
RAISING THE LEVEL OF AUTOMORPHIC REPRESENTATIONS

OF GL2n OF UNITARY TYPE

CHRISTOS ANASTASSIADES AND JACK A. THORNE

Abstract. We use the endoscopic classification of automorphic representations

of even-dimensional unitary groups to construct level-raising congruences.
Keywords: Automorphic forms, Jacquet–Langlands correspondence, congru-

ences between automorphic forms; 2010 MSC classification code: 11F33

Contents

1. Introduction 1
2. Recollections on the Jacquet–Langlands correspondence 5
3. The endoscopic classification 8
4. Congruences between automorphic forms – unitary group case 14
5. Congruences between automorphic forms – general linear group case 19
References 20

1. Introduction

Context. The problem of “level-raising” was first considered by Ribet [Rib84] in
the context of classical modular forms. Let f be a classical modular form of weight
2 and level Γ0(N), which is an eigenform for the Hecke operators. For any choice
of rational prime l and isomorphism ι : Ql → C, there is an associated continuous
semisimple representation

rι(f) : Gal(Q/Q)→ GL2(Ql)

unramified outside Nl and determined, up to isomorphism, by the relation

det(X − rι(f)(Frobp)) = X2 − ι−1(ap)X + p

for each prime p - Nl; here Frobp denotes a geometric Frobenius element and ap ∈ C
the eigenvalue of the Hecke operator Tp.

Let rι(f) : Gal(Q/Q)→ GL2(Fl) denote the semisimple residual representation.
Given a prime q - Nl, one can ask whether there exists another eigenform g of
weight 2 and level Γ0(Nq), new at q, and such that rι(g) ∼= rι(f). Ribet showed
that the answer is yes, provided that f satisfies certain conditions. A necessary
condition is the congruence

(1.1) ι−1(aq) ≡ ±(q + 1) mod mZl
.
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This condition is necessary because there is an isomorphism, a consequence of
local-global compatibility,

rι(g)|Gal(Qq/Qq)
∼=
(
ψ ∗
0 ε−1ψ

)
,

where ε is the cyclotomic character and ψ is an unramified character such that
ψ2 = 1.

One of the key inputs in [Rib84] is a lemma of Ihara, which describes the kernel
of a degeneracy map

H1(Γ0(N),Fl)⊕H1(Γ0(N),Fl)→ H1(Γ0(Nq),Fl).

Diamond and Taylor [DT94] generalized [Rib84] by considering automorphic forms
on quaternion algebras (i.e. inner forms of GL2 over Q). In particular, they
considered the case of definite quaternion algebras, in which case the analogue of
Ihara’s lemma can be deduced easily from the strong approximation theorem (see
[DT94, Lemma 2]).

Level-raising for automorphic representations of GLn when n > 2 is less well
understood. A natural case to consider is that of regular algebraic automorphic
representations of unitary type. By unitary type, we mean automorphic represen-
tations π of GLn(AE), where E is a CM number field, such that the conjugate
πc by complex conjugation c ∈ Aut(E) is isomorphic to the contragredient π∨.
These are the automorphic representations which should be related, by Langlands
functoriality, to automorphic representations of unitary groups admitting Shimura
varieties (permitting a generalisation of Ribet’s technique) or to definite unitary
groups (generalising the context of [DT94]).

In [CHT08], Clozel, Harris and Taylor formulated a conjecture about automorphic
forms on definite unitary groups Un that would play the role, in studying level-raising
at a split place of the quadratic extension defining Un, of Ihara’s lemma in the
work of Ribet. However, relatively few cases of this conjecture have been proved.
We mention the case n = 2 (proved in [CHT08, Lemma 5.3.1]) and the papers
[Tho14, Kar], which establish some cases of the conjecture for arbitrary n but under
restrictive hypotheses. (One can also study the analogous problem at places which
are not split; see for example the papers [Clo00, BG06, MS06].)

The motivation in [CHT08] for formulating this conjectural generalization of
Ihara’s lemma was to be able to prove automorphy lifting theorems. In a subsequent
paper [Tay08], Taylor gave a method to avoid the use of this conjecture, establishing
unconditional automorphy lifting theorems. One can turn the argument around
and apply these automorphy lifting results to raise the level of an automorphic
representation π (always regular algebraic, of unitary type), provided the residual
representation rι(π) is sufficiently non-degenerate (in particular, one usually requires
it to be irreducible). See [Gee11, Theorem 5.1.5] for an example of a result of this
type.

The results of this paper. In this paper, we prove new level-raising results
for regular algebraic automorphic representations of GLn(AE) of unitary type, with
only a very weak condition on rι(π). Our motivation for doing this is applications
to the problem of symmetric power fucntoriality for GL2 (see e.g. [NT]). Here is a
special case of our main result, Theorem 5.1.

Theorem 1.1. Let E be a CM number field, and let n ≥ 1 be an integer. Let
π1, π2 be cuspidal automorphic representations of GLn(AE) of unitary type such
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that π = π1 � π2 is regular algebraic. Let l be a prime, and let ι : Ql → C be an
isomorphism. Suppose that the following conditions are satisfied:

(1) rι(π) is not isomorphic to any character twist of the representation 1 ⊕
ε−1 ⊕ · · · ⊕ ε1−2n.

(2) There exists a place w - l of E and unramified characters ξ1, ξ2 : E×w → C×

satisfying the following:
(a) π1,w

∼= Stn(ξ1) and π2,w
∼= Stn(ξ2), where Stn denotes the Steinberg

representation of GLn(Ew).
(b) Let $w ∈ Ew be a uniformizer. Then there is a congruence

ι−1ξ1($w)/ξ2($w) ≡ qnw mod mZl
,

where mZl
denotes the maximal ideal of Zl.

Then we can find the following:

(1) A biquadratic CM extension E′/E, and a place w′|w of E′.
(2) A cuspidal automorphic representation Π of GL2n(AE′), regular algebraic

of unitary type, such that rι(Π) ∼= rι(π)|Gal(E/E′) and Πw′ is an unramified

twist of the Steinberg representation of GL2n(E′w′).

The proof of this theorem is based on the endoscopic classification of automorphic
representations of U2n. More precisely, we choose a unitary group U2n over the
maximal totally real subfield F of E, an inner form of the quasi-split unitary group
U∗2n associated to the quadratic extension E/F , which has the following properties:

• U2n is definite: in other words, U2n(F ⊗Q R) is compact.
• Let v denote the place of F below w, which we assume splits in E. Then

there is an isomorphism U2n(Fv) ∼= GL2(Dw), where Dw is a central division
algebra over Ew of rank n.

This group is useful to us for the following reasons. First, the analogue of Ihara’s
lemma at the place v follows from strong approximation, just as in the case n = 1.
Second, the endoscopic classification implies that the automorphic representations of
U2n(AF ) should admit a description in terms of the regular algebraic automorphic
representations of GL2n(AE) of unitary type. In particular, the multiplicity of (a
descent of) π in the space of automorphic forms on U2n should be described by
Arthur’s multiplicity formula, allowing us to reformulate the problem of level-raising
for GL2n in terms of a more accessible one about level-raising for the group U2n.

We can now explain the reason we must pass to an extension E′/E in the
statement of the Theorem 1.1: it is there so that the multiplicity on U2n is positive!
At the time of writing a proof of the endoscopic classification for groups like U2n

(which are inner twists, but not pure inner twists, of the quasi-split form) has been
announced by Kaletha, Minguez, Shin, and White [KMSW], but a complete proof
has not yet appeared. We therefore establish the small piece of the endoscopic
classification that we need using existing references.

Organization of this paper. We begin in §2 by recalling some basic facts
about the relation between representations of GL2n(Ew) and GL2(Dw), and consider
as well the local avatar of the level-raising degeneracy operator. In §3, we state
and prove what we require on the endoscopic classification in the cases described
above. Our main reference for the trace formula and its stabilization is the paper
of Labesse [Lab11]. To compute, we rely on Kaletha’s formulation of the local
Langlands conjectures, as exposed in [Kal16].
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In §4, we prove a version of our main theorem for automorphic representations
of the group U2n; this requires the analogue of Ihara’s lemma, but not yet the
endoscopic classification. In §5, we combine the results of §§3–4 to prove our main
result on automorphic representations of GL2n.

Acknowledgements. This work is based on the PhD thesis of the first author
(C.A.). We thank Laurent Clozel and Tasho Kaletha for useful conversations relating
to the arguments in §3. We thank the anonymous referee for their useful comments.

J.T.’s work received funding from the European Research Council (ERC) under
the European Union’s Horizon 2020 research and innovation programme (grant
agreement No 714405).

Notation. Throughout this paper, if K is a field, then we write GK for the
Galois group with respect to a fixed separable closure Ks/K. If K is a number
field and v is a place of K then we write Kv for the completion, and (in case
v is a finite place) OKv ⊂ Kv for the valuation ring, $v ∈ OKv for a choice of
uniformizer, k(v) = OKv/($v) for the residue field, and qv = #k(v) for the size
of the residue field. We fix embeddings Ks → Ks

v extending K → Kv, obtaining
injections GKv

→ GK . We write AK for the adele ring of K, A∞K for the ring of

finite adeles, and ÔK ⊂ A∞K for the open subring given by the profinite completion
of the ring of integers OK ⊂ K.

We use the notation for the local Langlands correspondence for GLn described in
[CT14, §1]. In particular, if K is a non-archimedean local field and π is an irreducible
admissible representation of GLn(K) over a field Ω, abstractly isomorphic to C,
then we use the Tate normalisation to define recTK(π), a Frobenius-semisimple Weil–
Deligne representation over K. The same reference also recalls the notion of regular
algebraic automorphic representation (a condition on the infinite component of an
automorphic representation π of GLn(AK)).

If E is a CM field (i.e. a totally imaginary quadratic extension of a totally real
number field F ), then we write c ∈ Gal(E/F ) for the non-trivial automorphism.
We say that an automorphic representation π of GLn(AE) is conjugate self-dual
if πc ∼= π∨. We will often use the fact that if π is a RACSDC (regular algebraic,
conjugate self-dual, cuspidal) automorphic representation of GLn(AE), l is a prime,
and ι : Ql → C is an isomorphism, then there exists an associated continuous
representation rι(π) : GE → GLn(Ql), which satisfies the relation

(1.2) WD(rι(π)|GEv
)F−ss ∼= recTEv

(πv)

for each place v - l of E (see [Car12]; in other words, the associated Weil–Deligne rep-
resentation respects the local Langlands correspondence, after passage to Frobenius-
semisimplification).

This can be slightly extended: if instead π1, . . . , πk are conjugate self-dual, cuspi-
dal, automorphic representations of GLn1

(AE), . . . ,GLnk
(AE) (therefore unitary),

and π = π1 � · · ·� πk is the normalized induction, a conjugate self-dual, unitary
automorphic representation of GL∑

ni
(AE), then if π is regular algebraic then there

exists a continuous semisimple representation rι(π) : GE → GL∑
ni

(Qp) satisfying
(1.2). This follows easily from the case k = 1. We note that for π satisfying these
conditions, we can define what it means for π to be ι-ordinary ([CT14, Definition
2.4]).

We will use the existence of cyclic base change. If E is a number field and
π1, . . . , πk are unitary cuspidal representations of GLn1

(AE), . . . ,GLnk
(AE), then
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cyclic base change associates to the representation π = π1 � · · ·� πk of GLn(AE)
and any cyclic extension E′/E of number fields the base change representation πE′

of GLn(AE′) (see [AC89, Ch. 3, Theorem 4.2, Theorem 5.1].
Throughout this paper we use overline to denote semisimple residual representa-

tions (e.g. rι(π) : GE → GLn(Fl)).

2. Recollections on the Jacquet–Langlands correspondence

Let K/Qp be a finite extension, and let D be a central division algebra over
K of rank n ≥ 1. We recall that the Jacquet–Langlands correspondence is a
bijection JL from the set of (isomorphism classes) of square-integrable irreducible
admissible representations of GLd(D) to the set of square-integrable irreducible
admissible representations of GLdn(K) (see [DKV84]). It is uniquely characterized
by a character identity, which is generalized below. Badulescu has defined a
map |LJGLd(D)| from the set of irreducible unitary representations of GLdn(K) to
the set of irreducible unitary representations of GLd(D), together with the zero
representation (see [Bad08]). The map |LJGLd(D)| is neither injective nor surjective
in general, but it does satisfy |LJGLd(D)|(JL(π)) = π if π is square-integrable. If π∗

is any irreducible unitary representation of GLdn(K), and f ∈ C∞c (GLd(D)), then
we have the identity (cf. [HKV, Proposition A.0.1]):

(2.1) trπ∗(f∗) = (−1)d(n−1) tr |LJGLd(D)|(π∗)(f),

where f∗ ∈ C∞c (GLdn(K)) is a stable transfer of f (see §3 for more recollections on
this).

The reduced norm defines a homomorphism det : GLd(D)→ K×. If d = 1, then
we denote this as N : D× → K×. Both JL and |LJGLd(D)| are compatible with the
operation of twisting by characters of the form χ ◦ det.

We now specialise to the case d = 2, which is the one of interest for us. Let
P0 ⊂ GL2(D) denote the minimal parabolic subgroup of GL2(D) consisting of upper-
triangular matrices with entries in D, and let M0 = D× ×D× denote its diagonal
Levi subgroup. Let δP0 : P0 → R>0 denote the character δP0(diag(d1, d2)) =
|N(d1d

−1
2 )|n, where | · | : K× → R>0 is normalized, as usual, so that the norm of a

uniformizer equals the reciprocal cardinality of the residue field of K.
Let OD denote the ring of integers of D, and let $D ∈ OD be a fixed choice

of uniformizer. We set K = GL2(OD), and write I ⊂ K for the subset of elements
whose lower-left entry is divisible by $D. Then I is an Iwahori subgroup of GL2(D).

The representations of GL2(D) that we will be concerned with are the irreducible
subquotients of the normalized induction

n-Ind
GL2(D)
P0

(χ1 ◦N ⊗ χ2 ◦N),

where χ1, χ2 : K× → C× are unramified characters. The properties of these are
described by the following proposition, which generalizes well-known facts in the
case D = K.

Proposition 2.1. (1) Let π be an irreducible admissible representation of
GL2(D). Then πI 6= 0 if and only if π is isomorphic to a subquotient

of a representation n-Ind
GL2(D)
P0

χ1 ◦N ⊗ χ2 ◦N , where χ1, χ2 : K× → C×

are unramified characters.

(2) Let χ1, χ2 : K× → C× be unramified characters, and let π = n-Ind
GL2(D)
P0

χ1◦
N ⊗ χ2 ◦ N . Then π is irreducible if and only if χ1/χ2 6= | · |±n. If
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χ1/χ2 = | · |±n, then π has two irreducible subquotients: the character
χ1 ◦ det, and an essentially square-integrable representation.

Proof. The first part of the proposition follows from well-known results on Jacquet
modules, see for example [HKV, §2.1]. The second part follows from the results of
[Tad90, §2]. �

We write StGL2(D) for the unique square-integrable subquotient of

n-Ind
GL2(D)
P0

| · |n/2 ◦N ⊗ | · |−n/2 ◦N,

and call it the Steinberg representation of GL2(D). If χ : K× → C× is an unramified
character, then we define StGL2(D)(χ) = StGL2(D)⊗(χ ◦ det). The first part of the
following lemma justifies our use of language.

Lemma 2.2. (1) We have |LJGL2(D)|(St2n) = StGL2(D).

(2) Let χ1, χ2 : K× → C× be unitary unramified characters. Then

|LJGL2(D)|(Stn(χ1) � Stn(χ2)) = n-Ind
GL2(D)
P0

χ1 ◦N ⊗ χ2 ◦N.

(3) Let π be an irreducible unitary admissible representation of GL2n(K).
Suppose that there is an unramified character χ : K× → C× such that
|LJGL2(D)|(π) = StGL2(D)(χ). Then either π ∼= St2n(χ) or π ∼= χ ◦ det.

Proof. The first part is contained in the statement of [DKV84, B.2.b, Théorème].
The second follows from [Bad07, Proposition 3.4]. For the third, we can assume
(after twisting) that χ = 1. It suffices to show that π has the same cuspidal support
as St2n; then [Cas81, 2.1, Theorem] shows that π must have the claimed form.

To compute the cuspidal support of π, we write π =
∑
i∈I ai n-Ind

GL2n(K)
Pi

σi
as a sum (in the Grothendieck group of irreducible admissible representations of
GL2n(K)) of standard representations; thus the ai’s are non-zero integers, the Pi’s
are standard parabolic subgroups of GL2n(K), and the σi’s are essentially square-
integrable representations of the Levi quotients of the Pi’s. Each representation σi
has the same cuspidal support as π. Then, by definition (see [Bad08, §2.7]), we have

|LJGL2(D)|(π) = ±
∑
i∈I′

ai n-Ind
GL2(D)
P ′i

σ′i,

where now I ′ ⊂ I is the set of indices for which Pi corresponds to a standard
parabolic subgroup P ′i of GL2(D) and σ′i is the essentially square-integrable repre-
sentation of the Levi quotient of P ′i corresponding to σi under the Jacquet–Langlands
correspondence.

By hypothesis, some representation n-Ind
GL2(D)
P ′i

σ′i contains StGL2(D) as a subquo-

tient. If P ′i = GL2(D) then σ′i = StGL2(D), σi = St2n, and we’re done. Otherwise,

P ′i = P0 and σ′i = | · |n/2 ◦N ⊗ | · |−n/2 ◦N , in which case σi is the representation
Stn(| · |n/2) ⊗ Stn(| · |−n/2) of GLn(K) × GLn(K). We again see that σi has the
same cuspidal support as St2n. This completes the proof. �

Let η = diag(1, $D) ∈ GL2(D). Note that I ⊂ ηKη−1, so if π is an admissible
representation of GL2(D), then η · πK ⊂ πI.

Lemma 2.3. The subgroup of GL2(D) generated by GL2(OD) and ηGL2(OD)η−1

contains the subgroup SL2(D) = ker(det : GL2(D)→ K×).
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Proof. We define subgroups

U+ =

{(
1 x
0 1

)
| x ∈ D

}
and U− =

{(
1 0
x 1

)
| x ∈ D

}
.

We claim that U+ and U− generate SL2(D). Indeed, let T denote the subgroup
they generate. The relation(

1 0
x−1 − x−1y−1x−1 1

)(
1 −x
0 1

)(
1 0

x−1 − y 1

)(
1 y−1

0 1

)
=

(
xy 0
0 x−1y−1

)
,

valid for all x, y ∈ D, shows that T contains all elements of the form diag(x, x−1)
and diag(xyx−1y−1, 1). The commutator subgroup of D× equals the kernel of N
(see e.g. [NM43]), so this shows that T contains all the diagonal matrices in SL2(D).

Now consider an element g =

(
a b
c d

)
of SL2(D). If d 6= 0, then we can write

g =

(
1 bd−1

0 1

)(
a− bd−1c 0

0 d

)(
1 0

d−1c 1

)
,

showing that g ∈ T . If d = 0, then bc 6= 0, and we can write

g =

(
1 0
−1 1

)(
a b

a+ c b

)
,

showing that g ∈ T . This completes the proof of our claim that T = SL2(D).
Since U+ and U− are conjugate under an element of GL2(OD), it now suffices to

show that U+ is contained in the subgroup of GL2(D) generated by GL2(OD) and
ηGL2(OD)η−1. Let U+(0) = U+ ∩GL2(OD), and let

ζ =

(
0 1
1 0

)
η

(
0 1
1 0

)
η−1 =

(
$D 0
0 $−1

D

)
.

Then U+ = ∪n≥0ζ
−nU+(0)ζn, so this is true. �

Lemma 2.4. Let π be an irreducible admissible representation of GL2(D) such
that πI 6= 0. Define a map d : πK ⊕ πK → πI by the formula d(f, g) = f + η · g.
If d is not surjective, then there is an unramified character χ : K× → C× and an
isomorphism π ∼= StGL2(D)(χ).

Proof. Lemma 2.3 shows that the kernel of d is contained in πSL2(D), so is trivial if
π is not 1-dimensional. We will show that if π is not a twist of StGL2(D), then d is
surjective. Proposition 2.1 shows we need only consider two cases. If π = χ ◦ det,
then πK = πI and d is surjective.

If π = n-Ind
GL2(D)
P0

χ1◦N⊗χ2◦N is an irreducible induced representation, then πK

is 1-dimensional. Indeed, the definition of induction shows that πK can be identified
with the set of functions GL2(D)→ C such that for all p ∈ P0, g ∈ GL2(D), k ∈ K,

ϕ(pgk) = (χ1 ◦N ⊗ χ2 ◦N)(p)δ
1/2
P0

(p)ϕ(g). We have GL2(D) = P0K, so evaluation

at the identity e ∈ GL2(D) defines an isomorphism πK → (χ1 ◦N ⊗ χ2 ◦N)O
×
D×O

×
D ,

and this space is 1-dimensional.
On the other hand, πI is 2-dimensional (for example, by [Cas80, Proposition 2.1]).

Since d is injective, it is also surjective in this case. This completes the proof. �

In the course of the proof of the last lemma, we showed that if χ1, χ2 are

unramified characters and π = n-Ind
GL2(D)
P0

χ1 ◦N ⊗χ2 ◦N is irreducible, then πK is
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1-dimensional. In fact, this conclusion holds even when the induced representation
is not irreducible. We conclude this section by computing the eigenvalues of some
Hecke operators on the line πK.

Before giving the statement, we recall that the Hecke algebra H(GL2(D),K) of
K-biinvariant, compactly supported functions f : GL2(D) → Z acts on the space
πK. We suppose here that convolution is defined with respect to the Haar measure
which gives K measure 1.

Lemma 2.5. Let T1 = [KηK], T2 = [Kdiag($D, $D)K] ∈ H(GL2(D),K) be the

characteristic functions of these double cosets, and let π = n-Ind
GL2(D)
P0

χ1◦N⊗χ2◦N ,

where χ1, χ2 : K× → C× are unramifed characters. Then if v ∈ πK, we have

T1v = q
n/2
K (χ1($K) + χ2($K))v and T2v = χ1χ2($K)v.

In particular, π is reducible if and only if πK is annihilated by T 2
1 − T2(qnK + 1)2.

Proof. The computation of Hecke eigenvalues is standard, following the technique
of proof of [CHT08, Lemma 3.1.1]. The final sentence follows since the eigenvalue
of T 2

1 − T2(qnK + 1)2 is −(χ1($K)− qnKχ2($K))(χ2($K)− qnKχ1($K)), and this is
zero exactly when π is reducible, by Proposition 2.1. �

3. The endoscopic classification

In this section we prove what we need concerning the endoscopic classification of
automorphic representations of certain unitary groups. The results we prove here
are a very special case of the general classification, which has been announced in
[KMSW]. However, complete results await a sequel to that paper, so we have chosen
to give an unconditional proof of what we need here based on existing references.

Let m ≥ 1 be an integer, and let E/F be a quadratic extension of fields of
characteristic 0 (inside a fixed algebraic closure F/F ). We define a matrix

Φm =


0 . . . 0 −1
0 . . . 1 0
... . .

. ...
...

(−1)m . . . 0 0

 .

If M = ResE/F GLm, and c ∈ Gal(E/F ) denotes the non-trivial automorphism, then

we may define an involution θM : M →M by the formula θM (g) = Φm
t(gc)−1Φ−1

m .
The subgroup U∗m ⊂M of fixed points is the quasi-split unitary group in m variables.
Its functor of points on an F -algebra R is

U∗m(R) = {g ∈Mm(E ⊗F R) | Φmt(gc⊗1)−1Φ−1
m = g}.

We consider U∗m as being endowed with its standard splitting (as described in
[KMSW, §0.2.2]). We note that there is a natural identification of the scalar
extension U∗m,E with GLm: there is an isomorphism E ⊗F E = E × E (where the

two E-algebra structures agree in the first factor), giving rise to an identification

U∗m,E = {(g1, g2) ∈ GLm ×GLm | g2 = Φmg
−t
1 Φ−1

m },

and the projection to the first factor gives the desired isomorphism U∗m,E → GLm.
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3.1. Statements. Now let n ≥ 1 be an integer, let m = 2n, and suppose that E/F
is a quadratic CM extension of a totally real field. Let Σ be a finite set of finite
places of F , each of which splits in E; we fix for each v ∈ Σ a factorization v = ṽṽc

in E, and set Σ̃ = {ṽ | v ∈ Σ}. We assume that E/F is everywhere unramified.
Note that this implies that [F : Q] is even.

We fix the following data:

• A central division algebra D over E of rank n such that D ⊗E,c E ∼= Dop,
such that for each v ∈ Σ, Dṽ has invariant 1/n, and such that for each place
w of E not lying above a place of Σ, Dw is split.
• An involution † of B = M2(D) of the second kind (i.e. satisfying the

conditions (xy)† = y†x† and †|E = c).

We define Um to be the unitary group over F associated to the pair (B, †), i.e. with
functor of points given on an F -algebra R by

Um(R) = {g ∈ B ⊗F R | g†⊗1g = 1.}
We further assume that † is chosen so that Um satisfies the following conditions:

• For each place v|∞ of F , Um(Fv) is compact.
• For each finite place v 6∈ Σ of F , Um,Fv is quasi-split.

Such a choice exists because [F : Q] is even. We fix an inner twist ξ : U∗m → Um as
the composite

ξ : U∗
m,F
∼= GLm,F

∼= B×
F
∼= Um,F ,

where the first and last isomorphisms are the canonical ones and the isomorphism
GLm,F

∼= B×
F

is any fixed choice arising from an isomorphism Mm(F ) ∼= B ⊗E F of

central simple F -algebras. Our choices so far determine the following data:

• For each place v of F which splits v = wwc in E, an isomorphism Um(Fv) ∼=
B×w . If v 6∈ Σ, we write ιw : Um(Fv) → GLm(Ew) for the isomorphism
arising from a fixed choice of isomorphism Bw ∼= Mm(Ew) of central simple
Ew-algebras. If v ∈ Σ, we write ιw : Um(Fv)→ GL2(Dw) for the canonical
isomorphism.
• For each finite place v of F which is inert in E, a U∗,adm (Fv)-conjugacy class

of isomorphisms ιv : Um(Fv)→ U∗m(Fv).

Having fixed the above data we can define a notion of base change relative to the
quadratic extension E/F . If σ is a unitary irreducible admissible representation
of Um(AF ), and π is a unitary irreducible admissible representation of GLm(AE),
we will say that π is a base change of σ, and write BC(σ) = π, if the following
conditions hold:

• For each inert place v of F at which σv is unramified (i.e. such that σv
has a non-zero invariant vector under some hyperspecial maximal compact
subgroup of Um(Fv)), πv is unramified and related to σv by standard

unramified base change (cf. [M1́1, §4.1]).
• For each split place v = wwc of F such that v 6∈ Σ, πw ∼= σv ◦ ι−1

w .
• For each place v = wwc such that v ∈ Σ, |LJGL2(Dw)|(πw) ∼= σv ◦ ι−1

w . (In
particular, |LJGL2(Dw)|(πw) is non-zero.)
• For each archimedean place v of F , and each isomorphism τ : Ev → C, let
Wτ be the irreducible algebraic representation of GLm(Ev) over C such
that σv ∼= Wτ |Um(Fv). Then πv has the same infinitesimal character as
W (σv) = Wτ ⊗C Wτ◦c.
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We state two theorems about the classification of automorphic representations of
Um. The first concerns the existence of base change.

Theorem 3.2. Let σ be an automorphic representation of Um(AF ). Then there
exists a partition m = m1 + · · · + mk and discrete automorphic representations
π1, . . . , πk of GLm1(AE), . . . ,GLmk

(AE), all satisfying the following conditions:

• For each i = 1, . . . , k, πci
∼= π∨i .

• We have BC(σ) = π1 � · · ·� πk.

The second concerns the existence of descent. Before formulating it, we observe
that if F ′/F is any Σ-split finite totally real extension, then our hypotheses are still
valid over F ′. More precisely, if E′ = F ′E, then E′/F ′ is an everywhere unramified
CM quadratic extension of a totally real field, the algebras D ⊗F F ′ and B ⊗E E′
satisfy the analogous hypotheses relative to F ′, and give rise to the group Um,F ′ ,
which comes equipped with an inner twist ξ′ : (U∗m,F ′)F → (Um,F ′)F .

Theorem 3.3. Let π1, π2 be RACSDC automorphic representations of GLn(AE)
satisfying the following conditions:

(1) π = π1 � π2 is regular algebraic.
(2) For each inert place v of F , πv is unramified.
(3) For each place v ∈ Σ of F and for each place w|v of E, πi,w is an unramified

twist of the Steinberg representation (i = 1, 2).

Let F ′/F be a Σ-split, totally real quadratic extension, let E′ = F ′E, and let πE′

denote the base change of π with respect to the quadratic extension E′/E. Then
there exists an automorphic representation σ of Um(AF ′) which is unramified at
the inert places of E′/F ′, and such that BC(σ) = πE′ . Moreover, σ appears with
multiplicity 1.

Theorem 3.2 is [HKV, Proposition 6.5.1]. We will prove Theorem 3.3 in the next
section. Before proceeding to the proof, we record an important consequence of
Theorem 3.2.

Corollary 3.4. Let σ be an automorphic representation of Um(AF ), let l be a
prime, and let ι : Ql → C be an isomorphism. Then there exists a continuous
representation rι(σ) : GE → GLm(Ql) satisfying the following conditions:

(1) Let v - l be an inert place of F at which σ is unramified. Then rι(σ)|GEv
is

unramified.
(2) If v = wwc is a split place of F and v 6∈ Σ, then rι(σ)|F−ssWEw

∼= recTEw
(σv◦ι−1

w ).

Proof. This is a consequence of Theorem 3.2 and known results for GLm(AE).
Indeed, let π = π1 � · · ·� πk be the base change of σ. Then each πi is a discrete
automorphic representation of GLmi(AE) and πi| · |(m−mi)/2 is regular algebraic. By
the classification of discrete automorphic representations of GLmi

(AE) [MgW89],
there is a factorisation mi = aibi, a cuspidal automorphic representation µi of
GLai(AE) satisfying µci

∼= µ∨i , and an isomorphism

πi ∼= µi| · |(bi−1)/2 � µi| · |(bi−3)/2 � · · ·� µi| · |(1−bi)/2.
Moreover, µi| · |(ai+bi−1−m)/2 is regular algebraic, and so there exists a continuous,
semisimple representation rι(µi| · |(ai+bi−1−m)/2)→ GLai(Ql) satisfying local-global
compatibility at each place w - l of E (by e.g. [Car12]). We can take

rι(σ) = ⊕ki=1

(
⊕bij=1rι(µi| · |

(ai+bi−1−m)/2)⊗ ε1−j
)
.
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�

3.5. A comparison of trace formulae. We continue with the notation and
assumptions of the previous section. We now recall some statements in the theory
of the twisted trace formula, following [Lab11].

Let f = f∞ ⊗ f∞ ∈ C∞c (Um(AF )) be a function such that f∞ is (up to scalar) a
pseudocoefficient of a discrete series representation. [Lab11, Théorème 5.1] gives an
identity

(3.1) TUm

disc(f) =
∑
E
ι(Um, E)T M̃

H

disc (f̃H).

We explain the notation. The left-hand side TUm

disc(f) equals the trace of f in the
space L2(Um(F )\Um(AF )); note that Um is anisotropic, so every automorphic
representation is discrete.

The sum on the right-hand side is over isomorphism classes of endoscopic data E
for Um (which in our case we can take to consist of a quasi-split reductive group

H, an element s ∈ Ûm, and an L-embedding ηH : LH → LUm such that ηH(Ĥ) =
CentĜ(s)◦). In the present case the classes of endoscopic data are in bijection with
pairs of non-negative integers (p, q) where p + q = m and p ≥ q; the associated
endoscopic group is H = U∗p ×U∗q . We specify a representative Ep,q = (H, sH , ηH) for
each isomorphism class. We can take H = U∗p ×U∗q . To write down the L-embedding

ηH , we first fix a choice of (unitary) character µ : A×E/E
× → C× with the property

that µ|A×F /F× is the quadratic character associated to the extension E/F . If a ∈ Z

then we set µa = 1 if a is even and µa = µ if a is odd. We define an L-embedding
ηH : LH → LUm by the formulae

ηH : (GLp ×GLq) oWF → GLm oWF

(g1, g1) o 1 7→ diag(g1, g2)

(1p, 1q) o w 7→ diag(µp(w)1p, µq(w)1q) o w (w ∈WE)

(1p, 1q) o wc 7→ diag((−1)pΦp, (−1)qΦq)Φ
−1
m o wc,

where wc ∈WF is any fixed lift of c. The associated element is sH = ηH(−1p, 1q).
The constants ι(Um, E) are given in [Lab11, Proposition 4.11].

If H is an endoscopic group of Um, then we write MH = ResE/F HE , and θH

for the automorphism of MH induced by Galois conjugation. The trace T M̃
H

disc (f̃H)

is the twisted trace of a function f̃H ∈ Cc(MH(AF ) o θH) in the twisted-discrete
part of L2(AMHMH(F )\MH(AF )) (where AMH denotes the connected component
of the R-points of the maximal split subtorus of the centre of ResF/QM

H); see
[Lab11, §3.3].

It remains to define the function f̃H . By [Lab11, Théorème 4.3], the function f
admits a transfer fH ∈ C∞c (H(AF )), which satisfies a certain identity involving the
stable orbital integrals of fH . In turn, we may regard H as a principal endoscopic

group of the twisted group M̃H . By [Lab11, Lemma 4.1] (stable transfer), fH is

associated to a function f̃H ∈ C∞c (MH(AF ) o θH). This completes our explication
of formula (3.1).
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Using the expression for T M̃
H

disc (f̃H) given by [Lab11, Proposition 3.4], we get a
formula
(3.2)

TUm

disc(f) =
∑
E
ι(Um, E)

∑
L∈L0/WMH

∑
t∈WMH (L)reg

∑
π̃L∈Πdisc(L̃t)

aM̃
H

disc,L̃t
(π̃L) trRQ(π̃L)(f̃H).

We do not recall the definition of the terms in detail here, but note that L varies

over Levi subgroups of MH and Πdisc(L̃t) is the set of automorphic representations

of the twisted group L̃t whose restriction to L is irreducible and discrete.
We now refine the identity (3.2). Fix a finite set S of finite places of F containing

all the places above which π1 or π2 is ramified. We consider test functions of the
form f = fS ⊗ fS,∞ ⊗ f∞, where fS is fixed, f∞ is a fixed pseudocoefficient of
discrete series, and fS,∞ is unramified. As H and L varies, there are only finitely

many automorphic representations π̃L for which the trace trRQ(π̃L)(f̃H) appearing
on the right-hand side of (3.2) can be non-zero.

Keeping fS fixed and using linear independence of twisted characters along with
[Lab11, Proposition 4.9], we can restrict to those summands on each side of the
identity (3.2) which are supported on the twisted character of πS,∞. By the results
of [JS81, MgW89], the only summands which occur on the right-hand side are as
follows:

• H = U∗m, L = GLn × GLn, t = θL, and the restriction of π̃L to L(AF ) is
π1 � π2 or π2 � π1.
• H = U∗n ×U∗n, L = GLn ×GLn, t = θL, and the restriction of π̃L to L(AF )

is (π1 � π2)⊗ µ−1
n or (π2 � π1)⊗ µ−1

n .

We obtain an identity:∑
σ

m(σ) trσ(f) =
1

4

(
n(τ̃0) tr(Π̃0)(f̃U

∗
m) + n(τ̃1) tr(Π̃1)(f̃U

∗
m)

+ tr ˜τ0 ⊗ µ−1
n (f̃U

∗
n×U

∗
n) + tr ˜τ1 ⊗ µ−1

n (f̃U
∗
n×U

∗
n)
)
.

(3.3)

We explain the terms in (3.3). We set τ0 = π1 � π2 and τ1 = π2 � π1, and

Π0 = n-IndGLm

GLn×GLn
τ0 and Π1 = n-IndGLm

GLn×GLn
τ1. Note that Π0

∼= Π1. The
sum on the left-hand side is over automorphic representations σ of Um(AF ) such

that σS,∞ is related to ΠS,∞
0 by unramified base change, with m(σ) denoting the

automorphic multiplicity. On the right-hand side, the twisted trace is taken with
respect to the Whittaker normalization of intertwining operators.

The constants n(τ̃i) express the difference between Arthur’s normalization of the

twisted trace on Π̃i and the Whittaker normalization (cf. [Lab11, §3.4]; it is part

of the constant aM̃
H

disc,L̃t
(π̃L) of (3.2)). In fact, n(τ̃0) = n(τ̃1) = 1. By symmetry,

it is enough to show that n(τ̃0) = 1, and we do this following the argument of
[CHL11, Proposition 4.4.3]. Let Q denote the standard parabolic subgroup of GLm
with Levi subgroup L = GLn ×GLn, and let Iθ : Π0 → Π0 ◦ θGLm

denote Arthur’s
normalization of the intertwining operator, as described on [Lab11, p. 437]: it is
given by a formula

Iθ = MQ|θ(Q)ρQ(θ, 0, θ).

The operator MQ|θ(Q) may be expressed, up to analytic continuation, as a product
of local unnormalized intertwining operators. Following Shahidi, we can multiply by
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these local operators by a local factor (defined as in [Mok15, §3.3]) to obtain nor-
malized intertwining operators. By [Mok15, Proposition 3.5.1], these are Whittaker
normalized (see also [Art13, Theorem 2.5.3]; note that τ0 is known to be tempered,
by [Clo13, Car12], so this already follows from the results of [Sha90]). The global
renormalized intertwining operator obtained by analytic continuation is

I ′θ = ε(0, π1 × π∨2 )L(π1 × π∨2 , 0)L(π∨1 × π2, 1)Iθ = Iθ,

since the Rankin–Selberg L-functions appearing here are entire (as π1 is not isomor-
phic to a twist of π2 by a power of the norm character, as both are unitary and
their sum is regular algebraic) and the functional equation of the Rankin–Selberg
L-function implies that the global renormalization factor in fact equals 1. This
shows that n(τ̃0) = 1. We have obtained an identity∑

σ

m(σ) trσ(f) =
1

4

(
tr(Π̃0)(f̃U

∗
m) + tr(Π̃1)(f̃U

∗
m)

+ tr ˜τ0 ⊗ µ−1
n (f̃U

∗
n×U

∗
n) + tr ˜τ1 ⊗ µ−1

n (f̃U
∗
n×U

∗
n)
)
.

(3.4)

To go further we need to introduce rigidifications; more precisely, a normalization of
local transfer factors (and a corresponding factorization of e.g. fU

∗
n×U

∗
n as a tensor

product of associated local terms f
U∗n×U

∗
n

v ). Following [KMSW], we can do this by
fixing the following data:

• A non-trivial additive character ψF : AF /F → C×. (Since U∗m has its
standard splitting, it follows that U∗m(Fv) is equipped with a Whittaker
datum for each place v of F .)
• A lift of ξ of our fixed inner twist to an extended pure inner twist (ξ, z) in

the sense of [KMSW, §0.3]. We suppose z chosen so that its invariants av,
in the sense of [KMSW, §0.3.3], are given as follows: if v ∈ Σ, then av = 2.
If v|∞, then av = n mod 2. Otherwise, av = 0.

These choices determine a normalization of local transfer factors satisfying the
adelic product formula (see [KMSW, Proposition 1.1.3] or [KT, Proposition 4.3.2]).
This in turn allows us to evaluate the right-hand side of (3.4). More precisely,
we first write each twisted trace as a product of local twisted traces. These local
twisted traces can be evaluated in terms of stable traces on endoscopic groups of
Um, using [KMSW, Proposition 1.5.2] (a convenient restatement of the results of
[Mok15]). These stable traces can then in turned be evaluated in terms of traces on
Um using the endoscopic character identities (thus using again [KMSW, Proposition
1.5.2] at quasi-split places and [KMSW, §1.6.3] or [KT, Theorem 4.5.1] at places
v ∈ Σ or v|∞, respectively). We find that if σ = ⊗′vσv is the irreducible admissible
representation of Um(AF ) specified up to isomorphism by the following conditions:

• If v is a finite place of F inert in E, then σv is the element of the unramified L-
packet corresponding to πv such that the character 〈σv, ·〉 given by [KMSW,
Proposition 1.5.2] is the trivial character;
• BC(σ) = π,

then σ has multiplicity m(σ) = 1 as an automorphic representation of Um(AF )
provided that the product∏

v∈Σ

〈σv, sU∗n×U∗n〉 ·
∏
v|∞

〈σv, sU∗n×U∗n〉
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(these signs now defined by [KMSW, §1.6.3] and [KT, Theorem 4.5.1]) equals 1.
We now come to the end of the proof. Indeed, let F ′/F be a Σ-split totally real
quadratic extension, let ψF ′ = ψ ◦ trF ′/F , and let (ξ′, z′) be the extended pure inner
twist U∗m,F ′ → Um,F ′ arising by restriction. Then the above analysis goes through

as before for the group Um,F ′ and representation π′, base change of π with respect
to F ′/F . If σ′ is the irreducible admissible representation of Um(AF ′) defined in the
same way relative to π′ then the multiplicity of σ′ as an automorphic representation
of Um(AF ′) equals 1, provided that the product

∏
v∈Σ′

〈σ′v, sU∗n×U∗n〉 ·
∏
v|∞

〈σ′v, sU∗n×U∗n〉 =

∏
v∈Σ

〈σv, sU∗n×U∗n〉 ·
∏
v|∞

〈σv, sU∗n×U∗n〉

2

equals 1. Since it is the square of a sign, we’re done.

4. Congruences between automorphic forms – unitary group case

Let n ≥ 1 be an integer, and let m = 2n. Let E/F be a CM quadratic extension

of a totally real number field, and let D, Σ, B, Σ̃, Um etc. be as in §3.1.
The aim of this section is to prove the following theorem. We fix a prime number

l, not dividing any element of Σ, and assume that the l-adic places Sl of F split in
E.

Theorem 4.1. Fix an isomorphism ι : Ql → C. Let σ be an automorphic repre-
sentation of Um(AF ) with the following properties:

(1) rι(σ) is not isomorphic to a twist of 1⊕ ε−1 ⊕ · · · ⊕ ε1−m.
(2) There exists v0 ∈ Σ and an isomorphism of representations of GL2(Dṽ0)

σv0 ◦ ι−1
ṽ0
∼= n-Ind

GL2(Dṽ0
)

P0
χṽ0,1 ◦N ⊗ χṽ0,2 ◦N,

where χṽ0,1, χṽ0,2 : E×ṽ0 → C× are unramified characters such that

ι−1(χṽ0,1($ṽ0)/χṽ0,2($ṽ0)) ≡ qnṽ0 mod mZl
.

Then there exists an automorphic representation σ′ of Um(AF ) with the following
properties:

(1) rι(σ) ∼= rι(σ
′).

(2) There is an isomorphism σ′v0◦ι
−1
ṽ0
∼= StGL2(Dṽ0

)(χṽ0), where χṽ0 : E×ṽ0 → C×

is an unramified character.
(3) σ∞ ∼= σ′∞. If BC(σ) is ι-ordinary, then BC(σ′) is ι-ordinary.
(4) For each finite place v of F such that σv is unramified and v is inert in E,

σ′v is unramified.

The proof of Theorem 4.1 uses algebraic modular forms [Gro99]. We now define
these. Let W∞ be the irreducible algebraic representation of (ResF/Q Um)C such

that σ∞ = W |Um(F⊗QR). Then Wl = ι−1W∞ is an algebraic representation of
(ResF/Q Um)Ql

, and therefore receives an action of Um(F ⊗Q Ql).

Let A∞ denote the space of automorphic forms on Um(AF ), and let Al,Wl
denote

the set of functions ϕ : Um(F )\Um(AF )/Um(F ⊗Q R)→ W∨l such that for some
open compact subgroup V ⊂ Um(A∞F ), vlϕ(gv) = ϕ(g) for all g ∈ Um(AF ), v ∈ V .
The group Um(A∞F ) acts on A∞ by right translation and on Al,Wl

by the formula
(g · ϕ)(x) = glϕ(xg).
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Lemma 4.2. There is a canonical isomorphism of semisimple admissible Ql[Um(A∞F )]-
modules:

HomUm(F⊗QR)(W∞,A∞)⊗C,ι−1 Ql
∼= Al,Wl

.

Proof. Given Φ ∈ HomUm(F⊗QR)(W∞,A∞), we define ϕ ∈ Al,Wl
by

ϕ(g)(w) = g−1
l ι−1g∞Φ(w)(g),

Conversely, given ϕ ∈ Al,Wl
, we define Φ by

Φ(w)(g) = g∞ιg
−1
l ϕ(g)(w).

It is easy to check that this defines an isomorphism of admissible Ql[Um(A∞F )]-
modules. They are semisimple because HomUm(F⊗QR)(W∞,A∞) is semisimple
(being admissible and unitary). �

Let K/Ql be a finite extension of Ql inside Ql containing the image of each
embedding F → Ql, and let O = OK , λ = mK , k = O/λ. Fix for each v ∈ Sl a
factorization v = ṽṽc in E. Then Wl can be defined over K, and we write Ml ⊂Wl

for a fixed choice of O-lattice, invariant under the action of the compact subgroup
Vl,0 =

∏
v∈Sl

ι−1
ṽ (GLn(OEṽ

)) ⊂ Um(F ⊗Q Ql). Let M∨l = HomO(Ml,O). If R is
any O-algebra, then we let Al,Ml,R denote the set of functions

ϕ : Um(F )\Um(AF )/Um(F ⊗Q R)→M∨l ⊗O R
such that for some open compact subgroup V = V lVl ⊂ Um(A∞F ) with Vl ⊂ Vl,0, we

have vlϕ(gv) = ϕ(g) for all v ∈ V . Then Al,Ml,R is an admissible R[Um(A∞,lF )×Vl,0]-
module.

Finally, if V = V l × Vl ⊂ Um(A∞F ) is any open compact subgroup with
Vl ⊂ Vl,0, we define S(V,R) = AVl,Ml,R

. It is a module for the convolution

algebra H(Um(A∞,lF ) × Vl, V ) of V -biinvariant, compactly supported functions

f : Um(A∞,lF )×Vl → Z (defined with respect to the Haar measure giving V measure
1). Henceforth we only consider those choices of V = V lVl with Vl ⊂ Vl,0, so we do
not make this requirement explicit.

Lemma 4.3. (1) If R is Noetherian then S(V,R) is a finite R-module.
(2) Suppose that for each g ∈ Um(A∞F ), the group gV g−1 ∩Um(F ) (intersection

in Um(A∞F )) is trivial. (In this case, we say that V is sufficiently small.)
Then there is a canonical isomorphism

S(V,O)⊗O R→ S(V,R).

Proof. Let g1, . . . , gk be a set of representatives for the finite double quotient
Um(F )\Um(A∞F )/V . Let Γgi,V = g−1

i Um(F )gi∩V (intersection in Um(A∞F )). Then
there is an isomorphism

S(V,R) ∼= ⊕ki=1(M∨l ⊗O R)Γgi,V

ϕ 7→ (ϕ(gi))
k
i=1.

If R is Noetherian then the right-hand side is a finitely generated R-module. If V is
sufficiently small then the right-hand side is a free R-module and the canonical map
S(V,O)⊗O R→ S(V,R) is an isomorphism. �

We define Hecke algebras using unramified Hecke operators. More precisely, let
V =

∏
v Vv be a fixed open compact subgroup of Um(A∞F ), and let T be a finite set

of places of F satisfying the following conditions:
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• T contains the infinite places, Sl, and Σ.
• For each place v 6∈ T of F , Vv is a hyperspecial maximal compact subgroup

of Um(Fv).

Then we write TT (V,R) for the subalgebra of EndR(S(V,R)) generated by the im-
ages of the convolution algebras H(Um(Fv), Vv) for each place v 6∈ T of F . In particu-
lar, if v = wwc splits in E and v 6∈ T then TT (V,R) contains the standard unramified
Hecke operators T 1

w, . . . , T
m
w , defined as follows: first, we may choose the isomorphism

ιw : Um(Fv)→ GLm(Ew), defined a priori up to GLm(Ew)-conjugacy, so that it takes
Vv to GLm(OEw). Then T iw is defined to be the Hecke operator which corresponds,
under ιw, to the operator [GLm(OEw

) diag($w, . . . , $w, 1, . . . , 1)GLm(OEw
)] with

i occurrences of $w on the diagonal. It is independent of the choice of ιw. Lemma
4.3 has the following corollary.

Corollary 4.4. Let V =
∏
v Vv be a sufficiently small open compact subgroup of

Um(A∞F ). Then there is a surjective homomorphism TT (V,O) ⊗O k → TT (V, k),
which induces a bijection on maximal ideals.

Proposition 4.5. For each maximal ideal m ⊂ TT (V,O), there is an associated
Galois representation rm : GE → GLm(TT (V,O)/m), uniquely determined up to
isomorphism by the following conditions:

(1) rm is semisimple.
(2) For each place w of E not lying above a place of T , rm|GEw

is unramified.
(3) For each place v = wwc of F split in E such that v 6∈ T , the characteristic

polynomial det(X − rm(Frobw)) equals the image of

Xm − T 1
wX

m−1 · · ·+ (−1)jqj(j−1)/2
w T jw + · · ·+ (−1)nqm(m−1)/2

w Tmw .

in (TT (V,O)/m)[X].

Proof. This follows from Corollary 3.4 , [CHT08, Corollary 3.1.2], and the fact that
TT (V,O) is O-flat. �

In the statement of the next result, we observe that there is a direct sum
decomposition S(V, k) = ⊕mS(V, k)m, the index set being the set of maximal ideals
of TT (V, k). We call the m-component of any f ∈ S(V, k) the image of f under the
projection to the factor S(V, k)m.

Lemma 4.6. Let Uderm ⊂ Um denote the derived subgroup, and let f ∈ S(V, k) ⊂
Al,Ml,k be invariant under the action of Uderm (Fv0), for some v0 ∈ Σ. Then for any
maximal ideal m ⊂ TT (V,O) such that the m-component of f is non-zero, rm is
isomorphic to a twist of 1⊕ ε−1 ⊕ · · · ⊕ ε1−m.

Proof. After modifying f , we can assume that f ∈ S(V, k)m. After shrinking V ,
we can assume that Vl acts trivially on Ml ⊗O k. Then there is an isomorphism

Al,Ml,k
∼= AdimkMl⊗Ok

l,O,k , equivariant for the action of the group Um(A∞,lF )× Vl. We
can therefore assume that Ml = O is the trivial representation, in which case we can
think of f as a locally constant function f : Um(F )\Um(A∞F )/Uderm (Fv0)V v0 → k.

The strong approximation theorem implies that Uderm (F ) is dense in Uderm (A∞,v0F ).
Since the maps H1(F,Uderm ) →

∏
v|∞H1(Fv, U

der
m ) and (if v|∞) H1(Fv, U

der
m ) →

H1(Fv, Um) are both injective (see [Kne69]), consideration of the long exact sequence
in Galois cohomology shows that the reduced norm det : Um → U∗1 induces a
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surjection Um(F )→ U∗1 (F ). We deduce that f factors through the map

det : Um(F )\Um(A∞F )/V → U∗1 (F )\U∗1 (A∞F )/ detV.

Let GV = U∗1 (F )\U∗1 (A∞F )/detV . Then GV is a finite abelian group. Let f ′ ∈
k[GV ] · f ⊂ S(V, k)m ⊗k k be a non-zero vector which spans a simple k[GV ]-module.

Thus there exists a character ψ : GV → k
×

such that for any g ∈ Um(A∞F ),
g · f ′ = ψ(det(g))f ′.

Let v = wwc be a place of F , split in E, such that v 6∈ T , let 1 ≤ i ≤ m, and
let gw,i = diag($w, . . . , $w, 1, . . . , 1) ∈ GLm(Ew) (where there are i occurrences of
$w). Then we have

T iwf
′ = vol[GLm(OEw

)gw,iGLm(OEw
)]ψ($w)if ′

= |GLm(OEw
)/
(
gw,iGLm(OEw

)g−1
w,i ∩GLm(OEw

)
)
|ψ($w)if ′

= qi(m−i)w

|GLm(k(w))|
|GLi(k(w))×GLm−i(k(w))|

ψ($w)if ′.

A calculation shows that, if αiw denotes the eigenvalue of T iw on f ′, then
m∏
i=1

(X − ψ($w)qi−1
w ) =

m∑
i=0

(−1)iXm−iqi(i−1)/2αiw

(this is essentially the q-binomial theorem). It follows from the Chebotarev density

theorem that if χ : GE → k
×

is the character defined by χ ◦ ArtE(x) = ψ(x/xc),
then rm ∼= χ⊗ (1⊕ ε−1 ⊕ · · · ⊕ ε1−m) (note that the places of E split over F have
Dirichlet density 1). This completes the proof. �

If v ∈ Σ, then we have fixed an isomorphism ιṽ : Um(Fv) → GL2(Dṽ). We
set Kv = ι−1

ṽ GL2(ODṽ
), and Iv = ι−1

ṽ I, where I ⊂ GL2(ODṽ
) is the standard

Iwahori subgroup considered in §2. We set ηv = ι−1
ṽ diag(1, $Dṽ

). We write T 1
v ,

T 2
v ∈ H(Um(Fv),Kv) for the pre-images under ιṽ of the operators T1, T2 which

appear in the statement of Lemma 2.5.

Proposition 4.7. Let v0 ∈ Σ, and let V =
∏
v Vv be an open compact subgroup of

Um(A∞F ) such that Vv0 = Kv0 . Let V ′ = V v0Iv0 . We define a map

d : S(V,O)⊕ S(V,O)→ S(V ′,O)

by the formula (f, g) 7→ f + ηv0 · g (action of ηv0 defined via the inclusion S(V,O) ⊂
Al,Ml,O, cf. Lemma 2.4). Then:

(1) d is a homomorphism of TT (V,O)-modules.
(2) Suppose that V is sufficiently small, and that m ⊂ TT (V,O) is a maximal

ideal such that rm is not isomorphic to a twist of 1⊕ ε−1⊕· · ·⊕ ε1−m. Then
the induced homomorphism

dm : S(V,O)m ⊕ S(V,O)m → S(V ′,O)m

is injective and has saturated image (i.e. its cokernel is torsion-free).
(3) Suppose that V is sufficiently small, and that m ⊂ TT (V,O) is a maximal

ideal such that rm is not isomorphic to a twist of 1 ⊕ ε−1 ⊕ · · · ⊕ ε1−m.
Suppose there exists f ∈ S(V, k)m − {0} be such that

[(T 1
v0)2 − T 2

v0(qnv0 + 1)2]f = 0.

Then dm is not an isomorphism.



18 CHRISTOS ANASTASSIADES AND JACK A. THORNE

Proof. The first point is immediate, because v0 ∈ T . For the second it is enough
(using Lemma 4.3) to show that the map

dm,k : S(V, k)m ⊕ S(V, k)m → S(V ′, k)m

given by the same formula dm,k(f, g) = f + ηv0 · g is injective. By Lemma 2.3, the
kernel of dm,k is contained in the subspace of Al,Ml,k where Uderm (Fv0) acts trivially.
By Lemma 4.6 and our hypothesis on m, the intersection of this subspace with
S(V, k)m is zero, and dm,k is indeed injective.

We now prove the third point. It is enough to show that dm,k is not an isomorphism.
If R is an O-algebra, let S∨(V,R) denote the space of modular forms defined in the
same way as S(V,R), but with Ml replaced by M∨l . (Thus the elements of S∨(V,R)
are functions ϕ : Um(F )\Um(AF )/Um(F ⊗Q R) → Ml ⊗O R.) We can define an
R-linear pairing

〈·, ·〉V : S(V,R)× S∨(V,R)→ R

〈ϕ,ϕ′〉V =
∑

g∈Um(F )\Um(A∞F )/V

〈ϕ(g), ϕ′(g)〉.

The adjoint of a Hecke operator [V gV ] acting on S(V,R) with respect to this pairing
is [V g−1V ]. Let TT,∨(V,O) denote the O-subalgebra of EndO(S∨(U,O)) generated
by the Hecke operators away from T . It follows that there is a maximal ideal
m∨ ⊂ TT,∨(V,O) such that 〈·, ·〉V restricts to a perfect O-linear pairing

〈·, ·〉V,m : S(V,O)m × S∨(V,O)m∨ → O,
and moreover rm∨ ∼= rcm. Applying Lemma 4.3, this pairing in turn gives a perfect
k-linear pairing

〈·, ·〉V,m,k : S(V, k)m × S∨(V, k)m∨ → k.

We can consider the map

dm∨,k : S∨(V, k)m∨ ⊕ S∨(V, k)m∨ → S∨(V ′, k)m∨ .

Its adjoint, computed with respect to the pairings 〈·, ·〉V,m,k and 〈·, ·〉V ′,m,k, is a map

d∨m∨,k : S(V ′, k)m → S(V, k)m ⊕ S(V, k)m.

The second part of the proposition applies equally well to dm∨,k, showing that d∨m∨,k
is surjective. We see that dm,k is an isomorphism exactly when its source and target
have the same dimension, which happens only if d∨m∨,k ◦ dm,k is an isomorphism.

However, a computation (essentially the same one appearing in [Tay89, Lemma 2])
shows that d∨m∨,k ◦ dm,k equals the matrix of Hecke operators

d∨m∨,k ◦ dm,k =

(
qnv0 + 1 T 1

v0
T 1
v0(T 2

v0)−1 qnv0 + 1

)
.

It follows that the determinant of d∨m∨,k◦dm,k as a k-linear endomorphism of S(V, k)2
m

equals the determinant of (qnv0 + 1)2 − (T 1
v0)2(T 2

v0)−1 as a k-linear endomorphism of
S(V, k)m. This completes the proof. �

We can now give the proof of Theorem 4.1. Let σ be an automorphic representa-

tion of Um(AF ), and fix v0 ∈ Σ such that σv0 ◦ ι−1
ṽ0
∼= n-Ind

GL2(Dṽ0
)

P0
χ1 ⊗ χ2, where

χ1, χ2 : E×ṽ0 → C× are unramified characters such that ι−1(χ1($ṽ0)/χ2($ṽ0)) ≡
qnṽ0 mod mZl

. Then σ
Kv0
v0 6= 0. Let V =

∏
v Vv ⊂ Um(A∞F ) be an open compact

subgroup satisfying the following conditions:
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• (σ∞)V 6= 0.
• Vl ⊂ Vl,0.
• Vv0 = Kv0 .
• If v 6∈ Σ ∪ Sl is a finite inert place of F such that σv is unramified, then Vv

is a hyperspecial maximal compact subgroup of Um(Fv) such that σVv
v 6= 0.

• V is sufficiently small.

Then there is a natural inclusion ι−1(σ∞)V ⊂ AVl,Wl
. Let T be a finite set of places

such that the Hecke algebra TT (V,O) is defined, let p ⊂ TT (V,O) be the kernel of
the natural homomorphism TT (V,O)→ EndQl

(ι−1(σ∞)V ), and let m ⊂ TT (V,O)

be the unique maximal ideal containing p. Let V ′ ⊂ Um(A∞F ) be the group associated
to V as in the statement of Proposition 4.7. Proposition 4.7 implies that the map

dm : S(V,O)m ⊕ S(V,O)m → S(V ′,O)m

is not an isomorphism. Indeed, the eigenvalue of (T 1
v0)2−T 2

v0(qnv0 +1)2 on σ
Vv0
v0 is, by

Lemma 2.5, an element of mZl
, yet this eigenvalue is also a root of the characteristic

polynomial of this Hecke operator acting on S(V,O)m, so (T 1
v0)2−T 2

v0(qnv0 +1)2 must
have a non-trivial kernel in S(V, k)m. The second part of the proposition shows that
dm is injective with saturated image, so it follows that the induced map

(S(V,O)m ⊕ S(V,O)m)⊗O Ql → S(V ′,O)m ⊗O Ql

is not surjective. Since Al,Wl
is a semisimple Ql[Um(A∞F )]-module, this implies that

there is an automorphic representation σ′ of Um(A∞F ) with the following properties:

• (σ′,∞)V
′ 6= 0.

• rι(σ′) ∼= rm ∼= rι(σ).
• (σ′v0)Iv0 6= 0, yet the map dσv0

: (σ′v0)Kv0 ⊕ (σ′v0)Kv0 → (σ′v0)Iv0 is not
surjective.

Lemma 2.4 implies that σ′v0 is a twist of StGL2(Dṽ0
) by an unramified character.

This completes the proof, except we still need to explain why BC(σ′) can be chosen
to be ι-ordinary if BC(σ) is. This can be achieved by enlarging the Hecke algebra

TT (V,O) to include the Hecke operators U jλ,v for v ∈ Sl (cf. [CT14, §2.4] or [Ger19,

§2.4]); indeed, the ordinary subspace of S(V,O) can be defined as the maximal
direct summand O-module where each of these operators acts invertibly. We omit
the routine modifications required to the proof.

5. Congruences between automorphic forms – general linear group
case

We can now prove the main theorem of this paper.

Theorem 5.1. Let n ≥ 1 be an integer and let E be a CM number field. Let
F be the maximal totally real subfield of E, and assume that E/F is everywhere
unramified. Let l be a prime, and fix an isomorphism ι : Ql → C. Let w0 be a
prime-to-l place of E which splits over F . Let π1, π2 be cuspidal, conjugate self-dual
automorphic representations of GLn(AE) satisfying the following conditions:

(1) π = π1 � π2 is regular algebraic.
(2) For any place w of E, if πw is ramified then w is split over F . The l-adic

places of F all split in E.
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(3) There are isomorphisms πi,w0
∼= Stn(ξi) for some unramified characters

ξi : E×w0
→ C× (i = 1, 2), and

ι−1ξ1($w0
)/ξ2($w0

) ≡ qnw0
mod mZl

.

(4) rι(π) is not isomorphic to a twist of 1⊕ ε−1 ⊕ · · · ⊕ ε1−2n.

Let F ′/F be any totally real, quadratic w0-split extension, and let E′ = EF ′. Suppose
further that rι(π)|GE′ is not isomorphic to a twist of 1⊕ ε−1 ⊕ · · · ⊕ ε1−2n. Then
there exists a RACSDC automorphic representation Π of GL2n(AE′) and a place
w′0|w0 of E′ satisfying the following conditions:

(1) There is an isomorphism rι(Π) ∼= rι(π)|GE′ .

(2) There is an isomorphism Πw′0
∼= St2n(ξ′), where ξ′ : E×w′0

→ C× is an

unramified character.
(3) For each archimedean place v′ of E lying above a place v of E, Πv′ and

πv have the same infinitesimal character. If π is ι-ordinary, then Π is
ι-ordinary.

(4) For any place w of E′, if Πw is ramified then w is split over F ′.

Proof. Let v0 denote the place of F lying below w0 and let Σ = {v0}. Let m = 2n
and choose a unitary group Um as in §3.1. Theorem 3.3 implies the existence of an
automorphic representation σ of Um(AF ′) such that for each inert place v of F ′,
σv is unramified, and BC(σ) = πE′ . This automorphic representation satisfies the
hypotheses of Theorem 4.1, with Σ′ equal to the set of places of F ′ lying above Σ.
Using this theorem we can find an automorphic representation σ′ of Um(AF ′) with
the following properties:

• rι(σ′) ∼= rι(π)|GE′ .

• There exists v′0 ∈ Σ′ and an isomorphism σ′v′0
◦ ι−1

w′0
∼= StGL2(Dw′0

)(ξ
′), where

ξ′ : E′w′0
→ C× is an unramified character and w′0 is the unique place of E′

lying above both v′0 and w0.
• σ∞ ∼= σ′∞. BC(σ′) is ι-ordinary if BC(σ) is.
• For each place finite place v of F ′ which is inert in E′, σ′v is unramified.

Theorem 3.2 implies the existence of a regular algebraic automorphic representation
Π of GLm(AE′) such that BC(σ′) = Π. To complete the proof, it remains only
to justify why Πw′0

is an unramified twist of the Steinberg representation (then
Π is necessarily cuspidal, and satisfies all of the other requirements). We have
|LJGL2(Dw′0

)|(Πw′0
) = σ′v′0

◦ ιw′0 , an unramified twist of the Steinberg representation

of GL2(Dw′0
).

By the third part of Lemma 2.2, Πw′0
is (up to unramified twist) either the

Steinberg representation or the trivial representation. If Πw′0
is the trivial repre-

sentation then the classification of the discrete spectrum of GLm(AE′) ([MgW89])
implies that Π is itself 1-dimensional, contradicting our assumption on rι(Π). This
completes the proof. �
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[Clo00] L. Clozel, On Ribet’s level-raising theorem for U(3), Amer. J. Math. 122 (2000), no. 6,
1265–1287.

[Clo13] Laurent Clozel, Purity reigns supreme, Int. Math. Res. Not. IMRN (2013), no. 2,

328–346.
[CT14] Laurent Clozel and Jack A. Thorne, Level-raising and symmetric power functoriality, I,

Compos. Math. 150 (2014), no. 5, 729–748.

[DKV84] P. Deligne, D. Kazhdan, and M.-F. Vignéras, Représentations des algèbres centrales
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