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1 Introduction

Since their experimental discoveries in 2003, the lightest scalar charm-light D∗0 and charm-
strange D∗s0 mesons have stimulated much theoretical activity. Within the quark-model
they have a common P -wave qq̄ construction and the origin of much of the mass difference is
due to the differing light and strange quark masses. This results in predictions of two similar
states with the mass of the charm-light state below the charm-strange state. However, the
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states have been observed experimentally at similar masses with vastly different widths,
the D∗0 seen as a broad feature in Dπ amplitudes, in contrast with a narrow D∗s0 found
below DK threshold.

The lightest experimentally observed scalar D∗0 resonance was first reported by the
Belle [1] and FOCUS [2] experiments with a mass in the range 2300–2400MeV. Later
results from BABAR [3] and a pair of studies by LHCb [4, 5] also found a broad resonance
at a similar mass, not so different from quark potential models that predict a D∗0 around
2400MeV [6]. The D∗s0(2317) was observed as a narrow peak in isospin-breaking Dsπ final
states, with a mass below DK threshold. In contrast to the D∗0, the D∗s0 is reported some
200MeV below typical quark potential model predictions [7], perhaps even below the D∗0.
The vastly differing widths, and how these affect the masses, call for a deeper theoretical
analysis of these states and the light quark mass dependence in the open charm sector [8].

The limitations of quark potential models in scalar systems are understood. In partic-
ular, since decay channels made of pairs of pseudoscalars open with no angular momentum
barrier they can have a significant effect, both when nearby but kinematically closed and
when a strong coupling to a decay channel produces a large width. Many puzzling hadronic
resonances arise close to thresholds, from the D∗0 and χc1(3872), to more recent observa-
tions in exotic flavour such as D−K+ (with flavour content c̄s̄du) [9, 10] and J/ψ J/ψ final
states [11], and so a model-independent approach is required to explore fully the QCD
dynamics.

While experimental production of these hadrons proceeds through heavy meson decays,
the simplest theoretical perspective is to observe them as part of scattering processes such
as Dπ → Dπ. Lattice QCD is a first-principles approach that has been applied successfully
to a range of scattering processes. In the light meson sector properties of simple narrow
resonances such as the ρ seen in P -wave ππ → ππ scattering have been computed [12–19].
Scalar resonances have also been studied in elastic and coupled-channel systems including
the σ [20], the f0 [21] and the a0 [22]. More recently, states involving spinning scattering
hadrons have been determined, such as the b1 [23], an exotic π1 [24], and several JPC = J−−

resonances [25].
In ref. [26] Dπ, Dη, DsK̄ scattering amplitudes were computed from 47 energy levels

in the first coupled-channel calculation involving charm quarks using lattice QCD. A near-
threshold scalar D∗0 bound-state was identified albeit with a heavier-than-physical light
quark mass corresponding to mπ = 391MeV. In this study, we compute Dπ scattering
amplitudes with mπ = 239MeV to investigate how the lightest D∗0 evolves with the light
quark mass. We have previously investigated several other channels at these two light quark
masses, beginning with the ρ [13, 14], followed by the σ [20] and πK [27, 28]. Crucially for
the present study, DK [29] was also determined at both masses and those results combined
with ref. [26] allowed for a first-principles comparison of the D∗s0 and D∗0 at mπ = 391MeV.
In this case, the D∗0 was found significantly below the D∗s0. In the present study, we
complete the quartet of calculations to better understand both systems.

Charm-light systems are featured in several other studies using lattice QCD [30–36].
Other than our earlier work [26], only ref. [31] has studied I = 1/2 Dπ scattering. The
latter calculation used a small volume with no dynamical strange quarks and obtained two
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energy levels in the elastic scattering region. By assuming the presence of a pole and that
a Breit-Wigner parameterisation describes the two energies, a resonance was found with a
mass around 2400MeV, but these assumptions could not be tested with their data.

The paper is organised as follows. Section 2 gives the lattice parameters and cal-
culation details. In section 3 the finite volume spectra are presented and the scattering
amplitudes subsequently determined using Lüscher’s formulation are described in section 4.
The location of poles and their couplings are discussed in section 5. An interpretation and
an analysis of the light quark mass dependence are given in section 6. A summary of this
work and an outlook are given in section 7.

2 Calculation details

Lattice QCD is a first principles approach to QCD. Working in a finite cubic volume
with a finite lattice spacing, correlation functions are computed by numerically sampling
the QCD path integral in Euclidean spacetime. In a finite spatial volume, momentum is
quantised and thus only discrete spectra of scattering energies are accessible. However, the
mapping between the discrete spectrum obtained in a finite volume and the infinite volume
scattering amplitudes is known for two-hadron systems [37] and recent developments are
reviewed in ref. [38].

The results presented here are computed using a single lattice with (L/as)3× (T/at) =
323 × 256, where L3 is the spatial volume and T is the temporal extent, with a peri-
odic boundary condition in space and an antiperiodic boundary condition in time. An
anisotropic lattice formulation is utilised in which the temporal lattice spacing, at, is finer
than the spatial lattice spacing, as, and ξ ≡ as/at ≈ 3.5. To quote results in physical units,
we compare the calculated Ω baryon mass to its physical value yielding a−1

t = 6.079GeV
and a spatial lattice spacing as = 0.11 fm [28], corresponding to a physical spatial volume
of (3.6 fm)3. Working with only a single lattice spacing, it is not possible to quantify
the lattice spacing dependence of the results. Refs. [32, 36, 39] discuss some of these dis-
cretisation effects with charm quarks on these lattices, and ref. [17] investigates the lattice
spacing dependence in a scattering calculation of the ρ resonance on other lattices and finds
a relatively small effect. The lattice spacing dependence will be a topic of future studies of
these systems.

A tree-level Symanzik-improved anisotropic action is used to describe the gauge sector
while for the fermion sector a tree-level, tadpole-improved Sheikholeslami-Wohlert action
withNf = 2+1 dynamical quark flavours and stout-smeared spatial gauge fields is used [40].
This calculation uses 484 gauge configurations. The light quarks on this ensemble corre-
spond to mπ = 239MeV while the heavier dynamical quark is tuned to approximate the
strange quark mass. The valence charm quark is simulated using the same action as for
the light and strange quarks with mass and anisotropy parameters tuned to simultaneously
reproduce the physical ηc mass and the pion anisotropy, determined from the dispersion
relations [36, 39].
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2.1 Computing the spectrum

To extract many states over a wide energy region, we follow the procedure used in ref. [13].
We compute matrices of correlation functions

Cij(t) = 〈0|Oi(t)O†j(0)|0〉 , (2.1)

from large bases of interpolating operators Oi that carry the quantum numbers of the
I = 1/2 Dπ system. The finite-volume eigenstates can then be obtained by solving a
generalised eigenvalue problem [41, 42] of the form

Cij(t)v(n)
j = λn(t, t0)Cij(t0)v(n)

j , (2.2)

where the correlation matrix Cij is diagonalised timeslice-by-timeslice to obtain the eigen-
vectors vn, and the generalised eigenvalues, or principal correlators, λn(t, t0). The imple-
mentation adopted here is outlined in refs. [43, 44]. The energy spectrum is extracted from
an analysis of the time dependence of the principal correlators. To account for possible
excited state contaminations we fit a sum of two exponentials,

λn(t, t0) = (1−An)e−En(t−t0) +Ane
−E′n(t−t0). (2.3)

The parameter En yields the energy of the state, while An and E′n are only used to stabilise
the fit and play no further role in the subsequent analysis. A linear combination that
best interpolates a given state n can then be constructed from the eigenvector vn through
Ω†n =

∑
i v

(n)
i O

†
i .

The basis of operators in each irrep is constructed to achieve a good overlap with the
states we investigate. We use quark bilinears of the form ψ̄ΓD . . . ψ where Γ represents
a product of γ-matrices, D is a gauge-covariant derivative and the ellipsis indicates that
up to three derivatives are used. The inclusion of derivatives allows for the construction
of operators with good overlap onto higher angular momenta states, more than typically
obtained using only γ-matrices. Further details can be found in refs. [44, 45].

The operator bases also include meson-meson-like operators which take the form∑
~p1+ ~p2=~P C(~p1, ~p2)Ω†M1

(~p1)Ω†M2
(~p2), where Ω†Mi

(~pi) is a variationally-optimised operator
that interpolates meson Mi with lattice momentum ~pi. These operators are constructed
for each momentum from eigenvectors vn determined in variational analyses of π, K, η,
D, Ds and D∗ mesons. Further details of the construction of these operators are given in
refs. [45, 46].

The finite cubic volume breaks rotational symmetry so that eigenstates cannot be
labelled by representations J of the orthogonal group. Instead they are categorised by the
irreducible representations (irreps) of the cubic group Oh when at rest [47], or by the little
group LG(~P ) at non-zero momentum [48]. The little groups correspond to crystallographic
point groups with rotation and reflection symmetry determined by the direction of the
momentum. The interpolating operators are projected into irreps of the corresponding
symmetry group. The subduction of continuum JP into lattice irreps relevant to this
calculation is summarised in table 1.
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~P
Irrep JP (~P = ~0) Dπ JP[N ] D∗π JP[N ]

Λ |λ|(η̃) (~P 6= ~0)

[000]
A+

1 0+, 4+ 0+, . . . . . .
T−1 1−, 3− 1−, . . . . . .
E+ 2+, 4+ 2+, . . . . . .

[n00]
A1 0(+), 4 0+, 1−, 2+, . . . . . .
E2 1, 3 1−, 2+, . . . 1+, . . .

[nn0]
A1 0(+), 2, 4 0+, 1−, 2+

[2], . . . . . .

B2, B2 1, 3 1−, 2+, . . . 1+, . . .
[nnn] A1 0(+), 3 0+, 1−, 2+, . . . . . .

Table 1. The lowest continuum JP and helicity λ, and corresponding Dπ (and similarly Dη and
DsK̄) and D∗π that subduce in each of the irreps and little groups used in this calculation. Overall
momentum is denoted by ~P = 2π

L (i, j, k) = [ijk]. Bold JP denote a contribution that was used to
obtain scattering information. [N ] indicates the number of subductions when more than one are
present in an irrep and η̃ = P (−1)J . “. . . ” denotes higher partial wave contributions which are not
considered in this calculation. For each JP several D∗π combinations can appear, we only make
use of 2S+1`J = 3S1 and ignore P -wave and higher. For Dπ we consider up to JP = 2+. Further
details with more irreps and partial waves can be found in table 3 of ref. [27] for Dπ (which follows
the same pattern as Kπ), and tables 1, 5, 6 and 7 of ref. [49] for D∗π.

The operators used in constructing the correlation matrices are summarised in ap-
pendix A. We use several constructions resembling a “single-meson” in each irrep, and we
use the non-interacting energies to guide the choice of appropriate “meson-meson” construc-
tions. Non-interacting meson-meson energies are given by E =

√
m2

1 + |~p1|2 +
√
m2

2 + |~p2|2
for the scattering of mesons 1 and 2. We include all meson-meson constructions corre-
sponding to a non-interacting level in the energy region below the Dππ threshold as well
as several additional operators that are only expected to produce levels at higher energies
to help ensure a reliable spectrum is obtained.

Correlation functions are computed using the distillation framework [50], whereby the
quark field is projected into a low dimensional space spanned by the lowest Nvec eigenvectors
of the gauge-covariant Laplacian ordered by eigenvalue. This projection suppresses high
energy modes, enhancing the overlap of the operators onto the states we investigate. At the
same time it provides an efficient way to compute correlators and reuse them for different
operator constructions. For this analysis we use Nvec = 256 distillation vectors.1

In table 2 we summarise the stable hadron masses and the relevant thresholds for this
calculation. These are obtained from the dispersion relation,

(atE)2 = (atm)2 + |~d|
2
( 2π
ξ L/as

)2
(2.4)

1The same number of vectors was used in a recent study of DK scattering in ref. [29]; Nvec = 384 vectors
were used in earlier studies of ππ [14, 20] and πK [28] scattering on this lattice.
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atm

π 0.03928(18) [14]
K 0.08344(7) [14]
η 0.09299(56) [14]
D 0.30923(11) [36]
Ds 0.32356(12) [29]
D∗ 0.33058(24) [29]

atEthreshold

Dπ 0.34851(21)
Dππ 0.38779(27)
Dη 0.40222(57)
DsK̄ 0.40700(14)
D∗ππ 0.40914(35)

Table 2. Left: a summary of the stable hadron masses relevant for this calculation. Right:
kinematic thresholds relevant for I = 1/2 Dπ scattering.

where m is the hadron mass, and ~d is a vector of integers. The anisotropy ξ obtained from
the pion dispersion relation is ξπ = 3.453(6) and from the D is ξD = 3.443(7). We use ξπ,
including its uncertainty, to transform the moving-frame spectra to the rest-frame energies
Ecm. Both ξπ and ξD are used subsequently to assess the uncertainties in the scattering
amplitudes.

2.2 Determining the scattering amplitudes

The mapping between the quantised finite-volume spectrum obtained from lattice QCD,
and the infinite volume scattering amplitudes is given by the Lüscher quantisation condi-
tion [37, 51, 52], and extensions thereof [53–61]. We use the form,

det
[
1 + iρ(s) · t(s) ·

(
1 + iM(s, L)

)]
= 0 , (2.5)

where s = E2
cm, ρ is a diagonal matrix of phase space factors, ρ(s) = 2k(s)/

√
s, t(s) is the

infinite volume t-matrix which is diagonal in partial waves, and is related to the scattering
S-matrix through S = 1 + 2i√ρ · t · √ρ. The determinant is over partial waves and open
channels. The scattering momentum, k(s) =

√
(s− (mD +mπ)2) (s− (mD −mπ)2) /(4s),

andM(s, L) is a matrix of known functions that encode the effect of the finite volume and
mix partial waves. A more complete description including the subduction of this equation
into lattice irreps, which is relevant for pseudoscalar-pseudoscalar scattering, with the
matrix indices exposed, is given in ref. [27].

The solutions of eq. (2.5) for a given t(s) correspond to the finite volume spectrum
for that specific scattering amplitude t(s). To determine the scattering amplitude from a
spectrum we choose to parameterise t(s) using several amplitudes that respect the unitarity
of the S-matrix and are analytic except for cuts due to k(s) and poles. The free parameters
in t(s) can then be found by minimising a χ2 to best describe the spectrum obtained in
the lattice calculation. The energies that solve eq. (2.5) can be identified by numerically
root-finding the determinant, or the eigenvalues of the matrix inside the determinant [62],
as a function of s = E2

cm. These solutions are then used in a correlated χ2 fit as defined
in eq. 8 of ref. [27]. Suitable parameterisations of t explored here include K-matrices, the
effective range expansion, a Breit-Wigner form, and unitarised chiral amplitudes.
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(a) [000]A+
1
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(b) [000]E+

24 32 40

Dπ

D∗π

Dη

DsK̄

Dππ

L/as

(c) [000]T−1

Figure 1. Finite-volume spectra obtained in the at-rest [000]A+
1 , [000]E+ and [000]T−

1 irreps.
Dotted lines correspond to channel thresholds. Solid lines indicate non-interacting energy levels
corresponding to operators included in the simulation. Points with error bars represent the energy
levels obtained from the variational analysis. Black points will be included in the subsequent
scattering analysis while grey points will be excluded.

We note that eq. (2.5) is valid only for two-hadron scattering processes. The choice
to work at heavier-than-physical pion masses raises three-hadron (and higher) thresholds
relative to two-hadron thresholds. To go rigorously beyond three-hadron thresholds such as
Dππ which appears at relatively low energies for the pion masses used here, an extension to
the theoretical framework is required [63]. The three-body quantisation condition has been
applied recently to simple systems of three identical particles [64–69] while a very recent
study has reported the generalisation of the quantisation condition to three non-identical
particles [70]. While this is promising progress, a full consideration of the energy region
above three-particle thresholds is beyond the scope of the current work.

3 Finite volume spectra

The finite volume spectra computed in this study are presented in figures 1 and 2. As
explained above, these spectra are grouped according to the irreps of the cubic group and
little groups, labelled by [~d]Λ(P ), where ~d indicates the direction of the overall momentum
such that ~P = 2π~d/L. Parity P is only a valid quantum number at zero overall momentum.
Energy levels used to constrain the scattering amplitudes are shown in black, while other
energies extracted but not used are shown in grey. The cutoff for energies used in the
scattering analyses is Dππ threshold.
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0.33
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cm

(e) [100]E2
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(f) [110]B1
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Dπ
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Dππ
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(g) [110]B2

Figure 2. As in figure 1, but for the moving-frame [100]A1, [110]A1, [111]A1, [200]A1 irreps
(top) and [100]E2, [110]B1 and [110]B2 irreps (bottom). The dash-dotted curves indicate a non-
interacting level for which no corresponding operator was included in the basis.
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We compute correlation functions on a single volume in this analysis, but we nonethe-
less indicate the volume dependence of the non-interacting levels in these plots. Only
certain continuum angular momenta subduce into a given irrep in the cubic volume as
indicated in table 1, and higher partial waves are suppressed by a factor of k2`+1 near
threshold. In figure 1, the at-rest irreps are shown. The Dπ S-wave (` = 0) only sub-
duces into [000]A+

1 in this figure. The Dπ P -wave (` = 1) subduces into [000]T−1 , while
the lowest contribution for [000]E+ is the Dπ D-wave (` = 2), as summarised in table 1.
[000]E+ will not be used in any of the fits as discussed in section 4. The irreps shown in
figure 2 have non-zero total momentum. The Dπ S-wave subduces into the top four of
these ([100]A1, [110]A1, [111]A1 and [200]A1). The lower three irreps, [100]E2, [110]B1 and
[110]B2, predominantly contain the Dπ P -wave close to threshold and the D∗π S-wave at
slightly higher energies and will be considered together with [000]T−1 , but separately from
the Dπ S-wave.

All irreps that have an ` = 1 contribution have a level far below threshold which may
be associated with a deeply bound D∗ vector state that is stable at this heavier-than-
physical light quark mass. In all irreps with an ` = 0 contribution we observe a level
around Dπ threshold that is shifted downward with respect to the nearby non-interacting
level. We also observe the appearance of what may be an extra level around atEcm = 0.37
and an upward shift of higher levels with respect to their non-interacting energies. This is
an indicator for non-trivial S-wave interactions. In comparison, irreps having ` = 1 as the
lowest partial wave contribution yield levels which are only marginally shifted away from
the nearby non-interacting energies.

Figure 3 shows the spectrum obtained for [000]A+
1 and how this can vary when different

types of operator are removed. It is clear from the figure that neither the Dπ-like nor
the qq̄-like operators alone are enough to reliably compute the spectrum in this system.
Using the qq̄ operators alone produces a single level at a similar energy to the second level
found when using a more complete basis, however the lowest level close to D[000]π[000] is
absent. Using only Dπ-like operators does not produce a single level consistent with the
spectrum found when using the more complete basis. Adding the Dη-like and the DsK̄-like
operators leaves the spectrum unchanged at lower energies and new levels arise close to
the non-interacting levels for D[000]η[000] and Ds[000]K̄[000]. The lowest two levels used
in the scattering analyses are robust against any small changes in the operator basis, such
as removing higher lying operators and many individual qq̄-like operators.

While qualitative indications of the interactions present can be obtained from looking
at the finite volume spectra, in order to gain a rigorous understanding the energies obtained
must be related to infinite volume scattering amplitudes, as we do in the next section.

4 Scattering analyses

In this section, the spectra presented above are used to constrain the infinite volume scat-
tering amplitudes through the Lüscher determinant condition given by eq. (2.5). The goal
is to extract the Dπ S-wave. However due to the mixing of angular momenta introduced
by the cubic volume it is necessary to consider other partial waves subducing into any of
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0.41

Figure 3. The spectra obtained in [000]A+
1 when varying the operator basis. The operators in-

cluded are marked below each column. The grey blocks show the 1σ uncertainties of the energies
obtained from variational method. The lowest two energies from the column marked “all” corre-
spond to the levels used in the scattering analyses. The histograms plotted next to each energy are
the magnitudes of the operator overlaps 〈0|O|n〉, normalised to their maximum contribution seen
in any state, from each variational analysis. The solid lines indicate the non-interacting energies.

the irreps used in the analysis. As mentioned before, partial waves grow at threshold like
k2`+1 which means that higher ` are suppressed close to threshold.2 In this calculation we
only find effects of any significance from ` = 0 and ` = 1.

At zero overall momentum [000]A+
1 is the only irrep with an S-wave contribution, as

is shown in table 1. The next higher partial wave that subduces in this irrep has ` = 4
and can be neglected. However there are not sufficiently many energy levels to constrain
the amplitude from this irrep alone. In the A1 irreps at non-zero momentum Dπ can
contribute with JP = 0+, 1−, 2+, . . . and thus it is necessary to consider these partial
waves simultaneously. The lowest D∗π non-interacting level in these irreps is D∗[100]π[100]
in [110]A1 which lies well above the Dππ threshold, and the lowest contributing partial
wave is D∗π in P -wave. Hence Dπ is the only relevant channel in these irreps within the
energy region we consider. In the moving frame [100]E2 and [110]B1,2 irreps with nonzero
total momentum, JP = 1− Dπ scattering is the leading partial wave. These irreps also
include a contribution from D∗π in JP = 1+ and the lowest non-interacting level above Dπ

2In the absence of a nearby resonance or bound-state pole.
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threshold is D∗[100]π[000]. We therefore need to include D∗π in the t-matrix when making
use of energy levels in these irreps.

On the basis of these observations we initially perform two separate amplitude deter-
minations: one using [000]T−1 , [100]E2, and [110]B1,2 to constrain the Dπ P -wave and to
assess the D∗π S-wave contribution (section 4.2). The second determination uses [000]A+

1
and the moving frame A1 irreps to constrain the Dπ S-wave and P -wave simultaneously
(section 4.3). Treating energies separately simplifies the Dπ S-wave analysis, while retain-
ing constraints on the Dπ P -wave.

In this analysis, we only consider the region below the three-body Dππ threshold at
atEcm ≈ 0.388, which is also well below the Dη threshold. No levels in this energy region
show sensitivity to the inclusion of Dη operators. Effects of higher partial waves with
` ≥ 2 were also investigated and found to be negligible in all fits we perform. [000]E+

is an irrep where ` = 2 Dπ is the lowest partial wave. In this irrep, the lowest level is
found to be consistent with the lowest non-interacting level, D[100]π[100], at atEcm =
0.38333±0.00049, and corresponds to a D-wave scattering phase δ2 = (0.49±1.29)◦. Since
the phase must be zero at threshold it is reasonable to conclude that the Dπ D-wave is
negligibly small throughout the energy region used for scattering analyses.

4.1 Parameterising the t-matrix

We now introduce the t-matrix parameterisations used in this analysis. In elastic
pseudoscalar-pseudoscalar scattering there is no coupling between partial waves in an in-
finite volume, the t-matrix is therefore diagonal in partial waves. In this case, a single
partial wave amplitude can be described by the scattering phase shift δ`(Ecm) related to
the t-matrix through t(`) = 1

ρe
iδ` sin δ`.3

Ultimately the results obtained should not be dependent on the intermediate parame-
terisation used to described the t-matrix, and relying on only a single expression for t(`)(s)
may introduce bias. We thus parameterise t(`)(s) in a variety of ways. A flexible parame-
terisation respecting unitarity of the S-matrix is a K-matrix,4 which for elastic scattering
is given by

(t(`))−1(s) = 1
(2k)`K

−1(s) 1
(2k)` + I(s) , (4.1)

for a partial wave `, and K(s) that is real for real values of s. The factors (2k)−` ensure the
expected threshold behaviour. Unitarity of the S-matrix is guaranteed if Im I(s) = −ρ(s)
above threshold. This places no constraint on Re I(s). One choice is to set Re I(s) to zero
above threshold, giving I(s) = −iρ(s). Another option is to use the Chew-Mandelstam
prescription [71], which uses the known Im I(s) to generate a non-zero Re I(s) through a
dispersion relation, whose explicit form is given in appendix B of ref. [27]. To make the
dispersion relation integral converge a subtraction at an arbitrary value of s is needed.

3This is also true of the JP = 1+ D∗π amplitude we consider, assuming only 2S+1`J = 3S1 is relevant
close to threshold, neglecting 2S+1`J = 3D1.

4Although referred to as matrices in general, in this calculation these are scalar equations for each partial
wave amplitude.
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A general expression for the amplitudes we use in sections 4.2 and 4.3 is

K(s) =

(
g(0) + g(1)s

)2

m2 − s
+ γ(0) + γ(1)s , (4.2)

where g(n), γ(n) and m are real free parameters that are obtained by the minimisation
procedure described in section 2.2. Various parameters may be fixed to zero for different
applications. When a K-matrix pole parameter is present, as in eq. (4.2), when using a
Chew-Mandelstam phase space we subtract at the pole parameter, s = m2.

In section 4.4 we make use of variations of eq. (4.2) and, additionally, of a ratio of
polynomials,

K−1(s) =
∑N
n=0 cns

n

1 +
∑M
m=1 dms

m
, (4.3)

where cn and dm are real free parameters. Several of the low-order truncations of eq. (4.3)
are algebraically identical to eq. (4.2), however parameter correlations can differ signifi-
cantly. One choice that often reduces correlations is the replacement s→ ŝ≡ (s−sthr.)/sthr..
When using eq. (4.3) with a Chew-Mandelstam phase space, we choose to subtract at
threshold, s= sthr. = (mπ+mD)2.

In the case of single-channel elastic scattering, a common choice of amplitude is an
effective range expansion, given by

k2`+1 cot δ` = 1
a`

+ 1
2r`k

2 + P2k
4 +O(k6) , (4.4)

where a` and r` are the scattering length and effective range respectively, for partial wave `.
Another common parameterisation, that is appropriate for a single isolated resonance,

is the relativistic Breit-Wigner parameterisation

t(`)(s) = 1
ρ(s)

√
sΓ`(s)

m2
R − s− i

√
sΓ`(s)

, (4.5)

where the width is given by Γ`(s) = g2
R

6π
k2`+1

sm
2(`−1)
R

, which ensures the correct near-threshold

behaviour, and mR, gR are free parameters.
We also consider unitarised chiral amplitudes that have been applied several times

to Dπ scattering [72–77]. Chiral perturbation theory is an effective field theory (EFT)
approach, derived from expanding a Lagrangian of meson degrees of freedom about the
chiral (mu,md,ms → 0) and small-momentum limits. The number of terms grows order-
by-order, and these come with unknown Wilson coefficients not specified by the EFT that
are estimated either from experimental data or from a first-principles approach such as
lattice QCD. In many cases of interest, when extrapolating these amplitudes away from
threshold, they grow larger than permitted by unitarity of the S-matrix, necessitating
unitarisation. This also enables resonance poles to be generated, which can otherwise be
difficult to achieve through an expansion in momentum. Next-to-leading order is required
for meson loops to appear, however, we choose to fix the next-to-leading order Wilson
coefficients to zero to reduce the number of free parameters. The amplitude used is similar
to the K-matrices described above, and is shown to be algebraically identical to eq. (4.3)
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with M = N = 2 and specific coefficients cn and dm that depend on mD and mπ in
appendix B. In addition to the analyticity and unitarity (in s) shared with all the K-
matrix amplitudes used, this amplitude also has the assumption of chiral symmetry, that
restricts the behaviour at threshold.

We use a simple form that can be written as

K−1(s) =
(
− 1

16πVJ=0

)−1
+ α(µ)

π
+ 2
π

(
mD

mπ +mD
log mD

mπ
+ log mπ

µ

)
, (4.6)

with a threshold-subtracted Chew-Mandelstam phase-space I(s), and

VJ=0 = − 1
4sF 2

(
3s2 − 2s(m2

D +m2
π)− (m2

D −m2
π)2
)

(4.7)

corresponds to the S-wave projected leading-order elastic Dπ scattering amplitude. F and
α(µ) are treated as free parameters, and the renormalisation scale µ is fixed to atµ = 0.1645
corresponding to µ ≈ 1000MeV in physical units.

4.2 Dπ with JP = 1− and D∗π with JP = 1+

We begin with a fit of the [000]T−1 , [100]E2, [110]B1 and [110]B2 spectrum. These irreps
contain Dπ in P -wave but do not have a Dπ S-wave contribution. There is a level far
below threshold in T−1 that signals a JP = 1− D∗ bound state. The moving frame irreps
contain a contribution from D∗π in S-wave (JP = 1+). To parameterise these two partial
waves, we use eq. (4.2), once with a pole term in JP = 1− Dπ, and again with a constant
in JP = 1+ D∗π, and obtain

γ(0)D∗π = (1.35± 0.83± 0.45)
gDπ1 = (0.72± 0.31± 0.13)
m1 = (0.33028± 0.00052± 0.00005) · a−1

t

 1.00 −0.72 −0.41
1.00 0.34

1.00


χ2/Ndof = 8.59

11−3 = 1.07 . (4.8)

The first uncertainty is obtained from the χ2 minimum, as is the matrix on the right
that shows the parameter correlation. The second uncertainty indicated is obtained by
additional χ2 minimisations, after varying in turn the π, D andD∗ masses and anisotropy to
the maximum and minimum values within their 1σ uncertainties, and taking the maximum
deviation.5

The phase shifts determined from this amplitude are shown in figure 4. The inner
bands correspond to the parameters in eq. (4.8) using the first uncertainties and the corre-
lations. The outer bands show the largest deviation determined by varying the mass and
anisotropy values. The elastic Dπ P -wave is small and in the next section we will also find

5For a given parameter x with central value x̄, xi values are obtained for each mass and each anisotropy
variation i, and uncertainties σxi . Then the second uncertainty quoted is maxi (|x̄± σx̄| − |xi ± σxi |) where
the two ± are changed simultaneously. In this case the variations considered are {mD → mD±σmD , mD∗ →
mD∗ ± σmD∗ , mπ → mπ ± σmπ , ξ → ξπ + σξπ , ξ → ξD − σξD}, where the two anisotropy variations are
the largest possible deviations from the mean for ξπ. This procedure is repeated for the other minima
highlighted below.
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δDπ
l=1

δD
∗π

l=0

Figure 4. The phase shift for the Dπ P -wave (blue) and D∗π S-wave (orange) amplitudes. The
inner band corresponds to the statistical uncertainties from the χ2-minimum in eq. (4.8). The
outer band shows the maximum possible deviation when varying the scattering particle masses and
anisotropy within their uncertainties. The faded region begins at Dππ threshold indicating the
highest energy considered in this calculation.

a similar small P -wave phase shift in the combined fit of Dπ JP = 0+ and JP = 1−. The
D∗π contribution rises at threshold, perhaps indicating the tail of a higher D1 resonance.
Some evidence for this can be read off from figure 2 where “extra” levels appear around
atEcm ≈ 0.39. Additionally we include a simultaneous fit of JP = 0+, 1− Dπ and JP = 1+

D∗π in appendix C, where the resulting J = 1 amplitudes are very similar to those in
eq. (4.8) and figure 4.

4.3 Dπ with JP = 0+ and JP = 1−

We now determine the S and P -wave amplitudes simultaneously using 20 energy levels
below E = mD + 2mπ from the [000]A+

1 , [000]T−1 , and the four moving-frame A1 irreps.
We begin by fitting a “reference” amplitude, which consists of an S-wave K-matrix with
a pole term and a constant γ, and a P -wave with just a pole term, each as defined in
eq. (4.2). Both use a Chew-Mandelstam phase-space subtracted at s = m2 in each partial
wave. After fitting these five free parameters, we find

m = (0.401± 0.010± 0.007) · a−1
t

g = (0.419± 0.083± 0.066) · a−1
t

γ(0) = (−2.0± 1.3± 0.9)
m1 = (0.33018± 0.00016± 0.00002) · a−1

t

g1 = (0.63± 0.51± 0.30)


1.00 0.93 −0.62 0.23 −0.10

1.00 −0.85 0.17 0.05
1.00 −0.08 −0.30

1.00 −0.10
1.00


χ2/Ndof = 13.49

20−5 = 0.90 , (4.9)
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0.33
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0.4
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a
tE

cm

(a) [000]A+
1

24 32 40

Dπ

D∗π

Dππ

L/as

(b) [000]T−1

Figure 5. Finite-volume spectra obtained in the at-rest A+
1 and T−

1 irreps, as in figure 1, plotted
with the solutions of the Lüscher determinant condition using the reference parameterisation with
the parameters resulting from the χ2-minimisation (orange points).

where the parameters with a subscript “1” describe the P -wave, and those without describe
the S-wave. The meaning of the uncertainties are as described below eq. (4.8).

Figures 5 and 6 show comparisons of the spectra obtained from the lattice calculation
and the spectra obtained from the solutions of the Lüscher determinant condition using
the reference parameterisation eq. (4.9). There is good agreement below atEcm ≈ 0.39.

In figure 7, we show the phase shift of both the Dπ S-wave and P -wave. The S-wave
amplitude turns on rapidly at threshold and rises monotonically towards the edge of the
elastic region, which in the finite volume produces statistically significant energy shifts and
perhaps an additional level, suggestive of a resonance. We plot this S-wave amplitude
again as k cot δ0 in figure 8 and the P -wave as k3 cot δ1 in figure 15 in appendix D. We
defer the discussion of the poles and thus the resonance content of the t-matrix until after
we have considered varying the form of the parameterisation.

4.4 Parameterisation variations

We now consider a range of parameterisations to explore the sensitivity to any particular
choice. We perform minimisations to two different selections of energies. Motivated by the
lack of volume dependence of the deeply bound levels due to the vector D∗ state, and small
P -wave phases found in the reference amplitude eq. (4.9), we exclude the deeply bound
level seen in [000]T−1 and moving frame irreps. This results in 14 energy levels that are
used to obtain the amplitudes given in table 3, with only a constant K-matrix in P -wave.
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Figure 6. As figure 5, but for the moving frame A1 irreps.
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Figure 7. Phase shift of the S-wave (red) and P -wave (blue) Dπ amplitudes. The inner line
corresponds to the reference parameterisation. The inner dark error band represents the statistical
error from the χ2-minimisation while the outer light error band additionally includes uncertainties
from varying the input hadron masses and anisotropy within 1σ.
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Figure 8. The S-wave effective range parameterisation from eq. (4.11) (red) and reference ampli-
tude eq. (4.9) (grey) plotted as atk cot δ as a function of the momentum-squared a2

tk
2. The discrete

points show where the energies constrain the amplitudes by using eq. (2.5) to obtain t level-by-level.
The bold square points are obtained from [000]A+

1 , and the other points are from moving frame A1
irreps with P -wave and higher partial waves fixed to zero. Both amplitudes are determined from
the same spectra, as described in the text.

The results given in table 4 use the same 20 levels utilised for the reference amplitude,
eq. (4.9). In the region above threshold, all of the P -wave amplitudes produce phase shifts
that are approximately zero.

In the following we present the minima found for a few key parameterisations that
are discussed further in section 6. Using the S-wave Breit-Wigner as defined in eq. (4.5)
(parameterisation (q) of table 4) gives the following parameter values

mR = (0.3913± 0.0041± 0.0014) · a−1
t

gR = (5.39± 0.45± 0.11)
m1 = (0.33014± 0.00016± 0.00003) · a−1

t

g1 = (0.3± 1.3± 0)


1.00 0.92 0.26 −0.03

1.00 0.17 −0.04
1.00 −0.01

1.00


χ2/Ndof = 14.63/(20− 4) = 0.91 , (4.10)

where the subscript “1” indicates the P -wave parameters, and the others are S-wave.
Fitting the effective range parameterisation as defined in eq. (4.4) (parameterisation

(m) of table 4) gives

a0 = (21.9± 1.9± 0.5) · at
r0 = (−22.1± 4.3± 1.6) · at
m1 = (0.33013± 0.00016± 0.00003) · a−1

t

g1 = (0.2± 1.1± 0.5)


1.00 0.90 0.09 −0.25

1.00 0.21 −0.23
1.00 −0.08

1.00


χ2/Ndof = 14.81/(20− 4) = 0.93 . (4.11)

We plot this amplitude as atk cot δ as a function of a2
tk

2 compared to the reference ampli-
tude eq. (4.9) in figure 8. This shows the subthreshold constraint from [000]A+

1 , [100]A1
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` = 0 parameterisation ` = 1 parameterisation Npars χ2/Ndof

K-matrix with a Chew-Mandelstam I(s) in both partial waves
(ax) K = g2

m2−s K = γ1 3 1.12
(bx) K = g2

m2−s + γ(0) K = γ1 4 1.15
(cx) K = g2

m2−s + γ(1)ŝ K = γ1 4 1.15
(dx) K = (g+g(1)s)2

m2−s K = γ1 4 1.15
(ex) K−1 = c(0) + c(1)ŝ K = γ1 3 1.12
(fx) K−1 = c(0)+c(1)ŝ

c(2)ŝ
K = γ1 4 1.15

K-matrix with I(s) = −iρ(s) in both partial waves
(gx) K = g2

m2−s K = γ1 3 1.13
(hx) K = g2

m2−s + γ(0) K = γ1 4 1.16
(ix) K = g2

m2−s + γ(1)ŝ K = γ1 4 1.19
(jx) K = (g+g(1)s)2

m2−s K = γ1 4 1 .37
(kx) K−1 = c(0) + c(1)ŝ K = γ1 3 1.13
(lx) K−1 = c(0)+c(1)ŝ

c(2)ŝ
K = γ1 4 1.16

Effective range
(mx) k cot δ0 = 1/a0 + 1

2r
2
0k

2 K = γ1 3 1.14
(nx) k cot δ0 = 1/a0 + 1

2r
2
0k

2 + P2,0k
4 K = γ1 4 1 .12

Breit-Wigner
(ox) t = 1

ρ
mRΓ0

m2
R−s−imRΓ0

K = γ1 3 1.13

Unitarised χPT

(px) t−1 =
(
− 1

16πVJ=0
)−1 + 16πGDR K = γ1 3 1.10

Table 3. The parameterisations used that excluded the deeply-bound level around atEcm = 0.33.
Npars indicates the number of free parameters in each parameterisation. An italicised χ2/Ndof value
indicates this fit was not included in the amplitude figure and pole values due to an additional pole
found on the physical sheet.

and [110]A1. The amplitudes both describe the spectra well. However they do differ within
uncertainties, as can be seen in the figure.

For the unitarised chiral amplitude, eq. (4.6), (parameterisation (s) of table 4) we
obtain

F = (0.0191± 0.0016± 0.0002) · a−1
t

α(µ) = (−1.92± 0.25± 0.14)
m1 = (0.33020± 0.00016± 0.00003) · a−1

t

g1 = (0.76± 0.39± 0.11)


1.00 −0.99 −0.18 0.30

1.00 0.21 −0.28
1.00 −0.12

1.00


χ2/Ndof = 13.78/(20− 4) = 0.86 . (4.12)
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` = 0 parameterisation ` = 1 parameterisation Npars χ2/Ndof

K-matrix with Chew-Mandelstam I(s) in both partial waves
ref. K = g2

m2−s + γ(0) K = g2
1

m2
1−s

5 0.90

(a) K = g2

m2−s K = g2
1

m2
1−s

4 0.90

(b) K = g2

m2−s + γ(1)ŝ K = g2
1

m2
1−s

5 0.90

(c) K = (g+g(1)s)2

m2−s K = g2
1

m2
1−s

5 0.90

(d) K−1 = c(0) + c(1)ŝ K = g2
1

m2
1−s

4 0.90

(e) K−1 = c(0)+c(1)ŝ
c(2)ŝ

K = g2
1

m2
1−s

5 0.90

(f) K = g2

m2−s + γ(0) + γ(1)ŝ K = g2
1

m2
1−s

6 0 .94 ∗

K-matrix with I(s) = −iρ(s) in both partial waves
(g) K = g2

m2−s + γ(0) K = g2
1

m2
1−s

5 0.90

(h) K = g2

m2−s K = g2
1

m2
1−s

4 0.91

(i) K = (g+g(1)s)2

m2−s K = g2
1

m2
1−s

5 0.90

(j) K−1 = c(0) + c(1)ŝ K = g2
1

m2
1−s

4 0.91

(k) K−1 = c(0)+c(1)ŝ
c(2)ŝ

K = g2
1

m2
1−s

5 0.90

K-matrix with Chew-Mandelstam I(s) in S-wave, Effective range in P -wave
(l) K = g2

m2−s + γ(0) k cot δ1 = 1/a1 + 1
2r

2
1k

2 5 0.93
Effective range in S wave, K-matrix with Chew-Mandelstam I(s) in P -wave
(m) k cot δ0 = 1/a0 + 1

2r
2
0k

2 K = g2
1

m2
1−s

4 0.93

(n) k cot δ0 = 1/a0 + 1
2r

2
0k

2 + P2,0k
4 K = g2

1
m2

1−s
5 0 .88 †

Effective range in both partial waves
(o) k cot δ0 = 1/a0 + 1

2r
2
0k

2 k cot δ1 = 1/a1 + 1
2r

2
1k

2 4 0.93
(p) k cot δ0 = 1/a0 + 1

2r
2
0k

2 + P2,0k
4 k cot δ1 = 1/a1 + 1

2r
2
1k

2 5 0 .91 †

Breit-Wigner in S-wave, K-matrix with Chew-Mandelstam I(s) in P -wave
(q) t = 1

ρ
mRΓ0

m2
R−s−imRΓ0

K = g2
1

m2
1−s

4 0.91

First-order unitarised χPT

(s) t−1 =
(
− 1

16πVJ=0
)−1 + 16πGDR K = g2

1
m2

1−s
4 0.86

†These amplitudes were found to have physical sheet poles in S-wave.
∗This amplitude was found to have an additional resonance pole, as described in the text.

Table 4. The parameterisations used that included the P -wave deeply bound level. Npars indicates
the number of free parameters in each parameterisation. An italicised χ2/Ndof value indicates this
fit was not included in the amplitude figure and pole values, due to the presence of either physical
sheet poles, or additional resonance poles close to the left-hand cut.
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The parameter F corresponds to 116 ± 10MeV when converted to scale-set units. The
definition of F differs by 1/

√
2 from that used for fπ by the Particle Data Group [7].

The amplitudes in tables 3 and 4 are very similar at real energies. This is presented
in section 6.1 as the outer red bands in the left panel of figure 10. However, they do differ
when continued to complex energies, which we investigate in the next section.

5 Scattering amplitude poles

In this section we analyse the scattering amplitudes presented above for poles, by analyti-
cally continuing to complex s = E2

cm. The amplitudes have been constrained only at real
energies, and when continuing to complex values it is possible that even apparently similar
amplitudes differ away from the real axis. However, if a nearby pole is present it is often
a universal feature across parameterisations that have similar shapes on the real axis. By
extracting the poles of the amplitudes we obtain the essence to compare among different
parameterisations, calculations, and experiments.

Scattering amplitude poles unify bound-states and resonances in a single quantity that
provides information about the spectral content of the channels under consideration. In
the region of a pole, the t-matrix is dominated by a term t ∼ c2/(s0 − s) where c2 is the
residue and s0 is the pole position. The factorised pole residue c gives a measure of the
coupling to the decay channel.

The amplitudes we have used are analytic in s, except for cuts due to the cm momentum
k(s) square-root function and poles. The s-channel cut leads to a multi-sheeted complex
s plane, where each contributing channel doubles the number of sheets. Sheets can be
labelled by the sign of the imaginary part of the momentum ki(s) for channel i. In this
analysis we only consider a single channel and therefore the amplitudes as functions of
s live on two sheets. The sheet with sgn(Im k) = −1 is referred to as the unphysical
sheet whereas the one with sgn(Im k) = +1 is called the physical sheet. The amplitudes
utilised do not incorporate any effects due to exchange processes that introduce additional
(“left-hand”) cuts beginning at at

√
s = 0.306, extending to negative s.

Causality restricts complex poles to occur only on the unphysical sheet, and with
the amplitudes we consider they will appear as complex-conjugate pairs. Bound states
correspond to poles on the real axis below threshold on the physical sheet. Resonances are
found at complex energies, with √s0 = m− iΓ/2 where m is the mass and Γ is the width.
We begin by investigating the S-wave amplitudes for poles.

5.1 S-wave pole

The reference amplitude, eq. (4.9), has an S-wave pole on the unphysical sheet at at
√
s0 =

(0.3592 ± 0.0036) − i
2(0.0512 ± 0.0095), shown as the filled black circle in the left panel

of figure 9. The amplitude rises rapidly from threshold, and this feature corresponds to a
pole in all parameterisations, shown in figure 9.

Considering all the parameterisations, the S-wave poles form two clusters, one with
−2atIm

√
s0 ≈ 0.05 (orange markers in figure 9), and one slightly deeper in the complex

plane with −2atIm
√
s0 ≈ 0.08 (blue). While both clusters correspond to amplitudes with
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amp atm atg γ(0) γ(1) χ2

Ndof
Re(at

√
s0) -2Im(at

√
s0) at|c|

(a) 0.3916(42) 0.313(22) — — 0.90 0.3590(80) 0.0797(83) 0.381(33)
ref. 0.4011(98) 0.419(83) -2.0(13) — 0.90 0.3592(35) 0.0512(95) 0.257(33)
(f) 0.4222(92) 0.789(57) -8.6(16) -14.7(87) 0.94 0.3638(35) 0.0465(74) 0.218(27)

Table 5. The result of varying the number of free parameters in the S-wave amplitude with a two-
parameter P -wave as used in eq. (4.9). “ref.” indicates the reference amplitude, eq. (4.9). The final
amplitude (f) results in a parameterisation that produces two poles, one of them around atm ≈ 0.29,
far below threshold. The italics highlight that this amplitude contains this lower resonance pole.

perfectly acceptable χ2/Ndof values, the nearer cluster corresponds to three-parameter S-
wave amplitudes, and the deeper cluster arises from amplitudes with two free parameters.
In table 5, we compare 2, 3, and 4 parameter S-wave K-matrix fits. The 3-parameter fit
corresponds to the reference parameterisation, eq. (4.9). The two-parameter fit results in
a deeper pole (amplitude (a)). The four-parameter fit with a linear term γ(1)ŝ (amplitude
(f)) results in an amplitude with two poles, one around atm ≈ 0.29, far below threshold but
close to the left-hand cut, and one similar to those found for the two and three-parameter
fits. The χ2/Ndof increases suggesting that there is too much freedom. We choose to
exclude parameterisations such as this that produce poles in the energy region of the left
cut. However these all have a pole consistent with the dotted region marked in figure 9,
and so this choice does not affect the final result. We also exclude any parameterisation
that produces physical sheet poles in S-wave.

In table 5, the magnitude of the pole residue correlates with the magnitude of the
imaginary part. This suggests how these amplitudes achieve very similar behaviours at
real energies despite having slightly different pole positions. Although the data constrain
the real part of the pole position relatively well, some freedom remains in the imaginary
part. Nevertheless, the pole is present in all parameterisations and so appears to be a
necessary feature to describe the lattice QCD spectra.

Among the parameterisation variations we have implemented is a unitarised chiral
amplitude, as mentioned above and described in detail in appendix B. This amplitude also
produces a pole that lies within the cluster of three-parameter S-wave amplitudes and is
marked by a black triangle in figure 9. The Breit-Wigner is also indicated (black square),
which results in a pole with a larger imaginary part than many of the other amplitudes.

The data demands a pole is present, however the scatter of pole positions shown in
figure 9 demonstrates that using any single parameterisation does not necessarily give a
reliable estimate of the uncertainties. Our final value for the pole position and coupling
taking into account the statistical uncertainty from all parameterisations is

at
√
s0 = (0.361± 0.011)− i

2(0.070± 0.037) (5.1)
atc = (0.32± 0.13) exp iπ(−0.59± 0.41) , (5.2)
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Figure 9. Poles on complex energy plane (left) and couplings (right). The black filled circle
corresponds to the reference amplitude. Other amplitudes discussed in the text are shown with
different markers (see key). The coloured datapoints in both panels show the spread of poles and
couplings produced by the complete set of parameterisation variations (see tables 3 and 4). Or-
ange crosshairs correspond to three-parameter S-wave amplitudes, blue crosshairs to two-parameter
ones. The dotted rectangle encompasses the entire spread of the parameterisations including their
statistical uncertainties, but excluding variations of mass or anisotropy for amplitudes other than
the reference parameterisation.

this corresponds to the dotted area in figure 9. In physical units this corresponds to

√
s0 =

(
(2196± 64)− i

2(425± 224)
)

MeV (5.3)

c = ((1916± 776) exp iπ(−0.59± 0.41)) MeV . (5.4)

The amplitudes were also investigated for additional poles at higher energies. However,
none were consistently found across the many parameterisations. This indicates that the
energy levels determined in this elastic energy region only demand the presence of a single
resonance pole. We do not rule out the possibility of any additional poles beyond where the
amplitudes have been constrained; such additional poles have been suggested, for example
in ref. [75].

5.2 P -wave pole

In JP = 1− a deeply-boundD∗ pole is found at a similar energy to the energy level far below
threshold in all irreps where JP = 1− subduces. This pole does not appear to significantly
influence the physical scattering region as can be seen for example in figure 7, and although
from our amplitudes in table 4 a pole coupling can be extracted, the uncertainties are very
large and the coupling does not appear to be particularly meaningful.6

6We have verified that the residue of the pole has the appropriate sign for a bound state.
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The mass found is consistent with the result considering only qq̄ operators in table 2,
suggesting little influence on this deeply-bound state from the Dπ operators. The experi-
mental D∗ is observed to be very narrow, found close to Dπ threshold. With the P -wave
phase space opening relatively slowly, it would likely require close-to-physical pion masses
to observe significant shifts away from the non-interacting Dπ energies, and thus determine
a coupling to the Dπ decay channel.

Across all parameterisations that include a P -wave pole term (see table 4) we obtain

at
√
s0 = 0.3301± 0.0012 . (5.5)

This is consistent with the deeply bound state seen in irreps where JP = 1− appears, as
shown in figures 1 and 2. In physical units, the pole is located at

√
s0 = (2006.9± 7.4) MeV . (5.6)

6 Interpretation

We now interpret our results, first comparing to earlier work at a light quark mass cor-
responding to a larger pion mass, before considering the composition of the scalar state.
We also compare with studies of DK scattering at the same pion masses in the context of
SU(3) flavour symmetry.

6.1 Light quark mass dependence

In ref. [26], Dπ scattering was studied on three volumes with a light quark mass corre-
sponding to mπ = 391MeV. A near-threshold bound state was found in S-wave with a
strong coupling to the Dπ channel, that influenced a broad energy region. The reference
amplitude from that work,7 updated with an improved estimate of the D-meson mass from
ref. [29], results in

m = (0.3866± 0.0026± 0.0009) · a−1
t



1.00 −0.67 −0.39 0.28 −0.06 0.10
1.00 0.94 0.03 −0.09 0.09

1.00 0.16 −0.14 0.13
1.00 −0.76 −0.38

1.00 0.56
1.00



g = (0.73± 0.07± 0.16) · a−1
t

γ = 13.4± 3.0± 4.2
m1 = (0.35445± 0.00017± 0.00002) · a−1

t

g1 = 1.49± 0.34± 0.01
γ1 = (−107± 43± 9) · a2

t

χ2/Ndof = 41.44
33−6 = 1.53 , (6.1)

and the corresponding amplitude is plotted as the blue curve in figures 10 and 11. This
amplitude contains an S-wave bound state pole at at

√
s0 = 0.40170(11)(15) with a coupling

atcDπ = 0.134(9)(29).8 This is broadly in agreement with ref. [26], with a slightly larger
pole coupling. In scale-set units, this bound state remains approximately 2± 1MeV below
threshold, as reported in ref. [26].

7Eq. 3.3 of ref. [26].
8Where the meaning of the first and second uncertainties is as defined below eq. (4.8).
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Figure 10. The left panel shows the reference S-wave scattering amplitude at mπ = 239MeV
(red) and 391MeV (blue) plotted as ρ2|t|2 with the energies that were used to constrain them
shown below. The bold square points are from [000]A+

1 , the other points are from moving frame
irreps. The inner bands show the statistical uncertainty from the χ2 minimisation. The outer
band for mπ = 239MeV includes variation over mass, anisotropy and parameterisations. The outer
band for mπ = 391MeV includes variation over only mass and anisotropy; ref. [26] found only a
small effect from varying the parameterisation for this elastic system with a near-threshold bound
state. The upper right panel shows the S-wave pole positions including the additional uncertainty
found from the variation over parameterisation, which is significant for mπ = 239MeV. The pole
at the lower pion mass is a resonance found on the unphysical sheet, and at the higher pion mass
is a bound state found on the physical sheet. The lower right panel shows the magnitudes of pole
couplings to the S-wave Dπ channel.

Using instead the Breit-Wigner parameterisation in S-wave and the same parameter-
isation in P -wave as in eq. (6.1) results in a poor χ2/Ndof . However, reducing the energy
region slightly to remove the 4 highest energy points, we find atmBW = 0.3893(23)(33),
gBW = 7.62(31)(44) and χ2/Ndof = 36.0

29−5 = 1.5. This results in a bound-state pole at
at
√
s0 = 0.40146(15)(11) and coupling atc = 0.146(9)(11). In figure 12 we present a com-

parison of the Breit-Wigner amplitudes fitted at both light quark masses with the reference
amplitudes. Due in part to the very large coupling of this state to the Dπ channel, in both
cases the Breit-Wigner mass parameter bears little connection to the mass found from the
complex pole. At mπ = 239MeV, the Breit-Wigner produces a broad pole that lies in the
cluster of other two-parameter S-wave fits, as indicated in figure 9.

In figure 11 we plot the K-matrix amplitudes in eq. (4.9) and eq. (6.1) as k cot δ as
a function of k2. This is the quantity in which the effective range expansion is usually
expressed, k cot δ = 1

a + 1
2rk

2 + . . . . In both cases the scattering length has a large
magnitude. At the larger pion mass a < 0, corresponding to a bound-state, seen as the
intersection of the k cot δ curve and −|k|. The amplitude obtained at the smaller pion mass
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Figure 11. The S-wave scattering amplitudes at mπ = 239 and 391MeV plotted as k cot δ as
a function of k2 in scale-set units. Red shows the mπ = 239MeV amplitude and the mπ =
391MeV amplitude is shown in blue. The points shown come from using the finite volume energies
individually in the Lüscher determinant condition. The bold square points are obtained from irreps
at rest, the other points are obtained from moving frame irreps. In both cases the P -wave does
not have a significant impact and was fixed to zero where it appears in moving frames. The bound
state mass at mπ = 391MeV can be read off from the intersection of the blue curve with the dotted
−|k| curve at negative k2.
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Figure 12. S-wave Breit-Wigner parameterisations compared to the reference K-matrix fits at
both light quark masses — the numerical uncertainties shown include the statistical, and the mass,
anisotropy variations summed together. The complex t-matrix pole position is indicated with mass
m = Re√s0, and width Γ = −2 Im√s0. The pole coupling |c| to Dπ is also indicated. The fit range
used for the Breit-Wigner fit is shortened relative to the K-matrix at mπ = 391MeV as described
in the text and indicated in the plot by the faded region at the highest energies.

– 25 –



J
H
E
P
0
7
(
2
0
2
1
)
1
2
3

239 391

2100

2200

2300

2400

Figure 13. A summary of the real parts of the pole positions found in this analysis and ref. [26]
in S-wave Dπ scattering, and ref. [29] in S-wave DK scattering. The D∗

0 resonance pole found in
this study lies on the unphysical sheet with a large width. The other 3 poles are bound states.

has a > 0 indicating attraction but no binding; in this case we know that this attraction
is due at least in part to the nearby resonance pole.

A similar behaviour was also observed for I = 0, J = 0 ππ scattering [20], where a
σ-like pole was found at the same masses, with a near-threshold bound state at the higher
mass that evolves into a resonance pole at the lower mass. This similarity is striking when
plotted as k cot δ: figure 11 is remarkably similar to the lower panel of figure 4 in ref. [20].
Conversely, S-wave πK in I = 1/2 shows weaker attraction at threshold, perhaps due to
a more distant pole [78, 79]. S-wave DK in I = 0 is found to have bound states at both
pion masses [29].

One of the initial experimental surprises between the lightest D∗0 resonance with cl̄

quark content, and the lightest D∗s0 resonance with cs̄ quark content, was that the D∗s0
was found at a similar mass to the D∗0. The experimental D∗0 was also found to be very
broad while the D∗s0 was found to be narrow. At mπ = 391MeV both states appear as
bound states below their respective decay channels with the D∗0 lower in mass than the
D∗s0 [26, 29]. At mπ = 239MeV, the D∗0 pole migrates deep into the complex plane while its
real part stays close to Dπ threshold. Nevertheless, the “natural” mass ordering with the
cl̄ being lighter than the cs̄ is retained. It should be noted that while in the mπ = 391MeV
calculation, the D∗s0 is more bound than in experiment, for mπ = 239MeV, the D∗s0 pole
is found closer to threshold than it is in experiment [29]. We summarise the real parts of
the pole positions as a function of mπ in figure 13.

The D∗0 computed in this study is below the reported mass for the experimentally
observed D∗0(2300), even though the light quark mass is larger than physical. This was
also true in ref. [26], which at a light quark mass corresponding to a higher pion mass
found a bound-state just below Dπ threshold. Based on these two points, the real part
of the complex resonance pole appears to move slowly with light quark mass, being found
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(77 ± 64)MeV above threshold at mπ = 239MeV and (2 ± 1)MeV below threshold at
mπ = 391MeV. If this trend continues towards the physical light quark mass, then the
current estimate of the D∗0 mass from the experimental data appears a little too high.
However given the large width it is possible that the experimental amplitudes are also
compatible with a lower pole mass. Early suggestions this may be the case appeared in
refs. [80, 81]. During the preparation of this article, ref. [82] appeared with a similar
conclusion comparing unitarised chiral amplitudes and LHCb data [83].

In this study, we have not presented any amplitudes describing the coupled-channel
region although a few energy levels were computed that extend above the elastic region. In
[000]A+

1 two levels were found coincident with the Dη and DsK̄ non-interacting levels and
we concluded there were not sufficiently many energy levels to make a reliable statement
based on this single volume alone. Additional effects may be present from three-body
channels such as Dππ and D∗ππ which is very close to DsK̄ with mπ = 239MeV. In
ref. [26], some of the levels around Dη and DsK̄ showed only small shifts, qualitatively
similar to what is seen here. However significant effects were observed in the scattering
amplitudes.

6.2 Composition

The lightest D∗0 scalar resonance determined here is significantly below where quark poten-
tial models predict the lightest D∗0 state to arise [6], prompting suggestions of contributions
beyond those in the quark model. While at present there is no completely rigorous method
to distinguish between different components, models with large contributions from meson-
meson (molecular) and compact tetraquark components in addition to quark-model qq̄
components are proposed as possible explanations. Here we consider some measures based
upon the pole coupling and proximity to threshold suggested in the literature, and we
examine the overlaps with operators resembling qq̄-like and Dπ-like constructions used to
extract the finite volume spectrum.

One measure that is often claimed to distinguish between a compact or a composite
state for near-threshold S-wave bound-states uses the field renormalisation constant Z [84],
where Z → 0 corresponds to a dominant molecular component and Z → 1 corresponds to
a negligible molecular contribution. This was originally applied to the deuteron indicating
that it has a composite nature. Proximity to threshold is the key feature and for states
very close to threshold, like the D∗0 found at mπ = 391MeV, the large scattering length a
required for a near-threshold state inevitably leads to the suggestion of a large molecular
component. Fitting an effective range parameterisation using the same 29 energy levels
used for the Breit-Wigner results in a = −116(15) at and r = −12.3(8) at and χ2

Ndof
= 35.7

29−5 .
Using Z = 1 −

√
a/(a+ 2r), this corresponds to Z ≈ 0.09(8) for the bound-state found

when mπ = 391MeV.
Several generalisations of this proposal exist for unstable states [85–91], such as

|X| = |1− Z|

=
∣∣∣∣∣c2dI(s)

ds

∣∣∣
s→s0

∣∣∣∣∣ (6.2)
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from eq. (109) of ref. [88] or eq. (25) of ref. [89], adapted to the definitions used here,
where c2 is the pole residue, s0 is the pole position and I(s) is the threshold-subtracted
Chew-Mandelstam function. Similar to the case above for bound states, proximity to
threshold determines much of the outcome since I(s) moves rapidly around threshold and
tends to a constant far away. For the reference parameterisation eq. (4.9), this results in
|X| ≈ 0.57, suggesting approximately equal importance of both a compact qq̄ contribution
and a composite meson-meson contribution. Ref. [91] suggests an alternative expression in
terms of the effective range formula that results in a similar value.

An additional place where qualitative information arises in this calculation is in the
operator overlaps shown in figure 3. The operators used resemble qq̄ and two-meson con-
structions. The qq̄-like constructions alone produce a single level within the width of the
resonance, similar to as was found in the case of the ρ resonance in refs. [13, 14]. Using only
Dπ operators does not produce a single level that is consistent with the spectrum when
using all of the operators computed. Adding the qq̄ operators to the Dπ-like constructions
results in a consistent spectrum to that found when using all of the operators in the energy
region of the D∗0. Furthermore, these energy levels receive contributions from both types
of operators, as shown in figure 3. This is suggestive that both qq̄ and Dπ components
are necessary since both the qq̄-like and Dπ-like operators appear essential to determine a
reliable spectrum.

6.3 SU(3) flavour symmetry

A useful perspective can be gained by considering the limit where the light and strange
quark masses are set equal. An SU(3) flavour symmetry then arises between the π, K and
part of the η that form the members of an SU(3) octet. Dπ and DK scattering are then
closely related, as described in section 6.4 of ref. [29]. One key expectation is that the
number of poles in each channel should not change as a function of the amount of SU(3)
breaking. The pole couplings must be similarly related in the SU(3) limit, and it is possible
that these only vary slowly with quark mass.

When comparing the I = 1/2 Dπ and I = 0 DK amplitudes at mπ = 391MeV, SU(3)
symmetry is broken but only by a small amount (mπ/mK ≈ 0.71). The closely-related
lightest I = 1/2 D∗0 and I = 0 D∗s0 states are both near-threshold bound states, with the
D∗s0 being more deeply bound than the D∗0. In this calculation, working at mπ = 239MeV,
SU(3) is more broken (mπ/mK ≈ 0.47) and the lightest states differ significantly. The (cs̄)
D∗s0 remains bound, although less than with the heavier light quark, since the scattering D
and K mesons both contain light quarks. As we have seen, the (cl̄) D∗0 becomes a resonance
with a pole deep in the complex plane.

The poles are found to be strongly-coupled to the relevant meson-meson channels.
The D∗s0 at both masses and the resonant D∗0 studied here have couplings consistent with
|c| ≈ 1600MeV. The bound D∗0 found at the larger pion mass has a slightly smaller
coupling. However it is found incredibly close to Dπ threshold and this may have an effect
as the pole transitions from a bound state to resonance.
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The results obtained here and in refs. [26, 29] are qualitatively consistent with the
expectation that these poles and couplings only change slowly as a function of the amount
of SU(3) breaking.

7 Summary

In this analysis we have presented a computation of the D∗0 resonance pole from lattice
QCD. Working at mπ = 239MeV on a single lattice with a spatial volume of approximately
(3.6 fm)3, 20 energy levels were obtained that determine the energy dependence of the infi-
nite volume scattering amplitudes. Significant deviations are observed from the spectrum
expected in the absence of interactions, that correspond to a rapid increase in the S-wave
Dπ scattering amplitude near threshold. Several amplitude parameterisations are consid-
ered, and these all produce a single nearby resonance pole with a mass m = (2196±64)MeV
and a width Γ = (425 ± 224)MeV, only (77 ± 64)MeV above Dπ threshold, but deep in
the complex plane. Much of the uncertainty on the width arises from considering a range
of parameterisations.

This calculation has been performed at a heavier-than-physical pion mass, and along
with an earlier calculation that found a bound state at a heavier mass [26], likely indicates
a slow decrease in the D∗0 pole mass with decreasing pion mass. At both pion masses, the
D∗0 pole is found to couple strongly to the Dπ channel. At mπ = 391MeV, the pole is
bound but its effect is felt over a broad energy region. At mπ = 239MeV, a similar large
coupling is found but the pole migrates deep into the complex plane, with a significant
influence over the whole S-wave elastic scattering energy region. The D∗0 pole computed
here has a smaller mass than the currently reported experimental values for the lightest
D∗0 resonance [7]. Given the large width, the experimentally-determined amplitudes may
also be compatible with a smaller mass [82, 83].

TheD∗s0 was also computed at both light quark masses and was found to be significantly
heavier than the D∗0 in both cases [29]. The pole couplings to the relevant thresholds are
all found to be large, which may account for some of the puzzling differences highlighted by
early experimental studies of these systems. In particular, the difference in widths between
the D∗s0 and D∗0 can be understood from the vastly different phase space available in each
case, since the couplings computed are similar. The poles themselves are found to have a
“natural” ordering with the cl̄ lighter than the cs̄.

This calculation completes a quartet of analyses of the D∗0 and D∗s0 systems at two
light quark masses. The puzzle of a broad D∗0 more massive than the narrow D∗s0 found
in experiment is not present for light quark masses corresponding to mπ = 239MeV and
391MeV where the D∗0 pole is found consistently lower in mass than the D∗s0. Furthermore,
the couplings of the D∗0 and D∗s0 poles to Dπ and DK respectively are compatible, sugges-
tive of a common origin. Using a first-principles approach to QCD, with external inputs
only to fix quark masses, these analyses thus point to a possible resolution of the puzzling
experimental masses and widths.
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A Operator lists

In tables 6 and 7 we summarise the operators used in this study.

A+
1 [000] A1[100] A1[110] A1[111] A1[200]

D[000] π[000] D[000] π[100] D[000] π[110] D[000] π[111] D[100] π[100]

D[100] π[100] D[100] π[000] D[100] π[100] D[100] π[110] D[110] π[110]

D[110] π[110] D[100] π[110] D[110] π[000] D[110] π[100] D[200] π[000]

D[111] π[111] D[100] π[200] D[110] π[110] D[111] π[000] D[210] π[100]

D[000] η[000] D[110] π[100] D[111] π[100] D[211] π[100] D[200] η[000]

D[100] η[100] D[110] π[111] D[210] π[100] D∗[110] π[100]

Ds[000] K̄[000] D[111] π[110] D∗[100] π[100] D[111] η[000]

D[200] π[100] D∗[111] π[100] Ds[111] K̄[000]

D[210] π[110] D[110] η[000]

D[000] η[100] Ds[110] K̄[000]

D[100] η[000]

Ds[000] K̄[100]

Ds[100] K̄[000]

8× ψ̄Γψ 18× ψ̄Γψ 18× ψ̄Γψ 9× ψ̄Γψ 16× ψ̄Γψ

Table 6. Operators used in the variational analyses for irreps featuring S-wave Dπ as the lowest
subduced partial wave. Subscripts indicate momentum types. Γ represents some monomial of γ
matrices and derivatives.

T−1 [000] E2[100] B1[110] B2[110]
D[100] π[100] D[100] π[110] D[100] π[100] D[100] π[111]

D[110] π[110] D[110] π[100] D[110] π[110] D[110] π[110]

D∗[100] π[100] D∗[000] π[100] D[210] π[100] D[111] π[100]

D∗[100] π[000] D∗[100] π[100] D∗[000] π[110]

D∗[110] π[000] D∗[100] π[100] {2}
D∗[110] π[000]

D∗[111] π[100]

6× ψ̄Γψ 18× ψ̄Γψ 18× ψ̄Γψ 20× ψ̄Γψ

Table 7. As table 6, but for operators used in irreps without an S-wave Dπ subduction. The
number in curly parentheses indicates the number of operators of this momentum combination.
This arises due to the D∗ appearing in both [100]A1 and [100]E2 that when combined with a pion
in [100]A2 results in two linearly independent operators in [110]B2.

B Relation between unitarised chiral amplitudes and the K-matrix

There have been several applications of unitarised chiral amplitudes to heavy-light systems
such as Dπ and DK [72–77]. We use the amplitude definitions from a recent example [77],
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that considered the coupled-channel Dπ,Dη,DsK̄ spectra from ref. [26]. In this imple-
mentation, we only consider the elastic Dπ channel and fit only to the spectra presented
above with no other inputs.

Taking the “loop function” GDR as defined in eq. 14 of ref. [77] and the Chew-
Mandelstam function I(s) as defined in appendix B of ref. [27], it is straightforward to
show that they differ only by normalisation and terms independent of s. If the subtraction
point of the Chew-Mandelstam function is chosen as threshold and I(sthr.) = 0 then the
relation is,

16π GDR(s,m1,m2) = I(s) + α(µ)
π

+ 2
π

(
m2

m1 +m2
log m2

m1
+ log m1

µ

)
(B.1)

where m1 = mπ and m2 = mD are the scattering particle masses, α(µ) and µ appear in
GDR, where µ is an energy scale taken to be 1GeV and α(µ) ≈ −1.8 [98].

If VJ=0 is the S-wave projected elastic Dπ scattering amplitude, then in the definitions
used throughout this paper this can be written as,

K−1(s) =
(
− 1

16πVJ=0

)−1
+ α(µ)

π
+ 2
π

(
m2

m1 +m2
log m2

m1
+ log m1

µ

)
. (B.2)

Using only the leading order expression for VJ=0,

VJ=0 = CLO
8sF 2

(
3s2 − 2s(m2

1 +m2
2)− (m2

2 −m2
1)2
)

(B.3)

where F ≈ fπ, and CLO = −2 for I = 1/2 Dπ scattering [77]. Equation (B.2) can then
be written as a ratio of polynomials up to O(s2) as in eq. (4.3). For simplicity, we do
not consider higher order terms and allow F and α(µ) to float such that the spectra are
well described. We have verified that the next-to-leading order term does not make a
large change to the amplitude using typical values for the next-to-leading order Wilson
coefficients given in the literature, when applied at mπ ≈ 239MeV.

C Simultaneously fitting Dπ with JP = 0+, 1− and D∗π with JP = 1+

As an additional check, we also perform a simultaneous fit to all the black points shown
in figures 1 and 2, except [000]E+. We use Dπ amplitudes with JP = 0+, 1−, and the
JP = 1+ D∗π in a relative S-wave, neglecting any D∗π D-wave dynamical mixing. The S
and P -waves are parameterised as eq. (4.9), and the D∗π 1+ wave is parameterised as in
eq. (4.8). After minimising the χ2 to best describe the spectra, we obtain

m = (0.403±0.020±0.004) ·a−1
t

g = (0.43±0.19±0.02) ·a−1
t

γ(0) = (−2.2±2.8±1.8)
m1 = (0.33024±0.00016±0.00002) ·a−1

t

g1 = (0.54±0.72±0.00) ·a−1
t

γ(0)[D∗π] = (1.67±0.75±0.11)



1.00 0.98 −0.92 0.37 0.53 −0.56
1.00 −0.97 0.35 0.59 −0.64

1.00 −0.32 −0.66 0.74
1.00 0.30 −0.27

1.00 −0.72
1.00


χ2/Ndof = 21.64/(29− 6) = 0.94 . (C.1)
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Figure 14. As figure 4, but for phase shifts of Dπ in S-wave (red) and P -wave (blue), and D∗π

in S-wave (orange) corresponding to eq. (C.1).

The corresponding phase shifts are shown in figure 14, where it can be seen that the Dπ
phase shifts are very similar to those shown in figure 7. A positive phase shift is found in
the D∗π, similar to that shown in figure 4.

D P -wave amplitude plotted as k3 cot δ1

The irreps that are sensitive to the JP = 1− amplitude all contain a level far below
threshold. In the reference amplitude eq. (4.9), we found that these energy levels could
be described by a K-matrix with a pole term, that was found to correspond to a deeply
bound state, as explained in section 5. The K-matrix pole coupling term was found to
be consistent with zero in a number of fits, and no influence was found in the amplitudes
above Dπ threshold, as can be seen in figures 4, 7 and 14 where the P -wave phase shifts
are all small or consistent with zero.

The P -wave amplitude may be plotted as k3 cot δ1 analogously to as was done for the
S-wave plotted in figures 8 and 11. This is shown in figure 15 for the reference amplitude
given in eq. (4.9). The amplitude is constrained below threshold at the points shown,
and also above threshold by energy levels where P -wave is leading from [000]T−1 and as a
subleading wave in the moving frame A1 irreps. The result is an amplitude that has a pole
far below threshold and produces a small phase shift above threshold.
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Figure 15. The P -wave part of the reference amplitude eq. (4.9) plotted as k3 cot δ1. The grey
points are from the moving frame A1 irreps where S-wave also appears, the black points are from
[000]T−

1 and the other moving frame irreps. The meaning of the bands is as in figure 7. The dotted
line shows a3

t |k3|.
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