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Geometry and Hydrodynamics of Swimming with a Bundle
of Bacterial Flagella

Maria Tatulea-Codrean

Microscopic-scale swimming has been a very active area of research in the last couple of
decades. The interest in this topic has been driven partly by experimental advances, which
have allowed scientists to observe the motion of microorganisms with unprecedented detail,
partly by the great potential for applications (e.g., in the biomedical sciences and biomimetic
engineering), and partly by a desire to understand the fundamentals of life starting from
unicellular organisms.

Flagellar propulsion is the most common form of locomotion amongst unicellular organ-
isms. On the one hand, eukaryotic organisms have flexible flagella which they undulate in
a remarkable variety of patterns - from the whip-like motion of a spermatozoon tail, to the
breast-stroke pattern of biflagellate algae such as Chlamydomonas, down to the metachronal
waves formed by thousands of cilia on the surface of a Paramecium. On the other hand,
bacteria are equipped with corkscrew-shaped flagella, which they can rotate rigidly in viscous
fluids to generate forward motion.

In this thesis, we consider the role played by the number of flagella in the swimming of
multi-flagellated bacteria, for which the model organism is Escherichia coli. The work pre-
sented here is theoretical and consists mainly of asymptotic calculations (usually exploiting a
small parameter that represents the aspect ratio of flagellar filaments), assisted or verified
by numerical simulations. We use two well-established theories for the hydrodynamics of
slender filaments, namely resistive-force theory (RFT) for the analytical calculations and
slender-body theory (SBT) for the numerical simulations.

The first part of the thesis, comprising three chapters, deals with the geometric aspects
of having multiple helical filaments in close proximity to one another. We derive geometric
constraints on the rate of synchronisation between rotating helical filaments as they come
together to form a bundle, as well as the geometric constraints on the entanglement of a
pair of helical filaments. Our results suggest that bacterial flagella are typically too few, and
hence anchored too far apart on the cell body, to be able to form tangled bundles based on
their intrinsic, undeformed geometry alone.

The next three chapters of the thesis focus on the hydrodynamic interactions (HIs)
between flagellar filaments, and the effect that HIs have on the synchronisation and the
propulsive capacity of a bundle of parallel filaments. We first derive an asymptotic theory
for the HIs between rigid filaments separated by a distance larger than their contour length.
Next, using this theory, we propose a novel analytical model for the synchronisation of
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elastically tethered rotating helices. Remarkably, we find that there is an optimum strength
of the elastic compliance which minimises the time scale for synchronisation, and that the
flagellar filament, although more rigid than the hook, may play a more important role in the
synchronisation of bacterial flagella and stability of flagellar bundles rotating in-phase.

In the final chapter on hydrodynamics we investigate how the hydrodynamic drag and
thrust associated with a bundle of parallel helical filaments depend on the number of filaments.
Remarkably, our findings reveal that the torque-speed relationship of the bacterial flagellar
motor plays an important role in the swimming of multiflagellated bacteria. Because HIs
within a circular bundle of filaments reduce the hydrodynamic resistance of each filament to
rotation about its own axis, the bacterial flagellar motors actuating the bundle transition from
the high-load to the low-load regime at a critical number of filaments within the biologically
relevant range, which leads to a peak in the swimming speed followed by a monotonic decay
with increasing number of filaments.
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Chapter 1

Introduction

“I want to take you into the world of very low Reynolds number – a world which is inhabited
by the overwhelming majority of the organisms in this room.” – E.M. Purcell

We might wonder where the great Edward M. Purcell found himself as he said these
words in a 1976 lecture at Harvard University [170]. Was he in a room full of vials and jars
that vastly outnumbered the members of his audience? Surprisingly, the audience themselves
made his statement possible. An average-sized adult human body harbours an incredible
3.8× 1013 bacterial cells and only 3.0× 1013 human cells, according to recently revised
estimates by Sender et al. [189].1 So what Purcell is referring to, in this quote, is the vast
number of micro-organisms present in the lecture theatre and in every other room. These
micro-organisms are wriggling their way through life at low Reynolds number under physical
constraints that we, humans, have outgrown due to the large size of our bodies. We say
“outgrown” because even human life starts at low Reynolds number, with a micrometer-sized
spermatozoon making its way towards an egg cell.

The next question we might ask ourselves is why Purcell, a Nobel laureate, would give
an entire lecture on the swimming of micro-organisms at low Reynolds number, and why
the study of micro-organisms is worthwhile in general. For some, the desire to understand
the fundamentals and origins of life is sufficient motivation. For others, the study of micro-
organisms is important for biomedical applications such as fertility treatments [55, 186],
microfluidic diagnostic tools [122], and targetted drug delivery to cancerous tissues [80, 183].
Micro-organisms are also crucial for carbon storage in the ocean [36, 104] and for the survival
of ecosystems [202], as they are the bottom link of the food chain. Finally, an almost too

1At the time when Purcell gave this lecture, the ratio was thought to be closer to 10:1 in favour of bacterial
cells [135].
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obvious reason to study micro-organisms is that they transmit a host of diseases that we
would like to cure, prevent or even eradicate [13].

As suggested by the wide range of applications in the previous paragraph, the study of
micro-organisms has not been limited to a single discipline. Microbiologists, ecologists,
biochemists, engineers, physicists, and mathematicians alike have contributed to our under-
standing of the topic. For as long as people have known about microscopic life, they have
tirelessly catalogued it [86, 125, 126, 182], poked it [98], and watched it go about its business
[40, 61, 195, 209]. In the last few decades, people have also constructed simplified models
of micro-organisms and simulated their behaviour using computers [83, 96, 107, 158].

The theoretical work of modelling and simulating micro-organisms has been, for the most
part, the pursuit of physicists and mathematicians. Our work as theorists is possible thanks
to experimental advances in microscopy over the last couple of decades, which have allowed
scientists to track and observe the movement of micro-swimmers with unprecedented detail
[45, 46, 61, 209]. Interest in this area of research has also been spurred by the prospect of
discovering new physics in active systems of micro-organisms, which are inherently out of
equilibrium [144, 174].

It would be impossible to discuss all of microscopic life in one dissertation – we focus
on bacteria. Nor would it be possible to discuss all aspects of bacterial life in detail. Out of
the seven functions of living things, i.e. movement, sensitivity, respiration, nutrition, growth,
reproduction and excretion, we focus on movement or motility.

The majority of motile bacteria use flagella as a means of propulsion [15]. Flagella in
general, i.e. both in bacteria and eukaryotes, are long and slender appendages protruding
from the cell body in relatively small numbers, in contrast to eukaryotic cilia which are
shorter and cover the cell body like a carpet [14]. Since we approach the topic of bacterial
motility from the perspective of applied mathematics rather than evolutionary or cell biology,
the research presented in this dissertation consists of minimal models for the swimming of
multiflagellated bacteria, focused on the geometric and hydrodynamic description of flagellar
bundles. For a broader discussion of bacterial hydrodynamics, beyond models of a single
swimming cell or a flagellar bundle, we refer the reader to the review article by Lauga [121].

This introductory chapter is intended as a guide for newcomers into the world of “low
Reynolds number”, to provide them with the physical intuition to navigate it. We start by
explaining the basic physical principles of flagellar propulsion, and then steer the reader
towards the topic of this dissertation by providing them with some biological background on
what the bacterial flagellum is, and what it means for bacteria to have multiple flagella. In
the final two sections, we discuss the overarching goal of our research and we review the
structure of the thesis.
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1.1 Basics of flagellar propulsion at low Reynolds number

The Reynolds number2 is a dimensionless parameter that tell us the relative importance of
inertial and viscous forces in a fluid. It is defined by the formula Re = ρfluidUL/µ , where
ρfluid is the density of the fluid, U is the speed of the flow, L is a characteristic length scale,
and µ is the dynamic viscosity of the fluid. For a swimming organism, the characteristic
length scale is the size of the body, so the smaller the organism, the smaller the Reynolds
number. The bacteria that we are interested in have a cell body size of a few micrometers,
L ≈ 2 µm, and they swim at a speed around U = 30 µm s−1. In water at 20◦C this leads to
a Reynolds number on the order of Re ∼ 6×10−5, meaning that bacteria feel the effect of
viscous forces from the fluid thousands of times more strongly than they feel inertial forces.

The fact that viscous forces dominate over inertial effects has deep repercussions on
the swimming of micro-organisms at low Reynolds number. Their movement is essentially
instantaneous - as soon as they stop actuating their flagella, the viscosity of the surrounding
fluid grinds them down to a halt. Purcell [170] estimated that a swimming bacterium would
coast for only 0.001% of its body length after it stopped moving its flagella. Evidently,
this is an organism that does not know much about inertia. Its motion depends only on the
instantaneous rate at which the flagella are moving, and not on their past history of actuation.

The second important property of low Reynolds number hydrodynamics is that rigid
bodies respond linearly to the forces applied on them [115]. If the micro-organism applies
twice as much force to its swimming appendages, they move at twice the speed. Combined
with the previous property of instantaneity, this leads to a fundamental result usually referred
to as Purcell’s scallop theorem, which says that a time-reciprocal swimming gait cannot lead
to net motion at zero Reynolds number.

1.1.1 Purcell’s scallop theorem

The scallop, illustrated in Fig. 1.1 (a), is the classic example of a swimmer with only one
degree of freedom: the opening angle of its shell, θ . Because the scallop moves through a
time-reciprocal sequence of geometries as it opens up its shell and closes it back up, the centre
of mass returns to its initial position at the end of the swimming gait – if the scallop lives
in the world of low Reynolds number. This statement can be written down mathematically
using the two properties of instantaneity and linearity introduced earlier.

The vertical speed, ż(t), of the scallop in Fig. 1.1 (a) is linearly proportional to the
instantaneous rate at which the shell opens, θ̇(t). The factor of proportionality between the

2Osborne Reynolds (1842-1912) famously studied the transition between laminar and turbulent flows in
pipes and classified the two categories of flows according to the number which now bears his name [179].
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Fig. 1.1 Principles of swimming at low Reynolds number. (a) Purcell’s scallop theorem,
demonstrated by a time series of instantaneous shapes. A swimmer with a time-reciprocal
swimming gait cannot generate sustained motion at low Reynolds number, since it moves
up and down by the same amount during the power and recovery stroke. (b) Breaststroke
swimming of Chlamydomonas reinhardtii. Having flexible flagella allows eukaryotic cells to
swim persistently in one direction, by modulating the shapes of the power and the recovery
stroke, which results in a non-reciprocal gait. Diagram adapted with permission from Wan
et al. [221]. (c) Sketch of a swimming bacterium with one flagellum. By continuously
rotating a left-handed helical propeller in the counter-clockwise (CCW) direction, bacteria
are able to push their bodies forward. The local velocity of the rotating filament relative
to the fluid is horizontal everywhere on the figure, while the drag exerted by the fluid on
the filaments has a negative vertical component due to the anisotropic drag on a slender
rod (i.e. the drag perpendicular to the filament is larger than the drag parallel to it). By
integrating the drag exerted by the fluid along the length of the helix, we deduce that the
rotating propeller experiences a net force in the downward vertical direction. If the cell is
free to move, it swims downwards and rotates in the opposite sense to the propeller, in order
to balance the forces and torques exerted by the fluid on the entire bacterium.
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two is a parameter, ζscallop(θ(t)), that encapsulates the instantaneous shape of the scallop
but not its past history. Therefore, the vertical speed is ż(t) = ζscallop(θ(t))θ̇(t), and the net
displacement of the scallop over one period of motion is

z(τ)− z(0) =
∫

τ

0

dz
dt

dt =
∫

τ

0
ζscallop(θ(t))

dθ

dt
dt =

∫
θ(τ)

θ(0)
ζscallop(θ)dθ . (1.1)

This is identically zero because the limits of integration are the same, since the scallop returns
to the same geometry at the end, θ(0) = θ(τ) = 0. Even if the scallop closes its shell faster
than it opens it, there can be no net displacement because there is no inertia. This is a prime
example of how the world of low Reynolds number escapes our physical intuition from the
high Reynolds number world.

1.1.2 Strategies for escaping Purcell’s scallop theorem

One way to generate a non-reciprocal swimming gait is to have more than one degree of
freedom, for instance by having a body with multiple moving parts. An abstract realisation of
this is Purcell’s three-link swimmer [170] whose motion has been characterised theoretically
[6], or more generally an N-link swimmer [4]. In the limit of very many and very short
links, coupled elastically to one another, this strategy becomes equivalent to having a
flexibly deforming body or flagellum. Eukaryotic cells such as Chlamydomonas reinhardtii,
illustrated schematically in Fig. 1.1 (b), use this strategy for locomotion. In the case of
Chlamydomonas, the flagella move further away from the cell body during the downward
power stroke compared to the upward recovery stroke. This allows the alga to pull itself up
by a greater amount during the power stroke, leading to net motion along the axis of the cell,
in the direction of the beating flagella.

An alternative way to satisfy the constraint of non-reciprocal motion, without using
flexible flagella, is to stick with a rigid propeller that has only one degree of freedom, but to
make that degree of freedom rotational. This is the solution used by bacteria, which possess a
specialised motor that can rotate a helical propeller around its own axis, as shown in Fig. 1.1
(c). The rotational degree of freedom means that the cell can return to the same configuration
and be ready for another cycle of motion, without the degree of freedom itself returning to
the same value. If φ is the angle by which the propeller has rotated around its own axis, we
follow the same argument as for the scallop to find that there is a net displacement over one
period of rotation of the propeller,

z(τ)− z(0) =
∫ 2π

0
ζrotating propeller(φ)dφ , (1.2)
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because the limits of integration are now different, φ(0) = 0 and φ(τ) = 2π . By continuously
rotating a helical propeller, the bacterium is able to generate net motion of its centre of mass
within the constraints of low Reynolds number hydrodynamics.

1.1.3 Swimming with a helical propeller

We now go into more detail about the physical mechanism that allows a continuously rotating
propeller to push the cell forward. The fundamental reason why a rotating helical filament
generates a net thrust along its axis is that, at low Reynolds number, the viscous drag on a
slender rod is anisotropic. To be more specific, the force required to translate a slender rod
perpendicular to its axis is roughly twice as large as the force needed to translate the same
rod along its axis.

In order to explain the forces acting on the helical propeller, we use the approximation
that the filament is locally straight at every point along its centreline. This is a reasonable
approximation since the curvature of bacterial flagellar filaments is much larger than the
thickness of the filaments. Then, at every point along the filament, we decompose the velocity
of the filament relative to the fluid into components parallel and perpendicular to the filament
centreline, as shown in Fig. 1.1 (c). Due to the anisotropy of the drag on a slender rod, we
deduce that the local drag on the helical filament has a negative component in the vertical
direction (on the figure) at every point along the helix. When integrated along the length
of the filament, the horizontal components of the drag lead to a net torque exerted by the
fluid against the direction of rotation of the filament, while the vertical components add up
to a net thrust along the axis of the filament. Under normal operating conditions, bacteria
rotate left-handed filaments in the CCW direction, which leads to a net thrust in the negative
z direction - see Fig. 1.1 (c). Hence, bacteria are pushed forward by the flagella rotating at
the back of the cell, in contrast to organisms like Chlamydomonas which are pulled by the
flagella in front of them - see Fig. 1.1 (b).

To determine the speed at which the bacterium moves, it is necessary to consider the
force balance on the entire cell along the direction of motion. If the bacterium swims freely,
i.e. there is no external force applied to it, then the thrust provided by the helical propeller
due to rotation must balance out the drag on the filament and the drag on the cell body due to
translation, written in order as

BΩ+AU +AbodyU = 0. (1.3)

Note that we have exploited the linearity of low Reynolds number flow when writing down
the force balance equation, by introducing the linear coefficients of proportionality, B, A and
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Abody, between the forces and the velocities. Furthermore, there is no contribution to the
force balance from the rotation of the cell body, because the cell body is not chiral like the
propeller.3 The equation for vertical force balance is easily inverted to obtain the swimming
speed of the cell in terms of the angular velocity of the propeller,

U =− BΩ

A+Abody
. (1.4)

Likewise, by considering the torque balance on the cell in the vertical direction, we determine
the angular velocity of the cell as approximately

Ωbody ≈− DΩ

Dbody
, (1.5)

where D and Dbody are positive coefficients of proportionality between the angular velocity
and the torque exerted by the propeller and the cell, respectively. The approximation comes
from neglecting the torque due to the translation of the filament, which turns out to be much
smaller than the torque due to its rotation, for a typical bacterial flagellum. Because bacteria
have large bodies compared to the helical amplitude of their propeller, the resistance of the
cell body to rotation is much larger that the resistance of the helical filament, so Ωbody ≪ Ω.
Hence, the cell body counter-rotates with respect to the helical propeller at a much lower
angular velocity [40].

In this section, we have considered a minimal model of a bacterium that swims by
rotating a helical propeller in order to illustrate two important concepts: the way in which
thrust is generated from the anisotropic drag on a slender filament, and the way in which
the swimming speed and rotation rate of the cell are selected via a force and torque balance
on the entire organism. The minimal model does not include hydrodynamic interactions
between the cell body and the propeller, and does not take into account the details of how
the propeller is actuated and connected to the cell body. To improve our modelling of the
swimming bacterium, we need to understand the organism in more depth, starting with the
organelle used for swimming – the bacterial flagellum.

3Some bacteria like Spirillum volutans have a helicoidal cell body as well as helical propellers, but here we
focus on bacteria with cell bodies shaped like a spheroid or a cylinder with rounded poles.
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1.2 The bacterial flagellum

The bacterial flagellum is an organelle used primarily for locomotion [152] and is made up
of three components: a specialised molecular motor embedded in the cell wall, a helical
flagellar filament that acts as a propeller, and a short and flexible hook that joins the motor to
the flagellar filament. Unlike eukaryotic flagella, which are actively stretched and contracted
along their entire length by dynein motors [15], bacterial flagella are actuated passively
through the rotation of the molecular motor at the basal end of the flagellum.

A convincing case for the argument that bacteria swim by rotating their flagellar filaments
was made in 1973 by Berg and Anderson [10]. Prior to that, there was a debate between
the idea that bacterial flagellar filaments rotate rigidly around their axis, and the alternative
suggestion that a helical wave propagates down a flexible flagellar filament, similar to the
motion of a spermatozoon tail. The two mechanisms cannot be distinguished purely based
on a two-dimensional video recording of a swimming bacterium, since they both appear as
sinusoidal waves propagating away from the cell body. Berg and Anderson [10] brought
further physical arguments based on experimental evidence that motile bacteria become
immobilised when either flagellar antibodies or bacteriophages are added to the aqueous
solution. Berg and Anderson [10] demonstrated that the action of both flagellar antibodies
and bacteriophages on the flagellar filaments would only prevent the bacteria from swimming
if the mechanism by which bacteria swim is the rigid rotation of its flagellar filaments.

1.2.1 The flagellar filament

The bacterial flagellar filament is a very long and thin structure, with a typical contour length
of around 7 µm [209], and a cross-sectional diameter of only 24 nm for the species that we
are interested in [222]. Flagellar filaments are made up of a single protein called flagellin
and can be reconstituted in vitro through a process of polymerisation, if flagellar fragments
are added as nucleation sites to a solution of flagellin monomers [5]. In live bacteria, it has
been shown via fluorescent staining with multiple dyes that flagellar filaments continue to
grow from the distal end of the filament [178, 210]. It has been suggested that the way in
which bacteria manage to assemble flagellar filaments outside the cell body, where there is
no power source, is through an injection-diffusion mechanism [90, 178]. This means that
flagellin is produced inside the cell body and injected into the inner channel of the flagellum
by a structure called a type III secretion system [139], after which the flagellin diffuses to the
end of the filament and polymerises onto the existing scaffold.

An essential feature of flagellar filaments is their helical shape, visible in the images
of live Escherichia coli cells reproduced in Fig. 1.2 (a-d), which were captured with a
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a. b.

c. d.

left-handed right-handed

e.

Fig. 1.2 Polymorphic shapes of the bacterial flagellar filament. (a-d) Escherichia coli cells
with multiple flagella observed through a fluorescence microscope. The flagellar filaments
assume multiple polymorphic shapes: (a) normal, (b) normal, semicoiled, curly I, (c-d)
normal, curly I, curly II. Labels correspond to the classification in (e). Images adapted with
permission from Turner et al. [209]. Copyright 2000 American Society for Microbiology. (e)
The full set of polymorphic forms predicted by a theoretical model of the internal structure
of the filament [81]. The flagellar filament is straight when the eleven protofilaments in its
composition are all in the L-type configuration (blue) or in the R-type configuration (red).
Ten helical shapes are observed in between, identified by a polymorphic number from 1
to 10. The most common are the normal (poly. no. 2), semicoiled (poly. no. 4), curly I
(poly. no. 5) and curly II (poly. no. 6). Figure adapted with permission from Hasegawa et al.
[81]. Copyright 1998 Elsevier.

fluorescence microscope by Turner et al. [209]. The shape most commonly assumed by
the flagellar filaments of multi-flagellated bacteria is a left-handed helix called the “normal”
shape, labelled by a blue circle in Fig. 1.2 (b). Three right-handed helical shapes are also
identifiable in Fig. 1.2 (b-d) and they are named semicoiled (upward triangle), curly I (square)
and curly II (rightward triangle). The full spectrum of helical shapes that bacterial flagellar
filaments can assume is dictated by the internal structure of the filament and has been
predicted by theoretical models [20, 81] - see Fig. 1.2 (e).

Using Fig. 1.2 (e) as a visual aid, we now seek to explain the existence of a discrete set of
helical shapes for the flagellar filaments of bacteria. Flagellin, the protein in the composition
of the flagellar filament, assembles into 11 protofilaments that run along the centreline of
the filament, and each protofilament is made up of molecular subunits that take one of two
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stable conformations with slightly different lengths. When all the protofilaments are in the
L-type (blue) or the R-type (red) conformation the filament is straight, with the protofilaments
wrapping around the axis of the filament either in a left-handed or a right-handed sense - see
top row of Fig. 1.2 (e). In between the straight configurations are ten stable helical shapes
identified by a polymorphic number which is equal to the number of R-type protofilaments.
Note that the protofilaments in the R-type conformation, which is shorter, run along the inside
of the helical shape, as seen in Fig. 1.2 (e). The overall chirality of the flagellar filament is
determined by the relative number of protofilaments in the L-type and R-type conformation,
with polymorphic number between 1 and 3 being left-handed helices, and polymorphic
numbers between 4 and 10 being right-handed helices. The shapes and mechanical stability
of the polymorphic forms were first explained theoretically by Calladine [20] based on
the discrete packing of flagellin subunits. More recently, a continuum rod model has been
proposed by Srigiriraju and Powers [199, 200] that captures the essential mechanical features
of bacterial polymorphism.

During a tumbling event4, the change in the motor torque applied to the flagellar filament
can cause the filament to snap between different minima in the elastic energy landscape
associated with its multiple polymorphic shapes [217]. Transitions between the polymorphic
shapes can also be triggered in vitro by changes in pH and temperature [106] or by applying
an external flow to the filaments [31, 88]. The mechanical conditions for polymorphic
transformations have been determined via controlled force-extension measurements by
Darnton and Berg [39]. Between polymorphic transformations, the flagellar filament deforms
elastically with a bending stiffness much larger than that of the hook (see §1.2.2).

The bending stiffness of the flagellar filament has been estimated from controlled force-
extension measurements by Darnton and Berg [39], and from the slight changes observed
between the helical shape of stationary versus rotating flagellar filaments by Darnton et al.
[40]. The elastic deformation of a helical filament due to an external flow has been studied
theoretically by Kim and Powers [112], while the deformation and buckling of a rotating
helical filament has been investigated with macroscopic scale models by Jawed et al. [101].

1.2.2 The hook

The flagellar hook is a short polymeric structure made up of a different protein, which
connects the flagellar filament to the molecular motor. Compared to the flagellar filament, the
hook is both shorter and much more flexible, with a contour length of 59 nm and a bending
rigidity of 1.6×10−4 pN µm2 measured in Escherichia coli by Sen et al. [188]. The typical

4Tumbling will be discussed later in the context of bacterial multiflagellarity.
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flagellar filament has a length around 7 µm and bending rigidity around 3.5 pN µm2 [39].
For this reason, the hook is often modelled as a point joint allowing the flagellar filament to
rotate freely around its anchoring point.

Despite its small size, the hook plays an important role in the mechanism by which
bacteria with a single flagellum change swimming direction. When the bacterium swims
forward, the hook is under compression due to the thrust exerted on it by the helical propeller.
Eventually, the hook buckles under the mechanical stress and the flagellar filament is flicked to
one side of the cell, leading to a change in orientation. This strategy for changing orientation
was observed in the swimming pattern of the marine bacterium Vibrio alginolyticus by Son
et al. [195].

In bacteria with multiple flagella, like Escherichia coli, the hook allows flagellar filaments
to come together at the back of the cell and form a bundle. Theoretical models have suggested
that multi-flagellated bacteria are able to systematically choose a swimming direction due to
an elastohydrodynamic instability, made possible by the low bending rigidity of the hook
[97, 180]. Meanwhile, experiments using hook-length variants of Salmonella enterica have
revealed that the length of the hook is optimised for maximal stability of the flagellar bundle
[198].

1.2.3 The rotary motor

The bacterial flagellar motor (BFM) is a rotary stepping motor powered by a flux of protons
or sodium ions across the cytoplasmic membrane [148]. The energy lost by the ions as they
go down an electrochemical gradient from the outside to the inside of the cell is used up by
the mechanical work done in rotating the central shaft of the motor. The internal structure of
the BFM is depicted in Fig. 1.3 (a). The torque generating units called “stators” are bound
to the cell wall, while the cytoplasmic ring called the “rotor” is free to rotate relative to the
stators. Mechanistic models for the BFM have proposed that each step of the motor is the
result of a conformational change in the stator unit, powered by the free energy released by a
passing ion [143].

One important feature of the BFM, depicted in Fig. 1.3 (b), is the relationship between
the angular speed and the torque applied by the BFM to an external load (e.g. the flagellar
filament). The distinctive feature of the torque-speed curve is that the torque is roughly
constant in the high-load regime, and then decreases linearly with angular speed in the
low-load regime. Bacterial flagella typically operate in the high-load regime, so the torque
exerted by the BFM on the flagellar filament is, to a good approximation, constant.

Theoretical modelling of the internal dynamics of the BFM has suggested that the two
regimes are determined by a balance between waiting times and moving times of the motor
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Fig. 1.3 Essential features of the bacterial flagellar motor. (a) The flagellar filament is
connected through a short and flexible hook to a rotary motor embedded in the cell wall. The
most important structural units of the bacterial flagellar motor (BFM) are the “rotor” ring
which, as the name suggests, is free to rotate in the cytoplasm, and the torque-generating
“stator” units bound to the cell wall. (b) The torque-speed relationship of the BFM exhibits a
high-load regime where the torque is approximately constant, and a low-load regime when
where the torque decreases linearly with the rotation speed. There is evidence that the BFM
recruits more stator units as the external load increases; the saturation of stator units is
partially responsible for the plateau in torque in the high-load regime. Figure adapted with
permission from Nirody et al. [161]. Copyright 2019 The Royal Society.

[160, 161, 227]. In the low-load regime, the time spent waiting for a new ion to arrive is
much longer than the time it takes for the motor to make one step, so the dynamics of the
motor are kinetically-limited. In the high-load regime, the motor takes longer to perform
each step due to the large hydrodynamic resistance of the external load, so the motor is
mechanically-limited. There is also experimental evidence that the recruitment of additional
stator units by the BFM as the load increases contributes to the existence of the plateau
region, since motors with a single stator unit do not exhibit such a pronounced plateau[134].
For more information about the BFM, including details of how the torque-speed relationship
is measured in practice, we refer the reader to a comprehensive review article by Sowa and
Berry [196].

As a final note, we mention that the motor plays an important role in the navigation of
motile bacteria by allowing them to change swimming direction, as previously hinted at
in our discussion of the flagellar hook. This change in swimming direction is achieved by
stochastic reversals in the direction of rotation of the BFM [109, 140].

In this section, we have provided some biological background on the structure and mode
of actuation of the bacterial flagellum, placing particular emphasis on the helical polymorphic
shapes of the flagellar filament, and the torque-speed relationship of the bacterial flagellar
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motor. These two features are essential for the theoretical models and results presented in
this dissertation. The helical shape of the flagellar filament is the underpinning of the three
chapters on geometry, while the torque-speed relationship is crucial for the dynamics of
synchronisation and propulsion discussed in the chapters on hydrodynamics.

1.3 Bacterial multiflagellarity

Now that we are equipped with a basic understanding of what the bacterial flagellum is, we
turn to the idea of multiflagellarity. The model organism for multi-flagellated bacteria is
Escherichia coli, to which we henceforth refer simply as E. coli. For a cross-disciplinary
introduction to the topic including the physiology, biochemistry and genetics of E. coli, we
refer the reader to a classic text by Berg [9]. Here, we focus on the physics and, in particular,
the fluid mechanics of E. coli and other multi-flagellated bacteria like it.

E. coli is a peritrichous bacterium, meaning that the flagella are distributed uniformly
around the cell body. As seen in Fig. 1.2 (a-d), the cell typically has between three and five
flagella [208], slightly less than the average of six flagella owned by Salmonella typhimurium
[91] and much less than the twenty-six flagella of Bacillus subtilis [156]. One obvious
question to ask at this point is why the number of flagella varies between different species of
bacteria.

While we do not wish to dwell on evolutionary aspects of multiflagellarity, we briefly
mention that in the Atlas of bacterial flagellation, Leifson [125] writes that: “The available
evidence indicates that bacterial evolution is from polar monotrichous organisms to peritric-
hous organisms and, finally, to atrichous organisms.” Monotrichous refers to bacteria with
a single flagellum placed at one end of the cell (polar), while atrichous refers to bacteria
without flagella. Leifson [125] goes on to suggest that the flagellation patterns of bacteria
may be linked to locomotion in different environments, with monotrichous bacteria more
commonly found in fresh and sea water, and peritrichous bacteria more commonly found in
soil and denser media. Bacteria are known to lose their flagella when placed in nutrient-rich
environments, either by becoming parasitic or being cultured in the laboratory. A more recent
discussion of the mechanisms by which bacteria regulate the number and location of their
flagella can be found in Schuhmacher et al. [187].

In the rest of this section, we focus on the consequences of having multiple flagella, rather
than the reasons for it. We are particularly interested in the mechanical aspects of swimming
with multiple flagella, which is the unifying theme of this dissertation.
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1.3.1 Run-and-tumble motility

Peritrichous bacteria explore their environment using a strategy called run-and-tumble, where
they swim in straight lines (“runs”) interrupted by short intervals of reorientation (“tumbles”).
During a run, the flagellar filaments gather at the back of the cell body and rotate together in
a bundle [209], or multiple bundles in the case of highly-flagellated bacteria like B. subtilis
[155]. As the cell swims forward, the body of the bacterium rotates in a CCW direction
to balance the torque on the bacterium, as previously discussed in §1.1.3. These counter-
rotations of the cell body are known to contribute to the wrapping of the flagellar filaments
around each other to form a bundle [1, 168].

The bundling and unbundling process can be seen in fluorescence microscopy images of
E. coli in Fig. 1.4 (a). Tumbling events are triggered by a reversal in the direction of rotation
of at least one motor, followed by the dispersal of the bundle and the reorientation of the cell.
The stages of run-and-tumble are summarised diagrammatically in Fig. 1.4 (b). Note that
one of the flagellar filaments in the diagram changes its helical amplitude and pitch during
the tumble, since polymorphic transformations are known to accompany tumbling events
[40, 209].

The swimming and tumbling statistics of E. coli are well understood, having been
measured experimentally by Darnton et al. [40] and in a follow-up study by Turner et al.
[208]. To get a sense of the time scales, we mention that bacteria typically spend around 1 s
swimming in a straight line, while the tumbling event is much shorter around 0.1 s. Both the
initiation of the tumbling event and the reorientation angle are stochastic effects, so bacteria
essentially explore their environment via a random walk. This can be seen in Fig. 1.4 (c)
from the trajectory of E. coli cells tracked by Berg and Brown [11]. By modulating the
duration of run intervals in response to changing chemical signals, peritrichous bacteria are
able to bias their random walk towards favourable environmental conditions [8, 11]. This
process is called chemotaxis and is essential for cells that need to find nutrients or escape
harmful substances.

Experimental observations by Najafi et al. [156], where they analyse the swimming
trajectories of B. subtilis mutants with fewer or more flagella than the wild-type, have
revealed that the number of flagella affects all aspects of run-and-tumble motility: the
instantaneous speed of the cells, the duration of run intervals, and the change in orientation
angle between runs. We say a few more words below about how the swimming speed varies
with the number of flagella, since this question will be the focus of one of our later chapters.
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a.

c.b.

Fig. 1.4 Run-and-tumble motility of peritrichous bacteria. (a) Images of a motile E. coli
cell, tracked with a fluorescence microscope, demonstrate that the flagellar filaments are
able to unbundle (top row) and then rejoin the bundle at the back of the cell body (bottom
row). Images adapted with permission from Turner et al. [209]. Copyright 2000 American
Society for Microbiology. (b) Sketch of run-and-tumble motility. Two intervals of swimming
in a straight line (“runs”) are interrupted by a tumbling event when one of the motors
reverses from CCW to CW rotation. The tumble is often accompanied by polymorphic
transformations in some flagellar filaments. Figure reprinted with permission from Darnton
et al. [40]. Copyright 2007 American Society for Microbiology. (c) Random walk trajectory
of a bacterium performing run-and-tumble. Figure reprinted with permission from Stocker
and Seymour [202] with permission, original content. Copyright 2012 American Society
for Microbiology. Original content reproduced with permission from Berg and Brown [11].
Copyright 1972 Nature Publishing Group.

1.3.2 Swimming speed of multiflagellated bacteria

In §1.1.3 we calculated the swimming speed of a cell with a single helical propeller, based
on a force balance argument along the direction of motion. This result can be extended to the
case of a multi-flagellated bacterium, following Nguyen and Graham [158], by including in
the force balance equation the thrust and drag on multiple helical propellers,

N f BΩ+N f AU +AbodyU = 0, (1.6)
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where N f is the number of flagellar filaments propelling the cell. We rearrange this expression
to find the swimming speed of a bacterium with multiple flagella as

U =−
N f BΩ

N f A+Abody
. (1.7)

According to this simple argument, which does not include hydrodynamic interactions with
the cell body or between the filaments themselves, the absolute swimming speed of the cell
increases linearly as |U | ∼ N f BΩ/Abody for very small number of flagella, and then reaches
a plateau, |U | → BΩ/A, when the number of filaments is sufficiently large. In this simplified
model, the speed of the bacterium is limited by the intrinsic speed of its individual helical
propellers, i.e. the speed BΩ/A at which a force-free helical filament would move if some
external mechanism imposes on it a constant angular velocity Ω.

The purpose of this simple calculation is to highlight that the swimming speed of the cell
is not directly proportional to the number of flagella, but bounded above by the intrinsic prop-
erties of the propellers. The sublinear gain in swimming speed is surprising when contrasted
with the expected linear increase in energetic cost, based on a general understanding of how
the flagella are assembled and operated [9].

1.4 Objective of the thesis

As evidenced by our discussion from the previous section, the reason why bacteria have
multiple flagella is an open question. While flagellation patterns may be an environmental
adaptation [125], the variation of flagellar numbers within the class of peritrichous bacteria
may have nothing to do with constraints related to motility. On the other hand, there is
theoretical and experimental evidence that the number of flagella does influence the motility
of multi-flagellated cells [107, 156, 158]. Setting aside evolutionary and physiological
considerations, the purpose of this dissertation is to advance our physical understanding of
multiflagellar motility, focusing on the dynamics of a bundle of bacterial flagella.

The global objective of this dissertation is to understand how bacterial flagellar filaments
interact with each other as they rotate together in a bundle, and what this means for the
operation of the bundle and the swimming of the cell. The interactions between flagella
may be of a hydrodynamic nature, meaning that the flagellar filaments are coupled to each
other through the entrainment of the fluid around them, or they may be “dry” interactions
such as excluded volume effects. The latter interactions are intrinsically linked to the helical
geometry of flagellar filaments, which dictates how much a filament can deviate from its
current position before it collides with another filament in the bundle.
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In this dissertation, we investigate both the hydrodynamic and geometrical interactions
between bacterial flagella using the mathematical tools at our disposal, which will be dis-
cussed in more depth in Chapter 2. For the geometrical side of the investigation, we use
concepts from classical and vector geometry, while the hydrodynamic calculations are han-
dled using asymptotic methods that exploit a separation of scales between parameters [84],
e.g. the separation between the cross-sectional radius of a flagellar filament and its length
[69, 79, 105, 132], or the separation between the frequency of rotation of the filaments and
their rate of synchronisation.

Synchronisation does, in fact, provide the connective tissue between the two parts of this
dissertation. As previously found by Macnab [138] and further developed in Chapter 5 of
this thesis, the helical geometry of flagellar filaments requires that the filaments synchronise
in phase with each other in order for the bundle to operate smoothly. Since the rotary motors
actuating the filaments work independently of each other, this requirement for synchronisation
must be satisfied by other means. One mechanism considered in the literature, and further
developed in Chapter 7 of this thesis, is that rotating bacterial flagella synchronise through
hydrodynamic interactions [171, 175–177].

1.5 Structure of the thesis

Aside from the current introductory chapter, this thesis is structured into

• one chapter of mathematical background (Chapter 2),

• three chapters on the geometry of flagellar bundles (Chapters 3,4,5),

• three chapters on the hydrodynamics of flagellar filaments (Chapters 6,7,8),

• and a final chapter with future directions for research (Chapter 9).

Below we provide more detail on the six chapters of the thesis that contain novel research
results, highlighting the questions that each chapter addresses.

In Chapter 3, we investigate the geometrical intertwinement of flagellar filaments with
different polymorphic shapes. While Macnab [138] found that the left-handed geometry of
the normal polymorphic form is incompatible with the right-handed wrapping imposed by
hydrodynamics effects, it is not known whether normal shape filaments could intertwine
in a right-handed sense with different polymorphic forms. Our findings suggest that the
polymorphic transformations to the right-handed semicoiled and curly I/II shapes during a
tumbling event may contribute to the filaments rejoining the bundle at the start of a new run,
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by allowing the right-handed filaments to wrap around the bundle in the direction dictated by
hydrodynamics.

In Chapter 4, we consider the geometrical constraints on the tangling of anchored helical
filaments as they come together to form a bundle. In this context, tangling is regarded as
a mistake in the bundling process, since tangled bundles cannot be actuated smoothly by
the rotary motors. It is not fully understood how bacteria are able to robustly form coherent
bundles despite the uncoordinated actuation of multiple rotary motors. By comparing the
theoretical predictions of our geometrical model with experimental measurements of the
geometry of flagellar filaments and the cell body, we find that the intrinsic geometry of
flagellar filaments makes tangling very unlikely. This suggests that the bundling process
is robust, despite the lack of control over the individual positions of the filaments. This
chapter is based on a manuscript written in collaboration with my supervisor, Eric Lauga,
and published in Scientific Reports [206]. Modifications have been made to the text and
the figures so that the style and notation of this chapter is consistent with the rest of the
dissertation.

In Chapter 5, we investigate the geometrical requirement for synchronisation during
the bundling of continuously rotating filaments. The idea of this chapter is to identify how
much coordination is needed so that the flagellar filaments do not collide with each other.
The longer-term research goal of this chapter is to compare the amount of synchronisation
required by geometry with the rate of synchronisation induced by hydrodynamic interactions.
The balance between the two determines the operational constraints on the bundle, such as the
critical number of filaments or the critical variation in motor torque to ensure smooth opera-
tion. Furthermore, this chapter serves as motivation for our work on the elastohydrodynamic
synchronisation of bacterial flagella in Chapter 7.

In Chapter 6, we develop an asymptotic theory for the hydrodynamic interactions (HIs)
between rigid filaments separated by a distance greater than their contour length. The purpose
of this theory is to provide an analytical basis for understanding the physical principles that
govern the HIs between rotating helical filaments, as a minimal model for bacterial flagella.
Our asymptotic calculations are based on the well-established methods of resistive-force
theory (RFT) [69, 79, 132] and slender-body theory (SBT) [105, 108, 131], combined with
an asymptotic series expansion of the Oseen tensor [115].5 We validate our theory using
numerical computations that involve a Galerkin method solution of the SBT equations with
full HIs between the filaments, and then we apply the theory to the case of two helical
pumps rotating in parallel. The technical content of this chapter is used as a foundation
for the next two chapters on synchronisation and propulsion. This chapter is based on a

5These fundamental concepts in low Reynolds number hydrodynamics will be introduced in Chapter 2.
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manuscript written in collaboration with my supervisor, Eric Lauga, which has been accepted
for publication by Physical Review Fluids [207]. Modifications have been made to the text in
order to avoid repetition with the rest of the dissertation.

In Chapter 7, we address the important issue of synchronisation between rotating bacterial
flagella. While several analytical models have been proposed for the synchronisation of
beating eukaryotic flagella, the synchronisation of rotating bacterial flagella is less well
understood. Since bacterial flagella are fundamentally different from eukaryotic flagella in
terms of their actuation, shape and rigidity, it is expected that different analytical models
are required. In this chapter, we propose a reduced model of the bacterial flagellum which
incorporates the salient features of the organelle, and we use the method of multiple scales
[84] to rigorously coarse-grain the equations of motion into an evolution equation for the
phase difference between two rotating helical filaments. When the filaments are sufficiently
far apart, HIs generically lead to in-phase synchronisation.

Remarkably, we find that the rate of elastohydrodynamic synchronisation between two
bacterial flagella is maximised at an intermediate value of elastic compliance, in contrast to
previous studies on eukaryotic flagella where the rate of synchronisation has been observed
to increase monotonically with increased elastic compliance. The surprising implication of
our results is that the elastic compliance provided by the flagellar filament, although much
more rigid than the hook, may contribute more to the synchronisation of bacterial flagella.
The crucial role of elastic compliance is also manifested in the emergence of multisynchrony
when the rotating filaments are sufficiently close together, as captured by our numerical
simulations. This novel result is of great relevance to the stability of flagellar bundles, and
the onset of unbundling events in multiflagellated bacteria.

In Chapter 8, we investigate how the swimming speed of a multi-flagellated bacterium
varies with the number of flagella. We first determine how the propulsive force exerted by
the bundle and the hydrodynamic drag on the bundle depend on the number of filaments and
the radius of the bundle. Next, to calculate the swimming speed of the cell, we incorporate
the hydrodynamic resistance of the bundle into the force and torque balance on the entire
bacterium, together with the torque-speed relationship of the BFM, but without HIs between
the bundle and the cell body. Notably, we find that the swimming speed is affected in an
essential way by the torque-speed relationship of the BFM, leading to a peak in swimming
velocity at an optimum number of flagella. This optimum number is within the range observed
in experiments.





Chapter 2

Mathematical background

In this chapter, we introduce the notation and mathematical methods used in the rest of
the dissertation. The first section focuses on geometry and the second on hydrodynamics.
First, we introduce the notation used for describing helical filaments of arbitrary orientation,
and we review the original study in helical geometry by Macnab [138], which serves as
inspiration for our work on the geometry of flagellar bundles. Next, we provide a brief
historical perspective on the hydrodynamic modelling of microorganisms, and we introduce
the methods used in this dissertation to model the hydrodynamics of flagellar filaments,
namely resistive-force theory (RFT) and slender-body theory (SBT).

2.1 Geometry of helical filaments

Nature builds a fascinating range of structures and shapes: one of them is the helix. On
macroscopic scales, helices can emerge from the differential growth of tissues, with examples
including the tendrils of climbing plants and the horns of spiral-horned antelopes [58, 89].
At the microscopic level, many molecules and polymers assume a helical structure [149],
most famous being the DNA double-helix [224]. As discussed in §1.2.1, helical shapes also
emerge in the self-assembly of bacterial flagellar filaments due to the L-type and R-type
binding of molecular subunits [81].

The first to recognise the importance of geometrical constraints on the bundling of
bacterial flagella was the biologist Robert M. Macnab, who derived the conditions for
geometrical intertwinement of two parallel identical helices, and verified the implications of
the geometrical model through experiments with a dry macroscopic-scale model of a rotating
bundle [138].

To lay the groundwork for the rest of this dissertation, and in particular the next three
chapters on geometry, we first introduce the notation for describing a helical filament with
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arbitrary orientation. Once this notation is established, we review the geometrical argument
proposed by Macnab [138] and discuss its physical implications for the actuation of flagellar
filaments in bundles.

2.1.1 Description of a helical filament with arbitrary orientation

A vertical helical filament is shown in Fig. 2.1 (a). The helical geometry of the filament can
be described either by a helical amplitude, R, and pitch, p, or alternatively by the pitch angle,
ψ , defined as the constant angle that the helix makes with the central axis of the filament, and
the number of helical turns of the filament, N. The conversion between the two descriptions
is given by

ψ = tan−1
(

2πR
p

)
, N =

L√
(2πR)2 + p2

, (2.1)

or in the other direction,

R =
Lsinψ

2πN
, p =

Lcosψ

N
, (2.2)

where L is the contour length of the filament. The cross-sectional radius of the filament, ε , is
much smaller than the contour length, L. As discussed in §1.2.1, flagellar filaments have an
aspect ratio of about 1:300.

Centreline and tangent vector

With respect to a body-fixed frame of unit vectors, {e1,e2,e3}, we write the helical centreline
of the filament in terms of the arc length, s,

r(s) = Rcos
(

2πNs
L

)
e1 +σRsin

(
2πNs

L

)
e2 + scosψe3. (2.3)

The unit vectors {e1,e2,e3} are fixed to the entire rigid filament and hence independent of
the arc length, s. The vector e3 points along the axis of the cylindrical envelope that contains
the helix, while the vector e1 points through the midpoint of the filament as seen in Fig. 2.1.
The range covered by the arc length is either s ∈ (0,L) or s ∈ (−L/2,L/2), as best suited for
the calculations at hand. This will be indicated in each chapter as necessary. Note that the
helix is left-handed if the chirality parameter is negative, σ =−1, or right-handed if σ =+1.

By taking a derivative with respect to arc length, we find the unit tangent to the centreline
to be

t̂(s) =−sinψ sin
(

2πNs
L

)
e1 +σ sinψ cos

(
2πNs

L

)
e2 + cosψe3. (2.4)

Note that the tangent vector makes a constant angle ψ with the axis of the filament, e3.
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Fig. 2.1 Key geometrical parameters for a helical filament with arbitrary orientation. The
filament has helical amplitude, R, pitch, p, and cross-sectional radius, ε . The tangent to
the helix makes a constant angle, ψ = tan−1(2πR/p), with the axis of the filament, e3. (a)
When the body-frame vectors {e1,e2,e3} are aligned with the laboratory frame {ex,ey,ez},
the three orientation angles (φ ,θ ,χ) are identically zero. An arbitrary orientation is obtained
by rotating the filament through (b) an angle φ around the axis e3 = ez, (c) an angle θ around
the new axis e2(φ), and (d) an angle χ around the new axis e3(φ ,θ).

The helical centreline may be parameterised in other ways than through the arc length.
In some contexts, it is more natural to think of the height along the filament axis, h, or the
circumferential angle around the axis, ξ . The equivalence between the three description is

ξ =
2πNs

L
=

2πh
p

. (2.5)

In the chapters on geometry, we predominantly use the description in terms of height and
angle around the helical axis, while in the chapters on hydrodynamics we use the arc length.

A note on dimensions

When we discuss the hydrodynamics of flagellar filaments, we rescale the variables in our
problem in order to obtain a set of dimensionless equations. Therefore, in Chapters 6,7,8,
we use a tilde to denote the dimensional equivalent of the quantity underneath the tilde
sign, e.g. R̃ is the helical amplitude of a flagellar filament in units of micrometers, while
R is the dimensionless helical amplitude rescaled by an appropriate length scale. Since
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the expressions from Eqs. (2.1)-(2.5) involve only geometrical parameters, they are valid
regardless of the units in which we choose to express these parameters, so with or without
tildes on top of the symbols R, p,L,ε,s and h (note that N and ψ are already dimensionless).

In purely geometrical problems, all the variables have units of length, so it is not necessary
to rescale them. Therefore, in Chapters 3,4, 5 we do not make a distinction between symbols
with or without a tilde sign. To avoid clutter, we use symbols without a tilde sign even when
we refer to quantities that have dimensional units.

Orientation of body-fixed frame

The three-dimensional orientation of a filament is given by a vector of three angles, p =

(φ ,θ ,χ), which we choose to define in the following way. The angles φ and θ are called the
azimuthal and polar angles since they are the standard angles to describe the direction of the
filament axis, e3(φ ,θ), in spherical polar coordinates. The third angle describes the rotation
of the filament around its own axis, χ , so we call it the spin angle.

The sequence of rotations that takes us from the laboratory frame {ex,ey,ez} to the body-
fixed frame of vectors {e1,e2,e3} is outlined in Fig. 2.1 (b-d), and the resulting expressions
for the body-frame unit vectors are

e1 = cos χ [cosθ (cosφex + sinφey)− sinθez]+ sin χ [−sinφex + cosφey] , (2.6)

e2 = −sin χ [cosθ (cosφex + sinφey)− sinθez]+ cos χ [−sinφex + cosφey] , (2.7)

e3 = sinθ (cosφex + sinφey)+ cosθez. (2.8)

These are obtained by first rotating the filament through an angle φ about the ez axis, then
tilting the filament axis by an angle θ away from the vertical (equivalent to rotating by an
angle θ around the direction e2), and finally rotating through an angle χ about the axis of the
filament, e3(φ ,θ).

Multiple filaments

In the case of multiple filaments, the centreline of the kth filament with respect to the
laboratory frame is given by

r(k)(s) = xk + rk(s), (2.9)

where xk is the position of the body-fixed frame relative to the laboratory frame, and rk(s) is
the position of the filament centreline relative to the body-fixed frame,

rk(s) = Rcos
(

2πNs
L

)
e(k)1 +σRsin

(
2πNs

L

)
e(k)2 + scosψe(k)3 . (2.10)



2.1 Geometry of helical filaments 25

The unit vectors {e(k)1 ,e(k)2 ,e(k)3 } depend implicitly on the orientation of the filament, pk =

(φk,θk,χk). The corresponding tangent vector is t̂k(s).

Definition of phase angle

Since both the azimuthal angle, φ , and the spin angle, χ , correspond in their own ways to
rotations about the axis of the filament (see Fig. 2.1 (b) and (d)), we define the phase angle
for a filament with arbitrary orientation to be

Φ = φ +χ. (2.11)

Thus, in problems where we have two non-parallel filaments, the phase difference between
them is defined as

∆Φ = Φ2 −Φ1 = ∆φ +∆χ. (2.12)

Note that, for vertical helices, both φ and χ correspond to rotation about the vertical axis. In
this dissertation, whenever the setup of the problem involves only vertical filaments, we take
χ = 0 without loss of generality, and we refer to φ as the phase angle and ∆φ as the phase
difference between the filaments.

Now that we have established the notation, we are ready to review the geometrical
arguments brought by Macnab [138] on the topic of helical bundles.

2.1.2 Macnab’s original study in helical geometry

The setup from the original study is illustrated in Fig. 2.2 (a). Since the filaments are
parallel, θ = 0, the spin angle χ is redundant. Therefore, the configuration of the filaments
is described by only two parameters: the distance between the axes of the helices, d, and
the phase difference, ∆φ = φ2 −φ1. These are indicated on the horizontal projection of the
filament centrelines in Fig. 2.2 (b).

If the distance between the axes is smaller than a critical value,

d < dc = 2Rsin
(

∆φ

2

)
, (2.13)

then the helices are intertwined in a direction consistent with their chirality - CCW for
right-handed helices and CW for left-handed helices, as we view the filaments from the top.
This can be seen by tracing the filaments in Fig. 2.2 (a) from the bottom to the top: filament
B crosses over filament A and then underneath it, so the two are intertwined.
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a.

𝐴1

𝐴2

𝐵1

𝐵2

c.

𝒓2 𝑧 − 𝒓1(𝑧)

𝑧

b.

𝐈 − 𝒆𝑧𝒆𝑧 ⋅ 𝒓1(𝑧)

𝐈 − 𝒆𝑧𝒆𝑧 ⋅ 𝒓2(𝑧)

Δ𝜙
𝒅

𝑧

𝑧

𝑅

𝒅 + 𝒓2 𝑧 − 𝒓1(𝑧)

𝒅 > 𝑑𝑐
𝒅 < 𝑑𝑐

Fig. 2.2 Diagram explaining the geometrical intertwinement of two parallel and identical
helices. (a) From a side view of the filaments, we see that filament B crosses over and
then underneath filament A. The two filaments are said to be physically-interconnected or
intertwined. If we place our thumbs on points A1 and B1, our index fingers on A2 and B2,
and we try to pull the filaments apart, we find that it is not possible. (b) The conditions for
intertwinement are determined from the relative position of one filament to another in the
horizontal plane. The configuration is described by the directed distance between the axes
of the filaments, d, and the phase difference between the filaments, ∆φ . (c) The locus of
points on filament B relative to filament A is a circle of radius 2Rsin(∆φ/2). If the distance
between the axes of the filaments is smaller than this radius, then filament B (filled green
circle) revolves around filament A (filled purple circle, stationary) in a clockwise (CW)
direction compatible with the left-handed geometry of the filaments.

Derivation of critical distance

To derive the critical distance, we consider the position of one filament relative to the other
in the horizontal plane (perpendicular to their axes). Using the parameterisation of the
helical centreline introduced in §2.1.1, with filament orientations (φ1,θ1,χ1) = (0,0,0) and
(φ2,θ2,χ2) = (∆φ ,0,0), the position of filament B relative to filament A is

d+ r2(z)− r1(z) = d+Rcos
(

2πz
p

)cos∆φ −1
sin∆φ

0

+σRsin
(

2πz
p

) −sin∆φ

cos∆φ −1
0

 .

(2.14)
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Note that for vertical filaments the height along the filament axis, h, is the same as the z
coordinate, and we have chosen to use the latter. This can be simplified to

d+r2(z)−r1(z)=d+2Rsin
(

∆φ

2

)[
cos
(

2πz
p

)
eφ

(
∆φ

2

)
−σ sin

(
2πz

p

)
er

(
∆φ

2

)]
,

(2.15)

where er and eφ are the standard radial and azimuthal vectors in cylindrical polar coordinates.
The expression in the square brackets corresponds to a unit circle traversed CCW or CW
with increasing z if the helices are right-handed (σ =+1) or left-handed (σ =−1). Hence,
the curve d+ r2(z)− r1(z) is a circle of radius 2Rsin(∆φ/2) around the position d. If
|d|= d < 2Rsin(∆φ/2), filament B circles around filament A in a direction consistent with
its chirality. If filament B is further away, d > dc, then the filaments are not intertwined. The
distinction is illustrated in Fig. 2.2 (c).

Physical implications

It is important to note that left-handed helices only intertwine in the CW direction, and
right-handed helices only in the CCW direction. Their intrinsic geometry does not allow it
otherwise. The flagellar filaments of a bacterium are typically in the normal shape, which
is left-handed. While the bacterium swims in a straight line, the filaments rotate CCW
in order to propel the cell forward, and the cell body counter-rotates CW to balance the
torque. Therefore, hydrodynamic interactions between the rotating filaments and the counter-
rotations of the cell body both impose a right-handed intertwinement on the filaments forming
the bundle. Macnab’s conclusion is that, in order to minimise the elastic energy stored in
the bundle, the flagellar filaments must be coaxial, in phase, and minimally distorted around
each other in a right-handed sense. This hypothesis is corroborated by experiments with a
dry macroscopic model [138].

The second observation made by Macnab relates to the time evolution of the bundle. The
result of Eq. (2.15) concerns the intertwinement of two stationary helices as we scan over
their length. By replacing the vertical dependence, 2πz/p, with a time dependence on the
frequency of rotation, Ω0t, one can reinterpret these results to be about the intertwinement
of two rotating filaments over time. In Fig. 2.2 (b-c), we replace the vertical coordinate,
z, by the time coordinate, t, and we find that two parallel helices separated by a distance
d < dc(∆φ) intertwine indefinitely around each other in a left-/right-handed sense if they
are rotating CW/CCW with a fixed phase difference ∆φ . This becomes an issue when we
consider that flagella are anchored to the rotary motors embedded in the cell wall, which do
not move relative to one another. Twist inevitably builds up between the tops of the filaments,
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which are rotating around each other, and the anchoring points which are fixed. The large
bending stiffness of flagellar filaments supports only a limited amount of elastic deformation,
so the bundle eventually jams. Hence, Macnab concluded that out-of-phase bundles are not
compatible with the continuous actuation of flagella by the rotary motors. Synchronisation
between the filaments is needed in order to ensure the smooth actuation of the bundle.

2.2 Hydrodynamics of flagellar filaments

The mathematical study of microorganism hydrodynamics started in the 1950s with the
pioneering work of Taylor [204], who proposed a two-dimensional swimming sheet model
for the locomotion of spermatozoa and derived an energetic argument for the in-phase
synchronisation of two nearby swimming sheets. Gray and Hancock [69, 79] followed
shortly afterwards with two papers in which they model the tail of a swimming spermatozoon
as a wave propagating down a slender infinite filament. Theirs is the first application of a
“slender-body theory”, a class of mathematical methods for calculating hydrodynamic forces
on slender filaments, which will be discussed later in this section.

By the 1970s, flagellar hydrodynamics was already considered a “significant field” for the
application of mathematics and Lighthill [131] was invited to give a lecture on the topic at
the Rensselaer Polytechnic Institute. The transcript of this lecture has become a classical text
in the field of low Reynolds number hydrodynamics, much like the lecture given by Purcell
[170] two years later, and referenced in the Introduction. From amongst the growing body of
theoretical work of that decade, we mention two papers by Higdon [82, 83], who was able to
derive the optimal length of a flagellum by including in the calculations the hydrodynamic
interactions between the filament and the cell body.

In later decades, as the field grew and benefited from advancements in experimental
observations [209], the references become too numerous to do them justice. We conclude
here our brief historical perspective of the field of micro-swimmer hydrodynamics, and we
proceed with introducing the mathematical methods used in this dissertation.

2.2.1 Fundamental solution of the Stokes equations

At very low Reynolds number, the motion of the fluid around a swimming microorganism is
well described by the incompressible Stokes equations [115],

−∇p+µ∇
2u+ f = 0, ∇·u = 0, (2.16)
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where we make an exception to our usual notation to denote the external force density on
the fluid, f, and the scalar pressure field, p.1 The Stokes equations are linear and time-
independent, which is consistent with the properties of linearity and instantaneity mentioned
in our discussion of Purcell’s scallop theorem in §1.1.

The fundamental solution of the Stokes equations is the flow generated by a point force
of strength F located at the origin,

uStokeslet(r) =
I+ r̂r̂
8πµr

·F = J(r) ·F, (2.17)

where r = |r|. The flow uStokeslet is evidently called a Stokeslet, while J(r) is referred to as
the Oseen tensor. Since the Stokes equations are linear, any derivative of the Stokeslet is also
a solution of Eqs. (2.16) in a domain excluding the origin. General solutions can be obtained
from a superposition of fundamental singularities, i.e. the Stokeslet from Eq. (2.17) and its
derivatives, with the condition that the output is linear in the input parameters [115].

2.2.2 Flows around rigid bodies

Since the hydrodynamic study of swimming bacteria involves the motion of the cell body
and its flagella, it is useful to have solutions for the flows around rigid bodies in motion.

For simple body shapes such as a sphere, the flow outside the body can be written as a
finite sum of fundamental singularities. For instance, the flow outside a rigid sphere with
radius, a, and linear velocity, U, is expressed as the sum of a Stokeslet and a source dipole,

usphere(r;U) =
3a
4

(
I+ r̂r̂

r

)
·U+

a3

4

(
I−3r̂r̂

r3

)
·U, (2.18)

where r is the position relative to the centre of the sphere. This expression is clearly linear in
the input parameter – the velocity of translation of the sphere, U. The same sphere rotating
with angular velocity ΩΩΩ generates a flow

usphere(r;ΩΩΩ) =
a3ΩΩΩ× r

r3 , (2.19)

which is also called a rotlet and is the antisymmetric part of the first derivative of the stokeslet.
For general body shapes, the flow can be expressed as a surface integral of singularities,

rather than a finite sum. This is called the boundary integral formulation of Stokes flows and
involves the convolution of the boundary conditions for surface traction with the Green’s

1Eq. (2.16) is the only place where we use p to denote the pressure, not the helical pitch of the filament, and
f to denote the body force on the fluid, not the force density along a filament centreline.
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function from Eq. (2.16), as well as the convolution of the boundary conditions for velocity
with the stress tensor associated with the Stokeslet solution [169]. The convolution is taken
as a surface integral over the boundary of the fluid domain, in this case the surface of the
cell body. In other words, the flow outside an arbitrarily-shaped body may be described by a
surface distribution of fundamental singularities.

The central idea of flagellar hydrodynamics is to exploit the large aspect ratio of swim-
ming appendages. Instead of a surface integral of singularities, the flows generated by the
motion of slender filaments can be approximated by a distribution of flow singularities along
the centreline of the filament [115]. This leads to a generic class of “slender-body theories”
for the hydrodynamics of thin filaments. In this dissertation, we make a distinction between
the earlier “slender-body theories” which are logarithmically correct [32, 69, 79, 132], and
the later “slender-body theories” which are algebraically correct [105, 108, 131]. Henceforth,
we refer to the first group of theories as resistive-force theory (RFT) and the second group as
slender-body theory (SBT).

2.2.3 Resistive-force theory

In earlier theories of flagellar hydrodynamics, the flow created by a moving slender filament
is approximated by a line distribution of Stokeslets along the centreline of the filament.
Below, we provide a sketch of the asymptotic calculation behind RFT, to illustrate why the
resistance coefficients depend logarithmically on the aspect ratio.

Suppose we have a slender filament with centreline, r(s), and cross-sectional radius,
ε , such that points on the surface of the filament, r(s)+ rε , lie at a short perpendicular
distance away from the centreline, |rε |= ε . The filament moves with prescribed velocity,
u(r(s)+rε), and we wish to represent the flow generated by the motion of the filament using
a line distribution of Stokeslets along the filament centreline. If f(s) is the unknown density
of Stokeslets, then the no-slip condition on the surface of the filament requires that

u(r(s)+ rε) =
∫ +L/2

−L/2

I+ R̂ε(s,s′)R̂ε(s,s′)
8πµ|Rε(s,s′)|

· f(s′)ds′, (2.20)

where Rε(s,s′) = r(s)+ rε − r(s′) is the distance between a point s′ on the centreline and
the point at which we are applying the no-slip condition.

The integral in Eq. (2.20) is then evaluated asymptotically in the limit of small filament
thickness, ε ≪ L, by splitting the domain of integration into different regions. The inner
region, |s− s′|= O(ε), brings only an O(1) contribution to the integral, while the dominant
logarithmic contribution comes from an outer region O(ε)≪ |s− s′| ≪ O(L′), where L′ is a
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length scale over which the tangent to the centreline does not change very much (i.e. on the
order of the radius of curvature of the filament). In this region, the filament is approximated
to leading order by a straight rod with |Rε(s,s′)| ≈ |s− s′| and R̂ε(s,s′) ≈ t̂(s). By using
this locally straight approximation to evaluate the Oseen tensor, and also Taylor expanding
the velocity and force density, we deduce that the leading-order asymptotic behaviour of
Eq. (2.20) is given by

u(r(s))≈ (I+ t̂(s)t̂(s)) · f(s)
8πµ

∫ s−O(ε)

−O(L′)
+
∫ O(L′)

s+O(ε)

ds′

|s− s′|
. (2.21)

We invert this equation using the identity (I+ t̂t̂)−1 = I− 1
2 t̂t̂ to obtain the leading-order

solution for the force density in terms of the prescribed velocity of the centreline,

f(s)≈ 4πµ

ln(O(L′)/O(ε))

[
(I− t̂t̂)+

1
2

t̂t̂
]
·u(r(s)). (2.22)

Since the error in Eq. (2.21) is of O(1), the error in the force density from Eq. (2.22) is of
O(ln(L′/ε)−2). Therefore, RFT is valid in the limit of exponentially small filament thickness.

This sketch of the asymptotic calculation behind RFT was presented for two reasons.
First, to justify the emergence of the logarithmic dependence, and secondly to demonstrate the
origin of the anisotropic Stokes drag on a slender rod, since the force density from Eq. (2.22)
is twice as large when u ⊥ t̂ than when u ∥ t̂. Recall that in §1.1.3 of the introduction, we
used the anisotropy of the drag to illustrate how a rotating helical propeller generates a net
thrust and hence propels the body of the bacterium forward.

The question that remains open in our sketch of RFT is the most appropriate choice for
the length scale L′. As we will shortly see, different choices for this length scale lead to
different drag coefficients on the filament.

In RFT, the linear relationship between the local force density and the velocity of the
filament centreline is expressed generically as

f(s) =
[
c⊥(I− t̂t̂)+ c∥t̂t̂

]
· [u(r(s))−u∞(r(s))] , (2.23)

where c⊥ and c∥ are the perpendicular and parallel drag coefficients on the filament, and the
velocity of the centreline is now taken relative to the background flow at the position of the
centreline, u∞(r(s)). Note that f(s) is the force density exerted by the filament on the fluid,
so the drag coefficients c⊥ and c∥ are positive, since the velocity of the filament relative to
the fluid is in the same direction as the force exerted on the fluid (and opposite to the viscous
force exerted by the fluid on the filament).
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The drag coefficients derived by Gray and Hancock [69, 79] are

c⊥ = 4πµ

(
ln
(

L
ε

)
+

1
2

)−1

, c∥ = 2πµ

(
ln
(

L
ε

)
− 1

2

)−1

. (2.24)

The calculation for these drag coefficients goes one step beyond the sketch provided above,
by including the O(1) contributions to the asymptotic expansion of the integral in Eq. (2.20).
Hence, the drag coefficients are calculated up to and including order O(ln(L/ε)−2). Implic-
itly, the calculation of Gray and Hancock uses the length of the filament as the length scale
L′ from our previous sketch of the solution.

A separate set of drag coefficients was derived by Lighthill [132] specifically for the
purpose of modelling the hydrodynamics of helical filaments. In terms of the number of
helical turns of the filament, N, Lighthill’s drag coefficients are equivalent to

c⊥ = 4πµ

(
ln
(

0.18L
Nε

)
+

1
2

)−1

, c∥ = 2πµ

(
ln
(

0.18L
Nε

))−1

, (2.25)

although Lighthill [132] derived them in the limit of an infinitely long helix, so L/N ≡
p/cosψ . Intuitively, we recognise from the above expressions that the typical length scale
on which a helical filament can be approximated as a straight rod is not the entire contour
length of the filament, but a fraction of the length of one helical turns, L/N.

2.2.4 Slender-body theory

Algebraically-accurate asymptotic theories for the hydrodynamics of slender filaments were
later developed by Johnson [105], Keller and Rubinow [108], Lighthill [131]. By including
further singularities along the centreline of the filament, specifically Stokeslets and source
dipoles, Johnson [105] obtained a Fredholm integral equation of the second kind for the force
density, f(s), in terms of the relative velocity of the centreline

8πµ [u(r(s))−u∞(r(s))] =
∫ +L/2

−L/2

[
I+ R̂0(s,s′)R̂0(s,s′)

|R0(s,s′)|
· f(s′)− I+ t̂(s)t̂(s)

|s′− s|
· f(s)

]
ds′

+

[(
2ln
(

L
ε

)
+1
)

I+
(

2ln
(

L
ε

)
−3
)

t̂(s)t̂(s)
]
· f(s), (2.26)

where R0(s,s′) = r(s)−r(s′) is the distance between two points on the centreline. This calcu-
lation of the force density is accurate to O((ε/L)2 ln(L/ε)). Note that the result of Eq. (2.26)
is correct for filaments with a specific cross-sectional radius, rε(s) = ε

√
1− (2s/L)2, that

vanishes quadratically at the ends.
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In recent decades, SBT has become a very popular framework for analysing the hy-
drodynamics of flagellar propulsion [42, 111, 133, 142, 197] and of suspensions of fibers
[19, 147, 185, 205]. Amongst others, SBT has been used to quantify the hydrodynamic inter-
actions between helical filaments rotating side-by-side [111] and to determine the optimal
bacterial polymorphic shape for swimming [197]. In terms of theoretical developments, SBT
has been extended to “slender-ribbon theory” [117], and it has also been shown that SBT can
be derived directly from the boundary integral formulation of Stokes flows [118].

2.2.5 Hydrodynamic resistance matrix

Another very useful concept for our hydrodynamic calculations is the idea of a resistance
matrix. Since the Stokes equations are linear, the relationship between the dynamics of the
filament (force, F, and torque, T, exerted by the filament on the fluid) and the kinematics
of the filament (linear and angular velocity, U and ΩΩΩ, of the filament relative to a stationary
fluid) can be expressed as a linear system,(

F
T

)
=

(
A B
BT D

)(
U
ΩΩΩ

)
, (2.27)

where the matrix in the middle is called the “grand resistance matrix”. The reciprocal
theorem of Stokes flow tells us that the resistance matrices A and D are symmetric, while the
minimum dissipation theorem says that A, D and the grand resistance matrix are positive
definite [115].

In general, the matrices A, B and D depend on the shape, size and orientation of the rigid
body. For a sphere of radius, a, the resistance matrices are isotropic

Asphere = 6πµaI, Bsphere = 0, Dsphere = 8πµa3I. (2.28)

For a spheroid with major axis length, l, and minor axis length, w, the resistance coefficients
are different for motion parallel or perpendicular to the major axis of the spheroid. By placing
a line of singularities between the two foci of the spheroid, Chwang and Wu [26] determined
that the hydrodynamic resistance of a prolate spheroid to translation, A∥, or rotation, D∥,
along its major axis are

A∥ =
8πµlc3

−2c+(1+ c2) log
(1+c

1−c

) , (2.29)

D∥ =
4πµl3c3(1− c2)

3
(
2c+(1− c2) log

(1+c
1−c

)) , (2.30)
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where c =
√

1−w2/l2 is the eccentricity of the spheroid. The resistance coefficients for
translation and rotation perpendicular to the major axis of a spheroid are also available in
closed-form solutions Chwang and Wu [26], but A∥ and D∥ are of greater interest to us for
the purpose of modelling the swimming of a bacterium along its axis.

Note that there is no coupling between rotational and linear degrees of freedom for
axisymmetric shapes such as a spheroid (Bspheroid = 0), but chiral objects such as a helix are
capable of generating forces through rigid-body rotation. This is the fundamental principle by
which rotating helical propellers generate motion. In Chapter 7, we will derive expressions
for the resistance matrix of a helical filament using the method of RFT introduced above.

2.3 Conclusion

In this chapter, we have provided the necessary mathematical background for the calculations
presented in this dissertation. In the first section, we introduced the notation that will be
used to describe a helical filament of arbitrary orientation, and we gave an overview of the
original study in helical geometry by Macnab [138]. This type of geometrical analysis will
be extended in the next three chapters, each of them addressing a specific question about the
bundling of bacterial flagellar filaments: (i) can polymorphic transformations contribute to
the re-bundling of flagellar filaments at the end of a tumble? (Chapter 3), (ii) how is it that
bacteria always form tangle-free bundles without having precise control over the position
of the filaments? (Chapter 4), and (iii) how much synchronisation is necessary between the
filaments in order for the bundle to rotate smoothly (Chapter 5)?

On the hydrodynamics front, we have provided a brief historical perspective on the
growth of micro-swimmer hydrodynamics as a field of research, paying particular attention
to developments in the modelling of flagellar hydrodynamics, which is one of the two focal
points of this dissertation (the other being the geometry of flagellar filaments). In the chapters
on hydrodynamics, we will be using resistive-force theory (RFT) as an analytical tool for
understanding the hydrodynamic interactions between flagellar filaments, while slender-body
theory (SBT) will be used to obtain more accurate numerical results.

Another numerical framework for modelling micro-swimmer hydrodynamics that we
have not discussed in this chapter is the method of regularised Stokeslets. A comparative
analysis between the method of regularised Stokeslets, SBT, and RFT with both Hancock’s
and Lighthill’s drag coefficients was carried out by Rodenborn et al. [181].



Chapter 3

Geometrical intertwinement of bacterial
polymorphic shapes

In this chapter, we consider the possible states of intertwinement between bacterial flagellar
filaments with different polymorphic shapes, which are represented by helices with different
pitches and amplitudes. We focus in particular on the intertwinement between two helices
with opposite chiralities, since bacterial flagellar filaments often exhibit a mixture of left-
handed shapes (normal) and right-handed shapes (semicoiled, curly I and II) during a
tumbling event. Using a similar geometrical framework as Macnab [138], we find that the
the intrinsic geometry of normal-semicoiled and normal-curly I/II pairs is compatible with
the CCW intertwinement imposed by hydrodynamic effects, without the filaments having to
undergo elastic deformations.

3.1 Motivation

The question of intertwinement between two non-identical helices is relevant to the swimming
of multiflagellated bacteria because their filaments often undergo polymorphic transforma-
tions during a tumble, usually progressing from the left-handed normal shape through a series
of right-handed shapes called semicoiled, curly I and curly II, or a subset of these [209]. A
diagram of the different polymorphic shapes is available in the introduction, Fig. 1.2 (b).

While two left-handed helices can only intertwine CW, due to their intrinsic chirality, it
is expected that a pair of a left-handed and a right-handed helix could intertwine either CW
or CCW depending on their relative geometries and positions. This idea is connected to the
issue identified by Macnab [138] and discussed in §2.1.2, namely that hydrodynamic effects
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due to the CCW rotation of the filaments are incompatible with the intrinsic left-handed
geometry of normal filaments.

3.2 Geometrical modelling

Since left-handed normal filaments coexist with right-handed polymorphic shapes during
tumbling events, we want to understand the possible states of intertwinement between a left-
and a right-handed helix.

3.2.1 Locus of relative position between filaments

The setup consists of a right-handed helix with amplitude R1 and pitch p1, and a left-handed
helix with amplitude R2 and pitch p2, shown in Fig. 3.1 (a). We introduce the dimensionless
parameters

λR =
R1

R2
, λp =

p1

p2
, (3.1)

which represent the amplitude and pitch of the right-handed helix relative to the left-handed
one. For irrational pitch ratio, λp, the two-helix ensemble never repeats in the vertical
direction, while for rational λp = n/m, with coprime integers n and m, the ensemble has a
vertical period P = np2 = mp2.

As in §2.1.2, we consider the relative position of the two filaments in the horizontal plane.
The position of filament B relative to filament A is given by

d+ r2(z)− r1(z) = d+R2


cos
(

2πz
p2

−∆φ

)
−λR cos

(
λ−1

p
2πz
p2

)
−sin

(
2πz
p2

−∆φ

)
−λR sin

(
λ−1

p
2πz
p2

)
0

 . (3.2)

Using the simplifying notation ξ = 2πz/p2, we write

(r2(z)− r1(z)) · ex = R2
[
cos(ξ −∆φ)−λR cos

(
λ
−1
p ξ

)]
, (3.3)

(r2(z)− r1(z)) · ey = R2
[
−sin(ξ −∆φ)−λR sin

(
λ
−1
p ξ

)]
. (3.4)

The curve described by Eqs. (3.3)-(3.4) is a hypotrochoid, an example of which is shown
in Fig. 3.1 (c). A hypotrochoid is formally defined as the curve traced out by a fixed point
attached to a smaller circle that rolls on the inside of a larger circle [123]. We find that
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Fig. 3.1 Diagram explaining the geometrical intertwinement of two parallel helices with
different pitches and amplitudes, and opposite chiralities. (a) From a side view of the
filaments, we see that the left-handed filament B turns around filament A twice in the CW
direction. (b) The conditions for intertwinement are determined from the relative position of
one filament to another in the horizontal plane. (c) The locus of points on filament B relative
to filament A is a hypotrochoid with n+m extremities, if λp = n/m. Here, n = 2 and m = 3.

the same family of curves arises naturally from the relative position between two parallel
non-identical helices.1

3.2.2 Possible states of intertwinement

The intertwinement between the filaments is determined by following the path traced out by
d+ r2(z)− r1(z) in the direction of increasing z, indicated by a purple arrow in Fig. 3.1 (c).
In this example, the vector d lies in the inner-most region of the hypotrochoid, and the green
curve makes two full CW turns around it. This corresponds to the ensemble illustrated in
Fig. 3.1 (a), where the pair of helices have pitch ratio λp = 2/3 and the left-handed filament
B turns around filament A twice in the CW direction. Further examples of hypotrochoids for

1The spirograph, named the “Toy of the Year" in 1967, can be used to draw hypotrochoids and epitrochoids
(for the latter, the smaller circle rolls on the outside of the larger circle). If the original study in helical geometry
reinvented the wheel, see Eq. (2.15), then in this section we have reinvented the spirograph.



38 Geometrical intertwinement of bacterial polymorphic shapes

the case of rational pitch ratio λp = 2/3 are provided in Fig. 3.2. The number of extremities
of the hypotrochoid is equal to m+n, where m and n are coprime integers such that λp = n/m,
giving a five-point hypotrochoid when λp = 2/3.

For fixed λp < 1, the family of curves has three distinct regimes shown in Fig. 3.2 (a), (b)
and (c) in order of increasing λR. In the regimes (a) and (c), the curve circles CW or CCW,
respectively, around every point inside the hypotrochoid. In the intermediate regime (b), the
curve may circle either CW or CCW depending on the distance vector d. The transition
points between the regimes correspond to the creation of petal-shaped CCW regions at the
extremities (when λR = λp, see Fig. 3.2 (d)) and (c) the loss of the star-shaped CW region
through a pinching off at the centre (when λR = 1, see Fig. 3.2 (e)).

3.2.3 Definition of winding number

The intertwinement of two non-identical filaments can be described by a winding number Γ

defined as

Γ =
1

2π

∫ P

0

dγ

dz
dz, (3.5)

where P = np2 = mp2 is the vertical period of the ensemble, and γ is the angle that the curve
d+ r2(z)− r1(z) makes with the x axis,

γ(z) = tan−1
(
(d+ r2(z)− r1(z)) · ey

(d+ r2(z)− r1(z)) · ex

)
. (3.6)

The winding number is positive or negative if the intertwinement is in the right-handed
(CCW) or left-handed (CW) direction, respectively. In Fig. 3.2 we indicate the winding
number next to different positions of the vector d. The winding number ranges from −n
to +m because, in the laboratory frame, the left-handed filament turns CW n times and the
right-handed filament turns CCW m times over one period of the two-helix ensemble.

3.2.4 Physical interpretation of transitions

The transition at λR = 1 is clearly related to the helical amplitude of one filament being
smaller or larger than the other. To understand the transition at λR = λp, we consider the
pitch angle ψ = tan−1(2πR/p) that the tangent to the filament makes with the z axis (also
defined in §2.1). We observe that

tanψ2

tanψ1
=

λp

λR
, (3.7)
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Fig. 3.2 Locus of filament B relative to filament A for varying amplitude ratios, λR = R2/R1,
and fixed pitch ratio λp = 2/3. Hypotrochoid curves arise as solutions of Eqs. (3.3)-(3.4).
The distance vector, d, is shown explicitly only in (a), while in the other panels we indicate
only its starting point (purple dot) to avoid cluttering the diagram. The winding number
defined in Eq. (3.5) is indicated next to a range of possible distance vectors, d, and takes
values between −n and +m for λp = n/m.

so the transition at λR = λp has to do with the pitch angle of one filament being smaller or
larger than the other one. The larger the pitch angle, the more coiled is the helix.

In the case λR < λp < 1, from Fig. 3.2 (a), the left-handed filament is both larger in
amplitude (R2 > R1 if λR < 1) and more coiled (ψ2 > ψ1 if λR < λp) than the right-handed
filament. These two features mean that only CW intertwinement is possible between the two
filaments.

At the other end of the spectrum, λp < 1< λR, from Fig. 3.2 (c), the right-handed filament
has the dominant geometry (both larger in amplitude and more coiled) so it always imposes
the CCW intertwinement compatible with its nature.

In the intermediate regime, Fig. 3.2 (b), the left-handed filament is larger in amplitude but
the right-handed filament is more coiled, so the direction of intertwinement depends on their
relative position. The winding number is Γ =−n in the central region of the hypotrochoid,
because that corresponds to placing the right-handed filament with smaller amplitude inside
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the larger left-handed filament (see Fig. 3.1 (a)). In the petal-shaped regions on the edge
of the hypotrochoid, the right-handed filament is placed further away and the cylindrical
domains of the two helices overlap only slightly. The right-handed filament winds around
the left-handed filament once per period (Γ =+1), when the left-handed filament happens
to make an excursion inside the cylindrical domain that the right-handed filament is tightly
coiled around.

Note that any statement of the form “the left-handed filament intertwines in a CW
direction around the right-handed filament for some given amplitude ratio λR and pitch ratio
λp” has a mirror-image equivalent in the statement “the right-handed filament intertwines
in a CCW direction around the left-handed filament for some given amplitude ratio λ

−1
R

and pitch ratio λ−1
p ”. This equivalence can be deduced by placing a vertical mirror next

to any two-helix ensemble and observing the mirror image of the ensemble, in which the
helices have opposite chiralities to the original ones, so the amplitude and pitch ratios become
the inverse of their original values. Furthermore, any CW intertwinement becomes CCW
intertwinement. In this way, the physical interpretations of the three regimes (a), (b) and (c)
that we have discussed above for the case of pitch ratio λp < 1 can be extended to the case
λp > 1.

3.2.5 The case of irrational pitch ratio

Beyond the fact that in vivo measurements of the flagellar shapes are inevitably accompanied
by experimental uncertainty, there is nothing in the internal structure of the flagellar filament
to suggest that the pitches of flagellar filaments come in integer multiples of a fundamental
unit [81]. Indeed, when comparing flagellar filament shapes against each other, we find that
the pitch ratio is not a rational number. However, two-helix ensembles with irrational pitch
ratio λp lack periodicity in the vertical direction, so the curve traced out by d+ r2(z)− r1(z)
never closes in on itself. To illustrate what happens as the pitch ratio approaches an irrational
number, we consider the case where λp is the ratio of two larger integers, λp = 21/31. This
should be, in theory, very close to the previously considered case λp = 2/3.

In Fig. 3.3, we recognise the three regimes previously identified for ratios of smaller
integers. If we consider a sequence of rational λp tending towards some irrational value, the
space between the inner region of the curve and the exterior progressively gets filled up by
points on the locus of d+r2(z)−r1(z), so it is not possible to determine the winding number
at every point in space. However, the qualitative distinction between the regimes λR < 1,
λp < λR < 1 and λR > 1 remains the same, and this is the result we use in order to compare
the bacterial polymorphic shapes.
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Fig. 3.3 Hypotrochoids for pitch ratio λp = 21/31. The filaments can intertwine (a) only CW,
(b) both CW and CCW, and (c) only CCW depending on the ratio of their helical amplitudes.

3.3 Application to bacterial polymorphic shapes

We summarise the information from the previous section by drawing a phase space in the
(λR,λp) plane. For λp < 1 we have identified the boundaries between different regions to
be the lines λR = 1 and λR = λp. These regions can be extended to λp > 1 by reflecting the
two-helix ensemble in a vertical mirror, which switches the chirality of the filaments and
therefore sends λp 7→ λ−1

p and λR 7→ λ
−1
R .

In Fig. 3.4 we show the phase space of possible intertwinement between a normal flagellar
filament and another helical geometry. The other polymorphic forms are overlaid as symbols
onto the diagram, with multiple data points coming from different sources of experimental
measurements and theoretical predictions for the polymorphic shapes [21, 59, 81, 88, 106,
209]. All data comes from peritrichous bacteria, either Escherichia coli or Salmonella
typhimurium.

We observe that the normal-semicoiled, normal-curly I and normal-curly II pairs that
occur naturally during a tumbling event all have the possibility of intertwining in the CCW
direction. At the end of a tumbling event, as the flagellar filaments rejoin the bundle, the
filaments resume their CCW rotation and the cell body rotates CW to balance out the total
torque on the bacterium. Therefore, hydrodynamic effects impose a CCW intertwinement on
the flagellar filaments, which is compatible with the intertwinement allowed by the intrinsic
geometry of normal-semicoiled and normal-curly I/II pairs, without the need for elastic
deformations. In contrast, the intrinsic geometry of a normal filament paired with any other
polymorphic shape does not allow CCW intertwinement, as visible on Fig. 3.4.
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Fig. 3.4 The phase space of possible intertwinement (green - CW only, purple - CCW
only, blue - both) between a normal shape filament and a second filament with pitch p,
amplitude R, and chirality σ . The overlaid symbols correspond to the shapes of bacterial
polymorphic forms (see Fig. 1.2 (b)), with experimental measurements shown in black and
theoretical predictions in red. Filled and empty symbols represent left- and right-handed
shapes, respectively, according to the same legend as in Fig. 1.2 (b). Symbols not annotated
on the diagram: ▼ hyperextended, ♦ coiled, ◁ polymorphism number 7, ∗ polymorphism
number 8, + polymorphism number 9, × polymorphism number 10.

3.4 Conclusion

The findings presented in this chapter suggest that the polymorphic transformation of flagellar
filaments during a tumbling event may play a role in the formation of bundles with a right-
handed twist. It is not clear from experimental observations whether the polymorphic
transformation from semicoiled and curly I/II back to the normal shape happens before
or after the filaments rejoin the bundle [209]. If the transformation happened afterwards,
then the CCW intertwinement of the filaments would be facilitated by the fact that the
semicoiled and curly I/II shapes are right-handed and have a larger pitch angle than the
normal shape. Additionally, the helical amplitude of semicoiled is larger than that of normal,
making it especially easy for a semicoiled filament to wrap CCW around a normal filament.
To establish more firmly the link between the observations made in this chapter and the CCW
intertwinment of the flagellar filaments in practice, it would be necessary to investigate a
dynamical model similar to the one considered by Lee et al. [124].



Chapter 4

Geometrical constraints on the tangling
of helical filaments

In this chapter, we consider the geometrical constraints on the formation of tangled bundles
of filaments using a kinematic model of tangling with rotational symmetry. The question
of how bacteria are able to form tangle-free bundles, despite the uncoordinated actuation of
multiple rotary motors, is not fully understood. By comparing the theoretical predictions of
our geometrical model with experimental measurements of the flagellar shape and number,
we find that the intrinsic geometry of flagellar filaments makes tangling very unlikely. This
suggests that bundling is robust against the lack of control over the individual positions of
the filaments as they bundle.

4.1 Motivation

As discussed in §1.3 of the introduction, run-and-tumble behaviour lies at the heart of
motility for peritrichous bacteria. It is known that the initial stage of bundling is enabled
by an elastohydrodynamic instability of the hook [97, 180], and from there onwards both
the counter-rotation of the cell-body [1, 168] and the hydrodynamic interactions between
the filaments [49, 57, 100, 175, 176, 223] contribute to the synchronisation of the filaments
and formation of the bundle . Computational studies have investigated the effect of the
number of flagella on the motility of the cell [158], as well as the role played by polymorphic
transformations [124] and mismatched motor torques [177] in the bundling and unbundling
process. Experiments using scale models have provided further insights into the bundling
mechanism [113, 114].
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Evidently, the ability of a peritrichous bacterium to bundle and unbundle its flagella is
crucial for its mobility [172]. However, the cell has no control over the exact position of
individual filaments whilst bundling, so it is intriguing that a passive process can reliably
lead to ordered bundles. One potential problem is the helical geometry of the filaments which
may intertwine around each other, as highlighted by Macnab [138] and discussed in §2.1.2.
Yet neither experiments, nor computational studies have reported cases of tangled bundles.
Despite the helical structure of flagella and the stochastic fluctuations in the torque applied
by motors, it appears that tangling is always prevented thanks to hydrodynamic interactions
between the filaments, their elastic deformations, as well as the shape and arrangement of
flagellar filaments over the cell body. In this chapter we aim to isolate and better understand
the effect of one of those agents – what can geometry on its own, without the mechanics, tell
us about the issue of tangling?

In this chapter, we show that the geometrical constraints imposed by the intrinsic helical
shape of bacterial flagella are incompatible with the formation of tangled bundles, therefore
increasing the robustness of the bundling process. The underlying assumption of this study is
that the dynamics of the filaments is quasi-steady, so that we may neglect elastic deformations
and focus on the kinematics that can be achieved with the filaments in their intrinsic helical
shape, as if they were perfectly rigid. Inspired by experimental observations, we consider the
proximal to distal coming together of the filaments as they are being swept behind the cell
body (see Fig. 4.1 (a)) and we ask what are the possible bundles that can be obtained in this
way (see Fig. 4.1 (b)). We define a bundle to be the final configuration where all filaments
are aligned with the cell body axis, and in particular we are interested in the possibility of
forming a tangled bundle in which the filaments are physically interconnected. It can be
shown that a bundle of three or more parallel helices cannot be physically interconnected if
no pair of helices is intertwined. Therefore, it is sufficient to consider the pairwise tangling
of flagella within the bundle. Under the quasi-steady assumption, we establish the theoretical
conditions under which a pair of rigid helical filaments may tangle, and then compare these
constraints with experimental data collected from the literature. Our results suggest that
bacterial flagella are too straight and too far apart to form tangled bundles based on their
intrinsic, undeformed geometry alone.

4.2 Geometrical modelling

We begin by clarifying our definition of a tangled bundle, and then propose a kinematic
model for the tangling of two helical filaments in which they are placed symmetrically about
the midline between their anchoring points. We first derive the geometrical constraints for
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Fig. 4.1 Bundling of flagellar filaments on a swimming bacterium. (a) Sketch of flagellar
filaments rejoining a bundle from the proximal to the distal end of the filaments. Based
on images of fluorescently labelled E. coli in Turner, Ryu & Berg (2000) J. Bacteriol.,
182, 2793–2801 [209]. (b) Sketch of the problem, illustrating the possible outcomes of the
bundling process. An ordered bundle can rotate continuously and propel the cell forward,
whereas a tangled bundle cannot fulfill this purpose. One flagellar filament is drawn in a
different colour to highlight that it revolves around the other filament – the two are said to be
intertwined.
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two helices of constant amplitude, and then we discuss the effect of tapering at the base of
the filaments.

4.2.1 Definition of tangled bundle

We define a tangled bundle as a configuration of helical filaments with axes parallel to each
other, where at least one pair of filaments are intertwined around each other. The condition
for a pair of helices to be intertwined was first derived by Macnab [138] and reviewed in
§2.1.2. Two parallel identical helices of helical amplitude R are intertwined (or tangled) if
the distance between the helical axes is less than

dc = 2Rsin(∆φ/2), (4.1)

or alternatively if the phase difference between the helices, taken without loss of generality
to be in the interval [0,π), is greater than

∆φc = 2sin−1(d/2R). (4.2)

As we scan two intertwined filaments along their helical axes (from bottom to top in Fig. 4.1
(b)), we observe that each filament revolves around the other in the same direction as the
handedness of the helix (left-handed in Fig. 4.1 (b)). Macnab [138] also considered the case
when the parallel helices are anchored to a pair of fixed points (i.e. the location of the rotary
motors). Given the rigidity of flagellar filaments, two tangled flagella cannot be rotated
continuously by the motors, as happens during a run, due to an overwinding of the filaments
around each other and an unsustainable build-up of torsion. Since a peritrichous bacterium
could not swim with a bundle of tangled flagella, what restrictions are there on the shape and
number of flagella in order to prevent tangling?

4.2.2 Kinematic perspective of tangling

We consider the tangling process in purely kinematic terms, i.e. as a series of configurations
through which the filaments move in order to reach their final state, without considering the
forces necessary to achieve this path dynamically. The only physical barrier guiding the
tangling process is the condition that the two rigid structures cannot overlap at any snapshot in
time. With this view in mind, we note that it is not possible to entangle two helical filaments
by keeping them parallel and changing their phase difference, since they are physical objects
that cannot cut through each other when the phase difference reaches ∆φc. Therefore, if
flagella on a real bacterium were ever to form a tangled bundle, they would have to follow a
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sequence of non-parallel configurations. This could happen at the end of the tumble, when
the flagella come back together.

In order to describe such behaviour, we begin by introducing the parameters that allow us
to represent non-parallel helices. Since the hook is much shorter and much more flexible
than the filament, we model the flagellum as being anchored to a fixed location by a universal
point joint. We assume that the helices are tapered near their anchoring point, meaning that
the helical amplitude, R̃(h) = R−Rexp(−h2/h2

tapering), is a function of the height along the
axis, h, as previously modelled by Higdon [83]. This ensures that the filament is tangent to
the helical axis at the anchoring point.

In the body frame {e1,e2,e3} of the helical filament, its centreline is described by

r(h) = R̃(h)cos
(

2πh
p

)
e1(φ ,θ ,χ)+σ R̃(h)sin

(
2πh

p

)
e2(φ ,θ ,χ)+he3(φ ,θ), (4.3)

according to the notation introduced in §2.1.1. Because we later treat the spin angle χ

as a dependent variable to be solved for, it is convenient to adsorb the spin angle into the
trigonometric functions and have unit vectors dependent on (φ ,θ) alone. Therefore, we
introduce the unit vectors

e′1(φ ,θ) = e1(φ ,θ ,0), e′2(φ ,θ) = e2(φ ,θ ,0), (4.4)

and we rewrite the centreline of the filament as

r(h) = R̃(h)cos
(

2πh
p

+σ χ

)
e′1(φ ,θ)+σ R̃(h)sin

(
2πh

p
+σ χ

)
e′2(φ ,θ)+he3(φ ,θ).

(4.5)
The helical axis of the filament, e3, is parallel to the radial unit vector er(θ ,φ) in standard
spherical polar coordinates. The two vectors spanning the plane orthogonal to the helical
axis are e′1 = eθ (θ ,φ) and e′2 = eφ (φ), i.e. the unit vectors in the directions of increasing
inclination angle, θ , and increasing azimuthal angle, φ , respectively.

Now consider a pair of filaments anchored to two fixed points separated by a distance
d. In the kinematic perspective, where we are only interested in the space occupied by
the filaments at each moment in time, we can adaptively change our frame of reference
{ex,ey,ez} such that the anchoring points remain fixed and the direction ex is always given
by the line between the two anchoring points, despite the cell-body counter-rotations that
may be observed in a stationary frame. Henceforth it is assumed that we are in a frame where
the anchoring points, and hence the distance d, are fixed.
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Fig. 4.2 Geometry of tangling for two identical helices, each tapered near their anchoring
point. (a) The easiest way to tangle two identical, rigid and helical filaments is to arrange
them symmetrically about the midline between their anchoring points, which are a distance d
apart. In this case, one helix has configuration (φ ,θ ,χ), while the second has configuration
(φ +π,θ ,χ), obtained by rotating the first filament through an angle π about the midline
between their anchoring points. (b) Top view of (a), with ez pointing out of the page. (c) Side
view of (a), with e2 pointing into the page.

Suppose we wanted to bring the two flagella from a configuration where they are not
intertwined (e.g. pointing away from each other, as they would be at the end of a tumble)
into a tangled bundle. Intuitively, the easiest way to achieve this is to arrange the helices
symmetrically about the midline between their anchoring points at every step of the way,
because this gives them space to circle around each other and intertwine, without blocking
each other’s way. This can be achieved by placing one helix in the configuration (φ ,θ ,χ) and
the second in the configuration (φ +π,θ ,χ), so that the helices are an image of one another
under a rotational symmetry through angle π about the midline between their anchoring
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points, as illustrated in Fig. 4.2. If tangling is not possible under these conditions, then it is
not possible at all.

In this symmetric configuration, the problem of intertwining two helices around each
other becomes equivalent to intertwining one helix around a fixed vertical line of zero
thickness, which represents the midline between the anchoring points of the two original
helices. This is depicted in Fig. 4.3 (a). In our setup, the midline is the z-axis, and the helix
is anchored to the xy-plane at a distance d/2 away from it along the x-axis. Despite having
zero thickness the vertical line has material properties, i.e. the filament cannot cross this line,
because it would have to cross through its mirror image filament on the other side of the
midline.

Since we want to determine the threshold where tangling is no longer possible, we must
look at the limiting case where there is only enough space to tangle if the helical filament
is touching the line of zero thickness, as seen in Fig. 4.3 (a). The trajectory of the filament
as it tangles around the line can be characterised uniquely by a pair of coordinates (h,φ)
indicating the contact point and the azimuthal angle over which the helical axis is inclined.
In keeping with experimental observations illustrated in Fig. 4.1, we consider the problem
as the contact point, h, slides up from the proximal to the distal end of the helix. As this
happens, the portion of the helical filament below h will gradually envelop the vertical line,
until we reach a deadlock (for videos of the tangling process, see online supplementary
material [206]). At a certain critical height hcrit, not only will the outside of the filament be in
contact with the line at hcrit, by design, but the inside of the filament will also make contact
with the line at height hcrit − p. Since the vertical line has material properties, any further
increase of h will lead to an overlap, so we cannot go beyond this point. This constraint is a
consequence of the helical geometry of the filament and applies equally well to a helix of
constant amplitude, so we start by deriving the threshold in the case of a perfect helix.

4.2.3 Geometrical constraints for a perfect helix

We may calculate the critical point analytically, as a function of the azimuthal angle φ at
which the helical axis is inclined, by taking a cross-section in the plane spanned by ez and
e′2(φ)∧ez, which we call the “focal plane" – see Fig. 4.3 (a), (b). Recall that we are interested
in finding the point of contact between the helix and the vertical z-axis. If one imagines
keeping the azimuthal angle, φ , fixed and varying the incline angle, θ , in order to find the
special value θ̂(φ ,h) at which the helix is tangent to the z-axis at point h along the helix, then
the cylindrical envelope containing the helix will be “sliced" by the z-axis along the plane
normal to e′2(φ) = (−sinφ ,cosφ ,0) going through the origin, which explains our choice
of focal plane. If we impose the further condition that the filament is tangent to the line
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Fig. 4.3 Computing the tangling threshold for two perfect helices. (a) In a symmetric
configuration, the problem reduces to that of a rigid helical filament intertwining around a
fixed vertical line of zero thickness (white). In the limiting case, tangling can be achieved
by bringing the filament in contact with the line at point h along the helix, and sliding this
contact point up. Tangling cannot proceed past the point h = hcrit where the exterior of the
filament is in contact with the line at h, by design, but the filament makes contact with the line
again on the interior at h− p. To locate this critical point we take a cross-section in the plane
normal to e′2(φ), indicated in this figure by a shaded screen, which we call the “focal plane".
(b) Projection onto the xy-plane. The projection of the cylindrical envelope containing the
helix is shown in light green. The direction of the vector e′2 ∧ ez = (cosφ ,sinφ ,0) is parallel
to the projection on the xy-plane of the helical axis and lies at a distance d sinφ/2 away
from it. The focal plane is normal to the vector e′2(φ) = (−sinφ ,cosφ ,0) and goes through
the origin, denoted by a grey dot. The helix is anchored to the xy-plane at a distance d/2
away from the origin along x. (c) Sketch (not to scale) of the cross-section in the focal plane
through a perfect helix of constant amplitude. The projection of the helical axis on the focal
plane is drawn as a dashed light green line. The outline of the helical filament is also drawn
in light green around the points A and B at heights hcrit and hcrit − p along the helical axis,
respectively, and is tangent to the vertical midline drawn in dark purple. The dimensions of
the elliptical cross-section are shown separately in (d).
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at h− p as well, we can determine the critical point hcrit(φ), and the critical incline angle
θcrit(φ) = θ̂(φ ,hcrit(φ)).

The resulting geometric problem is sketched in Fig. 4.3 (c). The projected distance
between the anchoring point and the z-axis is

d′(φ) =
d cosφ

2
, (4.6)

and the projected distance between the filament centreline and the helical axis is

R′(φ) = Rcosφ
′, φ

′ = sin−1
(

d sinφ

2R

)
. (4.7)

The angle φ ′ measures the offset between the focal plane and the axis of the filament.
The quantity that requires more careful consideration is the horizontal distance ε ′ between

the filament centreline and the z-axis. It can be shown that for small filament thickness,
ε ≪ R, p, the intersection of the helical filament with the focal plane is well approximated
by an ellipse with minor axis 2ε and major axis 2ε/sinψ cosφ ′, where ψ = tan−1(2πR/p)
is the pitch angle of the helix - see Fig. 4.3 (d). The major axis of the ellipse makes an
angle θ + tan−1(sinφ ′ tanψ) with the z-axis. The tilting of the ellipse away from the vertical
direction is partly due to the inclination angle θ applied to the entire helix, and partly due to
the offset φ ′ between the focal plane and the helical axis, the latter effect being enhanced
by the amount of sloping in the helical filament, as measured by ψ . The full calculation
of the cross-sectional shape is given in Appendix 4.A. All these factors combined lead to a
horizontal distance of approximately

ε
′(θ ,φ)≃ ε

√
1+

sin2 (
θ + tan−1(sinφ ′ tanψ)

)
tan2

(
sin−1(cosφ ′ sinψ)

) (4.8)

between the filament centreline and the z-axis.
The multiple lengths in the problem can be linked together through the similarity of

triangles △ABB′ and △ACC′, from which we derive

sinθ =
2ε ′(θ ,φ)

p
=

R′(φ)secθ −d′(φ)+ ε ′(θ ,φ)

R′(φ) tanθ +hcrit(φ)
. (4.9)
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The first part of Eq. (4.9) will only be satisfied by a specific value of θ = θcrit dependent on
φ , for which we can solve in the limit of small thickness ε ≪ R, p using Eq. (4.8), to find that

θcrit(φ)≃
2ε

p

√
1+

sin2 ( tan−1(sinφ ′ tanψ)
)

tan2
(

sin−1(cosφ ′ sinψ)
) . (4.10)

Then, by rearranging the second part of Eq. (4.9), we obtain the critical height

hcrit(φ) =
p
2
− d′(φ)

sinθcrit(φ)
+

R′(φ)

tanθcrit(φ)
, (4.11)

with d′(φ), R′(φ) and θcrit(φ) defined in Eqs. (4.6), (4.7) and (4.10). The condition from
Eq. (4.11) restricts trajectories in (φ ,h) coordinate space, as shown in Fig. 4.4. Because of
this constraint, the tangling of a perfect helix around a fixed material line, or equivalently of
two identical perfect helices around each other, is only possible for filaments shorter than
maxφ hcrit(φ) = hcrit(π).

4.2.4 Effect of tapering

Beyond the case of helices with constant amplitude, tapering imposes further constraints
on the (φ ,h) trajectory of the filament due to interactions near the anchoring point. The
theoretical threshold for tangling from Eq. (4.11) is valid for a perfect helix with constant
amplitude, R, meaning that the bottom end is not properly anchored to the point where
the helical axis meets the xy-plane. Its locus is a sphere of radius R around that point. If
we wanted to intertwine the helix around the vertical line as much as possible, we could
keep the azimuthal angle fixed at φ = π , so that the helix is leaning towards the vertical
line, and raise the contact point up to the global maximum of the constraint, which is
maxφ hcrit(φ) = hcrit(π). As we do this, we must continuously decrease the spin angle σ χ ,
for which we have the exact solution χ̂(φ ,h) = sin−1(d sinφ/2R)−σ2πh/p, while also
decreasing the incline angle θ̂(φ ,h). The motion this would generate is that of a helix being
screwed around a fixed vertical line, which is possible because the bottom end of the helix is
free to loop around the vertical line. A video illustrating this process is available in the online
supplementary material of Ref. [206], but here we provide an explanation in words. During
the screwing motion, each time the contact point covers an interval of length p above some
arbitrary point h0 + p/2, the point h0 loops around the vertical line once. This is because
the incline angle θ̂(φ ,h) < θ̂(φ ,h0) if h > h0, so the vertical line already lies inside the
cylindrical envelope of the helix up to the point h0. Meanwhile, the point h0 revolves around
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Fig. 4.4 Representative example of the coordinate space (φ ,h) of configurations. The curve
hcrit(φ) represents a constraint due to the helical shape of the filament. The approximate
solution (circles) given by Eqs. (4.10) and (4.11) relies on a small ε approximation. This is
verified by the exact solution (solid black) where we solve the transcendental equations for
ε ′(θ ,φ) and θcrit(φ) iteratively. The sloping orange lines represent additional constraints
due to the tapering of the helix and its anchoring to a fixed point, and they are computed
numerically.

this cylindrical envelope once every time the spin angle χ̂(φ ,h) covers a period of 2π , which
happens each time the contact point h covers an interval of length p.

Suppose we wanted to follow the same strategy (i.e. keep φ fixed and increase h) with a
tapered helix that is anchored to a fixed point. Then every time the contact point goes up by
one helical pitch, the filament would have to intersect the vertical line. This is because the
bottom end of the anchored helix is fixed relative to the vertical line, but there exists some
point h0 higher up the filament which loops around the vertical line once. Since the filament
is a continuous curve between these two points, then it must intersect the vertical line in the
process. These intersections can be determined numerically, with results shown as dotted
orange lines in Fig. 4.4, and represent physical constraints to the motion of the filament.

In order to complete tangling up to the highest possible point along the helix, we must
navigate the coordinate space (φ ,h) in such a way as to avoid hitting any physical constraints.
We may work our way up between the sloping lines shown in Fig. 4.4 and around the φ -
periodic domain until we reach the constraint h = hcrit(φ). The maximum height up to which
two helices can tangle around one another is found numerically to be h∗crit = hcrit(φ

∗), where
φ∗ is a consequence of tapering. This threshold depends on all the parameters in our model,
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namely the geometry of the flagellum described by (p,R,ε), and the distance, d, between the
two anchoring points.

4.3 Comparison with experimental measurements

What are the implications of these results for the morphology of real bacteria? For a single
cell, with a given cell body size and a given number of flagella, the possibility of forming
tangled bundles will be determined by the shape of those flagella. If one were to design a
robotic micro-swimmer resembling peritrichous bacteria, one could consider a continuous
parameter space for the helical shape of propellers, whereas in real bacteria the shape belongs
to a discrete set of polymorphic forms. On the other hand, if the shape of the filament is
assumed to be one of the polymorphic forms, the possibility of forming tangled bundles in
a population of cells with stochastic variations in morphology will be determined by the
relation between cell body size and number of flagella, which affects how closely together
the flagella are packed. We address both of these points in the next two subsections, using
parameter values taken from the biological literature.

4.3.1 Single cell results

We start by considering a single cell of fixed dimensions, and we allow for isometric
variations in the shape of the helical flagellum (i.e. continuously varying pitch and radius,
at constant integrated length). Any helical filament of fixed length L can be described
by a pair of coordinates R/L, the helical radius relative to the length of the filament, and
ψ = tan−1(2πR/p), the pitch angle. The coordinate space (R/L,ψ) can be divided into
two regions where the pair of filaments may or may not tangle, according to whether the
theoretical threshold, h∗crit(p,R,ε,d), is greater or less than the full height of the filament,
hend(p,R,L). The boundary between these two regions depends on d/L, the distance between
the anchoring points relative to the length of the filaments, which is our control parameter.

In order to choose realistic values for d/L, we note that the expected minimum distance
between any two flagella on a bacterium will depend on the size of the cell body and
the number of flagella. Modelling the cell body as a capsule (i.e. a cylinder with two
hemispherical caps) of length, l, and width, w, we compute the expected minimum distance
between any two rotary motors, dmin(N f , l,w), by simulating 10,000 random arrangements
of N f motors on the cell body sampled from a uniform distribution over a capsule (this
sample size is sufficient to make our estimate for dmin accurate to within 1%). The expected
minimum distance is then scaled by the mean length of a flagellum reported in the literature.
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Our theoretical predictions for a single cell, using the average cell body size and average
length of flagella for the bacterial strain E. coli AW405 [40, 209], are shown in Fig. 4.5 (a).
As the number of flagella increases and the relative separation between them decreases, the
region where filaments could, in theory, form a tangled bundle occupies increasingly more of
the parameter space, as expected.

The four most common polymorphic forms, depicted in Fig. 4.5 (b), are indicated as
discrete points in the continuous parameter space of Fig. 4.5 (a). We observe that normal
form, the most common of the polymorphic forms, does not enter the region where the
formation of tangled bundles is possible until the number of flagella is greater than or equal
to six. This compares favourably with the average number of flagella for E. coli AW405
quoted in the literature, which is between three and four flagella [209]. From the phase space
we also deduce that the shape of semicoiled form is the most susceptible to tangling. Finally
we note that, at a typical number of three or four flagella [209], all four polymorphic forms
lie in the region where the rigid geometry of the flagellar filaments should not allow the
formation of tangled bundles.

4.3.2 Population level results

We now consider stochastic variations in the shape of the cell body and the length of flagella,
but keep the helical shape of the filaments constant. We model the cell body as a capsule,
as before, and we generate a sample of 500 cells with independent normally distributed
body lengths, l, and widths, w, with means and variances taken from the literature. For
each of these cells, we compute the expected minimum distance between any two rotary
motors, dmin(N f , l,w), by randomly placing N f motors on the cell body (distributed either
uniformly or according to a known asymmetric distribution [166]) and averaging over 10,000
realisations of motor placements. The flagellar filaments attached to these motors have a
given geometry (p,R,ε) corresponding to one of the bacterial polymorphic forms found
in nature, but their length is a random variable, sampled either from an experimentally
measured distribution [91] or from a log-normal distribution if only the mean and variance
are available in the literature. For each simulated cell we compute the theoretical threshold,
h∗crit(p,R,ε,dmin(N f , l,w)), and compare this with the length of the simulated filaments to
determine if, for that number of motors, we would expect any two flagella to be sufficiently
near each other to form a tangled bundle. This allows us to predict the maximum number of
flagella that the cell may have without running the risk of tangling.

Our theoretical predictions, based on parameter values taken from the literature [3, 39,
40, 54, 59, 88, 91–93, 106, 128, 208, 209, 222], are shown in Fig. 4.6 (circles and triangles)
alongside the real number of flagella counted in experiments (diamonds), for the three most
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Fig. 4.5 Single cell results. (a) Phase space for an identical pair of isometric filaments with
constant length, L, and helical shape described by (R/L,ψ). Each boundary is labelled with
an integer number of flagella, N f , and corresponds to a different partitioning of the phase
space into two regions. The boundary for a given N f is obtained using a distance between
the anchoring points equal to the expected minimum distance between any pair of flagella,
when there are N f flagella distributed uniformly across the cell surface. To the left of each
boundary, our theoretical model predicts that no pair amongst the N f flagella should be close
enough to form a tangled bundle, while to the right of the boundary the closest pair of flagella
may be able to form a tangled bundle. The values of the control parameters (L,ε, l,w) are
representative of the bacterial strain E. coli AW405 [40]. (b) Isometric filaments in the shape
of the four polymorphic forms most commonly seen in bacteria.
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widely studied species of peritrichous bacteria: E. coli, S. typhimurium and B. subtilis (see
Appendix 4.B for data sources). For our theory, we use the two most common polymorphic
forms that the bacterial flagellum can take, namely the left-handed “normal" form used in
runs (circles) and the right-handed “semicoiled" form used in tumbles (triangles) [39]. The
empty symbols represent an estimate based on a non-uniform arrangement of molecular
motors over the cell body, according to distributions reported in the literature for E. coli and
B. subtilis [76, 166] (no equivalent data was available for S. typhimurium). These estimates
are always slightly lower than those for a uniform distribution, because the effective distance
between flagella is reduced when the molecular motors are crowded towards one pole of the
cell, which makes tangling more likely. However, the relative difference between the two
estimates is very small because the asymmetry in motor distribution is not very pronounced.

Remarkably, we find that the theoretical thresholds in Fig. 4.6 are always above, or less
than one below, the real number of flagella observed in experiments. This close agreement
strongly suggests that the morphologies of the flagellar filaments and of the cell body in
the strains we have considered make it unlikely for flagella to form tangled bundles under
a quasi-steady motion without elastic deformations. We note that two other polymorphic
forms (curly I and II) are sometimes observed in the flagellar bundles of swimming bacteria
[209], but they are so slender that the corresponding theoretical thresholds are much higher
than for normal and semicoiled flagella, as evidenced in Fig. 4.5. Hence, preventing their
tangling does not appear to impose strong physical constraints on the cell.

4.4 Discussion of extensions and limitations

There are two geometrical aspects which we have not included in the present study. Firstly,
the setup described in Fig. 4.2 consists of filaments anchored to a pair of fixed points in
free space. Although we model the geometry of the cell body in order to determine the
typical spacing between filaments, the surface of the cell body is not included as a physical
constraint in our configuration space from Fig. 4.4. However, we note that the typical distance
between flagella before their intrinsic geometry allows them to tangle in free space is between
0.1 µm for curly and 0.5 µm for semicoiled, whereas at the poles of the cell the radius of
curvature is around 0.35− 0.6 µm depending on the strain. Hence, the effect of surface
curvature will be most important for semicoiled flagella attached to smaller cells, since the
surface could then be bulging out between the anchoring points at an angle as high as 46◦

from the horizontal, while the helical filament of semicoiled makes an angle of approximately
35◦ with the horizontal. In this case, the steric interactions between the filaments and the cell
body surface will depend greatly on the details of the tapering of the helix near the anchoring
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Fig. 4.6 Comparison between theoretical predictions and experimental data for three per-
itrichous species of bacteria: E. coli, S. typhimurium and B. subtilis. Our predicted critical
number of normal flagella (circles) and semicoiled flagella (triangles) is compared against
the real number of flagella counted in experiments (diamonds). For the filled circles and
triangles we have assumed that flagella are uniformly distributed over the cell body, while
for the empty symbols we have used a non-uniform distribution that is skewed towards one
pole of the cell (for E. coli and B. subtilis, this data was available in the literature [76, 166];
no equivalent data was available for S. typhimurium). The error bars represent one standard
deviation.

point. For normal flagella, the cell body surface would be raised at an angle of at most 34◦

to the horizontal near the anchoring point, even on the smallest cells we have considered,
whereas the filament of normal flagella makes an angle of 61◦ to the horizontal. Hence, the
presence of the curved surface will have very little effect on the tangling of normal flagella,
and even less so for curly I and II.

The second aspect of the geometry which we have neglected is that the shape of the
filament can change dynamically while the cell tumbles due to polymorphic transformations
which propagate from the proximal to the distal end of the filament [39, 124, 209]. The angle
between sections of the filament in different polymorphic states is given by Hotani’s rule
[87]. This aspect of the geometry requires a fully dynamical model including the elasticity
of the filament and the hydrodynamic load that triggers the transformation, and goes beyond
the scope and purpose of the current study.

Furthermore, our modelling approach is purely kinematic and neglects a number of
important dynamical factors. On one hand, elastic deformations might allow the entanglement
of longer filaments than we have predicted but, on the other hand, thermal fluctuations would
increase the effective thickness of the filaments, thereby decreasing the likelihood of tangling.
The finite length of the hook is another element of complexity that cannot be addressed in
our simple model, because it would introduce further degrees of freedom. The end of the
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filament would no longer have to be anchored to a fixed point, but could hover within a small
distance (the length of the hook) away from the true location of the molecular motor, which
is fixed. When the filaments are being swept behind the cell body, the effective distance
between the proximal ends of the filaments could be reduced, making it easier to form a
tangled bundle.

Hydrodynamic interactions play a very important role in the formation of stable bundles
since they favour the synchronisation of flagella, leading to helical filaments rotating in
phase with one another [175]. The clockwise rotation of normal flagella, together with
the counter-rotation of the cell body, lead to a right-handed wrapping of the filaments
inside the bundle, as seen in experiments [113] and computations [1, 100]. This kind of
wrapping is made possible by the elastic deformation of the filaments and is different to
the left-handed tangling considered in this article, which is the only one allowed by the
left-handed intrinsic geometry of the normal flagellum [138]. Simulations have shown that,
if hydrodynamic interactions are switched off, the bundle comes apart because the filaments
are not geometrically interconnected due to the right-handed wrapping [100]. In this article
we have focused instead on the tangling which arises from the intrinsic geometry of the
filaments (left-handed for normal flagella, and right-handed for the others) because it is the
one that hinders the continuous actuation of the filaments during a run and the dispersal of
the filaments during a tumble.

Our kinematic model for tangling is based on the idea that the set of hydrodynamically
feasible paths is a subset of all possible geometries of motion. Thus, we have shown that
hydrodynamics is not essential to prevent tangling in the quasi-steady regime – geometry
imposes sufficient restrictions to avoid the formation of tangled bundles. If we relax the
quasi-steady approximation, the set of possible geometries of motion will expand greatly
since the shape of the filament could undergo arbitrary elastic deformations. Then tangling
will (obviously) always be theoretically possible within the set of all possible geometries of
motion. It is therefore necessary to identify the filament kinematics that are also dynamically
feasible given the background flow conditions and the input of the rotary motors. Such a wide
range of dynamic conditions is computationally inexhaustible, which is where our model
can provide a stepping stone for further studies and narrow down the search. Based on the
intrinsic geometry of the filaments, we have identified the kinematics that leads to tangling.
Videos illustrating the tangling process are available online in the supplementary material
of Ref. [206]. We have compared this kinematics to the typical frequency of rotation of
bacterial motors and identified that the motors would have to switch the direction of rotation
one hundred times per second and spend an equal amount of time rotating in either direction,
whereas in real bacteria the motors only switch the direction of rotation once per second



60 Geometrical constraints on the tangling of helical filaments

and spend the vast majority of the time rotating clockwise [40]. The qualitative difference
between the kinematics that leads to tangling and that of real flagella is a further argument
for the robustness of the bundling process.

4.5 Conclusion

The number of flagella is a fundamental control parameter for peritrichous bacteria, and its
connection to bacterial spreading and speed of locomotion has been previously investigated
[107, 156, 158]. In the current study, our kinematic model for tangling allows us to examine
whether the number of flagella could be linked to the robustness of bundling. By compar-
ing the thresholds from our theoretical model with the real number of flagella counted in
experiments, we deduce that the intrinsic geometry of flagellar filaments should not allow the
formation of tangled bundles. This is consistent across the four most common polymorphic
forms of the bacterial flagellum, and across three different strains of E. coli and one strain
of S. typhimurium for which we could test a consistent set of data. We note that in the case
of B. subtilis, the geometrical constraints identified in this chapter and presented in the last
column of Fig. 4.6 are only suitable for the shorter mutant DK2002 [208], which is equipped
with fewer flagella. In contrast, the wild-type and highly-flagellated strains of B. subtilis can
have up to forty flagella with only a slight increase in cell body size (less than 50%), meaning
that the constraints imposed by the intrinsic geometry of flagella are not sufficient to rule
out tangling. The thresholds predicted by our model for the wild-type strain DS9540 [208]
were of approximately nine normal flagella or thirty curly flagella, compared to experimental
measurements of twenty-six derived from a basal body count [76].

For E. coli and S. typhimurium, we can formulate our conclusion either in terms of the
helical geometry of the polymorphic forms, which appears to be too slender to allow tangling
(Fig. 4.5), or in terms of the relative spacing between motors, which appears to be too wide
to allow tangling (Fig. 4.6). Alternatively, we can think about the space of configurations as
being partitioned into different regions by the physical constraint that the filaments cannot
overlap (Fig. 4.4). Using parameter values from the experimental literature, our theoretical
model suggests that tangled bundles are isolated in configuration space from the state in
which flagella typically find themselves at the end of a tumble (see Fig. 4.1 (b)). Since
tangled bundles are physically inaccessible, this means that the bundling process is more
robust against the lack of coordination between molecular motors and the inability of the
bacterium to control the individual trajectory of each filament.

Our results bring a new perspective on the ability of peritrichous bacteria to passively
form coherent, tangle-free bundles of flagella that can be continuously actuated during a run
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and easily taken apart during the tumble. At one extreme, we know that straight flagella
could not intertwine, but they would also not be able to propel the cell forward in a viscous
fluid. It appears that the polymorphic forms most commonly adopted by bacterial flagella
are sufficiently coiled to be efficient propellers [197] but also sufficiently slender to avoid
tangling.

This chapter is a reprint of Tătulea-Codrean, M. & Lauga, E. (2020) Sci. Rep. 10, 8406.
The dissertation author was the primary investigator and author of this paper. Modifications
were made to the text and figures to avoid overlap in content with the introduction, and to
make the notation consistent with the rest of the dissertation.
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Appendix 4.A Calculation of cross-sectional shape

In this appendix, we determine the cross-sectional shape of the helical filament as it intersects
the focal plane - see Fig. 4.3. For our analytical model we only consider perfect helices
with constant helical amplitude, R, while tapering is handled numerically. As in the main
manuscript, we parameterise the helical centreline by h, such that

r(h) = r cos
(

2πh
p

)
e1 − r sin

(
2πh

p

)
e2 +he3 +

d
2

ex. (4.12)

Without loss of generality, we present the calculations for a left-handed helix with σ =−1
and spin angle χ = 0, so that e′1 = e1 and e′2 = e2. Varying the spin angle does not change
the cross-sectional shape of the filament in the focal plane.

The tangent vector to the centreline is

t̂(h) =−sinψ sin
(

2πh
p

)
e1 − sinψ cos

(
2πh

p

)
e2 + cosψe3, (4.13)

where ψ = tan−1(2πR/p) is the pitch angle of the helix. Similarly, we have the normal and
the binormal vectors

n̂(h) = −cos
(

2πh
p

)
e1 + sin

(
2πh

p

)
e2, (4.14)

b̂(h) = −cosψ sin
(

2πh
p

)
e1 − cosψ cos

(
2πh

p

)
e2 − sinψe3. (4.15)

Assuming that the filament has a circular cross-section of radius ε , the outside surface of the
filament can be parameterised by two variables (h,ζ ) in the following way

rε(h,ζ ) = r(h)+ ε
(
cosζ n̂(h)+ sinζ b̂(h)

)
. (4.16)

The intersection between the filament surface and the focal plane will be given by the points
that satisfy

rε(h,ζ ) · e2 = 0, (4.17)

by construction of the focal plane. This can be rearranged into

(R− ε cosζ )sin
(

2πh
p

)
+ ε sinζ cosψ cos

(
2πh

p

)
=−d

2
sinφ . (4.18)
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Using double angle formulae, we can find the solution to the above equation as a one-
parameter family of points s = h∗(ζ ) that satisfy

h∗(ζ ) =
p

2π

[
sin−1

(
−d

2 sinφ√
(R− ε cosζ )2 +(ε sinζ cosψ)2

)
− tan−1

(
ε sinζ cosψ

R− ε cosζ

)]
.

(4.19)
Inverse trigonometric functions are multivalued, and the solutions correspond to different
intersections between the helix and the focal plane. In this case, the inverse tangent must
always be evaluated in an interval with positive cosine, since R− ε cosζ > 0 for all ζ . There
are two possible values for the inverse sine which correspond to the helix intersecting the
focal plane twice per helical turn – once on the left of the helical axis and once on the right,
see Fig. 4.3 (a). We continue our calculations with the branch of solutions where the inverse
sine is evaluated in the interval (π/2,3π/2), because this describes the cross-sectional shape
seen in Fig. 4.3 (c). The other branch of solutions would give the intersections of the helix
with the focal plane on the other side of the helical axis, but these are not shown in Fig. 4.3
(c) because they are not important for the model.

With this in mind, we can Taylor expand Eq. (4.19) for ε ≪ R to give

h∗(ζ ) =
p

2π

[
π +φ

′+
ε

r
tanφ

′ cosζ − ε

r
cosψ sinζ +O

((
ε

r

)2
)]

, (4.20)

where we have used the notation φ ′ = sin−1(d sinφ/2R) from Eq. (4.7).
The outline of the filament in the focal plane is simply the locus of points rε(h∗(ζ ),ζ ).

We begin by computing this shape in terms of coordinates along the vectors {e1,e3} which
span the focal plane and are perpendicular and, respectively, parallel to the helical axis. Using
Eqs. (4.12)-(4.16) and the orthonormality of the basis {e1,e2,e3} we deduce that

r(h∗(ζ ),ζ ) · e1 = (R− ε cosζ )cos
(

2πh∗

p

)
− ε cosψ sinζ sin

(
2πh∗

p

)
, (4.21)

r(h∗(ζ ),ζ ) · e3 = h∗(ζ )− ε sinψ sinζ . (4.22)

Substituting the approximate expression for h∗(ζ ) from Eq. (4.20), we get that

r(h∗(ζ ),ζ ) · e1 ≈ −Rcosφ
′+

ε

cosφ ′ cosζ , (4.23)

r(h∗(ζ ),ζ ) · e3 ≈ p(φ ′+π)

2π
− ε

sinψ
sinζ +

ε tanφ ′

tanψ
cosζ . (4.24)
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The first term in each equation represents the leading-order position of the centreline, while
the other terms are an approximation to first order in ε/r of the cross-sectional shape of the
filament in the focal plane. After some lengthy algebra, we can manipulate the first-order
terms into the form

ε cos(ζ −ζ0)

(
cosη

−sinη

)
− ε

sinψ cosφ ′ sin(ζ −ζ0)

(
sinη

cosη

)
, (4.25)

where we have introduced the simplifying notation

ζ0 = cot−1(cotφ
′ cosψ), (4.26)

η = tan−1(sinφ
′ tanψ). (4.27)

By writing the first-order terms in this form, we can clearly see that the parameter ζ traces
out an ellipse with principal axes parallel to the two column vectors appearing in Eq. (4.25).
Therefore, the right-hand side of Eqs. (4.23)-(4.24) is an exact parameterisation of an ellipse
centred at −Rcosφ ′e1 + p(φ ′+π)/2πe3 with minor axis length, 2α , and major axis length,
2β , given by

α = ε, β =
ε

sinψ cosφ ′ . (4.28)

The major axis of the ellipse is inclined at an angle η to the helical axis, as it is parallel to
the vector sinηe1 + cosηe3 and e3 is the direction of the helical axis, as seen in Fig. 4.7 (a).
Using Eqs. (4.13) and (4.20), we can deduce that the major axis is approximately parallel
to (III − e2e2) · t̂(h∗). Therefore, the cross-sectional shape of the helical filament is stretched
out along the projection of the vector tangent to the centreline onto the focal plane. This is
intuitively what we expect.

Next, we compute the distance (in the focal plane) between the filament centreline and
the z-axis, denoted ε ′(θ ,φ). We need to consider the outline of the filament in coordinates
along the vectors {e2 ∧ ez,ez} which span the focal plane. To a first-order approximation this
will be an ellipse with minor axis length, 2α , and major axis length, 2β , which is inclined at
an angle θ +η to the z-axis. This is because the major axis of the ellipse makes an angle η

with the helical axis, which makes an angle θ with the z-axis, as seen in Fig. 4.7 (b).
Consider the general problem of finding the horizontal extremes of an ellipse with minor

axis length, 2α , and major axis length, 2β , inclined at an angle θ +η to the vertical. In
Cartesian coordinates (X ,Y ) relative to the centre of the ellipse, where the Y -axis is the
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Fig. 4.7 To a first-order approximation in ε/R, the cross-sectional shape of the helix in the
focal plane is an ellipse. (a) The major axis of the ellipse is parallel to the projection on the
focal plane of the tangent vector to the helical centreline. (b) The major axis is inclined at an
angle η to the helical axis, e3, which is in turn inclined at an angle θ to the vertical, ez. We
want to determine the horizontal distance between the extremes of the ellipse and the z-axis.

vertical, the ellipse is described parametrically by(
X(ζ )

Y (ζ )

)
= acosζ

(
cos(θ +η) − sin(θ +η)

)
+bsinζ

(
sin(θ +η)

cos(θ +η)

)
. (4.29)

The horizontal extreme points on the ellipse are the turning points of X(ζ ), so we consider

dX
dζ

=−α sinζ cos(θ +η)+β cosζ sin(θ +η) = 0, (4.30)

which is solved by ζ ∗ that satisfies

sinζ
∗ =

β sin(θ +η)√
α2 cos2(θ +η)+β 2 sin2(θ +η)

, (4.31)

cosζ
∗ =

α cos(θ +η)√
α2 cos2(θ +η)+α2 sin2(θ +η)

. (4.32)

Therefore, the horizontal extremes of the ellipse are at a distance

X(ζ ∗) =

√
a2 cos2 β +b2 sin2

β (4.33)

from the vertical.
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Using Eqs. (4.28) and (4.27) to substitute our values for α and β , we deduce that

ε
′(θ ,φ) = ε

√
cos2 (θ + tan−1(sinφ ′ tanψ))+

sin2 (θ + tan−1(sinφ ′ tanψ))

(sinψ cosφ ′)2 . (4.34)

Finally, if we write the denominator of the second term as sin2(sin−1(sinψ cosφ ′)), we can
simplify the expression for ε ′(θ ,φ) to the form given in Eq. (4.8),

ε
′(θ ,φ) = ε

√
1+

sin2 (θ + tan−1(sinφ ′ tanψ))

tan2(sin−1(sinψ cosφ ′))
, (4.35)

where we remind the reader that φ ′ = sin−1(d sinφ/2r) is an implicit function of φ .
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Appendix 4.B Sources of experimental data

Tables 4.1 and 4.2 contain a systematic collection of sources from which we gathered the
values of our input parameters: the helical geometry (p,R) of polymorphic shapes, the cell
body size (l,w), the length, L, and thickness, ε , of filaments. Our theoretical model for
tangling takes these inputs and produces an estimate for the critical number of flagella above
which the bacterium may run the risk of tangling. This output must likewise be compared
with the number of flagella observed experimentally, also given in Tables 4.1 and 4.2.

We selected strains for which the data could be gathered from as few sources as possible.
For each strain we strived to compile a coherent database of compatible sources, preferably
coming from the same research group in the same time period. From papers investigating
the growth and shape of bacterial flagellar filaments it was possible to gather comprehensive
data about the helical geometry of the polymorphic shapes, whereas papers focusing on the
speed of locomotion or tumbling frequency often quoted the size of the cell body, and the
number and length of flagella.

For S. typhimurium we used Ref. [92] for the pitch and radius of most polymorphic
forms because it had the closest links with Ref. [91], from which we took the distributions of
filament length and number of flagella. However, this reference did not contain measurements
for the semicoiled form, so we tested our theory using measurements from three other
experimental groups [59, 88, 106]. There was no significant difference between the results
obtained with the three different sets of data.

For the dimensions of the cell body, Ref. [93] only provides measurements for the cell
length of S. typhimurium, but in conjunction with Ref. [54] we were able to make a reasonable
estimate for the cell width.

Because the imaging techniques required for measuring the thickness of slender flagellar
filaments are fundamentally different from the imaging techniques for visualising the entire
ensemble of bacterial cell bodies and flagella, it was necessary to use different sources for the
filament radius, which were separate from the rest of the database. Ref. [222] only provides
measurements of the flagellar filament radius for S. typhimurium and B. subtilis. However,
according to Ref. [3], the flagellin in the composition of E. coli flagella is very similar in size
to that of S. typhimurium flagella (497 vs. 489 amino acids) so we assume that the filament
radius of the two bacterial species are the same.
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Parameter Symbol
E. coli AW405 E. coli HCB1 E. coli HCB1737

value source value source source value

Helical diameter 2R
normal 0.35 [40] 0.35 [40] 0.35 [40]
semicoiled 0.50 [209] 0.50 [209] 0.50 [209]
curly I 0.25 [209] 0.25 [209] 0.25 [209]
curly II 0.16 [209] 0.16 [209] 0.16 [209]

Helical pitch p
normal 2.3 [40] 2.3 [40] 2.3 [40]
semicoiled 1.1 [209] 1.1 [209] 1.1 [209]
curly I 1.0 [209] 1.0 [209] 1.0 [209]
curly II 0.9 [209] 0.9 [209] 0.9 [209]

Filament radius ε 0.012 [222] 0.012 [222] 0.012 [222]
Filament length L 7.1±1.8 [40] 5.3±0.1 [128] 6.3±1.8 [208]
Cell body length l 2.5±0.6 [40] 1.7±0.1 [128] 2.0±0.5 [208]
Cell body width w 0.88±0.09 [40] 0.8±0.1 [128] 0.7±0.1 [208]
Number of flagella N f 3.37±1.59 [40] 4 [128] 3.3.±0.9 [208]

Table 4.1 Geometric parameters used in our theoretical model for tangling, with references
to experimental measurements on E. coli. All parameters are given in units of µm, except for
the number of flagella.
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Parameter Symbol
S. typhimurium TM2 B. subtilis DK2002

value source value source

Helical diameter 2R
normal 0.50 [92] 2.06 [59]
semicoiled 0.52 [88] – –
curly I 0.36 [92] 0.42 [59]
curly II 0.16 [92] – –

Helical pitch p
normal 2.2 [92] 0.91 [59]
semicoiled 1.24 [88] – –
curly I 1.1 [92] 0.18 [59]
curly II 0.92 [92] – –

Filament radius ε 0.012 [222] 0.006 [222]
Filament length L (†) [91] 9.0±2.0 [208]
Cell body length l 3.8±0.9 [93] 5.0±1.7 [208]
Cell body width w 1.2±0.15 est. 1.2±0.1 [208]
Number of flagella N f 6.2±1.6 [91] 5.8±2.1 [208]

Table 4.2 Geometric parameters used in our theoretical model for tangling, with references
to experimental measurements on S. typhimurium and B. subtilis. All parameters are given
in units of µm, except for the number of flagella. (†) We extracted the full distribution of
filament lengths from the histograms published in Iino [91].





Chapter 5

Geometrical constraints on the bundling
of helical filaments

In order for flagellar filaments to rotate continuously as they form a bundle, without colliding
into each other, the bundle must be sufficiently synchronised. In this chapter, we investigate
the amount of synchronisation required by the helical geometry of flagellar filaments, using a
kinematic model of bundling with rotational symmetry around the axis of the bundle. Finally,
we apply our geometrical results to two questions relevant to the bundling of bacterial flagella:
the critical rate of synchronisation in a bundle that is converging due to hydrodynamic effects,
and the critical torque difference between motors in a bundle that has reached an equilibrium
state.

5.1 Motivation

When they come together to form a bundle, bacterial flagellar filaments rotate continuously
under the actuation of independent motors. As the distance between the filaments decreases,
there is an increased possibility of collisions due to the rotation of the filaments. One way to
ensure a smooth operation of the bundle is for the filaments to synchronise with each other.
This could be induced by direct hydrodynamic interactions between the filaments [175], or
due to the filaments being coupled to the motion of the cell body. The latter mechanism
has not been demonstrated for bacteria, but there is evidence of this effect contributing to
flagellar synchronisation in swimming algae [62]. In this chapter, we do not consider the
dynamics that lead to synchronisation, but focus on the requirements imposed by the helical
geometry of the filaments.



72 Geometrical constraints on the bundling of helical filaments

For parallel filaments, the level of synchronisation imposed by geometrical constraints is
known from the original study by Macnab [138]. The result of Eq. (2.13) can be reinterpreted
as an expression for the critical phase difference,

∆φc = 2sin−1
(

d
2R

)
. (5.1)

When ∆φ reaches the critical value, the centrelines of the two filaments intersect. For
very slender filaments such as bacterial flagella, this is a good approximation for the phase
difference at which two rotating filaments collide with each other.

Here, we wish to extend Eq. (5.1) to filaments that are inclined with respect to each other,
like the flagellar filaments forming a bundle. Theoretical studies have suggested that the
earliest stage of bundling is enabled by an elastohydrodynamic instability of the hook [180],
after which the dominant hydrodynamic effect comes from the flow induced by the motion
of the cell body, to be replaced by direct hydrodynamic interactions between the filaments
only in the final stages of bundling [23]. Motivated by these observations, we consider a
minimal kinematic model of bundling, where the filaments get dragged behind the cell body
at the same rate from all sides. As in the previous chapter on the geometrical constraints
for tangling, the kinematic model does not take into account the hydrodynamic forces and
torques acting on the filaments. We only consider the constraints imposed by the helical
shape of flagellar filaments as the filaments move through a sequence of geometries of motion
consistent with the general understanding of bundling from experiments and theory.

5.2 Geometrical modelling

To keep the problem analytically tractable, we consider a system with rotational symmetry
around the bundle, where the axes of N f helical filaments are anchored to fixed and evenly
spaced out points around a circle. The filaments join the bundle at the same rate, θ̇ .

5.2.1 Kinematic model of bundling

The setup depicted in Fig. 5.1 consists of N f helical filaments, labelled k = 1, . . . ,N f , whose
axes are anchored at regularly spaced points around a circle,

xk = Rb cos
(

2πk
N f

)
ex +Rb sin

(
2πk
N f

)
ey. (5.2)
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Fig. 5.1 Minimal model of bundling with rotational symmetry about the central axis of the
bundle (here, the z-axis). The axes of the helical filaments are anchored around a circular
base of radius, Rb, at regularly spaced intervals of angle, 2π/N f . All the filaments are tilted
directly towards the central axis of the bundle by the same angle, θ . The colour gradient
indicates the proximity of the filaments to each other.

The filaments are tilted directly towards the central axis of the bundle, so that the azimuthal
angle, φk, for each filament is given by

φk = π +
2πk
N f

, (5.3)

and the tilt angle is positive, θk = θ ≥ 0. The centreline of the helical filament, starting from
the anchoring point xk, is then given by

r(k)(ξ ) = xk +Rcos(ξ )e(k)1 +Rsin(ξ )e(k)2 +
pξ

2π
e(k)3 , (5.4)
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according to the notation introduced in §2.1.1. Note that the filaments are implicitly right-
handed (σ = +1). A bundle with left-handed filaments is simply the mirror image of the
problem we consider here, and the final results are identical.

The modelling assumptions for the kinematics of the filaments are that

θ̇k = θ̇ > 0, (5.5)

χk(t) = Ω0t +∆χk, (5.6)

meaning that the filaments join the bundle at the same unknown rate, θ̇ , and they rotate about
their own axes at a constant angular velocity Ω0,

We are interested in bundles that converge towards the central axis, so with θ being
positive. Furthermore, we require that the tilt angle be bounded above by the value

θ < θmax = sin−1
(

Rb

N p

)
, (5.7)

such that the axes of the helices do not cross over each other. If the axes cross, the helices
always collide even for zero phase difference. The quantity we want to compute is the
critical phase difference between the filaments such that they can rotate continuously without
collisions.

5.2.2 Intersections between two helices

The condition that the bundle operates smoothly, without collisions, is to a good approxima-
tion the same as requiring that the centrelines of any two filaments do not intersect. Hence,
we solve for the intersection of two helices separated by an arbitrary angle 2α around the
circular base of the bundle. This setup is shown in Fig. 5.2 (a). Without loss of generality, we
choose the x-axis to be the perpendicular bisector of the line connecting the two anchoring
points, such that

x± = Rb (cosαex ± sinαey) , (5.8)

and the azimuthal angles are
φ± = π ±α. (5.9)

We also choose the time t = 0 such that the angles of rotation about the filament axis are

χ±(t) = Ω0t ±β . (5.10)
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Fig. 5.2 Setup for calculating the intersections between two inclined helices. (a) The x axis is
chosen as the bisector of the arc connecting the two anchoring points, to exploit symmetry
in the calculations. (b) The domains of revolution of the two helices are cylinders which
intersect along a family of points with equal coordinates along the axes of the two helices
(for θ < θmax).

Hence, the centrelines of the two filaments are given by

r(±)(ξ , t) = Rb (cosαex ± sinαey)+Rcos(ξ )e1(φ±,θ(t),χ±(t))

+Rsin(ξ )e2(φ±,χ±(t))+
pξ

2π
e3(φ±,θ(t),χ±(t)), (5.11)

with body-frame unit vectors {e1,e2,e3} defined in the Introduction §2.1.1.
We look for intersections between the two filaments by solving the equation r(+)(ξ1, t) =

r(−)(ξ2, t) for the time-dependent coordinates ξ1,2(t) along the axes of the filaments. The
locus of points covered by a rotating helical is a cylinders. Hence, a necessary condition
for r(+)(ξ1, t) = r(−)(ξ2, t) is that the points lie on the intersection of the two domains of
revolution of the helices, shown in Fig. 5.2 (b). For θ < θmax, the points of intersection have
the same coordinate, ξ1 = ξ2, along the axes of the two cylinders. For θ > θmax, there is
a second family of solutions where ξ1 ̸= ξ2, but we do not consider this regime in which
the rotating filaments collide even for zero phase difference. Hence, we need to solve the
equation r(+)(ξ , t) = r(−)(ξ , t) for the point of intersection ξ (t).
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Using Eqs. (2.6)-(2.8) to determine the z components of the units vectors {e1,e2,e3}, we
derive the condition for ez · r(+)(ξ , t) = ez · r(−)(ξ , t) to be

−Rsinθ cos(ξ +χ+)+
pcosθ

2π
ξ =−Rsinθ cos(ξ +χ−)+

pcosθ

2π
ξ , (5.12)

from which we deduce that

cos(ξ +χ+) = cos(ξ +χ−), sin(ξ +χ+) =−sin(ξ +χ−). (5.13)

Note that this automatically satisfies the matching condition for the x components, ex ·
r(+)(ξ , t) = ex · r(−)(ξ , t), since

Rcosθ cosφ+ cos(ξ +χ+)−Rsinφ+ sin(ξ +χ+)+
psinθ

2π
cosφ+ξ =

Rcosθ cosφ+ cos(ξ +χ−)+Rsinφ+ sin(ξ +χ−)+
psinθ

2π
cosφ+ξ . (5.14)

Furthermore, from Eq. (5.13), we deduce that

sin(ξ +Ω0t) = 0, cos(ξ +Ω0t) =±1. (5.15)

The choice of sign correspond to the two branches seen in Fig. 5.2 (b), where the two
cylinders intersect symmetrically on either side of the plane spanned by their axes, e(+)

3 and
e(−)

3 .
Without loss of generality, we continue our analysis with the branch cos(ξ +Ω0t) = 1

which, using the definition of χ± from Eq. (5.10), leads to

1
2
(cos(ξ +χ+)+ cos(ξ +χ−)) = cosβ , (5.16)

1
2
(sin(ξ +χ+)− sin(ξ +χ−)) = sinβ . (5.17)

Using Eqs. (2.6)-(2.8) to determine the y components of the units vectors {e1,e2,e3}, we
derive the condition for ey · r(+)(ξ , t) = ey · r(−)(ξ , t) to be

Rb sinα +Rcosθ sin(φ+)cos(ξ +χ+)+Rcos(φ+)sin(ξ +χ+)+
pξ

2π
sinθ sin(φ+) =

−Rb sinα −Rcosθ sin(φ+)cos(ξ +χ−)+Rcos(φ+)sin(ξ +χ−)−
pξ

2π
sinθ sin(φ+).

(5.18)
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By switching the notation to the height along the filament axis, h(t) = pξ (t)/2π , and using
Eqs. (5.9),(5.16),(5.17), we simplify the matching condition for the y components into

sinα (Rb −h(t)sinθ) = Rcosθ sinα cosβ +Rcosα sinβ , (5.19)

which can be put in the form

sinα (Rb −h(t)sinθ)√
cos2 α + cos2 θ sin2

α

= Rsin
(
β + tan−1 (cosθ tanα)

)
. (5.20)

The inverse tangent in the previous equation is to be taken in the interval (0,π/2). We invert
this expression to determine the angle β representing the fixed difference in rotation angles
between the two filaments,

β =− tan−1 (cosθ tanα)+ sin−1
(

tanα (Rb −h(t)sinθ)

R
√

1+ cos2 θ tan2 α

)
. (5.21)

The inverse sine is to be taken in the interval (0,π/2). If the above equation has a solution
for time t, then the filaments collide at time t and height h(t) along the axis of the filament.

5.2.3 Critical phase difference

In the Introduction §2.1.1, we defined the absolute phase difference between two non-parallel
filaments as ∆Φ = ∆φ +∆χ = 2α +2β . Using our previous expression for β , this becomes

∆Φ = 2α −2tan−1 (cosθ tanα)+2sin−1
(

tanα (Rb −h(t)sinθ)

R
√

1+ cos2 θ tan2 α

)
. (5.22)

To ensure that there are no collisions inside the bundle, there can be no solutions for
any time t. Therefore, ∆Φ must be smaller than the minimal value of the right-hand side
of Eq. (5.22) for all time. Since θ > 0, the right-hand side achieves its minimal value
when h(t) = hmax = N p, the total height of the filament axis. As expected, the dominant
geometrical constraint comes from the top ends of the filaments (i.e. those furthest away
from the anchoring points, x±), which are closer to each other than any other points along
the filaments. Hence, we derive the critical phase difference

∆Φc(θ ,α) = 2α −2tan−1 (cosθ tanα)+2sin−1
(

tanα (Rb −N psinθ)

R
√

1+ cos2 θ tan2 α

)
, (5.23)

which depends explicitly on the azimuthal spacing around the bundle, 2α , and the vertical
tilt of the filaments, θ .
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The result of Eq. (5.23) is a generalisation of the critical condition identified by Macnab
[138] for two parallel helices. In the limit θ = 0, we recover

∆Φc(0,α) = 2sin−1
(

Rb sinα

R

)
(5.24)

which is equivalent to Eq. (5.1) since the length of the chord connecting the two anchoring
points is d = 2Rb sinα .

5.3 Application to bacterial flagellar bundling

We now consider the implications of the geometrical constraint, Eq. (5.23), for the bundling
of bacterial flagellar filaments. In Fig. 5.3 (a), we show the typical length scales for a bundle
of bacterial flagellar filaments. In particular, the helical amplitude, R, corresponds to the
normal polymorphic shape, and the diameter at the base of the bundle, 2Rb, represents the
width of a bacterial cell body. The results presented in Figs. 5.3, 5.4 and 5.5 are all based on
these dimensional parameters.

5.3.1 Dominant geometrical constraint in a circular bundle

Since N p ≫ Rb in a typical bundle of normal-shape filaments, the tilt angle θ < θmax ≪ 1 is
very small. Therefore, we expand the phase difference, Eq. (5.23), around θ = 0 to find

∆Φc(θ ,α)∼ 2sin−1
(

Rb

R

(
1− θ

θmax

)
sinα

)
+O(θ 2). (5.25)

The critical phase difference from Eq. (5.25) grows sub-linearly with the azimuthal spacing,
α , if the filaments are tilted sufficiently far away from the axis of the bundle,

θ >

(
1− R

Rb

)
θmax = θ

∗. (5.26)

This can be seen in Fig. 5.3 (b) as well. The two regimes, 0 < θ < θ ∗ and θ > θ ∗, lead to
different dominant constraints on the synchronisation of filaments placed in a circular bundle.

When 0 < θ < θ ∗, the diameter at the top of the bundle, 2Rb −N psinθ , is greater than
the diameter of the helical filaments, 2R, which means that the locus of points visited by
any given filament does not overlap with the locus of the filament directly across from it in
the circular bundle. In this regime, a sufficient condition for the bundle to rotate smoothly,
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Fig. 5.3 Application of geometrical results to a circular bundle of flagellar filaments. (a)
Typical dimensions of a bundle of normal-shaped flagellar filaments. (b) Critical phase
difference as a function of the angular spacing between the filaments, for various degrees of
convergence of the bundle.

without collisions, is that each filament keeps within the required phase difference to its
nearest neighbour.

When θ > θ ∗, the filaments on opposite sides of the circular bundles have overlapping
domains of rotation, since the diameter at the top of the bundle is smaller than the diameter
of the helical filaments. Indeed, the domains of rotation overlap between any given pair
of filaments. Since ∆Φc(θ ,α) grows sub-linearly with the azimuthal spacing, α , it is
not sufficient for each filament to keep within a phase difference ∆Φc(θ ,π/N f ) from its
nearest neighbour. After k steps around the circular bundle, there may be a phase difference
k∆Φc(θ ,π/N f )>∆Φc(θ ,kπ/N f ). In this regime, it is necessary for the filaments to maintain
a critical phase difference to all the other filaments in the bundle, not just their nearest
neighbour.

With this in mind, we define an effective critical phase difference between two adjacent
filaments as

∆Φeff(θ ,N f ) = min
1≤k≤N f−1

{
1
k

∆Φc

(
θ ,

kπ

N f

)}
, (5.27)

which depends crucially on the number of filaments, N f , and the tilt angle, θ . The minimum
is achieved for k = 1 if 0 < θ < θ ∗, and for k =

⌊
N f /2

⌋
if θ ∗ < θ < θmax. If every pair

of adjacent filaments has a phase difference smaller than ∆Φeff(θ ,N f ), then the bundle
operates smoothly for any 0 < θ < θmax. Therefore, Eq. (5.27) is a sufficient, but not
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necessary condition for the bundle to operate smoothly, since the phase difference may be
distributed unevenly around the bundle. In an average sense, however, ∆Φeff(θ ,N f ) is a
reasonable measure of the level of synchronisation imposed by geometrical constraints. We
now use the effective phase difference to gain insights about two aspects of flagellar bundling:
the necessary rate of synchronisation of an evolving bundle, and the critical motor torque
difference in a stationary bundle.

5.3.2 Constraints on the rate of synchronisation of a converging bundle

We consider a bundle with a fixed number of filaments, N f , and an unknown bundling rate θ̇

coming from the hydrodynamics of the bundle and the cell - see Fig. 5.4 (a). By taking a
time derivative of the critical phase difference, Eq. (5.27), we can relate the rate of bundling,
θ̇ , and the rate of synchronisation imposed by geometry, −∆Φ̇eff, through the expression

− d∆Φeff

dt
=−∂∆Φeff

∂θ

dθ

dt
. (5.28)

The partial derivative of ∆Φeff with respect to θ does not have a simple expression, so we do
not provide it here, but it can be calculated and its qualitative features can be seen in Fig. 5.4
(b).

The phase difference imposed by geometry decreases rapidly with θ at first, when the
domains of adjacent filaments start to overlap (the start of the curves for N f = 2 and N f = 4
filaments). Afterwards, the geometrical constraint varies more slowly, until we cross over
into the regime θ > θ ∗ when the domains of rotation of all the filaments in the bundle overlap.
This imposes an additionally strong constraint on the synchronisation of the bundle, which
is noticeable in the discontinuity of the slope at θ/θmax = 1−R/Rb = 0.5. For larger tilt
angles, the effective phase difference decreases more slowly and reaches zero with a linear
slope inversely proportional to the number of filaments,

∆Φeff(θ ,N f )≈
4N p
N f R

(θmax −θ), (5.29)

near θ = θmax. The limiting behaviour is indicated in Fig. 5.4 (b) only for N f = 2,8 to avoid
overcrowding the diagram.

Outlook

From Fig. 5.4 (b), we gain a general understanding of how the geometry of the filaments
imposes increasingly higher constraints on their synchronisation as the bundling progresses.
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Fig. 5.4 Constraints imposed by geometry during the bundling process. (a) Sketch of a bundle
converging at an unknown rate θ̇ due to, for instance, hydrodynamics effects. (b) During the
bundling process, the rate of change of ∆Φeff with respect to θ determines the ratio between
the bundling rate and the rate of synchronisation imposed by geometrical constraints. Solid
lines are the result of Eq. (5.27), while the dashed lines are the result of Eq. (5.29). The
number of filaments, N f , is indicated on each line.

According to our kinematic model, all trajectories falling below ∆Φ = ∆Φeff(θ ,N f ) in the
(θ ,∆Φ) parameter space are permissible since, by definition, the effective phase difference
is a sufficient condition to avoid collisions between the filaments. The exact trajectory
(θ(t),∆Φ(t)) in which the parameter space is traversed depends on the elastohydrodynamics
of the hook and flagellar filaments and the flow around the cell body.

In principle, the geometrical results presented in this section can be combined with
dynamical models for the rate of bundling, θ̇ , and the rate of synchronisation, ∆Φ̇, to
determine the conditions under which the bundle operates smoothly, such as the maximum
number of filaments (if there is one) for which the dynamics of the filaments are able to keep
up with the constraints imposed by geometry as the bundling goes on.

5.3.3 Constraints on the motor torque difference in a stationary bundle

Another aspect worth considering is the fact that the motor torques driving the filaments vary
due to biochemical noise - see Fig. 5.5 (a). As we discuss later in Chapter 7, hydrodynamically-
coupled filaments driven at different torques tend to synchronise at a non-zero phase differ-
ence which depends on the magnitude of the torque difference, and the coupling between
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Fig. 5.5 Constraints imposed by geometry on a bundle in equilibrium. (a) Sketch of a
stationary bundle (θ̇ = 0) in which the filaments are driven by variable torques applied to
their axes. (b) The phase difference allowed by geometry (and hence the difference in torque
magnitudes) decays like the inverse of the number of filaments. Filled circles are exact
solutions from Eq. (5.27), while dashed lines are large N f asymptotics from Eqs. (5.30)-
(5.31).

filaments. This has been observed in numerical simulations of the hydrodynamic synchroni-
sation of rotating helical filaments [175, 177].

Using the effective phase difference, ∆Φeff(θ ,N f ), from Eq. (5.27) as an indicator of the
maximum torque difference compatible with geometrical constraints, we consider how these
two quantities change with the number of filaments. We assume that the bundle has reached a
steady configuration with θ = θequil, which could be due to a balance between hydrodynamic
attraction and steric repulsion between the filaments, for instance.

We now determine the asymptotic behaviour of ∆Φeff(θ ,N f ) for a large number of
filaments, N f . In the regime 0 < θ < θ ∗, we expand ∆Φc(θ ,α) from Eq. (5.23) near
α = π/N f ≪ 1, to obtain

∆Φeff(θ)∼
2π

N f

(
1− cosθ +

N p
R

(sinθmax − sinθ)

)
, (5.30)

as N f → ∞. Meanwhile, in the regime θ ∗ < θ < θmax, we expand ∆Φc(θ ,α) near α = π/2,
to get

∆Φeff(θ)∼
4

N f
sin−1

(
N p(sinθmax − sinθ)

Rcosθ

)
, (5.31)
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as N f → ∞. Importantly, the effective phase difference decays like the inverse of the number
of filaments in both regimes.

Outlook

The fast decay of the critical phase difference with number of filaments suggests that there
may be a limit on the feasible number of filaments in a bundle, for a given amount of
biochemical noise in the torques driving the rotation of the bundle. The geometrical results
in this section can, in principle, be combined with electrostatic models for the repulsion
between filaments and hydrodynamic models for their attraction, in order to determine the
critical number of filaments. It is possible that the equilibrium tilt angle is not independent
of the number of filaments, so the decay of ∆Φeff(θ ,N f ) with N f may not be so rapid once
we take into account the dependence on θequil(N f ).

5.4 Conclusion

In this chapter, we have proposed an extension of the original study in helical geometry by
Macnab [138] and considered the critical phase difference between helices tilted at an angle
to each other. The main geometrical results of this chapter are Eq. (5.23) for the critical phase
difference between two filaments, and Eq. (5.27) for the effective critical phase difference in
a circular bundle of N f filaments. We have applied these geometrical results to two questions
relevant to the bundling of bacterial filaments: the critical rate of synchronisation in a bundle
that is converging due to hydrodynamic effects, and the critical torque difference between the
motors in a bundle that has reached a steady state. In our discussion of these two problems,
we have proposed routes for combining these geometrical results with dynamical models in
order to deduce operational constraints for the bundle.

In the future, it will be possible to use these results for a comparative analysis of bacterial
polymorphic shapes, since the geometrical results depend explicitly on the helical geometry
of the flagellar filaments. The kinematic model can also be extended by adding a finite
amount of CCW twist around the bundle, to incorporate the effect of the swirling flow
induced by each filament, and also the counter-rotations of the cell body. The calculation
for the intersection of two filaments would have to be modified, in this case, to allow for
non-planar axes of the filaments.

Finally, we acknowledge that there are a number of limitations inherent to our geometrical
approach of the question of bundling. The work presented in this chapter is based on a purely
kinematic model, where we go through a sequence of plausible geometries of motion without
modelling dynamical factors such as the hydrodynamic interactions between the filaments
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[142, 207], the elastic deformations of both hook and filaments [101, 112], the torque-
speed relationship of the BFM [160, 227], and the steric interactions with the cell body.
Nevertheless, the geometrical necessity for synchronisation identified in this chapter serves
as a motivation to further investigate the hydrodynamic synchronisation of rotating helical
filaments in Chapter 7, after we have developed the necessary hydrodynamic machinery in
Chapter 6.



Chapter 6

Asymptotic theory of hydrodynamic
interactions between slender filaments

In this chapter, we lay the technical groundwork that allows us to investigate the important
questions of synchronisation and propulsion in the next two chapters. We calculate the
hydrodynamic interactions between two rigid filaments as an asymptotic series expansion
in powers of L/d < 1, where L is the contour length of the filaments, and d is the distance
between them. We validate our asymptotic expansion using a computational method based on
SBT, and we apply our theoretical results to the case of two helical pumps rotating in parallel.
In this final part, we focus on two questions: (i) is there any net attraction or repulsion
between the helical pumps, and (ii) how do hydrodynamic interactions affect the pumping
force and torque exerted by the helices?

The asymptotic series expansion will be used in later chapters as an analytical tool to
understand the dynamics of helices interacting in the far field, while the computational
method will allow us to extend our investigations to the near field.

6.1 Introduction

The microscopic world is filled with examples of rigid structures that interact with each
other as they move through fluids. In the biological context, these can range from very
dense systems such as bacterial swarms [41], where steric interactions are important, to
regularly-spaced arrays of cilia, which can be coupled both hydrodynamically (through the
fluid) [17] and elastically (through the cell membrane) [75, 220], down to dilute suspensions
of planktonic bacteria and algae [94], where only hydrodynamic interactions prevail. Outside
biology, hydrodynamic interactions are important in the dynamics of sedimentation and
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the rheology of suspensions [48, 71, 137, 190], as well as the collective behaviour of
synthetic active particles [144, 174]. For artificial devices such as diffusio- or electrophoretic
swimmers, one must also consider long-range chemical interactions in addition to the
hydrodynamics [184, 191, 213, 214].

Hydrodynamic interactions (HIs) represent a particular interest for research because,
due to their long-range nature, they can give rise to collective behaviour in systems with a
large number of active, self-propelled particles [53, 215]. A popular approach for studying
active matter is to coarse-grain the system and postulate phenomenological equations based
on symmetries, but it remains important to capture the microscopic origin of interactions
between the particles. Therefore, the study of HIs between a small number of suspended
bodies is the necessary link between understanding the dynamics of a single body in an
unbounded fluid and that of a large collection of them.

On a microscopic length scale, the physics of the fluid is dominated by viscous dissipation,
and inertia is negligible most of the time. Therefore, the interaction of micro-swimmers is
usually a low Reynolds number problem, governed by the Stokes equations. Naturally, HIs
are important in biology across all Reynolds numbers. For instance, they influence predator-
prey interactions and sexual reproduction in small marine organisms such as copepods, which
operate at low to intermediate Reynolds number [127]. HIs are also very important in schools
of fish (usually high Reynolds number), where they give rise to stable swimming formations
and affect endurance and propulsive efficiency [35, 164, 225]. At intermediate and high
Reynolds number, however, the problem of HIs is usually approached with experimental and
computational tools. In contrast, in the low Reynolds number limit, the linearity of the Stokes
equations allows for exact analytical solutions if the geometry is simple enough, e.g. the
interaction between two rigid spheres.

6.1.1 Previous work

For rigid spheres at low Reynolds number, exact analytical solutions were found for the flow
field around two spheres of arbitrary size but specified orientation [63, 103, 201], as well
as around two identical spheres with arbitrary orientation [64, 218]. These exact solutions
are possible either by exploiting a cylindrical symmetry in the problem [103, 201], or by
using a bispherical coordinate system [63, 64, 218]. These classical analytical results were
later confirmed by computational studies [34, 116, 228]. In addition to the exact solutions,
there are also approximate analytical solutions for the interaction of two spheres sufficiently
far apart [27, 56]. These solutions are expressed as series expansions in inverse powers
of the distance between the spheres, and have the advantage of circumventing bispherical
coordinates. For more than two spheres, the interactions become more complicated, but
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researchers have studied this problem experimentally [102] and numerically [28], and have
also made analytical progress in the form of a far-field theory [85].

For shapes more complex than a sphere, it is often necessary to approach the modelling
problem with computational tools. In the biological context, full boundary-element method
(BEM) simulations have been carried out to study the HIs between micromachines with
spiral tails [157], uniflagellar bacteria swimming side by side [96], and spherical colonies
of algae swimming near boundaries [95]. Other computational studies have considered
the interactions between more abstract types of swimmers such as dumbbell-type [77] or
squirmer-type pushers and pullers [68, 153]. One important question to consider when
talking about HIs between microorganisms is whether there is any net attraction or repulsion
between the swimmers, and if they settle into stable swimming patterns. These questions
are also motivated by experimental observations of swimming bacteria and volvocine algae
[47, 129].

In this chapter we focus on the HIs between slender filaments at low Reynolds number,
in order to tackle the interactions between swimming appendages such as cilia and flagella,
rather than entire microorganisms. If HIs between microorganisms are important for the
stability of swimming patterns in groups of swimmers, then the HIs between swimming
appendages are essential to single-cell behaviour. This includes questions such as the
speed and state of flagellar synchronisation [17, 22, 111, 141, 176, 177], the emergence
of swimming gaits [220] and metachronal waves [52, 73], and the propulsive capacity
of an organism with multiple appendages [52, 158]. Much previous work in this area is
computational [18, 22, 52, 111, 141, 158, 176, 177], but there has also been some analytical
work on the HIs between nearby slender filaments [142], as well as experimental work on
HIs between the beating cilia of live algae [17], and between rotating helices in macro-scale
models of bacterial flagella [113, 114].

6.1.2 Current approach

We use the mathematical methods introduced in Chapter 2, namely resistive-force theory
(RFT) and slender-body theory (SBT), to describe the HIs between two slender filaments
separated by a distance, d, greater than the contour length of the filaments, L. In a similar way
to previous studies on spheres [27, 56], we express the force distribution along each filament
as a series expansion in inverse powers of d/L > 1. This uses principles from the method of
reflections, where some contributions in the expansion correspond to hydrodynamic effects
that have reflected back and forth between the filaments a number of times. The method
of scattering has previously been employed in the theoretical study of suspensions of rods
[137, 190], but these studies focus on the bulk rheology of a suspension of passive fibres,
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whereas our current purpose is to derive analytical expressions for the specific HIs between
two active slender filaments. Furthermore, the present study can handle helical and other
shapes of filaments, while the aforementioned work was limited to straight rods.

Our final analytical results pertain specifically to rigid filaments, whose motion can be
encapsulated in one mathematical object – the resistance matrix. For multiple filaments, it is
the extended resistance matrix (see also Ref. [27]) that relates the full dynamics (forces and
torques on all the filaments) to the full kinematics (the linear and angular velocities of all the
filaments). We expand our solution for the extended resistance matrix up to and including
second-order corrections in L/d < 1. This is motivated by our subsequent application to
rotating helical pumps, where the net attraction or repulsion between the helices is only
noticeable at second order. It is also at second order that the power of slender-filament
methods like RFT and SBT comes into play. The first-order contribution of HIs is the same
for slender filaments as it is for spheres or any rigid object that exerts a net force on the fluid.
At second order, however, we have contributions not only from the flow that is reflected
between the objects (which is the same for spheres), but also from expanding the shape of
the filament centreline about its centre.

The chapter is divided into three central parts – the derivation, validation, and application
of the theory for HIs between slender filaments. In §6.2 we derive analytical expressions for
the extended resistance matrix of two arbitrarily-shaped rigid slender filaments, written as a
series expansion up to second-order corrections in inverse distance. We then evaluate the
coefficients in this series using both RFT and SBT, and in §6.3 we validate the asymptotic
theory against numerical simulations based on SBT. Finally, in §6.4, we apply both theory
and simulations to the case of two helical pumps rotating side by side in an infinite fluid.
We perform a thorough investigation of the forces and torques exerted by the helical pumps,
and derive analytical expressions that capture the qualitative effects of HIs with varying
distance and phase difference between the helices. Based on our understanding of pairwise
HIs between helical pumps, we then provide a perspective on the HIs within a circular array
of helical pumps, and we conclude the chapter by discussing our results in a wider context in
§6.5.

6.2 Asymptotic expansion for hydrodynamic interactions

In this section, we consider the HIs between two rigid slender filaments separated by a
distance, d, greater than their contour length, L. We quantify the dynamics of the interacting
filaments through an extended resistance matrix, for which we derive a series expansion
solution up to second-order corrections in L/d < 1.
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Fig. 6.1 Geometrical setup of the problem. (a) Two rigid filaments of dimensionless contour
length L = 2 interact with each other hydrodynamically as they move through a viscous fluid.
Our asymptotic theory is valid for sufficiently large inter-filament separation, d > L, and in
the limit of small filament thickness, ε ≪ 1. We identify three useful coordinate systems: the
laboratory frame (green), the interaction frame for a pair of filaments (blue), and the body
frame for an individual filament (black). (b) Parameters describing the geometry of a helical
filament, which we will use for the validation and application of our asymptotic theory.

6.2.1 Geometrical setup

We begin by sketching the setup of our hydrodynamic problem and introducing the mathemat-
ical notation. In Fig. 6.1 (a) we illustrate the different coordinate systems used in this chapter.
First, there is the laboratory frame {ex,ey,ez} in usual Cartesian coordinates. Then there is a
body-fixed frame for each filament, where the unit vectors {e(k)1 ,e(k)2 ,e(k)3 } are the same as
those defined in §2.1.1 with an additional label, k, for the filament. The three-dimensional
orientation of the filament is described by three angles, written compactly as an orientation
vector pk = (φk,θk,χk). Relative to the body frame, we write the position of the centreline
and the unit tangent along an arbitrarily-shaped filament as

rk(s) = x(k)1 (s)e(k)1 + x(k)2 (s)e(k)2 + x(k)3 (s)e(k)3 , (6.1)

t̂k(s) =
∂x(k)1

∂ s
e(k)1 +

∂x(k)2
∂ s

e(k)2 +
∂x(k)3

∂ s
e(k)3 , (6.2)
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where s is the arc length along the filament.
Finally there is a frame of interaction, {e( j→k)

x ,e( j→k)
y ,e( j→k)

z }, defined for every pair of
filaments j and k such that the unit vector e( j→k)

x points from the origin of the body frame
of filament j to that of filament k. This frame is useful for discussing interactions between
three filaments or more, where there could be multiple pairwise interaction frames distinct
from the absolute laboratory frame. However, in our discussion of interactions between two
filaments, we may assume without loss of generality that the interaction frame is identical to
the laboratory frame.

Our asymptotic theory is written in terms of dimensionless quantities. We measure
lengths in units of L̃/2 and viscosity in units of µ̃ , where L̃ is the integrated length of the
filament and µ̃ is the viscosity of the medium. This is equivalent to taking L = 2 and µ = 1
in dimensionless terms. In these units, the cross-sectional radius of the filament, ε , and
the centre-to-centre distance between the filaments, d, must satisfy ε ≪ 1 < d in order for
our theory to hold. We also note that, in our notation, the arc length falls in the interval
s ∈ (−1,+1), giving a total dimensionless length L = 2 for the filament, and placing the
midpoint of the filament at s = 0.

In Fig. 6.1 (b), we illustrate a filament geometry of particular interest - a helical filament
with helical radius, R, and helical pitch, p. It is convenient to introduce the helix angle
ψ = tan−1(2πR/p) and the number of helical turns N = L/

√
(2πR)2 + p2. In terms of these,

the dimensionless radius of the helix is R = sinψ/(πN) and the pitch is p = 2cosψ/N. As
in §2.1.1, we write the centreline of helix k relative to the origin of the body-fixed frame as

rk(s) = Rcos(πNs)e(k)1 +σRsin(πNs)e(k)2 + scosψe(k)3 , (6.3)

where s ∈ (−1,+1) is the arc length along the helix and σ =±1 is the chirality (negative for
left-handed helices, positive for right-handed). We also write the unit tangent vector along
the centreline as

t̂k(s) =−sinψ sin(πNs)e(k)1 +σ sinψ cos(πNs)e(k)2 + cosψe(k)3 . (6.4)

The calculations in §6.2 are valid for filaments of arbitrary shape, but in later sections we
focus on helical filaments for the purposes of validating and applying our analytical results.

6.2.2 Hydrodynamic setup

The goal is to find a relationship between the kinematics and the dynamics of the two
filaments. This is generally quantified by an extended resistance matrix, which relates the
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forces and torques exerted by the filaments to their linear and angular velocities, such that
F1

T1

F2

T2

=

(
S(x1,x2,p1,p2) C(x1,x2,p1,p2)

C(x2,x1,p2,p1) S(x2,x1,p2,p1)

)
U1

ΩΩΩ1

U2

ΩΩΩ2

 , (6.5)

where the matrix S stands for self-induced dynamics and the matrix C represents cross-
interactions between the filaments. We have made it explicit that the resistance matrix depends
on the positions, x j, and orientations, p j, of the two filaments. Note that even the matrix S for
self-induced dynamics depends on the position of both filaments, because fluid disturbances
induced by the motion of one filament will reflect off the second filament and travel back to
the position where they originated. Because F j and T j are the forces and torques exerted
by the filaments on the fluid, the resistance matrix is positive definite and, by the reciprocal
theorem, also symmetric. In particular, this means that C(x2,x1,p2,p1) = C(x1,x2,p1,p2)

T .
Without loss of generality for the two filament case, we may define the laboratory frame

to be centred on the first filament, so that x1 = 0. Thus, the resistance matrix only depends
on the directed distance d = x2 −x1 so that(

F1

T1

)
= S(d,p1,p2)

(
U1

ΩΩΩ1

)
+ C(d,p1,p2)

(
U2

ΩΩΩ2

)
, (6.6)(

F2

T2

)
= S(−d,p2,p1)

(
U2

ΩΩΩ2

)
+C(−d,p2,p1)

(
U1

ΩΩΩ1

)
. (6.7)

If the filaments are slender (ε ≪ 1), then we may represent the dynamics of filament k by
a force density fk(s) along its centreline. We define an arclength-dependent drag tensor ΣΣΣ(s)
which relates the force density to the relative velocity of the filament centreline through the
expression

fk(s) = ΣΣΣk(s) · [u(rk(s))−u∞(rk(s))] . (6.8)

In §6.2.8 we will return to the drag tensor and explain how to evaluate it using resistive-force
theory (RFT) and slender-body theory (SBT). Until then, the derivation of the asymptotic
series expansion is independent of which method we use to characterise the drag on an
individual filament.

For a rigid filament, the velocity of the centreline is given by the rigid body motion

u(rk(s)) = Uk +ΩΩΩk × rk(s). (6.9)
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To make our notation more compact, we introduce a kinematics vector with six compo-
nents made through the concatenation of the linear and angular velocities of the filament,
i.e. (Uk,ΩΩΩk). Then, using summation convention, we may write the velocity of the first
filament’s centreline as

ui(r1(s)) = (δi j + εi, j−3,k(r1(s))k)(U1,ΩΩΩ1) j, (6.10)

where the index j is summed over from 1 to 6, while the other free indices run from 1 to 3 as
usual, and the Kronecker delta and Levi-Civita symbol are understood to be identically zero
if any index falls outside the normal range {1,2,3}.

Next, we consider the background flow at the position of the first filament, which is
nothing more than the flow induced by the second filament. At distances much greater than
the filament thickness, ε , the dominant flow induced by the second filament is the cumulative
effect of a distribution of Stokeslets placed along its centreline, and represented by the force
density f2(s). Hence, we can express the background flow as

u∞(r1(s)) =
1

8πµ

∫ +1

−1

I+ R̂d(s,s′)R̂d(s,s′)
|Rd(s,s′)|

· f2(s′)ds′, (6.11)

where Rd(s,s′) = d+r2(s′)−r1(s) is the relative distance between a point s′ on the centreline
of the second filament and a point s on the centreline of the first filament. Note that µ = 1
in our dimensionless units, but was included for clarity. Higher-order singularities, such as
the source dipoles included in computational studies [147, 205], decay at least as fast as the
inverse cube of distance, and hence do not contribute to HIs at order O(d−2), which is as far
as we go with the asymptotic series expansion in this chapter.

To obtain the total hydrodynamic force and torque exerted by the filament, we need to
calculate force moments along the length of the filament, so that

F =
∫ +1

−1
f(s)ds, T =

∫ +1

−1
r(s)× f(s)ds. (6.12)

Using the compact notation introduced earlier, we can write an expression for the dynamics
vector (F1,T1) of the first filament as

(F1,T1)i =
∫ +1

−1
(δi j + εi−3,k j(r1(s))k)(f1(s)) jds, (6.13)

where the index i runs from 1 to 6, while the other indices are summed over from 1 to 3.
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6.2.3 Asymptotic series formulation

Equations (6.8)-(6.11) define a coupled system of equations for the force densities on the
two filaments, which we will solve in the regime d > L = 2. We write the force distribution
along each filament as an asymptotic series expansion

fk(s) = f(0)k (s)+d−1f(1)k (s)+d−2f(2)k (s)+O(d−3), (6.14)

with the ultimate goal of calculating series expansions for the self-induced and cross-
interaction resistance matrices in Eq. (6.6). We can write these as

S(d,p1,p2) = S(0)(d̂,p1,p2)+d−1S(1)(d̂,p1,p2)+d−2S(2)(d̂,p1,p2)+O(d−3), (6.15)

C(d,p1,p2) = C(0)(d̂,p1,p2)+d−1C(1)(d̂,p1,p2)+d−2C(2)(d̂,p1,p2)+O(d−3), (6.16)

where the matrices at each order only depend on the direction of separation, d̂, with all
dependence on the magnitude of separation, |d|= d, captured by the algebraic power of the
given order. Because the leading order is given by the limit d → ∞, where the filaments do
not know of each other’s presence, we deduce that

S(0)(d̂,p1,p2) = S(0)(p1), C(0)(d̂,p1,p2) = 0. (6.17)

In order to solve Eq. (6.8) as an asymptotic series, we need to expand the flow induced
by the second filament in inverse powers of distance. The Stokeslets decay like 1/|Rd|, so
we first write the magnitude of the relative distance as

|Rd|= d
(

1+
2d̂ · (r2(s′)− r1(s))

d
+

|r2(s′)− r1(s)|2

d2

)1/2

. (6.18)

Because all points on the filament centreline lie within a sphere of diameter L around the
centre, we have |r2(s′)− r1(s)|< L < d, so we can apply the binomial expansion to get

1
|Rd|

=
1
d
− d̂ · (r2(s′)− r1(s))

d2 +O(d−3), (6.19)

R̂d = d̂+
(I− d̂d̂) · (r2(s′)− r1(s))

d
+O(d−2). (6.20)

Note that these binomial expansions is valid for any d > L, and higher accuracy can be
obtained by including more terms in the series. Therefore, we can expand the induced flow
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in Eq. (6.11) as

u∞,i(r1(s)) =
∫ +1

−1

(
d−1Ji j(d̂)+d−2Ki jp(d̂)(r2(s′)− r1(s))p +O(d−3)

)
(f2(s′)) jds′,

(6.21)
where the second-rank tensor

Ji j(d̂) =
δi j + d̂id̂ j

8πµ
(6.22)

represents the leading-order Stokeslet induced by the second filament, and the third-rank
tensor

Ki jp(d̂) =
d̂iδ jp + d̂ jδip − d̂pδi j −3d̂id̂ jd̂p

8πµ
(6.23)

represents higher-order moments of the force distribution along the second filament.

6.2.4 Leading-order dynamics

The induced flow, Eq. (6.21), makes no contributions to Eq. (6.8) at O(1). By using Eq. (6.10)
to express the rigid-body motion of the filament, we find that the leading-order force distribu-
tion is given by

(f(0)1 (s))i = (ΣΣΣ1(s))i j(δ jk + ε j,k−3,l(r1(s))l)(U1,ΩΩΩ1)k. (6.24)

Then, by using Eq. (6.13) to find the total force and torque exerted by the filament, and
putting the result in the form of Eq. (6.6), we find that

S(0)i j (p1) =
∫ +1

−1
(δik + εi−3,lk(r1(s))l)(ΣΣΣ1(s))km(δm j + ε j−3,nm(r1(s))n)ds, (6.25)

where the free indices i and j run from 1 to 6. but all others are summed over from 1 to 3.
Note that the integral depends implicitly on the orientation p1 of the filament through the
filament centreline r1 and the tensor ΣΣΣ1.

The self-induced resistance matrix S(0)(p1) can be obtained, for any orientation p1 of the
filament, by applying a change of basis to the resistance matrix expressed in the body frame
of the filament, which we denote by

S0 =

(
A B
BT D

)
≡ S(0)(0). (6.26)
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If Q(p1) is the orthogonal matrix whose columns are the unit vectors {e(1)1 ,e(1)2 ,e(1)3 } defined
in §2.1.1, then the self-induced resistance matrix for orientation p1 is

S(0)(p1) =

(
Q(p1) 0

0 Q(p1)

)(
A B
BT D

)(
Q(p1)

T 0
0 Q(p1)

T

)
, (6.27)

where we applied the change of basis to each three-by-three block of the resistance matrix.

6.2.5 First-order correction

Next, we analyse Eq. (6.8) at O(d−1) using the expansion of the induced flow from Eq. (6.21).
We find that the first-order correction to the force distribution is given by

(f(1)1 (s))i =−(ΣΣΣ1(s))i j

∫ +1

−1
J jk(d̂)(f

(0)
2 (s′))kds′. (6.28)

Then, substituting the leading-order force density from Eq. (6.24), we find that

(f(1)1 (s))i =−(ΣΣΣ1(s))i jJ jk(d̂)
∫ +1

−1
(ΣΣΣ2(s′))kl(δi j + εi, j−3,k(r2(s′))k)ds′(U2,ΩΩΩ2)l. (6.29)

Then, by using Eq. (6.13) to find the total force and torque exerted by the filament, and
putting the result in the form of Eq. (6.6), we find that

S(1)i j (d̂,p1,p2) = 0, (6.30)

and

C(1)
i j (d̂,p1,p2) =−

∫ +1

−1
(ΣΣΣ1(s))ik(δkl + εk,l−3,m(r1(s))m)ds

× Jkn(d̂)
∫ +1

−1
(ΣΣΣ2(s′))np(δp j + εp, j−3,q(r2(s′))q)ds′. (6.31)

We recognise from Eq. (6.25) that these integrals are the first three columns and rows of
the leading-order matrix for the first and second filament, respectively, so we can write the
leading-order cross-interaction matrix as

C(1)
i j (d̂,p1,p2) =−S(0)ik (p1)Jkl(d̂)S

(0)
l j (p2), (6.32)

where the free indices i and j run from 1 to 6, but all others are summed over from 1 to 3. We
can read this expression from right to left to understand its physical interpretation. At leading
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order, the second filament induces a Stokeslet flow of strength (S(0)(p2))l j(U2,ΩΩΩ2) j (with
l ∈ {1,2,3}, j ∈ {1,2, ...,6}), which gets carried over to the position of the first filament by
the Oseen tensor Jkl(d̂)/d. The first filament sees a uniform background flow at leading
order and responds to it using its own self-induced resistance matrix (S(0)(p1))ik (with
i ∈ {1,2, ...,6},k ∈ {1,2,3}), as if it was translating with a uniform velocity in the opposite
direction to the background flow, hence the minus sign.

We note that directionality is lost at this order, because the tensor Ji j(d̂), defined in
Eq. (6.22), is invariant under the transformation d̂ 7→ −d̂. All that matters at this order is the
distance d between the two filaments. Furthermore, C(1)(d̂,p1,p2)

T = C(1)(−d̂,p2,p1), so
the reciprocal theorem is satisfied at this order.

The result can also be extended to non-identical filaments by incorporating information
about the filament geometry. We can make this dependence explicit in our notation by writing
S(0)(p;g), where the vector parameter g encapsulates all information about the filament
geometry. For the particular case of helical filaments, note from Eqs. (6.114)-(6.136) that
our dimensionless S(0)i j depends explicitly on the helix angle ψ , the number of turns N, and
implicitly on the slenderness parameter ε through the drag coefficients c⊥ and c∥, hence
g = (ψ,N,ε) for a helix. Note also that, in our derivation of the dimensionless S(n;g) we
had rescaled lengths by the filament length, so we would need to add this information back
in if we wanted to consider filaments of different lengths.

Using tildes to denote dimensional quantities, we can write the leading-order self-induced
resistance matrix as

S̃(0)(p;g, L̃) =
µ̃L̃
2

(
I 0
0 IL̃/2

)(
Q(p)A(g)Q(p)T Q(p)B(g)Q(p)T

Q(p)B(g)T Q(p)T Q(p)D(g)Q(p)T

)(
I 0
0 IL̃/2

)
,

(6.33)
and also the dimensional cross-interaction matrix as

C̃(1)
i j (d,p1,p2;g1,g2, L̃1, L̃2) =−S̃(0)ip (p1;g1, L̃1)

(
δpq + d̂pd̂q

)
8πµ̃ d̃

S̃(0)q j (p2;g2, L̃2). (6.34)

The results in Eqs. (6.33) and (6.34) describe in full generality the far-field HIs between two
filaments of arbitrary shape and orientation up to order O(d̃−1).



6.2 Asymptotic expansion for hydrodynamic interactions 97

6.2.6 Second-order correction

We now begin to analyse Eq. (6.8) at O(d−2) using the expansion of the induced flow from
Eq. (6.21). We find that the second-order correction to the force distribution is given by

(f(2)1 (s))i =−(ΣΣΣ1(s))i j

∫ +1

−1
J jk(d̂)(f

(1)
2 (s′))kds′

− (ΣΣΣ1(s))i j

∫ +1

−1
K jkp(d̂)(r2(s′)− r1(s))p(f

(0)
2 (s′))kds′. (6.35)

The first of these terms will contribute to the self-induced resistance matrix because f(1)2 is
linear in the kinematics of the first filament, while the second of them will contribute to the
cross-interaction matrix because f(0)2 is linear in the kinematics of the second filament.

After substituting the first-order force density from Eq. (6.29) into Eq. (6.35), we find
that there is a contribution to f(2)1 (s) of the form

− (ΣΣΣ1(s))i j

∫ +1

−1
J jk(d̂)(−ΣΣΣ2(s′))klJlm(d̂)ds′

×
∫ +1

−1
(ΣΣΣ1(s′′))mn(δnp + εn,p−3,q(r1(s′′))q)ds′′(U1,ΩΩΩ1)p. (6.36)

Then, using Eqs. (6.6) and (6.13) to bring the result to its final form, we deduce that

S(2)i j (d̂,p1,p2) = S(0)ik (p1)Jkl(d̂)S
(0)
lm (p2)Jmn(d̂)S

(0)
n j (p1), (6.37)

where the free indices i and j run from 1 to 6, but all others are summed from 1 to 3. Note
that this clearly satisfies the reciprocal theorem because both S(0) and the Oseen tensor are
symmetric.

Physically, the result in Eq. (6.37) expresses the fact that the Stokeslet field produced by
the first filament propagates with an O(d−1) decay to the position of the second filament,
where it produces a disturbance in the force. The O(d−1) perturbation in the force exerted by
the second filament gets reflected back to the first filament with the same O(d−1) decay. This
generates an O(d−2) disturbance in the dynamics of the first filament that is self-induced
(i.e. proportional to its own kinematics).
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Similarly, after substituting the leading-order force density from Eq. (6.24) into Eq. (6.35),
we find that there is a contribution to f(2)1 (s) of the form

− (ΣΣΣ1(s))i j

∫ +1

−1
K jkl(d̂)(r2(s′))l(ΣΣΣ2(s′))km(δmn + εm,n−3,p(r2(s′))p)ds′(U2,ΩΩΩ2)n

+(ΣΣΣ1(s))i jK jkl(d̂)(r1(s))l

∫ +1

−1
(ΣΣΣ2(s′))km(δmn + εm,n−3,p(r2(s′))p)ds′(U2,ΩΩΩ2)n. (6.38)

We introduce the notation

Pi j(d̂,p2) =
∫ +1

−1
Kikl(d̂)(r2(s′))l(ΣΣΣ2(s′))km(δm j + εm, j−3,n(r2(s′))n)ds′ (6.39)

for the second-rank tensor appearing in Eq. (6.38), and rewrite this contribution as[
−(ΣΣΣ1(s))i jPjn(d̂,p2)+(ΣΣΣ1(s))i jK jkl(d̂)(r1(s))lS

(0)
kn (p2)

]
(U2,ΩΩΩ2)n (6.40)

with the help of Eq. (6.25). Finally, we integrate the force density as per Eq. (6.13) to find the
correction to the total force and torque due to the kinematics of the second filament. Using
the fact that K jkl(d̂) = Kk jl(d̂) (follows directly from the definition in Eq. (6.23)), we deduce
that the O(d−2) correction to the cross-interaction matrix is

C(2)
i j (d̂,p1,p2) =−S(0)ik (p1)Pk j(d̂,p2)+PT

ik (d̂,p1)S
(0)
k j (p2), (6.41)

where the free indices i and j run from 1 to 6, but k is summed from 1 to 3. Note that this also
satisfies the reciprocal theorem, according to which C(d̂,p1,p2)

T = C(−d̂,p2,p1) because
Pi j(−d̂,p2) =−Pi j(d̂,p2) (follows directly from the definitions of Ki jp and Pi j in Eqs. (6.23)
and (6.39), respectively).

The final result for C(2)
i j (d̂,p1,p2), given by Eq. (6.41), involves a new quantity that

we have not calculated explicitly yet – the tensor Pi j, defined in Eq. (6.39). In contrast,
the expressions for C(1)

i j (d̂,p1,p2) and S(2)i j (d̂,p1,p2) (Eqs. (6.32) and (6.37), respectively)

have the advantage that they involve only the leading-order resistance matrices S(0)i j (p1) and

S(0)i j (p2). These can be easily calculated from RFT or SBT since they are nothing more
than the resistance matrix for an isolated filament. Our final task is to show that the tensor
Pi j(d̂,p1) can also be calculated easily from the leading-order resistance matrix S(0)i j (p1) and
two minor follow-up calculations.
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6.2.7 Force moments for second-order correction

The tensor Pi j defined in Eq. (6.39) is constructed in a similar way to the last three rows of
the leading-order resistance matrix from Eq. (6.25). If we introduce the quantity

Mlk j(p2) =
∫ +1

−1
(r2(s))l(ΣΣΣ2(s))km(δm j + ε j−3,nm(r2(s))n)ds, (6.42)

which represents force moments along the centreline of a filament with orientation p2, then
what we want to compute is

Pi j(d̂,p2) = Kikl(d̂)Mlk j(p2), (6.43)

but we already have an expression for the last three rows (4 ≤ i ≤ 6) of the resistance matrix

S(0)i j (p2) = εi−3,lkMlk j(p2), (6.44)

in the laboratory frame, Eq. (6.27).
So far we have assumed that the laboratory and interaction frame are identical, and

we have only talked about changing basis from the body frame to the laboratory frame,
Eq. (6.27). This was convenient because S(0)i j (p2) has a simple representation in the body
frame of the second filament, since the orientation of the filament is p2 = 0 relative to this
frame. But the natural frame in which to describe the tensor Kikl(d̂) is the interaction frame
where d̂ = e(1→2)

x , as shown in Fig. 6.1 (b). In this frame, the tensor Ki jp(d̂) defined in
Eq. (6.23) has components

K1kl(e
(1→2)
x ) =

1
8π

−2 0 0
0 1 0
0 0 1

 , K2kl(e
(1→2)
x ) =

1
8π

 0 1 0
−1 0 0
0 0 0

 , (6.45)

K3kl(e
(1→2)
x ) =

1
8π

 0 0 1
0 0 0
−1 0 0

 . (6.46)

Hence, the tensor Pi j(d̂,p2) can be written in the interaction frame as

Pi j(e
(1→2)
x ,p′

2) =
1

8π
δi1(−2M11 j(p′

2)+M22 j(p′
2)+M33 j(p′

2))

+
1

8π
δi2(−M12 j(p′

2)+M21 j(p′
2))+

1
8π

δi2(−M13 j(p′
2)+M31 j(p′

2)), (6.47)
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whereas the last three rows (4 ≤ i ≤ 6) of the resistance matrix are

S(0)i j (p′
2) = δi4(M23 j(p′

2)−M32 j(p′
2))

+δi5(−M13 j(p′
2)+M31 j(p′

2))+δi6(M12 j(p′
2)−M21 j(p′

2)). (6.48)

Note that we have used the notation p′
2 to indicate the orientation of the filament relative to

the interaction frame, so the tensors M(p′
2) and S(0)(p′

2) are also to be expressed in these
coordinates. By comparing the two expressions in Eqs. (6.47) and (6.48), we deduce that

P2 j(e
(1→2)
x ,p′

2) =−
S(0)6 j (p

′
2)

8π
, P3 j(e

(1→2)
x ,p′

2) =
S(0)5 j (p

′
2)

8π
, (6.49)

so we get the last two rows of Pi j for free.
To complete the top row of Pi j we simply need to calculate the quantity

P1 j(e
(1→2)
x ,p′

2) =
1

8π
(−2M11 j(p′

2)+M22 j(p′
2)+M33 j(p′

2)), (6.50)

which is more easily calculated in the body frame of the filament and then transferred to the
interaction frame by a change of basis.

Everything we have done so far is valid for filaments of arbitrary shape. Below, we go
into more detail about the evaluation of the new row P1 j for helical filaments, which will
be used later for the validation and application of our theory. In the body frame of a helical
filament, where p′

2 → 0, we denote the right-hand side of Eq. (6.50) by

(m0) j =−2M11 j(0)+M22 j(0)+M33 j(0). (6.51)

The helical centreline introduced in Eq. (6.3) is symmetric under a rotation by angle π around
the unit vector e1. Due to this symmetry, the vector m0 has vanishing components along the
e2 and e3 directions, regardless of the method (RFT or SBT) by which we choose to evaluate
it, meaning that

(m0)i = (M1e1)i, (m0)i+3 = (M4e1)i, (6.52)
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for index i = 1,2,3. Hence, when we move this result to the interaction frame of two helices,
we obtain the final result for the matrix P(e(1→2)

x ,p′
2)

P(. . .) =
1

8π

M1α(p′
2) M1β (p′

2) M1γ(p′
2) M4α(p′

2) M4β (p′
2) M4γ(p′

2)

−S(0)61 (p
′
2) −S(0)62 (p

′
2) −S(0)63 (p

′
2) −S(0)64 (p

′
2) −S(0)65 (p

′
2) −S(0)66 (p

′
2)

S(0)51 (p
′
2) S(0)52 (p

′
2) S(0)53 (p

′
2) S(0)54 (p

′
2) S(0)55 (p

′
2) S(0)56 (p

′
2)

 ,

(6.53)
where α(p′

2)= e(2)1 ·e(1→2)
x , β (p′

2)= e(2)1 ·e(1→2)
y and γ(p′

2)= e(2)1 ·e(1→2)
z are the components

of e(2)1 relative to the interaction frame of filaments 1 and 2. If the interaction frame does
not coincide with the laboratory frame (e.g. if there are more than two filaments), this result
would have to be moved to the laboratory frame by a change of basis on each three-by-three
block.

6.2.8 Evaluating coefficients in the series expansion

The first and second-order coefficients in the series expansion only require the leading-order
resistance matrix, S(0), and the force moment, m0, which themselves only depend on the
shape of the filament, r(s), and the drag tensor, ΣΣΣ(s). We now explain how to evaluate
these coefficients using both resistive-force theory (RFT) and slender-body theory (SBT).
The former has the advantage of being analytically tractable at the cost of logarithmically-
decaying errors, while the latter is algebraically correct but requires numerical computations.

In RFT [69, 79, 132], the drag tensor depends only on the local tangent to the filament,

ΣΣΣRFT(s) = c⊥[I− t̂(s)t̂(s)]+ c∥t̂(s)t̂(s), (6.54)

and quantifies the anisotropic drag on the filament through the perpendicular, c⊥, and parallel,
c∥, drag coefficients

c⊥ =
4πµ

ln(L/ε)+1/2
, c∥ =

2πµ

ln(L/ε)−1/2
. (6.55)

Note that, for clarity, we have included the dimensionless viscosity µ = 1 in the above
definition of the drag coefficients. For the special case of a helical filament, we use RFT to
derive analytical expressions for S0 in Appendix 6.A and for m0 in Appendix 6.B.

In SBT [32, 105, 131], on the other hand, the relationship between force density and
velocity is non-local, so we cannot express the drag tensor as a local object. The value of
ΣΣΣSBT(s) at each point s along the centreline depends on the specifics of the motion relative
to the shape of the filament. However, we do not need to know the general form of ΣΣΣSBT(s)
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in order to evaluate the coefficients in our asymptotic series expansion using SBT. An
inspection of Eqs. (6.25) and (6.39) reveals that the drag tensor always appears contracted
with the six modes of rigid-body motion that are available to our rigid filaments, in the form
Σik(s)(δk j +ε j−3,lkrl(s)). Therefore, we only need to know the SBT drag tensor as it pertains
to rigid-body motion,

ΣΣΣSBT(s) · (U+ΩΩΩ× r(s))≡ fSBT(s;U,ΩΩΩ), (6.56)

where fSBT(s;U,ΩΩΩ) is the SBT force density along a filament with kinematics (U,ΩΩΩ). By
considering each mode of rigid-body motion individually, we can write

Σik(s)(δk j + ε j−3,lkrl(s))≡ (f( j)
SBT(s))i, (6.57)

where f( j)
SBT(s) is now the force density computed from SBT for the jth mode of rigid body

motion ( j = 1,2,3 for translations, j = 4,5,6 for rotations).
From Eqs. (6.25) and (6.57), we get the leading-order resistance matrix, S(0), from SBT

(S(0)
SBT)i j =

∫ +1

−1
(δik + εi−3,lk(r1(s))l)(f

( j)
SBT(s))kds. (6.58)

Similarly, from Eqs. (6.42), (6.51) and (6.57), we find the SBT equivalent of m0 as

(mSBT
0 ) j =

∫ +1

−1
r(s) · (I−3e(1→2)

x e(1→2)
x ) · f( j)

SBT(s)ds. (6.59)

Evaluating the force density f( j)
SBT(s) does require a numerical computation but for a rigid

filament this only needs to be done once, in the body frame of the filament, and then modified
with a change of basis if the filament changes orientation over time. The SBT computation
consists of solving Eq. (6.60) numerically, exactly as described in §6.3.1, but without the
interaction term J [f2(s′),d].

In the following sections, when we refer to the asymptotic theory with RFT or SBT coef-
ficients, we mean that we have used the series expansion for the extended resistance matrix
from Eqs. (6.15) and (6.16), with coefficients up to second order given by Eqs. (6.17),(6.25),
(6.30),(6.32),(6.37) and (6.41), but these coefficients have been evaluated either analytically
with RFT or computationally with SBT. The RFT calculations for the matrix S(0) and the
vector m0 are given in Appendices 6.A and 6.B, respectively, while the computational method
for SBT is described in §6.3.1 (except that the interaction term J is not included in the SBT
computation for a single filament).
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6.3 Validation of asymptotic expansion

We now verify the asymptotic theory with RFT/SBT coefficients against numerical simula-
tions based on SBT. In this section, we focus on filaments with a helical centreline, which
are very common in microscopic scale flows (e.g. the helical flagellar filaments of bacteria,
helical microbots actuated by external magnetic fields, elongated microorganisms with a
spiral body shape).

6.3.1 Computational method for hydrodynamic interactions

In order to validate our asymptotic model, we implement Johnson’s slender-body theory
[105, 119] with additional interactions between the filaments [205]. In our computational
method, we replace Eq. (6.8) with the following relationship between the force density and
velocity along the filament centreline,

8πµu(r1(s)) = L [f1(s)]+K [f1(s′)]+J [f2(s′),d], (6.60)

where the first operator represents local effects

L [f1(s)] =
[

2
(

ln
(

2
ε

)
+

1
2

)
I+2

(
ln
(

2
ε

)
− 3

2

)
t̂1(s)t̂1(s)

]
· f1(s), (6.61)

and the second operator represents non-local effects

K [f1(s′)] =
∫ +1

−1

[
I+ R̂0(s,s′)R̂0(s,s′)

|R0(s,s′)|
− I+ t̂1(s)t̂1(s)

|s′− s|

]
· f1(s′)ds′

+
(
I+ t̂1(s)t̂1(s)

)
·
∫ +1

−1

f1(s′)− f1(s)
|s′− s|

ds′, (6.62)

where R0(s,s′) = r1(s)−r1(s′), and we have split the terms in such a way that both integrals
have a removable singularity at s′ = s (compare with Eq. (2.26)). Finally, the third operator
represents interactions between the two filaments as previously modelled by Tornberg and
Shelley [205],

J [f2(s′),d] =
∫ +1

−1

[
I+ R̂d(s,s′)R̂d(s,s′)

|Rd(s,s′)|
+

ε2

2
I−3R̂d(s,s′)R̂d(s,s′)

|Rd(s,s′)|3

]
· f2(s′)ds′, (6.63)

where Rd(s,s′) = d+ r2(s′)− r1(s). In our computational method, which was implemented
for purposes beyond the present study, we choose to include the source dipole term that
was left out of our asymptotic theory, Eq. (6.11), because it would have contributed to
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the asymptotic series expansion only at order O(d−3). Note that we have used the same
prefactor of 1/2 for the dipole term as in [205], while a more recent study based on the
Rotne-Prager-Yamakawa kernel and matched asymptotics uses a larger prefactor of e3/24
[147].

We solve Eqs. (6.60)-(6.63) numerically using a Galerkin method based on Legendre
polynomials as in Refs. [119, 197]. Other studies have chosen to solve these integral
equations by regularizing the integral operator K and approximating its arguments with
piecewise polynomials [205], or more recently using a spectral method based on Chebyshev
polynomials [147]. In the present study, the choice of Legendre polynomials as a set of basis
functions is motivated by their being eigenfunctions of the second integral in the non-local
operator K , meaning that

∫ +1

−1

Pn(s′)−Pn(s)
|s′− s|

ds′ = EnPn(s), (6.64)

with eigenvalues E0 = 0 and

En =−2
n

∑
j=1

1
j
, (6.65)

for n > 0 [67].
We discretise the force density and velocity along the filaments as

u(rk(s)) =
∞

∑
n=0

u(n)
k Pn(s), fk(s) =

∞

∑
n=0

f(n)k Pn(s), (6.66)

where the velocity coefficients u(n)
k are known from the prescribed kinematics, and the force

coefficients f(n)k must be solved for. After projecting Eq. (6.60) onto the space of Legendre
polynomials and making use of the orthogonality condition

∫ +1

−1
Pn(s)Pm(s)ds =

2δmn

2n+1
, (6.67)

we recover the following system of equations relating the velocity and the force coefficients

8πµu(n)
1 =

[
2
(

ln
(

2
ε

)
+

1
2

)
+En

]
f(n)1

+
2n+1

2

∞

∑
m=0

[[
2
(

ln
(

2
ε

)
− 3

2

)
+Em

]
M(n,m)

∥ f(m)
1 +M(n,m)

0 f(m)
1 +M(n,m)

d f(m)
2

]
, (6.68)
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where the matrices M(n,m)
∥ , M(n,m)

0 and M(n,m)
d are given by

M(n,m)
∥ =

∫ +1

−1
t̂1(s)t̂1(s)Pn(s)Pm(s)ds, (6.69)

M(n,m)
0 =

∫ +1

−1

∫ +1

−1

[
I+ R̂0(s,s′)R̂0(s,s′)

|R0(s,s′)|
− I+ t̂1(s)t̂1(s)

|s′− s|

]
Pn(s)Pm(s′)ds′ds,(6.70)

M(n,m)
d =

∫ +1

−1

∫ +1

−1

[
I+ R̂d(s,s′)R̂d(s,s′)

|Rd(s,s′)|
+

ε2

2
I−3R̂dR̂d

|Rd(s,s′)|3

]
Pn(s)Pm(s′)ds′ds.(6.71)

The second of these matrices involves a removable singularity at s′ = s, but the quadrature
integration methods readily available in MATLAB can evaluate this integral accurately so
long as the singular points lie on the boundaries of the integration domain. Therefore, when
computing the matrices M(n,m)

0 in MATLAB we split the double integral into two parts -
s ∈ [−1,+1], s′ ∈ [−1,s] and s ∈ [−1,+1], s′ ∈ [s,+1].

The infinite system of linear equations from Eq. (6.68) is truncated to m ≤ NLegendre

modes and inverted numerically, in order to find the force density coefficients f(k)1 in terms
of the velocity coefficients u(k)

1 , which themselves are linearly dependent on the filament
kinematics (Uk,ΩΩΩk). The force density is then integrated along the filaments to find the
extended resistance matrix that relates filament kinematics and dynamics. We implement this
algorithm in MATLAB and validate it using the tests described in Appendix 6.D.

For each set of parameters (N,ψ,ε) describing the geometry of the helical filament,
we vary the number of Legendre modes in our truncation until the numerical solution for
an isolated helix settles to within 1% error. We then make the reasonable assumption that
the number of Legendre modes determined from this single-helix self-convergence test is
sufficient to obtain the same level of accuracy in our double-helix simulations as well. In
general, we find that the required number of Legendre modes increases with the number
of helical turns of the filament, because we must be able to capture variations in the force
density and filament velocity which have the same wavenumber as the filament centreline.
For most simulations presented in this chapter it was sufficient to use NLegendre = 15, because
the helices have a small number of helical turns.

6.3.2 Relative errors

In the absence of an exact solution, we use the numerical solution from SBT as a reference
value against which to validate our asymptotic model. In the previous section, we derived a
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series expansion for the extended resistance, R, in the form

R = R(0)+d−1R(1)+d−2R(2)+O(d−3), (6.72)

up to and including second-order terms. We wish to compare this expansion of the resistance
matrix with the numerical solution, R̃, of the fully-coupled integral equations described in
§6.3.1. However, we cannot compare the matrices R and R̃ component-wise, because this
would depend on the basis in which we represent the matrices. One can always choose a
vector basis in which some component of the “true" solution R̃ is zero, relative to which our
approximate solution R would have an infinite relative error. Therefore, we need to think of
the extended resistance matrices as linear operators between the space of filament kinematics
and the space of filament dynamics, and define an error for the operator as a whole in a way
that is basis-independent. A standard way to do this is to use an operator norm.

Suppose we have some given kinematics x (two linear and two angular velocities, so a
vector with twelve components) and we want to compute the dynamics y. Then the error in y
is ∆y = Rx− R̃x. We define the “relative error" in the dynamics to be

Edyn ≡ sup
x

{
||R̃x−Rx||p

||R̃x||p

}
= sup

y

{
||(I−RR̃−1)y||p

||y||p

}
, (6.73)

in other words the operator norm of I−RR̃−1. Note that taking the supremum over the entire
space of filament kinematics is important, so that the value we compute for the relative error
is not dependent on an arbitrary choice of filament kinematics.

Similarly, we can define the relative error in the kinematics as

Ekin ≡ sup
y

{
||R̃−1y−R−1y||p

||R̃−1y||p

}
= sup

x

{
||(I−R−1R̃)x||p

||y||p

}
, (6.74)

so the operator norm of I−R−1R̃. Here again, taking the supremum is important, so that the
relative error we compute does not depend on an arbitrary choice of filament dynamics.

In Fig. 6.2 (a) and (b) we compare the relative errors, defined with a p = 2 norm, for
different orders in our asymptotic theory with SBT coefficients. If our asymptotic series
expansion up to O(d−m) terms was calculated correctly, then we would expect the relative
error to decay like d−(m+1), the order of the first neglected terms. This is confirmed by the
slopes of our log-log plots, which validate our asymptotic series expansion up to O(d−2).
Note that the comparison is only meaningful between the computations and the asymptotic
theory with SBT coefficients. This is an unavoidable consequence of our choice to implement
the computational method based on SBT. The asymptotic theory with RFT coefficients differs
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Fig. 6.2 Relative error in (a) helix dynamics and (b) helix kinematics, as defined in Eqs. (6.73)
and (6.74) respectively, with p = 2. As we increase the helix separation, d, the asymptotic
theory with SBT coefficients converges to the numerical solution, and the error decays as
expected with each higher order included in the theory. Parameter specification: helices have
configurations (θ1,χ1,φ1) = (0,0,π/6) and (θ2,χ2,φ2) = (0,0,2π/3), and N = 2.75 helical
turns. Helix angle, ψ = 0.5 rad, and filament slenderness, ε = 10−2, are representative of
bacterial flagella.

at leading order from the numerical solution based on SBT, and so we would not be able
to observe convergence unless we implemented a different computational method based on
RFT. The results presented in Fig. 6.2 (a) and (b) serve to validate the asymptotic series
expansion in itself, regardless of the method (RFT or SBT) by which we choose to calculate
the leading-order resistance matrix, S(0), and the force moment, m0.

Furthermore, by examining the size of the relative error, we deduce that the asymptotic
theory can be useful for any d > L, which is the regime of validity for our binomial expansion
of the Oseen tensor. When the filaments are parallel and orthogonal to the line that connects
their centres, we observe that our asymptotic theory with SBT coefficients can achieve 99%
accuracy for d/L > 1.4. This accuracy is achieved by the asymptotic solution up to and
including O(d−2) terms. Higher accuracy could be obtained either by including more terms
in the asymptotic series expansion, or by increasing the distance between the filaments.
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Based on further results presented in this study, where we also vary the phase difference
between filaments, we believe this accuracy estimate to be representative of any parallel
configuration of two filaments with this particular helical geometry. A broader numerical
investigation would be necessary to determine the accuracy of our method for rigid filaments
of arbitrary geometry and non-parallel configurations.

6.3.3 Time evolution of forces and torques

The main purpose of the asymptotic theory presented in this chapter is to provide a systematic
method to calculate analytically the specific HIs between two filaments. When carrying out
calculations by hand, we are interested in finding relative patterns more than in calculating
accurate absolute values, which is the purpose of numerical schemes. With this perspective
in mind, we propose to validate the asymptotic theory with RFT coefficients by looking at
the time variation of hydrodynamically-induced forces and torques. We consider the case of
two slender helices rotating in parallel with the same angular velocity.

Back in Fig. 6.2, we examined the relative error for a fixed orientation of the helices, and
we varied the distance between the filaments to see how the error decays - a quantitative
validation of our asymptotic model. In Figs. 6.3 and 6.4, however, we fix the distance
between the helical filaments and we let time flow, and the orientation of the filaments along
with it, to look for patterns over time - a qualitative validation of our asymptotic model.
Because the helices are vertical, their body-fixed axis e3 is parallel to the laboratory frame ez.
Hence, the phase angle φ around ez and the spin angle χ around e3, as defined in §2.1.1, are
interchangeable. Without loss of generality, we describe the configuration of the filaments
from Figs. 6.3 and 6.4 as (θ1,χ1,φ1) = (0,0,Ωt) and (θ2,χ2,φ2) = (0,0,Ωt +∆φ).

Our asymptotic theory with both RFT and SBT coefficients captures the qualitative
features of the interaction even for smaller helix separations, Fig. 6.3, with the agreement
becoming quantitative at larger separations, Fig. 6.4. This indicates that our asymptotic
series expansion can be used to derive meaningful analytical expressions for the HIs between
filaments separated by a distance greater than their contour length, as later demonstrated
in §6.4. We also provide a direct comparison between the asymptotic theory with SBT
coefficients at O(d−1) and O(d−2), in Figs. 6.5 and 6.6. These plots provide clearer visual
evidence that higher-order corrections improve the fidelity of the asymptotic solution, as
opposed to Fig. 6.2 where the evidence spanned a wider range of kinematic conditions, but
was presented in a more condensed format.
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Fig. 6.3 Comparison between computations and the asymptotic theory with RFT/SBT coeffi-
cients, by means of the time evolution of forces and torques induced by the second (rightmost)
filament on the first (leftmost). The helices are vertical (θ = 0) and rotating with constant
angular velocity Ωez. We fix the phase difference ∆φ = π/2 and the horizontal distance
d = L between the helices. The pitch angle, ψ = 0.5043 rad, and filament slenderness,
ε = 0.0038, were chosen as representative of bacterial flagellar filaments. The helices have
N = 2.5 helical turns.
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Ω𝐞zΩ𝐞z
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Fig. 6.4 Comparison between computations and the asymptotic theory with RFT/SBT coeffi-
cients – continued. The horizontal distance between the helices is now d = 10L.
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Fig. 6.5 Comparison between computations and the asymptotic theory with SBT coefficients
to O(d−1) and O(d−2), by means of the time evolution of forces and torques induced by
the second (rightmost) filament on the first (leftmost). The helices are vertical (θ = 0) and
rotating with constant angular velocity Ωez. We fix the phase difference ∆φ = π/2 and the
horizontal distance d = L between the helices. The pitch angle, ψ = 0.5043 rad, and filament
slenderness, ε = 0.0038, were chosen as representative of bacterial flagellar filaments. The
helices have N = 2.5 helical turns.
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Fig. 6.6 Comparison between computations and the asymptotic theory with SBT coefficients
to O(d−1) and O(d−2) – continued. The horizontal distance between the helices is now
d = 10L.
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6.4 Application to helical pumps

To demonstrate the usefulness of our asymptotic theory, we now apply and extend our
analytical calculations to the interaction of rotating helical pumps. This particular application
of our theory is motivated by previous theoretical studies [18, 43] and experiments [37, 38,
110, 145] with helical micropumps. Experimentally, these systems often take the form of
bacterial carpets or forests, where the bacteria are stuck to a substrate while their helical
flagellar filaments are free to rotate and pump fluid around.

The specific problem of mixing and pumping by a pair of rotating helices has previously
been investigated by Buchmann et al. [18] using the method of regularised Stokeslets. Their
study is focused on quantifying the thrust, power, and mixing efficiency of a two-pump
system both near a wall and in free space. Here, we consider helical pumps operating in
free space only, but we support our SBT numerical computations with analytical results and
an illustration of the physical mechanism by which HIs reduce the pumping force exerted
by each helix. We also ask if there is any net attraction or repulsion between the helical
pumps, and we use our physical understanding of pairwise HIs to make projections about the
dynamics of a circular array of helical pumps.

6.4.1 Problem specification

We consider two parallel identical helices, rotating with constant angular velocity Ω̃, as
illustrated in Fig. 6.7. We may choose the laboratory frame so that the filaments are parallel
to the z-axis and, therefore, the tilt angle θ is identically zero. When θ = 0, the angles
φ and χ can be used interchangeably to refer to the rotation of the filament about its own
axis, because the body-fixed axis e3 is parallel to ez. Without loss of generality, we describe
the configuration of the filaments using the angle χ = 0 and a varying phase φ . Because
they are driven at constant angular velocity, the helices maintain a fixed phase difference
φ2 −φ1 = ∆φ . If we rescale time by Ω̃−1, such that Ω = 1 in dimensionless terms, then

φ1 = t, φ2 = t +∆φ . (6.75)

Since the helices are held in place, they exert a net force on the fluid, which is pumped in the
positive z direction for left-handed helices rotating clockwise.

To characterise the net long-term effect of the helical pumps, we need to consider the
time-averaged forces and torques exerted by the rotating filaments on the fluid, so we define
the mean

⟨Y ⟩= 1
2π

∫ 2π

0
Y (t)dt, (6.76)
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for any time-varying quantity Y that we are interested in. We may also want to look at the
oscillations of this quantity around its mean value, so we define the variance over time as

var(Y ) =
1

2π

∫ 2π

0
(Y (t)−⟨Y ⟩)2dt. (6.77)

Because our focus is on the HIs between helical pumps, we need to compare the effect of
a helical pump when it is part of an ensemble, to what it otherwise would be if the helical
pump was operating on its own. If Y (t;d) is a force or torque exerted by a helical pump
when there is second helical pump operating at distance d away, then we define

Y∞(t) = lim
d→∞

Y (t;d), (6.78)

which is the force or torque that the same helical pump would exert in isolation. For our
asymptotic theory, this corresponds to the leading-order terms in §6.2.4. For our computa-
tional method, this corresponds to the numerical solution of Eq. (6.60) without the interaction
term J [f2(s′),d].

In the next sections, we will look at differences of the form ⟨Y ⟩−⟨Y∞⟩ to understand if
HIs increase or decrease the net effect of the helical pumps on the fluid, and differences of
the form var(Y )−var(Y∞) to investigate whether HIs make the pumping fluctuate more or
less over time.

6.4.2 Computational results

In our simulations, we sample the forces and torques exerted by two helical pumps at twelve
regular intervals over one period of rotation, i.e. 0 ≤ Ωt ≤ 2π . The time-averaged forces and
torques obtained in this way are shown in Fig. 6.7, while their variances over time are shown
in Fig. 6.8, both for a given phase difference ∆φ = π/4 and varying inter-filament distance.
The geometry of the helices was chosen to be representative of bacterial flagella: helix angle,
ψ = 0.5043 rad, filament slenderness, ε = 0.0038, and N = 2.5 helical turns.

We will now seek to interpret the trends observed in these computations using our
asymptotic theory. Specifically, we want to understand why the interaction between the
filaments alters the time average of Fz and Tz by O(d−1), but their fluctuation over time
by O(d−2). Meanwhile, for the forces and torques in the x and y direction, we want to
understand why the time average changes by O(d−2) due to inter-filament interaction, but
their fluctuation over time changes by O(d−1).
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Fig. 6.7 Average forces and torques exerted by the leftmost helix due to the presence of
a second parallel helix rotating at a distance d to the right, with fixed phase difference
∆φ = π/4. The data points come from SBT simulations including HIs. The power law
triangles indicate that the average forces and torques along the axis of the helix (c,f) are an
O(d−1) effect, while the other forces and torques (a,b,d,e) are an O(d−2) effect. Simulation
parameters: ψ = 0.5043 rad, ε = 0.0038, N = 2.5 helical turns.
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Fig. 6.8 Variance over time in the forces and torques exerted by the leftmost helix due to
the presence of a second parallel helix rotating at a distance d to the right, with fixed phase
difference ∆φ = π/4. The data points come from SBT simulations including HIs. The
power law triangles indicate that the variances in force and torque along the axis of the helix
(c,f) are an O(d−2) effect, while the other forces and torques (a,b,d,e) are an O(d−1) effect.
Simulation parameters: ψ = 0.5043 rad, ε = 0.0038, N = 2.5 helical turns.
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6.4.3 Asymptotic theory

We start by computing the intrinsic resistance matrix S(0)(0,0,φ) for a vertical helix with
arbitrary phase φ , which we will denote from now on simply as S(0)(φ). We need to apply
the change of basis from Eqs. (6.27) with the orthogonal matrix

Q(0,0,φ) =

cosφ −sinφ 0
sinφ cosφ 0

0 0 1

 . (6.79)

Because the filament is symmetric under a rotation by angle π around the first vector (e1) in
the body frame basis, the resistance matrix expressed in the body frame has the structure

S0 =



A11 0 0 B11 0 0
0 A22 A23 0 B22 B23

0 A32 A33 0 B32 B33

B11 0 0 D11 0 0
0 B22 B32 0 D22 D23

0 B23 B33 0 D32 D33


, (6.80)

noting that A23 = A32 and D23 = D32 because the resistance matrix is symmetric. Hence,
after a rotation by angle φ , the matrix can be written as

S(0)(φ) =

(
A(φ) B(φ)
B(φ)T D(φ)

)
, (6.81)

where the matrices A(φ), B(φ) and D(φ) have the same structure with respect to φ , that is

A(φ) =

A0 +∆Acos(2φ) ∆Asin(2φ) −A23 sin(φ)
∆Asin(2φ) A0 −∆Acos(2φ) A23 cos(φ)
−A32 sin(φ) A32 cos(φ) A33

 , (6.82)

where we define A0 = (A11 +A22)/2 and ∆A = (A11 −A22)/2, and similarly for B(φ) and
D(φ) but with Ai j 7→ Bi j and Ai j 7→ Di j respectively.

Without loss of generality, we may choose our laboratory frame to coincide with the
interaction frame of the two filaments, so the directed distance between the two helices is
d = dex. From Eqs. (6.22) and (6.32), we can write

C(1)
i j (φ1,φ2) =− 1

8π

(
2S(0)i1 (φ1)S

(0)
1 j (φ2)+S(0)i2 (φ1)S

(0)
2 j (φ2)+S(0)i3 (φ1)S

(0)
3 j (φ2)

)
, (6.83)
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and then replace the expressions for the elements of S(φ) from Eqs. (6.81)-(6.82).
Furthermore, from Eq. (6.53) we derive the matrix

P(φ) =
(

PB(φ) PD(φ)
)
, (6.84)

where the matrices PB(φ) and PD(φ) have the same structure with respect to the phase φ .
Because e1 = cosφex + sinφey, we have

PB(φ) =
1

8π

 M1 cosφ M1 sinφ 0
B23 sin(φ) −B23 cos(φ) −B33

∆Bsin(2φ) B0 −∆Bcos(2φ) B32 cos(φ)

 , (6.85)

and similarly for PD(φ) but with Bi j 7→ Di j and M1 7→ M4. The constants M1 and M4 are
defined in Eq. (6.52) and calculated via RFT in Appendix 6.B.

We are now ready to evaluate the mean forces and torques, and their fluctuations over
time, for the specific case of constant rotation about the helical axis e3 = ez. The two helical
pumps rotate with constant angular velocities ΩΩΩ1 = ez and ΩΩΩ2 = ez, since Ω = 1 in our
chosen units of time. Therefore, the forces and torques exerted by the first filament are(

F1

T1

)
i

= S(0)i6 (t)+
C(1)

i6 (t, t +∆φ)

d
+

S(2)i6 (t, t +∆φ)+C(2)
i6 (t, t +∆φ)

d2 +O(d−3), (6.86)

where we have substituted the phases φ1 = t, φ2 = t +∆φ .

6.4.4 Forces and torques parallel to axis of rotation

We begin by looking at the force exerted by the leftmost filament along its helical axis,
e3 = ez. From Eqs. (6.81),(6.82) and (6.86), we see that

Fz(t) = B33 +d−1C(1)
36 (t, t +∆φ)+O(d−2), (6.87)

which is constant at leading order with ⟨F∞
z ⟩ = B33. The first-order correction, given by

Eqs. (6.81),(6.82) and (6.83), will be

C(1)
36 = − 1

8π
[A33B33 +A23B23 (2sin(t)sin(t +∆φ)+ cos(t)cos(t +∆φ))] , (6.88)
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which has a non-zero time-average. Hence, the mean thrust provided by the helical pump is

⟨Fz⟩−⟨F∞
z ⟩=− 1

8πd

(
A33B33 +

3
2

A23B23 cos(∆φ)

)
+O(d−2), (6.89)

so indeed the interaction between the filaments changes the mean thrust by O(d−1), as seen
in the computations. Note that the result in Eq. (6.89) is independent of the method (RFT
or SBT) by which we choose to evaluate the coefficients A33,B33,A23 and B23. In Fig. 6.9
(e), we examine how the O(d−1) change in thrust depends on the phase difference between
the filaments. The asymptotic theory with SBT coefficients provides perfect quantitative
agreement in the limit of large d, while the asymptotic theory with RFT coefficients has an
approximate error of 5% but captures all qualitative features.

Because Fz is constant at leading order, i.e. var(F∞
z ) = 0, its variance over time will be

given by

var(Fz)−var(F∞
z ) =

1
d2

(
⟨C(1)

36 (t, t +∆φ)2⟩−⟨C(1)
36 (t, t +∆φ)⟩2

)
+O(d−3), (6.90)

which is indeed an O(d−2) effect as seen in computations. This is shown in Fig. 6.10 (e),
where we look at how this O(d−2) effect depends on the phase difference between the
filaments. Once again, the asymptotic theory with SBT coefficients provides quantitative
agreement, while the theory with RFT coefficients captures the correct shape and order of
magnitude.

Moving on to the torque exerted by the leftmost filament along its helical axis, we can
derive in a similar way expressions for the time-average

⟨Tz⟩−⟨T ∞
z ⟩=− 1

8πd

(
B2

33 +
3
2

B2
23 cos(∆φ)

)
+O(d−2), (6.91)

and the fluctuation over time

var(Tz)−var(T ∞
z ) =

1
d2

(
⟨C(1)

66 (t, t +∆φ)2⟩−⟨C(1)
66 (t, t +∆φ)⟩2

)
+O(d−3), (6.92)

which we compare against computations in Figs. 6.9 (f) and 6.10 (f), respectively.
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Fig. 6.9 Average forces (a,c,e) and torques (b,d,f) due to HIs between the helices, as a
function of the phase difference between filaments. The helix angle, ψ = 0.5043 rad, and
filament slenderness, ε = 0.0038, were chosen as representative of bacterial flagella. The
helices have N = 2.5 helical turns. The legend in (f) applies to all panels.
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Fig. 6.10 Variance in forces (a,b,e) and torques (c,d,f) due to HIs between the helices, as a
function of the phase difference between filaments. The helix angle, ψ = 0.5043 rad, and
filament slenderness, ε = 0.0038, were chosen as representative of bacterial flagella. The
helices have N = 2.5 helical turns. The legend in (b) applies to (a-d), while the legend in (f)
applies to (e-f).
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6.4.5 Forces and torques perpendicular to axis of rotation

Next, we evaluate the forces and torques perpendicular to the filament axis, starting with
Fx. From Eqs. (6.81),(6.82) and (6.86), we see that

Fx(t) =−B23 sin(t)+d−1C(1)
16 (t, t +∆φ)+

d−2(S(2)16 (t, t +∆φ)+C(2)
16 (t, t +∆φ))+O(d−3), (6.93)

which averages out to zero at leading order,i.e. ⟨F∞
x ⟩= 0. The first-order correction,

C(1)
16 =− 1

8π
[−A23B33 sin(t)−2A0B23 sin(t +∆φ)

− ∆AB23 (2cos(2t)sin(t +∆φ)− sin(2t)cos(t +∆φ))] , (6.94)

also averages out to zero, so the mean of Fx is an O(d−2) effect as seen in Fig. 6.7 (a). Using
Eqs. (6.37),(6.81) and (6.82), we obtain that

⟨S(2)16 (t, t +∆φ)⟩= 0. (6.95)

Then, by using Eqs. (6.41),(6.81),(6.82),(6.84) and (6.85), we get that

⟨C(2)
16 (t, t +∆φ)⟩=− 1

16π

(
A23D23 +B2

23 +B23M1
)

sin(∆φ), (6.96)

and hence
⟨Fx⟩−⟨F∞

x ⟩=− 1
16πd2

(
A23D23 +B2

23 +B23M1
)

sin(∆φ). (6.97)

Because the time-average of Fx is only O(d−2), we deduce that the variance over time is

var(Fx) = ⟨(−B23 sin(t)+d−1C(1)
16 (t, t +∆φ)+O(d−2))2⟩. (6.98)

Because Fx oscillates at leading order with variance var(F∞
x ) = A2

23/22, we deduce that the
variance due to HIs is given by

var(Fx)−var(F∞
x ) =−2B23

d
⟨sin(t)C(1)

16 (t, t +∆φ)⟩+O(d−2), (6.99)
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so indeed an O(d−1) effect as seen in Fig. 6.8 (a). Using Eq. (6.94), we arrive at the final
result

var(Fx)−var(F∞
x ) =− B23

8πd

(
A23B33 +2A0B23 cos(∆φ)+

1
2

∆AB23 cos(∆φ)

)
+O(d−2).

(6.100)
The analytical expressions from Eqs. (6.97) and (6.100) are compared against computational
results in Fig. 6.9 (a) and 6.10 (a), respectively. As above, we have quantitative agreement
between computations and the asymptotic theory with SBT coefficients in the limit d → ∞,
and qualitative agreement with the asymptotic theory with RFT coefficients.

Just as we have done for Fx, we may compute the time-average of the other transverse
forces and torques to O(d−2),

⟨Fy⟩−⟨F∞
y ⟩= 1

16πd2

(
2(A0D33 +B0B33)− (A23D23 +B2

23 +B23M1)cos∆φ
)
, (6.101)

⟨Tx⟩−⟨T ∞
x ⟩=− 1

16πd2 (B23D23 +B23D23 +B23M4)sin∆φ , (6.102)

⟨Ty⟩−⟨T ∞
y ⟩= 1

16πd2 (2(B0D33 +D0B33)− (B23D23 +B23D23 +B23M4)cos∆φ) .

(6.103)
Similarly, we can derive the fluctuations over time to O(d−1),

var(Fy)−var(F∞
y ) = − B23

8πd

(
A23B33 +

(
A0 −

3
2

∆A
)

B23 cos(∆φ)

)
, (6.104)

var(Tx)−var(T ∞
x ) = −D23

8πd

(
B32B33 +

(
2B0 +

1
2

∆B
)

B23 cos(∆φ)

)
, (6.105)

var(Ty)−var(T ∞
y ) = −D23

8πd

(
B32B33 +

(
B0 −

3
2

∆B
)

B23 cos(∆φ)

)
. (6.106)

The analytical expressions from Eqs. (6.101)-(6.106) are compared against computational
results in Fig. 6.9 (b)-(d) and 6.10 (b)-(d).

The reason why we have calculated the variances in forces and torques over time is to
understand whether HIs dampen or enhance fluctuations in the dynamics of the helical pumps.
The results in Fig. 6.10 suggest that HIs tend to increase the variances over time for most
forces and torques. The only exceptions we observe, for this set of parameters, are the forces
Fx and Fy when |∆φ |< π/2 and the torque Tx in a small interval around ∆φ = π .
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6.4.6 Deducing the dynamics of the second filament

We remind the reader that the forces and torques plotted in Fig. 6.9 are those exerted
by the leftmost filament on the fluid - see Fig. 6.12 (a). Relative to this, the rightmost
filament is in the positive x direction, and accordingly we have taken d̂ = ex in our calculation
of second-order corrections from Eqs. (6.97), (6.101)-(6.103). To obtain the forces and
torques exerted by the rightmost filament, we can rotate our coordinate system by an angle
π about the z-axis. First of all, this swaps the filaments around and, hence, reverses the
sign of the phase difference. It also changes the signs of all x and y components, but not
the z components. Hence, the average dynamics of the second filament satisfy the relations
−Γ

(2)
x,y (∆φ) = Γ

(1)
x,y (−∆φ) and Γ

(2)
z (∆φ) = Γ

(1)
z (−∆φ), where Γ(k) is a placeholder for the

time-averaged force or torque exerted by the kth filament on the fluid.
Because ⟨Fx⟩ and ⟨Tx⟩ depend on the sine of the phase difference (see Eqs. (6.97) and

(6.102)), the rightmost helix exerts the same average force ⟨Fx⟩ and torque ⟨Tx⟩ as the leftmost
helix. Meanwhile, for ⟨Fy⟩ and ⟨Ty⟩, which depend on the cosine of the phase difference
(see Eqs. (6.101) and (6.103)), the rightmost helix exerts an equal and opposite average force
and torque to the leftmost helix. Finally, the average ⟨Fz⟩ and ⟨Tz⟩ are the same for the
two helices, because the two quantities depend on the cosine of the phase difference (see
Eqs. (6.89) and (6.91)), and the sign of z components has not changed due to the rotation.

6.4.7 Interpretation of results

We now provide some physical interpretation for the earlier computational results, focusing
on the effect that HIs have on the pumping force exerted by each helix, and whether HIs lead
to any attraction or repulsion between the helical pumps.

Deficit in pumping force

Since the main purpose of the helical pumps is to push fluid along their axes, we start by
explaining how HIs affect the vertical pumping force, ⟨Fz⟩. The leading-order dynamics of a
rotating helical pump are illustrated in Fig. 6.11 (a) using a local description of the problem
(i.e. no end effects). The local velocity of the centreline relative to the fluid is shown at
various points along the filament. At one of these points we decompose the velocity into
the directions tangent and perpendicular to the filament. Because the perpendicular drag
coefficient on a slender rod is higher, by roughly a factor of two, than the parallel drag
coefficient, this gives rise to a leading-order viscous drag on the filament, −f(0)1 (s), that has
a negative vertical component. Below the three-dimensional picture of the filament, we
draw the projection of the filament centreline onto the horizontal plane. At each point on
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Fig. 6.11 (Not to scale) Physical mechanism for the reduction in pumping force due to
HIs. Top panels illustrate the local velocity of the filament relative to the surrounding fluid.
Lower panels show the periodic force density along the filament, rendered at points along
a horizontal projection of the centreline. The total force and torque exerted by the helical
pump are obtained by integrating the force density around the circle as many times as needed.
(a) Due to the anisotropic drag on the slender filament, a rotating helix exerts a net force
along its axis of rotation, e(1)3 . If the helix does not have an integer number of turns, there

is also a net component of the force along the e(1)2 direction, due to a “surplus" of filament
on one side (indicated by a thick orange arc on the circular projection of the centreline). (b)
Changes to the force density along the second filament due to the e(1)3 component of the force

exerted by the first filament on the fluid. (c) Likewise for the e(1)2 component of the force.
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this circular projection, we show the corresponding force density exerted by the filament
on the fluid, f(0)1 (s), decomposed into vertical and horizontal components. Notice that the
force density simply rotates about the axis e(1)3 = ez as we rotate around the circle, due to the
rotational symmetry of the system. The total force and torque exerted by the helical pump are
obtained by integrating the force density along the entirety the filament, or equivalently by
integrating around the circular projection as many times as needed. For left-handed helices
rotating counter-clockwise, the vertical components of the force density are positive, so the
helical pump exerts a net positive force in the e(1)3 direction. The fluid is pumped vertically
upwards. By integrating the horizontal components of the force density, we also obtain a
net counter-clockwise torque that must be applied to the helical pump to keep it rotating.
Furthermore, if the helical filament does not have an integer number of turns, there will be a
surplus of filament on one side, indicated by a thick orange line on the circular projection.
This means that the helical pump also exerts a net horizontal force on the fluid along the e(1)2

direction.
In Fig. 6.11 (b) and (c) we explain how the e(1)3 and the e(1)2 components of the leading-

order force exerted by the first helical pump, respectively, affect the pumping force exerted
by the second helical pump. Firstly, the e(1)3 component of the pumping force exerted by one
helical pump on the fluid leads to an upward vertical flow at the position of the other helical
pump. This flow is uniform to leading-order in the distance between the filaments. Therefore,
the second filament appears to be moving in the negative vertical direction relative to the
fluid, with velocity −u∞(r2(s)), as indicated at various points along the filament in Fig. 6.11
(b). Following the same procedure as above, we can determine the local force density along
the second filament and depict it along the horizontal projection of the centreline. The
first-order change in the force density, f(1)2 (s), has negative vertical components, because the
second filament appears to be moving downward with respect to the background flow. When
integrated along the filament, this leads to a deficit in pumping force due to the HIs between
the helical pumps. This is confirmed by the negative sign in Fig. 6.9 (e). Note that this effect
is independent of the phase difference between the filaments, because the force density has
a constant vertical component along the entire filament, due to rotational symmetry. By
integrating the horizontal components of the force density, we also deduce that HIs lead to
a deficit in the torque exerted by the helical pumps, as seen in Fig. 6.9 (f) as well. Hence,
less power is needed to actuate two helical pumps with the same angular velocity, if they are
rotating in parallel.

Secondly, the e(1)2 component of the leading-order force exerted by the first helical pump
generates a horizontal flow at the position of the second helical pump, which is again depicted
at various points along the filament in Fig. 6.11 (c). Because the flow is horizontal, we no
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longer have rotational symmetry so the force density is variable along the filament. Note
that we only depict the vertical components of the force in the lower panels of Fig. 6.11 (c),
to avoid overcrowding the diagram. Unlike Figs. 6.11 (a) and (b), where the force density
simply rotates around the vertical axis as we go around the centreline, in Fig. 6.11 (c) we
observe that the vertical component of the force density depends on the alignment of the
tangent vector and the direction of the flow. Where the velocity of the filament relative to
the background flow, −u∞(r2(s)), has a positive (or negative) component in the direction of
the local tangent, the force density has a positive (or negative) vertical component. Hence,
this particular contribution of HIs to the pumping force will depend on the phase difference
between the two helical pumps. If the two are in-phase, ∆φ = 0 and e(2)2 = e(1)2 , there is
a surplus of negative vertical force as we integrate along the centreline. If the pumps are
anti-phase, ∆φ = π and e(2)2 =−e(1)2 , there is a surplus of positive vertical force instead. This
dependence on the phase difference is confirmed by Fig. 6.9 (e), where the deficit in pumping
force is greater when the filaments are in-phase than anti-phase.

It is important to emphasise that the dominant effect here comes from the flow discussed
in Fig. 6.11 (b), which is a result of integrating a constant force along the entire length of the
filament. The effect described in Fig. 6.11 (c) is a correction that comes from integrating
forces along just a fraction of the filament, if the helix deviates from an integer number of
turns. Regardless of the phase difference between the helical pumps, each of them will pump
fluid with less force when they are interacting, because each filament tries to push fluid that
has already been entrained by the other pump. The deficit is greatest when the filaments are
in-phase, because they entrain the fluid in the same direction both vertically and horizontally,
whereas filaments that are anti-phase will work against each other in the horizontal plane
(Fig. 6.11 (c)).

Attraction vs. repulsion

We have so far considered the average forces and torques exerted by the filaments on the fluid
while they are held in place, except for rotating about the vertical axis. It is also important to
consider what would happen to the helices if they were not held in place, but free to move in
response to the forces and torques exerted on them by the fluid. Note that the time averages
we previously computed assumed that the helices remain vertical. However, we may still use
these results to get a sense for what happens in the early stages, when the axes of the helices
are still close to vertical.

In Fig. 6.12 (b) and (c) we show the horizontal components of the average force exerted
by the fluid on two left-handed filaments rotating counter-clockwise. The relative directions
of the forces and torques on the two helices were established in §IV F. The first observation
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is that, at second order, there is no net attraction or repulsion between the helices. Previous
theoretical work had ruled out the possibility of attraction or repulsion between two helices
rotating with zero phase difference, based on symmetry arguments [111]. Our findings add
to that observation by excluding any net attraction or repulsion between helices rotating with
any phase difference, so long as they are parallel. Instead, we discover a net migration to one
side, because the two filaments experience the same force along the x direction – Fig. 6.12
(b). The direction of migration depends on the sine of the phase difference, so it is not a
consistent behaviour. On the other hand, the helices will be swirled around by the fluid in the
counter-clockwise direction, because they experience equal and opposite forces along the y
direction – Fig. 6.12 (c). The direction of the swirl is consistent with the individual rotation
of the helices, and this effect is persistent across all phase differences, as demonstrated by
Fig. 6.9 (c).

Note from Fig. 6.9 (a)-(d) that the sign of ⟨Tx⟩ is the same as ⟨Fx⟩, likewise for ⟨Ty⟩ and
⟨Fy⟩. Hence, the arrows in Fig. 6.12 (b) and (c) could equally well represent the horizontal
components of the torques exerted by the fluid on the filaments. The key observation here is
that, due to equal and opposite average torques along y, the helices would initially experience
a splaying out effect where the fluid pushes the tips of the helical pumps apart (the tips
being the ends pointing in the same direction as the angular velocity) and brings their bases
together.

6.4.8 Outlook: circular array of helical pumps

Once we understand the basic principles of pairwise HIs between helical pumps, it is natural
to consider ensembles with more than two helical pumps. The simplest example is a ring of
regularly spaced helical pumps, illustrated from the top in Fig. 6.12 (d). For simplicity, let
us consider a ring of sufficiently large radius that the dominant HIs come from the nearest
neighbours only. We expect the dominant contribution to the horizontal force to come from
⟨Fy⟩, which is two orders of magnitude larger than ⟨Fx⟩ – cf. Fig 6.9 (a) and (c). The effects of
⟨Fy⟩ are also consistent, compared to ⟨Fx⟩ which depends strongly on the phase difference. In
conclusion, we need to focus on the force components perpendicular to the distance between
nearest neighbours, depicted in Fig. 6.12 (c).

By adding the contributions from the left nearest neighbour (L) and the right nearest
neighbour (R), we find that the net effect is a force along the circumference of the ring.
Therefore, the ring of helical pumps experiences a tendency towards counter-clockwise
swirling about the centre. If instead of forces we consider the torques ⟨Ty⟩, which are likewise
dominant over ⟨Tx⟩, we find once again that there is a net torque along the circumference
of the circle. This means that the tips of the helical pumps have a tendency to spread out
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Fig. 6.12 Basic principles of HIs between helical pumps. (a) Minimal setup with two
helical pumps rotating with constant angular velocity around their axes. (b) There is no net
attraction or repulsion between the two rotating helices (cf. symmetry arguments for zero
phase difference in Ref. [111]), but rather a sideways migration whose sign depends on the
phase difference. (c) There is a persistent (i.e. independent of phase difference) swirling
effect in the same direction as the rotation of the helices. (d) A ring of helical pumps would
initially experience counter-clockwise swirling (due to the forces −⟨Fy⟩ exerted by the fluid)
and outward splaying of the tips (due to the torques −⟨Ty⟩ exerted by the fluid).

and away from the centre of the ring. Note that the sign of these two hydrodynamic effects
(swirling and splaying) would stay the same if we include more than nearest neighbour
interactions, due to the symmetry of the system.

6.5 Discussion

In this final section, we summarise the analytical and computational results presented in this
chapter, we discuss the advantages and limitations of our theory for HIs between slender
filaments, and we suggest potential applications for the theory.

6.5.1 Summary of results

In this chapter, we have considered the problem of HIs between slender filaments in viscous
fluids. We have approached the topic theoretically, focusing on the case of two interacting
rigid filaments whose dynamics can be described by an extended resistance matrix, Eq. (6.5).
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We have solved for the extended resistance matrix and the force distribution along two
arbitrarily-shaped filaments as series expansions in inverse powers of the distance between
the filaments, up to second-order corrections. Our asymptotic results from §6.2 are valid
in the limit of small aspect ratio, ε ≪ 1, and in the regime, d > L, where the inter-filament
separation is greater than the contour length of the filament. Although HIs decrease in
magnitude with increasing distance between the filaments, they continue to play a leading-
order role important to physical mechanisms such as synchronisation and self-organisation.
This provides a strong motivation for developing an analytical theory of HIs to advance our
fundamental understanding of such phenomena. While other studies have dealt with the limit
d ≪ L, here we have chosen to focus on the regime d > L, which can provide just as many
valuable physical insights.

We have evaluated the coefficients in the asymptotic series expansion using both resistive-
force theory (RFT) and slender-body theory (SBT), and validated our asymptotic theory
against numerical simulations in §6.3. In the final part, §6.4, motivated by bacterial microflu-
idic pumps [38, 43, 110, 145], we have demonstrated the usefulness of our asymptotic theory
by applying it to the interaction of two rotating helical pumps. Here, we have identified
the dependence of forces and torques on the distance and phase difference between the
helices, which is illustrated in Figs. 6.9 and 6.10 and made explicit in Eqs. (6.89)-(6.92),
(6.97), (6.100)-(6.106). The analytical expressions are also implicitly dependent on the helix
geometry through the components Ai j,Bi j,Di j of the single-helix resistance matrix, which
are given in Appendix 6.A, and the force moments Mi from Appendix 6.B.

Our theory provides us with new physical understanding of the HIs between helical
pumps. We find that the pumping force exerted by each rotating helix is reduced due to
HIs, and the reduction is greatest when the helical pumps are rotating in phase with each
other. Similarly, the torque required to rotate the two helical pumps is lowest when they
are in-phase and greatest when they are antiphase, as the helices are working against each
other in the latter case. Because we include second-order corrections in our calculation of the
average forces and torques acting on the helical pumps, we are able to determine that there is
no net attraction or repulsion between the filaments, but rather a sideways migration whose
sign depends on the phase difference. However, we identify two persistent hydrodynamic
effects which are independent of the phase difference: a swirl in the direction of rotation of
the helices and a splaying out at the tips of the helical pumps (i.e. the ends pointing in the
same direction as the angular velocity). We believe that these effects are consistent with the
behaviour observed by Kim and co-authors in the initial stage (i.e. when the filaments are still
nearly parallel) of their macroscopic-scale experiments of flagellar bundling [113], despite
the fact that our theory is intended for d > L while the experiments were carried out in the



6.5 Discussion 131

d < L regime. This suggests that there may be fundamental similarities in the HIs between
helical filaments across different regimes of separation. Without further investigation, it is
not possible to quantify in which ways the HIs between bacterial flagella within a bundle
(d < L) are qualitatively different from the HIs between flagellar filaments that are further
apart (d > L). Our theory provides a starting point to investigate these questions further,
analytically.

6.5.2 Advantages and limitations

The primary purpose of our asymptotic theory is to provide a method to calculate, analytically,
the specific HIs between two rigid filaments, as opposed to previous theoretical studies which
focus on the bulk properties of suspensions of fibers [137, 190]. The asymptotic theory
with RFT coefficients is suitable for this purpose, since all the coefficients have closed-form
solutions provided in Appendices 6.A and 6.B. The asymptotic theory with SBT coefficients
can provide a quantitative improvement on some of these results, since SBT calculates
the force density along the filament with algebraic accuracy, but the ultimate goal of the
asymptotic theory is to capture the qualitative features of HIs such as the dependence on
filament geometry and relative configuration.

A secondary use of the asymptotic theory could be to speed up the simulation of long
time-evolution problems governed by HIs or, in special cases, to provide a way to integrate
the equations of motion by hand. The reduction in computation time would come from
removing the need to recompute the interaction term J (see §6.3.1) at each time step,
as the relative orientation of the two filaments changes. Our asymptotic series expansion
provides expression for the HIs between filaments in terms of the resistance matrix of a
single filament, which can be precomputed (either by evaluating the analytical expressions
from RFT, or by numerically solving the integral equations of SBT for a single filament)
and updated at each time step using a rigid-body rotation to reflect changes in filament
orientation. This relies on the filaments being rigid so that the shape of their centreline does
not change over time. However, we reiterate that the main purpose of our asymptotic theory
is to provide a way to evaluate the HIs between filaments analytically, and not to challenge
well-established computational methods. For the simulation of flexible fibers, there exist
specialised computational methods that can handle large numbers of filaments with HIs
efficiently [147, 205].

One advantage of the current asymptotic theory is the compactness of the final results in
Eqs. (6.32), (6.37), and (6.41), which means they can be used to develop analytical models for
certain hydrodynamic phenomena that have predominantly been studied computationally until
now. We demonstrate this in the next chapter, where we consider the issue of hydrodynamic
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synchronisation between rotating bacterial flagella. Another advantage is that the results
of Eqs. (6.32), (6.37), and (6.41) are valid for arbitrary filament shapes, in contrast to other
theories of HIs which require a small-amplitude assumption for the shape of the filament.

However, no theory is without its limitations. One important restriction is that, within the
current setup, our asymptotic theory can only handle filaments in an infinite fluid domain.
Further work would be needed to account for external surface such as the cell body of
the organism to which the filaments might be attached. Just as important is the fact that
our asymptotic theory, in its current state, can only fully describe the interaction of rigid
filaments. A possible extension is to refine the series expansions for the force distributions
from Eqs. (6.28) and (6.35), which are valid for any type of filament, in order to obtain a
comprehensive theory for HIs between flexible filaments as well. We also note that we have
neglected HIs due to moment distributions along the centrelines of the filaments. This is
because such contributions would scale like ε2/d2 and would always be smaller than the
second-order corrections from the force distributions, which scale like log(ε)/d2 and are the
final terms included in our asymptotic theory.

We have also considered the interactions between multiple slender filaments but only in a
qualitative way, when discussing the physics of HIs in a circular array of helical pumps. Our
asymptotic theory can be easily extended to include HIs between more than two filaments,
because it is based on the method of reflections. With this approach, jth-order corrections
to the extended resistance matrix come from hydrodynamic effects that have reflected j
times between the filament that induces the flow and the filament that feels its effect. The
only complication comes from the fact that, in a collection of N > 2 filaments, there is no
single expansion parameter. Instead, there are 1

2N(N −1) pairwise distances between the
filaments. Hence, the order in which corrections appear in the series expansion must be
considered carefully, unless the filaments are so far apart that it is sufficient to consider
first-order corrections due to pairwise interactions.

6.5.3 Potential applications

There are many possible applications for the theoretical results presented in this chapter,
beyond the case of helical pumps discussed in §6.4. Our asymptotic theory can be used
to investigate the collective swimming of elongated microorganisms like the Spirochaetes
and Spiroplasma, as well as some artificial micro-swimmers (e.g. helical micromachines
actuated by an external magnetic field). Amongst all moving appendages in the microscopic
world, the closest to being rigid are the bacterial flagellum and nodal cilia, which makes
them more suitable for applications of our asymptotic theory. Although the distance between
flagellar filaments within a bundle is less than their contour length, there are other situations
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in which bacterial flagella interact on a larger length scale, making these problems directly
relevant to our asymptotic theory. Examples include the HIs between filaments at either pole
of an amphitrichous bacterium or filaments belonging to different cells in a sparse bacterial
carpet or swarm. Following an extension of our theory to the case of flexible filaments,
as discussed before, one could also examine the HIs between eukaryotic cilia and flagella,
or between fluctuating polymeric filaments in the cytoplasm, such as actin filaments and
microtubules. Another, more technical, avenue for future research will be to bridge the gap
between near-field (d ≪ L) theories of HIs [142] and the present theory (d > L).

This chapter is based on a research article that will appear in Physical Review Fluids [207].
The dissertation author is the primary investigator and author of this article. Modifications
were made to the text and figures for consistency with the rest of the dissertation, and to
avoid overlap with other chapters.

Appendix 6.A Calculating the leading-order resistance ma-
trix from RFT

We calculate the leading-order resistance matrix from Eq. (6.27) using the resistive-force
theory (RFT) representation of the force density from Eq. (6.54). In the body frame of the
filament, i.e. relative to basis vectors {e1,e2,e3}, the local resistance tensor ΣΣΣ(s) (defined in
Eq. (6.54)) can be written as

ΣΣΣ11 = c⊥+(c∥− c⊥)sin2
ψ sin2(πNs), (6.107)

ΣΣΣ22 = c⊥+(c∥− c⊥)sin2
ψ cos2(πNs), (6.108)

ΣΣΣ33 = c⊥+(c∥− c⊥)cos2
ψ, (6.109)

ΣΣΣ12 = −σ(c∥− c⊥)sin2
ψ sin(πNs)cos(πNs) = ΣΣΣ21, (6.110)

ΣΣΣ13 = −(c∥− c⊥)sinψ cosψ sin(πNs) = ΣΣΣ31, (6.111)

ΣΣΣ23 = σ(c∥− c⊥)sinψ cosψ cos(πNs) = ΣΣΣ32, (6.112)

where we have used the components of the tangent vector from Eq. (6.4).
From Eqs. (6.25) and (6.26) we write down an equivalent definition of matrix A as

Ai j =
∫ +1

−1
Σi j(s)ds. (6.113)
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Using the integrals in Appendix 6.C, we determine the components of matrix A, which
describes the force exerted by a translating filament,

A11 =
∫ +1

−1
Σ11ds = 2c⊥+(c∥− c⊥)sin2

ψ

(
1− sin(2πN)

2πN

)
, (6.114)

A22 =
∫ +1

−1
Σ22ds = 2c⊥+(c∥− c⊥)sin2

ψ

(
1+

sin(2πN)

2πN

)
, (6.115)

A33 =
∫ +1

−1
Σ33ds = 2(cos2

ψc∥+ sin2
ψc⊥), (6.116)

A12 =
∫ +1

−1
Σ12ds = 0 = A21, (6.117)

A13 =
∫ +1

−1
Σ13ds = 0 = A31, (6.118)

A23 =
∫ +1

−1
Σ23ds = σ(c∥− c⊥)sinψ cosψ

2sin(πN)

πN
= A32. (6.119)

Similarly, from Eqs. (6.25) and (6.26) we write down an equivalent definition of matrix
B as

Bi j =
∫ +1

−1
ε jklrk(s)Σil(s)ds. (6.120)

Using the integrals from Appendix 6.C, we determine the components of matrix B, which
describes the force exerted by a rotating filament (or, alternatively, the torque exerted by a
translating filament)

B11 =
∫ +1

−1
r2Σ13 − r3Σ12ds =−σR(c∥− c⊥)sinψ cosψ

∫ +1

−1
sin2(πNs)ds

+σ(c∥− c⊥)sin2
ψ cosψ

∫ +1

−1
ssin(πNs)cos(πNs)ds

= σ(c∥− c⊥)sin2
ψ cosψ

(
− 1

πN
− cos(2πN)

2πN
+

3sin(2πN)

(2πN)2

)
, (6.121)

B12 =
∫ +1

−1
r3Σ11 − r1Σ13ds = (c∥− c⊥)sin2

ψ cosψ

∫ +1

−1
ssin2(πNs)ds

+R(c∥− c⊥)sinψ cosψ

∫ +1

−1
sin(πNs)cos(πNs)ds = 0, (6.122)

B13 =
∫ +1

−1
r1Σ12 − r2Σ11ds = −σR(c∥ − c⊥)sin2

ψ

∫ +1

−1
sin(πNs)ds = 0, (6.123)
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B21 =
∫ +1

−1
r2Σ23 − r3Σ22ds = R(c∥− c⊥)sinψ cosψ

∫ +1

−1
sin(πNs)cos(πNs)ds

− (c∥− c⊥)sin2
ψ cosψ

∫ +1

−1
scos2(πNs)ds = 0, (6.124)

B22 =
∫ +1

−1
r3Σ21 − r1Σ23ds =−σ(c∥− c⊥)sin2

ψ cosψ

∫ +1

−1
ssin(πNs)cos(πNs)ds

−σR(c∥− c⊥)sinψ cosψ

∫ +1

−1
cos2(πNs)ds

=−σ(c∥− c⊥)sin2
ψ cosψ

(
1

πN
− cos(2πN)

2πN
+

3sin(2πN)

(2πN)2

)
, (6.125)

B23 =
∫ +1

−1
r1Σ22 − r2Σ21ds

= Rc⊥
∫ +1

−1
cos(πNs)ds+R(c∥− c⊥)sin2

ψ

∫ +1

−1
cos(πNs)ds

=
2sin(πN)sin(ψ)

(πN)2 (cos2
ψc⊥+ sin2

ψc∥), (6.126)

B31 =
∫ +1

−1
r2Σ33 − r3Σ32ds = σR(cos2

ψc∥

+ sin2
ψc⊥)

∫ +1

−1
sin(πNs)ds−σ(c∥− c⊥)sinψ cos2

ψ

∫ +1

−1
scos(πNs)ds = 0, (6.127)

B32 =
∫ +1

−1
r3Σ31 − r1Σ33ds

=−(c∥− c⊥)sinψ cos2
ψ

∫ +1

−1
ssin(πNs)ds−R(cos2

ψc∥+ sin2
ψc⊥)

∫ +1

−1
cos(πNs)ds

=
2sin(πN)sin(ψ)

(πN)2

(
cos(2ψ)c⊥− (1+ cos(2ψ))c∥

)
+

sin(2ψ)cosψ cos(πN)

πN
(c∥−c⊥),

(6.128)



136 Asymptotic theory of hydrodynamic interactions between slender filaments

B33 =
∫ +1

−1
r1Σ32 − r2Σ31ds

= σR(c∥− c⊥)sinψ cosψ

∫ +1

−1
cos2(πNs)ds+σR(c∥− c⊥)sinψ cosψ

∫ +1

−1
sin2(πNs)ds

= σ
sin(ψ)sin(2ψ)

πN
(c∥− c⊥). (6.129)

Note that we have used the identity R = sinψ/(πN) to simplify the answers.
Finally, from Eqs. (6.25) and (6.26) we write down an equivalent definition of matrix D

as

Di j =
∫ +1

−1
εiklε jmnrk(s)Σln(s)rm(s)ds. (6.130)

Using the integrals from Appendix 6.C, we determine the components of matrix D, which
describes the torque exerted by a rotating filament:

D11 =
∫ +1

−1
(r2

2Σ33 + r2
3Σ22 −2r2r3Σ23)ds

= (cos2
ψc∥+ sin2

ψc⊥)R2
∫ +1

−1
sin2(πNs)ds

+ c⊥ cos2
ψ

∫ +1

−1
s2ds+(c∥− c⊥)sin2

ψ cos2
ψ

∫ +1

−1
s2 cos2(πNs)ds

−2(c∥− c⊥)Rsinψ cos2
ψ

∫ +1

−1
ssin(πNs)cos(πNs)ds

=
sin2

ψ

(πN)2

(
sin2

ψc⊥+ cos2
ψc∥

)
+

2
3

cos2
ψ

[(
1− 1

2
sin2

ψ

)
c⊥+

1
2

sin2
ψc∥

]
−sin2

ψ

[
c⊥

4sin(2πN)

(2πN)3 +(c∥− c⊥)cos2
ψ

(
−sin(2πN)

2πN
− 6cos(2πN)

(2πN)2 +
10sin(2πN)

(2πN)3

)]
,

(6.131)
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D22 =
∫ +1

−1
(r2

1Σ33 + r2
3Σ11 −2r1r3Σ13)ds

= (cos2
ψc∥+ sin2

ψc⊥)R2
∫ +1

−1
cos2(πNs)ds

+ c⊥ cos2
ψ

∫ +1

−1
s2ds+(c∥− c⊥)sin2

ψ cos2
ψ

∫ +1

−1
s2 sin2(πNs)ds

+2(c∥− c⊥)Rsinψ cos2
ψ

∫ +1

−1
ssin(πNs)cos(πNs)ds

=
sin2

ψ

(πN)2

(
sin2

ψc⊥+ cos2
ψc∥

)
+

2
3

cos2
ψ

[(
1− 1

2
sin2

ψ

)
c⊥+

1
2

sin2
ψc∥

]
+sin2

ψ

[
c⊥

4sin(2πN)

(2πN)3 +(c∥− c⊥)cos2
ψ

(
−sin(2πN)

2πN
− 6cos(2πN)

(2πN)2 +
10sin(2πN)

(2πN)3

)]
,

(6.132)

D33 =
∫ +1

−1
(r2

1Σ22 + r2
2Σ11 −2r1r2Σ12)ds

= R2c⊥
∫ +1

−1
(sin2(πNs)+ cos2(πNs))ds

+R2(c∥− c⊥)sin2
ψ

∫ +1

−1
(cos4(πNs)+ sin4(πNs)+2sin2(πNs)cos2(πNs))ds

=
2sin2

ψ

(πN)2 (cos2
ψc⊥+ sin2

ψc∥), (6.133)

D12 = D21 =
∫ +1

−1
(r2r3Σ13 + r1r3Σ23 − r1r2Σ33 − r2

3Σ12)ds

=−σ(c∥− c⊥)Rsinψ cos2
ψ

∫ +1

−1
ssin2(πNs)ds

+σ(c∥− c⊥)Rsinψ cos2
ψ

∫ +1

−1
scos2(πNs)ds

−σ(cos2
ψc⊥+ sin2

ψc∥)R
2
∫ +1

−1
sin(πNs)cos(πNs)ds

+σ(c∥− c⊥)sin2
ψ cos2

ψ

∫ +1

−1
s2 sin(πNs)cos(πNs)ds = 0, (6.134)
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D13 = D31 =
∫ +1

−1
(r2r3Σ12 + r1r2Σ23 − r1r3Σ22 − r2

2Σ13)ds

=−(c∥− c⊥)Rsin2
ψ cosψ

∫ +1

−1
ssin2(πNs)cos(πNs)ds

+(c∥− c⊥)R2 sinψ cosψ

∫ +1

−1
sin(πNs)cos2(πNs)ds

− c⊥Rcosψ

∫ +1

−1
scos(πNs)ds− (c∥− c⊥)Rsin2

ψ cosψ

∫ +1

−1
scos3(πNs)ds

+(c∥− c⊥)R2 sinψ cosψ

∫ +1

−1
sin3(πNs)ds = 0, (6.135)

D23 = D32 =
∫ +1

−1
(r1r3Σ12 + r1r2Σ13 − r2r3Σ11 − r2

1Σ23)ds

=−σ(c∥− c⊥)Rsin2
ψ cosψ

∫ +1

−1
ssin(πNs)cos2(πNs)ds

−σ(c∥− c⊥)R2 sinψ cosψ

∫ +1

−1
sin2(πNs)cos(πNs)ds

−σc⊥Rcosψ

∫ +1

−1
ssin(πNs)ds−σ(c∥− c⊥)Rsin2

ψ cosψ

∫ +1

−1
ssin3(πNs)ds

−σ(c∥− c⊥)R2 sinψ cosψ

∫ +1

−1
cos3(πNs)ds

=−σ sin(2ψ)

(πN)2

[(
cos(2ψ)c⊥+(1− cos(2ψ))c∥

) sin(πN)

πN

−
(
cos2

ψc⊥+ sin2
ψc∥

)
cos(πN)

]
. (6.136)

Appendix 6.B Calculating force moments from RFT

In this section we use RFT to calculate analytical expressions for the vector of force moments
m0 defined in Eqs. (6.42) and (6.51). In the body frame of a filament with centreline r(s)
and local resistance tensor ΣΣΣ(s), we have

(m0)1≤ j≤3 = (−2δk1δl1 +δk2δl2 +δk3δl3)
∫ +1

−1
rl(s)Σk j(s)ds, (6.137)

(m0)4≤ j≤6 = (−2δk1δl1 +δk2δl2 +δk3δl3)
∫ +1

−1
rl(s)Σkm(s)ε j−3,nmrn(s)ds.(6.138)
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The first component is

(m0)1 =
∫ +1

−1
−2r1Σ11 + r2Σ21 + r3Σ31ds. (6.139)

Substituting the components of r(s) from Eq. (6.3) and the values of ΣΣΣ(s) from Eqs. (6.107)-
(6.112), we find that

(m0)1 =−2Rc⊥
∫ +1

−1
cos(πNs)ds−3R(c∥− c⊥)sin2

ψ

∫ +1

−1
cos(πNs)sin2(πNs)ds

− (c∥− c⊥)sinψ cos2
ψ

∫ +1

−1
ssin(πNs)ds. (6.140)

Using the integrals in Appendix 6.C, Eqs. (6.152),(6.155) and (6.157), we determine that

(m0)1 =−2Rc⊥
2sin(πN)

πN
−3R(c∥− c⊥)sin2

ψ
2sin3(πN)

3πN

− (c∥− c⊥)sinψ cos2
ψ

(
−2cos(πN)

πN
+

2sin(πN)

(πN)2

)
. (6.141)

Finally, with the substitution R = sinψ/πN and notation (m0)1 = M1, we get

M1 = 2c⊥ sinψ

[
cos2

ψ

(
−cos(πN)

πN
+

sin(πN)

(πN)2

)
+ sin2

ψ
sin3(πN)

(πN)2 − 2sin(πN)

(πN)2

]
−2c∥ sinψ

[
cos2

ψ

(
−cos(πN)

πN
+

sin(πN)

(πN)2

)
+ sin2

ψ
sin3(πN)

(πN)2

]
. (6.142)

The next two components are zero

(m0)2 =
∫ +1

−1
−2r1Σ12 + r2Σ22 + r3Σ32ds = 0, (6.143)

(m0)3 =
∫ +1

−1
−2r1Σ13 + r2Σ23 + r3Σ33ds = 0, (6.144)

because each term in the integrals is an odd function of s.
The fourth component is

(m0)4 =
∫ +1

−1
−2r1(Σ13r2−Σ12r3)+r2(Σ23r2−Σ22r3)+r3(Σ33r2−Σ32r3)ds = 0. (6.145)



140 Asymptotic theory of hydrodynamic interactions between slender filaments

We group terms according to their s dependence as

(m0)4 =
∫ +1

−1
(−2r1r2Σ13 + r2

2Σ23)ds+
∫ +1

−1
(2r1r3Σ12 + r2r3(Σ33 −Σ22))ds

−
∫ +1

−1
r2

3Σ23ds. (6.146)

After substituting the components of r(s) from Eq. (6.3) and the values of ΣΣΣ(s) from
Eqs. (6.107)-(6.112), this becomes

(m0)4 = σ(c∥− c⊥)
[

3R2 sinψ cosψ

∫ +1

−1
cos(πNs)sin2(πNs)ds

+Rcos3
ψ

∫ +1

−1
ssin(πNs)ds−3Rsin2

ψ cosψ

∫ +1

−1
ssin(πNs)cos2(πNs)ds

−sinψ cos3
ψ

∫ +1

−1
s2 cos(πNs)ds

]
. (6.147)

Using the integrals in Appendix 6.C, Eqs. (6.155),(6.157),(6.159) and (6.160), we determine
that

(m0)4 = σ(c∥− c⊥)
[

3R2 sinψ cosψ
2sin3(πN)

3πN

+Rcos3
ψ

(
−2cos(πN)

πN
+

2sin(πN)

(πN)2

)
−3Rsin2

ψ cosψ

(
−2cos3(πN)

3πN
+

2sin(πN)

3(πN)2 − 2sin3(πN)

9(πN)2

)
−sinψ cos3

ψ

(
2sin(πN)

πN
+

4cos(πN)

(πN)2 − 4sin(πN)

(πN)3

)]
. (6.148)

Finally, with the substitution R = sinψ/πN and notation (m0)4 = M4, we get

M4 = σ(c∥− c⊥)sin(2ψ)

[
cos2

ψ

(
−sin(πN)

πN
− 3cos(πN)

(πN)2 +
3sin(πN)

(πN)3

)
+sin2

ψ

(
cos3(πN)

(πN)2 +
4sin3(πN)

3(πN)3 − sin(πN)

(πN)3

)]
. (6.149)

The next two components are also zero

(m0)5 =
∫ +1

−1
−2r1(Σ11r3−Σ13r1)+r2(Σ21r3−Σ23r1)+r3(Σ31r3−Σ33r1)ds = 0, (6.150)
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(m0)6 =
∫ +1

−1
−2r1(Σ12r1−Σ11r2)+r2(Σ22r1−Σ21r2)+r3(Σ32r1−Σ31r2)ds = 0, (6.151)

because each term in the integrals is an odd function of s.

Appendix 6.C Useful integrals

We provide some useful integrals for the RFT calculations in Appendices 6.A and 6.B.

∫ +1

−1
cos(πNs)ds =

2sin(πN)

πN
, (6.152)∫ +1

−1
sin2(πNs)ds = 1− sin(2πN)

2πN
, (6.153)∫ +1

−1
cos2(πNs)ds = 1+

sin(2πN)

2πN
, (6.154)∫ +1

−1
sin2(πNs)cos(πNs)ds =

2sin3(πN)

3πN
, (6.155)∫ +1

−1
cos3(πNs)ds =

2sin(πN)

πN
− 2sin3(πN)

3πN
, (6.156)∫ +1

−1
ssin(πNs)ds =−2cos(πN)

πN
+

2sin(πN)

(πN)2 , (6.157)∫ +1

−1
ssin(πNs)cos(πNs)ds =−cos(2πN)

2πN
+

sin(2πN)

(2πN)2 , (6.158)∫ +1

−1
ssin(πNs)cos2(πNs)ds =−2cos3(πN)

3πN
+

2sin(πN)

3(πN)2 − 2sin3(πN)

9(πN)2 ,(6.159)∫ +1

−1
s2 cos(πNs)ds =

2sin(πN)

πN
+

4cos(πN)

(πN)2 − 4sin(πN)

(πN)3 , (6.160)∫ +1

−1
s2 sin2(πNs)ds =

1
3
−
[

sin(2πN)

2πN
+

2cos(2πN)

(2πN)2 − 2sin(2πN)

(2πN)3

]
, (6.161)∫ +1

−1
s2 cos2(πNs)ds =

1
3
+

[
sin(2πN)

2πN
+

2cos(2πN)

(2πN)2 − 2sin(2πN)

(2πN)3

]
. (6.162)

In addition to these, we point out that

∫ +1

−1
s j sink(πNs)cosl(πNs)ds = 0, (6.163)

for any non-negative integer powers j,k, l so long as j+k ≡ 1 (mod2), because the integrand
is an odd function of s.
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Appendix 6.D Validation of computational method

In order to validate our implementation of slender-body theory (SBT), we carry out four
different tests. For the implementation of single-filament dynamics (i.e. standard SBT),
we verify our computations against classical results for prolate spheroids (Fig. 6.13), semi-
circular arcs (Fig. 6.14) and helices (Fig. 6.15). In all three cases, our implementation of
SBT is in excellent agreement with results published in the literature. To test cross-filament
interactions, we compare the hydrodynamic resistance of two helical filaments placed head-
to-head and that of a single helical filament with twice the length (Fig. 6.16). The relative
error between the two setups decays with decreasing distance between the two half-filaments,
thus validating our implementation of cross-filament HIs as well.

To determine the appropriate level of truncation in our Galerkin method implementation
of SBT, we perform self-convergence tests for a single helical filament. In Fig. 6.17, we vary
the number of Legendre polynomial modes from 10 to 20, and we compare the resistance
matrix at a given number of modes, NLegendre, with the most refined numerical solution
available, i.e. NLegendre = 20. The results of the self-convergence test for a helix with four
helical turns suggest that a truncation level of NLegendre = 15 is sufficient to obtain 99%
accuracy. Unless otherwise stated, this is the level of truncation used for the simulations
presented in this chapter.
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𝑈

𝑈

Ω Ω

Fig. 6.13 Tests for a prolate spheroid. Verifying our implementation of SBT against the
exact solution for spheroids [26]. In our implementation of SBT, we truncate the numerical
solution to five Legendre polynomial modes, NLegendre = 5.
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Fig. 6.14 Tests for a semi-circular filament. (a) Verifying our implementation of SBT (red
circles) against Johnson’s asymptotic solution (solid line) from Eq. (36) in Ref. [105]. The
quantity being plotted is the vertical component of the force density exerted by a horizontal
semi-circular filament, with slenderness ε = 0.1, translating vertically as shown in the inset.
(b) Verifying our implementation of SBT (red circles) against Johnson’s SBT computations
(solid line) and two asymptotic solutions (dashed lines) by Cox [32] and Johnson [105]. The
quantity being plotted is the drag force per unit length on a semi-circular filament, with
slenderness ε = 0.1, translating along its axis of symmetry as shown in the inset. For both
(a) and (b), we use a truncation of NLegendre = 10 in our implementation of SBT. In (b), our
results are overlaid onto Fig. 4 from Ref. [105].
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Fig. 6.15 Tests for a helical filament. Verifying our implementation of SBT (red circles)
against Lighthill’s exact solution for infinite helices (dashed line) [131] and Johnson’s SBT
(solid line) [105]. The three data series represent the tangential ( fs), normal ( fn) and binormal
( fb) components of the force density along a helix (with a prolate spheroidal cross-section)
that is translating and rotating about its axis of symmetry such that the net force along the
axis is zero. Helix parameters: (a) five helical turns, ε = 0.0021, ψ = 1.0039 rad; (b) one
helical turn, ε = 0.0107, ψ = 1.0039 rad. In our implementation of SBT, we truncate the
solution to NLegendre = 25 Legendre polynomial modes. Our results are overlaid onto Fig. 6
from Ref. [105].
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Fig. 6.16 Tests for cross-filament HIs. We compare the hydrodynamic resistance of two
interacting helical filaments, having two helical turns each and placed head-to-head (H2H),
with that of one helical filament that has four helical turns (ONE). In the limit δ → 0, the two
problems are identical. We plot (on a log-linear scale) the relative errors in the coefficients of
the resistance matrix A33 = Fz/Uz (blue circles), B33 = Fz/Ωz (purple rightward triangles),
A11 = Fx/Ux (yellow upward triangles) and D33 = Tz/Ωz (orange squares). The relative error
is defined as |1−H2H/ONE| and decays with decreasing separation δ , thus validating our
implementation of cross-filament HIs. Helix parameters: ψ = 0.5043 rad, ε = 0.0024 (for
N = 4 helical turns) and ε = 0.0048 (for N = 2 helical turns).
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Fig. 6.17 Self-convergence test for a single helical filament. The percentage errors in
A33 = Fz/Uz (blue circles), B33 = Fz/Ωz (purple rightward triangles), A11 = Fx/Ux (yellow
upward triangles) and D33 = Tz/Ωz (orange squares) are calculated at each number of
Legendre modes relative to the most accurate numerical solution available, in this case
NLegendre = 20. Helix parameters: ψ = 0.5043 rad, ε = 0.0038, N = 4 helical turns.





Chapter 7

Hydrodynamic synchronisation of
rotating bacterial flagella

In this chapter, we combine the theory for hydrodynamic interactions from Chapter 6 with a
multiple scales analysis in order to rigorously coarse-grain the equations of motion of two
rotating bacterial flagella into an evolution equation for their phase difference. We find that
hydrodynamic interactions generically lead to in-phase synchronisation, at a rate dependent
on the helical geometry of the filaments and the strength of elastic compliance. We verify our
theoretical predictions using numerical simulations, and we provide an illustrated explanation
of the physical mechanism that leads to synchronisation. Finally, we discuss the biophysical
implications of our results for bacterial flagella by considering (i) how the elasticity of the
hook and flagellar filament relate to the optimum elastic compliance for synchronisation, and
(ii) a comparative analysis of the four most common bacterial polymorphic shapes.

7.1 Introduction

Synchronisation pervades the living world, often in the form of coordination between mem-
bers of the same species, such as crickets chirping in unison [219] and fireflies flashing
together in large numbers [194]. Both are examples of pulse-coupled biological oscillators
and have been studied theoretically [151]. When it comes to human behaviour, hyperscanning
methods such as fMRI are starting to shed light on the inter-brain synchronisation of motor
and cognitive processes due to social interactions [33], while the advent of social media is
giving us the opportunity to observe global patterns of synchronisation in human commu-
nications [154]. Synchronisation is also very important for the regulation of physiological
processes within the same organism. Examples include the pacemaker cells in the heart
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[99, 150], the insulin secreting cells in the pancreas [192] and the neuro-muscular oscillators
that generate contractions in the small intestine [165].

One area of research where synchronisation plays a particularly important role is locomo-
tion. Whenever an organism uses multiple periodically-actuated limbs or flagella to generate
motion, there is a necessity for some form of coordination between them, as we have from the
geometrical constraints on bundling discussed in Chapter 5. The emergence of animal gaits
such as the trot or the gallop can be explained, on a conceptual level, using the symmetries
of a fixed number of limbs modelled as coupled nonlinear oscillators [30]. Microscopic
equivalents of these quadrupedal gaits have also been observed in quadriflagellate algae from
the genus Pyramimonas [220]. In the same microscopic world, biflagellate algae such as
Chlamydomonas reinhardtii swim forward using a synchronous breast-stroke beating of their
flagella [66, 167], while the cilia covering the body of Paramecium self-organise their beating
into metachronal waves [136]. In micro-organisms such as these, the synchronisation of
swimming appendages is achieved passively, without the control of a central nervous system
that is plausibly involved in the generation of locomotory patterns in vertebrates [29].

7.1.1 Synchronisation of eukaryotic flagella

Depending on the organism, the passive synchronisation of eukaryotic flagella and cilia is
promoted by factors including direct hydrodynamic interactions between the filaments [17],
an elastic coupling through the basal bodies [75, 173, 220], steric interactions [24], and the
coupling of the filaments to the motion of the cell body [7, 62]. Theoretically, the formation
of metachronal waves (MCWs) in arrays of cilia is best approached using mean field models
[73], due to the sheer size and density of ciliary carpets. MCWs have also been successfully
simulated numerically [52] and recreated in the laboratory [70]. Simplified models of ciliary
synchronisation have also been proposed, in which the tip of the cilium is modelled by a
sphere undergoing periodic motion above a rigid surface, which represents the cell body
[16, 159, 203, 211, 212, 216]. More abstract models of hydrodynamic synchronisation
simply consider the interactions between driven colloidal oscillators in an infinite fluid, also
called rowers [78, 226], a setup that has also been reconstructed in experiments [120]. If
the modelling is focused on the synchronisation of two beating cilia, instead of an entire
ciliary carpet, it becomes possible to study mechanistic models that take into account the
full elastohydrodynamic evolution of the shape of the filament [22, 65, 74, 75, 141] and, in
some studies, also the details of internal actuation from the dynein motors [22, 72]. Other
studies have solved a two-dimensional version of this problem, using Taylor’s waving sheet
as a model for a beating flagellum [50, 51, 130, 163].



7.1 Introduction 151

7.1.2 Synchronisation of bacterial flagella

Compared to eukaryotic flagella, the synchronisation of rotating bacterial flagella is relatively
less well understood from an analytical and physical standpoint. What we do know from
computational studies is that, in addition to hydrodynamic interactions, it is also necessary to
have some degree of elastic compliance, since hydrodynamically-coupled helices rotating
rigidly about a fixed axis do not synchronise [111, 175]. Computational studies have also
revealed that the balance between bundling and synchronisation times depends strongly on the
initial separation between the rotating helical filaments [176], and that the filaments can slip
out of synchrony if they are driven by unequal torques [177]. The critical torque difference
for slippage was also found to depend on the distance between the filaments, which directly
affects the strength of hydrodynamic coupling between the oscillators. Experimental studies
on the topic of synchronisation between rotating objects include systems of light-driven
microrotors [44] and of macroscopic-scale rotating paddles [171]. One case that has been
studied analytically is a minimal model of synchronisation between two rotating paddles that
are coupled hydrodynamically to each other, and elastically to the motors that drive them
[171].

Synchronisation is especially important for multiflagellated bacteria like Escherichia coli,
whose flagellar filaments gather in a bundle at the back of the cell body as the bacterium
swims forward. In order for the bundle to operate smoothly, without collisions between the
filaments, the phase difference between the filaments must be smaller than a critical value
dependent on their helical geometry and separation. The geometric constraint for parallel
filaments was first discussed by Macnab [138], while the constraints for a converging bundle
of filaments were derived in Chapter 5. The level of synchronisation between filaments
is expected to influence the propulsive efficiency of the bundle, while intermittent loss of
synchronisation may contribute to the initiation of tumbling events [40, 177]. With increased
synchronisation, a cell of the same size could accommodate a higher number of flagellar
filaments, leading to a potential increase in swimming speed [158].

7.1.3 Current approach

Because the bacterial flagellum is fundamentally different in its actuation, shape and rigidity,
we expect that the analytical models proposed for ciliary synchronisation, in which the tip of
a beating flagellum is modelled as a rotating bead [159, 211], may not be able to capture the
essential features of synchronisation between bacterial flagella. In this chapter, we propose a
reduced model of the bacterial flagellum which preserves the salient features of the organelle:
a rotary motor [196] which applies a constant torque about the axis of the flagellar filament,
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a flexible hook [188] which exerts an elastic restoring force, and a rigid flagellar filament
with helical geometry [81]. Since bacterial flagellar filaments have a helical amplitude much
smaller than their length, their resistance to rotation about their own axis is much smaller than
their resistance to translations. We find that, in the absence of hydrodynamic interactions,
this distinctive feature of bacterial flagella leads to intrinsic kinematics of the filaments that
cannot be captured by a spherical bead, and these leading-order kinematics influence the
dynamics of synchronisation in an essential way.

7.2 Mathematical modelling

In this section we introduce our minimal setup for the hydrodynamic synchronisation of two
rotating helical filaments, we write down the systems of equations relating the dynamics
and the kinematics of the filaments, and we solve the equations of motion in the far-field
(i.e. the distance between the filaments being greater than their contour length) by exploiting
the separation of time scales between the rotation of the filaments and their synchronisation.

7.2.1 Minimal setup for synchronisation

In contrast to earlier studies on synchronisation, our analytical model takes into account the
full helical geometry of the flagellar filament. This geometry is depicted in Fig. 7.1 (a), where
all lengths have been rescaled such that the dimensionless contour length of the filament is
L = 2, with the arc length, s, covering the interval (−1,+1) from one end of the filament to
the other. The diagram also indicates the dimensionless helical radius, R, and helical pitch,
p, which are related to the pitch angle, ψ , and the number of helical turns, N, through the
expressions

R =
sinψ

πN
, p =

cosψ

N
. (7.1)

The final geometric parameter is the dimensionless cross-sectional radius of the filament,
ε . For a bacterial flagellar filament with diameter 24 nm [222] and typical length 6 µm, the
aspect ratio ε = 0.004 is very small indeed.

Our minimal model of synchronisation, illustrated in Fig. 7.1 (b), consists of two identical
and elastically-tethered helices rotating about their own axes. The tethering points are sepa-
rated by a distance d > L along the x axis, and the filaments are coupled hydrodynamically
through the fluid. In order for the kinematics to be analytically tractable, we restrict the
motion of the helices to only two degrees of freedom for each filament: a phase φ j describing
the rotation about the vertical axis, and a displacement x j describing sideways translations.
The system evolves due to a constant driving torque, T̃0ez, and an elastic restoring force,
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Fig. 7.1 Geometric and dynamical setup. (a) Dimensionless parameters describing the helical
geometry of the flagellar filament, rescaled such that the contour length of the filament is
L = 2. The body-fixed frame {e1,e2,e3} is shown in purple. The phase φ describes the
rotation of the helix around its own axis, e3, which remains vertical for all time. (b) Minimal
setup for synchronisation includes a constant driving torque, T0, about the axis of the filament,
and an elastic restoring force with strength K, which pulls the axis of the filament back to a
reference position. The reference positions of the two helical axes are separated by a distance
d > L along the x direction, and the helical axes are allowed to oscillate in the x direction
only. In our simulations, we initialise the filaments with phases φ1 = 0,φ2 = π/2.
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−k̃x̃ jex, applied to each filament. Unless otherwise stated, we will use tildes to denote the
dimensional counterpart of every dimensionless quantity throughout the chapter.

We make the problem fully dimensionless by measuring forces in units of 2T̃0/L̃ and
time in units of µ̃L̃3/8T̃0. This is equivalent to taking T0 = 1 and µ = 1 in dimensionless
terms, in addition to the contour length of the filament, L = 2, that we introduced earlier.
This non-dimensionalisation step introduces a key dimensionless parameter

k =
k̃L̃2

4T̃0
, (7.2)

which encapsulates the dynamical mechanism acting on the filament (rotary motor and
flexible hook).

7.2.2 Hydrodynamic interactions

The Reynolds number for a flagellar filament of length L̃ = 6 µm, rotating on a time scale
t̃rot = 10−2 s in a fluid with dynamic viscosity µ̃ = 1 mPa·s and density ρ̃ = 103 kg·m−3

(water at 20◦ C) is very small, Re = ρ̃L̃2/µ̃ t̃rot = 3.6× 10−3. This means that we find
ourselves in the Stokes flow regime where inertia is negligible, and the forces exerted by
the filaments on the fluid are linearly proportional to their velocities. For the case of two
rigid filaments, this linear relationship can be expressed as a matrix equation involving an
extended resistance matrix,

F1

T1

F2

T2

=

(
S(x1,x2,p1,p2) C(x1,x2,p1,p2)

C(x2,x1,p2,p1) S(x2,x1,p2,p1)

)
U1

ΩΩΩ1

U2

ΩΩΩ2

 , (7.3)

where F j and T j are the hydrodynamic forces and torques exerted by the filaments on the
fluid. The matrix S stands for self-induced dynamics and tells us how each filament responds
to its own motion, while the matrix C represents cross-interactions between the filaments and
tells us how the forces and torques exerted by one filament depend on the linear and angular
velocities of the second filament. We have made it explicit that the resistance matrices
depend on the positions, x j, and orientations, p j, of the two filaments. The orientations of
the filaments will be defined by the phase angles, φ j, as described in §2.1.1.

In our earlier work from Chapter 6, we have calculated analytical expressions for the
extended resistance matrix of two rigid slender filaments in the form of a series expansion in
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inverse powers of the distance between the filaments,

S(x1,x2,p1,p2) = S(0)(p1)+d−2S(2)(d̂,p1,p2)+O(d−3), (7.4)

C(x1,x2,p1,p2) = d−1C(1)(d̂,p1,p2)+d−2C(2)(d̂,p1,p2)+O(d−3), (7.5)

where d̂ is the unit vector in the direction d = x2 −x1 from the centre of the first filament
to the centre of the second filament. If the filaments are tethered sufficiently far apart, the
distance between their centres is, to leading order, the same as the distance between their
tethering points, so d̂ = ex. This expansion is valid in the regime d > L.

For the present work on synchronisation, it is sufficient to consider the hydrodynamic
interactions up to and including O(d−1), which is where the relevant dynamics happen. In
our setup, the orientation of the filaments is uniquely determined by the phase angles φ j

about the vertical axis, so we write down the simplified linear system
F1

T1

F2

T2

=

(
S(0)(φ1) d−1C(1)(ex,φ1,φ2)

d−1C(1)(−ex,φ2,φ1) S(0)(φ2)

)
U1

ΩΩΩ1

U2

ΩΩΩ2

 . (7.6)

The reason why we are able to make analytical progress is that both S(0)(φ1) and
C(1)(ex,φ2,φ1) can be written in terms of a single building block. This fundamental build-
ing block is the single-filament resistance matrix calculated in the body-fixed frame of the
filament,

S0 =

(
A B
BT D

)
. (7.7)

Because the filaments are slender (ε ≪ 1), the coefficients of this resistance matrix can be
calculated using the well-established methods of resistive-force theory (RFT) [69, 79, 132]
or slender-body theory (SBT) [32, 105, 131]. In Appendix §7.A, we provide a summary of
analytical expressions for those components of S0 needed in this chapter.

Note that S0 is equivalent to S(0)(φ) at phase angle φ = 0, when the body-fixed frame
{e1,e2,e3} coincides with the laboratory frame {ex,ey,ez} – see Fig. 7.1 (a). For any other
orientation of the filament, S(0)(φ) can be obtained from S0 by applying a block-by-block
rotation,

S(0)(φ) =

(
QAQT QBQT

QBT QT QDQT

)
Q(φ) =

cosφ −sinφ 0
sinφ cosφ 0

0 0 1

 . (7.8)
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Finally, the hydrodynamic interactions between the two filaments are captured by the
leading-order term in the cross-interaction matrix,

d−1C(1)
i j (ex,φ1,φ2) =−S(0)im (φ1)

(I+ exex)mn

8πµd
S(0)n j (φ2), (7.9)

where the free indices i and j run from 1 to 6, but the repeated indices m and n are summed
over from 1 to 3. The mathematical derivation and physical interpretation of this result is
given in Chapter 6.

The sum over the repeated indices can be expanded out into the result

d−1C(1)
i j (φ1,φ2) =−

2S(0)i1 (φ1)S
(0)
1 j (φ2)+S(0)i2 (φ1)S

(0)
2 j (φ2)+S(0)i3 (φ1)S

(0)
3 j (φ2)

8πµd
, (7.10)

where S(0)i j (φ) can be determined from Eq. (7.8) and the relevant components of the matrices
A, B and D provided in Appendix 7.A.

7.2.3 Governing equations

By projecting the full set of equations, Eq. (7.6), onto the four degrees of freedom in our
system (two phases and two lateral displacements) and substituting the dimensionless values
of the driving torque, T j = T0ez, and elastic restoring force, F j =−kx jex, applied to each
filament, we arrive at the following governing equations

−kx1

T0

−kx2

T0

=

(
S̃(φ1) C̃(φ1,φ2)

C̃(φ2,φ1) S̃(φ2)

)
ẋ1

φ̇1

ẋ2

φ̇2

 , (7.11)

where we have introduced the notation

S̃(φ) =

(
S(0)11 (φ1) S(0)16 (φ1)

S(0)61 (φ1) S(0)66

)
, C̃(φ1,φ2) = d−1

(
C(1)

11 (φ1,φ2) C(1)
16 (φ1,φ2)

C(1)
61 (φ1,φ2) C(1)

66 (φ1,φ2)

)
. (7.12)

Note that this is the only place in the chapter where we use tildes to denote something other
than dimensional counterparts of dimensionless quantities.

The left-hand side of Eq. (7.11) represents the forces and torques applied to the filaments
by an external mechanism (in our case, an idealised version of the bacterial flagellar motor
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and the hook). The right-hand side of Eq. (7.11) represents the forces and torques applied
by the filament to the fluid, which are the opposite of the hydrodynamic forces and torques
exerted by the fluid on the filaments. Hence, by bringing all the terms to the left-hand side,
we see that Eq. (7.11) rests on the assumption that the filaments are force-free, so that the
forces applied to them by the external mechanism are exactly balanced out by the viscous
drag on the filaments.

7.2.4 Intrinsic kinematics of a single helical filament

We start by solving for the intrinsic motion of a single rotating helix in the absence of
hydrodynamic interactions. In the limit d → ∞, Eq. (7.11) gives(

−kx j

T0

)
= S̃(φ j)

(
ẋ j

φ̇ j

)
. (7.13)

Using Eqs. (7.8) and (7.12), we write down the reduced resistance matrix

S̃(φ) =

(
A0 +∆Acos(2φ) −B23 sin(φ)
−B23 sin(φ) D33

)
, (7.14)

where we have introduced the notation A0 = (A11 +A22)/2 and ∆A = (A11 −A22)/2. To
invert this matrix and obtain the time evolution of x j and φ j, we exploit a separation of scales
between the coefficients A0,∆A,B23 and D33. From the analytical expressions in Appendix
7.A, we write down how these coefficients scale with the number of helical turns of the helix,
N, at a fixed pitch angle, ψ ,

A0 ∼ O(1), (7.15)

∆A ∼ O((πN)−1), (7.16)

B23,D33 ∼ O((πN)−2). (7.17)

For bacterial flagella, a filament of length 8µm in the normal polymorphic form corresponds
to (πN)−1 ≈ 0.1 (or more, for the other polymorphic forms), so we may reasonably compute
the inverse matrix S̃−1(φ) as a series expansion in powers of (πN)−1,

S̃−1(φ) = Ŝ2(φ)+ Ŝ0(φ)+O
(
(πN)−1) . (7.18)
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From Eqs. (7.14)-(7.17), we find the first two coefficients

Ŝ2(φ) =

(
0 0
0 D−1

33

)
∼ (πN)2, (7.19)

Ŝ0(φ) =

(
A−1

0 A−1
0 B23D−1

33 sin(φ)

A−1
0 B23D−1

33 sin(φ) A−1
0
(
B23D−1

33 sin(φ)
)2

)
∼ (πN)0. (7.20)

At leading order, O((πN)2), the motion of the helix is given by(
ẋ j

φ̇ j

)
=

(
0 0
0 D−1

33

)(
−kx j

T0

)
, (7.21)

so the lateral velocity, ẋ j, is zero at this order, but the phase angle evolves as

φ j(t) = φ j(0)+Ω0t, Ω0 =
T0

D33
. (7.22)

For the lateral displacement, the leading-order effect comes from the O((πN)0) terms,

ẋ j =− k
A0

x j +
B23T0

A0D33
sin(φ j). (7.23)

After multiplying by an integrating factor, we find the solution

x j(t) =
B23T0

A0D33
e−kt/A0

∫ t
eks/A0 sin(φ j)ds. (7.24)

The integration can be carried out by parts using the fact that φ̇ j = T0D−1
33 at leading order,

and we find

x j(t) = X je−kt/A0 +
B23T0

A0D33
×

kA−1
0 sin(φ j)−T0D−1

33 cos(φ j)

k2A−2
0 +T 2

0 D−2
33

. (7.25)

Once the initial transients have decayed, and the helix has settled into its preferred oscillatory
motion, the solution is

x j(t)≈
B23

A0
×

K sin(φ j)− cos(φ j)

K2 +1
, K =

kD33

A0T0
. (7.26)
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For reasons that will become clearer when we discuss the physical mechanism for synchroni-
sation, but also to make the algebra more compact, we rewrite this expression as

x j(t)≈ ρ(K)cos(φ j −ν(K)), (7.27)

where the amplitude, ρ , and the phase lag, ν , depend on the strength of the elastic tethering,

ρ(K) =
B23

A0
√

K2 +1
, ν(K) = tan−1(−K) ∈

(
π

2
,π
)
. (7.28)

Note that the amplitude of the oscillations tends to zero as K → ∞, which is to be expected in
the limit of infinitely strong elastic tethering strength. Furthermore, the lateral displacement
lags behind cos(φ j), which can be interpreted as the x component of the body-frame vector
e1(φ j) - see Fig. 7.1.

In summary, the intrinsic kinematics of an elastically-tethered rotating filament is to
rotate about the vertical axis with angular velocity Ω0 = T0

D33
(constant at leading order),

while the axis of the filament oscillates left and right, lagging behind the rotation of the helix
by an angle between π/2 and π . Notably, there is a one-way coupling between the lateral
displacement and the phase angle of the filament, at leading order.

7.2.5 Multiple scales analysis

Now that we understand the intrinsic kinematics of each filament rotating in isolation, we
consider how the two filaments behave when they rotate next to each other. To this end,
we must invert the extended resistance matrix from Eq. (7.11), including the interaction
terms. Note that the elements of S̃ are of O(d0) while the elements of C̃ are of O(d−1). In
the far-field limit, d ≫ 1, we calculate the inverse of the extended resistance matrix as an
asymptotic series expansion in d, writing

(
S̃(φ1) C̃(φ1,φ2)

C̃T (φ1,φ2) S̃(φ2)

)−1

=

(
S̃−1(φ1) 0

0 S̃−1(φ2)

)

+

(
0 −S̃−1(φ1)C̃(φ1,φ2)S̃−1(φ2)

−S̃−1(φ2)C̃(φ2,φ1)S̃−1(φ1) 0

)
+O(d−2). (7.29)

Therefore, the dynamical system describing the evolving kinematics of the first helix is(
ẋ1

φ̇1

)
= S̃−1(φ1)

(
−kx1

T0

)
− S̃−1(φ1)C̃(φ1,φ2)S̃−1(φ2)

(
−kx2

T0

)
+O(d−2). (7.30)
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Because our setup is symmetric, the second helix evolves according to exactly the same
equations with the indices swapped around.

Guided by observations from the numerical simulation of the system, and in accordance
with the wider literature on the topic of hydrodynamic synchronisation, we assume that
there is a separation of time scales between the fast time t for the rotation of the helix,
and the slower time τ = d−1t on which the phase difference changes (the time scale for
synchronisation). This separation of time scales allows us to analyse Eq. (7.30) using the
method of multiple scales [84].

We express the independent variables in our system as

x j(t) = x(0)j (t,τ)+d−1x(1)j (t,τ)+O(d−2), (7.31)

φ j(t) = φ
(0)
j (t,τ)+d−1

φ
(1)
j (t,τ)+O(d−2), (7.32)

with time derivatives

ẋ j(t) =
∂x(0)j

∂ t
+d−1

∂x(0)j

∂τ
+

∂x(1)j

∂ t

+O(d−2), (7.33)

φ̇ j(t) =
∂φ

(0)
j

∂ t
+d−1

∂φ
(0)
j

∂τ
+

∂φ
(1)
j

∂ t

+O(d−2). (7.34)

To leading order, Eq. (7.30) gives the dynamical system(
∂x(0)1 /∂ t

∂φ
(0)
1 /∂ t

)
= S̃−1(φ

(0)
1 )

(
−kx(0)1

T0

)
, (7.35)

which we have solved in Section 7.2.4 for a single time scale. The second time scale can be
incorporated into our solution from Eq. (7.22) by letting the constant of integration, φ j(0),
vary on the slow time scale, τ , which leads to

φ
(0)
j (t,τ) = φ̂ j(τ)+Ω0t. (7.36)

The one-way coupling between lateral displacement and phase angle is preserved, at leading
order, so

x(0)j (t,τ)≈ ρ(K)cos(φ (0)
j −ν(K)), (7.37)

once the initial transients have decayed exponentially.
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7.2.6 Kinematic perturbation due to hydrodynamic interactions

The process of synchronisation relies on the intrinsic kinematics of the filaments being
perturbed by hydrodynamic interactions. Hence, we must consider the first-order terms in
Eq. (7.30), which give the dynamical system(

∂x(0)1 /∂τ +∂x(1)1 /∂ t

∂φ
(0)
1 /∂τ +∂φ

(1)
1 /∂ t

)
= S̃−1(φ

(0)
1 )

(
−kx(1)1

0

)
+φ

(1)
1

∂ S̃−1

∂φ
(φ

(0)
1 )

(
−kx(0)1

T0

)

− S̃−1(φ
(0)
1 )

[
dC̃(φ

(0)
1 ,φ

(0)
2 )
]

S̃−1(φ
(0)
2 )

(
−kx(0)2

T0

)
. (7.38)

Due to the one-way coupling between the lateral displacement and the phase angle, we
can eliminate the variables x(0)1 and x(0)2 from this system using Eq. (7.37), to find that

(
1 −ρ sin(φ (0)

1 −ν)

0 1

)(
∂x(1)1 /∂ t

∂φ
(0)
1 /∂τ

)
+

(
0

∂φ
(1)
1 /∂ t

)

= S̃−1(φ
(0)
1 )

(
−kx(1)1

0

)
+φ

(1)
1

∂ S̃−1

∂φ
(φ

(0)
1 )

(
−kρ cos(φ (0)

1 −ν)

T0

)

− S̃−1(φ
(0)
1 )

[
dC̃(φ

(0)
1 ,φ

(0)
2 )
]

S̃−1(φ
(0)
2 )

(
−kρ cos(φ (0)

2 −ν)

T0

)
. (7.39)

This system is under-determined since we have two coupled equations with three unknown
functions to solve for: φ

(0)
1 ,x(1)1 and φ

(1)
1 . A standard way to resolve this is to invoke a

solvability condition that ensures our asymptotic expansion from Eqs. (7.31)-(7.32) remains
valid at large times. In other words, we need to ensure that the first-order correction φ

(1)
1

remains bounded for large time t.
In Appendix 7.B, we provide the full derivation of the solvability condition which says

that the terms proportional to φ
(1)
1 in Eq. (7.39) must vanish. Therefore, we arrive at a

two-dimensional system of equations for φ
(0)
1 and x(1)1 only,

(
1 −ρ sin(φ (0)

1 −ν)

0 1

)(
∂x(1)1 /∂ t

∂φ
(0)
1 /∂τ

)
= S̃−1(φ

(0)
1 )

(
−kx(1)1

0

)

− S̃−1(φ
(0)
1 )

[
dC̃(φ

(0)
1 ,φ

(0)
2 )
]

S̃−1(φ
(0)
2 )

(
−kρ cos(φ (0)

2 −ν)

T0

)
. (7.40)
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As previously done for the matrix S̃−1(φ) in Section 7.2.4, we calculate S̃−1(φ1)C̃(φ1,φ2)S̃−1(φ2)

as a series expansion in the small parameter (πN)−1,

S̃−1(φ1)
[
dC̃(φ1,φ2)

]
S̃−1(φ2) = M2(φ1,φ2)+M0(φ1,φ2)+O

(
(πN)−1) , (7.41)

with the first two coefficients equal to

M2(φ1,φ2) = − 1
8πµ

(
0 0
0 B2

33D−2
33

)
, (7.42)

M0(φ1,φ2) = − 1
8πµ

(
2 0
0 B2

23D−2
33 cos(φ1)cos(φ2)

)
. (7.43)

The full derivation of these terms is provided in Appendix 7.C.
After substituting the results of Eqs. (7.18)-(7.20) and Eqs. (7.41)-(7.43) into Eq. (7.40),

we find that(
1 −ρ sin(φ (0)

1 −ν)

0 1

)(
∂x(1)1 /∂ t

∂φ
(0)
1 /∂τ

)
=− k

A0
x(1)1

(
1

B23D−1
33 sin(φ (0)

1 )

)

+
1

8πµ

(
−2kρ cos(φ (0)

2 −ν)

B2
33D−2

33 T0 +B2
23D−2

33 T0 cos(φ (0)
1 )cos(φ (0)

2 )

)
+O((πN)−1). (7.44)

Next, after inverting on the left-hand side, we have(
∂x(1)1 /∂ t

∂φ
(0)
1 /∂τ

)
≈

(
1 ρ sin(φ (0)

1 −ν)

0 1

)

×

 −kA−1
0 x(1)1 − k

4πµ
ρ cos(φ (0)

2 −ν)

− kB23
A0D33

x(1)1 sin(φ (0)
1 )+

B2
33T0

8πµD2
33
+

B2
23T0

8πµD2
33

cos(φ (0)
1 )cos(φ (0)

2 )

 , (7.45)

where the × sign represents standard matrix-vector multiplication in this case. From this we
obtain immediately the slow evolution of the phase,

∂φ
(0)
1

∂τ
=

B2
33T0

8πµD2
33

− kB23

A0D33
x(1)1 sin(φ (0)

1 )+
B2

23T0

8πµD2
33

cos(φ (0)
1 )cos(φ (0)

2 ). (7.46)

The equation for the lateral displacement involves more terms, but not all of them are
essential. From Appendix 7.A, we know how all the terms scale with the number of helical
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turns of the filament,

A0 = O((πN)0), B33 = O((πN)−1), B23,D33 = O((πN)−2), (7.47)

so the first term on the right hand side of Eq. (7.46) is dominant, being of O((πN)2).
Furthermore, from Eqs. (7.28) and (7.47), we deduce that ρ = O((πN)−2).

Hence, from Eq. (7.45), the fast evolution of the lateral displacement is

∂x(1)1
∂ t

=− k
A0

x(1)1 − k
4πµ

ρ cos(φ (0)
2 −ν)−

B2
33T0

8πµD2
33

ρ sin(φ (0)
1 −ν), (7.48)

up to and including O((πN)0) terms. The general solution of this equation has the form

x(1)1 (t,τ) = x̂1(τ)e−kt/A0 + γ sin(φ (0)
1 )+δ cos(φ (0)

1 )+ζ sin(φ (0)
2 )+η cos(φ (0)

2 ), (7.49)

and is obtained by multiplying the differential equation by an integrating factor, exp(kt/A0),
and then integrating the right-hand side by parts using the fact that ∂φ

(0)
j /∂ t ≈ T0D−1

33 to
leading order.

7.2.7 Evolution of phase difference

To obtain the evolution of the phase difference, we subtract the two versions of Eq. (7.46)
with the indices swapped around to get

∂

∂τ

(
φ
(0)
1 −φ

(0)
2

)
=− kB23

A0D33
(x(1)1 sin(φ (0)

1 )− x(1)2 sin(φ (0)
2 )) (7.50)

Then, by substituting the solution for x(1)j from Eq. (7.49) and neglecting the transient term,
since it does not affect the long-time dynamics, we get that

∂

∂τ

(
φ
(0)
1 −φ

(0)
2

)
=− kB23

A0D33

[
γ

(
sin2(φ

(0)
1 )− sin2(φ

(0)
2 )
)

+ δ

(
sin(φ (0)

1 )cos(φ (0)
1 )− sin(φ (0)

2 )cos(φ (0)
2 )
)
+η sin(φ (0)

1 −φ
(0)
2 )
]
. (7.51)

The first two terms on the right-hand side of the equation are equivalent to

sin2(φ
(0)
1 )− sin2(φ

(0)
2 ) = sin(∆φ)sin(2φ), (7.52)

sin(φ1)cos(φ1)− sin(φ2)cos(φ2) = sin(∆φ)cos(2φ). (7.53)
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Note that the phase difference ∆φ = φ
(0)
1 −φ

(0)
2 only varies on the slow time scale, while

the mean phase φ = (φ
(0)
1 +φ

(0)
2 )/2 ≈ T0D−1

33 t increases linearly on the fast time scale, to
leading order. Therefore, the first two terms on the right-hand side of Eq. (7.51) average out
to zero when integrated over the fast time scale.

Hence, the average phase difference evolves according to the equation

∂∆φ

∂τ
=−kB23η

A0D33
sin(∆φ). (7.54)

This is the classic Adler’s equation [2]

∂∆φ

∂τ
=− 1

τsync
sin(∆φ), (7.55)

with solution

∆φ(τ) = 2tan−1
[

tan
(

∆φ0

2

)
exp
(
− τ

τsync

)]
. (7.56)

Hence, the long-time behaviour of the system is that the helices synchronise to an in-phase
configuration with ∆φ → 0 as τ → ∞.

7.2.8 Time scale for synchronisation

To determine the time scale of synchronisation, we must find the coefficient η from Eq. (7.49).
This coefficient comes from the integration by parts of the term

∫ t
eks/A0 cos(φ (0)

2 (s,τ)−ν)ds = ekt/A0
kA−1

0 cos(φ (0)
2 −ν)+T0D−1

33 sin(φ (0)
2 −ν)

k2A−2
0 +T 2

0 D−2
33

, (7.57)

giving us

η =− kρ

4πµ
×

kA−1
0 cos(ν)−T0D−1

33 sin(ν)

k2A−2
0 +T 2

0 D−2
33

. (7.58)

Using the definitions of ρ and ν from Eq. (7.28), and K from Eq. (7.26), we simplify this
result as

η =
B23K2

2πµ(K2 +1)2 . (7.59)

Finally, by combining Eqs. (7.54), (7.55) and (7.59), we identify the dimensionless time
scale for synchronisation, tsync = dτsync, as

tsync =
2πµdD2

33

B2
23T0

λ (K), λ (K) =
(K2 +1)2

K3 . (7.60)
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Note that the time scale for synchronisation is linearly proportional to the distance between
the filaments, and is non-monotonic in the dimenionless parameter K. The function λ (K)

has a global minimum at K =
√

3, and behaves asymptotically as λ (K)∼ K−3 for small K
and λ (K)∼ K for large K.

Using the RFT expressions for the resistance coefficients A0, B23 and D33, listed in
Appendix 7.A, we derive a closed-form analytical expression for the synchronisation time
scale of two hydrodynamically-coupled rotating helices

tRFT
sync =

2πµd
T0

(
sin(ψ)

sin(πN)

)2 (K2
RFT +1)2

K3
RFT

, (7.61)

where

KRFT =
2(cos2 ψc⊥+ sin2

ψc∥)

(1+ cos2 ψ)c⊥+ sin2
ψc∥

(
sin(ψ)

πN

)2 k
T0
. (7.62)

Notably, the synchronisation time diverges at integer number of helical turns, when sin(πN)=

0. A physical explanation of this divergence is provided in Section 7.3.
We make the result of Eq. (7.61) dimensional by using the length scale L̃/2 and time

scale µ̃L̃3/8T̃0 which we had used to non-dimensionalise our problem. In dimensional form,
the synchronisation time can be written as a function of the filament length as

t̃RFT
sync =

πµ̃ d̃L̃2

2T̃0

(
sin(ψ)

sin(πN)

)2 (K2
RFT +1)2

K3
RFT

, (7.63)

and

KRFT ≈
(

2+2cos2 ψ

3+ cos2 ψ

)
k̃R̃2

T̃0
, (7.64)

using the fact that the perpendicular drag coefficient is roughly twice as large as the parallel
drag coefficient, c⊥ ≈ 2c∥ (see Eq. (7.94)).

7.2.9 Unequal driving torques

We next consider the situation when the two helices are driven by unequal torques, T j =

T0(1+α(−1) j)ez, where the index j identifies the helix. The leading order equation for the
evolution of the phase, Eq. (7.35), is hence modified to(

∂x(0)j /∂ t

∂φ
(0)
j /∂ t

)
= S̃−1(φ

(0)
1 )

(
−kx(0)j

T0(1+α(−1) j)

)
, (7.65)
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which means that the phases evolve according to the equivalent of Eq. (7.36),

φ
(0)
j (t,τ)≈ φ̃ j(τ)+T0D−1

33 (1+α(−1) j)t. (7.66)

Assuming that the system settles into a long-term equilibrium (i.e. φ̃ j(τ) tends to a constant
value), the helices tend towards a steady state of rotation with a fixed phase difference, ∆φ∞,
such that

lim
τ→∞

φ
(0)
j (t,τ) = (−1) j ∆φ∞

2
+T0D−1

33 [1+α(−1) j]t, (7.67)

lim
τ→∞

∂∆φ

∂ t
= −2αT0D−1

33 . (7.68)

Substituting these expressions into Eq. (7.55), we obtain

2αT0D−1
33 =

sin(∆φ∞)

tsync
. (7.69)

Physically, Eq. (7.69) is saying that, in order to maintain a stable equilibrium, the rate at
which the faster helix is moving ahead (the left-hand side of the equation) must equal the rate
at which the slower helix is catching up (the right-hand side of the equation). For α ̸= 0, the
equilibrium phase difference is positive and the helices can no longer synchronise in-phase.

When the helices are driven by constant but unequal torques, they synchronise to a fixed
phase difference ∆φ∞ that satisfies

sin(∆φ∞) = 2α
tsync

trot
, (7.70)

where we have introduced the leading-order time scale of rotation trot = D33/T0. The
condition is that the fractional torque difference between the two filaments is not too large,

|α|< trot

2tsync
≡ αc. (7.71)

As the parameter α is increased past the critical value, αc, the system undergoes a saddle-
node bifurcation where the unstable branch (starting from ∆φ = π at α = 0) and the stable
branch (starting from ∆φ = 0 at α = 0) collide and disappear. For |α| > αc there are no
steady states towards which the helices can synchronise, so the faster helix slips periodically
past the slower one.

The result of Eq. (7.71) is consistent with previous computational studies, where rotating
helical filaments would slip out of phase with each other if the difference in driving torques
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is greater than a critical value that decays with increasing distance between the filaments
[177]. Here as well, we find that αc ∼ d−1 through its dependence on the time scale for
synchronisation.

7.3 Physical mechanism for synchronisation

In this section we provide, with the help of diagrams, an intuitive explanation for the
physical mechanism that leads to the synchronisation of two hydrodynamically-coupled and
elastically-tethered helices rotating about their axes.

7.3.1 Preliminary considerations

We consider a slightly modified setup where the axes of the helices are allowed to move
in both the x and the y directions. This helps to illustrate the physical mechanism more
clearly, without the need to project quantities onto the x axis at every step. In contrast, the
one-dimensional elastic trap is more convenient for analytical calculations since it reduces
the number of equations to be solved, which is why this setup was preferred in the previous
section. Note that we have compared the two setups by way of numerical simulations (data
not shown) to confirm that the physical mechanisms are identical, the only difference being
a 50% increase in the rate of synchronisation when the helices are allowed to move in
the y direction as well. This suggests that oscillations along x contribute twice as much
to synchronisation as do oscillations along y, which is consistent with the anisotropy of
hydrodynamic interactions (the Oseen tensor is proportional to I+ exex at leading order).

Since the dynamics that lead to synchronisation happen in the plane perpendicular to
the axes of the helices, we can explain the physical mechanism for synchronisation by
considering only the projection of the helical filaments onto the horizontal plane. After
discarding full circles, over which the forces balance out by symmetry, the helical filaments
are thus reduced to the shape of a circular arc rotating about its centre in the horizontal plane.
We call this shape a “horseshoe".

7.3.2 Intrinsic dynamics of a helical filament

In order to understand the dynamics by which two rotating helices synchronise through
hydrodynamic interactions, we must first understand the intrinsic dynamics of a single
helix in the absence of hydrodynamic interactions. We explain the intrinsic dynamics of
an elastically-tethered rotating helix using the reduced horseshoe model introduced above
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and the diagrams in Fig. 7.2. Along the way, we point out the key features that lead to
synchronisation in the physical mechanism considered in this chapter.

The first of these features is that there exists a net viscous force on the horseshoe due to
its rotation about its centre. In Fig. 7.2 (a), we show the local velocity of the fluid relative to
a rotating horseshoe (short straight arrows). Because the velocity is always tangent to the
filament, this leads to a local fluid drag in the same direction. When integrating the local drag
over the entire filament, the components parallel to er(φ) cancel out by symmetry, where the
phase φ of the horseshoe is the angle between the midpoint of the horseshoe and the x axis. .
However, symmetry is lost in the eφ (φ) direction unless the horseshoe is a complete circle
(equivalent to a helical filament with an integer number of turns). Therefore, a horseshoe
rotating CCW about its centre experiences a net fluid drag in the negative eφ (φ) direction.
The mechanism for synchronisation depends on the existence of this net viscous drag due
to rotation, which explains why the time scale for synchronisation from Eq. (7.61) diverges
when the helices have an integer number of turns. The consequence of the net viscous drag
due to rotation is that the elastically-tethered horseshoe performs oscillations around its
tethering point, and the radius of this orbit depends crucially on the elastic compliance of the
tether, as we now proceed to explain.

Since the horseshoe is force-free, it must orbit around the centre of the elastic trap in
order to balance the viscous drag due to rotation (or, in the 1D version version of the problem,
it will oscillate around x = 0, as seen in the previous section). When the elastic tether is
very flexible (Fig. 7.2 (b)), the viscous drag due to rotation is balanced out primarily by the
viscous drag due to translation, so ẋ ∥ −eφ (φ). This means that the orbiting motion of the
centre of the horseshoe, x, lags behind the phase φ by an angle slightly less than π . At the
opposite end of the spectrum, when the elastic tether is very stiff (Fig. 7.2 (c)), the viscous
drag due to the rotation of the horseshoe is balanced out primarily by the elastic restoring
force, and hence the centre of the horseshoe lags behind the rotation phase φ by an angle
slightly greater than π/2. Note that the orbit occupied by the centre of the horseshoe reduces
in amplitude as the strength of elastic tethering is increased (c.f. Eqs. (7.27) and (7.28)).
This information is summarised in Fig. 7.2 (d), where we depict by green arrows the possible
positions x of the centre of the horseshoe for varying elastic tethering strength.

The net hydrodynamic force exerted by the horseshoe on the fluid, which ultimately leads
to hydrodynamic interactions with the second horseshoe, is equal to the elastic restoring
force applied to the horseshoe by the elastic tether, −kx. This is also depicted on Fig. 7.2 (d)
as orange arrows. Because the centre of the horseshoe lags behind the phase φ by an angle
between π/2 and π (c.f. Eqs. (7.27) and (7.28)), this means that the net force exerted by the
filament on the fluid has positive components in both the er(φ) and eφ (φ) directions. Notably,
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Fig. 7.2 Intrinsic dynamics of a rotating horseshoe in the absence of hydrodynamic interac-
tions. (a) When a horseshoe with phase φ rotates CCW relative to the fluid, it feels a net
drag from the fluid in the negative eφ (φ) direction. If placed in an elastic trap, the rotating
horseshoe will oscillate about the centre of the trap in order to balance this viscous drag. (b)
When the elastic restoring force is very weak (0 < k ≪ 1), the viscous drag on the horseshoe
due to rotation is balanced out primarily by the viscous drag due to translation. Therefore,
the centre of the horseshoe, x, lags behind the phase φ by an angle π . (c) When the elastic
restoring force is very strong (1 ≪ k < ∞), the viscous drag on the horseshoe due to rotation
is balanced out primarily by the elastic restoring force. Therefore, the centre of the horseshoe
lags behind the rotation phase φ only by an angle π/2. (d) For 0 < k < ∞, the centre of the
horseshoe lags behind the phase φ by an angle between π/2 and π , and the amplitude of
the orbit decreases with increasing k. In this way, the net force exerted by the horseshoe on
the fluid, Fh =−kx, has a positive component in the er(φ) direction, and this component is
largest for intermediate values of k.
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the er(φ) component vanishes for both k = 0 (because there is no elastic restoring force), and
for k → ∞ (because the force is parallel to eφ (φ)), and it is largest for intermediate values
of k. As we later explain, the er(φ) component of the hydrodynamic force is crucial for
synchronisation. This is why the time scale for synchronisation from Eq. (7.60) is minimised
at intermediate values of the elastic tethering strength k, because the radial component of the
force exerted by the filament on the fluid is largest.

7.3.3 Dynamics of synchronisation

Having understood how each horseshoe behaves at leading order, i.e. its intrinsic dynamics
in the absence of hydrodynamic interactions, we now illustrate in Fig. 7.3 how the net
hydrodynamic forces exerted by the horseshoes on the fluid affect their respective kinematics.

In the far-field, the flow exerted by the first horseshoe is that of a Stokeslet of strength F1,
which at the position of the second filament manifests itself, to leading-order, as a uniform
flow in the direction (I+ exex) ·F1. We first explain how a horseshoe responds to a generic
uniform background flow, as shown in Fig. 7.3 (a) and (b). If the flow is parallel to er(φ), then
the forces are balanced by symmetry and the horseshoe does not rotate. If, however, the flow
is in the positive (or negative) eφ (φ) direction, then the horseshoe speeds up (or slows down)
due to the force exerted on it by the fluid. Therefore, when looking at the hydrodynamic
interaction of two rotating horseshoes, it is the eφ (φ) component of the induced flow that
determines whether they synchronise or not.

Finally, in Fig. 7.3 (c) we bring together our understanding of the net force exerted by each
filament on the fluid, and the way in which each filament responds to a uniform background
flow, in order to deduce that hydrodynamic interactions lead to in-phase synchronisation.
We consider the hydrodynamic interactions coming from the radial component of the net
hydrodynamic force, Frer(φ j), and then the azimuthal component, Fφ eφ (φ j).

If the leftmost horseshoe is more advanced (by at most an angle π), then Frer(φ2) points
in the negative eφ (φ1) direction since Fr > 0. Hence, the flow induced by the rightmost
horseshoe in the +er(φ2) direction, indicated by purple arrows on the left of Fig. 7.3 (c),
makes the leftmost horseshoe slow down. Likewise, the flow induced by the leftmost filament
in the +er(φ1) direction makes the rightmost filament speed up, and the two horseshoes
synchronise in-phase. There is, of course, a second contribution to the background flow
proportional to Frex(ex · er(φ1)), but we do not show it on the diagram because its effect
is more subtle. The rightmost horseshoe can either speed up or slow down due to this
component of the flow, based on the sign of Fr(eφ (φ2) · ex)(ex · er(φ1)) = −Fr sinφ2 cosφ1.
However, the angular velocity of the rightmost horseshoe relative to the leftmost one is
proportional to Fr(sinφ1 cosφ2 − sinφ2 cosφ1) = Fr sin(φ1 −φ2), so the rightmost horseshoe
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Fig. 7.3 Physical mechanism for the synchronisation of two hydrodynamically-coupled
rotating horseshoes. (a) A horseshoe with phase φ neither speeds up, nor slows down if placed
in a background flow parallel to er(φ). (b) The horseshoe speeds up/slows down if placed in
a background flow with positive/negative eφ (φ) component. (c) Two interacting horseshoes.
To leading order, the centre of rotation of each horseshoe undergoes circular periodic motion
around its reference position, due to the unbalanced geometry of the horseshoe - see Fig. 7.2.
Each exerts a net force on the fluid with positive components along er(φ) and eφ (φ). As
explained in the text, the azimuthal component of the force does not affect the relative
rotation rate of the horseshoes so, for clarity of the diagram, we do not depict its contribution
to hydrodynamic interactions. The contribution of the radial component of the force is
illustrated by small green/purple arrows for the flow induced by the leftmost/rightmost
horseshoe. The horseshoes respond to the background flow according to the principles
described in (a) and (b). Because the leftmost horseshoe is more advanced, it is slowed
down by the flow induced by the other filament. Likewise, the rightmost horseshoe speeds
up due to hydrodynamic interactions, leading to in-phase synchronisation. The rate of
synchronisation is proportional to the radial component of the leading-order force, which is
largest in magnitude for intermediate values of the elastic tethering strength - see Fig. 7.2.
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catches up from behind if 0 < φ1 −φ2 < π . Therefore, both contributions to the background
flow coming from the radial force, Frer(φ), have the effect of reducing the phase difference
between the filaments.

In contrast, the Fφ eφ (φ) component of the hydrodynamic force does not contribute to
synchronisation, since it leads to a symmetric effect proportional to Fφ eφ (φ1) · (I+ exex) ·
eφ (φ2) on both filaments, which makes them both speed up or slow down by the same amount.
This justifies our earlier statement that the radial component of the hydrodynamic force is
the one crucial for synchronisation.

7.4 Numerical simulations

In this section, we compare the theoretical predictions of Section 7.2 against numerical
simulations, in order to verify that the two asymptotic steps in our calculations are justified
(the multiple scales expansion in a slow and a fast time variable, and the series expansion of
the mobility matrices in powers of the number of helical turns of the filament).

7.4.1 Computational method

In the simulations, we compute the instantaneous hydrodynamic forces on the two filaments
using Johnson’s slender-body theory (SBT) [105], and then we step forward in time using
the classic Runge–Kutta method (RK4).

For the calculation of instantaneous forces, we solve an integral equation relating the ve-
locity along the filament centreline, u(r j(s)), and the force densities along the two filaments,
f1(s) and f2(s), via

8πµu(r1(s)) = L [f1(s)]+K [f1(s′)]+J [f2(s′),d], (7.72)

where the first operator represents local effects

L [f1(s)] =
[

2
(

ln
(

2
ε

)
+

1
2

)
I+2

(
ln
(

2
ε

)
− 3

2

)
t̂1(s)t̂1(s)

]
· f1(s), (7.73)

and the second operator represents non-local effects

K [f1(s′)] =
∫ +1

−1

[
I+ R̂0(s,s′)R̂0(s,s′)

|R0(s,s′)|
− I+ t̂1(s)t̂1(s)

|s′− s|

]
· f1(s′)ds′

+
(
I+ t̂1(s)t̂1(s)

)
·
∫ +1

−1

f1(s′)− f1(s)
|s′− s|

ds′, (7.74)
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where R0(s,s′) = r1(s)− r1(s′). Finally, the third operator represents interactions between
the two filaments, as previously modelled by Tornberg and Shelley [205],

J [f2(s′),d] =
∫ +1

−1

[
I+ R̂d(s,s′)R̂d(s,s′)

|Rd(s,s′)|
+

ε2

2
I−3R̂d(s,s′)R̂d(s,s′)

|Rd(s,s′)|3

]
· f2(s′)ds′, (7.75)

where Rd(s,s′) = d+r2(s′)−r1(s). The two terms in the interaction operator, J , represent
Stokeslet and source dipole contributions, respectively.

We solve Eq. (7.72) numerically using a Galerkin method, whereby we decompose the
velocities, u(r j(s)), and force densities, f j(s), into Legendre polynomial modes. The system
is then truncated to a finite number of modes, NLegendre, and inverted numerically to find
the net forces and torques exerted by the filaments, (F1,T1;F2,T2), for any given rigid
body motion of the filaments, (U1,ΩΩΩ1;U2,ΩΩΩ2). This is equivalent to finding the extended
resistance matrix from Eq. (7.3) by computational means.

Our computational method for evaluating the instantaneous forces is identical to that from
Chapter 6. We refer the reader to §6.3.1 for further details of the numerical implementation.
All numerical results presented in this chapter, with the exception of the data from Fig. 7.6
(e-f) and Fig. 7.7 (c), were obtained by truncating the solution to NLegendre = 15 Legendre
polynomial modes. This cutoff was chosen based on self-convergence tests for the resistance
matrix of a single filament with the geometry of the normal polymorphic form (i.e. solving
Eq. (7.72) without the interaction term, J ). The SBT computations used in Fig. 7.6 (e-
f) and Fig. 7.7 (c) were obtained with a higher number of Legendre polynomial modes,
NLegendre = 24, to account for the fact that the curly I and II polymorphic forms have more
helical turns per unit length of the filament.

To obtain the time evolution of the rotating filaments, we solve the dynamical system

Ẋ = R(X)−1F(X), (7.76)

where X is the generalised configuration of the two filaments, i.e. the orientations of both
filaments and the positions of their centres, and F encapsulates the overall dynamics, i.e. the
forces and torques on both filaments, and may depend on the instantaneous configuration.
The linear relationship between the two is provided by the extended resistance matrix, R(X),
calculated from Eq. (7.72), as described above.

We integrate Eq. (7.76) numerically using the classic Runge–Kutta method (RK4), within
the conditions prescribed by the minimal model of synchronisation introduced in Section
7.2.1. Therefore, we impose the condition that Ẋ = 0 in all components except for the
four degrees of freedom of the system, x1,2 and φ1,2. In these four degrees of freedom, we
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Fig. 7.4 In-phase synchronisation of two hydrodynamically-coupled helices. On a large
time scale (left) the phase difference decays like the solution of Adler’s equation, Eq. (7.56),
while on a short time scale (right) the phase difference oscillates with twice the frequency
of rotation of the helices. We define the time scale for synchronisation as the inverse rate
of synchronisation in the linear regime around ∆φ = π/2. Simulation parameters: d = 2L,
K = 300, N = 2.5, ψ = 0.5, ε = 0.0038.

prescribe a constant driving torque, T0ez, and an elastic restoring force, −kx jex, for each
filament. The initial conditions for the dependent variables are

φ1(0) = 0, φ2(0) =
π

2
, x1(0) = ρ cos(ν), x2(0) = ρ sin(ν), (7.77)

where the conditions for x1,2 are informed by our knowledge of the intrinsic dependence of
the lateral displacement on the phase angle, Eq. (7.27). The only exception is the numerical
simulation shown in Fig. 7.4, where the phase difference ∆φ = φ2 −φ1 starts close to π .

Note that the time step must be smaller than the period of rotation, so that we capture the
dynamics on the fast time scale of rotation as well. The time step chosen for our integration
is tstep = trot/20, where the intrinsic time scale for rotation trot = T0/D33 = D−1

33 is estimated
from the SBT resistance matrix of a single filament (derived by solving Eq. (7.72) without
the interaction term, J ). The only exception is the long-time simulation shown in Fig. 7.4,
where we use a smaller time step, tstep = trot/10.

7.4.2 Comparison with theory

In Fig. 7.4 (left), we show the time evolution of the phase difference over the slow time
scale of synchronisation. We compare the results obtained from numerical simulations (see
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Section 7.4.1) with the analytical results from the multiple scales analysis of the system (see
Eqs. (7.56) and (7.60)). The theory with RFT/SBT coefficients means that we compute the
time scale for synchronisation by substituting into Eq. (7.60) the coefficients of the resistance
matrix, Ai j,Bi j,Di j, obtained from RFT/SBT. Analytical expressions for the RFT coefficients
are provided in Appendix 7.A, while the SBT coefficients are calculated numerically by
solving Eq. (7.72) without the interaction term, J .

The results of Fig. 7.4 demonstrate perfect agreement between the theory with SBT
coefficients and the numerical simulations, which are also based on SBT, thus validating
our multiple scales analysis of the dynamical system. The theory with RFT coefficients
captures the qualitatively features of synchronisation, and the correct order of magnitude for
the time scale of synchronisation. Note that the mismatch between RFT and SBT is expected,
since RFT does not take into account the full hydrodynamic interactions between points
along the slender filament, which are incorporated in SBT through the non-local term, K , in
Eq. (7.72).

In Fig. 7.4 (right), we zoom in on a short time interval around phase difference ∆φ = π/2
to illustrate the evolution of the phase difference on the fast time scale. Note that the phase
difference oscillates with twice the frequency of rotation (twenty peaks on a time interval of
ten periods of rotation). The amplitude of oscillations, relative to the mean phase difference,
does not depend at leading order on the distance between the filaments, d, as one might
expect. It is not the effect of hydrodynamic interactions, but of the imbalance of the helical
filament that produces these oscillations. From the numerical simulations in Fig. 7.5, we
measure that the amplitude of oscillations decreases with increasing elastic tethering strength,
k, and vanishes when the helix has an integer number of turns, N (plots not shown). To
obtain an analytical expression for the amplitude of oscillations, one would have to solve
the intrinsic evolution of the phase angles, Eq. (7.13), to higher order and go beyond the
leading-order solution, at O((πN)2), provided in Eq. (7.22).

7.4.3 Extracting the time scale for synchronisation

To reduce computation time, we do not compute the full evolution of the phase difference for
every set of parameters. Note that the solution to Adler’s equation, Eq. (7.56), is linear near
its inflection point, ∆φ = π/2, since

∆φ(τ)≈ π

2
− τ − τ0

τsync
, (7.78)

when expanded around the point (τ,∆φ) = (τ0,π/2).
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Except for the long-time simulation in Fig. 7.4, we initialise the simulations with a phase
difference ∆φ = π/2 (see Eq. (7.77)) and let the system evolve for ten periods of rotation
(equivalent to the time interval in the right panel of Fig. 7.4). From this shorter simulation,
we estimate the time scale for synchronisation by applying a linear fit to the mean phase
difference. The slope of the linear fit near phase difference ∆φ = π/2 is equivalent to the
rate of synchronisation, or the inverse of the time scale for synchronisation.

7.4.4 Variation of parameters

In Fig. 7.5 (a)-(c) we show the dependence of the time scale for synchronisation on the three
most important parameters in the model: the distance between the tethering points, d, the
strength of the elastic restoring force, k, and the number of helical turns in the filament, N.

First, in Fig. 7.5 (a), we confirm that synchronisation is due to hydrodynamic effects and,
as such, the rate of synchronisation, 1/tsync, is linearly proportional to the hydrodynamic
coupling between the filaments, which decays like 1/d in the far field. The value predicted
by theory is in excellent agreement with numerical simulations down to an inter-filament
distance equal to the contour length of the filaments.

Secondly, in Fig. 7.5 (b), we illustrate the non-monotonic dependence of the time scale
for synchronisation on the strength of the elastic restoring force, k, with a global minimum at
K∗ =

√
3 equivalent to k∗ =

√
3A0T0/D33. The fact that the rate of synchronisation decreases

for very small k is a novel observation, since previous studies on synchronisation had only
considered the regime of large elastic restoring strength.

Finally, in Fig. 7.5 (c), we confirm that the divergence of the time scale of synchronisation
at integer number of helical turns, Eq. (7.61), is not merely an artefact of RFT. The time
scale for synchronisation estimated from numerical simulations based on SBT also increases
by orders of magnitude as we approach integer values of N. Numerical simulations carried
out at exact integers show that the phase difference between the filaments oscillates with
constant amplitude and does not drift. At integer values of N, the rate of synchronisation is
zero to arithmetic precision (data outside the range of Fig. 7.5 (c)).
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Fig. 7.5 Effect of the variation of parameters on the time scale for synchronisation, which (a)
is linearly proportional to the distance between the filaments, (b) has a global minimum at
intermediate values of the dimensionless elastic tethering strength, and (c) diverges at integer
numbers of helical turns of the filament. The three data points circled in red correspond
to the same set of input parameters: d = 10L, k ≈ k∗, N = 2.5, ψ = 0.4459, ε = 0.0038.
This corresponds to a normal polymorphic form with pitch p̃ = 2.3 µm and amplitude
r̃ = 0.175 µm, a filament of length L̃ = 6.4 µm and cross-sectional radius ε̃ = 0.012 µm.
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7.5 Biophysical insights

In this section, we take a step forward from dimensionless to dimensional results, in order
to make theoretical predictions about the time scale on which bacterial flagella synchronise.
We also discuss how the physical principles governing our minimal setup of synchronisation
relate to the real bacterial flagellum. In doing so, we address all three components of the
flagellum: the rotary motor which provides the torque, the hook which provides elasticity, and
the polymorphic shapes of the flagellar filament which govern its hydrodynamic response.

7.5.1 Time scale for synchronisation

The most important comparison to be made is between the time scale for synchronisation
and the typical duration of a run, at the end of which the filaments leave the bundle and the
cell changes orientation. If the flagellar filaments inside a bundle are to synchronise, they
must be able to do so before the run interval is over.

From the experimental measurements referenced in Table 7.1, we note that a run typically
lasts about one hundred periods of rotation of the filaments, so t̃run/t̃rot ≈ 100. This is consid-
erably lower than the ratio t̃sync/t̃rot plotted in Fig. 7.5 (a), which furthermore corresponds
to an elastic tethering strength very close to optimum (so the values could not be reduced
by choosing a different k). However, the data in Fig. 7.5 (a) represents the far-field regime
where the inter-filament separation is greater than the contour length of the filaments.

The fact that the bacterial flagellar filament is much longer than the typical width of
the cell body (see Table 7.1) is a limiting factor in the application of our theory. The
data from Fig. 7.6 (e-f) shows that, when the filaments are 10 µm apart, the time scale for
synchronisation can fall below 10 s for appropriate values of the elastic compliance. However,
it is not possible to extrapolate and predict a synchronisation time below one second, i.e. the
duration of the run, when the filaments are only 1 µm apart, i.e. close to the width of the cell
body. This is because, once we reach the near-field, the time scale of synchronisation may
not decay linearly with distance as it does in the far-field. Note that the lower end of the data
spectrum in Fig. 7.5 (a) sees the time scale for synchronisation rise above the far-field trend.

7.5.2 Comparison of different polymorphic forms

In contrast to previous studies on synchronisation, our model accounts for the full helical
geometry of the filament, which gives us the opportunity to explore how the polymorphic
forms of the bacterial flagellum compare to each other in terms of synchronisation.
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Parameter Symbol Value Source

Helical diameter 2R̃
normal 0.35 µm [209]
semicoiled 0.50 µm [209]
curly I 0.25 µm [209]
curly II 0.16 µm [209]

Helical pitch p̃ [209]
normal 2.3 µm [209]
semicoiled 1.1 µm [209]
curly I 1.0 µm [209]
curly II 0.9 µm [209]

Cross-sectional radius ε̃

filament 12 nm [222]
Contour length

hook h̃ 59 nm [188]
filament L̃ 7.1±1.8 µm [40]

Cell body width w̃ 0.88 µm [40]

bending rigidity Ẽ Ĩ
hook 1.6×10−4 pN µm2 [188]
filament 3.5 pN µm2 [39]

Motor torque T̃0 0.4−0.8 pN µm [42]
Dynamic viscosity µ̃

water (20◦ C) 1.0×10−3 pN µm−2 s

Time scales
rotation t̃rot 0.08 s [40]
run interval t̃run 1 s [209]

Table 7.1 Geometric, dynamic, and kinematic parameters relevant to the synchronisation of
bacterial flagella, with references to experimental measurements.



180 Hydrodynamic synchronisation of rotating bacterial flagella

Getting around the issue of divergence

One geometric parameter, the number of helical turns in the filament, has a particularly
strong influence on the time scale of synchronisation, as seen in Fig. 7.5, to the extend
that the synchronisation time diverges at integer values of N. Therefore, we cannot use
Eq. (7.60) directly to compare different filament geometries against each other, because for
any given length of the filament, L̃, there will be some geometries (2πR̃, p̃) that fit an exact
integer number of turns into that length, although it does not mean that filaments with that
circumference and pitch cannot synchronise. In order to make a meaningful comparison
between different filament geometries, we consider a wider distribution of filament lengths
and compute the statistics of the time scale for synchronisation over that distribution.

Definition of median synchronisation time

Suppose that the filament length is a random variable with probability density function g(L̃).
From the distribution of filament lengths, we aim to derive a distribution of synchronisation
times for different filament geometries. Let t̃sync(L̃) be our theoretical prediction for the time
scale of synchronisation as a function of the filament length. We write down the cumulative
distribution function for the synchronisation time as

F(t̃)≡ P(t̃sync < t̃) =
∫

∞

0
H(t̃ − t̃sync(L̃))g(L̃)dL̃, (7.79)

where H(x) is the Heaviside step function (H(x) = 1 for x ≥ 0, H(x) = 0 for x < 0). The
cumulative distribution function, F(t̃) represents the total probability that the length of the
filament is such that the synchronisation time is less than t̃, all other things being fixed.

From this we determine the median synchronisation time, t̃median, defined implicitly by

F(t̃median) =
1
2
. (7.80)

Note that the median synchronisation time is always finite, since F → 1 as t̃ → ∞, in contrast
with the mean synchronisation time

t̃mean =
∫

∞

0
t̃sync(L̃)g(L̃)dL̃, (7.81)

which diverges for any biologically relevant probability density function, g(L̃), of filament
lengths (it is not physical to assume a probability distribution that vanishes at integer number
of turns, in order to keep t̃mean finite). By computing the median synchronisation time, we
have a meaningful quantity against which to compare different filament geometries.
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Comparison of median synchronisation time

Since the theory with RFT coefficients is faster to evaluate but less quantitative than the theory
with SBT coefficients, we use RFT to make a relative comparison of filament geometries over
a larger parameter space, and SBT to make an absolute comparison for a selected number of
geometries (the normal, semicoiled, curly I and II polymorphic forms).

For the RFT part of the analysis, we solve Eq. (7.80) iteratively using the function t̃RFT
sync

from Eq. (7.63). For the filament length, we choose to model g(L̃) as a lognormal distribution,
which ensures the filament length is always positive. The values used for the mean and SD of
filament lengths are provided in Table 7.1. The results are shown in Fig. 7.6 (a-d), where the
median synchronisation time is rescaled by the value for the normal polymorphic form. The
symbols overlaid on the contour plots represents the geometries of the four most common
polymorphic forms, with data taken from two experimental papers on Salmonella [88, 106],
an experimental paper on E. coli [209] and two theoretical papers [20, 81].

For the SBT part of the analysis, we derive not only the median synchronisation time, but
also the statistics of the distribution around it ("minimum", first quartile, median, third quar-
tile, "maximum"). For the clarity of the diagram, we do not depict outliers since they extend
too far up the vertical axis. We obtain the statistics for synchronisation time by sampling
10,000 points from a lognormal distribution of filament lengths. The synchronisation time at
each point is estimated by interpolating against a data set of fifty equally spaced filament
lengths between L̃ = 3 µm and L̃ = 12 µm, obtained using the theory with SBT coefficients.
The results are shown in Fig. 7.6 (e,f). Any parameters not referenced in the caption are
taken from Table 7.1, including the mean and SD of the filament length.

The key observation from Fig. 7.6 (a-f) is that the normal and semicoiled polymorphic
forms synchronise faster than curly filament, but the ratio between normal and semicoiled
depends on the dimensionless elastic tethering strength, k. For very flexible tethering (small
k) semicoiled synchronises faster, while normal does better in stiffer elastic traps (large
k). In terms of the parameter space from Fig. 7.6 (a-d), we observe that the pitch of the
helical geometry does not have a strong effect on the synchronisation time for small values
of k, but the circumference does. For larger values of k, the contours begin to bend and we
observe that for any given pitch, there is an optimum value of helix circumference which
leads to the fastest synchronisation time. This is explained by the fact that the optimum
k∗ =

√
3A0T0D−1

33 ∼ R−2 depends strongly on the helical amplitude, as later seen in Fig. 7.7
(b). The relationship can be reversed to say that, for a fixed k, there is an optimum helical
amplitude that minimises the synchronisation time, which is what we see in Fig. 7.6 (c-d).
The optimum R∗ exists for any value of k, but for small k it lies outside the range plotted in
Fig. 7.6 (a-b). The physical interpretation of this observation is that, to maximise the rate
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Fig. 7.6 Direct comparison of polymorphic forms. (a-d) Contour plots of the median
synchronisation time predicted by the theory with RFT coefficients, for different values of
the dimensionless elastic tethering strength, k, in a parameter space of filaments with helical
circumference and pitch (2πR̃, p̃). The values are normalised by the median synchronisation
time of the normal polymorphic form. Symbols represent experimental measurements (black)
and theoretical predictions (red) of the geometry of the four most common polymorphic
forms (data sources in the text). Green contours correspond to sub-unitary values, decreasing
by factors of two, while purple contours correspond to supra-unitary values, increasing by
factors of two. (e-f) Box-and-whisker plots of the synchronisation time predicted by the
theory with SBT coefficients for two filaments tethered at a distance d̃ = 10 µm apart and
driven by a constant torque T̃0 = 0.6 pN µm. Methodology explained in the text.
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of synchronisation, the helical filament should have a large enough amplitude to generate
lateral displacements around the tethering point, but not so large as to respond slowly to the
hydrodynamic flows induced by the second filament.

Note that the values of k̃T̃−1
0 from Fig. 7.6 (e,f) are not chosen at random, but as represen-

tative of the case when the elastic compliance, k̃, comes primarily from the deformation of
the hook or the flagellar filament. On that note, we move on to discussing the role of elastic
compliance in the synchronisation of rotating bacterial flagella.

7.5.3 Optimal elastic tethering strength

In Fig. 7.7 (a), we illustrate the dimensional scaling argument that leads to our estimate of
the elastic restoring strength, k̃, according to the scaling

k̃ ∼ Ẽ Ĩ
h̃3

, (7.82)

where Ẽ Ĩ is the bending rigidity and h̃ is the length of the element that provides the elastic
compliance. Furthermore, we refer to the group of variables k̃T̃−1

0 as the “actuation dynamics"
because, as suggested by Fig. 7.7 (a), it captures the entire external mechanism that is
actuating the flagellar filament.

In order to model the elastic restoring force as linear in the lateral displacement of
the filament, the deformation of the elastic link should be much smaller than its length,
h̃. From Eq. (7.28), we estimate the dimensional amplitude of oscillations to be at most
ρ̃max ≈ 0.02 µm for a flagellar filament of length 7 µm in one of the four most common
polymorphic forms. Hence, the amplitude of lateral displacements is smaller than the length
of the hook by a factor of three, suggesting that we are at the edge of the linear regime, and
that the flagellar filament may have to deform as well to allow for the sideways displacements
imposed by the hydrodynamic forces on the flagellum.

The values of k̃T̃−1
0 from Fig. 7.6 (e) and (f) are based on estimates of the elastic tethering

strength coming from the dimensional scaling argument in Eq. (7.82), and assuming linear
deformations for either the hook or the flagellar filament. Both estimates correspond to
a motor torque T̃0 = 0.6 pN µm, in the middle of the range referenced in Table 7.1. The
smaller value of k̃T̃−1

0 = 1.3µm−2 from Fig. 7.6 (e) is estimated from the length and bending
rigidity of the hook referenced in Table 7.1. The larger value k̃T̃−1

0 = 13µm−2 from Fig. 7.6
(f) corresponds to the case when the elastic compliance comes not from the hook, but from a
section of flagellar filament with length 0.75µm and bending rigidity from Table 7.1. Here,
we implicitly make the simplifying assumption that most of the flagellar filament rotates
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Fig. 7.7 Optimum actuation dynamics for synchronisation in the far field. (a) Dimensional
argument for the actuation dynamics. The strength of the elastic restoring force, k̃, is
estimated from the bending rigidity, Ẽ Ĩ, and the length, h̃, of the elastic link connecting
the motor and the rigidly rotating part of the flagellar filament. (b) Contour plot of the
optimum k̃T̃−1

0 predicted by the theory with RFT coefficients, in a parameter space of
filaments with helical circumference and pitch (2πR̃, p̃). The values are normalised by the
optimum k̃T̃−1

0 for the normal polymorphic form. The symbols indicate the geometries of
the four most common polymorphic forms (legend in Fig. 7.6, data sources in the text). (c)
Box-and-whisker plot of the optimum k̃T̃−1

0 predicted by the theory with SBT coefficients
(methodology explained in the text).

rigidly, maintaining the helical geometry of the polymorphic shape used in our simulations,
and that only a section at the base of the filament deforms and exerts an elastic restoring
force on the rest of the filament. The synchronisation times are significantly smaller for the
larger value of k̃T̃−1

0 , suggesting that the flagellar filament, although less flexible than the
hook, may in fact contribute more to this particular mechanism for synchronisation.

One of the most important biophysical insights in the current chapter comes from the
novel observation that the time scale for synchronisation is minimised at intermediate values
of the elastic tethering strength. The minimum of Eq. (7.60) is achieved for an optimal
K∗ =

√
3. We now consider the physical meaning of the parameter K, whose definition is

copied below from Eq. (7.26),

K =
kD33

A0T0
. (7.83)

Note that A0/k is the time scale of elastic relaxation of the filament, since A0 is the leading-
order drag coefficient of the helical filament perpendicular to the helical axis. Meanwhile,
D33/T0 is the leading-order time scale of rotation identified in Eq. (7.22). Hence, the
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parameter K is the ratio between the rotation time scale and the elastic relaxation time scale
the flagellar filament.

Previous models of ciliary synchronisation work on the assumption that K = trot/telast is
very large [159, 171]. While this is suitable for eukaryotic flagella, the dynamical properties
of bacterial flagella are qualitatively different. Crucially, the bacterial flagellum has two
components, the hook and the flagellar filament, with bending rigidities separated by four
orders of magnitude - see Table 7.1. Based on a simple dimensional scaling argument,
Eq. (7.82), we estimate that K ≈ 0.05 if the elastic compliance comes primarily from the
hook. This is significantly below the optimum K∗ =

√
3 and gives tsync/topt = O(103) due to

the rapid increase of λ (K)∼ K−3 for small K. However, the finite size of the hook likely
requires that the proximal end of the flagellar filament deforms as well, as discussed above.
For a length scale of deformation in the range h = 0.1−1 µm, we estimate that the flagellar
filament gives K = 0.2− 200, a range which straddles the optimum. The time scale for
synchronisation increases more slowly when K is larger than the optimum, tsync ∼ K for large
K, which suggest that it is more robust to have a relatively rigid elastic coupling, i.e. the one
provided by the flagellar filament.

To obtain a more faithful estimate, an in-depth analysis of the elastohydrodynamics of the
entire bacterial flagellum would be required, including the dynamic stiffening of the flagellar
hook [162] and the elastic deformation of the helical flagellar filament modelled via Kirchhoff
rod theory [112, 217]. Nevertheless, we continue our analysis of the optimal conditions for
synchronisation within the framework of our minimal setup for synchronisation. In Fig. 7.7
we provide estimates of the optimum k̃T̃−1

0 derived from the theory with (b) RFT coefficients
and (c) SBT coefficients.

The contour plot in Fig. 7.7 (b) is based on Eq. (7.63). After putting the dimensions back
in and subsituting the RFT coefficients from Appendix 7.A, we get(

k̃
T̃0

)
opt

=
4A0K∗

D33L̃2 =

√
3

2R̃2

(1+ cos2 ψ)c⊥+ sin2
ψc∥

cos2 ψc⊥+ sin2
ψc∥

, (7.84)

where we have also used the fact that L̃sinψ = 2πR̃N. Finally, with the approximation
c⊥ ≈ 2c∥, we arrive at (

k̃
T̃0

)
opt

=

√
3(3+ cos2 ψ)

2(1+ cos2 ψ)
R̃−2. (7.85)

Note that the pitch angle ψ of the helix does not affect the result very much, since 2 <

(3+ cos2 ψ)/(1+ cos2 ψ) < 3. This is why the contour lines in Fig. 7.7 (b) are almost
flat. The greater variation comes from (k̃T̃−1

0 )opt ∼ R̃−2, meaning that helices with smaller
amplitude synchronise faster when the elastic tethering strength is larger. In particular, curly
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I and II prefer a value around two to four times larger than the normal, while the semicoiled
optimum is about half of the normal optimum.

In Fig. 7.7 (c), we make the comparison between polymorphic forms more quantitative
by using the theory with SBT coefficients. The statistics for the optimum k̃T̃−1

0 are obtained
by sampling 10,000 points from a lognormal distribution of filament lengths (mean and SD
from Table 7.1). The optimum k̃T̃−1

0 at each sampling point is estimated by interpolating
against a set of SBT computations at fifty equally spaced filament lengths between L̃ = 3 µm
and L̃ = 12 µm. The optimum actuation dynamics for the normal polymorphic form is
k̃T̃−1

0 = 37µm−2, which is closer to the estimate using the bending rigidity of the flagellar
filament, rather than the hook (see discussion of Fig. 7.6 (e-f)).

7.6 Signs of multisynchrony in the near-field

Motivated by our understanding of the role played by elastic compliance in the far-field
synchronisation of rotating bacterial flagella, we extend our investigation into the near-field
regime using the computational method described in §7.4.1. If the far-field rate of in-phase
synchronisation goes to zero for very small elastic tethering strength, k, could this be related
to a loss of stability of the in-phase configuration as the filaments are brought closer together?
Indeed, our findings suggest that when the filaments are rotating in close proximity to
each other, the in-phase configuration is stable for larger values of k, while the anti-phase
configuration is stable for smaller values of k.

Our numerical results on the multisynchrony of bacterial flagella in the near field are
presented in Fig. 7.8. These results are obtained by short-interval numerical simulations
where we sample the instantaneous rate of change of the phase difference, d∆φ

dt , at discrete
points in the interval ∆φ ∈ (0,π), which are then extended to the full interval (0,2π) by
symmetry. The initial conditions imposed on the filaments are the same as in Eq. (7.77). In
other words, the filaments follow their intrinsic kinematics until time t = 0, at which point
we turn on the hydrodynamic interactions between the filaments and observe the average rate
of change of their phase difference over five periods of rotation. The stability of the in-phase
and anti-phase configurations is then deduced from the the sign of d∆φ

dt as a function of ∆φ ,
as shown in Fig. 7.8.

In panels (a-c) of Fig. 7.8, we observe that the lowest value of elastic tethering strength
considered in our simulations, k/k∗ = 0.25, is the first one to undergo a transition (blue data
points). In panels (b) and (c), there is a coexistence of stable in-phase and anti-phase solutions
depending on the elastic compliance of the filaments, and there are signs of an approaching
transition for the k/k∗ = 0.5 curve as well. In panels (d-g) we investigate in more detail the
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a. b. c.

d. e. f. g.

Fig. 7.8 Numerical observations of multisynchrony in hydrodynamically-coupled helical
filaments rotating nearby. The stability of the fixed points is determined by the rate of change
of the phase difference, d∆φ

dt , as a function of the phase difference, ∆φ . In panels (a-c), we
observe that helical filaments may synchronise either in-phase or anti-phase depending on
the value of the elastic compliance. In panels (d-g), we explore in more detail the exchange
of stability on the blue curve, k/k∗ = 0.25, between panels (a) and (b). The anti-phase
configuration becomes stable around d/L = 0.76 through a subcritical pitchfork bifurcation,
after which the in-phase configuration loses stability around d/L = 0.68. In all seven panels,
the filament geometry corresponds to a normal shape filament with N = 2.5 helical turns.
For comparison, the width of a bacterial cell body is w/L ≈ 0.3.
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way in which the in-phase/anti-phase configuration loses/gains stability for the k/k∗ = 0.25
curve, between the values of inter-filament separation from panels (a) and (b). We find that
the anti-phase configuration gains stability around d/L = 0.76 through a subcritical pitchfork
bifurcation. Afterwards, the newly-created unstable fixed points migrate towards the in-phase
configuration, which loses stability through another subcritical pitchfork bifurcation around
d/L = 0.68. On the diagram, the stable solutions are depicted by filled circles, while the
unstable solutions are represented as empty circles. Note that these observations are based
on short-interval simulations to determine the instantaneous rate of change of the phase
difference. Longer simulations are required in order to confirm the global stability of the
fixed points.

Why are these results important for the swimming of multiflagellated bacteria? The
stability of the in-phase configuration is crucial for the smooth operation of a bundle of
flagellar filaments, especially when the filaments are rotating close to each other, since
excluded-volume interactions and the helical geometry of the filaments impose restrictions
on the phase difference between the filaments, as discussed in Chapter 5. The potential
stability of the anti-phase configuration presents a novel challenge for our understanding of
how bundling and unbundling works. While previous studies have suggested that a difference
in the motor torque driving the filaments generates intermittent unbundling of the filaments
[176, 177], the possibility of anti-phase synchronisation when the filaments are driven by
the same motor torque has not been fully explored. Furthermore, the fact that in-phase
synchronisation first loses stability at lower values of elastic tethering strength, k, reinforces
the idea that elastic compliance plays a crucial role in the synchronisation of bacterial flagella.
We come back to the issue of near-field mutisynchrony in our discussion from Chapter 9.

7.7 Discussion

In this chapter, we have proposed a novel analytical model for the synchronisation of rotating
helical filaments through hydrodynamic interactions. Our minimal setup for synchronisation
constitutes an idealised model of the bacterial flagellum, where the action of the motor is
represented by a constant driving torque along the axis of the filaments, and the deformation
of the hook is modelled by a linear elastic spring. We have solved the reduced dynamical
system using a multiple scales analysis that exploits the separation of time scales between the
rotation of the filaments and the hydrodynamic synchronisation. The theoretical solution from
the multiple scales analysis is in perfect agreement with numerical simulations of the fully-
coupled hydrodynamic problem of two filaments rotating next to each other. We have also
provided a diagrammatic explanation of the physical mechanism underlying synchronisation,
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and we have used our theoretical results to derive valuable biophysical insights about the role
played by the flagellar geometry and the elasticity of the hook and flagellar filament in the
synchronisation of bacterial flagella. In the final section, we have extended our numerical
simulations to small inter-filament separations in order to investigate the stability of in-phase
synchronisation, which is the only stable configuration in the far field.

The main novelty in this work is the tether-compliance physical mechanism for syn-
chronisation which is qualitatively different from previous mechanisms based on orbital
compliance [159] (in our setup, the rotating filament is rigid and does not change its radius)
or phase-dependent forcing [211, 212] (in our setup, the actuation mechanism provides a
constant driving torque). The fact that the intrinsic kinematics of the filament consists of
two different motions on the fast time scale of the problem (i.e. the rotation about the axis,
and the sideways oscillation of the axis itself) seems to provide scope for a new type of
dynamical behaviour, where the time scale for synchronisation varies non-monotonically with
the strength of elastic compliance. Our setup is similar to the shaft-compliance mechanism in
Qian et al. [171] in terms of the conditions prescribed for elastic compliance, but the resulting
dynamics of synchronisation are qualitatively different due to the specific hydrodynamic
resistance of a helical filament.

Importantly, we find that the optimal elastic compliance for the synchronisation of
rotating bacterial flagella does not depend on the distance between the filaments, so long
as they are in the far field. Based on a simple dimensional scaling argument, we estimate
that the elastic compliance provided by the hook is significantly below the optimum value
for synchronisation, while the elastic compliance provided by the flagellar filament covers
a wider range, falling on either side of the optimum. Surprisingly, this suggests that the
flagellar filament, although more rigid than the hook, may play a more important role in
the synchronisation of bacterial flagella. A more comprehensive analysis of the elasto-
hydrodynamics of the bacterial flagellum would be required in order to address this point,
including the dynamic stiffening of the flagellar hook [162] and the deformation of the
flagellar filament due to external flow and rotation about its axis [101, 112, 217].

The important role played by elastic compliance is further emphasised in this chapter
through our numerical observations of stable anti-phase synchronisation when the filaments
are sufficiently close to each other, and the elastic tethering strength is sufficiently weak. Our
findings suggest once again that a larger elastic tethering strength, such as the one provided by
the flagellar filament, is more robust since it favours the stability of in-phase synchronisation
in bundles of flagellar filaments.

The analytical model presented in the chapter can be extended to allow for a two-
dimensional elastic trap, or to consider a tilting of the filament axis from side to side, rather
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than a lateral displacement. It can also be used to investigate other potential mechanisms for
synchronisation, such as the torque-speed relationship of the bacterial motor [196]. Another
possible extension is to include multiple interacting filaments placed in a circular arrangement,
as an idealised model of a bundle of bacterial flagella. This may lead to different dynamics
than the array configurations typically used in studies of many interacting cilia.

We made a number of simplifications in order to keep the model analytically tractable. In
computational studies, these restrictions could be relaxed in order to allow multiple degrees
of freedom for the motion of the filaments, to include more than two filaments, or to account
for hydrodynamic interactions with the cell body. In contrast to eukaryotic organisms, not
much is known about the role of the cell body in the synchronisation of a bundle of bacterial
flagellar filaments.

The analytical framework that we have used to describe the hydrodynamic interactions
between filaments, derived in Chapter 6, is valid when the distance between the filaments is
greater than the filament length, d > L. The multiple scales analysis makes this restriction
stronger, requiring in principle that d ≫ L, although the results presented in Section 7.4
suggest that the theory is able to capture the dynamics of synchronisation down d ≈ L. Hence,
the current theory is not suitable for making quantitative predictions about the time scale
for synchronisation in bundles of bacterial flagella, although it can inform our physical
understanding of the mechanisms underlying the synchronisation of rotating helical filaments.
The theory may also be used to predict the synchronisation between bacterial flagella on
different cells, which do not have non-hydrodynamic mechanisms for synchronisation such
as being elastically coupled through the cell wall, or individually coupled to the motion of
the cell body.
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Appendix 7.A Resistance matrix coefficients obtained from
RFT

In this appendix, we provide a list of analytical expressions for those components of the
resistance matrix which are necessary in our model of synchronisation.

A11 = 2c⊥+(c∥− c⊥)sin2
ψ

(
1− sin(2πN)

2πN

)
, (7.86)

A22 = 2c⊥+(c∥− c⊥)sin2
ψ

(
1+

sin(2πN)

2πN

)
, (7.87)

A0 = (1+ cos2
ψ)c⊥+ sin2

ψc∥, (7.88)

∆A =
(c⊥− c∥)sin2

ψ sin(2πN)

2πN
(7.89)

A23 = σ
sin(2ψ)sin(πN)

πN
(c∥− c⊥), (7.90)

B23 =
2sin(ψ)(cos2 ψc⊥+ sin2

ψc∥)sin(πN)

(πN)2 , (7.91)

B33 = σ
sin(ψ)sin(2ψ)

πN
(c∥− c⊥), (7.92)

D33 =
2sin(ψ)(cos2 ψc⊥+ sin2

ψc∥)sin(ψ)

(πN)2 . (7.93)

These expression were derived in Chapter 6 using resistive-force theory (RFT). The perpen-
dicular and parallel drag coefficients from Gray and Hancock’s RFT [69, 79] are

c⊥ =
4πµ

ln(2/ε)+1/2
, c∥ =

2πµ

ln(2/ε)−1/2
. (7.94)
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Appendix 7.B Derivation of solvability condition

The dynamical system from Eq. (7.39), copied below,(
1 −ρ sin(φ (0)

1 −ν)

0 1

)(
∂x(1)1 /∂ t

∂φ
(0)
1 /∂τ

)
+

(
0

∂φ
(1)
1 /∂ t

)

= S̃−1(φ
(0)
1 )

(
−kx(1)1

0

)
+φ

(1)
1

∂ S̃−1

∂φ
(φ

(0)
1 )

(
−kρ cos(φ (0)

1 −ν)

T0

)

− S̃−1(φ
(0)
1 )

[
dC̃(φ

(0)
1 ,φ

(0)
2 )
]

S̃−1(φ
(0)
2 )

(
−kρ cos(φ (0)

2 −ν)

T0

)
. (7.95)

is over-determined. In order for the asymptotic expansion, Eq. (7.32), to remain valid for
large times t, the first-order correction φ

(1)
1 must remain bounded. Hence, we separate all

terms dependent on φ
(1)
1 , and we write(

0

∂φ
(1)
1 /∂ t

)
−φ

(1)
1

∂ S̃−1

∂φ
(φ

(0)
1 )

(
−kρ cos(φ (0)

1 −ν)

T0

)
=

(
f (t,τ)
g(t,τ)

)
, (7.96)

where the unknown functions f (t,τ) and g(t,τ) represent all the terms dependent on φ
(0)
1 ,φ

(0)
2

and x(1)1 from Eq. (7.95).
Using the expansion of the matrix S̃−1 from Eqs. (7.18)-(7.20), we determined that

∂ S̃−1

∂φ
=

B23 cos(φ)
A0D33

(
0 1
1 2B23D−1

33 sin(φ)

)
, (7.97)

to leading order. Hence, writing out each line of Eq. (7.96) separately, we have

f (t,τ) = − T0B23

A0D33
cos(φ (0)

1 )φ
(1)
1 , (7.98)

g(t,τ) =
∂φ

(1)
1

∂ t
−φ

(1)
1

B23 cos(φ (0)
1 )

A0D33

(
−kρ cos(φ (0)

1 −ν)+
2T0B23

D33
sin(φ (0)

1 )

)
.(7.99)

If the function f (t,τ) is non-zero, then φ
(1)
1 is non-zero as well, to satisfy Eq. (7.98). The

function φ
(1)
1 is also a solution of the linear ODE from Eq. (7.99), so it can be expressed as a

linear superposition of the complementary function, φCF, and a particular solution dependent
on g(t,τ).
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The complementary function is the solution of the homogeneous equation

∂φCF

∂ t
−

B23 cos(φ (0)
1 )

A0D33

(
−kρ cos(φ (0)

1 −ν)+
2T0B23

D33
sin(φ (0)

1 )

)
φCF = 0. (7.100)

Since the complementary function is non-zero by definition, we can divide through by it and
integrate with respect to the fast time variable, t,

∫ dφCF

φCF
=

B23

A0D33

∫
cos(φ (0)

1 )

(
−kρ cos(φ (0)

1 −ν)+
2T0B23

D33
sin(φ (0)

1 )

)
dt,

=
B23

A0D33

∫
−1

2
kρ

(
cosν(1+ cos(2φ

(0)
1 ))+ sinν sin(2φ

(0)
1 ))

)
+

T0B23

D33
sin(2φ

(0)
1 )dt.

(7.101)

We integrate this using the fact that φ̇
(0)
1 = Ω0 = T0/D33 at leading order, and we find

lnφCF − lnA =
B23

A0D33

(
−kρ cosν

2
t − kρ cosν

4Ω0
sin(2φ

(0)
1 ))

+
kρ sinν

4Ω0
cos(2φ

(0)
1 ))− B23

2
cos(2φ

(0)
1 )

)
, (7.102)

so for large times t we have

φCF ∼ exp
(
−B23kρ cosνt

2A0D33

)
. (7.103)

Using the definitions of ρ and ν from Eq. (7.28), we rewrite this as

φCF ∼ exp
(

B2
23kt

2A2
0(K

2 +1)D33

)
. (7.104)

Hence, the complementary function grows exponentially over time since both k and D33 are
positive. The only way to suppress this exponential growth is if the functions f (t,τ) and
g(t,τ) are both identically zero, leading to the trivial solution φ

(1)
1 = 0.
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Appendix 7.C Series expansions for the matrices S̃−1 and
S̃−1C̃S̃−1

To keep the analytical model simple, we work in the regime πN ≫ 1 so that we can write the
matrices S̃−1(φ) and S̃−1(φ1)C̃(φ1,φ2)S̃−1(φ2) as asymptotic series in the small parameter
(πN)−1. First, we remind the reader that

S̃(φ) =

(
S11(φ) S16(φ)

S16(φ) S66

)
, C̃(φ1,φ2) =

(
C11(φ1,φ2) C16(φ1,φ2)

C61(φ1,φ2) C66(φ1,φ2)

)
. (7.105)

Because the single-helix resistance matrix S(φ) is obtained from the reference matrix S0 =

(A,B;BT ,D) through a rotation by angle φ , i.e.

S(φ) =

(
Q(φ)AQ(φ)T Q(φ)BQ(φ)T

Q(φ)BT Q(φ)T Q(φ)DQ(φ)T

)
, Q(φ) =

cosφ −sinφ 0
sinφ cosφ 0

0 0 1

 , (7.106)

we know that

S11(φ) = A0 +∆Acos(2φ) (7.107)

S16(φ) = −B23 sin(φ) (7.108)

S66 = D33, (7.109)

where we have introduced the notation A0 = (A11 +A22)/2 and ∆A = (A11 −A22)/2.
We also need the elements

S12(φ) = S21(φ) = ∆Asin(2φ) (7.110)

S13(φ) = S31(φ) =−A23 sin(φ) (7.111)

S26(φ) = S62(φ) = B23 cos(φ) (7.112)

S36 = S63 = B33, (7.113)

because the cross-resistance matrix C(φ1,φ2) is defined, to O(d−1), as

Ci j(φ1,φ2) =− 1
8πµd

Sip(φ1)
(
δpq + d̂pd̂q

)
Sq j(φ2), (7.114)
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with the indices p,q summed from 1 to 3. In our setup we have d = dex, so

Ci j(φ1,φ2) =−
2Si1(φ1)S1 j(φ2)+Si2(φ1)S2 j(φ2)+Si3(φ1)S3 j(φ2)

8πµd
. (7.115)

Now that we have expressions for all the components of matrices S̃(φ) and C̃(φ1,φ2), we
can begin to sort the terms order by order. From the analytical expressions in Appendix 7.A,
we gain the key insight that

A0 = O(1), (7.116)

∆A,A23,B33 = O((πN)−1), (7.117)

B23,D33 = O((πN)−2). (7.118)

Based on this, we calculate the inverse matrix

S̃−1(φ) =
1

S11(φ)S66 −S16(φ)2

(
S66 −S16(φ)

−S16(φ) S11(φ)

)
, (7.119)

starting with the determinant

S11(φ)S66 −S16(φ)
2 = A0D33 +∆AD33 cos(2φ)−B2

23 sin2(φ), (7.120)

which means that

(S11(φ)S66 −S16(φ)
2)−1 =

1
A0D33

− ∆A
A2

0D33
cos(2φ)

+

[
∆A2

A3
0D33

cos2(2φ)+
B2

23

A2
0D2

33
sin2(φ)

]
+O

(
(πN)−1) . (7.121)

Using the information above, we can expand the expression for

S̃−1(φ) =

(
1

A0D33
− ∆A

A2
0D33

cos(2φ)

+

[
∆A2

A3
0D33

cos2(2φ)+
B2

23

A2
0D2

33
sin2(φ)

]
+ . . .

)(
D33 B23 sin(φ)

B23 sin(φ) A0 +∆Acos(2φ)

)
, (7.122)

to obtain the asymptotic series

S̃−1(φ) = Ŝ2(φ)+ Ŝ0(φ)+O
(
(πN)−1) , (7.123)



196 Hydrodynamic synchronisation of rotating bacterial flagella

because the O
(
(πN)1) terms cancel out, and

Ŝ2 =

(
0 0
0 D−1

33

)
, (7.124)

Ŝ0 = A−1
0

(
1 B23D−1

33 sin(φ)
B23D−1

33 sin(φ) B2
23D−2

33 sin2(φ)

)
. (7.125)

Coming back to the components of matrix C̃(φ1,φ2), we have that

C11(φ1,φ2) =−2S11(φ1)S11(φ2)+S12(φ1)S21(φ2)+S13(φ1)S31(φ2)

8πd

=−2(A0 +∆Acos(2φ1))(A0 +∆Acos(2φ2))+∆A2 sin(2φ1)sin(2φ2)

8πµd

+
A2

23 sin(φ1)sin(φ2)

8πµd
, (7.126)

C16(φ1,φ2) =C61(φ2,φ1) =−2S11(φ1)S16(φ2)+S12(φ1)S26(φ2)+S13(φ1)S36(φ2)

8πd

=−−2(A0 +∆Acos(2φ1))B23 sin(φ2)+∆AB23 sin(2φ1)cos(φ2)−A23B33 sin(φ1)

8πµd
,

(7.127)

C66(φ1,φ2) =−2S61(φ1)S16(φ2)+S62(φ1)S26(φ2)+S63(φ1)S36(φ2)

8πd

=−
2B2

23 sin(φ1)sin(φ2)+B2
23 cos(φ1)cos(φ2)+B2

33
8πµd

. (7.128)

The terms can be sorted into a finite asymptotic series

C̃(φ1,φ2) = Ĉ0(φ1,φ2)+ Ĉ−1(φ1,φ2)+ Ĉ−2(φ1,φ2)+ Ĉ−3(φ1,φ2)+ Ĉ−4(φ1,φ2), (7.129)
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where

Ĉ0 = − 1
8πµd

(
2A2

0 0
0 0

)
, (7.130)

Ĉ−1 = − 1
8πµd

(
2A0∆A(cos(2φ1)+ cos(2φ2)) 0

0 0

)
, (7.131)

Ĉ−2 = − 1
8πµd

(
2∆A2 cos(2φ1)cos(2φ2)+∆A2 sin(2φ1)sin(2φ2)

+A2
23 sin(φ1)sin(φ2)

−2A0B23 sin(φ2)
−A23B33 sin(φ1)

−2A0B23 sin(φ1)−A23B33 sin(φ2) B2
33

)
, (7.132)

Ĉ−3 = − 1
8πµd

(
0 −2∆AB23 cos(2φ1)sin(φ2)

+∆AB23 sin(2φ1)cos(φ2)
−2∆AB23 cos(2φ2)sin(φ1)
+∆AB23 sin(2φ2)cos(φ1)

0

)
, (7.133)

Ĉ−4 = − 1
8πµd

(
0 0
0 2B2

23 sin(φ1)sin(φ2)+B2
23 cos(φ1)cos(φ2)

)
. (7.134)

Thanks to the sparse structure of the matrices, we deduce that

Ŝ2Ĉ0 = Ĉ0Ŝ2 = Ŝ2Ĉ−1 = Ĉ−1Ŝ2 = Ŝ2Ĉ−3Ŝ2 = 0. (7.135)

After expanding out the product

S̃−1(φ1)C̃(φ1,φ2)S̃−1(φ2) =
(
Ŝ2(φ1)+ Ŝ0(φ1)+ . . .

)(
Ĉ0(φ1,φ2)+ Ĉ−1(φ1,φ2)+ Ĉ−2(φ1,φ2)+ Ĉ−3(φ1,φ2)+ Ĉ−4(φ1,φ2)

)(
Ŝ2(φ2)+ Ŝ0(φ2)+ . . .

)
, (7.136)

we find that the asymptotic expansion for S̃−1(φ1)C̃(φ1,φ2)S̃−1(φ2) has no terms of order
O
(
d−1(πN)4), O

(
d−1(πN)3) or O

(
d−1(πN)1) because of the vanishing combinations of

terms detailed in Eq. (7.135), meaning that

S̃−1(φ1)
[
dC̃(φ1,φ2)

]
S̃−1(φ2) = M2(φ1,φ2)+M0(φ1,φ2)+O

(
(πN)−1) , (7.137)

where the matrices

M2(φ1,φ2) = dŜ2(φ1)Ĉ−2(φ1,φ2)Ŝ2(φ2), (7.138)

M0(φ1,φ2) = dŜ2(φ1)Ĉ−4(φ1,φ2)Ŝ2(φ2)+dŜ2(φ1)Ĉ−2(φ1,φ2)Ŝ0(φ2)

+dŜ0(φ1)Ĉ−2(φ1,φ2)Ŝ2(φ2)+dŜ0(φ1)Ĉ0(φ1,φ2)Ŝ0(φ2). (7.139)
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It is easy to see from the above that

M2(φ1,φ2) =− 1
8πµ

(
0 0
0 B2

33D−2
33

)
, (7.140)

but the second matrix requires more work. The first product is simply

Ŝ2(φ1)Ĉ−4(φ1,φ2)Ŝ2(φ2) =

− 1
8πµd

(
0 0
0 D−2

33
(
2B2

23 sin(φ1)sin(φ2)+B2
23 cos(φ1)cos(φ2)

)) , (7.141)

and the second is

Ŝ2(φ1)Ĉ−2(φ1,φ2)Ŝ0(φ2) =

− 1
8πµd

(
−2B23 sin(φ1)

D33
+

B33(B23B33 −A23D33)sin(φ2)

A0D2
33

)(
0 0
1 B23 sin(φ2)

D33

)
. (7.142)

In RFT, the combination B23B33 −A23D33 = 0 (see analytical expressions in Appendix 7.A).
Hence, the previous expression simplifies to

Ŝ2(φ1)Ĉ−2(φ1,φ2)Ŝ0(φ2) =
B23D−1

33 sin(φ1)

4πµd

(
0 0
1 B23D−1

33 sin(φ2)

)
, (7.143)

and by symmetry,

Ŝ0(φ1)Ĉ−2(φ1,φ2)Ŝ2(φ2) =
B23D−1

33 sin(φ2)

4πµd

(
0 1
0 B23D−1

33 sin(φ1)

)
. (7.144)

The fourth term is again easy to compute as

Ŝ0(φ1)Ĉ0(φ1,φ2)Ŝ0(φ2) =− 1
4πµd

(
1 B23D−1

33 sin(φ2)

B23D−1
33 sin(φ1) B2

23D−2
33 sin(φ1)sin(φ2)

)
. (7.145)

Finally, by adding the four contributions and noticing the cancellation of terms, we obtain
the matrix

M0(φ1,φ2) =− 1
8πµ

(
2 0
0 B2

23D−2
33 cos(φ1)cos(φ2)

)
, (7.146)

which completes our asymptotic series to the first non-trivial order.



Chapter 8

Hydrodynamics of multiflagellar
propulsion

In this chapter, we investigate the link between the number of flagellar filaments and the
swimming speed of a peritrichous bacterium via numerical computations and a minimal
model for the swimming bacterium. Our model incorporates the hydrodynamic interactions
(HIs) within the bundle, as captured by a distribution of Stokeslets and source dipoles along
the centrelines of the filaments, but the HIs between the flagellar bundle and the cell body
are not included. Furtheremore, we include in our model the full torque-speed relationship of
the bacterial flagellar motor (BFM), which leads to qualitatively novel observations about
the swimming speed of the cell. Specifically, we observe that the swimming speed reaches a
maximum and then decays after a critical number of filaments, due to a transition from the
high-load regime to the low-load regime of the motors actuating the filaments. Therefore,
hydrodynamics predicts an optimal number of flagella for propulsion, and this number is
within the biologically relevant range.

The work presented in this chapter is a summary of ongoing research as of the date of
submission of this dissertation.

8.1 Motivation

The instantaneous speed of a bacterium is one of the key parameters defining its motility,
including the way in which peritrichous bacteria actively diffuse via run-and-tumble [8].
It is known from both experiments [146, 156] and theoretical studies [107, 158] that the
swimming speed of a bacterium depends on the number of flagella, although the details of
this dependence have not been fully elucidated.
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While previous theoretical studies have reported a monotonic increase in swimming speed
with the number of flagella, experiments with flagellar mutant strains of Bacillus subtilis
have suggested that the swimming speed is largest for the wild-type strain which has a
mid-range value for the number of filaments [156]. In this aforementioned study, the flagellar
deficient mutants had an average of 10 flagella, while the hyperflagellated mutants had up to
40, compared to the wild-type B. subtilis which exhibited around 26 flagella. On the other
hand, experiments with flagellar mutants of Helicobacter pylori found that a relatively small
change in the number of flagella, from three to only four flagella, could lead to an increase of
19% in the swimming speed of the cell [146]. H. pylori is a polarly-flagellated bacterium
with multiple flagella protruding from one end of the cell body, so is very different to the
highly-flagellated peritrichous bacterium B. subtilis. In this chapter, the model organism that
we have in mind is Escherichia coli, which sits in between the two extremes, typically having
three to five flagella distributed uniformly across the cell body [9]. This comparison helps us
to identify the regime that we are interested in: a bundle made up of relatively few flagellar
filaments, no more than ten, and a bundle radius on the same order as the width of the cell
body, since the flagella are coming from all directions not just one end of the cell.

In the introduction, §1.3, we discussed a simple argument based on a force balance along
the direction of motion of the bacterium to argue that the swimming speed of the cell,

U(N f ) =−
N f B33Ω

N f A33 +Abody
, (8.1)

is bounded above by the limiting speed of each of its helical propellers, B33Ω/A33. This
calculation, proposed by Nguyen and Graham [158], assumes that the drag and thrust exerted
by each filament does not depend on the number of filaments in the bundle, hence there are
no HIs within the bundle or between the cell body and the bundle. Nguyen and Graham
[158] found that this simple argument could explain relatively well the sub-linear increase
in swimming speed observed in their full elastohydrodynamic simulations, in which the
hydrodynamics of the filaments were modelled using the framework of regularised Stokeslets.

A separate numerical study by Kanehl and Ishikawa [107], using the boundary element
method (BEM), also found that the swimming of the cell increases monotonically with the
number of flagella, but reported a logarithmic increase with number of flagella. It has been
suggested that the hydrodynamic resistance of a bundle with N f helical filaments of thickness
ε could be captured by a single filament with an effective radius of ε

√
N f , such that the

total cross-sectional area of the helix is the same as the sum over its constituent filaments
[40]. Since the resistive drag coefficients on a slender filament, Eqs. (2.24)-(2.25), vary
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logarithmically with the aspect ratio of the filament, Kanehl and Ishikawa [107] found this to
be a reasonable approximation of their numerical results.

In this chapter, we use our computational method based on slender-body theory (SBT),
which was introduced in Chapter 6, to further investigate the question of swimming with a
bundle of helical flagellar filaments. We focus in particular on the HIs inside the bundle, and
we investigate how these depend on the number of filaments and the radius of the bundle.
A previous numerical study using the BEM also found that the distance between filaments
affects the dynamics of a bacterium with only two flagella, with the cell body rotating more
slowly and swimming faster when the two filaments were placed further apart [193].

8.2 Theoretical model

In this section, we describe the modelling assumptions of this investigation, and we define the
key physical quantities through which we compare the hydrodynamic performance of bundles
with different radii and number of filaments. Finally, we discuss briefly the computational
method used to model the full HIs within the bundle, and refer the reader to §6.3.1 for further
details of the numerical implementation.

8.2.1 Geometric and hydrodynamic setup

We consider a minimal model of a bundle of bacterial flagellar filaments, where N f identical
helical filaments are placed in a regular polygonal arrangement inscribed in a circle of radius
Rb, the radius of the bundle. The setup is shown in Fig. 8.1 for the case of N f = 5 filaments,
where the position of filament k relative to the centre of the bundle,

xk = Rb cos
(

2πk
N f

)
ex +Rb sin

(
2πk
N f

)
ey, (8.2)

is indicated by a blue arrow for one filament in the bundle (k = 4).
The kinematics of the filaments are prescribed under the conditions of rotational symmetry

around the bundle, so that each filament translates and rotates rigidly with the same velocity
components (Ur,Uφ ,Uz) and (Ωr,Ωφ ,Ωz). For each filament, the r components of the linear
and angular velocities point from the central axis of the bundle towards the axis of the
filament, as illustrated by the yellow arrows in Fig. 8.1. Likewise, the φ components point
counter-clockwise around the bundle, in the direction of increasing azimuthal angle around
the central axis of the bundle.
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a. b.

Fig. 8.1 Geometrical and kinematic setup for investigating the hydrodynamics of a circular
bundle of filaments. (a) Side view of the bundle consisting of N f identical helical filaments,
whose axes are aligned with the z direction. (b) Horizontal cross-section through the bundle,
illustrating the placement of the helical axes at regular intervals around a circle of radius
Rb. The filled green circle is the cross-section through the filament, while the dashed green
circle indicates the locus of the filament as it rotates about its axis. The kinematics of the
filaments satisfy rotational symmetry around the bundle, so that all filaments translate with
the same vertical velocity Uz, the same radial velocity Ur outward from the central axis of the
bundle, and the same circumferential velocity Uφ around the bundle. Likewise for rotational
velocities, Ωz,r,φ . The velocities are indicated by yellow arrows on a selection of filaments
from the bundle. Furthermore, the filaments rotate in phase with each other, so that the
instantaneous orientation is the same for all filaments, {e1,e2,e2}, indicated by green arrows
on a selection of filaments.
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For simplicity, we assume that the axes of the helices remain parallel over time, such that
Ωr = Ωφ = 0, and that the radius of the bundle is fixed, so Ur = 0. The remaining degrees of
freedom allow the filaments to rotate about their own axis, Ωz, to translate along the same
axis, Uz, and to rotate around the central axis of the bundle, Uφ . Later, when we couple the
bundle with the cell body, the last two conditions allow us to capture the forward propulsion
of the cell and the counter-rotations of the cell body.

We further assume that the filaments rotate in-phase with each other, so that the absolute
phase angle of each filament is the same, Φk = φk +χk = Φ. In other words, we are assuming
that the filaments have had sufficient time to synchronise through hydrodynamic interactions
(see Chapter 7) and that the bundle has reached a steady state. Therefore, the body-fixed
vectors {e(k)1 ,e(k)2 ,e(k)3 } are the same for all the filaments, so we may drop the filament label.
These are depicted by green arrows on Fig. 8.1 for two filaments amongst the bundle.

Finally, we non-dimensionalise the physical variables in such a way that the length of
the filament is L = 2, and the dynamic viscosity of the fluid is µ = 1 in dimensionless terms,
just as in Chapter 6. Since we later consider the full torque-speed relationship of the BFM,
not just a constant torque applied to the filaments, we non-dimensionalise forces and torques
such that the maximum torque, also known as the stall torque of the motor, is Tstall = 1 in
dimensionless terms. The time scale resulting from these three choices is τ̃ = µ̃L̃3/8T̃stall.

8.2.2 Extended resistance matrix for a circular bundle of filaments

Just as we have done in Chapter 6, when considering the HIs between two rigid fila-
ments, we express the relationship between the dynamics and the kinematics of multiple
hydrodynamically-coupled filaments through an extended resistance matrix,

F1

T1

F2

T2
...

FN f

TN f


=


S1 C27→1 . . . CN f 7→1

C1 7→2 S2 . . . CN f 7→2
...

... . . . ...
C17→N f C27→N f . . . SN f





U1

ΩΩΩ1

U2

ΩΩΩ2
...

UN f

ΩΩΩN f


, (8.3)

where Fk and Tk are the forces and torques exerted by filament k on the fluid, and Uk and ΩΩΩk

are the rigid body translation and rotation of the filaments relative to the fluid. The resistance
matrices Sk measure the self-induced dynamics of each filament, while the resistance matrices
C j 7→k capture the hydrodynamic effects induced by the motion of filament j on filament k.
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Under our notation convention from the rest of the dissertation, the self-induced matrices
Sk and the cross-interaction matrices C j 7→k are expressed relative to the laboratory frame
{ex,ey,ez}.

To account for the rotational symmetry in our setup, we introduce some new notation,
Scb

k and Ccb
j 7→k, where the superscript stands for “circular bundle”. These resistance matrices

provide the linear relationship between the dynamics and kinematics of the filaments ex-
pressed in radial, azimuthal and vertical components relative to the central axis of the bundle,
i.e. ΓΓΓ

cb
k = (Γr,Γφ ,Γz), where Γ is a generic placeholder for a force, torque or velocity.

The conversion between Sk, C j 7→k and Scb
k , Ccb

j 7→k is achieved by a change of basis,

Scb
k =

(
QT

k 0
0 QT

k

)
Sk

(
Qk 0
0 Qk

)
, Ccb

j 7→k =

(
QT

k 0
0 QT

k

)
C j 7→k

(
Q j 0
0 Q j

)
, (8.4)

Qk =


cos
(

2πk
N f

)
−sin

(
2πk
N f

)
0

sin
(

2πk
N f

)
cos
(

2πk
N f

)
0

0 0 1

 , (8.5)

where the matrix Qk represents a rotation by angle 2πk/N f about the z axis.

8.2.3 Average resistance coefficients

Since the time scale of rotation of bacterial flagellar filaments is much faster than the time
scale on which bacteria swim in a straight line with their flagellar filaments gathered in a
bundle [40], we are interested in the mean hydrodynamic resistance of the bundle averaged
over a period of rotation of the filaments.

We define the effective drag coefficient

Afcb
33 (Rb,N f ) = ⟨(Scb

k )33 + ∑
j ̸=k

(C j 7→k)33⟩, (8.6)

as an average of all the hydrodynamic effects in the bundle over one period of the phase
angle, ⟨. . .⟩= 1/(2π)

∫ 2π

0 . . .dΦ. The drag coefficient Afcb
33 measures the average resistance

of a “filament in a circular bundle” (fcb) to translation along its own axis. Due to rotational
symmetry around the bundle, the drag coefficient is the same for any filament label k.
However, we have made it explicit in our notation that the resistance coefficient depends on
the radius of the bundle and the number of filaments in the bundle.
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Likewise, we define the effective thrust coefficient

Bfcb
33 (Rb,N f ) = ⟨(Scb

k )36 + ∑
j ̸=k

(C j 7→k)36⟩, (8.7)

which measures the average propulsion generated by a helix through its rotation about its
own axis, and the effective torque coefficient

Dfcb
33 (Rb,N f ) = ⟨(Scb

k )66 + ∑
j ̸=k

(C j 7→k)66⟩, (8.8)

which measures the average torque that must be applied to the filament in order to sustain
its rotation against viscous drag from the fluid. For a single filament, the quantities from
Eqs. (8.6)-(8.8) are equivalent to the resistance coefficients A33, B33 and D33 previously
computed by RFT in Appendix 6.A.

Finally, since we later include the motion of the filaments due to the counter-rotations of
the cell body, we also need to define the resistance coefficients

Afcb
32 (Rb,N f ) = ⟨(Scb

k )32 + ∑
j ̸=k

(C j 7→k)32⟩, (8.9)

Bfcb
32 (Rb,N f ) = ⟨(Scb

k )62 + ∑
j ̸=k

(C j 7→k)62⟩, (8.10)

which describe the effective force and torque exerted on the fluid by a filament due to its
circumferential velocity Uφ around the bundle (see Fig. 8.1 (c)).

8.2.4 Computational method for hydrodynamic interactions

Since our goal is to capture the hydrodynamics of a circular bundle of filaments across
a range of length scales, including bundle radii Rb of order O(L), we need to resort to
numerical computations in order to quantify the full HIs within the bundle. We use the same
computational method as in Chapter 6, which is based on Johnson’s SBT [105] with HIs
between the filaments modelled using the framework of Tornberg and Shelley [205]. We
extend Eq. (6.60) to multiple interacting filaments,

8πµu(rk(s)) = L [fk(s)]+K [fk(s′)]+ ∑
j ̸=k

J [f j(s′),d j 7→k], (8.11)

where d j 7→k = xk −x j is the distance between filaments j and k, and fk is the force density
along filament k. The linear and integral operators L and K come from SBT, and the
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integral operator J models the HIs between filaments through the Stokeslet and source
dipole flows they each induce.

We invert Eq. (8.11) using the same Galerkin method described in §6.3.1, from which we
derive the extended resistance matrix of Eq. (8.3). Afterwards, we carry through with the
calculations as described in this section.

8.3 Results and biophysical insights

After introducing the key assumptions of our model and the computational method used in
this investigation, we now present our results and explain their significance in a biophysical
context. We start by considering the effective hydrodynamic resistance of a circular bundle
of filaments, and then we couple the bundle with a spheroidal cell body through a force
and torque balance on the entire cell. This allows us to calculate the swimming speed of a
multiflagellated bacterium as a function of the number of filaments in the bundle. In this final
part, the full HIs between the filaments are included, but the HIs between the bundle and the
cell body are not.

8.3.1 Hydrodynamic resistance of a bundle of flagellar filaments

All the results provided in this subsection correspond to flagellar filaments in the normal
polymorphic shape, with measurements for the helical pitch and amplitude, and the contour
length of the filament taken from Darnton et al. [40]. In dimensional terms, the control
parameters used in our simulation are R̃ = 0.195 µm , p̃ = 2.22 µm , ε̃ = 0.012 µm and
L̃ = 8.3 µm.

The first physical quantities we look at are the total drag, thrust and torque exerted by
a circular bundle as a function of the number of filaments, shown in Fig. 8.2 (a-c). All of
these quantities are averaged over the phase angle of the filaments so they cannot be fully
separated from the idea that the filaments are rotating about their axes, but the drag pertains
specifically to the force induced by the translation of the filaments as they are rotating, while
the thrust and torque pertain to the actual rotation - see diagrams on the left of Fig. 8.2.

For large bundle radii, the total forces and torque exerted by the filaments increase
linearly with the number of filaments, as expected, since HIs do not affect the dynamics of
the individual filaments very much. For small bundle radii, we find that HIs significantly
decrease the total drag, thrust and torque, leading to a sub-linear increase with the number of
filaments, and even an initial decrease going from one to two filaments when the radius of
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Fig. 8.2 Total drag, thrust and torque exerted by a circular bundle of hydrodynamically-
coupled filaments, calculated numerically using the computational method described in
§6.3.1 and extended to multiple filaments in Eq. (8.11). The effective drag, thrust and torque
coefficients Afcb

33 , Bfcb
33 , Dfcb

33 are defined in Eqs. (8.6)-(8.8).
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the bundle is sufficiently small. This is most noticeable for the forces exerted by the bundle
in Fig. 8.2 (a) and (b), and less so for the torque.

To understand where the sublinear increase in total drag, thrust and torque comes from,
we now focus on the deficit in these quantities for a single filament in the bundle. In Fig. 8.3
(a), we plot the relative difference in the thrust exerted by a filament rotating in a circular
bundle of N f filaments compared to the thrust that the same filament would exert if actuated
on its own. We repeat for the drag and torque in Fig. 8.3 (b) and (c), respectively. The circles
represent numerical computations, while the solid lines are far-field asymptotics based on
our calculations from Chapter 6.

Recall the far-field deficit in thrust and torque was explicitly calculated in §6.4 for the
case of two helices rotating in parallel. The result of Eq. (6.89) tells us that the deficit due to
pairwise HIs between two helices rotating in phase, at distance d away from each other, is

⟨∆Fz⟩=− Ωz

8πd

(
A33B33 +

3
2

A23B23

)
+O(d−2). (8.12)

Summing over all pairwise interactions in a circular bundle of large radius, Rb ≫ L, we
obtain the following asymptotic expression for the deficit in thrust on a filament in a circular
bundle, relative to the thrust coefficient B33 for an isolated helix,

Bfcb
33 (Rb,N f )−B33 ≈− 1

16πRb

(
A33B33 +

3
2

A23B23

)N f−1

∑
k=1

1
sin
(
kπ/N f

) +O(R−2
b ). (8.13)

Similarly, we obtain the deficit in torque by extending the result of Eq. (6.91) into

Dfcb
33 (Rb,N f )−D33 ≈− 1

16πRb

(
B2

33 +
3
2

B2
23

)N f−1

∑
k=1

1
sin
(
kπ/N f

) +O(R−2
b ). (8.14)

Although not explicitly calculated in §6.4, the deficit in drag is easily obtained as

Afcb
33 (Rb,N f )−A33 ≈− 1

16πRb

(
A2

33 +
3
2

A2
23

)N f−1

∑
k=1

1
sin
(
kπ/N f

) +O(R−2
b ). (8.15)

The asymptotic expressions from Eqs. (8.13)-(8.15) are in excellent agreement with the
numerical data when the bundle radius is sufficiently large - see Fig. 8.3 (a-c).

As we decrease the radius of the bundle, we observe that the deficit in thrust and drag
grows more slowly in the near field than in the far field, while the opposite is true for the
torque. In all cases, however, the thrust, drag and torque exerted by a filament in a circular
bundle is significantly reduced compared to the way it would operate in the absence of HIs.
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Fig. 8.3 Deficit in drag, thrust and torque on an individual filament operating inside a circular
bundle. The numerical data (circles) is shown alongside the far-field asymptotic expressions
(solid lines) from Eqs. (8.13)-(8.15). For reference, the typical width of a bacterial cell body
is w/L ≈ 0.1, so our numerical results span a range between Rb/w = 0.14 and Rb/w = 36.

The fact that a filament rotating within a bundle requires much less torque to be actuated at
the same angular velocity is very important later on, when we consider how the torque-speed
relationship of the BFM affects the swimming speed of the cell.

We also remind the reader that the physical origin of the thrust deficit was illustrated in
Fig. 6.11 based on the far-field hydrodynamic interactions between the filaments. The flows
induced by the force density along each filament are expected to have the same qualitative
features in the near-field, although the magnitude of hydrodynamic effects increases. When
the separation between the filaments becomes comparable to the thickness of the filaments,
the force moments induced by the rotation of the filament about its own centreline are
expected to become important. The numerical results presented in this section go down to a
dimensionless bundle radius Rb = 0.02, much larger than the cross-sectional radius of the
filaments, ε = 0.003, so we do not included the effect of force moments in our computational
method.

8.3.2 Swimming speed of a multiflagellated bacterium

Now that we have a better understanding of the hydrodynamic resistance of a circular bundle
of filaments, we want to use our results to gain physical insights about the swimming speed
of a multiflagellated bacterium.
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We model the cell body as a prolate spheroid with length, l, and width, w, as shown in
Fig. 8.4 (a). As a starting point, we consider a “dry” coupling where there are no HIs between
the bundle and the cell body, but the two are coupled through a force and torque balance on
the entire bacterium

N f

(
Afcb

33 Bfcb
33

Bfcb
33 Dfcb

33

)(
U
Ω

)
+N f

(
Afcb

32

Bfcb
32

)
RbΩbody +

(
A∥ 0
0 D∥

)(
U

Ωbody

)
= 0. (8.16)

The first term represents the forces and torques exerted by the filaments due to rotation and
translation about their own axes. The second term represents the vertical forces and torques
exerted by the filaments due to their linear velocity around the circumference of the bundle,
Uφ = RbΩbody, which comes from the fact that the anchoring points of the filaments rotate
together with the cell body. The final term represents the forces and torques exerted by the
spheroidal cell body along its major axis, where A∥ and D∥ are the resistance coefficients for
a prolate spheroid defined in Eqs. (2.29)-(2.30).

To close the system, we need a third condition for the dynamic actuation of the filaments.
The modelling assumption commonly used in the literature is that the motors apply a
constant torque to the flagellar filaments [107, 158]. Here, we consider the full torque-
speed relationship of the BFM, which was previously described in §1.2.3. Our choice is
motivated by our previous understanding of the hydrodynamic resistance of a bundle of
flagellar filaments, from Fig. 8.3, where we have seen that HIs within the bundle can reduce
the effective torque coefficient Dfcb

33 by up to 60% in the parameter space considered in our
numerical simulations.

Motivated by experimental measurements on the rotary motors of E. coli, which have
been summarised in the review article by Sowa and Berry [196], we model the torque-speed
relationship of the BFM as a piecewise linear function,

T =

1−α(Ω−Ωbody) if Ω−Ωbody ≤ Ωknee,

γ −β (Ω−Ωbody −Ωknee) if Ω−Ωbody > Ωknee,
(8.17)

as shown by the black solid line in Fig. 8.4 (b). The angular velocity at the knee is such that
the function is continuous, Ωknee = (1− γ)/α . Note that the maximum torque applied by
the BFM is Tstall = 1 in our dimensionless units.

We extract the parameters α,β ,γ by fitting the scatter plots provided by Xing et al. [227],
which are themselves a summary of experimental data [25, 60]. We fit the relative torque at
the knee as γ = 0.85, and the dimensional slopes α̃ = 1×10−4 s, and β̃ = 22×10−4 s. The
dimensionless slopes α and β are obtained after rescaling by the time scale τ̃ = µ̃L̃3/8T̃stall.
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Fig. 8.4 Swimming with a bundle of flagellar filaments. (a) Our minimal model of a
swimming multiflagellated bacterium consists of a bundle of parallel helical filaments and
a spheroidal cell body. The “dry” coupling between the bundle and cell body consists of
a force and torque balance on the entire bacterium, Eq. (8.16). (b) Piecewise linear model
for the torque-speed relationship of the BFM (black) and viscous “load lines” (colour) for
a single filament that operates as part of a circular bundle of N f filaments. For N f > 4, the
bundle enters the low-load regime of the BFM, because the hydrodynamic resistance of
a filament to rotation about its own axis is greatly reduced when the filament is part of a
bundle. The torque-speed curve displayed in this figure corresponds to a motor stall torque of
T̃stall = 0.5 pN µm. (c) The torque-speed relationship of the BFM has a significant effect on
the swimming speed of a multiflagellated bacterium. The swimming speed of the cell starts
to decay when the motors actuating the filaments enter the low-load regime, which happens
when the number of filaments in the bundle is sufficiently large.
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However, the values reported in the literature for the stall torque of the BFM vary by
a considerable amount [12, 40, 42]. For the results presented in Fig. 8.4 (b) we non-
dimensionalise using a stall torque of T̃stall = 0.5 pN µm, together with the viscosity of water
at 20◦C, µ̃ = 1 cP, and a filament length of L̃ = 7.1 µm [40]. In Fig. 8.4 (c) we consider a
few different values for the stall torque, selected from the mid-range of values reported in the
literature [12, 40, 42].

Finally, we equate the torque applied by the BFM to each filament, Eq. (8.17), to the
average torque exerted by each flagellar filament on the fluid,

T = Bfcb
33 U +Dfcb

33 Ω. (8.18)

Note that the torque applied by the motor to the flagellar filament depends on the relative
angular velocity of the filament with respect to the cell body, Ω−Ωbody, while the torque
exerted by the filament on the fluid depends on its absolute angular velocity in the laboratory
frame, Ω.

Our model for the swimming of a multiflagellated bacterium consists of the coupled
system of equations from Eqs. (8.16)-(8.18). We solve these equations using the effective
resistance coefficients Afcb

33 , Bfcb
33 , Dfcb

33 calculated via our computational method. The final
results are shown in Fig. 8.4 (b) and (c).

The torque at which the motors operate is given by the intersection between the intrinsic
torque-speed curve of the BFM (black solid line) and the viscous “load line” for a filament
(coloured solid lines) on Fig. 8.4 (b). As the number of filaments in the bundle increases, the
effective hydrodynamic resistance of the filament to rotation about its own axis decreases,
which is reflected by the decreasing slope of the load lines. After a certain point, which in
this case happens to be N f = 4, the rotary motors enter the low-load regime where the torque
falls rapidly with increasing angular speed.

When considering the overall swimming speed of the cell, in Fig. 8.4 (c), the change
from the high-load to the low-load regime is manifested by a local maximum, after which
the swimming speed of the cell starts to decay.

8.4 Conclusion

In this chapter, we have investigated the hydrodynamic resistance of a circular bundle of
filaments by computational means, and we have identified the dependence of key quantities
(the drag, thrust and torque exerted by the filaments) on the radius of the bundle and the
number of filaments. We have also used our understanding of how the torque exerted by
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the filaments is reduced through HIs to propose a model of a swimming multiflagellated
bacterium which incorporates the torque-speed relationship of the BFM. Our findings suggest
that the swimming speed of the cell may depend in a fundamental way on the torque-speed
relationship of the BFM, since we observe strong effects within the biologically relevant
range of two to six flagellar filaments [208, 209].

Our model does not yet include two important hydrodynamic effects: the HIs between the
cell body and the bundle, and the HIs within the bundle due to the rotation of the filaments
around their own centreline. We expect that including HIs between the cell body and the
bundle would delay the transition into the low-load regime, and hence the number of filaments
at which the maximum swimming velocity is achieved. This is because the angular velocity
of the cell body would be reduced in magnitude due to HIs with the bundle, and hence the
relative angular velocity Ω−Ωbody would be less. However, even if the rotation rate of
the cell body were to remain constant, the slope of the load lines would still decrease with
increasing number of filaments due to HIs within the bundle. Eventually, it is reasonable to
expect a maximum in swimming speed at some larger number of filaments.

The one hydrodynamic aspect that could prevent the monotonic decrease of the load lines
in Fig. 8.4 (b) and the transition to the low-load regime, are the hydrodynamic moments
generated by the rotation of the filaments about their own centreline. These moments are
negligible in the parameter range explored in this chapter, as explained at the end of §8.3.1,
but as the number of filaments is further increased and the distance between the filaments
goes down, the effects due to hydrodynamic moments may become important. This suggests
a fruitful avenue for future research into the hydrodynamics of flagellar bundles.





Chapter 9

Summary and perspectives

In this dissertation, we have proposed a series of novel theoretical models for the dynamics
of a bundle of rotating helical filaments, such as the ones used by multiflagellated bacteria
for swimming. We have considered two types of interactions between the flagellar filaments:
“dry” interactions in the form of excluded-volume effects, which depend in an essential way
on the helical geometry of flagellar filaments, and hydrodynamic interactions (HIs) mediated
by the fluid flow generated by each filament as it rotates and translates.

Our mathematical models have revealed a series of interesting biophysical results, which
we now summarise very briefly. In Chapter 3, we have seen that the polymorphic transforma-
tion of bacterial flagellar filaments during a tumbling event may contribute to the re-bundling
of the filaments, since the right-handed geometry of the semicoiled and curly I/II polymorphs
allows them to intertwine in a counter-clockwise direction around normal-shape filaments,
as imposed by HIs. We have also found, in Chapter 4, that the typical number of flagellar
filaments owned by peritrichous bacteria like Escherichia coli and Salmonella typhimurium is
sufficiently small for these bacteria to be able to form tangle-free bundles robustly. In the final
chapter on geometry, Chapter 5, we have characterised the conditions under which rotating
helical filaments may come together to form a bundle without colliding into each other, and
identified the rate of synchronisation required by the geometry through excluded-volume
effects. This final chapter regarding the geometric constraints on synchronisation makes the
connection with the second half of the dissertation, in which we consider the HIs between
bacterial flagellar filaments.

In order to investigate the topic of hydrodynamic synchronisation between bacterial
flagella, we first needed to develop some analytical tools for describing the HIs between
filaments, and to implement a computational method against which to validated our analytical
calculations. This has been done in Chapter 6 and used in the following two chapters
to explore the elastohydrodynamic synchronisation of two bacterial flagella, and then the
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propulsion of a bacterium by a circular bundle of multiple filaments. The key biophysical
insight gained in Chapter 7 is that the elastic compliance provided by the hook and the
flagellar filament plays a crucial role in the synchronisation of bacterial flagella. In the far
field, we have found that there is an optimum elastic compliance which maximises the rate
of in-phase synchronisation, while our near-field numerical observations suggest that elastic
compliance is fundamentally linked to multisynchrony and the exchange of stability between
in-phase and anti-phase synchronisation. This has significant implications for the stability of
bacterial flagellar bundles, and for the understanding of the onset of unbundling events. In
the last chapter on hydrodynamics, Chapter 8, we have used our physical understanding of
inter-filament HIs in order to identify the essential role played by the bacterial flagellar motor
(BFM) in the propulsion of a cell by a circular bundle of flagellar filaments. Specifically, our
findings suggest that there is an optimum number of flagella at which the swimming speed
of the cell is maximised. Above this optimum number, the hydrodynamic resistance of the
filaments to rotation about their own axis is reduced so much by the HIs inside the bundle
that the BFMs enter the low-load regime, which reduces the torque applied to each filament
and hence the swimming speed of the cell.

We conclude this chapter and this thesis by suggesting a few directions for future research
which are directly connected to the work presented in this dissertation.

Geometrical requirements vs. hydrodynamic mechanism for synchronisation

One way in which the geometrical and the hydrodynamic results of this dissertation can be
combined is through the rate of synchronisation. By comparing the rate of synchronisation
required by excluded-volume effects, Chapter 5, and the rate of synchronisation enabled
by hydrodynamic interactions, Chapter 7, it should in principle be possible to determine
operational constraints on the bundle, such as the maximum number of filaments or the
maximum torque difference between the motors to ensure the smooth operation of the
bundle.

From one to many: synchronisation in a bundle

Having understood how two bacterial flagella synchronise via the elastohydrodynamic mech-
anism proposed in Chapter 7, a natural step forward would be to extend the current model to
the synchronisation of multiple flagella. While previous theoretical studies have considered
the synchronisation of beating eukaryotic cilia arranged in a regular two-dimensional lattice
[52, 73], not much is known about synchronisation in a circular array of oscillators, which
is the relevant geometry for bacterial flagellar bundles. Just as we have seen in Chapter 5,
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where the dominant effect came from excluded-volume interactions with either the nearest
neighbour or the filament directly across the bundle, it is reasonable to expect that there is a
distinction between these two regimes in the case of hydrodynamic interactions as well. The
consequence that this might have on the synchronisation of bacterial flagella organised in
circular bundles remains to be explored.

Near-field multisynchrony of bacterial flagella

Another way in which the synchronisation of bacterial flagella is qualitatively different
from eukaryotic flagella are the features observed for multisynchrony in the near field. A
theoretical study by Man and Kanso [141] on the synchronisation of active microfilaments
found that the anti-phase configuration loses stability through a supercritical pitchfork
bifurcation, whereby two stable fixed points are created at nontrivial phase lag. In contrast,
our preliminary numerical observations have shown that the anti-phase configuration gains
stability through a subcritical pitchfork bifurcation, so the newly created fixed points with
nontrivial phase lag are unstable. Therefore, the coexistence of stable configurations where
the flagella rotate in-phase, anti-phase or with a nontrivial phase difference to each other may
be qualitatively different for bacterial flagella, and this could be linked to the motility of the
cell. In summary, the near-field multisynchrony of rotating flagella is likely to be important
for the run-and-tumble motility of peritrichous bacteria and should be investigated more
systematically.

Alternative mechanisms for bacterial flagellar synchronisation

The framework for hydrodynamic interactions and the multiple-scales analysis of synchroni-
sation presented in Chapters 6 and 7, respectively, provide us with a methodology to explore
alternative mechanisms for the synchronisation of bacterial flagella, other than the elastic
tethering mechanism considered in this dissertation.

A first possibility is to assume that the axis of each filament remains fixed, but to allow
the helical shape of the filament to deform in a quasi-steady fashion due to the flows induced
by the other filament along its axis. The elastic deformations of helical filaments have
previously been modelled in the context of bacterial dynamics using Kirchhoff rod theory
[39, 40, 112, 124, 217]. Since bacterial flagellar filaments are semi-rigid, these deformations
would modulate the hydrodynamic resistance of the filament on a slow time scale, much
larger than the period of rotation, and may lead to in-phase synchronisation in a similar way
as the orbital-compliance mechanism proposed by Niedermayer et al. [159] in their minimal
model of synchronisation between spherical beads.



218 Summary and perspectives

A second direction to be explored, inspired by our work on the propulsion of multi-
flagellated bacteria, is to consider the torque-speed relationship of the BFM. It is easy to
deduce from the symmetry of the governing equations that the torque-speed relationship of
the BFM, on its own, cannot lead to synchronisation if the motors always operate in either the
high-load or the low-load regime. However, it may be possible to achieve synchronisation by
coupling the filaments to the counter-rotations of the cell body, since there is evidence from
eukaryotic swimmers that the feedback between the beating of the flagella and the swaying
of the cell body contributes to synchronisation [62]. Alternatively, the filaments may be able
to synchronise without the cell body if the BFM operates in the non-linear “knee” region
of the torque-speed curve. If synchronisation in this way were mathematically feasible, it
would remain open for debate whether such fine-tuning of the BFM near the knee value is a
robust mechanism for synchronisation in real bundles of bacterial flagella.

Other synchronisation mechanisms can be investigated by expanding or modifying the
degrees of freedom for the kinematics of the filaments. In this dissertation, the rotating
filaments were assumed to remain vertical and the entire axes of the filaments swayed left
and right. An alternative approach is to give the filaments a rotational degree of freedom
whereby the axes of the filaments are allowed to swing about the vertical direction. In this
case, the restoring mechanism could either be due to the elastic force applied by the hook at
the basal end of the filament, or due to the advection of the filaments under the flow generated
by the cell body.

The effect of HIs with the cell body on multiflagellar swimming

Finally, our minimal model for a swimming multi-flagellated bacterium remains to be
extended to include the HIs between the cell body and the bundle of helical filaments,
following the method used by Higdon [82, 83] to include the HIs between a spherical cell
body and a single filament. The flows generated by the force density along each filament
will be modified in accordance with the solution for a point force outside a rigid sphere
[115]. Whether these hydrodynamic effects can sufficiently alter our observations of how the
swimming speed depends on the number of flagella, and whether they can move the optimum
number outside the biologically relevant range, is to be determined.
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