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Summary

Weak decays of beautiful mesons can be used to probe the validity of our best model

of particle physics: the Standard Model. In this thesis, I use specialised techniques

to overcome practical challenges associated with the large mass of valence b quarks

to study a selection of decays of B mesons with Lattice Quantum Chromodynamics.

After introducing these modern methods, I report on my progress on calculating the

vector current form factors for Bc → Ds. This decay is allowed at the one-loop level

and so my vector current form factors will be used, along with future analysis of the

tensor form factor, to describe the short-distance physics of this transition.

I then present a comprehensive calculation of the Bc → Bs(d) vector current form

factors based on a non-relativistic field theory approach for the bottom quark. I

conclude by comparing my results with another calculation that uses an alternative

approach for the heavy valence quark, an important test of our best lattice techniques.

Combining data from this study with my calculation, I give the first prediction of the

decay rates Γ(B+
c → B0

s`ν`) and Γ(B+
c → B0`ν`) from lattice QCD.

Next, exploratory work on the long-distance contributions of charmonia on the

flavour-changing neutral current process B → K is discussed. Difficulties with in-

termediate states that lead to divergences in the corresponding correlation function

are addressed by again using the non-relativistic approach for the b quark.

Finally, I digress from weak decays to explore applications of the Sherman-Morrison-

Woodbury formula within the framework of lattice QCD. I find computational effi-

ciencies in determining the inverse and the determinant of quark matrices. Potential

applications are discussed.
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Chapter 1

Introduction

Our best model of the most fundamental particles of the universe is the Standard

Model, an SU(3)×SU(2)×U(1) gauge theory that couples twelve species of spin-half

fermionic matter. The three charged and three neutral leptons do not couple to the

SU(3) gauge boson. The matter that couples to the SU(3) part of theory are the

six flavours of quark which, together with the massless boson (gluon) associated with

the SU(3) gauge symmetry, form a sector of the Standard Model known as Quantum

Chromodynamics (QCD). The heaviest quark is the top quark with a mass of 172 GeV,

several orders of magnitude more massive than the 2 MeV up quark. As a consequence,

studying QCD is a problem of many different energy scales and I exploit this fact in my

calculations throughout this thesis. Quarks also couple to the SU(2)×U(1) electroweak

sector via the emission and absorption of W bosons, Z bosons and photons γ, where

the former two gauge bosons acquire mass after spontaneous symmetry breaking via

the Higgs mechanism.

A feature that distinguishes quarks from leptons is confinement: quarks coalesce

to form hadronic states of two, three or more quarks. The coupling αs of QCD runs

such that it is large at small energies. Hence, unlike electroweak theory, perturbation

theory cannot be relied upon to study QCD at low energies. Instead, Lattice Field

Theory can be used to regularise the theory on a finite 4-dimensional lattice after Wick

rotating from Minkowksi spacetime to Euclidean spacetime. This procedure allows

direct computation of correlation functions once expressed as path integrals. Powerful

computers allow computations on large and fine lattices to better access results of

continuum physics at physical quark masses. Since its inception in the 1970’s [11],

lattice QCD has been shown to be a powerful tool in studying the spectra of hadrons

and their decays.

Historically, the Standard Model has been a successful theory which largely supports

experimental observation. The theory has also been predictive, for example predicting

13
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the existence of the charm quark [12] before observation from experiment [13, 14].

There are cases where agreement has been achieved to impressive precision: the mag-

netic moment of the electron is known to 10 significant figures [7]. However, tensions

are present, and so the scientific community is testing the theory to further expose

its shortcomings that will then motivate new models that better explain the physics

that we observe. As colliders become more powerful probes into the physics of funda-

mental particles, more particle decays can be detected and thus more data is available

to match to theoretical prediction. From the perspective of lattice practitioners inter-

ested in QCD, the steady growth of computing power enables both higher precision

and greater scope.

This thesis is primarily concerned with flavour changing processes in the context of

weak decays of B mesons. Understanding these decays requires knowledge of hadronic

matrix elements which describe the non-perturbative QCD physics. The computation

of these matrix elements is the main focus of this thesis. Doing so requires the sim-

ulation of a b quark on a 4-dimensional lattice. Many approaches of discretising the

continuum theory of quarks and gluons suffer from effects associated with inexactly

approximating the continuum theory that grow like powers of am where a is the lat-

tice spacing and m is the quark mass. The b quark is heavy and motivates the use

of fine lattices to keep these discretisation effects under control. Another source of

error comes from artefacts due to the finite extent of the lattice. This is overcome by

making the extent of the lattice large so that these effects are suppressed. In summary,

we require very large and very fine lattices which amounts to a costly computation.

In the forthcoming chapters, I present two techniques for studies of B mesons within

lattice QCD. In particular, Chapters 4 and 5 contain calculations of the form factors

associated with matrix elements of the vector current. The first strategy is the heavy-

HISQ method in which several calculations at a variety of unphysically light b quarks

are carried out which together inform the result at the physical point through fit

forms inspired by Heavy Quark Effective Theory. I set out a heavy-HISQ calculation

in Chapter 4 of the vector current form factors for Bc → Ds. In contrast to this fully

relativistic approach, I use a non-relativistic effective theory to study the tree-level

decays of Bc → Bs and Bc → Bd in Chapter 5. I also compare my calculation with
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another that uses the heavy-HISQ method. The results are found to be consistent

between the two approaches.

I address the flavour changing neutral process B → K in Chapter 6. In this decay,

a b quark decays to an s quark which does not occur at tree-level in the Standard

Model. Specifically, I investigate how long-distance contributions from charmonium

states might be studied on the lattice. Here, I use the same non-relativistic approach

for the b quark in Chapter 5 to remove a Euclidean space artefact that would otherwise

complicate extraction of the relevant matrix elements. I demonstrate that the method

is successful and argue for the direction of future work.

In the final chapter of this thesis, I report on an investigative study that revisits

the fundamental underpinning methods of lattice QCD with a tool that pre-dates the

field itself: the inverses of two large matrices that differ only by some small block are

related in such a way that we can cheaply compute the inverse of one from the inverse

of the other. This relation is given explicitly by the Sherman-Morrison-Woodbury

formula. I present several algorithms for deploying this formula in the framework of

lattice QCD. Prospects for applying these methods are discussed.



16 Chapter 1. Introduction



Chapter 2

Quantum Chromodynamics

2.1 QCD in the Standard Model

In the Standard Model of particle physics, there are six flavours of quark: up, down,

strange, charm, bottom and top. Their masses range from a few MeV to the top quark

mass of nearly 200 GeV. Quarks interact strongly inside hadrons via the exchange of

gluons. Also, quarks can change flavour through the emission and absorption of W±

bosons due to the misalignment of mass and weak eigenstates in the Standard Model

which I demonstrate in this section.

Quark fields acquire a mass term after spontaneous symmetry breaking. The rele-

vant piece of the Standard Model Lagrangian is

Lφ = −
√

2
(
λijd Q

i

Lφd
j
R + λiju ε

αβQ
i

Lφ
†βujR + h.c.

)
, (2.1)

where φ is the Higgs field and we have the SU(2) singlets

uiR =
(
uR, cR, tR

)
(2.2)

diR =
(
dR, sR, bR

)
(2.3)

and SU(2) doublets

Qi
L =

uiL
diL

 =

(u
d


L

,

c
s


L

,

t
b


L

)
(2.4)

which transform in the fundamental representation of the SU(2) gauge group. The

indices i, j are over the three quark generations, α, β are SU(2) indices and have

been made explicit on the second term of Equation 2.1. Subscripts L and R denote

multiplication by the spin projections1 1/2(1∓γ5) respectively. The couplings λu,d are

the Yukawa matrices which are not restricted to being diagonal.

1Here, I use the definition γ5 = iγ0γ1γ2γ3 = diag(−1,−1,+1,+1).
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18 Chapter 2. Quantum Chromodynamics

Mass terms arise when the Higgs field φ is expanded about its non-zero vacuum

expectation value. To write the Lagrangian in a basis of mass eigenstates, the Yukawa

matrices are diagonalised by the unitary transformations

uL 7→ KuuL

dL 7→ KddL

uR 7→ SuuR

dR 7→ SddR (2.5)

so that the matrices Ku, Kd, Su and Sd satisfy K†uλuSu and K†dλdSd diagonal.

Next, we examine how other terms in the Lagrangian of the Standard Model trans-

form according to Equation 2.5. In the spontaneously broken theory, the SU(2)L ×
U(1)Y gauge theory can be written in terms of physical fields W±

µ , Zµ and Aµ that

describe the W and Z bosons and the photon respectively. Before the field transfor-

mations in Equation 2.5, the quarks couple to the gauge fields via the kinetic terms

LEW = QLi /DQL + uRi /DuR + dRi /DdR (2.6)

where the coupling to W±
µ in QLi /DQL is given by

− g√
2

(
QL /W

+
T+QL +QL /W

−
T−QL

)
(2.7)

and T± =

 0 ±1

∓1 0

. Crucially, the off-diagonal elements of T± couple flavours

of quark within the same generation. This is analogous to the lepton sector where

electrons, muons, and taus can decay into their corresponding neutrinos via the emis-

sion of a W boson. Processes in which quarks of different generations annihilate have

been observed, for example the leptonic decay K+ → µνµ. Restricting to the theoret-

ical case of massless neutrinos, there is no analogous behaviour in the lepton sector.

Thus, we require a particle model in which mass and weak eigenstates of quarks are

misaligned. This drove particle model development to Yukawa matrices that are not

diagonal in the weak eigenbasis [15]. Flavours of quark in different generations are

coupled by W bosons. For example, the W+
µ term in Equation 2.7 transforms as

(QLγµT
+QL)W µ+ = d

i

Lγµu
i
L + uiLγµd

i
L 7→ d

i

LγµV
†ij

CKMu
j
L + uiLγµV

ij
CKMd

i
L (2.8)
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where VCKM = K†uKd is the Cabbibo-Kobyashi-Maskawa (CKM) matrix whose off-

diagonal elements permit flavour-mixing transitions at tree-level (in electroweak the-

ory) between different generations of quarks. For example, the CKM matrix element

Vub parametrises the weak decay Bc → D, discussed in Chapter 4, and the CKM

matrix elements Vcs and Vcd parametrise the weak decays Bc → Bs and Bc → Bd

respectively, discussed in Chapter 5.

To produce theoretical predictions regarding the weak decay of hadrons, the physics

that confines the valence quarks inside the hadron must be accounted for. Confinement

is a low energy phenomenon where the QCD coupling αs is sufficiently large to render

perturbation theory ineffective. In contrast, the analogous scenario in QED would

see us use Feynman diagrams to find the leading order contributions (with respect to

the QED coupling) of matrix elements. However, in QCD, quarks interact strongly

and a non-perturbative approach is required. Lattice Field Theory provides such a

strategy [11], as described in Chapter 3.
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2.2 Testing the Standard Model with weak decays

By construction, the CKM matrix VCKM from Section 2.1 is unitary which provides

constraints on its elements. For example, the second row is normalised by

|Vcd|2 + |Vcs|2 + |Vcb|2 = 1 (2.9)

which features two of the CKM matrix elements, Vcd and Vcs, addressed in Chapter 5

via the tree-level weak decays B+
c → B0

s`ν` and B+
c → B0`ν`. Checking that exper-

imental observation is consistent with unitarity of the CKM matrix is an important

test of the Standard Model.

Chapter 4 contains a comprehensive calculation of the vector current form factors

for Bc → Ds. The methods and analysis in this chapter can be applied similarly to

Bc → D. The relevant CKM matrix element for the tree-level process Bc → D is Vub.

There is long-standing tension between exclusive determinations (from specific decays,

e.g. Bc → D or B → π etc.) of Vub and the inclusive determination (summing over

possible final hadron states) [16]. A future lattice QCD calculation of Bc → D would

provide a new determination of Vub that can be compared to existing values.

Should new physics be suppressed relative to tree-level Standard Model effects, pro-

cesses which only occur beyond tree-level in the Standard Model could offer a clearer

signal of BSM phenomenology. For example, B → K`+`− is facilitated by a flavour-

changing neutral current (FCNC) that is not present at tree-level in the Standard

Model. The process is further suppressed by the GIM mechanism [12]; contributions

with internal charm quark and contributions with internal up quark lines combine

destructively.

Thus, this process is particularly sensitive to physics beyond the Standard Model.

Hence, this transition may expose new physics once all the contributions from the

Standard Model, such as charmonium resonances at long-distance (as discussed in

Chapter 6), are properly understood. The present experimental status of this process

shows tension with the Standard Model. For example, for 1.1 GeV2 < q2 < 6.0 GeV2,

LHCb recently reported [17] the value

RK =
B(B+ → Kµ+µ−)

B(B+ → Ke+e−)
= 0.846+0.060+0016

−0.054−0.014 (2.10)
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that agrees at the level of 2.5 standard deviations with the Standard Model prediction

of lepton flavour universality. Comments regarding other ranges of q2 are currently

impeded by theoretical uncertainties.
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Chapter 3

QCD on the lattice

3.1 First steps towards QCD on the lattice

3.1.1 The path integral in Euclidean spacetime

The theory presented in Section 2.1 is set within Minkowski spacetime which we take

to describe our universe. The corresponding theory in Euclidean spacetime is arrived

at by performing a Wick rotation [18] that amounts to the transformations

t 7→ −it

∂0 7→ +i∂0. (3.1)

in the equations in Section 2.1. The Euclidean space action of the QCD sector of the

Standard Model is

SQCD[ψ, ψ,A] = SF[ψ, ψ,A] + SG[A]

SG[A] =
1

2g2

∫
d4x Tr

(
Fµν(x)Fµν(x)

)
SF[ψ, ψ,A] =

∫
d4x ψ(x)( /D +m)ψ(x) (3.2)

where Dµ = ∂µ + iAµ is the covariant derivative with Aµ ∈ L(SU(3)) and Fµν =

∂µAν−∂νAµ + i[Aµ, Aν ] is the field strength tensor. Colour, spinor and flavour indices

have been suppressed. For example, with all indices made explicit, the ψ(x) in the

action becomes ψ(x)
(f)
α
c

, where c is the colour index, α is the spinor index, and f is the

flavour index.

The QCD partition function in Euclidean spacetime is

Z =

∫
DψDψDA e−SQCD[ψ,ψ,A]. (3.3)

The contribution of a given field configuration is governed by the exponential factor

in the integrand. The exponential factor exp(−SQCD) in Equation 3.3 gives a path

23
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integral that lends itself to statistical techniques: the integrand will be sampled over a

set of gauge field configurations according to a distribution that accounts for the real

exponential factor.

3.1.2 The naive discretisation

To carry out the integration required to evaluate Euclidean space path integrals, for

example in Equation 3.3, a UV regulator must first be used. Lattice Field Theory

makes use of a momentum cut-off that results from replacing the Euclidean continuum

spacetime with the finite 4-dimensional hypercubic lattice

Λ =
{
x = an;n0 ∈ {0, 1, . . . , Nt − 1}, ni ∈ {0, 1, . . . , Nx − 1} for i = 1, 2, 3

}
(3.4)

of NtN
3
x lattice sites and lattice spacing a. The temporal extent of the lattice is

T = aNt and the spatial extent of the lattice is L = aNx in each of the three spatial

directions. The integral over spacetime in the definition of the action in Equation 3.2

is replaced by a sum over all sites of the lattice Λ. The quark fields are replaced by

variables with support on the lattice sites. The path integral measure DψDψ can now

be expressed as the product of measures

DψDψ =
∏
x∈Λ

∏
f,α,c

dψ(x)
(f)
α
c
dψ(x)

(f)
α
c

(3.5)

on each lattice site where α, c and f are spinor, colour and flavour indices respectively.

Under an SU(3) gauge transformation, the fields ψ and ψ transform in the fundamental

representation as

ψ(x)→ V (x)ψ(x) (3.6)

ψ → ψV (x)† (3.7)

where V (x) ∈ SU(3). In order to construct a gauge covariant derivative on the lattice,

link variables Uµ(x) are introduced that transform according to

Uµ(x) 7→ V (x)Uµ(x)V (x+ aµ̂)† (3.8)

and so the discrete derivative

∆µψ(x) =
Uµ(x)ψ(x+ aµ̂)− Uµ(x− aµ̂)†ψ(x− aµ̂)

2a
(3.9)
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x x+ aµ̂

x+ aµ̂+ aν̂x+ aν̂

Uµ(x)

U−ν(x+ aν̂)

U−µ(x+ aµ̂+ ν̂)

Uν(x+ aµ̂)

Figure 3.1: The plaquette variables, defined in Equation 3.12, are constructed from

four link variables. The variables and the links they correspond to are shown in the

figure. Nodes of the lattice Λ in Equation 3.4 are represented by circles. Nearest-

neighbour nodes are connected by lines that represent link variables.

transforms like ∆µψ → V∆µψ under gauge transformations, as required. By insisting

that the continuum action is recovered in the limit a → 0, and motivated by the

expression for the continuum gauge transporter

G(x, y) = P exp
(
i

∫ y

x

A · dy
)

(3.10)

which transforms according to Equation 3.8, the link variables are related to the gauge

field by the ‘approximate’ lattice gauge transporter

Uµ(x) = eiaAµ(x). (3.11)

Hence, Uµ(x) should be considered as the ‘link’ between the nearest-neighbour lattice

sites x and x+ aµ̂. Similarly, the plaquette variable is defined as

Uµν(x) = Uµ(x)Uν(x+ aµ̂)U−µ(x+ aµ̂+ aν̂)U−ν(x+ aν̂), (3.12)

the path-ordered product of link variables around an elementary lattice square (phys-

ical area a2). We also identify U−µ(x) with Uµ(x − aµ̂)†. The plaquette is given

diagrammatically in Figure 3.1.

Using these lattice objects, SQCD[ψ, ψ,A] from Equation 3.2 can be discretised in a
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gauge invariant manner through

SG[U ] =
2

g2

∑
x∈Λ

∑
plaq

ReTr
(

13 − Uplaq(x)
)

SF[ψ, ψ, U ] = a4
∑
f

∑
x∈Λ

[
ψ(x)(f)

4∑
µ=1

(
γµ
Uµ(x)ψ(x+ aµ̂)(f))− U−µ(x)ψ(x− aµ̂)(f))

2a

)

+m(f)ψ(x)(f)ψ(x)(f)

]
(3.13)

so that the continuum action is recovered in the limit a→ 0 (checked via a Taylor ex-

pansion of Uµ using Equation 3.11), where
∑

plaq Uplaq(x) is equivalent to
∑

µ<ν Uµν(x).

Discretisation errors occur at O(a2). This is known as the ‘naive discretisation’ of the

QCD action. Improved discretisations of SG and SF are discussed in subsequent sec-

tions.

3.1.3 Euclidean correlation functions on the lattice

We are primarily concerned with evaluating Euclidean correlators〈
O1(x1)O2(x1) . . .On(xn)

〉
=

1

Z

∫
DψDψDA e−SQCD[ψ,ψ,A]O1(x1)O2(x2) . . .On(xn)

(3.14)

where Z is the partition function given in Equation 3.3. Section 3.1.2 presented a

framework for replacing the Euclidean continuum spacetime with a 4-dimensional hy-

percubic lattice. Correlators are computed on the lattice by estimating the integration∫
DA over SU(3) in Equation 3.14 by importance sampling with a set Θ of gauge con-

figurations distributed to account for the weights in the functional integral e−SG , where

SG is the pure gauge part of the action. Effects of quarks in the sea manifest in lattice

QCD calculations through the distribution of gauge configurations. As an example,

the general quark bilinear correlator reduces to〈
ψ(x)α

c
ψ(y)β

c

〉
=

∫
DU
[
det(D)e−SGD(y|x)−1

βα
cc

]
(3.15)

when the integration of the quark fields is performed. The determinant of the quark

matrix in the integrand is taken into account when generating gauge configurations;
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the (unnormalised) probability weight is det(D)e−SG . Then, the bilinear correlator at

Equation 3.15 is approximated by replacing the weighted integral of D(y|x)−1
βα,cc with

the sum

〈
ψ(x)α

c
ψ(y)β

c

〉
≈ 1

|Θ|
∑
Un∈Θ

[
D(y|x)−1

βα
cc

]
(3.16)

over a finite set Θ of gauge field configurations distributed according to the prob-

ability weight described above. Statistical errors introduced by this approximation

are expected to be of order 1/
√
|Θ|. Modern algorithms for generating the gauge

configurations are presented in [19, 20, 21]. Throughout this thesis, I work with con-

figurations generated by the MILC Collaboration [22, 23, 24] that include charm and

strange quarks in the sea with masses tuned to their physical values, and also equal

mass up and down quarks in the sea, with a mass denoted by ml, with ml/ms = 0.2

and also the physical value ml/ms = 1/27.4 [6] (the determinants of these flavours

of quark matrices are taken into account when constructing the set of gauge field

configurations). The heavier flavours of quark are quenched, i.e. their quark matrix

determinants are set to 1 for the purposes of specifying the distribution of gauge field

configurations.

Recall that the temporal extent of the lattice is T = aNt and write the partition

function as ZT = Tr
(
e−TĤ

)
. Expanding traces in an orthonormal eigenbasis {|n〉} of

the Hamiltonian Ĥ, a general 2-point correlation function can be expressed as

〈
O(t2)O(t1)

〉
=

1

ZT
Tr
(
e−(T−t2)ĤÔe−(t2−t1)ĤÔ†e−(t1−0)Ĥ

)

=

∑
n,α,γ≥0

〈n|e−(T−t2)ĤÔ|α〉 〈α|e−(t2−t1)ĤÔ†|γ〉 〈γ|e−(t1−0)Ĥ |n〉∑
m≥0

〈m|e−TĤ |m〉

=

∑
n,α≥0

e−(T−[t2−t1])Ene−[t2−t1]Eα| 〈n|Ô|α〉 |2∑
m≥0

e−TEm
. (3.17)

Assuming uniqueness of the vacuum (energy E0), the states are indexed to satisfy

E0 < E1 ≤ E2 ≤ E3 ≤ . . . . In the limit of large T , the dominating terms in the

denominator are those with m = 0 due to the factor e−TEm , whilst dominating terms in

numerator also have n = 0 similarly. Since we are only interested in energy differences
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from the vacuum, we may without loss of generality take E0 = 0. Thus, in this limit,〈
O(t2)O(t1)

〉
≈
∑
α

e−[t2−t1]Eα| 〈0|Ô|α〉 |2 (3.18)

and so energies and amplitudes can be extracted from 2-point correlators by scrutin-

ising the dependence on t1 − t2.

Next, consider a general 3-point correlation function. Let the operator insertions be

on timeslices t1, t̃ and t2 satisfying t2 > t̃ > t1, then〈
O2(t2)O(t̃)O1(t1)

〉
=

1

ZT
Tr
(
e−(T−t2)ĤÔ2e

−(t2−t̃)ĤÔe−(t̃−t1)ĤÔ1e
−(t1−0)Ĥ

)

=

∑
n,α,β,γ≥0

〈n|e−(T−t3)ĤÔ2|α〉 〈α|e−(t3−t2)ĤÔ|β〉 〈β|e−(t2−t1)ĤÔ1|γ〉 〈γ|e−(t1−0)Ĥ |n〉∑
m≥0

〈m|e−TĤ |m〉

=

∑
n,α,β≥0

e−(T−[t2−t1])Ene−[t3−t2]Eαe−[t2−t1]Eβ 〈n|Ô2|α〉 〈α|Ô|β〉 〈β|Ô1|n〉∑
m≥0

e−TEm

≈
∑
α,β≥0

e−[t2−t̃]Eαe−[t̃−t1]Eβ 〈0|Ô2|α〉 〈α|Ô|β〉 〈β|Ô1|0〉 (3.19)

similarly. Hence, from 3-point correlation functions, we can access matrix elements

of the operator O between states created and annihilated by interpolators O1 and O2

respectively.

3.1.4 Twisted boundary conditions

Lattice interpolators can be projected onto non-zero spatial momenta via twisted

boundary conditions. Conventional periodic boundary conditions for quark fields ψ

can be generalised by

ψ(x+ aLx̂j) = eiθjψ(x) =⇒ pj ∈
{2πnj + θj

L

∣∣∣nj ∈ Z
}
, (3.20)

specified by the 3-vector θ allowing an arbitrary shift of the dual lattice, thus giving

rise to an alternative discrete set of available momenta p. In practice, the propagators

that I use in Chapters 4 and 5 have θ parallel to (1, 1, 1)T . The 3-momenta is then

specified by its magnitude only.
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3.1.5 Fitting lattice correlators

In Chapters 4 and 5, I use the corrfitter package [25] to fit 2-point and 3-point corre-

lation functions. Supposing that the mesons at the source and sink of the associated

three-point correlator were labelled Msrc and Msink respectively, the 2-point correlators

are fit to the functional forms

CMsrc
2pt (t) =

∑
i

b[i]2f(Eb[i], t)−
∑
i

bo[i]
2(−1)t/af(Ebo [i], t)

CMsink
2pt (t) =

∑
j

c[i]2f(Ec[j], t)−
∑
i

co[j]
2(−1)t/af(Eco [j], t) (3.21)

where the functions f(E, t) may take the form e−Et or e−Et + e−E(t−T ) to account for

non-periodic or periodic correlator data respectively. The indices i and j labels the

states. The second sums in Equation 3.21 are over states that contribute with a factor

(−1)t/a that oscillates with time (where a is the lattice spacing). States that give a

non-oscillatory or oscillatory contribution to the CMsrc
2pt correlator have amplitude b[i]

and bo[i] respectively, and energy Eb[i] and Ebo [i] respectively (similarly for the CMsink
2pt

correlator). The 3-point correlators of Msrc →Msink are fit to the functional form

C3pt(t, twidth) =
∑
i,j

b[i]e−Eb[i]tVnn[i, j]c[j]e−Ec[j](twidth−t)

−
∑
i,j

(−1)(twidth−t)/ab[i]e−Eb[i]tVno[i, j]co[j]e
−Eco [j](twidth−t)

−
∑
i,j

(−1)t/abo[i]e
−Ebo [i]tVon[i, j]c[j]e−Ec[j](twidth−t)

+
∑
i,j

(−1)twidth/abo[i]e
−Ebo [i]tVoo[i, j]co[j]e

−Eco [j](twidth−t) (3.22)

where twidth is the temporal width of the 3-point correlator. The first sums in Equa-

tions 3.21 and 3.22 follow from the spectral decomposition of the Euclidean correlators

in Equations 3.17 and 3.19, and the oscillatory contributions are included in Equa-

tions 3.21 and 3.22 to account for the contributions from the staggered quark time-

doublers (to be discussed in Section 3.4). The constraint E[k] ≤ E[k + 1] is imposed

via log-normal prior distributions for the energy differences. In Chapters 4 and 5, I am

only interested in extracting matrix elements of the lowest-lying states corresponding

to the interpolators at the source and sink. The presence of terms in Equations 3.21
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and 3.22 involving higher energy states are necessary to give a good fit and allows for

the full systematic uncertainty from the presence of excited states to be included.

In my fits of correlation functions, I minimise the usual χ2

∑
i,j

(
f(xi; p)− yi

)
(σy)−2

ij

(
f(xj; p)− yj

)
, (3.23)

with respect to the fit parameters p, where the covariance matrix is estimated by

σyij =
f(xi; p)f(xj; p)− f(xi; p) f(xj; p)

Ns(Ns − 1)
, (3.24)

with the additional piece

∑
a

(
pa − pprior

a

σa

)2

, (3.25)

where the prior distribution for the parameter pa in the fit function f(xi; p) is the

normal distribution N (pprior
a , σa). Here, yi is the correlator data, f(xi; p) is the cor-

responding fit function with parameters p (functions of the amplitudes, energies and

matrix elements), and Ns is the number of samples. Therefore, the cost function to

be minimised is the sum of the pieces in Equations 3.23 and 3.25 which I denote as

χ2
aug [26, 27, 28].

The covariance matrix in Equation 3.24 is often very large. Without a very large

number of statistical samples of the correlation functions, small eigenvalues of the

covariance matrix are underestimated [29, 30] and this causes problems when carrying

out the inversion of σy in Equation 3.23 to find χ2. This can be overcome by using

an SVD (singular-value decomposition) cut; any eigenvalue of the covariance matrix

smaller than some proportion c of the biggest eigenvalue λmax is replaced by cλmax.

By carrying out this procedure, the covariance matrix becomes less singular. Taking

an SVD cut is equivalent to introducing noise into the data [30]. Hence, this strategy

is always conservative. In this thesis, I carry out fits with different values of c in

order to determine a choice of c that yields fits that are stable with other choices of

fit parameters and give reasonable errors on the extracted energies, amplitudes and

matrix elements. Generally, on lattices where larger statistics are available, the fits

are robust for a smaller SVD cut, i.e. a smaller value of c, and thus smaller errors on

the extracted quantities can be achieved.



3.1. First steps towards QCD on the lattice 31

When using an SVD cut, it is common to find fits with χ2/d.o.f. much less than 1;

taking an SVD cut can cause the goodness of fit to be underestimated [30]. This is

because random statistical fluctuations of the correlators are not accurately represented

by the covariance matrix after an SVD cut is taken. To remedy this scenario, noise is

introduced into the prior distributions and noise is added to the correlator data also

(again see the appendices of [30]). Fits then proceed as normal by minimising the

χ2
aug that includes the extra noise in the data and priors. In Chapter 5, I use this

method and report on the goodness of fit through the χ2/d.o.f. and also the Q-value

(equivalent to the p-value) which has the probabilistic interpretation of the chance

that the χ2/d.o.f. could be larger with the assumption that the fit model is true.

Contrastingly, when taking an SVD cut in Chapter 4 for my study of Bc → Ds, I do

not use the techniques described above since I find that the noise added to the data

and priors makes the fits too unstable. Instead, I thoroughly investigate a range of

different SVD cuts to ensure stable and reliable extraction of the matrix elements.

I give further details of the fits of correlation functions in Chapters 4 and 5.
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3.2 An improved gauge field action

The action SG for the gauge field in Equation 3.13 admits O(a2) discretisation errors.

This action can be improved via the Symanzik improvement program: terms are added

to the action which correct for the discretisation errors and respect the symmetries

we expect the action to observe. In this case, the appropriate terms to introduce that

remove a2 terms from SG are path-ordered products of link variables that form closed

loops of six link variables. The parameters in the gauge field configurations used in

Chapters 4, 5 and 6 were found according to [31] to order O(αs).

Another improvement is required as a consequence of using the link variables Uµ

instead of the gauge field Aµ in the actions in Equation 3.13. At large momenta,

where asymptotic freedom is observed, we expect perturbation theory to be applicable

to lattice QCD. Upon Taylor expanding Equation 3.11, we see that powers of Aµ are

suppressed by powers of the lattice spacing. However, contributions from the gluon

loops in tadpole diagrams (a gluon propagator contracted with the vertex from which

it originated) give rise to ultraviolet divergences that exactly cancel this lattice spacing

suppression [32]. Hence, the O(a2) terms in Equation 3.11 should be thought of as

being suppressed by the coupling only and not the lattice spacing. Hence, larger than

expected contributions are found from these higher order terms. In practice, this issue

is resolved by scaling the link variables

Uµ(x) 7→ Uµ(x)

u0

(3.26)

where u0 is the mean value of the plaquette, a gauge invariant quantity, over the

entire lattice [33]. This has the effect of cancelling the tadpole effects [34]. After

implementing these improvements, we arrive at the Lüscher and Weisz gauge action

which is used throughout this thesis.
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3.3 NRQCD for heavy quarks

Inside many hadrons with a valence bottom quark, bottom quarks are known to behave

non-relativistically to a good approximation. The action for the NRQCD formalism

takes the form of a non-relativistic approximation with relativistic corrections included

up to some order in v2 where v is the velocity of the heavy quark.

Following [35], I begin with the action

S0 =

∫
d4xψ†(x)

(
iD0 +

D2

2M

)
ψ(x) (3.27)

of the 2-component field ψ describing the quark. There is a similar action for the

2-component antiquark field χ. The equation of motion corresponding to the action

in Equation 3.27 is the Schrödinger equation from quantum mechanics. To account

for relativistic effects, terms with increasing powers of v2 are introduced. By using

classical field equations, the scaling behaviour of the fields and operators can be ap-

proximated which are then combined to construct an exhaustive list of terms up to

a particular order in v2 that are gauge invariant, parity conserving, invariant under

charge conjugation etc. The coefficients of these terms can then be determined by

comparing with results from full QCD.

An alternative derivation follows from directly expanding the Lagrangian for the

4-component relativistic quark field in powers of v2 and terms are kept to the or-

der in v2 desired. This can be done through the a Foldy-Wouthuysen-Tani (FTW)

transformation [36, 37]

ψ(x) 7→ eiγ
iDi/2me−igγ

iγ0Ei/2m
2

e

(
g
4
γi(D0Ei−EiD0)+ 1

3
(iγiDi)

3
)
/2m3

e−imx
0γ0

ψ(x) (3.28)

where Ei = F 0i and Bi = 1
2
εijkF jk are the chromoelectric and chromomagnetic fields

respectively. Again, power counting reveals the most important terms. Coefficients

found here will be correct only at tree-level.

Once the continuum action has been constructed to the required order in v2, it

then remains to Wick rotate and discretise the theory onto a 4-dimensional lattice.

As usual, derivatives are replaced by finite differences and dependence on the gauge

field is expressed in terms of the link variables (see Equation 3.11). There are many

different choices of lattice action that differ only by the terms suppressed by higher
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powers of lattice spacing. One such convenient choice is

SNRQCD = a3
∑[

ψ†ψ(x)

− ψ†(x+ at̂)

(
1− aH0

2n

)n(
1− aδH

2

)
U †t (x)

(
1− aδH

2

)(
1− aH0

2n

)n

ψ(x)

]
(3.29)

where aδH are the corrections in the NRQCD action to aH0 = −∆(2)

2am
given, as in [10],

by

aδH = −c1
(∆(2))2

8(am)3
+ c2

ig

8(am)2
(∆ · Ẽ − Ẽ ·∆)− c3

g

8(am)2
σ · (∆× Ẽ − Ẽ ×∆)

−c4
g

2am
σ · B̃ + c5

a2∆(4)

24am
− c6

a(∆(2))2

16n(am)2
.

(3.30)

The tilde denotes that the clover-improved [38] field strength tensor has been used

to reduce discretisation effects. Tadpole improvements (as discussed in Section 3.2)

have also been carried out. The operators ∆(2) and ∆(4) are discretisations of
∑

iD
2
i

and
∑

iD
4
i respectively. This action includes terms up to and including all O(v4)

contributions (cj = 1 for j = 1, . . . , 6 at tree-level). This leads to the propagator

evolution equation

G(x, y) = φ(x, y)δx0,y0

G(x+ at̂, y) =

(
1− aH0

2n

)n(
1− aδH

2

)
U †t

(
1− aδH

2

)(
1− aH0

2n

)n

G(x, y) (3.31)

that follows directly from

DG = δ, (3.32)

where D is the quark matrix in SNRQCD in Equation 3.29. The parameter n is chosen

to ensure stable temporal evolution of G. Historically, as in [10, 39, 40], a popular

choice is n = 4. Evolving G via Equation 3.31 is very cheap compared, for example,

to calculating propagators of HISQ quarks.

The choice of action in Equation 3.29 differs from that originally proposed in [35],

though the action presented here is a common choice in simulation. The differences
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are due to how e−aH is approximated. The temporal symmetry of Equation 3.31 leads

to an aesthetically similar equation that describes how the propagator on a timeslice

can be found from the propagator on the next timeslice. Using this equation allows

the timeslice of the propagator sink to be earlier than the timeslice of the propagator

source. This is used in Chapter 5 for Bc → Bs(d) where the NRQCD propagator for

the spectator b quark is evolved backwards from a source at the interpolator of the

Bs(d) meson and the sink is at the interpolator of the Bc meson.

I use lattice NRQCD for valence b quarks in Chapters 5 and 6. I use the same action

coefficients cj as in [39, 40] and this choice is discussed in [10].

Finally, I remark that the transformation piece ψ 7→ e−imx
0γ0
ψ in Equation 3.28 has

the effect of lowering the energies of the simulated B mesons. Physical masses can be

recovered. For the case of the B meson, its mass can be reconstructed through

mexpt
B = Esim

B (pB = 0) +
1

2

(
mexpt

bb
− Esim

bb
(pbb = 0)

)
, (3.33)

where bb is some chosen bottomonium state. Crucially, the physics is unchanged

apart from this shift in simulation energies. This property is particularly relevant for

Chapter 6 where a Euclidean artefact is avoided by lowering the B meson simulation

energy is this manner.
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3.4 Staggered quarks and the HISQ action

The so-called ‘naive’ discretisation of the fermion action, as described in Section 3.1.2,

is invariant under the field transformation

ψ(x) 7→ γργ5e
iπxρ/aψ(x)

ψ(x) 7→ ψ(x)γ5γρe
iπxρ/a, (3.34)

where ρ ∈ {1, 2, 3, 4}. The corresponding transformation in momentum space is

ψ(p)→ γργ5ψ(p− ρ̂), (3.35)

where ρ̂ is one of the four unit vectors 1̂, 2̂, 3̂ and 4̂ aligned along the principal directions

of the lattice. Equation 3.35 relates momentum modes at the corners of the Brillouin

zone pµ ∈ [−π/a, π/a). Consequently, additional poles in the propagator are present.

This is most clearly seen in the case of massless fermions where the lattice propagator

takes the form

S(p) = a

−i∑
µ

γµ sin(apµ)∑
µ

sin2(apµ)
(3.36)

where poles are present for each p with − a
π
pµ = 0 or 1 for all µ, since the numerator

in Equation 3.36 vanishes. Thus, the field ψ corresponds to 24 different species of

fermion; rather than the expected single fermion created by ψ, we have one for each

corner of the Brillouin zone.

Assuming that quarks are nearly on-shell on the lattice, these different species of

fermion interact via the exchange of highly virtual (hard) gluons with momentum

O(π/a), large enough to move from one corner of the Brillouin zone to another. These

interactions are unphysical and appear as a2 discretisation effects, for example split-

tings in pion masses between different species [41]. Hence, to improve the naive action

presented in Section 3.1.2 by removing all sources of a2 discretisation error, we must

carry out the two steps

1. Improve the discretisation of the continuum covariant derivative via the Symanzik

improvement program.
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ζπ/a

Figure 3.2: An example of a taste interaction at tree-level: a pair of quarks exchange

a highly virtual gluon and consequently undergo a change of species (denoted by the

solid and dashed lines). The gluon has momentum p = ζπ/a where ζ is one of sixteen

4-vectors with components ζµ ∈ {0, 1}.

2. Remove/suppress species-changing interactions.

The first step is achieved by introducing a third-nearest-neighbour piece

∆µ 7→ ∆µ −
a2

6
(1 + ε)∆3

µ, (3.37)

where the ‘Naik’ parameter ε corrects for leading order errors in tree-level dispersion

relations. This parameter is fixed so that the pole of propagator coincides with the

tree-level kinematic mass according to [42]. In practice, it is common to use ε 6= 0 only

for propagators at the mass of the charm or heavier where this correction is expected

to have a significant effect.

For the second step, the species-changing interactions are dealt with in perturba-

tion theory since these effects involve the exchange of large momenta and are thus

perturbative in nature. At tree-level, these interactions proceed via the exchange of

a single highly virtual gluon. An example is shown in Figure 3.2. The tree-level in-

teractions can be suppressed by smearing the link variables according to the ‘Fat-7’

procedure outlined in Appendix A. The F fat7 smearing has the effect of removing high

momentum modes of the gluon.

Beyond tree-level, hard gluon exchange can be systematically removed to whichever

order we wish in perturbation theory by introducing the necessary counterterms. The

one-loop corrections take the form of 4-quark counterterms whose coefficients we can

determine. However, it has been found that further smearing is an effective alternative
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to perturbation theory at one-loop [43]. The smeared links

Xµ = UF fat7Uµ

Wµ = F fat7UF fat7Uµ (3.38)

feature in the ‘HISQ’ (Highly Improved Staggered Quark) fermion action [44]

SHISQ = ψDψ =
∑
x

ψ(x)
(∑

µ

γµ

[
∆µ(W )− a2

6
(1 + ε)∆3

µ(X)
]

+m
)
ψ(x), (3.39)

where the reunitarisation U operator prevents the smeared links X and W from becom-

ing so large that the interactions we seek to suppress do not receive enhancement from

the large number of terms that come from repeatedly smearing such as F fat7F fat7Uµ,

for example.

The O(a2) improved action can be diagonalised in spin-space by transforming the

quark fields as

ψ(x)→ Ω(x)ψ(x) (3.40)

ψ(x)→ ψ(x)Ω(x)† (3.41)

where

Ω(x) = γ
x0/a
0 γ

x1/a
1 γ

x2/a
2 γ

x3/a
3 . (3.42)

To demonstrate this, consider each term in the action in Equation 3.39. The spacetime-

spin matrix Ω(x) is unitary, so the spin-diagonal mass term remains spin-diagonal.

Since

Ω(x)†(x)γµΩ(x± µ̂) = 14(−1)
∑
ν<µ xν , (3.43)

the term ψγ ·∆ψ is also diagonalised. Finally,

Ω(x)†(x)γµΩ(x± 3µ̂) = 14(−1)
∑
ν<µ xν , (3.44)

so the term ψγµ(1+ε)∆3
µψ is also diagonalised with the same spacetime factor αµ(x) :=

(−1)
∑
ν<µ xν as in Equation 3.43. Hence, after this transformation, the action becomes

SHISQ =
∑
x

ψ(x)
(∑

µ

αµ(x)
[
∆µ(W )− a2

6
(1 + ε)∆3

µ(X)
]

+m
)
ψ(x) (3.45)
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and so the spin components of the transformed field ψ are decoupled. Hence, Equa-

tion 3.45 gives four decoupled and kinematically identical variables, one for each spin

component of ψ. The propagator can now be expressed as

S(x, y) = s(x, y)Ω(x)Ω(y)† (3.46)

where s(x, y) has no spinor structure (hence the spin structure of the naive propagator

is independent of the gauge field). The ‘staggered’ propagator s(x, y) is found by

inverting a colour-spacetime matrix, a much less demanding task than finding the

inverse of a matrix that additionally has spinor degrees of freedom.

Since the action in Equation 3.45 describes four kinematically identical fields, ψα

for each α = 1, 2, 3, 4, three of these four components may be discarded. Without loss

of generality, suppose only the first spin component is kept and call this field χ. Then,

the action in Equation 3.45 becomes

∑
x

χ(x)
(∑

µ

αµ(x)
[
∆µ(W )− a2

6
(1 + ε)∆3

µ(X)
]

+m
)
χ(x). (3.47)

The corresponding quark matrix from Equation 3.47 is inverted off source vectors

to yield staggered propagators that are used to construct correlators. Unlike the

NRQCD formalism presented in Section 3.3, there is no evolution equation for the

HISQ propagator s = d−1, where d is the colour-spacetime quark matrix associated

with the field χ. Instead, the conjugate gradients algorithm [45] is used to invert the

hermitian and positive definite matrix d†d which is then combined with d† to yield the

required inverse s = d−1. In Chapters 4, 5 and 6, I carry out inversions of HISQ quark

matrices using the MILC code [46].

In the simple case of free fermions, I now demonstrate that the sixteen-fold degen-

eracy observed in Equation 3.36 has become four-fold. Firstly, define the fields

φαbB (xB) =
1

8

∑
ηµ∈Z2

Ω(η)αbχ(xB + aη)

φ
αb

B (xB) =
1

8

∑
ηµ∈Z2

Ω(η)bα∗χ(xB + aη) (3.48)

which have support on each hypercube which I label by xB where xB + aη with ηµ ∈
{0, 1} are the sixteen sites of the hypercube. The indices α and b run from 1 to 4. By
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noting the property

Tr
[
Ω(η)†Ω(η′)

]
= 4δη,η′ , (3.49)

the expressions in Equation 3.48 can be inverted to give

χ(xB + aη) = 2Tr
[
Ω(η)†φ(xB)

]
(3.50)

χ(xB + aη) = 2Tr
[
φ(xB)Ω(η)

]
. (3.51)

Using the property in Equation 3.49, as well as∑
η

[
Ω(η)bc∗Ω(η)b

′c′
]

= 4δb,b′δc,c′ , (3.52)

it is a simple exercise to show that the mass term in Equation 3.47 can be expressed

in terms of ψB as

a4
∑
x

χ(x)χ(x) = (2a)4
∑
xB

Tr
[
φB(xB)φB(xB)

]
= (2a)4

∑
xB

φB(1⊗ 1)φB(xB), (3.53)

where I use the notation

φB(M1 ⊗M2)φB = Tr
(
φBM1φBM

†
2

)
, (3.54)

commonly referred to as the ‘spin-taste basis’. A similar treatment of the (unimproved)

kinetic term in Equation 3.47 yields

a4
∑
x

∑
µ

αµχ∆µχ = (2a)4
∑
xB

∑
µ

φB(γµ ⊗ 1)∆µφB (3.55)

where

∆µφB(xB) =
φB(xB + 2aµ̂)− φB(xB − 2aµ̂)

2(2a)
. (3.56)

Crucially, when written in terms of φB, the action in Equation 3.47 appears as the

action for four different fields φαbB labelled with the b index. Terms that couple these

different particles, or ‘tastes’, appear as O(a2) terms in the action. To use the action

in Equation 3.47, the additional tastes must be accounted for. As demonstrated in

Equation 3.15, the determinant of the quark matrix appears in the probability weight
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of the Monte Carlo sampling of the gauge field. To prevent over-counting of quark

loops in the QCD sea, this determinant is replaced with det(D)
1
4 . This tactic has not

been rigorously justified, though numerical evidence has been intensely scrutinised [47,

48, 49, 50]. This strategy has been used to great effect for over a decade of lattice

calculations with staggered quarks.

In practice, when using interpolators to construct correlators on the lattice, we can

work with different tastes of mesons. However, tastes of meson at each interpolator

in a correlator must be chosen in a consistent way. For example, to construct a 2-

point correlation function, the sink operator must be chosen to annihilate the taste of

meson created at the source operator. Otherwise, the 2-point correlation function will

vanish indicating an inconsistent treatment of taste. Generally, provided that ΓΩ(η) =

Ω(η)Γ up to a spacetime dependent sign, it can be shown (using Equation 3.49) that

φB(Γ⊗Γ)φB corresponds to a local bilinear in χ with some spacetime-dependent sign.

I make prolific use of insertions of this form in my all-HISQ calculations in Chapter 4.

Explicitly, considering the case Γ = γ5 (hermitian) as an example,∑
xB

φB(xB)(γ5 ⊗ γ5)φB(xB) =
∑
xB

1

82

∑
η,ε∈{0,1}

χ(xB + η)χ(xB + ε)Tr
(

Ω(η)†γ5Ω(ε)γ†5

)
=
∑
xB

4

82

∑
η∈{0,1}

χ(xB + η)χ(xB + η)(−1)
∑
µ ηµ

=
4

82

∑
x

ψ(x)γ5ψ(x), (3.57)

where, in the last line, ψ(x) = Ω(x)(χ(x), 0, 0, 0) is the naive quark field and I have

used Ω(η)†γ5Ω(η) = γ5(−1)
∑
µ ηµ . Importantly, the spacetime dependent sign in the

second line is absorbed into the gamma matrix structure of the bilinear ψγ5ψ of naive

quark fields. By Equation 3.57, the operator γ5 ⊗ γ5, written in the spin-taste basis,

can be identified with the local ψγ5ψ bilinear of naive quark fields. Then, the 2-point

correlation function with γ5 ⊗ γ5 at both the source and sink is

C2pt =
∑
x,y

Trcolour

(
s(x, y)s(x, y)∗

)
Trspin

(
Ω(x)†Ω(y)γ5γ5Ω(y)†Ω(x)γ5γ5

)
= 4

∑
x,y

Trcolour

(
s(x, y)s(x, y)∗

)
. (3.58)

where γ5-hermiticity has been used in the first line. Note that the spin-trace does not

vanish, thus this correlator has a consistent treatment of taste.
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The interpolator ψγ5ψ overlaps onto states with JP = 0−. The interpolator ψγ0γ5ψ

also has overlap onto JP = 0− states, i.e. the pseudoscalar particles of the theory.

Similarly to the above, γ0γ5⊗γ0γ5 corresponds to ψ(x)γ0γ5ψ(x). What would happen

if we were to construct a 2-point correlation function with γ0γ5 ⊗ γ0γ5 as the sink

interpolator and γ5 ⊗ γ5 as the source interpolator? Both these interpolators have

overlap onto JP = 0−, yet this correlator vanishes due to taste inconsistency, as I now

demonstrate. The spin-trace of the associated correlator, in analogy to the first line

of Equation 3.58, is

Trspin

(
Ω(x)†Ω(y)γ5γ5Ω(y)†Ω(x)γ0γ5γ5

)
= Trspin

(
γ0

)
= 0. (3.59)

Similar analyses must be done for 3-point correlation functions that exclusively use

staggered quarks. For example, in the 3-point correlation functions of the vector

current in Chapter 4, I use different tastes of pseudoscalar interpolator at the source

and sink to accommodate the non-trivial spin-structure of the vector current insertion.

This necessitates interrogation of 2-point correlation functions with both choices of

interpolator so that the energies and overlaps of states onto the interpolators used in

the 3-point correlation functions can be extracted.



Chapter 4

Vector current form factors for

Bc→ Ds with heavy-HISQ

4.1 Introduction

Since Bc → Ds is a flavour-changing neutral current (FCNC) transition, the decay

is loop-suppressed in the Standard Model and thus could be more sensitive to sig-

nals from new physics beyond that described by the Standard Model. Determination

of the relevant form factors from a lattice QCD calculation is required to establish

a theoretical prediction from the Standard Model that could then be compared to

experiment.

In this chapter, I report on the progress I have made on calculating the vector

current V µ = sγµb matrix elements

〈Ds(p2)|V µ|Bc(p1)〉

= f
D(s)

0 (q2)

[
M2

Bc
−M2

Ds

q2
qµ

]
+ fDs+ (q2)

[
pµ2 + pµ1 −

M2
Bc
−M2

Ds

q2
qµ

]
. (4.1)

associated with the transition Bc → Ds, where q = p1−p2 is the 4-momentum transfer.

This is the first lattice QCD calculation of these matrix elements.

The transition Bc → Ds proceeds via b → s, a transition between quarks of the

same electromagnetic charge. This neutral decay can be described by the effective

Hamiltonian [51, 52, 53, 54]

Heff = −4GF√
2

∑
i

CiOi, (4.2)

a sum over operators Oi with Wilson coefficients Ci that are well known [55, 56, 57].

In particular, the dominant contributions from short-distance physics come from the

43
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operators

O7 =
mbe

16π2
(sσµνPRb)F

µν (4.3)

O9 =
e2

16π2
(sγµPLb)`γµ` (4.4)

O10 =
e2

16π2
(sγµPLb)`γµγ5`, (4.5)

where PL,R = 1
2
(1 ± γ5). Hence, since QCD conserves parity, the sought after QCD

matrix elements are those with an insertion of the vector current, as expressed in

Equation 4.1 in terms of the form factors f0 and f+, and also with an insertion of

the tensor operator T µν = sσµνb. The matrix elements of the tensor operator can be

parametrised as

〈Ds(p2)|T µν |Bc(p1)〉 = fDsT (q2)
[
pµ1p

ν
2 − pν1pµ2

] 2

MBc +MDs

(4.6)

in terms of the tensor form factor fT . Determination of fT (q2) from lattice calculations

is complicated by the renormalisation of the lattice tensor operator. In this chapter, I

focus on obtaining the vector current form factors.

A study of Bc → D facilitated by the b → u vector current with lattice QCD

can proceed similarly to the calculation of Bc → Ds presented in this thesis. The

decay Bc → D proceeds at tree-level in the Standard Model via the bottom quark

changing flavour to an up quark via the emission of a W boson. Determination of the

vector current form factors will allow scrutiny of the CKM matrix element Vub once

combined with experimental data. Alternatively, combining the form factors with an

existing value of the CKM matrix element Vub will lead to a prediction of the decay

rate. Equation 4.1 defines the ‘scalar’ form factor f0 and ‘vector’ form factor f+ for

Bc → Ds. The corresponding form factors for Bc → D are defined in the same fashion.

The only difference in studying the two transitions in lattice QCD is that Bc → D

involves a lighter valence quark in the final meson. Hence, the study of the Bc → Ds

form factors presented in this chapter can be considered as a prelude to a calculation of

Bc → D as well as being a valuable study in its own right. For Bc → D, determination

of the form factors will, along with a value of the CKM matrix element Vub, allow a
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prediction of the decay rate

dΓ

dq2
=
G2
F |Vub|2
24π3

(
1− m2

`

q2

)
|q|
[(

1 +
m2
`

2q2

)
|q|2f+(q2)2 +

3m2
`

8q2

(M2
Bc
−M2

D)2

M2
Bc

f0(q2)2

]
(4.7)

to be made. The contribution of the form factor f0 is suppressed by the lepton mass

and thus is only relevant for the case ` = τ .

I use HPQCD’s heavy-HISQ approach [58, 59, 60]. Here, all flavours of quark are

implemented with the HISQ formalism [44], allowing for an accurate non-perturbative

renormalisation of the lattice current (details to follow in Section 4.2.1.2). This is a

fully relativistic approach which involves calculations for a set of quark masses enabling

a fit from which the physical result at the b quark mass in the continuum can be

determined. Results are derived from correlation functions, detailed in Section 4.3.1,

computed on MILC Collaboration gauge configurations with a range of lattice spacings

including 2 + 1 + 1 flavours of dynamical sea quarks in the Highly Improved Staggered

Quark (HISQ) formalism (discussed in Section 3.4). Lattices with particularly small

lattice spacings are used, motivated by the necessity to avoid large discretisation effects

that grow with amh (as (amh)
4 at tree-level) whilst gathering data at large masses that

will reliably inform the limit mh → mb.

Data corresponding to Bc → D and Bc → Ds can be obtained simultaneously since

their analyses have many resources in common, for example gauge field configurations

and HISQ propagators at the mass of the charm quark and heavier. However, the

generation of propagators at lighter masses is computationally more expensive. The

fine lattices needed for the heavy-HISQ method (to control discretisation effects asso-

ciated with the bottom quark) make generating propagators for light quarks especially

demanding. Since a study of Bc → Ds does not involve any light valence quarks,

Bc → Ds is a computationally cheaper study. Hence, I defer the collection of corre-

lation function data for Bc → D on the finest lattice to a later date. This chapter is

primarily concerned with my complete calculation of the form factors f0 and f+ for

Bc → Ds. I present results for these form factors. A study of Bc → D will follow at a

later date.
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4.2 Ward Identities

The Partially Conserved Vector Current (PCVC) Ward identity provides the means

to non-perturbatively obtain the multiplicative renormalisation factor ZV of the local

HISQ-HISQ vector current on the lattice. Also, this relation allows the form factor f0

to be straightforwardly accessed from the matrix element of the scalar density. Con-

served vector currents in staggered formulations are complicated and cumbersome lin-

ear combinations of point-split operators (see [61] for example). Hence, it is preferable

to instead use the non-conserved local vector current and determine the renormalisa-

tion. I begin by deriving the Ward identity in Section 4.2.1.1, then in Section 4.2.1.2 I

explain its use in my calculation of the f+ form factor. Next, in Section 4.2.2, I show

how the Partially Conserved Axial Current (PCAC) Ward identity can be used to de-

termine meson decay constants from amplitudes of the associated 2-point correlation

functions.

4.2.1 The Partially Conserved Vector Current Ward identity

4.2.1.1 PCVC derivation

The continuum QCD action can be written as

S[A,ψ] =

∫
DADψ L =

∫
DADψ

(1

4
F 2 +

∑
f

iψf /Dψf +
∑
f

mfψfψf

)
(4.8)

where the sums are over the flavours of quark. Consider the global flavour transfor-

mation

δεψf = εαaT aff ′ψf ′

δεψf = −εαaψf ′T af ′f
=⇒ δεL = δε

∑
f

mfψfψf

=
∑
f,f ′

mf (ψfXff ′ψf ′ − ψf ′Xf ′fψf ) (4.9)

where {T a} are SU(Nf ) generators, αa are small parameters, and Xff ′ = αaT aff ′ . In

the case where mf = 0 for all flavours, the RHS of Equation 4.9 vanishes and so the

action is invariant; the theory possesses a SU(Nf ) symmetry. Proceed instead with
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the case of distinct masses, which explicitly breaks the symmetry. Considering now

the corresponding local transformations by letting ε = ε(x) vary with x, we have

(δε(x) − δε)L = i(ψfγ
µXff ′ψf ′)(∂µε(x)). (4.10)

Indeed, this is the form that (δε(x)− δε)L necessarily must take as it should vanish for

constant ε. Writing jµ = iψfγ
µXff ′ψf ′ and discarding a total derivative, it follows

that

(δε(x) − δε)S = −
∫
dx ∂µj

µ. (4.11)

Next, take the path integral measure to be invariant under this transformation. Ne-

glecting the gluonic part of the path integral, and denoting transformed objects with

a prime, then

〈
O1(x1)O2(x2)

〉
=

∫
D[ψ, ψ]e−SO1(x1)O2(x2)

=

∫
D[ψ′, ψ

′
]e−S

′O′1(x1)O′2(x2)

=

∫
D[ψ, ψ]e−S

(
1−

∫
ddx ε(x)δL

)

×
(
O1(x1) + ε(x1)δO1(x1)

)

×
(
O2(x2) + ε(x2)δO2(x2)

)
+O(ε2)

=⇒ 0 =

∫
ddx ε(x)

(〈
δLO1(x1)O2(x2)

〉
+ δd(x− x1)

〈
δO1(x1)O2(x2)

〉
+ δd(x− x2)

〈
O1(x1)δO2(x2)

〉)
.

(4.12)

Finally, take nf = 2 and X = 1
2
(σ1 + iσ2) =

0 1

0 0

 so that

O1(x1) = ψ1(x1) =⇒ δO1(x1) = ψ2

O2(x1) = ψ2(x2) =⇒ δO2(x2) = ψ1. (4.13)
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Then, after taking a functional derivative with respect to ε(x), Equation 4.12 becomes

− ∂µ
〈
ψ1(x1)V µψ2(x2)

〉
+ (m1 −m2)

〈
ψ1(x1)Sψ2(x2)

〉
= δ(x− x1)

〈
ψ1(x1)ψ1(x2)

〉
− δ(x− x2)

〈
ψ2(x1)ψ2(x2)

〉
(4.14)

where V µ = ψ1γ
µψ2 is the vector current and S = ψ1ψ2 is the scalar density.

Restricting to the case where the timeslice occupied by the current insertion point

is not also occupied by the creation of the initial meson and the annihilation of final

meson, Equation 4.14 simplifies since the terms with the delta-functions may be ig-

nored. Applying this to the decay Bc → Ds, flavours denoted by subscripts 1 and 2

will correspond to s and b. In conclusion, for the purposes of the decay in question,

one may take the momentum-space identity

qµ
〈
ODs(p2, t2)VµO†Bc(p1, t1)

〉
= (mb −ms)

〈
ODs(p2, t2)SO†Bc(p1, t1)

〉
. (4.15)

Note that mb and ms are the bare quark masses that appear in action.

4.2.1.2 Using the PCVC in lattice calculations

The Partially Conserved Vector Current (PCVC) Ward identity allows for a fully

non-perturbative renormalisation of the local lattice vector current. To show this

procedure, return to Equation 4.14 and integrate over all spacetime to give

(mc −ms)

∫
d4x

〈
ψ1(x1)Sψ2(x2)

〉
= −

〈
ψ1(x1)ψ1(x2)

〉
+
〈
ψ2(x1)ψ2(x2)

〉
(4.16)

using the Divergence Theorem. Next, consider the corresponding relation on the lat-

tice with local interpolators only: the local vector current, local scalar density and

quark fields need renormalising. Since I use the same quark formalism for all quarks,

they share a wavefunction renormalisation factor Zψ. Let the multiplicative renor-

malisation factors for the local lattice vector current and scalar density operators be

ZV and ZS respectively. The scalar density renormalisation factor ZS and the mass

renormalisation factor Zm are related [62] as follows. Renormalisation of the RHS of

Equation 4.16 is achieved by multiplying by Zψ. The RHS is finite after this multi-

plication. Since the LHS and RHS of Equation 4.16 are equal, the LHS is finite also
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and hence renormalised. Alternatively, the LHS of Equation 4.16 could have been

renormalised by multiplying by ZmZSZψ. Since multiplying by Zψ also renormalises

the RHS, then Zψ = ZmZSZψ and so

ZmZS = 1. (4.17)

By Equation 4.17, the factor ZmZS required to renormalise the RHS of Equation 4.15

simplifies to 1. Then, the lattice expression for Equation 4.15 is

qµ〈V µ
lattice〉b→sZV = (mb −ms)〈Slattice〉b→s , (4.18)

where ZV is the renormalisation constant [63, 64] for the local vector current. Hence,

matrix elements of the local scalar density on the lattice, in conjunction with matrix

elements of the local vector current, can be used to compute the renormalisation factor

ZV for the local vector current.

Using the same discretisation formalism for the parent and daughter quarks allows

for the vector current to be renormalised non-perturbatively in this way. This strategy

has the advantage of avoiding perturbative operator matching prevalent in heavy-light

quark decays where different actions for parent and daughter quarks have been used.

This procedure is less precise. For example, [39] sees an NRQCD quark decaying into

a HISQ quark, and so perturbative matching was required.

Since ZV is q2 independent, in principle ZV need only be found at zero-recoil where

qµ has only a temporal component [65]. This avoids the need to calculate 3-point

correlators associated with the spatial components of the vector current matrix element

that appear in Equation 4.18 for q 6= 0.

The choice of Lorentz decomposition of the matrix elements in Equation 4.1 is not

unique, however the form factors f0,+ are well suited for use with the PCVC relation.

By contracting Equation 4.1 with the 4-momentum transfer q, the matrix element of

the scalar density alone fixes f0 through

f0

(
q2
)

= 〈Ds|S|Bc〉
mb −ms

M2
Bc
−M2

Ds

. (4.19)

The form factor f+ can now be found by examining Equation 4.1 with µ = 0 giving,
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after rearranging appropriately,

f+(q2) =
ZV V

0 − q0f0(q2)
M2
Bc
−M2

Ds

q2

p0
2 + p0

1 − q0
M2
Bc
−M2

Ds

q2

=

ZV V
0

q0 − f0(q2)
M2
Bc
−M2

Ds

q2

p0
2+p0

1

q0 − M2
Bc
−M2

Ds

q2

. (4.20)

4.2.2 The Partially Conserved Axial Current Ward identity

On the lattice, the Partially Conserved Axial Current (PCAC) relation takes the form

qµ〈Aµlattice〉ZA = (mf +mf ′)〈Plattice〉, (4.21)

where Aµlattice = ψfγ5γµψf ′ is the local axial current and P = ψfγ5ψf ′ is the local pseu-

doscalar interpolator. This follows similarly to the PCVC relation in Section 4.2.1.1

but instead with the flavour transformation

ψf 7−→ ψ′f = ψf + εαa
∑
f ′

T aff ′γ5ψ
′
f +O(ε2)

ψf 7−→ ψ
′
f = ψf − εαa

∑
f ′

ψf ′γ5T
a
f ′f +O(ε2). (4.22)

The meson decay constant fP is defined as

〈0|Aµ|P (q)〉 = iqµfP (4.23)

where P is the low-lying pseudoscalar state and q is the four-momentum of the me-

son. The PCAC relation allows extraction of the meson decay constant, a physical

observable through combining Equations 4.21 and 4.23 to give

M2
PfP = (mf +mf ′) 〈0|ψfγ5ψf ′|P (q)〉 (4.24)

where mf and mf ′ are the bare quark masses and 〈0|ψfγ5ψf ′ |P (q)〉 can be found

from the amplitude b[0] in Equation 3.21 from a 2-point correlator describing the

pseudoscalar meson by

b[0] =
〈0|ψfγ5ψf ′ |P (q)〉√

EP (q)

. (4.25)
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Bc Ds

0 t twidth

c

b

q

s

Figure 4.1: 3-point correlation function C3pt(t, twidth). The flavour-changing operator

insertion is denoted by a cross at timeslice t and the temporal width of the 3-point

correlator is twidth. The random wall source for the c and s propagators is at the

timeslice of the Ds interpolator.

4.3 Correlation Functions

As shown in Equations 4.19 and 4.20, the form factors f0 and f+ can be extracted

from the matrix elements of the scalar density and temporal component of the vector

current. These matrix elements are extracted from appropriately constructed 2-point

and 3-point correlation functions. With multiple currents and heavy quark masses, the

heavy-HISQ method requires a large suite of correlators. I explain how each correlation

function is constructed in Section 4.3.1. Then, in Section 4.3.2, I set out how I fit the

correlation functions to the multi-exponential fit forms in Equations 3.21 and 3.22.

4.3.1 Construction

When exclusively using staggered quarks, interpolators must be carefully chosen to

ensure that the correlation function conserves taste (demonstrated in Equation 3.59).

Recall that I require matrix elements of the temporal component of the vector current

and the scalar density between pseudoscalar interpolators for the mesons Bc and Ds.

I obtain these matrix elements by computing 3-point correlators on the lattice, shown

in Figure 4.1.

For the scalar density, I make the choice of using the local lattice insertion, written as
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1⊗1 in the spin-taste basis (see Equation 3.54). An appropriate choice of pseudoscalar

interpolators for this 3-point correlator is hB(γ5 ⊗ γ5)cB and cB(γ5 ⊗ γ5)sB. Here, h

denotes the heavy quark field, i.e. the field of the unphysically light b quark. The

corresponding 3-point correlation function, with both initial and final mesons at rest,

is

C1⊗1
3pt =

∑
x,y,z

Tr
(
Sh(y;x)γ5Sc(x; z)γ5Ss(z; y)1

)
=
∑
x,y,z

Trspin

(
Ω(y)Ω(x)†γ5Ω(x)Ω(z)†γ5γ5Ω(z)Ω(y)†γ51

)
× Trcolour

(
sh(y;x)sc(x; z)ss(y; z)∗

)
=
∑
x,y,z

(−1)
∑
µ(xµ+yµ)Trcolour

(
sh(y;x)sc(x; z)ss(y; z)∗

)
. (4.26)

The combination sc(x; z)ss(y; z)∗ in Equation 4.26 is replaced with sRW
c (x)sRW

s (y)∗ by

inserting a random wall at timeslice z0 (see Appendix B). The heavy quark propagator

sh is then found by using the random wall HISQ c propagator sRW
c , combined with

the sign (−1)
∑
µ xµ , as a sequential source. Explicitly, the sequential source propagator

sseq
h is the solution to the linear system

dh(x; y)sseq
h (y) = (−1)

∑
µ xµsRW

c (x) (4.27)

where dh is the staggered quark matrix for the h quark. Finally, this h propagator is

contracted with the random wall HISQ s propagator sRW
s and the sign (−1)

∑
µ yµ to

complete the construction of the 3-point correlation function.

For the temporal component of the vector current, I again make the choice of using

the local lattice insertion γ0⊗ γ0. An appropriate choice of pseudoscalar interpolators

for this 3-point correlator is hB(γ0γ5 ⊗ γ0γ5)cB and cB(γ5 ⊗ γ5)sB. The corresponding

3-point correlation function, again with both initial and final mesons at rest, is

Cγ0⊗γ0

3pt =
∑
x,y,z

Tr
(
Sh(y;x)γ5Sc(x; z)γ0γ5Ss(z; y)γ0

)
=
∑
x,y,z

Trspin

(
Ω(y)Ω(x)†γ5Ω(x)Ω(z)†γ0γ5γ5Ω(z)Ω(y)†γ5γ0

)
× Trcolour

(
sh(y;x)sc(x; z)ss(y; z)∗

)
=
∑
x,y,z

(−1)y0+
∑
µ xµ+

∑
µ 6=0 zµTrcolour

(
sh(y;x)sc(x; z)ss(y; z)∗

)
. (4.28)
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As for the scalar density insertion, the combination sc(x; z)ss(y; z)∗ in Equation 4.28

is replaced with sRW
c (x)sRW

q (y)∗ by inserting a random wall at timeslice z0, though, in

this case, the random wall for the c propagator is patterned by the sign (−1)
∑
µ6=0 zµ .

The sRW
s is the same propagator featuring in the 3-point correlator for the scalar

density. The h propagator sh is then found by using the patterned random wall c

propagator, again combined with the sign (−1)
∑
µ xµ , as a sequential source. Finally,

this h propagator is contracted with the random wall s xpropagator sRW
s and the sign

(−1)y0 to complete the correlator construction.

To summarise the use of pseudoscalar meson interpolators in the 3-point correlators

described above, I use γ5 ⊗ γ5 for the heavy-charm pseudoscalar meson and both

γ5⊗ γ5 and γ0γ5⊗ γ0γ5 for the heavy-strange pseudoscalar meson. In order to extract

the matrix elements from the 3-point correlators, I also require the amplitudes and

energies from the 2-point correlators. Hence, I also calculate three 2-point correlators:

γ5 ⊗ γ5 at both the source and sink for valence heavy and charm quarks, γ5 ⊗ γ5 at

both the source and sink for valence heavy and strange quarks, and finally γ0γ5⊗ γ0γ5

at both the source and sink for valence heavy and strange quarks. The former two

correlators are precisely of the form in Equation 3.58, and the latter is constructed

similarly.

4.3.2 Fitting

The correlation functions described in Section 4.3.1 are fit to the functional forms in

Equations 3.21 and 3.22. The matrix elements of the vector current are related to the

fit parameter Vnn[0, 0] of the 3-point correlation function of the local vector current

through

〈Ds|J |Hc〉 = ZV Vnn[0, 0]
√

2EDs2EHc , (4.29)

where J here is the vector current that facilitates the h → s flavour transition. The

pseudoscalar mesons of interest are the lowest lying states consistent with their quark

content and gamma matrix structure of the interpolators used. Hence, I only require

extraction of the matrix elements Vnn[i, j] for i = j = 0. The presence of i, j > 0

terms in Equations 3.21 and 3.22 are necessary to give a good fit and allows for the
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full systematic uncertainty from the presence of excited states to be included in the

extracted Vnn[0, 0].

Recall from Section 3.1.3 that I minimise an augmented χ2 when fitting the cor-

relation functions. I now describe how I set the prior distributions of the energies,

amplitudes and matrix elements. Priors for ground state energies and amplitudes are

selected by an empirical-Bayes strategy where plateaus are identified in plots of the

effective simulation energy

aEsim,eff = − log
( C(t)

C(t− 1)

)
(4.30)

and the effective simulation amplitude

a[0]sim,eff =
√
C(t)eaEsim,eff(t). (4.31)

It is sometimes helpful to use alternative expressions to Equations 4.30 and 4.31 in the

case where oscillatory contributions are large. For example, similar expressions can

be derived from the 2-point correlation function data separated by two timeslices in

order to suppress the oscillations.

The prior for the lowest lying oscillating state is given the same prior as the non-

oscillating ground state but with twice the width. The log of the amplitudes for the

oscillating states and the remaining non-oscillating states are given priors of −2.3(4.6).

The log of the energy difference between excited states are given priors of aΛQCD ×
2.0(1.5) where ΛQCD is taken to be 500 MeV. Finally, the Vnn[i, j] are given priors

of 0.8(5) for i = j = 0 and 0(1) otherwise. Priors associated with excited states are

chosen to be broad which reflects the a priori uncertainty of these states.

To aid the stability of my fits, I implement a fitting procedure where, on each set,

I begin by simultaneously fitting all of the 2-point correlation functions at all twists

and heavy quark masses. Then, the results for the energies and amplitudes from this

fit are used as the priors for these parameters in a simultaneous fit of the 2-point and

3-point correlation functions.

In practice, within the chained approach described above, I carry out a variety of

fits with different fitting parameters to ensure that the results I obtain are insensitive

to the choices made. Investigating alternative fits allows the most precise and robust

extraction of the matrix elements to be achieved. I demonstrate this analysis in Sec-
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tion 4.6.1.1. Insensitivity to these choices is observed, thus demonstrating stable and

robust determination of the matrix elements.
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Table 4.1: Parameters for the MILC ensembles of gluon field configurations. Masses

for the valence charm and valence strange quarks are shown in the final two columns.

The lattice spacing a is determined for the Wilson flow parameter w0 given in lattice

units for each set in column 3 where values were obtained from [2] on set 1, [3] on sets

2 and 3, and [4] on set 4. The physical value w0 = 0.1715(9) was fixed from fπ in [5].

Sets 1 and 2 have a ≈ 0.09 [fm]. Set 3 has a ≈ 0.059 [fm] and set 4 has a ≈ 0.044

[fm]. Sets 1, 3 and 4 have unphysically massive light quarks such that ml/ms = 0.2,

and Set 2 has ml/ms = 1/27.4 [6]. In the fifth column, I give ncfg, the number of

configurations used for each set. I also use four different positions of source on each

configuration.

set handle w0/a N3
x ×Nt ncfg amsea

l amsea
s amsea

c amval
s amval

c

1 f5 1.9006(20) 323 × 96 500 0.0074 0.037 0.440 0.0376 0.434

2 fphys 1.9518(17) 643 × 96 500 0.00120 0.0364 0.432 0.036 0.433

3 sf5 2.896(6) 483 × 144 250 0.0048 0.024 0.286 0.0245 0.274

4 uf5 3.892(12) 643 × 192 121 0.00316 0.0158 0.188 0.0165 0.194

4.4 Ensembles and parameters

I use ensembles with 2 + 1 + 1 flavours of HISQ sea quark generated by the MILC

Collaboration [22, 23, 24] and described in Table 4.1. The Symanzik-improved gluon

action used is that from [31] and described in Section 3.2, where the gluon action

is improved perturbatively through O(αs) including the effects of dynamical HISQ

sea quarks. The lattice spacing is identified by comparing the physical value for the

Wilson flow parameter ω0 = 0.1715(9) fm [5] with lattice values for ω0/a from [2] and

[3]. My calculations feature physically massive strange quarks and equal mass up and

down quarks, with a mass denoted by ml, with ml/ms = 0.2 and also the physical

value ml/ms = 1/27.4 [6]. The valence quark masses used for the HISQ propagators

on these gluon configurations are given in Table 4.1. The valence strange and charm

quark masses were tuned using [3, 66] slightly away from the sea quark masses to

yield results that more closely correspond to physical values. The propagators were

calculated using the MILC code [46].
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Figure 4.2: The mass MHc of the heavy-charm pseudoscalar meson is plotted against

the lattice spacing squared for each of the values amh = 0.5, 0.65, 0.8 used in the heavy-

HISQ calculation. Values for MHc are obtained from fitting the correlation functions

as described in Section 3.1.3 and 4.3.2. The continuum-physical point is denoted by a

cross at a = 0 [fm] and MHc = MBc . Data from sets 1, 2, 3 and 4 are denoted by the

colours red, blue, green and magenta respectively. Data for amh = 0.5, 0.65, 0.8 can

be identified by the diamond, triangle and circle markers respectively. These styles of

marker will be repeated in all subsequent plots.

This heavy-HISQ calculation uses bare heavy quark masses amh = 0.5, 0.65, 0.8 on

each of the four sets in Table 4.1. The masses of the corresponding heavy-charm

pseudoscalar mesons Hc are plotted in Figure 4.2. The mass of the heaviest heavy-

charm pseudoscalar meson is 6% lighter than the (physical) Bc meson.

Momentum is inserted only into the valence strange quark of the Ds meson, thus the

initial Hc meson is always at rest. This is implemented through twisted boundary con-

ditions [67, 68] in the (1 1 1) direction, details of which are discussed in Section 3.1.4.

The twists used on each set are given in Table 4.2. The corresponding q2 for each twist

is constructed by taking q0 to be the difference in energies of the lowest lying initial

and final states. These twists allow a considerable proportion of the range of physical

q2 to be investigated. The extent of this coverage for each value of heavy quark mass

is articulated by Figure 4.3 where values of q2/q2
max are given for each twist and heavy

quark mass. Twists that correspond to negative q2 are unphysical but nevertheless aid
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Table 4.2: Twists used for heavy-HISQ calculation on each of the four sets given in

Table 4.1. The twists are in the (1 1 1) direction and are described by the parameter θ

that corresponds to 3-momentum p satisfying aNxp/π = (θ θ θ)T , where a is the lattice

spacing and Nx is the number of lattice sites in a given spatial direction. Figure 4.3

shows the values of q2 achieved by these twists. The final column gives the widths

twidth used for the 3-point correlation functions.

set handle θ twidth

1 f5 0 0.4281 1.282 2.141 2.570 14, 17, 20

2 fphys 0 14, 17, 20

3 sf5 0 1.261 2.108 3.624 4.146 22, 25, 28

4 uf5 0 0.706 1.529 2.235 4.705 31, 36, 41

the fits of the form factors across the entire physical range of q2. The lattice spacings

of the sets are such that the full q2 range is covered for the lightest heavy quark mass

value of amh = 0.65. For the finest lattice, set 4 in Table 4.1, along with the heaviest

quark mass (amh = 0.8), over half the range of physical q2 is accessed by the choice

of twists given in Table 4.2.

Also in Table 4.2, I list the widths twidth used for the 3-point correlation functions

on each set (see Equation 3.22 and Figure 4.1).
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Figure 4.3: q2 achieved on each set as a proportion of the maximum value q2
max =

(MHc −MDs)
2. From top to bottom, data from sets 1, 2, 3 and 4 are displayed. The

corresponding twists are given in Table 4.2. As described in the caption for Figure

4.2, data from sets 1, 2, 3 and 4 and heavy quark masses amh are denoted by different

colours and marker styles. Values used here for the masses of the initial and final

mesons are found from fits of correlation functions (discussed in Section 4.3.2).

4.5 Fitting the form factor data

4.5.1 z expansion

The two form factors, f0 and f+, at all momenta and heavy quark masses on all the

lattices are fit simultaneously to a functional form which allows for dependence on the

lattice spacing a, heavy quark mass and any residual mistuning of the light, strange

and charm bar mass parameters. The fit is carried out using the lsqfit package [69]

that implements a least-squares fitting procedure. It is convenient, and now standard,
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to map the semileptonic region 0 < q2 < (MHc −MDs)
2 to a region on the real axis

within the unit circle through

z(q2) =

√
t+ − q2 −√t+ − t0√
t+ − q2 +

√
t+ − t0

, (4.32)

a technique first described in [70, 71, 72]. The parameter t+ is typically chosen to be

the threshold in q2 for meson pair production, i.e. (MH + MK)2. However, it is more

convenient to use the masses of the initial and final mesons: t+ = (MHc +MDs)
2 since

determination of the relevant simulation energies is already required for extraction of

the vector current and scalar density matrix elements. Should the form factors at

the physical-continuum limit need to be expressed in terms of the more conventional

choice of t+, e.g. for comparison with experiment, then the z-transform with t+ =

(MBc + MDs)
2 can be easily undone. Also, I choose the parameter t0 to be 0 so that

the points q2 = 0 and z = 0 coincide. This choice is convenient for imposing the

kinematic constraints (discussed in Sections 4.5.2 and 4.6.3.3). However, coefficients

for the continuum form factors at physical masses with a different choice of t0 can also

be found from my parametrisation.

The form factors can be approximated by a truncated power series in z (this assump-

tion is tested in Section 4.6.3.2). In simulation, I use unphysically light b quarks with

mass mh < mb which results in heavy-charm and heavy-light pseudoscalar mesons that

are lighter than the corresponding mesons with physically massive b quarks. Thus, t+

varies with mh. To avoid introducing any spurious heavy quark mass dependence, I

use simulation meson masses in the z-transform in Equation 4.32.

4.5.2 Form factor fit form

Form factor data from my heavy-HISQ calculation is fit to

f(q2) = P (q2)−1

N=2∑
n,r,i,j,k=0

A
(n)
rijkz

nN (n)
mis∆

(r)
Hc

(
aΛQCD

π

)2i (amh

π

)2j (amc

π

)2k

, (4.33)

where ∆
(0)
M = 1 and, for r 6= 0,

∆
(r)
Hc

=

(
ΛQCD

MBc

)r
−
(

ΛQCD

MHc

)r
(4.34)
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where I take ΛQCD = 500 MeV. The mistuning terms are given by

N (n)
mis =1 +

δmval
c

mtuned
c

κ
(n)
1 +

δmsea
c

mtuned
c

κ
(n)
2 +

δmval
s

10mtuned
s

κ
(n)
3

+
δmsea

s

10mtuned
s

κ
(n)
4 +

δml

10mtuned
s

κ
(n)
5 . (4.35)

The parameters κ
(n)
j allow for errors associated with mistunings of both sea and valence

quark masses. The tuned masses mtuned
s and mtuned

c are the valence quark masses that

yield physical ηs (a fictitious meson where annihilation of the valence strange quarks

is prohibited) and ηc meson masses respectively in the sea of 2+1+1 flavours of sea

quark. Values for mtuned
s and mtuned

c were obtained from [60]. Also, mtuned
l is fixed by

multiplying mtuned
s by the physical ratio

ml

ms

=
1

27.18(10)
(4.36)

obtained from [73]. For each of the sea and valence quark flavours, δmsea and δmval

are given by

δmsea = msea −mtuned

δmval = mval −mtuned, (4.37)

giving estimates of the extent that the quark masses deviate from the ideal choices in

which appropriate meson masses are exactly reproduced.

The kinematic constraint f0(0) = f+(0) at q2 = 0 follows since the vector current

matrix element must be finite at q2 = 0. This constraint holds in the continuum

limit for all MHc . Hence, this constraint is imposed on the fit simply by insisting that

(A0)
(0)
r000 = (A+)

(0)
r000 for all r. I also consider fits where this constraint is not applied to

show that the data is consistent with the constraint and to evaluate its effect on the

final results for the form factors.

The dominant pole structure of the form factors is represented by the factor P (q2)

given by 1− q2/M2
res. For the f0 and f+ form factors, the relevant poles are the scalar

and vector heavy-strange meson respectively. Determining the masses of these mesons

from a lattice simulation would involve constructing additional 2-point correlation

functions with propagators from appropriately patterned random wall sources. These

sources would be different from those already considered in the calculation, and so
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additional propagators would need to be calculated. However, determination of these

meson masses at comparable precision to the energies of the pseudoscalar mesons,

required for highly precise extraction of form factors data, is unnecessary. Instead, I

approximate these meson masses, similarly to the estimation of MHc0 and MH∗c in [60]

(a heavy-HISQ calculation of Bs → Ds).

For the pole of f+, I use the fact that the hyperfine splitting

∆H∗s = MH∗s −MHs (4.38)

is expected to vanish in the limit mh → ∞, since, by HQET [74], there is a spin

symmetry in this limit meaning that the vector and pseudoscalar mesons become

degenerate. This symmetry is broken by terms of order 1/mh [75], so I model the

leading order dependence on mh through

MH∗s ≈MHs +
x

2MHs

(4.39)

where MHs is a proxy for mh and the parameter x is set at mh = mb using values

from [7], so I take

x = (MB∗s −MBs)2MHs . (4.40)

in Equation 4.39.

For the pole of f0, the difference between the pseudoscalar and scalar heavy-strange

mesons

∆0(mh) = MHs0 −MHs (4.41)

is expected to be largely independent of the heavy quark mass because the scalar

is simply an orbital excitation of the pseudoscalar. Note that ∆0(mb) = 0.344 and

∆0(mc) = 0.3490 (ignoring errors) are very similar (Bs, Ds0 and Ds masses taken

from [7] and Bs0 mass taken from [8] (predicted)), providing quantitative support of

this statement. Therefore, I approximate MHs0 at mh = mb by

MHs0 ≈MHs + ∆0(mb) (4.42)

and ignore the error on ∆0(mb).
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Table 4.3: Masses of bottom-strange mesons (without error) in GeV [7, 8] used for

approximating the leading order dependence of the heavy quark mass on the location

of the vector and scalar poles. The parameter x has units GeV2.

MBs MBs0 MB∗s ∆0(mb) x

5.36684 5.711 5.4158 0.344 0.5255

Differences between my approximations and actual values will result in residual

heavy quark mass dependence which will then be absorbed into the A
(n)
rijk coefficients.

Unlike B → π with a q2
max of 93% the value of the associated mass-squared of the

nearest vector resonance, the q2
max for Bc → Ds is less than two thirds of M2

B∗s
, so I

expect the fit to be sufficiently insensitive to the value of the resonance mass in P (q2)−1

such that the error in my approximation is not detrimental to the fit. As discussed in

Section 4.6.3, my fits have a good χ2/d.o.f, the fit yields reasonable coefficients A
(n)
rijk of

zn, and fits with linear and cubic polynomials in z give consistent and good fit results.

Together, this indicates that the z dependence is resolved well by the fit and that my

approximation of the mass of the nearest resonances is appropriate for the fit form

and the decay in question.

In Table 4.3, I summarise the values I use and also show the result for x. By

construction, all of the heavy-strange meson masses are exact at the physical point.

Should the approximations above not be sufficiently accurate for mh < mb, then this

could be exposed by unreasonably large values of A
(n)
rijk for k > 0 in the form factor

fitting, or even a poor fit in which data at the largest and smallest values mh are in

tension.

In the continuum limit (a → 0) and the limit of physical masses (δm = 0 in Equa-

tion 4.37), the fit form collapses to the physical-continuum parametrisation P (q2)−1
∑

n z
nA

(n)
0000.

4.5.3 Fit forms for decay constants fBc
and fBs

Data for the decay constants of the pseudoscalar mesons Hq for q = c, s (see Section

4.2.2) can be fit similarly to the form factor data (described in Section 4.5.2). For
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example, data for the decay constant fHc from my heavy-HISQ calculation is fit to

(MHc

MBc

) 1
2
fHc =

N=2∑
n,r,i,j,k=0

A
(n)
rijkN

(n)
mis∆

(r)
Hc

×
(
aΛQCD

π

)2i (amh

π

)2j (amc

π

)2k

, (4.43)

a form similar to that in [76]. For Hs, I use a similar form but without the terms al-

lowing for discretisation effects associated with a valence charm quark. The parameter

A
(0)
0000 takes a prior value of 0.5(5) and the other A

(n)
rijk take prior values of 0(2) and

0(1) for Hc and Hs respectively.
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Figure 4.4: Plots of effective energies for the Ds meson with taste γ5⊗γ5 at each twist

in Table 4.2.

4.6 Results

4.6.1 Correlation functions

4.6.1.1 Simulation Energies and Amplitudes

As described in Section 4.3.2, plots of effective energies and amplitudes from Equa-

tions 4.30 and 4.31 are inspected to determine suitable priors for the non-oscillating

ground states. The ground state energies from the fit are always within their prior

distribution and the error from the fit is always at least 100 times smaller than the

error on the prior.

For the purposes of demonstration, I consider here effective energies on the f5 lattice.

Figures 4.4, 4.5, 4.6, 4.7 and 4.8 show how the effective energies plateau over the first 35

timeslices. The behaviour is oscillatory decay towards a plateau whose position is read

off and used as the mean of the prior value accompanied by an error that comfortably

accounts for any misread of the plateau position. Similar behaviour is observed for

the other three sets in Table 4.1. The different 2-point correlation functions show

oscillatory behaviour to various extents. The effective energy for the heavy-charm

pseudoscalar with interbbcpolator γ5 ⊗ γ5 in Figure 4.7 shows almost no oscillatory

contamination, whereas the effective energy for the Ds meson with taste γ5γ0 ⊗ γ5γ0

in Figure 4.5 fluctuates wildly between early timeslices.
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Figure 4.5: Plots of effective energies for the Ds meson with taste γ5γ0 ⊗ γ5γ0 at each

twist in Table 4.2.
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Figure 4.6: Plots of effective energies for the pseudoscalar heavy-strange meson at each

twist in Table 4.2.

4.6.1.2 Stability of Correlation Function Fits

In Table 4.4, I tabulate the regimes used for each set in my final determination of the

physical-continuum form factors. These fits are chosen from a landscape of fits with

different choices of

• SVD cut

• trims of correlations function data at early times, i.e. fit the 2-point and 3-point

correlator data from timeslice t2pt
min/a and t3pt

min/a respectively

• number of exponentials N in Equations 3.21 and 3.22.
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Figure 4.7: Plot of effective energies for the pseudoscalar heavy-charm meson at rest

with taste γ5 ⊗ γ5.
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Figure 4.8: Plot of effective energies for the pseudoscalar heavy-charm meson at rest

taste γ5γ0 ⊗ γ5γ0.

To demonstrate the robustness of the correlation function fits used to extract the form

factor data, I show that the fits are stable and are selected among regions where the

matrix elements are insensitive to these choices of fitting regime. As an example, in

Figure 4.9 I display results for the Vnn[0, 0] parameter associated with the scalar density

at zero-recoil for amh = 0.65 on each of the four sets in Table 5.1 (similar behaviour

is found for the other insertion, other momenta and other heavy quark masses). I plot
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Table 4.4: Input parameters (see text for definition) to the fits of correlation functions

for the heavy-HISQ calculation together with fits including variations of the SVD cut,

t2pt
min/a, t3pt

min/a and N . Bold entries indicate those fits used to obtain the final results.

Other values are used in tests of the stability of our form factor fits to be discussed in

Section 4.6.1.2.

set handle SVD cut t2pt
min/a t3pt

min/a N

1 f5 0.001 6 4 6

0.001 8 4 5

0.025 4 6 6

0.001 6 2 6

2 fphys 0.001 6 4 6

0.001 8 4 5

0.025 4 6 6

0.001 6 2 6

3 sf5 0.025 8 4 6

0.025 10 4 5

0.05 4 8 6

0.025 6 6 6

4 uf5 0.025 8 4 6

0.025 10 4 5

0.05 4 8 6

0.025 6 6 6

this parameter against the index I which enumerates the fits. I define I as

I = ni + 3si + 15t3pti + 75t2pti (4.44)

where ni = 0, 1, 2 indexes the choice of the number of exponentials N ∈ {4, 5, 6},
si = 0, 1, 2, 3, 4 indexes the choice of SVD cut in {0.001, 0.025, 0.05, 0.075, 0.1}, and

0 ≤ t2pti , t3pti ≤ 5 indexes the choice of t2pt
min/a and t3pt

min/a in the set {2, 4, 6, 8, 10}.
Hence, each plot shows results from 375 different fits (0 ≤ I ≤ 374). Note that t2pt

min is

the slowest running parameter. To aid the reader’s understanding of the organisation
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of the fits in Figure 4.9, I separate fits with different values of t2pt
min with black dashed

vertical lines.

Firstly, I address the dependence on the number N of exponentials. I show fits for

N ∈ {4, 5, 6}. The fits with N = 4, red points in Figure 4.9, show some variation

as the other parameters are varied, particularly for smaller t2pt
min/a and smaller SVD

cuts. In contrast, fits with N = 5 and N = 6, green and blue points respectively in

Figure 4.9, are not only in good agreement with each other for all choices of SVD cut

and correlator function trims, but the Vnn appear stable for t2pt
min/a > 2. Therefore,

for the purposes of fitting form factors, I select fits of correlation functions only with

N = 5, 6.

Addressing the different extents that correlation function data has been trimmed,

the fit results show some mild instability for t2pt
min/a = 2 where the correlation function

data to be fit contains the most excited state contamination. This instability is ex-

pected to be resolved on the introduction of more exponentials that can absorb more

contributions from higher energy states. However, fits with t2pt
min/a > 2 show good

stability for N = 5 and N = 6 exponentials. For the fits with the hardest pruning of

correlation functions, the error is larger. For example, consider the fits exhibited by

the right-most points in Figure 4.9. Here, t2pt
min/a = 10 and 2 ≤ t3pt

min/a ≤ 10. As is

especially clear from the fit with t2pt
min/a = t3pt

min/a = 10 (the very right-most point), the

parameter Vnn[0, 0] is determined with much larger error than many other fits. This

could be due to the fact that the severity of the trim is detrimental to the fit: the

fitter does not have enough data points to determine Vnn[0, 0] to the same accuracy as

with fits where correlation functions have been pruned less harshly.

Finally, I discuss the behaviour of the fit results as the SVD cut is varied between

0.001 and 0.1, denoted by different marker styles in Figure 4.9. It is consistently

apparent throughout the fits on each set that increasing the SVD cut has the effect of

increasing the error on the value obtained for the Vnn[0, 0] parameter. On all sets, SVD

cuts of 0.025 and greater are in good agreement. On the finer lattices, particularly

on set uf5 which has the poorest statistics, fits with the smallest SVD cut of 0.001

(squares in Figure 4.9) are at tension with the other fits. Clearly, fits on uf5 benefit

from a larger SVD cut. Indeed, in Table 4.4, I show that I take fits with SVD cuts of
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0.025 and 0.05 for this lattice, rather than 0.001 as I have done for sets f5 and fphys.

Obtaining higher statistics on set uf5 may enable an SVD cut of 0.001 to be taken

reliably, thus achieving a smaller error on the extracted matrix elements. With the

present statistics, stability is seen across fits with SVD cuts larger than 0.001 on this

lattice, particularly for t2pt
min/a > 2.

Based on these considerations from Figure 4.9, I take fits with N ≥ 5 exponentials.

Generally, slightly larger trims of the correlation function data are warranted for the

finer lattices, reflected by my choice of fits in Table 4.4. The finer lattices also require

larger SVD cuts that the f5 and fphys sets. Consequently, errors on sets sf5 and uf5

are slightly larger.

4.6.2 Vector current renormalisation

For each heavy-quark mass, the renormalisation factor ZV has been obtained at zero-

recoil. Results are plotted in Figure 4.10. The smallest errors are observed on sets 1

and 2 (red and blue points) which have the best statistics. Using more configurations

on sets 3 and 4 may result in errors comparable to those achieved for ZV on sets 1 and

2.

No statistically significant dependence on the lattice spacing is observed. A similar

conclusion can be made with the dependence on the bare mass of the heavy quark,

though I note that while ZV values for different heavy quark masses on each set are

in good agreement, the central value for ZV with amh = 0.8 lies above the other two

values for amh for each set, albeit slightly.

4.6.3 Form factors

4.6.3.1 Fit Results

Errors on the data for f+ near zero-recoil are large and I exclude points with error in

excess of 25% from the fit and the following plots. These large errors are encountered

since the denominator in Equation 4.20 increases from zero at zero-recoil. Using the

correlation function fits on each set indicated in Table 4.4, I fit the form factor data

to the form described in Section 4.5.2. I find that the fits gives χ2/d.o.f. = 0.79 and I
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Figure 4.9: The parameter Vnn[0, 0] from Equation 3.22 corresponding to the Hc → Ds

3-point correlator of the scalar density at zero-recoil with amh = 0.65 is plotted against

the fit index I (defined in Equation 4.44). From top to bottom, results on sets 1, 2, 3

and 4 (see Table 4.1) are presented respectively. Red, green and blue points indicate

that the fit used N = 4, 5, 6 exponentials respectively (see Equations 3.21 and 3.22).

The different marker styles reflect the SVD cut chosen: squares, circles, triangles, right

and left pointing triangles correspond to SVD cuts of 0.001, 0.025, 0.05, 0.075 and 0.01

respectively.
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Figure 4.10: Results for the local vector current renormalisation factor ZV obtained

from Equation 4.18 by the ratio of scalar density and temporal vector current matrix

elements at zero-recoil.

Table 4.5: Values for the coefficients A
(n)
rijk for the fits of f0,+ (defined in Equation 4.33).

I show results for the parameters A
(n)
0000 relevant for the transition Bc → Ds in the

continuum as well as the parameters A
(n)
1000 that show the leading order dependence on

the heavy quark mass. The A
(2)
1000 parameters largely retain their priors.

f0 f+

A
(0)
0000 0.177(28) 0.177(28)

A
(1)
0000 2.29(42) 5.54(64)

A
(2)
0000 -1.0(4.9) 0.2(5.0)

A
(0)
1000 6.60(90) 6.60(90)

A
(1)
1000 10.1(4.3) 4.7(4.8)

A
(2)
1000 0.2 (5.0) 0.06 (5.00)

report continuum coefficients in Table 4.5.

In Figures 4.11 and 4.12, I show the form factor data alongside the fit function

tuned to the physical-continuum point. Note that the q2 corresponding to zero-recoil,

q2
max = (MHc −MDs)

2, varies substantially as a function of the heavy quark mass (in

contrast to Bc → Bs(d) for example). Hence, the spread over q2 of the form factor data

for larger amh is greater than for smaller amh. This is reminiscent of Bs → Ds in [60]
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Figure 4.11: Data for the form factor f0 and the fit tuned to the continuum limit with

physical quark masses.
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Figure 4.12: Data for the form factor f+ and the fit tuned to the continuum limit with

physical quark masses.

and other heavy-HISQ analyses of decays of the valence heavy quark.

Figures 4.13 and 4.14 show the dependence on q2 not accounted for by the pole

factor P (q2)−1. The fit curves here appear linear to a very good approximation, sup-

porting the choice to include at most a quadratic term in z in Equation 4.33 (further

investigation presented in Section 4.6.3.2).

Figure 4.15 shows data for f0 at zero recoil plotted against MHc alongside the con-

tinuum fit function. This figure shows how the dependence on the heavy quark mass

is resolved by the factor ∆(r) in Equation 4.33.
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Figure 4.13: Data for the form factor f0 multiplied by the pole factor (see Equation

4.33) and the fit tuned to the continuum limit with physical quark masses.
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Figure 4.14: Data for the form factor f+ multiplied by the pole factor (see Equation

4.33) and the fit tuned to the continuum limit with physical quark masses.

In Figure 4.16, I present the form factors across the entire physical range of q2 from

the fit form described in Section 4.5.2 and the correlation function fits indicated by

the boldened entries of Table 4.4.

4.6.3.2 Truncation of the z series

In Table 4.6, I show values of f0,+ at q2 = 0 and zero-recoil achieved with fits with

N = 1 and N = 3 (see Equation 4.33). Good agreement is seen with fits restricted

to just linear behaviour in z, thus the dominant q2 behaviour has been successfully
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Figure 4.15: Data and fit for the form factor f0 multiplied by the pole factor (see

Equation 4.33) plotted at zero-recoil against MHc .
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Figure 4.16: The fit functions for the form factors f0 (bottom) and f+ (top) tuned to

the physical-continuum point.

absorbed into the pole factor P (q2)−1 in Equation 4.33 with the choice of pole masses

described in Section 4.5.2. Form factor values and errors at both q2 = 0 and zero-recoil

change very little between fits with N = 2 and N = 3. I use N = 2 in my final fits.

4.6.3.3 Imposition of the kinematic constraints

In Figure 4.17, I show a fit of the form factors f0 and f+ where the kinematic constraints

(f0(0) = f+(0) at the continuum for each mass of heavy-charm pseudoscalar meson)

have not been imposed alongside the fit that includes the kinematic constraints. The
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Figure 4.17: For each of the form factors f0,+, I plot the fit functions tuned to the

physical-continuum point from two fits: the red curve follows from a fit where the

kinematic constraints have been applied (curves forced to intersect at q2 = 0) and the

blue curve follows from a fit where the kinematic constraints have not been applied.

The blue band follows the red band closely throughout the entire range of q2, though

the blue band is noticeably broader near q2 = 0.

Table 4.6: Physical-continuum form factors at q2 = 0 and zero-recoil obtained from

different fits. I include fits with and without imposition of the kinematic constraints

(KC) and also fits with different degrees of z polynomial (where f+(0) has been omitted

since the kinematic constraints have been applied to these fits).

final w/o KC N = 1 N = 3

f0(0) 0.177(28) 0.183(30) 0.184(23) 0.177(28)

f+(0) 0.177(28) 0.172(50) — —

f0(q2
max) 0.763(55) 0.769(57) 0.781(44) 0.762(55)

f+(q2
max) 1.66(16) 1.66(18) 1.64(14) 1.66(16)

two fits are in good agreement and the fit that incorporates the kinematic constraints

has less error. Table 4.6 compares the errors in the two cases. Between these two

different fits, the physical-continuum form factor f0 benefits from the kinematic con-

straints with a 3% error reduction at zero-recoil and 8% at q2 = 0. The improvement

seen for f+ is much greater with a 14% smaller error at zero-recoil and the error at
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q2 = 0 is 78% smaller. Clearly, the kinematic constraints are a powerful restriction on

the vector form factor, where the precision of f0 data is leveraged by f+ to significantly

reduce errors throughout the entire range of physical q2.

4.6.3.4 Stability

In Table 4.4, I describe four different fits of correlation functions on each set and fit

the form factors to each different combination resulting in 256 different fits of the form

factors. In Figure 4.18, I present the parameters A
(0,1,2)
0000 of the physical-continuum

form factors from each of these combinations. The fits are indexed by J where

J =
4∑
j=1

4j−1nj (4.45)

where nj indexes each of the four fits on set j given in Table 4.4. For example, the

fit labelled by J = 0 uses correlation function fit results corresponding to all the

boldened entries in the Table 4.4. The parameters are largely insensitive of the choice

of correlator fits. All central values lie within the 1σ error band of those parameters

corresponding to the J = 0 fit from which the form factors at Figure 4.16 are derived.

Also, the vast majority of fits have central values within the error bars of all the other

fits. I conclude that the form factor fits are robust and stable as the regime choices of

the correlation function fits are varied.

Next, I consider fits where data on sets f5, sf5 and uf5 are excluded in turn. Also,

I perform two other fits where data at the largest heavy quark mass (amh = 0.8) and

the smallest heavy quark mass (amh = 0.5) are excluded from each set. Finally, I

fit the form factors with all the data except points away from zero-recoil (‘z-r’) on

set uf5. Figures 4.19, 4.20 and 4.21 shows the form factor values at q2 = 0 and at

zero-recoil achieved by these alternative fits alongside the fit including all the data

(labelled ‘final’). Good agreement is observed between these fits. The two fits where

set uf5 and large amh excluded show the largest errors, indicative that it is this is

data that is most influential on the final form factors at the physical-continuum limit.

This is unsurprising since parameters associated with set uf5 and amh = 0.8 are those

closest to the physical-continuum point at which I ultimately wish to obtain the form

factors f0,+. Comparing the ‘final’ result with those without non-zero-recoil data on
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Figure 4.18: For each of the 255 different fits indexed by J (see Equation 4.45), I show

the subsequent fit parameters (A0,+)
(0,1)
0000 of the physical-continuum form factors. These

plots show results from all possible combinations of the correlation function fittings

described in Table 4.4. The error band present shows the 1σ error with the fit (I = 1)

chosen in my final results.

uf5 on Figures 4.19, 4.20 and 4.21, it can be seen that including the full dataset on

uf5 does appear to reduce the errors of the form factors. Thus, the HISQ propagators

at the mass of the strange quark with non-zero momentum are valuable to this study.

4.6.4 Decay constants

Figures 4.22 and 4.23 show fits for the decay constants fBc and fBs . These fits have

χ2/d.o.f. of 0.61 and 0.16 respectively. I obtain the physical-continuum values
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Figure 4.19: Values taken by f0,+(0) (the kinematic constraints enforce f0(0) = f+(0))

from fitting with different subsets of the full data. The result from the full dataset is

labelled as ‘final’ and the error band present shows its 1σ error.
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Figure 4.20: Values taken by f0(q2
max) from fitting with different subsets of the full

data. The result from the full dataset is labelled as ‘final’ and the error band present

shows its 1σ error.

fBc = 0.4352(90) GeV (4.46)

fBs = 0.2234(81) GeV. (4.47)

[76] is a study dedicated to determining heavy meson masses and decay constants. [76]

used the heavy-HISQ approach, the same method I use in this chapter to analyse the

vector current form factors for Bc → Ds. Also, [76] and my calculation in this chapter
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Figure 4.21: Values taken by f+(q2
max) from fitting with different subsets of the full

data. The result from the full dataset is labelled as ‘final’ and the error band present

shows its 1σ error.
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Figure 4.22: Data and fit for the decay constant fHc .

have many gauge configurations in common. The values presented in Equations 4.47

and 4.47 are comparable to the corresponding quantities found in [76]: 0.427(6) GeV

and 0.225(4) GeV respectively (errors from additional systematic effects missing from

the lattice calculation in [76] are not included, similarly to my own values in Equa-

tions 4.46 and 4.47). The values at Equations 4.46 and 4.47 show errors greater than

those from [76]. This is most likely due the following two reasons. Firstly, different

statistics have been used on the set 4, the finest lattice in 4.1 and the work in this

chapter. Due to limited number of available HISQ propagators at the mass of the
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Figure 4.23: Data and fit for the decay constant fHs .

strange quark at non-zero momentum on this lattice, I used 121 gauge field configura-

tions on this set, whereas 4.1, only needing propagators at zero momentum, was able

to use 208 gauge field configurations. The second reason for the difference in errors

with fBc,s could be that my form factor study involved simultaneous fits of a much

larger data set; I required 2-point correlation functions and 3-point correlation func-

tions with two different insertions, whereas the dataset in [76] involved only 2-point

correlation functions. Since the datasets are very different, the errors that arise from

fitting the datasets will differ also.
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4.7 Conclusions and Outlook

I have obtained vector current form factors f0,+ for Bc → Ds across the entire physical

range of q2 from four lattices that include three different lattice spacings, unphysically

and physically massive light quarks, and heavy-quark masses amh = 0.5, 0.65, 0.8.

Sets sf5 and uf5 use fewer configurations than f5 and fphys. When fitting correla-

tion functions on each set, I found that a larger SVD cut was required for sets sf5 and

uf5. Increasing the statistics on these sets may allow a smaller SVD cut to be reliably

taken, thus achieving a smaller error on the extracted matrix elements, thus reducing

the uncertainty on the form factors I obtain at the physical-continuum point. This is

particularly pertinent for data on set uf5 which is especially informative regarding the

form factors at the physical-continuum limit (demonstrated in Section 4.6.3.4). How-

ever, the increase in statistics on set uf5 required to obtain a substantial reduction in

the errors may be impractically large since set sf5 has over twice as many configura-

tions yet still requires an SVD cut larger than sets f5 and fphys. Investigation of SVD

cuts in the range [0.001, 0.025] may be warranted for these finer sets to ensure that I

am not being too conservative.

I note that other strategies of correlation function fitting have been used successfully

in other projects. The effectiveness of different strategies will depend on properties

of the data under consideration. For example, in this study, I also attempted to use

the ‘prior-noise’ and ‘SVD-noise’ options in the corrfitter (described in Section 3.1.3).

However, I found this to be highly detrimental to the stability of the fits. Very few

acceptable fits were obtained using these options. Such fits on the finest lattices are

particularly hard to come by (if at all). Hence, the fit results that I present in this

chapter are from fits without the ‘prior-noise’ and ‘SVD-noise’ options.

Comparison with data from experiment for the FCNC process Bc → Ds additionally

requires the tensor form factor fT (q2) to be determined (see Equation 4.6) from a 3-

point correlation function with an appropriately renormalised insertion of the tensor

operator T µν = sσµνb. Discrepancies between experiment and theory could indicate

contributions from new physics.

As explained in Section 4.1, analysis of the vector current matrix elements for
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Bc → Ds and Bc → D proceed similarly but with the latter requiring light propa-

gators. Generating these propagators is particularly costly on the finest set (uf5 ). By

comparing fits with and without data away from zero-recoil on setuf5, Figures 4.19,

4.20 and 4.21 showed that there is indeed value in using data away from zero-recoil

on the finest set (uf5 ) as opposed to only using zero-recoil kinematics on this lattice.

This analysis in Section 4.6.3.4 showed that data at multiple momenta on uf5 was

informative on the final results for Bc → Ds, hence it is expected that data away from

zero-recoil on uf5 for Bc → D will be important also and should be obtained. The

generation of non-zero momentum light propagators on set uf5 will be an expensive

but likely worthwhile enterprise, particularly since these propagators will have use in

other calculations, e.g. other heavy-light decays such as B → π.

The decay rate for Bc → D depends on the CKM matrix through |Vub|2 (see Equa-

tion 4.7). A computation of the vector current form factors for Bc → D would allow a

prediction of the decay rate which can then be compared with experiment to provide

a new determination of this CKM matrix element Vub.
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Chapter 5

B+
c → Bs(d)`ν` form factors with an

NRQCD b quark

5.1 Introduction

The semileptonic weak decays B+
c → B0

s`ν` and B+
c → B0`νl proceed via the tree-level

flavour changing processes c → sW+ and c → dW+ parametrised by the Cabbibo-

Kobayashi-Maskawa (CKM) matrix of the Standard Model. Associated weak matrix

elements can be expressed in terms of form factors which capture the non-perturbative

QCD physics. Precise determination of the normalisation and the q2 dependence of

these form factors from lattice QCD will allow a novel comparison with future exper-

iment to deduce the CKM parameters Vcs and Vcd. Lattice studies of other semilep-

tonic meson decays that involve tree-level weak decays of a constituent charm quark

include [77, 64, 65, 78, 6, 79]. Precise determination of these CKM matrix elements

is critical for examining the second row unitary constraint (given in Equation 2.9).

This will complement other unitarity tests of the CKM matrix. It is possible LHCb

could measure B+
c → B0

sµνµ using Run 1 and 2 data. For example, normalising by

B+
c → J/ψµνµ would yield a constraint on the ratio Vcs/Vcb. Due to CKM suppression

(|Vcd| � |Vcs|), a measurement of B+
c → B0µνµ is likely to require the observation of

many more B+
c decays.

Lattice studies of the decays B+
c → B0

s lνl and B+
c → B0lνl involve the practical

complication of a heavy spectator quark. Care must be taken in placing such a par-

ticle on the lattice to avoid large discretisation effects. In this chapter, I describe my

calculation in which I employ the non-relativistic QCD (NRQCD) formalism for the

bottom quark (discussed in Section 3.3). As in Chapter 4, I make use of MILC Collab-

oration gauge configurations with a range of lattice spacings including 2+1+1 flavours

85
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of dynamical sea quarks in the Highly Improved Staggered Quark (HISQ) formalism

(discussed in Section 3.4). HISQ is also used for the propagators of the valence light,

strange, and charm quarks.

I also compare my results with results from a complementary calculation [80] that

uses HPQCD’s heavy-HISQ method [58, 59, 60], the same method that I used in

Chapter 4 when studying the Bc → Ds vector current form factors. This study will

demonstrate the consistency of the NRQCD and heavy-HISQ approaches by comparing

the form factors extrapolated to the physical-continuum limit. Checking agreement

between these two approaches is an important test of our strategies for heavy quarks

on the lattice.

Form factors across the entire physical q2 range are extracted and extrapolated to the

physical-continuum limit before combining with CKM matrix elements to predict the

semileptonic decay rates. I carry out chained fits of my data with an NRQCD spectator

b quark and data from the heavy-HISQ analysis. From this fit, I obtain the differential

decay rates dΓ/dq2 as well as the integrated values Γ(B+
c → B0

s`ν`) = 52.4(2.5) ×
109 s−1 and Γ(B+

c → B0`ν`) = 3.10(21)×109 s−1 for comparison to future experimental

results. The lattice QCD uncertainty is comparable to the CKM uncertainty here.

Finally, since the role of the bottom quark in Bc → Bs(d) is only to spectate the

charm to strange transition, I compare results for the renormalisation factor ZV of the

c → s vector current with a study of D → K [65] in which a light quark spectates a

c→ s flavour transition. I find that values for ZV are consistent with the expectation

from theory that ZV is independent of the flavour of spectator quark.
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5.2 Form factors

In the limit of massless leptons, the differential decay rates for B+
c → B0

s`ν` and

B+
c → B0`ν` are given by

dΓ

dq2
=
G2
F |V |2
24π3

|p2|3|f+(q2)|2, (5.1)

where V is the relevant associated CKM matrix element Vcs or Vcd and f+ is one of

two form factors that parametrise the continuum weak matrix element

〈Bs(d)(p2)|V µ|Bc(p1)〉 = f0(q2)

[
M2

Bc
−M2

Bs(d)

q2
qµ

]
+ f+(q2)

[
pµ2 + pµ1 −

M2
Bc
−M2

Bs(d)

q2
qµ

]
.

(5.2)

A similar parametrisation was used in Equation 4.1 for vector current matrix elements

of Bc → Ds. By insisting that the matrix element remain finite at q2 = 0, it follows

that the kinematic relation

f0(0) = f+(0) (5.3)

is required and is imposed on the fits of form factor data obtained from lattice simula-

tions. The 4-momentum transfer is q = p1− p2, and only the vector part of the V −A
weak current contributes since QCD conserves parity. The contribution of f0 to the

decay rate is suppressed by the lepton mass and hence irrelevant for the decays to eνe

and µνµ. The phase space is sufficiently small to disallow decays to τντ (unlike the

case for Bc → D in Chapter 4).

After finding f+(q2) on the entire range of kinematically allowed q2, I integrate the

RHS of Equation 5.1 with PDG [7] values of the CKM matrix elements Vcs and Vcd

to predict the decay rates Γ(B+
c → B0

s`ν`) and Γ(B+
c → B0`ν`). Conversely, when

experimental data has been obtained for these decays, my lattice results can be used

to provide a new determination of these CKM matrix elements.

The form factor extraction is complicated by the energy offset as a consequence

of the subtraction of the b quark rest mass inherent in the NRQCD formalism (see

Equation 3.33). Whilst physical energy differences are preserved with NRQCD quarks,

energy sums are not. Consequently, Particle Data Group (PDG) [7] values are used
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where necessary. For example, I take

M2
Bc −M2

Bs(d) =
(
Esim
Bc (|aq| = 0)− Esim

Bs(d)
(|aq| = 0)

)(
MPDG

Bc +MPDG
Bs(d)

)
(5.4)

when extracting the form factors.

Before carrying out a lattice calculation of these form factors, a prediction of the

shape of the form factors can be made from comparing the phenomenology of the tree-

level c→ s(d) processes Bc → Bs(d) and D → K(π) which was studied in [65]. In both

of these cases, the poles of the form factors nearest to the range of kinematically allowed

q2 are the charm-strange(light) scalar and vector mesons for f0 and f+ respectively.

However, the maximum q2 range for Bc → Bs(d) is smaller than for D → K(π), and

so it is reasonable to assume that the form factors for Bc → Bs(d) will exhibit less

curvature than for D → K(π) since the proximity to the nearest pole is expected to

dictate the shape of the form factors. This observation will guide the prior distributions

chosen for the coefficients in the fit form of the form factors, discussed extensively in

Section 5.6.
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5.3 Using the PCVC

As in Chapter 4, I use the Partially Conserved Vector Current (PCVC) Ward identity

to non-perturbatively renormalise the local vector current. Since the same HISQ action

is used for the c and s(d) quarks that couple to the W+ boson, the PCVC Ward identity

∂µV
µ

cons = (mc −ms(d))S, (5.5)

relates the conserved (point-split) c→ s(d) lattice vector current and the local lattice

scalar density S. Similarly to Chapter 4, I choose to construct 3-point correlators with

a local lattice operator V µ
loc instead of the conserved current V µ

cons by the same reasons

as those outlined in Section 4.2. Hence, Equation 5.5 must be adjusted by a single

renormalisation factor ZV associated with that operator, giving

qµ〈Bs(d)|V µ
loc|Bc〉ZV = (mc −ms(d))〈Bs(d)|S|Bc〉, (5.6)

which closely resembles Equation 4.18 in Chapter 4. Similarly to Equation 4.19, com-

bining Equations 5.2 and 5.6 gives a determination

f0

(
q2
)

= 〈Bs(d)|S|Bc〉
mc −ms(d)

M2
Bc
−M2

Bs(d)

(5.7)

of f0 solely in terms of the scalar density matrix element.

Since ZV is independent of q2, in principle ZV need only be found at zero-recoil

where q = 0 so that the LHS of Equation 5.6 becomes q0〈Bs(d)|V 0
loc|Bc〉ZV and so

Equation 5.6 is independent of 〈Bs(d)|V i
loc|Bc〉 for i 6= 0. Also, the form factors can

be expressed in a form explicitly independent of 〈Bs(d)|V i
loc|Bc〉 (by taking µ = 0

in Equation 5.2), so this strategy avoids the need to calculate 3-point correlators

associated with the spatial components of the vector current matrix element. This

strategy is followed in Chapter 4 for the heavy-HISQ study of Bc → Ds. However, in

practice, it is preferable to determine f+ near zero-recoil through a form that explicitly

depends on the spatial components of the vector current matrix element, albeit with

the additional cost in computing 3-point correlators with the corresponding insertion.

The benefits of doing so will be explained in the following text. Relative to the cost

of generating HISQ propagators by using the conjugate gradients algorithm to invert

the quark matrix off a source vector, it is cheap to solve the initial value problem
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that NRQCD propagators satisfy (see Section 3.3). Hence, the additional cost in this

alternative strategy is tolerable.

For a given q2 and value for f0(q2) via Equation 5.7, f+(q2) can be determined by

setting µ = 0 in Equation 5.2 to yield

f+(q2) =
ZV V0 − q0f0(q2)

M2

B+
c
−M2

B0
s

q2

p0
2 + p0

1 − q0
M2

B+
c
−M2

B0
s

q2

, (5.8)

where Vµ is the vector current matrix element, except at zero-recoil (q = 0) where

the denominator vanishes and so f+ cannot be extracted. For Bc → Ds in Chap-

ter 4, I extracted f+ in this manner in Equation 4.20. The heavy-HISQ calculation of

Bc → Bs(d), which I later compare with, also uses this method to find f+(q2). In prac-

tice, using Equation 5.8 near zero-recoil is problematic since both the numerator and

denominator grow from 0 as q2 is decreased from the maximum value at zero-recoil.

Consequently, the values for f+ at this q2 have much larger error than data further

away from zero-recoil. In Chapter 4, I discarded data for f+ near zero-recoil since

the error on these values was large. For the case where the spectator is an NRQCD b

quark, I instead use Equation 5.2 with µ = i 6= 0 to give

f+(q2) =
−ZV Vi

qi
+ f0(q2)

M2

B+
c
−M2

B0
s

q2

1 +
M2

B+
c
−M2

B0
s

q2

. (5.9)

Although mathematically equivalent to Equation 5.8, extracting f+ through Equa-

tion 5.9 gives much smaller errors near to zero-recoil since the numerator and denom-

inator of Equation 5.9 are non-zero for all physical q2. However, since V i appears

explicitly in Equation 5.9, 3-point correlators with an insertion of the spatial compo-

nents V i of the vector current need to be calculated. For the case of the spectator

NRQCD b quark, the use of Equation 5.9 is straightforward except that it requires

inversions of the charm quark propagator from a different sequential source (discussed

at Section 5.4) to allow for the insertion of the local current γi ⊗ γi in the mixed

NRQCD-HISQ 3-point function. Collecting V i at non-zero 3-momentum transfer also

allows scrutiny of the q2 independence of ZV that would appear as a discretisation

effect.

Using Equation 5.7 for f0 and Equation 5.9 for f+, I extract form factor data at a

variety of lattice spacings, light quark masses and momenta.
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Bc Bs(d)

0 t twidth

b

c

q

s(d)

Figure 5.1: 3-point correlator C3pt(t, twidth). The flavour-changing operator insertion

is denoted by a cross at timeslice t and the total time length of the 3-point correlator

is twidth. The random wall source for the b and s(d) propagators is at the timeslice of

the Bs(d) interpolator.

5.4 Correlators

Random wall source [81] HISQ propagators, detailed in Appendix B, with the mass

of the charm quark are calculated and combined with random wall source NRQCD

b propagators to generate B+
c 2-point correlator data. 2-point correlators for B0

s(d)

are generated similarly. The strategy of combining NRQCD random wall propagators

and HISQ random wall propagators to yield 2-point correlators was first developed

in [82]. NRQCD propagators are generated by solving an initial value problem as

described in Section 3.3. As discussed previously, this is computationally very fast

compared to calculating rows of the inverse of the HISQ quark matrix. As discussed

in Section 5.2, I require both vector current and scalar density matrix elements and

I choose the local flavour-changing operator insertions cΓq where Γ is either γµ or 1

and q = s, d. The 3-point correlators needed here are represented diagrammatically in

Figure 5.1. A HISQ charm quark propagator is generated by using the random wall

bottom quark propagator as a sequential source at the timeslice of the Bc interpolator

and then combined with a strange or down random wall source propagator.

For this project I computed 2-point correlators that describe the propagation of the

Bc, Bs and Bs pseudoscalar mesons. Energies from these correlators are then found
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which then facilitate extraction of the matrix elements from the 3-point correlators in

which a charm quark decays into a strange or light quark via an insertion of the vector

current or the scalar density.

To construct the NRQCD-HISQ mixed action correlation functions, I substantially

augmented existing code that implements the evolution of NRQCD propagators (dis-

cussed in Section 3.3). The functionality of this code was minimal and so I carried

out significant extensions and customisations for use in this project. For example, I

created an application within the code framework that exports the sequential source

(an appropriately spin-traced NRQCD random wall propagator) to then be read by

the MILC code [46] as the source for inverting the HISQ quark matrix at the mass of

the charm quark.

Recall the definition Ω(x) = γ
x0/a
0 γ

x1/a
1 γ

x2/a
2 γ

x3/a
3 in Equation 3.42 and the relation

S(x, y) = s(x, y)Ω(x)Ω(y)† in Equation 3.46 between naive propagators S and stag-

gered propagators s which have no spin structure. For the case where both the initial

and final mesons are projected onto zero 3-momentum, the 2-point correlators for Bq

with q = c, s, l are constructed as

C
Bq
2pt(t) =

∑
x,z

Tr
(
Sb(x, t1; z, t2)γ5Sq(z, t2; x, t1)γ5

)
≈
∑
x,z

Tr
(

Ω(x, t1)†
[
Sb(x, t1; z, t2)(Ω(z, t2)ηt2(z))

][
sq(x, t1; z, t2)ηt2(z)

]†)
=
∑
x

Trcolour

(
Trspin

{
Ω(x, t1)†SRW

b (x, t1)
}
sRW
q (x, t1)

)
(5.10)

where, on the second line, I have used γ5-hermiticity of the propagator, γ5S(x, y)γ5 =

S†(y, x), Equation 3.46 to express Sq in terms of sq, and a random wall insertion ηt2ηt2†

at timeslice t2 (see Appendix B). Hence, I carry out an inversion of the HISQ quark

matrix off the random wall source vector ηt2 and an NRQCD propagator evolution

from the source Ωηt2 . This constructs the two terms in the square brackets at the

second line of Equation 5.10. It remains to multiply these matrices together according

to Equation 5.10 and take the appropriate traces over spin and colour space.

The 3-point correlators are represented diagrammatically in Figure 5.1. In the case

where the source, sink and insertion are all projected onto zero 3-momentum, the
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3-point correlators are constructed as

CΓ
3pt(t) =

∑
x,y,z

Tr
(
Sb(x, t1; z, t2)γ5Ss,d(z, t2; y, t)ΓSc(y, t; x, t1)γ5

)
≈
∑
x,y,z

Tr
(

Ω(y, t2)†γ5ΓΩ(y, t2)sc(y, t; x, t1)Ω(x, t1)†γ5[
Sb(x, t1; z, t2)(Ω(z, t2)ηt2(z))

][
ss,d(y, t; z, t2)ηt2(z)

]†)
. (5.11)

The terms in the square brackets are the random wall HISQ and NRQCD propagators

as featured in the 2-point correlator in Equation 5.10, thus Equation 5.11 becomes

CΓ
3pt(t)

=
∑
x,y

Trcolour

(
sRW
s,d (y, t)sc(y, t; x, t1)Trspin

{
Ω(y, t2)†γ5ΓΩ(y, t2)Ω(x, t1)†γ5S

RW
b (x, t1)

})
.

(5.12)

Finally, the products of gamma matrices in Equation 5.12 can be simplified by noting

that Ω(y, t2)†γ5ΓΩ(y, t2) = (−1)φ1(y)γ5Γ where

φ1(y) =


∑
ν

yν/a for Γ = 1

yµ/a for Γ = γµ

(5.13)

so that

CΓ
3pt(t) =

∑
x,y

Trcolour

(
(−1)φ1(y)sRW

s,d (y, t)sc(y, t; x, t1)Trspin

{
γ5ΓΩ(x, t1)†γ5S

RW
b (x, t1)

})
(5.14)

and γ5ΓΩ(x, t1)†γ5 = (−1)φ2(x)ΓΩ(x, t1)† where

φ2(x) =


∑
ν

xν/a for Γ = 1

1 +
∑
ν

xν/a for Γ = γµ.

(5.15)

The (now simplified) spin-traced object

(−1)φ2(x)Trspin

{
ΓΩ†(x, t1)SRW

b (x, t1)
}

(5.16)

in Equation 5.14 is used as a source for inverting the HISQ quark matrix at the mass of

the charm quark. Writing this sequential charm propagator as sseq
c , the final expression
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for the 3-point correlator is

CΓ
3pt(t) =

∑
y

Trcolour

(
(−1)φ1(y)sRW

s,d (y, t)sseq
c (y, t)

)
. (5.17)

Note that dependence on the current insertion features in the sign φ2 as well as the

sequential charm propagator sseq
c . Hence, I require a different sequential charm quark

propagator for the scalar density and each of the components of the vector current.

I require matrix elements at non-zero recoil and this is achieved by inserting mo-

menta into the strange or light propagators in the 2-point and 3-point correlators via

twisted boundary conditions (described in Section 3.1.4).
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Table 5.1: Parameters for the MILC ensembles of gluon field configurations. The

lattice spacing a is determined from the Wilson flow parameter w0 [9] given in lattice

units for each set in column 2 where values were obtained from [2] on sets 1 to 5 and

[3] on set 6. The physical value w0 = 0.1715(9) was fixed from fπ in [5]. Sets 1 and 2

have a ≈ 0.15 [fm], and sets 3 and 4 have a ≈ 0.12 [fm]. Sets 5 and 6 have a ≈ 0.09

[fm] and a ≈ 0.06 [fm] respectively. Sets 1, 3, 5 and 6 have unphysically massive light

quarks such that ml/ms = 0.2, and sets 2 and 4 have ml/ms = 1/27.4 [6]. Sets 1 to 5

were used in the NRQCD calculation of the form factors. The heavy-HISQ calculation,

which I compare with my calculation with an NRQCD b quark, used sets 3, 5 and 6.

set w0/a N3
x ×Nt ncfg amsea

l amsea
s amsea

c

1 1.1119(10) 163 × 48 1000 0.013 0.065 0.838

2 1.1367(5) 323 × 48 500 0.00235 0.0647 0.831

3 1.3826(11) 243 × 64 1053 0.0102 0.0509 0.635

4 1.4149(6) 483 × 64 1000 0.00184 0.0507 0.628

5 1.9006(20) 323 × 96 504 0.0074 0.037 0.440

6 2.896(6) 483 × 144 250 0.0048 0.024 0.286

5.5 Ensembles and parameters

As in Chapter 4, I use ensembles with 2 + 1 + 1 flavours of HISQ sea quark generated

by the MILC Collaboration [22, 23, 24]. For the calculation with an NRQCD spectator

bottom quark, I used sets 1 to 5 in Table 5.1. Set 5 and 6 were also used in Chapter 4

for my heavy-HISQ calculation of Bc → Ds. Again, the Symanzik-improved gluon

action used is that from [31] and described in Chapter 3.2, where the gluon action

is improved perturbatively through O(αs) including the effects of dynamical HISQ

sea quarks. The lattice spacing is identified by comparing the physical value for the

Wilson flow parameter ω0 = 0.1715(9) fm [5] with lattice values for ω0/a from [2] and

[3]. My calculations feature physically massive strange quarks and equal mass up and

down quarks, with a mass denoted by ml, with ml/ms = 0.2 and also the physical

value ml/ms = 1/27.4 [6]. For sets 1 to 5 in Table 5.1, strange propagators (sRW
s in

Equations 5.10 and 5.17) were re-used from [66], a study of the pseudoscalar meson
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Table 5.2: The HISQ valence quark masses for the light, strange and charm flavours

for each of the sets described in Table 5.1. For the light quarks, the values for the

valence quarks are identical to the masses of the light sea quarks. The masses for

the valence strange quarks and the valence charm quarks were tuned in [3] using w0

(Table 5.1) to fix the lattice spacing. The fourth and fifth columns give the valence

charm quark masses for my calculation with an NRQCD spectator quark and also the

valence charm quark masses for the calculation with a HISQ spectator quark, results

from which I compare with my calculation with an NRQCD b quark. In my calculation

with NRQCD spectator quarks slightly different amval
c values were used for historical

reasons relating to different approaches for setting the lattice spacing. The fits allow

for mistuning of the charm quark mass.

amval
c

set amval
l amval

s NRQCD spectator HISQ spectator

1 0.013 0.0705 0.826 -

2 0.00235 0.0677 0.827 -

3 0.0102 0.0541 0.645 0.663

4 0.00184 0.0507 0.631 -

5 0.0074 0.0376 0.434 0.450

6 0.0048 0.0234 - 0.274

electromagnetic form factor. Light propagators (sRW
d in Equations 5.10 and 5.17) were

re-used from [83], an extension of [66] to the pion. The valence quark masses used

for the HISQ propagators on these gluon configurations are given in Table 5.2. The

valence strange and charm quark masses were tuned using [3, 66] slightly away from

the sea quark masses to yield results that more closely correspond to physical values.

The HISQ propagators were calculated using the MILC code [46].

I work in the frame where the B+
c is at rest, and momentum is inserted into the

strange or down valence quark through twisted boundary conditions [67, 68] in the

(1 1 1) direction, details of which are discussed in Section 3.1.4. The values of the

momenta used are given in Tables 5.3. The corresponding q2 is then constructed by

taking q0 to be the difference in energies of the lowest lying (pseudoscalar) initial and
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Table 5.3: The bottom quark masses and NRQCD parameters cj were obtained from

[10]. The final column gives the different momenta for the strange and light quarks

considered in the NRQCD calculation implemented with twisted boundary conditions.

set amval
b c1, c6 c5 c4 u0 |aq|

1 3.297 1.36 1.21 1.22 0.8195 0 0.1243 0.3730 0.6217

2 3.25 1.36 1.21 1.22 0.8195 0 0.3649

3 2.66 1.31 1.16 1.20 0.8341 0 0.1 0.3 0.5

4 2.62 1.31 1.16 1.20 0.8341 0

5 1.91 1.21 1.12 1.16 0.8525 0 0.0728 0.364 0.437

final states.

The coefficients of operators corresponding to relativistic correction terms in the

NRQCD action are given in Table 5.3. The valence b quark masses used for the

NRQCD propagators are also given there. The values were taken from [10].

The heavy-HISQ calculation used sets 3 and 5 as well as a lattice finer than the five

sets featuring in the calculation with an NRQCD spectator, set 6 in Table 5.1. This

is motivated by the necessity to avoid large discretisation effects that grow with the

heavy quark mass amh (as (amh)
4 at tree-level) whilst gathering data at large masses

that will reliably inform the limit mh → mb. As in the case of an NRQCD spectator

quark, the heavy-HISQ calculation inserts momenta through the strange and down

quark propagator with the Bc at rest. On sets 3 and 5, the same strange and light

propagators were used as in my study with an NRQCD spectator quark. Values of

the mass of the valence charm quark are given in Table 5.2. The momenta and heavy

quark masses amh used for the heavy-HISQ method are shown in Table 5.4.
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Table 5.4: Heavy quark masses and momenta used for the heavy-HISQ calculation.

The momenta are in the (1 1 1) direction.

set amval
h |aq|

3 0.663 0.8 0 0.1 0.3 0.5

5 0.450 0.6 0.8 0 0.07281 0.218 0.364 0.437

6 0.274 0.450 0.6 0.8 0 0.143 0.239 0.334

5.6 Fitting the form factor data

5.6.1 z expansion

Similarly to Section 4.5.1, the z parameter for this decay is defined as

t± = (MBc ±MBs(d))
2,

z(q2) =

√
t+ − q2 −√t+ − t0√
t+ − q2 +

√
t+ − t0

, (5.18)

where t− = (MBc −MBs(d))
2 is the maximum kinematically allowed value of q2. It is

more conventional to take t+ = (MD +MK(π))
2, the threshold for meson pair produc-

tion. However, this method would additionally require lattice simulation energies of D

and K(π) from fits of charm-strange(light) 2-point correlators, thus further enlarging

the dataset of correlators to be fit. Hence, I instead use t+ = (MBc + MBs(d))
2 which

features energies of the initial and final mesons which are required for extraction of the

matrix elements. As will be made explicit shortly, it is straightforward to convert form

factor parameters in the continuum limit with physical masses between the different

t+ regimes. Similarly to the discussion in Section 4.5.1, I again choose the parameter

t0 to be 0 so that q2 and z are simultaneously zero.

For D → K in [65], the form factors were also expressed as a polynomial in z

with t± = (MD ± MK(π))
2. This was a suitable approach since the coefficients of

the polynomials in z were O(1). The processes Bc → Bs and D → K both involve

c→ s, albeit with very different spectator quark masses. As described in Section 5.2,

the form factors in these two decays are expected to behave similarly as a function

of q2. In contrast to D → K, the B+
c decays studied here have t+ � t−, and so
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the physical range of z, z(q2 = t−) < z < 0, is two orders of magnitude smaller

than in [65]. The ranges of physical q2 for the two decays are comparable, however,

since tBc→Bs− /tD→K− = O(1). Hence, the z range in Equation 5.18 must be rescaled

appropriately to ensure that the polynomial coefficients are O(1). This is a desirable

property when setting prior distributions. The same arguments apply to the Bc → Bd

decays. For physical masses [7], the maximum q2 values 18.5(GeV)2 and 19.4(GeV)2

for the decays Bc → Ds and Bc → D respectively (discussed in Chapter 4) are much

larger than the corresponding values for the decays Bc → Bs and Bc → Bd which have

maximum q2 values of 0.8(GeV)2 and 1.0(GeV)2 respectively.

The parameter z can be appropriately rescaled by |z(M2
p )|−1 where Mp is the mass

of the nearest cs or cd meson pole (the same mass for both vector and scalar form

factors is used for convenience). For Bc → Bs, Mp is taken as the mass of the vector

meson D∗s and for Bc → Bd, the mass of D∗0. Thus, the rescaled z parameter is

zp(q
2) =

z(q2)

|z(M2
p )| (5.19)

which has a range more commensurate to that for the corresponding D decay. Coef-

ficients of the conventional expansion in terms of z can easily be obtained from the

expansion in zp. In the heavy-HISQ calculation, using zp avoids introducing large

heavy mass dependence through the z transform, which otherwise would require large

ΛQCD/MHc coefficients in the heavy-HISQ fit.

5.6.2 Form factor fit form

The form factor data from the calculation with an NRQCD spectator quark is fit to

f(q2) = P (q2)−1

N∑
n=0

b(n)znp . (5.20)

Here, the dominant pole structure is represented by a factor P (q2)−1 given by (1 −
q2/M2

res)
−1 with Mres the mass of the relevant cs or cd meson (the vector meson for

f+ and the scalar for f0). Values of Mres are taken from current experiment [7]:

MD∗s = 2.112 GeV, MD∗s0
= 2.317 GeV, MD∗ = 2.01027 GeV, and MD∗0

= 2.300 GeV.

Uncertainties in these values are not included since P (q2) is merely a factor designed

to remove much of the q2-dependence from the form factors. In the case of Bc → Bs(d),
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Re(zp)

Im(zp)

z
(0)
pz

(2)
p z

(1)
p

−1

Figure 5.2: Complex zp space. The bold blue line indicates where the physical range

0 < q2 < t− is mapped to. z
(0)
p = zp(t−), z

(1)
p = zp(M

2
res) = −1, and z

(2)
p = zp(t+) The

overall scaling |z(M2
res)|−1 of z maps the semi-circular arc of unit radius in z-space to

the arc of radius zp(t+) = |z(M2
res)|−1 so that the nearest pole lies on the real axis at

−1.

the poles nearest to the maximum kinematically allowed q2 are roughly twice as far

away as for D → K(π). Hence, the form factors for Bc → Bs(d) are expected to be flat

and the fit insensitive to the value of the pole mass. I demonstrate this in Section 5.7.3

where I report on fits that have do not include a pole factor, i.e. P (q2) = 1.

The pole factor P (q2)−1 multiplies a polynomial in zp with coefficients

b(n) = A(n)
{

1 +B(n)(amc/π)2 + C(n)(amc/π)4

+κ
(n)
1

δmsea
l

10mtuned
s

+ κ
(n)
2

δmsea
s

10mtuned
s

+ κ
(n)
3

δmsea
c

mtuned
c

+κ
(n)
4

δmval
s

10mtuned
s

+ κ
(n)
5

δmval
c

mtuned
c

+ κ
(n)
6

δmval
b

mtuned
b

}
. (5.21)

The parameters κ
(n)
j allow for errors associated with mistunings of both sea and va-

lence quark masses. The term accounting for mistuning of valence strange quarks is

irrelevant for Bc → Bd which does not feature a valence strange quark, so this term

is only included for the Bc → Bs transition. Similarly to Section 4.5.2, the tuned

masses mtuned
s and mtuned

c are the valence quark masses that yield physical ηs and ηc
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meson masses respectively in the sea of 2+1+1 flavours of sea quark. Values for mtuned
s

and mtuned
c were obtained from [3]. Also, mtuned

l is fixed by multiplying mtuned
s by the

physical ratio

ml

ms

=
1

27.18(10)
(5.22)

obtained from [73]. For the b quark, I take tuned values1 of the quark mass from Table

XII in [10].

For each of the sea and valence quark flavours, δmsea and δmval are given by

δmsea = msea −mtuned

δmval = mval −mtuned, (5.23)

giving estimates of the extent that the quark masses deviate from the ideal choices in

which appropriate meson masses are exactly reproduced.

The calculation of amtuned
b in [10] used a lattice spacing determined from Υ(2S−1S)

splitting. Hence, these values have been adjusted for use in this study to ensure

consistency with the lattice spacing from w0 (see Table 5.1) through

amval
b = (amval

b )olda
w0

aΥ
. (5.24)

For prior values on the parameters in Equation 5.21, I use 0(1) for A(n), B(n) and

C(n), and 0.0(5) for κ(j). The power series in Equation 5.20 is truncated to include up

to the z3
p term. Finally, the kinematic relation

f0(0) = f+(0) (5.25)

is imposed on the fit as a constraint, though fits without this constraint yield very

similar form factors with f+(0)− f0(0) equal to zero well within 1σ.

Constraints on b(n) from unitarity, as in the Bourrely-Caprini-Lellouch (BCL) [72]

and Boyd-Grinstein-Lebed (BGL) [70] expansions, are unnecessary here since the full

range of physical momentum transfer can be reached and so extrapolation in q2, that

may benefit in accuracy from imposing these constraints, is not required. Hence, more

1To ensure consistency, I convert values from [10] in lattice units to physical units by using the

lattice spacing determined in [10] from the Υ(2S − 1S) splitting.



102 Chapter 5. B+
c → Bs(d)`ν` form factors with an NRQCD b quark

complicated fit forms that impose additional constraints on the parameters are not

expected to be appreciably advantageous.

Data from the heavy-HISQ calculation, which my results with an NRQCD spectator

quark are compared to in Section 5.7, are fit similarly. The conversion from q2 to

z-space (Equation 5.18) uses the values of MHc and MHs or MHd as appropriate.

Rescaling z at each mh, as described in Section 5.6.1, gives a similar z-range for each

mh and avoids introducing spurious dependence on mh that comes simply from the

z-transform. The form factor fit form accounts for discretisation effects associated

with the heavy quark mass mh as well as physical dependence on mh through a power

series in ΛQCD/MHc , motivated by HQET. The form factor data from the heavy-HISQ

approach is fit to

f(q2) = P (q2)−1

3∑
n,i,j,k=0

A
(n)
ijkz

n
p

(amc

π

)2i (amh

π

)2j

∆
(k)
Hc
N (n)

mis , (5.26)

where ∆
(0)
M = 1 and, for k 6= 0,

∆
(k)
Hc

=

(
ΛQCD

MHc

)k
−
(

ΛQCD

MBc

)k
(5.27)

where we take ΛQCD = 500 MeV. The mistuning terms are given by

N (n)
mis = 1 +

δmval
c

mtuned
c

an +
δmsea

c

mtuned
c

bn +
δmval

s

10mtuned
s

cn +
δmsea

s

10mtuned
s

dn +
δml

10mtuned
s

en, (5.28)

where the term proportional to δmval
s is included only for the Bc → Bs case. The pole

factor P (q2)−1, δm and the tuned masses have the same definitions as in the case with

an NRQCD spectator quark.

In the continuum limit (a = 0) and the limit of physical masses (δm = 0 in Equa-

tion 5.23 ), the fit form in the heavy-HISQ calculation collapses to P (q2)−1
∑

n z
n
pA

(n)
000.

Similarly, the fit form in the case with an NRQCD spectator quark collapses to

P (q2)−1
∑

n z
n
pA

(n). As well as my results with an NRQCD b quark, I also construct

form factors at the physical-continuum limit from a chained fit where the results of A
(n)
000

from the heavy-HISQ calculation are used as priors for the fitting of the form factor

data with an NRQCD spectator quark. I label this fit ‘NRQCD from heavy-HISQ’ in

Section 5.8.
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Table 5.5: Input parameters to the correlator fits for the calculation with NRQCD

spectator quarks together with fits including variations of tmin/a, N and SVD cut.

Bold entries indicate those fits used to obtain my final result. Other values are used

in tests of the stability of our form factor fits to be discussed in Section 5.7.3.

set SVD cut t2pt
min/a t3pt

min/a N Q χ2/dof

1 0.1 2 2 6 0.16 1.00

0.1 2 3 4 0.29 1.00

2 0.075 6 2 6 0.45 1.00

0.075 6 2 5 0.12 1.10

3 0.1 6 3 6 0.3 1.00

0.075 4 2 6 0.16 1.00

4 0.025 4 3 6 0.5 1.00

0.075 4 2 6 0.65 0.95

5 0.05 6 2 6 0.35 1.00

0.3 4 3 6 0.12 1.00

5.7 Results and comparison to heavy-HISQ

5.7.1 Correlators

I fit all of the correlator data (non-periodic) to Equations 3.21 and 3.22 on each

set simultaneously to obtain the correlations between the fitted parameters. As in

Section 4.6.1.1, I use SVD cuts to combat the large covariance matrix associated with

the correlator fits. Many fits were carried out with different SVD cuts, numbers of

exponentials N (see Equations 3.21 and 3.22), and positions t2pt
min and t3pt

min of the first

timeslice where the correlators are fit. I selected the fit of the correlators on each

lattice for form factor extraction based on the χ2 and Q-value. I fit with additional

noise inserted in the data and priors to recover meaningful values of χ2 (described

in Section 3.1.3). The parameters used in the fits of correlators with an NRQCD

spectator quark are presented in Table 5.5. The parameters given in bold are those

used for the fits from which the final results for the form factors are found. Other
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Figure 5.3: Effective simulation energies (Equation 5.29) of 2-point correlators with

an NRQCD spectator quark on the fine lattice for |aq| = 0.427. The black lines

with grey error bands show the energies extracted from fitting the correlators in the

simultaneous fit of fine lattice data with all the 3-point correlators and all the momenta.

The B meson energies shown here are offset from their physical values as a consequence

applying the NRQCD formalism to the constituent b quark.

values are used to test the stability of the form factor fits (discussed in Section 5.7.3).

In Figure 5.3, I demonstrate the correlator data through the two-step effective sim-

ulation energy

aEsim,eff =
1

2
log
( C2pt(t)

C2pt(t+ 2)

)
(5.29)

where, the two-step temporal difference between the numerator and denominator acts

to suppress the oscillatory contributions, though some residual oscillation is still ap-

parent. Nevertheless, aEsim,eff appears to plateau for large times onto the extracted

energy as expected.

5.7.2 Vector current renormalisation

In this section, I give results for the renormalisation factor ZV for the vector cur-

rent (Equation 5.6) and test for dependence of ZV on q2. I also compare my results
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Figure 5.4: ZV for the c → s vector current evaluated at different q2 from the calcu-

lation with an NRQCD spectator quark using Equation 5.6.

Table 5.6: ZV obtained at zero-recoil using an NRQCD spectator b quark .

set c→ s c→ d

1 1.021(15) 1.041(18)

2 1.0397(61) 1.021(17)

3 1.000(20) 1.004(22)

4 1.034(19) 0.983(20)

5 1.003(12) 0.958(20)

from using an NRQCD spectator quark with results obtained from the heavy-HISQ

calculation.

The vector current renormalisation factor ZV computed at different momentum

transfer with NRQCD b quarks shows no significant dependence on q2, demonstrated

by Figure 5.4. For each momentum, I use the ZV found at this q2 from Equation 5.6

to extract f+ using Equation 5.9. Although there is no suggestion of dependence on q2

from Figure 5.4, there is a noticeable discretisation effect with data on coarser lattices

generally lying above the data on the finer lattices.
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Table 5.7: ZV for c → s obtained at zero-recoil using a HISQ spectator quark with

different values of the heavy quark mass mh.

set/amh 0.274 0.450 0.6 0.663 0.8

3 - - - 1.026(32) 1.029(36)

5 - 1.006(17) 1.003(19) - 1.000(20)

6 0.997(14) 0.994(17) 0.995(19) - 0.995(22)

Table 5.8: ZV for c → d obtained at zero-recoil using a HISQ spectator quark with

different values of the heavy quark mass mh.

set/amh 0.274 0.450 0.6 0.663 0.8

3 - - - 1.016(47) 1.019(50)

5 - 1.009(23) 1.004(25) - 1.000(27)

6 0.996(22) 0.993(25) 0.994(28) - 0.995(32)

The ZV factor in Equation 5.6 is associated only with the local vector current op-

erator and should be independent of the mass of the spectator quark. Values of ZV

obtained in the different calculations are tabulated in Tables 5.6, 5.7 and 5.8. Good

agreement is seen on set 5 at zero-recoil between the results with an NRQCD spectator

quark and HISQ spectator quarks at the various masses mh. Dependence on the mass

of the spectator quark is displayed in Figure 5.5. The plot includes values from the

analogous calculation for the D → K case [65]. For D → K, a charm quark decays

into a strange quark, as in Bc → Bs, but here the spectator quark is a light quark,

much less massive than the heavy spectator quark in Bc → Bs. Hence, data for ZV

is available for a wide range of spectator quark masses. The vector current renor-

malisation factors from Bc → Bs and D → K in Figure 5.5 are in good agreement,

demonstrating negligible dependence on the mass of the quark spectating the c → s

transition.

It is also of interest to compare vector current renormalisation factors for different

masses of quark featuring in the current. For example, [1] calculates the local sγµs

vector current renormalisation factor from an ηs → ηs 3-point correlation function
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Figure 5.5: ZV of the c → s vector current from both the NRQCD and heavy-HISQ

calculations are plotted alongside values from D → K [65]. The NRQCD data is

marked with circles, the heavy-HISQ data is marked with crosses, and finally the

D → K values are given by diamonds. As expected, no significant dependence on the

spectator mass is observed.

at q2 = 0 on the 2+1+1 MILC ensembles. This gave very precise values and it was

possible to fit ZV to a perturbative expansion in αs (including the known first-order

term) along with discretisation effects. This fit is plotted in Figure 5.6 alongside ZV

for c→ s values determined in this study and that with a HISQ spectator quark. This

plot reveals lattice spacing dependence that varies with mass mq of the quark q in the

local vector current sγµq. In the limit of vanishing lattice spacing, the renormalisation

factors are in agreement.

One might worry that the large errors appearing in Figure. 5.6 for the sγµc renor-

malisation factors determined here would carry forward into the determination of the

form factor f+. However, matrix elements obtained from fitting the correlators are

correlated in such a way that the combinations of matrix elements appearing in Equa-

tions 5.8 and 5.9 result in a much smaller error than if correlations were ignored.

Hence, the uncertainty in the renormalisation factor is not a large contribution to the
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Figure 5.6: ZV from the s → s vector current from [1] (red crosses) and the c → s

vector current from the heavy-HISQ calculation given here (green squares). The curve

is the fitted perturbative expansion, including discretisation effects, detailed in [1]. The

red circle is an extrapolated value at the lattice spacing associated with the superfine

lattice.

final uncertainty in the form factors.

5.7.3 Form factors

In Figures 5.7 and 5.8, I demonstrate that the form factors in the physical-continuum

limit are insensitive to the choice of parameters in the fits of the correlators. As can

be seen in the figures, the coefficients in the fits of the form factors are stable and

agree with each other within their uncertainties as the correlator fits on all five sets

are varied. Also, statistically consistent results are obtained with fit forms quadratic

and quartic in zp.

The fitted form factors from the NRQCD spectator case exhibit errors no greater

than 4% across the entire physical range of q2 when tuned to the physical-continuum

limit. Figures 5.9, 5.10, 5.11 and 5.12 show the results on all the lattices along with

the fitted function for the form factors in the physical-continuum limit.
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Figure 5.7: zp expansion coefficients, for the calculation with an NRQCD spectator

quark, computed using the variations of correlator fit parameters listed in Table 5.5

for the Bc → Bs form factors. The integer x coordinate of each result is given by

n
(1)
var + 2n

(2)
var + 4n

(3)
var + 8n

(4)
var + 16n

(5)
var where n

(i)
var = 0, 1 corresponding to the first and

second fits respectively listed in Table 5.5 of set i. The error band present shows the

1σ error on the fit (x = 1) used to obtain my final results.
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Figure 5.8: zp expansion coefficients, for the calculation with an NRQCD spectator

quark, computed using the variations of correlator fit parameters listed in Table 5.5

for the Bc → Bd form factors. The x coordinate is the same as that in Figure 5.7 and

the band again shows the error on the fit selected for my final results.

The z0
p and z1

p behaviour of the form factors is well resolved by the fit to Equa-

tion 5.21, as well as the (amc/π)2z0
p discretisation effect. Table 5.9 summarises the

corresponding parameters from the fit. After fitting, other parameters show errors

comparable to the width of their prior and are consistent with 0. In particular, quark

mass mistuning coefficients simply return their prior value.

Relaxing the kinematic constraint f0 = f+ at q2 = 0 yields very similar results,

illustrating that the fit is sufficiently well-informed to accurately deduce the shape of

the form factors throughout the entire range of physical momentum transfer. Table

5.10 presents fitted form factors at q2 = 0 from a fit without the kinematic constraint.
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Figure 5.9: Lattice results and fitted f0 form factor data for B+
c → B0

s lνl with an

NRQCD b quark. The grey band shows the fitted form factor tuned to physical quark

masses and vanishing lattice spacing.
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Figure 5.10: Lattice results and fitted f+ form factor data for B+
c → B0

s lνl with an

NRQCD b quark. The grey band shows the fitted form factor tuned to physical quark

masses and vanishing lattice spacing.
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Figure 5.11: Lattice results and fitted f0 form factor data for B+
c → B0lνl with an

NRQCD b quark. The grey band shows the fitted form factor tuned to physical quark

masses and vanishing lattice spacing.
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Figure 5.12: Fitted f+ form factor data for B+
c → B0lνl with an NRQCD b quark. The

grey band shows the fitted form factor tuned to physical quark masses and vanishing

lattice spacing.
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Table 5.9: A selection of f0 and f+ fit parameters from the fit to Equation 5.21 with

an NRQCD-b quark, demonstrating the leading order momentum and lattice spacing

dependence. Note that the discretisation effects in the f0 and f+ fits are allowed to

vary independently of each other with separate B(0) parameters. In practice, as the

Table shows, the fit returns very similar values.

f s0 fd0 f s+ fd+

A(0) 0.617(13) 0.548(23) 0.617(13) 0.548(23)

A(1) -0.52(14) -0.19(22) -0.74(14) -0.48(21)

A(2) -0.63(63) 0.05(74) -0.29(72) 0.12(77)

B(0) 1.44(38) 1.45(46) 1.44(38) 1.45(46)

Table 5.10: NRQCD form factor fits without imposing the kinematic constraint f0 =

f+ at q2 = 0.

f0(0) f+(0) f0(0)− f+(0)

c→ s 0.618(14) 0.615(16) 0.003(14)

c→ d 0.548(24) 0.543(27) 0.005(23)

For decays with a larger kinematical range, for example B → π, it is impractical to

cover the entire range of physical q2 with lattice simulations due to signal-to-noise

degradation when projecting interpolators onto large 3-momenta. In cases such as

this, the kinematic constraint offers information at the statistically weakest value of

q2, q2 = 0, which can reduce the uncertainty of the fitted form factors. Here, for

Bc → Bs(d), the entire physical range is sufficiently small such that the vicinity of q2 = 0

can be comfortably simulated without excessive noise from projecting interpolators

onto large 3-momenta.

In Figures 5.13 and 5.14, I plot the f0 andf+ form factor data respectively for c→ s

from both cases of spectator quark. Figure 5.14 appears to show that the heavy-

HISQ calculation has small discretisation effects compared to the NRQCD calculation,

though discretisation effects appearing as powers of amh may be masked by heavy

quark mass dependence. Inherent in the NRQCD formalism is an error from truncating
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Figure 5.13: f0 form factor data for B+
c → B0

s`ν` from both the NRQCD and heavy-

HISQ approaches. The NRQCD form factor data is given by filled circles; the heavy-

HISQ data, by open circles. Data points on a given set and for a given heavy quark

mass are joined by lines to guide eye.

the v-expansion of the action. The error arises as a larger discretisation effect as the

validity of the non-relativistic approximation weakens. The relative velocity of the

quarks inside B+
c is around v2 ≈ 0.5 [84], much larger than for low-lying bottomonium

states where v2 ≈ 0.05 for example. Discretisation errors observed here are comparable

to those seen in [40] which was concerned with the Bc meson decay constant.

Fits without a pole, i.e. P (q2) = 1, yield no statistically significant discrepancies.

This is not surprising since the poles are far away from the physical region of q2 and

so the pole effect on the form factor can be reasonably absorbed into the polynomial.
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Figure 5.14: f+ form factor data for B+
c → B0

s`ν` from both the NRQCD and heavy-

HISQ approaches. The NRQCD form factor data is given by filled circles; the heavy-

HISQ data, by open circles. Data points on a given set and for a given heavy quark

mass are joined by lines to guide eye. The error on the heavy-HISQ data for f+ near

zero-recoil (high q2) is greater than the error on the heavy-HISQ data for f0 at the

same q2, shown in Figure 5.13. In contrast, the data with an NRQCD b does not have

show this behaviour due to the different method used to determine f+ in this case (see

Section 5.3).

5.8 Conclusion and final results from a chained fit

The form factor functions tuned to the physical-continuum limit from each of the cases

of an NRQCD and HISQ spectator quark are compared in Figures 5.15, 5.16, 5.17 and

5.18 in z-space. There is good agreement across the entire physical range of z, with

particularly good agreement for the Bc → Bs case.

Whilst the fit forms for the form factors from NRQCD and heavy-HISQ at Equa-

tions 5.20 and 5.26 differ in appearance, they both allow for effects of discretisation

and mistuning of the quark masses. In the continuum limit with physical masses,

the two forms collapse such that the parameters A(n) from Equation 5.21 and A
(n)
000
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Figure 5.15: Fits of f0 for B+
c → B0

s lνl tuned to the physical-continuum limit. The

form factor is plotted against zp/|zp(t−)|. The blue band (‘heavy-HISQ’) lies on top

of the red band (‘NRQCD’) for the entire range of q2. The grey band (‘NRQCD from

heavy-HISQ’) lies mostly follows the red band with slightly smaller error.

from Equation 5.26 coincide. Plotted among the functions from the heavy-HISQ and

NRQCD calculations is a function arising from a chained fit, described in Section 5.6.2,

where I use the A
(n)
000 from the heavy-HISQ fit as prior distributions for the A(n) in the

form factor fit forms in my study with an NRQCD spectator quark. I label this fit

‘NRQCD from heavy-HISQ’ in Figures 5.15, 5.16, 5.17 and 5.18. This chained fit has

χ2/d.o.f. = 1.3 and is consistent with both the separate fits. I make a final prediction

for the decay rates and values for Γ|V |2 using this chained fit. The hadronic quantity

required for determining the decay rate and branching fraction is the integral

Γ|V |−2 =
G2
F

24π3

∫ t−

0

dq2 ∆(q2)3|f+(q2)|2, (5.30)

where V is the CKM element Vcs or Vcd. Table 5.11 gives values for this quantity

for each of the Bc → Bs and Bc → Bd processes based on the calculations with

the ‘NRQCD from heavy-HISQ’chained form factor fit. Values for different q2 bins

can also be obtained. Proceeding with the total decay rate, combining these results

with existing CKM matrix values [7] Vcs = 0.997(17) and Vcd = 0.218(4) yields the
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Figure 5.16: Fits of f+ for B+
c → B0

s lνl tuned to the physical-continuum limit. The

behaviour of the error bands is similar to Figure 5.15.
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Figure 5.17: Fits of f0 for B+
c → B0lνl tuned to the physical-continuum limit.
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Figure 5.18: Fits of f+ for B+
c → B0lνl tuned to the physical-continuum limit.

Table 5.11: Final results of the weighted integral of |f+(q2)|2 over the physical range

of squared 4-momentum transfer. Units are MeV.

B+
c → B0

s`ν` B+
c → B0`ν`

Γ|V |−2 3.47(12)× 10−11 4.29(25)× 10−11

predictions

Γ(B+
c → B0

s`ν`) = 52.4(1.8)(1.8)× 109 s−1

Γ(B+
c → B0`ν`) = 3.10(11)(18)× 109 s−1 (5.31)

where the CKM matrix elements are responsible for the first errors and the second

errors arise from our lattice calculations. The dominant source of lattice QCD uncer-

tainty is the fitting of 2-point and 3-point correlators described in Section 3.1.3.

These results for the decay width are converted into a branching fraction using the

lifetime of the Bc meson, 513.49(12.4) fs [85]. This gives

B(B+
c → B0

s`ν`) = 0.0269(9)(9)(6)

B(B+
c → B0`ν`) = 0.00159(6)(9)(7) (5.32)

where now the third uncertainty is from the lifetime.
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Figure 5.19: Final form factors from the chained fits of f0 (bottom) and f+ (top)

for B+
c → B0

s`ν` in the physical-continuum limit, plotted against the entire range of

physical q2. This fit is described in Sec. 5.7.3.

Finally, I also present the ratio of the Γ|V |−2 for Bc → Bs to Bc → Bd taking

correlations into account between the numerator and denominator. From the chained

fit of B+
c → B0

s`ν` and B+
c → B0`ν` form factors, I obtain

Γ(B+
c → B0

s`ν`)|Vcd|2
Γ(B+

c → B0`ν`)|Vcs|2
= 0.809(53). (5.33)

In fact the uncertainty is roughly the same as if the numerator and denominator were

treated as uncorrelated.

5.8.1 Dependence of the form factors on the spectator quark

mass

The heavy-HISQ form factor fit function provides information regarding the behaviour

of the c→ s and c→ d form factors as the mass of the spectator quark is varied. The

heavy-HISQ form factor fits in Section 5.8 allow results to be obtained for mh → mb.

The most accurate results are for the c → s decay and so I now concentrate on this

case.
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Figure 5.20: Final form factors from the chained fits of f0 (bottom) and f+ (top)

for B+
c → B0`ν` in the physical-continuum limit, plotted against the entire range of

physical q2.

Figure 5.21 shows the fit curve from the heavy-HISQ results for f s+ and f s0 as a

function of the heavy-charm meson mass (as a proxy for the spectator quark mass).

The form factor curves that are plotted are those for q2 = 0 (where f+ = f0) and for

the zero-recoil point (q = 0 and q2 = q2
max = (MHc −MHs(d))

2) where the daughter

meson is at rest in the rest-frame of the Hc meson. From mh = mc, the value of q2
max

falls slowly as the heavy-quark mass increases towards mb since the mass difference

between the Hc and Hs pseudoscalar mesons decreases. Examining the region of MHc

between Mηc and MBc in Figure 5.21, almost no dependence on the spectator mass is

seen. The form factor value that shows the most dependence is f+(q2
max). This is not

surprising because f+ shows the biggest slope in q2 close to q2
max and hence sensitivity

to the value of q2
max. Note that the curve from the heavy-HISQ analysis agrees with the

NRQCD results at a spectator mass equal to that of the b quark. As discussed in the

previous subsection, the continuum form factors obtained from the two calculations

for mh = mb agree across the full q2 range.

The heavy-HISQ fit function can be extrapolated downwards in spectator quark
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D → K
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Figure 5.21: Values for the physical-continuum form factors f s0 = f s+ at q2 = 0 and f s0

and f s+ at q2
max = t− are plotted against the mass of the heavy-charm pseudoscalar me-

son. The curve is the continuum limit of the heavy-HISQ fit function (Equation 5.26)

extrapolated to the physical Bc and D masses. Note that the region in which the

heavy-HISQ calculation has results is the region above Mηc . See the text for a de-

scription of how the extrapolation down to the D was done. Also plotted are the form

factor results for D → K [65] (green squares) as well as the NRQCD Bc → Bs result

presented in this work (red circles).

mass mh to below mc. This allows contact to be made with results for D → K decay

in [65] for example (shown in Figure 5.21) where mh = ml. Whilst HQET is not

expected to provide an accurate description of the physics for these values of mh, it is

nevertheless of interest to evaluate the performance of the fit function at these extreme

masses.

The heavy quark mass dependence of the fit form in Equation 5.26 tuned to the

continuum limit appears only through MHc at q2 = 0 since zp = 0 and P (0) = 1. This

permits an extrapolation of the form factors at q2 = 0 to MHc = MD in the continuum

limit. Extrapolating mh → ml at q2 = q2
maxis complicated by requiring knowledge of
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z(q2
max) for mh = ml. Equation 5.18 can be straightforwardly rearranged to yield

z(q2
max) =

(
MHc

MHs
− 1
)2

(
MHc

MHs
+ 1
)2 , (5.34)

so knowledge of the dependence of MHc/MHs on MHc is sufficient to find the de-

pendence of z(q2
max) at mh = ml. By fitting set 6 data and the physical values at

mh = ml,mc,mb to the form MHs = MHc(1 +
∑4

n=1 ωn(ΛQCD/MHc)
n + A(aΛQCD)2 +

B(aΛQCD)4), it is found that the data on sets 3 and 5 are reproduced well. Figure 5.21

also shows the result of this downward extrapolation. The uncertainties grow rapidly

in this direction, as might be expected due to the lack of lattice data for mh < mc.

However, the curves show approximately the correct amount of upward movement

necessary to reproduce the D → K results in [65] for f+ and f0 at q2
max. The form

factors at q2 = 0 continue to show almost no spectator mass dependence, and this is

also in agreement with the D → K results.
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Chapter 6

Long-distance effects of charmonia

on B → K`+`−

6.1 Introduction

The process B → K`+`− is facilitated by a flavour-changing neutral current (FCNC)

that is not present at tree-level in the Standard Model. I show an example diagram

contribution to this process in Figure 6.1. This weak decay is further suppressed by

the GIM mechanism and thus is particularly sensitive to physics beyond the Standard

Model. Hence, this transition may expose new physics once all the contributions, such

as charmonium resonances at long-distance, are properly understood. For example,

significant contributions to B → K`+`− have been observed [86] towards low-recoil

b s

d d

`−

`+

c c

W−

γ

B K

Figure 6.1: An example diagram contribution to the decay B → K`+`−. This penguin

diagram has a photon γ emanate from a virtual charm quark. In effective Fermi theory,

the W boson is integrated out, so the b→ c and c→ s vertices in this penguin diagram

collapse to an effective 4-quark vertex.

123
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from resonances of intermediate charmonia states that annihilate to a virtual photon

γ from which the lepton-antilepton pair `+`− are produced.

As highlighted in Section 2.2, LHCb recently reported on RK for 1.1 GeV2 < q2 <

6.0 GeV2 (far below the kinematical region of charmonia resonances). For this region

of q2, short-distance contributions dominate and Standard Model observables can be

determined from the scalar f0, vector f+, and tensor fT form factors for B → K.

In [87] and [88], these form factors were calculated in lattice QCD at high q2 (near

zero-recoil) and then extrapolated to low q2 through a phenomenologically motivated

fit function based on the BCL form factor parametrisation [72]. At this range of q2,

the effects of charmonium resonances are expected to be small. At intermediate q2 of

7 GeV2 < q2 < 12 GeV2, theoretical predictions of Standard Model observables are

complicated by the proximity to resonances from charmonia. In principle, the effects

of charmonium resonances could perceivably be significant near zero-recoil as well.

Hence, the effects of charmonium states on this transition must be understood before

predictions can be made concerning B → K`+`− at high q2.

I explore the prospects of using lattice QCD to study these contributions. Within

the effective Fermi theory of weak interactions, the effects of charmonium resonances

arise from diagrams where ccsb weak-effective 4-quark vertices facilitate the b → s

transition. Emanating from this vertex is a charmonium loop onto which an elec-

tromagnetic current insertion is placed. In this chapter, I calculate these diagrams

on the lattice and demonstrate a solution to a Euclidean space artefact arising from

the propagation of heavy intermediate states between the effective weak operator and

electromagnetic insertion. I also discuss consequences of my particular choice of lattice

action for the valence quarks.

The transition K → π`+`− contains a similar s → d FCNC decay and has been

approached in [89, 90, 91]. Using similar methods, an analysis for B → K`+`− was

reported in [92, 93] that exploits lighter than physical b quarks. In this study, I consider

B → K`+`− with physically massive b quarks, overcoming the practical difficulties in

doing so.
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6.2 Extracting the amplitude from Euclidean cor-

relators

The effective weak Hamiltonian that describes the neutral b→ s transition was given

in Equation 4.2 in context of the b → s transition Bc → Ds. I now isolate the terms

relevant for the charmonium contribution to the FCNC transition b → s and write

this as

HW =
GF√

2
V ∗usVub

2∑
j=1

CjO
c
j (6.1)

where

Oc
1 =
(
siγ

L
µ cj
)(
cjγ

Lµbi
)

Oc
2 =
(
siγ

L
µ ci
)(
cjγ

Lµbj
)
, (6.2)

γLµ = γµ(1− γ5), GF is Fermi’s constant, and V is the CKM matrix. The contribution

to the Minkowski amplitude is

Acµ(q2) =

∫
dt Acµ(t; q2), (6.3)

where

Acµ(t; q2) =

∫
d3x 〈K(p)|T [Jµ(0)HW (x)]|B(k)〉 (6.4)

and the transferred 4-momentum is q = k− p. A Minkowski-space spectral analysis of

the amplitude Acµ(q2) yields the decomposition

Acµ(q2) = i

∫ ∞
0

dE
ρ1(E)

2E

〈K(p)|Jµ(0)|E,k〉 〈E,k|HW (0)|B(k)〉
EB − E + iε

− i
∫ ∞

0

dE
ρ2(E)

2E

〈K(p)|HW (0)|E,p〉 〈E,p|Jµ(0)|B(k)〉
E − EK + iε

(6.5)

with spectral density ρ1 that captures the set of all states |E,k〉 with non-vanishing

〈K(p)|Jµ(0)|E,k〉 and 〈E,k|HW (0)|B(k)〉, energy density ρ2 that captures the set of

all states |E,p〉 with non-vanishing 〈K(p)|HW (0)|E,p〉 and 〈E,p|Jµ(0)|B(k)〉 elec-

tromagnetic current cγµc, and small ε > 0 indicating the choice of integration contour
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Figure 6.2: The 4-point correlator Cc
4pt(tB, tH , tJ , tK) as described in Equation 6.6. The

effective weak operator and electromagnetic insertion are denoted by crosses at times-

lices tH and tJ respectively. The spatial coordinates of each operator are consistent

with Equation 6.6.

around the simple poles. Section III A in [91] contains the corresponding derivation

for the amplitude for K → π`+`−.

On the lattice, I consider the 4-point correlators

(Cc
4pt)

µ(tK , tH , tJ , tB) =
1

GF√
2
V ∗usVub

∑
w,x,y,z

eiq·we−iq·y
〈
φK(w)T [Jµ(y)HW (x)]φ†B(z)

〉
(6.6)

constructed with local interpolators φB = bγ5d and φK = sγ5d for the pseudoscalar

mesons B and K respectively. The correlator is presented in Figure 6.2. The spatial

sums in Equation 6.6 specify that the B meson is at rest while the Kaon has 3-

momentum −q and the charm loop has 3-momentum q. Given an appropriately large

separation of the B and K interpolators, the correlator can be integrated with respect

to the timeslice tH of the effective weak 4-quark operator over the range [tJ−Ta, tJ+Tb].

The parameters Ta and Tb, which specify the limits of integration, should be chosen
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so that the timeslices of the source and sink are far away from tH , thus ensuring

suppression of higher energy states created by the pseudoscalar interpolators. After

multiplying the integrated 4-point correlator Cc
4pt in Equation 6.6 by the factor

2EK2EB
ZK(p)ZB(k)†

etKEKe−tBEBe−tJ (EK−EB), (6.7)

where ZK and ZB are the overlaps between the chosen interpolators and the low lying

pseudoscalars, a spectral analysis of the resulting Euclidean-space integrated correlator

Iµ gives

Iµ(tB, tK ;Ta, Tb; q
2) =

−
∫ ∞

0

dE
ρ1(E)

2E

1− e−Ta(E−EB)

EB − E
〈K(p)|Jµ(0)|E,k〉 〈E,k|HW (0)|B(k)〉

+

∫ ∞
0

dE
ρ2(E)

2E

1− e−Tb(E−EK)

E − EK
〈K(p)|HW (0)|E,p〉 〈E,p|Jµ(0)|B(k)〉 .

(6.8)

The expression for Iµ in Equation 6.8 closely resembles the Minkowski decomposition

of Acµ in Equation 6.5. Crucially however, there are terms in Equation 6.8 with factors

of real exponentials that are not present in Equation 6.5. To extract the Minkowski

amplitude from the 4-point correlator (by taking Iµ as the Minkowski amplitude),

these terms must be removed. Provided that there are no states permitted in the first

term in Equation 6.8 with E < EB, and no states permitted in the second term with

E < EK , Ta and Tb can be made large so that these exponential contributions are

suppressed and ignorable.

Firstly, consider the second term in Equation 6.8. All intermediate states |E,p〉 have

a constituent b quark for non-vanishing 〈E,p|Jµ(0)|B(k)〉. The b quark is sufficiently

heavy such that the intermediate state has greater energy than the final Kaon; E −
EK > 0 is satisfied. Hence, the limit Tb → ∞ can be taken without encountering

divergences.

The first term in Equation 6.8, however, features many intermediate states with

E < EB. For example, the system K + J/ψ is present and has energy less than the B

meson, again since the b quark is much heavier than the four lighter flavours. Therefore,

taking Ta → ∞ will cause Iµ to diverge. This divergence impedes determination of

Acµ. Note that the energies discussed here are simulation energies and will inevitably
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correspond inexactly with physical values at the continuum limit. For instance, using

lattices with unphysically heavy light quarks will results in unphysical meson masses,

particularly those mesons with a valence light quark. However, for typical pion masses

used in lattice calculations, the arguments above still hold.

To extract Acµ, the divergence-causing contributions in the first term of Equation 6.8

must be removed. In [89], the analogous problematic terms for K → πl+l− are dis-

cussed, namely the single, double and triple pion states. The single pion is removed

through considering the scalar density, whilst the double and triple pion states are

argued to contribute insignificantly. The set of states to be removed in the case of

B → Kl+l− is more numerous and complex due to the large mass difference between

the b and s quarks. Hence, a different approach is required.

In this study, I present the first exploratory analysis of B → Kl+l− with physically

massive b quarks, overcoming the problems described above. The use of NRQCD

[94, 95] b quarks, described in Section 3.3, circumvents the practical complication of

intermediate terms in the spectral analysis leading to divergences when the amplitude

is extracted. Inherent in the NRQCD formalism is a subtraction of the b quark rest

mass. As part of the transformation in Equation 3.28, the quark fields Ψ and Ψ

undergo the field redefinitions

Ψ(t,x) 7→ e−imbtγ0Ψ(t,x)

Ψ(t,x) 7→ Ψ(t,x)eimbtγ0 (6.9)

leading to the dispersion relation for the meson simulation energies

aEsim(p) = a(M −∆) + aM

(
|p|2
2M2

+O
( |p|4
M4

))
, (6.10)

where M is the physical meson mass and ∆ is the momentum independent energy shift.

Consequently, simulation energies of mesons containing NRQCD b quarks are much

less than those lattice energies that would yield physical values upon multiplication

of the inverse lattice spacing. Nevertheless, the physics of only mildly relativistic

heavy mesons is preserved. NRQCD has been used successfully to describe a variety

of beautiful physics including bottomonia, heavy-light mesons, and beauty-fully bound

tetraquarks. See, for example, [96, 97, 98] respectively.
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The lowered simulation energy of the B meson should not disallow the intermediate

charmonium states on the grounds of conservation of energy. Energy in not conserved

on the lattice since we do not project onto states with specific energy in the same way

that we do for 3-momentum by summing over the sites on a specific timeslice. Hence,

the realistic physics of the charmonium states will be preserved by using an NRQCD

b quark.
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Figure 6.3: Diagrammatic representation of the spin contractions in operators Oc
1 and

Oc
2. Spacetime labels are consistent with the correlator definition in Equation 6.6.

6.3 The factorisation approximation

The operators Oc
1 and Oc

2, given in Equation 6.2, differ only in their contractions of

colour. In the factorisation approximation, the correlation functions associated with

these operators are related. Diagrammatically, the spin and colour contractions are

represented by Figure 6.3 and Figure 6.4 respectively. By using the Fierz identities

(γν)αβ(γν)δε = δαεδδβ −
1

2
(γν)αε(γν)δβ −

1

2
(γ5γν)αε(γ5γν)δβ − (γ5)αε(γ5)δβ

δijδkl =
1

3
δilδjk + 2

∑
a

[T a]il[T
a]jk, (6.11)

the operators Oc
1 and Oc

2 can be expressed in terms of factorisable and non-factorisable

contributions

Oc
1 = O

(1)
F

Oc
2 =

1

3
O

(1)
F + 2O

(8)
NF (6.12)

defined by

O
(1)
F =

(
ciγ

L
µ ci
)(
sjγ

Lµbj
)

O
(8)
NF =

∑
a

(
ci[T

a
ij]γ

L
µ cj
)(
sk[T

a
kl]γ

Lµbl
)

(6.13)

where 2T a = λa are the usual Gell-Mann matrices that span the Lie algebra of SU(3).

In the factorisation approximation, the non-factorisable contribution O
(8)
NF is neglected,
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Figure 6.4: Diagrammatic representation of the colour contractions in operators Oc
1

(top) and Oc
2 (bottom).

leading to the ratio

Rµ
1
3

=
(Cc

4pt,2)µ

(Cc
4pt,1)µ

(6.14)

evaluating to 1/3 (according to Equation 6.12), where Cc
4pt,j is the 4-point correlator

associated with Oc
j . Hence, the validity of the factorisation approximation can be

assessed by examining the ratio Rµ
1
3

in Equation 6.14. Another quantity of interest is

the ratio

Rµ
1 =

(Cc
4pt,1)µ

1
V

∑
ν

(C3pt)ν(Cc
2pt)

νµ
(6.15)

where (Cc
2pt)

νµ is the charmonium 2-point correlator with local source and sink inter-

polators cγνc and cγµc, (C3pt)
ν is the 3-point correlator for B → K with the vector

current sγνb, and V is the volume. This ratio yields 1 if the charmonia do not in-

teract with the remaining quark content. Hence, departure from 1 of the ratio Rµ
1 in
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Equation 6.15 indicates interference from intermediate states. These ratios are also

considered in [92, 93].

In [99], it is suggested that the interference from charmonium resonances observed

at LHCb is incompatible with the factorisation approximation within the Standard

Model. After extracting the charm vacuum polarisation hc(s) from BESII data on

e+e− → hadrons, data for the B → Kµ+µ− differential branching fraction from BESII

and LHCb is fit according to the factorisation approximation (see Appendix A of [99]).

As shown in figures 3 and 4 of [99], large discrepancies are observed in regions near

the charmonium resonances and a reasonable goodness of fit is achieved only when

hc(s) receives a factor of roughly −2.5 as it appears in their fit form. The effect of

resonances from charmonium states remains poorly understood. In conclusion, the

work in [99] motivates inspection of the ratios R 1
3

and R1 in Equations 6.14 and 6.15

respectively as an indication of large contributions from charmonia.
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6.4 Correlation functions on the lattice

As described in Section 6.2, I use the NRQCD formalism on the lattice to simulate

the valence b quark. Regarding all other flavours of valence quark, namely the valence

strange quark in the daughter Kaon, the spectator light quark, and the charm quarks

between the 4-quark vertex and the electromagnetic current, I use the HISQ action [44]

as described in Section 3.4 and featured in Chapters 4 and 5. Hence, as in Chapter 5,

I compute NRQCD-HISQ mixed action 4-point correlation functions.

The 4-point correlation functions are constructed as follows. Firstly, I use local

operators only. The non-trivial spin structure of the NRQCD propagator ensures that

the different tastes of quark present give rise to a contribution that does not vanish.

The light propagator is generated from a random wall source at time tK . The strange

propagator is constructed from the same random wall with additional phases from the

momentum insertion. Another random wall source is used at timeslice tJ to form the

charm propagators. This source is patterned with phases from momentum insertion

and also signs that arise from the staggered formalism. The light propagator acts as

a sequential source for the NRQCD b propagator which then solves an initial value

problem. This propagator is then tied off at each time step with the strange propagator

and charm propagators at the effective 4-quark insertions Oc
j . The 2-point Cc

2pt, 3-point

C3pt and 4-point correlation functions Cc
4pt,1 and Cc

4pt,2 are constructed simultaneously

to make efficient use of propagators available.

As in Chapter 5, I used existing code that implements the evolution of NRQCD

propagators (discussed in Section 3.3). To construct the 4-point correlators described

above, I extended the code to construct the appropriate NRQCD propagators and also

tie up the propagators at the 4-quark insertion.

The calculations are carried out with tK − tB = 24 and tJ − tB = tK − tJ = 12

(see Figure 6.2) so that the electromagnetic insertion is halfway between the source

and sink. In physical units, the initial and final mesons are separated by a temporal

width of 2.9 fm ([92] has 2.6 fm). Momenta is inserted into the strange and a charm

propagator, thus the B meson is at rest.
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6.5 Parameters for the lattice calculation

In this preliminary study, I seek to demonstrate proof of concept that an NRQCD

b quark will overcome the practical difficulties associated with intermediate states

responsible for unphysical divergences when extracting the Minkowski amplitude (see

Section 6.2). Highly precise determination of the amplitude at the chiral-continuum

limit is not the immediate goal. Instead, I focus on exploring the viability and practical

issues of such a calculation. Hence, I work on a fairly coarse lattice so that I can explore

the q2 range without large computational expenditure.

I use a single set with lattice spacing a ≈ 0.12 fm and 2 + 1 + 1 flavours of HISQ

[100] sea quark generated by the MILC collaboration [22, 23, 24], identical to set 3

in Chapter 5. This ensemble has physically massive strange and charm quarks, and

degenerate up and down quarks with mass ml satisfying ms/ml = 5. The Symanzik

improved gluon action used is that in [31]. I reuse light propagators from [101] and

the remaining HISQ propagators are calculated with the MILC code [46].

I present data from simulations on 1000 configurations each with four different source

timeslices. Whilst the temporal component of the 4-point correlator at the momen-

tum insertion described above has a clean signal for far fewer configurations, large

statistics have proved necessary to improve the signal-to-noise ratio of the spatial

components of the 4-point correlators. Within the region of kinematically allowed q2

lies the mass-squared of several charmonium ψ states. For this exploratory study, I

choose momentum |q| = 2π/L in the (1 0 0) direction. The corresponding q2 is greater

than the mass-squared of all these charmonium states. In particular, contributions

from states ψ(4160) and ψ(4415) are identified in [99] as being at large tension with

the factorisation approximation. These two states lie in the high q2 region of the range

of kinematically allowed q2 for B → K.

As a consequence of using an NRQCD b quark, the physical mass associated with the

B simulation energy on this ensemble is roughly 0.79 GeV, far less massive than even

a single charm quark, thus ensuring that no divergence-causing intermediate states are

introduced into the second term of Equation 6.8. Hence, in this regime, there are no

terms in Equation 6.8 that cause divergences when the limits Ta → ∞ and Tb → ∞
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are taken.
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6.6 Results

The use of staggered charm quarks complicates the temporal component of the cor-

relators. The operator cγ0c for the µ = 0 component of the electromagnetic insertion

not only overlaps with a JPC = 0++ meson, present also is a meson of different taste

with JPC = 0−+. Since we do not carry out energy projections of operators on the

lattice, all energy modes of quark and antiquark can contribute. Staggered quark

fields c(x) with energy near the ζ = (1 0 0 0) corner of the Brillouin zone should be

interpreted as the low energy field (−1)x0γ0γ5c(x). In particular, the case where the

antiquark has large energy, but the quark has low energy yields the doubler asso-

ciated with the bilinear (−1)x0cγ5c restricted to low energy modes. The spectrum

of low-lying charmonia is well known to contain a pseudoscalar, namely the ηc me-

son which has non-vanishing overlap with cγ5c and is lighter than the lowest lying

charmonium state with JPC = 0++ (the χc0 meson). Thus, in this case the oscillatory

contribution dominates the correlator signal. This behaviour is observed in the 4-point

correlation functions as well as the 2-point correlation function (Cc
2pt)

00 (as featured in

Equation 6.15). Figure 6.5 shows the correlation function for the 2-point correlation

function. Whilst the scale is such that the behaviour near tB = 0 and tK = 24 is not

clear, however the oscillations near tJ = 12 are apparent. In Figure 6.6, I also plot

the log of the 4-point correlation functions for the components µ = 0, 1. For µ = 0, I

first multiply by (−1)tH before taking the logarithm. This counteracts the oscillatory

behaviour, required to ensure that the logarithm is well-defined for all tH .

Despite the dominant signal for the temporal component of the 4-point correlations

corresponding to different JPC quantum numbers than intended, the factorisation

approximation can still be scrutinised. The charmonia states relevant here will be dif-

ferent, though it is still of interest to investigate how charmonium resonances manifest

in the lattice data.

Should a formalism for the (physically massive) b quark be used with no offset

of simulation energies, then the 4-point correlators would display exponential growth

for tH < tJ as tH approaches tB. This behaviour was demonstrated in the case of

K → π at figure 6 in [89]. As can be seen in Figure 6.6, no such growth is present.
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Figure 6.5: The charmonium 2-point correlation function (Cc
2pt)

µµ for each of the com-

ponents. The temporal and three spatial components are staggered on each timeslice

for clarity. The three spatial components behave similarly with decay either side of

tH = tJ = 12. Also, the temporal component decays in a similar manner, although

the sign of the correlation function oscillates at each timeslice.

Here, the logarithms of the 4-point correlators are plotted. The behaviour displayed is

approximately piecewise linear with a positive gradient becoming negative as tH passes

through the timeslice tJ of the electromagnetic insertion. Crucially, the positivity of

the gradient for tB < tH < tJ provides conclusive evidence that no intermediate states

with energy less than EB are present.

To examine the validity of the factorisation approximation, the ratios R 1
3

from

Equation 6.14 and R1 from Equation 6.15 are plotted in Figure 6.7 and Figure 6.8

respectively. No statistically significant discrepancy from the ratios is observed.

The signal cleanliness of the factorisation ratios degrades rapidly in the region tH >

tJ for the µ = 1 component. For tH < tJ , where the noise is much less significant,

there is little tension with the factorisation approximation. Similarly, the temporal
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Figure 6.6: The logarithms of (Cc
4pt,1)µ (top) and (Cc

4pt,2)µ (bottom) for µ = 0 and 1

are plotted. The temporal component is first multiplied by (−1)tH to ensure that the

dominant contribution is oscillatory and hence the logarithm can be taken without

encountering a negative argument at every other timeslice. Two points in the lower

plot for µ = 1 are missing due to negative arguments for the logarithm.

components show less noise and are similarly consistent with Rµ
1
3

= 1
3

and Rµ
1 = 1.
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Figure 6.7: Defined in Equation 6.7, Rµ
1
3

is plotted for the temporal and µ = 1 com-

ponents of the 4-point correlators.

6.7 Outlook

This study serves as a proof of concept that the physical NRQCD b quark mass is suffi-

ciently offset such that unnatural divergences appearing as the amplitude is extracted

are absent. Using NRQCD b quarks removes a practical barrier in lattice analyses of

B → Kl+l− with physical quark masses.

The nearest charmonium states are sufficiently far away from zero-recoil such that it

may be difficult to obtain lattice data very near this q2. The signal-noise degradation is

likely to prevent any meaningful analysis. Hence, the scope of such a lattice calculation

may be restricted to some small region of q2 near zero-recoil.

Based on my findings, I have not observed any departure from the ratios predicted

by the factorisation ratios that may have indicated significant resonances contributions

from charmonium states for the momenta I have analysed. Should adherence to the
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Figure 6.8: Defined in Equation 6.8, Rµ
1 is plotted for the temporal and µ = 1 compo-

nents of the 4-point correlators.

factorisation ratios imply that contributions from charmonium resonances are small

(at least at this q2), then it could be the case that a Standard Model prediction for

the branching fraction at high-q2 can be made without large uncertainties due to the

unknown contributions from resonant charmonia. However, in [92], some departure

from the factorisation ratios was observed. Further work is required to understand the

origins of this tension.

Whilst the temporal component of the 4-point correlation functions offer the best

signal-noise ratio, the oscillatory signal from the parity partner ηc must be dealt with

if staggered charm quarks are to be used. This problem is not present for the spatial

components of the 4-point correlation functions, but the noise is evidently much worse

for these components. Future work could replace the HISQ formalism for the charm

quarks to avoid introducing the pseudoscalar temporal doubler, allowing extraction

of the amplitude via the temporal component of the 4-point correlation functions.

Direct use of the temporal component of the 4-point correlators will allow larger lattice
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momenta insertion whilst maintaining a reasonable correlator signal. Hence, results

nearer the charmonium resonances could be obtained.

The focus of this study has been testing the use of an NRQCD b quark and in-

specting the factorisation ratios R 1
3

and R1. Ultimately, the observable of interest

is the amplitude Acµ(q2) in Equation 6.5. By similar fits of correlation functions in

Chapters 4 and 5, the 2-point correlation functions for the B meson and Kaon can be

fit to extract the overlap factors ZB and ZK and energies EB and EK in Equation 6.7

necessary to find the amplitude. This fitting is routine and should not present any

practical difficulties.

The work presented in the chapter shows that using an NRQCD b quark removes

divergences that appear when attempting to extract the amplitude associated with

charmonium contributions to B → K`+`−. When extraction of the amplitude has

been achieved from a lattice calculation with an NRQCD b, complicated finite volume

effects will have to be accounted for arising from the interactions between multiple

hadrons in the intermediate states.
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Chapter 7

Applications of the

Sherman-Morrison-Woodbury

formula

7.1 Introduction

The choice of lattice action for quarks, for example the naive discretisation in Equa-

tion 3.13, can be described by the quark matrix D where

Ldisc = ψDψ (7.1)

corresponds to the continuum Euclidean QCD Lagrangian L = ψ( /D+m)ψ. Its inverse

is the lattice quark propagator and its determinant appears in the probability weight of

the Monte Carlo generation of SU(3) gauge field configurations (see Chapter 3). The

desire to simultaneously control discretisation and finite volume effects means that

this matrix is large for lattices typically considered. Hence, obtaining its inverse and

determinant is computationally expensive. For quark matrices that can be expressed

as block-tridiagonal matrices in spacetime, the sparsity of the quark matrix can be

exploited to present efficient algorithms for computing the exact inverse and deter-

minant. Matrices of this type arise naturally when discretising derivative operators

that act on functions with support on a periodic grid. Physical systems across many

scientific disciplines are modelled through nearest-neighbour interactions. Often, in

order to numerically solve the system of interest, it is required to invert the derivative

operator, i.e. to find the Green’s function or, in the context of a discretised operator,

the matrix inverse.

The methods described in this chapter are underpinned by the Sherman-Morrison-

Woodbury (SMW) formula [102] that relates the inverses of two matrices that differ

143
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additively by an arbitrary block. This formula was used is in [103] to provide a method

of preconditioning the quark matrix. Sherman and Morrison concluded their paper

[102] by remarking that ‘If two or more elements in the matrix a are to be changed,

the new inverse can be found by successive application of the method’. I now show

how this suggestion can be applied to quark matrices in lattice QCD. Quark matrices

can be represented in such a way that the off-diagonal blocks are populated by gauge

links; the SMW formula can be used repeatedly to sequentially introduce each gauge

link variable in turn to a lattice that initially has no links present.

This chapter will proceed as follows. In Section 7.2, the construction of the inverse

via the SMW formula will be illustrated by inverting a discretised covariant derivative

operator in 1-dimensional spacetime. The subsequent formulae are manipulated in

Section 7.3 to match our intuition of the propagator as a weight sum of paths. Next,

the inverse of the Wilson fermion action in 4-dimensional spacetime is considered in

Section 7.4. In Section 7.5, the determinant is computed using a similar approach.

Section 7.6 makes the observation that the SMW formula can be used to express

explicitly how propagators (from an action with simple mass term mψψ)1 depend on

a given link variable. Finally, Section 7.7 speculates on applications of the previous

sections within current lattice studies, particularly in the context of distillation.

1For example, the action for Wilson fermions can be O(a) improved by introducing spin-projected

plaquettes of link variables between quark fields ψ and ψ at the same site (the ‘clover term’). The

work presented in Section 7.6 is restricted to actions that have not been improved in this manner.
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7.2 Successive application of the SMW formula in

1D spacetime

As a first step towards handling a quark matrix in 4-dimensional spacetime with spinor

and colour degrees of freedom, I begin with the simpler case of a gauge covariant

derivative operator (∇+m) acting on a field ψ with support on a 1-dimensional grid

of T sites separated by distance a, where

∇ψk =
1

2a

[
Ukψk+1 − U †k−1ψk−1

]
, (7.2)

k is a site index, and Uk ∈ U(N). This toy example is representative of a fermionic

action with a single massive, ‘spinless’ fermion in 1-dimensional spacetime, coupled to

a U(N) gauge theory. The corresponding NT ×NT matrix representation of (∇+m)

is a periodic block-tridiagonal matrix

M1N U1 0 · · · 0 −U †T
−U †1 M1N U2 0

0
. . . . . . . . .

...
...

. . . . . . . . . 0

0 −U †T−2 M1N UT−1

UT 0 · · · 0 −U †T−1 M1N


(7.3)

where each of the components in Equation 7.3 are N × N matrices, M = 2am, and

we an overall factor 1
2a

has been dropped for brevity.

In the case that N = 1 (so that Uk ∈ U(1)), the matrix given in Equation 7.3 is

the special case of a periodic tridiagonal matrix and a closed form expression for its

inverse is known. A detailed discussion is presented in Section 7.3. For non-abelian

gauge theories with N > 1, the inverse is more complicated and requires an alternative

approach. For Uk ∈ U(N) and 1-dimensional spacetime, the link variables can be

simultaneously diagonalised by an appropriate unitary transformation of the matrix

in Equation 7.3, and so the formulae for the case of the abelian U(1) gauge group can

be directly applied.

The Sherman-Morrison-Woodbury (SMW) formula [102] gives the inverse of the
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matrix P = Q+RS† as

P−1 = Q−1 − (Q−1R)
[
1N + S†Q−1R

]−1

(S†Q−1) (7.4)

provided Q and 1N + S†Q−1R are invertible. Here, R and S are rectangular NT ×N
matrices, RS† is an outer product and [1N + S†Q−1R] is an N ×N matrix. Provided

that the inverse of Q is known, finding P−1 has been reduced to finding the inverse of

a smaller N ×N matrix followed by matrix multiplication and addition.

The inverse of (∇ + m) can be obtained by successive application of the SMW

formula. Starting with M1NT , each of Uk and U †k will be sequentially introduced

by taking an appropriate outer product RS† and forming P = Q + RS†. Then,

Equation 7.4 can be used to find P−1. Once all link variables have been reinstated in

this manner, the final inverse will be the desired (∇+m)−1.

I begin by defining the linkless matrix A1 = M1NT to be the diagonal matrix of

masses without the presence of any link variables Uk and U †k . Equivalently, A1 and

(∇+m) are identical when all the links Uk and U †k are replaced by N ×N matrices of

zeros. The forward and backward link variables U1 and U †1 that connect sites 1 and 2

are introduced by adding the outer products V1W
†
2 and then W2V

†
1 to the matrix A1

where

V1 =



U1

0

0
...

0


W2 =



0

1N

0
...

0


(7.5)

are NT ×N matrices. The formula in Equation 7.4 can be applied to the matrices

B2 = A1 + V1W
†
2 (7.6)

A2 = B2 −W2V
†

1 . (7.7)

The matrix B2 can be thought of as the quark matrix on a lattice that contains only a

single link: the forward link connecting sites 1 and 2. Similarly, the matrix A2 can be

thought of as the quark matrix on a lattice that contains only two links: the forward

and backward links connecting sites 1 and 2. Repeating this process, a sequence of
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matrices, Ak and Bk, can be constructed where, for k ≤ T + 1,

Bk = Ak−1 + Vk−1W
†
k

Ak = Bk −WkV
†
k−1. (7.8)

The matrices Vk and Wk are defined as

Vk =



0
...

0

Uk

0
...

0


←− k, Wk =



0
...

0

1N

0
...

0


←− k (7.9)

and WT+1 is identified with W1 to enforce periodicity. For k ≤ T , the matrix Ak should

be interpreted as the operator (∇ + m) on a lattice that connects only sites 1, . . . , k,

as illustrated in Figure 7.1. The matrix Bk is similar, however it is deficient in the

backward link variable U †k−1 between sites k − 1 and k (see Figure 7.2). For both Ak

and Bk, the lattice sites k + 1, . . . , T are not connected by any link variables. Once

the matrix AT has been constructed, the next links to be included are the forward

and backward link variables UT and U †T connecting sites T and 1, restoring periodicity.

This construction introduces each link variable one-by-one and yields the sequence

A1 → B2 → A2 → B3 → · · · → AT+1 = (∇+m) (7.10)

that terminates at the linear operator whose inverse we seek. At each step in this

sequence in Equation 7.10, the SMW formula can be used to determine the inverse of

Ak and Bk starting from A−1
1 = (1/M)1NT . For 2 ≤ k ≤ T , the SMW formula gives

(B−1
k )i,j = (A−1

k−1)i,j −
1

M
(A−1

k−1)i,k−1Uk−1δk,j (7.11)

(A−1
k )i,j = (B−1

k )i,j + (B−1
k )i,k

[
1− U †k−1(B−1

k )k−1,k

]−1

U †k−1(B−1
k )k−1,j. (7.12)

Observing Equation 7.11, no inversion of an N ×N matrix is required in constructing

B−1
k from A−1

k−1. This is readily seen using the notation given in the SMW formula in

Equation 7.4, setting R = Vk−1 and S = Wk, and noting that S†Q−1R = W †
kA
−1
k−1Vk−1
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Figure 7.1: Pictorial representation of the lattice corresponding to the matrix Ak (for

k > 2). Red and blue arrows denote the forward Uk and backward U †k link variables

between sites. The dotted ring illustrates that the other sites are present but not

conencted by any link variables.

selects the kth row and (k − 1)th column of A−1
k−1. However, as the (k − 1)th and kth

sites are not connected in Ak−1, the corresponding entry of A−1
k−1 is zero.

The recursion relations in Equations 7.11 and 7.12 can be combined to eliminate

B−1
k , yielding

(A−1
k )i,j = (A−1

k−1)i,j −
1

M
(A−1

k−1)i,k−1Uk−1δk,j

+
1

M

(
δi,k − (A−1

k−1)i,k−1Uk−1

)
×
[
1 +

1

M
U †k−1(A−1

k−1)k−1,k−1Uk−1

]−1

× U †k−1

(
(A−1

k−1)k−1,j −
1

M
(A−1

k−1)k−1,k−1Uk−1δk,j

)
. (7.13)

Once the matrix AT has been constructed using the recursion relation above, it re-

mains to carry out the final two steps in the sequential construction described in

Equation 7.10: introduce the link variables UT and U †T that connect sites T and 1.

The SMW formula reveals

(B−1
T+1)i,j = (A−1

T )i,j − (A−1
T )i,TUT

[
1 + (A−1

T )1,TUT

]−1

(A−1
T )1,j (7.14)

(A−1
T+1)i,j = (B−1

T+1)i,j + (B−1
T+1)i,1

[
1− U †T (B−1

T+1)T,1

]−1

U †T (B−1
T+1)T,j. (7.15)
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Figure 7.2: As in Figure 7.1 but for the matrices Bk. The dashed line with a red arrow

between sites k − 1 and k reflects the presence of the forward link variable Uk−1, and

the absence of a a blue arrow between sites k − 1 and k reflects the absence of the

backward link variable U †k−1.

This completes the construction of (∇+m)−1. Unlike Equation 7.11, an inverse of an

N × N matrix is present in the expression for B−1
T+1 in Equation 7.14; since all sites

are now connected by link variables, the matrix A−1
T no longer has any unpopulated

blocks.
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7.3 Inverse quark matrix as a weighted sum of paths

In this toy example of a massive, spinless fermion in 1-dimensional spacetime, the

matrix (∇ + m)−1 is analagous to the all-to-all propagator in QCD. Typically, in

lattice QCD calculations, the all-to-all propagator is not computed exactly but instead

through the well-known hopping parameter expansion, which expresses the inverse

through a weighted sum of paths where each term corresponds to a different path

length. The expansion is truncated when the series has converged to some pre-specified

tolerance. By carefully massaging the recursion relations from Section 7.2, a form of

the propagator is arrived at that can be clearly interpreted as a weighted sum of paths

akin to the hopping parameter expansion of the propagator. Firstly, Section 7.3.1 uses

known results for the inverse of periodic tridiagonal matrices to demonstrate the case

of a U(1) gauge theory in 1-dimensional spacetime. Then, Section 7.3.2 returns to

U(N) gauge theory in 1-dimensional spacetime where similar results to Section 7.3.1

are achieved after an appropriate field transformation. Finally, in Section 7.3.3, I

take the results from Section 7.2 and show explicitly the equivalence with the path

factorisation obtained in Section 7.3.2.

7.3.1 U(1) gauge theory

Elements of a tridiagonal matrix are non-zero only on the leading and sub-leading

diagonal. Periodic tridiagonal matrices are, in addition, non-zero at the upper-right

and bottom-left most entries. A closed form expression for the inverse of such a matrix

is known [104]. For the case where Ui ∈ U(1), the matrix in Equation 7.3 is of this

form. Hence, the formulae in [104] can be applied to write the inverse matrix as

(∇+m)−1
ij =

1

Σ


(−1)i+j∆n−j+i−2P

→
i,j + ∆j−i−2P

←
i,j for i 6 j

∆n−i+j−2P
←
i,j + (−1)i+j+n∆i−j−2P

→
i,j for i > j

(7.16)

where the factor Σ is given by

Σ = M∆n−2 + 2∆n−3 − (−1)nP→ − P←, (7.17)
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the path-ordered products of link variables are

P→i,j =


UiUi+1 . . . Uj−1 for i < j

Ui . . . UnU1 . . . Uj−1 for i > j

1 for i = j

P←i,j =


U †i−1 . . . U

†
1U
†
n . . . U

†
j for i < j

U †i−1 . . . U
†
j+1U

†
j for i > j

1 for i = j

, (7.18)

and the loops of link variables are

P→ =
n∏
k=1

Uk = U1U2 . . . Un

P← =
n∏
k=1

U †k = U †nU
†
n−1 . . . U

†
1 . (7.19)

A pictorial illustration of these objects in Figure 7.3. The factors ∆J satisfy

∆J =


1 for J = −1

M for J = 0

M∆J−1 + ∆J−2 for J ≥ 1

(7.20)

The recurrence relation in Equation 7.20 can be solved exactly to yield

∆J−2 =
rJ − (−1)Jr−J

r + 1
r

(7.21)

where r = M +
√
M2 + 4.

I note for later the following curiosity: the ∆J also satisfy

∆J =
J∏

K=−1

γK , (7.22)

where

γK =


1 for K = −1

M for K = 0

M + 1
γK−1

for K ≥ 1

(7.23)

and so the ∆J can also be expressed straightforwardly as a product of continued

fractions.
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Figure 7.3: The ordered products of link variables, defined in Equation 7.18 for i <

j. Sites are represented by circles which are each connected to their two nearest

neighbours by lines that represent the link variables.

In this example of U(1) gauge theory, the ordering of the link variables in Equa-

tions 7.18 and 7.19 is arbitrary since the link variables commute. However, the con-

ventions here have been chosen deliberately to simplify the interpretation of the prop-

agator T−1 as the weighted sum of paths on the circle.

In Equation 7.16, each off-diagonal entry of (∇+m)−1 has been split into two terms

each scaled by a factor ∆k. The overall factor, 1/Σ, can be expanded in terms of the

positive and negative oriented loops around the circle plus a contact term. Note that

this expansion is always valid for M > 0, as M∆n−2 + 2∆n−3 > 2 and so the series

converges. When combined with the numerators in Equation 7.16, each term in this
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series should be interpreted as a path of link variables from site i to site j.

From the form of (∇+m)−1 in Equation 7.16, it can be immediately seen that site-

parity symmetry is recovered in the massless limit. For example, for n even, ∆k = 0

for k even and ∆k = 1 for k odd. The propagator from site i to j is identically zero

for the case where |i− j| is even, a manifestation of site parity being a good symmetry

in the massless limit.

7.3.2 U(N) gauge theory

Following on from the U(1) gauge theory in Section 7.3.1, I now consider the non-

abelian gauge group U(N). In this case, the periodic tridiagonal matrix in Section 7.3.1

is augmented to a periodic block -tridiagonal matrix

∇+m =



M1N U1 0 · · · 0 −U †T
−U †1 M1N U2 0

0
. . . . . . . . .

...
...

. . . . . . . . . 0

0 −U †T−2 M1N UT−1

UT 0 · · · 0 −U †T−1 M1N


(7.24)

where Ui ∈ U(N). In general, the link variables Ui are non-commuting matrices and

the inverse presented in Equation 7.16 cannot be applied immediately here. However,

if each Ui is a diagonal matrix, and so the link variables commute, the inverse is simply

(∇+m)−1
ij
ab

= δabΣ
−1
a


(−1)i+j∆n−j+i−2(P→i,j )a + ∆j−i−2(P←i,j )a for i 6 j

∆n−i+j−2(P←i,j )a + (−1)i+j+n∆i−j−2(P→i,j )a for i > j

,

(7.25)

similarly to Equation 7.16, where there is no sum on colour indices a, b, and where

(P←i,j )a and (P→i,j )a are the diagonal components of the (diagonal) products in Equa-

tion 7.18. The overall factor Σa takes the form

Σa = M∆T−2 + 2∆T−3 − (−1)T (P→)a − (P←)a (7.26)

where (P→)a and (P←)a are the diagonal elements of the loops in Equation 7.19.
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In this case of a 1-dimensional periodic lattice, there is a unitary transformation of

the gauge fields that simultaneously diagonalises the link variables, thus resulting in the

expression for the inverse quark matrix given in Equation 7.25. This transformation

is given by a block diagonal matrix of unitary matrices V , where

(∇+m) 7→ V †(∇+m)V

=


V †1 0 · · · 0

0 V †2
...

...
. . . 0

0 · · · 0 V †T

 (∇+m)


V1 0 · · · 0

0 V2
...

...
. . . 0

0 · · · 0 VT



=



M1N V †1 U1V2 · · · −V †1 U †TVT
−V †2 U †1V1 M1N 0

0
. . . . . .

...
...

. . . . . . 0

0 M1N V †T−1UT−1VT

V †TUTV1 · · · −V †TU †T−1VT−1 M1N


, (7.27)

and Vi ∈ U(N). Writing Ũi = V †i UiVi+1 for i = 1, . . . , T − 1 and ŨT = V †TUTV1, it

follows that

P̃→i =V †i P
→
i Vi (7.28)

where P→i is the loop from site i

P→i =
T∏
k=i

Uk

i−1∏
k=1

Uk = UiUi+1 . . . UTU1 . . . Ui−1. (7.29)

Since P→i is unitary, Vi can be chosen to diagonalise P→i for all i, resulting in a diagonal

matrix of phases P̃→i . It also follows from Equations 7.28 and 7.29 that

P̃→i = Ũ †i P̃
→
i+1Ũi, (7.30)

and thus the transformed loops P̃→i are related by unitary transformations. This means

they have identical eigenvalues and therefore P̃→i is independent of site i. Hence, the

site index subscript can be dropped so that P̃→i = P̃→.2 This modifies Equation 7.30

2Conjugation with a unitary permutation matrix can always be carried out to ensure the order

of the eigenvalues on the diagonal in P̃→
i are identical.
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to read [Ũi, P̃
→] = 0 for all i. This condition can only be satisfied for an arbitrary

diagonal matrix of phases P̃→ if Ũi is also diagonal for all i. This completes the proof

that there indeed exists a unitary transformation that simultaneously diagonalises all

link variables in (∇+m).

7.3.3 Matching path factorisations

In this section, I demonstrate the equivalence between the results in Section 7.2 derived

from the SMW formula and the results in Section 7.3.2 which followed from a field

transformation.

To study the recursive formulae in Equations 7.11-7.15, I consider the specific case

T = 3. The TN × TN matrix

A−1
1 =


M−11 0 0

0 M−11 0

0 0 M−11

 (7.31)

corresponds to a lattice with no links in the temporal direction; there are no links

present connecting the three timeslices. The first step in the algorithm is to introduce

the set of temporal links from the first timeslice to the second timeslice according to

Equation 7.6. This lattice is described by B2 and its inverse is given by

B−1
2 =


M−11 −M−1U1M

−1 0

0 M−11 0

0 0 M−11

 (7.32)

through the first application of the SMW formula in the sequence in Equation 7.10.

These links make available paths from the first timeslice to the second timeslice, and

so the temporal block of B−1
2 in row i = 1 and column j = 2 is not identically zero.

The next step in the procedure towards inverting the full quark matrix is to install

the set of temporal links from the second timeslice to the first timeslice according to

Equation 7.7. This lattice is described by A2 and its inverse has a top-left 2 by 2 block

of  (M +M−1)−11 −M−1(M +M−1)−1U1

M−1(M +M−1)−1U †1 (M +M−1)−11

 (7.33)
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again found by using the SMW formula. Note that the elements (A−1
2 )i,j contain the

links that connect site i to site j. These links are multiplied by different functions of

M . This property holds for all k ≤ T ; it follows inductively from Equation 7.13 that

for all k ≤ T , the block (A−1
k )i,j takes the form

(A−1
k )i,j = wk(i, j)Ωk(i, j), (7.34)

where wk(i, j) is a function of M to be determined, and

Ωk(i, j) =


(−1)j−iP→i,j i 6 j 6 k

P←i,j j 6 i 6 k

1δi,j i > k or j > k

(7.35)

is the path-ordered product of link variables that connects site i with site j (P→i,j and

P←i,j defined in Equation 7.18). The index k on Ωk(i, j) denotes that only sites 1, . . . , k

are connected by link variables, i.e. sites k + 1, . . . , n are not connected by any link

variables, therefore Ωk(i, j) vanishes for i 6= j with i > k or j > k as there does

not exist a path of link variables between sites i and j in this case. As discussed in

Appendix C, Equation 7.13 gives the means to deduce a variety of properties satisfied

by the weights wk(i, j). For convenience, I highlight the property

wk(i, j) =
γmin(i,j)−2 . . . γ0

γk−1 . . . γk−max(i,j)

(7.36)

that gives a closed form expression for the weights in terms of the continued fractions

defined in Equation 7.23.

Once the matrix AT has been constructed by following the sequence

A1 → B2 → · · · → BT → AT , (7.37)

the SMW formula can be applied a further two times to carry out the final two steps

AT → BT+1 → AT+1 ≡ D (7.38)

of the sequence in Equation 7.10. The first application yields B−1
T+1 in terms of (A−1

T )i,j.

After substituting A−1
k = wkΩk from Equation 7.34, I obtain

(BT+1)i,j = wT (i, j)ΩT (i, j)− wT (i, T )ΩT (i, T )UTX
−1
1 wT (1, j)ΩT (1, j), (7.39)
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where

Xi = 1− (−1)TwT (1, T )P→i (7.40)

and the loops P→i and P←i starting at site i are defined in Equation 7.29. By using

the property ΩT (i, j)X−1
j = X−1

i ΩT (i, j) and Equation 7.39, the block (B−1
T+1)i,j can

be expressed as

(B−1
T+1)i,j =

wT (i, j)ΩT (i, j)X−1
j + 0 i ≤ j

wT (i, j)ΩT (i, j)X−1
j + wT (i, j)ΩT (i, j) j ≤ i,

(7.41)

where wT (i, j) = wT (i, T )wT (1, j) and

ΩT (i, j) =

P
←
i,j i 6 j

(−1)T−i+jP→i,j j 6 i.

(7.42)

Note that the path-ordered product of link variables ΩT always includes a link con-

necting site T with site 1, in contrast to the links found in the product ΩT .

The final application of the SMW formula gives A−1
T+1 as

(A−1
T+1)i,j = (B−1

T+1)i,j + (B−1
T+1)i,1

[
1− U †T (B−1

T+1)T,1

]−1

U †T (B−1
T+1)T,j. (7.43)

By using Equation 7.42 to eliminate BT+1 in Equation 7.43, it follows that, for i ≤ j,

(A−1
T+1)i,j = (YiXi)

−1P→i,j [αi,j1Nc + βi,jP
−1
j ], (7.44)

where Yi = 1 + wT (T, 1)X−1
i − wT (T, 1)P←i , and α and β are the combinations of

weights

αi,j = (−1)j−i + (−1)T (−1)i−1wT (i, 1)wT (T, j)

+ (−1)jwT (i, 1)wT (T, j)

+ (−1)j−iwT (i, j)wT (T, T )wT (1, 1)

+ (−1)T−1wT (i, 1)wT (T, j)wT (1, T ) (7.45)

and

βi,j = wT (i, 1)wT (T, j)− (−1)j−iwT (1, T )wT (i, j). (7.46)
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By noting that the weights wT (i, j) can be expressed in terms of ∆J through Equa-

tions 7.36 and 7.22, it can be shown that αij and βij satisfy αi,j∆n−1 = (−1)j+i∆n−j+i−2

and βi,j∆n−1 = ∆j−i−2, thus recovering the expression in Equation 7.25.

To conclude this section, I remark on the following curiosity. The recursion relation

in Equation 7.20 admits identities satisfied by the ∆I that bare striking resemblance

to identities of Fibonacci numbers. For example, the property

(−1)n∆i−2∆j−2 = ∆n+i∆n+j −∆n∆n+i+j, (7.47)

which can be shown to hold either inductively from Equation 7.20 or verified via

direct substitution of Equation 7.21, is clearly analagous to the well-known Vajda’s

identity for Fibonacci numbers. From this property, equality of βi,j∆n−1 and ∆j−i−2

is immediate.
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7.4 Evaluating the propagator for Wilson quarks

7.4.1 Extending to the Wilson action

In this section, I extend the work in Section 7.2 to the case of the quark matrix for

Wilson fermions in 4-dimensional Euclidean spacetime. In doing so, I will present an

algorithm to compute the all-to-all quark propagator. Propagators are used, as in

Chapters 4, 5 and 6, to build Euclidean correlators on the lattice from which hadron

energies, matrix elements and amplitudes can be extracted.

In 4-dimensional Euclidean spacetime, the quark matrix for Wilson fermions is given

by

Dxy
αβ
ab

= (m+ 4)1xy
αβ
ab

−
4∑

µ=1

(1

2
(1− γµ)αβUµ(x)abδx+µ̂,y

)

−
4∑

µ=1

(1

2
(1 + γµ)αβUµ(x− µ̂)†abδx−µ̂,y

)
, (7.48)

where x, y are 4-dimensional spacetime coordinates, α, β are spin indices and a, b colour

indices. The γµ are Euclidean Dirac matrices and m is the bare quark mass. Slightly

different notation for the link variables Uµ(x) has been used in Equation 7.48 compared

with the previous section: the subscript µ now denotes the spacetime direction and

the argument is the spacetime coordinate.3 Also, an overall scale factor a4 has been

dropped for brevity.

In order to apply the SMW formula in a recursive fashion, I begin by defining a

matrix similar in form to Equation 7.3 that corresponds to the matrix in Equation 7.48.

The spacetime, spin and colour indices of the quark matrix D can be mapped to a

single index in many ways. However, choosing the temporal coordinate to be the

slowest running index results in a periodic block-tridiagonal matrix whose off-diagonal

blocks, each a space-colour-spin matrix, are the temporal link variables. Explicitly,

3In Section 7.2 there was only a single direction and thus the subscript was used to denote the

coordinate for brevity.
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this matrix representation has the appearance

D =



D1 Λ1 0 · · · 0 −Λ̃T

−Λ̃1 D2 Λ2 0

0
. . . . . . . . .

...
...

. . . . . . . . . 0

0 −Λ̃T−2 DT−1 ΛT−1

ΛT 0 · · · 0 −Λ̃T−1 DT


, (7.49)

where the matrices Dt have support only on a single timeslice t and are given by

[Dt]xy
αβ
ab

= (m+ 4)1xy
αβ
ab

−
3∑
i=1

(1

2
(1− γi)αβUi(x; t)abδx+î,y

)

−
3∑
i=1

(1

2
(1 + γi)αβUi(x− î; t)†abδx−î,y

)
, (7.50)

where x and y are 3-dimensional space coordinates, and Λt and Λ̃t are the spin-

projected temporal link variables to and from timeslices t and t + 1 respectively. Ex-

plicitly, Λt and Λ̃t take the form

[Λt]xy
αβ
ab

= −1

2
(1− γ4)αβU4(x; t)abδx,y (7.51)

[Λ̃t]xy
αβ
ab

= +
1

2
(1 + γ4)αβU4(x; t)†abδx,y (7.52)

and are related by γ5-hermiticity: Λ̃t = γ5Λ†tγ5.

7.4.2 Applying the Sherman-Morrison-Woodbury formula

Analogously to the linkless matrix in Section 7.2, I define the matrix A1 by removing

the off-diagonal blocks from the matrix in Equation 7.49 to yield

A1 =



D1 0 0 · · · 0 0

0 D2 0 0

0
. . . . . . . . .

...
...

. . . . . . . . . 0

0 0 DT−1 0

0 0 · · · 0 0 DT


. (7.53)
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This has the effect of removing all the links in the temporal direction, i.e. each timeslice

is disconnected from all other timeslices. Analogously to Equations 7.11 and 7.12, the

temporal links are reintroduced sequentially by defining

Bk = Ak−1 + Vk−1W
†
k (7.54)

Ak = Bk −Wkγ5V
†
k−1γ5 (7.55)

for k = 2, . . . , T + 1, where the NcNsL
3T ×NcNsL

3 rectangular matrices

Vk =



0
...

0

Λk

0
...

0


←− k Wk =



0
...

0

1NcNsL3

0
...

0


←− k (7.56)

are non-zero only in the kth temporal component. Periodicity in the temporal direction

again defines WT+1 = W1. The Wilson quark matrix is then the final matrix in the

sequence

A1 → B2 → A2 → B3 → · · · → BT+1 → AT+1 = D. (7.57)

The SMW formula applied to this sequence gives the inverse of the Bk matrices for

k = 2, . . . , T as

(B−1
k )i,j = (A−1

k−1)i,j − (A−1
k−1)i,k−1Λk−1D−1

k δk,j (7.58)

where the inverse in the square parentheses in Equation 7.4 is 1 since W †
kA
−1
k−1Vk−1 = 0.

The inverse of Ak is

(A−1
k )i,j = (B−1

k )i,j + (B−1
k )i,k

[
1− Λ̃k−1(B−1

k )k−1,k

]−1

Λ̃k−1(B−1
k )k−1,j. (7.59)

The last two steps restore periodicity of the lattice. The final two inverses are

(B−1
T+1)i,j = (A−1

T )i,j − (A−1
T )i,TΛT

[
1 + (A−1

T )1,TΛT

]−1

(A−1
T )1,j, (7.60)

(A−1
T+1)i,j = (B−1

T+1)i,j + (B−1
T+1)i,1

[
1− Λ̃T (B−1

T+1)T,1

]−1

Λ̃T (B−1
T+1)T,j. (7.61)
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7.4.3 The algorithm

The method described in Section 7.4.2 can be succinctly summarised by the following

pseudo-code.

Algorithm 1 Inverting the Wilson quark matrix

1: % Invert [Dk] on each time-slice

2: for k in {1, 2, . . . , T} do

3: Compute D−1
k

4: end for

5: % Inverse chain A−1
1 → B−1

2 → · · · → A−1
T

6: A−1
1 = diag(D−1

1 ,D−1
2 , . . . ,D−1

T )

7: for k in {2, 3, . . . , T} do

8: Obtain B−1
k from Equation 7.58

9: Obtain A−1
k from Equation 7.59

10: end for

11: % Final two steps A−1
T → B−1

T+1 → A−1
T+1

12: Obtain B−1
T+1 from Equation 7.60

13: Obtain A−1
T+1 from Equation 7.61

The leading order arithmetic complexity of this algorithm can be determined by ex-

amining each of the matrix multiplications and inversions that appear in Algorithm 1.

Firstly, I note that Λt and Λ̃t are block diagonal in spatial degrees of freedom, and

that Dt can be expressed as periodic block-tridiagonal matrices, so I describe these

objects as sparse. There are straightforward computational efficiencies in handling

sparse matrices in contrast to dense matrices. Hence, I define the following matrix

operations

• ×S (sparse multiplication). Matrix multiplication involving Λt or Λ̃t.

• × (dense multiplication). Matrix multiplication not involving Λt or Λ̃t.

• [ ]−1
S (sparse inversion). Matrix inversion of a block periodic tridiagonal matrix,

Dt.
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Line ×S × [ ]−1
S [ ]−1

3 0 0 T 0

8 1 k − 1 0 0

9 2 k2 + k 0 1

12 2 T 2 + T 0 1

13 2 T 2 + T 0 1

Total ∼ T ∼ 1
3
T 3 ∼ T ∼ T

Table 7.1: The number of matrix multiplications and inversions, as discussed in the

text, required to invert the Wilson quark matrix on a lattice with T × L3 sites at the

line numbers in Algorithm 1.

• [ ]−1 (dense inversion). Matrix inversion of a dense matrix, for example [1 −
Λ̃k−1(B−1

k )k−1,k] in Equation 7.59.

The number of operations required for each operation in Algorithm 1 is given in Ta-

ble 7.1 where I also give the cumulative totals to leading order. For each of these mul-

tiplications and inversions, the arithmetic complexity depends on the linear algebra

routines used. For the purposes of demonstration, I assume that n× n matrix multi-

plication has arithmetic complexity 2n3 to leading order, and that LU-decomposition

is used for inversions which has complexity 8
3
n3 to leading order. Hence, for the

Wilson quark matrix, the leading order complexity of computing the full inverse via

LU-decomposition is 8
3
N3
cN

3
sL

9T 3. By instead using Algorithm 1, the Wilson quark

matrix can be inverted with complexity 1
3
T 3 × 2(NcNsL

3)3 = 2
3
N3
cN

3
sL

9T 3 to leading

order, which is less than a direct LU-decomposition inverse by a factor of four.

7.4.4 Dimension reduction

Like the full quark matrix D in Equation 7.49, each of the T matrices Dt can also be

represented as periodic block-tridiagonal matrices by letting one of the three spatial



164 Chapter 7. Applications of the Sherman-Morrison-Woodbury formula

indices to be slowest varying. Supposing that the x-coordinate were chosen to be the

slowest index, then Dt is expressed as

[Dt]xx′ =



Dt,1 Λt,1 0 · · · 0 −Λ̃t,L

−Λ̃t,1 Dt,2 Λt,2 0

0
. . . . . . . . .

...
...

. . . . . . . . . 0

0 −Λ̃t,L−2 Dt,L−1 Λt,L−1

Λt,L 0 · · · 0 −Λ̃t,L−1 Dt,L


, (7.62)

where each entry is now an NsNcL
2×NsNcL

2 matrix. The matrices Dt,x have support

on a single time-slice and x-slice (denoted by its subscripts) with components

[Dt]x̃ỹ
αβ
ab

= (m+ 4)1x̃ỹ
αβ
ab

−
3∑
i=2

(1

2
(1− γi)αβUi(x̃; t)abδx̃+î,ỹ

)

−
3∑
i=2

(1

2
(1 + γi)αβUi(x̃− î; t)†abδx̃−î,ỹ

)
. (7.63)

Here, the bold tilde notation x̃ = (y, z) denotes the remaining two spatial coordinates.

The forward and backward, spin-projected, x-directed link variables, Λt,x and Λ̃t,x

respectively, on timeslice t, connect x and x+ 1. These links populate the off-diagonal

block of Dt. Explicitly, Λt,x and Λ̃t,x take the form

(Λt,x)x̃ỹ
αβ
ab

= −1

2
(1− γ1)αβU1(x̃; t, x)abδx̃,ỹ (7.64)

(Λ̃t,x)x̃ỹ
αβ
ab

= +
1

2
(1 + γ1)αβU1(x̃; t, x)†abδx̃,ỹ. (7.65)

The procedure in Algorithm 1 can therefore be straightforwardly applied to invert

each of the T matrices Dt. Note that in this case, the components of Ak and Bk are

NcNsL
2 ×NcNsL

2 matrices.

Once the matrices Dt,x have been found, the matrices Dt can be reconstructed.

The arithmetic cost in doing so can be computed following a similar analysis to Sec-

tion 7.5.2. At leading order this is T × 2
3
(N3

cN
3
sL

9). Each of the T sparse inverses

of Dt−1 are independent and can be done in parallel. This demonstrates a trade-off

between disk-space and reconstruction costs. In principle, all T of the D−1
t matrices

could be saved on disk, requiring the storage of T ×N3
cN

3
sL

9 complex numbers. Alter-

natively, all T × L of the D−1
t,x matrices could be saved instead, requiring the storage
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Figure 7.4: Pictorial representation of Algorithm 1 being applied colour-spin matrices

D−1
t,x,y,z in order to construct the matrices D−1

t,x,y as discussed in the text at Section 7.4.4.

of TL × N3
cN

3
sL

6 complex numbers. Doing so requires the storage of fewer complex

numbers by a factor of L2, albeit at the cost of T × 2
3
(N3

cN
3
sL

9) flops needed to con-

struct all T of D−1
t matrices from the D−1

t,x matrices. Thus, there is a trade-off between

disk space and reconstruction flops.

It follows completely analogously that all T × L of the matrices D−1
t,x can be con-

structed from the D−1
t,x,y matrices. Indeed, the matrices D−1

t,x,y can be constructed from

the D−1
t,x,y,z matrices. The matrices D−1

t,x,y,z have only spin and colour degrees of freedom

and they take the form

[D−1
t,x,y,z]αβ

ab
= (m+ 4)−1δabδαβ (7.66)

for every t, x, y, z.

This procedure of ‘dimension reduction’ gives an efficient construction of the full all-

to-all propagator directly from the gauge fields. Beginning with the matrices D−1
t,x,y,z,

the matrices D−1
t,x,y are constructed in parallel following Algorithm 1. This reconstruc-

tion is illustrated for clarity in Figure 7.4. Alternatively, if one is willing to allocate

more disk space to save all of the T × L × L matrices D−1
t,x,y, then the reconstruction

can instead begin with the matrices D−1
t,x,y. This reconstruction is illustrated for clarity

in Figure 7.5.
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Figure 7.5: Pictorial representation of Algorithm 1 being applied to matrices D−1
t,x,y in

order to construct the matrices D−1
t,x , as discussed in the text at Section 7.4.4.

7.5 The Determinant

In traditional methods of gauge field configuration generation in lattice QCD, config-

urations are updated from Uold to Unew according to the acceptance probability

min

(
1,

T0(Uold|Unew)e−SG[Unew]
∏
f

det(D(f)[Unew])

T0(Unew|Uold)e−SG[Uold]
∏
f

det(D(f)[Uold])

)
, (7.67)

where T0 are a priori transition probabilities between configurations, SG is the pure

gauge part of the QCD action, and f indexes the flavour of sea quarks. The acceptance

probability ensures that the gauge field configurations are appropriately distributed.

Crucially, determinants of quark matrices capture physics of quarks in the QCD vac-

uum and play a role in the Monte Carlo sampling of space of gauge field configurations

(see Section 3.1.3 and Equation 3.15 for example). Due to the size of the quark matrix

on typical lattices, direct computation of the determinant is computational demand-

ing. Modern methods of gauge field configuration generation circumvent the need

to directly compute the quark matrix determinant on new gauge field configuration

candidates Unew. Details of these algorithms are given in [19, 20, 21].

In this section, I reconsider the prospects for computing the determinant of the

quark matrix and demonstrate a novel method. I exploit the block-structure of the

quark matrix to reduce the complexity of evaluating the determinant. The method is

underpinned by the SMW formula in Equation 7.4 and a generalisation of Sylvester’s

theorem for determinants: for Q an N ×N matrix, R and S are N ×M rectangular

matrices with positive integer N/M , and P = Q + RS†, then Sylvester’s theorem for
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determinants gives

det(P ) = det
[
1 + S†Q−1R

]
det(Q). (7.68)

The matrix inside the square brackets is a small M ×M matrix. Provided det(Q)

is known, the determinant of P can be found by computing the determinant of the

much smaller matrix
[
1+S†Q−1R

]
. I apply the formula in Equation 7.68 to the quark

matrix for Wilson fermions defined in Equation 7.49. As in Section 7.4.2, define the

matrices Ak, Bk, Uk and Vk.

7.5.1 Applying Sylvester’s theorem and the SMW formula

The matrix A1, which has no temporal link variables, is block diagonal in this repre-

sentation, hence its determinant is the product

det(A1) =
T∏
k=1

det[Dk] (7.69)

of the determinants of each block on the diagonal. Next, recall from Equation 7.54

that Bk = Ak−1 + Vk−1W
†
k so that Equation 7.68 can be used to yield

det(Bk) = det
[
1 +W †

kA
−1
k−1Vk−1

]
det(Ak−1)

= det
[
1 + 0

]
det(Ak−1)

= det(Ak−1) (7.70)

for k ≤ T . Next, recall from Equation 7.55 that Ak = Bk −WkV
†
k−1 so

det(Ak) = det
[
1− V †k−1B

−1
k Wk

]
det(Bk)

= det
[
1− Λ̃k−1(B−1

k )k−1,k

]
det(Ak−1) (7.71)

for k ≤ T , where det(Bk) was eliminated from the first to second lines by using

Equation 7.70. Equation 7.58 gives (B−1
k )k−1,k = −(A−1

k−1)k−1,k−1Λk−1D−1
k so that

det(Ak)

det(Ak−1)
= det

[
1 + Λ̃k−1(A−1

k−1)k−1,k−1Λk−1D−1
k

]
. (7.72)

Thus, det(Ak) can be found provided (A−1
k−1)k−1,k−1 and det(Ak−1) are known. Hence,

(A−1
k−1)k−1,k−1 is now sought. Using Equation 7.59 with (B−1

k )k,k = D−1
k and (B−1

k )k−1,k =
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−(A−1
k−1)k−1,k−1Λk−1D−1

k , it is found that

(A−1
k )k,k = D−1

k −D−1
k

[
1 + Λ̃k−1(A−1

k−1)k−1,k−1Λk−1D−1
k

]−1

Λ̃k−1(A−1
k−1)k−1,k−1Λk−1D−1

k

=
[
Dk + Λ̃k−1(A−1

k−1)k−1,k−1Λk−1

]−1

. (7.73)

Equation 7.73 is a recursion relation for (A−1
k )k,k, thus (A−1

k )k,k can be found for all

k ≤ T iteratively beginning from (A−1
1 )1,1 = D−1

1 . Then, Equation 7.72 now becomes

det(Ak)

det(Ak−1)
=

det[(A−1
k )k,k]

det[Dk]
(7.74)

and, by using Equation 7.69,

det(AT ) =
T∏
k=1

det[(A−1
k )k,k]. (7.75)

Hence, the determinant of AT has been expressed as the product of T determinants

of the smaller matrices (A−1
k )k,k which themselves satisfy the recursion relation in

Equation 7.73.

It remains to find det(BT+1) and det(AT+1). Recalling that BT+1 = AT + VTW
†
1 ,

applying the formula in Equation 7.68 yields

det(BT+1) = det
[
1 +W †

1A
−1
T VT

]
det(Ak−1)

= det
[
1 + (A−1

T )1,TΛT

]
det(AT ), (7.76)

thus (A−1
T )1,T must be found in order to evaluate the RHS of Equation 7.76. From

Equation 7.59, (B−1
k )k−1,k = −(A−1

k−1)k−1,k−1Λk−1D−1
k can be be eliminated to give

(A−1
k )1,k = −(A−1

k−1)1,k−1Λk−1D−1
k

+ (A−1
k−1)1,k−1Λk−1D−1

k

[
1 + Λ̃k−1(A−1

k−1)k−1,k−1Λk−1D−1
k

]−1

Λ̃k−1(A−1
k−1)k−1,k−1Λk−1D−1

k

= −(A−1
k−1)1,k−1Λk−1

[
Dk + Λ̃k−1(A−1

k−1)k−1,k−1Λk−1

]−1

= −(A−1
k−1)1,k−1Λk−1(A−1

k )k,k (7.77)

Equation 7.77 is a recursion relation for (A−1
k )1,k, so (A−1

k )1,k can be found for all k ≤ T

iteratively beginning from (A−1
1 )1,1 = D−1

1 . Equation 7.76 can then be used to evaluate

det(BT+1).
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It remains to find det(AT+1) ≡ det(D). Recalling that AT+1 = BT+1 − W1V
†
T ,

applying the formula in Equation 7.68 yields

det(AT+1) = det
[
1− V †TB−1

T+1W1

]
det(BT+1)

= det
[
1− Λ̃T (B−1

T+1)T,1

]
det(BT+1). (7.78)

The matrix (B−1
T+1)T,1 is unknown and must be found if Equation 7.78 is to be used to

find det(AT+1). Equation 7.60 immediately yields

(B−1
T+1)T,1 = (A−1

T )T,1 − (A−1
T )T,TΛT

[
1 + (A−1

T )1,TΛT

]−1

(A−1
T )1,1. (7.79)

The matrix (A−1
T )T,T is known from Equation 7.73, the matrix (A−1

T )1,T is known from

Equation 7.77, and the matrix (A−1
T )1,T can be found from (A−1

T )1,T using γ5-hermiticity

(A−1
T )T,1 = γ5(A−1†

T )1,Tγ5. Hence, only the matrix (A−1
T )1,1 remains to be computed to

allow the evaluation of the RHS of Equation 7.79.

Combining Equation 7.59 with (B−1
k )1,1 = (A−1

k−1)1,1, (B−1
k )k−1,1 = (A−1

k−1)k−1,1 and

(B−1
k )1,k = −(A−1

k−1)1,k−1Λk−1D−1
k gives

(A−1
k )1,1 = (A−1

k−1)1,1

− (A−1
k−1)1,k−1Λk−1D−1

k

[
1 + Λ̃k−1(A−1

k−1)k−1,k−1Λk−1D−1
k

]−1

Λ̃k−1(A−1
k−1)k−1,1

= (A−1
k−1)1,1 − (A−1

k−1)1,k−1Λk−1(A−1
k )k,kΛ̃k−1(A−1

k−1)k−1,1. (7.80)

Equation 7.80 is a recursion relation for (A−1
k )1,1, so (A−1

k )1,1 can be found for all

k ≤ T iteratively beginning from (A−1
1 )1,1 = D−1

1 . Hence, by Equation 7.78, the ratio

det(AT+1)/ det(BT+1) can be found by eliminating (B−1
T+1)T,1 using Equation 7.79.

Then, evaluation of det(AT+1) ≡ det(D) can be found by multiplying the ratio by

det(BT+1) (known from Equation 7.76).

7.5.2 The algorithm

In summary, the pseudo-code below implements an algorithm to compute the deter-

minant of the full quark matrix on a given gauge field configuration.
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Algorithm 2 Computing det(D) on a given configuration

1: % Invert [Dk] on each time-slice

2: for k in {1, 2, . . . , T} do

3: Compute D−1
k

4: end for

5: Compute det(A1) =
∏T

k=1 det
[
Dk
]

6: % Construction chain A1 → B2 → · · · → AT

7: for k in {1, 2, 3, . . . , T} do

8: Obtain (A−1
k )k,k from Equation 7.73

9: Compute det(Ak+1) from Equation 7.72

10: Obtain (A−1
k )1,k from Equation 7.77 ((A−1

k )k,1 found by γ5-hermiticity)

11: Obtain (A−1
k )1,1 from Equation 7.80

12: end for

13: % Introduce links between site T and site 1

14: Compute det(BT+1) from Equation 7.76

15: Obtain (B−1
T+1)T,1 from Equation 7.79

16: Compute det(AT+1) from Equation 7.78

As in Section 7.5.2 for the case of the inversion algorithm, I present in Table 7.2

the arithmetic complexity of Algorithm 2 in terms of the number of basic operations

described in Section 7.5.2 with the additional operation ‘det[ ]’ denoting the com-

putation of the determinant of a smaller matrix. It is clear from Table 7.2 that the

algorithm presented in this section has a cost that scales linearly with T . Comput-

ing the determinant of a general N × N matrix via LU-decomposition costs O(N3),

so the algorithm here based on the SMW formula and the Sylvester’s theorem for

determinants gives a computational savings of order T 2 flops.
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Line ×S × [ ]−1
S [ ]−1 det[ ]

3 0 0 T 0 0

5 0 0 0 0 T

8 2T 0 0 T 0

9 2T 0 0 T 0

10 2T T 0 0 0

11 T T 0 0 0

14 1 0 0 0 1

15 2 1 0 1 0

16 1 0 0 0 1

Total ∼ 7T ∼ 2T ∼ T ∼ 2T ∼ T

Table 7.2: The number of matrix multiplications, inversions and determinants required

to calculate the determinant of the Wilson quark matrix on a lattice with T ×L3 sites

at the line numbers in Algorithm 2.

7.6 Propagators on different gauge field configura-

tions

In Sections 7.4 and 7.5, I explained how the propagator and determinant of the quark

matrix can be constructed from the matrix A1 that has all temporal link variables set

to zero. The SMW formula (see Equation 7.4) allowed each temporal link variable to

be restored in turn. I now set out another application of the SMW formula: provided
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that a ‘cloverless’ action is used (discussed in Section 7.1), the propagator on a gauge

field configuration with one link variable changed can be related to the propagator

on the original gauge field configuration since the corresponding quark matrices differ

only by two off-diagonal blocks each of size NsNc ×NSNc.

Let D−1 be the all-to-all propagator on a gauge field configuration. Let U ′ be

another gauge field identical to U except for the temporal link variable (extending to

other directions is straightforward) on site n where the link variables differ by

δ =
1

2
(1− γ0)(U ′0(n)− U0(n)) 6= 0 (7.81)

δ̃ =
1

2
(1 + γ0)(U ′0(n)† − U0(n)†) 6= 0 (7.82)

and U ′µ = Uµ elsewhere. Note that δ and δ̃ are NcNs×NcNs matrices. Then, the matrix

D′ −D is everywhere zero except two Nc ×Nc blocks at (i, j) = (n, n+ 1), (n+ 1, n).

Explicitly,

D̂ = D + VinW
†
in+L3 (7.83)

D′ = D̂ −Win+L3γ5V
†
in
γ5, (7.84)

where I have defined a new intermediate matrix D̂ for convenience, and here the

NcNsL
3T ×NcNs rectangular matrices are

Vin =



0
...

0

δ

0
...

0


←− in = nz + Lny + L2nx + L3nT (7.85)

Win =



0
...

0

1NcNs

0
...

0


←− in = nz + Lny + L2nx + L3nT . (7.86)
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Equations 7.83 and 7.84 are in a form where the SMW formula can be applied directly

to yield

(D̂−1)i,j −D−1
i,j = −(D−1)i,inδ

[
1 +D−1

in+L3,in
δ
]−1

D−1
in+L3,j (7.87)

(D′−1)i,j − (D̂−1)i,j = +(D̂−1)i,in+L3

[
1− δ̃(D̂−1)in,in+L3

]−1

δ̃(D̂−1)in,j. (7.88)

Note that matrix inverses in the square brackets in Equations 7.87 and 7.88 are matri-

ces in spin-colour space only, i.e. they are (small) NcNs×NcNs matrices. The matrices

(D−1)i,in , δ, (D̂−1)i,in+L3 etc. are also matrices of this size. Note also that the matrix

inverses in the square brackets in Equations 7.87 and 7.88 are independent of i and j,

so they need only be computed once for all i, j.

Equations 7.87 and 7.88 give the means to ‘update’ a propagator as a link variable

in the gauge field configuration is changed without directly carrying out the inverse of

the new quark matrix.
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7.7 Outlook

In this chapter, closed form expressions are presented for the all-to-all propagator in

terms of the link variables reinforce the interpretation of elements of the propagator as

a weighted sum of paths of link variables. The algorithms presented in the preceding

sections show how the inverse and determinant for a block-diagonal matrix can be

found as the terminus of a sequence in which the off-diagonal blocks are introduced

one by one. I demonstrated the computational savings in following this strategy versus

a more general approach via LU-decomposition.

The work presented in this chapter must be extended further if current approximate

iterative methods in lattice QCD are to be superseded. For the propagator, whilst

algorithms such as the conjugate gradient algorithm and the hopping parameter ex-

pansion are inexact, they are found to converge sufficiently fast to within required

tolerance levels so that the exact expressions shown in Sections 7.4 are significantly

more costly to compute. A similar conclusion is arrived at for the determinant in

Section 7.5 when considering the Hybrid Monte Carlo algorithm.

I now discuss preliminary investigations into how the approaches derived in this

chapter could be modified to improve on methods used in current state-of-the-art

lattice calculations. Inspired by the method of distillation, reviewed in Section 7.7.1,

in Section 7.7.2 I propose projecting the intermediate matrices (A−1
k and B−1

k ) in

Algorithm 1 onto the low modes of the lattice Laplacian.

7.7.1 Review of distillation

I now review the method of distillation that was first introduced in [105]. Firstly, I

define the operator

�xy
ab

(t) =
Nvecs∑
k=1

v
(k)
x
a

(t)v
(k)†
y
b

(t) (7.89)

where x, y are space indices, a, b are SU(3) colour indices, and v(k) is the space-colour

eigenvector of the lattice Laplacian

∇xy
ab

(t) = −6δx,yδa,b +
3∑
j=1

(
(Uj)ab(x; t)δx+ĵ,y + (U †j )ab(x− ĵ; t)δx−ĵ,y

)
(7.90)



7.7. Outlook 175

with the kth smallest eigenvalue. The equivalent expression in matrix notation is

�(t) = V (t)V †(t). In the case Nvecs = Nc × L3, then �(t) = 1. The operator �

can be easily extended to spin-space by simply having four identical copies on the

spin-diagonal and zero elsewhere. In the framework of distillation, quark fields q are

projected as q 7→ �q onto the low modes of the lattice Laplacian and the high modes

are removed.

Correlators of these smeared quark fields are constructed from perambulators

τ(t′, t) = V (t′)†S(t′, t)V (t) (7.91)

where S(t′, t) is the all-to-all propagator from timeslice t to timeslice t′. Here, S(t′, t)

is a large NsNcL
3 × NsNcL

3 matrix whereas τ(t′, t) is a smaller NsNvecs × NsNvecs

matrix. Perambulators can be found by solving the linear system

Dη = v(k)(t) (7.92)

for each k where D is the quark matrix. Then, by contracting the subsequent vector

of solutions with the matrix V (t′), the perambulator τ(t′, t) is found. In summary,

this procedure involves solving NsNvecs many linear systems. Contrastingly, the all-

to-all propagator can be found by a full inversion of the quark matrix, or equivalently

by solving NsNcL
3 linear systems. Hence, perambulators are much cheaper to com-

pute than propagators. Working in distillation space is cheaper computationally, less

memory-intensive, and this projection preserves the physics of low-lying states.

7.7.2 SMW formula in distillation space

The perambulator can be found by using the Algorithm 1 to first find the all-to-all

propagator, then the propagator can be cast into distillation space using Equation 7.91.

However, computing the all-to-all propagator is very expensive and I now discuss how

an approximation to τ can be constructed using the recursive formulae in Section 7.4.1.

A first step towards approximating τ could be to simply implement Algorithm 1 in

distillation space: the matrices D, Λ and Λ̃ are replaced by the corresponding objects
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in distillation space

D−1
t 7→ V †(t)D−1

t V (t) (7.93)

Λt 7→ V †(t)ΛtV (t+ 1) (7.94)

Λ̃t 7→ V †(t+ 1)Λ̃tV (t). (7.95)

These matrices are much smaller than their counterparts in position space. The matrix

V †(t)D−1
t V (t) is much cheaper to compute than D−1

t since the former can be computed

by inverting Dt only off the Nvecs lowest eigenvectors of the lattice Laplacian.

The objects in Equations 7.58, 7.59, 7.60 and 7.61 are replaced by these objects

in distillation space and the algorithm proceeds as before. Now, the matrices Ak

and Bk in the sequence 7.57 are (small) matrices in distillation space. This proce-

dure amounts to inserting the box operator �(t) = V (t)V †(t) between the matrices

in Equations 7.58, 7.59, 7.60 and 7.61. Since the box operator is a projection op-

erator, information is lost during the intermediate stages of the algorithm. Further

investigation is required to determine whether the resulting object bares reasonable

resemblance to the perambulator τ .
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Conclusions and Outlook

In this thesis, I implemented a variety of modern methods for simulating b quarks in

lattice QCD. Firstly, in Chapter 4, I detailed the heavy-HISQ method which I then

used to carry out a complete calculation of the vector current form factors for Bc → Ds.

I demonstrated how matrix elements from a large suite of correlation functions can be

extracted from fitting to multi-exponential fit forms. Particular attention was given to

ensuring robust and reliable fits. This study has laid out the path towards determining

the form factors for the tree-level process Bc → D with high precision. In Chapter 5,

I presented my comprehensive calculation of the vector current form factors f0 and

f+ associated with the decays Bc → Bs and Bc → Bd. This was the first Lattice

QCD study of Bc → Bs(d). Here, I used the NRQCD formalism for the b quark,

then compared my results to another study that used the heavy-HISQ methods from

Chapter 4. Good agreement between the two methods was observed. This study

serves as an important check on the different methods for heavy quarks on the lattice.

Continuing with NRQCD on the lattice, I showed in Chapter 6 how this approach can

be used to circumvent difficulties in extracting amplitudes when studying the FCNC

transition B → K with effective weak theory. I concluded this chapter by explaining

the next steps towards determining the contributions from charmonia near zero-recoil

from lattice QCD.

Finally, Chapter 7 was concerned with an alternative and novel approach to the

algorithms underpinning the field of lattice QCD. I showed how the exact inverse

and determinant of quark matrices can be constructed by applying the Sherman-

Morrison-Woodbury formula. The computational cost of applying these new methods

was shown to be less than naive approaches. Further work is needed to explore how

the algorithms can be applied to current lattice calculations. Exciting prospects of

the theory presented in this chapter include approximating the perambulator in the

framework of distillation with very low cost.
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Appendix A

Fat-7 smearing

The procedure outlined in this appendix shows how Fat-7 link smearing suppresses

high momentum modes of the gluon field that would otherwise be responsible for

unphysical interactions between different species of quark as described in Section 3.4.

The procedure sees the link variables smeared by nearby 3-link, 5-link and 7-link

‘staples’ to remove different momentum modes.

Firstly, Fat-3 smearing is defined as

Uµ(x) 7→ U fat3
µ (x) = F fat3Uµ(x)

= Uµ(x) + ωa2
∑
ν 6=µ

∆l
νUµ(x) , (A.1)

where

a2∆l
νUµ(x) = Uν(x)Uµ(x+ aν̂)U †ν(x+ aµ̂)− 2Uµ(x)

+ U †ν(x− aν̂)Uµ(x− aν̂)Uν(x− aν̂ + aµ̂) (A.2)

is a linear combination of 3-link staples. Fat-3 smearing suppresses diagrams such as

Figure 3.2 only in the case that ζ has exactly one non-zero component. To show this,

recall from Equations 3.9 and 3.10 that the link variable Uµ(x) and the gauge field

Aµ(x) are related by

Uµ(x) = P exp
(
ig

∫ x+aµ̂

x

A · dy
)

= 1 + ig

∫ x+aµ̂

x

A · dy +O(g2). (A.3)

Then, the transformation in Equation A.1 is equivalent to transforming the gauge field

(neglecting terms O(g3)) as∫ x+aµ̂

x

A · dy 7−→
∫ x+aµ̂

x

A · dy + ω
∑
ν 6=µ

Kνµ (A.4)
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where Kνµ is given by[∫ x+aν̂

x

+

∫ x+aµ̂+ν̂

x+aν̂

−
∫ x+aµ̂+ν̂

x+aµ̂

−2

∫ x+aµ̂

x

−
∫ x

x−aν̂
+

∫ x+aµ̂−ν̂

x−aν̂
+

∫ x+aµ̂

x+a(µ̂−ν̂)

]
A · dy .

(A.5)

Next, using ∫ z+aρ̂

z

A · dy =

∫
d4p

∫ z+aρ̂

z

eip·yA(p) · dy

=

∫
d4p Aρ(p)e

ip·xeip·(z−x)

∫ a

k=0

eipρkdk

=

∫
d4p Aρ(p)e

ip·z e
ipρa − 1

ipρ
, (A.6)

then, the momentum modes of the gauge field transform as

Aµ(p)
eipµa − 1

ipµ
7→ Aµ(p)

eipµa − 1

ipµ
+ ω

∑
ν 6=µ

K̃νµ (A.7)

where

K̃νµ = Aν(p)
eipνa − 1

ipν
+ Aµ(p)eipνa

eipµa − 1

ipµ
− Aν(p)eipµa

eipνa − 1

ipν
− 2Aµ(p)

eipµa − 1

ipµ

− Aν(p)eipνa
eipνa − 1

ipν
+ Aµ(p)eipνa

eipµa − 1

ipµ
+ Aν(p)e

i(pµ+pν)a e
ipνa − 1

ipν
. (A.8)

Now , take pα = δασ
π
a
, i.e. momentum modes where p = ζ π

a
for ζ = σ̂ with σ = 1, 2, 3, 4

and ρ 6= µ. In this case, eipµa = 1 and eipσa = −1, so∑
ν 6=µ

K̃νµ = K̃σµ + 0

= Aσ(p)
eipσa − 1

ipσ

[
1− 1 + 1− 1

]
+ Aµ(p)

eipµa − 1

ipµ

[
− 1− 2− 1

]

= −4Aµ(p)
eipµa − 1

ipµ
. (A.9)

Thus, provided ω = 1
4
, then Aµ(p) 7→ 0. Hence, to this order in g, the momentum

modes of the gauge field at Equation A.7 are suppressed.

For the case where ζ has exactly 2 non-zero components, gluons with momentum

ζ π
a

are similarly suppressed by ‘Fat-5’ smearing

Uµ(x) 7→ U fat5
µ (x) = F fat5Uµ(x)

= U fat3
µ (x) +

a4

32

∑
ν 6=µ

∑
ρ 6=µ,ν

∆l
ρ∆

l
νUµ(x) , (A.10)
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which smears the gauge field over local 3-stapes and 5-staples. ζ with 3 non-zero

components are suppressed by ‘Fat-7’ smearing

Uµ(x) 7→ U fat7
µ (x) = F fat7Uµ(x)

= U fat5
µ (x) +

a6

384

∑
ν 6=µ

∑
ρ 6=µ,ν

∑
σ 6=µ,ν,ρ

∆l
σ∆l

ρ∆
l
νUµ(x) . (A.11)

Finally, only the case with ζµ = 1 for all µ vanishes according to Euclidean space Feyn-

man rules, hence no further smearing is required to remove the tree-level interactions.
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Appendix B

Random wall sources

To demonstrate the implementation of random wall sources [81], consider the object

C =
1

(L3)3

∑
x,y,z

Tr
(
M(z, t3; x, t1)S(x, t1; y, t2)S(y, t2; z, t3)

)
. (B.1)

This object is similar in form to the correlators in Equations 4.26, 4.28, 5.10 and 5.11

in that there is a trace of spacetime matrices averaged over timeslices. Here, S are

all-to-all propagators and M is some spacetime matrix that contains details of the

particular lattice correlator under consideration. For the purposes of demonstration,

I focus on the matrix product of the two all-to-all propagators within the trace and

space average.

From Equation B.1, it might appear as though S is required from all lattice sites on

timeslice t2 to all lattice sites on timeslice t1 since S(x, t1; y, t2) features explicitly. To

compute this, one would have to solve the linear system

S(x, t1; y, t2) =
∑
w,t

D−1(x, t1; w, t)δ(3)(w − y)δ(t− t2) (B.2)

for each of the L3 source vectors δ(3)(w − y). By using random wall sources, this

task can be reduced to inverting off a single vector with the trade-off of introducing

statistical noise to the correlator. The space identity matrix between the all-to-all

propagators in Equation B.1 is replaced by η(y)η(w)† where

ηa(w) = eiθ(w,a) (B.3)

is a colour and space vector valued randomly on the complex unit circle with phase

θ. The diagonal elements of ηη† are precisely 1 and the off-diagonal elements are

uniformly distributed random variables in U(1) which contribute noise when C at

Equation B.1 is replaced by

CRW =
1

(L3)3

∑
w,x,y,z

Tr
(
M(z, t3; x, t1)S(x, t1; y, t2)η(y)η(w)†S(w, t2; z, t3)

)
. (B.4)
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The averaging 1/L3
∑

y in Equation B.4 suppresses the noise contribution likeO(1/
√
L3).

Finding the random wall propagator

SRW(x, t1) =
∑
y

S(x, t1; y, t2)η(y) (B.5)

requires the solution of a single linear system, rather than L3 linear systems as was

initially the case from Equation B.1.



Appendix C

Properties of wk(i, j)

In this appendix, I prove properties of the functions wk(i, j) of the mass parameter

M that were first introduced in Equation 7.34. Most importantly, I derive the closed

form expression for wk(i, j) given in Equation 7.36 that was used in Section 7.3.3 to

equate two different forms of the inverted gauge covariant derivative operator (∇+m)

in 1-dimensional spacetime: an expression based on repeated application of the SMW

formula in Section 7.2, and another expression in Section 7.3.2 that followed from a

field transformation that diagonalised all of the link variables.

To begin, the form of A−1
k (i, j) in Equation 7.34 can be substituted into Equa-

tion 7.13 where the Kronecker deltas give four different cases to consider:

Case 1: i 6 k − 1 , j 6 k − 1

Case 2: i 6 k − 1 , j = k

Case 3: i = k , j 6 k − 1

Case 4: i = j = k. (C.1)

Considering each case, I find from Equation 7.13 that

Case 1: wk(i, j) = wk−1(i, j) +
wk−1(i, k − 1)wk−1(k − 1, j)

M + wk−1(k − 1, k − 1)
(−1)k−max(i,j) (C.2)

Case 2: wk(i, k) =
wk−1(i, k − 1)

M + wk−1(k − 1, k − 1)
(C.3)

Case 3: wk(k, j) =
wk−1(k − 1, j)

M + wk−1(k − 1, k − 1)
(C.4)

Case 4: wk(k, k) =
1

M + wk−1(k − 1, k − 1)
. (C.5)

From Equation C.5 and the definition of the continued fractions γl in Equation 7.23,

it inductively follows that

wk(k, k) =
1

γk−1

, (C.6)
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which is then the base case for induction with Equations C.3 and C.4 to deduce that

wk(i, k) = wk(k, i) =
1

γk−1 . . . γi−1

. (C.7)

Next, I show that wT (1, j) = wT (T, T − j+ 1). This is unsurprising since the lattice

corresponding to AT has a reflective symmetry (j 7→ T − j+1). Recall that the lattice

corresponding to Ak is built up by sequentially by connecting sites 1 to 2 to . . . to k.

Now, I carry out an alternative construction by instead beginning with the matrix

Ã
(k)
k = M1NcT , (C.8)

then the link variables are introduced in turn to connect sites k to k− 1 . . . to 1 in the

sequence

Ã
(k)
k → B̃

(k)
k−1 → Ã

(k)
k−1 → B̃

(k)
k−2 → · · · → Ã

(k)
1 ≡ Ak (C.9)

where

B̃
(k)
K−1 = Ã

(k)
K −WKV

†
K−1 (C.10)

Ã
(k)
K−1 = B̃

(k)
K−1 + VK−1W

†
K , (C.11)

and VK and WK are defined in Equation 7.9. As in Section 7.2, the SMW formula can

be applied to give the expressions

(B̃
(k)
K−1)−1

i,j = (Ã
(k)
K )−1

i,j + δK−1,j
1

M
(Ã

(k)
K )−1

i,KU
†
K−1 (C.12)

(Ã
(k)
K−1)−1

i,j = (B̃
(k)
K−1)−1

i,j − (B̃
(k)
K−1)−1

i,K−1ΛK−1

[
1 + (B̃

(k)
K−1)−1

K,K−1ΛK−1

]−1

(B̃
(k)
K−1)−1

K,j

(C.13)

for the inverses (B̃
(k)
K−1)−1 and (Ã

(k)
K−1)−1, and then (B̃

(k)
K−1)−1 eliminated for (Ã

(k)
K )−1

in (Ã
(k)
K−1)−1 to yield

(Ã
(k)
K−1)−1

i,j = (Ã
(k)
K )−1

i,j + δK−1,j
1

M
(Ã

(k)
K )−1

i,KU
†
K−1

− (
1

M
(Ã

(k)
K )−1

i,K + δi,K−1UK−1)
[
M1 + Ã

(k)
K )−1

K,K

]−1(
(Ã

(k)
K )−1

K,j +
1

M
δK−1,j(Ã

(k)
K )−1

K,KU
†
K−1

)
.

(C.14)

Similarly to Equation 7.34, it can be proven by induction that (Ã
(k)
K−1)−1

i,j = w̃
(k)
K (i, j)Λ̃

(k)
K (i, j)
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where

Λ̃
(k)
K (i, j) =


(−1)j−iP→i,j K 6 i 6 j 6 k

P←i,j K 6 j 6 i 6 k

1δi,j i > k, j > k, j < K or i < K.

(C.15)

Equation C.14 with i = 1, j = 1 and K = 2 gives

w̃
(k)
1 (1, 1) =

1

M
+ 0− 1

M

1

M
U1

1

1 +
w̃

(k)
2 (2,2)

M

w̃
(k)
2 (2, 2)U †1

=
1

M + w̃
(k)
2 (2, 2)

. (C.16)

Then, by induction, noting that w̃
(k)
k (k, k) = 1

M
, it follows that w̃

(k)
K (K,K) = γK(M)−1.

Finally, Equation C.14 with i = 1 and j > 1 yields

w̃
(k)
1 (1, j) =

w̃
(k)
2 (2, j)

M + w̃
(k)
2 (2, 2)

, (C.17)

which can similarly be solved inductively to result in

w̃
(k)
1 (1, j) =

1

γk−j . . . γk−1γk−1

. (C.18)

Note that Ã
(k)
1 ≡ Ak since the corresponding lattices have exactly the same links

present and the same links absent also. Hence, w̃
(k)
1 (i, j) and wk(i, j) are identical.

Therefore, by comparing Equation C.18 and Equation C.7, the reflective property

wT (1, j) = wT (T, T − j + 1) holds.

In the case that K ≤ i, j ≤ k, Equation C.14 reduces to

(Ã
(k)
K−1)−1

i,j = (Ã
(k)
K )−1

i,j − (Ã
(k)
K )−1

i,K

[
M1 + Ã

(k)
K )−1

K,K

]−1

(Ã
(k)
K )−1

K,j(−1)min(i,j)−K , (C.19)

which subsequently gives

w̃
(k)
K−1(i, j) = w̃

(k)
K (i, j)− w̃

(k)
K (i,K)w̃

(k)
K (K, j)

M + w̃
(k)
K (K,K)

(−1)min(i,j)−K (C.20)

analogously to Case 1 in Equation C.2. Using Equation C.20, it can be shown induc-

tively that

R̃K(i, j) =
w̃

(k)
K (i,K)w̃

(k)
K (T, j)

w̃
(k)
K (K,T )

(C.21)
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satisfies R̃K(i, j) = w̃
(k)
K (i, j) when j ≤ i. In particular, now taking K = 1 and k = T ,

it follows that

wT (i, j) =
wT (i, 1)wT (T, j)

wT (1, T )
(C.22)

when j ≤ i. A similar identity can be found by using Equation C.2 to show that

RK(i, j) =
wk(i, k)wk(1, j)

wk(k, 1)
(C.23)

satisfies RK(i, j) = wk(i, j) when i ≤ j. Taking k = T gives

wT (i, j) =
wT (i, k)wT (1, j)

wT (k, 1)
(C.24)

when i ≤ j. Equipped with Equation C.7 and the reflective property, Equations C.22

and C.24 can be used to show that

wk(i, j) =
γmin(i,j)−2 . . . γ0

γk−1 . . . γk−max(i,j)

(C.25)

for all i, j and k.

Finally, from Equation 7.34, note that wk(i, k) can thought of as the weight that

accompanies the path-ordered product of link variables from site i to site j to form

A−1
k (i, j) for k ≤ T . In the case that T is even, then 0 < wT (1, T ) < 1 for M > 0.

Also, since P→i ∈ SU(3), the eigenvalues of P→i have modulus 1, so X−1
i , defined in

Equation 7.40, can be expanded as

X−1
i = 1 + wT (1, T )P→i + wT (1, T )2P→i P

→
i + . . . (C.26)

Each term in the equation above corresponds to a different non-backtracking path that

begins and ends at site i. Each loop P→i is weighted by wT (1, T ), plotted in Figure C.1

as a function of M . The figure shows that longer paths are suppressed for the same

mass, and that this suppression is greater for larger mass M . This characteristic is

consistent with the intuition that heavy particles resist movement. Also, wT (1, T )→ 1

in the massless limit, so all paths become equally weighted irrespective of length.

The expression for (B−1
T+1)i,j in Equation 7.41 contains contributions from all the

(possibly backtracking) paths from site i to site j. The first terms in Equation 7.41

are those that contain forward links only and the second terms in Equation 7.41 are

those that contain backward links only. The absence of a second term for the case i ≤ j
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Figure C.1: Plot of the factor wT (1, T ) as a function of M . T is varied from 4 to 52

in steps of 4. Curves with larger T lie below those curves with smaller T for all M .

For the lattice described by BT , this factor is the weight associated by a forward wrap

around the lattice that would feature in the path expansion in Equation C.26 of an

element of the inverse of the corresponding Dirac matrix in Equation 7.42.

is due to the absence of a backward link from site 1 to site T , i.e. there does not exist

a path from site i to site j that only uses backward links. For the case j ≤ i, there

exists a unique path from site i to site j that contains only backward links, namely

j ← j + 1← · · · ← i− 1← i (C.27)

corresponding to the path-ordered product of link variables ΛT (i, j). In contrast,

there are infinitely many paths that contain forward links since such a path can wrap

arbitrarily many times around the lattice by utilising the link UT that connects site T

to site 1. This infinity is captured by the factor X−1
j in Equation 7.41. On introducing

the final link variable, U †T that completes the reconstruction of the quark matrix,

arbitrarily long paths of only backward link variables are now traversable. These paths

are contained in the (YiXi)
−1 factor in Equation 7.44 for the inverse block (A−1

T+1)i,j.
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