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Abstract Predictions for the Higgs masses are a distinctive
feature of supersymmetric extensions of the Standard Model,
where they play a crucial role in constraining the parameter
space. The discovery of a Higgs boson and the remarkably
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precise measurement of its mass at the LHC have spurred
new efforts aimed at improving the accuracy of the theoretical predictions for the Higgs masses in supersymmetric models. The “Precision SUSY Higgs Mass Calculation Initiative”
(KUTS) was launched in 2014 to provide a forum for discussions between the different groups involved in these efforts.
This report aims to present a comprehensive overview of the
current status of Higgs-mass calculations in supersymmetric
models, to document the many advances that were achieved
in recent years and were discussed during the KUTS meet-
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ings, and to outline the prospects for future improvements in
these calculations.
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1 Introduction
The spectacular discovery of a scalar particle with mass
around 125 GeV by the ATLAS and CMS collaborations [1–
3] at CERN constitutes a milestone in the quest for understanding the physics of electroweak symmetry breaking
(EWSB). While the properties of the observed particle are
compatible with those predicted for the Higgs boson of the
Standard Model (SM) within the present experimental and
theoretical uncertainties [4], they are also in agreement with
the predictions of many models of physics beyond the SM
(BSM). For the latter, the requirement that the model under
consideration include a state that can be identified with the
observed particle can translate into important constraints on
the model’s parameter space.
One of the prime candidates for BSM physics is supersymmetry (SUSY), which predicts scalar partners for all SM
fermions, as well as fermionic partners for all bosons. A
remarkable feature of SUSY extensions of the SM is the
requirement of an extended Higgs sector, with additional neutral and charged bosons. In such models the couplings of the
Higgs bosons to matter fermions and to gauge bosons can
differ significantly from those of the SM Higgs. Moreover,
in contrast to the case of the SM, the masses of the Higgs
bosons are not free parameters, as SUSY requires all quartic scalar couplings to be related to the gauge and Yukawa
couplings. For example, in the minimal SUSY extension of
the SM, the MSSM, the tree-level mass of the lighter neutral
CP-even scalar in the Higgs sector is bounded from above
by the mass of the Z boson. However, radiative corrections
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involving loops of SM particles and their SUSY partners alter
the tree-level predictions for the Higgs masses, introducing
a dependence on all of the SUSY-particle masses and couplings. The most relevant corrections to the Higgs masses
in the MSSM are those controlled by the top Yukawa coupling, which involve the top quark and its scalar partners,
the stops. These corrections are enhanced by logarithms of
the ratio between stop and top masses, and also show a significant dependence on the value of the left–right stop mixing parameter X t . In particular, a SM-like Higgs boson with
mass around 125 GeV can be obtained in the MSSM with an
average stop mass M S of about 2 TeV when |X t /M S | ≈ 2,
whereas for vanishing X t the stops need to be heavier than
10 TeV.
Non-minimal SUSY extensions of the SM have also been
considered: in the next-to-minimal extension, the NMSSM,
the Higgs sector of the MSSM is augmented with a gaugesinglet complex scalar and its fermionic partner; the so-called
“μ-from-ν” extension, or μνSSM, includes right-handed
neutrinos and their scalar partners; models with Dirac gauginos include additional scalars and fermions in the adjoint
representation of their gauge groups. Most of these models feature additional tree-level contributions to the quartic
Higgs couplings, as well as additional contributions to the
radiative corrections to the Higgs masses. As a consequence,
the tree-level bound on the mass of the lightest neutral scalar
is in general relaxed, and a SM-like Higgs boson of suitable
mass can be obtained with smaller stop masses than in the
case of the MSSM.
Since the first realization of the importance of the radiative corrections in the early 1990s, an impressive theoretical effort has been devoted to the precise calculation of the
Higgs masses in SUSY extensions of the SM. This effort
focused initially on the simplest realization of the MSSM,
assuming the conservation of CP symmetry, R-parity and
flavor, but it eventually grew to include the most general
MSSM Lagrangian, as well as non-minimal SUSY extensions of the SM such as those mentioned above. The discovery of a Higgs boson in 2012 at CERN has given new
impetus to the quest for high-precision predictions for the
Higgs masses in SUSY models. First of all, the need for
multi-TeV stop masses (namely, M S  2 TeV, at least in the
MSSM) to ensure a Higgs mass of about 125 GeV implies
that the logarithmically-enhanced corrections controlled by
the top Yukawa coupling are particularly large. To obtain a
reliable prediction for the mass of the SM-like Higgs boson,
these corrections should be resummed to all orders in the
perturbative expansion by means of an effective field theory (EFT) approach. More generally, for the available information on the Higgs mass to be most effectively exploited
when constraining the parameter space of SUSY models, the
uncertainty of the theory prediction should ideally be below
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the experimental precision of the measurement, which has
already reached the per-mille level.
The uncertainty of the theory prediction for the Higgs
masses in a given SUSY model should be estimated for
each considered point of the SUSY parameter space. The
uncertainty has a “parametric” component, arising from the
experimental uncertainty of the SM input parameters, and a
proper “theory” component, arising from unknown corrections that are of higher order with respect to the accuracy of
the calculation. While the former can be straightforwardly
estimated, and is currently dominated by the uncertainty of
the top mass, the latter, which we are henceforth denoting
as “theory uncertainty”, requires a fair amount of guesswork
on the expected size of the uncomputed corrections. Rule-ofthumb estimates of about 3 GeV for the theory uncertainty
of the prediction for the SM-like Higgs mass in the MSSM
were provided in the early 2000s, based on the accuracy of
the then-available calculations and on the expectation that the
SUSY scale would be at most of the order of 1 TeV. While
the progress in the Higgs-mass calculations in SUSY models should have naturally entailed an overall reduction of the
theory uncertainty, further studies made it clear that the latter
can still vary substantially, depending on the specific region
of the SUSY parameter space that is being considered. Even
in the most favorable scenarios, the theory uncertainty of the
prediction for a SM-like Higgs mass in the MSSM remains at
the percent level, i.e. one order of magnitude larger than the
experimental precision of the measurement. For SUSY models beyond the MSSM only a few studies of the theory uncertainty of the Higgs-mass predictions have been performed so
far. The presence of additional particles and interactions contributing to the radiative corrections generally increases the
theory uncertainty in these models compared to the MSSM.
For specific regions in the parameter space, however, the
radiative corrections required to obtain a Higgs mass of 125
GeV, and thus the associated uncertainty, can be smaller than
is typically the case in the MSSM.
In order to address this situation and bring the theory
uncertainty of the Higgs-mass predictions in SUSY models
closer to the experimental precision, the “Precision SUSY
Higgs Mass Calculation Initiative” (KUTS)1 was launched
in 2014. The initiative aims to provide a forum for discussions between the different groups involved in the calculation
of the Higgs masses in SUSY models. Since its inception,
eleven KUTS meetings have taken place,2 discussing the
advances achieved over the years. These included: new fixedorder (FO) calculations of the Higgs masses in the MSSM
and other SUSY models; new EFT calculations for the all1

The acronym KUTS originates as an inside joke, which the authors
will explain on request.

2

The programs of the KUTS meetings are available at the web page
https://sites.google.com/site/kutsmh/.
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order resummation of large logarithmic effects; the improved
combination of FO and EFT calculations; efforts to provide
a reliable estimate of the theory accuracy as a function of the
SUSY parameters; new or improved computer codes for a
state-of-the-art numerical evaluation of SUSY Higgs boson
masses.
The purpose of this report is two-fold. On the one hand,
we aim to provide a comprehensive overview of the status
of Higgs-mass calculations in SUSY models. On the other
hand, we document the specific advances that were achieved
in recent years and were discussed during the KUTS meetings, and we outline the prospects for future improvements
in these calculations. The report is written as a non-technical
review, in which the interested reader is guided to the literature where detailed accounts of the different topics can be
found. In Sect. 2 we provide a general introduction3 to highprecision predictions for the Higgs masses in SUSY models;
in Sects. 3 to 5 we discuss in detail the recent advances in
the FO, EFT and “hybrid” calculations, respectively; Sect. 6
concerns the estimation of the theory uncertainty; Sect. 7
provides an outlook. Finally, we include in the Appendix a
survey of the existing public codes for Higgs-mass calculations in SUSY models.

powers of the vacuum expectation values (vevs) of the scalar
fields, vi . The minimum conditions of the scalar potential
relate the mass parameters in the tree-level mass matrix to
combinations of other mass parameters, couplings and vevs.
In SUSY models, the quartic scalar couplings are not free
parameters, but are related to combinations of the gauge couplings (via the D-term contributions to the scalar potential)
and of the Yukawa couplings (via the F-term contributions).
This leads to non-trivial relations among the scalar masses
and the other parameters of the model. For example, in the
MSSM – whose Higgs sector consists of two SU (2) doublets H1 and H2 with opposite hypercharge – one finds the
well-known tree-level formula for the masses of the lighter
and heavier CP-even Higgs bosons, denoted as h and H ,
respectively
2
Mh/H
=

1
2





M A2 + M Z2 ∓ (M A2 − M Z2 )2 + 4M A2 M Z2 sin2 2β ,

(3)

where Mi2j, 0 denotes the tree-level mass matrix written in
terms of renormalized parameters, and Mi2j ( p 2 ) collectively denotes the radiative corrections to the mass matrix.
The entries of Mi2j, 0 are in general combinations of mass
parameters (m i2j ) for the scalar fields and of products of trilinear (ai jk ) and quartic (λi jkl ) scalar couplings with appropriate

where M A is the mass of the CP-odd Higgs boson, M Z is the
mass of the Z boson, and tan β ≡ v2 /v1 is the ratio of the
vevs of the two doublets. This leads to the tree-level bound
Mh < M Z | cos 2β|, which is saturated for M A  M Z .
At each order in the perturbative expansion, the radiative corrections Mi2j ( p 2 ) in Eq. (2) include: momentumdependent contributions of the scalar self-energies, i j ( p 2 );
“tadpole” contributions, Ti , arising if the minimum conditions of the potential have been used to simplify the treelevel matrix; contributions of the renormalization constants
of the scalar fields, δ Z i j ; finally, counterterm contributions
arising from the renormalization of the parameters that enter
the lower-order parts of i j ( p 2 ). In a pure FO approach,
the radiative corrections to the scalar masses are obtained
by evaluating Mi2j ( p 2 ) as a power series in the various
coupling constants up to a certain order in the perturbative
expansion. For example, the numerically dominant one-loop
corrections to the Higgs mass matrix in the MSSM, i.e. those
involving top and stop loops and controlled only by the top
Yukawa coupling yt , are proportional to yt4 v 2 /(16π 2 ), where
v 2 ≡ v12 + v22 ≈ (174 GeV)2 . The dominant two-loop corrections are in turn proportional to yt6 v 2 /(16π 2 )2 and to
yt4 gs2 v 2 /(16π 2 )2 , where gs is the strong gauge coupling.4
We also note that the calculation of each physical scalar
mass Mi2 requires that Eq. (1) be solved at the complex pole
p 2 = Mi2 − ii Mi , which turns it into an implicit equation.
This can be solved either order by order or via a numerical
iterative solution. The latter approach leads to a mixing of

3

4

2 Calculating the Higgs masses in SUSY extensions of
the SM
2.1 Radiative corrections to the Higgs masses
The squared physical masses of a set of n scalar fields that
mix with each other are the real parts of the solutions for p 2
of the equation


det i j ( p 2 ) = 0,
(1)
where i j ( p 2 ) denotes the n × n inverse-propagator matrix,
p being the external momentum flowing into the scalar selfenergies. We can decompose i j ( p 2 ) as
− i i j ( p 2 ) = p 2 δi j − Mi2j, 0 − Mi2j ( p 2 ),

(2)

Due to the general nature of many of the concepts discussed in Sect. 2,
we shall omit all citations there; see Ref. [5] for a pedagogical review of
Higgs-mass calculations in SUSY models and an accompanying list of
references. However, we aim to provide a comprehensive bibliography
in the sections that follow.

123

With a slight abuse of notation, it has been common in the MSSM literature to denote the dominant one-loop corrections as O(αt ) and the dominant two-loop corrections as O(αt2 ) and O(αt αs ), where αt ≡ yt2 /(4π )
and αs ≡ gs2 /(4π ). We will follow this notation, although it leads to
ambiguities when more couplings are involved in the corrections.
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orders in the perturbative expansion, which can have undesirable consequences such as, e.g., a violation of gauge invariance by terms that are of higher order with respect to the
accuracy of the calculation.
The complexity of a calculation of radiative corrections
increases with the number of loops and the number of scales
(masses and external momenta) on which the corresponding loop integrals depend. At the one-loop level, a general
solution in terms of analytic functions is always possible,
and the most complicated functions entering one- and twopoint diagrams such as tadpoles and self-energies are simple
logarithms. Hence, fully analytic calculations of the one-loop
corrections to the Higgs masses are by now available for most
of the SUSY models considered in the literature. Beyond the
one-loop level, fully analytic results are currently available
only for special cases, and in general a numerical evaluation
of the loop integrals is required. On the other hand, much
simpler results for the two-loop and higher-order integrals
can be obtained analytically by adopting certain approximations; most notably, when setting the external momentum in the self-energy to zero, the two-loop integrals can be
expressed in terms of at most dilogarithms. In contrast, some
three-loop integrals with vanishing external momentum but
arbitrary masses still need to be evaluated numerically. In the
presence of hierarchies between some of the masses, however, analytical results for the three-loop integrals can be
obtained via asymptotic expansions. In order to obtain the
most accurate predictions available for the Higgs masses it
is standard practice to combine the full results for the oneloop corrections with approximate results for the higher-loop
corrections.
In the limit of vanishing external momentum, tadpole
and self-energy diagrams can be connected to the derivatives of the effective potential Veff = V0 + V , where V0
is the tree-level potential and V is the sum of one-particleirreducible (1PI) vacuum diagrams, expressed in terms of
field-dependent particle masses and couplings. In particular,
one has


∂V 
∂ 2 V 
, i j (0) = −
,
Ti = −
∂φi min
∂φi ∂φ j min

(4)

where the derivatives are evaluated at the minimum of Veff .
As it requires only the calculation of vacuum diagrams, followed by a straightforward application of the chain rule to
obtain the derivatives of V with respect to the Higgs fields
φi , the effective-potential approach typically allows for a
simpler calculation of tadpoles and zero-momentum selfenergies when compared to the direct calculation of Feynman
diagrams with one or two external legs. The two approaches
must of course give the same final result, as long as the same
approximations and the same renormalization conditions are
employed in each calculation.

Strictly speaking, the approximation of vanishing external
momentum in the two-loop corrections to a particle’s mass is
justified only if the tree-level mass of that particle can itself
be considered vanishing. For the mass of the lighter CP-even
Higgs boson of the MSSM, in view of the tree-level upper
bound Mh < M Z | cos 2β|, that approximation can be consistently adopted in the so-called “gaugeless limit”, in which the
electroweak (EW) gauge couplings g and g  are set to zero in
the two-loop corrections (indeed, this also implies M Z → 0).
In the gaugeless limit the two-loop corrections to the MSSM
Higgs masses depend only on the Yukawa couplings and on
gs ; the numerically dominant corrections are indeed those
of O(αt αs ) and O(αt2 ), while the corrections involving the
bottom and tau Yukawa couplings become relevant only at
large values of tan β. All complications of the non-Abelian
SU (2) × U (1) gauge group, such as, e.g., those related to
gauge fixing and ghost fields, are absent in this limit, and the
number of diagrams contributing to the Higgs-mass corrections is smaller than in the general case.
For the heavier CP-even scalar, as well as for the CP-odd
and charged scalars, the approximation of vanishing treelevel mass is in general not justified. However, in most of
the phenomenologically relevant MSSM scenarios the treelevel masses of the heavier Higgs bosons are large enough
that the impact of the radiative corrections is much reduced
with respect to the case of the lighter, SM-like Higgs boson.
In these scenarios, a precise calculation of the masses of the
heavier Higgs bosons is relevant only if their differences are
studied. For example, in the MSSM with complex parameters
a CP-violating mixing between the two heavy neutral states
can lead to resonance-type effects that sensitively depend on
the difference between their masses. In models beyond the
MSSM, the approximation of vanishing external momentum
in the two-loop corrections to the mass of the lighter Higgs
boson can be consistently adopted only if all of the couplings
contributing to its tree-level mass are in turn neglected. For
example, as will be discussed in Sect. 3.2, in the NMSSM this
approximation requires that the doublet-singlet superpotential coupling λ be set to zero along with the EW gauge couplings, in which case the two-loop corrections to the masses
of the Higgs bosons residing in the two SU (2) doublets correspond to those computed in the MSSM.
To illustrate the relevance of the radiative corrections to
the Higgs masses in SUSY models, we show in Fig. 1 the
predictions for the mass of the lighter CP-even Higgs boson
in a simplified MSSM scenario characterized by a degenerate
mass parameter M S for all SUSY particles as well as for the
heavier Higgs doublet. We choose tan β = 20 so that the
tree-level prediction for the lighter Higgs mass in Eq. (3)
essentially saturates its upper bound, i.e. Mhtree ≈ M Z . In
the left plot of Fig. 1 we show the prediction for Mh as a
function of M S for two values of the ratio X t /M S , where
X t is the left-right stop mixing parameter. In the right plot
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Fig. 1 The lighter CP-even
Higgs mass in the MSSM as a
function of a common SUSY
mass parameter M S and of the
stop mixing parameter X t
(normalized to M S ). Both
parameters are defined in the DR
scheme at the scale Q = M S
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Fig. 2 Values of the SUSY mass parameter M S and of the stop
mixing parameter X t (normalized to M S ) that lead to the prediction
Mh = 125.1 GeV, in a simplified MSSM scenario with degenerate
SUSY masses, for tan β = 20 (blue) or tan β = 5 (red)
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The logarithmic increase of Mh as a function of M S visible
in the left plot of Fig. 1 follows from the first term within
parentheses in Eq. (5), whereas the double-peaked dependence of Mh on X t visible in the right plot follows from the
second and third terms. We note that the one-loop correction
in Eq. (5) is symmetric with respect
√ to the sign of X t , and it is
maximized when X t /M S = ± 6. The asymmetry between
positive and negative X t visible in the right plot of Fig. 1
is a two-loop effect, arising from terms linear in X t in the
one-loop correction to the top mass. Finally, we stress that
the quartic dependence of the dominant one-loop correction
on Mt means that the prediction for the Higgs mass is particularly sensitive to the measured value of the top mass, as
well as to the choices made for the renormalization of Mt in
the computation of the Higgs-mass corrections beyond one
loop.
To further illustrate how the predictions for the SM-like
Higgs mass can constrain the parameter space of the MSSM,

123

2

FeynHiggs, Mh = 125.1 GeV

105

MS [GeV]

we set M S = 2 TeV and show instead the prediction for
Mh as a function of X t /M S . The yellow band in each plot
corresponds to Mh = 125.10 ± 0.14 GeV, as results from
a recent combination of Run-1 and partial Run-2 data from
ATLAS and CMS [6]. It appears from the plots in Fig. 1 that,
in this simplified MSSM scenario, a prediction for the Higgs
mass compatible with the measured value can be obtained
with stop masses of about 2 TeV when |X t /M S | ≈ 2, whereas
the stop masses need to exceed 10 TeV when X t = 0.
The predictions for Mh presented in Fig. 1 were obtained
with the latest version (2.17.0) of the code FeynHiggs,
and they account for most of the advances that will be
reviewed in Sects. 3–5. However, the bulk of the dependence
of Mh on M S and X t can be traced to the contributions of oneloop diagrams involving top and stops. In the limit M S  Mt ,
these so-called O(αt ) contributions can be approximated as

0
Xt /MS

we plot in Fig. 2 the lines in the (X t /M S , M S ) plane that, in
our simplified scenario with degenerate SUSY masses, lead
to the prediction Mh = 125.1 GeV. Note that neither theory
nor experimental uncertainties are taken into account in this
example. The lower (blue) line corresponds to tan β = 20,
while the upper (red) line corresponds to tan β = 5. The
overall shape of the blue and red lines in Fig. 2 follows from
the dependence on X t /M S of the Higgs-mass correction in
Eq. (5). In particular, the value of M S required to obtain an
acceptable prediction for Mh is minimal for |X t /M S | ≈ 2,
and it has a local maximum for |X t /M S | ≈ 0 (for very large
|X t /M S |, on the other hand, the EW vacuum is unstable).
Since for tan β = 20 the tree-level prediction for the lighter
Higgs mass in Eq. (3) is essentially maximized, the blue line
implies a lower bound on M S of about 2 TeV in this simplified scenario. On the other hand, the comparison between the
blue and red lines shows that, for lower values of tan β, larger
stop masses are required to obtain Mh ≈ 125 GeV, reflecting
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the tan β-dependence of the tree-level prediction. It is also
worth pointing out that, in more-complicated MSSM scenarios where, e.g., the gauginos are allowed to be lighter than
the stops, an acceptable prediction for Mh can be obtained
with somewhat smaller values for the stop masses than those
found here. In summary, the requirement that the theory
prediction for the SM-like Higgs mass agree with the measured value establishes non-trivial correlations between the
SUSY parameters. However, even in the idealized situation
of Fig. 2 where both experimental and theory uncertainties
are neglected, direct measurements of some of the SUSY
parameters will be necessary to obtain firm constraints on
the remaining ones.
2.2 Input parameters and renormalization schemes
When the theoretical prediction for an observable (e.g., the
physical mass of a particle) is computed beyond the leading
order in perturbation theory, it becomes necessary to specify a renormalization scheme for the parameters entering
the lower-order terms in the calculation. While the divergent parts of the counterterms are fixed by the requirement
that all divergences cancel out of the predictions for physical
observables up to the considered order in perturbation theory,
the finite parts of the counterterms define the renormalization scheme. Which choice of renormalization condition is
the most “sensible” for a given parameter may depend on a
combination of factors, including practical convenience (e.g.,
some choices can significantly simplify the calculations),
explicit gauge-independence, an improved convergence of
the perturbative expansion, and whether or not that parameter
can be connected to an already-measured physical quantity.
Technically the simplest renormalization scheme is “minimal subtraction” (MS), which only absorbs poles in =
(4 − D)/2 into the counterterms, where D is the number of space-time dimensions assumed for the dimensionally regularized theory. In fact, the MS scheme is a oneparameter class of schemes, distinguished by the renormalization scale Q on which the renormalized parameters
depend. Incomparably more popular than the MS scheme
itself is a variant, the MS scheme, related to MS by the simple rescaling Q 2 → Q 2 eγE /(4π ), where γE = 0.57721 . . .
is the Euler–Mascheroni constant. In SUSY theories, dimensional regularization (DREG) explicitly breaks the balance
between bosonic and fermionic degrees of freedom within a
superfield. Therefore, one usually works in a variant called
dimensional reduction (DRED), where this balance is reestablished by supplementing each D-dimensional vector
field Aμ (x) with a 2 -dimensional “ -scalar” Ã(x), where
x is the D-dimensional space-time variable. Applying the
modified minimal subtraction to this theory results in the DR
renormalization scheme (we remark that, beyond one loop,
the SUSY-preserving properties of this scheme have been
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explicitly proven only for limited classes of corrections). In
the prediction for a physical quantity the scale dependence of
the renormalized parameters cancels against an explicit logarithmic Q dependence in the radiative corrections, up to the
considered order in the perturbative expansion. The residual
scale dependence of the prediction is formally a higher-order
effect, and it is therefore often exploited as a (partial) estimate
of the theory uncertainty of the calculation.
Ideally, for a theory depending on a given number of free
parameters, an equal number of physical observables would
be chosen as input to determine those free parameters. In
that case, predictions for further observables in terms of the
input observables could be made within the theory. Such relations between physical observables are expected to be gaugeindependent and free of ambiguities from, for instance, the
recipe adopted for the treatment of tadpole contributions.
This does not necessarily hold, however, for the relations
between physical observables and parameters renormalized
in minimal-subtraction schemes. It is also worth noting that,
in these schemes, the contributions of arbitrarily heavy particles do not necessarily decouple from the predictions for
low-energy observables. Particular care is therefore needed
to avoid the occurrence of unphysical effects in calculations
where some of the input parameters are defined directly in a
minimal-subtraction scheme such as MS or DR rather than
being connected to a physical observable.
In order to directly relate the parameters entering the
Higgs-mass calculation to physical quantities, non-minimal
renormalization definitions can be chosen, which lead to nonvanishing finite parts of the counterterms. Among the physical quantities that can be used to define the parameters of
a given SUSY model, an obvious distinction can be made
between those that have already been measured and those
that are still unknown. The former include the gauge-boson
masses, the third-generation5 fermion masses, the Fermi constant G F and the strong gauge coupling αs (M Z ) (the latter
defined as a SM parameter in the MS scheme). For example, the Z -boson mass entering the tree-level mass matrix
for the MSSM Higgs masses can be naturally identified with
the measured pole mass, in which case the corresponding
counterterm involves the Z -boson self-energy. This kind of
renormalization condition is usually denoted as “on-shell”
(OS). Even if the alternative choice is made to renormalize
the Z -boson mass in a minimal-subtraction scheme, the corresponding MS or DR parameter still needs to be computed
starting from the measured pole mass at the required order
in the perturbative expansion.

5

A common approximation in Higgs-mass calculations in SUSY models consists in neglecting the corrections that involve the Yukawa couplings of the first two generations, as they are usually negligible with
respect to those that involve the third-generation couplings.
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In contrast, for parameters such as the masses and couplings of the SUSY particles, the choice of renormalization
conditions is a matter of convenience, depending also on
the kind of analysis that is being performed on the model’s
parameter space. When the parameters of the soft SUSYbreaking Lagrangian are obtained via renormalization-group
(RG) evolution from a set of high-energy boundary conditions, as in, e.g., the gravity-mediation or gauge-mediation
scenarios of SUSY breaking, they are naturally expressed in
the DR scheme. It might therefore be practical to perform the
computation of the radiative corrections to the Higgs masses
directly in that scheme, taking care to avoid the unphysical effects discussed above. If, on the other hand, the SUSY
parameters are taken as input directly at the TeV scale, we
may choose to express them in terms of yet-to-be-measured
physical observables. While an OS definition for the masses
of the SUSY particles can be formulated in an unambiguous
way and connects the mass counterterms to the particles’ selfenergies, for the parameters that determine their couplings
multiple options are available. For example, particles that
carry the same quantum numbers mix among each other, and
their couplings involve the rotation matrix that diagonalizes
their mass matrix. For 2×2 mixing, as in the case of the “left”
and “right” sfermions ( f˜L , f˜R ) that mix under EWSB, the
rotation matrix can be parametrized by a single mixing angle
(plus a phase, in the case of complex parameters). It is then
possible to express the couplings of the corresponding mass
eigenstates in terms of this angle, and impose a renormalization condition on the latter. A minimal-subtraction condition
would be straightforward, but it is known to be gauge dependent. A proper OS definition, connecting the angle to a physical process (such as a decay) that depends on it at tree level,
brings along a number of other disadvantages: the choice
of a specific process may destroy the symmetries between
the particles that mix, infra-red (IR) divergences may need
to be dealt with, and seemingly reasonable values for the
input parameters may in fact correspond to large couplings
that undermine the convergence of the perturbative expansion. An alternative non-minimal – but process-independent
– definition requires that, in the renormalization of any interaction vertex that involves external particles that mix, the
counterterm of the mixing angle cancel out the antisymmetric part in i j of the field-renormalization constants δ Z i j . This
definition, which is also commonly denoted as “OS”, is often
used for the renormalization of the sfermion mixing angles
in Higgs-mass calculations, although it too becomes gauge
dependent when EW corrections are taken into account.
A further complication of non-minimal schemes is that,
even if the renormalization conditions are imposed on the
masses and mixing angles of the SUSY particles, what is
often taken as input in phenomenological studies are the
underlying Lagrangian parameters. For example, in the case
of the third-generation squarks these parameters include the
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soft SUSY-breaking masses M Q̃ , Mt˜R and Mb̃ R , and the trilinear couplings At and Ab . The OS definition of the soft
SUSY-breaking parameters in the squark sector interprets
them as the parameters entering tree-level mass matrices for
stops and sbottoms that are diagonalized by the respective
OS mixing angles (defined as described above) and have the
pole squark masses as eigenvalues. However, the SU (2) relation Mb̃ L = Mt˜L = M Q̃ only applies to bare or minimallyrenormalized parameters. In this OS scheme, as a result
of EWSB, the soft SUSY-breaking mass entering the L L
element of the tree-level mass matrix for the sbottoms differs from its stop counterpart by a finite shift. One possible
approach is to identify Mt˜L with the renormalized doubletmass parameter M Q̃ , which is taken as input, and compute
Mb̃ L up to the required order in the perturbative expansion
by requiring that the bare doublet-mass parameter be the
same for stops and sbottoms. Alternatively, one can consider
a different OS scheme in which the relation Mb̃ L = Mt˜L is
imposed at the level of the renormalized soft SUSY-breaking
parameters. In that case only three of the squark masses can
be defined as pole masses, while the fourth is treated as a
dependent parameter, and is extracted from the SU (2) relation that connects at tree level the masses and mixing angles
of stops and sbottoms.
Even when OS renormalization conditions are chosen for
most of the parameters entering a given calculation, it is quite
common that some parameters are still defined via minimal
subtraction. For example, in the calculation of the radiative
corrections to the Higgs masses in the MSSM, both tan β and
the Higgs/higgsino mass parameter in the superpotential, μ,
are usually renormalized in the DR scheme. In addition, a DR
definition is commonly adopted for the field-renormalization
constants. We remark that the latter drop out of the Higgsmass calculation when Eq. (1) is solved order by order in the
perturbative expansion, but they are nevertheless introduced
to ensure that the individual elements of Mi2j ( p 2 ) are free
of UV divergences for all values of p 2 . Finally, the strong
gauge coupling, whose definition becomes relevant in Higgsmass calculations beyond two loops, is usually renormalized
by minimal subtraction, irrespective of the choices made for
the other parameters.
In general, Higgs-mass calculations that are performed at
the same order in the perturbative expansion but employ different renormalization schemes (or scales) will give numerically different results. Since this difference is formally of
higher order, it is often included in the estimate of the theory
uncertainty of the prediction. We stress that a proper comparison between two calculations must also take into account the
different definitions of the input parameters. In practice, the
values of the renormalized parameters must be given as input
in the scheme employed by one calculation, and then properly converted into the scheme employed by the other one.
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We postpone to Sect. 6 an extensive discussion of the available estimates for the theory uncertainty of the Higgs-mass
calculation in SUSY models.
2.3 Scenarios with large mass hierarchies
As shown in Sect. 2.1, for values of M A and tan β large
enough to saturate the tree-level bound, a SM-like Higgs
boson with mass around 125 GeV can be obtained in the
MSSM with an average stop mass M S of about 2 TeV for
|X t /M S | ≈ 2, whereas for vanishing X t the average stop
mass needs to be heavier than 10 TeV. Lower values of M A
and/or tan β imply lower predictions for Mh at tree level, and
thus require even larger stop masses to ensure that the mass
of the SM-like Higgs boson is compatible with the observed
value. In contrast, SUSY models beyond the MSSM – such
as, e.g., the NMSSM – may allow for additional contributions
to the tree-level prediction, alleviating the need for heavy
SUSY particles.
In general, when the SUSY scale M S is significantly larger
than the EW scale (which we can identify, e.g., with the topquark mass Mt ), any fixed-order computation of the Higgs
boson masses may become inadequate, because radiative
corrections of order n in the loop expansion contain terms
enhanced by as much as lnn (M S /Mt ). In the presence of a significant hierarchy between the scales, the computation of the
Higgs masses needs to be reorganized in an EFT approach:
the heavy particles are integrated out at the scale M S , where
they only affect the matching conditions for the couplings
of the EFT valid below M S ; the appropriate renormalization
group equations (RGEs) are then used to evolve these couplings between the SUSY scale and the EW scale, where the
running couplings are related to physical observables such
as the Higgs masses and the masses of fermions and gauge
bosons. In this approach, the computation is free of large
logarithmic terms both at the SUSY scale and at the EW
scale, while the effect of those terms is accounted for to all
orders in the loop expansion by the evolution of the couplings
between the two scales. More precisely, large corrections can
be resummed to the (next-to)n -leading-logarithmic (Nn LL)
order by means of n-loop calculations at the SUSY and EW
scales combined with (n + 1)-loop RGEs.
In the simplest heavy-SUSY scenario, all of the superparticles as well as all of the BSM Higgs bosons are clustered
around a single scale M S , so that the EFT valid below this
scale is just the SM. In this case, the Higgs-mass calculation
can rely in part on results already available within the SM:
full three-loop plus partial higher-loop RGEs for all parameters of the SM Lagrangian, and full two-loop plus partial
higher-loop relations between the MS-renormalized parameters and appropriate sets of physical observables at the EW
scale. These are combined with the matching conditions for
the Lagrangian parameters at the SUSY scale: in particu-

Page 9 of 71 450

lar, the calculation of the matching condition for the quartic
Higgs coupling at one, two and three loops is required for
the resummation of the large logarithmic corrections at NLL,
NNLL and N3 LL, respectively.
Of particular interest from the phenomenological point
of view are SUSY scenarios in which an extended Higgs
sector is within the reach of the LHC. In the MSSM, direct
searches for BSM Higgs bosons decaying to pairs of downtype fermions already constrain significant regions of the
parameter space, favoring relatively low values of tan β.
However, multi-TeV stop masses are required to obtain a
prediction for Mh of about 125 GeV when tan β  10,
and an EFT approach is warranted. If all SUSY particles
are heavy and all Higgs bosons are relatively light, the EFT
valid below the matching scale is a two-Higgs-doublet model
(2HDM), for which only the NLL resummation of large logarithms (i.e., one-loop matching conditions and two-loop
RGEs) is currently available in full. More complicated hierarchical scenarios include the case in which the BSM-Higgs
masses sit at an intermediate scale between the mass of the
observed Higgs boson and the heavy SUSY masses, “Split
SUSY” scenarios in which gauginos and higgsinos are significantly lighter than the sfermions, and, conversely, scenarios
in which they are significantly heavier. In each of these scenarios an appropriate tower of EFTs needs to be constructed,
which involves the computation of threshold corrections at
each of the scales where some heavy particles are integrated
out.
In the standard EFT approach to the Higgs-mass calculation, the high-energy SUSY theory is matched to a renormalizable low-energy theory (e.g., the SM or the 2HDM)
in the unbroken phase of the EW symmetry, and the effect
of non-zero vevs for the Higgs fields is taken into account
only at the EW scale. The resulting prediction for the Higgs
mass neglects terms suppressed by powers of v 2 /M S2 –
where we denote by v the vev of a SM-like scalar – which
can be mapped to the effect of non-renormalizable, higherdimensional operators in the EFT, such as, e.g., dimensionsix scalar interactions |φi |6 . These terms are clearly suppressed in the limit of large M S , where the resummation
of logarithmic corrections provided by the EFT approach is
numerically important. In contrast, the FO calculation of the
Higgs masses is performed directly within the SUSY theory and in the broken phase of the EW symmetry. Such a
calculation does not include the resummation of the large
logarithms, but does account for all M S -suppressed effects
up to the considered perturbative order. In order to obtain
accurate predictions for the Higgs masses in SUSY scenarios with intermediate values of M S , for which neither the
O(v 2 /M S2 ) effects nor the higher-order log-enhanced effects
are obviously negligible, a number of “hybrid” approaches
that combine existing FO and EFT calculations have been
proposed in recent years. To avoid double counting, these
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hybrid approaches require a careful subtraction of the terms
that are accounted for by both the FO and the EFT parts of
the calculation. Indeed, a few successive adjustments – some
of which stemmed from extensive discussions held during
the KUTS meetings – were necessary to obtain predictions
for the Higgs masses that, in the limit of very large M S , show
the expected agreement with the pure EFT calculation.
In the following three sections we will describe in detail
the recent advances of the Higgs-mass calculations in SUSY
models in the FO, EFT and hybrid approach, respectively.
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FeynHiggs [42–44], SOFTSUSY [45,46], SuSpect [47]
and SPheno [48,49].7
In the past two decades, a substantial effort has been
devoted to the improvement of the fixed-order calculation
of the Higgs masses in the MSSM, along three general directions:
• Completing the two-loop calculation, including momentum dependence and corrections controlled by the EW
gauge couplings;
• Including the dominant three-loop corrections;
• Extending the Higgs-mass calculation to the most general MSSM Lagrangian, including CP violation, R-parity
violation and the effects of flavor mixing in the sfermion
mass matrices.

3 Fixed-order calculations
3.1 Higgs-mass calculations in the MSSM
The MSSM [7,8] is one of the best-motivated extensions of
the SM, and probably the most studied. The existence of a
tree-level upper bound, Mh < M Z | cos 2β|, on the mass of
the lighter CP-even Higgs boson of the MSSM was recognized early in the 1980s [9]. One-loop radiative corrections
to this bound were computed shortly thereafter [10], but the
computation neglected the effects of the top Yukawa coupling, which at the time was expected to be sub-dominant
with respect to the EW gauge couplings, resulting in an upper
bound of at most 95 GeV. In 1989, two papers [11,12] did
consider the effect of large Yukawa couplings, but focused
on the corrections to mass sum rules as opposed to individual masses. In 1991, as the searches for the top quark and
for the stops implied that they all had to be heavier than the
Z boson, three seminal papers [13–15] pointed out that the
one-loop corrections controlled by the top Yukawa couplings
had the potential to increase the upper bound on Mh well
above M Z . The importance of these corrections for Higgs
phenomenology at the LEP was swiftly recognized [16–
18], and by the mid-1990s full one-loop calculations of the
Higgs masses had become available [19–24] for a simplified (“vanilla”) version of the MSSM Lagrangian that does
not include CP-violating phases, flavor mixing or R-parity
violation. Between the late 1990s and the mid 2000s [25–
39], two-loop corrections to the masses of the neutral6 Higgs
bosons were also computed, under the approximations of
vanishing external momenta in the self-energies and of vanishing EW gauge couplings (i.e., adopting the “gaugeless
limit” described in Sect. 2.1). This combination of full oneloop and gaugeless, zero-momentum two-loop corrections to
the Higgs masses was also implemented in widely-used codes
for the determination of the MSSM mass spectrum, such as

In the following we summarize the developments along
each of these directions, highlighting in separate paragraphs
the calculations that were presented and discussed during the
KUTS meetings.
3.1.1 Completing the two-loop calculation in the vanilla
MSSM
A full calculation of the two-loop corrections to the neutral Higgs masses in the effective potential approach – i.e.,
including the effects of the EW gauge couplings but neglecting external-momentum effects – became available already
in 2002 [50]. The two-loop self-energies of the scalar Higgs
bosons, see Eq. (4), were obtained from a numerical differentiation of the two-loop effective potential of the MSSM,
which had been computed in the DR renormalization scheme
and in the Landau gauge in Ref. [51]. It was found in Ref. [50]
that the two-loop EW corrections to the Higgs masses suffer
from singularities when the tree-level squared masses of the
would-be Goldstone bosons entering the loops pass through
zero, and it was argued that these singularities would be cured
by the inclusion of the full momentum dependence in the
two-loop self-energies.
Two years later, a calculation of the two-loop contributions involving the strong gauge coupling or the third-family
Yukawa couplings to the self-energies of both neutral and
charged Higgs bosons was presented in Ref. [52]. That calculation, based on the methods of Refs. [53,54], went beyond
the two-loop results implemented in the existing public codes
in that it included external-momentum effects, as well as
contributions involving the D-term-induced EW interactions
between Higgs bosons and sfermions. Combined with the
effective-potential results of Ref. [50], the results of Ref. [52]
provided an almost-complete two-loop calculation of the
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The two-loop corrections to the mass of the charged Higgs boson in
the MSSM were studied much later, under the same approximations, in
Refs. [40,41].
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Descriptions of all of the public codes mentioned here and thereafter,
including extended citation guides, are collected in the Appendix.
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Higgs masses in the MSSM – the only missing part being
the external-momentum dependence of diagrams that vanish when the EW gauge couplings are turned off (namely,
the part required to tame the above-mentioned singularities). However, no code for the calculation of the MSSM
mass spectrum based on the results of Refs. [50,52] was
made available, and the way those results were organized
did not lend itself to a straightforward implementation in the
existing public codes. On the one hand, the DR renormalization scheme adopted in Refs. [50,52] for the parameters of
the MSSM Lagrangian does not match the “mixed OS–DR”
scheme adopted in FeynHiggs, where some of the relevant
parameters (e.g., the mass and mixing terms for the squarks)
are renormalized on-shell [55–57]. On the other hand, the
implementation of the results of Refs. [50,52] in SOFTSUSY,
SuSpect and SPheno, which also adopt the DR scheme, is
complicated by the different choice of gauge in these codes,
and by the singularities in the two-loop, zero-momentum EW
corrections. The latter restrict the applicability of the calculation to the range of renormalization scales where none of
the tree-level Higgs masses is tachyonic, which may depend
on the considered scenario and should be determined by the
codes on a case-by-case basis.
Advances during KUTS In 2014, at the early stages of the
KUTS initiative, the two-loop contributions to the Higgs
self-energies that involve the strong gauge coupling and
the top Yukawa coupling, i.e. those denoted as O(αt αs ),
were computed again with full momentum dependence in
Refs. [58,59]. In particular, Ref. [58] relied on the sectordecomposition algorithm of Refs. [60,61] for the numerical
calculation of the two-loop integrals, and adopted the mixed
OS–DR renormalization scheme of FeynHiggs. Reference [59] relied instead on the methods of Refs. [53,54] for
the loop integrals, and obtained results both in the DR scheme
and in a mixed OS–DR scheme. Reference [59] also computed the two-loop corrections that involve both the strong
gauge coupling and the EW couplings, under the approximation that the only non-vanishing Yukawa coupling is the top
one.8 The DR results of Ref. [59] were found to be in full
agreement with those of the earlier Ref. [52]. On the other
hand, a discrepancy between the OS–DR results of Ref. [59]
and those of Ref. [58] was traced to different renormalization prescriptions for the parameter tan β and for the fieldrenormalization constants. The scheme dependence associated with the former is numerically small, while the latter
enter the prediction for the Higgs mass only at higher orders,
and their effect can be considered part of the theory uncertainty [62]. As to the numerical impact of the corrections,
it was found that both the momentum-dependent part of the
These mixed EW–QCD corrections are often called O(ααs ), which
highlights the ambiguity of such notation: for example, they include
both terms proportional to g 4 gs2 and terms proportional to g 2 yt2 gs2 .
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O(αt αs ) corrections and the whole O(ααs ) corrections can
shift the prediction for the Higgs mass by a few hundred MeV
in representative scenarios with stop masses of about 1 TeV,
but there can be significant cancellations between the two
classes of corrections. Finally, in 2018, Ref. [63] computed
all of the two-loop corrections to the Higgs mass that involve
the strong gauge coupling, including also the mixed EW–
QCD effects, with full dependence on the external momentum and allowing for complex parameters. In the limit of real
parameters, the calculation of Ref. [63] improved on the one
of Ref. [59] in that it included also the effects of Yukawa
couplings other than the top.
3.1.2 Dominant three-loop corrections
Another obvious direction for the improvement of the fixedorder calculation of the Higgs masses in the MSSM is the
inclusion of three-loop effects. The logarithmic terms in the
three-loop corrections to the mass of the lighter, SM-like
Higgs scalar can be identified in the EFT approach by solving
perturbatively the appropriate system of boundary conditions
and RGEs, without actually computing any three-loop diagrams (see Sect. 4 for further details). In the approximation
where only the top Yukawa coupling and the strong gauge
coupling are different from zero, the three-loop logarithmic
terms were computed at LL in Ref. [64], at NLL in Ref. [65]
and at NNLL in Ref. [66].
The first genuinely three-loop computation of the corrections to the lighter Higgs mass was presented in Refs. [67,68].
It was restricted to the terms of O(αt αs2 ), i.e. those involving
the highest power of the strong gauge coupling, which can
be consistently computed in the limit of vanishing external
momentum. Since some three-loop integrals cannot currently
be solved analytically for arbitrary values of the masses, a
number of possible hierarchies among the SUSY masses was
considered, for which analytical results can be obtained via
asymptotic expansions. The relevant parameters were renormalized in the DR scheme, with the exception of the stop
masses for which a modified scheme, denoted as MDR, was
introduced in scenarios with a heavy gluino. Indeed, in the
DR scheme potentially large contributions proportional to
powers of the gluino mass M3 affect the corrections to the
Higgs mass already at two loops [33].9 In the MDR scheme of
Refs. [67,68] the corrections proportional to M32 are instead
absorbed in the definition of the squared stop masses. It was
found that the three-loop O(αt αs2 ) corrections to the Higgs
mass are typically of the order of a few hundred MeV in scenarios with stop masses of about 1 TeV. These corrections
were made available in the public code H3m [68], which relies
on FeynHiggs for the one- and two-loop parts of the calcu-
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These contributions cancel out if the stop masses and mixing are
defined on-shell [29,33].
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lation. Since in FeynHiggs the parameters in the top/stop
sector are renormalized in the OS scheme, an internal conversion of the relevant one- and two-loop corrections to the
DR (or MDR) scheme is performed within H3m.
Advances during KUTS In 2014, Ref. [69] re-examined the
two-loop determination of the DR-renormalized top mass of
the MSSM, which enters the corrections to the Higgs mass
in the three-loop calculation of Refs. [67,68]. It was shown
that the renormalization-scale dependence of the Higgs-mass
prediction of H3m can be improved by performing the conversion from the MS-renormalized top mass of the SM (in
turn extracted from the pole mass) to the DR-renormalized
top mass of the MSSM at a fixed scale of the order of
the SUSY masses. In 2017, the three-loop corrections of
Refs. [67,68] were implemented in the stand-alone module
Himalaya [70], which can be directly linked to codes that
perform the two-loop calculation of the MSSM Higgs masses
in the DR scheme. In 2018, Ref. [71] studied the compatibility of DRED with SUSY at three loops, extending the earlier
analyses of Refs. [72–74]. It was shown that, in the gaugeless limit, the Slavnov–Taylor relations expressing SUSY
invariance are respected by DRED, and no SUSY-restoring
counterterms are required. Finally, in 2019 the O(αt αs2 ) corrections to the lighter Higgs mass in the limit of vanishing external momentum were computed for arbitrary values
of the SUSY masses in Refs. [75,76]. The three-loop integrals that do not have analytical solutions were computed
numerically with the methods of Ref. [77]. The effects of the
O(αt αs2 ) corrections on the prediction for the Higgs mass
were found to be in good agreement with those of the corresponding corrections implemented in H3m.

3.1.3 Beyond the vanilla MSSM
Going beyond the simplified MSSM Lagrangian considered
in the previous sections, the direction that has received the
most attention so far is the inclusion of the effects of complex parameters in the calculation of the Higgs boson masses
and mixing. At tree level, CP symmetry is conserved in the
MSSM Higgs sector. In the presence of complex parameters in the MSSM Lagrangian, however, radiative corrections
induce a mixing among the CP-even bosons, h and H , and
the CP-odd boson, A, such that beyond tree level they combine into three neutral mass eigenstates usually denoted as
h i (with i = 1, 2, 3). Since the CP-odd boson mass M A
is no longer a well-defined quantity beyond tree level, it
is convenient to express the tree-level mass matrix for the
neutral Higgs bosons in terms of the charged-Higgs mass
M H ± . The dominant one-loop corrections to the Higgs mass
matrix in the presence of complex parameters, under various approximations, were computed between the late 1990s
and the early 2000s in Refs. [78–86] (the calculations of
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Refs. [80,82,85] also included two-loop leading-logarithmic
terms). Full calculations of the one-loop corrections became
available in 2004 [87] and in 2006 [88], and the two-loop
O(αt αs ) corrections were computed in 2007 [89]. The results
of Refs. [81,82,85,87] were implemented in the public code
CPsuperH [90–92], whereas the results of Refs. [88,89]
were implemented in FeynHiggs. For the two-loop corrections other than O(αt αs ), which were only known for real
MSSM parameters at the time, the dependence on the relevant phases was approximated in FeynHiggs through an
interpolation between the corrections obtained with positive
and with negative values of the corresponding parameters.
Another direction of development for the Higgs-mass calculation beyond the vanilla MSSM was the inclusion of
the effects of the mixing between different generations of
sfermions. In the most general MSSM Lagrangian, the soft
SUSY-breaking mass and trilinear-interaction terms for the
sfermions are 3 × 3 matrices in flavor space. After EWSB,
all sfermions with the same electric charge mix with each
other, via 6 × 6 mass matrices for the up- and down-type
squarks and the charged leptons, and a 3 × 3 mass matrix for
the sneutrinos. A calculation of the one-loop corrections to
the Higgs masses allowing for generic mixing between the
second and third generations of squarks was first performed
in 2004 [93] (for further studies of the effects of stop-scharm
mixing see also Refs. [94,95]). A version of the calculation
of Ref. [93] extended to full three-generation mixing was
implemented in FeynHiggs, and was later cross-checked
(and amended) in Ref. [96]. It was found that corrections to
the mass of the lighter Higgs boson of up to several GeV can
arise in the presence of large mixing between the second and
third generations in the soft SUSY-breaking trilinear couplings, although for down-type squarks the constraints from
B physics must be taken into account. Finally, the effects
of slepton-flavor mixing on the one-loop corrections to the
Higgs masses were studied in Ref. [97], and found to be very
small in the considered scenarios.
Advances during KUTS A fruitful line of activity in recent
years has been the extension to the case of complex MSSM
parameters of all two-loop corrections to the Higgs masses
that were implemented in FeynHiggs beyond O(αt αs ). In
2014, the two-loop corrections of O(αt2 ), i.e. those involving only the top Yukawa coupling, were computed in the
limit of vanishing external momentum in Refs. [98–100]. In
2017, the calculation of the two-loop Yukawa-induced corrections was extended to O(αt2 , αt αb , αb2 ) in Ref. [101], thus
accounting for the terms controlled by the bottom Yukawa
coupling, which are relevant for large tan β, but still in
the limit of vanishing momentum. Finally, as mentioned in
Sect. 3.1.1, a complete calculation of the two-loop corrections that involve the strong gauge coupling, including the
full dependence on the external momentum, was presented
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in 2018 in Ref. [63]. All of these calculations adopted the
mixed OS–DR scheme of FeynHiggs, see Refs. [55–57],
allowing for a seamless implementation in the code, and
they collectively removed the need for approximations in
the dependence of the two-loop corrections on the complex
parameters. They also provided useful cross-checks of the
earlier calculations of Refs. [34,37,59] for the case of real
MSSM parameters.
Another independent line of activity in recent years
stemmed from the inclusion of the two-loop corrections to
the Higgs masses in SARAH [102–107], a package that automatically generates versions of the “spectrum generator”
SPheno for generic, user-specified BSM models. The calculation of the Higgs masses employs the DR renormalization scheme, and in the two-loop part it is restricted to the
gaugeless limit and to the approximation of vanishing external momentum. It relies on the earlier results of Ref. [108]
for the complete two-loop effective potential in a general
renormalizable theory, which is adapted within SARAH to
the specific BSM model under consideration. In the original
2014 paper describing the two-loop extension of SARAH,
Ref. [109], the derivatives of the effective potential were
determined numerically, but an analytic computation of the
derivatives was provided soon thereafter in Ref. [110]. This
new version of SARAH was quickly put to work in a variety of SUSY (as well as non-SUSY) extensions of the SM.
For what concerns the vanilla MSSM, Ref. [110] provided
a useful cross-check of the DR formulas for the two-loop
corrections to the Higgs masses implemented in the standard version of SPheno, namely those of Refs. [33–38].
Beyond the vanilla MSSM, in 2014 Ref. [111] studied the
effects of R-parity violating couplings, showing that they
can induce positive corrections to the lighter Higgs mass of
up to a few GeV. In 2015, Ref. [112] studied the effects of
flavor mixing in the soft SUSY-breaking terms, finding that
a large stop-scharm-Higgs coupling can induce shifts of a
few GeV in the two-loop corrections to the lighter Higgs
mass. Finally, in 2016 Ref. [113] studied the dependence
of the Higgs masses on CP-violating phases for the MSSM
parameters. A direct comparison with the earlier results of
Refs. [88,89,98–100] was, however, not feasible, due to the
different (namely, mixed OS–DR) renormalization scheme
employed in that set of calculations.
3.2 Higgs-mass calculations in the NMSSM
In the NMSSM – for reviews, see Refs. [114,115] – the
Higgs sector is augmented with a gauge-singlet superfield10
10

Here and thereafter, a superfield is denoted by a “hat” over the symbol
used for its scalar component. We adopt the conventions of Ref. [115]
for the signs of the parameters in the superpotential and in the soft
SUSY-breaking Lagrangian.
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Ŝ. The simplest and most-studied version of the NMSSM
involves a Z 3 symmetry that forbids terms linear or quadratic
in the Higgs superfields. The superpotential mass term for
the MSSM Higgs doublets is replaced by a trilinear singletdoublet interaction, plus a cubic interaction term for the singlet
κ
(6)
μ Ĥ1 Ĥ2 −→ λ Ŝ Ĥ1 Ĥ2 − Ŝ 3 ,
3
and the corresponding term in the soft SUSY-breaking scalar
potential is replaced as
κ
(7)
Bμ H1 H2 −→ λ Aλ S H1 H2 − Aκ S 3 .
3
In addition, the potential contains a mass term m 2S |S|2 for
the singlet. For appropriate values of the soft SUSY-breaking
parameters the singlet takes a vev, vs ≡ S , inducing effective μ and Bμ parameters for the doublets11 :
μeff = λ vs ,

Bμ eff = λ vs (Aλ + κ vs ).

(8)

This provides a solution to the so-called “μ problem” of
the MSSM, i.e. the question of why the superpotential mass
parameter μ should be at the same scale as the soft SUSYbreaking parameters.
In the absence of complex parameters in the NMSSM
Lagrangian, the CP-even component of the singlet mixes with
the CP-even components of the two doublets via a 3×3 mass
matrix, while its CP-odd component mixes with the CP-odd
boson A via a 2 × 2 mass matrix (after the combination of
CP-odd components of the doublets that corresponds to the
neutral would-be-Goldstone boson is rotated out). In turn, the
fermionic component of the singlet superfield – the singlino
– mixes with the neutral components of higgsinos and EW
gauginos via a 5 × 5 mass matrix. Even in the CP-conserving
case, the presence of mixing in the CP-odd sector makes it
unpractical to express the tree-level mass matrix of the CPeven bosons in terms of a pseudoscalar mass, as is done in
the MSSM. The matrix is usually expressed either directly in
terms of Aλ or in terms of M H ± , which at tree level is given
by:
2
MH
± =

Bμ eff
2
+ MW
−λ2 v 2 ,
sin β cos β

(9)

where we define tan β ≡ v2 /v1 and v 2 ≡ v12 + v22 ≈
(174 GeV)2 as in the MSSM. Beyond tree level, Aλ is usually renormalized in the DR scheme, whereas M H ± is usually identified with the pole mass. For non-zero phases of
the parameters in the Higgs sector, CP violation can arise in
the NMSSM already at tree level. In this case all of the neutral Higgs bosons mix via a 5 × 5 mass matrix (again, after
the neutral would-be-Goldstone boson is rotated out). As in
11

In the equations that illustrate the NMSSM Higgs sector we assume
for simplicity that all parameters are real.
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the case of the MSSM, the radiative corrections can in turn
induce CP violation in the Higgs sector in the presence of
non-zero phases for the Higgs-sfermion trilinear couplings
and for the gaugino and higgsino mass parameters.
In the NMSSM, the upper bound on the mass of the lightest
CP-even boson h 1 is weaker than the corresponding bound
on h in the MSSM, thanks to an additional contribution to
the quartic Higgs coupling controlled by the singlet-doublet
superpotential coupling:
Mh21 < M Z2 cos2 2β + λ2 v 2 sin2 2β.

(10)

In principle, this allows for a smaller contribution from radiative corrections in order to reproduce the observed value of
the SM-like Higgs mass. Note that the second contribution
to the upper bound in Eq. (10) is significant only for small or
moderate tan β, which in turn suppresses the first contribution. Large values of λ are thus required for Mh 1 to be significantly larger than M Z at tree-level. However, if λ is larger
than about 0.7–0.8 at the weak scale it develops a Landau
pole below the GUT scale, in which case the NMSSM can
only be viewed as a low-energy effective theory to be embedded in a further-extended SUSY model. On the other hand,
if λ → 0, with Aλ held fixed, the singlet and the singlino
decouple from the Higgs and higgsino sectors, respectively.
If in addition vs → ∞, with both λ vs and κ vs held fixed,
one recovers the so-called “MSSM limit” of the NMSSM.
In this limit, the masses and couplings of the Higgs doublets
are exactly the same as in the MSSM, with the effective μ
and Bμ parameters given in Eq. (8).
The mechanism to dynamically generate a superpotential mass term for the Higgs doublets via the coupling to
a singlet was proposed already in 1975 [116], and again
by several groups in the early 1980s [117–121]. The first
detailed studies of the Higgs sector of the NMSSM at tree
level date to 1989 [122,123]. However, in the course of
the following two decades the radiative corrections to the
Higgs masses were computed only at one loop, for vanishing external momentum and, with few exceptions, in the
gaugeless limit. In the CP-conserving NMSSM, analytic
formulas for the quark/squark contributions were obtained
in the effective potential approach in Refs. [124–129]; the
Higgs/higgsino contributions controlled by λ and κ were
obtained in Ref. [128] from a numerical differentiation of the
corresponding contributions to the one-loop effective potential; Ref. [130] computed the leading-logarithmic terms of
the one-loop corrections induced by Higgs, chargino and
neutralino loops, including also the effects of the EW gauge
couplings. For the NMSSM with complex parameters, the
one-loop corrections to the Higgs masses (including the EW
effects) were computed in the effective potential approach in
Refs. [131–133].
In 2009, a one-loop calculation of the corrections to the
neutral Higgs masses in the NMSSM with real parameters
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was presented in Ref. [134], under the sole approximation
of neglecting the Yukawa couplings of the first two generations. One year later that one-loop calculation was replicated (including also the tiny effects from the first-twogeneration Yukawa couplings) and extended to the charged
Higgs mass in Ref. [135], relying on an early version of
SARAH [102–104]. Both calculations assumed that the treelevel mass matrices for the Higgs bosons are fully expressed
in terms of DR-renormalized parameters, and included the
necessary one-loop formulas to extract the EW gauge couplings and the parameter v from a set of physical observables (e.g., Ref. [134] used M Z , MW and the muon decay
constant G μ ). In 2011 the one-loop calculation of the Higgsmass corrections was performed again in Ref. [136], where
several renormalization schemes were considered: the pure
DR scheme, in which the earlier results of Refs. [134,135]
were reproduced; a mixed OS–DR scheme in which the treelevel mass matrices are expressed in terms of the physical
masses M Z , MW and M H ± , the electric charge e in the Thomson limit, plus the DR parameters tan β, vs , λ, κ and Aκ ; a
scheme, denoted as OS, in which tan β is still DR, but vs , λ,
κ and Aκ are traded for combinations of the CP-odd Higgs
masses and of the chargino and neutralino masses. In 2012
the one-loop calculation of the Higgs masses in the mixed
OS–DR scheme of Ref. [136] was extended to the NMSSM
with complex parameters in Ref. [137]. Also, SARAH was
used in Ref. [138] to extend the one-loop calculation of
Ref. [135] to the most general version of the NMSSM, known
as GNMSSM, in which there is no Z 3 symmetry that forbids
linear and quadratic terms in the superpotential and in the
soft SUSY-breaking potential.
Beyond one loop, an effective-potential calculation of the
O(αt αs , αb αs ) corrections12 to the masses of the neutral
Higgs bosons in the NMSSM with real parameters was also
presented in Ref. [134]. The results of this calculation are
restricted to the gaugeless and vanishing-momentum limits,
and assume that all of the relevant parameters in the tree-level
mass matrices and in the one-loop corrections are renormalized in the DR scheme. Note that, in contrast to the case
of the MSSM, in the NMSSM the parameter v enters the
tree-level Higgs mass matrix even in the gaugeless limit, in
combination with the coupling λ, and it should therefore be
extracted from physical observables at two loops. However,
the effective-potential approach of Ref. [134] does not provide the necessary two-loop contributions to the gauge-boson
self-energies. Moreover, as already mentioned in Sect. 2.1, a
vanishing-momentum calculation of the lightest Higgs mass
We recall that by O(αt αs , αb αs ) we denote the two-loop corrections
to the Higgs masses that involve the strong gauge coupling and the
third-family Yukawa couplings in the gaugeless limit. In the NMSSM,
these corrections include terms that depend also on various powers of
the singlet-doublet coupling λ.

12
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in which λ itself is not considered vanishing misses corrections that are of the same order in the couplings as those that
are being computed, because the mass receives a tree-level
contribution proportional to λ, see Eq. (10). In summary, it
can be argued that an effective-potential calculation such as
the one of Ref. [134] fully captures the O(αt αs , αb αs ) corrections to the mass of the lightest, SM-like Higgs boson
only in the limit λ → 0, where they reduce to those already
computed for the MSSM in Ref. [33].
The calculations described above were promptly implemented in public codes for the determination of the NMSSM
mass spectrum. In particular, the full one-loop and O(αt αs ,
αb αs ) two-loop corrections in the DR scheme from Ref. [134]
were implemented in NMSSMTools [139,140] and in the
NMSSM-specific version of SOFTSUSY [141]. These codes
included also the MSSM results of Ref. [37] for the remaining
two-loop corrections controlled by the third-family Yukawa
couplings, in the gaugeless and vanishing-momentum limits. The inclusion of these additional corrections, applied
only to the 2 × 2 sub-matrix that involves the Higgs doublets, allowed the codes to better reproduce the MSSM predictions for the Higgs masses in the “MSSM limit” of the
NMSSM. The one-loop corrections in the DR scheme from
Ref. [135] were made available in the NMSSM-specific version of SPheno that is generated automatically by SARAH.
These one-loop corrections, combined with the two-loop corrections of Ref. [134] and, for the MSSM limit, Ref. [37],
were also implemented in FlexibleSUSY [142,143], a
package that relies on SARAH to generate C++ spectrum
generators for generic, user-specified BSM models. Finally,
the one-loop corrections of Refs. [136,137] were implemented in NMSSMCALC [144], which computes masses and
decay widths of the Higgs bosons in the NMSSM with
either real or complex parameters. The code adopts a variant of the mixed OS–DR scheme defined in Ref. [136],
slightly modified to comply with the input format for complex parameters established in the “SUSY Les Houches
Accord” (SLHA) [145,146]. In addition, NMSSMCALC provides the option to use the DR parameter Aλ instead of the
pole mass M H ± as input for the mixed OS–DR scheme.
Advances during KUTS Broadly speaking, the recent
developments in the Higgs-mass calculations for the NMSSM
followed four directions which we will discuss separately
below: the calculation of two-loop corrections tailored for
inclusion in SARAH/SPheno and in NMSSMCALC, respectively; the development of an NMSSM-specific version of
FeynHiggs; detailed comparisons between the predictions
of the available codes.
In 2014, as soon as the automatic Higgs-mass calculation
in SARAH was extended to two loops [109], the code was used
to reproduce the O(αt αs , αb αs ) corrections of Ref. [134].
Shortly thereafter, in Ref. [147], it was used to compute
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the remaining two-loop corrections to the full Higgs-mass
matrices of the NMSSM with real parameters, in the DR
renormalization scheme and in the gaugeless and vanishingmomentum limits. Compared to the earlier practice of including the two-loop corrections beyond O(αt αs , αb αs ) only in
the MSSM limit, the calculation of Ref. [147] allowed for
the inclusion of the two-loop corrections controlled by the
NMSSM-specific superpotential couplings λ and κ. In 2016,
the calculation was extended to the NMSSM with complex
parameters in Ref. [113]. It should be noted that the two-loop
Higgs-mass calculations of Refs. [109,113,147] share the
limitations described earlier for the calculation of Ref. [134]:
the limit of vanishing momentum misses terms that are of the
same order in the couplings as those included in the two-loop
result, and the extraction of the DR-renormalized parameter
v from physical observables is performed only at one-loop
order.
A peculiarity of the Higgs-mass calculation in the NMSSM
is the fact that the singularities for vanishing tree-level
masses of the would-be-Goldstone bosons, first described
in Ref. [50] for the two-loop EW corrections in the MSSM,
affect the two-loop corrections even in the gaugeless limit,
due to the presence of Higgs self-couplings controlled by λ.
The origin of these singularities, known as “Goldstone Boson
Catastrophe” (GBC), was discussed in Refs. [148–151] for
the SM and in Ref. [152] for the MSSM. It was shown in these
papers that the singularities can be removed from the effective potential and from its first derivatives by a resummation
procedure that effectively absorbs them in the mass terms of
the would-be-Goldstone bosons entering the one-loop corrections. However, this resummation does not fully address
the singularities in the second derivatives of the effective
potential, which enter the zero-momentum calculation of the
Higgs masses. In 2016, the solution to the GBC was extended
to a general renormalizable theory in Ref. [153]. It was shown
that, at the two-loop order, the resummation procedure of
Refs. [148–152] is equivalent to imposing an OS condition
on the masses of the would-be-Goldstone bosons. Moreover,
the momentum-dependent terms that are needed to compensate the singularities of the second derivatives of the potential
in the gaugeless limit were obtained in Ref. [153] from an
expansion in p 2 of the full two-loop self-energies given earlier in Ref. [154]. In 2017, the implementation of these results
in SARAH, described in Ref. [155], eventually allowed for
a GBC-free calculation of the two-loop corrections to the
Higgs masses in the gaugeless limit of the NMSSM.
In 2014, the two-loop O(αt αs ) corrections to the Higgs
masses in the NMSSM with complex parameters were computed in Ref. [156] and implemented in NMSSMCALC. The
computation employed the mixed OS–DR scheme defined
in Refs. [136,144] for the parameters in the Higgs sector,
whereas the parameters in the top/stop sector were renormalized either in the DR or in the OS scheme. The two-
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loop results of Ref. [156] were restricted to the limit of vanishing external momentum, but, in contrast to the effectivepotential calculations of Refs. [109,113,134,147], they did
include the O(αt αs ) contributions to the gauge-boson selfenergies that are involved in the renormalization of v. It was
shown that, in a representative scenario with stop masses
around 1 TeV, these contributions shift the Higgs masses
by less than 50 MeV. In 2019, the Higgs-mass calculation
of NMSSMCALC was extended by the inclusion of the twoloop O(αt2 ) corrections at vanishing external momentum
and in the MSSM limit. These corrections were computed
in Ref. [157] starting from a CP-violating NMSSM setup,
where the parameters of the Higgs sector are renormalized
in the mixed OS–DR scheme of Refs. [136,144] but the limits
λ, κ → 0 and vs → ∞ (with μeff = λ vs fixed) are taken.
The effects of different choices (DR, OS or a mixture) for
the renormalization of the parameters in the top/stop sector
were also investigated. Finally, the issue of a residual gauge
dependence affecting the Higgs-mass predictions at higher
orders when the one-loop self-energies are computed at the
mass pole was discussed in Refs. [158,159].
A one-loop calculation of the Higgs masses in a renormalization scheme suitable for implementation in FeynHiggs
was performed for the NMSSM with real parameters in
2016 [160]. It was extended to the NMSSM with complex
parameters in 2017 [161], and to the GNMSSM with complex parameters in 2018 [162]. The mixed OS–DR scheme
employed for the Higgs sector in Refs. [160–162] differs
from the one of Refs. [136,144] in that the Lagrangian parameters (g, g  , v) are connected to the physical observables
(M Z , MW , G μ ) instead of (M Z , MW , e). In the GNMSSM
calculation of Ref. [162] the additional Z 3 -violating parameters are all renormalized in the DR scheme. The dominant two-loop corrections, as well as a resummation of
higher-order logarithmic effects which will be discussed
in Sect. 5, were included in Refs. [160–162] only in the
MSSM limit, exploiting the gaugeless, zero-momentum
results implemented in FeynHiggs at the time (namely,
those of Refs. [33–35,37] in the real case, and Refs. [89,98–
100] in the complex case and in the GNMSSM). The effectiveness of this approximation for the two-loop corrections
was assessed in Ref. [160] by considering the impact of the
same approximation on the one-loop corrections from the
top/stop sector. However, the extensions of FeynHiggs to
the (G)NMSSM presented in Refs. [160–162] have not been
made available to the public so far.
A significant effort was also devoted during KUTS to
the comparison between the predictions of the available
codes for Higgs-mass calculations in the NMSSM. In 2015,
Ref. [163] compared the results of the DR calculations implemented in FlexibleSUSY, NMSSMCALC, NMSSMTools,
SOFTSUSY and SARAH/SPheno, in six representative
points of the NMSSM parameter space. The bulk of the dis-
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crepancies between the predictions of the five codes could be
traced back to differences in the determination of the running
parameters (in particular, the top Yukawa coupling) entering
the calculation of the radiative corrections. Once these differences were accounted for, the residual discrepancies were
mainly due to different approximations adopted by the codes
in the two-loop corrections. In points with large λ, the results
of SARAH/SPheno – which allow for a more-complete
determination of the two-loop corrections controlled by that
coupling – differed from those of the other codes by up to
a few GeV. The predictions of NMSSMCALC were in general different from the others because, at the time, the code
included two-loop corrections only at O(αt αs ). Four years
later, Ref. [157] showed how the inclusion in NMSSMCALC
of the O(αt2 ) corrections in the MSSM limit improves the
agreement with the other DR codes in all of the test points
of Ref. [163].
Detailed comparisons between the mixed OS–DR calculations implemented in NMSSMCALC and in FeynHiggs
were presented in Refs. [160,161,164]. It was shown that
the effect of the different choices of renormalization scheme
for the EW parameters (g, g  , v) in the one-loop part of the
calculation is numerically small. At O(αt αs ), the two codes
differ in that NMSSMCALC implements the full calculation of
Ref. [156], whereas FeynHiggs includes these corrections
only in the MSSM limit. The effect of this approximation on
the Higgs masses is obviously more relevant at large λ, in
which case, however, the corrections involving top and stop
loops might not even be the dominant ones. In the four test
points considered in Ref. [164], all characterized by λ < 0.7,
the effect of taking the “MSSM limit” in the O(αt αs ) corrections was found to be below 1 GeV. The bulk of the differences found in Refs. [160,161,164] between the predictions
of the two codes at the two-loop level stemmed instead from
the fact that FeynHiggs did include the O(αt2 ) corrections
in the MSSM limit, while those corrections were not implemented in NMSSMCALC until later, see Ref. [157].
3.3 Higgs-mass calculations in other SUSY models
Calculations of the radiative corrections to the Higgs boson
masses, of varying degrees of accuracy, have also been performed for a plethora of non-minimal extensions of the
(N)MSSM. In this section we summarize a number of
calculations that were presented and discussed during the
KUTS initiative. These include both automated calculations
obtained with the SARAH package, and calculations performed directly within specific models.
Models with Dirac gauginos In this class of models, first
proposed in the late 1970s [165], a Dirac mass for each
gaugino is obtained via a superpotential term that couples
the gauge-strength superfield, whose fermionic component is
the gaugino, to an additional chiral superfield in the adjoint
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representation of the gauge group. In the minimal Diracgaugino extension of the MSSM, or MDGSSM [166], the
superfield content of the MSSM is thus supplemented with a
singlet, an SU (2) triplet and an SU (3) octet, and the superpotential and the soft SUSY-breaking Lagrangian are supplemented with all gauge-invariant terms that involve the adjoint
(super)fields. In the scalar sector, the singlet and the neutral
component of the triplet mix with the neutral components
of the MSSM-like Higgs doublets, resulting in 4 × 4 mass
matrices when CP is conserved. Another well-studied model,
known as MRSSM [167], involves an R-symmetry that forbids Majorana mass terms for the gauginos, a μ term in the
superpotential, and MSSM-like trilinear interaction terms in
the soft SUSY-breaking Lagrangian. Adjoint superfields for
each gauge group are introduced as in the MDGSSM to allow
for Dirac gaugino masses, and additional chiral superfield
doublets R̂1 and R̂2 , which couple to the MSSM-like Higgs
doublets in the superpotential but do not obtain vevs, are
introduced to allow for higgsino mass terms.
In models with such intricate Higgs sectors, the SARAH
package proved useful to compute automatically the radiative
corrections to the Higgs masses. Full one-loop results in the
DR scheme were obtained in Ref. [168] for the MDGSSM,
in Ref. [169] for a variant of the MDGSSM with additional
fields allowing the unification of gauge couplings, and in
Ref. [170] for the MRSSM. For what concerns the two-loop
corrections, in Dirac-gaugino models those of O(αt αs ) differ from their MSSM counterparts because they contain a
sum on two gluino mass eigenstates, as well as additional
contributions from diagrams involving the scalar component
of the octet superfield, the sgluon. In 2015, the O(αt αs ) corrections were computed with SARAH – as usual, in the DR
scheme and in the gaugeless and vanishing-momentum limits – for the MDGSSM in Ref. [171] and for the MRSSM
in Ref. [172]. In the latter it was found that, for multi-TeV
values of the Dirac-gluino mass M3 , the contribution of the
two-loop diagrams involving sgluons can increase the prediction for the SM-like Higgs mass by more than 10 GeV.
Subsequently, in 2016, Ref. [173] presented explicit analytic
formulae for the O(αt αs ) corrections in both the MDGSSM
and the MRSSM, obtained with an effective-potential calculation. It was pointed out in Ref. [173] that, in the pure
DR scheme adopted by SARAH, the large two-loop corrections stem from non-decoupling effects – analogous to
those already discussed in Sect. 3.1.2 – that are enhanced
by M32 /Mt˜2 , where Mt˜i (with i = 1, 2) are the stop mass
i
eigenstates. In contrast, the sgluon contributions are much
more moderate if an OS scheme is adopted for the parameters in the stop sector. We stress that the two-loop results of
Refs. [171–173] share the limitations of the analogous results
obtained in the NMSSM: in the presence of non-vanishing
Higgs self-couplings at tree-level, a zero-momentum calculation does not fully capture the two-loop corrections to the
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mass of the SM-like Higgs boson even if the gaugeless limit
is assumed.
Other automated calculations The SARAH package allowed
for full one-loop and partial (i.e., gaugeless and zeromomentum) two-loop calculations of the Higgs masses in
a few other non-minimal extensions of the MSSM. In 2015,
Ref. [174] considered a model in which the superfield content of the MSSM is supplemented with a pair of vector-like
top superfields, identifying regions of the parameter space in
which the two-loop corrections involving the additional particles can be as large as the MSSM-like corrections. Also in
2015, Ref. [175] studied a left-right model in which the Higgs
sector contains two bi-doublets of SU (2) L × SU (2) R and
two doublets of SU (2) R , resulting in 6 × 6 mass matrices for
the neutral scalars when CP is conserved. The authors found
that, in this model, radiative corrections involving vector-like
colored states can significantly lower the mass of the scalar
that is mostly right-doublet, allowing for scenarios where a
SM-like Higgs with mass around 125 GeV is accompanied
by a light neutral scalar with mass of O(10) GeV.
In 2017, a SUSY model with an extended gauge group that
originates from the exceptional group E 6 was studied with
FlexibleSUSY in Ref. [143]. This so-called E6 SSM features an NMSSM-like Higgs sector, plus a large set of exotic
particles. The calculation of the Higgs masses in Ref. [143]
included the full one-loop corrections generated by SARAH.
To facilitate the comparison between NMSSM and E6 SSM,
a subset of two-loop corrections that are in common between
the two models was also included, relying on the results of
Refs. [37,134].
Models with right-handed neutrinos The so-called “MSSM
see-saw model” [176] is an extension of the MSSM in which
the neutrino masses are generated by a supersymmetric version of the standard see-saw mechanism. The superpotential
includes a Yukawa interaction Yiνj Ĥ2 L̂ i ν̂ cj and a Majorana
mass term 21 Mi j ν̂ic ν̂ cj for the right-handed neutrino superfields, so that a suitable pattern of masses and mixing for the
light neutrinos can be obtained with Yukawa couplings of
O(1) and Majorana masses in the range of 1013 −1015 GeV.
In 2010 (pre-KUTS), Ref. [177] computed the one-loop corrections to the Higgs masses arising from a single generation
of right-handed neutrinos and sneutrinos. These corrections
turned out to be negligible if the parameter tan β entering
the tree-level Higgs mass matrix is renormalized in an OS
scheme, but they can amount to several GeV if tan β is defined
in the DR scheme (or in a variant thereof denoted in the paper
as mDR). In 2013, Ref. [178] pointed out that the strong sensitivity of the Higgs-mass predictions to the presence of additional SUSY multiplets at arbitrarily high scales should be
considered an artifact of minimal-subtraction schemes such
as DR, in which the decoupling of heavy particles is not manifest. The authors of Ref. [178] proposed additional “OS-like”
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definitions for tan β that also lead to negligible contributions
to the Higgs masses from the heavy supermultiplets, and discussed how these contributions match those that would be
obtained in an EFT calculation where the heavy particles are
integrated out at a scale comparable to their mass. Finally,
in 2014 Ref. [179] extended the calculation of Ref. [177] to
the case of three generations of right-handed neutrino superfields.
Another model for which radiative corrections to the
Higgs masses were computed in recent years is the socalled “μ-from-ν Supersymmetric Standard Model”, or
μνSSM [180], a variant of the NMSSM in which the role
of the singlet superfield is played by three right-handed neutrino superfields ν̂ic . The superpotential includes an additional
Yukawa interaction Yiνj Ĥ2 L̂ i ν̂ cj , but it does not include large
Majorana mass terms for the right-handed neutrinos. Therefore, a suitable pattern of masses and mixing for the neutrinos
is obtained through an “EW see-saw” mechanism in which
the role of the large mass scale is played by the neutralino
masses, and the new Yukawa couplings can be comparable in
size to the electron Yukawa coupling. In this model the righthanded neutrino interactions that replace the singlet interactions of Eqs. (6) and (7) break both R-parity and lepton
number conservation. Consequently, the Higgs doublets mix
with the left- and right-handed sneutrinos, resulting in 8 × 8
mass matrices for the neutral scalars when CP is conserved.
In 2017, Ref. [181] presented a full one-loop calculation
of the corrections to the Higgs masses in a simplified version
of the μνSSM with only one right-handed neutrino, adopting a mixed OS-DR renormalization scheme that, for the
parameters that have a counterpart in the NMSSM, matches
the one of Ref. [160]. The extension of this calculation to
three generations of right-handed neutrinos was presented
two years later in Ref. [182]. In both papers, the dominant two-loop corrections in the MSSM limit, as well as the
resummation of higher-order logarithmic effects, were also
included following Ref. [160]. In this way, a comparison
between the μνSSM predictions of Refs. [181,182] and the
NMSSM predictions of Ref. [160] singles out the effects of
the one-loop corrections controlled by the neutrino Yukawa
couplings. It was found that, for values of the Yukawa couplings of O(10−7 ), which in this model correspond to sub-eV
neutrino masses, the corresponding effects on the prediction
for the mass of the SM-like Higgs are negligible. On the
other hand, in the full μνSSM the presence of two additional singlets interacting with the Higgs doublets can lead
to predictions for the scalar sector that differ substantially
from those of the NMSSM. In 2020, the one-loop corrections computed in Refs. [181,182] were made available in
the public code munuSSM [183]. Through an automated link
to FeynHiggs, the code includes in the Higgs-mass calcula-
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tion also the dominant two-loop and higher-order corrections
that are in common between the μνSSM and the MSSM.
A supersymmetric Goldstone-Higgs model In this model,
the idea of an elementary pseudo-Goldstone boson that
acquires mass through radiative corrections and plays the
role of the observed Higgs boson, see Refs. [184,185], is
exploited in a supersymmetric setup to relate the SUSYbreaking scale with the radiatively-generated EW scale. In
2016, Ref. [186] obtained an approximate picture of the
mass spectrum of the model, computing the leading contributions to the mass of the pseudo-Goldstone boson via the
one-loop effective potential. For a more precise investigation of the viability of this model, and of its ability to reproduce the observed value of the Higgs mass, a calculation that
goes beyond the one-loop effective-potential approximation
would be desirable.
3.4 Prospects
As discussed earlier in this section, a full two-loop calculation
of the corrections to the Higgs masses, including momentum
dependence and all of the effects controlled by the EW gauge
couplings, is not yet available in any SUSY extension of the
SM. For what concerns the MSSM, even in the calculation of
Refs. [50,52], which did include an effective-potential calculation of the EW effects, the momentum dependence of
the two-loop corrections was included only in the gaugeless
limit. Beyond the MSSM, two-loop corrections to the Higgs
masses have so far been computed only under the combined
approximations of vanishing momentum and vanishing EW
gauge couplings. However, in models that feature additional
Higgs self-couplings at tree level, such as the NMSSM, a
consistent calculation of the corrections to the lighter Higgs
mass requires the inclusion of the momentum dependence
even in the gaugeless limit. Closing these gaps, and obtaining results for each of the different renormalization schemes
considered in the literature, will certainly be a priority in the
near future.
As an alternative to performing individual calculations of
the missing corrections in many different models, a sensible
approach might consist in computing the full two-loop corrections only once for a general renormalizable theory, and
then adapting the results to the field-and-interaction content
of the specific model under consideration. This approach,
pioneered already in the 2000s by Refs. [108,154,187], was
at the origin of the MSSM-specific results of Refs. [50,52].
It was also at the origin of the zero-momentum and gaugeless calculation of the two-loop corrections in generic BSM
models implemented in SARAH, see Refs. [109,110,155].
However, a complete calculation of the two-loop corrections
controlled by the EW gauge couplings remained elusive,
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because the momentum-dependent contributions from
diagrams that involve more than one massive-gauge-boson
propagator were not available until very recently. At last, in
2019 a complete two-loop calculation of tadpoles and selfenergies for the scalars of a general renormalizable theory
was presented in Ref. [188]. When adapted to specific SUSY
models, the results of Ref. [188] will allow for complete
two-loop calculations of the Higgs masses, starting from a
set of DR-renormalized Lagrangian parameters. However,
the choice of the most convenient renormalization scheme
depends on the kind of phenomenological analysis that is
aimed for, as well as on the considered region of the model’s
parameter space. It thus remains something to be determined on a case-by-case basis. Any change of renormalization scheme for the parameters that enter only the radiative
corrections to the Higgs mass matrices – e.g., the parameters
in the quark/squark sector – amounts to a product of one-loop
effects, and should not, as such, present particular difficulties. In contrast, in order to connect the DR parameters g, g 
and v entering the tree-level mass matrices to a set of physical
observables – usually chosen among M Z , MW , G μ and e – it
will still be necessary to obtain complete two-loop results for
the gauge-boson self-energies, and possibly a two-loop (but
zero-momentum) calculation of the muon-decay amplitude.
Beyond two loops, fixed-order calculations of the corrections to the Higgs masses in SUSY models exist only for
the MSSM. In particular, the three-loop corrections to the
lighter Higgs mass of O(αt αs2 ), i.e. those involving the top
Yukawa coupling and the highest power of the strong gauge
coupling, have already been computed by different groups in
the vanishing-momentum limit, see Sect. 3.1.2. A first direction of improvement, still under the approximation of vanishing momentum and vanishing EW gauge couplings, would
be the calculation of the three-loop corrections that involve
lower powers of the strong gauge coupling, among which
the most relevant are expected to be those of O(αt2 αs ) and
O(αt3 ). Indeed, it was noticed already in Refs. [65,66,189]
that, at least for what concerns the logarithmic terms, there
can be significant cancellations between these contributions
and the O(αt αs2 ) ones. As in the case of the two-loop corrections, going beyond the gaugeless limit in the MSSM, or
extending the calculation to models with additional Higgs
self-couplings, would require for consistency also the inclusion of external-momentum effects in the three-loop selfenergies. This might be achieved via numerical methods, see
e.g. Ref. [190]. However, at least for the MSSM, it still has
to be determined whether the effort would be justified by the
size of the resulting corrections.
To conclude this section we recall that, in SUSY models,
both the measured value of the SM-like Higgs mass and the
exclusion bounds from direct searches at the LHC are most
easily accommodated by scenarios with multi-TeV SUSY
masses. In such scenarios, any fixed-order calculation of the
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Higgs masses may become inadequate, because the uncomputed higher-order corrections involve higher powers of the
logarithm of the ratio between the SUSY scale and the EW
scale. In order to obtain an accurate prediction for the Higgs
masses, such potentially large logarithmic corrections must
be resummed to all perturbative orders in an EFT approach.
The current status of this kind of calculations will be reviewed
in the next section.

4 EFT calculations
4.1 Overview
As mentioned already in Sect. 2.3, a generic n-loop amplitude has a logarithmic dependence, up to the nth power, on
the masses of the particles circulating in the loops. In the presence of hierarchies between the masses, terms enhanced by
logarithms of large mass ratios can counteract the suppression arising from the loop factors, slowing down (or even
endangering) the convergence of the perturbative expansion.
It is then necessary to reorganize the calculation in an EFT
approach: the heavy particles are integrated out of the theory
at a renormalization scale comparable to their masses, leaving behind threshold corrections to the couplings of the light
particles. These couplings are then evolved via appropriate
RGEs to a scale of the order of the masses of the light particles, where physical observables (e.g., on-shell masses for
the Higgs bosons) are computed including only the light particles in the loops. In this approach, the calculations at both
the heavy- and light-particle mass scales are free of large logarithmic terms, while the effect of those terms is accounted
for by the RG evolution. If a BSM theory involves multiple widely-split mass scales, a tower of EFTs must be built,
computing threshold corrections at each of the scales where
some heavy particles are integrated out.
In the simplest realization of the EFT approach for SUSY
models, all of the superparticles and all of the BSM Higgs
bosons are integrated out at a common scale M S , so that the
EFT valid below this scale is just the SM. The calculation
of the pole mass of the Higgs boson then requires the determination of the matching condition at the scale M S for the
quartic Higgs coupling13 λSM , which we can decompose in
a tree-level part and a loop correction as λSM = λtree
SM + λ.
The tree-level matching condition includes the original treelevel value of the coupling in the SUSY model, plus possible
contributions from the decoupling of the heavy scalars that,
in the limit of unbroken EW symmetry, have a non-vanishing
13

We resort to this notation to distinguish the quartic Higgs coupling of the SM from the singlet-doublet superpotential coupling of
the NMSSM, see Eq. (6). In our conventions the SM potential contains
the quartic interaction term 21 λSM |H |4 .
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trilinear coupling to two SM-like Higgs bosons. For example,
in the MSSM there are no such couplings, and the tree-level
matching condition is just
1 2
g + g  2 cos2 2β.
(M
)
=
(11)
λtree
S
SM
4
In contrast, in the NMSSM there is an additional contribution
proportional to λ2 in the original quartic coupling, plus a term
arising from the decoupling of the singlet scalar:
1 2
λ2
2
2
g
cos
(M
)
=
+
g
2β
+
λtree
sin2 2β
S
SM
4
2
2
2 λ2 vs − λ (Aλ + 2 κ vs ) sin 2β
.
(12)
−
2 κ vs (Aκ + 4 κ vs )
In general, the correction λ contains contributions
of three different kinds: (i) contributions of one-particleirreducible (1PI) diagrams with four external Higgs fields,
which involve only loop integrals with vanishing external
momenta; (ii) contributions involving the renormalization
constant of the Higgs field, which require a computation of
the O( p 2 ) part of the Higgs-boson self-energy; (iii) contributions that arise from changes in the definition of the parameters entering the matching condition. Concerning the third
kind, a first contribution arises from the fact that the SUSY
model provides a prediction for the quartic Higgs coupling
in the DR scheme, whereas λSM is generally interpreted as
an MS-renormalized quantity. Moreover, the prediction is
expressed in terms of the DR-renormalized parameters of
the SUSY model, some of which need to be connected to
their MS-renormalized counterparts in the SM. For example, the conversion of the EW gauge couplings in Eqs. (11)
and (12) requires the computation of the O( p 2 ) part of the
gauge-boson self-energies. Beyond one loop, λ contains
also terms resulting from the product of lower-order contributions of different kinds. As in the case of the fixed-order
calculation, the dominant contributions to λ are generally
those involving the top Yukawa coupling and, beyond one
loop, the strong gauge coupling.14
Once the matching condition for λSM is determined at the
SUSY scale M S from a full set of SUSY parameters, the
quartic coupling is evolved down to the EW scale. There λSM
can be used to compute the pole Higgs mass, including only
the contributions of SM particles in the radiative corrections.
Alternatively, λSM can be extracted at the EW scale from the
measured value of the Higgs mass, evolved up to the SUSY
scale, and used there to constrain the SUSY parameters. In
this case, one requires that the coupling obtained via RG
evolution coincide with the prediction of the SUSY model.
14

At variance with the notation adopted for the mass corrections, we
denote the various contributions to λ via the full combinations of
couplings involved. For example, the dominant contributions involving
the top Yukawa coupling are those of O(yt4 ) at one loop, and those of
O(yt4 gs2 ) and O(yt6 ) at two loops.
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We recall that a Nn LL resummation of the logarithms of
the ratio between the SUSY and EW scales requires n-loop
calculations at each scale, combined with (n+1)-loop RGEs.
On the other hand, the standard procedure of matching the
full SUSY model to a renormalizable EFT in the unbroken
phase of the EW symmetry amounts to neglecting corrections
suppressed by powers of v 2 /M S2 , which can be mapped to the
effect of non-renormalizable, higher-dimensional operators
in the EFT Lagrangian.
The scenarios in which all of the BSM particles are integrated out at the same scale have the advantage that existing SM calculations can be exploited to extract the running parameters of the EFT Lagrangian from a set of physical observables at the EW scale and evolve them up to the
SUSY scale. In particular, the full NNLL resummation of
the large logarithmic corrections can rely on the results of
Refs. [191–193] for the full two-loop relations between running SM parameters and physical observables at the EW
scale, and on the results of Refs. [194–200] for the full threeloop RGEs of the SM. For a partial N3 LL resummation that
involves only the highest powers of the strong gauge coupling, the three-loop relation between λSM and the pole Higgs
mass of Refs. [201–204] and the four-loop RGE for λSM of
Refs. [205,206] can be exploited.
In scenarios with more-complicated mass hierarchies, the
EFT valid below the SUSY scale may differ from the SM. For
example, both Higgs doublets might be significantly lighter
than the superparticles, in which case the considered SUSY
model is matched at the scale M S with a 2HDM, whose scalar
potential reads
V = m 211 †1 1 + m 222 †2 2 − (m 212 †1 2 + h.c.)
λ2
λ1
(†2 2 )2 + λ3 (†1 1 )(†2 2 )
+ (†1 1 )2 +
2
2
+ λ4 (†1 2 )(†2 1 )



λ5
+
(†1 2 )2 + λ6 (†1 1 ) + λ7 (†2 2 ) †1 2
2

+h.c. ,
(13)
where 1 and 2 are SU (2) doublets with the same hypercharge, related to the Higgs doublets of the MSSM by 1 =
−iσ2 H1∗ and 2 = H2 . We work in a basis where both of the
Higgs vevs are real and non-negative. While in the MSSM
the tree-level interactions of the Higgs doublets with quarks
and leptons are those of a “Type-II” 2HDM [207], i.e. H1
couples only to down-type fermions and H2 couples only
to up-type fermions, couplings of the Higgs doublets to the
“wrong” fermion species are generated at loop level when the
SUSY particles are integrated out. As a result, the EFT valid
below the SUSY scale is in fact a “Type-III” 2HDM, which
includes all possible dimension-four Yukawa couplings that
are allowed by gauge invariance. In the calculation of the
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Higgs masses, matching conditions are computed for all of
the quartic Higgs couplings λi (with i = 1 . . . 7), and the
loop corrections λi include contributions from diagrams
involving the SUSY particles. The couplings are then evolved
either directly to the EW scale, where masses and mixing are
computed at once for the extended Higgs sector, or to an
intermediate scale M A where the heavier Higgs doublet is
integrated out, leaving again the SM as EFT. In this case the
tree-level matching condition for the quartic Higgs coupling
of the SM reads
4
4
λtree
SM (M A ) = λ1 cos β + λ2 sin β

+2 (λ3 + λ4 + Re λ5 ) sin2 β cos2 β
+4 (Re λ6 cos2 β + Re λ7 sin2 β) sin β cos β.

(14)

The loop correction λ includes contributions that arise from
diagrams involving the heavy doublet. The RG evolution
of λSM then allows for the all-orders resummation of terms
enhanced by ln(M A /Mt ), where again we take the top mass
as a proxy for the EW scale.
Other examples of non-trivial mass hierarchies are given
by “Split SUSY” scenarios, in which the gauginos and the
higgsinos are significantly lighter than the sfermions. In this
case the EFT valid below the sfermion scale includes additional Higgs-higgsino-gaugino couplings, which differ from
the corresponding gauge couplings due to the breaking of
SUSY. These additional interactions contribute to both the
RGE(s) for the quartic Higgs coupling(s) and the corrections
to the Higgs mass(es) at the EW scale. Conversely, in scenarios where the gluino is significantly heavier than the squarks it
might be convenient to decouple it from the full SUSY model
at its own mass scale, in order to avoid the occurrence of twoloop corrections to the quartic Higgs couplings enhanced by
gluino-squark mass ratios such as M32 /M 2 at the scale where
Q̃
the squarks are integrated out. Scenarios in which one of the
stops is much lighter than the other sfermions have also been
considered for their implications for EW baryogenesis.
4.2 Pre-KUTS developments
The EFT approach to the calculation of the Higgs mass in
SUSY models dates back to the early 1990s [208–210]. Over
the years, it has also been exploited to determine the coefficients of the logarithmic terms in the Higgs-mass corrections at fixed order, by solving perturbatively the appropriate
systems of boundary conditions and RGEs. For example, in
the case of the MSSM the logarithmic corrections have been
determined at one [211], two15 [212–214], three [64,65], and
even four loops and beyond [66,189]. However, as long as
the focus was on “natural” scenarios with SUSY masses of
15

The renormalization-scheme dependence of the two-loop logarithmic corrections was discussed in Refs. [30,31].

a few hundred GeV, the omission of O(v 2 /M S2 ) terms limited the accuracy of the EFT approach, and the effect of the
resummation of logarithmic corrections was not expected
to be important enough to justify abandoning the fixed-order
calculations of the Higgs mass in favor of a complicated EFT
set-up with higher-dimensional operators.16
Starting from the mid 2000s, however, an interest in
“unnatural” scenarios with SUSY masses far above the
TeV scale brought the EFT approach to the calculation of
the Higgs mass back into fashion. In particular, in 2004
Refs. [216,217] pointed out that Split SUSY preserves some
positive aspects of the MSSM (such as gauge-coupling unification and a candidate for Dark Matter) while getting rid
of some negative ones (e.g., the flavor problem). Early phenomenological studies of scenarios with light gauginos and
higgsinos involved a LL determination of the Higgs mass,
i.e., one-loop RGEs and tree-level boundary conditions. A
Split-SUSY scenario in which one of the stops is also light
was studied at LL in Ref. [218]. Beyond LL, the one-loop
contributions of gauginos and higgsinos to the radiative corrections to the Higgs mass at the EW scale were computed
already in 2004 in Ref. [219], and reproduced a few years
later in Ref. [220]. The former paper also included the twoloop RGE for the quartic Higgs coupling, obtained by adapting the results valid for a general renormalizable theory from
Refs. [221–224], while the latter included partial one-loop
results for the boundary conditions at the sfermion-mass
scale. The remaining ingredients for a NLL determination
of the Higgs mass in Split SUSY became available in 2011,
when Ref. [225] computed the one-loop boundary conditions
at the sfermion-mass scale for the Higgs-higgsino-gaugino
couplings, and Ref. [226] computed the one-loop boundary condition for the quartic Higgs coupling (neglecting the
effects of all Yukawa couplings except yt ) as well as the
two-loop RGEs for all of the parameters of the Split-SUSY
Lagrangian.17 Finally, in 2013 Ref. [229] obtained predictions for the Higgs mass in a variant of Split SUSY inspired by
Dirac gaugino models, in which the Higgs-higgsino-gaugino
couplings are suppressed. The paper also highlighted the
importance of decoupling the gluino at a separate scale if
its mass is in the multi-TeV range.
Abandoning naturalness as a criterion to fix the sfermion
masses opens up the scenario in which all of the BSM particles are super-heavy, leaving the SM as an effective theory
valid up to scales well above the reach of the LHC. First

16 See, however, Ref. [215] for the effect of dimension-six operators in
a scenario with only one light stop.
17

A number of errors and omissions in the one-loop boundary conditions of Refs. [225,226] were later corrected in Ref. [227]. Also,
several errors in the two-loop RGEs of Ref. [226] were pointed out in
Refs. [228,229].
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evoked humorously in 2005 in an April Fool’s prank18 on
“Supersplit Supersymmetry” [230], this “high-scale SUSY”
scenario attracted renewed attention in 2009, when Ref. [231]
pointed out that the hypothesis of a SUSY-breaking scale
near the GUT scale singles out the relatively narrow range
of 128–141 GeV for the mass of the SM-like Higgs boson.
In 2011 the predictions for the Higgs mass in the high-scale
SUSY scenario were further studied in Ref. [232], which
employed two-loop RGEs but only a partial one-loop calculation of the boundary conditions, and in Ref. [226], which
employed a full NLL calculation. In 2012, after the Higgsboson discovery at the LHC, Ref. [233] updated the analysis
of Ref. [226], including also the dominant two-loop corrections (in the gaugeless limit) to the relation between λSM and
the Higgs mass at the EW scale.
The first phase of operations of the LHC also brought
under the spotlight scenarios where at least some of the SUSY
particles have masses of a few TeV. This was due to both the
increasingly stringent bounds from direct searches of colored SUSY particles, and the fact that, at least in the MSSM,
multi-TeV stop masses are needed to obtain a prediction for
the SM-like Higgs mass of about 125 GeV. While this kind
of hierarchy seems too mild to endanger the convergence
of the perturbative expansion, it still implies that the uncertainty of a fixed-order calculation of the Higgs mass arising from the uncomputed two- and higher-loop corrections
can be significantly larger than the experimental precision
of its measurement. In 2013, two papers discussed the use
of the EFT approach to improve the prediction for the SMlike Higgs mass in the MSSM with multi-TeV stop masses.
Reference [189], whose main focus was the combination of
fixed-order and EFT techniques that will be discussed in
detail in Sect. 5, included a NLL resummation of the logarithmic corrections controlled by the top Yukawa coupling
in the gaugeless limit. Reference [66] included additional
NLL effects (e.g., terms involving both the top-Yukawa and
EW-gauge couplings), plus a NNLL resummation of the topinduced corrections in the gaugeless limit. To obtain the latter, simplified formulas for the two-loop O(yt4 gs2 ) and O(yt6 )
contributions to λ were derived in the limit of degenerate
masses of the stops, the gluino and the heavy Higgs doublet, adapting the results of the Higgs-mass calculation of
Ref. [32]. Both analyses found that, in scenarios with stop
masses above 1 TeV, the resummation of higher-order logarithmic corrections leads to predictions for the SM-like
Higgs mass that could differ by as much as a few GeV
from those of the available fixed-order calculations, which
included the two-loop corrections in the gaugeless limit and
only the O(αt αs2 ) corrections at three loops. By highlighting the impact of the resummation even in mildly hierarchi-

As mentioned earlier, in scenarios where all of the SUSY particles as well as the heavy Higgs bosons are clustered around
the same high scale the calculation of the Higgs mass can
rely on existing results for the RGEs of the parameters of
the SM Lagrangian, and for the relations between running
parameters and physical observables. What is left to compute in these scenarios is thus the matching condition at the
SUSY scale for the quartic Higgs coupling of the SM. We
stress that this requires also the calculation of the matching conditions for the other SM couplings, at a perturbative
order that depends on how these couplings – or their MSSM
counterparts – enter the matching condition for λSM (e.g., in
a two-loop calculation, the matching conditions for the couplings entering at tree level must be computed at two loops,
while those for the couplings entering only at one loop can
be computed at one loop).
During the years of the KUTS initiative, a substantial
effort was devoted to the calculation of λ in the heavySUSY scenario where the MSSM is matched directly to the
SM. In 2014, Ref. [227] revised and corrected the one-loop
calculation of λ of Ref. [226], and computed in addition
the two-loop O(yt4 gs2 ) contribution for arbitrary values of
all of the relevant MSSM parameters, thus generalizing the
result of Ref. [66] which was valid in the limit of degenerate
stop and gluino masses. It was found in Ref. [227] that the
inclusion of the O(yt4 gs2 ) contribution to λ can increase
the prediction for the Higgs mass by about 1 GeV in scenarios with |X t | ≈ 2 M S , where Mt X t is the off-diagonal
entry in the stop mass matrix and M S denotes an average
stop mass. In 2015, Ref. [234] included in λ the subset
of one-loop contributions controlled by the bottom and tau
Yukawa couplings that are enhanced at large values of tan β.
It also confirmed the result of Ref. [227] for the two-loop
O(yt4 gs2 ) contribution, and corrected the result of Ref. [66]
for the two-loop O(yt6 ) contribution in the limit of degenerate
stop and heavy-Higgs masses. In 2017, Ref. [235] provided
the full one-loop contributions to λ involving the bottom
and tau Yukawa couplings, the full two-loop contributions
of O(yb4 gs2 ), and the full two-loop contributions that involve
only the third-family Yukawa couplings,19 of which the dominant ones are those of O(yt6 ). It also discussed how, in order
to avoid potentially large two-loop contributions enhanced by

18

19

The joke was apparently lost on the dozens of authors who cited that
paper as if it had been a serious one.
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cal scenarios, Refs. [66,189] made the case for a systematic
improvement, at the NLL level and beyond, of the EFT calculation of the Higgs mass in SUSY models.
4.3 Advances during KUTS
4.3.1 Matching the MSSM directly to the SM

With an impossibly cumbersome
notation, these

 contributions could
be collectively denoted as O (yt2 + yb2 + yτ2 )3 .
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tan β, the one-loop contributions to λ should be expressed
in terms of the bottom Yukawa coupling of the MSSM. Combined with the earlier one- and two-loop results of Ref. [227],
the results of Ref. [235] allow for a complete NNLL resummation of the large logarithmic corrections to the Higgs mass
in the gaugeless limit, for arbitrary (but real) values of all
of the relevant MSSM parameters. A study of the numerical impact of the two-loop contributions to λ in scenarios
where the stop masses are not degenerate showed that the use
of simplified formulas with an average stop mass can lead to
a rather poor approximation of the results obtained with the
exact formulas.
A first step beyond the NNLL resummation was taken in
2018, when Ref. [236] provided the three-loop O(yt4 gs4 ) contribution to λ. Combined with the four-loop O(yt4 gs6 ) contribution to the RGE for λSM and the three-loop O(yt4 gs4 v 2 )
contribution to the relation between λSM and the Higgs mass,
the results of Ref. [236] allow for a N3 LL resummation of
the logarithmic corrections that involve the top Yukawa coupling and the highest powers of the strong gauge coupling.
The three-loop contribution to λ was extracted from the
Higgs-mass calculation of Refs. [67,68,70], which relied
on a set of expansions around various limiting cases for the
SUSY masses. A study of the numerical impact of the newlycomputed contribution revealed a strong dependence on the
stop mixing term. For vanishing X t the inclusion of the threeloop contribution shifts the Higgs mass by 20 MeV or less, but
when the
√stop mixing term approaches the “maximal” value
|X t | = 6 M S the shift can reach up to 600 MeV. However,
the latter figure should only be taken as an estimate of the
possible size of the mass shift, because in the scenario with
degenerate squark and gluino masses the three-loop calculation of Ref. [236] involves an expansion in the stop mixing
parameter that becomes unreliable when |X t |  M S .
In 2019, Ref. [237] took a step beyond the gaugeless limit
in the NNLL calculation of the Higgs mass, providing the
two-loop contributions to λ that involve both the strong
and the EW gauge couplings,20 for generic values of all the
relevant SUSY parameters. In contrast to the “gaugeless”
two-loop contributions of Refs. [66,227,234,235], where
λSM (M S ) can be considered vanishing at tree level – see
Eq. (11) – and all of the relevant two-loop diagrams can be
computed at vanishing external momenta, the calculation of
the mixed QCD–EW contributions requires also the O( p 2 )
parts of the two-loop self-energies of the Higgs boson (for the
field-renormalization contributions) and of the gauge bosons
(for the MSSM–SM conversion of the EW gauge couplings).
A study of the effects of the mixed QCD–EW contributions
to λ in scenarios with multi-TeV stop masses showed that
they are largely sub-dominant with respect to the gaugeless
Namely, the two-loop corrections of O(yt2 g 2 gs2 ), O(yt2 g  2 gs2 ),
O(yb2 g 2 gs2 ), O(yb2 g  2 gs2 ), O(g 4 gs2 ) and O(g  4 gs2 ).
20
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two-loop contributions, and their inclusion can shift the prediction for the Higgs mass by O(100) MeV. Alternatively, it
can shift the values of the stop masses required to obtain the
observed value of the Higgs mass by O(100) GeV.
If the squark mass and mixing terms entering the oneloop contributions to λ are renormalized in the DR scheme,
the two-loop contributions controlled by the strong gauge
coupling contain terms that, in the limit of large gluino mass,
depend linearly or quadratically on the ratios of M3 over the
various squark masses. Even for a mild hierarchy between the
gluino and the squarks, which would normally not warrant
a separate decoupling scale for the gluino, the dependence
on mass ratios such as M32 /M 2 may result in rather large
Q̃

two-loop effects. To circumvent this problem in the O(yt4 gs2 )
contribution to λ, the authors of Ref. [234] had proposed to
renormalize the stop mass and mixing terms in an OS scheme.
However, it was subsequently pointed out in Ref. [238] that
the definition of Ref. [234] for the stop mixing term leads to
the occurrence of terms enhanced by ln M S /Mt in the O(yt6 )
contribution to λ, spoiling the underlying assumptions of
the EFT approach. As an alternative, the authors of Ref. [238]
proposed to adopt for the stop parameters the MDR scheme
of Refs. [67,68], see Sect. 3.1.2, which they extended with
an appropriate definition for X t .
The calculations of the various contributions to λ discussed so far were restricted to the case of real parameters
in the MSSM Lagrangian. In 2020, Ref. [239] extended the
full one-loop contributions, as well as the two-loop contributions in the limit of vanishing EW-gauge and tau-Yukawa
couplings, to the case of complex parameters. The predictions for Mh obtained with the full dependence of λ on
the CP-violating phases were compared with predictions in
which the phase dependence is approximated by an interpolation, observing deviations of up to 1 GeV in scenarios
with more than one non-zero phase. Reference [239] also
discussed the impact of including in the determination of
the Yukawa couplings corrections that are formally of higher
order with respect to the accuracy of the Higgs-mass calculation. In particular, the inclusion of one-loop EW corrections
and two-loop O(αs2 ) corrections – the latter adapted from
Refs. [240–242] – in the relation between the bottom Yukawa
coupling of the MSSM and its SM counterpart at the SUSY
scale allows for an improved treatment of effects that are
enhanced at large tan β. The inclusion of three-loop O(αs3 )
corrections in the relation between the top Yukawa coupling
of the SM and the top mass at the EW scale accounts for
the bulk of the N3 LL effects that involve the highest powers
of the strong gauge coupling. This was found in Ref. [239]
to be a sufficient approximation of those effects, in view of
the uncertainty of the expansion in the stop mixing parameter that was employed in Ref. [236] to obtain the three-loop
O(yt4 gs4 ) contributions to λ.
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4.3.2 Matching the MSSM to a 2HDM
Compared with the case in which the EFT valid at the EW
scale is just the SM, the heavy-SUSY scenario in which both
Higgs doublets are within reach of the LHC has an obvious
appeal from the point of view of phenomenology. However,
the calculation of the Higgs masses in this scenario cannot
rely on the existing SM results, and the resummation of large
logarithmic corrections has so far been performed only at the
NLL order (i.e., involving one-loop corrections and two-loop
RGEs).
For the MSSM with real parameters, the one-loop squark
contributions to λi had already been obtained in the 1990s,
see Ref. [211]. In 2015, Ref. [243] extended the results of
Ref. [211] to the case of complex parameters, neglecting
however some of the terms that involve the EW gauge couplings. In 2019, the missing terms for the squark contributions in the complex case were included in Ref. [244]. A full
one-loop calculation of λi , including also the higgsinogaugino contributions and the contributions arising from the
DR–MS translation of the quartic couplings, had become
available in 2009, see Ref. [245], and in 2018 it was reproduced in Ref. [246]. The latter paper also pointed out that
the parameter tan β of the 2HDM differs from its MSSM
counterpart by a loop-induced shift.
For what concerns the two-loop contributions to λi , in
2015 Ref. [247] proposed a procedure to identify those of
O(yt4 gs2 ) from the tan β-dependence of the various terms
entering the corresponding contribution to the quartic coupling of the SM. Shortly thereafter, Ref. [243] extended
that calculation to the case of complex parameters, and also
resolved an ambiguity in the results for λ3 , λ4 and λ5 ,
for which the procedure of Ref. [247] determines only the
sum. These results were, however, restricted to the case of
degenerate soft SUSY-breaking masses for the stops. In 2020,
Ref. [248] computed the O(yt4 gs2 ) contributions to λi for
arbitrary complex values of all of the relevant parameters,
as well as the O(yt6 ) contributions in the limit of degenerate
stop masses.
The two-loop RGEs for the 2HDM can be extracted from
the formulas of Refs. [221–224] for a general renormalizable
theory, which have been implemented in public codes such as
SARAH [106] and PyR@TE [249–252]. In 2014, Ref. [253]
used SARAH to obtain explicit results for the RGEs of the
Type-II 2HDM. In 2015, these RGEs were revised and corrected in Ref. [247], where they entered the EFT calculation
of the Higgs masses under the approximation of neglecting the RG evolution of the loop-induced “wrong” Yukawa
couplings. In 2018, Ref. [246] used SARAH to obtain RGEs
for the Type-III 2HDM, neglecting all Yukawa couplings
except those of the two doublets to top quarks. However,
later in 2018 Refs. [254,255] found that the implementation
in SARAH and PyR@TE of the general results of Refs. [221–
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224] was not appropriate for models, such as the 2HDM,
that feature mixing in the scalar sector. Reference [255] provided the correct two-loop RGEs for the Type-III 2HDM,
and Ref. [254] computed the three-loop contributions that
involve only λi to the RGEs for the masses and quartic couplings of the Higgs doublets. Also in late 2018, the correct
two-loop RGEs for the Type-III 2HDM were independently
derived in Ref. [256] and made available in the public code
2HDME [257]. Meanwhile, the three-loop RGEs for the gauge
and Yukawa couplings of the Type-III 2HDM had been presented in 2017 in Ref. [258].
After the quartic couplings are evolved down to the EW
scale, they can be used in conjunction with tan β and an input
mass parameter – usually taken as either M A or M H ± – to
compute masses and mixing angles in the Higgs sector.21 In
the approximation of neglecting the “wrong” Yukawa couplings, so that the relevant EFT is a type-II 2HDM, the oneloop contributions to the Higgs mass matrix from fermions
and gauge bosons are the same as in the MSSM and can be
found in the literature, see e.g. Refs. [19–24]. In contrast, the
Higgs contributions must be computed in terms of the quartic Higgs couplings of the 2HDM. In 2015, Ref. [263] used
SARAH to obtain the full one-loop corrections to the Higgs
mass matrix for the type-II 2HDM. Two-loop corrections
to the Higgs mass matrix at vanishing external momentum
are also generated by SARAH in the gaugeless limit, which
in the 2HDM includes also the contributions of the quartic
Higgs couplings. These corrections were discussed in 2017
in Ref. [155], but they have not yet been applied to the case
in which the 2HDM is treated as the EFT of the MSSM with
heavy SUSY particles.
If there is a substantial gap between the masses of the
heavy Higgs bosons and the EW scale, the radiative corrections to the Higgs mass matrix computed within the 2HDM
contain logarithmic terms involving the ratio of the two
scales, which might be large enough to require resummation. To this effect, the heavier Higgs doublet is integrated
out at the scale Q = M A , leaving the SM as EFT. The treelevel matching condition for the quartic Higgs coupling λSM
is given in Eq. (14), and the threshold correction λ from
one-loop diagrams involving the heavier Higgs doublet was
computed in Ref. [246]. The contribution to λ from twoloop diagrams involving the heavier Higgs doublet and top
quarks was subsequently computed in Ref. [248]. After the
RG evolution of the quartic coupling down to the EW scale,
typically at Q = Mt , the mass of the lighter Higgs boson can
be computed including the known SM results for the radiative
corrections.

21

Conversely, when the renormalization of the 2HDM is studied independently of an underlying SUSY theory, the Higgs masses and mixing
angles are usually treated as input parameters, see e.g. Refs. [259–262].
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References [244,246,247] also proposed a procedure that
resums the corrections enhanced by ln(M A /Mt ) while still
retaining information on the corrections to the masses of
the heavy Higgs bosons and on their mixing with the SMlike Higgs. While the proposals of the three papers differ in
minor details, their central idea consists in computing the
higher-order logarithmic contributions to λSM using the SM
as EFT, and inserting them in the full Higgs mass matrix of
the 2HDM, which is then diagonalized to determine masses
and mixing at once. It was shown in Ref. [244] that this procedure provides a satisfactory interpolation between the pure2HDM calculation, which is appropriate when both Higgs
doublets are at the EW scale, and the two-step calculation
where the heavier Higgs doublet is integrated out at an intermediate scale.
The availability of proper EFT calculations in the setup
with heavy SUSY particles and a light 2HDM allowed for an
assessment of the benchmark scenarios used by ATLAS and
CMS to interpret their Higgs searches in the low-tan β region
of the MSSM, where ultra-heavy stops are required to obtain
a prediction for the SM-like Higgs mass around 125 GeV.
In the “low-tb-high” scenario proposed in Ref. [264], the
Higgs masses had been computed with an early version of
FeynHiggs that performed the resummation of logarithmic corrections by decoupling the SUSY particles and the
heavy Higgs doublet at the same high scale. It was shown
in Refs. [246,247] that, at low values of tan β and M A , this
approximation can overestimate the prediction for the SMlike Higgs mass by as much as 8 GeV. In 2019, a new benchmark scenario for the low-tan β region, based on the EFT calculation of Ref. [246], was eventually proposed in Ref. [265].
In some instances, rather than interpreting their Higgs
searches in a specific MSSM scenario, ATLAS and CMS
relied on a simplifying approach, the so-called “hMSSM” [266–
269]. This approximation assumes that the Higgs sector is CP
conserving, that all SUSY particles are too heavy to affect
Higgs production and decays, that any non-decoupling SUSY
corrections to the Higgs couplings are negligible, and that the
radiative corrections to the elements other than (2, 2) in the
mass matrix of the neutral CP-even components of H1 and H2
are also negligible, i.e. M21 j ≈ 0 for j = 1, 2, see Eq. (2).
In this case, the remaining radiative correction M222 can be
expressed in terms of the parameters that determine the treelevel mass matrix (i.e. tan β, M Z and M A ) plus the smaller
eigenvalue Mh , which is treated as an input and identified
with the mass of the observed Higgs boson. Consequently,
the larger eigenvalue M H and the angle α that diagonalizes
the mass matrix can in turn be expressed in terms of just
those four input parameters, of which only tan β and M A are
unknown. While the hMSSM approach does bring some benefits – namely, the limited number of input parameters, and
the fact that the measured value of the Higgs mass is one of
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them – its predictions for the Higgs properties can be mapped
only to regions of the MSSM parameter space in which
the approximations of neglecting the M21 j corrections and
the SUSY corrections to the Higgs couplings are justified.
Indeed, in Refs. [247,265] the comparison between the EFT
calculations and the hMSSM approach found regions of the
MSSM parameter space where the predictions for α, which
determines the couplings of the CP-even Higgs bosons, can
differ by more than 10%. Moreover, the EFT calculations
show that, for low values of tan β and M A , a prediction for
the lighter Higgs mass of about 125 GeV may require stop
masses as large as the GUT scale, putting into question the
validity of the MSSM as the underlying high-energy theory.
4.3.3 Split-SUSY scenarios for the MSSM
In the original Split-SUSY scenario of Refs. [216,217],
where the heavy Higgs doublet is integrated out at the same
scale as the sfermions, the one-loop threshold corrections
and two-loop RGEs necessary to the NLL resummation of
the large logarithmic corrections had become available by
the beginning of the KUTS initiative, see Sect. 4.2. In 2018,
Ref. [246] included in the threshold corrections to the Higgshiggsino-gaugino couplings terms suppressed by X t2 /M S2
that had been neglected22 in Refs. [225,227]. Going beyond
NLL, the two-loop threshold corrections to λSM obtained in
Refs. [227,235,237] can be trivially adapted to this scenario
by taking the limits of vanishing gluino and higgsino masses
(i.e., M3 → 0 and μ → 0). However, a full NNLL resummation of the logarithmic corrections in Split SUSY will require
not only the remaining two-loop corrections controlled by the
EW couplings, but also the three-loop part of the RGEs.
A Split-SUSY scenario that came under attention in the
course of the KUTS initiative is the one in which both Higgs
doublets are significantly lighter than the sfermions. In this
case the EFT valid below the sfermion mass scale is a 2HDM
augmented with the gauginos and the higgsinos. In 2014, oneloop RGEs for this EFT were presented in Ref. [270], and in
2015 Ref. [263] used SARAH to obtain the 2-loop RGEs. In
2018, Ref. [246] also used SARAH to include in the RGEs the
effects of the “wrong” Yukawa couplings of the two Higgs
doublets with SM fermions and with higgsinos and gauginos.
These interactions, absent at tree level, are generated at one
loop when the sfermions are integrated out of the MSSM, but
in Split SUSY they are suppressed by ratios of the higgsino
and gaugino masses over the sfermion masses. The EFT calculation of the Higgs masses in Ref. [246] employed independent decoupling scales for the heavy Higgs doublet, for
We recall that X t = At − μ cot β, and that in Split SUSY the soft
SUSY-breaking parameter At is suppressed by the same symmetry that
keeps μ and the gaugino masses smaller than the scalar masses [216,
217].
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the EW gauginos and the higgsinos, and for the gluino. Oneloop threshold corrections to the effective couplings were
computed at each of these scales, under the approximation
of degenerate masses for the higgsinos and the EW gauginos. This allowed for a NLL resummation of the logarithmic
corrections in all of the considered EFT towers.
It was shown in Refs. [247,264] that, in the Split-SUSY
scenario with a light 2HDM, an acceptable prediction for the
lighter Higgs mass at low tan β can be obtained for lower
values of the stop masses than in the scenario with a light
2HDM where all SUSY particles are decoupled at the high
scale. Finally, a benchmark scenario for Higgs searches in
the MSSM setup where the sfermions are very heavy while
both Higgs doublets, the higgsinos and the gauginos are at
or below the TeV scale was proposed in Ref. [265], relying
on the NLL EFT calculation of Ref. [246].
4.3.4 Beyond the MSSM
Compared with the case of the MSSM, the effort devoted
so far to the EFT calculation of the Higgs masses in nonminimal SUSY extensions of the SM with hierarchical mass
spectra has been relatively limited. In view of the number
of different models that could in principle be studied, a sensible approach is the one already discussed in Sect. 3.4 for
the FO calculations: compute all of the necessary corrections
only once for a general theory, and then specialize the results
to the model under consideration. As mentioned earlier, the
two-loop RGEs for a general theory have been computed long
ago in Refs. [221–224], and they are available in public codes
such as SARAH and PyR@TE. The calculation of the physical
Higgs mass(es) from the parameters of the EFT Lagrangian
at the low scale can rely on the existing SM results or, if the
relevant EFT is an extension of the SM, on the general Higgsmass calculation implemented in SARAH. In addition, a NLL
resummation of the large logarithmic corrections requires the
calculation of one-loop matching conditions for the Higgs
couplings between a general high-energy theory and a general renormalizable EFT from which the heavy states have
been integrated out.
In 2018, the general one-loop matching conditions were
computed independently in Refs. [271,272], under the
restriction that the high-energy theory does not contain heavy
gauge bosons. In particular, Ref. [271] discussed different
choices that can be made in the renormalization of the masses,
couplings and mixing angles entering the tree-level part of
the matching conditions, as well as several subtleties concerning the treatment of tadpoles, gauge dependence and
infrared divergences. As an application of the general formulas, Ref. [271] reproduced the MSSM results of Ref. [227],
and obtained novel results for the one-loop matching condition for the quartic Higgs coupling in the scenario where
the high-energy theory is the MDGSSM and the EFT is the
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SM plus higgsinos. Reference [272] focused instead on the
implementation of the general one-loop matching conditions
in the package SARAH. In addition to reproducing the results
of Ref. [227] for the MSSM scenario with one light Higgs
doublet and those of Ref. [211] for the MSSM scenario with
two light Higgs doublets, Ref. [272] provided a novel NLL
calculation of the Higgs mass in the scenario where the highenergy theory is the NMSSM and the EFT is the SM. In
2019, a follow-up paper [273] employed SARAH to study
the Split-SUSY scenario where the high-energy theory is the
GNMSSM and the EFT is the SM plus higgsinos, gauginos,
and all of the components of the singlet superfield.
Other EFT calculations of the Higgs masses performed in
the years of the KUTS initiative focused on SUSY models
with Dirac gauginos. In 2018, Ref. [274] studied the conditions for “Higgs alignment” – i.e., one of the Higgs bosons
being SM-like independently of the masses of the others – in
Dirac-gaugino models with an extended SUSY in the gauge
sector. In the process, Ref. [274] provided a novel EFT calculation of the Higgs mass at the NLL level in the scenario
where the high-energy theory is the MDGSSM and the EFT
is a type-II 2HDM augmented with Dirac bino and wino. It
also considered the scenario where the high-energy theory
is the MRSSM and the EFT is just a type-II 2HDM. In both
cases the two-loop RGEs were obtained with SARAH. The
one-loop threshold corrections to the quartic Higgs couplings
at the matching scale were computed directly, although in the
MRSSM case only the contributions from loops involving the
adjoint scalars were included.
In 2019, Ref. [275] computed the two-loop O(yt4 gs2 ) corrections to the quartic coupling of the SM-like Higgs boson
that arise when a Dirac gluino and its associated octet scalar
(the sgluon) are integrated out of the theory at the respective
mass scales. In a rare departure from the gaugeless limit at
two loops, Ref. [275] also obtained the threshold corrections
of O(yt4 g 2 ) and O(g 6 ) that arise from diagrams involving a
Dirac wino and its adjoint scalar, in the “Split Dirac SUSY”
model23 of Ref. [276]. A numerical study showed that, in the
scenarios with vanishing X t considered in the paper, the shift
induced by all of these two-loop corrections on the prediction for the Higgs mass is small, typically below 100 MeV.
Indeed, by explicitly decoupling the gluino from the EFT
one avoids the occurrence of corrections to the quartic Higgs
coupling enhanced by M32 /M 2 .
Q̃

Note that in this model there is no O(g 2 ) contribution to the quartic Higgs coupling at tree level, therefore all of the relevant two-loop
diagrams can be obtained from the effective potential.
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4.3.5 Public codes for the EFT calculation of the Higgs
masses in SUSY models
In the course of the KUTS initiative, the EFT calculations
of the Higgs masses discussed in the previous sections have
been implemented in a number of public codes, which we
list briefly here (detailed descriptions and complete lists of
references can be found in the Appendix).
• SusyHD, based on Ref. [234], provides a full NLL and
“gaugeless” NNLL calculation of the Higgs mass in the
MSSM scenario where all SUSY particles and the heavy
Higgs doublet are integrated out at the same scale, as
well as an NLL calculation in the original Split-SUSY
scenario with only one light Higgs doublet.
• MhEFT implements the calculation of Ref. [66] for the
MSSM scenario with heavy SUSY particles and only one
light Higgs doublet, and the calculation of Ref. [247]
for the scenario with two light Higgs doublets. In both
scenarios, the code also allows for light higgsinos and
EW gauginos,24 under the approximation that the effects
of the light SUSY particles are included only in the oneloop RGEs, without distinguishing the effective Higgshiggsino-gaugino couplings from the gauge couplings.
• FeynHiggs provides, in addition to the “hybrid” calculation that will be described in Sect. 5, the option of
a pure EFT calculation of the MSSM Higgs masses. For
the heavy-SUSY scenario where the EFT is the SM, it
implements a full NLL and “gaugeless” NNLL calculation, relying on the one- and two-loop threshold corrections with full dependence on the CP-violating phases
from Ref. [239]. For the scenario where the EFT is a
2HDM, it implements the NLL calculation of Ref. [246],
which covers eight different EFT towers depending on
the relative position of the thresholds for the heavy Higgs
doublet, the higgsinos and EW gauginos, and the gluino.
The matching conditions for the quartic Higgs couplings
of the 2HDM also include the two-loop O(yt4 gs2 ) and
O(yt6 ) contributions from Ref. [248].
• FlexibleSUSY contains several modules for the EFT
calculation of the MSSM Higgs masses. For the simplest
heavy-SUSY scenario where the EFT valid below the
matching scale is the SM, the module HSSUSY implements a full NLL and “gaugeless” NNLL calculation
that relies on the one- and two-loop corrections from
Refs. [227,235], plus a partial N3 LL calculation that
relies on the three-loop corrections from Ref. [236],
provided by the code Himalaya. For the Split-SUSY
scenario with only one light Higgs doublet, the mod24

Since the gaugino masses feed into each other via two-loop corrections, this scenario involves additional fine tuning if the gap between
the masses of gluino and EW gauginos is larger than a two-loop factor.
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ule SplitMSSM implements one- and two-loop corrections from Refs. [226,227]. When the EFT valid below
the matching scale is a 2HDM, the code contains separate modules for the scenarios with SUSY particles
all heavy, with light higgsinos, and with light higgsinos and gauginos. They allow for the inclusion of either
the dominant one-loop corrections of Ref. [211] or the
full corrections of Ref. [245], plus the two-loop O(yt4 gs2 )
corrections in the approximation of Ref. [247]. Note
that FlexibleSUSY includes also a module, named
FlexibleEFTHiggs, that allows for the automated
“hybrid” NLL calculation of the Higgs mass in any SUSY
model matched directly to the SM. This will be described
in Sect. 5.
• SARAH allows for automated EFT calculations of the
Higgs masses at the NLL level, relying on the general
one-loop matching conditions of Refs. [271,272]. The
package comes with model files for several heavy-SUSY
scenarios. In the case where the theory valid above the
matching scale is the MSSM, these cover six different EFT towers depending on the relative position of
the thresholds for the heavy Higgs doublet and for the
SUSY fermions (in contrast to FeynHiggs, the gluino
is always decoupled at the same scale as the EW gauginos). There are also model files for the NMSSM matched
either directly to the SM, or to the SM plus higgsinos,
gauginos, singlet and singlino. Finally, SARAH allows
for automated “hybrid” Higgs-mass calculations similar
to those in FlexibleEFTHiggs, but the accuracy of
the resummation of the large logarithmic effects is only
LL in this case.

While the EFT calculations implemented in the codes
listed above differ from each other in several aspects – e.g.,
in the classes of threshold corrections that they include at
the SUSY scale, and in the renormalization scheme adopted
for some of the SUSY parameters – their predictions for
the Higgs masses are generally in good agreement with
each other in the appropriate limits. For the heavy-SUSY
scenario where the high-energy theory is the MSSM and
the EFT is the SM, a comparison between SusyHD and
HSSUSY was presented in Ref. [277], a comparison between
SusyHD and FeynHiggs was presented in Ref. [278],
and a comparison between SusyHD and the relevant module of SARAH was presented in Ref. [272]. For the scenario where the high-energy theory is the MSSM and
the EFT is a 2HDM, a comparison between MhEFT and
the relevant module of FlexibleSUSY was presented in
Ref. [143], a comparison between MhEFT and FeynHiggs
was presented in Ref. [246], and a comparison between
MhEFT and the relevant module of SARAH was presented
in Ref. [272].
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4.4 Prospects
As discussed earlier in this section, full EFT calculations of
the Higgs masses at the NLL level – i.e., involving one-loop
threshold corrections and two-loop RGEs – are already available for a variety of SUSY models and of mass hierarchies
within these models. For any other model (or mass hierarchy, e.g. one light stop) that should come under attention in
the future, the necessary ingredients for the NLL calculation
of the Higgs masses can in principle be obtained “automatically” from general formulas, with the current limitation that
the high-energy theory must not involve heavy gauge bosons.
In contrast, calculations beyond NLL have so far been performed only for the simplest heavy-SUSY scenario where the
MSSM is matched directly to the SM, and they are restricted
to subsets of contributions: at NNLL they neglect most of
the effects that involve the EW gauge couplings, while at
N3 LL they account only for the effects that involve the top
Yukawa coupling combined with the highest powers of the
strong gauge coupling.
In heavy-SUSY scenarios where the high-energy theory
is matched directly to the SM, a full NNLL calculation of
the Higgs mass should be well within reach. Indeed, in these
scenarios one can rely on the existing SM results for the
three-loop RGEs and for the two-loop relations between
Lagrangian parameters and physical masses at the EW scale,
and all is left to compute is the full two-loop matching condition for the quartic Higgs coupling at the SUSY scale. In
contrast to the case of the FO calculations described in Sect. 3,
all of the relevant two-loop diagrams can be computed in the
limit of unbroken EW symmetry and through an expansion
in the external momentum, and should not present particular
difficulties. The most economic approach could again be the
one of computing the two-loop matching condition only once
for a general high-energy theory, and then adapting the result
to the particular SUSY model under consideration. However,
some additional work will still be required, on a case-bycase basis, to establish the most convenient renormalization
scheme for the Lagrangian parameters, also in order to avoid
the occurrence of spuriously large corrections such as, e.g.,
those enhanced by powers of tan β or by M32 /M 2 .
Q̃
In scenarios where the EFT valid below the SUSY scale
is an extension of the SM, an NNLL calculation of the Higgs
mass(es) requires the three-loop RGEs for the parameters of
the EFT. Lacking those, the inclusion of two-loop matching
conditions for the couplings of the EFT can be considered an
improvement of the calculation only if the hierarchy between
the SUSY and EW scales is not so large that the resummation of higher-order logarithmic effects is really mandatory.
The computation of the two-loop matching conditions for
the quartic Higgs coupling(s) should not involve additional
conceptual difficulties with respect to the case in which the
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EFT is just the SM. However, if the EFT contains singlets
or triplets of SU (2), there are also cubic interactions for
which the computation of the two-loop matching conditions
is required.
For what concerns the N3 LL calculation of the Higgs mass
in the scenario where the MSSM is matched to the SM, a generalization of the three-loop O(yt4 gs4 ) matching condition for
the quartic Higgs coupling of Ref. [236] to arbitrary values
of X t /M S could be envisaged. In view of the modest impact
of this presumably dominant correction, however, it is doubtful that the effort necessary to compute additional three-loop
corrections and four-loop RGEs – in this scenario or even
in more complicated ones – will be considered justified in
the short term. We stress here that the smallness of the gain
that results from going to higher perturbative orders in the
calculation is in fact a desirable feature of the EFT approach,
in which the dominant effects are accounted for by the evolution of the parameters between the SUSY scale and the
EW scale. For example, the large cancellations that had been
noticed between the O(αt αs2 ), O(αt2 αs ) and O(αt3 ) corrections in the FO calculation of the Higgs mass are already
incorporated in the RGEs. Consequently, one can speculate
that the omission of the three-loop O(yt6 gs2 ) and O(yt8 ) contributions to the matching condition in the EFT calculation
has a far less dramatic impact than the omission of the corresponding terms in the FO calculation.
Another possible direction of improvement, aimed at
increasing the accuracy of the EFT calculation of the Higgs
masses in scenarios where the hierarchy between the SUSY
scale and the EW scale is mild, could be the inclusion of
terms suppressed by v 2 /M S2 . As mentioned in Sect. 2.3, these
terms can be mapped to the effect of dimension-six operators in the EFT Lagrangian, and they are neglected when
the high-energy theory is matched to a renormalizable EFT
in the unbroken phase of the EW symmetry. For example,
in the EFT approach the one-loop corrections to the Higgs
mass proportional to yt2 Mt4 /M S2 arise from the inclusion in
the scalar potential of the term c6 |H |6 , where c6 is a Wilson coefficient that scales like M S−2 , induced when the stops
are integrated out of the high-energy theory. In general, multiple dimension-six operators contribute to the Higgs mass.
In recent years, several papers [279–283] provided the oneloop contributions to the Wilson coefficients of the relevant
dimension-six operators that arise when the squarks are integrated out of the MSSM, employing a technique known as
“covariant derivative expansion” [284–287].25 In addition,
Ref. [235] presented a direct computation of the two-loop
O(yt6 gs2 ) contribution to c6 in the MSSM, relying on the
effective-potential approach. However, Ref. [235] also found
25

Reference [282] also showed how this technique can be used to
obtain the one-loop contributions to the coefficients of the renormalizable operators of the EFT.
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that, for the values of the stop masses that lead to a Higgsmass prediction in the vicinity of 125 GeV, the dominant oneand two-loop O(v 2 /M S2 ) effects arising from dimension-six
operators are already largely suppressed. Moreover, in the
context of the Higgs-mass calculation, the usefulness of a full
inclusion of the dimension-six operators in the EFT setup –
with matching conditions computed at the SUSY scale, and
subsequent RG evolution to the EW scale – can be questioned
on general grounds, as the logarithmic enhancement of the
higher-order corrections that are thus resummed is always
trumped by their power-like suppression.
An alternative approach to the inclusion of the O(v 2 /M S2 )
effects stems from the consideration that these effects are
automatically accounted for in the FO calculation of the
Higgs masses, which is usually performed in the broken
phase of the EW theory and does not necessarily involve any
expansion in v 2 . In order to cover the whole spectrum of scenarios – from those with a mild hierarchy between the SUSY
and EW scales, where the O(v 2 /M S2 ) effects can be relevant,
to those with a strong hierarchy, where the resummation of
large logarithmic effects is required – it is conceivable to
combine a FO calculation of the former effects with an EFT
calculation of the latter. Indeed, a number of such “hybrid”
approaches to the Higgs-mass calculation in SUSY models
have been proposed in the course of the KUTS initiative, as
will be reviewed in the next section.

5 Hybrid calculations
5.1 Motivation
As discussed in the previous sections, EFT calculations of
the Higgs masses account, to all orders in the perturbative
expansion, for the logarithmic corrections that involve the
ratio between different mass scales (e.g., the SUSY scale
M S and the EW scale v), and are therefore suited to scenarios
with large hierarchies between scales. However, they neglect
contributions to the Higgs masses suppressed by powers of
the ratio of scales, e.g. v 2 /M S2 , unless higher-dimensional
operators are included in the EFT, at the price of a significant
increase in the complexity of the calculation. In contrast, FO
calculations of the Higgs masses do not necessarily involve
any expansion in ratios of scales, hence they can be applied
without loss of accuracy to scenarios with new physics near
the EW scale. However, they are unsuited to scenarios with
large hierarchies between scales, because the uncomputed
higher-order corrections involve higher powers of the logarithm of their ratio.
A novel approach to the determination of the Higgs masses
consists in combining the resummation of the logarithmic
effects from the EFT calculations with the complete treatment of the contributions suppressed by powers of v 2 /M S2
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from the FO calculations. The aim of this “hybrid” approach
is to obtain a single calculation that can be applied to the
whole spectrum of SUSY scenarios, from those with light
SUSY particles to those with a large hierarchy between the
SUSY and EW scales, covering also the intermediary region
with SUSY masses of 0.5−2 TeV. Indeed, while the latter
region is of particular interest in view of LHC phenomenology, it sits at the border of the domains of applicability of the
FO and EFT calculations, where it is not immediately obvious
which, if either, of the two approaches can be considered sufficiently accurate. It should be stressed that there is no unique
way to realize such combination of the FO and EFT calculations, and that the proverbial Devil resides in the detail: the
contributions to the Higgs masses that are included in both
calculations must be subtracted to avoid double counting,
and possible differences in the definition of the parameters
entering the two calculations must be accounted for, all in
a way that does not spoil the resummation of higher-order
logarithmic effects.
Since late 2013, three distinct methods for combining the
FO and EFT calculations in a hybrid approach have been
proposed, and they have been thoroughly discussed during
the KUTS meetings. In the following we summarize their
main features.
5.2 The hybrid approach of FeynHiggs
A version of FeynHiggs combining a two-loop FO calculation of the MSSM Higgs masses with a resummation of
higher-order logarithmic corrections was first presented in
2013 in Ref. [189]. The hybrid approach of FeynHiggs
was subsequently refined in Refs. [239,246,278,288–291],
and in Ref. [292] it was used in the production of benchmark scenarios for MSSM Higgs searches at the LHC. The
main idea consists in supplementing the FO corrections to
the Higgs mass matrix, see Eq. (2), with higher-order logarithmic terms computed numerically in the EFT approach. In
MSSM scenarios where the mass of the heavier Higgs doublet is comparable to the SUSY masses, this amounts to the
replacement:
Mhh ( p 2 )

−→



Mhh ( p 2 ) + 2 λSM (Mt ) v 2 − Mhh ( p 2 )

d.c.

,

(15)
where Mhh ( p 2 ) is the FO correction to the hh element of
the mass matrix, in the basis of tree-level mass eigenstates
(h, H ), which FeynHiggs computes in full at one loop
and in the gaugeless limit at two loops; λSM (Mt ) is a SMlike quartic Higgs coupling obtained in the EFT approach
through a numerical solution of the appropriate RGEs, starting from boundary conditions at the SUSY scale; the subtraction term Mhh ( p 2 ) d.c. is meant to avoid double
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counting, removing the contributions that are present in both
the FO result and the EFT result. In the latest implementation
of the hybrid approach of FeynHiggs, see Ref. [290], the
subtraction term contains the tree-level Higgs mass plus the
O(v 2 ) terms of an expansion of the SUSY contributions to
Mhh ( p 2 ) in powers of v 2 (i.e., the terms that do not vanish
in the limit v 2 /M S2 → 0). If the one-loop stop contributions to
Mhh ( p 2 ) are expressed in terms of OS-renormalized stop
masses and mixing, the two-loop contributions of the corresponding counterterms are not included in the subtraction
term (this will be further discussed below). Once the mass
matrix has been improved with the inclusion of the higherorder logarithmic terms, the pole masses of the MSSM Higgs
bosons are numerically determined from the zeroes of the
inverse-propagator matrix as in the regular FO calculation,
see Eq. (1).
In the original implementation of the hybrid approach in
FeynHiggs, Ref. [189], the resummation of higher-order
logarithmic effects was performed only in the scenario where
the EFT valid below the SUSY scale is the SM, and it included
only the LL and NLL contributions controlled by the top
Yukawa coupling and the strong gauge coupling. In 2016,
Ref. [288] extended the hybrid approach by including also
the LL and NLL contributions controlled by the EW gauge
couplings, as well as the NNLL contributions controlled by
the top Yukawa coupling and the strong gauge coupling.
Reference [288] also adapted the hybrid approach to splitSUSY scenarios in which the EW gauginos and the higgsinos, and possibly also the gluino, are integrated out at intermediate scales between the SUSY and EW scales. In 2017,
Ref. [278] identified some spurious higher-order logarithmic
contributions that are included in the hybrid result for the
lighter Higgs mass when the poles of the inverse-propagator
matrix, Eq. (1), are determined numerically. In principle,
these spurious contributions would cancel out order by order
in a complete FO calculation, and they can be removed by
truncating the determination of the propagator poles at the
perturbative order covered by the available FO calculation
(in FeynHiggs, this means full one-loop and gaugeless
two-loop). It was found in Ref. [278] that this modification
can shift the prediction for the lighter Higgs mass by about
1.5 GeV when M S is of O(10 TeV).
In 2018, Refs. [246,289] extended the hybrid approach of
FeynHiggs to MSSM scenarios in which both Higgs doublets are much lighter than the SUSY scale. In this case the
EFT valid below the SUSY scale is a 2HDM, and the resummation of the logarithmic effects is performed at NLL, with
independent decoupling scales for the gluino and for higgsinos and EW gauginos. It was pointed out in Ref. [289] that, in
the presence of scalar mixing, the perturbative determination
of the propagator poles proposed in Ref. [278] can lead to
discontinuities in the Higgs-mass predictions near the crossing points where the masses of the scalars that mix with each
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other are degenerate.26 Reference [289] proposed an alternative procedure in which the spurious logarithmic terms
that would cancel out only in a complete FO calculation are
removed from the Higgs self-energies via a redefinition of
the Higgs fields, after which the poles of the propagator can
be determined numerically.
In 2020, Ref. [239] extended the hybrid approach of
FeynHiggs – in scenarios with only one light Higgs doublet
– to include the full NLL and gaugeless NNLL resummation
of the corrections controlled by the bottom Yukawa coupling,
which were previously computed only at fixed (i.e., two-loop)
order. To facilitate the combination with the EFT component
of the calculation, the renormalization scheme for the bottom
Yukawa coupling and for the soft SUSY-breaking term Ab in
the FO component of the calculation was changed from the
OS scheme of Refs. [35,37] to the DR scheme. It was found
in Ref. [239] that, in scenarios where the SUSY contributions
enhance the bottom Yukawa coupling, the differences in its
treatment between the pure FO calculation and the hybrid calculation can lead to significant variations in the predictions
for Mh at large tan β. Also in 2020, Ref. [291] extended the
hybrid approach of FeynHiggs – in scenarios where both
Higgs doublets are light – to the case of complex parameters
in the MSSM Lagrangian, largely relying on Ref. [244] for
the EFT component of the Higgs-mass calculation.
An open issue in the hybrid approach of FeynHiggs is
the possible mismatch between the renormalization schemes
employed in the FO and EFT calculations. In the original
implementation, the FO calculation adopted an OS definition for the input parameters that determine the stop masses
and mixing, whereas the EFT calculation required DRrenormalized parameters. It was therefore necessary to either
convert the input parameters from OS to DR before passing
them to the EFT calculation, or modify the EFT calculation
in such a way that the boundary conditions at the SUSY scale
are expressed in terms of OS parameters. However, with the
usual OS definition of the stop-mixing parameter – in which
Mt X t is the off-diagonal element of a 2 × 2 matrix whose
eigenvalues are the pole stop masses, and Mt is the pole top
mass – the one-loop conversion of X t between the OS and
DR schemes involves potentially large logarithmic terms:
X tDR (M S )

= X tOS


1+


+ (. . . ) ,

26

3 αt
αs
−
(1 − X t2 /M S2 )
π
16π


ln

M S2
Mt2
(16)

This issue had first surfaced during the preparation of the benchmark
scenarios of Ref. [292].
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where the ellipses denote additional, non-logarithmic terms
of O(αs ) or O(αt ), as well as terms depending on other couplings. The alternative OS definition proposed in Ref. [234],
in which the pole top mass in the off-diagonal element of
the stop mass matrix is replaced by the running parameter
m t (M S ), removes some of the logarithmic terms in Eq. (16),
but it does not affect the term proportional to X t2 /M S2 . The
latter stems from a threshold effect in the loop integrals, and is
specific to the case of degenerate stop masses (see Ref. [293]
for a detailed discussion). In the case of a strong hierarchy
between the SUSY and EW scales, the presence of large logarithmic terms either in the conversion of the input parameters
or in the boundary conditions at the SUSY scale spoils the
resummation of the logarithmic corrections. To circumvent
this problem, Ref. [278] modified the hybrid calculation of
FeynHiggs, adding the option to use directly a DR definition for the stop parameters entering the FO part of the
calculation. In that case no conversion is needed, and the logarithmic corrections are fully resummed at the desired order
(i.e. NLL or beyond, depending on the scenario). If however the input parameters in the stop sector are defined in
the OS scheme, FeynHiggs includes only the logarithmic
terms of Eq. (16) in their conversion to the DR scheme. The
presence of counterterm contributions in the FO part of the
calculation – as mentioned above, those are not subtracted in
Mhh ( p 2 ) d.c. – ensures that the prediction for the Higgs
mass is correct up to the two-loop order, but the resummation
of the higher-order logarithmic corrections is incomplete. As
will be discussed in Sect. 6, this is duly accounted for in the
estimate of the theoretical uncertainty of the Higgs-mass prediction of FeynHiggs.

5.3 The hybrid approach of FlexibleEFTHiggs
An alternative method to combine the EFT resummation
of large logarithmic corrections with the FO calculation
of corrections suppressed by powers of v 2 /M S2 was proposed in 2016 in Ref. [277], and it was implemented in the
FlexibleSUSY module FlexibleEFTHiggs. In 2017
a similar approach was implemented in SARAH [294]. The
main idea of this approach consists in incorporating the corrections to the Higgs mass suppressed by powers of v 2 /M S2
into the boundary condition for the quartic Higgs coupling
at the SUSY scale, λSM (M S ), then proceeding as in a regular
EFT calculation (i.e., evolving λSM down to the EW scale
and computing there the pole Higgs mass Mh ). The boundary condition is determined by the requirement that the FO
result for the pole Higgs mass computed at the SUSY scale
be the same in the low-energy EFT (which is assumed to be
the SM) and in the high-energy SUSY model. Decomposing the FO result for the Higgs mass computed in the SM as
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(Mh2 )SM = 2 λSM (M S ) v 2 (M S ) + (Mh2 )SM , one obtains


1
2
2
(M
(17)
)
−
(M
)
λSM (M S ) =
h HET
h SM ,
2 v 2 (M S )
where (Mh2 )HET is the FO result for the Higgs mass computed
in the high-energy theory (HET). Since the FO calculation
does not involve any expansion in v 2 /M S2 , the M S -suppressed
terms are included in λSM (M S ), and after the RG evolution
of λSM they enter the result for Mh computed at the EW
scale. We remark that, in this approach, the resummation of
higher-order logarithmic effects is correct only for the terms
that are not suppressed by powers of v 2 /M S2 , because the RG
evolution of the higher-dimensional operators that, in a pure
EFT approach, would account for the M S -suppressed terms
differs from the RG evolution of the quartic coupling. On the
other hand, the M S -suppressed terms are fully included in
the Higgs-mass prediction up to the loop order covered by
the FO calculation.
An advantage of the hybrid approach of
FlexibleEFTHiggs is that the matching procedure is
largely independent of the considered high-energy theory,
and is therefore well-suited to be implemented in “automated” codes such as FlexibleSUSY and SARAH, which
can compute the Higgs masses in generic SUSY (and
non-SUSY) extensions of the SM. Indeed, in Ref. [277]
FlexibleEFTHiggs was employed to obtain predictions
for the Higgs mass in several SUSY models beyond the
MSSM, namely the NMSSM, the E6 SSM and the MRSSM.
On the other hand, the “pole matching” condition of Eq. (17)
can only be applied to scenarios in which only one Higgs
doublet is light, although it could in principle be extended
to cases in which the EFT includes additional light particles
that do not mix with the Higgs boson (e.g., to the original
Split-SUSY scenario).
In the early implementations of FlexibleEFTHiggs,
see Refs. [143,277], the FO calculation of the Higgs mass
entering the boundary condition in Eq. (17) contained
only the one-loop corrections computed “automatically” by
FlexibleSUSY, allowing for the NLL resummation of the
higher-order logarithmic terms in a generic SUSY model
matched to the SM. In early 2020, Ref. [295] improved
the accuracy of the boundary condition for the MSSM
case by including the two-loop corrections in the gaugeless limit, as well as the dominant three-loop corrections of
Refs. [67,68,70] which are obtained from Himalaya. Combined with full three-loop and partial four-loop RGEs for the
SM, this allows for the resummation of the NNLL corrections in the gaugeless limit, and also for the resummation of
the N3 LL corrections that involve only the top Yukawa coupling and the highest powers of the strong gauge coupling.
The M S -suppressed effects are in turn included fully up to
one loop and in the gaugeless limit at two loops. As the calculation of the three-loop corrections to the Higgs mass in
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Refs. [67,68,70] relied on an expansion to the first order in
v 2 , no M S -suppressed effects are actually included at three
loops.
A crucial aspect of the FlexibleEFTHiggs approach,
discussed in Refs. [143,295], is that each of the terms on the
right-hand side of Eq. (17) involves potentially large logarithms of the ratio between the SUSY scale and the EW scale,
but these logarithms must cancel out in the combination. If
the parameters entering the various terms are defined differently – e.g., HET couplings for (Mh2 )HET and SM couplings
for (Mh2 )SM – the cancellation of the large logarithms holds
only up to the loop order covered by the FO calculation.
However, the residues of the cancellation include spurious,
higher-loop logarithmic terms of the same order as those that
are being resummed by the RG evolution, thus spoiling the
resummation. To circumvent this problem,27 the FO calculation of FlexibleEFTHiggs is reorganized in such a way
that (Mh2 )SM and v 2 (M S ) are expressed in terms of HET
parameters. An external-momentum expansion of the selfenergies up to the considered loop order is also necessary to
ensure the full cancellation of the large logarithms.
Finally, it was shown in Ref. [295] that the choice of
expressing all loop corrections in terms of HET parameters
ensures that the two- and higher-loop “leading-QCD” contributions to λSM (M S ), i.e. those that are controlled by the
highest powers of the strong gauge coupling, do not involve
powers of the ratio X t /M S higher than the fourth. This should
result in a better convergence of the perturbative expansion
in scenarios where that ratio is greater than 1.
5.4 A third hybrid approach
In late 2019, Ref. [296] presented yet another hybrid
approach to the calculation of the Higgs mass in the MSSM.
A prediction for Mh that includes both the resummation
of higher-order logarithmic corrections and the effects suppressed by powers of v 2 /M S2 is obtained from:
+ 2
(Mh2 )hyb = (Mh2 )EFT + 0+1
v
v ,

(18)

where (Mh2 )EFT is the result of the pure EFT calculation of
Ref. [236], see Sect. 4.3.1, which includes the full NLL
resummation of large logarithmic effects, plus a NNLL
resummation in the gaugeless limit and a N3 LL resummation of the effects that involve only the top Yukawa coupling
and the highest powers of the strong gauge coupling. The
remaining terms on the right-hand side of Eq. (18) account
for the M S -suppressed effects at different loop orders. In
accounts for the tree-level and
particular, the term 0+1
v
one-loop effects, and is obtained by subtracting the result
27

For the time being the problem has not been addressed in SARAH,
hence the accuracy of the resummation in that code’s hybrid mode is
only LL.
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of the pure EFT calculation of Mh2 provided by HSSUSY
from the result of the hybrid calculation of Mh2 provided
by FlexibleEFTHiggs, including only the NLL resummation of logarithmic effects (i.e., one-loop threshold corrections and two-loop RGEs) in each of the calculations.
The term 2
v contains instead the two-loop, M S -suppressed
effects controlled by yt4 gs2 or by yt6 , and is computed from
the difference between the known analytic formulas for the
two-loop corrections to the lighter Higgs mass in the gaugeless limit and the same formulas expanded to the first order
in v 2 .
We remark that the proposal of Ref. [296] remains at the
level of “proof of concept”, as the script that combines the
various ingredients entering Eq. (18) has not been released to
the public so far. However, this hybrid calculation accounts
for both the logarithmic and the M S -suppressed effects at the
same order in the relevant couplings as the calculation implemented in the latest version of FlexibleEFTHiggs, see
Ref. [295]. Indeed, despite being organized quite differently
from each other, the two hybrid calculations lead to very similar predictions for the Higgs mass in the MSSM scenarios
considered in Refs. [295,296].
5.5 Comparing the FO, EFT and hybrid calculations
The hybrid calculations of the Higgs mass described in this
section are meant to provide a combination of the results of
pure FO calculations, which are expected to be more reliable
when the SUSY masses are near the EW scale, with those
of pure EFT calculations, which are expected to be more
reliable in heavy-SUSY scenarios. To illustrate this point,
we compare in Fig. 3 the predictions for the mass of the
SM-like Higgs boson obtained with the three approaches,
in a simplified MSSM scenario defined as follows: all of
the SUSY-breaking masses for sfermions and gauginos, as
well as the CP-odd Higgs-boson mass M A and the higgsino mass μ, are set equal to a common scale M S , which
is varied between 300 GeV and
√ 100 TeV; the stop mixing
parameter is taken as X t = − 6 M S , and tan β = 20 (this
fixes the value of the trilinear Higgs-stop coupling At ); the
trilinear Higgs couplings to all other sfermions are set to
zero. The sfermion masses and X t are interpreted as DRrenormalized parameters at the scale Q = M S . The left plot
in Fig. 3 is obtained with FeynHiggs, while the right plot
is obtained with different modules of the FlexibleSUSY
package – namely, FlexibleSUSY proper, HSSUSY and
FlexibleEFTHiggs. In each plot the blue dotted line is
the result of the pure FO calculation, the black dashed line
is the result of the pure EFT calculation, and the red solid
line is the result of the hybrid calculation. The yellow band
corresponds to the value of the Higgs mass, as measured by
ATLAS and CMS [3] within one standard deviation of the
experimental accuracy.
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Fig. 3 Comparison between
the pure FO, pure EFT and
hybrid calculations of the mass
of the SM-like Higgs boson in
an MSSM scenario with
degenerate SUSY masses. The
sfermion mass and mixing
parameters are defined in the
DR scheme at the scale
Q = M S . The left plot is
produced with FeynHiggs,
the right one with different
modules of FlexibleSUSY
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The comparison between the different curves in Fig. 3
shows that, both in FeynHiggs and in FlexibleSUSY,
the hybrid calculation does indeed agree with the FO calculation at small M S and with the EFT calculation at large
M S . The small residual deviation between the hybrid and
EFT curves for FeynHiggs at large M S is due to twoloop corrections involving the EW gauge couplings that are
included in the pure EFT calculation but not in the EFT component of the hybrid calculation. The kinks visible in the
FlexibleSUSY curves around M S ≈ 750 GeV originate
from a switch of the mass hierarchy used to approximate the
three-loop corrections in the calculation of Refs. [67,68,70].
Moreover, for M S  600 GeV none of the mass hierarchies
implemented in Himalaya reproduces this scenario, and
the three-loop corrections are switched off. At small M S , the
comparison between the three curves of each plot also shows
that, in this scenario, the M S -suppressed effects that are not
accounted for by the EFT calculation can be relevant only for
values of M S that result in a very low prediction for the Higgs
mass, which would be incompatible with the measured value
even if one assumed a theoretical uncertainty of several GeV.
It is also worth noting that, while the EFT and hybrid predictions for the Higgs mass show a good agreement between
FeynHiggs and FlexibleSUSY at large M S , the predictions of the FO components of the two hybrid calculations differ strikingly in this scenario: the prediction of FeynHiggs
decreases steeply when M S reaches a few TeV, whereas the
prediction of FlexibleSUSY has a much milder behavior at large M S , and starts differing significantly from the
EFT result only for M S above 20 − 30 TeV. The origin of
this difference resides in the treatment of the running top
mass and the strong gauge coupling entering the loop corrections, which in FeynHiggs are defined as the SM parameters at the EW scale, whereas in FlexibleSUSY they
are defined as the MSSM parameters at the SUSY scale.
These choices are compensated for by appropriate counterterm contributions, so that the two FO calculations are
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105
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105

both correct at the considered perturbative order. However,
it appears that the choice implemented in the FO calculation of FlexibleSUSY provides a better approximation of
the higher-order logarithmic corrections in this scenario. As
discussed in Ref. [290], the FO prediction of FeynHiggs
would indeed show a much milder dependence on M S , similar to the one in FlexibleSUSY, if the top mass entering
the loop corrections was defined in the same way. It was also
shown in Ref. [290] that the FO prediction of FeynHiggs
has a milder dependence on M S in scenarios defined in terms
of OS parameters for the stop sector (the latter is the recommended choice for FO predictions in FeynHiggs). In
general, the fact that effects that are formally of higher order
can induce such a strong variation in the results of the FO
calculation highlights the importance of resumming the large
logarithmic corrections in scenarios with a large hierarchy of
scales (indeed, FeynHiggs returns by default the results of
its hybrid calculation).
Finally we stress that, in all of the considered hybrid
approaches, the FO component of the calculation retains
the n × n structure of the Higgs mass matrix. As a result,
the hybrid calculation accounts for the mixing effects in the
Higgs sector – in the MSSM, these are contributions to the
Higgs mass suppressed by powers of v 2 /M A2 – up to the loop
level covered by the FO calculation, independently of the
EFT used for the resummation of the higher-order logarithmic effects. Indeed, it was found in Ref. [246] that, in an
MSSM scenario with squark masses of 100 TeV and M A as
low as 200 GeV, the predictions for the Higgs mass of the
hybrid calculation in which the EFT includes only one light
Higgs doublet, see Eq. (15), differ from those of the proper
hybrid calculation in which the EFT is a 2HDM by at most
2 − 3 GeV. In contrast, in a pure EFT calculation the use
of a theory with only one light Higgs doublet to describe a
scenario with heavy SUSY and low M A can lead to much
larger deviations from the correct predictions for the Higgs
mass.

123

450 Page 34 of 71

5.6 Prospects
It is natural to expect that any future improvement in the
accuracy of the FO and EFT calculations of the Higgs masses
in SUSY models will eventually trickle down to the hybrid
calculations. When a full two-loop calculation is finally completed, including all corrections controlled by the EW gauge
couplings, a hybrid version that also allows for a full NNLL
resummation of the logarithmic corrections will certainly
follow. A generalization of the three-loop calculation of
Refs. [67,68,70] that avoids the expansion in X t /M S and
possibly also the recourse to different mass hierarchies would
in turn improve the hybrid results of FlexibleSUSY and
FeynHiggs.
As discussed in Sect. 5.2, another outstanding issue in the
hybrid calculation of the Higgs masses is the treatment of the
terms proportional to ln(M S2 /Mt2 ) that spoil the resummation
of the large logarithms when the stop mixing parameter is
renormalized in the OS scheme. If the stops are so heavy that
the un-resummed logarithmic terms significantly degrade the
accuracy of the calculation, it is probably not worth adopting an OS scheme for the stop parameters in the first place,
and they can be fixed directly in the DR (or, for heavy gluino,
MDR) scheme. In SUSY scenarios with stop masses of a few
TeV, however, the use of an OS scheme might still be preferable in order to directly connect the Higgs-mass predictions
to the hoped-for future measurements of the stop properties at
the (HL-)LHC. In this case, a possible path forward would be
to devise a definition for the stop mixing parameter that connects it to some measurable quantity but does not induce the
unwanted corrections. As long as the standard OS definition
for X t is adopted, the effect of the non-resummed logarithmic
terms needs to be accounted for in the theoretical uncertainty
of the Higgs-mass prediction. How such uncertainties should
be estimated in the FO, EFT and hybrid calculations of the
Higgs masses has been the subject of intensive study in recent
years, as will be reviewed in the next section.

6 Estimating the theory uncertainty of the Higgs-mass
calculations
6.1 Generalities
As is virtually always the case in theoretical particle physics,
the calculation of the Higgs masses in realistic SUSY models
is too complex to allow for exact solutions. Instead, it involves
the truncation of some perturbative expansion, where the
expansion parameter can be a loop factor, a whole tower
of logarithmic corrections, or the ratio between two mass
scales. Therefore, the result of any calculation of the Higgs
masses should be accompanied by an estimate of its “theory
uncertainty”, obtained by simulating the effect of the terms
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in the expansion that are of higher order with respect to the
level of the truncation.28 If the calculation is organized properly, it should be sufficient to simulate the effect of the first
uncomputed term, which should be the one that gives the
largest contribution to the final result.
There is a wide range of methods available to simulate
the uncomputed terms of an expansion: for example, one
can figure out their dependence on the relevant parameters
and multiply by arbitrary factors of order one, or one can
vary the renormalization scheme and scale of the parameters that enter the known terms of the expansion. It is usually advisable to compare different estimates, to make sure
that the chosen method is not an outlier. On the other hand,
some methods might be more or less appropriate to the specific calculation under consideration: e.g., scale variation
may provide a poor simulation of the higher-order effects
if most of the parameters are renormalized in an OS scheme
and are thus scale-independent; even in minimal-subtraction
schemes, scale variation may not simulate classes of terms
that do not include an UV divergence. Moreover, most of
these methods have in common a degree of subjectiveness:
the choices of the arbitrary O(1) factors, or of the range for
the scale variation, depend to some extent on how aggressive
(or conservative) one wants the uncertainty estimate to be.
It is also worth noting that a given calculation is usually affected by different sources of theory uncertainty at the
same time. For example, a FO calculation of the Higgs mass
involves by definition a truncation in the loop expansion, but
it might also neglect the effect of a subset of couplings within
the considered loop order (e.g., when the gaugeless limit is
adopted) or rely on the approximation of vanishing external
momentum. Some of these sources of uncertainty may be correlated, as in the case of the MSSM where the gaugeless limit
and the vanishing-momentum approximation neglect terms
that involve the same couplings. However, since the theory
uncertainty does not lend itself to a statistical interpretation,
there is no definite prescription to combine different sources,
and again more-conservative or less-conservative choices are
possible.
Finally, we stress that the theory uncertainty of the Higgsmass calculation in a given SUSY model depends inevitably
on the considered point of the parameter space. In general,
the uncertainties from uncomputed higher-order effects tend
to be larger in points where there is a larger radiative correction to the tree-level prediction. However, even in points
where the correction is comparable in size, the estimated
uncertainties might differ, depending on whether the correction is dominated by the effects of large couplings (e.g., in
scenarios with large X t or, in the NMSSM, large λ) or by
28

An independent source of uncertainty for the Higgs-mass predictions
in SUSY models are the experimental uncertainties in the measurements
of the SM input parameters. This will be briefly discussed in Sect. 6.4.
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the effects of large scales (e.g., in scenarios with large M S ).
In EFT calculations, the accuracy with which a given EFT
describes the mass spectrum of the underlying SUSY model
also depends on the considered point of the parameter space,
and this should be reflected in the estimated uncertainty. In
summary, any “one size fits all” estimate of the theory uncertainty should be treated with care, and any code that computes the Higgs masses in SUSY models should also provide
a point-by-point estimate of the uncertainty of its prediction.
After a summary of the state of the uncertainty estimates
up to the mid 2010s, in this section we will describe the
considerable progress achieved in this context in the years of
the KUTS initiative.
6.2 Pre-KUTS uncertainty estimates
OS calculation The first systematic attempt to estimate the
theory uncertainty of the Higgs-mass prediction in the MSSM
dates to 2002, when Ref. [64] discussed the status of the FO
calculation that was then implemented in FeynHiggs. This
calculation included the full one-loop corrections, the dominant two-loop corrections in the gaugeless and vanishingmomentum limits, namely those of O(αt αs ) and O(αt2 ), and
also the two-loop O(αb αs ) corrections relevant at large tan β.
An OS scheme was adopted for the renormalization of the
parameters in the quark/squark sector, while tan β, μ and the
Higgs field-renormalization constants were defined as DR
parameters.
The missing two-loop effects that were taken into account
in the uncertainty estimate of Ref. [64] were the corrections
controlled by the EW gauge couplings and the externalmomentum dependence of the gaugeless corrections. The
impact of these corrections was guessed by assuming that
their size relative to the dominant corrections (i.e., the gaugeless and momentum-less ones) was the same as in the case
of the fully-known one-loop corrections. For the mass of
the lighter Higgs scalar, this resulted in an estimate of
1−2 GeV for the corrections arising from diagrams with
D-term-induced Higgs-squark interactions, 1 GeV for the
purely EW corrections (e.g. those from Higgs, gauge boson
and chargino or neutralino loops), and 1 GeV for the momentum effects. An alternative estimate of the two-loop EW corrections was obtained by varying the scale associated with
the DR-renormalized parameters by a factor of two above
and below the central value, which was chosen as Q = Mt .
This yielded a shift in the Higgs mass of about ±1.5 GeV. It
was assumed in Ref. [64] that there would be at least some
partial compensation between the different missing two-loop
corrections, and that their combined effect would induce a
shift of less than 3 GeV in the prediction for the Higgs mass.
The other source of uncertainty taken into account in
Ref. [64] were the three-loop effects. Their impact on the
prediction for the Higgs mass was estimated by changing
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the definition of the top mass entering the two-loop corrections, which was taken as either the pole mass or the
MS-renormalized running mass of the SM. An alternative
estimate consisted in computing explicitly the coefficient of
ln3 (M S /Mt ) – i.e., the leading-logarithmic term in the threeloop corrections – in the gaugeless limit. In an MSSM scenario with M S = 1 TeV, both approaches yielded an estimate
of 1−2 GeV for the effects of the missing three-loop corrections on the lighter Higgs mass. Again, the combination of
this uncertainty with the ones arising from the missing twoloop effects required some amount of guesswork. In view
of possible cancellations between different missing corrections, a “realistic” estimate of the theory uncertainty of the
Higgs-mass prediction was considered to be ±3 GeV. At the
end of 2004, a point-by-point uncertainty estimate based on
Ref. [64] was implemented in FeynHiggs [297].
DR calculations The next systematic study of the theory uncertainty of the Higgs-mass prediction dates to 2004,
when Ref. [38] discussed the FO calculations implemented
in the public codes SOFTSUSY, SuSpect and SPheno.
These calculations included the full one-loop corrections,
plus all of the two-loop corrections that involve the thirdfamily Yukawa couplings in the gaugeless and vanishingmomentum limits. The DR renormalization scheme was
employed for all of the parameters entering the corrections.
Since the three codes allowed for the RG evolution of the
MSSM Lagrangian parameters between different scales, the
renormalization scale at which the pole Higgs masses are
computed could be varied at will, and the shift in the Higgs
mass resulting from this scale variation was used to estimate
the impact of the missing two-loop and higher-order corrections. To fully capture the potentially large logarithmic
effects, the scale of the Higgs-mass computation was varied
between a value comparable to the EW scale (either M Z or
150 GeV, depending on the scenario) and twice the average
of the stop masses. In a number of scenarios where the prediction for the lighter Higgs mass was below 119 GeV – an
entirely realistic value back then – the resulting estimate of
the theory uncertainty was of 2−3 GeV. However, in a scenario with large stop mixing and a Higgs-mass prediction29
around 129 GeV the estimated uncertainty reached 4−5 GeV.
As an alternative estimate of the theory uncertainty,
Ref. [38] compared the results of the DR calculation of
SuSpect with those of the OS calculation of FeynHiggs,
with an appropriate conversion of the MSSM input parameters between the two schemes. As FeynHiggs had in the
meantime been upgraded to include all of the two-loop corrections controlled by the bottom Yukawa coupling in the
gaugeless and vanishing-momentum limits, the predictions
Such a high prediction for Mh in a scenario with M S = 1 TeV
stemmed from the fact that in Ref. [38] the pole top mass had been set
equal to 178 GeV, following Ref. [298].

29
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of the two codes differed only by two-loop effects controlled
by the tau Yukawa coupling, which are all but negligible
unless tan β is very high, and by two-loop-EW and threeloop effects resulting from the difference in the renormalization schemes, which could be considered representative
of the uncomputed corrections. The estimate of the theory
uncertainty obtained in this way was in agreement with the
one obtained from the scale variation: 2−3 GeV in most scenarios, rising to 4−5 GeV in the scenario with large stop
mixing.
Finally, Ref. [38] estimated the impact of the missing
momentum dependence of the two-loop corrections, using
the method introduced in Ref. [64] and finding shifts in the
light Higgs mass of half a GeV or even less in the considered
scenarios. Overall, Ref. [38] quoted a range of 3−5 GeV,
depending on the considered point of the MSSM parameter
space, for a “reasonably conservative” estimate of the global
theory uncertainty of the Higgs-mass calculation.
Discussion Although Refs. [38,64] had been quite explicit
on the fact that the estimate of the theory uncertainty should
be treated as a function of the considered point of the
parameter space, in the following years it became customary for phenomenological analyses of the MSSM to associate a fixed uncertainty of ±3 GeV to the Higgs-mass prediction. Explicit computations of some of the missing corrections – namely, the two-loop EW effects at vanishing
momentum [50], the two-loop momentum-dependent effects
in the gaugeless limit [52,58,59], and the dominant threeloop effects [67,68] – appeared to confirm the estimates of
Refs. [38,64]. However, the discovery in 2012 of a SM-like
Higgs boson with mass around 125 GeV singled out precisely the regions of the MSSM parameter space in which an
estimate of ±3 GeV for the theory uncertainty of the thenavailable FO calculations might have been considered too
optimistic. Indeed, in order to obtain through radiative corrections a squared mass for the light Higgs that is at least twice
the tree-level value, it is necessary to have multi-TeV stop
masses, in which case the higher-order logarithmic effects
can become problematic, or large stop mixing, which also
entails larger uncertainties, or both.
The considerable effort devoted over the years of the
KUTS initiative to the improvement of the Higgs-mass calculations in SUSY models, going beyond FO and including
the resummation of large logarithmic effects, was described
in the previous sections. For example, the predictions of
FeynHiggs for the light Higgs mass in scenarios with
SUSY masses around 1 TeV and large stop mixing have
shifted by more than 4 GeV, and are now in better agreement
with those of the DR codes. A parallel effort was devoted
to point-by-point estimates of the theory uncertainty of the
improved calculations, as will be discussed in the rest of
this section. The adoption in phenomenological analyses of
these new uncertainty estimates has lagged behind, and as

123

Eur. Phys. J. C (2021) 81:450

late as 2020 the benchmark scenarios proposed in Ref. [299]
for MSSM Higgs searches at the HL-LHC and the ILC still
assumed a fixed ±3 GeV uncertainty in the prediction for the
light Higgs mass. However, in view of the numerous improvements that the Higgs-mass calculations have undergone since
the times of Refs. [38,64], it should now be legitimate to consider ±3 GeV a rather conservative estimate of the theory
uncertainty.

6.3 Advances during KUTS
For the sake of clarity, in this section we discuss separately the
recent developments in the uncertainty estimates of the EFT,
FO and hybrid approaches to the calculation of the Higgs
mass. However, some of the studies we refer to addressed
more than one approach (e.g., this was obviously the case for
all of the papers devoted to the hybrid calculations).

6.3.1 Uncertainty of the EFT calculations
Since the beginning of the KUTS initiative, the renewed focus
on the EFT calculations of the Higgs masses in SUSY models
brought along the need for an estimate of the associated theory uncertainty. In scenarios with a strong hierarchy between
mass scales, this uncertainty is expected to be smaller than
the one of the FO calculations. Indeed, in the EFT approach
the loop corrections computed at the various matching scales
tend to be smaller than those encountered in the FO approach,
since they are free from the logarithmically enhanced terms
that are accounted for to all perturbative orders by the RG
evolution. In 2014, in the context of discussing the uncertainty estimate of the EFT calculation in the simplest scenario where all SUSY masses are clustered around the same
high scale and the EFT valid below that scale is just the SM,
Ref. [227] identified three distinct sources of uncertainty:

– SM uncertainties: arising from uncomputed higher-order
terms in the relations between physical observables and
running parameters of the SM Lagrangian at the EW
scale, and in the evolution of the running parameters up
to the SUSY scale;
– SUSY uncertainties: arising from uncomputed higherorder terms in the boundary condition for the quartic
Higgs coupling at the SUSY scale;
– EFT uncertainties: arising from the restriction to a renormalizable EFT in the unbroken phase of the EW symmetry, which amounts to neglecting effects suppressed by
powers of v 2 /M S2 , where v represents the EW scale and
M S represents the SUSY scale.
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This distinction and nomenclature30 have been adopted
in a number of studies over the years. In the following we
describe how the individual sources of uncertainty are estimated in the NNLL calculations of the Higgs mass implemented in the codes SusyHD [234], HSSUSY [300] and
FeynHiggs [290], as well as in the N3 LL calculation that
combines HSSUSY and Himalaya [236,296].

NNLL calculation of HSSUSY, but the additional corrections
included in the extraction of the top Yukawa coupling are
the four-loop O(αs4 ) ones from Ref. [304], allowing for an
estimate of the missing N4 LL effects. It is, however, worth
noting that the impact of the still-uncomputed N3 LL effects,
i.e. those that do not involve the highest powers of αs , is not
estimated by this procedure.

SM uncertainties The estimates of the theory uncertainty
associated with the low-energy part of the EFT calculation
and with the RG evolution of the parameters take into account
two contributions, which are expected to be the dominant
ones: the missing higher-order terms in the relation between
the pole Higgs mass and the parameters of the SM Lagrangian
at the EW scale, and the effect of higher-order terms in the
extraction of the top Yukawa coupling from the pole top mass.
For an NNLL resummation of the large logarithms both calculations need to be performed at two loops, thus the estimate
of the associated uncertainty requires a simulation of the corresponding three-loop effects.31
Concerning the determination of the pole Higgs mass,
SusyHD assumes a fixed uncertainty of ±150 MeV, as estimated in Ref. [191] for the full two-loop calculation in the
SM; HSSUSY estimates the uncertainty as the largest of the
shifts induced by a variation of the renormalization scale in
the calculation of the Higgs mass by a factor 2 or 1/2 with
respect to the central value Q = Mt ; FeynHiggs estimates
it as the shift induced by changing the definition the top mass
entering the Higgs-mass corrections from the MS parameter
evaluated at Q = Mt to the pole mass.
Concerning the extraction of the top Yukawa coupling
from the top mass, all codes simulate the higher-order effects
by including the known three-loop QCD corrections of
O(αs3 ) from Refs. [301–303]. In a FO calculation of the Higgs
mass, the resulting shift in yt would only correspond to a fourloop effect. However, in the EFT calculation a three-loop shift
in yt affects the RG evolution of the quartic Higgs coupling
between the EW and SUSY scales at the N3 LL level, providing an estimate of the uncertainty associated with the NNLL
resummation.
Finally, in the N3 LL calculation that combines HSSUSY
and Himalaya, both the determination of the pole Higgs
mass and the extraction of the top Yukawa couplings are
performed at three loops, including only the three-loop corrections that involve the highest powers of the strong gauge
coupling. The associated uncertainties are estimated as in the

SUSY uncertainties In the simplest heavy-SUSY scenario
where the EFT is just the SM, as well as in split MSSM scenarios with only one light Higgs doublet, the missing higherorder terms in the boundary condition for the quartic Higgs
coupling at the SUSY scale are the two-loop contributions
that involve the EW gauge couplings (with the exception
of the mixed QCD-EW corrections from Ref. [237], which,
however, are not yet implemented in public codes), and all
contributions from three loops on, with the exception of the
three-loop O(yt4 gs4 ) ones implemented in Himalaya.
To estimate the impact of these missing terms, SusyHD,
HSSUSY and FeynHiggs consider the dependence of the
Higgs-mass prediction on the matching scale where the
boundary condition for λSM is computed (indeed, in a full
calculation this dependence would be compensated for by
the explicit scale dependence of the higher-order terms). We
remark that this procedure requires that the running MSSM
parameters entering the known part of the boundary conditions, which are usually given as input directly at the matching scale, be in turn evolved to the new matching scale. The
uncertainty is identified with the largest of the shifts induced
in the Higgs-mass prediction by a variation of the matching
scale by a factor 2 or 1/2 with respect to the central value
MS .
An alternative estimate of the SUSY uncertainty, implemented only in HSSUSY and FeynHiggs, consists in
changing the definition of the top Yukawa coupling entering λ, adapting accordingly the formulas for the two-loop
contributions. In this case, the uncertainty is identified with
the shift induced in the Higgs-mass prediction when the top
Yukawa coupling entering the known contributions to λ
is defined as the DR-renormalized parameter of the MSSM
instead of the MS-renormalized parameter of the SM. Since
this scheme variation induces also higher-order shifts that
do not depend explicitly on the renormalization scale, it is
treated as an independent source of uncertainty with respect
to the scale variation, and the absolute values of the two estimates are added linearly.
In the N3 LL calculation that combines HSSUSY and
Himalaya, additional sources of uncertainty are the combined expansions in ratios of particle masses and in the ratio
xt = X t /M S that are used to approximate the three-loop
integrals in the O(yt4 gs4 ) contributions to λ. As detailed in
Ref. [236], the uncertainty associated with the terms that are
omitted in the expansion in mass ratios can be estimated by

30

The nomenclature was introduced in Ref. [234]. In scenarios with a
more-general EFT, the first source of uncertainty should obviously be
renamed. It is also conceivable to split it into “low-scale” and “RGE”
components, see Ref. [290].

31

For the two-loop calculations that are performed in the gaugeless
limit the uncertainty estimate should also simulate the missing twoloop effects controlled by the EW gauge couplings.
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comparing the approximate result for the logarithmic part
of the O(yt4 gs4 ) contributions with the exact result that can
be extracted from the three-loop RGE for λSM . The uncertainty associated with the terms that are omitted in the second expansion, i.e. those containing the highest powers of
xt , can be estimated from the effect of the analogous terms
entering a part of the calculation where the expansion is not
needed. It was later pointed out in Ref. [295] that the variation
of the matching scale provides an estimate of both of these
sources of uncertainty. Reference [236] and, later, Ref. [239]
also showed how
√ for large xt – e.g., for the often-considered
value |xt | = 6, which maximizes the one-loop stop contribution to λ – the uncertainty associated with missing
powers of xt can become larger than the effect of the whole
O(yt4 gs4 ) contributions to λ, in which case the inclusion of
the three-loop terms does not actually improve the accuracy
of the Higgs-mass calculation.
In phenomenological analyses of SUSY models, it sometimes happens that – either for the sake of simplicity or for
lack of a better option – an EFT is used that does not fully
reflect the considered hierarchy between mass scales. For
example, the SM might be used as EFT below the SUSY
scale even in scenarios where higgsinos and gauginos are
much lighter than the sfermions. This would induce large
logarithms in the boundary conditions for the couplings of
the EFT at the SUSY scale, contrary to the spirit of the EFT
approach. However, the presence of large terms in the threshold corrections would also be reflected in an enlarged estimate of the SUSY uncertainty.
EFT uncertainties As already discussed in Sects. 2 and
4, the standard approach of matching the high-energy SUSY
theory to a renormalizable EFT in the unbroken phase of
the EW symmetry leads to neglecting terms suppressed by
powers of v 2 /M S2 , which can be mapped to the effect of nonrenormalizable operators with dimension six and higher.
To estimate the impact of the neglected terms, SusyHD,
HSSUSY and FeynHiggs consider the shift induced in
the Higgs-mass prediction when the boundary condition for
the quartic Higgs coupling is shifted by an arbitrary term
that scales like v 2 /M S2 times a loop factor. More specifically, SusyHD estimates an upper and a lower uncertainty
by rescaling the one-loop contribution of each particle to
λ by a factor (1 ± 2 v 2 /Mi2 ), where Mi is the mass of
the particle; FeynHiggs does the same with a common
rescaling factor (1 ± 2 v 2 /M S2 ); HSSUSY estimates symmetric upper and lower uncertainties from the single rescaling
factor (1 + 2 v 2 /M S2 ). Incidentally, we remark that the presence of a 2 in the rescaling factors stems from the fact that
in Ref. [234], where this procedure was first introduced, the
Higgs vev was normalized as v ≈ 246 GeV. Had the authors
of Ref. [234] adopted the same normalization for the Higgs
vev as in this report, where v ≈ 174 GeV, their estimate of
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the uncertainty associated with the missing O(v 2 /M S2 ) terms
might well have been smaller by a factor of 2. This should
be taken as a reminder of the degree of subjectiveness that
inevitably affects any estimate of the effect of uncomputed
corrections.
In 2017, Ref. [235] compared the estimate of the EFT
uncertainty implemented in SusyHD with a direct calculation of the one- and two-loop effects proportional to
yt2 Mt4 /M S2 and yt2 gs2 Mt4 /M S2 , respectively, which arise from
the introduction in the EFT Lagrangian of the dimension-six
operators |H |6 and |H |2 tR H T qL . It was found in Ref. [235]
that the uncertainty estimate of SusyHD is at its most conservative – namely, larger than the directly-computed effects by
about a factor√of three in the considered scenarios – when
|X t |/M S ≈ 6, i.e. near the value for which a Higgsmass prediction in the vicinity of 125 GeV can be obtained
with a stop-mass parameter of about 2 TeV. In contrast, for
M S the estimate falls short of the computed effects.
Xt
However, in that case stop masses of more than 10 TeV are
necessary to obtain a phenomenologically acceptable prediction for the Higgs mass, rendering the O(v 2 /M S2 ) effects
essentially irrelevant.
Numerical example To illustrate the relative importance of
the different sources of uncertainty described so far, we show
in Fig. 4 the corresponding estimates as a function of a common SUSY scale M S , in the same MSSM scenario as considered in Fig. 3. The left plot is produced with FeynHiggs,
the right one with HSSUSY.32 We recall that, for the value
of the stop mixing parameter adopted in this scenario, the
expansion in X t /M S employed in the three-loop contribution to the threshold correction λ is unreliable, hence in the
case of HSSUSY we restrict our discussion to the uncertainty
of the NNLL calculation.
In each plot, the dotted red line represents the uncertainty
of the Higgs-mass determination at the EW scale, which
FeynHiggs estimates by scheme variation of the top mass
and HSSUSY estimates by scale variation; the dashed red
line represents the uncertainty associated with the extraction
of the top Yukawa coupling from the top mass; the dotted
blue line represents the uncertainty associated with the variation of the matching scale around the central value M S ; the
dashed blue line represents the uncertainty associated with
the scheme change in the top Yukawa coupling entering the
boundary condition for λSM ; the dot-dashed green line represents the estimate of the uncertainty associated with the
missing O(v 2 /M S2 ) terms; finally, the solid black line corresponds to the total estimate of the theory uncertainty, obtained
by summing linearly the absolute values of the individual
estimates.

32

Results qualitatively similar to the ones discussed in this section can
be obtained also with SusyHD, see Ref. [234].
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Fig. 4 Estimates of the
different sources of theory
uncertainty for the EFT
calculation, as a function of the
SUSY scale M S . The left plot is
produced with FeynHiggs,
the right one with HSSUSY
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The comparison between the dotted and the dashed red
lines in each of the plots of Fig. 4 shows that the largest
contribution to the “SM uncertainty” comes from the determination of the top Yukawa coupling. The estimated uncertainty grows with M S , reflecting the effect of the top Yukawa
coupling on the RG evolution of the quartic Higgs coupling.
The comparison between the dotted red lines in the left and
right plots shows that, in this scenario, the scale variation
implemented in HSSUSY yields a significantly larger estimate for the uncertainty of the Higgs-mass determination
at the EW scale than the scheme variation implemented in
FeynHiggs.
The comparison between the dotted and the dashed blue
lines in the plots of Fig. 4 shows that the estimate of the
“SUSY uncertainty” arising from a variation of the matching scale is somewhat larger than the one arising from a
change of scheme in the top Yukawa coupling. In addition, both of the estimates of the SUSY uncertainty tend to
decrease with increasing M S . The latter is a consequence of
the renormalization-scale dependence of yt and gs , which in
the SM become both smaller at higher scales. As a result, the
overall impact of the threshold correction λ on the Higgsmass prediction is suppressed, and the associated uncertainty
follows suit.
The dot-dashed green lines in the plots of Fig. 4 show that
the estimate of the “EFT uncertainty” associated with the
missing O(v 2 /M S2 ) terms can reach about 4.5 GeV at the lowest considered values of M S , but it gets quickly suppressed
as M S increases. In particular, in the range M S ≈ 2−4 TeV,
which corresponds to a Higgs-mass prediction in the vicinity of 125 GeV (see Fig. 3), the EFT uncertainty is already
sub-dominant with respect to the other sources.
Finally, the solid black lines in the plots of Fig. 4 show that
at small M S the total uncertainty estimate of the EFT calculation is dominated by the missing O(v 2 /M S2 ) effects, whereas
for M S  1−2 TeV the largest source of uncertainty is the
extraction of the top Yukawa coupling from the top mass.
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At large M S the total uncertainty is estimated to be less than
±1 GeV in this scenario, with a rather mild dependence on
M S which results from a partial cancellation between the
opposite scale dependences of the “SM” and “SUSY” components. We also mention that the choice of adding up the
absolute values of the different sources of uncertainty can be
considered conservative, as it seems unlikely that the missing
higher-order terms would all enter the Higgs-mass prediction
with the same sign.
6.3.2 Uncertainty of the FO calculations
The intense activity aimed at improving the calculation of the
Higgs masses in scenarios with heavy SUSY particles also
highlighted the need for a reassessment of the existing uncertainty estimates for the FO calculations. In 2014, Ref. [227]
stressed that a lingering spread of about 5 GeV between the
predictions for Mh of the OS calculation of FeynHiggs and
those of the DR calculations of SOFTSUSY, SuSpect and
SPheno in scenarios with stop masses around 1 TeV and
large stop mixing pointed to a large theory uncertainty, possibly exceeding the ±3 GeV that were commonly assumed
since the early 2000s. In 2016, while discussing the twoloop O(αt αs ) corrections to the Higgs masses in a SUSY
model with Dirac gluinos, Ref. [173] noted that changes in
the definition and/or scale of the strong gauge coupling αs
– which had not been considered in the original uncertainty
estimate of Ref. [64] – can induce a shift of up to 7 GeV
in the prediction for Mh . This is significantly larger than the
shift induced by a change in the renormalization scheme of
the parameters in the top/stop sector, despite the fact that
both changes amount to three-loop O(αt αs2 ) effects in the
Higgs mass. Later in 2016, the importance of the definition
and scale choice for αs was also stressed in the context of the
NMSSM in Ref. [164], which found that differences of up to
6 GeV in the Higgs-mass predictions of NMSSMCALC and
FeynHiggs could be greatly reduced once the strong gauge
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coupling was computed at the same scale in the two codes.
Again, the discrepancies induced by the scale choice for αs
in the “out-of-the-box” predictions of the two codes amount
to three-loop O(αt αs2 ) effects in the Higgs mass, and could
in principle have been considered as part of the uncertainty
estimate.
We now summarize how, over the years of the KUTS initiative, new estimates of the theory uncertainty were discussed for the FO calculations of the Higgs masses. Since the
inadequacy of such calculations in scenarios with even moderately heavy SUSY particles had by then become apparent,
the main practical purpose of these estimates was the comparison with the corresponding estimates for the EFT and
hybrid calculations. Starting from the case of the MSSM, we
discuss separately the uncertainties of the two-loop, fully DR
calculation implemented in codes such as FlexibleSUSY
and SOFTSUSY (with the possible addition of the dominant
three-loop effects from Himalaya), and those of the twoloop, mixed OS–DR calculation of FeynHiggs.
FlexibleSUSY/SOFTSUSY/Himalaya: In 2016, Ref.
[277] proposed a method to estimate the uncertainty of the
two-loop calculation of the MSSM Higgs masses implemented in FlexibleSUSY, with the purpose of a comparison with the hybrid calculation of FlexibleEFTHiggs.
A first estimate of the uncertainty relied on the extraction
of the running top Yukawa coupling yt from the pole top
mass. The uncertainty was defined as the maximum difference between the predictions for the Higgs masses obtained
with four definitions of yt that are all equivalent at one
loop, but differ by higher-order terms. Since two of these
definitions differ from the others by two-loop O(αs2 ) terms
enhanced by ln2 (M S /Mt ), the variation of yt in the one-loop
part of the Higgs-mass calculation allows for a simulation of
the three-loop LL terms – i.e., those of O(αt αs2 ) enhanced
by ln3 (M S /Mt ) – that are expected to be dominant among
the missing higher-order effects (at least until M S becomes
so large that the loop expansion breaks down). An alternative estimate of the uncertainty, added in quadrature to the
first one, relied on a variation of the renormalization scale at
which the calculation of the pole Higgs mass is performed. In
particular, the uncertainty was defined as the maximal variation in the Higgs mass when the scale is varied by a factor
2 above and below its default value, which is taken as the
average of the stop masses. It was pointed out in Ref. [277]
that, as the considered scale variation does not cover the full
range between the EW scale and the SUSY scale, this second
method cannot simulate the missing LL effects but only the
NLL ones, and it leads to a smaller uncertainty estimate than
the first method.
In 2018, Ref. [300] estimated the theory uncertainty of the
three-loop calculation of the MSSM Higgs masses obtained
from the combination of SOFTSUSY and Himalaya, with
the purpose of a comparison with the EFT calculation of
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HSSUSY. The uncertainty of the FO calculation was defined
as the linear sum of five estimates, namely: the two already
proposed in Ref. [277], i.e., a variation in the extraction of
yt and a variation in the scale at which the Higgs masses are
computed; a variation – again, by a factor 2 above and below
the default value – of the scale at which the running gauge
and Yukawa couplings are extracted from physical observables; two additional estimates of higher-order effects in the
determination of the strong and electromagnetic gauge couplings, respectively. In contrast to Ref. [277], the O(αt αs2 )
corrections were included in the calculation of the Higgs
masses through Himalaya. Thus, the first of the estimates
mentioned above compared two definitions of yt that differ
by two-loop LL terms of O(αt αs ), allowing for a simulation
of the uncomputed three-loop LL terms of O(αt2 αs ) in the
Higgs-mass prediction. In simplified scenarios with a common SUSY scale M S , Ref. [300] found that the total uncertainty estimate of the FO calculation, which is more precise
for a low SUSY scale, and the one of the EFT calculation,
more precise for a high SUSY scale, coincide for values of
M S between 1 and 1.3 TeV, depending on the considered
scenario.
In 2019, Ref. [296] estimated the theory uncertainty of the
three-loop calculation of the MSSM Higgs masses obtained
from the combination of FlexibleSUSY and Himalaya,
again with the purpose of a comparison with the EFT calculation of HSSUSY. In contrast to Ref. [300], the uncomputed
three- and four-loop LL terms were simulated by varying the
renormalization scale at which the Higgs masses are computed in the whole range between Mt and M S . An additional
estimate of the uncomputed four-loop LL terms, added linearly to the first estimate, consisted in including the two-loop
SUSY-QCD corrections from Refs. [305–307] in the determination of the strong gauge coupling. The procedure proposed
in Ref. [296] leads to a larger estimate for the theory uncertainty of the FO calculation compared to the one proposed in
Ref. [300], and the value of M S for which the FO and EFT
calculations have a similar estimated uncertainty is lowered
below 1 TeV.
FeynHiggs: In 2019, Ref. [290] presented a new estimate for the theory uncertainty of the FO (namely, full oneloop and gaugeless two-loop) calculation of the Higgs masses
implemented in FeynHiggs, updating the estimate based
on Ref. [64] that had been available in the code since 2004.
Even in this case, the main purpose was the comparison with
the uncertainties of the EFT and hybrid calculations of the
Higgs masses implemented in the same code.
The first method proposed in Ref. [290] for estimating the
uncertainty of the Higgs-mass calculation consists in changing the definition of the top mass entering the one- and twoloop corrections, switching between the MS-renormalized
mass parameter of the SM evaluated at the scale Q = Mt ,
which is used by default in the code, and the pole mass.
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This method simulates the uncomputed two- and three-loop
corrections that involve the top Yukawa coupling. However,
since the considered definitions of the top mass do not differ by large logarithmic terms, the higher-order corrections
are simulated only at the NLL level. A second estimate is
therefore introduced to capture the three-loop LL terms that
are expected to give the largest contribution to the uncertainty at large M S , i.e. those involving the highest powers
of the strong gauge coupling. In this case, the uncertainty
is defined as the shift induced in the Higgs mass when the
O(αt αs ) part of the two-loop corrections is multiplied by a
factor 1 ± αs /(4π ) ln(M S2 /Mt2 ), thus simulating the effect
of O(αt αs2 ) corrections enhanced by ln3 (M S2 /Mt2 ). Once
again, we note how the choice of the numerical coefficient
for the factor that simulates the higher-order terms introduces an element of subjectiveness in this kind of estimates.
Finally, a third uncertainty estimate targets the corrections
controlled by the bottom Yukawa coupling, which can be
numerically relevant only at large values of tan β. In particular, the uncertainty is defined as the shift induced in the
Higgs mass when the so-called b terms, i.e. a class of tan βenhanced terms that are by default absorbed in the one-loop
corrections via a redefinition of the Higgs-sbottom coupling,
see Refs. [35,37,39], are made to appear explicitly in the
two-loop part of the corrections. We remark that this uncertainty estimate should be considered conservative, because
the higher-order tan β-enhanced effects that it simulates –
e.g., three-loop terms enhanced by tan2 β – are in fact already
accounted for (“resummed”) in the default determination of
the Higgs mass. The absolute values of the three uncertainty
estimates are added linearly.
In MSSM scenarios with M S = 1 TeV and large stop mixing, the total uncertainty of the FO calculation of the lighter
Higgs mass in FeynHiggs was estimated in Ref. [290] to be
about 2−3 GeV, depending on the renormalization scheme
employed for the stop parameters. As a result of the logarithmic enhancement of the uncomputed higher-order corrections, the uncertainty estimate of the FO calculation grows
quickly for increasing M S , reaching as much as 10−15 GeV
for M S = 10 TeV. Once again, this highlights the need for a
resummation of the large logarithmic corrections in scenarios
where the stops have masses of even a few TeV.
Beyond the MSSM Over the years of the KUTS initiative,
estimates of the theory uncertainty of the FO calculation of
the Higgs masses have also been developed for a number of
non-minimal SUSY models, see e.g. the studies in Ref. [173],
already mentioned at the beginning of this Sect. 6.3.2, concerning SUSY models with Dirac gluinos.
For the NMSSM, Refs. [136,137] (pre-KUTS) estimated
the theory uncertainty of the one-loop calculation of the
Higgs masses by varying between OS and DR the renormalization scheme of the parameters entering the tree-level
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Higgs mass matrix, as well as the scheme of the quark
masses entering the one-loop corrections. In addition, the
scale at which the Higgs masses are computed in the DR
calculation was varied by a factor 2 above and below the
default value, which was taken as the average stop mass.
This yielded estimates of about 10% for the uncertainty of
the one-loop prediction for the Higgs masses in scenarios
with stop masses around 500 GeV or less. In 2014, Ref. [156]
discussed the improvement in the theory uncertainty of the
NMSSM Higgs-mass prediction that comes from the inclusion of the two-loop O(αt αs ) corrections in the limit of vanishing external momentum. The uncertainty was estimated
only by varying the renormalization scheme of the parameters in the top/stop sector between OS and DR. In scenarios
with stop masses around 1 TeV, it was found that the inclusion of the O(αt αs ) corrections drastically reduces the estimated uncertainty from 15%−25% (depending on the stop
mixing) to about 1.5%. In 2016, Ref. [164] compared the
Higgs-mass predictions obtained by NMSSMCALC adopting
either the OS or the DR scheme for the top/stop sector, and
found discrepancies of less than 2 GeV in four representative NMSSM scenarios. It should, however, be recalled that,
in the FO calculation of the Higgs masses, the uncertainty
associated with the definition of αs – see the discussions
in Refs. [164,173] mentioned at the beginning of this section – significantly exceeds the uncertainty that can be estimated from a change of scheme in the top/stop sector. Reference [164] also investigated the effect of switching between
the different prescriptions of FeynHiggs and NMSSMCALC
for the OS renormalization of the EW parameters (g, g  , v)
in the one-loop part of the calculation. This implied an estimate of at most ±1 GeV for the uncertainty of the Higgsmass prediction associated with the uncomputed two-loop
corrections that involve the EW gauge couplings. The findings of Refs. [156,164] were also reassessed in 2019, when
Ref. [157] discussed the inclusion of the two-loop O(αt2 )
corrections in the so-called “MSSM limit” (i.e., vs → ∞
with λ vs and κ vs held fixed). The uncertainty of the calculation was estimated by varying the renormalization scheme
of the top/stop parameters between OS and DR, and also by
varying the scale in the DR calculation by a factor of 2 above
and below the default value. It was found in Ref. [157] that
the inclusion of the O(αt2 ) corrections actually worsens the
estimated uncertainty of the Higgs-mass calculation, raising
it to 5−6% in the considered scenarios. To explain this seemingly counter-intuitive finding, it was argued in Ref. [157]
that the small scheme- and scale-dependence of the calculation that includes only the two-loop O(αt αs ) corrections is
due to accidental cancellations, and that the additional inclusion of the O(αt2 ) corrections makes the uncertainty estimate
sensitive to different classes of higher-order terms, for which
these cancellations do not occur.
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The uncertainty estimate introduced in Ref. [277] for
the FO calculation of the Higgs masses implemented in
FlexibleSUSY was in turn applied also to models beyond
the MSSM. In NMSSM scenarios with vanishing stop mixing and tan β = 5, Ref. [277] estimated a theory uncertainty of about ±6 GeV for M S ≈ 30 TeV, where the prediction for the light Higgs mass can be in the vicinity of
125 GeV. In an E6 SSM scenario, also with vanishing stop
mixing and tan β = 5, a suitable prediction for the Higgs
mass can be obtained for M S ≈ 10 TeV, but the estimated
uncertainty of the FO calculation is as large as ±10 GeV
in that point. Similar results were found for the MRSSM,
where the uncertainty estimate of Ref. [277] was applied
to the FO calculation implemented in SARAH. In all these
cases, the comparison with the hybrid calculation implemented in FlexibleEFTHiggs highlighted the importance of resumming the large logarithmic corrections in scenarios with heavy SUSY particles.

6.3.3 Uncertainty of the hybrid calculations
Just as the hybrid calculation of the Higgs mass combines an
EFT component and a FO component, its uncertainty estimate stems from the combination of the uncertainties of the
two components. A number of techniques employed in public
codes to estimate the latter have been described in Sects. 6.3.1
and 6.3.2. We stress that the EFT and FO components of the
hybrid calculation implemented in a given code do not necessarily coincide with the stand-alone EFT and FO calculations
that may also be provided by the same code (e.g., due to the
presence of subtraction terms), thus a dedicated estimate of
the uncertainty of the hybrid calculation remains in order.
This said, it is legitimate to expect that such estimate will be
comparable to or lower than the individual estimates of the
stand-alone calculations. In particular, the uncertainty of the
hybrid calculation should agree with the one of the pure EFT
calculation in scenarios with very heavy SUSY particles, and
with the one of the pure FO calculation in (now experimentally challenged) scenarios where all SUSY particles are at
the EW scale.
In the following we describe the uncertainty estimates
that have been developed for the three hybrid approaches
described in Sects. 5.2–5.4.
Hybrid approach of FeynHiggsThe uncertainty estimate of the hybrid calculation implemented in FeynHiggs
was described in Ref. [290]. In its latest implementation,
the hybrid prediction of FeynHiggs for the mass of the
SM-like Higgs boson can be viewed as a complete EFT calculation, at full NLL and “gaugeless” NNLL order, supplemented with a FO calculation of the effects suppressed by
powers of v 2 /M S2 , at full one-loop and “gaugeless” two-loop
order. Accordingly, FeynHiggs obtains the uncertainty of
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the hybrid result by combining the uncertainty of the EFT
component, estimated as described in Sect. 6.3.1 minus the
contribution stemming from the O(v 2 /M S2 ) terms, with the
uncertainty of the FO calculation of the O(v 2 /M S2 ) terms,
estimated as described in Sect. 6.3.2. In particular, the “SM
uncertainty” of the EFT component is estimated by changing
the definition of the top mass entering the determination of
the pole Higgs mass and by switching on the three-loop QCD
corrections in the extraction of the top Yukawa coupling from
the top mass; the “SUSY uncertainty” is estimated by varying the matching scale by a factor of 2 above and below the
central value M S , and by changing the definition of the top
Yukawa coupling entering the threshold corrections to the
quartic Higgs coupling; the “EFT uncertainty” is, however,
omitted, because the O(v 2 /M S2 ) terms are accounted for by
the FO component of the hybrid calculation. The uncertainty
of the FO calculation of the O(v 2 /M S2 ) terms is in turn estimated by changing the definition of the top mass, by multiplying the O(αt αs ) part by a factor 1±αs /(4π ) ln(M S2 /Mt2 ),
and by switching off the resummation of the b terms. All of
the above-listed sources of uncertainty are summed linearly
in absolute value.
As discussed in Sect. 5.2, the hybrid calculation of
FeynHiggs involves additional sources of uncertainty
when the input parameters that determine the stop masses
and mixing are defined in the OS scheme. In that case, the
stop mixing parameter X t is converted to the DR scheme,
see Eq. (16), before being passed to the EFT component
of the calculation. Moreover, the FO component contains
two-loop counterterm contributions that do not vanish when
v 2 /M S2 → 0, but are not canceled out by the subtraction
term introduced to avoid double counting, see Eq. (15).
Indeed, these contributions do not have an equivalent in the
EFT component, where all parameters are defined as DR.
Both the uncertainty associated with the OS–DR conversion of X t and the uncertainty associated with the counterterm contributions in the FO component are estimated
by switching between different definitions of the top mass,
and by multiplying the strong gauge coupling αs by a factor
1 ± αs /(4π ) ln(M S2 /Mt2 ). We remark that the latter procedure introduces O(αt αs2 ) terms enhanced by ln(M S2 /Mt2 ) –
i.e., terms that are formally of “gaugeless” NNLL order –
in the uncertainty estimate. This reflects the fact that, when
the stop masses and mixing are defined in the OS scheme,
the hybrid procedure implemented in FeynHiggs provides
only an incomplete resummation of the “gaugeless” NNLL
corrections. As a result, the estimated uncertainty turns out to
be somewhat larger than in the case in which the input parameters in the stop sector are defined directly in the DR scheme.
It is, however, important to note that additional sources of
uncertainty must be considered if the DR input parameters
are extracted from (so-far hypothetical) measured quantities,
such as, e.g., the stop pole masses and decay widths.
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The study of theory uncertainties presented in Ref. [290]
focused on the hybrid setup in which, in the EFT part of the
calculation, the heavier Higgs doublet is decoupled together
with the heavy SUSY particles at the scale M S . In scenarios
where both Higgs doublets are light, this neglects the resummation of the corrections enhanced by ln(M S2 /M A2 ). It was
shown in Ref. [290] that the use of an inappropriate EFT in
the hybrid calculation is indeed reflected in an increase of the
estimated uncertainty at low M A , compatible with the differences found in Ref. [246] between the calculation using the
SM as EFT and the calculation using the 2HDM as EFT.
Hybrid approach of FlexibleEFTHiggsAs described
in Sect. 5.3, the hybrid calculation of the SM-like Higgs
mass implemented in FlexibleEFTHiggs is organized
in a way similar to a pure EFT calculation. The only difference with respect to the pure EFT case is that the corrections to the Higgs mass suppressed by powers of v 2 /M S2
are absorbed in the boundary condition for the quartic Higgs
coupling, via the requirement that a FO computation of the
pole Higgs mass give the same result above and below the
matching scale, see Eq. (17). Accordingly, the estimate of
the theory uncertainty of the hybrid result is organized in a
way similar to the one described in Sect. 6.3.1 for the EFT
calculation, omitting, however, the contribution that stems
from missing O(v 2 /M S2 ) terms. In the latest implementation of the FlexibleEFTHiggs approach, described in
Ref. [295], the “SUSY uncertainty” is taken as the largest
of two estimates: the first considers the effect of varying the
matching scale by a factor of 2 above and below the central
value M S , while the second considers the effects of several
non-logarithmic higher-order terms generated by changing
the definition of the parameters that enter the known part of
the boundary condition. We stress that, in this approach, the
estimate of the “SUSY uncertainty” probes both the higherorder terms that do not vanish when v 2 /M S2 → 0 and those
suppressed by powers of v 2 /M S2 . The “SM uncertainty” is in
turn taken as the largest of two estimates, namely the effect of
varying the scale at which the pole Higgs mass is computed
by a factor of 2 above and below the central value Q = Mt ,
and the effect of including higher-order terms in the extraction of the top Yukawa coupling from the top mass. The
resulting estimates of the “SUSY” and “SM” uncertainties
are then added linearly in the total uncertainty.
Third hybrid approach As detailed in Sect. 5.3, the hybrid
approach proposed in Ref. [296] combines a pure EFT calculation of the SM-like Higgs mass with a separate calculation of the corrections suppressed by powers of v 2 /M S2 .
In Ref. [296] the hybrid result for the Higgs mass was compared with the pure EFT result provided by HSSUSY and with
the FO (namely, three-loop) result obtained from the combination of FlexibleSUSY and Himalaya, showing the
expected agreement with one or the other in the appropriate
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limits. The proposal of Ref. [296] for the uncertainty estimate
of the hybrid result thus consisted in simply taking, in each
point of the parameter space, the lowest uncertainty estimate
between the one of the FO result and the one of the pure EFT
result. These estimates are described in Sects. 6.3.1 and 6.3.2,
respectively.
6.3.4 Comparing the uncertainties
To illustrate the estimates described in Sects. 6.3.1–6.3.3, we
compare in Fig. 5 the uncertainties of the hybrid calculations
implemented in FeynHiggs and in FlexibleEFTHiggs
with those of their FO and EFT counterparts, in the same
MSSM scenario as the one considered in Sect. 5.5. We recall
that the parameters that determine the stop masses and mixing are here defined in the DR scheme at the scale Q = M S .
In view of the large stop mixing that characterizes this scenario, the predictions of FlexibleSUSY, HSSUSY and
FlexibleEFTHiggs omit the three-loop corrections, as
they rely on an expansion in the ratio X t /M S . Consequently,
in both the left and right plots of Fig. 5 the FO calculations
include full one-loop and gaugeless two-loop corrections,
and the EFT calculations provide a full NLL and gaugeless NNLL resummation of the logarithmic corrections. In
each plot, the dotted-blue, dashed-black and full-red lines
represent the predictions for the SM-like Higgs mass of the
FO, EFT and hybrid calculation, respectively, and the shaded
bands around each line represent the uncertainty estimates.
The shapes of the blue-shaded bands in the left and right
plots of Fig. 5 show that, in this scenario, the FO calculations
of FeynHiggs and FlexibleSUSY start losing accuracy
as soon as M S  1 TeV. As mentioned in the description
of Fig. 3, there is a rather dramatic difference between the
FO predictions of the two codes at large M S , due to the different definitions of the top mass and the strong gauge coupling entering the radiative corrections.33,34 However, the
respective uncertainty bands are so large that they comfortably overlap. This highlights once again the inadequacy of the
FO calculation in scenarios with multi-TeV SUSY masses.
The shape of the grey-shaded bands in Fig. 5 shows that
the EFT calculation is expected to be less accurate at low M S ,
where the missing O(v 2 /M S2 ) effects are most relevant. However, for values of M S large enough that the EFT prediction
for the SM-like Higgs mass is compatible with the LHC measurement, the grey-shaded bands have already shrunk to an
33

We recall that the FO prediction of FeynHiggs has a milder dependence on M S in scenarios defined in terms of OS parameters for the
stop sector (the latter is the recommended choice for FO predictions in
FeynHiggs).
34 The difference between the blue-dotted curve for FlexibleSUSY
in the right plot of Fig. 3 and the one in the right plot of Fig. 5 is instead
due to the omission of the three-loop corrections in the latter.
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almost-constant width, meaning that the O(v 2 /M S2 ) effects
are essentially negligible.
Finally, the comparison between the three shaded bands in
each plot of Fig. 5 shows that, for both codes, the uncertainty
estimate of the hybrid calculation in this scenario essentially
coincides with the one of the EFT calculation as soon as
M S  2 TeV. For low values of M S , the uncertainty estimate
of the hybrid calculation of FeynHiggs essentially coincides with the one of the FO calculation in the same code
as soon as M S  500 GeV, whereas the uncertainty estimate of the hybrid calculation of FlexibleEFTHiggs
remains smaller than the one of the FO calculation of
FlexibleSUSY (the latter is obtained following Ref. [296],
but taking into account the omission of the three-loop corrections). In the intermediate range of M S , the uncertainty of the
hybrid calculation is, for both codes, smaller than the uncertainties of both the EFT and FO calculations, underscoring
the fact that the hybrid calculation combines the advantages
of the two approaches, while avoiding their drawbacks. For
M S ≈ 2−4 TeV, where the uncertainty band of the theoretical prediction intersects the one of the experimental measurement, the theory uncertainty of the hybrid calculation in
both codes is about ±1 GeV for this scenario.

6.4 The role of the parametric uncertainties
In addition to the theory uncertainty stemming from uncomputed higher-order terms, the prediction for the Higgs masses
in SUSY models is subject to a “parametric” uncertainty,
associated with the experimental uncertainty with which the
input parameters – e.g., masses and couplings of the particles
in the loops – are known. This uncertainty can be straightforwardly determined as the maximal shift in the prediction
for the Higgs masses obtained by varying the input parameters within their experimental ranges. In phenomenological
analyses of SUSY models, it is customary to discuss the two
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kinds of uncertainty without combining them, as they come
from completely different and independent sources.
Due to the relatively large size of the top Yukawa coupling,
and to the fact that it enters the top/stop contribution to the
one-loop corrections at the fourth power, the uncertainty of
the top-mass measurement is the one to which the parametric
uncertainty of the Higgs-mass prediction is most sensitive. A
well-known “rule of thumb” [308] (see also Refs. [38,64]),
which holds for MSSM scenarios with moderate to large
tan β and TeV-scale stops, states that each GeV of variation
in Mt results in roughly one GeV of variation in the prediction for the SM-like Higgs mass. For example, in 2015
Ref. [234] showed that, in such scenarios, a variation in the
pole top mass of 1.5 GeV – i.e., 2σ according to the first
combination of Tevatron and Run-1 LHC measurements in
Ref. [309] – does indeed induce a shift of about 1.3 GeV in
the prediction for Mh . For low values of tan β, where a larger
contribution from the top/stop loops is needed to obtain a prediction for the Higgs mass around 125 GeV, the induced shift
can reach 2.5 GeV. This parametric uncertainty would have
been comparable to, or even larger than, the estimated theory uncertainty of the EFT and hybrid calculations, at least
in simplified MSSM scenarios with a realistic Higgs-mass
prediction (see e.g. Fig. 5). However, the inclusion of Run-2
LHC data already brings the 2σ uncertainty of the top-mass
measurement down to 0.6 GeV [6]. It should be noted, on the
other hand, that the question of how to relate the mass parameter that is measured at hadron colliders to a theoretically
well-defined top-quark mass, suitable as input parameter for
higher-order calculations, is still the subject of debate – see
e.g. Refs. [310–312]. The related uncertainty should be taken
into account as an additional source of parametric uncertainty
in the Higgs-mass predictions. Future measurements at e+ e−
colliders running at the t t¯ threshold would benefit from the
fact that the relation between the measured mass parameter
and a theoretically well-defined short-distance mass is well
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understood, and are expected to further reduce the 2σ uncertainty to about 0.1 GeV [313].
Until superparticles are discovered, it is of course pointless
to associate a parametric uncertainty to the input values of
their masses and couplings. Even in the felicitous event of
a discovery, it is unlikely that all of the SUSY parameters
relevant to the Higgs-mass prediction will be independently
measured in the medium term. Instead, as we illustrated in
Sect. 2.1, the mass and couplings of the SM-like Higgs boson
will serve as precision observables to constrain the SUSY
parameters that are not directly accessible by experiment.
6.5 Prospects
As long as the dominant classes of higher-order terms are
properly identified and simulated, the margin of improvement for a given estimate of the theory uncertainty of the
Higgs-mass calculation is not large, because of the unavoidable subjectiveness involved in the choice of numerical coefficients, in the range of scale variation and so on. Only the
explicit computation of the dominant missing terms can tell
whether their estimate was too optimistic or too pessimistic.
When the accuracy of the Higgs-mass calculation is thus
improved, the existing uncertainty estimate must be adapted
so that it simulates the dominant terms among those that
remained uncomputed.
Rather than the development of new, more-refined techniques to estimate the theory uncertainty of the Higgs-mass
calculation, the most natural direction of development in this
domain is likely to be the application of the existing techniques to models or scenarios for which an uncertainty estimate is not currently available. For example, the uncertainty
estimates discussed in Sects. 6.3.1 and 6.3.3 for the EFT and
hybrid calculations all refer to scenarios in which there is
only one Higgs doublet below the SUSY scale. It is fair to
expect that they will soon be extended to scenarios with two
light Higgs doublets and, beyond the MSSM, to scenarios in
which the EFT features an even more complicated Higgs sector. In keeping with the trend towards an “automation” of the
Higgs-mass calculations, it can also be expected that, in the
medium term, estimates of the theory uncertainty similar to
those described in this section will also be developed for the
case of a general renormalizable theory, to be implemented
in packages like SARAH.
Finally, it is worth noting that, in phenomenological analyses of SUSY models, the spectrum of superparticle masses is
generally more complicated than in the simplified scenarios
considered for illustration in this report (e.g., it might arise as
the output of a spectrum generator). In realistic SUSY scenarios, the questions of which among the available EFTs (or EFT
towers) better describes a given mass spectrum and of what
is the optimal choice for the matching scale (or scales) might
not be clear-cut. In this case, a comparison between the the-
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ory uncertainties associated with different EFT calculations
can be used to investigate which one is most appropriate for
the considered point of the parameter space.

7 Outlook
Resolving the underlying dynamics of electroweak symmetry breaking is one of the main goals of particle physics, and
the predictions for the Higgs masses that characterize the
SUSY extensions of the SM play a crucial role in this context. Indeed, the mass of the Higgs boson discovered at the
LHC can now be considered an electroweak precision observable: much like, before the LHC era, the W mass and the
Z -pole observables provided constraints on the Higgs mass
within the SM, comparing the precisely-measured mass of
the observed Higgs boson with the corresponding theoretical
prediction places very sensitive constraints on the parameter
space of the considered SUSY model.
The accuracy of the theoretical predictions for the Higgs
masses in SUSY models has improved very significantly over
the years that followed the Higgs discovery at the LHC. The
progress in the calculations has been discussed in a series of
(so far) eleven KUTS meetings, and is summarized in this
report. The major lines of development included:
– The improvement of the FO predictions for the Higgs
masses in the simplest SUSY extension of the SM,
the MSSM, with new calculations of two-loop corrections beyond the “gaugeless” and vanishing-momentum
approximations, as well as of the dominant three-loop
effects;
– The precise calculation of the Higgs-mass spectrum in
a number of non-minimal SUSY extensions of the SM,
including among others the NMSSM, models with Dirac
gauginos, and models with right-handed neutrinos;
– A renewed focus on the all-order resummation of large
logarithmic corrections even in scenarios with moderately heavy superparticles, through the development of
EFT calculations of the Higgs masses and their combination with the existing FO calculations in several
“hybrid” approaches. This led to the important result that
somewhat larger stop masses than previously thought are
needed in the MSSM to reproduce the observed value of
the Higgs mass;
– A new effort to assess, for each considered choice of
SUSY parameters, the theory uncertainty of the Higgsmass prediction that stems from uncomputed higherorder corrections. This showed that widely used “one
size fits all” estimates of the uncertainty could be viewed
as too optimistic or too pessimistic, depending on the
considered regions of the parameter space.
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Despite all of these developments, the quest for highprecision predictions for the Higgs masses in SUSY models is not by any means concluded. As described at the end
of Sects. 3–6 of this report, efforts aimed at improving and
extending the calculations, and KUTS meetings to discuss
them, are bound to continue. An obvious question in this
context is what should be the target for the precision of the
theoretical predictions. Ideally, to fully exploit the potential
of the Higgs-mass measurement in constraining the parameter space of SUSY models, one would need to bring the theory uncertainty of the prediction for the mass of the SM-like
Higgs boson below the level of the current (and future) experimental precision. This would however require a reduction
of the theory uncertainty by more than a factor of 10 compared to the current level, which is probably too ambitious a
target in the medium term. A more realistic goal is that, in
the coming years, the theory uncertainty of the Higgs-mass
prediction be reduced by a factor of about 2−3, down to
the level of the current “parametric” uncertainty that stems
from the experimental uncertainty with which the SM input
parameters are known. As discussed in Sect. 6.4, the dominant contribution to this parametric uncertainty comes from
the value of the top mass measured at hadron colliders, whose
relation with the theoretically well-defined top-mass parameter that is needed as input for the Higgs-mass calculation is
an additional source of uncertainty. It is therefore unlikely
that further reductions of the theory uncertainty would bring
substantial benefits, at least until an improved measurement
of the top mass, e.g. at future e+ e− colliders, reduces the
associated parametric uncertainty down to the level of the
experimental precision of the Higgs-mass measurement.
The urgency of further improvements in the accuracy of
the Higgs-mass predictions in SUSY models will also depend
on the experimental developments concerning the properties of the observed Higgs boson, the electroweak precision
observables and the direct searches for BSM particles. In the
MSSM, the minimal values of the stop masses that lead to a
prediction for the Higgs mass compatible with the measured
value lie typically above the current bounds from direct stop
searches at the LHC. Therefore, the scenario of a SM-like
Higgs boson with mass around 125 GeV and no hints for
additional particles from direct BSM searches can still be
considered a fully consistent realization of the MSSM. If
no deviation from the SM is detected in the coming years,
a SUSY model with superparticle masses beyond the kinematic reach of the LHC - or even of future hadron colliders
such as the FCC-hh - will continue to be a viable possibility
(one could invoke fine-tuning arguments to favor or disfavor
certain classes of models). In this case, the requirement that
the prediction for the mass of the SM-like Higgs boson agree
– within the uncertainties – with the measured value will
place constraints on the multi-dimensional space of experimentally inaccessible parameters of the considered model.
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For example, as can be inferred from Fig. 1 in Sect. 2.1, a
lower bound on the stop masses of O(10 TeV) from future
searches at the FCC-hh would constrain the region of the
MSSM parameter space with large tan β, which is consistent
with a possible SUSY explanation of the (g − 2)μ anomaly.
We also remark that, in the absence of new discoveries, the
benefits of any possible improvement in the calculation of
the Higgs masses will have to be assessed on a case-bycase basis. For example, in the simplified MSSM scenario
with a common SUSY scale and a fixed value of tan β,
the correlation between M S and X t discussed in Sect. 2.1
(see Fig. 2 there) illustrates the ultimate sensitivity on the
unknown SUSY parameters that could be reached in the idealized situation where experimental and theory uncertainties
are negligible. Even in that idealized situation, however, all
correlations get blurred when more SUSY parameters are
allowed to vary or non-minimal models are considered.
If, on the other hand, any significant deviations from the
predictions of the SM are detected (e.g., with definitive confirmations of the lepton-flavor anomalies recently observed
by LHCb, or of the long-standing (g − 2)μ anomaly) and/or
any BSM particles are discovered, future investigations on
the theory side will obviously focus on the classes of models that can accommodate the observed phenomenology. If
SUSY models belong to this class, the techniques and results
discussed in this report will be crucial to obtain accurate predictions for the Higgs masses, and the case for improving the
calculations until the theory uncertainty matches the experimental accuracy of the Higgs-mass measurement will be even
stronger. It is also worth stressing that, while these techniques
were developed in the context of SUSY, they can be applied
more generally to any BSM model that involves some kind
of prediction for the quartic scalar couplings. In combination with direct experimental evidence for BSM physics, the
Higgs-mass predictions will be a powerful tool for unraveling
the nature of the new phenomena.
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Appendix A: Survey of public codes for the Higgs-mass
calculation
In the body of the report we mentioned several public codes
that provide a precise calculation of the Higgs masses in
SUSY models. Most of these codes compute in addition the
full spectrum of SUSY particle masses, as well as a number of
other observables such as, e.g., the decays widths of the Higgs
bosons. They are often denoted as “spectrum generators”.
Moreover, there exist “spectrum-generator generators” that
can compute the mass spectrum of a general renormalizable
theory, and produce stand-alone codes dedicated to specific
models.
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In this appendix we provide a survey of public codes
for the Higgs-mass calculation, grouping them35 according
to whether their results apply to the MSSM, to some nonminimal SUSY extension of the SM, or to a general renormalizable theory. For each code, we structure the description
in the following fields:
URL: The address of the code’s web page.
Model(s): The model (or models) for which the code
computes the mass spectrum.
Inputs: General description of the input parameters required for the calculation. We specify
whether the code accepts input parameters at
some “high scale” (e.g., the GUT scale) from
which they are evolved down with appropriate RGEs, or instead it accepts only “lowscale” inputs. The latter typically consist of
OS parameters or running parameters at a
scale comparable to the SUSY masses. Note
that the codes also require a set of SM input
parameters, which we refrain from listing
here.
Outputs: General description of the results of the
Higgs-mass calculation.
CPV/FLV/RPV: Common approximations in the Higgs-mass
calculation consist in neglecting CP violation (CPV), flavor mixing in the sfermion
mass matrices (FLV) and R-parity violation
(RPV). We specify whether, and to what
extent, these effects can be included in the
calculation.
SLHA format: We specify whether the code accepts the
SLHA format for the input and/or output parameters. In particular, the SLHA1
format [145] is restricted to the “vanilla”
MSSM, whereas the SLHA2 format [146]
covers also a number of extensions.
Strategy: The strategy adopted in the calculation of
the Higgs masses. In particular, we specify
whether the calculation follows a FO, EFT
or hybrid approach.
Corrections: Details on the radiative corrections included
in the Higgs-mass calculation. We recall that
the “gaugeless limit” consists in neglecting all corrections that involve the EW
gauge couplings. The “MSSM limit” of the
NMSSM corresponds to taking vs → ∞,
with both λvs and κvs held fixed.
Other features: Information on additional outputs of the
code beyond the Higgs-mass calculation.
35

Within each group, the codes are listed in alphabetic order.
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Extendability: When relevant, we mention how the code
can be extended to cover different models,
include additional corrections and so on.
Language: Programming language, user interfaces and
other technical information on the code.
What to cite: A list of references to cite when the results of
the code are included in a publication (sometimes as a series of options depending on
which features are employed).
A.1 MSSM codes
The MSSM is the simplest and certainly the most-studied
SUSY extension of the SM. Indeed, some of the codes
collected in this section include corrections to the Higgs
masses that are currently not available for any other BSM
model, namely two-loop momentum-dependent corrections
and three-loop corrections. We include in this section also
codes that deal with high-energy extensions of the MSSM
(namely, seesaw models for the generation of the neutrino
masses) since the particle content at the low scale – and
thus the calculation of the Higgs masses – is the same as
in the MSSM. Finally, we remark that both of the “spectrumgenerator generators” listed in Sect. 1 can be used to produce
codes that compute the Higgs mass spectrum of the MSSM.
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and deuteron electric dipole moments (EDMs).
Flavor observables such as B → X s γ ,
Bs → μμ, Bu → τ ν, Bd → τ τ , CP asymmetry in B → X s γ , and the SUSY contributions to the Bd and Bs mixings. The anomalous magnetic dipole moment (g − 2) of the
muon.
Extendability: A beta version with EFT resummation of
the large logarithmic corrections, allowing
to push the SUSY masses to arbitrary values, is available upon request.
Language: CPSuperH is written in Fortran.
What to cite: Standard: Refs. [90–92]. EFT improvement:
Ref. [243].
A.1.2 FeynHiggs
FeynHiggs performs a hybrid calculation of the pole
masses and mixing matrices of the Higgs bosons in the
MSSM with complex parameters, accounting for the possibility of flavor mixing in the sfermion mass matrices. It also
computes a number of additional Higgs-related observables,
as well as EW observables and EDMs.

URL: http://www.feynhiggs.de.
Model(s): MSSM.
A.1.1 CPSuperH
Inputs: Soft SUSY-breaking parameters, μ, tan β
and either M A or M H ± . The SUSY-breaking
CPSuperH performs a FO calculation of the masses and
parameters in the stop sector can be either
mixing matrices of the Higgs bosons in the MSSM with comOS or DR, at a scale of the order of the SUSY
plex parameters. It also computes a number of CPV and flavor
masses. High-scale boundary conditions are
observables.
not supported.
Outputs: Pole Higgs masses, effective mixing matrix
and “Z -factors” in the Higgs sector. UncerURL: http://www.hep.man.ac.uk/u/jslee/CPsuperH.
tainty estimate of the Higgs-mass predichtml.
tions.
Model(s): MSSM.
CPV/FLV/RPV: Complex parameters and flavor-mixing effects
Inputs: Soft SUSY-breaking parameters, μ, tan β
are supported. RPV is not supported.
and M H ± . The SUSY-breaking parameters
in the stop sector are defined in the MS
SLHA format: SLHA conventions (SLHA1 and SLHA2)
scheme, at a scale of the order of the SUSY
for input and output.
masses. High-scale boundary conditions are
Strategy: FO calculation combined with an EFT calnot supported.
culation (“hybrid” code, see Sect. 5.2). The
Outputs: Pole Higgs masses and mixing matrix in the
EFT calculation allows for either one or
Higgs sector.
two light Higgs doublets, with several interCPV/FLV/RPV: Complex parameters are supported. FLV and
mediate steps for the heavier Higgs, gaugRPV are not supported.
ino/higgsino and gluino mass scales.
SLHA format: Not supported.
Corrections: FO calculation: full one-loop corrections,
Strategy: FO calculation of the Higgs masses and mixincluding the effects of flavor mixing in
ing.
the sfermion sector. Two-loop corrections
Corrections: Full one-loop corrections, leading-logarithmic
in the vanishing-momentum and gaugeless
two-loop effects in the gaugeless limit.
limits, neglecting flavor mixing as well as the
Other features: Higgs couplings and branching ratios. Muon,
tau Yukawa coupling. Optionally, two-loop
electron, thallium, neutron, mercury, radium,
O(αt αs ) momentum-dependent effects. EFT
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Other features:

Extendability:

Language:

What to cite:

calculation: full NLL resummation of the
large logarithmic corrections, NNLL resummation in the gaugeless limit, and three-loop
O(yt4 gs4 ) threshold corrections to λSM (the
latter from Himalaya).
Calculation of Higgs widths and branching
ratios (SM and MSSM), approximation for
the LHC production cross sections, flavor
observables, muon (g−2), ρ, MW , sin2 θw ,
and EDMs. FeynHiggs can be directly
linked to HiggsBounds [314–317] and
HiggsSignals [318,319] to check for
collider constraints on the MSSM Higgs
sector via a FeynHiggs-specific compiler
option in those codes.
An extension of FeynHiggs to the NMSSM,
based on Ref. [160], is currently under construction.
FeynHiggs is written in Fortran. It has
four modes of operation: as a commandline tool, as a library for use with Fortran
or C/C++, as a Mathematica program, and
as a web page at http://feynhiggs.de/fhucc.
Standard: Refs. [29,42,44,64,88,189,278,
288]. Additional references depending on
usage: for the momentum-dependent twoloop corrections, Refs. [58,62]; in case of
complex parameters, Refs. [89,98,99,239];
in case of the 2HDM as low-energy model,
Refs. [246,248,291]; in the case of several
Higgs bosons close in mass, Ref. [289];
for the estimate of the theory uncertainty,
Ref. [290].

Page 49 of 71 450

Strategy: FO calculation of the lighter Higgs mass.
The three-loop corrections are available
in the form of asymptotic expansions for
a number of mass hierarchies. The code
determines the hierarchy that best fits the
considered point of the MSSM parameter
space. The one-and two-loop corrections are
obtained via a call to FeynHiggs, and
those involving top/stop loops are adapted
to the DR scheme.
Corrections: Full one-loop corrections, two-loop corrections in the vanishing-momentum and
gaugeless limits (neglecting also the tau
Yukawa coupling), three-loop O(αt αs2 ) corrections from Refs. [67,68].
Language: H3m is a Mathematica program.
What to cite: Refs. [67–69].
A.1.4 Himalaya
Himalaya is a library of functions allowing for the inclusion of the three-loop corrections of Refs. [67,68] in existing
FO or EFT calculations of the lighter CP-even Higgs mass
that adopt the DR renormalization scheme for the SUSY
parameters.

URL: https://github.com/Himalaya-Library/Hima
laya.
Model(s): MSSM.
Inputs: Soft SUSY-breaking parameters, μ, tan β
and M A . The SUSY-breaking parameters are
defined in the DR scheme, at a scale M S of
the order of the SUSY masses. High-scale
boundary conditions are not supported. The
code also requires the gauge and Yukawa
A.1.3 H3m
couplings of the MSSM, as well as the
parameter v, all defined in the DR scheme at
H3m computes the mass of the lighter CP-even Higgs boson
the
scale M S .
in the MSSM, including the three-loop O(αt αs2 ) corrections
Outputs: One-, two- and three-loop corrections to Mh
from Refs. [67,68].
for the FO calculation in the DR scheme.
One-, two- and three-loop contributions to
URL: https://www.ttp.kit.edu/Progdata/ttp10/ttp10
λ for the EFT calculation. Estimates of the
-23.
uncertainty associated with the expansion in
Model(s): MSSM.
mass ratios of the three-loop corrections.
Inputs: Soft SUSY-breaking parameters, μ, tan β
CPV/FLV/RPV: Not supported.
and M A . The SUSY-breaking parameters are
SLHA format: Not supported.
defined in the DR scheme, at a scale M S of
Strategy: FO calculation: the three-loop corrections to
the order of the SUSY masses. High-scale
Mh from Refs. [67,68] are available in the
form of asymptotic expansions for a number
boundary conditions are not supported.
of mass hierarchies. The code determines the
Outputs: Pole mass of the lighter CP-even Higgs
hierarchy that best fits the considered point
boson.
of the MSSM parameter space. EFT calculaCPV/FLV/RPV: Not supported.
tion: the three-loop O(yt4 gs4 ) contribution to
SLHA format: Input file in the SLHA1 format.
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λ is extracted from the O(αt αs2 ) correction
to Mh as described in Ref. [236].
Corrections: FO calculation: full one-loop, gaugeless
and vanishing-momentum two-loop, and
O(αt αs2 ) three-loop contributions to Mh2 .
EFT calculation: full one-loop, gaugeless
two-loop and O(yt4 gs4 ) three-loop contributions to λ.
Language: Himalaya is a library of C++ functions. A
Mathematica interface is provided.
What to cite: Refs. [70,236] for the code and Refs. [67,68]
for the original three-loop calculation.
A.1.5 ISAJET
ISAJET is a package that generates e+ e− , pp, and p p̄ collider events for a variety of processes, both in the SM and
in a number of BSM models which include the MSSM. The
SUSY mass spectrum and the Higgs masses are calculated by
the modules ISASUSY and ISASUGRA. Also provided is the
module IsaTools, which computes several SUSY-related
observables.
URL: http://www.nhn.ou.edu/~isajet.
Model(s): MSSM.
Inputs: The module ISASUSY computes the mass
spectrum of the MSSM starting from
Lagrangian parameters at the weak scale.
It requires as input the soft SUSY-breaking
parameters, plus μ, tan β and M A . The
module ISASUGRA obtains the soft SUSYbreaking parameters via RG evolution starting from a set of high-scale boundary conditions. In this case μ2 and Bμ are fixed by
the minimum conditions of the Higgs potential. Thirteen variants of high-scale conditions are available, inspired by the gravitymediated
(SUGRA),
gauge-mediated
(GMSB), anomaly-mediated (AMSB) and
generalized mirage-mediated mechanisms
for SUSY breaking.
Outputs: Loop-corrected masses and effective couplings of the Higgs bosons.
CPV/FLV/RPV: Flavor-mixing effects in the RG evolution
(but not in the Higgs-mass calculation) are
optionally accounted for by the module
RGEFLAV. CPV and RPV are not supported.
SLHA format: The SLHA1 format is supported for the output.
Strategy: FO calculation of the Higgs masses and
mixing in the effective potential approach,
expressing the corrections in terms of the
running couplings of the MSSM.

123

Eur. Phys. J. C (2021) 81:450

Corrections: Two-loop RGEs for the MSSM. One-loop
top/stop and bottom/sbottom contributions
to the neutral and charged Higgs masses in
the vanishing-momentum limit.
Other features: ISAJET generates hadron and e+ e− collider events. ISASUSY and ISASUGRA
compute the full spectrum of SUSY masses
and decay rates. ISASUGRA also estimates,
for a given choice of high-scale boundary conditions, the degree of fine-tuning
required to maintain the weak scale around
100 GeV. IsaTools computes various
SUSY-related observables, namely: the relic
density of neutralino Dark Matter (DM); the
cross sections for direct DM detection; several B-decay rates; the muon (g − 2).
Language: ISAJET and its various SUSY modules are
written in Fortran.
What to cite: Ref. [320].
A.1.6 MhEFT
MhEFT performs an EFT calculation of the CP-even Higgs
masses in the MSSM with heavy SUSY, covering also scenarios in which the mass of the heavier Higgs doublet lies
below the SUSY scale. The code also computes the decay
widths of the lighter CP-even Higgs boson.
URL: https://gabrlee.com/code.
Model(s): MSSM.
Inputs: Soft SUSY-breaking parameters, μ, tan β
and M A . A common mass parameter M S is
assumed for all of the sfermions and for the
gluino. All parameters are renormalized in
the MS scheme. The SUSY parameters are
defined at the scale Q = M S , while tan β
and M A are defined at the scale Q = M A .
Outputs: CP-even Higgs masses Mh and M H . Effective mixing angles α and sin(β − α). The
latter are also used to obtain the couplings
of the lighter CP-even Higgs boson to thirdgeneration fermions (normalized to their SM
values) and the H hh coupling.
CPV/FLV/RPV: Not supported.
SLHA format: Not supported.
Strategy: EFT calculation of the Higgs masses: SUSY
particles decoupled at Q = M S , leaving the
type-II 2HDM as low-energy model, possibly augmented with light higgsinos and
EW gauginos. Intermediate threshold for the
heavy Higgs doublet at Q = M A . Pole mass
of the lighter CP-even Higgs boson computed at Q = Mt .
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Corrections: Two-loop RGEs of the type-II 2HDM, plus
approximate one-loop effects of higgsinos
and gauginos, for the evolution of the couplings between Q = M S and Q = M A ;
three-loop RGEs of the SM below Q =
M A . Threshold corrections λi at the scale
Q = M S : one-loop stop, sbottom and stau
contributions; two-loop O(yt4 gs2 ) contributions; approximate inclusion of the twoloop O(yt6 ) contributions in the limit M A =
M S . One-loop threshold corrections to the
Yukawa couplings at Q = M S . One-loop
correction to Mh computed in the SM at
Q = Mt .
Other features: Total width of the lighter CP-even Higgs
boson. Partial widths, branching ratios, and
ratios to the SM values for the decays of
the lighter CP-even Higgs boson to thirdgeneration fermions.
Language: MhEFT is a Mathematica program.
What to cite: Refs. [66,247].
A.1.7 SOFTSUSY
SOFTSUSY computes the mass spectrum of Higgs bosons
and SUSY particles in the MSSM and in the NMSSM,
accounting for the possibility of R-parity violation and of
flavor mixing in the sfermion mass matrices. It accepts the
SUSY parameters at an arbitrary (high or low) input scale. It
also computes the widths and branching ratios for the decays
of Higgs bosons and SUSY particles.
URL: https://softsusy.hepforge.org.
Model(s): MSSM and NMSSM. For the latter, see
Sect. 1.
Inputs: Soft SUSY-breaking parameters in the DR
scheme at a user-defined scale Q in , spanning from the EW scale to the GUT scale
(templates for SUGRA, GMSB and AMSB
boundary conditions are available). The
parameter tan β is given either at Q in or
at Q = M Z . The parameters μ2 and Bμ
are fixed by the minimum conditions of the
Higgs potential. Alternatively, μ and either
Bμ or the pole mass M A are given as input,
and the soft SUSY-breaking parameters m 2H1
and m 2H2 are fixed by the minimum conditions.
Outputs: Pole Higgs masses, effective mixing angle
α in the neutral CP-even sector. Estimate of
the theory uncertainty of the prediction for
Mh .
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CPV/FLV/RPV: Flavor mixing in the sfermion mass matrices and R-parity-violating couplings are
accounted for in the RG evolution of the
parameters and in the determination of the
SUSY mass spectrum, but their effects are
not included in the radiative corrections to
the Higgs masses. CPV is not supported.
SLHA format: SLHA conventions (SLHA1 and SLHA2)
for input and output. Command-line input
is also possible.
Strategy: FO calculation of the Higgs masses. The
gauge and Yukawa couplings of the MSSM
are extracted from the SM input parameters
at the scale Q = M Z , while the soft SUSYbreaking parameters are given as input at
Q in . All parameters are evolved with the
RGEs of the MSSM to the scale Q EWSB
where the minimum conditions of the potential are imposed and the whole mass spectrum of the model is computed, including
the radiative corrections. This scale is set by
default to the geometric mean of the stop
masses, but can be modified by the user.
Corrections: Two-loop RGEs for the MSSM, with optional
inclusion of three-loop effects. The gauge
and Yukawa couplings of the MSSM are
extracted from the SM inputs at one loop,
with optional inclusion of two-loop effects.
Full one-loop corrections to the Higgs masses.
Two-loop corrections to the neutral Higgs
masses in the vanishing-momentum and
gaugeless limits. Optional inclusion of the
three-loop O(αt αs2 ) corrections to Mh from
Himalaya.
Other features: Full mass spectrum for the SUSY particles at one loop, with optional inclusion
of two-loop SUSY-QCD corrections. In the
presence of R-parity violation, the neutrino masses and mixing are also computed. Decay widths and branching ratios
for SUSY particles and Higgs bosons are
computed in the R-parity-conserving case.
SOFTSUSY also estimates, for a given choice
of high-scale boundary conditions, the degree
of fine-tuning required to maintain the weak
scale around 100 GeV.
Language: SOFTSUSY is written in C++.
What to cite: Standard: Ref. [45], which is the SOFTSUSY
manual for the R-parity conserving MSSM.
Additional references depending on usage:
for the effects of three-loop RGEs and twoloop threshold corrections to gauge and
Yukawa couplings, Ref. [46]; for the two-
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loop SUSY-QCD corrections to squark and
gluino masses, Ref. [321]; for the decay
calculations, Ref. [322]; for the R-parityviolating aspects, Ref. [323]; for the neutrino
masses and mixing, Refs. [323,324].
A.1.8 SPheno
SPheno computes the mass spectrum of Higgs bosons and
SUSY particles in the MSSM, accounting for the possibility
of R-parity- and lepton-flavor-violating terms and of flavor
mixing in the sfermion mass matrices. It accepts the input
SUSY parameters at an arbitrary (high or low) scale. It also
computes the widths and branching ratios for the decays of
Higgs bosons and SUSY particles, and a number of flavorrelated observables.
URL: https://spheno.hepforge.org.
Model(s): The MSSM, plus several seesaw extensions
with additional states at the high scale. The
Higgs-mass calculation in the seesaw extensions is the same as in the MSSM.
Inputs: Soft SUSY-breaking parameters in the DR
scheme at a user-defined scale Q in , spanning from the EW scale to the GUT scale
(templates for SUGRA, GMSB and AMSB
boundary conditions are available). The
parameter tan β is given either at Q in or
at Q = M Z . The parameters μ2 and Bμ
are fixed by the minimum conditions of the
Higgs potential. Alternatively, μ and either
Bμ or the pole mass M A are given as input,
and the soft SUSY-breaking parameters m 2H1
and m 2H2 are fixed by the minimum conditions.
Outputs: Pole Higgs masses, effective mixing angle
α in the neutral CP-even sector.
CPV/FLV/RPV: Flavor mixing in the sfermion mass matrices and the subset of R-parity-violating couplings that also violate lepton flavor are
accounted for in the RG evolution of the
parameters and in the determination of the
SUSY mass spectrum, but their effects are
not fully included in the radiative corrections
to the Higgs masses. Complex parameters
are supported, but the mixing between neutral CP-even and CP-odd Higgs bosons is
not implemented.
SLHA format: SLHA conventions (SLHA1 and SLHA2)
for input and output.
Strategy: FO calculation of the Higgs masses. The
gauge and Yukawa couplings of the SM
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Corrections:

Other features:

Extendability:

Language:
What to cite:

are extracted from the SM input parameters at the scale Q = M Z , evolved with the
RGEs of the SM to a higher scale Q EWSB
and there converted into their MSSM counterparts. Alternatively, they are converted
directly at Q = M Z and then evolved up
to Q EWSB with the RGEs of the MSSM. The
soft SUSY-breaking parameters are given as
input at Q in and evolved with the RGEs of
the MSSM to Q EWSB . At this scale, which is
set by default to the geometric mean of the
stop masses but can be modified by the user,
the minimum conditions of the potential are
imposed and the whole mass spectrum of the
model is computed, including the radiative
corrections. In scenarios with heavy SUSY,
a hybrid calculation of Mh is also available,
providing a LL resummation of the large logarithmic corrections (see Sect. 5.3).
Two-loop RGEs for the MSSM, three-loop
RGEs for the SM. The gauge and Yukawa
couplings of the SM are extracted from the
SM inputs at one loop, but the extraction of
the top Yukawa coupling includes also twoloop QCD effects. Full one-loop corrections
to the Higgs masses, including the effects of
flavor mixing in the sfermion sector. Twoloop corrections to the neutral Higgs masses
in the vanishing-momentum and gaugeless
limits, including only the third-generation
Yukawa couplings. In the RPV case the
Higgs-mass calculation includes only the
one-loop top/stop and bottom/sbottom corrections in the effective potential approach.
Full mass spectrum for the SUSY particles at one loop. In the RPV and seesaw extensions, masses and mixing matrix
of the neutrinos are also provided. Decay
widths and branching ratios for SUSY particles and Higgs bosons. A large set of flavor observables (quark- and lepton-flavorviolating processes), muon (g − 2), ρ and
EDMs.
Versions of SPheno for SUSY models
beyond the MSSM can be produced with
SARAH, see Sect. 1.
SPheno is written in Fortran 90.
Standard: Refs. [48,49]. For the hybrid calculation of Mh , Ref. [294].
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A.1.9 SuSeFLAV
SuSeFLAV computes the mass spectrum of Higgs bosons
and SUSY particles in the MSSM and in its seesaw extension,
starting from high-scale SUSY parameters. The code also
computes a number of low-energy observables and, in the
seesaw extension, lepton-flavor violating decays.
URL: https://github.com/debtosh/SuSeFLAV.
Model(s): The MSSM and its seesaw extension with
three heavy right-handed neutrino superfields. The Higgs-mass calculation in the latter is the same as in the MSSM.
Inputs: The soft SUSY-breaking parameters are
given as input in the DR scheme at a high
scale, namely the GUT scale for SUGRA
boundary conditions and the messenger scale
for GMSB boundary conditions. The parameter tan β is given at Q = M Z . The parameters μ2 and Bμ are fixed by the minimum
conditions of the Higgs potential.
Outputs: Pole Higgs masses, effective mixing angle
α in the neutral CP-even sector.
CPV/FLV/RPV: Flavor mixing in the sfermion mass matrices
is accounted for in the RG evolution of the
parameters and in the determination of the
SUSY mass spectrum at tree level, but its
effects are not included in the radiative corrections. RPV and CPV are not supported.
SLHA format: SLHA2 conventions for input and output.
Strategy: FO calculation of the Higgs masses. The
gauge and Yukawa couplings of the MSSM
are extracted from the SM input parameters
at the scale Q = M Z , while the soft SUSYbreaking parameters are given as input at
the high scale. In the seesaw extension, the
three right-handed neutrino superfields are
decoupled from the RGEs at their respective mass scales. All parameters are evolved
to the scale Q EWSB , which is fixed as the geometric mean of the stop masses. At this scale
the minimum conditions of the potential are
imposed and the whole mass spectrum of the
model is computed, including the radiative
corrections.
Corrections: Two-loop RGEs for the MSSM and for the
seesaw extension. The gauge and Yukawa
couplings of the MSSM are extracted from
the SM inputs at one loop, but the extraction
of the top Yukawa coupling includes also the
SM part of the two-loop QCD effects. Full
one-loop corrections to the Higgs masses.
Two-loop corrections to the neutral Higgs

Other features:

Extendability:

Language:
What to cite:

masses in the vanishing-momentum and
gaugeless limits.
Full mass spectrum for the SUSY particles at
one loop. SuSeFLAV also computes several
low-energy observables, namely ρ, the
muon (g−2) and B → X s γ , and it estimates
the degree of fine-tuning required to maintain the weak scale around 100 GeV. In the
seesaw extension, the code computes also a
number of lepton-flavor violating decays of
the muon and the tau.
A new version is under development, covering scenarios where the sfermions of the first
two generations are heavy and also computing the decay rate of the proton.
SuSeFLAV is written in Fortran 95.
Ref. [325].

A.1.10 SuSpect
SuSpect computes the mass spectrum of Higgs bosons and
SUSY particles in the MSSM. It accepts the SUSY parameters at an arbitrary (high or low) input scale.
URL: http://suspect.in2p3.fr.
Model(s): MSSM.
Inputs: Soft SUSY-breaking parameters in the DR
scheme at a user-defined scale Q in , spanning from the EW scale to the GUT scale
(templates for SUGRA, GMSB and AMSB
boundary conditions are available). The
parameter tan β is given as input at Q =
M Z . The parameters μ2 and Bμ are fixed by
the minimum conditions of the Higgs potential. Alternatively, M A (either pole or running) and μ are given as input, and the soft
SUSY-breaking parameters m 2H1 and m 2H2
are fixed by the minimum conditions.
Outputs: Pole Higgs masses, effective mixing angle
α in the neutral CP-even sector.
CPV/FLV/RPV: Not supported.
SLHA format: SLHA1 conventions for input and output.
Strategy: FO calculation of the Higgs masses. The
gauge and Yukawa couplings of the MSSM
are extracted from the SM input parameters
at the scale Q = M Z , while the soft SUSYbreaking parameters are given as input at
Q in . All parameters are evolved with the
RGEs of the MSSM to the scale Q EWSB ,
where the minimum conditions of the potential are imposed and the whole mass spectrum of the model is computed, including
the radiative corrections. This scale is set by
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Corrections:

Other features:

Language:

What to cite:

default to the geometric mean of the stop
masses, but can be modified by the user.
Two-loop RGEs for the MSSM. The gauge
and Yukawa couplings of the MSSM are
extracted from the SM inputs at one loop,
but the extraction of the top Yukawa coupling includes also the SM part of the twoloop QCD effects. Full one-loop corrections
to the Higgs masses. Two-loop corrections
to the neutral Higgs masses in the vanishingmomentum and gaugeless limits.
Full mass spectrum for the SUSY particles at one loop. Check of precision observables such as the muon (g − 2) and B →
X s γ . Estimate of the degree of fine-tuning
required to maintain the weak scale around
100 GeV.
Version 2 of SuSpect is written in Fortran, while version 3, available since 2014, is
written in C++. The two versions are developed in parallel.
Standard: Ref. [47]. For version 3, cite also
Ref. [326].36

A.1.11 SUSYHD
SusyHD performs an EFT computation of the lighter CPeven Higgs mass of the MSSM in heavy-SUSY scenarios
where the SUSY particles and the heavier Higgs doublet are
decoupled at a common scale. The code also covers SplitSUSY scenarios where higgsinos and gauginos are decoupled at a lower scale than the heavy scalars.
URL: http://users.ictp.it/susyhd.
Model(s): MSSM.
Inputs: Soft SUSY-breaking parameters, μ, tan β
and M A in the DR scheme at a user-defined
input scale of the order of the SUSY masses.
An OS definition for the parameters in the
stop sector is also envisaged, but it leads to
a large logarithmic term in the two-loop part
of λ.
Outputs: Pole mass of the lighter CP-even Higgs
boson, plus uncertainty estimate.
CPV/FLV/RPV: Not supported.
SLHA format: Not supported.
Strategy: Pure EFT calculation of Mh with full NLL
resummation of the large logarithmic corrections. The EFTs valid below the SUSY scale
can be either directly the SM, or Split SUSY
36

This is a preliminary reference, a dedicated publication is in preparation.
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followed by the SM. In the former case, a
partial NNLL resummation of the large logarithmic corrections is also provided.
Corrections: Three-loop RGEs for the SM and twoloop RGEs for Split SUSY, neglecting the
effects of the Yukawa couplings of the first
two generations. The threshold correction
to the quartic Higgs coupling includes full
one-loop contributions, two-loop O(yt4 gs2 )
contributions and two-loop O(yt6 ) contributions, the latter in the limit of degenerate
masses for the stops and the heavy Higgs
doublet. At the EW scale, the running gauge
and Yukawa couplings of the SM and the
relation between λSM and Mh are determined
at two loops from the interpolation formulas
of Ref. [191].
Language: SusyHD is a Mathematica program.
What to cite: Ref. [234].
A.2 Beyond-MSSM codes
In this section we collect codes for the computation of
the Higgs-mass spectrum in SUSY models that feature an
extended particle spectrum with respect to the MSSM. In particular, three of the listed codes are devoted to the NMSSM,
and one to the μνSSM. We remark that both of the “spectrumgenerator generators” listed in Sect. 1 can be used to produce
codes that compute the Higgs mass spectrum of the NMSSM,
and that SARAH can also produce a code for the μνSSM.
A.2.1 munuSSM
munuSSM computes the mass spectrum of the neutral scalars
of the μνSSM (namely, Higgs bosons and sneutrinos) with
full one-loop corrections. It relies on FeynHiggs to include
also corrections beyond one loop in the MSSM limit. The
code also computes the decays of all non-colored (neutral
and charged) scalars.
URL: https://gitlab.com/thomas.biekoetter/
munussm.
Model(s): The μνSSM.
Inputs: The superpotential and soft-SUSY-breaking
parameters, the sneutrino vevs and tan β.
The non-SM input parameters that determine the tree-level masses of the neutral
scalars are defined in the DR scheme at
a scale of the order of the SUSY masses.
The soft SUSY-breaking parameters in the
stop and sbottom sectors can optionally
be defined in the OS scheme. High-scale
boundary conditions are not supported.
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Outputs: Pole masses of the eight CP-even and seven
CP-odd neutral scalars of the model. Effective couplings of all neutral scalars to SM
particles.
CPV/FLV/RPV: The Higgs and neutrino couplings of the
μνSSM violate by construction lepton flavor and R-parity. CPV and flavor violation
in the squark sector are not supported.
SLHA format: Not supported.
Strategy: FO calculation of the neutral scalar masses
in the μνSSM, supplemented with higherorder corrections in the MSSM limit through
an interface with FeynHiggs.
Corrections: Full one-loop corrections to the neutral
scalar masses in the μνSSM. Higher-order
corrections included in the MSSM limit:
two-loop corrections in the gaugeless and
vanishing-momentum limits, and the resummation (full NLL, gaugeless NNLL) of the
large logarithmic corrections.
Other features: The package computes also the decay widths
and branching ratios of all non-colored (neutral and charged) scalars. An automated
interface to HiggsBounds [314–317] and
HiggsSignals [318,319] tests the considered scenario against the bounds from
Higgs searches at colliders.
Language: munuSSM is a Python package, but some
routines for numerically involved calculations are written in Fortran to allow for
quadruple floating-point precision.
What to cite: Ref. [183] is the manual of munuSSM, and
Refs. [181,182] describe the one-loop calculation of the scalar masses in the μνSSM.
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Outputs:

CPV/FLV/RPV:
SLHA format:
Strategy:
Corrections:

Other features:

A.2.2 NMSSMCALC
NMSSMCALC performs a FO calculation of the Higgs masses
in the Z 3 -symmetric NMSSM, allowing for the possibility of
CP violation. The code also computes the decay widths and
branching ratios of the Higgs bosons, and, in the CPV case,
a number of EDMs.
URL: http://www.itp.kit.edu/~maggie/NMSSM
CALC.
Model(s): The Z 3 -conserving NMSSM.
Inputs: The input parameters for the Higgs sector
are tan β, λ, Aλ , μeff = λvs , κ and Aκ , all
defined in the DR scheme at a user-defined
scale Q in . Optionally, Aλ can be replaced
by the pole mass M H ± . In the CPV case
the input parameters can be complex, but
the imaginary parts of Aλ and Aκ are fixed

Extendability:

Language:
What to cite:

by the minimum conditions of the potential;
the phase of the vev v2 must also be supplied. The remaining input parameters are
the soft SUSY-breaking masses for gauginos and sfermions, and the trilinear Higgssfermion couplings. The parameters in the
stop sector can be defined either in the DR
scheme at the scale Q in or in the OS scheme.
High-scale boundary conditions are not supported.
Pole masses of the Higgs bosons; mixing
matrices and “Z -factors” for the CP-even
and CP-odd sectors in the CP-conserving
case, or 5×5 mixing matrix and “Z -factors”
in the CPV case.
Complex parameters are supported. FLV and
RPV are not supported.
SLHA2 conventions for input and output.
FO calculation of the Higgs masses and mixing.
Full one-loop corrections to the Higgs masses.
Two-loop O(αt αs ) corrections to the Higgs
masses in the vanishing-momentum limit,
plus two-loop O(αt2 ) corrections in the
vanishing-momentum and MSSM limits.
Tree-level mass spectrum for the SUSY particles. Decay widths and branching ratios
of the Higgs bosons into all possible twofermion final states, off-shell decays into
heavy quarks and gauge bosons. The twobody decays include all of the available
QCD corrections, and those to down-type
fermions include also SUSY effects through
effective couplings. Decay width and branching ratios of the top quark (relevant in
scenarios with light Higgs bosons). In the
CPV case, EDMs of electron, neutron, mercury and thallium. The code produces also
a table of Higgs couplings that can be
passed to HiggsBounds [314–317] and
HiggsSignals [318,319] to test the considered scenario against the bounds from
Higgs searches at colliders.
An extension of the code featuring the full
one-loop calculation of the two-body decays
is available at the URL http://www.itp.kit.
edu/~maggie/NMSSMCALCEW.
NMSSMCALC is written in Fortran.
Standard: the code manual, Ref. [144], plus
Refs. [136,137] for the one-loop corrections
to the Higgs masses and Refs. [156,157] for
the two-loop corrections. Additional references depending on usage: for the decay cal-
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the CP-conserving case, two-loop O(αt αs +
αb αs ) corrections to the neutral Higgs masses
in the vanishing-momentum limit. The twoloop corrections that involve only the thirdfamily Yukawa couplings are included in
A.2.3 NMSSMTools
the vanishing-momentum and MSSM limits. In the CPV case the two-loop corrections
NMSSMTools is a suite of codes for calculating the mass
are included only at the leading-logarithmic
spectrum and the decays of Higgs bosons and SUSY particles
order.
in the general NMSSM, with input parameters given either
Other features: Tree-level mass spectrum for the SUSY parat the SUSY scale or at a high (namely, GUT or messenger)
ticles. Decay widths and branching ratios
scale.
for the Higgs bosons as well as the SUSY
particles. The package includes modules
URL: https://www.lupm.univ-montp2.fr/users/
to perform automatic scans of the paramnmssm.
eter space, and to check whether a given
Model(s): General NMSSM, with or without Z 3 sympoint is constrained by measured Higgs coumetry.
plings, collider searches for Higgs bosons
Inputs: SUSY-scale mode: the (possibly complex)
and for SUSY particles, K - and B-physics
superpotential and soft SUSY-breaking paramobservables, muon (g − 2), and EDMs
eters, as well as tan β and vs , are given
(in the CPV case). It can also be linked
as input in the DR scheme at a userto micrOMEGAs [332–334], which was
defined scale Q in of the order of the SUSY
adapted to the NMSSM in Ref. [335], to
masses. Exceptions are the soft SUSYcompute the relic density and the directbreaking masses of the Higgs doublets and
detection cross sections of Dark Matter.
of the singlet, which are determined by the
Language: NMSSMTools is written in Fortran.
minimum condition of the Higgs potential.
What to cite: Standard: Refs. [139,140]. Additional referHigh-scale mode: the parameters are given
ences depending on usage: in the CPV case,
as input at the GUT scale or (for GMSB) at
Ref. [336]; for scenarios with GUT-scale
the messenger scale. In this case the three
inputs, Ref. [337]; for SUSY particle decays,
parameters that are chosen to be fixed by the
Ref. [338], which was based on Ref. [339];
minimum conditions of the potential depend
for Dark Matter, Ref. [335].
on the considered SUSY-breaking mechanism at the high scale.
Outputs: Pole masses of the Higgs bosons; mixing
A.2.4 SOFTSUSY
matrices for the CP-even and CP-odd sectors
in the CP-conserving case, or a single 5 × 5
SOFTSUSY, whose general features are described in Sect. 1,
mixing matrix in the CPV case.
also allows for the computation of the mass spectrum in the
CPV/FLV/RPV: Complex parameters are supported. FLV and
general NMSSM. We describe here the features that are speRPV are not supported.
cific to the NMSSM calculation.
SLHA format: SLHA2 conventions for input and output.
Strategy: FO calculation of the Higgs masses and mixing. The EW gauge couplings and v are
extracted from the SM inputs directly at
URL: https://softsusy.hepforge.org.
the SUSY scale, whereas the Yukawa and
Model(s): General NMSSM, with or without Z 3 symmetry.
strong-gauge couplings are evolved up from
Inputs: In addition to the parameters that are in comthe EW scale.
mon with the MSSM, SOFTSUSY requires
Corrections: The two-loop RGEs of the NMSSM are used
as input at the scale Q in the superpotenin the case of high-scale inputs. The extractial and soft SUSY-breaking parameters that
tion of the DR parameters (g, g  , v) is performed at one loop. The extraction of the
involve the singlet. However, three among
top and bottom Yukawa couplings includes
the Lagrangian parameters are fixed by the
also two-loop QCD corrections. Full oneminimum conditions of the Higgs potential
loop corrections to the Higgs masses, includat the scale Q EWSB (e.g., in the Z 3 -conserving
NMSSM these are chosen as vs , κ and m 2S ).
ing the effect of Z 3 -violating couplings. In
culation in NMSSMCALC, Refs. [327,328];
for the decay calculation in NMSSMCALCEW,
also Refs. [329,330]; for the EDMs, Ref. [331].
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Outputs: Pole Higgs masses, effective 3 × 3 mixing
matrix in the CP-even sector and effective
mixing angle in the CP-odd sector.
CPV/FLV/RPV: Not supported.
SLHA format: SLHA2 conventions for input and output.
Command-line input is also possible.
Strategy: Same as for the MSSM calculation, see
Sect. 1.
Corrections: Two-loop RGEs for the NMSSM. The gauge
and Yukawa couplings are extracted from
the SM inputs at one loop, with optional
inclusion of two-loop effects in the MSSM
limit. The EW parameter v is extracted at one
loop. Full one-loop corrections to the Higgs
masses, including the effect of Z 3 -violating
couplings. Two-loop O(αt αs + αb αs ) corrections to the neutral Higgs masses in
the vanishing-momentum limit. The twoloop corrections that involve only the thirdfamily Yukawa couplings are included in the
vanishing-momentum and MSSM limits.
Other features: Full mass spectrum for the SUSY particles
at one loop, with optional inclusion of twoloop SUSY-QCD corrections. Decay widths
and branching ratios for SUSY particles and
Higgs bosons are also computed.
What to cite: Refs. [45,141].
A.3 Generic codes
In this section we describe codes that aim to work for any
model, implementing general quantum field theory calculations and adapting them to the model under consideration.
These are known as “metacodes” or “spectrum-generator
generators”, because they produce as output a stand-alone
code for the computation of the mass spectrum of the model
that was defined as input by the user. For each metacode, we
describe here the Higgs-mass calculation implemented in the
generated codes.
A.3.1 FlexibleSUSY
FlexibleSUSY is a package that uses the analytic results
for RGEs, tadpoles and self-energies provided by SARAH,
as well as numerical routines from SOFTSUSY, to generate stand-alone spectrum generators for any SUSY (or
non-SUSY) model defined by the user. When available,
higher-order corrections beyond those provided by SARAH
are included for specific models. In heavy-SUSY scenarios
where the EFT valid below the SUSY scale is the SM, the
package also provides a hybrid calculation of the SM-like
Higgs mass following the FlexibleEFTHiggs approach
(see Sect. 5.3). The module FlexibleBSM generates stand-
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alone codes for the pure EFT calculation of the Higgs masses,
with user-supplied boundary conditions. Finally, the package contains pre-generated spectrum generators for several SUSY models, namely MSSM, NMSSM, E6 SSM and
MRSSM. Below we list the general features of the spectrum
generators produced by FlexibleSUSY, focusing on the
case of SUSY models.
URL: https://flexiblesusy.hepforge.org.
Model(s): Any renormalizable extension of the SM
whose Lagrangian does not contain 3- or 4tensor interactions.
Inputs: Superpotential parameters and soft SUSYbreaking parameters in the DR scheme at
a user-defined scale Q in , spanning from the
EW scale to the GUT scale. The parameter
tan β and all scalar vevs other than v are
also required as input at the scale Q in . For
each of the scalars that acquire a vev, one
of the parameters that contribute to the mass
is fixed through the minimum conditions of
the scalar potential.
Outputs: Pole Higgs masses, effective mixing matrices in the Higgs sector. Estimate of the theory uncertainty of the prediction for Mh .
CPV/FLV/RPV: CPV and FLV are supported. RPV is not supported.
SLHA format: SLHA conventions (SLHA1 and SLHA2)
for input and output.
Strategy: FO calculation: The gauge and Yukawa couplings of the SUSY model are extracted
from the SM input parameters at a userdefined low-energy scale Q SM , while the
soft SUSY-breaking parameters are given
as input at Q in . All parameters are evolved
with the RGEs of the SUSY model to the
scale Q EWSB , where the minimum conditions of the potential are imposed and the
whole mass spectrum of the model is computed, including the radiative corrections.
This scale is set by default to the geometric
mean of the stop masses, but can be modified by the user.
Hybrid calculation: Only for scenarios where
the EFT valid below the SUSY scale is the
SM. The FO calculation of the Higgs masses
is performed at a scale Q = M S of the order
of the SUSY masses, starting from an ansatz
for the gauge and Yukawa couplings and
the parameter v of the SUSY model, which
we collectively denote as P i (M S ). A matching condition for λSM (M S ) is thus extracted
from the results of the FO calculation as
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described in Sect. 5.3, and P i (M S ) are coni (M ).
verted into their SM counterparts PSM
S
All parameters are then evolved down to
a user-defined scale Q SM , where the pole
Higgs mass is computed within the SM. The
ansatz for P i (M S ) is adjusted until the vali (Q ) obtained via RG evolution
ues of PSM
SM
coincide with those extracted from a set of
experimental observables.
EFT calculation: Standard multi-scale
approach. The matching conditions for the
couplings of the EFTs at each of the scales
where some heavy particles are integrated
out must be supplied by the user.
Corrections: FO calculation: Two-loop RGEs from SARAH
for any model. For the MSSM, optional
inclusion of the three-loop RGEs from Refs.
[340,341]. The gauge and Yukawa couplings and the parameter v of the SUSY
model are extracted from the SM inputs
at one loop, but the extraction of the topYukawa and strong-gauge couplings includes
also the SM part of the two- and threeloop QCD effects (for the MSSM, the
two-loop SUSY-QCD effects can also be
included). Full one-loop corrections to the
Higgs masses from SARAH for any model.
For the MSSM, two-loop corrections to
the neutral Higgs masses in the gaugeless and vanishing-momentum limits, and
optional inclusion of the three-loop O(αt αs2 )
corrections to Mh from Himalaya. For
the NMSSM, two-loop O(αt αs + αb αs )
corrections to the neutral Higgs masses
in the vanishing-momentum limit, remaining gaugeless two-loop corrections in the
vanishing-momentum and MSSM limits.
Hybrid calculation: For any model, the oneloop corrections to all of the Higgs masses
are included as in the FO calculation, and
the large logarithmic corrections to Mh are
resummed at the NLL order. For the MSSM,
where the FO calculation includes also twoand three-loop corrections, the resummation
is extended to the NNLL order in the gaugeless limit, and it optionally includes also the
N3 LL terms that involve the highest powers
of the strong gauge coupling.
EFT calculation: For any model,
FlexibleSUSY requires as input the oneloop matching conditions, and generates a
stand-alone code for the EFT calculation of
the Higgs masses at the NLL order. Pre-
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generated codes for various MSSM scenarios with hierarchical mass spectra are
included in the package (see Sect. 4.3.5). In
the simplest MSSM scenario where the EFT
valid below the SUSY scale is the SM, the
resummation of the large logarithmic corrections to Mh is performed at the same order
as in the hybrid calculation described above.
For the other MSSM scenarios the resummation is performed at the NLL order, but the
known two-loop contributions to the matching conditions for the quartic Higgs coupling(s) are included.
Other features: Mass spectrum and mixing matrices at one
loop for all BSM scalars and fermions.
Effective Higgs couplings to photons and to
gluons. Predictions for MW and the running
weak mixing angle, the muon (g−2) and the
EDMs of quarks and leptons. For the models with high-scale boundary conditions, the
package includes a semi-analytic solver of
the boundary-value problem (BVP). This
allows for the study of models that are highly
constrained (such as the CNMSSM or the
CE6 SSM) or in which the BVP has multiple
solutions.
Language: FlexibleSUSY is a Mathematica package. The spectrum generators produced by
FlexibleSUSY are written in C++. A
Mathematica interface for the spectrum generators is also provided.
What to cite: Standard: Refs. [142,143], mentioning that
the package includes numerical routines
from SOFTSUSY [45,141] and analytic
results from SARAH [102–106]. Additional
references depending on usage: for the
hybrid calculation of FlexibleEFTHiggs,
Ref. [277], as well as Ref. [295] in the case
of the MSSM; for the three-loop corrections
to the MSSM Higgs mass from Himalaya,
Refs. [67,68,70,236]; for the semi-analytic
solver of the BVP, Ref. [342].
A.3.2 SARAH
SARAH is a multipurpose tool for any renormalizable model.
To define a model, the user specifies the superfield content,
the superpotential (or, for non-SUSY models, directly the
field content and the Lagrangian), and the way gauge symmetries are broken and fields mix. SARAH then determines all
mass matrices and interaction vertices, and uses them to adapt
to the model under consideration the general formulas for the
two-loop RGEs, for the one- and two-loop tadpoles and self-
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energies of the scalars, and for the one-loop self-energies of
fermions and vector bosons. All of these results are given as
output in analytical form and can be used by other codes such
as, e.g., FlexibleSUSY (see Sect. 1). Most relevant here
is the ability to produce stand-alone spectrum generators,
similar to SPheno (see Sect. 1) and relying on that code’s
library of routines. The Higgs-mass calculation can alternatively adopt the FO, EFT and hybrid approaches. Below we
list the features of these spectrum generators, focusing on the
case of SUSY models.
URL: https://sarah.hepforge.org.
Model(s): Any renormalizable extension of the SM,
modulo some restrictions for certain features. A library of pre-defined models, both
SUSY and non-SUSY, is provided in the
package.
Inputs: Superpotential parameters and soft SUSYbreaking parameters in the DR scheme at
a user-defined scale Q in , spanning from the
EW scale to the GUT scale. The parameter
tan β and all scalar vevs other than v are
also required as input at the scale Q in . For
each of the scalars that acquire a vev, one
of the parameters that contribute to the mass
is fixed through the minimum conditions of
the scalar potential.
Outputs: Pole Higgs masses, effective mixing matrices in the Higgs sector.
CPV/FLV/RPV: All supported.
SLHA format: SLHA conventions (SLHA1 and SLHA2)
for input and output.
Strategy: FO calculation: The gauge and Yukawa couplings and the parameter v of the SM are
determined at the scale Q = M Z , then
evolved to a user-defined scale Q EWSB where
they are converted into their SUSY counterparts. Alternatively, the gauge and Yukawa
couplings and the parameter v of the SUSY
model are extracted from the SM inputs
directly at the scale Q EWSB . The remaining
parameters of the SUSY model are in turn
evolved from Q in to Q EWSB . At this scale,
which is set by default to the geometric mean
of the stop masses but can be modified by the
user, the minimum conditions of the scalar
potential are imposed and the whole mass
spectrum is computed, including the radiative corrections.
Hybrid calculation: Only for scenarios where
the EFT valid below the SUSY scale is the
SM. The gauge and Yukawa couplings and
the parameter v of the SM are extracted from
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a set of experimental observables at the scale
Q = M Z , then evolved to a scale Q = M S
of the order of the SUSY masses, where they
are converted into their SUSY counterparts
and used for the FO calculation of the Higgs
masses. A matching condition for λSM (M S )
is thus extracted from the results of the FO
calculation as described in Sect. 5.3, and it
is used for an EFT calculation of Mh .
Finally, the code allows for pure EFT calculations of the Higgs masses in which the
matching conditions at each of the scales
where some heavy particles are integrated
out are obtained from the general analytic
results of Refs. [271,272].
Corrections: FO calculation: Two-loop RGEs for any
model. The gauge and Yukawa couplings
and the parameter v of the SUSY model
are extracted from the SM inputs at one
loop. Full one-loop corrections to the Higgs
masses. Two-loop corrections to the neutral Higgs masses in the gaugeless and
vanishing-momentum limits. For models
beyond the MSSM, possible singularities
in the two-loop corrections associated with
the “Goldstone Boson Catastrophe” – see
Sect. 3.2 – are addressed as described in
Refs. [153,155], requiring the partial inclusion of momentum-dependent effects.
Hybrid calculation: The one- and two-loop
corrections to all of the Higgs masses are
included as in the FO calculation, and the
large logarithmic corrections to Mh are
resummed at the LL order.
EFT calculation: The general formulas for
two-loop RGEs and one-loop matching conditions allow for the NLL resummation
of the large logarithmic corrections to the
Higgs masses in any SUSY model with a
hierarchical mass spectrum. The package
contains pre-defined model files for several
hierarchical scenarios in the MSSM and in
the NMSSM (see Sect. 4.3.5).
Other features: Mass spectrum and decay widths at one loop
for all BSM scalars and fermions. Unitarity
constraints on the scalar couplings. Model
files for Monte Carlo tools (UFO [343],
WHIZARD [344], CalcHEP [345,346]).
Model files for other tools: Vevacious
[347], FeynArts [348]. Flavor observables through FlavorKit [349]. LATEX
output.
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Language: SARAH is a Mathematica package. The
SPheno-like spectrum generators produced
by SARAH are written in Fortran 90.
What to cite: Refs. [102–106] for the core functions,
Refs. [109,110,155] for the two-loop corrections to the scalar masses. Additional references depending on usage: for the hybrid
calculation, Ref. [294]; for the automated
EFT calculation, Ref. [272]; for the decay
widths, Ref. [350]; for the unitarity constraints, Refs. [351,352] .
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