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ABSTRACT
Our early work showed that the evolution of the twin boundary pattern exhibits an avalanche behavior upon external loading of ferroelastic
materials [Salje et al., Phys. Rev. B 83, 104109 (2011)]. The distribution of “jerks” (singularities of potential energy change) was found to
follow a power law distribution below a Vogel–Fulcher temperature, mainly related to the movement of kinks in domain boundaries. We use
molecular dynamics simulations to study the nucleation, scattering, and annihilation of phonons that are generated by the nucleation and
propagation of such kinks. The interaction and scattering of phonons are correlated over a short time period and gradually become
uncorrelated before annihilation at large temperature intervals. The movement and interaction of phonons show avalanche behavior. The
probability of ﬁnding energy jerks follows a power law with exponents around 2.5–3. The distribution of waiting times between jerks also
follows a power law. At temperatures above the Vogel–Fulcher temperature, scattering with thermal phonons becomes predominant and no
phononic avalanches were observed.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5143977

Crackling noise1,2 corresponds to the intermittent response to a
slowly driven external ﬁeld. The short-time singularities are termed
jerks. The generation of multiple jerky events shows a typical avalanche behavior that is observed in a variety of phenomena, such as
martensitic transitions in crystals,3 plastic deformation of materials,4,5
polarization in ferroelectrics,6 etc. Similar statistical laws are found in a
variety of dynamic processes in analogy to those in earthquakes.1,7 For
example, it is found that the avalanche sizes and duration follow a
power law distribution spanning a broad range, exhibiting a lack of
characteristic length and time scales.8 The rate of aftershocks after big
jerks decays with time, following the Omori law.9 The distribution of
waiting time is found to follow a universal scaling law.10
Another typical example of crackling noises is the domain
switching process in ferroelastic materials upon mechanical deformation.11 The characteristic noises stem from the jerky motion of domain
walls. Experimentally, the acoustic emission (AE) is widely used to
detect the avalanche of domain wall motion and domain switching.3,12
Energy distributions8 follow power laws with exponents ranging from
1.3 to 2.3. The exponent values depend on many factors, such as the
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system size, temperature, microstructure, etc.13 For example, the compression tests on porous TiNi reveal that the energy exponent is
around 2.0 for detwinning and 1.7 for fracture.12 Thus, the statistical
analysis on the microstructure change in ferroelastic materials is
of fundamental importance in the aspect of “domain boundary
engineering” and the disentanglement of the various contributions to
domain boundary movements.
Early atomistic simulations studied the effect of temperature on
the evolution of domain patterns involving the nucleation, propagation and interactions of needle domains.14,15 Energy distribution of
avalanches follows the power law in a certain temperature range below
the Vogel–Fulcher temperature (TVF) in a thin ferroelastic ﬁlm with
an exponent around 2.0,14 which is associated with the jamming and
subsequent progression process of needle domains. Waiting time distribution also obeys the power law for a modest temperature below
TVF.2
More fundamentally, the kink-pair mechanism is responsible for
the propagation of the domain wall.2,11,14,16–18 Phonon emission is
associated with kink nucleation and propagation. At low temperatures,
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these mechanically generated phonons that interact, scatter, and ﬁnally
annihilate. However, little has been done to explore these phononic
avalanches. In this work, using atomistic simulations, we studied the
nucleation, motion, and annihilation of phonons generated by nucleation and propagation of a kink pair at a twin boundary under external
loading. The energy jerks follow a power law distribution at 0.1 K–5 K
with exponents ranging from 2.5 to 3.0 at temperature below the
Vogel–Fulcher point. Event rates decay according to Omori’s law,
then remain unchanged, and ﬁnally drop down quickly. At a higher
temperature, the thermal phonon scattering becomes dominant and
no phononic avalanches were observed.
We use a two-body potential based on the Landau theory to
describe the interactions in atoms.14 The potential energy U(r) consists of four interactions,19 the ﬁrst-nearest atomic interactions UNN
¼ 20(r  1)2 (0.8 p
r
atomic interactions
ﬃﬃﬃ 1.2), the second-nearest
pﬃﬃﬃ
UNNN ¼ 10(r  2)2 þ 8000(r  2)4 (1.207  r  1.621), the
third-nearest atomic interactions UNNNN ¼ 8(r  2)4 (1.85  r
 2.15),
atomic interactions UNNNNN ¼ 10(r
pﬃﬃﬃ and the fourth-nearest
pﬃﬃﬃ
 5)2 þ 5100(r  5)4 (2.15 < r  2.32), where r is the atomic distance vector. The shear angle is the order parameter in this model.
The equilibrium unit cell of the ferroelastic domain is a parallelogram
with a shear angle of 2 . We set the equilibrium lattice constant a ¼ 1
and atomic mass M ¼ 10 amu. The simulation box size is 40a  42a
(4 nm  4.2 nm). The initial sandwich sample contains two preexisting horizontal twin boundaries. We set the ratio of the height of
the intermediate layer to the whole sample to be 0.5. Free boundary
conditions are adopted. Initially, the system was relaxed via the
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conjugate gradient reﬁnement procedure. Then, dynamic relaxation
was performed to anneal the sample at the temperatures ranging
from T ¼ 0.1 K (5  103 TVF) to T ¼ 10 K (0.5 TVF), where TVF
¼ 20 K is the Vogel–Fulcher temperature. After relaxation, we apply
the external shear strain via top and bottom ﬁxed layers. The strain
rate is around 5  108 s1. A canonical ensemble (NVT) is used and
the temperature is kept by a Nose–Hoover thermostat.20 All the MD
simulations were performed with the LAMMPS code.21
Figure 1(a) shows the variation of the potential energy (Pe) as a
function of the shear strain (es) in a sandwich twin at 1 K. The system
ﬁrst undergoes an elastic deformation with the potential energy
increasing quadratically. After yielding, the potential energy curve
exhibits a saw-tooth behavior over the whole plastic regime. Figure
1(b) shows the big energy drop in one periodicity marked in Fig. 1(a).
It corresponds to a big energy jerk E, which is characterized as the
square of derivative of potential energy with strain (dPe/de)2. After the
big jerk, many small jerks are generated, as shown in Fig. 1(c).
To understand the origin of jerks, we checked the evolution of
microstructure in one periodicity. Figures 1(d)–1(k) shows the typical
atomic images at times marked in Figs. 1(b) and 1(c). Near the peak, a
pair of kinks nucleates at the upper twin boundary [Fig. 1(d)], and
then propagates along the domain boundary [Fig. 1(e)]. The two kinks
ﬁnally annihilate at the free surfaces [Fig. 1(f)], leading to the movement of the upper twin boundary by one atomic layer. The big jerk is
generated with a magnitude of E > 1011 eV2 when the kink nucleation
occurs. During the kink movement, we observe that phonons are emitted [Fig. 1(e)]. When the kinks hit the surfaces, additional waves are

FIG. 1. Mechanically driven kink motion under shear deformation in a twinned structure at 1 K. (a) Potential energy as a function of external shear strain showing the saw-tooth
proﬁles. (b) Jerk spectrum around the energy peak in one periodicity. (c) Jerk spectrum between two periodicities. (d)–(k) The typical atomic images as marked in (b) and (c).
The color is coded by the local shear angle. (d)–(f) The big energy drop in potential energy corresponds to a kink pair nucleation, propagation, and interaction with the surfaces.
(e)–(h) Kink motion and kink-surface interactions emit waves associated with the following avalanches. (g)–(i) Propagation and interaction of waves in crystals after the kink
annihilation. (j)–(k) The waves diminish after relaxation until another kink is generated when the potential energy approaches the next peak. The color shows the local shear
angle h ¼ jhverj þ hhor – 2 , where hver and hhor donate the local shear angle in the vertical direction and horizontal direction, respectively.
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generated near the surfaces [Figs. 1(g)–1(i)]. These waves propagate,
interact, and gradually diminish after relaxation [Fig. 1(j)]. This
effect produces several small jerks with a magnitude 2–4 orders lower
than the big jerks. Further loading leads to an accumulation of elastic
strain energy until it reaches the critical value to generate another
pair of kinks [Fig. 1(k)]. This process, i.e., kink nucleation, propagation, and annihilation, repeats itself, making the whole potential
energy vary periodically until the detwinning process is completed.
We estimated the critical local shear strain (exycritical) for generating
kinks. The exycritical is around 0.0125 at T ¼ 0.1 K and decreases with
the increase in temperature (see the supplementary material, Fig. S1).
We also calculated the activation barrier for kink nucleation (see the
supplementary material, Fig. S2).
We carry out statistical analysis on the jerk spectrum. We ﬁlter
out the big jerks generated by kink nucleation [Fig. 1(b)] and only consider the jerks signals produced by the propagation and interaction of
phonons emitted by the kink motion [Fig. 1(c)]. As observed in the
potential energy-strain curves and the corresponding energy spectrum
at different temperatures (see the supplementary material, Fig. S3), the
jerk size and magnitude of E become smaller as the temperature
decreases. Figure 2(a) shows the probability distribution function
(PDF) of energy jerks after the main peak. The PDF of energy is power
law distributed in an interval between T ¼ 0.1 K and 5 K. The power
law exponent is near 2.5–3. The exponential cut-off becomes dominant at higher temperature (10 K). The data points with high jerk
energies (logE  12) correspond to jerky signals for kink nucleation
and not phonon motions. Figure 2(b) shows the maximum likelihood

FIG. 2. The probability distribution of the jerk energy P(E) for wave propagation
and interaction at temperatures ranging from 0.1 K to 10 K. It follows the power law
at T ¼ 0.1 K  5 K. An exponential cutoff exists at a relatively high temperature
10 K. (b) The maximum likelihood estimations. A plateau is observed for systems
with power law distributions.
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(ML) estimation with a plateau for power law distributions. The value
of plateau is in good accordance with the slope ﬁt in Fig. 2(a).
We further analyze the distribution of event rates of energy jerks
rAS at T ¼ 0.1 K  5 K, where thermal ﬂuctuations are low. Figure 3(a)
shows the variation of rAS as a function of time interval with respect to
the kink nucleation generated mainshock (t-tMS) on a logarithmic scale.
For very short time periods after the big event, the rate of the superimposed phonons decays with time. It follows a typical Omori law as
log(rAS)  plog(t  tMS), where the exponent p is near 1. For longer
time periods, a plateau appears indicating that the jerky signals are generated at a roughly constant rate. Finally, the rate drops and jerks
disappear.
We can characterize two time constants. The ﬁrst constant sI
characterizes the time period over which the Omori law holds. Here,
the kink movement and interactions with surfaces emit strong lattice
waves. Only one pair of kinks nucleates in small cells. After the kinks
bounce back from the surface, additional waves are reﬂected by the
surface and mix with the existing waves. In larger samples, multiple
kink nucleation occurs and the phonons from different kinks interacts.
Lattice waves have long life times because the damping is small. The
phonon interaction still keeps a strong correlation when s < sI. After
the strong correlation period, phonons become scattered and

FIG. 3. (a) Event rates of jerk generation as a function of time interval at T ¼ 0.1 K
 5 K. They follow typical Omori laws with the slope around 1. Here, two characteristic time constants could be identiﬁed as sI and sII, which correspond to the
starting point and ending point of the plateau. (b) The variation of sI and sII as a
function of temperature. Both time constants decrease with the increase in
temperature.
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uncorrelated. The second constant sII characterizes the time period
that the generated phonons annihilated. Figure 3(b) shows the value of
sI and sII as a function of temperature. We observe that both the time
constants become smaller with increasing temperature. This indicates
that the thermal ﬂuctuations add to scattering and phonon damping.
The statistical analysis on the waiting time between jerks at
T ¼ 0.1 K 5 K is shown in Fig. 4. It shows the rescaled distribution of
waiting times for different energy thresholds. The distribution of waiting times between jerks is found to follow scaled power laws for a short
time, in accordance with the observation of earthquakes and the compression of porous media.7 The exponents vary in the range of 0.8
 0.6. However, at a long time scale, no scaling behavior is observed.
The relaxation of compressed ferroelastics occurs via avalanches.2
The avalanche dynamics and the nature of the associated jerks determine the energies and amplitudes of avalanches and have been measured in many systems.3,12,14,22–26 The characteristic parameters like
energy, amplitude, waiting time duration, and their correlations of
jerks were found to be power law distributed. Their exponents are
often linked to speciﬁc physical models like the mean ﬁeld model, MF,
or the “ﬁeld integrated mean ﬁeld model.”27–29
We have now extended this approach to phonons. Moving kinks
emit phonons whenever kinks nucleate, move or annihilate. In each
case, phonon clouds are emitted by the kink. These phonons are then
scattered by the sample surfaces, domain walls, and other heterogeneities. Their scattering is highly correlated and the question arises
whether the initial phonon coherency is maintained and how these
phonons interact with thermal phonons. Our results give an answer:

ARTICLE

scitation.org/journal/apl

phonons display similar jerk patterns as the kinks themselves over a
large temperature interval near the Vogel-Fulcher point.14,30 The
power law exponents for phonon energies are rather high with 2.5 – 3
at T ¼ 0.1 K – 5 K even when kinks are periodic and do not follow avalanche dynamics. The coherency time is short, namely ca. 1 ps. The
equivalent frequency effects are hence expected in the THz regime and
may inﬂuence high frequency ferroelectric memory devices as a major
loss mechanism. At higher temperature, scattering with thermal phonons becomes predominant and no indication of phononic avalanches
was found. The energy distribution follows an exponential distribution
as P(E)  exp(E/E0), where E0 is the activation energy (see the
supplementary material, Fig. S4). At very low temperatures, quantum
effects are expected (for a detailed study, see Ref. 31), which we did
not simulate.
Molecular dynamics simulations were carried out to study the
avalanche behavior of the kink motion emitted wave (phonons) in ferroelastic materials. The kink nucleates at the twin boundaries upon
shear load. Phonon clouds are generated during the kink movement
and kink annihilation at the free surface. The propagation and interaction of phonons shows avalanche behavior. At an intermediate temperature below the Vogel–Fulcher temperature, the probability to
observe energy jerks follows a power-law spectrum. The jerk generation rate ﬁrst follows an Omori law, then becomes a constant, and
ﬁnally drops down. The distribution of waiting time is found to follow
a scaled power law. This indicates that the wave interactions ﬁrst show
correlation, and then become uncorrelated by scattering until they
ﬁnally disappear. As the temperature is higher, the thermal ﬂuctuation
has a large damping effect on phonons, where the exponential cut-off
becomes dominant in the energy probability distribution.
See the supplementary material for calculations of the local shear
strain, activation barrier for kink nucleation, and the proﬁles of the
jerk spectrum at different temperatures.
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