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In Supplementary Figure S1 we present results showing resistive superconducting 

transitions in Nb-doped samples of strontium titanate (SrTi1-xNbxO3) (inset) with carrier 

densities, n, below, near to and above the maximum of the superconducting dome in the Tc 

vs. n phase diagram (Fig. 2 of the main paper), and the form of the temperature dependence 

of the resistivity (main figure) for the sample with the highest value of Tc. 

 

In Supplementary Figure S2 we present models of the Fermi surface of SrTiO3 for carrier 

densities across the superconducting dome as defined above. 

 

In Supplementary Figures S3-S6 we present calculations of the maximum eigenvalue as 

defined by the KMK-Eliashberg gap equation, which measures the strength of Cooper pair 

formation in the model for SrTiO3 described in the main text.  The figures compare the 

effects of varying the chief model parameters: the cut-off frequency c, the TO frequency 

(as defined by Eq. 10 (main text) in terms of the carrier density, pressure, 0 of the starting 

undoped system (i.e of SrTiO3)), the starting LO frequency and the carrier mass. 

 

In Supplementary Figure S7 we compare the form of the normalized pairing interaction as a 

function of real and imaginary frequencies for the simplest case of a single resonance mode 

to clarify how the two representations reflect the pairing tendency.  A more realistic case is 

presented in Fig. 3 of the main paper.  
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Figure S1.  Temperature dependence of the resistivity of Nb-doped SrTiO3 around optimal 

doping (see Ref. 3 main text).  A fit to a function of the form ρ = ρ0 + ATx yields an 

exponent x close to 2.  In agreement with previous observations32,71,72 the exponent is well 

below that normally expected in terms of the conventional theory of electron-phonon 

scattering.  Note that an exponent of 2 originating from the conventional Fermi-liquid 

theory of metals is not expected to apply in the case of doped SrTiO3 over the range of 

temperatures measured due to its low charge-carrier density.  The inset shows the resistivity 

normalized to its 0.6K value against temperature for three doping levels investigated, with 

nominally 0.02, 0.2 and 1 at% Nb, i.e., below, near to and above optimal doping, 

respectively, i.e., for n around the maximum of Tc vs. n, which is observed at approximately 

1020 cm-3 (Fig. 1a and Methods in main text).  Note that superconductivity has not been 

reported for Nb substituted samples for carrier densities lower than of the order of 1018 cm-

3. 
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Figure S2.  The Fermi surface calculated using Density Functional Theory (DFT) for 

carrier-doped SrTiO3, with n of approximately 1019 cm-3 (upper figure) showing the full 

Brillouin zone, 1020 cm-3 (middle panel), and 1021 cm-3 (lower panel).  Two to three of the 

three t2g bands are populated yielding the electron pockets of the Fermi surface shown.  

The lower band with the fluted Fermi surface dominates the density of states at the Fermi 

level (see Fig. 3 in the main text for the Fermi energy vs. carrier density).  The boundaries 

of the first Brillouin zone of SrTiO3 in its undistorted cubic lattice structure are indicated.  

The density functional technique employed in the calculations was carried out using the all-

electron Wien2k code, with an augmented plane wave (APW) basis using the local density 

approximation (LDA).  Muffin tin radii were set to 2.36, 1.72 and 1.54 a.u. for Sr, Ti and 

O, respectively, with RKMAX = 7.  The ambient pressure low T experimental lattice 

parameter was used with 3375 k-points in the full Brillouin zone. For this illustration, 

carrier doping was achieved via a rigid shift of the Fermi level.   

  



4 of 11 

 

 

 

 

Figure S3.  The maximum eigenvalue, Λℎ, of the KMK-Eliashberg gap equation calculated 

via the model described in the main text and under Methods for different values of the cut-

off frequency c = 0.5, 1, 2 and 4 LO.  The parameters entering the calculations are given 

under Methods and the calculations are carried out for a reference temperature of 10-2 K.  

The peak positions and widths of the domes of the maximum eigenvalue vs. carrier density 

are relatively insensitive to the choice of the cut-off frequency over a sizeable range. 
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Figure S4.  The maximum eigenvalue, Λℎ, of the KMK-Eliashberg gap equation, calculated 

for a reference temperature of 10-2 K, via the model described in the main text and under 

Methods, except for the different values of 0 as labelled in the figure.  The maximum 

eigenvalue is seen to increase with increasing 0 in the range 1018 cm-3-1022 cm-3, in 

agreement with observation (Fig. 2a, main text).  In the range 1016 cm-3-1017 cm-3, however, 

we observe inverted behaviour (at least for the widely separated values of 0 given in the 

figure), qualitatively as predicted recently by other techniques (see refs. 20 and 22, main 

text). 
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Figure S5.  The maximum eigenvalue, Λℎ, of the KMK-Eliashberg gap equation calculated 

via the model described in the main text and under Methods for different values of the 

starting LO phonon frequency LO  = 50, 75, 100 and 150 meV from the upper to the lower 

curves.  The parameters entering the calculations are as given under Methods except for the 

different values of LO and the calculations are carried out for a reference temperature of 

10-2 K.  The peak position increases with increasing LO frequency.  As shown in the inset 

of Fig. 4 (main text) the peak position also increases with increasing carrier mass m/me.  

These are examples of predictions that can be used to test (in principle falsify) the present 

description of superconductivity in SrTiO3 and perhaps help to “design” new 

superconductors. 
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Figure S6.  The maximum eigenvalue, Λℎ, of the KMK-Eliashberg gap equation calculated 

via the model described in the main text and under Methods for different values of the 

starting carrier mass m = 1, 2, 4, and 6 me from the lower to the upper curves.  The 

parameters entering the calculations are as given under Methods except for the different 

values of m and the calculations are carried out for a reference temperature of 10-2 K.  The 

peak increases in position and size with increasing m.  As shown in Fig. S5 the peak 

position increases while the size decreases with increasing LO frequency LO.  These are 

examples of predictions that can be used to test (in principle falsify) the present description 

of superconductivity in SrTiO3 and perhaps help to “design” new superconductors.  
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Figure S7. The characteristic forms of the normalized interaction function NFV(q,) vs. 

frequency normalized to the LO frequency in the limit n & q → 0 for different values of 0 

and hence of the TO frequency.  (a) As a function of real frequency the range of the 

attractive interaction in the interval between the TO and LO frequencies increases with 

increasing 0 (hence decreasing TO frequency) and extends down to zero frequency at the 

ferroelectric quantum critical point.  (b) As a function of imaginary frequency as employed 

in the KMK-Eliashberg theory the magnitude of the attraction is reflected in the size of the 

step-like increase of the interaction function between the TO and LO frequencies which 

grows as the ferroelectric quantum critical point is approached.  The corresponding 

description in the presence of charge carriers is more complicated but conceptually related 

(see caption of Fig. 4 in the main text).  Although the interaction function vanishes at the 

TO frequency, a decrease in the TO frequency increases the frequency range of attraction, 

while attenuating the frequency range of repulsion at low frequencies.  This leads to an 

enhancement of pair formation as a ferroelectric quantum critical point is approached, even 

without direct coupling to the soft critical TO mode.  A similar description (but different in 
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detail) might apply in the case of magnetically mediated pairing where the softening of the 

critical mode at a magnetic quantum critical point appears, in a number of examples, to 

enhance pairing, even though the direct coupling to the soft critical mode itself may be 

expected to be impaired by quasiparticle damping (see, e.g., ref. 30 in the main text and 

references cited therein). 
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