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Abstract. It is a well-known fact that compact gravitating objects admit bound state configurations for massive bosonic fields. In this work we describe a new class of superradiant
instabilities of axion bound states in neutron star magnetospheres. The instability arises
from the mixing of axion and photon modes in the magnetic field of the neutron star which
extract energy from the rotating magnetosphere. Unlike for black holes, where the dissipation required for superradiance is provided by an absorptive horizon, the non-hermitian
dynamics in this paper come from the resistivity in the stellar magnetosphere arising from
a finite bulk conductivity. The axion field mixes with photon modes which superradiantly
scatter off the magnetosphere, extracting rotational energy which is then deposited back into
the axion sector leading to an instability. We derive the superradiant eigenfrequencies for
the axion-photon system using quantum mechanical perturbation theory on the axion boundstate, drawing an analogy with atomic selection rules. We then compare the characteristic
time scale of the instability to the spin-down measurements of pulsars which limit the allowed
rate of angular momentum extraction from neutron stars.
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1

Introduction

The stability of compact astrophysical objects to perturbations has been the subject of many
studies spanning several decades, focussing both on black hole and stellar environments.
In the context of black holes, this involves their so-called quasi-normal-modes [1–3] with
similar efforts also carried out in the context of neutron stars [4]. Through this work, a rich
class of perturbations and their instabilities has emerged, which are of interest not only as
phenomena in their own right, but also as tools to constrain new physics through astrophysical
observations.
Of particular interest is the study of ultra-light bosonic fields [5, 6] which can develop
macroscopic configurations around astrophysical objects when their Compton wavelength is
sufficiently large. One of the most well-known phenomena occurs for rotating black holes,
in which ultra light degrees of freedom with masses below the frequency of the black hole
extract rotational energy via the dissipative dynamics provided by a horizon, which acts as
a one-way membrane. This is the phenomenon of black hole superradiance [7–13]. Similar
mechanisms can also occur in stars [14–16], with some other form of dissipative dynamics in
in lieu of the horizon. It is the latter case which will be the subject of the present work.
From the no-hair theorem, the sparsity of parameters associated to idealised black holes
– e.g. charge, mass and angular momentum – makes an analysis of their associated instabilities relatively clean from a theoretical point of view, with the growth rate of the instabilities
of an ideal Kerr black hole determined essentially by the the mass µ of the bosonic field
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and the mass M and angular velocity Ω of the black hole [11]. Stellar environments by contrast, posses a richer class of instabilities and parameters associated to the plasma. However,
pulsars in particular have one important observational advantage over black holes, namely
that there is an extensive catalogue of pulsar measurements [17] currently unrivalled both in
extent and precision in comparison to observations of black holes, which by their very nature
are inherently more illusive. For instance, whilst we have yet to accurately measure the
spin-down rate of black holes, the spin and the spindown rate of pulsars are constrained with
great precision through pulsar timing [18]. Such sensitivity is vitally important if one hopes
to constrain new physics via pulsar observations, either through the rate of angular momentum extraction from ultra-light fields [16] or polarisation-dependent effects on radio-emissions
passing through scalar configurations around astrophysical objects [19, 20].
Ultra-light bosonic fields occur in many well-motivated extensions of the Standard
Model. In particular, axions are an attractive dark matter candidate [21], as well offering
a solution to the strong CP problem [22–24] and arising generically in string compactifications [25, 26]. Substantial experimental and theoretical effort has already been made in
constraining the axion parameter space, in particular placing bounds on the axion-photon
coupling gaγγ [27] considered in this work. For low mass (µ . 10−12 eV) axions, the leading
bounds on the axion photon coupling come from consideration of axion production in the
nearby supernova SN 1987A [28], and from non-observation of axion-photon mixing in the
magnetic fields of galaxy clusters [29–31]. These constrain gaγγ . 10−12 GeV−1 . Here we
present a novel phenomenological effect of the axion-photon interaction. We do not consider
other interactions of the axion with the Standard Model, and treat the axion’s mass and
coupling as independent parameters. Our work is therefore most relevant to general string
axions and need not apply specifically to the QCD axion. Furthermore, we remain agnostic
as to whether axions make up any of the dark matter density.
In this paper we describe a new class of instabilities arising from axion-photon mixing
in the magnetic fields and plasma of neutron stars. Specifically, we show how the presence of
dissipative dynamics in the neutron star magnetosphere leads to the extraction of rotational
energy by macroscopic axion-photon solutions, leading to a superradiant growth of the axion
profile. Before proceeding to the main bulk of the calculation, we take the opportunity now
to sketch the physical nature of the mechanism, which is a multi-step process consisting of
the following stages.
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Figure 1: Schematic illustration of the instability. The axion boundstate (orange) mixes
with a photon mode which is then amplified by scattering off the rotating magnetosphere
(grey). The photon energy is then deposited back into the axion sector.
The Mechanism
(i) Neutron stars, like black holes, have a confining exterior Schwarzschild potential giving
rise to hydrogen-like bound state solutions (see sec. 4.1) for massive fields. The system
is therefore sometimes referred to as a gravitational-atom, with boundstates labelled by
the usual “quantum numbers” (`, m, n) with `, m labelling angular momentum and n the
energy levels. For stationary backgrounds, the fields have harmonic time-dependence
∼ e−iωt with quantitised eigenfrequencies ω`mn associated to each boundstate. Gravitational boundstates of black holes have complex frequencies owing to the presence of a
horizon which acts as a one-way membrane. By contrast, the frequencies of the stellar
gravitational boundstates (in the absence of any further dissipative mechanism) are real
[19]. One can now imagine perturbing the neutron star with one such a boundstate.
This could arise, most conservatively, for example, via an initial quantum fluctuation
in the axion field. Since we deal with neutron stars the boundstate could also arise
from background electromagnetic fields of the neutron star which source the axion via
F µν F̃µν = −4E · B, as shown in [32].
(ii) Next, the axion field couples to a photon mode via the axion-photon mixing induced
by the background magnetic field of the neutron star. These photon modes then interact with the magnetosphere and, due to non-hermitian dynamics, are amplified as
they scatter, extracting rotational energy from the background plasma. In the present
context the dissipation is provided by a finite bulk conductivity σ, and an azimuthal
fluid velocity uϕ provides a source of rotational energy. For a neutron star rotating sufficiently quickly, this dissipative interaction between the photon and the neutron star
magnetosphere leads to superradiant amplification of the photon modes.
(iii) The photon mode then transfers this energy gain back into the axion sector, where it is
trapped due to the confining nature of the axion potential, causing the axion boundstate
to grow. This process repeats ad infinitum, leading to an instability and exponential
growth of the axion profile with time.
More properly one can view the problem in terms of flavour versus mass-eigenstates.
Since the axion and photon modes mix in the magnetic field of the neutron star, the physically
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relevant mass-eigenstates will be a superposition of photon and axion “flavour” states. The
heavier of the mass-eigenstates has a mass of order the axion mass ∼ µ (plus small corrections
arising from the mixing) and admits gravitational boundstates. Since this heavier mass
boundstate contains a photon component it inherits some of the non-hermitian dynamics
associated to the photon/plasma sector leading it to grow and trigger an instability.
One should remark that setup (ii) is reminiscent of the superradiant scattering of dark
photons off a conducting star considered in [16] with two important differences. The first
is that in that instance, the dark photon field, Aµ , was given a finite mass, such that the
field Aµ itself admitted superradiant bound-states. By contrast, the massless photon field
in our setup plays merely an intermediary role. It is able to extract rotational energy and
superradiantly scatter, but this gain in energy would otherwise be lost as the photon escapes
to infinity were it not for the fact it is recaptured by the axion profile. The second important
difference, is that our our macroscopic bulk conductivity σ arises from the magnetosphere
rather than the neutron star. It is therefore typically much lower than that encountered
in the star itself. This point is discussed more in sec. 5. As a result, we avoid the large-σ
suppression which greatly decreases the amplification factor of scattered photon modes and
which led the author’s of [16] to consider a lower conductivity arising from the physics of an
additional dark sector.
The structure of the paper is as follows. Sec. 2 outlines the basic model for axion-photon
mixing, and introduces dissipation via Ohm’s law. In sec. 3 we study instabilities in homogeneous plasma, which provides a useful basis for understanding the more complicated neutron
star setup. In sec. 4 we set out the problem of finding the superradiant eigenfrequencies in
the context of neutron stars, which involves the mixing of the axion and photon fields in a
background magnetic field in 3D. In sec. 4.2 we show how, by analogy with standard atomic
perturbation theory in quantum mechanics, one can derive the superradiant eigenfrequencies
perturbatively in σ and gaγγ . The superradiant corrections are calculable in a similar way to
atomic transitions as dictated by selection rules. We then demonstrate in sec. 4.3 an explicit
calculation of the eigenfrequencies for a simple magnetic field configuration and a co-rotating
magnetospheric fluid. Finally we compare the instability time scale to the characteristic age
of neutron stars as given by their spin-down rates. We offer our conclusions in sec. 6 and
speculate on how other types of unstable modes in plasma might lead to similar effects.

2

Basic Theory

The Lagrangian for the axion and photon fields is:


√
gaγγ
1
µ2 2 1
µ
µν
µν
µ
L ⊃ −g ∂µ φ∂ φ − φ − Fµν F −
φFµν F̃ − Aµ j ,
2
2
4
4

(2.1)

where F̃ µν = µνγδ /2 Fγδ , gaγγ is the axion-photon coupling and j µ is the current in the
surrounding medium. We also have the covariant form of Ohm’s law:
j µ = σF µν uν + ρuµ ,

uµ uµ = 1,

(2.2)

where ρ, σ and u are the electric charge, conductivity and four-velocity of the medium,
respectively. This leads to the equations of motion:
φ + µ2 φ = −

gaγγ
Fµν F̃ µν ,
4
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(2.3)

∂µ F µν − σF νµ uµ = −gaγγ (∂µ φ)F̃ µν + ρuµ .

(2.4)

Aµ

Consider linearised axion-photon fluctuations φ and
about a background electromagnetic
µν
field with field strength FB . This leads to the following linearised field equations:
gaγγ
φ + µ2 φ = −
Fµν F̃Bµν ,
(2.5)
2
∂µ F µν − σF νµ uµ = −gaγγ (∂µ φ)F̃Bµν ,

(2.6)

where F µν is the field strength of the fluctuation field. Note that we have not included
fluctuations in the fluid velocity and density. As the fluid does not couple directly to the
axion in our system, these fluctuations would contribute only at a higher order in perturbation
theory to our calculations in section 4.

3

Axion-photon instabilities in homogeneous plasmas

Consider now the case of constant background fields, FBµν , uµ and σ. In this case one can
immediately Fourier transform the equations of motion (2.5)-(2.6), which in Lorenz gauge
∂µ Aµ = 0, read



φ(k)
−k 2 + µ2
−igaγγ kµ F̃Bµν
= 0.
(3.1)
Aν (k)
−igaγγ kν F̃Bνµ −k 2 η µν + iσ(k µ uν − (k · u)η µν )
The vanishing of the matrix determinant in (3.1) gives the following dispersion relations
h
i2 h
i
2
(k · F̃B2 · k) − (k 2 − µ2 )(k 2 + iσk · u) = 0.
(3.2)
k 2 k 2 + iσ(k · u) gaγγ
The second term clearly describes the effect of plasma resistivity on photon fluctuations.
The third term relates to the effects of axion-photon mixing and is similar to the dispersion
relation found in [33], with the additional feature that we have now a fluid velocity uµ .
Explicitly, in terms of the electric and magnetic fields E and B contained in the background
field strength FBµν , one finds the following dispersion relation:
 2 2

ω |B| − (k · B)2 − 2k · (E × B)ω + |k|2 |E|2 − (E · k)2
2
2
2
2
ω − k − µ = gaγγ
.
(3.3)
ω 2 − k2 + iσ(k · u)
3.1

An aside: instabilities from electromagnetic fields

We deal first with the case σ = 0, u = 0 in the absence of plasma, and ask what, if any, are
the instabilities that might arise from background electromagnetic fields alone. This reduces
to the question of whether or not the quartic polynomial in ω of eq. (3.3) has a complex root,
i.e. whether there are frequencies with a non-vanishing imaginary part Im(ω) 6= 0. This is
determined by the sign of the discriminant of the quartic. For the special case B = 0, there
is an instability whenever
2
k2 + µ2 < sin2 θE gaγγ
E2 ,
(3.4)
where θE is the angle between E and k. In other words, whenever the electric field or axionphoton coupling exceed some threshold value as found in [33]. Meanwhile, for E = 0 and
u = σ = 0, there is never an instability, and the eigenfrequencies ω are always real. More
generally the sign of the discriminant has a non-trivial dependence on µ, gaγγ , k and the
electromagnetic fields. However, the plot in fig. 2 allows one to interpolate between these
two special cases and see for what regions of parameter space ω can develop an imaginary
part.
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Figure 2: Stability regions in the absence of plasma σ = 0, u = 0. The regions correspond
to the sign of the discriminant associated to the quartic in eq. (3.3). We took gaγγ µ = 0.2
and k = µ and the angles between k and E, B, and the Poynting vector P = E × B to be,
θE = θB = π/4 and θP = π/2, respectively.

3.2

Instabilities from a finite plasma velocity in a magnetic field

For neutron stars, typically B  E, and the axion-photon coupling is also found to be observationally small, such that the magnetic field dominates the dispersion relation, suppressing
any instability which would arise from the electric field alone. In what follows, we therefore
set E = 0 and consider the case only of a background magnetic field, which requires a nonvanishing plasma velocity, u, to generate an instability, as we now explain. Setting E = 0,
to leading order in axion-photon coupling, from eq. (3.3) one obtains



2
gaγγ
ω 2 |B|2 − (k · B)2
σ u − vp (1 + u2 )1/2 cos θu
Im (ω) =
·
2 ,
2ω
µ4 /ω 2 + σ 2 cos θu (1 + u2 )1/2 vp − u
vp = ω/k,

cos θu = k̂ · û,

(3.5)

where ω on the right hand side should be taken as satisfying the free dispersion relation
ω 2 = k2 + µ2 .
One can see that if the axion phase velocity vp , is smaller than the fluid velocity then
Im(ω) > 0 and an instability occurs. Plainly in the present setup, since vp ≥ 1 and u ≤ 1, the
modes remain stable. This is a consequence that for linear trajectories, Lorentz invariance
ensures that since k and u are timelike, k · u must always be positive [11].
However the point remains that if one can produce axions whose phase velocity is less
than the fluid velocity, an instability will occur. Looking ahead to a spherical setup, consider
a rotating fluid, with angular frequency Ω. Since the azimuthal phase velocity of an axion
mode with azimuthal number m is less than the rotational velocity Ω whenever ω < mΩ,
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we expect that low frequency axion modes in rotating neutron star magnetospheres will
experience a superradiant instability for ω < mΩ.
Before addressing the spherical gravitating problem in section 4, it is instructive to force
a velocity vp < u by introducing a Lorentz-violating sound speed cs < 1 for the axion such
that φ → φ̈−c2s ∇2 φ. The unperturbed axion phase velocity now reads vp (k)2 = (c2s +µ2 /k 2 )
which can be inserted into (3.5) to obtain the imaginary part of the frequency plotted in figure
3 for cos θu = 1. Assuming for simplicity k · B = 0, we find that superradiant amplification
occurs for momenta satisfying
k 2 > kc2 ≡

1 + u2
µ2 .
u2 − c2s (1 + u2 )

(3.6)

We also solve the resulting equations of motion mode-by-mode in a simple geometry in which
B and A are perpendicular to fluid flow and the direction of propagation:
A · u = 0,

B · k = 0.

(3.7)

In this setup, the equations for φ(k, t) and Ak (k, t) (the component of A parallel to B)
decouple, giving rise to
φ̈ + k 2 c2s φ + µ2 φ = −gaγγ Ȧk B,
Äk + k 2 Ak + σu0 Ȧk + iσ(k · u)Ak = gaγγ φ̇B.

(3.8)

A numerical simulation of the evolution of equations (3.8), beginning from a small perturbation in the axion field, is shown in figure 4.
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Figure 3: The imaginary part of the frequencies for a finite axion sound speed cs as a
function of k for Bgaγγ /µ = 0.3, u = 0.5 and σ/µ = 3 and cs = 0.01. The dashed vertical
line shows k = kc of eq. (3.6).

–8–

u > vp

u < vp
1.0

60

0.8

50

40

0.6

30
0.4
20
0.2

10

0

0.0
0

200

400

600

800

1000

0

tµ

200

400

600

800

1000

tµ

Figure 4: The axion (blue) and photon component (red) (arbitrary units) for equations
(3.8) for the mode |k| = 3µ. The left- and right-hand plots correspond to sound speeds
cs = 0.01 and cs = 0.7, respectively. The other parameter values are Bgaγγ /µ = 0.3, u = 0.5
and σ/µ = 3.

4

Neutron stars and superradiance in 3D

To generalise the above discussion to neutron stars, we consider the simplest setup consisting
of stationary backgrounds such that the axion and photon fields have a simple harmonic time
dependence ∼ e−iωt . This would hold, for instance in the case of an axisymmetric rotating
neutron star. The task reduces then to an eigenvalue problem for the discrete frequencies
ω`mn associated to√the axion boundstates, which satisfy ω < µ and have a Yukawa-like
2
2
confinement ∼ e−r µ −ω as r → ∞. Explicitly from eqs. (2.5) and (2.6), the linearised
equations for axion-photon fluctuations in Lorenz gauge about a background plasma with a
magnetic field B read as follows,
h
i
φ + µ2 φ = −gaγγ ∇A0 + Ȧ · B,
h
i
A0 = −gaγγ ∇φ · B − σu · ∇A0 + Ȧ ,
h
i
A = gaγγ φ̇B − σ ∇A0 + Ȧ + σu × [∇ × A] ,
(4.1)
where we made the non-relativistic fluid approximation u0 = 1. In general this is a highly
non-trivial and multidimensional eigenvalue problem of two mixing fields. In addition, since
the spatial dependence of B(x), u(x) and σ(x) couple different harmonics of Aµ and φ,
a mode-by-mode treatment for each (`, m, n) would seem intractable. Indeed, even in the
absence of axion-photon mixing different classes of vector harmonics associated to Aµ are
coupled in a non-trivial way for non-vanishing fluid velocity uµ , as explained in [3, 16].
In general it would therefore seem that the only route to the complete eigenspectrum
is to solve the full set of coupled partial differential equations (4.1) numerically, imposing
appropriate boundary conditions for the fields at spatial infinity together with regularity at
the origin.
Remarkably, however, we find that in certain limits, it is possible to obtain analytic results for the eigenspectrum, which demonstrate explicitly the existence of superradiant effects.
In the following sections we describe the regime for which we have obtained analytic results.
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Our approach is to treat the axion-photon mixing and the conductivity as a perturbation of
a system whose eigenspectrum is already known. The corresponding free eigenfunctions can
then be used to construct the eigenstates perturbatively as a double expansion in gaγγ and
σ in analogy with quantum mechanical perturbation theory [34, 35].
4.1

A review of axion boundstates

We review here the basic features of axion-boundstates around gravitating objects, which
will prove a useful reference in subsequent calculations. We take the simple Schwarzschild
metric

ds2 = e2Ψ(t) dt2 − N −1 dr2 + r2 dθ2 + sin2 θdϕ2 ,
(4.2)
whose interior form corresponds to a constant density. Explicitly we have

2
1 − rRs r3
r≤R
N (r) =
rs
1− r
r > R,
(
eΨ =

3
2

p
1−

rs
1
R − 2
p

1−

q
1−

rs r2
R3

r≤R
r > R.

rs
r

(4.3)

where R and rs = 2GM are the stellar and Schwarzschild radii, respectively. Axion solutions
φ=

1X
Y`m Φ`m (r),
r

(4.4)

`m

have a radial function Φ(r) which satisfies a Schrödinger-like equation
−
with
U` (r) = e2Ψ



d2 Φ
+ U` (r)Φ = ω 2 Φ,
dr∗2

l(l + 1)
+ µ2
r2


+

A0 A
,
r

(4.5)

dr∗
= e−Ψ N 1/2
dr

(4.6)

where r∗ is a generalised tortoise coordinate and A = eΨ N 1/2 . The potential (4.6) will in
general admit boundstates, with a quantised set of frequencies ω`n , for the cases of interest
here, rs µ  1, outside the star, the potential-well is approximated by
U` (r) '

`(` + 1) rs µ2
−
+ µ2 ,
r2
r

µrs . Rµ  1.

(4.7)

One recognises eq. (4.7) as precisely the potential associated to the Hydrogen atom with
Coulomb interaction ∼ rs µ2 /r. Appropriately normalised bound-states and their associated
frequencies are well-known and given by
s

2 
α`n
n!
1/2 1/2
−x/2 `+1 2`+1
2
2
Φ = µ α`n
e
x Ln [x] ,
ω`n = µ 1 −
,
2(n + 2` + 1)!(n + ` + 1)
4
(4.8)
where
x = rµα`n ,

α`n =

– 10 –

µrs
,
`+n+1

(4.9)

and L2`+1
(x) is a generalised Laguerre polynomial. This solution is in fact a good approxin
mation to the boundstates of eq. (4.5) in the limit α  1 relevant for superradiance around
neutron stars. Crucially, the absence of a horizon means that the frequencies are real. The
purpose of the remainder of this paper is to ask what happens when one perturbs this boundstate with a magnetic field and rotating magnetosphere.
4.2

Eigenfrequencies from quantum mechanical perturbation theory

We shall therefore divide the Hilbert space into a “free” system consisting of a perfectly
conducting spherical star surrounded by vacuum, which is perturbed with an external magnetosphere of conductivity σM and axion-photon interaction gaγγ . The conductivity of the
neutron star itself is very large, σ∗ ∼ 1026 s−1 [36] is typically much larger than any other
mass-scale in our setup justifying the assumption of a perfectly conducting star. To proceed
with our perturbative treatment we draw an analogy with quantum mechanics and transform
the equations of motion from wave function to operator form via the standard substitutions
φ → |φi, Aµ → |Aµ i and −i∇ → p̂ etc. such that (4.1) reads:




|φi
|φi
(4.10)
[H(σ∗ ) + V (σM , gaγγ )]  |A0 i  = ω 2  |A0 i  ,
|Ai
|Ai
with the constraint ∂µ Aµ = 0 and where σM is the conductivity of the magnetosphere and
σ∗ the conductivity of the star, assumed infinite in the stellar interior which gives rise to
the condition E + u × B = 0 for r < R. Note that the fields should not be considered in
any sense quantum, and the solutions and eigenvalues derived in what follows correspond
to classical field configurations. The bra-ket notation is simply to make the parallel with
orbitals encountered in atomic perturbation theory more manifest and provide a compact
notation. Neglecting gravitational effects in the photon sector, the free Hamiltonian reads


d2
− dr
+
U
(r),
0
0
2
∗


H=
(4.11)
0
−∇2
0 ,
0
0
−∇2
where U is the potential in eq. (4.6). The perturbation matrix is given by
V = VA + Vaγγ ,

(4.12)

with


Vaγγ

0

= igaγγ B(x̂) · p̂
ωB(x̂)


0
VA = iσM (x̂)  0
0

B(x̂) · p̂
0
0

0
u(x̂) · p̂
p̂


−ωB(x̂)
,
0
0


0
.
−ωu(x̂)
−ω − u(x̂) × p̂

(4.13)

(4.14)

We now wish to obtain the eigenvalues of the system perturbatively using the standard
method of quantum mechanical perturbation theory [34, 35]. Specifically we compute the
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eigenvalues of the system perturbatively as a double expansion in powers of gaγγ and σM ,
starting from the unperturbed frequencies ω`n associated to the boundstate |φ`mn i discussed
in sec. 4.1. We shall take the standard approach of quantum mechanical perturbation theory
by expanding the perturbed frequencies ω as
ω = ω`n + ω (1) + ω (2) + ω (3) + · · · ,

(4.15)

where superscripts count the perturbation order in V , with a similar expansion for the eigenstates. The validity of the above expansion relies on the smallness of the two expansion
parameters gaγγ B and σM , in comparison to the only other natural length scale in the problem, µ (which also sets the frequency scale for boundstates ω`n ∼ µ), so that perturbation
theory requires gaγγ |B|  µ an σM  µ. This is clearly equivalent to the validity of a
perturbative expansion of (3.3) in gaγγ and σ for length scales set by k ∼ µ. One might think
that an expansion only in gaγγ (which is already constrained to be perturbatively small [27])
would be more straightforward, with VA being absorbed into the unperturbed Hamiltonian
H. However, as alluded to at the beginning of this section, there is no simple set of complete
solutions for the photon sector with finite conductivity and fluid velocity [16].
4.2.1

Unperturbed spectrum of H

The first task in quantum mechanical perturbation theory is to find a complete spectrum for
the unperturbed Hamiltonian H, from which one can construct perturbed eigenfrequencies
and eigenstates order-by-order in coupling constants. Let us denote such a basis |φ`mn i and
|Aµ(i) (ω), `, mi, which must satisfy
H |Aµ(i) (ω), `, mi = ω 2 |Aµ(i) (ω), `, mi ,

2
|φ`mn i ,
H |φ`mn i = ω`n

(4.16)

where H is given by eq. (4.11). We have already discussed the discrete spectrum of axion
states in sec. 4.1. The photon states form a continuous spectrum for each quantum number
(`, m), labelled by a continuous range of frequencies ω and are therefore non-normalisable.
What is important, is that the basis should be complete, such that
XXZ
d[ω 2 ] |Aµ(i) (ω, r), `, mi hAν(i) (ω, r0 ), `, m| = η µν Iδ 3 (r − r0 ).
(4.17)
` ,m

i

R
R∞
where we use the normalisation of the measure d[ω 2 ] = 1/2 −∞ dωω. Here i corresponds
to summing over a complete basis for polarisations, with the remaining sums over ` and m.
There are of course many spectral decompositions of the photon operator (4.16), but here we
give one which is most convenient for the calculations which follow in sec. 4.3. An alternative
complete basis constructed from vector spherical harmonics, which would be convenient for
general harmonic decompositions of a magnetic field is given in appendix C. We therefore
construct a complete basis for photon solutions of the form
`m
A(i)
= ε(i)
µ
µ A` (ωr)Y`m (θ, r),
(i)

(4.18)

where i = 0, 1, 2, 3 and µ are constant polarisation vectors with respect to the cartesian
coordinates (t, x, y, z) which satisfy
X
(j)
(4.19)
ηij ε(i)
µ εν = ηµν .
i, j
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In other words, each photon separately satisfies Laplace’s equation in Minkowski space. An
obvious choice is to take (0) = [1, 0, 0, 0], ε(1) = [0, 1, 0, 0] etc. We also require the radial
functions to satisfy
Z
1
d[ω 2 ]A` (ωr)A` (ωr0 ) = 2 δ(r − r0 ).
(4.20)
r
Here the radial function A` (ωr) is a solution to


d2
`(` + 1)
2
ω + 2−
(rA` ) = 0.
dr
r2

(4.21)

In general the A` will therefore be appropriately normalised linear combinations of j` and y`
- the spherical Bessel functions of the first and second kind, respectively, with the exact form
being determined from the boundary conditions E + u × B = 0 for r < R, corresponding to
infinite conductivity in the stellar interior. We show in appendix A that unless the frequencies
(i)
are an integer multiple of Ω, the Aµ must vanish in the stellar interior. Therefore, since
(i)
the A` satisfy Bessel’s equation (4.21) and vanishes inside the star, it must have vanishing
Dirichlet boundary condition at r = R. The unique solution is given by:
r
2ω
1
(i)
[y` (ωR)j` (ωr) − j` (ωR)y` (ωr)] , r ≥ R,
ω 6= mΩ, (4.22)
A` (ωr) =
N` (ωR) π
1/2

gives an appropriate normalisation [37] to ensure
where N (ωR) = j`2 (ωR) + y`2 (ωR)
the modes satisfy the completeness relation (4.17) and (4.20). This has a discontinuity
in dA`m /dr corresponding to discontinuities in the associated electromagnetic fields which
generate surface currents on the conductor as the modes scatters off the surface. Thus from
the orthonormality properties of spherical harmonics, and the relation (4.19) it is immediately
obvious that the solutions (4.18) give a complete basis satisfying (4.17).
The purpose of these photon states is to allow one to construct what is in essence a
spectral decomposition of the photon Green function. More formally we are interested in the
resolvent
1
2
)≡
G(ω`n
(4.23)
2 ,
H − ω`n
which is used to construct states and eigenvalues perturbatively [35]. It is the inverse of
2 such that it satisfies (H − ω 2 )G (ω 2 ) = η δ(x, x0 ). This can be
the operator H − ω`n
µν
µν
`n
`n
constructed from a complete set of eigenfunctions
2
Gµν (ω`n
)

=

XXZ
`,m

(i)

2

d[ω ]

(i) ∗

A`m, µ (ω, x) A`m, ν (ω, x0 )

i

2 − ω2
ω`n

,

(4.24)

provided the eigenstates satisfy an appropriate completeness relation.
4.2.2

Perturbed eigenfrequencies

Now that we have discussed a complete spectrum for the unperturbed Hamiltonian, we can
use this to construct the eigenvalues perturbatively in V . Note that Vaγγ is hermitian,
†
since the only non-vanishing component (Vaγγ − Vaγγ
) is igaγγ [Bi (x̂), p̂i ]. It is easy to see
this vanishes since if one takes matrix elements hφ| [BRi (x̂), p̂i ] |A0 i between any two states,
upon integration by parts one can see this is equal to dx3 φ∗ A0 ∇ · B, which vanishes since
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†
∇ · B = 0. Thus we have Vaγγ = Vaγγ
. By contrast, VA is non-hermitian and corresponds
to the dissipative plasma dynamics needed for superradiance. We can then construct the
eigenfrequencies perturbatively using the standard formulae from quantum mechanical perturbation theory for a perturbation potential V [34] in accordance with the expansion (4.15).
Perturbing about an axion boundstate |φ`mn i, we find a contribution to to Im(ω) from the
finite conductivity at third order in perturbation theory given by

δω`mn =
1
2ω`n

X XZ

(i)

2
d[ω1,2
]

`1,2 ,m1,2 i,j

(i)

(j)

(j)

hφ`mn | V |A`1 m1 (ω1 )i hA`1 m1 (ω1 )| V |A`2 m2 (ω2 )i hA`2 m2 (ω2 )| V |φ`mn i

 2
.
2 − ω2
ω`n − ω22
ω`n
1
(4.25)

Note the 1/2ω`n prefactor comes from extracting the first order perturbation from ω 2 =
(ω`n + ω (1) + · · · )2 , which is precisely 2ω`n ω (1) . Taking residues gives
δω`mn =

π2
8ω`n

X X
`1,2 ,m1,2 i,j
(i)

(i)

(j)

(j)

hφ`mn | Vaγγ |A`1 m1 (ω`n )i hA`1 m1 (ω`n )| VA |A`2 m2 (ω`n )i hA`2 m2 (ω`n )| Vaγγ |φ`mn i ,

(4.26)

where we have made explicit which components (4.13) and (4.14) contribute to each matrix
element. Note that in (4.26), to leading order in perturbation theory, V = V (ω`n ) is evaluated
at the unperturbed frequency ω = ω`n .
Within the context of perturbation theory, the problem of determining whether or not a
particular configuration B, u and σ exhibits superradiance, reduces to computing the matrix
transition elements in (4.26). For a given V , only transitions between axion and photon states
separated by specific quantum numbers are permitted, meaning that only certain terms in
the sum (4.26) will contribute, in analogy to selection rules for atomic transitions.
4.3

Example: constant magnetic field with a co-rotating fluid

Evaluating the matrix transition elements for a magnetic field with a general vector harmonic
structure would be rather involved. However, for a constant magnetic field, azimuthal fluid
velocity and spherically symmetric magnetosphere conductivity
B = Bẑ,

uµ = (1, 0, 0, Ω),

σM = σM (r),

(4.27)

the result simplifies greatly. Note ẑ is the unit vector in the z-direction. We now compute
the matrix elements associated to this setup. We give an example calculation of the matrix
elements for A(3) in appendix B with the remaining matrix elements following along similar
lines. In the case (4.27), the axion mixes only with the A(0) and A(3) basis components,
explicitly the only non-vanishing mixing elements for Vaγγ to leading order in Rω are:
(3)
hφ`mn | Vaγγ |A`0 m0 i


= −iδmm0 δ``0 gaγγ BNφ
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ω
αµ

3/2
I[`, ` + 1],

(4.28)

and
(0)

hφ`mn | Vaγγ |A`0 m0 i
"
#
 3/2
N`−1,m  αµ 
ω
0
0
= gaγγ BNφ
δmm0 S[`, ` , m]I[`, ` ] +
(|m|−`)δ`[`0 +1] I[`−1, `] .
αµ
N`,m
ω
(4.29)
√

n![π(n + 2` + 1)!(n + ` + 1)]−1/2 is the q
axion normalisation factor and we
have suppressed the subscripts on α`n and ω`n . N`,m = (2`+1)(`−|m|)!
is the normalisation
4π(`+|m|)!
of the spherical harmonics. The integral I[`1 , `2 ] arises from the inner product of the axion
(i)
and
p photon radial functions. To leading order in ωR the solutions (4.22) are given by A` '
2ω/πj` (ωr), and using the approximation (4.8) for the axion boundstates we have
#


Z ∞ "
ωx
−x/2 `1 +2 2`1 +1
x
Ln
(x) j`2 −1
dx e
I[`1 , `2 ] =
.
(4.30)
µα
0
where Nφ =

Noting that µ/ω ' 1, this can then be expanded as a power series in α. For instance,
I[`, ` + 1] ' α`+4 2` (Γ[2 + `]Γ[2 + 2` + n])/(Γ[2 + 2`]Γ[` + n]). Notice that the various
Kronecker deltas and the function

 0 
p
` `0 1
` ` 1
,
(4.31)
S[`, `0 , m] = (2` + 1)(2`0 + 1)
−m m 0
0 0 0
where (...) are the Wigner 3-j symbols, describe the selection rules for the magnetic field
(4.27) and controls the strength of coupling between different spins. Explicitly, S[`, `0 , m] is
non-vanishing for ` − 1 ≤ `0 ≤ ` + 1, whilst the δ`[`0 +1] factor allows transitions ` → ` − 1.
In other words, B = Bz allows transitions between spins ` → ` ± 1. Note however that m is
conserved in all cases since B = Bẑ is axisymmetric.
Next one must compute the plasma matrix elements associated to VA which describe
the superradiant scattering of photons. The convergence of the integrals associated to VA
depends on the decay of σM . We make a simple model and assume constant conductivity
within the light-cylinder, and vanishing conductivity outside so that σM = constant for R ≤
r ≤ RLC = Ω−1 and zero otherwise, where RLC is the radius of the light-cylinder. To leading
order in ωR and ωRLC the three relevant matrix elements are
(0)

(0)

(3)

(3)

hA`m | VA |A`0 m0 i ' iσM mΩ

(RLC ω)2`+3 − (Rω)2`+3
1

2 δmm0 δ``0 ,
2(`+1)
2
ω 2
l + 32 Γ l + 23

hA`m | VA |A`0 m0 i ' iσM (mΩ − ω)

(4.32)

(RLC ω)2`+3 − (Rω)2`+3
1

2 δmm0 δ``0 , (4.33)
3
ω 2 22(`+1)
l + 2 Γ l + 32

with the third corresponding to mixing between the two photon modes:
σ δmm0
(3)
(0)
hA`m | VA |A`0 m0 i ' 2 ` M
ω 2 Γ[` + 3/2]
"
#
0
0
S[`, `0 , m][(ωRLC )`+` +2− (ωR)`+` +2 ] N`−1,m
(|m| − `)[(ωRLC )2`+1− (ωR)2`+1 ]
×
+
δ 0
.
N`,m `[` +1]
2`+1 Γ[` + 3/2]
2`0 (2 + ` + `0 )Γ[`0 + 1/2]
(4.34)
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Note that since u is perpendicular to A(3) , which is polarised in the z-direction, the matrix
(3)
element hφ`mn | ω u · |A`0 m0 i vanishes and therefore does not contribute.
We see therefore that the factor σM (mΩ − ω) appearing in (4.33) gives rise to superradiance. Consider the special case ` = m, for which the second terms vanish in (4.34) and
(4.29). Furthermore, the matrix element (4.32) appears at `0 = ` + 1 and is therefore angular
momentum suppressed by an additional factor (ωRLC )2 . The contribution from substituting
the remaining matrix elements into (4.26) gives, for the ` = m case
!
(RLC ω)2`+3 − (Rω)2`+3 2`+5
2
Im [ω`mn ] ' πgaγγ
B 2 σM (mΩ − ω)−ω S[`, ` + 1, m]2
α
F`n ,
32ω 3
(4.35)
where we expanded (4.30) to leading order in α and where
F`n =

2Γ(l + 2)2 Γ(2l + n + 2)
.
2
(2l + 3)n!(l + n + 1)Γ l + 32 Γ(2l + 2)2

(4.36)

The factor S[`, ` + 1, m = `]2 = 1/(3 + 2l) arises from the transitions ` = 1 ↔ ` = 2
between A(0) and A(3) and represents a suppression of the coupling between different spins.
Thus although the factor −σωS[`, ` + 1, m] in (4.35) reduces the superradiance rate, it is
spin-suppressed.
The characteristic time scales associated to the instabilities τI = 1/Im(ω) for the case
(4.35) is plotted in fig. 5 and compared to the characteristic age of the pulsar J1748-2446ad
[38] given by its spin down time
τage = Ω/Ω̇.
(4.37)
Note this describes the rate of loss of rotational energy Erot = IΩ2 /2 where I, assumed
constant, is the moment of inertia of the neutron star. It then follows that
dErot
2
=−
Erot ,
dt
τage

(4.38)

so that τage indexes the rate of angular momentum loss.
The spin down time can be very long: 105 − 109 yr for radio pulsars and can be as high
as 109 − 1011 yr for X-ray pulsars [39]. Note that the curve in fig. 5 corresponding to constant
B uses the value at the stellar surface B = B∗ . In reality B will fall-off as ∼ (R/r)3 , this
modifies the radial integrals for the axion-photon mixing in such a way that the leading order
behaviour, in e.g the ` = m = 1 changes from ∼ α7 to ∼ (µR)6 α4 , which is typically a few
orders of magnitude lower.
We have calculated the superradiant timescale for the simple case of a constant magnetic
field in the z direction. We might wonder how our results would differ if we had used a more
realistic dipole field configuration. For an aligned rotator configuration, in which the pulsar’s
magnetic and rotational axes are aligned, the magnetic field is:



B0
3zρ
2z 2 − ρ2
B0 
ρ̂ + 2
ẑ ,
B(r) = 3 2cosθ r̂ + sinθ θ̂ = 2
r
z + ρ2
(ρ + z 2 )3/2 z 2 + ρ2

(4.39)

where B is expressed in spherical polar and cylindrical coordinates. The axion eigenstates
that are active for superradiance are primarily concentrated in a torus around the equator
of the neutron star, as defined by the rotational axis. For the l = |m| = 1 orbitals, we have:
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Y11 ∼ sinθ.

(4.40)

Near the equator (θ ∼ π2 , z  ρ) where the axion is concentrated, the magnetic field in
equation (4.39) is approximately in the z direction. We therefore expect a constant field in
the z direction to be a good approximation for pulsars where the magnetic and rotational
axes are approximately aligned, and that the fractional corrections induced by the curvature
of the dipole field will be O(1).
100

J1748-2446ad
10

1

B = 109 G

τI /τage

0.100

0.010

B = 1010 G
0.001

10-4

B = 1011 G

0.12

0.13

0.14

0.15

0.16

µR

Figure 5: Superradiant instability time-scales τI = 1/|Im(ω)| from eq. (4.35) with ` = m = 1
relative to the spindown time scale τage = Ω/Ω̇ of the star. We neglected the spin-spin
interaction term. We used the pulsar J1748-2446ad and took gaγγ = 10−12 GeV−1 , with
a conductivity for the magnetosphere σM R = 0.1. For the neutron star we use the values
R = 10km and M = 1.4M . We also show the same rate with different magnetic field values
in order to illustrate the dependence of the mixing strength.

5

Nature of conductivity in neutron star magnetospheres

The results of this paper are intended to illustrate the potential for instabilities to develop
when ultra-light fields interact with low-frequency plasma modes in the spirit of [33, 40] and
should be considered only as the first steps towards a more comprehensive analysis. In this
sense, we hope to motivate a study into wider classes of axion-plasma instabilities which
might draw on the rich class of unstable modes in neutron stars, e.g. [4]. See also interesting
developments in [41, 42].
In particular, our perturbative treatment of the conductivity, valid when σ . ω is
intended only to provide the first analytic insights into such effects and is not an exhaustive
study across the full range of conductivities in neutron stars or their magnetospheres, which
will be the subject of future work [43].
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Nonetheless, it is interesting to expand a little more on the nature of conductivities in
neutron star magnetospheres relevant for global magnetospheric perturbations which lead to
the axion superradiance presented here. There are two main points to make in this respect.
The first is that unlike the conductivity associated to the dark-photon superradiance of
ref. [16], which is essentially a free parameter, the conductivity here relates to the global
background structure of the magnetosphere and not that of an associated dark sector. As
a result, the value of σ is constrained by matching pulsar magnetosphere models with finite
conductivity [44, 45] to observation [46, 47] leading to typical values 0.01Ω . σ . 100Ω.
Secondly, it is important to realise that the global nature of conductivity in neutron star
magnetospheres is quite different in character to that encountered for local fluctuations in
plasmas.
In studying plasmas in other astrophysical contexts the usual procedure [16, 33, 48, 49]
2
e e τcoll
is to assume a Drude model, σDrude (ω) = men(1−iτ
, where τcoll is the average time between
coll ω)
collisions of charge carriers, ne is the number density of electrons, and me the electron mass.
The dissipation of electric fields in the medium is then described by Re(σDrude ). However,
whilst this conductivity is appropriate for local fluctuations (i.e. WKB approximation) of
the magnetosphere, here we deal with global multipole perturbations of the magnetosphere
itself, which result simply from linearising global perturbations of the magnetosphere about
the background equations analgous to those in1 [44, 45]. Therefore by definition, one must
use the conductivity appropriate to the global structure of magnetosphere solutions.
Although these models are somewhat phenomenological, one can nonetheless correlate
the values of the conductivity σ to the properties of pulsars both via observation and on
the basis of a broad theoretical picture we describe below. This “global” conductivity, far
from being arbitrary, is intimately related to the macroscopic accelerating background fields.
Specifically it models the inability of plasma to completely screen E · B [44] and parametrises
the departure from the ideal magnetohydrodynamics or “force-free” condition E + v × B = 0.
These accelerating fields, characterised by so called acceleration gaps in which E · B is nonvanishing are vital for reproducing the observed emission spectra of pulsars since the resulting
acceleration of charges along magnetic field lines produces observed emission spectra. If σ is
everywhere too high, such acceleration cannot happen. By matching to observation, one can
determine that larger values of σ correspond to higher spin-down luminosity and therefore
shorter ages of the pulsars as shown in figs. 3 and 4 of ref. [47]. Thus faster millisecond
pulsars, which have the longest spin down, times motivate lower global conductivities, and
also produce the strongest superradiance effects owing to their high spins. Indeed, even if
there are smaller “dissipation regions” [50] where σ takes lower values, the axion tail φ ∼ r`
can still interact with unsuppressed electromagnetic modes in these regions giving a non-zero
axion-photon overlap integral, leading to superradiance.
One can also gain important physical insight into the allowed values of σ through simple
dynamical arguments. From Ohm’s law we have J = σ(E + u × B) and since for neutron
stars, B is typically much larger then E, the Lorentz force per unit volume is therefore J × B
and of order σuB 2 . By contrast, the Coriolis force is given by 2ρΩ × u. The ratio of these
two forces, is characterised by the Elsasser number [44, 51, 52], Λ:
Λ=
1

σB 2
,
ρΩ

We use a slightly different form of Ohm’s law here, but the logic remains the same.
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(5.1)

where ρ is the mass-density of the plasma. From this we see that σ is important in determining
√
the size of Λ. One can also relate Λ to the the Alfvén velocity vA = B/ ρ of the plasma,
from which one can write
v2 σ
Λ= A .
(5.2)
Ω
By matching pulsar magnetosphere models with finite σ to observation,[46, 47], one typically
finds 0.01Ω . σ . 100Ω, indicating that the Lorenz and Coriolis forces are in approximate
balance with Λ not more than a few orders of magnitude from unity. We thus see that the
value of σ interpolates between two extremes [53] of pulsar magnetosphere models. Empirically it is found that σ  Ω corresponds to the so-called vacuum dipole model [54] consisting
of a rotating magnetic dipole surrounded by empty space. Conversely, in the large-σ regime
one obtains the so-called “force free” limit of the magnetosphere. Realistic pulsars lie somewhere between these two extremes, explaining why Λ is empirically observed to be not too
far from unity.
One could also ask to what extent an imaginary part of the magnetospheric conductivity
Im(σM ) 6= 0 would affect our results. Indeed one might worry about the photon developing
a plasma mass via Im(σM ) 6= 0 which could prevent superradiant photon scattering unless
the threshold condition ωpl < Ω is satisfied. However this is not the case, as we now explain. Clearly the formula (4.35) for the imaginary part of the frequency is unaffected by the
imaginary part of the conductivity and since this formula is consistent for sufficiently small
σ, provided the perturbativity condition Im(σM ) < µ is satisfied, to leading order in perturbation, the linear σ result (4.35) is unaffected by the imaginary part of the conductivity.
Similarly from the formula (3.3) we see that (setting E = 0), to linear order in gaγγ
Im(ω) = −

2
σR (k · u)gaγγ

2(k2 + µ2 )1/2




ω 2 |B|2 − (k · B)2
2 )(k · u) ,
µ4 + (σI2 + σR

(5.3)

where σR and σI are the real and imaginary parts of the conductivity, respectively. Note
that the imaginary part has no-bearing on the overall sign of Im(ω) and gives no threshold
condition on its overall sign. Instead, σI , only provides a suppression of the overall size of
the result. Thus supposing for some reason that one should include an imaginary part of the
conductivity in modelling the magnetosphere as in refs. [44–47], then provided σI does not
greatly exceed σR , it should have no significant quantitative bearing on the superradiance
rate presented here.
One can also study the effect of an imaginary component of σM by examining the
superradiant scattering of the axial mode (see appendix C) in a conducting medium. As
shown in ref. [16] to leading order in spin-spin coupling between different photon modes, it
satisfies the equation:


d2
`(` + 1)
− 2+
−
iσ(ω
−
mΩ)
(rA`m ) = ω 2 (rA`m ).
(5.4)
dr
r2
Clearly in the superradiant regime ω < mΩ, an imaginary part of the conductivity gives
rise to a tachynoic mass-squared µ2tac = −σI (mΩ − ω), which does not affect superradiant
scattering, which is only threatened by real masses satisfying µ & Ω. This shows again
how the imaginary part of σ does not affect the threshold condition for superradiance in the
present setup. Instead we would expect it to provide only suppressing factors, as can be
extrapolated from eq. (19) of [16].
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This peculiarity in the present setup is due to the fact that both the photon mass term
and the source of rotational energy are derived from the plasma. By contrast, in the case of
a black hole, the rotation comes from the black hole horizon, which has velocity ΩH which
can in general be independent of the photon mass sourced by an external plasma. In that
case, one would need to impose ωpl < ΩH as an additional constraint for superradiance to
occur, as considered in [48].
5.1

Larger conductivities

It is interesting to speculate on what happens in the large conductivity limit characterised by
σ  ω, µ as would happen in the stellar interior, or magnetosphere models with larger values
of σ. For large conductivities, the rotating plasma becomes a good conductor such that in
its rest frame there can be no-electric field. Thus only thus electromagnetic fluctuations
which approximately co-rotate with the plasma are permitted as alluded to in appendix A,
leading to a narrow resonance around µ, ω ∼ Ω, which, as found in fig. 1 of ref. [16] has
a superradiance rate whose peak value is independent of σ, with the width narrowing for
increasing σ. This corresponds to the fact that the superradiant term always appears in the
combination σ(mΩ−ω) and thus large values of σ are compensated by tuning ω ' mΩ giving
rise to a resonant-like effect. This scenario will be investigated in a subsequent publication
[43] where the full range of conductivities will be explored.

6

Discussion

In this paper, we have described a new form of instability occurring outside neutron stars,
in which mixing macroscopic axion and photon modes extract rotational energy from the
neutron star magnetosphere via a finite bulk conductivity. We derived an explicit expression
for the superradiant frequencies in the small conductivity limit, using quantum mechanical
perturbation theory, which demonstrates explicitly their existence and the nature of the
mechanism.
In principle, the next steps would be to attempt to derive analytic results also in the large
conductivity limit. One should also consider more general configurations for the background
magnetic fields than those considered in sec. 4.3, for instance a dipolar configuration. This
would entail more complicated selection rules and mixing of different quantum numbers than
for a constant vertical magnetic field. After that one should derive the eigenfrequencies by
solving the equations (4.1) numerically with appropriate boundary conditions for the fields.
This would allow for a comparison of the analytic and numerical results.
Although we deal with a specific form of non-hermitian dynamics arising from the
real part of the conductivity in an Ohm-type law, the result here is clearly an example
of a more general phenomenon which can arise when there is an instability in the plasma
sector, as is apparent from eq. (4.26). Specifically, for axion modes which couple to an
unstable mode of the neutron star – of which there are many [4]– one could in principle
find similar instabilities. Suppose that the axion interacts with a mode (`, m) in the plasma
(not necessarily associated to Aµ , but to e.g. velocity or density fluctuations) whose effective
Hamiltonian HA contains non-hermitian part iΓ such that i h`, m| Γ |`, mi gives an imaginary
contribution. Then already at the perturbative level one could imagine a relation similar to
(4.26) which would give rise to an axion-plasma instability. It would therefore be of interest
to see if there is a wider class of instabilities arising from the mixing of the axion with other
unstable modes in the plasma of the neutron star or its magnetosphere.
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A

Boundary conditions

We now discuss the basis solutions in the stellar interior for the frequencies of interest ω =
ω`n < mΩ. From Maxwell’s equations and the perfect conductivity condition inside the star,
we have
∂B
∇×E+
= 0,
E + u × B = 0,
for 0 ≤ r < R,
(A.1)
∂t
where u = Ω × r is the unperturbed fluid velocity in the stellar interior. This leads immediately to
∂B
= ∇ × (u × B).
(A.2)
∂t
For a field B with harmonic time-dependence ∼ e−iωt one finds immediately that eq. (A.2)
leads to the following equations for the polar and radial components of B:
− iωBr,θ + Ω∂ϕ Br,θ = 0.

(A.3)

Thus for a given mode (`, m) there are two possibilities, either Br,θ = 0, which from the
equation for Bϕ one finds Bϕ = 0, or the frequency satisfies ω = mΩ. Thus only modes with
frequencies which are an integer multiple of Ω can be non-vanishing in the stellar interior, and
by construction, we are interested in modes mΩ > ω. Thus for frequencies ω`n < mΩ relevant
for superradiance the corresponding modes vanish inside the star. Thus we must match the
(i)
(i)
exterior field A` (ω`n r) to zero at r = R, with a finite discontinuity in dA` (ω`n r)/dr. This
gives a discontinuity in the associated electromagnetic fields corresponding to the generation
of surface charges and currents on the surface of the perfectly conducting star.

B

Matrix element calculations

We wish to compute the matrix elements
(3) `m

Z

∞

(3)

dr r2 σM (r)[A` (ωr)]2 (mΩ − ω) ,
R
Z
(3)
(3)
hφ`mn | Vaγγ (ω`n ) |A`m (ω`n )i = −igaγγ ω`n B dr rA` (ωr)Φ`m (r),
hA

(3) `m

| VA |A

i=i

(B.1)
(B.2)

which go into the perturbed eigenvalue
δω`mn =

π2
8ω`n

X X
`1,2 ,m1,2 i,j

(i)
(i)
(j)
(j)
hφ`mn | Vaγγ |A`1 m1 (ω`n )i hA`1 m1 (ω`n )| VA |A`2 m2 (ω`n )i hA`2 m2 (ω`n )| Vaγγ
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|φ`mn i

(B.3)

We take the solutions (4.8) for the axion and photon solutions. To compute the first matrix
element (B.1), we use the ωR  1 limit to approximate:
r
2ω
(3)
lim A` (ωr) =
j` (ωr).
(B.4)
ωR1
π
The integral can then be approximated by
VAA

2
= iσM (mΩ − ω)
πω 2

Z

ωRLC

dx x2 [j` (x)]2 ,

(B.5)

ωR

from which it follows that to leading order in Rω one finds:
1
(RLC ω)2`+3 − (Rω)2`+3

2 .
2(`+1)
2
ω 2
l + 32 Γ l + 23
(B.6)
We require the modulus squared of the second matrix element which upon insertion of solution
(4.8) and (4.22) into (B.2) leads to
s


n!
ω`n 3/2
(3)
hφ`mn | Vaγγ (ω`n ) |A`m (ω`n )i = −igaγγ B
I, (B.7)
π(n + 2` + 1)!(n + ` + 1) α`n µ
hA(3) `m (ω)| VA |A(3) `m (ω)i ' iσM (mΩ − ω)

where
Z

h

∞

dxx e−x/2 x`+1 L2`+1
[x]
n

I=

y` (ω`n R)j`



ω`n x
µ α



− j` (ω`n R)y`

N` (ω`n R)

Rµαn



ω`n x
µ α

i
.

(B.8)

Taking the leading order part in ω`n R . 1 gives:
"
Z
∞

I=
0

# 

ω`n x
−x/2 `+2 2`+1
dx e
x Ln (x) j`
.
µ α

(B.9)

We now make use of the explicit form of the Laguerre Polynomials
L2`+1
(x)
n

=

n
X

k



(−1)

k=0

to write
I=

n
X
k=0

k

(−1)



n + 2` + 1
n−k

n + 2` + 1
n−k





Ik
,
k!

xk
,
k!

(B.10)

(B.11)

where
# 

ω`n x
dx e
x
j`
Ik ≡
µ α
0
"



 #
√ k+l+2
π2
Γ(k + 2l + 3) ω`n `
k
k+3
3
ω`n 2

=
+ l + 2,
+ l; l + ; −4
. (B.12)
2 F1
µα
2
2
2
µα
Γ l + 32
Z

∞

"

−x/2 `+k+2
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After expanding each Ik it is easy to see that the leading α contribution comes from the
k = 0 term giving




µα `+4 `
n + 2` + 1
I=
2 (` + 1)!
+ O(α`+5 ).
(B.13)
n
ω`n
from which one finds
(3)
hφ`mn | Vaγγ (ω`n ) |A`m (ω`n )i

C


= −igaγγ B

µ
ω`n

`+5/2

α`+5/2 Γ(l + 2) l
2
Γ(2l + 2)

s

Γ(2l + n + 2)
.
π(l + n + 1)Γ(n + 1)
(B.14)

Photon basis from vector spherical harmonics

One can also construct a photon basis from vector spherical harmonics by considering solutions of the form [16, 55]
4
1 X `m
A`µ
=
ci ui (r)Zµ(i) `m (θ, ϕ),
(C.1)
µ
r
i=1

where
Zµ(1) `m = [1, 0, 0, 0] Y`m ,
Zµ(2) `m = [0, 1, 0, 0] Y`m ,
r
[0, 0, ∂θ , ∂ϕ ] Y`m ,
Zµ(3) `m = p
`(` + 1)
r
Zµ(4) `m = p
[0, 0, 1/ sin θ∂ϕ , − sin θ∂θ ] Y`m ,
`(` + 1)

(C.2)

are 4-vector spherical harmonics, and c1 = c2 = 1, c3 = c4 = [`(` + 1)]−1/2 . Note they satisfy
the following orthonormality condition
Z
0 0
dΩ η µν Zµ(i) `m ∗ Zν(j) ` m = δ ij δ``0 δmm0 .
(C.3)
The modes i = 1, 2, 3 are known as polar modes, whilst Z (4) is the axial mode owing to their
parity properties. Explicitly the vector harmonics and axion field have the following passive
parity transformation properties of their spatial components:
(4)

φ`mn (x) = (−1)` φ`mn (−x),
(i)

(4)

Z`m (x) = (−1)` Z`m (−x),

(i)

Z`m (x) = −(−1)` Z`m (−x),

i = 1, 2, 3.

(C.4)

Inserting the form (C.1) into (C.3) gives the following equations of motion for the radial
components:
D2 u1 = 0,
2
(u2 − u3 ) = 0,
r2
2`(` + 1)
D2 u3 +
u2 = 0,
r2
D2 u4 = 0,

D2 u2 −
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(C.5)

where

d2
`(` + 1)
−
.
(C.6)
2
dr
r2
Notice that the axial equation is completely decoupled from the polar ones, a consequence
of the spherical symmetry of the photon Hamiltonian. The radial equations (C.5) are solved
by a set of 4 basis solutions
 




u1
α1 iA` (ωr)
−α2 iA` (ωr)
 u2  = r  β1 A`+1 (ωr)  ,

β2 A`−1 (ωr)
r
αi , βi ∈ C
(C.7)
u3
−β1 ` A`+1 (ωr)
β2 (` + 1)A`−1 (ωr)
D2 = ω2 +

and A` = A` (ωr) is a solution to
D2 (rA` ) = 0.

(C.8)

In general the A` will therefore be appropriately normalised linear combinations of j` and y`
- the spherical Bessel functions of the first and second kind, respectively, with the exact form
being determined from the boundary conditions E + u × B = 0 for r < R, corresponding to
infinite conductivity in the stellar interior. Using these basis solutions, we can construct a
complete basis satisfying (4.16) and (4.17) given by
(1) µ

(1)

|Aµ(1) (ω), `, mi = Z`m A` (ωr),
|Aµ(2) (ω), `, mi
|Aµ(3) (ω), `, mi

=
=

(2)
A`+1 (ωr) h

(2` + 1)1/2
(3)
A`−1 (ωr) h

(2` + 1)1/2
(4)

i
(2) µ
(3) µ
Z`m − Z`m c3 ` (` + 1)1/2 ,
(2) µ

Z`m

i
(3) µ
+ Z`m c3 (` + 1) `1/2 ,

(4) µ

|Aµ(4) (ω), `, mi = A` (ωr)Z`m .

(C.9)

(i)

where the superscripts on the s` remind us that they may be solutions to the order `
spherical Bessel’s equation with different boundary conditions. The basis is clearly complete
since
4
XX
Zµ(i) `m (x̂)Zν(i) `m ∗ (x̂0 ) = ηµν δ(x̂, x̂0 ).
(C.10)
` m i=1

and

Z

d[ω 2 ]A` (ωr)A` (ωr0 ) =

1
δ(r − r0 ),
r2

(C.11)

which follows by virtue of the Sturm-Liouville nature of Bessel’s equation.
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