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Abstract. Gravitational waves provide us with a new window into our Universe, and have
already been used to place strong constrains on the existence of light scalar fields, which are
a common feature in many alternative theories of gravity. However, spin effects are still rela-
tively unexplored in this context. In this work, we construct an effective point-particle action
for a generic spinning body that can couple both conformally and disformally to a real scalar
field, and we show that requiring the existence of a self-consistent solution automatically
implies that if a scalar couples to the mass of a body, then it must also couple to its spin.
We then use well-established effective field theory techniques to conduct a comprehensive
study of spin-orbit effects in binary systems to leading order in the post-Newtonian (PN)
expansion. Focusing on quasicircular nonprecessing binaries for simplicity, we systematically
compute all key quantities, including the conservative potential, the orbital binding energy,
the radiated power, and the gravitational-wave phase. We show that depending on how
strongly each member of the binary couples to the scalar, the spin-orbit effects that are due
to a conformal coupling first enter into the phase at either 0.5PN or 1.5PN order, while those
that arise from a disformal coupling start at either 3.5PN or 4.5PN order. This suppression
by additional PN orders notwithstanding, we find that the disformal spin-orbit terms can
actually dominate over their conformal counterparts due to an enhancement by a large pref-
actor. Accordingly, our results suggest that upcoming gravitational-wave detectors could be
sensitive to disformal spin-orbit effects in double neutron star binaries if at least one of the
two bodies is sufficiently scalarised.
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1 Introduction

The successful detection of gravitational waves is a triumph of our time. Observations by
the LIGO Scientific and Virgo collaborations continue to fall into excellent agreement with
the predictions of general relativity [1–5], and can thus provide powerful constraints on
any departure from Einstein’s theory. However, fully exploiting this new window into our
Universe requires that we develop a more complete understanding of how deviations from
general relativity can arise. In this work, we take another step forward in this direction
by studying how a real scalar field can couple to both the mass and the spin of a compact
object. We compute (for the first time) the effect of such a coupling on the phase of the
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outgoing gravitational-wave signal from a compact binary; thereby providing a novel means
with which to search for the imprints of hidden scalar degrees of freedom.

There are many reasons why one might think to augment general relativity in this way.
On the one hand, light scalar fields lie at the heart of much cosmological model building [6–
11]; motivated primarily by the difficulty in otherwise accounting for the observed, late-
time acceleration of our Universe [12, 13]. This is the well-known cosmological constant
problem [14]. Indeed, because general relativity is only an effective description of gravity
at low energies — requiring as-of-yet unknown new physics to become important at the
Planck scale, if not before — the act of including additional, light degrees of freedom in
the effective field theory allows us to capture a greater range of possible effects that could
stem from new fundamental physics. Since the simplest way of going beyond the tensor
modes of general relativity is to add a single scalar field, scalar-tensor theories have become
the main workhorse for building and testing alternative models of late-time cosmology, where
the scalar plays the role of dark energy [15–24], or even dark matter [25–33]. On smaller
scales, scalar-tensor theories are also widely used to effect deviations from general relativity
in the strong-field regime [34–71].

By virtue of their interesting phenomenology, the existence of light scalar fields and how
they couple to gravity and/or matter have been the subject of extensive study. On theoretical
grounds, the most general, causality-preserving coupling between a scalar φ and matter with
energy-momentum tensor Tµν is composed of two parts: a conformal part and a disformal
part [72]. The conformal part of the coupling, which has the schematic form ∼ Tµνgµν φ/mPl,
is already tightly constrained in the Solar System by measurements from the Cassini space-
craft [73] and lunar laser ranging [74]. The implications of this kind of interaction have
also been confronted with experiments in the laboratory [75–79], in other astrophysical set-
tings [41–43, 80–86], and on cosmological scales [87–89]. (See also refs. [90–92] for general
reviews.) The disformal part of the coupling, meanwhile, is more challenging to constrain
in nonrelativistic settings, as its general form ∼ Tµν∂µφ∂νφ/M4 inevitably results in a sup-
pression by the relevant velocity scale in the problem, and so causes it to vanish around static
sources. Nevertheless, constraining this interaction is important, as it arises naturally in a
variety of scenarios, including (beyond) Horndeski and general DHOST theories [93–104],
in the decoupling limit of massive gravity [105–107], in branon models [108, 109], and in
various brane-world scenarios [110, 111]. Moreover, a disformal interaction often appears at
a much lower energy scale than its conformal counterpart (i.e.,M� mPl), thus making it a
(potentially) very powerful probe of the dark sector. Our goal in this work is to complement
existing laboratory and astrophysical searches for disformal couplings [112–128] by examining
the impact of such an interaction on the gravitational waves emitted by a compact binary.

As we enter this age of gravitational-wave astronomy, binary systems are fast becoming
one of the most promising probes of light scalar fields. Arguably the most striking example
to date is the neutron-star merger event GW170817 [129–132], whose optical counterpart
suggests that photons and gravitational waves travel at the same speed to within one part
in 1015 (at least, at LIGO/Virgo frequencies1); leading to very stringent constraints on cer-
tain scalar-tensor theories [134–142]. Propagation effects aside, a light scalar field will also
influence the orbital motion of the binary itself, and thereby leave imprints in the precise
shape and phase of the gravitational waveform that is produced [143–151]. Decoding these

1Since the speed of gravitational waves, like any coupling in a quantum field theory, depends on the scale
at which it is measured, care must be taken when applying this constraint to effective field theories whose
cutoff is close to LIGO/Virgo scales (∼ 100Hz), as is often the case for dark energy [133].
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imprints is theoretically challenging, but is nevertheless important because it probes the
dark sector in a unique regime; far away from what is possible on laboratory, Solar System,
and cosmological scales.

To date, the majority of work on the two-body problem in scalar-tensor gravity has
focused on nonspinning systems, with relatively little attention paid to the effect that a
scalar would have on a spinning body. Perhaps the main reason for this is that, up until very
recently, black holes were thought incapable of coupling to scalars on account of the no-hair
theorems [152–162], while neutron stars (and other bodies composed of matter) are generally
expected to spin too slowly for a spin-dependent coupling to leave significant imprints on
the gravitational-wave signal [163]. Today we know that black holes can indeed couple to
a scalar field — either indirectly through the effect of a time-dependent background [164–
172], or directly via a coupling to a quadratic curvature invariant like the Gauss-Bonnet
term [37, 45–59].2 Characterising how a scalar interacts with the spins of these “hairy”
black holes will undoubtedly give us a better understanding of their behaviour in a binary
system, and could be important for establishing more accurate constraints on this class of
models. As for neutron stars, these objects are still expected to have much smaller spins
than their black hole cousins, and while it remains unlikely that a conformal spin-dependent
coupling would leave a significant imprint on the gravitational waveform, it is conceivable that
a sufficiently small value of M could be enough to boost the size of the disformal coupling
between the scalar and the spin of the neutron star to a detectable level. This spin-dependent
interaction will be especially important when searching for disformally coupled scalar fields
in (nearly) circular binaries, like those observed by LIGO and Virgo, as the spin-independent
effects associated with a disformal coupling are known to vanish for circular orbits [181, 182].

With all of this in mind, the central aim of this paper is to compute the leading spin-orbit
effects that would arise when a compact binary is coupled both conformally and disformally
to a light scalar field. We focus here on the early portion of the binary’s inspiral, which is
amenable to analytic methods, and will use a generalisation of the “nonrelativistic general
relativity” (NRGR) approach [183–196] to perform our calculations. When read alongside
existing spin-independent results [181, 182, 197–205], the spin-orbit results of this paper offer
a more complete picture of how these systems behave in scalar-tensor gravity.

It is worth noting at this stage that some partial spin-orbit results have already been
derived in a previous paper of ours [206], albeit with two key limitations. The first is that
ref. [206] was restricted to a purely conservative setting, whereas the results of this paper go
as far as to also include the leading spin-orbit effects from a scalar in the radiative sector.
The second limitation of ref. [206] is that it applies only to weakly gravitating bodies that are
universally coupled to the scalar, and so satisfy the weak equivalence principle. In contrast,
the results of this paper remain valid also for strongly gravitating bodies, like black holes and
neutron stars, which emphatically do not respect the strong equivalence principle [207], even
if the underlying scalar-tensor theory respects the weak equivalence principle at a microscopic
level. Both of these advancements were made possible by our use of the NRGR approach,
which allows us to work efficiently at the level of the action, rather than laboriously at the
level of the equations of motion (as we did in ref. [206]).

The main conceptual ideas that underpin this NRGR approach are reviewed in section 2,
where we also review the general pipeline that takes us from a fully covariant, microscopic

2While we focus on real scalar fields in this work, it is worth noting that massive, complex scalars [173, 174]
and pseudoscalars [175–177] can also produce black hole solutions that circumvent the no-hair theorems.
Binary black holes that couple to the latter are studied in refs. [178–180].
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theory of fields to an effective field theory for the compact binary — wherein the two extended
bodies are replaced by point-particle sources — and ultimately to a concrete prediction for
the gravitational-wave phase (see also figure 1). We then work through this sequence of
steps in explicit detail across sections 3–5. In section 3, we begin by constructing a general
point-particle action for a single spinning body that is conformally and disformally coupled
to the scalar field. The most salient details about the body’s internal structure are encoded
in this action through the values of Wilson coefficients, and while it is possible to match this
point-particle action back onto the underlying, microscopic theory to determine what values
these coefficients must take to coincide with a particular object (see section 3.2 for details),
we will leave these Wilson coefficients as free parameters in this work; thereby keeping our
results general enough to describe the behaviour of any spinning body.

In section 4, we turn to consider a binary system of two such objects. We use Feynman
diagrams to compute the spin-orbit part of the conservative two-body potential; working
perturbatively to leading order in the post-Newtonian expansion and up to first order in
the disformal coupling. For added simplicity, we also assume throughout this paper that
any nonlinear self-interactions of the scalar are subleading on the scales of the binary, and
can therefore be neglected as a first approximation. This is a valid simplification even for
theories that exhibit thin-shell screening [208–214],3 although models that utilise derivative
self-interactions to trigger kinetic or Vainshtein screening [94, 215–218] are notably outside
the purview of our results. (See, e.g., refs. [219–224] for spin-independent progress in this
direction.) To complete our discussion of the binary’s conservative sector, we then derive
the corresponding equations of motion for this system and identify some of its constants of
motion; the most important of which being its orbital binding energy.

In section 5, we move on to the radiative sector, where we use similar diagrammatic
techniques to compute the multipole moments responsible for sourcing the outgoing scalar
and gravitational waves. Focusing on quasicircular nonprecessing binaries for simplicity, we
then combine our result for the total radiated power with our earlier expression for the orbital
binding energy to determine the evolution of the binary’s orbital phase, and by extension, its
gravitational-wave phase. These general results establish what the leading spin-orbit effects
would be in any kind of binary system, but for the sake of having a concrete example, we
specialise to double neutron stars in section 6, where we provide estimates for the typical
size of these effects. We then argue that a future ground-based detector, like the Einstein
Telescope, could be capable of observing the imprints of a disformal spin-orbit interaction if
at least one of the neutron stars is sufficiently scalarised. Finally, in section 7, we conclude
with a summary of our main results and identify several key directions for future work.

Some of the more technical aspects of this paper are relegated to appendices A–D. Units
in which ~ = c = 1 are used throughout and, as is common in the NRGR literature, we define
the reduced Planck mass by mPl ≡ (32πGN)−1/2. Our metric signature is (−,+,+,+).

2 The effective field theory pipeline

The decisive property that allows us to make analytic predictions about how compact binaries
evolve is the presence of large separations of scales that are inherent during the early inspiral.
In the NRGR approach [183–196], these separations of scales are used to establish a tower

3In these models, nonlinearities become important only in the high-density interiors of the two bodies;
hence, the primary effect of thin-shell screening can be captured by simply matching the right values for the
bodies’ Wilson coefficients. See refs. [213, 214] for more details.
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of effective field theories (EFTs) that — when matched onto another — provide a coherent
description of the system and facilitate the systematic computation of observables, like the
phase of the emitted gravitational-wave signal. It is this approach, suitably generalised to
scalar-tensor theories, that we shall adopt in this paper.

Our goal in this section is to first outline the general sequence of steps that will take us
from a given scalar-tensor theory to a concrete result for the gravitational-wave phase; the
intention being that having this overview to refer to will help guide our discussion when it
comes time to wade through numerous and lengthy calculations. To complement the main
text, an illustrated version of this review is also presented in figure 1.

Scalar-tensor theories. Our very first step, then, is to be precise about the class of scalar-
tensor theories under consideration. We will here be interested specifically in metric theories
of gravity that can be captured by the general action

S = Sfields[g, φ] + Smatter[g̃(g, φ)]. (2.1)

The kinetic terms for and the interactions between the Einstein-frame metric gµν and the
scalar field φ are contained in the field action Sfields, while the dynamics of the matter fields
and their couplings to gµν and φ are encoded in the matter action Smatter. Crucially, what
makes this a metric theory of gravity is our assumption that the matter fields are coupled
minimally and universally to an effective Jordan-frame metric g̃µν , which we take to be [72]

g̃µν = C(φ,X)[gµν +D(φ,X)∂µφ∂νφ ] (X := gµν∂µφ∂νφ). (2.2)

Notice that the conformal coupling function C is dimensionless by construction, and so
must depend on φ and X only via the dimensionless combinations φ/mPl and X/M4, where
mPl is the reduced Planck mass and M is some strong-coupling scale.4 For simplicity, we
will suppose that the disformal coupling function D also depends on φ only through these
same combinations φ/mPl and X/M4, and that this dimensionful function has an overall
scaling of the form D ∝ 1/M4.

This kind of scaling automatically tells us that the theory in (2.1) is nonrenormalisable,
and so must be viewed as a low-energy EFT of some as-of-yet unknown UV completion.
That said, for appropriate choices of the model parameters, this fully covariant EFT can
still be valid down to microscopic scales, and so presently encodes more information than is
necessary for describing the evolution of astrophysical systems.

Point-particle approximation. When modelling the inspiral of a (widely separated) two-
body system, this surplus of irrelevant information is discarded by replacing (2.1) with the
effective action

Seff = Sfields[g, φ] +
2∑

κ=1
Spp,κ[xκ, Sκ; g, φ], (2.3)

which is valid on length scales greater than the individual radii of the binary’s constituents. In
this regime, the two extended bodies (labelled by κ ∈ {1, 2}) have been replaced by effective
point particles whose centres of energy travel along the worldlines xµκ(λ). The details about
how these point particles move in the bulk of the spacetime and how they interact with the

4In cosmological applications, one typically setsM2/mPl equal to the Hubble constant H0 so as to produce
order-one deviations from general relativity on these scales, but for our purposes it will be more instructive
to leaveM as a free parameter to be constrained by gravitational-wave observations.
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Figure 1. The general pipeline for computing the phase of the gravitational-wave signal emitted by a
compact binary in the effective field theory approach. This figure makes allusions to the need for ad-
ditional steps if one wishes to incorporate nonlinearities like tail effects in the radiative sector, but the
linear effects that are the focus of this paper will suffice at low orders in the post-Newtonian expansion.

metric and scalar are encoded in the point-particle actions Spp,κ, while the dynamics of the
bulk fields (gµν , φ) continue to be captured by the same field action Sfields as before.

We may regard this coarse-grained description of the system as emerging directly
from (2.1) after having integrated out all of the irrelevant short-wavelength degrees of free-
dom, although in practice it is much simpler to construct these point-particle actions from
the bottom up. In a Lagrangian approach, the relevant objects available for contraction with
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gµν , φ, and their derivatives are the particle’s 4-velocity vµ and its angular velocity tensor Ωµν

(see section 3 for details), but it is traditional — and also more convenient — to work with
the spin tensor Sµν in place of Ωµν . As this spin tensor is the momentum variable conjugate
to Ωµν , we can pass from one to the other by performing a partial Legendre transform of the
Lagrangian Lpp(x,Ω) to obtain the point-particle Routhian Rpp(x, S) [188, 189, 225].

Having done so, it follows that the action Spp,κ (=
∫

dλRpp,κ) is composed of an infi-
nite series of terms, which one can order by relevancy, that couple vµκ and Sµνκ to the bulk
fields. Multiplying most of these terms are Wilson coefficients {ακ, βκ, . . . }, whose values
encode all of the salient information about the underlying scalar-tensor theory, as well as the
internal structure of the extended objects. One can then determine these values by matching
appropriate observables computed within this point-particle EFT to results obtained in the
full theory (2.1), but we shall make no attempt to do so here and will simply leave these
Wilson coefficients as free parameters. The advantage in doing so is that our results will be
applicable to a broad class of models.

Potential and radiation modes. Two more simplifications are necessary to render the
problem analytically tractable. We first make the weak-field approximation by writing

(gµν , φ) = (ηµν , φ0) + (hµν/mPl, ϕ), (2.4)

where the part (hµν , ϕ) that is sourced by the binary is to be treated as a weak pertur-
bation about some fixed background (ηµν , φ0). Implicit in this choice of background is the
assumption that the binary’s immediate neighbourhood is mostly just empty space, albeit
permeated by some ambient value φ0 of the scalar that we take to be a constant.5

We then split the field perturbations further into different parts based on their kine-
matics. In pure general relativity, the metric perturbation (or “graviton”) hµν splits into
two parts [183]: there are potential modes that are always off shell and are responsible for
mediating the attractive forces holding the two-body system together, and there are radiation
modes that can go on shell and transport energy and momentum away from the binary. The
former varies on length scales on the order of the distance r between the two bodies, while
the latter varies on length scales ∼ r/v, where v is the binary’s orbital velocity. If we now
suppose that the scalar perturbation ϕ is sufficiently light that it is effectively massless on
length scales . r/v, then it too admits this simple decomposition into potential and radiation
modes. We shall make this assumption throughout, and so are justified in writing

(hµν , ϕ) = (h̄µν , ϕ̄) + (ĥµν , ϕ̂), (2.5)

where (ĥµν , ϕ̂) denote the potential modes, while (h̄µν , ϕ̄) are the radiation modes.
That the radiation modes have wavelengths λ (∼ r/v) much larger than the character-

istic size r of the binary during the early inspiral allows us to “zoom out” on this system
even further by integrating out the potential modes. The result is a new EFT,

S′eff = −i log
∫
D[ĥ, ϕ̂] exp(iSeff), (2.6)

5If the scalar is a candidate for dark energy or fuzzy dark matter, this background value φ0 will exhibit
some mild time dependence, although the large hierarchy between the typical timescales in a binary and those
of cosmology mean that any effects resulting from this time-dependent background are usually small [165,
167, 199, 226, 227], and so will be neglected here.
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whose action can be organised into a conservative and radiative sector:

S′eff = Scon[xκ, Sκ] + Srad[xκ, Sκ; h̄, ϕ̄]. (2.7)

Most of the hard work in the NRGR approach is in the evaluation of (2.6). It goes without
saying that, for astrophysical binaries, we are ultimately interested only in the classical limit
of this result, but framing the problem in this kind of quantum field theoretic language
allows us to use the machinery of Feynman diagrams to our advantage when computing (2.7)
systematically to some prescribed order in the post-Newtonian (PN) expansion; i.e., to some
order in v. For classical processes, only the tree-level Feynman diagrams are needed [183].

Conservative sector. The conservative sector of (2.7) encodes information about the
orbital dynamics of the binary in the absence of any outgoing radiation, and may be written
as the integral of the two-body Routhian

R = −
∑
κ

mκ

√
1− v2

κ − V (xκ, vκ, Sκ) (2.8)

over the coordinate time t (i.e., Scon =
∫

dtR). The conservative potential V arises from sum-
ming over all Feynman diagrams involving internal potential lines only and no external ones:

−
∫

dt V . (2.9)

The explicit calculations leading to this potential are discussed further in section 4.
Because the Routhian in (2.8) has been obtained by Legendre transforming the parti-

cles’ rotational degrees of freedom, it behaves like a Lagrangian from the point of view of
the position variables, but behaves like a Hamiltonian with respect to the spin variables.
The equations of motion therefore follow from a mixture of Euler-Lagrange and Hamilton
equations; namely,6

d
dt

(
∂R
∂vκ

)
= ∂R
∂xκ

,
dSκ
dt = {Sκ,R}. (2.10)

It is worth highlighting that these equations are expressed in terms of the 3-vectors xκ(t)
and Sκ(t), rather than the worldline coordinates xµκ(λ) and spin tensor Sµνκ (λ) that we started
with in (2.3). The gauge-fixing procedure that removes the unphysical degrees of freedom in
xµκ(λ) and Sµνκ (λ) is discussed in detail in sections 3 and 4.

Radiative sector. Turning now to the radiative sector, we find that the remaining terms
in S′eff naturally group themselves into two categories:

Srad = Sfields[η + h̄/mPl, φ0 + ϕ̄] + Sbinary[ML(xκ, Sκ); h̄, ϕ̄]. (2.11)
6When working in harmonic coordinates to 2PN order or higher, the conservative potential V will also

generally depend on the accelerations aκ and their higher time derivatives [228]. However, appropriate field
redefinitions can always be made to replace these by functions that depend on xκ and vκ only [229], thus
ensuring that xκ satisfies a second-order equation of motion. One also encounters time derivatives of Sκ in the
potential at sufficiently high PN orders, but in this case, the appropriate field redefinitions cannot be made
when working with a Routhian (in fact, the spin equations of motion no longer follow from a Poisson bracket),
and so one is compelled to revert back to a Lagrangian of first-order form involving both Ω and S [192, 230].
That said, we will only consider spin effects to leading PN order in this paper, for which the Routhian approach
will suffice, and will in fact be the most convenient.
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The first term gives us the propagators for and the interactions between the radiation modes,
while the second accounts for how these fields are sourced by the binary. As we discussed pre-
viously, the radiation modes vary on length scales much greater than the orbital separation
between the two bodies, and so are unable to resolve either of them individually — instead
perceiving the entire two-body system as behaving like a single point particle. Mathemati-
cally, this notion is reflected in the way the interactions are organised in Sbinary; namely, in
terms of multipole momentsML = {IL,J L,QL, . . . } for the binary as a whole.

To go from (2.3) to the multipole moments in (2.11), one proceeds as follows. First, we
integrate out the potential modes while holding the radiation modes fixed to determine the
source functions J(x) and Tµν(x). In the scalar sector, we sum over all Feynman diagrams
with one external radiation-mode scalar to obtain

∫
d4xJ(x)ϕ̄(x) , (2.12)

from which J(x) can be deduced. (Any internal lines in these diagrams correspond to poten-
tial modes.) Similarly, the binary’s energy-momentum tensor Tµν(x) follows from summing
over all Feynman diagrams with one external radiation-mode graviton:

1
2mPl

∫
d4xTµν(x)h̄µν(x) . (2.13)

Next, we perform a Taylor expansion of the radiation fields about the binary’s centre of
energy, which we may take to coincide with the origin of our coordinate system without any
loss of generality. Then regrouping terms into symmetric and trace-free (STF) operators, the
result in the scalar sector is7∫

d4xJ(x) ϕ̄(x) =
∫

d4xJ(x)
( ∞∑
`=0

1
`!x

L∂Lϕ̄(t,0)
)

=
∞∑
`=0

1
`!

∫
dtQL(t)∂Lϕ̄(t,0), (2.14)

where the binary’s scalar multipole moments QL(t) are given by [231]

QL(t) =
∞∑
p=0

(2`+ 1)!!
(2p)!!(2`+ 2p+ 1)!!

( d
dt

)2p∫
d3xJ(t,x) x2px〈L〉. (2.15)

Identical steps can then be taken in the gravitational sector to obtain analogous formulae
relating Tµν(x) to the binary’s mass-type and current-type multipoles, IL(t) and J L(t); see,
e.g., eqs. (7.44) and (7.45) of ref. [195] for the explicit expressions. With these multipole
moments in hand, it is then a straightforward exercise to solve the wave equations (as derived
from Srad) for ϕ̄ and h̄µν to determine the rate at which energy is carried off to infinity.
Ignoring nonlinear effects like tail terms, the power radiated away into scalar waves is [231]

Pφ =
∞∑
`=0

〈((`+1)QL)2〉
4π`!(2`+ 1)!! , (2.16a)

7We are employing standard multi-index notation: we write QL ≡ Qi1··· i` to denote any tensor with
` spatial indices, while any vector repeated ` times is abbreviated to read xL ≡ xi1 · · · xi` , and likewise
∂L ≡ ∂i1 · · · ∂i` . Lastly, angled brackets around indices instruct us to keep only the STF part of that tensor.
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while the power radiated into gravitational waves is [231, 232]

Pg =
∞∑
`=2

GN
`!(2`+ 1)!!

((`+ 2)(`+ 1)
`(`− 1) 〈((`+1)IL)2〉+ 4`(`+ 2)

(`+ 1)(`− 1)〈(
(`+1)J L)2〉

)
. (2.16b)

In writing these formulae, we have used the short hand (`)X ≡ d`X/dt` to denote the action
of multiple time derivatives, and note also that the angled brackets around the multipoles
denote a time average over several orbital periods. These multipole moments, and the cor-
responding power that is radiated away, are discussed in more detail in section 5.

Phase evolution. The two key outputs from the above calculations — the binding en-
ergy E from the conservative sector, which follows from the equations of motion in (2.10),
and the total power P = Pφ + Pg computed in the radiative sector — can now be combined
into the balance equation 〈dE

dt

〉
= −〈P 〉 (2.17)

to tell us how the binary’s orbit evolves as it emits gravitational and scalar waves. For
circular nonprecessing orbits, which will be the targets of our focus in this paper, both E
and P depend on time only through the orbital frequency Ω, and so (2.17) can in this case
be recast into a differential equation for the binary’s orbital phase ψ =

∫
dtΩ.

After solving this equation (a task we undertake towards the end of section 5), all that
remains is to relate the orbital phase ψ to the gravitational-wave phase Ψ. At the detector, the
gravitational-wave signal can be decomposed into spin-weighted spherical harmonics labelled
by the familiar integers (l,m), and the phase of the (l,m) mode is simply given by Ψlm = mψ,
up to corrections from nonlinear effects like tail terms [203, 233], which we neglect. Any
scalar waves that reach the detector can also be decomposed into spherical harmonics, and
the corresponding (l,m) modes will possess the same phases mψ up to nonlinear corrections.
However, in viable scalar-tensor theories, for which the strength of the scalar-matter couplings
in the weak-field regime are strongly constrained, these scalar waves leave a much smaller
imprint on the detector than their gravitational counterparts [143, 144]. It will therefore
suffice to focus on just the gravitational-wave signal in what follows.

3 Spinning point particles in scalar-tensor theories

Having reviewed the general EFT pipeline, we are now in a better position to begin under-
taking detailed calculations. The aim of this section is to construct a general point-particle
action for spinning bodies that are coupled to both a metric gµν and a real scalar φ.

We do so in three stages. We start off in section 3.1 by first describing the phase space of
one such particle, before reviewing the simple arguments that lead to a first-order Lagrangian
that minimally couples it to general relativity. This Lagrangian is then generalised to include
additional couplings to the scalar φ in section 3.2. Finally, in section 3.3, we perform the
requisite Legendre transformation that turns this Lagrangian into a Routhian, as will be
needed in the next step of our EFT pipeline.

3.1 Covariant degrees of freedom

In any generally covariant theory, a spinning point particle can be described by a worldline
xµ(λ) and an orthonormal tetrad eµA(λ). The first specifies for us the trajectory along which
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this particle’s centre of energy travels, while the latter may be regarded as the Jacobian
eµA ≡ ∂xµ/∂yA for transforming between a general coordinate chart xµ and the particle’s
body-fixed frame yA. This transformation encodes information about the intrinsic rotation
of the particle, which proceeds with an angular velocity given by Ωµν := ηABeµADe

ν
B/Dλ,

where D/Dλ ≡ ẋµ∇µ is the covariant derivative along the tangent ẋµ (≡ dxµ/dλ) to the
worldline. If we now introduce the conjugate momentum variables

pµ =
(
δSpp
δẋµ

)
Ω

and Sµν =
(
δSpp
δΩµν

)
ẋ

, (3.1)

we may easily write down the action for this point particle in first-order form:

Spp =
∫
Lpp dλ, Lpp = pµẋ

µ + 1
2SµνΩµν −Hpp. (3.2)

Before we can specify the exact form of the Hamiltonian Hpp, a few more words on
the phase-space variables are in order. To start with, note that the transformation from
a general set of coordinates xµ to the body-fixed coordinates yA can be effected in two
stages: one first performs a rescaling of the metric to go into the locally flat frame, followed
by a Lorentz transformation to go into the body-fixed frame. Mathematically, we write
eµA = ΛaAe

µ
a , where eµa is the vierbein that takes us into the locally flat frame, while ΛaA

is the appropriate Lorentz transformation. The usefulness of this decomposition is that it
separates eµA into a part that depends only on the particle’s translational degrees of freedom
(the vierbein eµa) and a part that depends only on its rotational degrees of freedom (the
Lorentz matrix ΛaA). Substituting this into our definition of Ωµν then reveals that

SµνΩµν = Sab(Ωab
Λ + ωabµ ẋ

µ), (3.3)

where Ωab
Λ = ηABΛaAΛ̇bB is the angular velocity relative to the locally flat frame (which is

emphatically different from Ωab = eaµe
b
νΩµν), while Sab = eµae

ν
bSµν is the corresponding spin

tensor in this frame. Crucially, because the “kinetic term” SabΩab
Λ for the rotational degrees

of freedom is independent of the metric, we see that a minimal coupling between gravity and
spin appears solely through an interaction term involving the spin connection

ωabµ := gρσebσ∇µeaρ. (3.4)

Let us now count the total number of degrees of freedom. The generalised coordinates
(xµ,ΛaA) and their conjugate momenta (pµ, Sab) together give us a total of 20 phase-space
variables: the worldline coordinates xµ and the linear momentum pµ contain four degrees of
freedom each, the Lorentz matrix is constrained by its defining property ΛaAΛbBηAB = ηab

and so has six degrees of freedom, while the spin tensor Sab is antisymmetric by construc-
tion and so carries another six degrees of freedom. This is ultimately eight too many
(only 12 phase-space variables, or six generalised coordinates, are needed to uniquely de-
scribe a spinning point particle — three coordinates for its position and three angles to
describe its orientation); hence, we must impose a commensurate number of constraints.
This can be accomplished by choosing [234]

Hpp = e

2m(p2 +m2) + eχa(
√
−p2Λa0 − pa) + e ξaSabp

b, (3.5)

where the fields e(λ), χa(λ), and ξa(λ) serve as Lagrange multipliers.
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Starting from the right, we see that extremising the action with respect to ξa enforces
the constraint Sabpb ≈ 0 [235].8This constraint, which is known as the covariant spin supple-
mentary condition (SSC), removes the three unphysical degrees of freedom contained in the
spin tensor Sab, and removes no more than three because Sabpb is trivially orthogonal to pa.
Next, extremising with respect to χa imposes the conjugate constraint Λa0 ≈ pa/

√
−p2 [237],

which also removes just three degrees of freedom, since (
√
−p2Λa0 − pa) is orthogonal to

(
√
−p2Λa0 + pa). In physical terms, what this constraint on Λa0 amounts to is a gauge fixing

of the (superfluous) boost degrees of freedom, which thereby sets the timelike vector eµA=0
parallel to the particle’s 4-momentum pµ. The choice of SSC, meanwhile, essentially deter-
mines what we mean by the “centre of energy” of this spinning object [238]. We will work
exclusively with these gauge choices in what follows, although it is worth mentioning that
other choices are certainly possible [187, 192, 238].

Returning to (3.5), we now see that extremising the action with respect to the einbein e
enforces the mass-shell constraint p2 +m2 ≈ 0. Because rotational energy necessarily grav-
itates, the particle’s Arnowitt-Deser-Misner (ADM) mass m is generically a function of the
spin’s absolute magnitude; i.e., m2 ≡ f(S2) with S2 = SabS

ab/2 [237, 239, 240]. Specifying
an exact form for this functional dependence will, however, turn out to be unnecessary. As we
show in appendix A, the equations of motion descending from this action guarantee that S2

is conserved; hence, m is also a constant of the motion regardless of how it depends on S2.9

The reader keeping score should have counted a total of seven independent constraints
imposed thus far, which means that there is still one more to go. This last constraint is also
enforced by the einbein, albeit more subtly, as its presence renders the action Spp reparametri-
sation invariant. Said in other words, the transformation λ 7→ λ′ and e(λ) dλ 7→ e′(λ′) dλ′ is a
gauge symmetry of the point-particle action.10 Fixing a gauge for the worldline parameter λ
therefore removes the last remaining unphysical degree of freedom, contained in xµ(λ). For
post-Newtonian applications, the most natural gauge choice would be to set λ = x0 (as we
do in section 4), while for fully relativistic problems, one might instead prefer to work with
the condition ẋµẋµ = −1, which sets λ equal to the proper time.

As a final remark, let us also note that this reparametrisation invariance of the action
is the reason why the Hamiltonian in (3.5) is made up purely of constraint terms — the
canonical Hamiltonian of a generally covariant system typically vanishes [242].

3.2 Scalar couplings and strong-gravity effects

Up to higher-order terms that account for its finite size [183, 187, 192, 241, 243–248], the
action that we have just written down can be used to describe the behaviour of any extended,
spinning object in general relativity. Moreover, because the weak equivalence principle holds
in the Jordan frame by construction, this same action will also describe how weakly gravitating
objects behave in the scalar-tensor theories of (2.1) once we replace gµν by the Jordan-frame
metric g̃µν . (Strongly gravitating objects will be discussed shortly.) To make this manifest,

8We use the “≈” symbol to denote a weak equality in the sense of Dirac [236].
9See, e.g., ref. [241] for a point-particle action that conserves neither p2 nor S2. Such an action is useful

for incorporating dissipative effects, such as the absorptive nature of a black hole’s horizon.
10That the einbein e is playing this dual role as both a Lagrange multiplier and a Stueckelberg field is

ultimately tied to the fact that, in the Hamiltonian description of this problem, the mass-shell constraint
p2 +m2 ≈ 0 is first class, whereas the spin constraints Sabp

b ≈ 0 and
√
−p2Λa0 − pa ≈ 0 are second

class [237, 239].
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let us affix tildes to everything, such that the Lagrangian in the Jordan frame reads

Lpp = p̃µẋ
µ + 1

2 S̃ab(Ω̃
ab
Λ + ω̃abµ ẋ

µ)− ẽ

2m(p̃2 +m2)− ẽχ̃a(
√
−p̃2Λ̃a0 − p̃a)− ẽ ξ̃aS̃abp̃b. (3.6)

Disformal transformations. Going back to the Einstein frame by way of (2.2) will now
generate direct couplings between this point particle and the scalar φ. At the level of the
vierbeins, this transformation reads

ẽaµ = A(φ,X)[eaµ +B(φ,X)∇aφ∇µφ], (3.7)

where A and B are related to the coupling functions C andD in (2.2) by the equations C = A2

and D = B +XB2. Accordingly, the conformal coupling function A is dimensionless, while
the disformal coupling function B has an overall scaling of the form B ∝ 1/M4.

In addition to (3.7), we will also need expressions for ẽµa , g̃µν , and ω̃abµ in terms of their
Einstein-frame counterparts. The first appears in the Lagrangian when projecting the 4-
momentum onto the locally flat frame, p̃a ≡ ηabẽµb p̃µ; the second in the definition of the inner
product p̃2 ≡ g̃µν p̃µp̃ν ; and the third in the spin-gravity coupling S̃abω̃abµ ẋµ. For simplicity,
we will here work only to leading order in the disformal coupling, and so will systematically
discard any term that scales like ∼ (∇φ∇φ/M4)1+p(φ/mPl)q with p+ q ≥ 1. Since A and B
depend on the scalar only via the dimensionless combinations φ/mPl and X/M4 (recall our
discussion in section 2), what this means in practice is that we will neglect any and all terms
involving two or more powers ofB, terms whereB is multiplied by one or more powers of∇µA,
and terms involving derivatives of B. With this in mind, it is straightforward to show that

ẽµa = A−1(eµa −B∇µφ∇aφ), (3.8a)
g̃µν = A−2(gµν − 2B∇µφ∇νφ), (3.8b)
ω̃abµ = ωabµ − 2e[a

µ∇b] logA− 2B∇[aφ∇b]∇µφ (3.8c)

at the order to which we are working, and consequently

Lpp = p̃µẋ
µ + 1

2 S̃ab
(
Ω̃ab

Λ + ωabµ ẋ
µ − 2ẋµeaµ∇b logA− 2Bẋµ∇aφ∇b∇µφ

)
− ẽ

2mA2
[
p̃2 − 2B(p̃ ·∇φ)2 +A2m2]− ẽA−1ξ̃aS̃ab[p̃b −B(p̃ ·∇φ)∇bφ]

− ẽA−1χ̃a
{√
−[p̃−B(p̃ ·∇φ)∇φ]2 Λ̃a0 − [p̃a −B(p̃ ·∇φ)∇aφ]

}
(3.9)

when written in the Einstein frame.
It is no surprise that this frame transformation has rendered the point-particle action

considerably more complex, but we will now show that much of this complexity can be
removed by appropriate redefinitions of the phase-space variables (xµ, p̃µ, Λ̃aA, S̃ab) and the
Lagrange multipliers (ẽ, χ̃a, ξ̃a). Indeed, we affixed tildes onto these quantities for exactly this
reason. All of them are naturally defined without any reference to a metric, and so remain
unchanged under frame transformations — the tildes that we have introduced instead serve
to distinguish them from a new set of variables (without tildes) that we will now introduce.

Field redefinitions. To motivate these field redefinitions, consider what would happen if
we worked with the Lagrangian in (3.9) as is. Extremising the corresponding action with
respect to ξ̃a gives us an SSC that reads S̃ab[p̃b −B(p̃ ·∇φ)∇bφ] ≈ 0, which implies that a
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term that is proportional to S̃abp̃b in the equations of motion is secretly suppressed by one
extra power of the disformal coupling, since S̃abp̃b gets replaced by BS̃ab(p̃ ·∇φ)∇bφ after we
impose the SSC. There is nothing wrong with this per se, but this kind of mixing between
sectors with different powers of B can be quite cumbersome to keep track of, especially at
high post-Newtonian orders, and so it would be desirable if we could find a field redefinition
(p̃µ, S̃ab, . . . ) 7→ (pµ, Sab, . . . ) such that the new variables satisfy the usual covariant SSC,
Sabp

b ≈ 0, as in general relativity. Additionally, we would also like for this redefinition to
be such that the new momentum variable pµ is proportional to the tangent vector ẋµ, up
to corrections from the spin; thereby guaranteeing that no further mixing can arise between
the different sectors when we Legendre transform to the Routhian in the next subsection.
Finally, we will also require that this field redefinition be such that ΛaA satisfies the usual
conjugate constraint,

√
−p2Λa0 − pa ≈ 0. It is worth emphasising now that these field re-

definitions are essentially just gauge transformations of the phase-space variables; hence,
although they will invariably affect the explicit form of gauge-dependent results like the
equations of motion, they will necessarily have no effect on gauge-invariant quantities like
the gravitational-wave phase.

Mostly by trial and error, we have found that the desired outcomes above can all be
achieved (at least, at the order to which we are working) by making the transformations

p̃µ = pµ + 2B(p ·∇φ)∇µφ, (3.10a)
Λ̃aA = LabΛbA, (3.10b)
S̃ab = La

cLb
dScd, (3.10c)

χ̃a = A−1
(
La

bχb + B(p ·∇φ)2χa
(−p)2

)
, (3.10d)

ξ̃a = A−1
(
ξa + 2B(p ·∇φ)pb ξ[a∇b]φ

(−p2)

)
, (3.10e)

ẽ = A2e. (3.10f)

The matrix Lab that appears in the second, third, and fourth lines is an infinitesimal Lorentz
transformation11 given by Lab = ηaceµc e

ν
bLµν , where Lµν = gµν + Θµν and

Θµν =
2B(p ·∇φ) p[µ∇ν]φ

(−p2) . (3.11)

The angular velocity tensor can then be shown to transform as

Ω̃µν = LµρL
ν
σΩρσ + Lµρ

D

Dλ
Lνρ = LµρL

ν
σΩρσ − D

Dλ
Θµν (3.12)

under the action of (3.10), and after putting everything together, we find that the Lagrangian
in terms of these new variables is

Lpp = [pµ + 2B(p ·∇φ)∇µφ] ẋµ − e

2m
[
p2 + 2B(p ·∇φ)2 +A2m2]

+ 1
2Sab

(
Ωab

Λ + ωabµ ẋ
µ)− Sµν(ẋµ∇ν logA+Bẋρ∇µφ∇ν∇ρφ)

− Sµν
2
DΘµν

Dλ
− eξaSabpb − eχa(

√
−p2Λa0 − pa). (3.13)

11One can see this easily by verifying that Lab satisfies the constraint LacLbd ηab = ηcd at the order in B
to which we are working. This property is essential as it guarantees that both the old and the new Lorentz
matrices satisfy the requisite orthonormality constraint, Λ̃aAΛ̃bBηAB = ΛaAΛbBηAB = ηab.
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One last field redefinition can be made to further simplify the term involving DΘµν/Dλ.
Looking at (3.11), we see that the application of the product rule will produce two categories
of terms: those that are proportional to Dpα/Dλ, and those that are not. The terms in the
former category, which prima facie lead to third-order equations of motion for the worldline,
turn out to be redundant operators that can be order-reduced by an appropriate redefinition
of the worldline coordinates, xµ 7→ xµ + δxµ [229]. To see how this works in our case, first
take δxµ = BSρσzµρσ, where zµρσ is some object to be determined. The net effect of this
shift in the worldline is to produce a corresponding shift in the action, given by δSpp =∫

dλBSρσzµρσEµ +O(B2), where Eµ = δSpp/δx
µ is the equation of motion that follows from

extremising the (unshifted) action with respect to xµ. At the order to which we are working,
only the general relativistic part of Eµ contributes, since there is already one explicit power
of B in δSpp. This general relativistic part is given by the Mathisson-Papapetrou-Dixon
equations [249–253], and reads E(GR)

µ = −Dpµ/Dλ−RµνρσẋνSρσ/2 [see also (A.11)]. It now
follows that if we choose zµρσ in exactly the right way, then the term

∫
dλBSρσzµρσ(−Dpµ/Dλ)

that arises from this shift of the worldline coordinates can be made to exactly cancel the terms
in −

∫
dλ (Sµν/2)DΘµν/Dλ that are proportional to Dpα/Dλ. Left behind in their place is a

new contribution to the action,
∫

dλBSρσzµρσ(−RµναβẋνSαβ/2), which cannot be eliminated
any further, but since this term is quadratic in the spins, it will play no role in the spin-orbit
effects that are the main subject of this paper, and so will be neglected henceforth.

All that remains after this procedure is the second category of terms in DΘµν/Dλ that
are not proportional to Dpα/Dλ. Written out explicitly, we have that

Lpp = [pµ + 2B(p ·∇φ)∇µφ] ẋµ − e

2m
[
p2 + 2B(p ·∇φ)2 +A2m2]

+ 1
2Sab

(
Ωab

Λ + ωabµ ẋ
µ)− Sµν(ẋµ∇ν logA+Bẋρ∇µφ∇ν∇ρφ)

+ pσpµ

p2 BSµν ẋ
ρ∇ρ(∇σφ∇νφ)− eξaSabpb − eχa(

√
−p2Λa0 − pa). (3.14)

Strong-gravity effects. We asserted earlier that the Jordan-frame Lagrangian in (3.6)
was valid only for weakly gravitating objects, and since (3.14) follows directly from (3.6) af-
ter a series of smooth transformations, this Einstein-frame Lagrangian must be subject to
the same limitations as well. That said, very few modifications will turn out to be necessary
to render this Lagrangian capable of also describing strongly gravitating objects.

To see why, consider what would change were we to construct this point-particle La-
grangian in a different fashion. Rather than generate couplings to the scalar by way of the
frame transformation in (3.7), we could have also elected to build this Lagrangian from the
bottom up by simply writing down all possible contractions between the phase-space vari-
ables, the fields (gµν , φ), and their derivatives. Up to redundant operators, which can be
removed by appropriate field redefinitions [144, 184], one finds that the most relevant terms
arising from this more general procedure are exactly those in (3.14); the only difference being
that this bottom-up approach does not specify a priori what the values of the Wilson coeffi-
cients multiplying each of these terms ought to be. Thus, the result of this construction is

Lpp = [pµ + 2B(p ·∇φ)∇µφ] ẋµ − e

2m
[
p2 + 2B(p ·∇φ)2 +A2m2]

+ 1
2Sab

(
Ωab

Λ + ωabµ ẋ
µ)− Sµν(ẋµ∇ν log Ã+ B̃ẋρ∇µφ∇ν∇ρφ)
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+ pσpµ

p2 (B́Sµν ẋρ∇ρ∇σφ∇νφ+ B̀Sµν ẋρ∇σφ∇ρ∇νφ)

− eξaSabpb − eχa(
√
−p2Λa0 − pa), (3.15)

which is highly reminiscent of (3.14), except that the coupling functions (A,B) have now
been promoted to a set of arbitrary functions (A, Ã,B, B̃, B́, B̀). As these must reduce back to
(A,B) in the limit of a weakly gravitating object, the A-type functions are all dimensionless,
while the B-type functions are all proportional to 1/M4. Notice also that each function
appears in this Lagrangian only once, with the exception of the function B, which appears
twice in the first line. No loss of generality is incurred, however, because field redefinitions
similar to those in (3.10) can always be made to put the Lagrangian into such a form. In fact,
recall that one of the criteria we demanded of the transformations in (3.10) was that the new
momentum variable pµ should be proportional to the tangent vector ẋµ (up to corrections
from the spin), and indeed, this is guaranteed only if the two disformal spin-independent
terms in (3.15) depend on the same function B.

Each of these arbitrary functions F ∈ {A,B, . . . } should be viewed as a formal power
series of the form

F =
∞∑
p=0

∞∑
q=0

F (p,q)

p!(2q)!

(
φ− φ0
mPl

)p(∇µφ∇µφ
M4

)q
, (3.16)

where φ0 is the ambient value of the scalar in the absence of this body [cf. (2.4)], and F (p,q) are
the aforementioned Wilson coefficients. That these coefficients now appear as free parameters
in the Lagrangian is exactly what allows it to be general enough to describe the behaviour
of any extended, spinning object within the class of models in (2.1), up to subleading effects
associated with the set of higher-order terms that we have been systematically discarding
(namely, higher-order disformal interactions, spin effects of quadratic order or higher, and
finite-size effects like tidal deformations12). If desired, one can then specialise to a specific
object, like a black hole or a neutron star, by performing a number of matching calculations.

In most of this paper, these Wilson coefficients will be left unspecified for the sake of gen-
erality, although it will still be instructive to briefly discuss how this kind of matching is done.
Consider the coefficient A(1,0), which is more commonly denoted by α = −2A(1,0), as an ex-
ample. Aside from the mass parameter m, this is the only Wilson coefficient that contributes
to the dynamics of a binary system at Newtonian order, where it is responsible for setting the
overall strength of the force that the scalar mediates between the two bodies. For the pur-
poses of a matching calculation, however, it will suffice to consider a much simpler scenario
in which a single body just remains at rest in what is otherwise empty space. At distances r
much greater than the size of this body (but much smaller than the Compton wavelength of
the scalar, which we are assuming is very light), the point-particle theory predicts that the
surrounding scalar-field profile should be given by φ = φ0 + αm/(8πmPlr) +O(1/r2). The
value of this effective coupling strength α can then be determined for a given body by match-
ing this result onto the one obtained by solving the field equations of the full theory in (2.1).

Working perturbatively in powers of s ∼ GNm/R, Damour and Esposito-Farèse [197]
showed that the effective coupling strength for a (fluid) body of radius R is given schemati-
cally by α ∼ αweak(1 + a1s+ a2s

2 + · · · ).13 The overall prefactor αweak = −2mPl dA/dφ|φ=φ0

is the value of this coupling in the limit of negligible self-gravity (s� 1), and is in complete
12Dipolar tidal effects due to a scalar field are discussed in ref. [254].
13See also ref. [199] for a nice discussion in terms of bare and renormalised couplings.
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agreement with the predictions of our Lagrangian for weakly gravitating objects in (3.14).
For larger values of s, the microscopic details of the fluid begin to affect the overall strength
with which this body couples to the scalar, and this information is encoded in the coeffi-
cients (a1, a2, . . . ). How exactly these coefficients depend on the body’s equation of state
and on the parameters of the underlying theory are details that we will not care to go into
here, but we would be remiss not to highlight the existence of a certain class of scalar-tensor
theories for which the infinite series of self-gravity contributions (1 + a1s+ a2s

2 + · · · ) can
compensate for a vanishingly small αweak to give a (relatively) large coupling strength α. This
phenomenon, known as spontaneous scalarisation [34–40], is particularly interesting from an
observational standpoint, as it would allow for neutron stars in a given mass range to couple
strongly to the scalar field, and thus exhibit substantial deviations from general relativity in
the strong-field regime. Meanwhile, the smallness of αweak ensures that these models remain
indistinguishable from general relativity in the weak-field regime, where it is already tightly
constrained by Solar System tests [73, 74].14

We could also tune the Wilson coefficients in (3.15) to describe a black hole, although in
this case we know that — for almost all choices of the field action Sfields — no-hair theorems
preclude the possibility of a nontrivial scalar-field profile [152–162]; hence, black holes will
typically have α = 0. Exceptionally, one can circumvent these restrictions to find solutions
with scalar “hair” if the ambient field value φ0 is allowed to vary with time [164–172], or
if the field action is chosen to include a coupling between the scalar and the Gauss-Bonnet
invariant [37, 45–59], and indeed α 6= 0 in these cases.15

3.3 The point-particle Routhian

The first-order formalism that we have been using thus far has proven itself ideal for building
Lagrangians from the bottom up, as it makes the symmetries and the constraint structure of
the problem manifest. Having completed this task, it is no longer advantageous to continue
working with the full set of phase-space variables. In preparation for the next section, we shall
now transform (3.15) into a Routhian that depends only on the worldline coordinates xµ, the
tangent vector ẋµ, and the spin tensor Sab.

Our first step is to “integrate out” the momentum pµ, which at the classical level is
tantamount to solving the corresponding equation of motion (δSpp/δpµ = 0) and substituting
the solution back into the action. It turns out that the algebra simplifies dramatically if we
can ignore the constraint on Λa0, and so we shall set χa = 0 for the time being. Having
done so, extremising the action with respect to pµ yields

pµ = me−1ẋµ − 2B[(p−me−1ẋ) ·∇φ]∇µφ+mSµνξ
ν

+
(
δ

(σ
µ p

α)

p2 − pµp
σpα

p4

)
2Sανme−1ẋρ(B́∇ρ∇σφ∇νφ+ B̀∇σφ∇ρ∇νφ), (3.17)

14The simplest models that exhibit spontaneous scalarisation also lead to a cosmological history that is
inconsistent with observations [255–260], although recent proposals [261, 262] have been put forward to resolve
this issue. In any case, we shall not dwell too much on these cosmological concerns here, as our results also
apply to other classes of models that do not possess this issue.

15Our Lagrangian is valid only for real scalar fields varying on length scales much larger than the size of the
compact object, and so cannot be used to describe some known hairy black hole solutions involving massive,
complex scalars [173, 174] or pseudoscalars [175–177]. A point-particle Lagrangian for the latter was recently
constructed in ref. [179].
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which we can solve order by order in the spin and the disformal coupling to get

pµ = me−1ẋµ +mSµνξ
ν + 2Bm(Sρσξρ∇σφ)∇µφ

+
(
δ

(σ
µ ẋ

α)

ẋ2 − ẋµẋ
σẋα

ẋ4

)
2Sαν ẋρ(B́∇ρ∇σφ∇νφ+ B̀∇σφ∇ρ∇νφ). (3.18)

Substituting this back into (3.15) and discarding all of the higher-order terms as per usual,
we then find

Lpp = m

2e [ẋ2 + 2B(ẋ ·∇φ)2 −A2e2] + 1
2Sab(Ω

ab
Λ + ωabµ ẋ

µ)−mξaSabẋb − Sµν ẋµ∇ν log Ã

− B̃Sµν ẋρ∇µφ∇ν∇ρφ+ ẋσẋµ

ẋ2 Sµν ẋ
ρ(B́∇ρ∇σφ∇νφ+ B̀∇σφ∇ρ∇νφ). (3.19)

Notice that the einbein e now appears nonlinearly and no longer acts as a Lagrange
multiplier in this new version of the Lagrangian. This is just as well, because it will allow us
to integrate out the einbein in the same way as we did for the momentum. The solution to
the equation δSpp/δe = 0 is

e = A−1
√
−ẋ2 − 2B(ẋ ·∇φ)2 ' A−1

√
−ẋ2

(
1 + B(ẋ ·∇φ)2

ẋ2

)
, (3.20)

and its substitution back into the action gives us

Lpp =−mA
√
−ẋ2

(
1 + B(ẋ ·∇φ)2

ẋ2

)
+ 1

2Sab(Ω
ab
Λ + ωabµ ẋ

µ)−mξaSabẋb − Sµν ẋµ∇ν log Ã

− B̃Sµν ẋρ∇µφ∇ν∇ρφ+ ẋσẋµ

ẋ2 Sµν ẋ
ρ(B́∇ρ∇σφ∇νφ+ B̀∇σφ∇ρ∇νφ). (3.21)

We could now proceed to integrate out the spin tensor Sab and the vector ξa in a similar
fashion to obtain a Lagrangian of second-order form that depends only on xµ, ẋµ, and Ωab

Λ ,
but as we discussed already, it is traditional and also more convenient to work with the spin,
rather than the angular velocity, when modelling the inspiral of a two-body system. This
motivates elimimating Ωab

Λ from (3.21) by performing a partial Legendre transform on just
the spin variables. The result is the point-particle Routhian [188, 189, 225]

Rpp = Lpp −
1
2SabΩ

ab
Λ . (3.22)

Variation of this Routhian with respect to ξa will then enforce the covariant SSC, which
up to O(S2) corrections now reads

Sabẋ
b ≈ 0. (3.23)

The fact that the equation δSpp/δξ
a = 0 is independent of ξa implies that, unlike the ein-

bein, this Lagrange multiplier cannot be integrated out. (Note that we are now defining
Spp =

∫
dλRpp.) Nevertheless, we would still like to eliminate this vector from the Routhian

in (3.22), and one way of doing so is to hand-pick a solution for ξa that automatically pre-
serves the SSC under time evolution [195].

Because the task of solving the equation D(Sabẋb)/Dλ = 0 for ξa is a straightforward
but lengthy one, these ancillary details have been relegated to appendix A. Here, we shall
simply quote the end result, which is [cf. (A.20)]

mξa = ∇a log(Ã/A) + ẋµẋν

ẋ2
[
(2B − B̃ − B́)∇µ∇νφ∇aφ+ (B̃ − B̀)∇µφ∇a∇νφ

]
. (3.24)
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Substituting this into (3.22) then gives us our final expression for the point-particle Routhian:

Rpp =−mA
√
−ẋ2

(
1 + B(ẋ ·∇φ)2

ẋ2

)
+ 1

2Sabω
ab
µ ẋ

µ − Sµν ẋµ∇ν logA

− B̃Sµν ẋρ∇µφ∇ν∇ρφ+ ẋσẋµ

ẋ2 Sµν ẋ
ρ[(2B − B̃)∇ρ∇σφ∇νφ+ B̃∇ρφ∇σ∇νφ

]
. (3.25)

At this stage, we should recall that we previously set χa = 0, and so must now return to
examine what would change were we to relax this condition. There are two ways to see that
nothing changes. First, notice that the Lorentz matrix ΛaA is a cyclic coordinate, as it does
not appear explicitly in the Lagrangian in (3.15), except in the constraint term involving χa.
Consequently, the equations of motion for xµ and Sab, which are ultimately the only ones we
care about, are the same whether or not we impose any constraint on ΛaA. The other way to
reach this conclusion is to note that had we kept track of the Lagrange multiplier χa in the
above calculations, we would eventually want to eliminate it from the Routhian in the same
way as we did with ξa. The solution to the consistency condition D(

√
−p2Λa0 − pa)/Dλ = 0

is simply χa = 0 [cf. (A.18)].
By virtue of the partial Legendre transform in (3.22), this Routhian will present as

either a Lagrangian or a Hamiltonian depending on the context, and as such, the equations
of motion for this particle derive from a mixture of Euler-Lagrange and Hamilton equations:

δ

δxµ

∫
dλRpp = 0, dSab

dλ = {Sab,Rpp}. (3.26)

The Poisson brackets for the spin equation follow directly from the structure of the kinetic
term SabΩab

Λ [192, 240], and are given by

{Sab, xµ} = 0, {Sab, Scd} = −ηacSbd + ηadSbc − ηbdSac + ηbcSad. (3.27)

Notice that because these equations are expressed in terms of the covariant spin ten-
sor Sab, one still has to impose the SSC in (3.23) by hand after all of the functional derivatives
and Poisson brackets have been evaluated. This last step may seem rather unsatisfactory
within the framework of an EFT, and while it is indeed possible to remove the unphysical
degrees of freedom in Sab already at the level of the action, one must either bear the cost of a
more complicated Dirac algebra or otherwise offset it by working with a different SSC. More
details on these alternative approaches can be found in refs. [187, 189, 192, 230], but in what
follows, we shall proceed with imposing (3.23) by hand as described above. This approach,
as advocated by Porto and Rothstein [189], will be the most convenient for our purposes, as
we will only be computing spin-orbit effects to leading post-Newtonian order.

One final remark about (3.25) is necessary. Observe that while we started off with a
Lagrangian in (3.15) involving six arbitrary functions of the scalar field, only three have sur-
vived in the Routhian of (3.25) — A, B, and B̃. Because the remaining three functions were
eliminated at the point when we substituted the solution for ξa in (3.24) back into the action,
we deduce that the preservation of the SSC under time evolution establishes new relations
between the different Wilson coefficients, which a priori appeared to be independent. The
general pattern is easy enough to discern: it is those coefficients that multiply operators
proportional to the SSC that are not independent, but whose values end up being fixed in
terms of the others. This has particularly important ramifications for the conformal sector
of the theory, which we now see is parametrised by the single function A. Accordingly, we
conclude that if a scalar is conformally coupled to the mass of a spinning body, then it must
also couple with the same strength to its spin.

– 19 –



J
C
A
P
1
0
(
2
0
2
1
)
0
7
5

4 Conservative potential and the binding energy

Armed with a general point-particle action for spinning bodies, we now turn to consider the
two-body problem. The complete effective action for this system is given by [cf. (2.3)]

Seff = Sfields[g, φ] +
2∑

κ=1
Spp,κ[xκ, Sκ; g, φ], (4.1)

where the label κ ∈ {1, 2} distinguishes between the two constituents of the binary. As for
the fields, we shall assume that any nonlinear self-interactions of the scalar and any of its
nonminimal couplings to the spacetime curvature are subleading on the scales that we are
interested in, and so will take as our fiducial model general relativity plus a massless scalar:

Sfields =
∫

d4x
√
−g
(

2m2
PlR−

1
2 g

µν∂µφ∂νφ+ · · ·
)
. (4.2)

The key output of the numerous calculations in this section is the binding energy for
binary systems in circular nonprecessing orbits, which we shall derive in four stages. In sec-
tion 4.1, we first determine the Feynman rules that will allow us to integrate out the potential
modes from the effective action. We use these rules to calculate the conservative potential
in section 4.2, and then derive the corresponding equations of motion and a number of con-
served quantities, like the binding energy, in section 4.3. Finally, after putting ourselves into
the centre-of-mass frame, we specialise to circular nonprecessing orbits in section 4.4.

4.1 Feynman rules and power counting

Far away from either member of this isolated binary, the scalar and gravitational fields that
these bodies source will only effect weak perturbations about an otherwise flat spacetime. For
this reason, we may perform a weak-field expansion as described in (2.4), and then organise
the resulting terms based on how many powers of hµν and ϕ they contain.

Propagators. After also including an appropriate gauge-fixing term Sgf to impose the
de Donder gauge,16 the field action reads

Sfields + Sgf = 1
2

∫
d4x

(
hµνP

µνρσ�hρσ + ϕ�ϕ+ · · ·
)
, (4.3)

where � := ηµν∂µ∂ν is the wave operator on flat space and Pµνρσ := ηµ(ρησ)ν − ηµνηρσ/2.
Meanwhile, the ellipsis above alludes to an infinite series of higher-order interactions of the
form hn−2(∂h)2 or hn−2(∂ϕ)2 with n ≥ 3 (see refs. [183, 198, 199] for more details), although
these will play no role in the spin-orbit effects to be calculated below. At leading PN order,
all that is required are the propagators for these fields.

Because they are being sourced by objects moving nonrelativistically, it is useful to de-
compose these fields further into potential and radiation modes, as in (2.5). The potential
modes %̂ = (ĥµν , ϕ̂) are those whose spatial and temporal derivatives scale nonuniformly with
the orbital velocity v, such that ∂i%̂/%̂ ∼ 1/r while ∂t%̂/%̂ ∼ v/r [183], where r is the binary’s
orbital separation. This scaling suggests that the quadratic terms involving time derivatives

16One should actually gauge fix the potential and radiation modes of hµν separately [183, 199], but at the
PN order to which are working, this technical subtlety can be glossed over without affecting the final result.
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in (4.3) should also be treated perturbatively as interaction terms; hence, the Feynman propa-
gators for the potential modes are just the Green functions to the Poisson equation [183, 199],

〈T ĥµν(x)ĥρσ(x′)〉 = −iPµνρσ
∫ d4p

(2π)4
eip·(x−x

′)

p2 = −iPµνρσ
δ(t− t′)

4π|x− x′|
, (4.4a)

〈T ϕ̂(x)ϕ̂(x′)〉 = −i
∫ d4p

(2π)4
eip·(x−x

′)

p2 = −i δ(t− t
′)

4π|x− x′|
. (4.4b)

In contrast, the derivatives of the radiation modes %̄ = (h̄µν , ϕ̄) must scale uniformly
with v as ∂i%̄/%̄ ∼ ∂t%̄/%̄ ∼ v/r, since these modes can go on shell to transport energy and
momentum away from the binary. The corresponding propagators in this case are the Green
functions to the wave equation [183, 199],

〈T h̄µν(x)h̄ρσ(x′)〉 = −iPµνρσ
∫ d4p

(2π)4
eip·(x−x

′)

p2 + iε
, (4.5a)

〈T ϕ̄(x)ϕ̄(x′)〉 = −i
∫ d4p

(2π)4
eip·(x−x

′)

p2 + iε
. (4.5b)

Although not used explicitly in what follows, these radiation-mode propagators are essential
to section 5 as they underpin the master formulae in (2.16) for the radiated power.17

Worldline vertices. All of the ways in which these fields can be sourced by the binary are
encoded in the point-particle actions Spp,κ. To go from the covariant formulation in (3.25) to
a nonrelativistic one that is appropriate for the inspiral of a two-body system, we now gauge
fix the worldline parameters to be equal to the coordinate time t [i.e., we take x0

κ(λ) = λ = t]
and will define vµκ := dxµκ/dt = (1,vκ) as the corresponding gauge-fixed version of the tangent
vector ẋµ. At the same time, we will also perform a weak-field expansion as per (2.4), which
allows us to write

Aκ = 1− ακ
(

ϕ

2mPl

)
− α′κ

2

(
ϕ

2mPl

)2
+ · · · , Bκ = βκ

M4 + · · · , B̃κ = β̃κ
M4 + · · · . (4.6)

Factors of 2 in the denominator have been included to render our definition of ακ consistent
with that of ref. [199], which uses a different convention for the Planck mass.

Notice that each body has its own set of Wilson coefficients {ακ, α′κ, βκ, β̃κ, . . . } for
characterising how strongly it interacts with the scalar field. Allowing for these couplings to
be body-dependent is important if we are to construct accurate waveform models for binaries
with strongly gravitating objects, like black holes and neutron stars, since (as we discussed
previously) strong-gravity effects generally lead to a violation of the strong equivalence prin-
ciple [207], even if the underlying scalar-tensor theory respects the weak equivalence principle
at a microscopic level. Notice also that we have normalised the conformal coupling functions
Aκ to be equal to 1 when ϕ = 0. This can be done without loss of generality by absorbing
any overall factors into the definitions of the mass parameters mκ.

What we now have are point-particle actions that are each composed of a kinetic term
and an infinite series of interaction vertices which couple the fields to the worldlines:

Spp,κ = −mκ

∫
dt
√

1− v2
κ +

( )
. (4.7)

17The computation of real-time quantities like the outgoing waveforms and radiation-reaction forces actually
require the use of causal propagators and the in-in formalism, but the Feynman propagators in (4.5) will
suffice when working with time-averaged quantities, as we do here. See refs. [186, 263, 264] for more details.
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Diagram Interaction vertex Scaling

ακmκ

2mPl

∫
dt ϕ

√
L

ακ
2mPl

∫
dt (Si0κ − Sijκ vjκ) ∂iϕ

√
Lv2εS

βκmκ

M4

∫
dt ϕ̇2 εLe

2

β̃κ
M4

∫
dt Sijκ (∂iϕ̇) ∂jϕ εLεS

Table 1. Feynman rules for the four worldline vertices most relevant to this work. The scalar field
should be understood as being evaluated along the worldline; i.e., ϕ ≡ ϕ(t,xκ), and note that we write
ϕ̇ ≡ vµκ∂µϕ as shorthand for denoting a total time derivative. Diagrammatically, each factor of ϕ is
represented by a dashed line, while the worldline itself is drawn as a solid line. Vertices without black
dots are spin-independent, while those with a black dot are coupled to one power of the spin. The
rightmost column lists the power-counting rules for how each vertex scales with the EFT’s expansion
parameters, assuming all factors of ϕ are taken to be potential modes. For each factor of ϕ that is
instead taken to be a radiation mode, simply include an extra factor of

√
v.

Explicit expressions for the four worldline vertices most relevant to this work are presented
here in table 1 alongside their diagrammatic representations, while a longer list (contain-
ing all of the other vertices that will feature in our discussion) can be found in table 5 of
appendix B. As hµν and ϕ have yet to be decomposed into potential and radiation modes,
these tables allow us to read off the appropriate Feynman rules for both the conservative and
radiative sectors.

Power counting. One of the key advantages of the EFT approach is manifest power
counting at the level of the action [183], which allows us to determine ahead of any detailed
calculation the order at which a given Feynman diagram will contribute. For this particular
purpose, it will be convenient to suppose that the binary’s two constituents have compara-
ble masses m and spins S, and that their Wilson coefficients {ακ, α′κ, βκ, β̃κ, . . . } are all of
order one. We must emphasise that this is done purely for the sake of simplicity, and that
the actual quantitative results to follow will hold for arbitrary values of these parameters, as
long as we remain within the EFT’s regime of validity (to be discussed shortly).

Combining these parameters with the binary’s orbital velocity v and separation r, as
well as with the mass scales mPl ≡ (32πGN)−1/2 and M, now allows us to identify three
dimensionless parameters about which to organise a perturbative expansion. These are the
orbital velocity v, the ladder parameter εL ∼ mv2/(2πM4r3), and the ratio εS ∼ S/L, where
L ∼ mrv is the binary’s orbital angular momentum. (It is worth noting here that in the
standard post-Newtonian literature, one typically assumes when power counting that the
binary is composed of two maximally rotating black holes, as this sets εS ∼ v [187]. Making
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this identification does have the benefit of reducing the number of independent expansion
parameters, but we shall not do so here, as treating εS independently of v will help us easily
distinguish between spin-independent and spin-dependent effects.)

The rightmost columns of tables 1 and 5 reveal how each worldline vertex scales with
our three expansion parameters. To arrive at these power-counting rules, we have made use
of the virial relation v2 ∼ GNm/r to show that m/mPl ∼

√
Lv [183], and have also taken∫

dt ∼ T ∼ r/v, since the orbital period T is the most relevant timescale in the problem.
Because

∫
dt δ(t) = 1 by definition, it now follows that δ(t) ∼ 1/T , and thus we can deduce

from (4.4) that the potential modes scale like %̂ ∼ 1/
√
Tr ∼

√
v/r when they appear as in-

ternal lines in a Feynman diagram. In contrast, the radiation modes can be shown to scale
like %̄ ∼ v/r [183, 199]. Finally, any explicit derivatives in tables 1 and 5 are taken to scale
as (∂t, ∂i) ∼ (v/r, 1/r), regardless of whether they act on a potential or radiation mode. The
reason this does not conflict with our earlier discussion above (4.5) is that, when computing
a Feynman diagram that is linear in the radiation modes, any derivatives acting on these
modes should first be removed via integration by parts before one can read off the contribu-
tion to J(x) or Tµν(x) [cf (2.12) and (2.13)], which are the main quantities of interest in the
radiative sector. Having performed this integration by parts, all derivatives are left acting
only on the potential modes.

Any quantity Y built from these Feynman diagrams is thus an infinite series of terms
that each scale homogeneously with the expansion parameters as ∼ [Y ]vaεbSεcL, where [Y ] is
some overall (possibly dimensionful) factor, while a, b, and c are three nonnegative integers.
In what follows, we will find it useful to split any such quantity of interest into different parts
based on the values of these integers. First expanding in powers of εS, we write

Y = Y [o] + Y [so] +O(ε2S), (4.8a)

where the orbital part (O) is spin-independent, while the spin-orbit part (SO) is linear in the
spins. Any term involving two or more powers of εS will be neglected. Next, at each order
in the spin, we perform a ladder expansion in powers of εL to get

Y [x] = Y (C)[x] + Y (D)[x] +O(ε2L), (4.8b)

where X is a placeholder for either O or SO. The conformal part (C) is the set of all terms
that are independent of εL (this includes the terms from pure general relativity, as well as
the terms due to a conformal coupling with the scalar), while the leading disformal part (D)
is composed of all terms that are linear in εL. As with the spin, any term that is of quadratic
order or higher in εL will be neglected. Lastly, each of the terms in (4.8b) admits a further
expansion in powers of the velocity v. We will usually work only to leading order in this
post-Newtonian (PN) expansion, although certain intermediate results will be needed to
next-to-leading (or so-called 1PN) order.

Regime of validity. The conditions v � 1, εS � 1, and εL � 1 are clearly sufficient to
ensure that we remain within the regime of validity of this perturbative EFT, but unlike the
first two, it turns out that the last condition on εL is not actually necessary.

Now is a good time to mention that the two powers of the orbital eccentricity e, which
appear in the third row of table 1, do not arise automatically from the power-counting rules,
but have been included by hand to reflect the results of more detailed calculations, which
show that disformal spin-independent effects actually vanish in the limit of a circular or-
bit [181, 182]. With this factor included, we see that εL is always accompanied by either e2
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or εS when it appears in a Feynman diagram; hence, the necessary and sufficient conditions
that justify truncating some quantity to linear order in εL are εLe2 � 1 and εLεS � 1.

These conditions assume that the two bodies’ Wilson coefficients are all of order one,
but it is a straightforward task to generalise them to account for arbitrary values of the
parameters. The condition εLεS � 1, for instance, becomes

v

2πM4r4max(β̃1S1, β̃2S2)� 1 (4.9)

if we allow for arbitrary spins Sκ and arbitrary coefficients β̃κ, while still assuming that the
two masses mκ are comparable. For more general expressions, and for further details on the
validity of the ladder expansion, we refer the interested reader to refs. [206, 265].

At the same time, an important detail that should not go unmentioned here is that while
the perturbative expansion in (4.8b) clearly breaks down for sufficiently large values of εL, the
point-particle EFT itself remains valid as long as the formal power series expansion in (3.16)
holds. This is the case whenever ϕ/mPl ∼ v2/

√
L and X/M4 ∼ εL/L are both small; hence,

the EFT continues to be predictive even in a regime where εL is large enough that εLe2 � 1
and/or εLεS � 1, but small enough that εL/L� 1. (Note that L� 1 for astrophysical bi-
naries [183].) The only difficulty with studying this regime is that a certain class of “ladder
diagrams” must be resummed, but this has already been shown to be possible, at least for
binaries of nonspinning objects [265, 266]. We expect that similar techniques can also be
applied to study the spinning case, but we leave this task to the future. In what follows, we
will focus solely on the perturbative regime and will truncate our results to linear order in εL.

4.2 Conservative potential

Following (2.9), we can now construct the conservative potential V up to the order prescribed
in (4.8) by summing over all relevant Feynman diagrams with no external fields.

As the spin-independent part of this potential has already been derived several times
in the literature, we feel it sufficient to simply quote the end result here. In the conformal
sector, the result up to 1PN order in the de Donder gauge is [197–199]

V (C)[o] =− G12m1m2
r

(
1− G12m

2r (2γ′12 − 1)

+ 1
2
[
v2

1 + v2
2 − 3v1 · v2 − (n · v1)(n · v2) + 2γ12v2]), (4.10a)

where v = v1 − v2 is the relative velocity between the two bodies, r = x1 − x2 is their relative
displacement, and n = r/r is the unit vector pointing in this direction. From a diagrammatic
viewpoint, the leading 1/r term in this potential can be attributed to t-channel exchanges of
potential-mode gravitons and scalars between the two worldlines, as depicted in figures 2(a)
and 2(b), respectively. These two interactions combined give rise to an inverse-square-law
force whose overall strength is set by the effective gravitational constant G12 := GN(1 +
2α1α2). The remaining terms in (4.10a) are the 1PN corrections, which stem from a total
of 11 diagrams (see, e.g., figure 7 of ref. [199]) and can be seen to depend on two constants,
γ12 and γ′12, that are built from combinations of the bodies’ parameters. These symbols
are defined in table 2, as are all of the other variables and parameter combinations used
in this work.

The leading contribution to the disformal spin-independent sector was recently cal-
culated in ref. [182], albeit only for the special case in which α1 = α2 and β1 = β2. It is
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Figure 2. Feynman diagrams contributing to the spin-independent potential at leading PN order.
The exchange of a (a) graviton and (b) scalar between the two worldlines is responsible for the
leading 1/r term in the conformal sector, while the diagram in (c) gives rise to the leading term in
the disformal sector. The mirror inverse of this third diagram, wherein the β vertex is attached to
the bottom worldline, is included implicitly as we do not distinguish between the two solid lines.

Symbol Definition Symbol Definition
Relative coordinates

γ12 1− 4α1α2
1 + 2α1α2r x1 − x2

n r/r (r = |r|)
γ′12 1− 2(mα2

1α
2
2 +m1α

2
1α
′
2 +m2α

2
2α
′
1)

m(1 + 2α1α2)2v v1 − v2

a a1 − a2 Radiative sector
Mass combinations ∆α α1 − α2

m m1 +m2
a

(`)
±

α1m1m
`
2 ± (−1)`α2m2m

`
1

m`+1∆m m1 −m2

ν m1m2/m
2

a
′ (`)
±

α′1α2m1m
`
2 ± (−1)`α′2α1m2m

`
1

m`+1Spin combinations
S S1 + S2

b̃
(`)
±

β̃1α2m1m
`
2 ± (−1)`β̃2α1m2m

`
1

m`+1Σ m (S2/m2 − S1/m1)
S± (m2/m1)S1 ± (m1/m2)S2

a
(1)
NLO

2a′ (2)
− − a

(2)
−

1 + 2α1α2
− 3

5a
(3)
+χκ Sκ/(GNm

2
κ)

Conservative sector
ζ 1 + 1

3

(
a

(2)
+
ν

)2

G12 GN(1 + 2α1α2)

Table 2. Definitions for all of the variables and parameter combinations used in this work. Both the
antisymmetric tensor Sijκ and the 3-vector Siκ encode the same information about the bodies’ spins,
and one can easily switch between the two by using the definition Sijκ ≡ εijkSkκ. It follows that S, Σ,
and S± can also be expressed either as antisymmetric tensors or 3-vectors, since they are just linear
combinations of the individual spins. Which form we decide to use is ultimately based on convenience.

nevertheless straightforward to repeat the calculation with arbitrary coefficients, in which
case one finds

V (D)[o] = −GNm1m2
2πM4r4 (m1α

2
1β2 +m2α

2
2β1)(n · v)2. (4.10b)

The Feynman diagram responsible for this disformal interaction is shown in figure 2(c).
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Figure 3. Feynman diagrams contributing to the (a-c) conformal and (d) disformal parts of the spin-
orbit potential at leading PN order. The mirror inverses of these diagrams are all included implicitly
as we do not distinguish between the two solid lines.

Now turning our attention to the spin-orbit part of the potential, we find that

V (C)[so] = GNm2
r2 ni

[
2Sij1 vj + (1 + 2α1α2)(Si01 − S

ij
1 v

j
1)
]

+ (1↔ 2), (4.10c)

V (D)[so] = GNm
2
2α

2
2

2πM4r5 β̃1S
ij
1 n

ivj + (1↔ 2) (4.10d)

at leading order in v, and note that both n and v swap sign under the interchange of the body
labels 1↔ 2. The conformal terms in (4.10c) are the result of three Feynman diagrams, as
shown in figures 3(a) to 3(c). The first two are the usual contributions from general relativity,
which have previously been calculated in ref. [187], while the third diagram in figure 3(c)
accounts for the extra effect from the scalar field, whose evaluation is novel to this work.
Likewise, the evaluation of figure 3(d), which leads to the disformal terms in (4.10d), is
also a novel result. The details of these algebraically lengthy calculations are presented
in appendix B.

It is now worth highlighting that these results are written in terms of the spin compo-
nents Si0κ and Sijκ . In this 3 + 1 decomposition, our index notation can no longer distinguish
between spin tensors defined in different frames; hence, we should clarify that we will always
be working with the spin tensor as defined in the locally flat frame, until stated otherwise.
The covariant SSC in (3.23) can be rewritten as

Si0κ ≈ Sijκ vjκ (4.11)

in this notation, up to O(v2) corrections that come from projecting the tangent vector vµκ
onto the locally flat frame [195, 230].18 These corrections need not concern us at the order
to which we are working, however.

4.3 Equations of motion

Potential in hand, the equations of motion for this two-body system now follow from the
Euler-Lagrange and Hamilton equations in (2.10). The former tells us that the worldlines
trace out trajectories governed by the equation ẍκ = aκ, where the acceleration vector aκ
specifies the total force per unit mass acting on the κth body. Splitting it up into its four

18The vierbein that effects this transformation is eaµ = δaµ +O(v2), where δaµ is the Kronecker delta.
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constituent parts as per (4.8), we find that the acceleration of the first body is

a
(C)
1 [o]i =− G12m2

r2

(
1− G12

r
[2m(γ12 + γ′12) +m1] + γ12v2 − 2v1 · v2

+ v2
2 −

3
2(n · v2)2

)
ni + G12m2

r2
[
(2γ12 + 1)n · v + n · v1

]
vi, (4.12a)

a
(D)
1 [o]i = 2GNm2(β2α

2
1m1 + β1α

2
2m2)

2πM4r5

(
3(n · v)2 − v2 + G12m

r

)
ni, (4.12b)

a
(C)
1 [so]i = 3GNm2

r3

(
2n〈inj〉vk(Ŝjk1 + Ŝjk2 ) + [(1− 2α1α2)Ŝij1 + 2Ŝij2 ]n〈jnk〉vk

)
, (4.12c)

a
(D)
1 [so]i =− 18GN

2πM4r6
1
m1

(
m2

2α
2
2β̃1S

jk
1 +m2

1α
2
1β̃2S

jk
2
)
n〈inj〉n〈knp〉vp (4.12d)

to the order at which we are working, and note that we write Ŝκ ≡ Sκ/mκ as shorthand.
The acceleration of the second body can then be obtained by simply interchanging the labels
1↔ 2, and recall that the vectors n and v swap sign under this interchange.

To obtain the spin equations of motion, it is useful to first introduce the spin vector Siκ
as an alternative but equivalent way of encoding the same information as the antisymmetric
tensor Sijκ . The two are related by the identity Sijκ ≡ εijkSkκ, and in what follows, we shall
often switch between them based on whichever proves more convenient. In terms of these
spin vectors, the Poisson brackets in (3.27) read

{Siκ, x
j
κ′} = {Si0κ , x

j
κ′} = 0, {Siκ, S

j
κ′} = −δκκ′ε

ijkSkκ, {Siκ, S
j0
κ′ } = −δκκ′ε

ijkSk0
κ , (4.13)

and Hamilton’s equation then tells us that

dS1
dt = GNm2

r2
[
2(n× v)× S1 + v1 × (n× S1)

]
+ 2GNm2α1α2

r2 v1 × (n× S1) + GNm
2
2α

2
2

2πM4r5 β̃1(n× v)× S1. (4.14)

The last term above is the leading contribution in the disformal sector, while the rest make
up the leading contribution in the conformal sector. The equation governing the evolution
of S2 follows after interchanging the labels 1↔ 2.

Worth reiterating is the requirement that the SSC in (4.11) be imposed only at the
level of the equations of motion, and not beforehand. Having done so, this explains why the
conservative potential in (4.10) depends explicitly on both Si0κ and Sijκ , whereas the equations
of motion in (4.12) and (4.14) depend only on the latter (or its equivalent, Siκ).

Constants of motion. These equations fully specify the conservative dynamics of our
two-body system at the order to which are working, but are difficult to solve as is, and so
motivate us to look for a number of conserved quantities.

To begin with, the fact that the two-body Routhian19 is invariant under spatial trans-
lations tells us via Noether’s theorem that the total linear momentum

P i =
∑
κ

∂R
∂viκ

=
(

1+v2
1

2 −
G12m2

2r

)
m1v

i
1−

G12m1m2
2r (n·v1)ni−G12m2

r2 Sij1 n
j+(1↔ 2) (4.15)

19Or, more fundamentally, the two-body Lagrangian L = R+
∑

κ
ΩabΛ,κSκ,ab/2.
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is a constant of motion. Notice that this momentum receives no contribution from the
disformal terms in (4.10b) and (4.10d) because any term in R that depends on v1 and v2
only via the relative velocity v (= v1 − v2) cancels itself out once we sum over κ.

Similarly, rotational invariance leads to a conserved total angular momentum

J i = Li + Si. (4.16)

The binary’s orbital angular momentum is given by Li =
∑
κmκ(xκ × vκ)i at leading order,

while Si =
∑
κ S

i
κ is the sum of the two individual spin vectors.20

Another important symmetry of the Lagrangian is its invariance under Lorentz boosts,
which although no longer manifest, is guaranteed by the fact that our EFT in (4.1) is globally
Poincaré invariant. Consequently, the vector [270]

Ki := Gi − P it (4.17)

is conserved order by order in the PN expansion, and since P i is itself a conserved quantity,
differentiation with respect to time tells us that dGi/dt = P i. The vector Gi can thus be
interpreted as (being proportional to) the position of the binary’s centre of mass. In our
case, it is easy enough to integrate (4.15) directly to find

Gi =
(

1 + v2
1

2 −
G12m2

2r

)
m1x

i
1 + Sij1 v

j
1 + (1↔ 2), (4.18)

up to an irrelevant additive constant. In arriving at this result, we made use of the equation
of motion in (4.12a), but were free to ignore the other three lines in (4.12) as they do not
contribute at the order to which we are working. Similarly, the spin can be held constant
when going from (4.15) to (4.18), or vice versa, as the time derivative in (4.14) leads to
spin-orbit terms that contribute only at next-to-leading PN order.

Combining (4.18) with our definition for the relative displacement, r = x1 − x2, gives
us two equations that can be solved simultaneously for x1 and x2 as functions of r and G;
thereby allowing us to disentangle the relative motion of the binary from the motion of its
centre of mass. Indeed, the latter can be ignored completely by putting ourselves into the
centre-of-mass (CM) frame, wherein Gi = 0 and P i = dGi/dt = 0. Having done so, we find
that the expression for x1 in this frame is

xi1 = m2
m
ri + ∆mν

2m

(
v2 − G12m

r

)
ri + ν

m
Σijvj . (4.19a)

The mass difference ∆m, the symmetric mass ratio ν, and the spin parameter Σ are all
defined as in table 2. The expression for x2 then follows after interchanging the labels 1↔ 2,
and note that r, v, ∆m, and Σ all swap sign under this interchange.

Now combining the condition P i = 0 with the definition v = v1 − v2 gives us another
two equations that can be solved simultaneously for v1 and v2. At the order to which we are
working, the result for v1 in the CM frame is

vi1 = m2
m
vi + ∆mν

2m

[(
v2 − G12m

r

)
vi − G12m

r
(n · v)ni

]
− G12ν

r2 Σijnj , (4.19b)

20At higher orders in the PN expansion, Li will also depend on the spin variables [267–269], but these
corrections will be of no concern to us here.
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while the result for v2 follows after interchanging the labels 1↔ 2. As a consistency check,
note that (4.19b) can also be obtained by differentiating (4.19a) with respect to time and then
using the equations of motion.

The last constant of motion we shall consider is the binary’s total energy, which can
be determined by constructing the two-body Hamiltonian H. Having already performed a
partial Legendre transform on the spin variables to get to the Routhian, all that remains is
to Legendre transform the position variables; hence,

H =
∑
κ

viκ
∂R
∂viκ
−R. (4.20)

Subtracting the rest masses of the two bodies from this Hamiltonian gives us the orbital
binding energy E := H−m1 −m2, and it is convenient to further define E := E/(mν) as
the orbital binding energy per unit reduced mass. Split into its four constituent parts as
per (4.8), we have that

E(C)[o] = 1
2v2 + 3

8(1− 3ν)v4 − G12m

r

(
1− G12m

2r (2γ′12 − 1)

− 1
2(2γ12 + 1 + ν) v2 − 1

2ν(n · v)2
)
, (4.21a)

E(D)[o] = GNm

2πM4r4 (m1α
2
1β2 +m2α

2
2β1)(n · v)2, (4.21b)

E(C)[so] = G12
r2 nivjSij+ , (4.21c)

E(D)[so] = 0 (4.21d)

when expressed in the CM frame. The disformal spin-orbit contribution vanishes at the order
to which we are working because (4.10d) is linear in the velocities, and so cancels itself out in
the Legendre transform. Meanwhile, the conformal spin-orbit contribution is nonvanishing
only because of the terms in (4.10c) that are proportional to Si0κ , and we reiterate yet again
that the SSC should be imposed only at the end of our manipulations.

Relative acceleration. Given the transformation rule in (4.19), we can now simplify the
equations of motion by putting them into the CM frame. For the worldlines, we find that the
displacement vector r = x1 − x2 evolves according to the equation r̈ = a, where a = a1 − a2
is the relative acceleration between the two bodies. Explicitly, we have that

a(C)[o]i =− G12m

r2

(
1− 2G12m

r
(γ12 + γ′12 + ν) + (3ν + γ12) v2

− 3ν
2 (n · v)2

)
ni + 2G12m

r2 (1 + γ12 − ν)(n · v) vi, (4.22a)

a(D)[o]i = 2GNm(m1α
2
1β2 +m2α

2
2β1)

2πM4r5

(
3(n · v)2 − v2 + G12m

r

)
ni, (4.22b)

a(C)[so]i = 3GN
r3

(
2n〈inj〉vk(Sjk+ + Sjk) + [(1− 2α1α2)Sij+ + 2Sij ]n〈jnk〉vk

)
, (4.22c)

a(D)[so]i =− 9GNm

2πM4r6
[
(α2

2β̃1 + α2
1β̃2)Sjk+ + (α2

2β̃1 − α2
1β̃2)Sjk−

]
n〈inj〉n〈knp〉vp. (4.22d)

The spin combinations S+ and S− are defined as in table 2.
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Spin precession. Applying (4.19) to (4.14) allows us to replace v1 by m2v/m+O(v3),
but the result is still not in a useful form because it does not preserve the magnitude of the
spin vector. One can see this easily by taking the inner product of (4.14) with 2S1 to find
that 2S1 · dS1/dt = dS2

1/dt 6= 0. However, recall from our discussion in section 3 that the
magnitude of the spin tensor is conserved [i.e., D(Sκ,abSabκ )/Dλ = 0]; hence, it must be that
the nonconservation of S2

κ is simply a coordinate artefact.
Indeed, a simple Lorentz boost in the direction of the body’s motion is all that is required

to put (4.14) into the form of a precession equation. The spin vector Scmv
1 defined in this

comoving frame is related to the spin in the locally flat frame by [187, 189]

Scmv
1 = S1 + 1

2v1 × (v1 × S1) +O(v4). (4.23)

Making this transformation, using the equation of motion for a1, and then using (4.19) to
replace v1 by m2v/m, we find that (4.14) ultimately becomes

d
dtS

cmv
1 = GN

r3

(
m2
m1

)(2m1
m2

+ 3
2 − α1α2 + mα2

2β̃1
2πM4r3

)
L× Scmv

1 , (4.24)

where L = mνr × v is the orbital angular momentum vector in the CM frame. As usual, the
equation of motion for Scmv

2 follows after interchanging the labels 1↔ 2.
The fact that the equations of motion automatically conserve the magnitude of Scmv

κ

makes this spin vector a much more natural variable to work with, and so we shall now
switch from working with the spin in the locally flat frame to working with the spin in the
comoving frame.21 This switch is certainly beneficial on a conceptual level, but because the
difference between Sκ and Scmv

κ is of order v2 [see (4.23)], very little actually changes on a
practical level; at least, at the order to which are working. Apart from (4.14), which has now
been superseded by (4.24), all of the other results in this section remain the same regardless
of whether they are written in terms of Sκ or Scmv

κ . For this reason, we shall further drop
the superscript “cmv” in what follows to declutter our notation, and so the symbol Sκ will
henceforth refer to the spin of the κth body as defined in the comoving frame.

4.4 Circular nonprecessing orbits

To conclude this section, we now specialise to binary systems in circular nonprecessing orbits.
A binary is said to be nonprecessing if the spins of its two constituents are either aligned
or anti-aligned with the orbital angular momentum. In this particular configuration, (4.24)

21A natural question that arises in retrospect is whether we could have formulated everything in terms of this
comoving spin variable from the outset. We ultimately decided on the approach presented herein (which is a
generalisation of the Routhian approach by Porto and Rothstein [190]) as we found it to be the most convenient
for our purposes. Nevertheless, as we mentioned below (3.27), there are certainly other ways in which we could
have arrived at the same result (up to gauge transformations). For instance, Levi and Steinhoff [192] have
shown how one can implement the SSC directly at the level of the action by introducing what are essentially
Stueckelberg fields associated with the internal SO(3) symmetry of the particle’s body-fixed frame, followed
by a subsequent transformation of the phase-space variables. Note that this is in stark contrast to the method
of this paper, wherein the SSC can be imposed only after the equations of motion are obtained via (2.10).
The specific SSC used in ref. [192] is a generalisation of the Pryce-Newton-Wigner SSC [238, 271], and it turns
out that the transformed spin variable that satisfies this SSC is closely related to the comoving spin variable
defined herein. (To see this, compare (4.23) with eqs. (57)–(59) of ref. [190].) Alternatively, section 11 of
ref. [233] (see also ref. [206]) describes how one can work with the comoving spin from the outset, albeit at
the level of the equations of motion.
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tells us that the spin vectors Sκ are individually conserved, and since the total angular
momentum J is necessarily conserved (when neglecting radiation), it follows that the orbital
angular momentum L is also conserved. This makes it possible for us to find a solution
to (4.22) that describes a circular orbit.

Specifically, what we are looking for is a solution that satisfies the conditions n · v = 0
and a = −Ω2r. We also have that v2 = r2Ω2 by definition, and this can be used to elimi-
nate all instances of v2 from (4.22); thus leaving us with an implicit equation that relates the
orbital frequency Ω to the relative separation r. Order by order in our three expansion param-
eters, we find that the solution to this implicit equation is [note that S+ = S + (∆m/m)Σ]

Ω2 = G12m

r3

[
1− (2γ′12 + γ12 − ν)

(
G12m

r

)

−
( ˆ̀·S
G12m2

5 + 2α1α2
1 + 2α1α2

+
ˆ̀·Σ

G12m2
3 + 2α1α2
1 + 2α1α2

∆m
m

)(
G12m

r

)3/2

− m

2πM4(G12m)3

∑
σ=±

2 ˆ̀·Sσ
G12m2

α2
2β̃1 + σα2

1β̃2
1 + 2α1α2

(
G12m

r

)9/2 ]
, (4.25)

where ˆ̀ is the unit vector in the direction of L. Notice that there are no disformal spin-
independent terms in the above result, as these vanish for circular orbits [181, 182].

A more useful result to have is the inverse of this relation, which reads

G12m

r
= x

[
1 + 1

3(2γ′12 + γ12 − ν) x + 1
3

( ˆ̀·S
G12m2

5 + 2α1α2
1 + 2α1α2

+
ˆ̀·Σ

G12m2
3 + 2α1α2
1 + 2α1α2

∆m
m

)
x3/2

+ m

2πM4(G12m)3

∑
σ=±

2
3

ˆ̀·Sσ
G12m2

α2
2β̃1 + σα2

1β̃2
1 + 2α1α2

x9/2
]

(4.26)

when written in terms of the post-Newtonian variable

x := (G12mΩ)2/3. (4.27)

For circular nonprecessing orbits, performing a post-Newtonian expansion is tantamount to
expanding in powers of this single variable x, since we have that x ∼ GNm/r ∼ v2 on account
of the virial theorem. Thus, the order at which a given term contributes can be easily
ascertained by simply counting powers of x.

Now imposing the conditions for a circular orbit on (4.21), and then using (4.26)
and (4.27) to eliminate r and Ω in favour of x, we finally arrive at the main result of this
section. Split into its four constituent parts as per (4.8), the binding energy for a binary in
a circular nonprecessing orbit is

E(C)[o] = −1
2 x + 1

24(9 + 8γ12 − 8γ′12 + ν) x2, (4.28a)

E(D)[o] = 0, (4.28b)

E(C)[so] = −1
3

( ˆ̀·S
G12m2

7− 2α1α2
1 + 2α1α2

+
ˆ̀·Σ

G12m2
3− 2α1α2
1 + 2α1α2

∆m
m

)
x5/2, (4.28c)

E(D)[so] = − m

2πM4(G12m)3

∑
σ=±

4
3

ˆ̀·Sσ
G12m2

α2
2β̃1 + σα2

1β̃2
1 + 2α1α2

x11/2. (4.28d)
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Notice as before that there are no disformal spin-independent terms in this result, as E(D)[o]
vanishes identically for circular orbits [181, 182]. Our results for E(C)[so] and E(D)[so], mean-
while, are each given to leading PN order, while the result for E(C)[o] is accurate to next-to-
leading PN order.

As a general rule, the relative importance of each of these terms can now be estimated
by simply comparing their leading powers of x. Case in point, we find that the conformal
spin-orbit term in (4.28c) is smaller than the leading spin-independent term in (4.28a) by
one and a half powers of x, and conventionally, we say that the former starts at 1.5PN order
relative to the latter. The disformal spin-orbit term in (4.28d), meanwhile, starts at relative
4.5PN order, although its contribution to the binding energy is not actually as small as this
naive power counting would suggest. This is due to the size of the overall prefactor

m

2πM4(G12m)3 ∼
(
rV
rS

)3
, (4.29)

which we may interpret as being the (cubed) ratio of the binary’s Vainshtein radius rV to
its Schwarzschild radius rS . For suitably small values of the coupling scale M, this ratio
can be large enough to counteract the suppression from the additional powers of x; thus
allowing (4.28d) to impart a greater contribution to the binding energy than (4.28c).22 In
fact, this is precisely why we are keeping track of this disformal spin-orbit interaction.

To close this section, one final remark about the binding energy is worth making. Notice
that its general expression for arbitrary orbits in (4.21) has a vanishing disformal spin-orbit
part, but E(D)[so] is nonvanishing in (4.28d). This difference can be traced back to the
leading v2/2 (≡ r2Ω2/2) term in (4.21), which gives rise to the extra disformal terms in
question upon use of (4.26) and (4.27); i.e., upon use of the equations of motion. Physically,
we may interpret this as saying that the disformal spin-orbit interaction behaves similarly
to a magnetic field. While it does not do any work, it can still lead to bound orbits, and a
stronger disformal interaction leads to an orbit that is more tightly bound.

5 Radiated power and the gravitational-wave phase

An isolated two-body system eventually coalesces as it emits gravitational and scalar waves.
In this section, our goal is to characterise this outgoing radiation and to quantify its impact
on the evolution of the binary. We begin by first computing the power radiated into scalar
waves in section 5.1, before turning to a discussion of the accompanying gravitational waves
in section 5.2. In section 5.3, we then combine these results into a balance law to determine
how the phase of the orbit evolves with time. This ultimately feeds into our result for the
gravitational-wave phase, which is what our detectors can measure.

Throughout this discussion, our focus will be centred purely on the linear part of the
radiative sector, and we will therefore neglect all subleading contributions from nonlinear
effects like tail terms. Moreover, as we did in the conservative sector, the key results in this
section will be limited to (quasi)circular nonprecessing orbits for simplicity.

22Our power-counting scheme can be used to verify that this inverted hierarchy does not invalidate our
perturbative expansion. We find that (4.28c) is suppressed by v2εS relative to (4.28a), while (4.28d) is
suppressed by εLεS relative to (4.28a); hence, the disformal spin-orbit interaction can be larger than its
conformal counterpart whenever M is small enough that v2εS � εLεS. This is still within the regime of
validity of our perturbative EFT as long as εLεS � 1; or, in other words, as long as the disformal spin-orbit
term is smaller than the leading spin-independent term.
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Figure 4. Feynman diagrams contributing to scalar radiation at leading PN order. Diagrams (a)
and (b) depict the leading spin-independent terms in the conformal and disformal sector, respectively.
The external field lines correspond to radiation modes, while any internal field lines correspond to
potential modes. The mirror inverses of these diagrams are all included implicitly as we do not
distinguish between the two solid lines.

5.1 Scalar radiation

Our starting point for the study of scalar waves is the source function J(x), which can be
obtained by summing over all Feynman diagrams with one external radiation-mode scalar ϕ̄
[see (2.12)]. At the order to which we are working, the spin-independent part of J(x) turns
out to be localised entirely along the two worldlines, meaning

J [o] =
∑
κ

qκ(t) δ(3)(x− xκ(t)). (5.1)

The outgoing scalar waves can thus be understood as being sourced by the periodic motion
of a set of scalar charges

qκ(t) = ακmκ

2mPl

∑
κ′ 6=κ

[
1− v2

κ

2 −
GNmκ′

r

(
1− 2α′κακ′

ακ

)
− ακ′mκ′

ακmκ

βκmκ

2πM4
d2

dt2
(1
r

)]
. (5.2)

None of this is new. The first three terms — which together make up the conformal part
of this result — have been taken from ref. [199], while a straightforward generalisation of
the result in ref. [182] gives us the remaining disformal term. (To clarify, the result in
ref. [182] is limited to systems with α1 = α2 and β1 = β2, but it is easy enough to repeat
the calculation with arbitrary Wilson coefficients.) In the language of Feynman diagrams,
the leading conformal term in (5.2) can be seen to arise from figure 4(a), while the leading
disformal term comes from figure 4(b). Not shown here are the four other diagrams (see, e.g.,
figure 8 of ref. [199]) that are responsible for the 1PN corrections in the conformal sector.

Now turning our attention to the spin-orbit part of J(x), power counting reveals that
the leading conformal and disformal terms are given by figures 5(a) and 5(b), respectively.
Notice, however, that the diagram in figure 5(a) is proportional to Si0κ − Sijκ vjκ (see table 1),
and so vanishes when we impose the covariant SSC in (4.11). As the relevant observables in
the radiative sector do not involve any Poisson brackets or functional derivatives, we are free
to impose this constraint already at the level of the action; hence, the spin-orbit part of J(x)
is purely disformal at the order to which we are working. As it so happens, this part is also
localised entirely along the two worldlines, as we can write

J [so] = −
∑
κ

qiκ(t)∂iδ(3)(x− xκ(t)). (5.3)
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Figure 5. Feynman diagrams contributing to scalar radiation in the spin-orbit sector. Diagrams (a)
and (b) depict the leading conformal and disformal terms, respectively, while diagram (c) is an example
of a conformal term that contributes at next-to-leading PN order. The external field lines correspond
to radiation modes, while any internal field lines correspond to potential modes. The mirror inverses
of these diagrams are all included implicitly as we do not distinguish between the two solid lines.

The vectors qiκ(t) may be interpreted as scalar dipole moments that are both spin and velocity
dependent. Explicitly, we have that

qiκ(t) = −
∑
κ′ 6=κ

ακ′mκ′

2mPl

3β̃κ
2πM4r3S

ij
κ n
〈j
κκ′n

k〉
κκ′v

k
κκ′ , (5.4)

having defined nκκ′ = (xκ − xκ′)/r and vκκ′ = vκ − vκ′ for the sake of brevity. The evalua-
tion of figure 5(b), which is what leads to this result, is novel to this work and is discussed
in more detail in appendix B.

Scalar multipole moments. With J(x) in hand, we can now use (2.15) to determine the
scalar multipole moments QL for the binary as a whole. Split into their four constituent
parts as per (4.8), we find that

QL(C)[o] =
∑
κ

ακmκ

2mPl
x〈L〉κ , (5.5a)

QL(D)[o] = −
∑
κ

∑
κ′ 6=κ

ακ′mκ′

2mPl

βκmκ

2πM4
d2

dt2
(1
r

)
x〈L〉κ , (5.5b)

QL(C)[so] = 0, (5.5c)

QL(D)[so] = −
∑
κ

∑
κ′ 6=κ

ακ′mκ′

2mPl

3`β̃κ
2πM4r3x

〈i2··· i`
κ S

i1〉 j
κ n

〈j
κκ′n

k〉
κκ′v

k
κκ′ , (5.5d)

where the result in each line is given to leading order in v.23 These expressions should be
regarded as being “off shell” in the sense that they currently make no assumptions about the
binary’s orbit, apart from requiring that |xκ| � r/v, as is needed to establish the validity of
the multipole expansion in (2.14).

What we will do now is put these results “on shell” by going into the CM frame and
substituting in the solutions to the equations of motion. For circular nonprecessing orbits,
we find that these scalar multipole moments can all be cast into the general form

QL = m

2mPl

(
G12m

x

)̀
Q`(x)n〈L〉, (5.6)

23Only the p = 0 terms in (2.15) are needed at this order.
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although it must be emphasised that this expression holds only at the order to which we are
working. The dimensionless functions Q`(x) are given by

Q
(C)
` [o] = a

(`)
+ , (5.7a)

Q
(D)
` [o] = 0, (5.7b)

Q
(C)
` [so] =

[ ˆ̀·Σ
G12m2

(
νa

(`−1)
+ − 3 + 2α1α2

1 + 2α1α2

∆m
m

a
(`)
+
3

)
−

ˆ̀·S
G12m2

5 + 2α1α2
1 + 2α1α2

a
(`)
+
3

]
`x3/2, (5.7c)

Q
(D)
` [so] = m

2πM4(G12m)3

∑
σ=±

2
3

ˆ̀·Sσ
G12m2

(3
4 b̃

(`−1)
−σ − α2

2β̃1 + σα2
1β̃2

1 + 2α1α2
a

(`)
+

)
`x9/2 (5.7d)

when split into their four constituent parts, with a
(`)
± and b̃

(`)
± defined as in table 2. The result

in each line is accurate to leading order in v, with the exception of (5.7b), which vanishes
identically for circular orbits [182].

Two other observations about these results are now worth making. First, notice that
while the conformal spin-orbit part QL(C)[so] is zero off shell [see (5.5c)], it is nonzero on shell.
The first term in (5.7c) arises when we use (4.19) to go into the CM frame. This transforma-
tion introduces a new term into QL(C)[o] that is linear in Σ, which must then be reclassified as
a new term in QL(C)[so]. The subsequent use of the equations of motion in (4.26) and (4.27)
causes more terms to “leak” from the spin-independent sector into the spin-orbit sector, and
is responsible for the remainder of (5.7c), as well as the second term in (5.7d).

That QL(C)[so] vanishes off shell is, of course, merely an artefact of working at leading PN
order. It is nonzero already at next-to-leading order, but for our purposes, these corrections
can be safely neglected, since their contribution to QL is smaller than that of (5.7c). To verify
that this is the case, consider just one out of the many Feynman diagrams contributing to
QL(C)[so] at this order. An example is shown in figure 5(c). Power counting tells us that this
diagram scales as (

√
Lv) (v3εS)

√
v — the first two factors in parentheses come from table 5,

while the extra factor of
√
v accounts for the fact that the outgoing scalar is a radiation mode.

Now dividing this by
∫

d4x ϕ̄ ∼ (r4/v)(v/r) and then multiplying by
∫

d3xx〈L〉 ∼ r`+3 to get
its contribution to QL [cf. (2.14) and (2.15)], we see that figure 5(c) results in a term that
scales as

√
Lvr`v4εS. This should be contrasted with the term in (5.7c), whose contribution

to QL scales as
√
Lvr`v2εS, which is indeed one PN order lower.

Our second observation pertains to the order at which different multipoles contribute
to the power Pφ. In appendix C, we show that the master formula in (2.16a) simplifies to

Pφ =
∞∑
`=0

8πN`

G12(1 + 2α1α2)Q
2
` (x) x`+3 (5.8)

when the on-shell expression in (5.6) holds. The numerical coefficient N` can be evaluated on
a case-by-case basis [see (C.7)], and we find that N0 = 0, N1 = 1/12π, and N2 = 4/15π for
the lowest few values of `. Written in this way, (5.8) clearly shows that the higher multipole
moments are suppressed by increasingly many powers of x (∼ v2), and so contribute less and
less to the final result. Consequently, it will generally suffice to keep only the contribution
from the dipole moment when working to leading PN order.

There is, however, an important exception to this rule that arises when the binary’s con-
stituents have comparable coupling strengths ακ, as this results in a dipole moment whose
spin-independent part vanishes at leading PN order. Said differently, the definitions in ta-
ble 2 can be used to show that Q(C)

`=1[o] = ∆αν, where ∆α := α1 − α2, and we must be able to
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account for the possibility that ∆α can vanish if our results are to be as general as possible.
To that end, we will now determine which terms must be included in our calculation for Pφ
when ∆α = 0 (or is otherwise suitably small) by making a few power-counting arguments.
In the spin-independent sector, a cursory glance at (5.7) and (5.8) reveals that the dipole
moment contributes a term to Pφ[o] that is usually proportional to x4 (plus higher-order cor-
rections), but that becomes proportional to x6 when ∆α = 0, since Q(C)

`=1[o] ∼ O(x) in this
case. The size of ∆α has no effect on the starting PN order of the other multipole moments,
however, and so the quadrupole moment — whose contribution to Pφ[o] is always propor-
tional to x5 — takes over as the dominant term when ∆α = 0. All of the higher multipoles
remain suppressed by additional powers of x, and thus can always be neglected when working
to leading order.

The situation in the spin-orbit sector is rather different, on account of Pφ[so] be-
ing built from cross terms of the form Q`[o]Q`[so] x`+3. From (5.7) and (5.8), we see
that the dipole moment contributes a term in Pφ

(C)[so] that is usually proportional to
Q(C)
`=1[o]Q(C)

`=1[so] x4 ∼ x11/2, but that becomes proportional to x13/2 when ∆α = 0 for the
same as reason as before; namely, because Q(C)

`=1[o] ∼ O(x) in this limit. Meanwhile, the
quadrupole moment provides a contribution that is also proportional to x13/2 regardless of
the size of ∆α; hence, both must be included when ∆α is suitably small, but only the for-
mer is needed otherwise. The same is true in the disformal spin-orbit sector as well, except
that the dipolar contribution now scales as Q(C)

`=1[o]Q(D)
`=1[so] x4 ∼ x17/2 or x19/2 depending on

the size of ∆α, while the quadrupolar contribution is always proportional to x19/2. All of
the higher multipoles are consistently suppressed by additional powers of x and can there-
fore be neglected.

This simple power-counting exercise has identified which terms are needed for a complete
solution to Pφ at the order to which are working, and we now see that in addition to the
leading-order expressions in (5.7), we will also require Qi(C)[o] at next-to-leading PN order.
Indeed, it is precisely for this reason that we have kept the conformal spin-independent results
in section 4 and in (5.2) accurate to 1PN order.

Substituting (5.2) into (2.15) as before, but now keeping the 1PN corrections, we find
that the conformal spin-independent part of the dipole moment is

Qi(C)[o] =
∑
κ

∑
κ′ 6=κ

ακmκ

2mPl

{[
1− v2

κ

2 −
GNmκ′

r

(
1− 2α′κακ′

ακ

)]
xiκ

+ 1
10
[
2(aκ · xκ + v2

κ)xiκ + 4(xκ · vκ) viκ + |xκ|2aiκ
]}
. (5.9)

Even with these 1PN corrections included, (5.9) can still be cast into the general form of (5.6)
thanks to the vanishing of the viκ term and the fact that aiκ ∝ ni when evaluated on shell for
circular nonprecessing orbits. The same cannot be said of the higher multipoles, but these
do not contribute at the order to which we are working. For the dipole moment, we find that

Q
(C)
`=1[o] = ∆αν

(
1− 1

3(2γ′12 + γ12 − ν) x
)

+ a
(1)
NLO x (5.10)

to 1PN order after using (4.19), (4.26), and (4.27); with a
(1)
NLO defined as in table 2.

Radiated power. The power radiated into scalar waves can now be computed explicitly.
Following ref. [203], we will account for the possibility that ∆α can vanish by splitting the
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power into a dipolar (d) and nondipolar (nd) part:

Pφ = Pφ,d + Pφ,nd. (5.11)

The nondipolar part is defined as the set of terms that survive in the limit ∆α→ 0, while
the dipolar part consists of the remaining terms that are all proportional to at least one
power of ∆α. It is worth noting that this terminology — whilst conventional — is a bit of a
misnomer, as Pφ,d and Pφ,nd can both receive contributions from multipole moments of any
order. In this context, whether a term is deemed to be “dipolar” or “nondipolar” is simply
a statement of how it behaves when α1 = α2.

Having split Pφ into its dipolar and nondipolar part, we now use (4.8a) to further sub-
divide each piece into a spin-independent and spin-orbit part. A subsequent decomposition
into a conformal and disformal part à la (4.8b) will also be made in the spin-orbit sector,
but this will no longer be necessary in the spin-independent sector, as the vanishing of (5.7b)
renders it purely conformal in the case of a circular nonprecessing orbit. The end result is
thus a division of Pφ into six qualitatively distinct parts:

Pφ =
(
Pφ,d[o] + P

(C)
φ,d [so] + P

(D)
φ,d [so]

)
+
(
Pφ,nd[o] + P

(C)
φ,nd[so] + P

(D)
φ,nd[so]

)
. (5.12)

Expressions for each will now be determined to leading PN order. We do so by substitut-
ing (5.7) and (5.10) into (5.8) while keeping only the leading-order contributions, as identified
by our earlier power-counting arguments. The result in the spin-independent sector is

Pφ,d[o] = 2∆α2ν2

3G12(1 + 2α1α2) x4, (5.13a)

Pφ,nd[o] =
32(a(2)

+ )2

15G12(1 + 2α1α2) x5. (5.13b)

These expressions are very well known (see, e.g., refs. [197, 199, 203]), but the following
spin-orbit results are novel to this work. In the conformal spin-orbit sector, we find that

P
(C)
φ,d [so] = 2∆α2ν2

3G12(1 + 2α1α2)
2
3

[
−

ˆ̀·S
G12m2

5 + 2α1α2
1 + 2α1α2

+
ˆ̀·Σ

G12m2

(3a(0)
+

∆α −
3 + 2α1α2
1 + 2α1α2

∆m
m

)]
x11/2, (5.13c)

P
(C)
φ,nd[so] =

32(a(2)
+ )2

15G12(1 + 2α1α2)
4
3

[
−

ˆ̀·S
G12m2

5 + 2α1α2
1 + 2α1α2

+
ˆ̀·Σ

G12m2

(15νa(0)
+ a

(1)
NLO

32(a(2)
+ )2 − 3 + 2α1α2

1 + 2α1α2

∆m
m

)]
x13/2 (5.13d)
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at leading PN order, while in the disformal spin-orbit sector, the leading terms are

P
(D)
φ,d [so] = m

2πM4(G12m)3
2∆α2ν2

3G12(1 + 2α1α2)
∑
σ=±

ˆ̀·Sσ
G12m2

×
(
b̃

(0)
−σ

∆αν −
4
3
α2

2β̃1 + σα2
1β̃2

1 + 2α1α2

)
x17/2, (5.13e)

P
(D)
φ,nd[so] = m

2πM4(G12m)3
32(a(2)

+ )2

15G12(1 + 2α1α2)
∑
σ=±

ˆ̀·Sσ
G12m2

×
(5a(1)

NLOb̃
(0)
−σ

16(a(2)
+ )2 +

2a(2)
+ b̃

(1)
−σ

(a(2)
+ )2 −

8
3
α2

2β̃1 + σα2
1β̃2

1 + 2α1α2

)
x19/2. (5.13f)

5.2 Gravitational radiation

Besides opening a new channel for radiation, the presence of a light scalar field also causes
the amount of power Pg that is radiated into gravitational waves to deviate from the value
predicted by general relativity. This occurs for two reasons. First, the gravitational multipole
moments, IL and J L, inevitably receive new contributions from Feynman diagrams that
involve the exchange of one or more potential-mode scalars [see (2.13)]. Second, the scalar’s
impact on the binary’s conservative dynamics also affects the final result for Pg, as the
solutions to the equations of motion in section 4 are needed when putting IL and J L on shell.
As it turns out, the former contribution is irrelevant at the order to which we are working,
and so we need only concern ourselves with the latter.

Power-counting arguments will be used to substantiate this claim in due course, but we
will simply take it as a given for now. If so, then the leading-order (off-shell) expressions for
IL and J L are the same as in general relativity, and it has already been shown that [233]

IL[o] = mνσ`r
〈L〉, (5.14a)

J L[o] = mνσ`+1ε
jk〈i1ri2··· i`〉jvk (5.14b)

at leading order in the spin-independent sector, with σ` := [m`−1
2 + (−1)`m`−1

1 ]/m`−1. In the
spin-orbit sector, the leading terms are [233]

IL[so] = 2`ν
`+ 1

[
`r〈i2··· i`

(
σ`S

i1〉j − σ`+1Σi1〉j)vj
− (`− 1) v〈i2ni3··· i`

(
σ`S

i1〉j − σ`+1Σi1〉j)rj], (5.15a)

J L[so] = 1
2(`+ 1)ν

(
σ`−1S

〈i1 − σ`Σ〈i1
)
ri2··· i`〉. (5.15b)

It should be noted that these results are not completely general, as they have already been
restricted to the CM frame. Nevertheless, they remain valid for our purposes because the
leading spin-independent and spin-orbit terms in (4.19), which are responsible for effecting
this transformation, are also the same as in general relativity.

The power radiated into gravitational waves can now be computed by substituting (5.14)
and (5.15) into the master formula in (2.16b). Only the quadrupole moments are needed at
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leading order,24 and for circular nonprecessing orbits we find that

Pg[o] = 32
5 GNm

2ν2r4Ω6, (5.16a)

Pg[so] = 8
15GNν

2r4Ω7(32m ˆ̀·S + 33∆m ˆ̀·Σ
)
, (5.16b)

prior to using the equations of motion. To elaborate, we have already imposed the kinematic
conditions n · v = 0 and a = −Ω2r to obtain the above result, but have yet to make use of
the equation of motion in (4.26), which establishes a dynamical relation between r and Ω.
Doing so gives us our final result, which reads

Pg[o] = 32ν2

5G12(1 + 2α1α2) x5, (5.17a)

P (C)
g [so] = 32ν2

5G12(1 + 2α1α2)
4
3

(
−

ˆ̀·S
G12m2

3− 2α1α2
1 + 2α1α2

−
ˆ̀·Σ

G12m2
15− 34α1α2
16 + 32α1α2

∆m
m

)
x13/2,

(5.17b)
P (D)
g [so] = 32ν2

5G12(1 + 2α1α2)
m

2πM4(G12m)3

∑
σ=±

ˆ̀·Sσ
G12m2

(
−8

3
α2

2β̃1 + σα2
1β̃2

1 + 2α1α2

)
x19/2. (5.17c)

We saw previously when computing Pφ that the use of (4.26) invariably causes terms to leak
from the spin-independent sector into both the conformal and disformal spin-orbit sectors,
and this explains why there is now a nonzero disformal spin-orbit part in (5.17c), despite the
fact that (5.16) is purely conformal.

Having determined each part of Pg to leading PN order, we are now in a position to
verify our earlier claim that the scalar-induced corrections to IL and J L contribute only
at next-to-leading PN order. To start with, recall from our discussion in section 2 that the
key quantity of interest in the gravitational sector is the binary’s energy-momentum ten-
sor Tµν(x). Not unlike how J(x) is related to QL by the master formula in (2.15), analogous
formulae exist for relating Tµν(x) to the multipole moments IL and J L; see, e.g., eqs. (7.44)
and (7.45) of ref. [195] for the explicit expressions. Having said that, the only thing we
need to know here is that these master formulae treat the components T 00, T 0i, and T ij on
unequal footing by virtue of IL and J L being SO(3) tensors, rather than Lorentz tensors.
We must therefore power count separately for each of T 00, T 0i, and T ij , but since the three
cases are qualitatively very similar, we shall present just the first case with T 00 below.

Drawn in figure 6 are a number of Feynman diagrams that contribute to T 00 according
to the definition in (2.13). Figure 6(a) is the leading term in this series, while figure 6(b) is
just one out of several diagrams responsible for the leading correction due to a scalar in the
conformal spin-independent sector. Our power-counting rules tell us that

figure 6(b)
figure 6(a) ∼

(
√
L)(v2)

√
v

(
√
L)
√
v
∼ v2, (5.18)

where each factor in parentheses comes from either table 1 or table 5, while the extra factors
of
√
v account for the fact that the outgoing graviton is a radiation mode. Clearly, figure 6(b)

24More precisely, only the mass-type quadrupole moment Iij[o] is needed to calculate Pg[o] at leading
order, but both the mass-type and current-type moments are needed to determine Pg[so], which is built from
the two cross terms (3)Iij[o](3)Iij[so] and (3)J ij[o](3)J ij[so]. This is because J L[o] is suppressed by one
power of v relative to IL[o], but conversely, IL[so] is suppressed by one power of v relative to J L[so].
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Figure 6. Examples of Feynman diagrams contributing to gravitational radiation in the spin-
independent sector. The external field lines correspond to radiation modes, while any internal field
lines correspond to potential modes. The mirror inverses of these diagrams are all included implicitly
as we do not distinguish between the two solid lines.

Figure 7. Examples of Feynman diagrams contributing to gravitational radiation in the spin-orbit
sector. The external field lines correspond to radiation modes, while any internal field lines correspond
to potential modes. The mirror inverses of these diagrams are all included implicitly as we do not
distinguish between the two solid lines.

is suppressed by one PN order relative to figure 6(a), and will therefore contribute terms to
IL and J L that are one PN order higher than those in (5.14). Its contribution to Pg[o] is thus
also one PN order higher than the leading term in (5.17a), and can therefore be neglected.
Meanwhile, figure 6(c) is one out of several diagrams responsible for the leading correction
due to a scalar in the disformal spin-independent sector, but these disformal terms all vanish
identically for circular orbits [182], and so need not concern us here.

The leading diagram contributing to T 00 in the spin-orbit sector is drawn in figure 7(a),
while figures 7(b) and 7(c) constitute examples of diagrams responsible for the leading cor-
rection from a scalar to its conformal and disformal spin-orbit part, respectively. Our power-
counting rules tell us that figure 7(b) is similarly suppressed by one PN order relative to
figure 7(a), and will thus contribute terms to Pg[so] that are one PN order higher than those
in (5.17b). As for the leading disformal spin-orbit correction, we find that

figure 7(c)
figure 7(a) ∼

(
√
L)(εLεS)(v2)

√
v

(
√
Lv2εS)

√
v

∼ εL. (5.19)

This indicates that figure 7(c) introduces terms into Pg[so] that are suppressed by one power
of εL relative to those in (5.17b), and which therefore scale as m2

PlεSεLv
12 overall. In contrast,

the leading disformal terms in (5.17c) can be shown to scale as m2
PlεSεLv

10.
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One encounters a similar state of affairs when repeating the argument for T 0i and T ij ,
and this allows us to conclude that the scalar-induced corrections to IL and J L contribute
to Pg only at next-to-leading PN order. Such corrections will not be needed in what follows.

5.3 Balance law and phase evolution

Our result for the total power P (= Pφ + Pg) can now be used to determine how the binary
evolves as it radiates energy into gravitational and scalar waves. The orbit’s response to
this energy loss is approximately adiabatic (i.e., Ω̇� Ω2) during the early inspiral, and is
therefore well described by the balance law in (2.17). For quasicircular nonprecessing orbits,
both the binding energy E and the total power P depend implicitly on time only through
the variable x; hence, the chain rule can be used to recast (2.17) into

dt
dx

= −E
′

P
, (5.20)

where E′ ≡ dE/dx. Combining this with the definition Ω ≡ dψ/dt for the orbital phase ψ
then gives us

dψ
dx

= − x3/2

G12m

E′

P
. (5.21)

There are a number of ways in which we could proceed to solve this set of differential
equations [272]. The particular approach that we shall adopt here goes by the name of
TaylorT2, and entails re-expanding the ratio E′/P in powers of x to obtain a Laurent series
that we can then integrate analytically term by term. What results from this procedure is a
pair of parametric equations, t ≡ t(x) and ψ ≡ ψ(x), which together describe how the orbital
phase evolves as a function of time. The evolution of the orbital separation r then follows
immediately from our solution for t ≡ t(x) and the equation for r ≡ r(x) in (4.26).

When solving these equations, care must be taken to distinguish between two substan-
tially different scenarios for the binary’s inspiral. The first possibility is that the binary
radiates energy predominantly into dipolar scalar waves, which will be the case whenever ∆α
is large enough that (5.13a) constitutes the leading term in the total power P . Alternatively,
if ∆α is suitably small relative to x, then most of the outgoing radiation will be quadrupolar,
and P is instead dominated by the sum of (5.13b) and (5.17a). The precise condition that
delineates the former dipole-driven regime from the latter quadrupole-driven regime can be
determined by comparing the relative sizes of these different terms, and we see that

x� 5∆α2

48ζ (5.22)

if the system is dipole driven, while x must be much greater than 5∆α2/48ζ if the system
is quadrupole driven. (The constant ζ is defined as in table 2.) The fact that the leading term
in P changes depending on which regime we are in leads to markedly different expansions
for the ratio E′/P , which must be treated separately.

Dipole-driven regime. We shall begin with the mathematically simpler case of a dipole-
driven (DD) inspiral, for which the leading term in P is given by (5.13a). As the remaining
terms are all proportional to higher powers of x, the ratio E′/P can be re-expanded as a
Laurent series without any obstruction.
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To proceed, it proves convenient to introduce the dimensionless function

ρ(x) := − 1
G12m

E′

P
, (5.23)

which is proportional to the rhs’s of both (5.20) and (5.21). Now re-expanding this function
in powers of x and then truncating to the order at which we are working, we find that the
leading term in the spin-independent sector is

ρDD[o] = 1 + 2α1α2
2∆α2ν

3
2 x−4, (5.24)

in agreement with ref. [203]. In fact, ρDD[o] has been determined up to relative 2PN order
in ref. [203] (albeit in very different, Jordan-frame centric notation), but these higher-order
corrections will be of no concern to us here. Instead, what we are interested in are the
additional contributions from spin-orbit interactions, and we find that25

ρ
(C)
DD[so] = S(C)

DD x−5/2, (5.25a)

ρ
(D)
DD[so] = S(D)

DD x1/2 (5.25b)

at leading PN order in the conformal and disformal sector, respectively. The two spin-orbit
coefficients S(C)

DD and S(D)
DD have rather lengthy expressions that can be found in table 3.

It is now a straightforward task to integrate (5.21) term by term in order to obtain the
orbital phase ψ. The end result is schematically of the form

ψDD = ψ0 + ψDD[o] + ψ
(C)
DD[so] + ψ

(D)
DD [so], (5.26)

where ψ0 is some integration constant to be fixed by initial conditions, while the other three
terms denote the spin-independent, conformal spin-orbit, and disformal spin-orbit parts of
the phase, respectively. At leading PN order in each sector, we find

ψDD[o] = −1 + 2α1α2
2∆α2ν

x−3/2, (5.27a)

ψ
(C)
DD[so] = S(C)

DD log x, (5.27b)

ψ
(D)
DD [so] = 1

3S
(D)
DD x3. (5.27c)

The solution for t ≡ t(x) follows from a similar calculation, and is presented in appendix D.
As we did with the binding energy in section 4.4, we can now determine the relative

importance of each term in ψ by simply comparing their leading powers of x. We find that
the conformal spin-orbit term in (5.27b) starts at 1.5PN order relative to the leading spin-
independent term in (5.27a), while the disformal spin-orbit term in (5.27c) starts at relative
4.5PN order, although it is enhanced by the large prefactor m/[2πM4(G12m)3], which en-
ters via the definition of the spin-orbit coefficient S(D)

DD (see table 3). Per our discussion
below (4.29), it follows that for sufficiently small values ofM, the disformal term in (5.27c)
could have a significantly larger impact on the orbital phase than its conformal counterpart,
despite the suppression by three additional powers of x. This same enhancement of the
disformal sector is also present in quadrupole-driven systems, as we shall see.

25To arrive at these results, we made use of the general expression

ρDD[so] = − 1
G12m

(
E′[so]
P [o] −

E′[o]P [so]
P [o]2

)
,

which we then truncated to leading order in x after separating it into its conformal and disformal parts.
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Dipole-driven regime

S(C)
DD

1 + 2α1α2
2∆α2ν

3
2

[ ˆ̀·S
G12m2

15− 2α1α2
1 + 2α1α2

−
ˆ̀·Σ

G12m2

(2a(0)
+

∆α −
7− 2α1α2
1 + 2α1α2

∆m
m

)]

S(D)
DD

m

2πM4(G12m)3
1 + 2α1α2

2∆α2ν

3
2
∑
σ=±

ˆ̀·Sσ
G12m2

(
−

b̃
(0)
−σ

∆αν + 16(α2
2β̃1 + σα2

1β̃2)
1 + 2α1α2

)

Quadrupole-driven regime

S(C)
QD,nd

1 + 2α1α2
32ζν

5
6

{ ˆ̀·S
G12m2

(55− 2α1α2
1 + 2α1α2

− 8
ζ

)

−
ˆ̀·Σ

G12m2

[5a(0)
+ a

(1)
NLO

8ζν −
(27− 2α1α2

1 + 2α1α2
− 33

4ζ

)∆m
m

]}

S(C)
QD,d

1 + 2α1α2
32ζν

25∆α2

336ζ
7
6

{
−

ˆ̀·S
G12m2

(65 + 2α1α2
1 + 2α1α2

− 48
3ζ

)

−
ˆ̀·Σ

G12m2

[6a(0)
+

∆α −
5a(0)

+ a
(1)
NLO

4ζν +
(33 + 2α1α2

1 + 2α1α2
− 33

2ζ

)∆m
m

)]}

S(D)
QD,nd

m

2πM4(G12m)3
1 + 2α1α2

32ζν
5
6
∑
σ=±

ˆ̀·Sσ
G12m2

×
(
−

5a(1)
NLOb̃

(0)
−σ

16ζν2 −
2a(2)

+ b̃
(1)
−σ

ζν2 + 52(α2
2β̃1 + σα2

1β̃2)
1 + 2α1α2

)

S(D)
QD,d

m

2πM4(G12m)3
1 + 2α1α2

32ζν
25∆α2

336ζ
7
6
∑
σ=±

ˆ̀·Sσ
G12m2

×
(
−

3b̃(0)
−σ

∆αν +
5a(1)

NLOb̃
(0)
−σ

8ζν2 +
4a(2)

+ b̃
(1)
−σ

ζν2 − 56(α2
2β̃1 + σα2

1β̃2)
1 + 2α1α2

)

Table 3. Explicit expressions for the spin-orbit coefficients that appear in our solutions to the orbital
and gravitational-wave phase. All of the symbols used above are defined in table 2.

Quadrupole-driven regime. A binary is said to be in a quadrupole-driven (QD) inspiral
whenever the sum of (5.13b) and (5.17a) serves as the leading term in P . In this regime,
the re-expansion of E′/P requires more thoughtful consideration because of the scalar dipole
term in (5.13a), which — on account of the smallness of ∆α [see our discussion below (5.22)]
— provides only a subleading correction to the overall energy loss, despite being proportional
to one less power of x than the leading quadrupole term.

Following ref. [203], we will account for this complication by splitting the total power
into a dipolar and nondipolar part, as we did for Pφ in (5.11). This allows us to write

E′

P
' E′

Pnd

(
1− Pd

Pnd

)
(5.28)

after expanding to first order in the small ratio Pd/Pnd ∼ O(∆α2/x), where

Pd = Pφ,d and Pnd = Pφ,nd + Pg. (5.29)
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The approximation in (5.28) naturally causes ρ(x) to split into a dipolar and nondipolar part
as well, and this motivates writing ρQD(x) = ρQD,nd(x) + ρQD,d(x), with

ρQD,nd(x) = − 1
G12m

E′

Pnd
, (5.30a)

ρQD,d(x) = 1
G12m

E′

Pnd

Pd
Pnd

. (5.30b)

Both parts of ρQD can now be re-expanded in powers of x without any further obstruc-
tions, and we find that

ρQD,nd[o] = 1 + 2α1α2
32ζν

5
2x−5, ρQD,d[o] = −1 + 2α1α2

32ζν
25∆α2

336ζ
7
2x−6, (5.31a)

ρ
(C)
QD,nd[so] = S(C)

QD,nd x−7/2, ρ
(C)
QD,d[so] = S(C)

QD,d x−9/2, (5.31b)

ρ
(D)
QD,nd[so] = S(D)

QD,nd x−1/2, ρ
(D)
QD,d[so] = S(D)

QD,d x−3/2, (5.31c)

with the result in each sector given to leading order in x. As was the case in the dipole-driven
regime, the leading spin-independent terms in (5.31a) are found to be in complete agreement
with the results of ref. [203], while the leading spin-orbit terms in (5.31b) and (5.31c) are
novel to this work.26 The four spin-orbit coefficients appearing in these results have rather
lengthy expressions that can be found in table 3.

We can now integrate (5.21) to obtain the orbital phase ψ, which schematically reads

ψQD = ψ0 +
(
ψQD,nd[o] + ψ

(C)
QD,nd[so] + ψ

(D)
QD,nd[so]

)
+
(
ψQD,d[o] + ψ

(C)
QD,d[so] + ψ

(D)
QD,d[so]

)
. (5.32)

The integration constant ψ0 is to be fixed by initial conditions, while the remaining terms
correspond to a subdivision of the phase into dipolar and nondipolar, spin-independent and
spin-orbit, and conformal and disformal parts. At leading PN order in each sector, we find

ψQD,nd[o] = −1 + 2α1α2
32ζν x−5/2, ψQD,d[o] = 1 + 2α1α2

32ζν
25∆α2

336ζ x−7/2, (5.33a)

ψ
(C)
QD,nd[so] = −S(C)

QD,nd x−1, ψ
(C)
QD,d[so] = −1

2S
(C)
QD,d x−2, (5.33b)

ψ
(D)
QD,nd[so] = 1

2S
(D)
QD,nd x2, ψ

(D)
QD,d[so] = S(D)

QD,d x. (5.33c)

The solution for t ≡ t(x) follows from a similar calculation, and is presented in appendix D.
Comparing the different powers of x in (5.33) gives us an estimate for the relative im-

portance of each term. In the spin-independent sector [see (5.33a)], it is well known that
26To elaborate further, we obtained the spin-orbit results in (5.31) by starting with the general expressions

ρQD,nd[so] = − 1
G12m

(
E′[so]
Pnd[o] −

E′[so]Pnd[so]
Pnd[o]2

)
,

ρQD,d[so] = 1
G12m

[(
E′[so]
Pnd[o] −

E′[o]Pnd[so]
Pnd[o]2

)
Pd[o]
Pnd[o] + E′[o]

Pnd[o]

(
Pd[so]
Pnd[o] −

Pd[o]Pnd[so]
Pnd[o]2

)]
,

which we then truncated to leading order in x after separating them into conformal and disformal parts.
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the term proportional to x−5/2, which arises due to quadrupole radiation, is responsible for
the dominant contribution to the phase, while the dipolar term — despite appearing at rel-
ative −1PN order — provides only a subleading correction to ψ on account of the smallness
of ∆α. This much is guaranteed by definition, as a binary is said to be in a quadrupole-driven
inspiral if and only if ∆α� x1/2 [or more precisely, if 5∆α2/48ζ � x; cf. (5.22)].

Interestingly, what occurs in the spin-orbit sector can be rather different. To illustrate
this, we find it helpful to distinguish between two extreme cases: when α1 and α2 are com-
parable to one another, such that α1 ≈ α2 and 0 ≤ ∆α� α1; and when α1 and α2 are vastly
different, such that α1 ≈ ∆α while α2 ≈ 0. Consider the first case with α1 ≈ α2, and take the
conformal spin-orbit sector in (5.33b) to start with. Its nondipolar part appears at 1.5PN
order relative to the leading term in ψQD,nd[o], while its dipolar part starts earlier at relative
0.5PN order, but is suppressed due to the smallness of ∆α. Crucially, however, we see from
table 3 that it is suppressed by only one power of ∆α,27 unlike ψQD,d[o], which is suppressed
by two. What this means is that the dipolar spin-orbit term (ψ(C)

QD,d[so] ∼ ∆α/x2) can actu-
ally be larger than its nondipolar counterpart (ψ(C)

QD,d[so] ∼ 1/x) if ∆α satisfies the inequality
x . ∆α� x1/2. The value of x will continue to increase towards unity as the binary evolves,
and the two terms become comparable to one another when x ∼ ∆α. Subsequently, the
nondipolar part takes over as the larger contribution when ∆α . x. The same conclusion
holds also for the disformal spin-orbit sector in (5.33c), whose dipolar and nondipolar parts
start at relative 3.5PN and relative 4.5PN orders, respectively.

Now consider the second case with α1 ≈ ∆α and α2 ≈ 0. The dipolar coefficients S(C)
QD,d

and S(D)
QD,d go from being suppressed by one power of ∆α to being suppressed by two as a result

of a(`)
± , a(1)

NLO, and b̃
(`)
± themselves becoming newly proportional to ∆α (cf. table 2). Whether

these dipolar terms can ever be larger than their nondipolar counterparts is now a question
of what happens to S(C)

QD,nd and S(D)
QD,nd. In the conformal sector, the coefficient S(C)

QD,nd remains
of order one, and thus the dipolar term (ψ(C)

QD,d[so] ∼ ∆α2/x2) is always subleading to its
nondipolar counterpart (ψ(C)

QD,nd[so] ∼ 1/x), since we must have ∆α� x1/2 in the quadrupole-
driven regime. On the other hand, S(D)

QD,nd goes from being of order one to being of order ∆α2

when we set α1 ≈ ∆α and α2 ≈ 0; hence, the dipolar term (ψ(D)
QD,d[so] ∼ ∆α2x) in the disfor-

mal spin-orbit sector is always larger than its nondipolar counterpart (ψ(D)
QD,nd[so] ∼ ∆α2x2).

This difference can be attributed to the fact that S(C)
QD,nd contains the usual spin-orbit con-

tributions from general relativity in addition to those from a scalar field, whereas S(D)
QD,nd is

induced purely by the scalar. All of this serves to illustrate how varied the evolution of ψ
can be in a scalar-tensor theory when spin-orbit effects are taken into account.28

As a last remark on (5.33), it is worth reiterating what was said earlier in our dis-
cussion below (4.29) and (5.27); namely, that although the disformal spin-orbit sector is
suppressed by 3PN orders relative to the conformal spin-orbit sector, the former can still
have a greater impact on the orbital phase as a result of being multiplied by the large pref-
actor m/[2πM4(G12m)3]. We will see this explicitly in the next section when we discuss
observational prospects, but for now, there is one final step to take in our EFT pipeline.

Gravitational-wave phase. What we ultimately measure is the gravitational-wave signal
from an inspiraling binary, and as we discussed towards the end of section 2, the phase Ψ of

27While S(C)
QD,d has an overall factor of ∆α2 out front, the first term in square brackets is proportional

to 1/∆α.
28It goes without saying that these conclusions were drawn by simply counting powers of ∆α. Nevertheless,

we do not expect them to change on a qualitative level were we to undertake a more deliberate calculation
that accounts for all of the different numerical factors in table 3.
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this gravitational wave derives directly from the binary’s orbital phase ψ. Specifically, after
decomposing the signal into spin-weighted spherical harmonics, one finds that the phase of the
(l,m) mode is given by Ψlm = mψ, up to higher-order corrections that we shall neglect [203,
233]. The pair of parametric equations Ψlm ≡ mψ(x) and t ≡ t(x) therefore provides us with
our final result for the evolution of the gravitational-wave phase.

This time-domain solution will suffice for our purposes in the next section, although it
is worth noting that frequency-domain waveforms are much more convenient for a matched-
filtering analysis. If hlm(t) = Alm(t)e−imψ(t) is the waveform for a particular oscillatory mode
in the time domain, its counterpart in the frequency domain is given by the Fourier transform

h̃lm(f) =
∫ ∞
−∞

dt e2iπfthlm(t). (5.34)

Because these gravitational waves are rapidly oscillating but slowly chirping signals, the
integral in (5.34) can be evaluated analytically within the stationary-phase approximation.
The result is of the general form h̃lm(f) = Ãlm(f)e−iΨ̃lm(f)−iπ/4, where the corresponding
phase in the frequency domain is given by [203]

Ψ̃lm(f) = m

(
ψ(x)− x3/2

G12m
t(x)

)
x=xf

, xf = (2πG12mf/m)2/3. (5.35)

Explicit expressions for the leading spin-independent, conformal spin-orbit, and disformal
spin-orbit parts of Ψ̃lm(f) are presented in appendix D. Written in this form (which is
known as the TaylorF2 approximant [272]), our results are now ready to be used in model-
independent frameworks for testing gravity, like the parametrised post-Einsteinian (PPE) or
generalised inspiral-merger-ringdown (gIMR) formalisms [2, 273, 274], or can otherwise be
incorporated directly into dedicated waveform models for scalar-tensor theories [203].

6 Double neutron stars and observational prospects

Mention has already been made of the large prefactorm/[2πM4(G12m)3], which can cause the
disformal spin-orbit terms in the waveform to be enhanced relative to those in the conformal
spin-orbit sector. Our goal in this penultimate section is to be more quantitative about the
extent of this enhancement, and to investigate if gravitational-wave detectors are capable of
observing these interactions as a result. To be clear, gravitational waves are by no means
the only avenue for probing these kinds of effects, and need not even be best suited to the
task [144] — they are simply the most natural option to consider here, given the collection
of results derived in this paper. (We comment briefly on other potential probes in the next
section.) The question of how well scalar-tensor theories can be constrained by gravitational
waves is nevertheless an interesting and timely one, and so warrants some investigation.

We will be interested primarily in the prospect of probing disformal effects, since the
smoking gun for a conformal coupling between a binary and a light scalar field is already
well understood: it is the emission of scalar dipole radiation, which has been discussed
extensively in, e.g., refs. [41–43, 143–151]. As these studies emphasise, a robust assessment
of detectability requires deliberate consideration of many factors, like the various degeneracies
between parameters, expected detection rates for different binary populations, the signal-to-
noise ratio of individual events, and so on. A fully fledged Bayesian approach of this kind,
however, is well beyond the scope of this already very lengthy paper; hence, as a precursor to
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a more in-depth analysis in the future, we shall here employ a more rudimentary diagnostic
for assessing detectability. Let N be the total number of gravitational-wave cycles that
accumulate in the detector as a signal passes through. Following the logic of ref. [143],
we deem a particular effect or interaction to be undetectable if its contribution to N —
integrated over the entire time that the signal spends in the detector’s sensitivity band —
is less than 1, and conversely, we say that it is (potentially) detectable if its contribution
to N is greater than 1.

Double neutron stars. As for the question of which systems are most relevant to our
discussion, the choice to focus on double neutron star binaries is essentially forced upon us
by two determining factors. The first is the fact that, for the class of scalar-tensor theories
considered in this paper, disformal effects enter into the gravitational waveform only if both
constituents of the binary are composed of matter. The second is our restriction to circular
orbits, which — as far as gravitational-wave sources are concerned — is an assumption that
is generally valid only for binaries approaching the end of their inspiral [275–277]. Taken
together, these considerations naturally direct our attention towards double neutron star
binaries, which are the only systems (that we know of) whose constituents are both composed
of matter and whose inspiral comes to an end within the sensitivity band of a gravitational-
wave detector; namely, one that is ground-based.

In this frequency window, the evolution of the binary can be split broadly into three
phases: what we will call the perturbative inspiral phase, the nonperturbative inspiral phase,
and the merger phase. Mathematically, we write

N = Npert +Nnonpert +Nmerger. (6.1)

The first of these phases corresponds to the early portion of the inspiral, during which all three
expansion parameters — v, εS, and εLεS — remain small.29 The second phase has no analogue
in general relativity, and moreover is present only if the disformal coupling scaleM is below
some critical value. This is because the ladder parameter εL [∼ mv2/(2πM4r3)] grows as the
inspiral progresses, and for sufficiently small values of M, there will come a time when the
combination εLεS is large enough to invalidate our perturbative expansion. As we discussed
towards the end of section 4.1, the point-particle approximation of the two bodies remains
valid in this nonperturbative regime, but maintaining an accurate description of the binary’s
dynamics requires a certain class of “ladder diagrams” to be resummed. Finally, the merger
phase begins when the two neutron stars come into sufficiently close contact that their orbit
becomes unstable, prompting them to plunge into one another [278–280].

It will be useful in what follows to know approximately when a binary transitions
from one phase to the next. To that end, let fnonpert and fcontact denote the gravitational-
wave frequencies that mark the beginnings of the nonperturbative inspiral phase and merger
phase, respectively. The latter invariably depends on the parameters of the system and on
the specific details of the neutron stars’ equation of state [278], but as a rough guide, we
shall here adopt a fixed value for fcontact ∼ 1 kHz. Meanwhile, we can obtain an estimate
for fnonpert by appealing to the fact that the combination εLεS is small — or more precisely,
that the condition in (4.9) holds — at all frequencies below this threshold. If we further focus
on the dominant (2, 2) mode of the gravitational-wave signal for simplicity, we can make the

29For noncircular orbits, we would also require εLe2 � 1; recall our discussion in section 4.1.
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identification Ω = πf , which allows (4.9) to be rewritten as

m

2πM4(G12m)3
max(β̃1χ1, β̃2χ2)

1 + 2α1α2
(G12mπf)3 � 1, (6.2)

after also defining χκ := ˆ̀·Sκ/(GNm
2
κ) and making use of (4.26) and (4.27). Moving forward,

we shall replace the vague condition “� 1” by the inequality “< ε” to be more concrete, and
will take ε = 0.1 to be our criterion for what we consider small. The quantity fnonpert is then
defined as the frequency that saturates this inequality, and we have that

fnonpert =
∣∣∣∣ 2εM4(1 + 2α1α2)
mπ2 max(β̃1χ1, β̃2χ2)

∣∣∣∣1/3. (6.3)

It now follows that a neutron star binary undergoes all three phases as described below (6.1)
if fnonpert < fcontact, but if fnonpert > fcontact, then the binary transitions directly from the
perturbative part of its inspiral into the merger phase.

Dephasing. The results of section 5 enable us to compute only the number of gravitational-
wave cycles that accumulate during the early, perturbative part of the binary’s inspiral, but
this will nevertheless suffice for obtaining a rough estimate of detectability. The reason being:
an effect that contributes more than one cycle to Npert necessarily also contributes more than
one cycle to N . We can thus revise our criterion for detectability and will now deem an effect
to be (potentially) detectable if its contribution to Npert is greater than 1.

Focusing on the dominant (2, 2) mode of the gravitational-wave signal, we have that

Npert = Ψ2,2(x2)−Ψ2,2(x1)
2π , (6.4)

where the initial time t1 ≡ t(x1) is the time at which the signal enters the detector’s sensitivity
band, while the final time t2 ≡ t(x2) marks the end of the perturbative inspiral phase. For
the former, we take x1 = (G12mπf1)2/3 [cf. (5.35)], and following ref. [41], we consider three
possible values for f1:

f1 ∈ {10 Hz, 5 Hz, 1 Hz}. (6.5)

The largest of these frequencies marks the beginning of the sensitivity band for Advanced
LIGO [281], while the remaining two are the projections for future, third-generation ground-
based detectors like Cosmic Explorer (CE) and the Einstein Telescope (ET) [282]. As for the
end of the perturbative inspiral phase, we take x2 = (G12mπf2)2/3 with

f2 = min(fnonpert, fcontact). (6.6)

Note also that Npert = 0 if f2 ≤ f1; in which case, the perturbative part of the inspiral occurs
outside the detector’s window.

Having specified the appropriate frequency band, we can now write down an explicit
expression for Npert. Current observations of binary pulsars already place strong constraints
on the size of ∆α [41–43], which limit the inspiral of a binary neutron star to be quadrupole
driven by the time it enters the LIGO/CE/ET band, even if it did undergo a previous dipole-
driven phase at lower frequencies. Accordingly, only the formula for ψQD in (5.33) is needed
to evaluate (6.4). The result can be split into four parts,

Npert = N (GR)
pert + δNpert[o] + δN (C)

pert[so] + δN (D)
pert[so], (6.7)
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mκ ακ χκ

Weakly scalarised, slowly spinning (W) 1.25 M� 5× 10−4 2.0× 10−5

Strongly scalarised, slowly spinning (S) 1.70 M� 7× 10−3 2.0× 10−5

Strongly scalarised, rapidly spinning (S∗) 1.70 M� 7× 10−3 1.4× 10−2

Table 4. Fiducial parameters for several types of neutron stars.

where the first term is the prediction of general relativity, while the remaining three terms
specify the amount of dephasing that accrues in the signal due to the presence of the scalar.
Expressions accurate to leading PN order will suffice for an adequate estimate of the size of
each of these terms, and it therefore suffices to write

N (GR)
pert =

{
− 1

32ν (GNmπf)−5/3
}
f2

f1
, (6.8a)

δNpert[o] =
{1 + 2α1α2

32ζν
25∆α2

336ζ (G12mπf)−7/3

− 1
32ν

[1 + 2α1α2
ζ

−
(
G12
GN

)5/3 ]
(G12mπf)−5/3

}
f2

f1
, (6.8b)

δN (C)
pert[so] =

{
−1

2S
(C)
QD,d(G12mπf)−4/3 −

[
S(C)

QD,nd −
1

32ν

(235
6

ˆ̀·S
GNm2

+ 125
8

∆m
m

ˆ̀·Σ
GNm2

)(
G12
GN

)2/3 ]
(G12mπf)−2/3

}
f2

f1
, (6.8c)

δN (D)
pert[so] =

{
S(D)

QD,d(G12mπf)2/3 + 1
2S

(D)
QD,nd(G12mπf)4/3

}
f2

f1
. (6.8d)

For each sector in δNpert, we have included both the leading dipolar part and the leading
nondipolar part of the result, as either one can provide the dominant contribution, depending
on the relative sizes of ∆α and x ≡ (G12mπf)2/3. (Recall our discussion in section 5.3.) Note
also that in (6.8b) and (6.8c), the terms proportional to powers of G12/GN serve to remove
the parts of (1 + 2α1α2)/ζ and S(C)

QD,nd that overlap with general relativity, since these are
already included in N (GR)

pert ; even if not explicitly written down.

Numerical estimates. We now evaluate (6.8) using a selection of parameter values that
are typical of neutron stars, as shown in table 4. To explore an array of different possibili-
ties, we have chosen to distinguish between neutron stars that are either weakly or strongly
scalarised, and between neutron stars that are either slowly or rapidly rotating. (We leave
a more exhaustive exploration of parameter space to future work.) Recalling our discussion
at the end of section 3.2, we define a “weakly scalarised” neutron star as one whose coupling
strength ακ is equal to αweak up to an order-one factor, while a “strongly scalarised” neutron
star is one that has undergone spontaneous scalarisation. Of course, this latter possibility
occurs only in a certain class of scalar-tensor theories [34–40, 54–59], and only if the mass of
the body lies in a suitable range [41–44]. (Theories that allow for spontaneous scalarisation
also lead to a related phenomenon known as dynamical scalarisation [64–71], but we have
neglected this added complication here for the sake of simplicity.)
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The corresponding values of ακ in table 4 have been lifted from refs. [41–43], and
are consistent with current constraints from binary pulsars and the gravitational-wave event
GW170817.30 The values of χκ, meanwhile, were obtained by making use of the double pulsar
PSR J0737-3039A/B [84], which is presently the only binary neutron star system for which
the spins of both components are known. Following ref. [41], we use a combination of their
measured spins and spin-down rates to infer the would-be values of χκ when the binary enters
the LIGO/CE/ET band, about 86 Myr from now. The three types of neutron stars in table 4
are then used to construct three different types of binary systems, and for each one, we plot
the magnitudes of N (GR)

pert , δNpert[o], δN (C)
pert[so], and δN (D)

pert[so] as functions ofM in figure 8.
The different curves have qualitatively similar shapes across all three panels that are

easy enough to explain. Beginning with δN (D)
pert[so], we see from (6.8d) that this quantity is

proportional to positive powers of f , and thus has its value determined predominantly by
the higher frequency f2. A vertical grey line in each panel marks the critical value of M
above which fnonpert > fcontact, and in so doing, naturally divides the parameter space into
two halves. On the right, we have that f2 = fcontact, and thus δN (D)

pert[so] ∝ 1/M4, since
its dependence on M in this region stems solely from the disformal spin-orbit coefficients
in table 3. The slope of this curve then changes abruptly when we cross over to the left
of the vertical line, where f2 = fnonpert, on account of fnonpert itself being a function of M
[see (6.3)]. Depending on whether its dipolar or nondipolar part dominates, δN (D)

pert[so] is
now proportional to either 1/M28/9 or 1/M20/9 (or more generally, a linear combination
of the two). Its magnitude continues to rise as we move to even lower values of M, until
f2 approaches f1, at which point δN (D)

pert[so] must necessarily vanish. As for the other three
terms in Npert, we see from (6.8) that they are all proportional to negative powers of f ,
and thus have their values determined predominantly by the lower frequency f1. They are
mostly independent of M as a result, except for when the diminishing difference between
f2 and f1 similarly causes them to vanish.

Having understood these qualitative features, we can now comment on the actual mag-
nitudes of these quantities. To start with, consider the binary in figure 8(a), which consists of
two identical neutron stars that are both weakly scalarised and slowly rotating. For all three
values of f1, we see that not one of δNpert[o], δN (C)

pert[so], or δN (D)
pert[so] results in a dephasing

that is large enough to be detectable; indicating that both current and future ground-based
detectors will be unable to distinguish this kind of system from its counterpart in general
relativity. Naturally, this begs the question as to what is actually needed for there to be a
discernible effect from the scalar field. Being interested particularly in the disformal spin-
orbit sector, we shall here consider the requirements for δN (D)

pert[so] to surpass the threshold
value of 1.

A brief inspection of table 3 tells us that we can boost the magnitude of the spin-
orbit coefficients S(D)

QD,d and S(D)
QD,nd by increasing either the magnitudes of χκ or ακ. We find

when repeating the calculation with larger spins up to the Kerr bound (i.e., for all values
of |χκ| < 1), however, that δN (D)

pert[so] consistently remains smaller than 1. This might seem
surprising at first glance, given that in figure 8(a), δN (D)

pert[so] already achieves a maximum
value of ∼ 0.1 despite the minuscule value of χ1 = χ2 = 2.0× 10−5. The reason is simply

30Strictly speaking, the upper bounds on |ακ| in refs. [41–43] apply only to the specific theory by Damour
and Esposito-Farèse [34, 35], but for the sake of illustration, we shall here assume that these values are also
representative of the bounds on other models. We further note that our definition for ακ differs from that of
refs. [34, 35] by a factor of

√
2; namely, α(theirs)

κ = −
√

2α(ours)
κ . The minus sign is irrelevant, however, as the

effective action in (2.3) is invariant under the transformation (φ, ακ)→ (−φ,−ακ).
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Figure 8. Number of gravitational-wave cycles Npert that accumulate within the frequency band
f ∈ [f1, f2] during the inspiral of a double neutron star binary; shown here for different values of the
disformal coupling scaleM. The parameter values used for each type of neutron star (labelled W, S,
or S∗) are listed in table 4. The contributions to Npert are split into four parts: N (GR)

pert is the prediction
of general relativity, while δNpert[o], δN (C)

pert[so], and δN (D)
pert[so] are the corrections induced by a

spin-independent, conformal spin-orbit, and disformal spin-orbit interaction between the binary and
a light scalar field, respectively. In decreasing order of magnitude, the three values used for the lower
frequency bound f1 mark the beginning of the sensitivity bands for Advanced LIGO, Cosmic Explorer,
and the Einstein Telescope. Meanwhile, the upper frequency bound f2, which marks the end of the
perturbative inspiral phase, depends on the value of M. For values ofM above a certain threshold
(shown in each panel as a vertical grey line), the binary transitions directly from its perturbative
inspiral phase into the merger phase, in which case we fix f2 = fcontact, with fcontact ∼ 1 kHz. For
values of M below this threshold, the binary first transitions into a nonperturbative inspiral phase,
and we instead set f2 = fnonpert, with fnonpert given by (6.3). The corresponding numerical values of
f2 in this regime are shown along the top axis, and note that Npert = 0 when f2 ≤ f1. Also drawn
in each panel is a horizontal grey line, which marks the threshold for at least one gravitational-wave
cycle to be accumulated. As a rough diagnostic, we deem a particular interaction to be detectable
if, for a given value ofM, the point on its corresponding curve lies above this horizontal line.

that fnonpert also varies with χκ [see (6.3)]. Accordingly, while a larger spin does increase
the overall size of the effect, there is a concomitant reduction in the value of fnonpert, which
shortens the amount of time that the binary spends in the perturbative part of its inspiral,
and so lowers the number of gravitational-wave cycles that can accumulate during this phase.
(Of course, our perturbative results do not preclude the possibility of a large dephasing
during the nonperturbative part of the inspiral, although we shall refrain from making any
speculations about this regime until a concrete calculation has been achieved.)

The other option to boost δN (D)
pert[so] is to increase the value of ακ, which is possible if at

least one of the neutron stars has undergone spontaneous scalarisation. Shown in figure 8(b)
are the number of gravitational-wave cycles that would accumulate in the detector if the
binary were composed of two identical, strongly scalarised and slowly rotating neutron stars.
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Meanwhile, figure 8(c) shows the corresponding values for an asymmetric binary involving one
strongly scalarised, rapidly rotating neutron star and one weakly scalarised, slowly rotating
neutron star.31 For this latter case, our choice to furnish the more massive object with the
larger spin is informed by the standard picture of binary neutron star formation [280, 283].
In short, the more massive constituent of what is initially a main-sequence binary is the first
to undergo core collapse and leave behind a neutron star. This neutron star then gains mass
and angular momentum when its companion evolves off the main sequence and overflows
its Roche lobe. Eventually, the companion also collapses to form a neutron star, but the
preceding period of mass transfer guarantees that this secondary neutron star is always
lighter and more slowly rotating than the primary.

As promised, the larger value of ακ does indeed lead to a larger value of δN (D)
pert[so].

While the amount of dephasing is still too small to be detectable by current gravitational-
wave detectors, figure 8 suggests that:

A future detector like the Einstein Telescope will be sensitive enough to probe
disformal spin-orbit effects in a narrow range of values forMβ̃1

−1/4 if at least one
of the binary’s constituents is strongly scalarised.

A comparison between figures 8(b) and 8(c) further reveals that while the magnitudes of the
spins have little impact on the maximum value of δN (D)

pert[so] (for reasons already discussed),
their impact on the value of fnonpert leads to a discernible shift in the position of this maxi-
mum. Case in point, the small and large values of χκ in table 4 result in a sensitivity window
toMβ̃1

−1/4 that is peaked around 40 keV and 200 keV, respectively.
As a final remark on figure 8, it is worth noting that while δN (D)

pert[so] can become greater
than 1 for suitably small values ofM, δN (C)

pert[so] remains significantly less than 1 in all three
panels. When combined with the fact that the values of χκ in table 4 are meant to be
representative of typical neutron star spins, while the values of ακ are the largest possible
given existing constraints, these results indicate that both current and upcoming ground-
based detectors will be insensitive to the effects of a scalar-induced, conformal spin-orbit
interaction in (the perturbative part of) a binary neutron star inspiral. This conclusion is in
complete agreement with the expectations we laid out in section 1. Note, however, that the
magnitudes of χκ and ακ could be much larger in binary systems of scalarised black holes;
hence, our perturbative results for the conformal spin-orbit sector may still play an important
role in the modelling of such systems. We will comment briefly on this scenario in section 7.2.

Caveats. For now, let us close this section by highlighting several of its limitations. First, it
almost goes without saying that the small selection of values in table 4 leaves most of pa-
rameter space unexplored. Because different models lead to different predictions for how the
Wilson coefficients depend on the properties of the neutron star and the underlying parame-
ters of the scalar-tensor theory, it is difficult to perform a meaningful exploration of parameter
space without also being explicit about the specific details of the microscopic physics. In lieu
of this, we have elected to simply use the small number of illustrative values in table 4 to
make some generic statements about the detectability of disformal spin-orbit effects. Our

31For the asymmetric binary, we take κ = 1 to correspond to the more massive, strongly scalarised star.
Moreover, to properly evaluate each part of Npert in this case, we must also specify appropriate values for
the Wilson coefficients β̃2 and α′κ. This was not necessary for binaries with identical constituents, since
β̃2 = β̃1 in that case, while α′κ (which enters via the definition of a(1)

NLO) is always multiplied by something
that vanishes. For the asymmetric binary, we find that the curves in figure 8(c) are mostly insensitive to the
precise value of β̃2 and α′κ as long as β̃2/β̃1 . O(10), α′1 . O(100), and α′2 . O(10).
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expectation is that these conclusions are fairly representative of a broad class of models, but
it is certainly possible that some models could give rise to larger effects that can already
be constrained by current-generation detectors, and conversely, there will surely be others
whose imprints are too small to be observable by any planned detector. It would therefore
be valuable in the future to map our general results for the gravitational-wave phase onto
specific models, so as to establish more definitive constraints.

Second, recall that in addition to the masses, spins, and Wilson coefficients of the two
bodies, our formula for Npert also takes as input a value for the small parameter ε [see (6.3)],
which sets the criterion for when we think our perturbative ladder expansion breaks down.
The results in figure 8 assume a value of ε = 0.1, and while we believe this to be a fairly conser-
vative choice, it should be noted that our conclusions turn out to be quite sensitive to this par-
ticular parameter. A value of ε = 0.5, for instance, would mean that even current-generation
detectors can be sensitive to disformal spin-orbit effects in strongly scalarised binaries of the
kind in figure 8(b), while an even larger value of ε = 1 would allow for a future detector like the
Einstein Telescope to see the imprints of a disformal spin-orbit interaction in weakly scalarised
binaries of the kind in figure 8(a). Going in the opposite direction, we find that for ε . 0.01,
all three of the ground-based detectors considered in this section would be blind to disformal
effects during the perturbative part of the binary’s inspiral. It would therefore be instructive
to extend our calculations to higher orders in the disformal coupling in the future, so that we
can refine our estimate for when our perturbative expansion breaks down; or, better yet, one
could consider exploring how to resum the relevant set of ladder diagrams, so as to obtain a re-
liable prediction for both the perturbative and nonperturbative parts of the binary’s inspiral.

Finally, it is worth reiterating that our rudimentary criterion for detectability in this
section does not account for several important factors, like the inevitable degeneracies be-
tween parameters, expected detection rates, signal-to-noise ratios, and so on. Indeed, we
know that in the spin-independent sector, the green lines in figures 8(a) and 8(b) overesti-
mate how likely we are to detect the presence of a scalar in systems with ∆α = 0, as the
absence of scalar dipole radiation means that δNpert[o] is degenerate with a rescaling of the
total mass at leading PN order. One therefore has to rely on the corrections from higher-
PN-order terms to break this degeneracy, but these higher-order terms are naturally harder
to constrain, given that they are suppressed by one or more powers of v2. For δN (D)

pert[so], we
can already see from table 3 that a measurement ofM is degenerate with a rescaling of χκ,
since these quantities only appear in the combination χκ/M4. This should not prevent us
from detecting the presence of a disformal spin-orbit interaction, should one exist with a
favourable value of M, but it is unlikely that the data can be used to pinpoint the exact
value of M, unless it can separately pinpoint the values of χκ. (Note that thus far, all of
the neutron stars that have been detected through gravitational waves have spins that are
either unconstrained or only weakly bounded from above [284–286].) On the whole, these
limitations motivate undertaking a more robust, Bayesian analysis in the future.

7 Discussion

7.1 Summary of main results

In this work, we used a generalisation of the NRGR approach [183–196] to compute the
leading spin-orbit effects that would arise when a compact binary is coupled both confor-
mally and disformally to a light scalar field. After reviewing the main conceptual ideas in
section 2, we showed in section 3 how one could construct a general point-particle action
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for spinning bodies in this class of theories by utilising a two-step approach. Our first step
was to perform a frame transformation on the corresponding action in general relativity as a
means of systematically generating new terms that couple the effective point particle directly
to the scalar field. The result of this procedure suffices as a model for how weakly gravitating
bodies behave (when viewed from large distances) in the Einstein frame, but for strongly
gravitating objects like black holes and neutron stars, a second step where we generalised the
action to allow for arbitrary values of the Wilson coefficients was required. This extra step
accounts for the fact that when a body has a considerable amount of self-gravity, the strength
with which it couples to the scalar is largely influenced by the microscopic details of its in-
terior. The precise relation between a body’s Wilson coefficients and its internal structure
can be determined on a case-by-case basis by performing a number of matching calculations
(see section 3.2 for examples), but for most of this paper, we have left these coefficients as
free parameters, thereby rendering our results general enough to describe any spinning body
[up to subleading effects that we neglect; see the discussion below (3.16)]. The final result of
this section is given in the form of a Routhian in (3.25).

In section 4, two distinct copies of this Routhian were combined with our fiducial field
action Sfields to produce the total effective action in (4.1). With the help of Feynman dia-
grams, we then integrated out the potential modes of the scalar and gravitational field from
this action to arrive at a perturbative result for the two-body potential V , which we divided
into four “sectors” according to (4.8). The result itself is given in (4.10). A mixture of
Euler-Lagrange and Hamilton equations were then used to derive the conservative equations
of motion for this system, which are given by (4.22) and (4.24) when expressed in the centre-
of-mass frame. Finally, we concluded our discussion of the conservative sector by specialising
to circular nonprecessing binaries in section 4.4. The orbital binding energy for systems in
this particular configuration can be found in (4.28).

Turning to the radiative sector, in section 5.1 we used a similar diagrammatic technique
to compute the multipole moments QL [see (5.5)] that are responsible for sourcing outgoing
scalar waves. The amount of power Pφ that is carried away by these waves is given in (5.13),
assuming again that the binary is in a circular nonprecessing orbit for simplicity. In sec-
tion 5.2, we then used power-counting arguments to show that the gravitational multipole
moments IL and J L are the same as they would be in general relativity (at the order to
which we are working), although the presence of a scalar does contribute indirectly to the
power Pg radiated into gravitational waves via the solution to the conservative equations of
motion, which is needed to put the result “on shell.” For circular nonprecessing binaries,
the result for Pg is given in (5.17). Finally, in section 5.3, we combined these results for
the total power with our earlier expression for the orbital binding energy to determine the
evolution of the binary’s orbital phase ψ, and by extension, its gravitational-wave phase Ψ
(up to nonlinear radiative corrections like tail terms, which we neglect).

Care was taken to distinguish between two possible scenarios: a dipole-driven inspiral,
wherein the binary loses energy predominantly to scalar dipole radiation, and a quadrupole-
driven inspiral, during which energy is radiated mostly into the quadrupolar modes of the
scalar and gravitational field. The results for these two cases are given in (5.27) and (5.33),
respectively, when expressed in the time domain, while the corresponding frequency-domain
results can be found in (D.4) and (D.8). We should clarify that our results for the latter,
quadrupole-driven regime will be the most relevant for establishing constraints if our de-
fault assumption is the validity of general relativity, but because current observations do not
yet preclude the possibility of a binary that undergoes a (temporary) dipole-driven phase
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during the very early stages of its inspiral, we have made allowances for this more exotic sce-
nario as well.

At this stage, it is useful to mention a number of consistency checks that have been
performed to validate the results of this paper. First, note that none of our results in the
conformal spin-independent sector are new, as they have been lifted directly from refs. [197–
199]. Additionally, note that the leading effects (both conservative and radiative) from a
disformal spin-independent coupling have previously been calculated in refs. [181, 182], albeit
only for the special case in which α1 = α2 and β1 = β2. Our results for this sector correctly
reduce to those of refs. [181, 182] when we take this limit, but we think it is important
to stress that our results are more general, as they also allow for body-dependent Wilson
coefficients, which are necessary when modelling systems of strongly gravitating objects.

That said, the key novelty of this work is the calculation of the additional spin-orbit
effects that are induced by a conformal and disformal coupling to the scalar field. Some
preliminary results in this direction can be found in a previous paper of ours; namely ref. [206],
although we restricted ourselves to a conservative setting in that study and, moreover, focused
only on weakly gravitating bodies. We have checked that the more general results of this
present work correctly reduce to those of ref. [206] after setting α1 = α2 and β̃1 = β̃2,32
but note that this only validates our results in the conservative sector. To the best of our
knowledge, our results for the scalar-induced, spin-orbit parts of the radiated power and
gravitational-wave phase have been calculated here for the very first time. (Of course, the
conformal spin-orbit sector has a part that overlaps with general relativity, and we have
verified that this subset of terms is consistent with the results in ref. [233].)

To illustrate that these effects are not merely theoretical curiosities, but are also relevant
for phenomenological applications, we concluded this paper by assessing their observational
prospects in current and future ground-based, gravitational-wave detectors. The results of
section 6 suggest that a future detector like the Einstein Telescope will be sensitive enough
to probe disformal spin-orbit effects in double neutron star binaries for values ofMβ̃1

−1/4 in
the O(10) to O(100) keV range if at least one of the two bodies is sufficiently scalarised. This
is encouraging, although as we highlighted towards the end of section 6, our rudimentary
analysis leaves several important factors (like the various degeneracies between parameters)
unaccounted for, and thus this preliminary result should be taken mostly as motivation for
performing a more robust, Bayesian analysis in the future.

7.2 Future directions

Additionally, some other key directions for future work are as follows.

Amplitude corrections. Because a matched-filtering analysis is much more sensitive to
variations in the phase than in the amplitude of the gravitational wave, we have concen-
trated only on the former in this work. This should suffice for placing order-of-magnitude
constraints on new physics [287], but if (or when) a deviation from general relativity is found,
both amplitude and phase corrections should be included in the waveform to minimise sys-
tematic errors.

Going beyond the ladder expansion. The inspiral phase of a binary system splits
into a perturbative and nonperturbative part when the disformal coupling scaleM is small
enough to be of phenomenological interest [see the discussion around (6.1)]. Because the

32To translate our results into the notation of ref. [206], set ακ = −c̄/2 and βκ = β̃κ = d̄/2.
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results of this paper were truncated to first order in the disformal coupling (i.e., to first order
in 1/M4) for simplicity, its predictions are valid only in the former perturbative regime.
Constructing a waveform that remains valid over the entire course of the inspiral would be
highly desirable, but this rests on our ability to gain a good handle on the nonperturbative
regime, which entails being able to resum a certain class of ladder diagrams. Fortunately,
this has previously been shown to be possible for systems of nonspinning bodies [265, 266],
and it is likely that similar techniques could also be used to address the spinning case.

Other observational probes. As a precursor to more extensive studies in the future, our
discussion in section 6 focused solely on the constraining power of ground-based detectors.
It would be interesting to explore how much we could learn from future space-borne missions,
like the Laser Interferometer Space Antenna (LISA) [288] or the Decihertz Interferometer
Gravitational Wave Observatory (DECIGO) [289]; and also, to examine what constraints
can be placed by using observational data of binary pulsars [290–292]. We expect that
each of these experiments will have their uses, since they are sensitive to binaries within a
different range of orbital frequencies. Accordingly, they will be sensitive to different values of
the coupling scaleM, and thus will cover complementary regions of parameter space. Note,
however, that the results of this paper should be generalised to include a nonzero eccentricity
before applying them to the above cases, since binary systems with lower orbital frequencies
have yet to fully circularise.

Orbital precession. Another generalisation we could make in the future would be to
relax our assumption of a nonprecessing orbit. In particular, so-called “up-down binaries”
are known to be unstable to small perturbations in the orientations of their spins [293–296],
and it would be interesting to see what effect a disformal spin-orbit interaction might have
on this instability.

Spinning black holes. While the tail end of this paper focused primarily on the prospect
of observing disformal spin-orbit effects in double neutron stars, it is worth reiterating that
the general results in sections 3 to 5 can also be used to describe systems of “hairy” black
holes. Such objects would not be affected by a disformal coupling, but our results in the
conformal spin-orbit sector still apply. With a minimal amount of effort (mostly needed
to square differences in notation), these can be combined with the spin-independent results
of refs. [60–63] to produce 1.5PN-accurate waveforms for spinning black hole binaries in
Einstein-scalar-Gauss-Bonnet theories.33

Constraining gravity on multiple scales. By treating the masses, spins, and Wilson
coefficients {ακ, β̃κ, . . . } of the two bodies as free parameters, our results are general enough
to describe how spinning compact binaries evolve in a broad class of scalar-tensor theories.
There is, however, only so much information that can be gleaned from placing constraints on
Wilson coefficients; hence, as we discussed at the end of section 6, it would also be interesting
to apply our results to specific models. Performing the requisite matching calculations that
link the two bodies’ Wilson coefficients to the underlying parameters of the scalar-tensor
theory would then allow us to establish more definitive constraints on those model parameters
directly. This would also allow us to explore how the constraints on conformal and disformal

33Our field action in (4.2) does not include the all-important term that couples the scalar to the Gauss-
Bonnet invariant, but from power counting we know that we only need its contribution in the spin-independent
sector (which is already given in refs. [61–63]) to obtain accurate spin-orbit results at leading order.
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couplings that derive from compact binaries compare with those that have already been
established in the Solar System [73–76, 206] and on much larger cosmological scales [87–
89, 134–142].

Nonlinear interactions. It is important to appreciate, however, that viable cosmological
models typically rely on nonlinear interaction terms in the field action Sfields to screen their
effects on smaller scales (see refs. [76, 80, 297] for modern reviews), but such terms were
omitted in this work for simplicity. The impact of scalar self-interactions on the evolution of
a binary is not fully understood, and remains an active area of research [219–224].
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A Preserving the spin supplementary condition

One of the key steps in our construction of the point-particle Routhian was the elimination
of the Lagrange multipliers χa and ξa. In section 3.3, we accomplished this by substituting in
hand-picked solutions for these vectors, which we claimed would automatically preserve the
covariant SSC and its conjugate constraint under time evolution. The goal of this appendix
is to substantiate that claim by deriving the aforementioned solutions from first principles.

Equations of motion. Our first course of action is to write down the equations of motion
that follow from the first-order Lagrangian in (3.15). To begin with, note that the variation
of this Lagrangian with respect to e, χa, and ξa leads to the set of constraints

C0 := p2 + 2B(p ·∇φ)2 +A2m2 ≈ 0, (A.1)

Ca1 :=
√
−p2Λa0 − pa ≈ 0, (A.2)

Ca2 := Sabpb ≈ 0. (A.3)

The hypersurface in phase space along which all three of these conditions are satisfied is known
as the constraint surface, and we say that two quantities are “weakly equal” if they differ only
by terms that vanish along this surface [236]; i.e., F1 ≈ F2 if and only if F2 − F1 =

∑
n bn · Cn,

where bn are arbitrary functions of the phase-space variables.
Varying the Lagrangian with respect to the momentum pµ then gives us an equation

that relates it to the tangent vector ẋµ, while varying with respect to Sab establishes an
analogous relation between the spin tensor and the angular velocity Ωab

Λ . Explicitly, we find

pµ −me−1ẋµ ≈− 2B[(p−me−1ẋ) ·∇φ]∇µφ+mSµνξ
ν +mPµνχ

ν

+ me−1ẋρpσ

p2
(
B́Sµν∇νφ∇ρ∇σφ+ B̀Sµν∇ν∇ρφ∇σφ

)
, (A.4)
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Ωab
Λ + ẋµωabµ ≈

eA2

m

∂m2

∂S2 S
ab + 2eξ[apb] + 2ẋ[a∇b] log Ã+ 2B̃ẋµ∇[aφ∇b]∇µφ

− 2ẋµpν

p2 p[a(B́∇b]φ∇µ∇νφ+ B̀∇b]∇µφ∇νφ
)
. (A.5)

In writing (A.4), we have introduced Pµν := δµν − pµpν/p2 as the projection matrix onto the
hypersurface orthogonal to pµ. Note also that the first term on the r.h.s. of (A.5) accounts
for the fact that the total ADM mass m of a spinning body generally includes a contribution
from the magnitude of its spin [237, 239, 240]. Note, however, that because the quantity
∂m2/∂S2 does not appear in any of the other equations of motion, and because we can de-
scribe the intrinsic rotation of a spinning body exclusively in terms of its spin tensor Sab
without making any reference to the angular velocity (on account of the angular coordinates
in ΛaA being cyclic), knowledge of exactly how m depends on S2 will not be necessary here.34

Moving on, the equation of motion for Sab follows from varying (3.15) with respect to
the Lorentz matrix ΛaA. We have that ΛaA 7→ (Λ + δΛ)aA under an infinitesimal variation,
and since Λ + δΛ must also be a Lorentz matrix, the variation δΛaA is constrained to be of
the form δΛaA = −θabΛbA, where θab is an antisymmetric matrix. It then follows that [237]

δΩab
Λ = θ̇ab + Ωac

Λ θc
b − θacΩcb

Λ , (A.6)

and thus the equation of motion for the spin tensor in the locally flat frame is

Ṡab = 2eχ[apb] − 2Ωc[a
Λ S

b]
c. (A.7)

The transformation rule in (3.3) can then be used to show that the corresponding result in
a general coordinate frame reads

D

Dλ
Sµν = 2eχ[µpν] − 2Ωα

[µSν]α (A.8)

≈
[
2eχµpν + 2Sµα

(
eA2

m

∂m2

∂S2 Sαν + 2eξ[αpν] + 2ẋ[α∇ν] log Ã+ 2B̃ẋσ∇[αφ∇ν]∇σφ

− 2ẋρpσ

p2 p[α(B́∇ν]φ∇ρ∇σφ+ B̀∇ν]∇ρφ∇σφ
))]

asym.
, (A.9)

where the second equality follows after using (A.5). The subscript “asym.” instructs us to
antisymmetrise over any free indices, and since [SµαSαν ]asym. = 0, we see that the ∂m2/∂S2

term drops out. It so happens that (A.4) can now be used to eliminate both χa and ξa

simultaneously from (A.9), and thus our final result for the spin equation of motion is

D

Dλ
Sµν ≈ 2p[µẋν] − 4em−1B[(p−me−1ẋ) ·∇φ]p[µ∇ν]φ

− 4Sρ[µδ
σ
ν]
(
ẋ[ρ∇σ] log Ã+ B̃ẋα∇[ρφ∇σ]∇αφ

)
. (A.10)

We stated in the main text that this equation invariably conserves the magnitude of
the spin tensor, and we are now in a position to verify this explicitly. Either (A.7) or (A.10)
can be used for this purpose, but working with the former turns out to be more instructive.

34To clarify, this will be true when building gravitational-wave templates, as we do in this paper, but will
not be true if we wanted to confront our predictions with, say, the timing data of pulsars, since in this case
angular velocities are what we can actually measure.
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Contracting it with Sab gives us SabṠab ≡ dS2/dλ, and this can be seen to vanish since
χ[apb]Sab ≈ 0 by virtue of the SSC in (A.3), while Ωc[a

Λ S
b]
cSab = Ωab

Λ S
c
aSbc = 0 on account

of symmetry. Crucially, this conclusion holds independently of how Ωab
Λ is related to Sab,

and therefore applies to any Lagrangian of the form in (3.2) whose Hamiltonian Hpp is
independent of ΛaA (up to a constraint term of the form χaC

a
1 ).

Finally, the equation of motion for pµ follows from varying (3.15) with respect to xµ.
This is incredibly tedious to do in an arbitrary coordinate frame, but since the action is gen-
erally covariant, much of this difficulty can be sidestepped by working in normal coordinates
around a point where the Christoffel symbols vanish (but their derivatives do not), and then
covariantising the result. After what is still a lengthy calculation, we find

D

Dλ
pµ ≈−

1
2Rµνρσẋ

νSρσ −meA2∇µ logA− 2B(pρẋσ∇ρ∇σφ)∇µφ

− 2em−1B[(p−me−1ẋ) ·∇φ]pα∇α∇µφ− 2ẋρSσ[µ∇ρ]∇σ log Ã

+ DSρσ
Dλ

(
δρµ∇σ log Ã+ B̃∇ρ∇σ∇µφ

)
− B̃Sρσẋν∇ρ∇µφ∇σ∇νφ

+ B∇µφ∇αφRανρσẋνSρσ + B̃RµνραẋνSρσ∇αφ∇σφ. (A.11)

As a useful consistency check, we note that (A.10) and (A.11) correctly reduce to
the Mathisson-Papapetrou-Dixon equations [249–253] of general relativity in the limit
where φ→ constant.

Consistency conditions. The four equations of motion in (A.4), (A.5), (A.10), and (A.11),
along with the three constraints in (A.1)–(A.3), already contain all of the information that
can be extracted from varying the Lagrangian, but they still do not specify a unique solution
for the evolution of this spinning body. This is not uncommon when studying systems with
constraints [242], and in our case, the underlying reason is that the four equations of motion
for the phase-space variables (xµ, pµ,ΛaA, Sab) also depend explicitly on the Lagrange mul-
tipliers (e, χa, ξa), which do not have equations of motion of their own. How we deal with
these extra, nondynamical degrees of freedom will depend on whether or not the Lagrange
multiplier is associated with a gauge symmetry, and thus we will have to treat the einbein e
differently from the two vectors χa and ξa.

The claim is that because the former is responsible for rendering the point-particle
action invariant under reparametrisation, it can be eliminated systematically from all four
equations of motion. To see this, first multiply (A.5), (A.10), and (A.11) by a factor of e−1.
It should then become apparent that the einbein appears in all four equations of motion
only as part of the combination e−1D/Dλ, and thus can be eliminated by simply defining
a new parameter s such that ds = e dλ. In general relativity, s is nothing but the proper
time, but this is no longer the case in a scalar-tensor theory. Instead, the relation between
s and the proper time τ is determined by solving (A.4) for pµ and then substituting the
result into (A.1). Working perturbatively up to first order in the spin and in the disformal
coupling,35 we find that the solution to (A.4) is

pµ ≈ me−1ẋµ +m(Sµνξν + Uµνχ
ν)− 2Bm[(Sρσξσ + Uρσχ

σ)∇ρφ]∇µφ

+ ẋρẋσ

ẋ2
(
B́Sµν∇νφ∇ρ∇σφ+ B̀Sµν∇ν∇ρφ∇σφ

)
, (A.12)

35Naturally, any term proportional to Sab is counted as being of first order in the spin, but additionally, we
also count χa as being of first order in the spin, since one does not have to include the constraint term χaC

a
1

in the Lagrangian when modelling a nonspinning body.
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where Uµν := δµν − ẋµẋν/ẋ2 is the projection matrix onto the hypersurface orthogonal to ẋµ.
Substituting this result into (A.1) then returns( ds

dλ

)2
= e2 = −A−2[ẋ2 + 2B(ẋ ·∇φ)2], (A.13)

which is spin-independent at the order to which we are working. It follows immediately
that (ds/dτ)2 = A−2[1− 2B(u ·∇φ)2] when written in terms of the proper time τ , which
is defined from the requirement that the 4-velocity uµ := dxµ/dτ satisfy the normalisation
condition uµuµ = −1.

These relations now offer us three equally viable methods for eliminating e from the
equations of motion. We could reparametrise all four equations in terms of s as described
above; or, we could reparametrise in terms of τ ; or, we could continue to use the parameter λ
while using (A.13) to eliminate e. This last option turns out to be the most convenient for
our purposes, given that it does not impose any particular gauge choice on λ.36 Accordingly,
we can easily set λ→ τ and ẋµ → uµ at a later stage should we find ourselves wanting to spe-
cialise to the proper-time gauge, or alternatively, we could set λ→ x0 and ẋµ → vµ = (1,v)
to establish a nonrelativistic expansion, as is done in the main text.

Having dealt with the einbein e, we now turn to the issue of fixing χa and ξa. These
two Lagrange multipliers are not associated with any kind of gauge symmetry, and so cannot
be eliminated from our system of equations. What we can do instead is tune them in such
a way that the overall solution remains self-consistent. A basic requirement for consistency
is that the SSC and its conjugate constraint are preserved under time evolution, and indeed,
demanding that DCa1/Dλ ≈ 0 and DCa2/Dλ ≈ 0 gives us two new equations (on top of the
usual four equations of motion) that can be solved simultaneously for χa and ξa.

To proceed, we first note that

if Ca ≈ 0 and DCa

Dλ
≈ 0, then D

Dλ
(CaTab1··· bn) ≈ 0 (A.14)

for any tensor Tab1··· bn . This result is useful because the consistency condition DCa1/Dλ ≈ 0
is difficult to manipulate as is, but it is easy to show that

ηABeµA
D

Dλ

(
gρσe

ρ
Be

σ
aC

a
1√

−p2

)
= − 1√

−p2

(
Ωµνpν + Pµν

Dpν
Dλ

)
. (A.15)

The above necessarily vanishes along the constraint surface on account of (A.14); hence, the
preservation of the constraint Ca1 ≈ 0 under time evolution implies that

Ωµνpν ≈ −Pµν
Dpν
Dλ

. (A.16)

Similarly, we can contract Ca2 with ηabebµ and then use the result in (A.8) to show that

D

Dλ
(Sµνpν) =

(
2eχ[µpν] − 2Ωα

[µSν]α
)
pν + Sµν

Dpν
Dλ

≈ 0. (A.17)

Substituting (A.16) into (A.17) then reveals that 2eχ[µpν]p
ν ≈ 0, and thus we must have

χa ≈ 0 (A.18)
36It is also worth mentioning that this option is essentially identical to the process of integrating out pµ

and e from the Lagrangian, which is what we did when going from (3.15) to (3.21) in the main text.
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for a consistent solution to the equations of motion. More precisely, we must have χa ≈ 0 up
to an additive term proportional to pa, but since this Lagrange multiplier only ever appears
in the equations of motion as part of the combinations Pµνχν or χ[µpν], the additive term
always drops out, and thus the solution in (A.18) is sufficiently general.

What remains is to solve for ξa. Rather than substitute (A.16) into (A.17), we now
substitute (A.5) and (A.11) into (A.17). After also using (A.10), (A.13), and (A.18) to
simplify terms, we find

Sµν

(
mξν−∇ν log (Ã/A)− ẋ

ρẋσ

ẋ2
[
(2B−B̃−B́)∇ρ∇σφ∇νφ+(B̃−B̀)∇ρφ∇ν∇σφ

])
≈ 0 (A.19)

at the order to which we are working. The factor of Sµν can easily be stripped off to yield

mξa ≈ ∇a log(Ã/A) + ẋρẋσ

ẋ2
[
(2B − B̃ − B́)∇ρ∇σφ∇aφ+ (B̃ − B̀)∇ρφ∇a∇σφ

]
. (A.20)

As was the case with χa, this solution for ξa is unique up to an additive term that is pro-
portional to pa, but that consistently drops out of the equations of motion. The solution
in (A.20) is therefore sufficiently general.

Equivalence with the Routhian approach. The above solutions for χa and ξa are
exactly what we substituted into (3.21) to obtain the point-particle Routhian in (3.25). In
general, one should be wary about substituting things back into the action,37 but it is possible
to check that the first-order Lagrangian in (3.15) and the Routhian in (3.25) correctly give
rise to the same equations of motion.

In particular, we find that the Euler-Lagrange equation for Rpp [see (3.26)] yields

mA D

Dτ
uµ ≈− 1

2R
µ
νρσu

νSρσ −mAUµν∇ν logA− 2mABUµνuρuσ∇ρ∇σφ∇νφ

+ Sµρuσ(∇ρ∇σ logA−∇ρ logA∇σ logA) + 2BSµνuρuσuα∇α(∇ρ∇σφ∇νφ)
− B̃Sρσuα∇µ∇ρφ∇σ∇αφ− 2B̃Sµνuρuσuα∇[νφ∇ρ]∇σ∇αφ

+ 1
2BR

µ
νρσu

νSρσ(u ·∇φ)2 − BRρσαβSρσUµνuα∇βφ∇νφ

+ B̃RµνρσuνSρα∇σφ∇αφ− B̃SµνRνρσβuρuσuα∇βφ∇αφ (A.21)

after specialising to the proper-time gauge for simplicity and then truncating to first or-
der in the spin and the disformal coupling. This second-order equation of motion for
the worldline is equivalent to what we would get from combining the first-order equations
in (A.11) and (A.12), along with our solutions for the Lagrange multipliers in (A.13), (A.18),
and (A.20).

Likewise, we can use Hamilton’s equation on Rpp [see (3.26) and (3.27)] to obtain the
equation of motion for the spin, which reads

D

Dτ
Sµν ≈ 2u[µSν]α∇α logA+ 4Bu[µSν]αu

ρuσ∇ρ∇σφ∇αφ

+ 4B̃u[µSν]
αuρuσ∇[ρφ∇α]∇σφ+ 4B̃uρSσ [µδ

α
ν]∇ρ∇[σφ∇α]φ (A.22)

when written in the proper-time gauge. Once again, this is exactly what we would obtain
from combining (A.10) and (A.12), along with our solutions for the Lagrange multipliers.

37The main exception being when one is “integrating” something out at the classical level.
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B Evaluating Feynman diagrams

Our results for the conservative potential V and the scalar source function J(x) have been
pieced together by combining previously known results [187, 197–199] with a number of
calculations that are novel to this work. In particular, three new Feynman diagrams had to
be evaluated, and the details of those calculations are presented here in this appendix.

1. We begin with the Feynman diagram in figure 3(c), whose contribution to V reads

figure 3(c) =−i
∑
κ

∑
κ′ 6=κ

∫
d4x d4x′

(
iδ(3)(x− xκ(t)) ακ

2mPl
(Si0κ − Sijκ vjκ)

)

× ∂〈T ϕ̂(x)ϕ̂(x′)〉
∂xi

(
iδ(3)(x′ − xκ′(t′))

ακ′mκ′

2mPl

)
. (B.1)

Enclosed in parentheses are explicit expressions for the two worldline vertices, which follow
from the Feynman rules in table 1, while the sum over κ and κ′ ensures that both permutations
of the worldlines are taken into account.38 Note also that we have chosen to multiply the
entire diagram by an extra factor of −i, such that it constitutes a term in the effective
action S′eff [cf. (2.6)], rather than one in iS′eff.

Now using the explicit form for the potential-mode propagator in (4.4), we find that

figure 3(c) =
∑
κ

∑
κ′ 6=κ

∫
d4x d4x′ δ(3)(x− xκ(t)) δ(3)(x′ − xκ′(t′))

× ακ
2mPl

ακ′mκ′

2mPl
(Si0κ − Sijκ vjκ) ∂

∂xi

(
δ(t− t′)

4π|x− x′|

)
=−

∑
κ

∑
κ′ 6=κ

∫
dt ακακ

′mκ′

16πm2
Pl

(Si0κ − Sijκ vjκ)(xκ − xκ′)i

|xκ − xκ′ |3
, (B.2)

where the last line follows after integrating over x, x′, and t′. This is equivalent to writing

figure 3(c) = −
∫

dt 2GNα1α2m2
r2 ni(Si01 − S

ij
1 v

j
1) + (1↔ 2). (B.3)

We may now read off this diagram’s contribution to V by simply discarding the “−
∫

dt” out
front [cf. (2.9)]. What remains is exactly the term in (4.10c) that is proportional to α1α2.

2. Similar steps underpin the evaluation of figure 3(d), which provides the leading disformal
contribution to the spin-orbit potential. Explicitly, we have that

figure 3(d) =−i
∑
κ

∑
κ′ 6=κ

∫
d4x d4x′ d4x′′

(
iδ(3)(x− xκ(t)) β̃κS

ij
κ

M4

)

× vµκ(t)∂
2〈T ϕ̂(x)ϕ̂(x′)〉
∂xµ∂xi

(
iδ(3)(x′ − xκ′(t′))

ακ′mκ′

2mPl

)
× ∂〈T ϕ̂(x)ϕ̂(x′′)〉

∂xj

(
iδ(3)(x′′ − xκ′(t′′))

ακ′mκ′

2mPl

)
, (B.4)

38Requiring that κ′ 6= κ automatically restricts our attention only to those diagrams in which a scalar
is being exchanged between the two worldlines. In general, the Feynman rules also allow for diagrams in
which the scalar propagates to and from a single worldline (i.e., κ′= κ), but these correspond to divergent
self-energy corrections that are pure counterterm and have been shown to vanish when using dimensional
regularisation [183]. Accordingly, such diagrams have no physical effect and can safely be neglected.
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and this can be shown to simplify to

figure 3(d) =
∑
κ

∑
κ′ 6=κ

∫
dtdt′

(
ακ′mκ′

2mPl

)2 β̃κS
ij
κ

16π2M4
(xκ − xκ′)j

|xκ − xκ′ |3

×
(
∂

∂t
δ(t− t′) + δ(t− t′) vκ ·

∂

∂xκ

) [xκ − xκ′(t′)]i

|xκ − xκ′(t′)|3
(B.5)

after evaluating the derivatives with respect to xi and xj , and then performing the integrals
over all variables except t and t′. Written in this way, xκ and xκ′ are to be understood as
being functions of t, except where indicated otherwise. The identity ∂tδ(t− t′) ≡ −∂t′δ(t− t′)
and a subsequent integration by parts can then be used to show that

figure 3(d) =
∑
κ

∑
κ′ 6=κ

∫
dt dt′

(
ακ′mκ′

2mPl

)2 β̃κS
ij
κ

16π2M4
(xκ − xκ′)j

|xκ − xκ′ |3

× δ(t− t′)
(
∂

∂t′
+ vκ ·

∂

∂xκ

) [xκ − xκ′(t′)]i

|xκ − xκ′(t′)|3

=
∑
κ

∑
κ′ 6=κ

∫
dt
(
ακ′mκ′

2mPl

)2 β̃κS
ij
κ

16π2M4
(xκ − xκ′)j

|xκ − xκ′ |3
d
dt

( (xκ − xκ′)i

|xκ − xκ′(t′)|3
)
, (B.6)

where the second line follows essentially by definition of the total derivative. This is equivalent
to writing

figure 3(d) = −
∫

dt GNα
2
2m

2
2

2πM4r5 β̃1S
ij
1 n

ivj + (1↔ 2), (B.7)

in agreement with (4.10d).

3. The last diagram that needs evaluating is shown in figure 5(b), and is responsible for the
leading disformal spin-orbit contribution to J(x). Unlike the previous two diagrams, which
involve only the exchange of potential modes, this third diagram also contains a radiation
mode that carries energy and momentum off to infinity. Thus, whereas we could previously
read off the Feynman rules directly from table 1 after replacing ϕ with ϕ̂, we must now
substitute ϕ = ϕ̄+ ϕ̂ [see (2.5)] into table 1 as a first step. The vertex in figure 5(b) that
involves both a potential mode and a radiation mode comes from making this substitution
in the fourth row of table 1 and then keeping only the cross terms. Written out explicitly,
they read

β̃κ
M4

∫
dt Sijκ

[
(vµκ∂µ∂iϕ̂) ∂jϕ̄+ (vµκ∂µ∂iϕ̄) ∂jϕ̂

]
. (B.8)

An integration by parts can now be used to move the derivative vµκ∂µ (≡ d/dt) in the sec-
ond term off the radiation-mode scalar ϕ̄ and onto the potential-mode scalar ϕ̂. After also
exploiting the antisymmetry of the spin tensor, we find that (B.8) is equivalent to

2β̃κ
M4

∫
dt Sijκ (vµκ∂µ∂iϕ̂) ∂jϕ̄. (B.9)

It now follows that figure 5(b) is given by

figure 5(b) =−i
∑
κ

∑
κ′ 6=κ

∫
d4x d4x′

(
iδ(3)(x′ − xκ′(t′))

ακ′mκ′

2mPl

)
× vµκ(t)∂

2〈T ϕ̂(x′)ϕ̂(x)〉
∂xµ∂xi

(
iδ(3)(x− xκ(t))2β̃κSijκ

M4
∂ϕ̄(x)
∂xj

)
, (B.10)
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and this can be shown to simplify to

figure 5(b) =−
∑
κ

∑
κ′ 6=κ

∫
dt′ d4x δ(3)(x− xκ(t)) ακ

′mκ′

2mPl

β̃κS
ij
κ

2πM4
∂ϕ̄(x)
∂xj

×
(
∂

∂t
δ(t− t′) + δ(t− t′) vκ ·

∂

∂x

) [x− xκ′(t′)]i

|x− xκ′(t′)|3
(B.11)

after evaluating the derivative with respect to xi and then performing the integral over x′.
The derivative acting on the delta function can then be dealt with in a similar way to how
we went from (B.5) to (B.6), and we ultimately find that

figure 5(b) =
∑
κ

∑
κ′ 6=κ

∫
d4x δ(3)(x− xκ(t)) ακ

′mκ′

2mPl

β̃κS
ij
κ

2πM4
∂ϕ̄(x)
∂xi

d
dt

(xκ − xκ′)j

|xκ − xκ′ |3
. (B.12)

An overall minus sign has disappeared because we have relabelled the indices i↔ j while
using the antisymmetry of the spin tensor. Finally, integrating by parts to move the spatial
derivative ∂/∂xi off the radiation-mode scalar ϕ̄, we get

figure 5(b) = −
∑
κ

∫
d4x

( ∑
κ′ 6=κ

ακ′mκ′

2mPl

β̃κS
ij
κ

2πM4
d
dt

(xκ − xκ′)j

|xκ − xκ′ |3
)
∂iδ

(3)(x−xκ(t)) ϕ̄(x). (B.13)

The quantity in parentheses is exactly the dipole moment qiκ(t) in (5.4).
This concludes our discussion of the three diagrams most relevant to this work. Several

other diagrams have been included in the main text for illustrative purposes, and while there
is no need for us to evaluate any of them in exhaustive detail here, the Feynman rules that
would be needed to do so are provided in table 5 for the sake of completeness. Also included
in this table is a description of how each vertex scales with the EFT’s expansion parameters,
which does get used in the main text when we make power-counting arguments.

C Computing the scalar flux at leading order

The goal of this appendix is to derive the result in (5.8) for the power radiated into scalar
waves. For circular nonprecessing binaries, we saw in the main text that the scalar multipole
moments could all be cast into the general form [cf. (5.6)]

QL = m

2mPl

(
G12m

x

)̀
Q`(x)n〈L〉 (C.1)

at the order to which we are working. What we have to do now is substitute this result
into the master formula in (2.16a). Because the circular nature of the orbit ensures that the
overall magnitudes of these quantities remain constant, the time derivatives that act on QL
in (2.16a) end up acting only on the product of unit vectors n〈L〉. All that remains is for us
to evaluate these derivatives.

It turns out that we can do this for arbitrary ` by making use of the general properties
of symmetric and trace-free tensors. We start by decomposing n〈L〉 into its components along
the directions spanned by a set of basis vectors Y`mL , which we shall take to correspond to
the generators of the spherical harmonics. Accordingly, these basis vectors are defined by
the relation Y`m(n) = Y`mL nL and can be shown to satisfy the orthogonality condition [232]

(Y`mL )∗Y`m′L = (2`+ 1)!!
4π`! δmm′ . (C.2)
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Diagram Interaction vertex Scaling

mκ

2mPl

∫
dt h00

√
L

mκ

mPl

∫
dt h0iv

i
κ

√
Lv

mκ

2mPl

∫
dt
(
hijv

i
κv
j
κ + 1

2h00v2
κ

) √
Lv2

1
2mPl

∫
dt Sijκ ∂ihj0

√
LvεS

1
2mPl

∫
dt
(
Sijκ v

m
κ ∂ihjm + Si0κ ∂ih00

) √
Lv2εS

α′κmκ

8m2
Pl

∫
dt ϕ2 v2

− ακmκ

8m2
Pl

∫
dt h00ϕ v2

ακ
8m2

Pl

∫
dt Sijκ h0i∂jϕ v3εS

ακ
8m2

Pl

∫
dt
(
Sijκ v

m
κ hmi∂jϕ− Si0κ h00∂iϕ

)
v4εS

Table 5. Feynman rules for a number of worldline vertices. The graviton hµν ≡ hµν(t,xκ) and the
scalar ϕ ≡ ϕ(t,xκ) are represented by helical and dashed lines, respectively, while the worldline itself
is drawn as a solid line. Vertices without black dots are spin-independent, while those with a black
dot are coupled to one power of the spin. The rightmost column lists the power-counting rules for
how each vertex scales with the EFT’s expansion parameters, assuming all factors of hµν and ϕ are
taken to be potential modes. For each factor of hµν or ϕ that is instead taken to be a radiation mode,
simply include an extra factor of

√
v.

Combining this harmonic decomposition with our freedom to choose coordinates such
that n = (cos Ωt, sin Ωt, 0) now allows us to write [299]

n〈L〉 = 4π`!
(2`+ 1)!!

∑̀
m=−`

Y ∗`m(d)Y`mL e−imΩt, (C.3)

where d = (1, 0, 0) points in the direction of n at the reference time t = 0. This expression
makes it easy for us to differentiate QL as many times as needed, and indeed we find that

(`+1)QL = m

2mPl

(
G12m

x

)̀
Q`(x)

∑̀
m=−`

Y ∗`m(d)Y`mL (−imΩ)`+1e−imΩt. (C.4)
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Taking the inner product of this result with itself now gives us

〈((`+1)QL)2〉
4π`!(2`+ 1)!! =

(
m

2mPl

)2(G12m

x

)2`
Ω2`+2N`Q

2
` (x) = 8πN`

G12(1 + 2α1α2)Q
2
` (x) x`+3, (C.5)

where the second equality follows after using (4.27) to eliminate Ω in favour of x. Meanwhile,
the overall numerical coefficient is given by

N` = 1
4π`!(2`+ 1)!!

∣∣∣∣ 4π`!
(2`+ 1)!!

∑̀
m=−`

Y ∗`m(d)Y`mL (−im)`+1e−imΩt
∣∣∣∣2, (C.6)

which further simplifies to

N` =
∑̀

m=−`

∣∣∣∣ Y`m(d)
(2`+ 1)!!

∣∣∣∣2m2`+2 (C.7)

after using the orthogonality condition in (C.2). The sum over m is straightforward to
evaluate with an algebraic package like Mathematica, and we obtain N0 = 0, N1 = 1/12π,
and N2 = 4/15π for the first few values of `. Finally, taking the sum of (C.5) over all integer
values of ` ≥ 0 returns the desired result in (5.8).

D Gravitational-wave phase in the frequency domain

Compiled in this appendix are some additional formulae that supplement the discussion
in section 5.3. In particular, our results for the gravitational-wave phase in the frequency
domain are presented in (D.4) and (D.8).

Dipole-driven regime. For dipole-driven systems, the solution to (5.20) reads

tDD = t0 + tDD[o] + t
(C)
DD[so] + t

(D)
DD[so], (D.1)

where t0 is an integration constant to be fixed by initial conditions, and

tDD[o]
G12m

= −1 + 2α1α2
2∆α2ν

1
2x−3, (D.2a)

t
(C)
DD[so]
G12m

= −2
3S

(C)
DD x−3/2, (D.2b)

t
(D)
DD[so]
G12m

= 2
3S

(D)
DD x3/2, (D.2c)

with the result for each constituent part given to leading order in x. Explicit expressions for
all of the spin-orbit coefficients S are listed in table 3. The above can now be substituted
into (5.35) along with (5.27) to give us the gravitational-wave phase Ψ̃lm(f). The result in
the dipole-driven regime is schematically of the form

Ψ̃DD = (mψ0 + 2πft0) + Ψ̃DD[o] + Ψ̃(C)
DD[so] + Ψ̃(D)

DD[so], (D.3)

where we have dropped the labels (l,m) on Ψ̃ to declutter our notation. Written in terms of
the dimensionless frequency variable um := 2πG12mf/m, we find

Ψ̃DD[o] = −1 + 2α1α2
2∆α2ν

1
2mu

−1
m , (D.4a)
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Ψ̃(C)
DD[so] = 2

3S
(C)
DD m(1 + log um), (D.4b)

Ψ̃(D)
DD[so] = −1

3S
(D)
DD mu2

m (D.4c)

at leading order in each sector. If desired, the phase for the dominant (2, 2) mode of the
gravitational-wave signal can be obtained by simply setting m = 2.

Quadrupole-driven regime. For quadrupole-driven systems, integrating (5.20) yields

tQD = t0 +
(
tQD,nd[o] + t

(C)
QD,nd[so] + t

(D)
QD,nd[so]

)
+
(
tQD,d[o] + t

(C)
QD,d[so] + t

(D)
QD,d[so]

)
, (D.5)

where t0 is the integration constant to be fixed by initial conditions, while

tQD,nd[o]
G12m

= −1 + 2α1α2
32ζν

5
8x−4,

tQD,d[o]
G12m

= 1 + 2α1α2
32ζν

25∆α2

336ζ
7
10x−5, (D.6a)

t
(C)
QD,nd[so]
G12m

= −2
5S

(C)
QD,nd x−5/2,

t
(C)
QD,d[so]
G12m

= −2
7S

(C)
QD,d x−7/2, (D.6b)

t
(D)
QD,nd[so]
G12m

= 2S(D)
QD,nd x1/2,

t
(D)
QD,d[so]
G12m

= −2S(D)
QD,d x−1/2. (D.6c)

As before, the result in each sector is given to leading order in x. Substituting this into (5.35)
alongside (5.33) returns the gravitational-wave phase

Ψ̃QD = (mψ0 + 2πft0) +
(
Ψ̃QD,nd[o] + Ψ̃(C)

QD,nd[so] + Ψ̃(D)
QD,nd[so]

)
+
(
Ψ̃QD,d[o] + Ψ̃(C)

QD,d[so] + Ψ̃(D)
QD,d[so]

)
, (D.7)

and we have once again dropped the labels (l,m) for notational convenience. At leading
order, the six constituent parts of this phase are given by

Ψ̃QD,nd[o] = −1 + 2α1α2
32ζν

3
8mu

−5/3
m , Ψ̃QD,d[o] = 1 + 2α1α2

32ζν
25∆α2

336ζ
3
10mu

−7/3
m , (D.8a)

Ψ̃(C)
QD,nd[so] = −3

5S
(C)
QD,nd mu

−2/3
m , Ψ̃(C)

QD,d[so] = − 3
14S

(C)
QD,d mu

−4/3
m , (D.8b)

Ψ̃(D)
QD,nd[so] = −3

2S
(D)
QD,nd mu

4/3
m , Ψ̃(D)

QD,d[so] = 3S(D)
QD,d mu

2/3
m (D.8c)

when written in terms of the dimensionless variable um := 2πG12mf/m. The phase for the
dominant (2, 2) mode of the gravitational-wave signal simply follows from setting m = 2.
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