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ABSTRACT
Markov chains can accurately model the state-to-state dynamics of a wide range of complex systems, but the underlying transition matrix
is ill-conditioned when the dynamics feature a separation of timescales. Graph transformation (GT) provides a numerically stable method
to compute exact mean first passage times (MFPTs) between states, which are the usual dynamical observables in continuous-time Markov
chains (CTMCs). Here, we generalize the GT algorithm to discrete-time Markov chains (DTMCs), which are commonly estimated from
simulation data, for example, in the Markov state model approach. We then consider the dimensionality reduction of CTMCs and DTMCs,
which aids model interpretation and facilitates more expensive computations, including sampling of pathways. We perform a detailed numer-
ical analysis of existing methods to compute the optimal reduced CTMC, given a partitioning of the network into metastable communities
(macrostates) of nodes (microstates). We show that approaches based on linear algebra encounter numerical problems that arise from the
requisite metastability. We propose an alternative approach using GT to compute the matrix of intermicrostate MFPTs in the original Markov
chain, from which a matrix of weighted intermacrostate MFPTs can be obtained. We also propose an approximation to the weighted-MFPT
matrix in the strongly metastable limit. Inversion of the weighted-MFPT matrix, which is better conditioned than the matrices that must be
inverted in alternative dimensionality reduction schemes, then yields the optimal reduced Markov chain. The superior numerical stability of
the GT approach therefore enables us to realize optimal Markovian coarse-graining of systems with rare event dynamics.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0025174., s

I. INTRODUCTION

Many stochastic processes can be represented by discrete- or
continuous-time Markov chains (CTMCs), which generate memo-
ryless dynamics for transitions between nodes of a network.1–9 The
usual dynamical observable in such models is the mean first pas-
sage time (MFPT) from a set of initial nodes B to a set of absorbing
nodes A.10–22 Standard linear algebra methods to compute MFPTs
encounter numerical issues for metastable Markov chains because
the separation of slow and fast timescales in the system dynamics
leads to severe ill-conditioning.23–28 Since rare events are ubiqui-
tous in realistic models of stochastic dynamical processes,29–43 more
numerically stable algorithms are often required for the analysis
of Markov chain dynamics. Graph transformation44–49 (GT) pro-
vides an exact method to compute the A ← B MFPT that retains

numerical precision even for strongly metastable Markov chains.48

The method does not assume that the Markov chain satisfies the
detailed balance condition,4 nor are there any constraints on the
initial occupation probability distribution within B.

Graph transformation was originally introduced to compute
MFPTs in continuous-time Markov Chains (CTMCs),45,47 which
are parameterized by transition rates.3 Here, we show that the GT
algorithm can be adapted to treat discrete-time Markov chains
(DTMCs), which are parameterized by transition probabilities for
a fixed time step.2 This generalization is important because many
methods have been developed to construct DTMCs from sparse sim-
ulation data.50,51 For example, master equation approaches based on
explicit dynamics52–56 are designed to construct a DTMC from first
passage time data in a continuous state space. Estimation of a CTMC
from trajectory data is also possible57 but is significantly more
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difficult.58–60 The analysis of DTMCs featuring rare events encoun-
ters numerical issues due to finite precision,24–28 as for continuous-
time counterparts. Thus, a discrete-time formulation of the GT algo-
rithm offers an attractive method for computing A ← B MFPTs in
the metastable regime.

The remainder of this contribution is concerned with the
dimensionality reduction, or coarse-graining, of Markov chains
using exact MFPTs. Reducing the dimensionality of a Markov chain
while accurately preserving global dynamical properties of the orig-
inal model is an active area of research.1,61–74 Coarse-graining facili-
tates computational analyses that are prohibitively expensive for the
original model, such as sampling of the A ← B transition path
ensemble by kinetic Monte Carlo (kMC) methods.75–81 Moreover,
the reduced Markov chain only preserves the slowest dynamical pro-
cesses and so is less ill-conditioned than the original representation.
The coarse-grained model may therefore be amenable to analyses
based on linear algebra, such as computation of the fundamental
matrix,10,82–86 from which many insightful dynamical properties can
be derived.5 The reduced model is also easier to interpret, since it
only describes dynamics between key metastable macrostates (i.e.,
communities of nodes).87,88

It may seem intuitive that the MFPTs between communities of
nodes could be used to directly estimate a coarse-grained DTMC
or CTMC by expressions similar to those employed in mileston-
ing.89–91 However, Kells et al.92 showed that, for the reduced Markov
chain to preserve the stationary distribution of the original Markov
chain, the intercommunity MFPTs must satisfy a constraint defined
by the Kemeny constant,1,92–99 which we show arises as a direct
consequence of the detailed balance condition. As a result, eval-
uation of the matrix of appropriately weighted intercommunity
MFPTs, introduced in Ref. 92, requires computation of the inter-
microstate MFPTs for transitions between all pairs of nodes in the
original Markov chain. Inversion of this “weighted-MFPT” matrix
then yields the “optimal” reduced CTMC for a given partitioning of
the original Markov chain,100 as defined in Sec. III A.92

We demonstrate that the GT algorithm provides a numerically
stable route to obtain the matrix of weighted-MFPTs and hence
the optimal intercommunity transition rates for a given community
structure. A careful numerical comparison between our approach
and alternative formulations,92 including the Hummer–Szabo (HS)
relation,100 shows that GT greatly extends the regime in which opti-
mal Markovian coarse-graining of metastable systems is feasible.
Moreover, our analysis confirms that the optimal reduced CTMC
represents the dynamics of the original system more accurately than
the coarse-grained Markov chain obtained from the simpler local
equilibrium approximation (LEA).100,101 We also suggest more scal-
able approaches to dimensionality reduction based on the GT algo-
rithm, including an approximation to the optimal reduced CTMC
that is valid in the strongly metastable limit.

II. MEAN FIRST PASSAGE TIMES AND THE GRAPH
TRANSFORMATION ALGORITHM

We consider the A ← B mean first passage time (MFPT) TAB
for the transition to the absorbing macrostate (community of nodes)
A from the initial macrostate B, associated with a specified ini-
tial probability distribution pb(0), b ∈ B. The A ← B MFPT is

defined as the average first hitting time4,102 for trajectories initialized
in B to reach the boundary nodes of the target set A. The discrete
state space, comprising V microstates (nodes), is partitioned into
the endpoint macrostates, A and B, and the set of intervening nodes,
denoted as I = (A ∪ B)c.

A. Graph transformation for continuous-time
Markov chains

A CTMC is parameterized by a transition rate matrix K, where
the elements K ij are the i ← j intermicrostate transition rates, and
the diagonal terms ensure that the sum of elements in any column of
the matrix is zero, K jj = −∑γ≠jKγj. Each node j has a mean waiting
time τj = 1/∑γ≠jKγj from which the branching probability matrix103

P emerges as Pij = K ijτj.104 The graph transformation (GT) algo-
rithm is a method to iteratively remove nodes from a CTMC while
preserving the MFPT for the transition to the absorbing macrostate
A.44–49 In the elimination of node x by the GT algorithm, the wait-
ing times and branching probabilities of the remaining nodes are
updated according to Ref. 47,

τj → τ′j = τj +
Pxjτx

1 − Pxx
, (1)

Pij → P′ij = Pij +
PixPxj

1 − Pxx
, (2)

respectively. The renormalized i← j transition probabilities account
for pathways consisting of a transition to node x from j followed by
an arbitrary number of self-loop (i.e., x← x) transitions in x, before
a final transition to node i. The transformation also introduces
self-loop transitions such that the probability flow is conserved,
∑γP′γj = 1, for all remaining nodes j. Similarly, the waiting times
[Eq. (1)] are renormalized to account for the expected time spent
in the eliminated node x, weighted by the probability of transition-
ing to x from j. The GT algorithm can also be extended to eliminate
multiple nodes simultaneously.49,105

To compute the MFPT between two sets of endpoint nodes A
and B, the GT algorithm is first used to iteratively eliminate all nodes
of the set I. The renormalized network comprising only the nodes of
the set A ∪ B is then stored. For each node b ∈ B, the nodes of the
set B / b are eliminated from this stored network, leaving only the
nodes in A ∪ b. The A ← b MFPT is then the expected escape time
from b, which reads

TAb =
τ′b

1 − P′bb
. (3)

The overall A ← B MFPT is given by a weighted average of MFPTs
for transitions to the absorbing macrostate from nodes of the initial
macrostate,

TAB =
1

∑b∈B pb(0)
∑
b∈B

TAbpb(0). (4)

The GT procedure to compute the A ← B MFPT is illustrated in
Fig. 1. The B ← A MFPT is computed using expressions analogous
to Eqs. (3) and (4) for the reverse direction. Since the renormal-
ized network with state space A ∪ B is stored for the computation
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FIG. 1. The graph transformation (GT) method to compute mean first passage times (MFPTs) from a set of initial nodes B to a set of absorbing nodes A illustrated for a
model 32-node network. Here, τ′b and P′bb are the renormalized waiting times and self-loop transition probabilities [Eqs. (1) and (2), respectively] from node b in the graph-
transformed network comprising nodes of the set (A ∪ b). The overall A← B MFPT is obtained as a weighted average of A← b ∈ B MFPTs [Eq. (4)]. The MFPT for the
reverse (B← A) direction can be obtained by repeating steps 2–4, removing nodes a ∈ A.

of TAB, TBA can be obtained with little additional computational
effort.

The efficiency and numerical stability of GT are essentially
unaffected by the metastability of the Markov chain.48 The GT algo-
rithm retains numerical precision because the (1 − Pxx) factors
that appear in the renormalization equations [Eqs. (1) and (2)] can
be computed indirectly via ∑γ≠xPγx = 1 − Pxx when Pxx → 1.47

This improvement in numerical stability corresponds to the “GTH
advantage”106 in the Grassmann–Taksar–Heyman (GTH) algorithm
for computation of the stationary probability distribution.11,107

B. Graph transformation for discrete-time
Markov chains

The GT procedure described in Sec. II A can be applied to
a discrete-time Markov chain (DTMC) by replacing the CTMC
branching probabilities Pij = Kijτj and mean waiting times τj with the
discrete-time transition probabilities Tij(Δ) and uniform lag times
Δj ≡ Δ ∀ j. The discrete- and continuous-time formulations are
related via8

T(Δ) = exp(KΔ) and K = lim
Δ→0
(T(Δ) − I)/Δ, (5)

where I is the identity matrix. Since the columns of K sum to zero,
the columns of T(Δ) sum to unity.4 In a CTMC, the time for the
i ← j transition is exponentially distributed with mean τj because
outgoing transitions from node j are competing Poisson pro-
cesses.104 In a DTMC, the time between transitions is fixed by the lag
time Δ. Hence, the transition matrix T(Δ) propagates the occupation
probability distribution pn ≡ p(tn) via the Chapman–Kolmogorov
equation pn+1 = T(Δ)pn at discrete time intervals tn = nΔ.4 We show
below that the elimination of nodes in a DTMC using renormaliza-
tion [i.e., discrete-time analogs of Eqs. (1) and (2)] preserves MFPTs
to an absorbing macrostate.

For a CTMC, the MFPT between two endpoint macrostates can
be written as a sum of contributions from individual paths weighted

by the corresponding path probabilities.45 Consider a particular dis-
crete path ξ from the initial to the absorbing macrostate, written as
a sequence of n nodes, ξ = {in ← in−1 ← ⋯ ← i1}, with the starting
node i1 ≡ b ∈ B and target node in ≡ a ∈ A. The path probability
Wξ is simply a product of branching probabilities for all transi-
tions (i ← j) along the path ξ, weighted by the initial occupation
probability for the starting node b, Wξ = pb(0)∏(i,j)∈ξ Pij.45,105 The
MFPT associated with the path ξ is a sum of mean waiting times
for microstates visited along the path prior to hitting the absorbing
node,47 Tξ = ∑n−1

i=1 τi. Therefore, the overall A← b MFPT is

TAb = ∑
a∈A
∑

ξ∈a←b
WξTξ ⋅ (6)

It can be shown that renormalization of the waiting times and tran-
sition probabilities by GT [Eqs. (1) and (2)] preserves the pathwise
sum over product nodes [Eq. (6)].45,47 To apply the GT algorithm to
a DTMC, we consider an analogous formulation of the MFPT as a
weighted sum of contributions from individual discrete-time A← B
paths.

The probability of a discrete-time path is a product of discrete-
time transition probabilities Tij(Δ) weighted by the occupation prob-
ability of the initial node, directly analogous to the continuous-
time case. Hence, the renormalization of the discrete-time transi-
tion probabilities by an equation of the same form as Eq. (2) will
correctly preserve the individual path probabilities for each mem-
ber of the ensemble of A ← B paths, following the proof for the
continuous-time case in Ref. 47. Alternative proofs that renormal-
ization of transition probabilities via Eq. (2) is valid in both contin-
uous and discrete time appear in other contexts, for example, in the
theory of stochastic complementation (see Ref. 108).

The renormalization of the waiting times associated with nodes
in a DTMC requires more careful consideration. In a CTMC, the
renormalized mean waiting time τ′j [Eq. (1)] accounts for the average
time to leave node j (possibly returning to j) via an arbitrary num-
ber of self-loop transitions in the eliminated node x. In a DTMC,
the probability Tij(Δ) of the i ← j transition is associated with a
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fixed waiting time Δ. For the weighted sum of contributions to the
A ← B MFPT from individual pathways [Eq. (6)] to be conserved,
the renormalized lag times in a DTMC must also account for the
average number of steps ⟨N j⟩ required to leave a node j (possibly
returning to j) via an arbitrary number of self-loop transitions in
the eliminated node x. This effect will increment the lag time on
average by Δ′j = ⟨N j⟩Δ, meaning that the initially uniform lag time
Δj = Δ ∀j becomes node-dependent as nodes are eliminated via
GT. We therefore introduce the V-dimensional vector of wait-
ing times, Δ, associated with the generalized transition probability
matrix T′(Δ) for the renormalized DTMC.

Following this reasoning, the renormalized DTMC is formally
equivalent to an artificial CTMC where the mean waiting time for
the jth node is Δj and the i ← j transition probabilities are given by
T′ij(Δ). The renormalization equations in the GT algorithm applied
to a DTMC are therefore [by analogy with Eqs. (1) and (2)]

Δj → Δ′j = Δj +
Txj(Δ)Δx

1 − Txx(Δ)
, (7)

Tij(Δ)→ T′ij(Δ) = Tij(Δ) +
Tix(Δ)Txj(Δ)

1 − Txx(Δ)
⋅ (8)

Because the lag time is node-dependent, the elapsed time for a trajec-
tory of n steps,∑n−1

i=1 Δi, is path-dependent, unlike a standard DTMC
where the elapsed time is always nΔ. That is, the discrete time inter-
val at which the occupation probability distribution for a renormal-
ized DTMC is propagated represents an average over multiple pos-
sible pathways. Hence, the probability distribution evolves through
a modified Chapman–Kolmogorov equation pn+1 = T(Δ)pn, where
the time evolution is defined in expectation, ⟨tn+1⟩ = (Δ⊺pn) + ⟨tn⟩,
as opposed to tn+1 = Δ + tn for a uniform lag time Δ. Therefore,
A ← B trajectories can still be sampled on a renormalized DTMC
by incrementing the simulation clock using the renormalized, node-
dependent lag time Δ′j for a i ← j transition [Eq. (7)] and noting
that the trajectory time is an expectation over visits to eliminated
nodes.

A formal proof that Eqs. (7) and (8) preserve the A← B MFPT
for a DTMC is presented in Appendix B. Algorithms for the com-
putation of MFPTs that are very similar to the GT algorithm have
previously been described in the context of DTMCs.12,27,82,83 For
instance, Hunter proposed an extension of the GTH algorithm11,107

for the computation of the stationary distribution vector, which is
valid for both discrete- and continuous-time stochastic matrices,106

to compute the matrix of all pairwise intermicrostate MFPTs.13,15

However, to the best of our knowledge, the GT algorithm of Ref. 47
has not been applied to DTMCs, and the interpretation of the renor-
malized waiting times in discrete-time [Eq. (7)], based on the proof
presented in Appendix B, has not been discussed.

The continuous-time branching probability matrix P is, in
general, more sparse than a corresponding discrete-time transition
probability matrix T(Δ) [Eq. (5)], since P is derived from the tran-
sition probabilities per unit time for an infinitesimally small time
step.4,104 In addition, the discrete-time transition probability matrix
may contain self-loop transitions even before the application of the
GT algorithm. For these reasons, a GT computation will be less effi-
cient for a DTMC than for a corresponding CTMC. Therefore, if the

stochastic model to be analyzed is a CTMC, then there is no advan-
tage in transforming the system to an equivalent DTMC via Eq. (5).
However, the reverse transformation to obtain a CTMC from a given
DTMC is often not feasible.59,60 Thus, the application of the GT algo-
rithm to DTMCs is a valuable approach to circumvent numerical
issues when analyzing a discrete-time model featuring rare events.

In a standard DTMC with uniform lag time Δ, the A ← B
MFPT is simply the average number of steps along A ← B paths,
LAB, multiplied by Δ, i.e., TAB = ΔLAB. LAB can thus be obtained
for DTMCs or CTMCs using the GT algorithm [Eqs. (1)–(3)] by set-
ting the initial waiting times for all nodes to unity. Although LAB
is not a dynamical observable, it is nonetheless of theoretical inter-
est.5 For instance, the number of steps along stochastic paths has
been extensively used to characterize metastable macrostates in the
theory of dynamical phase transitions,43 where LAB is referred to as
the A ← B mean dynamical activity.109 LAB can be compared to
the number of steps along A ← B paths determined by k shortest
paths algorithms with appropriate edge weights,110 highlighting the
paths that exhibit numerous revisits (“flickering”) within metastable
macrostates. Knowledge of LAB is helpful in choosing a kinetic
Monte Carlo (kMC) method for the simulation of A ← B trajecto-
ries, since standard kMC methods75 become unfeasible when trajec-
tories become too long. In contrast, more advanced kMC algorithms
are agnostic to the number of steps along paths.76–81

C. Linear algebra methods for computing MFPTs
in Markov chains

A straightforward linear algebra approach to compute A ← B
MFPTs for a DTMC or CTMC is based on the theory of absorb-
ing Markov chains. Consider the V′ × V′ transition rate matrix K′
comprising only the V′ microstates of the nonabsorbing set S ≡
Ac. Transitions to absorbing nodes in this modified CTMC remain
accounted for in the waiting times of nodes in S with direct connec-
tions to A; thus, the sums of elements in the corresponding columns
of K′ will be less than zero. Hence, this absorbing Markov chain
“leaks” probability, and MFPTs for transitions to A are related to the
probability flux out of the nonabsorbing region. Unlike K, K′ does
not have a zero eigenvalue and is therefore invertible, giving29,105

TAB = −1⊺V′[K′]
−1p′(0), (9)

where 1V ′ is a V′-dimensional column vector with all elements equal
to unity and p′(0) is the normalized initial occupation probability
distribution constrained to B, i.e., p′b(0) = pb(0)/[∑b′∈B pb′(0)].
The above expression can also be evaluated by solving the lin-
ear problem K′x = p′(0) from which TAB = −1⊺V′x or through
eigendecomposition of K′ to give57,92

TAB = −∑
k

1
γ′k
1⊺V′(ψ′k ⊗ ϕ

′
k)p
′(0), (10)

where ψ′k and ϕ′k are the kth right and left (orthonormal) eigenvec-
tors of K′, respectively, and γ′k < 0 is the associated eigenvalue. A
DTMC shares the same set of right and left eigenvectors as an equiv-
alent CTMC,57 and the kth eigenvalue is related to the corresponding
eigenvalue of an equivalent CTMC via λk = exp(γkΔ), cf. Eq. (5).52

Hence, Eq. (10) also provides a means to compute A ← B MFPTs
for DTMCs via construction of an absorbing transition probability

J. Chem. Phys. 153, 244108 (2020); doi: 10.1063/5.0025174 153, 244108-4

Published under license by AIP Publishing

https://scitation.org/journal/jcp


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

matrix T′ij(Δ). In addition to the matrix inversion [Eq. (9)] and eigen-
decomposition solutions [Eq. (10)], the formulation of the absorbing
transition rate matrix K′ allows MFPTs to be computed from the ele-
ments of the absorbing fundamental matrix,1,5 which is discussed in
Appendix A.

An additional linear algebra method to compute the MFPT
between two microstates i ← j is provided by the expression
(Appendix D)

Tij =
1
πi
(ZCT

ij − ZCT
ii ), (11)

where

ZCT = (π1⊺V + K)−1 − π1⊺V , (12)

is the ergodic fundamental matrix10,82–86 of an irreducible CTMC,
which exists when the Markov chain has a defined stationary distri-
bution π. In Appendix C, we show that there is some freedom in the
choice of ZCT.10,15,111,112 In Ref. 92, Eqs. (11) and (12) were related to
a difference of correlation functions100 of the Markov chain. Equa-
tions (11) and (12) can be used to compute a particular A ← B
MFPT by constructing a modified Markov chain in which the nodes
of the set A are represented by a single supernode113 so that the ele-
ments of the fundamental matrix yield the MFPTs TAj ∀ j ∉ A, and
TAB can then be obtained via Eq. (4).

In the discrete-time case, the most common definition for the
fundamental matrix is given by1,84

ZDT = (π1⊺V + I − T(Δ))−1, (13)

in which case it can be shown that the i← j MFPT is1

Tij = Δ(δij + ZDT
ii − ZDT

ij )/πi⋅ (14)

The factor of the lag time Δ in Eq. (14) is required for consistency
with the continuous-time result in Eq. (11). The discrete-time for-
mulation [Eq. (14)] yields Tii = Δ/πi, in accordance with Kac’s
lemma,114 whereas the diagonal elements of the MFPT matrix are
strictly zero in continuous time [Eq. (11)].92

Computation of MFPTs via the elements of the fundamental
matrix [Eq. (11)] yields the V × V matrix T of MFPTs for transi-
tions between all pairs of microstates of the Markov chain in a single
matrix inversion operation. This matrix can be used to estimate the
optimal coarse-grained CTMC for a given partitioning of the nodes
(Sec. III). The matrix T also provides a means to convert from a
discrete- to a continuous-time formulation via92

K = T−1(−1V1⊺V + diag(π)−1), (15)

where diag(π) is the diagonal matrix with elements correspond-
ing to the stationary (equilibrium occupation) probabilities of the
V microstates, [diag(π)]ij = πiδij, and the diagonal elements Tii of
the MFPT matrix are taken to be zero. In general, the conditions
required for a DTMC to be “embeddable,” i.e., have an underlying
CTMC, are unknown and are not always satisfied.59,60 In practice,
a CTMC can be estimated from a DTMC by solving a constrained
optimization problem for the “closest” valid rate matrix satisfying
Eq. (5), but the optimization is non-convex and scales poorly.58

Evaluation of Eq. (15) provides an alternative approach to perform
the conversion, but requires inversion of a V-dimensional square
matrix, which scales unfavorably and is numerically unstable for
metastable Markov chains (Sec. II E).23,48 Hence, it is often not
possible to convert a DTMC to a corresponding CTMC.

D. Derivation of the Kemeny constant
from the detailed balance condition

In addition to the MFPT, another important dynamical observ-
able is the Kemeny constant,1,92–99 ζ, defined as

ζ =∑
i
πiTij ∀ j⋅ (16)

The Kemeny constant is interpreted as the average mixing time of
an irreducible Markov chain.115,116 Equation (16) implies that the
weighted sum of MFPTs to all possible target microstates i is the
same for all initial microstates j.5 The Kemeny constant can be
expressed in terms of the trace of the fundamental matrix10,82–86

[Eqs. (12) and (13)] as98

ζ = −Tr(ZCT) = ΔTr(ZDT), (17)

for continuous and discrete time, respectively. In Appendix D, we
derive the Kemeny constant, ζ, and the MFPT matrix, T, from
the fundamental matrix in continuous time, ZCT, and show that ζ
represents an average mixing time.

It is insightful to show that the Kemeny constant arises
straightforwardly from the detailed balance condition
K diag(π) = diag(π)K⊺. Multiplying both sides of this expression by
1⊺VT

−1T and substituting for T Kdiag(π) using Eq. (15) gives

1⊺VT
−1(I − 1Vπ⊺) = 1⊺V diag(π)K⊺ = π⊺K⊺ = 0, (18)

which follows from the fact that π is the unique right eigenvec-
tor of K associated with the zero eigenvalue. Hence, 1⊺VT

−1 =
1⊺VT

−11Vπ⊺. Postmultiplying both sides of this constraint by T and
rearranging yields

π⊺T = 1⊺V/(1⊺VT −11V) ≡ ζ1⊺V ⋅ (19)

Equation (19) further implies that π⊺Tp(0) = ζ, meaning that the
mixing time is independent of the initial occupation probability
distribution p(0). Although this remarkable fact follows from the
detailed balance condition, the alternative derivation of the Kemeny
constant given in Appendix D demonstrates that Eq. (19) holds even
in the absence of detailed balance, provided that the global balance
equation, Kπ = 0, is satisfied.

In Sec. III B, we will use the fact that there exists a constraint
of the same form as Eq. (19) on the Kemeny constant of the optimal
reduced Markov chain for a given partitioning of the network, which
was first noted in Ref. 92.

E. Computational complexity and numerical stability
of graph transformation and linear algebra methods

In general, linear algebra methods to compute MFPTs have
superior time complexity compared to the graph transformation
(GT) algorithm. However, GT retains numerical precision even in
strongly metastable Markov chains owing to the GTH advantage,106

whereas linear algebra methods suffer severe conditioning issues.
Computation of the matrix T of all pairwise intermicrostate

MFPTs via evaluation of the fundamental matrix [Eqs. (11) and
(12)] requires only a single matrix inversion operation and hence
has time complexity O(V3).23 The methods to compute a particular
A ← B MFPT based on inversion, linear solution, and eigende-
composition operations of an absorbing Markov chain [Eqs. (9) and
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(10)] also have a formal complexity of O(V3), but sparse linear alge-
bra methods119 can provide a significant speedup when solving the
linear problem K′x = p′(0) in certain cases. These methods can be
used to compute the matrix of all pairwise intermicrostate MFPTs
T by considering V separate absorbing Markov chains, with each
target node i specified as the absorbing node in turn. A single iter-
ation of this procedure therefore yields the individual MFPTs Tij
from all source nodes j ≠ i. Computation of T using the absorbing
Markov chain formulation therefore has a formal time complexity
of O(V4).

Despite the O(V3) scaling, eigendecomposition can, in princi-
ple, be achieved efficiently even for high-dimensional systems120,121

using Krylov subspace methods,122 such as the Lanczos algorithm,123

applied to the symmetrized29,57 transition probability (or rate)
matrix. However, this approach does not mitigate the severe ill-
conditioning issues for systems exhibiting rare event dynamics.23,48

In such systems, the second dominant eigenvalues of DTMCs
and CTMCs tend to unity and zero,124 respectively, with increas-
ing separation of timescales in the dynamics.24–28 Moreover, for
metastable systems, there may be several eigenvalues associated with
slow dynamical eigenmodes that are very similar in magnitude,41,125

which also causes difficulty for the Lanczos algorithm.126,127 For
metastable Markov chains, small perturbations in the transition
probabilities (or rates) can lead to profound changes in global
dynamical quantities, such as the stationary distribution26,128–131

and, by extension, MFPTs.132–134 This effect complicates the use of
Krylov subspace methods for eigendecomposition of sparse matri-
ces, since the iterative updates of the solution vector may fail to
converge,25 and the choice of initial approximation to the solu-
tion vector is crucial to achieving convergence.135 The sensitiv-
ity of global dynamical properties to perturbations in the transi-
tion matrix elements also affects the numerical stability of matrix
inversion methods and dense methods for eigendecomposition,136

owing to the propagation of roundoff error in the floating point
operations.

To illustrate the superior numerical stability of GT, we consider
a simple 11-microstate unbranched CTMC, where the nodes and
edges correspond to the local minima and transition states of a one-
dimensional potential energy landscape (Fig. 2).101 The unbranched
chain provides a useful benchmark for testing the numerical sta-
bility of methods to compute MFPTs because the exact intermi-
crotate MFPTs can be obtained from the recursive formula due by
Weiss (see Sec. II of the supplementary material).117,118 Since the
harmonic transition state theory137 rate constants have an Arrhe-
nius form, the effective temperature T governs the metastability
of the Markov chain. The GT algorithm yields precise agreement
with the exact recursive formula across the entire temperature range
considered, whereas computations based on inversion to obtain the
fundamental matrix92 [Eqs. (11) and (12)], linear solution [Eq. (9)],
and eigendecomposition23,29 [Eq. (10)] break down in the metastable
regime. The failure of linear algebra methods can be attributed
solely to the fact that the rate matrix is ill-conditioned, because
the dimensionality of the model system is not prohibitive for any
of the methods employed. DTMCs exhibiting rare event dynamics
are affected by the same ill-conditioning and numerical problems as
their continuous-time counterparts.24–28 Hence, we anticipate that
the GT algorithm will be equally useful for computing MFPTs in
DTMCs (Sec. II B).

FIG. 2. (a) One-dimensional potential energy landscape for the 11-microstate
unbranched chain. (b) Mean first passage time for the transition between
microstates 10← 2 computed using graph transformation (GT), inversion to obtain
the fundamental matrix, eigendecomposition, and linear solution, compared to the
exact analytical result from the recursive formula by Weiss.117,118

The numerical results presented in Fig. 2 were obtained using
machine double precision.15 Employing higher-precision floating
point data types only marginally improves the stability of linear
algebra methods while significantly increasing the required com-
putational time and memory. Thus, it is preferable to employ the
GT method, which benefits from the stability conferred by the GTH
advantage,106 in the metastable regime.

The time complexity of a single GT computation is roughly
O(V4) for sparse random networks,45 and each calculation yields
both the forward and reverse MFPTs for the chosen endpoint sets
of nodes. Matrix generalizations of GT49,105,108 enable simultaneous
elimination of blocks of B nodes, with a reduced time complex-
ity of O(VB2). The computation of T using GT therefore requires
V(V − 1)/2 separate calculations, resulting in an overall time com-
plexity of approximately O(V6) when eliminating nodes individu-
ally or O(V3B3) when removing nodes in blocks of B nodes. The
efficiency of a GT-based approach to computing T can be improved
using the formulation of GT employed in kinetic path sam-
pling (kPS)79,80 in which transitions from eliminated to nonelimi-
nated nodes are preserved. This algorithm is analogous to a lower
triangular–upper triangular (LU) decomposition of a matrix.79 It
is then not necessary to redo the complete GT computation for
each pair of nodes, and instead, individual GT iterations can be
undone, resulting in approximately O(V5) overall time complex-
ity with careful bookkeeping of transition probabilities and waiting
times. Although the computation of T using GT scales less favorably,
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it remains feasible for sparse networks comprising a few thousand
microstates. We also note that the time complexity of a GT computa-
tion is strongly dependent on the sparsity of the network and on the
heterogeneity of the node degree distribution,45 and time complexity
better than O(V4)may be observed for some networks.79

III. DIMENSIONALITY REDUCTION OF MARKOV
CHAINS USING MEAN FIRST PASSAGE TIMES

We now consider the problem of constructing a coarse-grained
CTMC that accurately preserves the global dynamical properties of
the original model, given a partitioning of a discrete- or continuous-
time Markov chain into N < V communities C ≡ {I, J, . . .}.1,61–74

To ensure that a reduced Markovian model is a valid approximation
to the original system, the community structure C must appropri-
ately characterize the metastable macrostates. Determination of C
is particularly challenging in the metastable regime, where spectral
methods71–73,138 are numerically unstable (Sec. II E), and is beyond
the scope of the present work. We have previously shown that
multi-level regularized Markov clustering81 and recursive regroup-
ing based on a transition rate threshold29 provide viable approaches
to community structure detection139 in metastable Markov chains.

The reduced CTMC should satisfy the detailed balance condi-
tion and preserve the stationary distribution of the original Markov
chain so that the equilibrium occupation probability of the Jth com-
munity is ΠJ = ∑j∈Jπj. We employ capital letter indices to denote
microstates of the reduced Markov chain, which correspond to
macrostates (groups of microstates) of the original Markov chain.
The stationary distribution π of the original model is required to
compute a reduced CTMC. To avoid the propagation of numeri-
cal error, π should be computed via a numerically robust method,
such as the GTH algorithm,11,107 uncoupling–coupling via stochastic
complementation,108 or iterative aggregation–disaggregation140,141

(IAD) methods, all of which are related to the GT algorithm
(Sec. II A).

A. Definition of the optimal reduced CTMC
Dimensionality reduction simplifies the dynamics of the orig-

inal system and therefore will induce error. A “perfect” coarse-
grained trajectory can, in principle, be generated from a trajectory
on the original model by replacing the instantaneous node occu-
pation (or indicator100) function nj(t) ∈ [0, 1] at time t for nodes
j ∈ J with the corresponding coarse-grained node occupation func-
tion nJ(t) ∈ [0, 1].142 The error incurred in a dimensionality
reduction procedure can then be gauged by comparing the time-
dependent macrostate occupation correlation functions143 produced
from the ensemble of these “perfect” coarse-grained trajectories with
those produced by the reduced system.

Hummer and Szabo100 proposed a dimensionality reduction
strategy that minimizes the error in the occupation correlation func-
tions under the constraint that the dynamics of the coarse-grained
model are also Markovian. This constraint requires that the time
integrals of the macrostate correlation functions agree in the coarse-
grained and original models. The resulting expression, which we
rederive in the supplementary material, is the Hummer–Szabo (HS)
relation100,144

KC = Π1⊺N − diag(Π)(A⊺(π1⊺V −K)−1diag(π)A)−1⋅ (20)

Here, the elements [KC]IJ are the optimal I ← J intercommu-
nity transition rates, diag(Π) is the diagonal matrix with elements
[diag(Π)]IJ = ΠJδIJ , and A is the V × N aggregation matrix with
non-zero elements AiJ = 1 if i ∈ J. Kells et al.92 derived an alterna-
tive expression for KC based on the matrix of all pairwise intermi-
crostate MFPTs T (Sec. II C), which is therefore applicable to the
dimensionality reduction of both DTMCs and CTMCs, given by

KC =Π1⊺N − diag(Π)[ΠΠ⊺ + A⊺diag(π)T

× (πΠ⊺ − diag(π)A)]−1. (21)

We refer to Eq. (21) as the Kells–Koskin–Rosta–Annibale (KKRA)
relation and to the matrix KC as the optimal reduced CTMC.

B. Optimal reduced CTMC from graph transformation
A third expression for the optimal reduced CTMC has recently

been derived, which takes an analogous form to the relation between
intermicrostate transition rates and MFPTs [Eq. (15)],92

KC = T̃
−1

C (−1N1⊺N + diag(Π)−1), (22)

where T̃C is a N × N matrix of appropriately weighted intercommu-
nity MFPTs. In Ref. 92, it was shown that for Eq. (22) to hold, T̃C
must satisfy a constraint analogous to Eq. (19),

Π⊺T̃C = ζC1⊺N , (23)

where ζC is the Kemeny constant of the coarse-grained Markov
chain,

ζC = (1⊺N T̃
−1

C 1N)−1 =∑
I
ΠI[T̃C]IJ ∀ J, (24)

analogous to Eq. (16). Equation (24) therefore enforces that the sum
of weighted-MFPTs to all possible target communities is the same
for all initial communities J.

Reference 92 showed there exist an infinite number of matri-
ces T̃C that satisfy the Kemeny constant constraint [Eq. (23)] and
therefore preserve detailed balance, with the form

T̃C = θ −w1⊺N , (25)

where

θIJ =
1

ΠIΠJ
∑
i∈I
∑
j∈J

πiTijπj, (26)

and w is an arbitrary column vector. All choices of T̃C consistent
with Eqs. (25) and (26) yield the same rate matrix in Eq. (22),
which coincides with the optimal reduced CTMC given by the HS
[Eq. (20)] and KKRA [Eq. (21)] expressions.92 Note that, since
there are an infinite number of valid weighted-MFPT matrices T̃C,
the Kemeny constants of the original and reduced Markov chains
are not necessarily equal, although this condition can be enforced
through a specific choice for w in Eq. (25).92

The “weighted-MFPT,” [T̃C]IJ , takes into account dynamics
within the target community I and is therefore distinct from the
true MFPT [TC]IJ=Π

−1
J ∑j∈J TIjπj, which measures the mean time at

which I ← J trajectories first hit a boundary node of community I.
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Therefore, T̃C, but not TC, yields a coarse-grained Markov chain that
correctly preserves the stationary distribution of the original Markov
chain and satisfies the detailed balance condition.92

Since the GT algorithm [Eqs. (1) and (2)] only preserves the
MFPT to a set of absorbing nodes and not the individual MFPTs to
particular absorbing nodes,47 the weighted-MFPT cannot be com-
puted via a single GT calculation. That is, the sum over product
nodes is preserved in Eq. (6), but the contributions to the sum from
sets of paths terminating at particular absorbing nodes are not indi-
vidually preserved. However, GT can be used to indirectly evaluate
the weighted-MFPTs by computing the matrix of all pairwise inter-
microstate MFPTs T appearing in Eq. (26) via V(V − 1)/2 separate
GT calculations, as discussed in Sec. II E. Computation of the opti-
mal reduced CTMC via inversion of the weighted-MFPT matrix
[Eq. (22)], exploiting the GT algorithm, therefore has approximate
time complexity O(V6) or O(V5) using the LU decomposition for-
mulation of GT,79 since obtaining T via GT is the computational
bottleneck.

C. Approximations to the optimal reduced CTMC
An approximation to the weighted-MFPT expression for the

optimal reduced CTMC [Eqs. (22), (25), and (26)] can be derived by
noting that, in the limit of strongly metastable communities, a sin-
gle node of a community can be arbitrarily chosen to represent the
entire macrostate. To obtain the approximation, we begin by choos-
ing the weighted-MFPT matrix such that the diagonal elements are
equal to zero,

[T̃C]IJ =
1

ΠIΠJ
∑
i∈I
∑
j∈J

πiTijπj −
1

ΠIΠI
∑
i∈I
∑
i′∈I

πi′Ti′iπi, (27)

as for the matrix of true pairwise intermacrostate MFPTs, TC. This
choice of T̃C leads to the valid weighted-MFPT matrix that is most
readily interpretable, and the choice of w in Eq. (25) does not affect
the computational performance. Hence, we use the definition in
Eq. (27) for T̃C throughout the present work.

For a Markov chain that is ideally metastable with respect to the
community structure C, the intermicrostate MFPTs between nodes
within a community are vanishingly small compared to the timescale
to cross a boundary between communities. That is, Ti′i ≪ Tij and
Tj′j ≪ Tij for i, i′ ∈ I and j, j′ ∈ J ≠ I. It follows that the i← j MFPT will
be approximately independent of the particular initial microstate i ∈ I
or target microstate j ∈ J. We can thus approximate each off-diagonal
element [T̃C]IJ , I ≠ J, using a single intermicrostate MFPT between
an arbitrary pair of nodes i∗ ∈ I and j∗ ∈ J so that

[T̃C]IJ ≃ Ti∗j∗ . (28)

Using this strategy, only one intermicrostate MFPT needs to be com-
puted for each pair of communities, and therefore, the total number
of GT computations required to obtain the approximate weighted-
MFPT matrix is N(N − 1)/2. Hence, the overall time complexity to
obtain the approximation to the optimal reduced CTMC using GT
is roughly O(V4N2).

The approximation in Eq. (28) is similar in spirit to the
local equilibrium approximation (LEA),100 which also invokes the

assumption that the dynamics within a community are equili-
brated prior to escape.101 In the LEA, the I ← J intercommunity
transition rate is a sum of intermicrostate transition rates across
the I–J community boundary, weighted by the relative equilib-
rium occupation probabilities of the boundary nodes in the source
community,

[KLEA]IJ = ΠJ
−1∑

i∈I
∑
j∈J

kijπj⋅ (29)

The discrete-time analog of Eq. (29), [TLEA(Δ)]IJ , is instead a
weighted sum of intermicrostate transition probabilities Ti∈I ,j∈J(Δ)
across the I–J community boundary. The LEA in discrete time is
more accurate for longer lag times, since there is then more time for
the dynamics to relax to a local equilibrium distribution within the
source macrostate. However, the choice of a longer lag time sacri-
fices the time resolution at which the dynamics are modeled. The
continuous time formulation of the LEA corresponds to the limit
Δ→ 0100 and is therefore expected to perform poorly if the commu-
nities are not strongly metastable. The accuracy of the LEA is sensi-
tive to the precise definition of the community structure C, because
[KLEA]IJ depends explicitly on the choice of boundary nodes for
communities I and J.146 In the supplementary material, we describe
how the optimal reduced CTMC and the LEA arise from alterna-
tive constraints on the correlation functions of the coarse-grained
model.

We analyze the accuracy of Eq. (28) for a model 32-microstate
network shown in Fig. 3(a), for which we compute the opti-
mal reduced CTMC via various routes in Sec. III D. As for the
unbranched chain shown in Fig. 2(a), the temperature T determines
the metastability of this system. We choose the “attractor” nodes87 to
represent the communities. Although the approximation [Eq. (28)]
assumes that all i ∈ I ← j ∈ J ≠ I MFPTs are approximately equal,
it is sensible to choose the representative nodes of the communi-
ties to be those that have the largest stationary probabilities and that
therefore have a dominant effect on the intercommunity dynamics.
While Eq. (28) is a poor approximation at higher effective temper-
atures, the ratio Ti∗j∗/[T̃C]IJ approaches unity at low temperatures
[Fig. 3(b)]. Thus, the approximation leads to weighted-MFPTs that
are essentially identical to the values for the optimal reduced CTMC
in the strongly metastable regime and is significantly more accurate
than the LEA (see Fig. 4).

D. Numerical comparison of coarse-graining
approaches

Although the HS [Eq. (20)], KKRA [Eq. (21)], and weighted-
MFPT [Eq. (22)] expressions lead to precisely the same (opti-
mal) coarse-grained rate matrix KC, in practice, there are impor-
tant considerations that may lead to one formulation being pre-
ferred. Since the MFPT matrix T is defined for both DTMCs and
CTMCs, the KKRA and weighted-MFPT expressions can be applied
to discrete-time models, without requiring conversion to a CTMC
via Eq. (15).23,48 Since T can be computed via GT, these expressions
also invite the possibility of obtaining the optimal reduced CTMC
by a method that is more numerically stable than approaches based
on linear algebra (Sec. II C).

We analyze the numerical stability of these alternative formu-
lations to obtain the optimal reduced CTMC for the 32-microstate
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FIG. 3. (a) Model 32-microstate network with four macrostates (communities of microstates) visualized using Gephi.145 Nodes are colored according to the communities
to which they belong. Darker, larger nodes are associated with larger stationary probabilities, and thicker edges indicate slower transition rates. All edges are bidirectional,
and the network is asymmetric. The lowercase letters label the “attractor” nodes87 of each community, defined as the nodes with the largest stationary probability in each
community. (b) Ratio of intermicrostate MFPT (T i∗ j∗ ) to intercommunity weighted-MFPT ([T̃C]IJ ), where i∗ ∈ I and j∗ ∈ J are the attractor nodes of communities I and J. In
the strongly metastable regime (1/T > 20), Ti∗ j∗ accurately approximates [T̃C]IJ . Since [T̃C]II = 0 ∀ I, only N(N − 1)/2 GT calculations, one per pair of communities, are
required to compute the approximation to the matrix weighted-MFPT T̃C, as opposed to the V(V − 1)/2 separate GT calculations required to compute T̃C exactly.

Markov chain illustrated in Fig. 3(a). The network is partitioned into
four communities, each comprising eight nodes. The communities
have internal structure; there is a well-defined “attractor” node87

for each community, which is connected to neighboring nodes of

FIG. 4. MFPTs TAB for the transition from community B to A in the 32-microstate
model Markov chain illustrated in Fig. 3(a) as a function of inverse tempera-
ture. The MFPTs for the optimal reduced four-node CTMC estimated by the HS
[Eq. (20)], KKRA [Eq. (21)], and weighted-MFPT [i.e., via inversion of T̃C, cf.
Eq. (22)] methods are compared to the exact values for the original network
obtained using GT. Evaluation of the optimal intercommunity transition rates via
computation of the weighted-MFPT matrix T̃C, using GT to compute the matrix of
all pairwise intermicrostate MFPTs T, is more numerically stable than alternative
methods to obtain the optimal reduced CTMC. Indeed, this method is numerically
stable even in the strongly metastable regime, whereas evaluation of the HS and
KKRA expressions fails at the intermediate inverse temperature of 1/T ≈ 6. The
A ← B MFPTs for the optimal reduced CTMC are significantly more accurate
than for the CTMC given by the local equilibrium approximation (LEA) [Eq. (29)].

the same community by fast transition rates. There is a net flow of
probability to the attractor node from all other nodes of the same
community when the network is not at equilibrium. Hence, the
attractor node has the largest relative stationary probability within
a community and acts as a dynamical hub.88 Only three nodes are at
the boundary of each community, and these nodes are connected
to neighboring nodes of the same community via slower transi-
tions so that the boundaries between communities are not clearly
defined. These nonideal properties are designed to mimic the topol-
ogy of typical Markovian networks representing realistic dynamical
processes.88,110,147,148

In Fig. 4, we use the GT algorithm to compute the exact
A ← B MFPT as a function of temperature T for the origi-
nal Markov chain and compare these values to the correspond-
ing MFPTs obtained from coarse-grained CTMCs corresponding
to the optimal and LEA rate matrices. Evaluation of the inter-
macrostate transition rates given by the LEA [Eq. (29)] is triv-
ial, but the approximation systematically underestimates the true
A ← B MFPT. Since the LEA only takes into account transi-
tions between boundary nodes, the contribution to the MFPT from
the slower intracommunity transitions is neglected. The A ← B
MFPT associated with the optimal reduced CTMC is very close
to the value for the original Markov chain. Hence, for this sys-
tem, which lacks a clear separation of timescales between intracom-
munity and intercommunity transitions, it is necessary to employ
more advanced methods for Markovian coarse-graining than
the LEA.

Preservation of the intermacrostate MFPTs does not guarantee
that the detailed dynamics are accurately represented in a coarse-
grained model.149 To show that the time-dependent macrostate
occupation probability distribution vectors pI(t) ∀I ∈ C associated
with the original and optimal reduced CTMCs are consistent, we
compare trajectories simulated on the original network with prop-
agation of an initial distribution using the optimal reduced rate
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matrix, pI(t) = ∑J ∈ C[eKCt]IJpJ(0). The results of this Chapman–
Kolmogorov test52,150 are illustrated in Fig. 5. The test was performed
at an effective temperature of T = 0.15, where evaluation of KC by
the HS and KKRA relations becomes numerically unstable (Fig. 4).
Trajectories on the original Markov chain were obtained using
kinetic path sampling79,80 to avoid the problem of flickering within
metastable communities.81 We find that the optimal reduced CTMC
provides a close approximation to the simulated distributions pI(t)
for all communities I ∈ C of the original network.

Computation of the optimal reduced rate matrix KC by inver-
sion of the matrix of weighted MFPTs T̃C, where the required matrix
of intermicrostate MFPTs T is obtained using GT, retains numeri-
cal precision even in the strongly metastable regime. In contrast, the
matrix inversion operations in the evaluation of the HS and KKRA
expressions fail at the intermediate effective temperature of 1/T ≈ 5.
We investigate the origin of these numerical issues in Fig. 6, which
shows the condition number151 of the matrices that are inverted in
the various expressions for the optimal reduced CTMC. From this
figure, it is clear that the weighted-MFPT matrix is much less ill-
conditioned than the matrices inverted in the evaluation of the HS
[Eq. (20)] and KKRA [Eq. (21)] expressions. Note that the condition
number of a matrix is essentially independent of its dimensional-
ity.136,151 Hence, use of the KKRA expression, which requires inver-
sion of a N ×N matrix, is not necessarily preferable to the evaluation
of the HS relation, which requires inversion of a V ×V matrix. How-
ever, N is often orders of magnitude smaller than V,87 so it may be
feasible to invert the weighted-MFPT matrix or evaluate the KKRA
expression [Eq. (21)] using higher precision calculations than for the
evaluation of the HS relation [Eq. (22)].

It is unsurprising that the weighted-MFPT matrix T̃C is not
severely ill-conditioned, since the intercommunity MFPTs should be

FIG. 5. Time-dependent macrostate occupation probability distributions for each
of the communities of the 32-microstate network shown in Fig. 3(a), with the initial
distribution localized within community B, at an effective temperature of T = 0.15.
The distributions derived from simulated trajectories, obtained using kinetic path
sampling,79–81 on the original Markov chain are compared with the result of prop-
agating the initial distribution according to the optimal coarse-grained rate matrix
KC, i.e., pI(t) = eKCtpI(0).

FIG. 6. Condition numbers of the matrices that are inverted in the evaluation of the
optimal reduced CTMC KC via various expressions as a function of inverse tem-
perature. Condition numbers are estimated by the GESDD singular value decom-
position routine in LAPACK.152 The weighted-MFPT matrix [T̃C, cf. Eqs. (22), (25),
and (26)] is significantly better-conditioned than the matrix inverted in the KKRA
expression [Eq. (21)], namely [ΠΠ⊺ + A⊺diag(π)T (πΠ⊺ − diag(π)A)], even
though both matrices have the same dimension (N ×N). The V × V matrix inverted
in the HS relation [Eq. (20)], namely, (π1⊺V − K), is similarly ill-conditioned. Thus,
the HS and KKRA expressions to yield KC are expected to lose numerical pre-
cision at relatively high temperatures compared to the expression based on the
weighted-MFPT matrix [Eq. (22)].

relatively consistent with one another, corresponding to the observa-
tion timescale at which the chosen communities appear metastable.
By design, appropriate community detection139 algorithms ought
to yield macrostates that satisfy this criterion.87,101 That is, ideal
metastable systems, by definition, belong to the regime in which
eigendecomposition or inversion of the original (V-dimensional)
Markov chain is numerically unstable, but there exists a commu-
nity structure C yielding a N-dimensional matrix T̃C that does not
encompass the great disparity of timescales present in the original
Markov chain. The condition number of the weighted-MFPT matrix
is system-dependent and will be strongly influenced by the asymme-
try of the network and the extent to which the chosen partitioning C
appropriately characterizes the metastable macrostates.

In Fig. 4, the matrix of all pairwise intermicrostate MFPTs T
used in the KKRA and weighted-MFPT expressions was obtained
using GT. Figure S1 of the supplementary material shows an anal-
ogous figure in which T is obtained via linear algebra methods
(Sec. II C). Owing to the numerical instability in computing T
by matrix inversion or eigendecomposition operations, the evalu-
ation of the optimal reduced CTMC via Eq. (22) breaks down at
1/T ≈ 15. In contrast, using the GT algorithm to compute T enables
us to access the optimal reduced CTMC in the strongly metastable
regime (in this case, 15 < 1/T < 215).

IV. CONCLUSIONS
We have demonstrated that the graph transformation44–49 (GT)

algorithm [Eqs. (1) and (2)] for computation of the A ← B
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MFPT in continuous-time Markov chains (CTMCs) can be read-
ily extended to discrete-time Markov chains (DTMCs) [Eqs. (7)
and (8)]. This extension expands the utility of the GT algorithm,
since it is typically not possible to convert a DTMC to a corre-
sponding CTMC [Eq. (15)].59,60 Furthermore, DTMCs are popular
models for stochastic processes2,7,53–56 because they can often be
constructed more easily from trajectory data than from an equiv-
alent CTMC representation.50,51 Hence, methods for construct-
ing Markovian network models from continuous-state simulation
data, such as the Markov State Model (MSM) framework,52–56

typically yield a DTMC. DTMCs and CTMCs are similarly ill-
conditioned in the metastable regime,24–28 where linear algebra
methods (Sec. II C) encounter numerical problems arising from
finite precision,23,48 but the GT algorithm remains numerically stable
(Sec. II E). GT therefore provides an attractive approach for com-
puting MFPTs in DTMCs featuring a separation of characteristic
timescales.

Obtaining a reduced representation of a Markov chain aids
model interpretation and facilitates more expensive numerical anal-
yses.1,61–74 We have shown how the GT algorithm can be utilized
to compute the matrix of all pairwise intermicrostate MFPTs, from
which the matrix of appropriately weighted intercommunity MFPTs
is derived [Eq. (25)],92 and hence the optimal reduced CTMC via
a matrix inversion operation [Eq. (22)]. We find that this route to
computing the optimal reduced CTMC for a given partitioning of
the original Markov chain has superior numerical stability to alter-
native approaches based on linear algebra (Sec. III D). Our approach
greatly increases the practicality of optimal Markovian coarse-
graining,92,100,144 where the existence of metastable macrostates is a
necessary condition to yield a reduced Markov chain that accurately
represents the dynamics of the original network. We have also sug-
gested an approximation to the optimal reduced CTMC that is valid
in the strongly metastable regime [Eq. (28)], which can be computed
more efficiently than the exact optimal reduced CTMC using the
GT algorithm. This approximation is more accurate than the simple
local equilibrium approximation [LEA; Eq. (29)].100,101 Moreover,
our approximation is much less sensitive to the precise definition of
the community structure than the LEA,146 since it is based on a par-
ticular choice of internal microstates representing the communities
and does not involve the boundary nodes.

In future work, we will pursue alternative, more scalable,
approaches to estimating coarse-grained Markov chains based on
the GT algorithm. Possible strategies include using trajectory data
obtained from kinetic path sampling (kPS),79,80 which extends the
GT algorithm with an iterative reverse randomization procedure to
sample the full first passage time distribution.81 A coarse-grained
DTMC or CTMC could then be estimated146 from maximum-
likelihood50,57,58 or Gibbs sampling50,51 or from the MFPTs and
fluxes between milestones.89–91 Alternatively, the GT algorithm
could be repurposed to iteratively eliminate microstates that do
not contribute significantly to intercommunity dynamics, yield-
ing a renormalized Markov chain that closely approximates the
original.153 Since GT does not preserve the MFPTs to individual
absorbing nodes,47 this approach would require a careful analysis
of the error incurred in the dynamical properties of the resulting
renormalized network.

The numerical stability of the GT algorithm48,106 confers a
significant advantage to these dimensionality reduction strategies

and to the method based on exact MFPTs that we have described.
Exploiting the GT method in approaches to Markovian coarse-
graining therefore provides valuable tools to aid the interpre-
tation and analysis of Markov chains exhibiting rare event
dynamics.

SUPPLEMENTARY MATERIAL

See the supplementary material for further mathematical details
pertaining to the results of the present work; namely, a formal
definition of occupancy number correlation functions, a deriva-
tion of the LEA and the Hummer–Szabo relation for the optimal
reduced CTMC (following Refs. 92 and 100), a statement of the
exact recursive formula for the MFPTs in an unbranched CTMC,
and a figure analogous to Fig. 4 in which linear algebra meth-
ods (rather than GT) are used to obtain the matrix of all pairwise
intermicrostate MFPTs. Various software to perform GT compu-
tations for arbitrary discrete- and continuous-time Markov chains,
including the dimensionality reduction methodology described in
Sec. III, are available online under the GNU General Public License,
PyGT, a Python package for graph transformation (GT) compu-
tations, including the removal of blocks of nodes, available at
https://pygt.readthedocs.io/en/latest/; a Fortran implementation of
the iterative GT algorithm that is part of the PATHSAMPLE program,
available at http://www-wales.ch.cam.ac.uk/PATHSAMPLE/; and a
C++ implementation of the LU decomposition formulation of the
GT algorithm that is included in the DISCOTRESS (DIscrete State
COntinuous Time Rare Event Simulation Suite) software, available
at https://github.com/danieljsharpe/DISCOTRESS.
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NOMENCLATURE

1V V-dimensional column vector with elements equal to unity
A V × N aggregation matrix
A set of absorbing nodes
B set of initial nodes
CTMC continuous-time Markov chain
C set of communities {I, J, . . .}
DTMC discrete-time Markov chain
GS absorbing fundamental matrix in continuous time
GT graph transformation algorithm
GTH Grassmann–Taksar–Heyman algorithm
HS Hummer–Szabo relation [Eq. (20)]
I identity matrix
I set of intervening nodes I ≡ (A ∪ B)c
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i, j node (microstate) indices
i∗, j∗ attractor node indices
I, J community (macrostate) indices
K transition rate matrix of CTMC
K′ absorbing transition rate matrix of CTMC
K# group inverse of rate matrix
KC rate matrix for optimal reduced CTMC for given C
KLEA rate matrix for reduced CTMC from the LEA [Eq. (29)] for

given C
KKRA Kells–Koskin–Rosta–Annibale relation [Eq. (21)]
LEA local equilibrium approximation
MFPT mean first passage time
N number of communities (macrostates)
NS absorbing fundamental matrix in discrete time for nodes

S ≡ Ac

P branching probability matrix of CTMC
p(0) initial occupation probability distribution
pn probability distribution of DTMC after n steps
S set of source nodes S ≡ Ac

T effective temperature
T(Δ) transition probability matrix of DTMC
T V × V matrix of pairwise intermicrostate MFPTs
TAB A← B MFPT
T̃C N × N matrix of intercommunity weighted-MFPTs

[Eqs. (25) and (26)]
Wξ probability of discrete path ξ
V number of nodes in the original Markov chain
ZCT ergodic fundamental matrix in continuous time
ZDT ergodic fundamental matrix in discrete time
γk kth dominant eigenvalue of CTMC
Δ lag time of DTMC
ζ Kemeny constant
ζC Kemeny constant of reduced Markov chain
θ N × N matrix related to T̃C [Eq. (25)]
λk kth dominant eigenvalue of DTMC
ξ discrete path
Π stationary distribution of reduced Markov chain
π stationary distribution of original Markov chain
τj mean waiting time for the jth node
ϕk kth dominant left eigenvector of Markov chain
ψk kth dominant right eigenvector of Markov chain

APPENDIX A: DERIVATION OF MFPTs
FROM THE ABSORBING FUNDAMENTAL MATRIX

In Sec. II C, it was stated that the absorbing rate matrix K′
is associated with an absorbing fundamental matrix,1,5 which pro-
vides another linear algebra approach to compute MFPTs. In this
appendix, we prove this statement in both discrete and continuous
time.

Consider the MFPT to a target set of nodes A from the set of
source nodes S ≡ Ac. Using the first-step relation6 for a DTMC
with uniform lag time Δ and s′ ← s transition probabilities Ts′ s, the
A← s ∈ S MFPT is

TAs = Δ +∑
s′∈S

TAs′Ts′s⋅ (A1)

Rearranging, we obtain

Δ = ∑
s′∈S

TAs′(δs′s − Ts′s), (A2)

and so, the MFPT from a source node s to the absorbing macrostate
A is [Δ⊺S(IS − TSS)−1]

s
, where IS is the identity matrix of dimension

∣S∣, the elements of TSS are Ts′s ∀ s, s′ ∈ S, ΔS = Δ1S, and 1S is a ∣S∣-
dimensional column vector with elements equal to unity. To average
over an initial probability distribution within the source macrostate,
pS(0), we simply write

TAS = Δ⊺S(IS − TSS)−1pS(0) ≡ Δ
⊺
SNSpS(0), (A3)

where NS is the fundamental matrix of the absorbing DTMC.1,5 The
elements [NS]s′s are interpreted as the mean number of visits to node
s′ along escape trajectories initialized in node s and terminating at
the absorbing boundary of A. Setting Δ = 1 in Eq. (A3), we see that
the mean number of steps to the A region starting from node s is
[1⊺SNS]s.

The A ← S MFPT for a CTMC parameterized by the vector of
node-dependent mean waiting times τS and branching probability
matrix PSS for source nodes is

TAS = τ⊺S(IS − PSS)−1pS(0), (A4)

analogous to Eq. (A3), where GS ≡ (IS − PSS)−1 is the fundamental
matrix of the absorbing CTMC.105

The formula derived above for TAS holds for any distribution
of waiting times within S. If all the waiting times are zero except
for τs′ , then the MFPT to A starting from s is given by τs′[GS]s′s,
and we can therefore associate this quantity with the time spent in
node s′ for pathways starting in node s prior to absorption.103,154

Hence, the formula derived in Eq. (A4) for TAS can be interpreted
as a weighted average of the residence times1,5 of all nodes in S prior
to absorption. That is, the MFPT to reach A starting from node s ∈ S
is∑s′∈S τs′[GS]s′s, which defines the residence time in node s.103,154

It is also insightful to derive the time to absorption from the
master equation for the occupation probabilities of the nodes in S,

ṗS(t) = KSSpS(0), (A5)

where the elements of KSS can be written as

Ks′s = ks′s − δs′s∑
m

kms = (Ps′s − δs′s)/τs = −[G−1
S ]s′s/τs, (A6)

which is equivalent to K−1
SS = −diag(τS)GS. The formal solution

to the master equation is pS(t) = exp(KSSt)pS(0). Hence, the
expected time spent in node s′ before absorption for trajectories
initialized from node s is the integral

∫
∞

0
exp(Ks′st)dt = −[K−1]

s′s
= τs′[GS]s′s, (A7)

as we obtained by considering TAS = (τS)⊺GSpS(0) in Eq. (A4).
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APPENDIX B: CONSERVATION OF MFPTs
IN THE DISCRETE-TIME FORMULATION
OF THE GT ALGORITHM

The mapping in Sec. II B defines a DTMC with node-dependent
lag times, which has the same pathwise averages as a CTMC with
corresponding waiting times and branching probabilities. Hence,
in analogy to the argument for the continuous-time case, the GT
procedure applied to a DTMC conserves the MFPT averaged over
a set of target nodes.45,47 This result can be shown by treating A
as an absorbing boundary and analyzing the master equation of
the absorbing Markov chain105 or by breaking down the sum over
A← S pathways into segments that travel through different regions
of the network.45,47,105 In this appendix, we follow the latter approach
to analyze pathwise sums in discrete time.

We first note that the elements of the fundamental matrix
NS = (IS − TSS)−1 for the source region S, [NS]s′s, correspond to
the sum of probabilities for all paths within S that start at node s
and end at node s′. This result can be proved by writing the s′ ← s
path probability as a product of transition probabilities and sum-
ming over paths of arbitrary length by exponentiating the transition
matrix: NS = ∑∞n=0 T

n
SS = (IS − TSS)−1.105 To obtain the probability

for paths that start in S and end with absorption in A, we need to
combine the NS matrix with the branching probability from S to A.
Hence, the overall probability for all paths that begin at node s ∈ S
and end at a particular absorbing node a ∈ A is [TASNS]as. The
sum over target nodes, [1⊺ATASNS]s, is unity for all s ∈ S, since all
probability flow ends in A; the corresponding result for a CTMC is
[1⊺APASGS]s = 1 ∀ s ∈ S.

The A← S MFPT, TAS, is the accumulated sum of lag times for
each node visited along A ← S paths, where each path is weighted
by the pathway probability. We can calculate this sum by defining a
modified transition matrix T̃SS with elements T̃s′s exp (ζΔs), where
Δs is the lag time for node s and the lag times for nodes are not nec-
essarily uniform. Differentiating the product 1⊺AT̃ASÑS with respect
to ζ and then setting ζ = 0 produces the corresponding sum of wait-
ing times for each path, multiplied by the path probability.45,47 The
required derivatives are105

∂

∂ζ
T̃AS∣

ζ=0
= TAS diag(ΔS), (B1)

∂

∂ζ
ÑS∣

ζ=0
= NSTSS diag(ΔS)NS, (B2)

so that

∂

∂ζ
1⊺AT̃ASÑS∣

ζ=0
= 1⊺ATAS diag(ΔS)NS

+ 1⊺ATASNSTSS diag(ΔS)NS

= (1⊺ATAS + 1⊺STSS)diag(ΔS)NS

= 1⊺Sdiag(ΔS)NS = Δ⊺SNS, (B3)

where we have used 1⊺ATASNS = 1⊺S . Therefore,
TAS = Δ⊺SNSpS(0), as in Eq. (A3). The equivalent result for a CTMC
is TAS = τ⊺SGSpS(0).

Now we divide the source region S ≡ I ∪ B into the initial
macrostate B and the set of nodes to be eliminated I and derive the

A← b pathway probabilities for all nodes b ∈ B. Pathways initialized
in the macrostate B either proceed directly to A or via a detour of
arbitrary length through the region I; the total transition probability
to A can thus be written as TAB +TAINITIB ≡ TI

AB, where the factor
NI is the sum of pathway probabilities for all paths in I starting and
finishing in nodes i, i′ ∈ I. The complete sum of A ← B path proba-
bilities must also take into account non-reactive paths that start and
finish in B without leaving B ∪ I, i.e., without reaching A. This fac-
tor is NI

B = (IB − TI
BB)−1, where TI

BB ≡ TBB + TBINITIB. Hence,
[1⊺ATI

ABN
I
B]b is the sum of pathway probabilities over all possible

a ∈ A ← b paths, i.e., [1⊺ATI
ABN

I
B]b = ∑a∈A∑ξ∈a←b Wξ , which is

unity for all b ∈ B.105

The MFPT TAB can again be calculated by differentiating the
product 1⊺AT̃

I
ABÑ

I
B with respect to ζ and then setting ζ = 0. The result

is105

TAB = (Δ⊺B + Δ⊺INITIB)
× [IB − (TBB + TBINITIB)]−1pB(0)
= (ΔI

B)⊺(IB − TI
BB)−1pB(0)

≡ (ΔI
B)⊺NI

BpB(0), (B4)

with ΔI
B being the renormalized lag time vector in the graph-

transformed absorbing DTMC where all nodes in I have been elim-
inated [Eq. (7)] and TI

BB being the corresponding GT-renormalized
transition probability matrix [Eq. (8)]. Hence, we can apply the GT
procedure to remove all the nodes in the I region and recover the
same MFPT TAB if the initial occupation probability distribution
pS(0) is localized in B.

APPENDIX C: FUNDAMENTAL MATRICES
IN CONTINUOUS TIME

The choice of ergodic fundamental matrix ZCT in continuous
time111,112 used in Eq. (12) is such that the Kemeny constant is
obtained directly as the negative trace, ζ = −Tr(ZCT) [Eq. (17)]. In
fact, there is some freedom in the choice of fundamental matrix,
from which all key dynamical properties of the Markov chain can be
computed, including the matrix of pairwise intermicrostate MFPTs,
T [Eq. (11)], and the Kemeny constant.93 Equation (12) is a partic-
ular case of the group inverse10 K# of the transition rate matrix K,
which, in general, has the form

K# = −∑
k>1

1
∣γk∣

ψk ⊗ ϕk

= (απ1⊺V + K)−1 − 1
α
π1⊺V , (C1)

for any real α ≠ 0. Equation (C1) follows from eigendecomposition
of the rate matrix,57 subsequent addition of a term α(ψ(1) ⊗ϕ(1)),
shifting the zero eigenvalue of K (namely γ1, with corresponding left
eigenvector ϕ(1) = 1⊺V and right eigenvectorψ(1) = π) to α, and inver-
sion of the resulting matrix. As for the rate matrix K, all other eigen-
values of the group inverse K# are negative, and the eigenvectors
satisfy ϕlψk = δlk.

The group inverse of the rate matrix [Eq. (C1)] satisfies the
following relations:
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KK#K = (
V

∑
k=1

γkψk ⊗ ϕk)(
V

∑
l=2
ψl ⊗ ϕl)

=
V

∑
k=1

γkψk ⊗ ϕk = K, (C2a)

K#KK# = (
V

∑
k=2

ψk ⊗ ϕk)(
V

∑
l=2

1
γl
ψl ⊗ ϕl)

=
V

∑
l=2

1
γl
ψl ⊗ ϕl = K

#, (C2b)

K#K = (
V

∑
l=2

1
γl
ψl ⊗ ϕl)(

V

∑
k=1

γkψk ⊗ ϕk)

=
V

∑
l=2
ψl ⊗ ϕl = KK

#. (C2c)

To appreciate the utility of the group inverse K#, consider the action
of K#K or KK# on an arbitrary vector x expanded in the eigenvector
basis as x = ∑k ψk(ϕkx),

K#Kx = (
V

∑
l=2
ψl ⊗ ϕl)(∑

k
ψk(ϕkx))

=
V

∑
l=2
ψl(ϕlx) = x − ψ

(1)(ϕ(1)x)

= x − π(1⊺Vx). (C3)

Hence, K#Kx = (IV − π1⊺V)x or x = K#Kx + π1⊺Vx, which we use
in Appendix D to derive expressions for MFPTs and the Kemeny
constant in terms of the elements of the group inverse.

Any generalized inverse of K, defined as satisfying the condition
Eq. (C2a), is a fundamental matrix of the Markov chain in the sense
that key dynamical quantities, including T, can be written straight-
forwardly in terms of the matrix (also the stationary distribution),155

as we show is true for the group inverse K# [Eq. (C1)] in Appendix
D. In discrete time, the same logic applies to generalized inverses of
the Markovian kernel I − T(Δ).156–159

APPENDIX D: MFPTs AND THE KEMENY CONSTANT
FROM FUNDAMENTAL MATRICES

To derive the Kemeny constant from the group inverse, we
begin by constructing an absorbing Markov chain for a single tar-
get state p such that all transitions out of p are set to zero, i.e.,
K ip = 0 ∀i. The dynamics in the set p̄ = {j, j ≠ p} comprising the
V − 1 states aside from p are preserved prior to the absorption event.
We consider an initial distribution where the probability density is
localized at a single node, q, such that pp̄(0) = êq, where [êq]k = δqk.
Then, the p← q MFPT is given by Tpq = 1⊺p̄ xp̄, where xp̄ is the solu-
tion vector of dimension |V − 1| to the linear system Kp̄p̄xp̄ = −êq
and Kp̄p̄ ≡ K′ is the absorbing rate matrix describing transitions in p̄
prior to absorption (Sec. II C).

We can also write Tpq = 1⊺Vx, where x is now a V-dimensional
column vector that solves the modified linear system involving the

original rate matrix K,

Kx = [Kp̄p̄ Kp̄p
Kpp̄ Kpp

][xp̄
xp
] = −êq + μêp, (D1)

where μ is to be determined and êq and êp are of dimension V. Here,
we have partitioned the rate matrix K into the non-absorbing region
p̄ and the absorbing region {p}. The top row of this matrix equation
reads Kp̄p̄xp̄ +Kp̄pxp = −êq. Since Kp̄p̄xp̄ = −êq, this result implies that
xp = 0 and μ = Kpp̄xp̄, a scalar. Furthermore, the columns of K sum
to zero, and hence, we can also use the fact that Kpp̄ = −1⊺V−1Kp̄p̄ to
obtain μ = −1⊺V−1Kp̄p̄xp̄ = 1⊺V−1Kp̄p̄K−1

p̄p̄ êq = 1. Thus, we have

Kx = êp − êq, with êp ⋅ x = 0, Tpq = 1⊺Vx⋅ (D2)

Now we can use the identity x = K#Kx + π1⊺Vx derived in Eq. (C3)
and substitute for Kx and 1⊺Vx to obtain

x = K#[êp − êq] + Tpqπ⋅ (D3)

Since the p component of x vanishes, we have
[K#]pp − [K#]pq + Tpqπp = 0, or

Tpq =
[K#]pq − [K#]pp

πp
, (D4)

which is Eq. (11). Hence, we have proved that the matrix of pairwise
intermicrostate MFPTs can be computed from any group inverse
[Eq. (C1)].10,15

To derive the Kemeny constant, we observe that summing over
p and converting to a matrix formulation gives

π⊺T = 1⊺VK# − Tr(K#)1⊺V = −Tr(K#)1⊺V , (D5)

where we have noted from the definition of the group inverse
[Eq. (C1)] that 1⊺VK

# vanishes by orthogonality, since 1⊺V is the left
eigenvector ϕ(1). This formulation highlights a key property of the
row vector π⊺T, namely, that its average value over any normalized
probability distribution is simply −Tr(K#), independent of the com-
ponents. Hence, for arbitrary p(0), we have π⊺Tp(0) = −Tr(K#) ≡
ζ, which defines the Kemeny constant, ζ. That is, any initial occupa-
tion probability distribution p(0) will decay to the stationary distri-
bution on an average timescale that is the Kemeny constant, ζ, which
therefore represents an average mixing time.115,160
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The data that support the findings of this study are available
from the corresponding author upon reasonable request.
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