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The Kitaev model on the honeycomb lattice is a paradigmatic system known to host a wealth of nontrivial
topological phases and Majorana edge modes. In the static case, the Majorana edge modes are nondispersive.
When the system is periodically driven in time, such edge modes can disperse and become chiral. We obtain
the full phase diagram of the driven model as a function of the coupling and the driving period. We characterize
the quantum criticality of the different topological phase transitions in both the static and driven model via the
notions of Majorana-Wannier state correlation functions and momentum-dependent fidelity susceptibilities. We
show that the system hosts crossdimensional universality classes: although the static Kitaev model is defined on
a two-dimensional (2D) honeycomb lattice, its criticality falls into the universality class of one-dimensional (1D)
linear Dirac models. For the periodically driven Kitaev model, in addition to the universality class of prototype
2D linear Dirac models, an additional 1D nodal loop type of criticality exists owing to emergent time-reversal
and mirror symmetries, indicating the possibility of engineering multiple universality classes by periodic driving.
The manipulation of time-reversal symmetry allows the periodic driving to control the chirality of the Majorana
edge states.
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I. INTRODUCTION

Majorana modes (MMs) are exotic non-abelian quasiparti-
cles predicted to appear in topological superconductors [1–3].
In addition to representing solid-state realizations of the
elusive Majorana fermion in particle physics [4], their non-
abelian exchange statistics could be exploited to robustly
encode quantum information via braiding schemes [5–7]. In
recent years, preliminary experimental evidence for their ex-
istence [8–15] and notable progress in devising topological
quantum computation protocols [16–18] fostered an intensive
investigation of systems hosting MMs, such as the zero-
dimensional (0D) edge state at the end of one-dimensional
(1D) topological superconductors [19], and the 1D edge state
at the boundaries of two-dimensional (2D) topological su-
perconductors [20–22]. If time-reversal symmetry (TRS) is
present, as in the prototypical Kitaev model on a honey-
comb lattice [20], MMs are immobile (nondispersive). For
TRS breaking systems, such as chiral p-wave superconduc-
tors [23–26], MMs can propagate along the edges and acquire
a chirality. The mobility of chiral MMs may inherently fa-
cilitate quantum computing procedures [27]. However, TRS
breaking typically requires the application of magnetic fields
or complex pairing mechanisms with higher orbital angular
momentum, which makes their solid-state realization chal-
lenging.

Recently, Floquet systems have emerged as a viable
alternative to realize topological phases that are hard to fab-

ricate in equilibrium, and also as a tool to explore MMs
out of equilibrium [28–40]. In particular, circular patterns
of hoppings breaking TRS can be engineered to naturally
pump topological modes along the boundaries of strip ge-
ometries [36,41–45]. Additionally, the periodicity in time
results in Floquet-Brillouin zones which can potentially har-
bor two kinds of edge modes, leading to anomalous phases
and cascades of nonequilibrium topological phase transi-
tions (TPTs) [41–43,45–47]. Periodic driving can also induce
topology beyond Dirac low-energy theories, e.g., nodal loop
semimetal phases [38,48]. The richness of Floquet systems
has spurred new classification schemes for nonequilibrium
topology [49–53] and new protocols for quantum computa-
tion [54].

In this work, we aim to study TPTs in both the static
and periodically driven 2D Kitaev models hosting MMs. We
classify these transitions from the perspective of universality
using two measures: (i) a Majorana version of a recently pro-
posed stroboscopic Wannier state correlation function [38,55–
57], which encodes the notion of a correlation length that
diverges at the TPT and (ii) a momentum-dependent fidelity
susceptibility that measures the distance between Bloch states
in the momentum space [58]. Our classification reveals the
existence of cross-dimensional universality classes. In the
static model, despite being defined on a 2D honeycomb lattice,
the transitions in fact belong to the universality class of 1D
Dirac models [55–57]. In the presence of periodic driving,
we show that TRS can be manipulated and consequently
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FIG. 1. Sketch of the Kitaev model for a semi-infinite strip with (a) armchair and (b) zigzag edges. The red shaded regions and the
numbering denote the superunit cell, while the yellow shaded regions mark the corresponding sites obtained by translations by multiples of the
momentum k. (c) Static phase diagram in the (Jx, Jy, Jz ) space and illustration of the driving protocol (red circles). At the special point J = 1/3
(yellow circle) all the driving steps are equal.

help to switch between immobile and chiral MMs. Owing
to the ability to manipulate the symmetry of the system, the
periodically driven case displays an even richer criticality
with two universality classes of different dimensionality: one
representing prototype 2D linear Dirac models, and another
corresponding to a 1D nodal loop semimetal type due to
emergent time-reversal and mirror symmetries.

This paper is structured as follows. In Sec. II, we introduce
the Majorana-Wannier state correlation function and fidelity
susceptibility to delineate the quantum criticality in the static
Kitaev model. In Sec. III, we discuss the phase diagram of
the periodically driven Kitaev model and the emergence of
chiral MMs in the quasienergy spectrum. We quantify the
criticality of the transitions seen using the notions of stro-
boscopic Wannier state correlation function and the fidelity
susceptibility. In Sec. IV, we focus on a nodal loop semimetal
phase arising from frozen dynamics, address the correspond-
ing emergent symmetries, and determine its universality class.
Finally, Sec. V concludes our discussion with an outlook for
future research.

II. STATIC KITAEV MODEL

We consider the 2D Kitaev model, consisting of spin-1/2’s
localized at the vertices of a honeycomb lattice spanned by
basis vectors n1 = ( 1

2 ,
√

3
2 ) and n2 = (− 1

2 ,
√

3
2 ). The system is

described by the following Hamiltonian [20,31]:

H = Jx

∑
x links

σ x
j σ

x
k + Jy

∑
y links

σ
y
j σ

y
k + Jz

∑
z links

σ z
j σ

z
k , (1)

where σ i
k is the Pauli matrix representing the ith spin com-

ponent at site k, while Ji � 0 is the coupling strength of the
i-type bond. A physical implementation of this model has
been proposed in cold polar molecules [59,60].

To understand the physics of this model, note that for
every hexagonal plaquette in the lattice, there exists a con-
served quantity Wp = σ x

1 σ
y
2 σ z

3σ x
4 σ

y
5 σ z

6 which commutes with
the Hamiltonian. The eigenstates of the system, therefore,
split into two sectors denoted by the eigenvalues wp = ±1
of Wp. Throughout our analysis, we will exclusively consider
the vortex-free sector wp = +1, wherein the ground state
lies [20]. The vortex-free sector can be solved exactly by
mapping the spins onto Majorana operators [31,61–64] to

yield the Hamiltonian

H = i
∑

n

(Jxbnan−n1 + Jybnan+n2 + Jzbnan), (2)

where the Majorana operators satisfy the anticommutation
relations {an, am} = 2δnxmx δnymy , {bn, bm} = 2δnxmx δnymy , and
{an, bm} = 0. To probe the edge states appearing in this model
and its driven counterpart, we will consider two kinds of edge
geometries for semi-infinite honeycomb lattice strips, namely
zigzag and armchair edges [65,66]. This amounts to rewriting
Eq. (2) as [31]

H = i
∑

j,l

w jMjl (k)wl , (3)

where the vector w collects the Majorana operators at different
sites following the numbering defined by the superunit cell,
and M(k) is a matrix that describes the lattice connectivity in
the finite direction for every momentum k in the infinite di-
rection. The two geometries and the corresponding superunit
cells used in our construction of the matrix Hamiltonian M are
depicted in Fig. 1.

We will also benchmark our results by considering a sys-
tem with periodic boundary conditions (or infinite) in both
directions. In this case, the bulk Hamiltonian can be written
in Fourier space as [31]

H2D Kitaev =
∑

k∈ 1
2 BZ

(a−k b−k )H(k)

(
ak
bk

)
(4)

by defining Fourier transforms

an =
√

4

N

∑
k∈ 1

2 BZ

(akeik·n + a−ke−ik·n ), (5)

bn =
√

4

N

∑
k∈ 1

2 BZ

(bkeik·n + b−ke−ik·n ), (6)

with {ak, ak′ } = {bk, bk′ } = δ(k − k′) and

H(k) = 2[Jx sin (k · n1) + Jy sin (k · n2)]σ x

+ 2[Jx cos (k · n1) + Jy cos (k · n2) + Jz]σ
y

= d1σ
x + d2σ

y. (7)
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The corresponding eigenstates and eigenenergies are

|u±(k)〉 = 1√
2d

( ±d
d1 + id2

)
,

E±(k) = ±2([Jx sin (k · n1) + Jy sin (k · n2)]2

× [Jx cos (k · n1)+ Jy cos (k · n2)+ Jz]
2)1/2, (8)

where d =
√

d2
1 + d2

2 . Note that the sum in Eq. (4) runs
over only half of the Brillouin zone. A convenient choice
of the Brillouin zone consists of the rectangle given by kx ∈
[−2π, 2π ] and ky ∈ [ 2π√

3
,− 2π√

3
].

Following Ref. [31], the phase diagram can be deduced
from Eq. (8) by determining the parameters where gap clo-
sures occur. These points fulfill the condition

Jx � Jy + Jz, Jy � Jx + Jz, Jz � Jy + Jx. (9)

Setting Jx + Jy + Jz = 1, the phase diagram can be depicted
as an equilateral triangle comprising four distinct topologi-
cal sectors Ax, Ay, Az, and B, see Fig. 1(c). The A phases
are all gapped [E (k) �= 0,∀k], while the B phase is gapless.
Static zero-energy MMs exist in the regions Az and B for
zigzag edges, and in the regions Ax, Ay, and B for armchair
edges [31].

Correlation function and fidelity susceptibility
for static Kitaev model

The time-reversal symmetric static Kitaev model belongs
to the 2D class DIII, whose topological invariant is determined
by the Pfaffian of the matrix elements of the time-reversal op-
erator mαβ (k) = 〈uα (k)|T |uβ (k)〉, where |uα (k)〉 is the Bloch
eigenstate in Eq. (8). To be specific, one integrates the deriva-
tive of the logarithm of the Pfaffian over the boundary of the
half-Brillouin zone (hBZ) to construct the topological invari-
ant

ν = 1

2π i

∫
∂ 1

2 BZ
d log [Pf(m)] = 1

2π

∫
∂ 1

2 BZ
dk · ∇φ, (10)

which is equivalently the winding number of the phase φ =
arctan(d2/d1) of the off-diagonal element of the Hamiltonian
in Eq. (7) along the hBZ boundary.

Our aim is to introduce a correlation function to describe
the quantum criticality near the TPTs caused by the tuning
parameters J = (Jx, Jy, Jz ). For this purpose, we consider the
gradient of the phase in Eq. (10) along a specific scaling
direction k̂s to define a curvature function [67]

F (k, J) = k̂s · ∇φ = cos β ∂xφ + sin β ∂yφ ≡ ∂sφ

= d1∂sd2 − d2∂sd1

d2
= −2〈u−|i∂s|u−〉, (11)

after using the eigenstate in Eq. (8), which is essentially the
integrand in Eq. (10). There is a degree of freedom in Eq. (10)
corresponding to the choice of the path of the contour integral,
which is reflected in the freedom of choosing the scaling
direction ks and the corresponding curvature function (11).
For simplicity, here we choose the contour such that it crosses
all the HSPs along the same direction ks = k̂y, generating the
same curvature function at all HSPs. We remark that even

though different choices for ks are possible, all of them yield
the same critical lines and exponents.

Equation (11) indicates the equivalence between the cur-
vature function in this problem and the Berry connection of
the filled band eigenstate. Moreover, we find that close to
TPTs, the curvature function exhibits diverges at the HSPs
k0 = ±(π, π√

3
), ±(−π, π√

3
), ±(0, 2π√

3
), corresponding to the

Ax-B, Ay-B, and Az-B TPTs, respectively. These HSPs can
be obtained analytically by calculating F (k, J) at the corre-
sponding values of the hopping parameters, and setting its
denominator to zero. Expanding along the scaling direction
δks = k̂sδks, the divergent satisfy an Ornstein-Zernike form

F (k0 + δks, J) = F (k0, J)

1 + ξ 2δk2
s

. (12)

As the system approaches the TPT J → Jc, the Lorentzian
shape gradually narrows and diverges, and flips sign as the
system crosses the critical point. Mathematically,

lim
J→J+

c

F (k0, J) = − lim
J→J−

c

F (k0, J) = ±∞, lim
J→Jc

ξ = ∞,

(13)

which then defines the critical exponents γ and ν as

F (k0, J) ∝ |J − Jc|−γ , ξ ∝ |J − Jc|−ν . (14)

An example of this critical behavior is shown in Fig. 2.
This critical behavior prompts us to investigate the Fourier
transform of the curvature function. Given the Wannier state
localized at home cell R constructed from the filled band
Bloch state in Majorana basis |u−(k)〉 [38], i.e.,

|R〉 = 1

N

∑
k

eik·(r̂−R)|u−(k)〉, (15)

the Fourier transform of the curvature function represents the
following Wannier expectation value of the position operator
k̂s · r̂:

F̃st (R, J) =
∫

d2k
(2π )2

F (k, J)eik·R

= −2〈R|k̂s · r̂|0〉
= −2

∫
d2r k̂s · r W ∗(r − R)W (r). (16)

Because the Wannier state is written in the Majorana basis,
we call this overlap a Majorana-Wannier state correlation
function. The Ornstein-Zernike form in Eq. (12) further dic-
tates that this correlation function decays with the correlation
length ξ , as shown for several parameters in Fig. 2, justifying
the interpretation of ν as a correlation exponent.

The critical exponent γ is, on the other hand, linked to
the fidelity susceptibility [68–70]. This can be seen using
the quantum metric formalism [71,72]. As opposed to the
approach used in Refs. [73–76], here we follow the approach
of Ref. [58], which demonstrated that a fidelity susceptibility
that describes the evolution of Bloch eigenstate in momentum
space can better interpret the scaling law between the expo-
nents γ and ν. To do this, we consider the change in the filled
band Bloch eigenstate |u−(k)〉 under a momentum shift k to
k + δks along the scaling direction. The rotation of |u−(k)〉 in
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FIG. 2. (a), (b) An example of the critical behavior of the curva-
ture function F (k, J) approaching the TPT which shows a Lorentzian
shape along certain direction (here for the Ax-B TPT shown in the
inset, the other two TPTs show analogous behaviors but rotated by
60 degrees in k-space). The Lorentzian shape gradually narrows and
then flips sign as the system crosses the TPT. The dotted vertical
arrow indicates a possible scaling direction ks used in the extrac-
tion of the critical exponents. (c), (d) The Fourier transform of the
curvature function (here calculated as the fast Fourier transform of
the curvature function), which represents a Majorana-Wannier state
correlation function, decays in real space with a correlation length
ξ that diverges at the critical point. The Majorana-Wannier state
correlation function is also strongly aligned along one direction,
confirming 1D behavior.

the Hilbert space along this trajectory can be described by the
overlap |〈u−(k)|u−(k + δks)〉| = 1 − gssδk2

s /2, which defines
the quantum metric

gss = 〈∂su−|∂su−〉 − 〈∂su−|u−〉〈u−|∂su−〉. (17)

For the Hamiltonian in Eq. (7) of the form H(k) = d1σ
x +

d2σ
y, it can be verified that [58]

gss = [〈u−|i∂s|u−〉]2 = 1
4∂sd̂ · ∂sd̂ = 1

4 F (k, J)2 ≡ χF , (18)

with ês = ∂sd̂/2 playing the role of a vierbein. We intro-
duced the fidelity susceptibility χF by regarding |u−(k)〉 as
a two-component spinor and the momentum along the scaling
direction δks as the tuning parameter. From Eq. (18), we note
that the fidelity susceptibility is governed by the same expo-
nent as the curvature function F (k0, J) at the HSP, justifying
the nomenclature of a susceptibility exponent γ in Eq. (14).
Physically, the divergence of χF means the eigenstate at the
HSP |u−(k0)〉 and slightly away along the scaling direction
|u−(k0 + δks)〉 become more and more orthogonal.

A straightforward expansion centered around the HSPs
yields the following critical behavior for the curvature and the
correlation length:

|F (k0, J)| =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−(Jx+Jy ) cos β+√
3(−Jx+Jy ) sin β

2(Jx−Jy−Jz ) , Ax-B TPT,

−(Jx+Jy ) cos β+√
3(−Jx+Jy ) sin β

2(Jx−Jy+Jz ) , Ay-B TPT,

−(Jx+Jy ) cos β−√
3(Jx+Jy ) sin β

2(Jx+Jy−Jz ) , Az-B TPT,

(19)

ξ 2 =

⎧⎪⎪⎨
⎪⎪⎩

f1(J,β )
16(Jx−Jy−Jz )2[(Jx+Jy ) cos β+√

3(Jx−Jy ) sin β]
, Ax-B TPT,

f2(J,β )
16(Jx−Jy+Jz )2[(Jx+Jy ) cos β+√

3(Jx−Jy ) sin β]
, Ay-B TPT,

f2(J,β )
16(Jx+Jy−Jz )2[(Jx−Jy ) cos β+√

3(Jx+Jy ) sin β]
, Az-B TPT,

(20)

where fi(J, β ) are regular, nondiverging functions and β the
corresponding angle of ks on the cartesian plane. Note that
the divergence of the β-dependent part of the denominators of
Eq. (20) cancels out with the zeros of Eq. (19), and therefore
does not correspond to critical behavior. The divergence is
exclusively governed by J-dependent factors in the denomina-
tors. Extracting the critical exponents from Eqs. (19) and (20),
we obtain

γ = ν = 1, (21)

for all the TPTs in the static Kitaev model. The exponents
satisfy the scaling law γ = ν reminiscent of TPTs in 1D
systems [55–57], implying that although the Kitaev model
is defined on a 2D honeycomb lattice, it belongs to the uni-
versality class of 1D linear Dirac models. This is reflected
in Fig. 2, where the curvature function near the HSP has a
very elongated quasi-1D shape. Moreover, this is compatible
with the observation that the 2D Kitaev model on semi-infinite
geometries in the vortex free sector can be mapped to a family
of 1D Kitaev-like chains [31]. In what follows, we will show
that the system shows a far richer range of behaviors when it
is periodically driven.

III. PERIODICALLY DRIVEN KITAEV MODEL

We will now consider a periodic modulation of the cou-
pling parameters in a three-step fashion

Ji(t ) =
{

J, i−1
3 T � t � i

3 T,
1−J

2 else,
(22)

with J ∈ [0, 1] and period T , and where for convenience we
relabelled J1 = Jx, J2 = Jy, and J3 = Jz. The driving scheme
is applied after having fixed the system to be in the vortex-free
sector and is not expected to lead to a mixing with the vortex-
full sector because the two sectors are disjoint. In parameter
space, this modulation traces a typical path connecting the red
dots as depicted in Fig. 1(c). Similar piecewise modulations in
different lattices have been explored in theoretical [41,47] and
experimental works [42,43,45], especially in the context of
Floquet anomalous topological edge modes. In particular, the
scheme of Eq. (22) in the strong driving limit J = 1 and fixed
T was shown to lead to radical chiral Floquet phases charac-
terized by excitations with fractional statistics [36]. Another
work [77] analyzed a different four-step modulation and the
stability of the chiral MMs with respect to disorder.
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Here, we explore the full stroboscopic phase diagram as
a function of both T and the full range of J ∈ [0, 1]. The
phase diagram reveals many different phases, with a vari-
able number of zero- and π -Majorana edge modes, including
anomalous phases. Through driving, the immobile Majorana
edge modes present in the static model become both propa-
gating and chiral. We show that velocity of the chiral modes
can be tuned by varying J and T . Additionally, tuning across
J = 1

3 , we obtain a cascade of nodal loop gap closures that
emerge because of additional symmetries effectively induced
by the driving procedure.

To analyze the driven system, we first construct the Floquet
operator [31] UF ≡ U (t = T ) from the time evolution opera-
tor1

U (t ) ≡ T

[
exp

(
4
∫ t

0
dt M(t )

)]
, (23)

where T indicates time ordering and M(t ) is the Hamiltonian
matrix describing the given geometry in the Majorana basis
in Eq. (3), but with time-dependent parameters Ji(t ) (the k-
dependence has been omitted to highlight the fact that this
procedure can be used also on geometries that are finite in
both directions). For our piecewise constant three-step driving
protocol, the Floquet operator can be evaluated analytically
as a product of matrix exponentials. The effective Floquet
Hamiltonian defined as

Heff ≡ i

T
logUF (24)

contains the full information about the system at stro-
boscopic times t = NT . Diagonalization of HeffT yields
the quasienergy spectrum εα of the Floquet-state solutions
�α (t ) = exp(−iεαt )�α (t ), where �α (t ) = �α (t + T ) [78].
Because of the T -periodicity of the Floquet modes �α (t ), the
quasienergies are restricted to lie in the interval [−π, π ).

To map out the driven topology, we consider the
Floquet effective bulk Hamiltonian Heff(k) ≡ i

T logUF (k),

with UF (k) ≡ U (k; t = T ) = T [exp (−i
∫ T

0 dt H(k; t ))], the
equivalent Floquet evolution operator defined for the bulk
Hamiltonian (7). For the multistep drive, the resulting Floquet
operator takes the form

UF (k) =
(

A(k) B(k)
−B∗(k) A∗(k)

)
. (25)

The analytic expressions for A and B being cumbersome are
omitted here and instead presented in Appendix A. Corre-
spondingly, the effective Hamiltonian is given by

Heff(k) = �[Im[B(k)]σ x + Re[B(k)]σ y + Im[A(k)]σ z]

≡ d(k) · σ, (26)

where �(k) = log λ−(k)−log λ+(k)
λ+(k)−λ−(k) and λ±(k) are the eigenvalues

of UF (k). The quasienergy dispersion is calculated as [40,47]

θ (k) = arccos (Tr[UF (k)/2]). (27)

1For simplicity, we will set h̄ = 1 and the starting time of every
time integration at zero throughout this paper.

1.0

T [π]

0=C 1=C

1/3

0.0
0.0 0.5 1.0 1.5

J
1.0

2.0

0.0

-1.0

C = 1C = 0
0.8

W0 = 0
Wπ = 1

W0 = 1
Wπ = 1

C = -1
W0 = 1
Wπ = 0

FIG. 3. Topological phase diagram in the M = (J, T ) parameter
space as computed from the topological invariant C. To verify the
nature of each phase (e.g., anomalous or not), the time-integrated
invariants W0 and Wπ were also calculated for representative points in
each phase. The colored symbols indicate the locations of exemplary
quasienergy spectra and eigenmodes plotted in Figs. 10 and 11: J =
0.8 and T = 0.3π (red circle), T = 0.7π (green triangle), T = 1.2π

(blue square). The stroboscopic invariant at each point was calculated
for a grid of 200 × 115 points in k-space.

Since the only symmetry fulfilled by the effective bulk Hamil-
tonian is charge conjugation, the stroboscopic topological
invariant is the Chern number [67,79]

C = − 1

2π

∫
BZ

d2k F (k), (28)

with the stroboscopic Berry curvature F (k) = d̂ · [ ∂d̂
∂kx

× ∂d̂
∂ky

]

and d̂ = d
|d| .

A. Phase diagram

Our results for the topological phase diagram of the driven
Kitaev model as a function of J and T are summarized in
Fig. 3. For the parameter regimes shown, there are three
distinct topological phases characterized by the stroboscopic
Chern numbers C = 0,±1. TPTs occur at multiples of T =
π
2 .2 These vertical TPTs can be obtained analytically from the
Floquet operator, as shown in Appendix C. From the phase di-
agram we can also discern a horizontal line at J = 1/3, where
the stroboscopic topological invariant becomes ill-defined.
Physically, this line corresponds to the case where all three
hoppings in the driving protocol have the same strength. As a
consequence, the Floquet dynamics is momentarily frozen and
time-reversal symmetry is restored. As we will discuss later,
because of symmetry enhancement, at J = 1/3 the system ex-
hibits nodal loop gap closures and nonpropagating Majorana
edge modes.

2We remark that such vertical transition lines appear at multiples
of T = π

2 beyond T = 3π

2 . For simplicity, and also because it is
progressively harder to populate Floquet modes at larger periods in
real settings, we focus on the regime T < 3π

2 .
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We remark that the stroboscopic invariant of Eq. (28) can at
times be insufficient to determine the correct number of edge
modes at quasienergy ε = 0, π . As shown in Ref. [41], the
correct formulation is given in terms of a pair of invariants
W0 and Wπ , which incorporate the information about the mi-
cromotion, i.e., the full time evolution between periods, and
about the probed band edge ε = 0, π :

Wε = 1

8π2

∫ T

0
dt
∫ π

−π

dkx

∫ π

−π

dky

× Tr
[
U −1

ε ∂tUε

[
U −1

ε ∂kxUε,U −1
ε ∂kyUε

]]
. (29)

Here, Uε (k; t ) is an operator derived from U (k; t ) by pre-
serving the number of edge modes at ε, which is smoothly
connected to the identity at the end of the cycle, i.e.,
Uε (k; T ) = 1. The stroboscopic Chern number is related to
the time-integrated invariants as C = Wπ − W0 [41,50,80].

A calculation of such time-integrated invariants at rep-
resentative points in the three different phases yields the
following. In the C = −1 phase, we find W0 = 1 and Wπ =
0. This indicates that this phase hosts only one edge mode
at zero quasienergy. In the C = 0 phase, we obtain W0 = 1
and Wπ = 1. This indicates that this phase hosts one edge
mode each at zero and π quasienergy, confirming that it is
a Floquet anomalous phase—exhibiting edge modes despite
a trivial bulk topological invariant. In the C = 1 phase, we
find W0 = 0 and Wπ = 1. This phase is rather peculiar because
W0 = 0 is not due to the absence of edge modes at zero
quasienergy. Instead, as one can see upon inspecting the edge
modes directly (see Appendix B), the C = 1 phase hosts two
counterpropagating edge modes at zero quasienergy and one
edge mode at π .

B. Chirality tuning

The three-step driving protocol inherently generates chiral
Majorana modes propagating along the edges of a sample with
finite size [36,77,81]. To verify this, we analyze semi-infinite
strips with both armchair and zigzag edges and calculate the
quasienergy spectrum and the corresponding eigenmodes as
a function of the (one-dimensional) momentum k defined
for the infinite direction. The superunit cell numbering used
to construct the tight-binding Hamiltonians is presented in
Figs. 1(a) and 1(b).

We find that the edge modes appear unsystematically for
armchair geometries. In zigzag geometries, they instead ap-
pear and disappear as a function of T following the vertical
pattern indicated in the phase diagram and matching the val-
ues of the topological invariants. Furthermore, their wave
functions at the one-dimensional momentum k = 0,±π is
purely real, indicating Majorana character [see Figs. 4(c)
and 4(d)]. This is consistent with previous works dealing with
similar driving protocols [36,77]. In Appendix B, we present
a detailed analysis of the edge modes in each phase.

Because of the finite slope in their dispersion, as shown
clearly in Fig. 4, the MMs in driven zigzag geometries repre-
sent chiral edge states that propagate along the boundaries of
the sample with finite and opposite velocities dε

dk , in contrast

FIG. 4. Upper panels: Quasienergy spectra as a function of mo-
mentum k for semi-infinite strips with zigzag edges at T = 0.8 and
(a) J = 0.8 (chiral propagating MMs) and (b) J = 1/3 (nonpropa-
gating MMs). By changing the value of J , it is possible to control the
propagation velocity of the MMs. Bottom panels: The corresponding
eigenfunctions are purely real and localized at the edges.

to immobile MMs in the static system. The chirality emerges
from an appropriate choice of driving protocol that breaks
time-reversal symmetry, allowing the MMs to propagate. This
mechanism is an alternative to the use of magnetic fields
in quantum anomalous Hall insulators coupled to s-wave
superconductors [27,82–86] or in p ± ip superconducting
topological insulators [24–26].

Note that at J = 1/3 the quasienergy dispersion [see
Fig. 4(b)] exhibits completely flat, gapped bands at ε = 0.
and exponentially edge localized as evinced from Fig. 4(d).
By traversing the J = 1/3 line in parameter space, the chi-
rality of the MMs can thus be reversed. In other words, the
chirality is governed by the sequence in the driving proto-
col [41]. For instance, while we have explicitly considered the
sequence 1 → 2 → 3 in the static phase diagram [Fig. 1(c)],
the opposite order 1 → 3 → 2 yields the same quasienergy
spectra, but with edge modes having opposite chirality. Note
that at J = 1/3, the system recovers an emergent time-reversal
symmetry. This renders the two drive sequences equivalent at
J = 1/3. Consequently, it is possible to switch chiralities by
reversing the drive sequence across J = 1/3.

We note that the behavior at J = 1/3 is an instance of
frozen dynamics, a phenomenon that is known to give rise to
topological phase transitions at non-high-symmetry points in
periodically driven topological chains [38,40]. While previ-
ously conjectured only for 1D systems, we establish here that
frozen dynamics is more ubiquitous and can also be associ-
ated with more complex topological phase transitions. Though
H(t ) at J = 1/3 seems equivalent to its static counterpart
at Jx = Jy = Jz, the physics is determined by the effective
Hamiltonian Heff, which is expected to be different, because
for general matrices log exp A �= A. Furthermore, as we will
explain in detail in the next section, at J = 1/3 the bulk
dispersion develops gap closures—both at 0 and π—in the
form of nodal loops.
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FIG. 5. Illustration of the quasienergy dispersion at the TPTs (left column) and the stroboscopic curvature function right before and after
(middle and right columns) in the driven Kitaev model. (a)–(c) Change in chiral π modes across T = 0.5π . (d)–(f) Change in chiral zero modes
across T = 1.0π . (g)–(i) Nodal loop gap closures and corresponding divergences in the curvature function across J = 1/3 at T = 0.75π .

IV. DIRAC AND NODAL LOOP GAP CLOSURES IN
PERIODICALLY DRIVEN KITAEV MODEL

A. Correlation function and fidelity susceptibility for
periodically driven Kitaev model

In this section, we demonstrate that the quantum criticality
of the periodically driven Kitaev model is also well described
by the Majorana-Wannier state correlation function and fi-
delity susceptibility discussed in Sec. II, although in a slightly
different form. We start by considering the Wannier state in
Eq. (15) constructed from the lowest band stroboscopic Bloch
eigenstate |u−(k)〉 of the effective Hamiltonian in Eq. (26).
One observes that the Fourier transform of the stroboscopic
Berry curvature yields a correlation function that measures the
overlap between the Wannier states [55–57,87–89], sandwich-
ing the operator Rxŷ − Ryx̂,

F̃2D(R) =
∫

d2k
(2π )2

F (k)eik·R = −i〈R|Rxŷ − Ryx̂|0〉

= −i
∫

d2r(Rxŷ − Ryx̂)W ∗(r − R)W (r), (30)

where W (r − R) = 〈r|R〉 is the Wannier function in the Ma-
jorana basis. Second, following the recipe in Sec. II, we
construct the fidelity susceptibility by considering the behav-
ior of the stroboscopic Bloch eigenstate |u−(k)〉 as moving
from momentum k to k + δk along any direction. The ro-
tation of |u−(k)〉 in the Hilbert space along this trajectory
|〈u−(k)|u−(k + δk)〉| = 1 − gμνδkμδkν/2 defines the quan-
tum metric

gμν = 1
2 〈∂μu−|∂νu−〉+ 1

2 〈∂νu−|∂μu−〉
− 〈∂μu−|u−〉〈u−|∂νu−〉. (31)

For the effective Hamiltonian in Eq. (26) of the form
Heff (k) = d(k) · σ, it can be verified that [58]

gμν = 1

4
∂μd̂ · ∂ν d̂ = 1

4d2

(
3∑

i=1

∂μdi∂νdi − ∂μd∂νd

)
, (32)

with êμ = ∂μd̂/2 playing the role of a vierbein and d =√
d2

1 + d2
2 + d2

3 . By treating |u−(k)〉 as a two-component
spinor and momentum k as a tuning parameter, the determi-
nant of the quantum metric serves as a representative local
fidelity susceptibility [68–70,90,91] (also called geometric
orbital susceptibility [92])

g = det gμν = 1
4 F (k)2 ≡ χF , (33)

which is found to be equal to the square of the stro-
boscopic Berry curvature F (k) for any parametrization of
d(k) [58,93,94].

We now detail the first type of TPT occurred in the
periodically driven Kitaev model. The investigation starts
from the behavior of the quasienergy dispersion and of the
corresponding stroboscopic curvature function as shown in
Fig. 5. From Figs. 5(a) to 5(f), depicting the behavior across
the vertical TPTs at T = 0.5π and T = 1.0π , we recognize
that the quasienergy gap closures are conical, leading to the
stroboscopic Berry curvature F (k) in Eq. (28) having a 2D
Lorentzian shape

F (k0 + δk) = F (k0)

1 + ξ 2
x δk2

x + ξ 2
y δk2

y

, (34)

where δk is a small displacement along any direction. The
critical behavior of the stroboscopic Berry curvature is such
that the Lorentzian peak of Eq. (34) gradually narrows and
diverges, and flips sign as the tuning parameters M = (J, T )
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cross the critical point Mc, as that described in Eqs. (13)
and (14). Numerically, we extract critical exponents

νx = νy = 1, γ = 2, (35)

which is consistent with the scaling laws γ = νx + νy for
2D linear Dirac gap closures [38,47,55–57,95–100]. Note
that driving restores the full two-dimensional nature of the
TPT as opposed to TPTs in the static model which be-
longed to the 1D universality class. Furthermore, because
of the Lorentzian shape in Eq. (34), the Majorana-Wannier
state correlation function F̃2D(R) in Eq. (30) decays with the
correlation length ξi in the i direction, justifying the desig-
nation of the critical exponent νi for ξi in Eq. (14). Finally,
the divergence of F (k0) described by Eq. (13) implies that
the fidelity susceptibility χF in Eq. (33) also diverges at the
HSP as the system approaches the critical point. Physically,
this means the eigenstates |u−(k0)〉 and |u−(k0 + δk)〉 be-
come more and more orthogonal as the system approaches
the critical point. Because F (k0) and χF basically share the
same critical behavior, it justifies the usage of the exponent γ

for F (k0).

B. Nodal loop gap closure

In addition, the universality class of the 2D linear Dirac
models at the vertical transition lines, Fig. 3 reveals a transi-
tion line at J = 1/3. This is the transition line where MMs
lose their chirality in the finite-edge geometry, the Hamil-
tonian symmetries are enhanced, and the universality class
changes. In k-space, this line is characterized by the appear-
ance of gap closures along 1D nodal loops. This type of band
inversion is radically different than the 2D Dirac-cone gap
closures occurring at the vertical TPTs, when the number of
MMs changes. Similar 2D nodal-loop gap closures associated
with emergent symmetries had been previously discovered
only in periodically driven Chern insulators [47]. Here, we
demonstrate that these features are more ubiquitous than pre-
viously thought and appear to be a general feature of radical
drives.

Figures 5(g) to 5(i) illustrate the behavior of the system
across the horizontal TPT at J = 1/3. In this case, both the
quasienergy gap closures and the divergences in the curva-
ture function follow closed loops in the Brillouin zone.3 The
nodal loops are generated from the HSPs and progressively
expand outward as a function of T (cf. also Fig. 6). The
nodal loop divergences are a clear sign of a different critical
behavior belonging to a separate universality class. It is also
very interesting to note that this model accommodates quan-
tum multicriticality: at T = π

2 n, the nodal loops at J = 1/3
coexist with the 0D Dirac gap closures already discussed in
Sec. IV A.

3Because of frozen dynamics, the curvature function is also sensi-
tive to the corresponding (conical) gap closures already known for
the static model, as illustrated by the six bright dots in panels (h) and
(i). In our work, we focus on the more exotic nodal loop gap closures.

kx

ky

ky

kx

(a)

(c)

(g)

(e)

(b)

(d)

(f)

(h)

ky

ky

g)

FIG. 6. Comparison of the quasienergy dispersion at J = 1/3
(left panels) with the analytical prediction of the nodal loop gap
closures (right panels) for various values of the driving period T :
(a), (b) T = π , (c), (d) T = 3π

2 , (e), (f) T = 5π

2 , (g), (h) T = 3π .

C. Analytical derivation of nodal loops

We now discuss the topological properties of the nodal loop
gap closures in more detail. At J = 1/3, the Floquet stro-
boscopic operator becomes very easily tractable by directly
exponentiating the Pauli matrices to yield

Uk(T, 0) = cos

(
2T

3
|v|
)
12 − i sin

(
2T

3
|v|
)

v̂ · σ, (36)

where we introduced the vector

v =
⎛
⎝ sin (k · n1) + sin (k · n2)

cos (k · n1) + cos (k · n2) + 1
0

⎞
⎠, (37)

whose magnitude can be computed by using some trigono-
metric identities to be

|v| = 3 + 2[cos(k · (n1 − n2)) + cos(k · n1) + cos(k · n2)],
(38)

and v̂ = v
|v| . We can probe the gap closures by setting the di-

agonal (off-diagonal) elements of the Floquet operator to ±1
(zero), i.e., sin ( 2T

3 |v|) = 0, cos ( 2T
3 |v|) = ±1. This procedure

leads to two equations that describe implicit curves in k-space
where the quasienergy gap closes at 0 or π :√

3 + 2{cos[k · (n1 − n2)] + cos(k · n1) + cos(k · n2)}

= 3π

T
p1 (39)√

3 + 2{cos k · (n1 − n2) + cos(k · n1) + cos(k · n2)}

= 3π

T
(π + 2π p2), (40)
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0 π 4π2π 3π
T

ε

0

π

kx

-6 -4 -2 0 2 4 6
ky

-3 -2 -1 0 1 2 3

(c)(b)(a)

FIG. 7. Sections of the quasienergy dispersion across nodal
loops, showing linear gap closures. (a) kx = ky = 0, (b) T = 1.75π ,
ky = 0, (c) T = 1.75π , kx = 0.

where p1 and p2 are integers. The vectors n1, n2, and n1 − n2

span a triangle, such that the hexagonal structure and the
inversion symmetry of the lattice will be preserved in the
distribution of the gap closures in the quasienergy dispersion.

Figure 6 shows a comparison between the quasienergy
dispersion and the analytic form of the gap closures Eqs. (39)
and (40) for J = 1/3 and at various values of T . We can
clearly see that the analytical formulas precisely predict the lo-
cation of the quasienergy gap closures. These assume the form
of highly complex patterns of nodal loops that are perfectly
inversion and mirror symmetric with respect to the reciprocal
lattice vectors, their sum, and their difference. Note that the
nodal loops persist for all values T > π

2 , not just integer
multiples thereof. Upon increasing the value of T to very large
values, the gap closures cascade to a plethora of nodal loops,
as shown in Figs. 6(g) and 6(h).

A natural question to ask is whether the gap closes in the
same fashion across all nodal loops. To address this question,
we calculate the quasienergy dispersion analytically from
Eq. (27), obtaining

θ (k) = arccos

[
cos

(
2T

3
|v(k)|

)]
= 2T

3
|v(k)|mod2π,

(41)

where mod2π means that the dispersion must be plotted
within the first Floquet-Brillouin zone [−π, π ].

With this analytical result, we can easily plot the behavior
of the nodal loop gap closures as a function of T and k. This is
shown in Fig. 7. Figure 7(a) depicts the gap closures generated
at k = (0, 0) as T is increased, while Figs. 7(b) and 7(c) show
the gap closures at fix T for cuts along kx or ky. As we can see,
the gaps always close and reopen linearly as a function of T , kx

or ky, both at quasienergy zero and π . This is consistent across
all the nodal loops generated in the system. The linear gap-
closure behavior can be understood as a consequence of the
backfolding of the function 2T

3 |v| within the Floquet-Brillouin
zone.

D. Emergent time-reversal and mirror symmetries

We now come back to the role symmetries in the driven
system and how they are related to the different topological
phases. For any value of J , we verified that the system obeys
charge-conjugation symmetry with operator C = σ 0 ◦ K (K
represents complex conjugation). In the space of the strobo-
scopic Floquet Hamiltonian, this symmetry is equivalent to an
inversion symmetry with operator I = σ y. We can also appre-

t < T/3 T/3 < t < 2T/3 2T/3 < t < T

JxJy

Jz

n1n2

(a) all t (b)

FIG. 8. (a) Driving scheme at J �= 1/3, where the normalization
condition enforces two of the couplings to be equal. At every driving
step, the system is charge-conjugation (or equivalently inversion)
symmetric. (b) Driving scheme at the nodal loop J = 1/3, where all
the couplings are equal at every driving step. In this case, the effective
dynamics is frozen and the driving realizes an effective Hamiltonian
with additional mirror symmetry.

ciate this feature geometrically from Fig. 8(a), which shows
that at each driving step the system is inversion symmetric
with respect to the center of the hexagon.

We now examine how the symmetries are enhanced for
the nodal loop transitions appearing at J = 1/3. As one can
check directly by applying the transformations on Eq. (36)
(or equivalently the corresponding heff), this TPT is associated
with emerging time-reversal and mirror symmetries, given by

T = σ z ◦ K, (42)

Mx = σ 0, (43)

My = σ y. (44)

The geometric significance of the emerging mirror symmetry
can be understood from Fig. 8(b).

Mirror symmetries are already known to stabilize nodal
loop band inversions in static problems [101]. In fact, their
existence in combination with the nonspatial symmetries
guarantees the topological protection of the nodal loop gap
closures from certain mass terms in the effective stroboscopic
description. To understand this further, we note that the com-
bination of time reversal and charge conjugation generates
a chiral symmetry S = σ z, which prohibits any mass terms
Mσ z. We are then left with an effective Hamiltonian of the
form

hJ=1/3
eff = C[v̂xσ

x + v̂yσ
y], (45)

where C = − 2T |v|
3 . This is, in fact, the form that we obtain

from a direct calculation of heff from the Floquet operator at
J = 1/3. The mirror symmetry My acts as k · n1 ↔ −k · n2
and therefore sends vx → −vx while it leaves vy unchanged.
Therefore, any mass term Mσ x is forbidden by the My sym-
metry because vx + M �= −vx + M. The action of the mirror
symmetry Mx gives instead no topological protection because
it acts as k · n1 ↔ k · n2 and leaves both vx and vy invariant.
Therefore, mass terms of the type Mσ y are still allowed and
the nodal loops emerging in the driven Kitaev model do not
represent completely topologically protected band inversions.

E. Universality class of nodal loop gap closures

As a final analysis of the nodal-loop criticality, we de-
termine their universality class by defining and extracting
critical exponents from the stroboscopic curvature function of
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Eq. (28). We consider the stroboscopic curvature function as
we approach the nodal loop transition vertically (as a function
of J for a constant T ). Because the nodal loop gap closures
form ring-like structures around the origin, we need to first de-
cide how to define diverging quantities and critical exponents.
For simplicity, we will focus only on circular loops, and ignore
the hexagonal and “diamond shaped” loops that appear at
larger T , although we checked that the corresponding critical
exponents are the same.

Approaching the nodal loop transition line, the stro-
boscopic curvature function displays ring-like divergences
approaching the transition line, with diverging height and
shrinking width. For the circular nodal loops, we could then

use polar coordinates k =
√

k2
x + k2

y , φ = arctan(ky/kx ) to

parametrize the contribution to the integral of the curvature
function in a width 2δ around this ring:

CNL =
∫ 2π

0
dφ

∫ k0+δ

k0−δ

dk F (k, φ). (46)

Since the width of the Lorentzian ring is the same for all the
values of φ, we can approximate the above integral with a
one-dimensional integral along a radial direction, which for
simplicity we choose to be kx at fix ky = 0 (other directions
are equivalent):

CNL ≈ 2πk0

∫ kx+δ

kx−δ

dkx F (kx, ky = 0)

∝
∫ kx+δ

kx−δ

dkx
F0

1 + (kxξ )2
, (47)

i.e., we can reduce the problem to an effective one-
dimensional one. Then, conservation of CNL as J is brought
closer to the critical value Jc = 1/3 within the same phase
should imply a scaling law

ν = γ = 1 (48)

with

F0(J ) = 1

|J − Jc|γ , ξ (J ) = 1

|J − Jc|ν . (49)

To verify our analysis, we calculated the stroboscopic
curvature function for two different nodal loops—one at
quasienergy 0, in Fig. 9(a) and the other at quasienergy π

in Fig. 9(b)—and extracted its height and width (FWHM)
as a function of J for a cut at ky = 0.0 (other cuts lead to
equivalent results). The fits of these quantities indicate an
excellent agreement with the scaling law (48) for both kinds
of nodal loops.

We finally comment on the connections between 1D and
2D physics portrayed in this work. Essentially, there are two
mechanisms for dimensional reduction at play in the 2D Ki-
taev model: (1) the mapping from 2D to 1D at the static
level and (2) the effective 1D physics of the nodal loop
gap closures in the Floquet Hamiltonian. The mathematical

ξx

F0

fit F0(J)

fit ξx(J)

0.0

1.0

0.3 0.31 0.32 0.33

(a) (b)

0.3 0.31 0.32 0.33

FIG. 9. Scaling behavior of the ring-divergences in the strobo-
scopic curvature function in correspondence with a nodal loop gap
closure at (a) quasienergy 0 and (b) quasienergy π . The panels depict
the behavior of the normalized height F0 and inverse width ξ of the
curvature function for a cut at ky = 0. All the quantities can be very
well fitted by a curve f (J ) ∝ 1

|J−Jc | . Other types of cuts (not shown)
lead to an equivalent precision of the fit.

connection from a 2D Kitaev model to an effective 1D chain
is obtained by writing the Heisenberg equations of motion
for the Majorana operators of the honeycomb model, and
realizing that they describe a family of 1D Kitaev Hamiltoni-
ans where the chemical potential becomes k-dependent [31].
This mapping does not change the symmetry class. The 1D
Kitaev model hosts TPTs described by a Dirac low-energy
theory [38], which is exactly the same type of low-energy
theory exhibited by the TPTs in the 2D Kitaev model. The 1D
scaling laws (with only one radial scaling direction) exhibited
by the nodal loop gap closures are instead of a different
kind. These appear because the nodal loops, being extended
gap closures with a uniform “shrinking” property, effectively
behave as 1D objects, and have to be contrasted with the Dirac
low-energy theories mentioned above, where the gap closes at
0D points in k-space and therefore we need two directions to
define a scaling. In this case, symmetries are important. Nodal
loops appear only when additional symmetries constrain the
effective low-energy theory to not encompass the full Pauli
space (for instance when it is defined in terms of two Pauli
matrix instead of three like in this problem). These could
be different chiral symmetries, or the combination of mirror
symmetries with time-reversal like in the model considered in
this work.

V. CONCLUSION AND OUTLOOK

Based on the curvature function that integrates to the
topological invariant, we introduced Majorana-Wannier state
correlation functions and momentum-dependent fidelity sus-
ceptibilities to characterize TPTs in both the static and
periodically driven Kitaev model on the honeycomb lattice.
These quantities ubiquitously define critical exponents ν and
γ with respect to any static or dynamic tuning parameters,
from which the universality class can be determined. Our
analysis reveals the existence of cross-dimensional univer-
sality classes both in static and driven settings. While being
defined in a 2D geometry, the static model belongs in fact
to the universality class of 1D Dirac models. This result is
consistent with previous findings highlighting that the 2D
Kitaev model can be rewritten as a family of 1D Kitaev chains
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in the vortex-free sector [31]. We note that we only focused
on the vortex-free sector which is preserved by the driving
scheme, and extensions to the vortex-full sector are left for
future investigations.

Periodic driving can be used to engineer multiple and co-
existing 1D and 2D universality classes in the same system.
For the three-step driving protocol we consider, the strobo-
scopic and time-integrated topological invariants indicate a
sequence of TPTs where chiral MMs are created/annihilated.
As a result, the system hosts both the universality class of
prototype 2D Dirac models, and a 1D-like nodal loop type
of transition owing to the emergent time-reversal and mirror
symmetries when all the driving steps become equal. More-
over, the restoration of time-reversal symmetry makes the
MMs in the nodal loop phase nondispersive. By carefully
tuning in and out of such parameter region, it is therefore
possible to control the propagation velocity of the MMs, and
even swap their chirality by switching to the reversed driving
protocol.

Our results suggest that periodic driving offers an alter-
native to the use of magnetic fields to break time-reversal
symmetry, and consequently manipulate the universality class
and control the chirality of MMs. As a future question to
explore, it would be interesting to introduce an imbalance
between all the couplings Ji at each step. This perturbation
is expected to impact the TPTs, as it preserves charge-
conjugation symmetry but destroys the mirror symmetries.
Another direction to pursue is the extension to generalized
Kitaev models hosting parafermionic excitations [102]. We
also remark that the existence of nodal loop gap closures was
recently confirmed in experimental realizations of similar pe-
riodically driven honeycomb lattices in ultracold atoms [45].
The possibility of realizing nodal loop gap closures in these
settings could allow for a direct verification of their exotic
topology and universality class, either by state tomogra-
phy [103] or by continuously or suddenly quenching across
the TPT [104].
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APPENDIX A: ANALYTIC ESPRESSION
FOR THE FLOQUET OPERATOR

For the three-step drive presented in the main text, the
resulting Floquet operator can be computed as

UF (k) = exp

(
−i|v1| v̂1

|v1| · σ

)
exp

(
−i|v2| v̂2

|v2| · σ

)

× exp

(
−i|v3| v̂3

|v3| · σ

)
(A1)

with the vectors

v1 ≡ 2T

3

⎛
⎝ J sin(k · n1) + 1−J

2 sin(k · n2)

J cos(k · n1) + 1−J
2 cos(k · n2) + 1−J

2
0

⎞
⎠, (A2)

v2 ≡ 2T

3

⎛
⎝ 1−J

2 sin(k · n1) + J sin(k · n2)
1−J

2 cos(k · n1) + J cos(k · n2) + 1−J
2

0

⎞
⎠, (A3)

v3 ≡ 2T

3

⎛
⎝ 1−J

2 sin(k · n1) + 1−J
2 sin(k · n2)

1−J
2 cos(k · n1) + 1−J

2 cos(k · n2) + J
0

⎞
⎠. (A4)

By utilizing the formula for the exponential of Pauli matrices,
exp (−iλv̂ · σ ) = cos λ1 − 1 sin λv̂ · σ, we can multiply out
the three terms. After some tedious algebra, we arrive at the
following result

UF (k) =
(

A(k) B(k)
−B∗(k) A∗(k)

)
, (A5)

where the entries are given by

A(k) = cosh

(
T

3

√
2 − 4J + 6J2 + 2(−1 + J )2 cos(kx ) − 8J (−1 + J ) cos

( kx

2

)
cos

(√
3ky

2

))

× cosh

(
T

3

√
2 − 4J + 6J2 + 4(1 − J ) cos(kx ) + 2(1 − J2) cos

( kx

2

)
cos

(√
3ky

2

)
+ 2(1 − J )(1 − 3J ) sin

( kx

2

)
sin

(√
3ky

2

))

× cosh

⎛
⎜⎝T

3

√√√√[−2J cos

(
kx − √

3ky

2

)
+ (−1 + J )

(
1 + cos

(
kx + √

3ky

2

))]2

+
[

2J sin

(
kx − √

3ky

2

)
+ (−1 + J )

(
1 + sin

(
kx + √

3ky

2

))]2
⎞
⎟⎠

(A6)

and

B(k) = 2T 3

27

[
1 − J + exp

(
− i

2
(kx −

√
3ky)

)
(exp(ikx )(1 − J ) + 2J )

]{
− 1 + J + exp

[
− i

2
(kx −

√
3ky)

]

× [−1 + J − 2J exp(ikx )]

[
− J exp

(
i

2

√
3ky

)
(−1 + J ) cos

(
kx

2

)]
A(k). (A7)
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FIG. 10. Quasienergy dispersions as a function of momentum k
for semi-infinite strips with armchair edges (left panels) and zigzag
edges (right panels). The colored symbols indicate the driving param-
eters in the phase diagram of Fig. 1. The hollow circles and squares
indicate the edge states plotted in Fig. 11. All strips have N = 100
sites in the finite direction.

APPENDIX B: CHIRAL EDGE MODES

Here we analyze more in detail the stroboscopic edge
modes existing in each phase of the phase diagram for
semi-infinite strips with different edge geometries (zigzag
and armchair—see Fig. 1). To obtain the quasienergy
spectrum and the corresponding eigenmodes, we construct
tight-binding Hamiltonians by following the superunit cell
numbering presented in Fig. 1, and diagonalize the corre-
sponding effective Floquet Hamiltonian (24) as a function of
the (one-dimensional) momentum k defined for the infinite
direction.

The quasienergy dispersion as a function of the momentum
k for a few representative points in the (J, T ) phase diagram
is shown in Fig. 10. The bulk bands are separated by clear
band gaps, but connected by pairs of in-gap states of opposite
slopes. While for zigzag geometries the edge states of oppo-
site chirality always intersect at degenerate quasienergies ε =
0 or ±π , armchair geometries show the existence of crossings
at other quasienergies. Because such edge states away from
ε = 0 or ±π are energetically separated from their charge-
conjugated partners at −ε, they cannot hybridize to form a
purely real wave functions and hence they cannot correspond
to conventional Majorana edge states. For this reason, we will
instead focus on the states that cross ε = 0 or ±π . We have
verified that all of such states are localized at the edges of the
sample.

site 1001site 1001

ψ

1

0

ψψ
0.2

ψ

0.4

-0.4

(a)

(b)

(c)

(d)

trap laer trap laer
imaginary part

-0.2

1

0

FIG. 11. Eigenfunctions for some edge states appearing in
Fig. 10. Left (right) panels depict eigenfunctions for strips with
armchair (zigzag) edges. The hollow circles and squares indicate
which quasienergies they correspond to in Fig. 10.

For zigzag geometries, we find that the creation and annihi-
lation of edge modes perfectly reproduces the patterns found
in the stroboscopic phase diagram. Furthermore, the crossings
are pinned at k = 0 and k = ±, where their wave function is
purely real [see Figs. 11(c) and 11(d)], consistent with the
definition of Majorana edge modes. In particular, Fig. 11(e)
once again confirms the coexistence of zero and π edge modes
in the anomalous phases with C = 0. In Fig. 11(f), we can
instead recognize a pair of counterpropagating zero MMs.
Because these modes appear as floating bands within the gap,
their topological invariant W0 cancels out. Analogous edge
modes representing a weak topological phase and protected by
particle-hole and translation symmetry were observed for sim-
ilar driving schemes [77]. Static counterparts of such floating
band modes were shown to lead to second-order topological
superconducting states in the presence of s±-wave supercon-
ductivity [105].

For armchair geometries, on the other hand, the edge
modes appear unsystematically. Furthermore, even when the
in-gap modes intersect at quasienergy zero or π , their wave
function is never purely real,4 and sometimes not even edge-
localized [see Figs. 11(a) and 11(b)]. These states are thus
indistinguishable from other complex edge states occurring
at other arbitrary quasienergies and hence not necessarily
topological. This is consistent with previous findings on sim-
ilar systems—for instance graphene—where only the zigzag
edges host topological edge modes.

APPENDIX C: AANLYTICAL DERIVATION OF THE
VERTICAL TRANSITION LINES IN THE PERIODICALLY

DRIVEN KITAEV MODEL

We can understand the periodic pattern of vertical TPTs
by examining the form of the effective Hamiltonian, which
by virtue of the piecewise constant drive can be calculated
analytically. We consider the case J = 1 for simplicity, even
though our derivation can be generalized to arbitrary values of

4The intersections do not typically occur at k = 0 or k = π , but
we have verified that even when they do, the wave function is never
purely real.
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J . At J = 1, the entries of the Floquet operator are computed
to be

A(k) = cos3

(
2T

3

)
− (e−ikx + e−ik·n1 + e−ik·n2 )

× sin2

(
2T

3

)
cos

(
2T

3

)
, (C1)

B(k) = −(1 + eik·n1 + eik·n2 ) cos2

(
2T

3

)
sin

(
2T

3

)

+ eikx sin3

(
2T

3

)
. (C2)

From this form we can extract the points in the phase diagram
where we expect a quasienergy gap closure at θ = 0 or θ = π ,
by demanding B = 0 and A = ±1. From the first condition we
obtain

tan2

(
2T

3

)
= e−ik·ex + e−ik·n2 + e−ik·(n2−ex ), (C3)

which has a solution for the real variable T only if the right-
hand side is real. This fixes a condition for the location of the
gap closures in k-space, namely,

sin(kx ) = sin

(
−kx

2
+

√
3

2
ky

)
= sin

(
−3kx

2
+

√
3

2
ky

)
= 0,

(C4)
which can be compactly summarized as

k0 =
(

mπ

(2m̃ − m) π√
3

)
, m, m̃ ∈ Z. (C5)

Note that these points encompass a larger set than the HSPs
where the gap closes in the static system. For these values,
Eq. (C3) becomes

tan2

(
2T

3

)
= (−1)m + (−1)m̃ + (−1)m̃−m. (C6)

Depending on the chosen integers m and m̃, the right-hand
side can be either 3 (both m and m̃ even) or −1 (all other pos-
sibilities). To avoid complex numbers when taking the square
root to solve for T , only the positive number is a sensible
solution. Correspondingly, we obtain the analytic form for all
the vertical TPTs:

tan2

(
2T

3

)
= 3 ⇒ T = π

2
n, n ∈ N, (C7)

where we accounted for the periodicity of the tan function to
obtain all the other solutions.

We refine our analysis further by analyzing the structure of
the entry A. By inserting Eqs. (C5) and (C7) into Eq. (C1),
we can verify that it can indeed become ±1, depending on the
integers m, m̃, and n:

A(k0) = cos

(
2T

3

){
cos2

(
2T

3

)
− sin2

(
2T

3

)

× [(−1)m + (−1)m̃ + (−1)m̃−m]

}

=
⎧⎨
⎩

−1, m̃, m ∈ 2Z, n ∈ 2Z + 1,

+1, m̃, m ∈ 2Z, n ∈ 2Z,

± 1
2 , m̃, m /∈ 2Z.

(C8)

This formula demonstrates that at multiples of T = π
2 , we

will encounter a gap closure at the points k = (0, 0) and k =
(±2π,± 2π√

3
). This analysis hence completely describes the

characteristics of the stroboscopic topology already observed
empirically from the behavior of the curvature function and
the quasienergy dispersion.
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