be estimated
using a steady-state or partial-equilibrium approximation. In such cases,
the concentration of these fast-forming intermediates can be calculated by
solving a linear system of the form

Mc = b (1)

where M is an Nf×Nf matrix and contains pseudo �rst-order rate constants
for the consumption and production of each of the fast species, c is the vector
of the Nf concentrations of the fast species, b is a vector that contains the
production terms of fast species from slow species andNf is the number of fast
species. The model equations and assumptions behind them are summarised
in Section S.1 of the Supplementary material.

The steady-state approximation has been widely used to analyse PAH
chemistry. Early works on the HACA pathways used it to explore the high
and low temperature limits of the mechanism [62, 9]. It has also been used
to obtain single-step rates for addition reactions [63] and to estimate the
concentration of intermediate PAHs that participate in soot inception [64].
Recently, the rate constants for the HACA pathways have been re-examined
in di�erent studies in which a steady-state approximation was applied with
improved rate coe�cients [65, 66], and which concluded that the HACA
routes are the main growth pathways in most �ame conditions.

The steady-state approximation has also been used to estimate the num-
ber of active sites on the surface of soot particles for a simple surface mech-
anism including �ve reactions [67]. This approach estimates the number
density of the available carbon-hydrogen sites and requires the speci�cation
of an α-parameter (see [68] for a discussion of this parameter) as the fraction
of sites that will be available to react. Such an approach has been used in
multiple studies [69, 13] and has been modi�ed to account for reversibility
[70], additional pathways [18] and particle ageing e�ects [71, 72, 73]. Re-
cently, an alternative approach that expresses the instantaneous value of α
in terms of state variables based on consideration of the number of zig-zag
and armchair sites has been proposed [68].
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The steady-state approximation has been incorporated into a number of
KMC models of PAH growth. The fast-lived intermediates that are formed in
some HACA reactions have been modelled with this approach in the works
of Frenklach and co-workers [30, 31, 32, 74, 33]. This allows the study of
PAH growth without the need to spend long computational times simulating
highly reversible reactions. KMC models that simulate an ensemble of PAHs
have used this approximation to derive simpli�ed rate equations for various
reaction sequences [42, 46, 45, 28, 47, 75]. In these studies, the model de-
scribes a number of pathways for the addition and desorption of aromatic
rings [46]. However, the model makes a number of simpli�cations includ-
ing assuming irreversible acetylene addition and irreversible ring closures. A
methodology that accounts for the reversibility of these steps and that is
valid across a wide range of conditions is still required.
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Figure 1: Reaction path �ux diagram showing the main reaction pathways between ben-
zene and naphthalene. Dashed blue arrows show reaction �uxes that are similar in mag-
nitude in both directions. Continuous red arrows show reaction �uxes with reverse rates
that are at least an order of magnitude smaller than the forward rate at early times under
�ame conditions.
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3. Methodology

In this work we study the application of the steady-state and partial-
equilibrium approximations of the chemical reactions that control the growth
of gas-phase PAHs with the purpose to provide simpli�ed rate equations for
KMC models. In order to do so, we consider ethylene-air simulations in a
closed control volume under isothermal and isobaric conditions at a pressure
of one atmosphere. The e�ect of temperature and initial equivalence ratio
was studied. The temperature was varied from 1000 to 2500 K in 100 K
intervals. The equivalence ratios considered were 0.5, 1.0, 2.0, 5.0 and 10.
All reaction systems were solved until a stationary solution was observed.

The ABF mechanism [11] was selected as a reference mechanism for this
study for the following reasons: Its PAH reaction pathways contain mostly
HACA sequences which, although they do not explain all the pathways for
the production of some small PAHs, are able to explain the growth of larger
molecules and are included in modern mechanisms [14, 21, 76]. It includes
ring condensation reactions which have been shown to be important for PAH
growth [77]. It includes �ve-member ring growth and armchair closure re-
actions, both of which are fast processes that have been shown to a�ect the
shape of larger PAHs [30, 42]. Lastly, by choosing a mechanism that does
not contain additional routes that are unique to small PAHs, for example
the production of naphthalene from cyclopentadiene or indene, we can in-
fer the rates of reaction for analogous processes acting on arbitrarily-sized
PAHs. For example, by treating the growth rate of naphthalene from ben-
zene (see Fig. 2) as a proxy for a free-edge ring growth reaction. For all these
reasons, the ABF mechanism provides a good candidate for the method de-
velopment in this paper. Note, however, that later mechanisms [for example
14, 21, 76, 20] contain more up to date estimates of the HACA reaction rates
as well as more recently investigated reaction processes.

New steady-state and partial equilibrium approximations are proposed
to calculate the rates of the ring growth processes shown in Fig. 2. Pro-
cesses (i) and (ii) follow the HACA pathways starting from di�erent PAHs.
Process (iii) corresponds to ring condensation reactions where two benzene
intermediates react to form phenanthrene. For each process, a linear system
resulting from a steady-state or partial equilibrium approximation is solved
for the concentration of key intermediate species. The resulting process rate
is then a function of only the concentrations of main gas-phase species and
the morphology of the PAH. This procedure can be generalised to obtain the
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(iii)

Benzene, A1
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Figure 2: Ring growth processes studied using the steady-state and partial-equilibrium
approximations. Notation as de�ned by Frenklach et al. [78].

process rates for any arbitrarily-sized PAH in a KMC model.
The steady-state and partial-equilibrium approximations use a di�erent

set of species and reactions for each process in Figure 2. The species and
reactions were selected using a combination of techniques. A time-integrated
path �ux analysis of the ABF mechanism [11], similar to that performed by
Løvas et al. [79], was performed using Kinetics [80] for all combinations of
temperature and equivalence ratio speci�ed above. For each simulation, a 3%
cut-o� ratio of the maximum carbon �ux between benzene and naphthalene
(which was found in the benzene to phenyl radical pathway for all conditions)
was used to select species and reactions for ring growth process (i). A cut-o�
ratio of 0.4% (still of the maximum �ux between benzene and naphthalene)
was used to select species and reactions for ring growth processes (ii) and (iii).
Subsequent testing showed that species A1C2H

•
3 and A2(C2H)2 and their

associated reactions were also needed to explain the ring growth processes at
low temperatures. For this reason, these were also included in the �nal sets
of species and reactions. Reactions that did not contribute signi�cantly were
excluded. Likewise, the intermediates that took part in these reactions were
also excluded. The full sets of species and reactions used for each process are
detailed in Section S.2 of the Supplementary material.
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4. Results and discussion

In the sections that follow we study the application of the steady-state
and partial-equilibrium approximations in models of PAH growth. In Sec-
tion 4.1 we critically assess the performance of the steady-state approxima-
tion in simulations of a closed isothermal systems at di�erent temperatures
and equivalence ratios. In Section 4.2 we apply the partial-equilibrium ap-
proximation to the same systems and assess its performance versus that of
the steady-state approximation. In Section 4.3, we introduce and investigate
the performance of a new combined steady-state�partial-equilibrium approx-
imation. Finally, in Section 4.4, we demonstrate the application of the new
combined approximation in a KMC simulation of the PAH chemistry in a
premixed burner-stabilised �ame.

4.1. Steady-state approximation

In this section we study the case where all PAH species participating
in the ring growth reactions, including intermediates and products, are in
steady-state with the reactants.

In the case of the formation of naphthalene from benzene, Fig. 2 process
(i), benzene is considered to be a slow species while naphthalene and all its
intermediates are included in the steady-state species set. In the case of the
formation of phenanthrene from napthalene, Fig. 2 process (ii), naphthalene
is considered to be a slow species while phenanthrene and its intermediates
are included in the steady-state species set. The full set of species and reac-
tions used for the steady-state approximation of each process are shown in
Tables S.1 and S.2 in Section S.2 of the Supplementary material. The ring
condensation, Fig. 2 process (iii), is not included in the steady-state approx-
imation because it includes a reaction that is non-linear in the sense that
it involves the reaction of two PAHs (Table S.3, reaction 17). This cannot
be included in a steady-state approximation based on linear equations (c.f.
Eq. (1)).

Figure 3 shows the concentrations of naphthalene and phenanthrene cal-
culated using the steady-state approximation versus reference solutions cal-
culated using the full ABF mechanism in a closed isothermal system. For
simplicity, only one equivalence ratio and four temperatures are shown. The
shaded area in the �gure shows the range of residence times relevant to the
production of PAHs in a typical �ame. The �gure shows that the state-state
approximation closely matches the reference solutions at temperatures above
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2000 K. However, at lower temperatures the method shows signi�cant dif-
ferences from the reference solution at short times. The di�erence decreases
with time (and given long enough, good agreement is seen at all tempera-
tures, see Section S.3 of the Supplementary material.This is a well known
feature of the steady-state approximation. The fast species need an induc-

tion time, which is a function of the lifetime of the slowest species in the
approximation [81, 49], to achieve their steady-state concentrations.
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Figure 3: Simulations of the reaction of ethylene in a closed isothermal system, initially
at an equivalence ratio of 5.0, to form naphthalene (A2, left panel) and phenanthrene
(A3, right panel). Solid lines show the results of simulations using the full ABF mech-
anism. Circles show the concentration of each species calculated using the steady-state
approximation. The shaded area shows typical �ame residence times.

It is useful to de�ne a metric to measure the quality of the steady-state
approximation. However, an instantaneous measurement of the error can
be misleading because PAHs are produced and consumed at di�erent times
under di�erent conditions. For this reason, we introduce a time-integrated
metric to provide information about the error over the timescales relevant to
the study.

ε ss

α (τ ;φ, T ) = log

( ∫ τ
0
c ss

α (t;φ, T ) dt∫ τ
0
c ref
α (t;φ, T ) dt

)
,

ε̂ ss

α (τ ;φ, T ) =
|ε ss

α (τ ;φ, T )|
max
φ,T

(ε ss
α )

,

(2)
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where ε ss

α (τ ;φ, T ) is the time-integrated error in the steady-state approxima-
tion of species α. It is computed as the logarithm of the ratio of the time
integrals of c ss

α , the concentration of species α calculated using the steady-
state approximation, and c ref

α , the reference solution calculated using the full
ABF mechanism. ε̂ ss

α (τ ;φ, T ) is normalised by the maximum error found
over the temperature-equivalence ratio space. It must be noted that in these
de�nitions we assume that the steady-state value is larger than the reference
solution; a trend that we observed in all simulations but that may not be
applicable to other systems.

Figure 4 shows a map of ε̂ ss

α (τ = 1.0s) versus temperature and equivalence
ratio. The upper limit of the integral was selected as larger than the typical
�ame residence times to allow all signi�cant errors to be captured by the time
integral. The black lines show the location of a soot island, which is a region
that is known to be important for soot emissions (in engine applications)
[82]. It can be seen that errors accumulate at temperatures under 1700 K
and equivalence ratios under 2.0, with some of these conditions being in the
region relevant to soot formation.
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Figure 4: Time-integrated steady-state error ε̂ ss
α (τ = 1.0s) for the concentration of

naphthalene (A2, left panel) and phenanthrene (A3, right panel) calculated via simulations
of the reaction of ethylene in a closed isothermal system as a function of temperature and
initial equivalence ratio and the concentration of each species calculated using the steady-
state approximation. The black lines show the region that is most important for soot
emissions (in engine applications) [82].

The concentrations of most intermediates follow the steady-state approx-
imation under a wide range of conditions. However, species involved in the
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�nal ring-forming step (Table S.1, reactions 21�25 and Table S.2, reactions
15�16) deviate from this behaviour at the lower end of the temperature space
in Fig. 4. These include A1(C2H)C2H

•
2 , A

•
2 and A2 which are involved in

the formation of naphthalene, and A2(C2H)C2H
•

2 , A
•

3 and A3 which are
involved in the formation of phenanthrene.

During the induction time, these reactions progress much more quickly
in the forward direction than in the reverse direction. The e�ect of this
is that intermediate species are consumed by the forward reactions without
being replenished by the reverse reactions. This is inconsistent with the
steady-state approximation, which assumes that the rates of the forward and
reverse reactions are approximately equal. This is the leading cause of the
error shown in Fig. 4.

4.2. Partial-equilibrium approximation

Most species investigated in the previous section are controlled by reac-
tions where the forward and reverse rates are large compared to net rate of
conversion to �nal product. However, some species, notably those respon-
sible for the error shown in Fig. 4, show a distinct induction period during
which the forward (ring-forming) reactions proceed much more quickly than
reverse (ring desorption) reactions. This di�erence in the time scales and the
presence of an induction period suggest that the system might be amenable
to a partial-equilibrium approximation. In this instance, our primary interest
is whether this can improve the behaviour of the model during the induction
period.

A set of partial-equilibrium species and reactions is proposed for each
process shown in Fig. 2. In the case of processes (i) and (ii), these are a
subset of the steady-state sets. In the case of process (iii), the set excludes
the non-linear reaction (Table S.3, reaction 17) that prevented the use of
the steady-state approximation for this process in Section 4.1. The full set
of species and reactions used for the partial-equilibrium approximation of
each process is shown in Tables S.1�S.3 in Section S.2 of the Supplementary
material.

In each case, the partial-equilibrium approximation excludes the ring-
forming reactions responsible for the formation of the �nal product PAHs A2

and A3, and the corresponding radicals A •
2 and A •

3 . The concentrations of
these species must be computed separately. The set of ODEs governing the
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concentrations of these species may be written in the form

dcα
dt

= Pα − Lαcα, (3)

where Pα is the rate of production of species α and Lα is a pseudo-�rst
order rate constant for the loss of species α. During the induction period we
expect the rate of production to be much greater than the rate of loss (due
to the rates of the ring-forming versus ring desorption reactions). Whilst this
condition holds, Eq. (3) can be approximated as

dcα
dt
≈ Pα,

and, noting that such that Pα is not a function of cα,

cα ≈
∫ t

0

Pα dt. (4)

In the simulations that follow, it is assumed that A2 + A •
2 and A3 + A •

3

are close to equilibrium. Equations of the form of Eq. (4) are solved for the
total concentration of each species and its corresponding radical, cA2

+ cA •2
and cA3

+ cA •3 . A detailed step-by-step explanation of the treatment of
these equations and reactions is given in Section S.2.1 of the Supplementary
material.

Figure 5 shows the concentrations of naphthalene and phenanthrene cal-
culated using the partial-equilibrium approximation versus reference solu-
tions calculated using the full ABF mechanism in a closed isothermal sys-
tem. For comparison, we also show data calculated using the steady-state
approximation. The �gure shows that the partial-equilibrium approximation
performs better than the state-state approximation at low temperatures and
at short times. This is because of the improved treatment of the reactions
responsible for the induction period and the inclusion of process (iii) (see
Section S.3 of the Supplementary material).

At longer times, the partial-equilibrium approximation performs less well
due to neglecting the loss term in Eq. (3). In all cases, there is a crossover
point after which the steady-state approximation performs better than the
partial-equilibrium approximation. (The location of this point is a strong
function of temperature. It is most obvious in the cases at 1600 K.) This
crossover point can be exploited in models of PAH growth.
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Figure 5: Simulations of the reaction of ethylene in a closed isothermal system, initially at
an equivalence ratio of 5.0, to form naphthalene (A2, top panels) and phenanthrene (A3,
bottom panels). Solid lines show the results of simulations using the full ABF mechanism.
Circles show the concentration of each species calculated using the steady-state approx-
imation. Squares show the concentration of each species calculated using the partial-
equilibrium approximation.
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4.3. A combined steady-state�partial-equilibrium approximation

We propose a new method that seeks to combine the strengths of the
steady-state and partial-equilibrium approximations. The idea is to use
the partial-equilibrium approximation during the induction period, before
switching to use the steady-state approximation after the crossover point
identi�ed in the previous section.

The steady-state and partial-equilibrium approximations are combined as
follows:

1. Use the steady-state approximation to evaluate the product concentra-
tions, in this case c ss

A2
and c ss

A3
. See Section 4.1.

2. Use the partial-equilibrium approximation to evaluate the product con-
centrations, in this case c peq

A2
and c peq

A3
. See Section 4.2.

3. Determine the combined steady-state�partial-equilibrium product con-
centrations

c ss�peq

A2
=

{
c peq

A2
if λ

(
PA2

+ PA •2

)
>
(
LA2

cA2
+ LA •2

cA •2
)
,

c ss

A2
otherwise,

(5)

and

c ss�peq

A3
=

{
c peq

A3
if λ

(
PA3

+ PA •3

)
>
(
LA3

cA3
+ LA •3

cA •3
)
,

c ss

A3
otherwise,

(6)

where λ is a positive real number acting as a multiplier.
The rationale behind the criteria to determine the crossover point is that

the production terms will be greater than the loss terms during the induc-
tion period (see the discussion in Section 4.2), such that the method will
choose the partial-equilibrium approximation. At later times as the system
stabilises, the production and loss terms will be approximately equal such
that method will choose the steady-state approximation.

The multiplier λ is a parameter of the method. Its purpose is to guard
against the case that the system has stabilised such that the steady-state
approximation is the desired choice, but the relative values of the production
and loss terms are such that the method imprudently chooses the partial-
equilibrium approximation. This was not observed here, and in all cases the
value of the parameter was set as λ = 1. However, it could conceivably
become important in the future, so is included for completeness.

16



Figure 6 shows the concentrations of naphthalene and phenanthrene cal-
culated using the combined steady-state�partial-equilibrium approximation
versus reference solutions calculated using the full ABF mechanism in a closed
isothermal system. In contrast to the cases when either the steady-state or
partial-equilibrium approximations are applied in isolation, the �gure shows
that the combined steady-state�partial-equilibrium approximation performs
well both at early times (so during the induction period) and at long time (so
when the system approaches equilibrium). Unsurprisingly, the main point at
which there is deviation from the reference solution is close to the crossover
point. This is most obvious in the case at 1600 K and can be predicted from
the data in Fig. 5.
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Figure 6: Simulations of the reaction of ethylene in a closed isothermal system, initially
at an equivalence ratio of 5.0, to form naphthalene (A2, left panel) and phenanthrene (A3,
right panel). Solid lines show the results of simulations using the full ABF mechanism.
Triangles show the concentration of each species calculated using a combined steady-state
and partial-equilibrium approximations.

In order to assess the accuracy of the combined steady-state�partial-
equilibrium method, we de�ne an error metric analogous to that in Eq. (2)

ε ss�peq

α (τ ;φ, T ) = log

(∫ τ
0
c ss�peq

α (t;φ, T ) dt∫ τ
0
c ref
α (t;φ, T ) dt

)
,

ε̂ ss�peq

α (τ ;φ, T ) =
|ε ss�peq

α (τ ;φ, T )|
max
φ,T

(ε ss
α )

.

(7)
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Figure 7: Time-integrated steady-state�partial-equilibrium error ε̂ ss�peq
α (τ = 1.0s) for

the concentration of naphthalene (A2, left panel) and phenanthrene (A3, right panel)
calculated via simulations of the reaction of ethylene in a closed isothermal system as
a function of temperature and initial equivalence ratio and the concentration of each
species calculated using the combined steady-state and partial-equilibrium approximation.
The black lines show the region that is most important for soot emissions (in engine
applications) [82].

ε̂ ss�peq

α (τ ;φ, T ) is normalised by the maximum error found over the temperature-
equivalence ratio space for the steady-state approximation. This choice is
deliberate and is intended to enable a direct comparison between errors cal-
culated using Eq. (2) and Eq. (7).

Figure 7 shows a map of ε̂ ss�peq

α (τ = 1.0s) versus temperature and equiva-
lence ratio. A comparison with Fig. 4 shows that the combined steady-state�
partial-equilibrium performs much better than the steady-state assumption
applied in isolation. In particular, at low temperatures and low equivalence
ratios.

4.4. A combined steady-state�partial-equilibrium KMC model

In this section, we demonstrate the application of the combined steady-
state�partial-equilibrium methodology to KMC simulations of PAH growth
in a premixed burner-stabilised ethylene-oxygen �ame at an equivalence ratio
of 2.4. The simulations are based on the �ame studied by Ciajolo et al. [83],
albeit at range of cold-gas �ow velocities in order to vary the transition point
between the steady-state and partial-equilibrium approximations.

A fully-coupled simulation of the �ame using the full ABF mechanism
was used to obtain reference data for the species concentrations and temper-
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ature. The KMC simulations were performed as a Lagrangian post process,
where the temperature and small-molecule concentrations (up to and includ-
ing benzene, A1) from the fully-coupled simulation were imposed as boundary
conditions.

The following sequence of jump processes were included in the KMC
model

A1 −−→ A2, A2 −−→ A3, A3 −−→ A4, A2 −−→ A2R5, A1 −−→ A3,
A2 −−→ A1, A2 −−→ A3, A3 −−→ A4, A2R5 −−→ A2.

(8)

This is a superset of the processes in Sections 4.1�4.3. The sequence is
truncated at A4 to maintain consistency with the ABF mechanism for the
purpose of testing. The jump processes exist in pairs (for example, A1 → A2

and A2 → A1. This is important to ensure consistency with the underlying
chemistry, in this case the ABF mechanism. The A3 → A1 process is an
exception and is omitted because its rate was negligible. The full set of
species and reactions for each jump process is given in Table S.4 in Section S.2
of the Supplementary material.

The combined steady-state�partial-equilibrium approximation method is
modi�ed to accommodate the new jump processes and to re�ect the fact that
the KMC model requires the method to return a set of rates as opposed to
a concentrations

1. Use the steady-state approximation to evaluate the rate of each jump
process.

2. Use the partial-equilibrium approximation to evaluate the rate of each
jump process.

3. Determine the combined steady-state�partial-equilibrium approxima-
tion rates
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r ss�peq

A1→A2
=

{
r peq

A1→A2
if λ r peq

A1→A2
> rA2→A1

,

r ss

A1→A2
otherwise,

(9)

r ss�peq

A2→A3
=

{
r peq

A2→A3
if λ r peq

A2→A3
> rA3→A2

,

r ss

A2→A3
otherwise,

(10)

r ss�peq

A3→A4
=

{
r peq

A3→A4
if λ r peq

A3→A4
> rA4→A3

,

r ss

A3→A4
otherwise,

(11)

r ss�peq

A2→A2R5
=

{
r peq

A2→A2R5
if λ r peq

A2→A2R5
> rA2R5→A2

,

r ss

A2→A2R5
otherwise,

(12)

and

r ss�peq

A1→A3
= r peq

A1→A3
always, (13)

where r denotes the rate of a jump process. The calculated steady-state�
partial-equilibrium rates r ss�peq are used to determine which processes occur
in the KMC simulation, which in turn calculates the concentrations of the
�nal products, A2, A3, A4 and A2R5.

Note that the desorption processes (bottom row of Eq. (8) and right-
hand side of the inequalities in Eq. (9)�12) do not carry an `ss' or `peq'
label because the rates of these processes are not a function of the species
concentrations calculated via the steady-state or partial-equilibrium approx-
imations. These rates are therefore calculated without either approximation.
The rate of the A1 → A3 process was taken from the partial-equilibrium ap-
proximation because the process cannot be described using the steady-state
assumption (because of the non-linear reaction, Table S.3, reaction 17). The
value of the multiplier was set as λ = 1 for all cases. A detailed step-by-step
explanation of the treatment of the jump processes and reactions is given in
Section S.2.2 of the Supplementary material.

Figure 8 shows the concentrations of the products A2, A3, A4 and A2R5

calculated by the KMC model using the combined steady-state�partial-
equilibrium approximation versus reference solutions calculated using the
full ABF mechanism.

The KMC model shows substantial agreement with the reference data.
The main deviations occur in the concentration of A2 before the crossover
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point in Fig. 8(a) (where the model uses the partial-equilibrium approxima-
tion) and in the concentrations of A3 and A4 after the crossover point in
Fig. 8(c) (where the model uses the steady-state approximation) and are due
to the approximate treatment of the chemistry. The relationship between
the di�erences and the cold-gas �ow velocity remains to be investigated.

The use of a KMC approach provides a framework that can be applied
to simulate the growth of arbitrarily-sized PAHs. The process rates can be
updated to use data from more recent mechanisms as and if required. The
methodology demonstrated in Fig. 8 allows KMC simulations of PAH growth
in �ame environments without introducing signi�cant additional complex-
ity. This is achieved by approximating the contributions of key intermediate
species to the main PAH growth processes. Although the intermediate species
may be of interest for some applications, we propose this combined steady-
state and partial-equilibrium methodology for use in coupled simulations
of PAH growth leading to soot (or other carbonaceous particle) formation,
where it is necessary for the model to simulate a large ensemble of PAHs.
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Figure 8: Simulations of a premixed burner-stabilized ethylene �ame at an equivalence
ratio of 2.4 [83] to form naphthalene (A2, top left), acenaphthylene (A2R5, top right),
phenanthrene (A3, bottom left) and pyrene (A4, bottom right). Solid black lines show the
results of fully-coupled �ame simulations using the full ABF mechanism. Coloured lines
show the average result from 100 KMC simulations using a combination of the steady-state
and partial-equilibrium approximations. The coloured shaded region surrounding the lines
shows two standard deviations to either side of the average KMC results. Part 1.
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Figure 8: Simulations of a premixed burner-stabilized ethylene �ame. Part 2.
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5. Conclusions

This paper has investigated the application of the steady-state and partial-
equilibrium approximations for ring growth processes in the context of PAH-
KMC models. These approximations were used to approximate the concen-
trations of intermediate species and express key growth pathways as jump
processes. Simulations of closed systems showed that the steady-state ap-
proximation gave good results at high temperatures and long times, whereas
the partial-equilibrium approximation gave good results at short times and
low temperatures. A new methodology that combines both approximations
was developed and tested in closed systems. The methodology compares the
rate of partial-equilibrium growth with the rate of ring desorption to deter-
mine whether to use the steady-state or partial-equilibrium approximation.
The methodology showed a substantial improvement in accuracy over the
steady-state approximation across temperatures ranging from 1000 to 2500
K and equivalence ratios ranging from 0.5 to 10.

The proposed methodology was implemented in a KMC model of PAH
growth to compute the growth rate of stochastic jump processes. The appli-
cation of the model was demonstrated for simulations of a premixed ethylene
�ame. The results were in close agreement with a reference solution obtained
from a fully-coupled simulation of the �ame using the ABF mechanism. The
ABF mechanism was selected because it contains well-established HACA se-
quences for PAH growth which are common to many later mechanisms and
because it does not contain routes that are unique to small PAHs. This is
an important requirement for generalising the KMC model developed in this
work to describe the growth of arbitrarily-sized PAHs. The new methodology
has the potential to be used to study the growth of large ensembles of PAHs,
for example, in fully-coupled simulations of PAH growth and soot formation.
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