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Abstract

We study the balance of outgoing and incoming power for acoustic wave scat-
tering by a cascade of flat blades in uniform subsonic mean flow. In nonzero
mean flow the Kutta condition at the trailing edge of the cascade plates leads
to the production of vorticity in the form of unsteady vortex sheets attached at
the trailing edges, which results in a hydrodynamic power flux and the exchange
of energy between the unsteady vorticity and the acoustic field. Although the
scattering problem itself has been subject to much previous research, a com-
prehensive study of the composition of the outgoing energy flux for cascade
scattering has received little previous attention. As an application of our de-
tailed study we show how the time-averaged energy balance can be used to
explain certain symmetries of the field in the angle of incidence with respect
to the cascade face when there is no mean flow and the effect of zero acoustic
reflection at certain angles of incidence with mean flow. We also show that,
depending on the angle of incidence of the acoustic wave and the velocity of
the mean flow, the vortex sheets can either absorb or generate acoustic energy.
This can, for certain parameter values, result in a net increase in outgoing sound
power over the incident sound power, as we demonstrate on a number of numer-
ical examples that are computed using the semi-analytical solution described in
recent work by Maierhofer & Peake [1].

Keywords: energy balance, acoustic scattering, sound power, acoustic energy
dissipation
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1. Introduction

We consider an infinite cascade of blades with zero thickness and camber
placed in subsonic mean flow aligned with the blade chord, and are interested
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in understanding the balance of acoustic and hydrodynamic power that is scat-
tered when the geometry is subjected to an incident acoustic wave from either5

upstream or downstream. This particular geometry has been of scientific in-
terest for several decades due to its use as a basic model for blade rows in
turbomachinery. The solution of the scattering problem with and without sub-
sonic mean flow is widely studied, with a number of techniques readily available
in the literature.10

One way to approach this scattering problem is via a solution of the Ffowcs
Williams & Hawkings equation [2] providing a model for the noise generation
of the fluid structure interaction with the cascade blades. However, it turns out
that linearised and inviscid approximations also provide a simple and suitable
way of solving the problem, and that in this setting the boundary effects on the15

flat plates can be accounted for including by imposing a Kutta condition at the
trailing edges of the cascade [3]. These inviscid equations can be solved using
the Wiener–Hopf technique, an approach that was first taken in this geometry
by Koch [4] who provided explicit expressions for the far-field unsteady potential
based on the solution of an infinite algebraic system. Peake [5, 6] derived ex-20

pressions for the detailed unsteady lift distribution on the blades, and increased
the efficiency of these methods using asymptotic kernel factorisations. Glegg [7]
provided a study of sound power, by considering only the acoustic power that
is scattered from the cascade. We will see in this paper that our work extends
on this by accounting for the hydrodynamic power in the wake and an acoustic25

energy exchange term associated with the unsteady vortex sheet attached to
the trailing edge, which together with the acoustic power allow a full balance
of incoming and outgoing power. Finally, we mention recent work by Maier-
hofer & Peake [1] which removes a crucial assumption on the spacing of these
cascades, shared by the aforementioned methods, to allow for arbitrary spacing30

of consecutive plates and in this current work we shall rely on the numerical
method provided by [1]. In addition to the above-mentioned work there is a
range of research that extends this Wiener–Hopf analysis to allow for realistic
features such as for instance blade mean loading and realistic blade geometry
(Peake & Kerschen [8, 9], Evers & Peake [10] and Baddoo & Ayton [11]) and35

complex boundary conditions such as porosity (Baddoo & Ayton [12]).
Despite the large amount of attention given to the solution of the scattering

problem and the computation of modal amplitudes of the scattered field, the
balance of incoming and outgoing energy flux in the cascade of blades has re-
mained largely unstudied. In the presence of nonzero mean flow, the vorticity40

shed from the trailing edges can interact with the acoustic field and provide a
mechanism for energy exchange between the mean flow and the acoustic field,
which has interesting ramifications on the conservation of acoustic energy. The
consequences of this energy exchange were subject of a large amount of research
in the 1960’s and early 1970’s, for instance by Cantrell & Hart [13], Möhring45

[14, 15] and Morfey [16], and it was realised only towards the late 1970’s and
1980’s through the exact relations given by Goldstein [17] and Myers [18, 19]
that acoustic energy in the presence of vorticity is no longer conserved.
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The possibility of the generation of sound through vorticity was, of course,
well-known since the pioneering work by Lighthill [20], and appears for instance50

in the Ffowcs Williams acoustic analogy of turbulence passing a trailing edge
[21] and in Crighton’s model problem of a vortex passing an edge [22]. However,
the possibility of attenuation of sound by vorticity was confirmed experimentally
only several years later in the work by Bechert et al. [23], who found conclusive
evidence of sound attenuation in a pure tone exiting a cylindrical nozzle with55

mean flow.
The sound attenuation observed in [23] was explained analytically by Howe

[24, 25] (with further detail provided in his later work [26, 27]), as the acoustic
energy loss arising from vortex shedding at the sharp trailing edges of the nozzle.
However, in his analysis Howe did not distinguish between the acoustic energy60

converted into hydrodynamic (pressureless) potential perturbations and energy
flux into the vortex sheet. The complete energy balance was first provided in
the context of annular ducts by Rienstra [28] who essentially found all the same
terms that appear in the energy balance for the cascade of blades which we study
in the present work. A further interesting observation was made by Rienstra [29]65

who, in explicitly calculating the acoustic energy flux into the wake for single
sharp trailing edges in two dimensions, found that energy can be exchanged in
both directions between acoustic and vortical components of the field. In the
present work we confirm that also for blade rows this effect can lead both to
significant attenuation as well as to the production of sound.70

The sound attenuation through the production of vorticity is highly relevant
to fluid mechanical engineering systems, including to turbomachinery, since the
attenuation of sound is a very favourable by-product of the geometry and needs
to be taken into account for noise prediction schemes. The main novelty of the
present work is that we provide a detailed study of the energy balance in the case75

of an infinite cascade of plates. In particular we account for all contributions
to the outgoing power – acoustic power, hydrodynamic power and energy flux
into the wake. Whilst accounting for all relevant contributions we also provide
an overview of several physical interpretations of these terms offered by the
literature, including the exchange of acoustic energy with the vortex sheets80

which can be thought of as the work done by a lift force, as has been observed
by Howe [30] for general edges, and by Guo [31] for a single trailing edge in
supersonic flow. We also place this analysis in the context of incompressible
literature where an analogous energy exchange term was found by Arzoumanian
[32] to be of the same form as the interface flux that appears when an elastic85

sheet is placed in an incompressible fluid (as studied by Crighton & Oswell [33]).
Our expressions allow us to conduct numerical experiments from which we can
draw a number of interesting conclusions. Specifically, the energy exchange
term and the hydrodynamic power account in many parameter settings for a
significant portion of the outgoing energy. We confirm that in the case of a90

cascade the acoustic energy flux into the wake can be negative, which means
the cascade can harvest energy from the flow. This leads to additional energy
in the scattered acoustic field and in some cases can result in an amplification
of the acoustic power, and over-reflection, whereby the scattered acoustic field
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has a larger amplitude than the incoming acoustic field.95

In addition to the numerical experiments, our expressions for the power bal-
ance can be used to infer properties of the far-field, such as symmetries with
respect to certain angles of incidence and perfect transmission at specific an-
gles of attack. The latter is related to recent work by Porter [34], who studied
perfectly transmitting blade rows in zero mean flow in the context of metama-100

terials, and we are able to show that some of his conclusions extend to the case
when nonzero mean flow is present.

The present manuscript is structured as follows: §2 provides a brief recap of
the mathematical formulation of the scattering problem for a cascade of blades,
as is found in the literature. We outline the form of the total field away from the105

cascade (consisting of radiating acoustic and hydrodynamic modes) and quote
the explicit expression for these modes. In §3 we derive the energy balance for
this system based on the usual form of conservation of acoustic energy given
by Goldstein [17], and we include a discussion outlining the interpretation of
the energy exchange term in the context of the relevant literature. This section110

includes an explicit form of the time-averaged energy balance in terms of the
modal amplitudes of the total field. These expressions are used in §4 to study
symmetries in the field and to give numerical examples to understand the form
of each contribution to the energy balance. Conclusions and a brief outlook for
future research are provided in §5.115

2. Problem statement

For completeness we briefly recap the mathematical formulation of the sys-
tem and corresponding boundary and edge conditions. In our formulation we
rescale physical quantities as follows: lengths are scaled by l the blade chord,
times by l/U∞, density perturbations by the undisturbed fluid density ρ0, pres-120

sure fluctuations by ρ0U
2
∞, and we let M := U/c0 be the subsonic Mach number

of the flow. Finally, the normalised blade stagger d, and interblade spacing s
are defined as in Fig. 1, resulting in the stagger angle α0 = arctan (s/d).

Our two-dimensional geometry consists of an infinitely extending cascade of
plates located at {(x, ns)

∣∣nd < x < nd+ 1}, n ∈ Z. We note that the inclusion125

of a third dimension, with a given spanwise wavenumber, does not involve any
conceptual difficulties (indeed has been implemented in the literature [7, 1]) but
it would complicate some of the algebraic expressions in this work. We assume
the incidence of harmonic acoustic waves on the cascade with reduced frequency
Ω, amplitude I, and normal to the wavefronts that is inclined at an angle ϕ as130

shown in Fig. 1.
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Figure 1: Sketch of cascade of blades with incident upstream acoustic wave.

As a result, all quantities describing the perturbed flow are time-harmonic,
and indeed can be expressed in terms of a velocity potential exp(iΩt)φ(x, y),
which is the sum of an incoming wave and a scattered potential:

φ(x, y) = Ie− ikxx−ikyy + φs(x, y),

where

kx = ΩM
cosϕ

1 +M cosϕ
, ky = ΩM

sinϕ

1 +M cosϕ
. (1)

Due to the presence of nonzero mean flow the energy of the waves propagates
at an angle ϕp (also highlighted in Fig. 1) which is, in general, different from ϕ.
The angle of propagation ϕp is a fundamental physical property of the field and
there is a simple one-to-one correspondence between ϕp and ϕ (see for instance
[29, §4]) given by

cosϕp =
cosϕ+M

(1 + 2M cosϕ+M2)
1
2

, sinϕp =
sinϕ

(1 + 2M cosϕ+M2)
1
2

(2)

This correspondence is found from explicit computation of the time-averaged
acoustic energy flux of the incident wave as is shown in Eqs. (14)-(15) below.
Hence we see that all of the derivations shown in the present work which are
given in terms of ϕ could also equivalently be expressed in terms of ϕp.135

The total velocity potential must then satisfy the two-dimensional convected
wave equation:

D2φ

Dt2
−M−2∆φ = 0, (3)

where the non-dimensional material derivative for time-harmonic quantities is
given by D/Dt = iΩ + ∂x. In addition to the equation of motion the following
boundary conditions are assumed in order to find a physically valid solution to
the problem:
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(i) The cascade blades are acoustically hard, such that

∂φ

∂y
= 0 on {0 ≤ x− nd ≤ 1, y = ns} .

(ii) The unsteady pressure, which is given to leading order by the momentum
equation as

p = −Dφ

Dt
,

is continuous away from the blades.140

(iii) The scattered field must satisfy a radiation condition, which effectively
stipulates that waves must be outgoing upstream and downstream of the
cascade. An effective way of distinguishing between outgoing and incoming
waves is to introduce a small fictitious damping, equivalent to a small
negative imaginary part of the frequency, Im Ω < 0, and to require that145

outgoing waves are bounded at x = ±∞ respectively. More details about
this assumption can be found e.g. in [6], and are not repeated in this work.

(iv) A shift in (x, y) 7→ (x+ d, y + s) results in a shift in phase of the incident
acoustic wave. We require the scattered potential to exhibit a similar
property, namely for all (x, y) ∈ R2, n ∈ Z:

φ(x, y) = e− inσφ(x+ nd, y + ns),

where, according to Eq. (1)

σ = − ΩM

1 +M cosϕ
(d cosϕ+ s sinϕ). (4)

This is essentially a Bloch condition as we move from one cell {(x, y)
∣∣ −

∞ < x < ∞, ns ≤ y ≤ (n + 1)s} in the cascade to the next, and σ is
often referred to as the inter-blade phase angle. Thus we may focus our150

attention to the first cell and recover the solution elsewhere by a simple
shift of phase.

(v) The total velocity normal to the blades ∂φ
∂y must be continuous everywhere

(which follows from the continuity of pressure and the consideration of
infinitely thin blades).155

(vi) The scattered field satisfies the Kutta condition at the trailing edge (see
for instance [5, 3]), i.e. the pressure jump [p] (x, y) = p(x, y+) − p(x, y−)
is non-singular at the points (x, y) = (1 + nd, ns), and the usual inverse
square-root singularity at the leading edge, i.e. φ has an inverse square-
root singularity at the points (x, y) = (nd, ns).160

As mentioned before, several techniques are available in the literature which
can solve this type of problem.
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2.1. Dispersion relation for free space solutions

In this work we are specifically interested in the energy transported to the
far-field, thus let us begin by considering the kind of waves that exist in the
parts of the geometry away from the cascade structure. Fourier transforming
Eq. (3) in the x coordinate yields for time-harmonic waves:

∂2

∂y2
Φ = γ(α)2Φ,

where γ(α)2 = α2(1−M2) + 2αΩM2 − Ω2M2 and

Φ(α; y) =

∫ ∞
−∞

eiαxφ(x, y) dx.

Thus solutions which satisfy (iv) & (v) must be of the following form when
0 < y < s:

Φ(α; y) = A(α)
(
cosh γy − e− iσ−idα cosh γ(y − s)

)︸ ︷︷ ︸
=:f(α,y)

. (5)

To impose continuity of pressure away from the blades we consider the (spatial
component of the) pressure difference across y = 0, which, using (iv) to relate
the value of p in the cascade cell −s < y < 0 with the corresponding value in
0 < y < s, is given by

[P ](α) =

∫ ∞
−∞

eiαx
(
p(x, 0+)− p(x, 0−)

)
dx

=

∫ ∞
−∞

eiαx
(
p(x, 0+)− e− iσp(x+ d, s−)

)
dx

= −
∫ ∞
−∞

eiαx D

Dt

(
φ(x, 0+)− e− iσφ(x+ d, s−)

)
dx

= −(iΩ− iα)
(
Φ(α, 0+)− e− iσ−idαΦ(α, s−)

)
= −2e− iσ−idα(iω − iα) (cos(σ + dα)− cosh γs)︸ ︷︷ ︸

=:D(α)

A(α)

Thus, imposing continuity of pressure for x /∈ [0, 1], i.e. condition (ii), and
inverting the field, we find the expression

φ(x, y) =
1

2π

∫ ∞
−∞

e− ixα f(α, y)

D(α)
[P ](α) dα

=
1

2π

∫ ∞
−∞

e− ixα f(α, y)

D(α)

∫ 1

0

[p](x̃) dx̃dα. (6)

The zeros of D(α) therefore give rise to wave-like modes away from the cascade
structure (i.e. modes which are x-harmonic if sx < dy or s(x − 1) > dy).
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Therefore the dispersion relation for modal solutions in free space away from
the cascade structure is given by

D(α) = 0. (7)

The solutions to Eq. (7) are the acoustic modes, α = σ±m(Ω), m ∈ Z, with the
superscript ± denoting upstream and downstream travelling modes respectively,
and the hydrodynamic mode, α = Ω, which is convected with the dimensional
mean-flow speed. The analytical expressions for the acoustic modes are, for
−r ≤ m ≤ q:

σ±m =
−(s2M2Ω + dσ + 2dπm)

s2β2 + d2

∓

√
(s2M2Ω + dσ + 2dπm)

2 − (s2β2 + d2) ((σ + 2πm)2 − s2Ω2M2)

s2β2 + d2
,

(8)

and for m > q,m < −r:

σ±m =
−(s2M2Ω + dσ + 2dπm)

s2β2 + d2

±
i

√
− (s2M2Ω + dσ + 2dπm)

2
+ (s2β2 + d2) ((σ + 2πm)2 − s2Ω2M2)

s2β2 + d2
,

with −r, q being the smallest and largest integer respectively such that(
s2M2Ω + dσ + 2dπm

)2 − (s2β2 + d2)
(
(σ + 2πm)2 − s2Ω2M2

)
≥ 0.

In the above we denoted β2 = 1−M2. The acoustic modes σ±m(Ω) with −r ≤
m ≤ q lie on the real line and give rise to non-vanishing wave-like solutions at165

x = ±∞, which we call cut-on modes. The remaining acoustic modes lie in
the complex plane away from the real axis and contribute to evanescent effects.
These modes are called cut-off modes. More details on the relevance of these
modes in the Wiener–Hopf analysis of the scattering problem are given in [1, 5].
The dispersion curves for Eq. (7) are shown in Fig. 2.170

We recall from Eq. (4) that the value of σ depends on the frequency and
angle of the incident field, thus it implicitly depends on Ω. This means firstly
that in the current formulation the incident acoustic wave always corresponds
to σ±0 (± is taken appropriately corresponding to downstream and upstream
incidence respectively) and secondly that σ±0 are proportional to Ω, and hence175

give rise to the straight-line dispersion curves for σ±0 as observed in Fig. 2.
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0 →

σ−
0 −→ ← Ω

←− σ−
−1σ+

−1 →

Figure 2: Dispersion curves for radiating acoustic modes away from the cascade. The dashed
horizontal line marks the value of Ω for which σ±

−1 become cut-on. Upstream travelling modes
are marked with dash-dotted lines, downstream travelling modes correspond to the solid black
lines.

2.2. Form of the incident field

For the incident acoustic waves we can verify (cf. [1, §3.1.1]) using the
parametrisation Eq. (1) that

kx =

{
σ−0 if s(Mx + cosϕ)− d sinϕ ≥ 0,

σ+
0 if s(Mx + cosϕ)− d sinϕ < 0,

i.e. kx = σ−0 if the incident wave is travelling downstream with respect to the
cascade stagger (i.e. is incident from upstream), and kx = σ+

0 if the wave travels
upstream (i.e. is incident from downstream). Similarly, one can check that

ky =

{
iγ(σ−0 ) if s(Mx + cosϕ)− d sinϕ ≥ 0,

− iγ(σ+
0 ) if s(Mx + cosϕ)− d sinϕ < 0,

which means the incident field can be expressed as the wave mode

Ie− iσ∓
0 x±γ(σ∓

0 )y

where the signs in the above expression are to be taken appropriately depending
on whether the wave is incident from upstream or from downstream.
2.3. Form of the total field away from the cascade structure180

The solution of this problem is extensively studied in the literature (amongst
others by [1, 4, 6, 7, 34]) and the form of time-harmonic solutions in the far-field
is well-known, and is shown in Tab. 1. Note the expressions here specify φ in
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the first cascade cell 0 ≤ y < s and the field is determined uniquely in the
remaining cells by condition (iv). Note the form of the field presented in Tab. 1185

is the exact form which is valid for each coordinate (x, y) in the range indicated
(sx < dy, and s(x − 1) > dy respectively). This means the evanescent modes
(which, of course, do not contribute to the asymptotic far-field) are included
and their contribution is important when evaluating the exchange of acoustic
and vortical energy near the trailing edge as discussed in §3.190

In Tab. 1 Um, Dm are complex constants, the amplitudes of the acoustic
modes travelling upstream and downstream of the cascade respectively, and the
complex constant B is the amplitude of the hydrodynamic mode shed from the
trailing edge of each blade. Furthermore, we have introduced the function

g(y) =
eiσ+idΩ cosh(Ωy)− cosh(Ω(s− y))

2(cos(σ + dΩ)− cosh(sΩ))
. (9)

Table 1: Expressions for the total field with upstream and downstream incident acoustic
waves.

Upstream incidence Downstream incidence

Incident wavenumber: kx = σ−0 Incident wavenumber: kx = σ+
0

Upstream (sx < dy)

φ(x, y) = Ie− iσ−
0 xeγ(σ−

0 )y +
∑
m∈Z

Ume− iσ+
mxe−γ(σ+

m)y.

Downstream (s(x− 1) > dy)

φ(x, y) = Be− iΩxg(y) +
∑
m∈Z

Dme− iσ−
mxeγ(σ−

m)y.

Upstream (sx < dy)

φ(x, y) =
∑
m∈Z

Ume− iσ+
mxe−γ(σ+

m)y.

Downstream (s(x− 1) > dy)

φ(x, y) = Ie− iσ+
0 xe−γ(σ+

0 )y +Be− iΩxg(y)

+
∑
m∈Z

Dme− iσ−
mxeγ(σ−

m)y.

There are several numerical and semi-analytical methods available in the
literature which provide a way of computing these amplitudes for given incident
fields. Amongst the numerical methods we mention early work by Whitehead
[35] and Smith [36] and later work by Porter [34] all of which essentially for-195

mulate the problem in terms of an integral equation similar to Eq. (6) which
is then solved by either Nyström-type methods or, in the latter work, by a
Galerkin-type approach with a Chebyshev polynomial basis for p. Amongst the
semi-analytical methods we highlight the work by Koch [4] and Peake [5, 6] both
of which essentially take a Wiener–Hopf approach and obtain an approximate200

solution by the truncation of a large linear system derived from this analysis.
In this paper, we shall make use of the method given in [1], which allows

the computation of the amplitudes Um, Dm, B for an arbitrary choice of blade
spacing s, d > 0. Specifically, in the numerical examples in §4 of the present
manuscript we use the methodology described in [1, §5] and compute the ampli-205

tudes from the explicit expressions provided in Eqs. (44) & (45) of that paper.
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This solution essentially relies on the Wiener–Hopf analysis of a system of cou-
pled scalar equations and is implemented numerically by solving a truncated
representation of an infinite linear system. The original paper [1] contains the
full expressions for acoustic waves that are incident from upstream of the cas-210

cade and, for completeness, the analogous expressions for downstream incidence
can be found in [37, §2.E].

3. An energy balance for the cascade of blades

S+
S−

S2

S1

V X2−X1

y

x

Figure 3: Control volume for the energy balance.

The unsteady velocity field u can be expressed as the gradient of a potential
φ which is continuous except for a finite jump across the blades and across the
wake downstream of the cascade, so that the unsteady vorticity, in terms of this
jump, is

ω = ∇× u = −ẑδ(y) [∂xφ] . (10)

For the purpose of describing energy density and flux in this section, we reintro-
duce a time-dependence in our quantities, such that for instance φ = φ(t, x, y).
The equation relating the rate of change of acoustic energy, E, to the acoustic
energy flux, I, in uniform mean flow U is well-known and can be found for
instance in Goldstein [17, p. 41] (stated here in non-dimensionalised form for
an isentropic, source-free flow):

∂E

∂t
+∇ · I = u · (U× ω) , (11)

where

E =
p′ρ′

2
+

(
|u|2

2
+ ρ′U · u

)
,

I = (p′ + U · u) (u + ρ′U) ,

and p′, ρ′ denote the acoustic pressure and density perturbations. Now consider
the domain V = {(x, y)

∣∣ − s/2 < y < s/2,−X1 + yd/s < x < X2 + yd/s}, as
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shown in Fig. 3. Here we take X1 > 0, X2 > 1. Integrating Eq. (11) over V
yields:

d

dt

∫
V

E dx+

∫
∂V

I · n ds =

∫
V

u · (U× ω) dx,

and taking a time average one can infer the following balance of energy fluxes
for time-harmonic flows:∫

∂V

I · nds =

∫
V

u · (U× ω) dx, (12)

where on the right hand side the time average 〈φψ〉 = 1
2 Re [φ∗ψ] is understood

and I denotes the time averaged acoustic energy flux

I =
1

2
Re
[
(p′ + U · u)

∗
(u + ρ′U)

]
. (13)

In Eq. (12) the term on the left hand side represents the time-averaged acoustic
energy flux through the boundary ∂V , and the right hand side arises as a conse-215

quence of the possibility of energy conversion between the acoustic and vortical
unsteady flow and vice versa.

As mentioned in §2 we can derive the correspondence Eq. (2) between direc-
tion of the normal to the wavefronts in the incident field, ϕ, and the physical
direction of energy propagation for the incident wave, ϕp, from direct compu-
tation of I for the incident plane wave Ie−ikxx−ikyy with amplitude I. Indeed
we have by Eq. (13)

I =
1

2
Ω|I|2 ΩM(1 + 2M cosϕ+M2)

1
2

1 +M cosϕ
k̂p (14)

where

k̂p =

(
cosϕ+M

(1 + 2M cosϕ+M2)
1
2

,
sinϕ

(1 + 2M cosϕ+M2)
1
2

)
= (cosϕp, sinϕp).

(15)

3.1. Interpretations of the interaction term

Before moving on to providing an explicit expression of this energy balance220

in terms of the modal amplitudes, let us outline a few possible ways to interpret
the energy exchange term appearing on the right hand side of Eq. (12) in the
context of the relevant literature. For this section we return to considering
time-dependent quantities.

Interpretation 1: Rate of work done by a lift force225

Howe [25] and Guo [31, p. 191] interpreted the term
∫
V
u · (U×ω) dx as the

rate of work done by the lift force U×ω experienced by vortex elements in the
unsteady velocity field of the sound u (see also [27, p. 407]). The interpretation
of the term U × ω as a lift force is a well-known result introduced by Prandtl
[38, Eq. (5)]; see also [39, §3.1].230

12



Interpretation 2: Acoustic energy flux into the wake

An alternative interpretation was provided by Rienstra [29, 28]: Let us con-
sider two surfaces W± := {(x, y)

∣∣x > 0, y = 0±} just above/below the wake
respectively (i.e. just above/below the faint wavy curves in Fig. 3). Then the
acoustic energy flux into the region enclosed by those two curves (i.e. into the
wake) is given by∫

W−+W+

I · n ds = −
∫ ∞

1

(p+ U · u) (u + ρU)
∣∣∣
y=0+

· ŷ ds

+

∫ ∞
1

(p+ U · u) (u + ρU)
∣∣∣
y=0−

· ŷ ds

= −
∫ ∞

1

[p+ ∂xφ] ∂yφds

= −
∫ ∞

1

[∂xφ] ∂yφ ds,

where ŷ = (0, 1). We also have using Eq. (10), −
∫
V
u·(U× ω) dx = −

∫∞
1

[∂xφ]n·
∇φds. Thus we find

−
∫
V

u · (U× ω) dx =

∫
W−+W+

I · nds,

i.e. the energy exchange term can be regarded as the acoustic energy flux into
the wake.

Interpretation 3: Change of kinetic energy in the vortical field

This interpretation was given by Howe [26]: Let us focus on the downstream
part of the domain, s(x − 1) > dy, define the vortical component of the field
v := ∇φv, where

φv(x, y) = e− iΩxg(y), g(y) =
eiσ+idΩ cosh(Ωy)− cosh(Ω(s− y))

2(cos(σ + dΩ)− cosh(sΩ))
,

and denote by φa the velocity potential of the strictly acoustic contributions
(i.e. the modal contributions from σ±m as shown in Tab. 1, whose velocity is
continuous everywhere), such that u = ∇φa + v. We can write the linearised
momentum equation in the form

∂tv + ∇ (∂tφa + p+ U · (v + ∇φa)) = −ω × (U + v + ∇φa) .

Taking the dot product of both sides with U + v gives to second order

1

2
∂t|v|2 + v ·∇ (∂tφa + p+ U · (v + ∇φa)) = −v · (ω ×U)−U · (ω × u)

= −∇φa · (U× ω).
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Integration over Ṽ = {(x, y)
∣∣ − s/2 < y < s/2, 1 + yd/s < x < X2 + yd/s} and

using the divergence theorem with the observation that ∇ · v = 0 we find∫
Ṽ

v ·∇ (∂tφa + p+ U · (v + ∇φa)) dx =

∫
∂Ṽ

(n · v) (∂tφa + p+ U · (v + ∇φa)) ds

=

∫
∂Ṽ

(n · v) (∂tφa + p+ U · u) ds

=

∫
∂Ṽ

n · Iv ds,

where Iv = (U · v)v is the energy flux of the vortical field. Therefore the rate

of change of vortical kinetic energy in Ṽ can be expressed as

d

dt

∫
V

1

2
|v|2 dx = −

∫
∂Ṽ

n · Iv ds︸ ︷︷ ︸
flux of vortical energy out of Ṽ

−
∫
Ṽ

∇φa · (U× ω) dx︸ ︷︷ ︸
exchange of energy with acoustic field

.

235

Relationship to interface flux

As a final interpretation we note that we can also relate the energy exchange
term on the right hand side of Eq. (12) directly to the interface flux that is
described by Arzoumanian [32] for a vortex sheet in an incompressible fluid
(and which also occurs when two fluid layers are separated by an elastic sheet
as described in [33]). Indeed, in reality, the vortex sheets are located at a small
displacement y = η(t, x), which is to ensure they are convected with the flow
(zero flow across the wake):

Dη

Dt
= ∂yφ.

Furthermore, the form of the discontinuity in φ is fixed to ensure continuity of
pressure (cf. [40]) such that

−D [φ]

Dt
= [p] = 0.

We can combine these two observations to show (after a few steps of algebra):∫
V

u · (U× ω) dx =

∫
V

u · ŷδ(y) [∂xφ] dx

=
d

dt

∫ X2

1

η [∂xφ] ds− Ji(X2) + Ji(1),

where Ji(x) = η [∂tφ]. We note that the wake is attached to the blades at the
trailing edges, η(1) = 0, thus Ji(1) = 0. Taking a time average ensures that, in

our time-harmonic flow, the contribution from d
dt

∫X2

1
η [∂xφ] ds vanishes. This

allows us to conclude that the time-average of the right hand side in Eq. (12)240

is −Ji(X2), which is precisely the expression for the interface flux described by
Arzoumanian [32] (given here in non-dimensionalised form), and the analogue
for a vortex sheet of the definition by Crighton & Oswell [33].
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3.2. Time-averaged energy balance in terms of amplitudes

We can now return to Eq. (12) and provide explicit expressions for the energy245

fluxes in terms of the modal amplitudes of the velocity potential. Noting the
continuity of the velocity potential across S1, S2 we observe that in Eq. (12) the
contributions from S1 and S2 cancel. Moreover, on the blade we have ∂φ/∂y = 0
so the contribution from this part of ∂V is zero, and the left hand side of Eq. (12)
reduces to an integral over S+ and S−.250

Let us now focus on the time-harmonic case and take the usual time-average.
By the expressions for the far-field from §2.1 we have only acoustic contributions
to
∫
S+

and acoustic mixed with hydrodynamic contributions to
∫
S−

. Of course,

the evanescent (cut-off) acoustic modes carry zero energy. The interaction of all
the downstream acoustic modes σ−m with the hydrodynamic mode will, in gen-
eral, involve contributions proportional to exp (i((σ−m)∗ − Ω)X2). These contri-
butions cancel with terms from

∫
V
u·(U× ω) dx. To see this let us demonstrate

the idea based on the special case when we have upstream incidence and d = 0
(this is such that the algebraic expressions remain within reasonable simplicity):
Here the contribution from

∫
S−

takes the form∫
S−

Ī · nds =
1

2
Re

[∫ s

0

(− iΩφ(X2, y))∗
(
β2∂xφ(X2, y)− iΩM2φ(X2, y)

)
dy

]
=

1

2
Re

[
iΩ

∫ s

0

(
B∗eiΩX2g∗(y) +

∑
m∈Z

D∗mei(σ−
m)∗X2eγ(σ−

m)∗y

)
(
Be− iΩX2(− iβ2Ω− iΩM2)g(y)

+
∑
m∈Z

Dme− iσ−
mX2eγ(σ−

m)y
(
− iσ−mβ

2 − iΩM2
))

dy

]

The contribution from terms involving both the hydrodynamic and acoustic
modes are thus

1

2
Re

[
iΩ

∫ s

0

(∑
m∈Z

D∗mei(σ−
m)∗X2Be− iΩX2eγ(σ−

m)∗yg(y)

)
(
−iβ2Ω− iΩM2 − i(σ−m)∗β2 − iΩM2

)
dy

]

=
1

2
Re

[
− iΩ

∑
m∈Z

D∗mei(σ−
m)∗X2Be− iΩX2

(
iβ2Ω + 2iΩM2 + i(σ−m)∗β2

) ∫ 1

0

eγ(σ−
m)∗yg(y) dy

]
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Using Eq. (9) we find∫ s

0

eγ(σ−
m)∗ỹg(y) dy =

∫ s

0

eγ(σ−
m)∗yeiσ cosh(Ωy)− eγ(σ−

m)∗y cosh(Ω(s− y))

2(cosσ − cosh(sΩ))
dy

= − γ∗(σ−m)

(γ∗(σ−m))2 − Ω2

where we used sγ(σ−m)∗ = − iσ − 2π im. Thus the contribution from terms
involving both the hydrodynamic and acoustic modes equals

1

2
Re

[
− iΩ

∑
m∈Z

D∗mei(σ−
m)∗X2Be− iΩX2γ∗(σ−m)

(
− iβ2Ω− 2 iΩM2 − i(σ−m)∗β2

)
((σ−m)∗)2β2 + 2(σ−m)∗M2Ω− Ω2(1 +M2)

]

=
1

2
Re

[
− iΩ

∑
m∈Z

D∗mBei(σ−
m)∗X2e− iΩX2

γ∗(σ−m)

i(σ−m)∗ − iΩ

]

In this special case the integral
∫
V
u · (U× ω) dx, takes the form∫

V

u · (U× ω) dx =
1

2
Re

∫ X2

1

∂yφ(x, 0)∗[∂xφ](x) dx

=
1

2
Re

[
− iΩ

∫ X2

1

(
Be− iΩxΩ

sinh(sΩ)

2(cos(σ + dΩ)− cosh(sΩ))

+
∑
m∈Z

Dmγ(σ−m)e− iσ−
mx

)∗
Be− iΩx dx

]

=
1

2
Re

[
− iΩ

∫ X2

1

∑
m∈Z

D∗mBγ(σ−m)∗e(i(σ−
m)∗−iΩ)x dx

]

=
1

2
Re

[
− iΩ

∑
m∈Z

D∗mBγ(σ−m)∗
e(i(σ−

m)∗−iΩ)X2 − ei(σ−
m)∗−iΩ

i(σ−m)∗ − iΩ

]
(16)

Thus one can see that any terms involving exp (i((σ−m)∗ − Ω)X2) cancel exactly
in Eq. (12). This remains true for downstream incidence and when d 6= 0
(though the algebra is more tedious) and it is therefore possible, for any fixed
X1 > 0, X2 > 1, to arrive at an exact energy balance in terms of the modal
amplitudes which is independent of X1, X2:

PI = PU + PD + PH + Πω, (17)

where in the above PU , PD are the acoustic sound powers that are radiated to
x = ±∞ respectively and PI is the sound power of the incoming wave. Further-
more, PH is the power carried by the hydrodynamic mode to x = +∞ and Πω

is the energy conversion term due to the lift force experienced by particles on
the vortex sheet, arising from the right hand side of equation Eq. (12). After
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a few steps of algebra we find the following explicit expressions in terms of the
amplitudes, where the aforementioned cancelling contributions proportional to
exp (i((σ−m)∗ − Ω)X2) have been dropped (this is also equivalent to taking an

average over X2 ∈ (1,∞) in the sense 〈Πω〉 = limL→∞ L−1
∫ L

0
Πω dX2 using the

expression Eq. (16)):

PU = −Ω

2

∑
−r≤m≤q

|Um|2(sΩM2 + sβ2σ+
m − dγ(σ+

m)),

PD =
Ω

2

∑
−r≤m≤q

|Dm|2(−sΩM2 − sβ2σ−m − dγ(σ−m)),

PI =

{
Ω
2 |I|

2(−sΩM2 − sβ2σ−0 − dγ(σ−0 )), if kx = σ−0 ,
Ω
2 |I|

2(−sΩM2 − sβ2σ+
0 + dγ(σ+

0 )), if kx = σ+
0 ,

(18)

where r, q ∈ N are such that a mode σ±m is cut-on (i.e. propagating to x = ∓∞)
if and only if −r ≤ m ≤ q (cf. §2.1). Furthermore,

PH =
Ω

2
|B|2

(
sΩ

∫ 1

0

|g(st)|2 dt+ Im

[
d

∫ 1

0

g(st)∗g′(st) dt

])
=

Ω|B|2

8(cos(σ + dΩ)− cosh(Ω))2(
Ωs+ cosh(Ωs) sinh(Ωs)− cos(σ + dΩ)(Ωs cosh(Ωs) + sinh(Ωs))

Ωs

− Ωd sin(σ + dΩ) sinh(Ωs)
)
,

and finally,

Πω = −Ω

2
Im

∑
m∈Z

B∗Dmγ(σ−m)
eiΩ−iσ−

m

iΩ− iσ−m
+

0, if kx = σ−0

−B∗Iγ(σ+
0 ) eiΩ−iσ

+
0

iΩ−iσ+
0

, if kx = σ+
0

 .
The decomposition of outgoing energy flux into acoustic and hydrodynamic con-
tributions, and the sound power absorbed by the wake as can be seen on the left
hand side of Eq. (17) is analogous to the power decomposition for acoustic scat-
tering on a semi-infinite annular duct in subsonic mean flow given by Rienstra
[28, §6].255

4. Results and discussion

As mentioned above the following numerical results were produced using the
methodology given in [1, §5]. Specifically, the explicit expressions for the ampli-
tudes Um, Dm, B in the case of upstream incidence can be found in Eqs. (44) &
(45) of this paper, and the corresponding expressions for downstream incidence260

are provided in [37, §2.E].
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4.1. Symmetries in the field and zero acoustic reflection

We begin by considering the amplitudes of the first radiating modes U0, D0

for various values of ϕ. In Figs. 4-5 & 8-9 we have plotted these amplitudes
as a function of ϕ. In these graphs we choose α0 = π/6, d2 + s2 = 1, and265

ΩM = π/4, 5π/4 respectively, such that the parameters for the two figures
differ only in reduced frequency and hence in the number of cut-on acoustic
modes. In particular in Figs. 4-5 only σ±0 are cut-on, whereas in Figs. 8-9 the
cut-on acoustic modes are σ±0 , σ

±
−1.

In order to allow for comparison against earlier work by Koch [4] we plot270

the modal pressures defined as follows:

P i0 =

{
(− i)(Ω− σ−0 )I, if kx = σ−0 ,

(− i)(Ω− σ+
0 )I, if kx = σ+

0 ,

P t0 =

{
(− i)(Ω− σ−0 )D0, if kx = σ−0 ,

(− i)(Ω− σ+
0 )U0, if kx = σ+

0 ,
P r0 =

{
(− i)(Ω− σ+

0 )U0, if kx = σ−0 ,

(− i)(Ω− σ−0 )D0, if kx = σ+
0 .

In Figs. 4-5 & 8-9 the transition from upstream to downstream incidence275

and vice versa is marked with � and N respectively (solid, left-half-filled and
right-half-filled shapes correspond to M = 0.0, 0.3 and 0.7 respectively), such
that for each value of M the wave is downstream incident if ϕ− α0 is between
� and N. Note the region of upstream incidence is fixed by the condition
M sinα0 + sin(α0 − ϕ) > 0 (see [1, §3.1.1]). Due to convection, larger values280

of M result in a wider range of values for ϕ − α0 corresponding to upstream
incidence. There are a few interesting features that we can observe in Figs. 4-5
& 8-9:

1. When only σ±0 are cut-on acoustic modes (as is the case in Figs. 4-5) and we
have zero mean flow (M = 0), the reflected and transmitted amplitudes are285

symmetric about ϕ = π+α0, i.e. the amplitudes for ϕ−α0 = π+β equal
in modulus those for ϕ−α0 = π−β for any β ∈ (0, π). This is in addition
to the obvious symmetry between the amplitudes for ϕ − α0 = β and
ϕ−α0 = β+ π. The latter is simply due to the fact that for M = 0 there
is no distinction between upstream incidence and downstream incidence290

as shown in Fig. 6. However a proof of the former requires slightly more
careful consideration as is shown below.

2. For any value of M ∈ [0, 1),Ω ∈ [0,∞) the cascade is perfectly trans-
mitting (|P t0 |/|P i0| = 1) when ϕ = 0, π (the points ϕ − α0 = 330◦ and
ϕ − α0 = 150◦ respectively), corresponding to incident waves from up-295

stream and downstream respectively propagating perfectly parallel to, and
therefore being unimpeded by, the blades.

3. For any choice of M and Ω there are two additional points of zero acoustic
reflection (|P r0 |/|P i0| = 0), marked with H and • in Figs. 5 & 9. When
M = 0 these are located at ϕ = α0, π+α0 and for nonzero M these points300

shift slightly to increased/decreased values of ϕ respectively.
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These features were observed numerically, for the case of a single cut-on
acoustic mode σ±0 , by Koch [4], and studied analytically (in the context of
specific metamaterials) for the case of zero mean flow, M = 0, by Porter [34].
It turns out that point 1 above is indeed a property of the field as long as only305

a single cut-on propagating mode exits upstream and downstream of the cascade
and in Fig. 8 we see that the symmetry breaks down for the transmitted amplitude
when multiple acoustic modes are cut-on. Furthermore, points 2 and 3 are
properties of the field for any value of M and Ω.
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Figure 4: Relative modal pressures of the first transmitted mode (α0 = 30◦ and ΩM = π/4).
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Figure 5: Relative modal pressures of the first reflected mode (α0 = 30◦ and ΩM = π/4).
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Figure 6: Standard symmetry in the field when M = 0.
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Figure 7: The angles of propagation for σ±
0 (M = 0).
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Figure 8: Relative modal pressures of the first transmitted mode (α0 = 30◦ and ΩM = 5π/4).
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Figure 9: Relative modal pressures of the first reflected mode (α0 = 30◦ and ΩM = 5π/4).

Of course, it is clear that point 2 must hold since for ϕ = 0, π the waves are
unimpeded by the blades. In this section we provide a proof of features 1 and
3 based entirely on the energy balance – the underlying idea is that there is a
direct correspondence between the cascade response for an incident mode σ−0
from upstream and the response for an incident mode σ+

0 from downstream.315

To understand this correspondence, we need to relate the angles of propaga-
tion of the zeroth radiating modes σ±0 more explicitly and for this purpose it is
useful to describe the geometry in terms of the stagger angle α0 and the leading
edge separation c such that s = c sinα0, d = c cosα0. This allows us to write
the inter-blade phase angle, as defined in Eq. (4), as

σ =
−ΩM

1 +M cosϕ
c cos(ϕ− α0),

21



and hence the zeroth radiating mode (cf. Eq. (8)) in the form

σ±0 =
MΩ

(
cosϕ(1−M2 sin2 α0)−M sin2 α0 − sinα0 sin(α0 − ϕ)

)
(1 +M cosϕ)

(
1−M2 sin2 α0

)
∓ MΩ sinα0|M sinα0 + sin(α0 − ϕ)|

(1 +M cosϕ)
(
1−M2 sin2 α0

) .

As mentioned above, an incident acoustic wave with kx = ΩM cosϕ/(1 +
M cosϕ) is effectively incident from upstream if and only ifM sinα0+sin(α0 − ϕ) >
0 (cf . [1, §3.1.1]), and in that case we have

σ−0 =
ΩM cosϕ

1 +M cosϕ
= kx,

σ+
0 =

ΩM cos ϕ̃

1 +M cos ϕ̃
,

(19)

where

cos ϕ̃ =
cos(ϕ− 2α0)− 2M sin2 α0 −M2 cosϕ sin2 α0

1 + 2M sin(α0 − ϕ) sinα0 +M2 sin2 α0

.

In the case of zero mean flow the latter expression reduces to cos ϕ̃ = cos(ϕ− 2α0).
If we have downstream incidence, M sinα0 + sin(α0 − ϕ) < 0, the expressions
for these two modes are reversed. As mentioned earlier the cascade is perfectly
transmitting (|P t0 |/|P i0| = 1, |P r0 |/|P i0| = 0) when ϕ = 0, π due to the incident
waves propagating parallel to, and therefore being unimpeded by, the cascade320

blades. There are two corresponding angles of inclination of the normal to the
wavefronts, ϕ̃0, ϕ̃π in the following sense:

• If ϕ = 0, then

σ+
0 =

ΩM cos ϕ̃0

1 +M cos ϕ̃0
,

cos ϕ̃0 =
cos(2α0)− 2M sin2 α0 −M2 sin2 α0

1 + 2M sin2 α0 +M2 sin2 α0

,

(20)

and in particular when M = 0 we have ϕ̃0 = 2α0.

• If ϕ = π, then

σ−0 =
ΩM cos ϕ̃π

1 +M cos ϕ̃π
,

cos ϕ̃π =
cos(π + 2α0)− 2M sin2 α0 +M2 sin2 α0

1 + 2M sin(α0 − π) sinα0 +M2 sin2 α0

,

(21)

and in particular when M = 0 we have ϕ̃π = π + 2α0.

This means that σ+
0 has a direction of propagation as if it was reflected directly325

on the cascade front (cf. sketch for M = 0 in Fig. 7). So in a sense σ±0 are the
usual plane wave modes that one would expect to find for reflection on a flat
material that is located parallel to the cascade front.
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Symmetry along the cascade face in zero mean flow

We now show the symmetry of the transmission and reflection amplitudes
with respect to ϕ − α0 = π in the case of zero mean flow, i.e. property 1 as
described above. As can be seen from Fig. 8 this symmetry is no longer true
for the transmitted amplitude if there is more than a single propagating wave
mode upstream and downstream of the cascade. Thus in this section we focus
on the case when only σ±0 are cut-on. Let ϕ = π + α0 + β and ϕ̃ = π + α0 − β
for some β > 0. Then the cascade response for an incident field with normal to
the wavefronts that is inclined at an angle ϕ is

φ1(x, y) =

{
Ie− iσ−

0 xeγ(σ−
0 )y +R1e− iσ+

0 xeγ(σ+
0 )y + cut-off modes, sx < dy,

T1e− iσ−
0 xeγ(σ−

0 )y + cut-off modes, sx > dy + 1.

and the response for an incident field with normal to the wavefronts that is
inclined at an angle ϕ̃ is (according to Eq. (19) the radiating modes are the
same: σ±0 (ϕ) = σ±0 (ϕ̃))

φ2(x, y) =

{
T2e− iσ+

0 xeγ(σ+
0 )y + cut-off modes, sx < dy,

Ie− iσ+
0 xeγ(σ+

0 )y +R2e− iσ−
0 xeγ(σ−

0 )y + cut-off modes, sx > dy + 1.

By linearity we can add the two fields to produce a valid solution of the scattering
problem of the following form (for any arbitrary z ∈ C):

φ1 + zφ2 =

{
zIe− iσ−

0 xeγ(σ−
0 )y + (R1 + zT2)e− iσ+

0 xeγ(σ+
0 )y + cut-off modes, sx < dy,

Ie− iσ+
0 xeγ(σ+

0 )y + (T1 + zR2)e− iσ−
0 xeγ(σ−

0 )y + cut-off modes, sx > dy + 1.

This field must satisfy the original equation of motion, and thus the time-
averaged energy balance must remain valid (in this case however we have both
upstream and downstream contribution from the incident wave):

|I|2 + |zI|2 = |R1 + zT2|2 + |T1 + zR2|2, ∀z ∈ C. (22)

Taking z → 0,∞ respectively yields

|I|2 = |T1|2 + |R1|2 = |T2|2 + |R2|2. (23)

We can simplify Eq. (22) using Eq. (23) to find

Re [zR∗1T2] = −Re [zT ∗1R2] , ∀z ∈ C.

Since this holds for all values of z ∈ C we infer that R∗1T2 = T ∗1R2 which,330

together with Eq. (23), proves |R1| = |R2|, |T1| = |T2|, i.e. transmission and
reflection amplitudes are symmetric with respect to ϕ− α0 = π.

Zero acoustic reflection in leading radiating mode for subsonic mean flow

Although this aforementioned symmetry is not preserved in the case when
M > 0, we still find two special angles of inclination of the normal to the wave-335

fronts, ϕ̃0, ϕ̃π as defined in Eqs. (20) & (21), for which the reflected acoustic field
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has zero contribution from the zeroth radiating mode (and hence is identically
zero in the far-field when there is only one cut-on mode). Note this property
holds irrespective of the number of cut-on modes in the field. These special an-
gles are marked in Figs. 5, 9 & 10, with H and • corresponding to ϕ̃0 and ϕ̃π340

respectively. As can be seen from Fig. 10, when M > 0, there may be a nonzero
contribution from the hydrodynamic mode (which is part of the reflected field
in the case ϕ̃0).

We focus on the case ϕ̃0 (i.e. downstream incidence) since the case ϕ̃π can
be treated analogously: Let the total velocity potential due to an incident wave
with normal to the wavefronts inclined at an angle ϕ̃0 be denoted by

φ̃(x, y) =

{∑
m∈Z Tme− iσ+

mxe− iγ(σ+
m)y, sx < dy,

Ie− iσ+
0 xe−γ(σ+

0 )y +Be− iΩxg(y) +
∑
m∈ZRme− iσ−

mxeγ(σ−
m)y, sx > dy + 1.

We know from our prior discussion that the mode σ−0 = σ−0 (ϕ̃0) = σ−0 (0) cor-
responds to the angle ϕ = 0 and that the response for this type of parallel-
propagating mode must be of the form

φ(x, y) = Ie− iσ−
0 xe− iγ(σ−

0 )y = Ie− iσ−
0 x, (x, y) ∈ R2.

As for the zero mean flow case, we consider the superposition of these two fields,
φ̃ + zφ, which is a valid solution to the scattering problem and hence satisfies
the time-averaged energy balance (which must again account for incident fields
both upstream and downstream of the cascade):

PU + PD + PH + Πω = PI , (24)

where

PU = −
∑

−r≤m≤q

|Tm|2(sΩM2β−1 + sβσ+
m − dβ−1γ(σ+

m))

PD = |R0 + zI|2(−sΩM2β−1 − sβσ−0 − dβ−1γ(σ−0 ))

+
∑

−r≤m≤q

|Rm|2(−sΩM2β−1 − sβσ−m − dβ−1γ(σ−m))

PI = |zI|2(−sΩM2β−1 − sβσ−0 − dβ−1γ(σ−0 )) + |I|2(−sΩM2β−1 − sβσ+
0 + dβ−1γ(σ+

0 ))

PH = |B|2
(
sΩβ−1

∫ 1

0

|g(st)|2 dt+ Im

[
β−1d

∫ 1

0

g(st)∗g′(st) dt

])
Πω = − Im

[
B∗(zI +R0)γ(σ−0 )

eiΩ−iσ−
0

iΩβ − iβσ−0
−B∗Iγ(σ+

0 )
eiΩ−iσ+

0

iΩβ − iβσ+
0

+
∑

m∈Z,m 6=0

B∗Rmγ(σ−m)
eiΩ−iσ−

m

iΩβ − iβσ−m

 .
One can quickly check that in the current case γ(σ−0 ) = 0, and hence by setting
z → 0,+∞ and using the resulting equations to cancel appropriate terms in
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Eq. (24), we arrive at

Re [R∗0zI] (−sΩM2β−1 − sβσ−0 ) = 0 ∀z ∈ C,

which implies R0 = 0, i.e. the leading radiating mode σ−0 has zero contribution
to the reflected far-field. Of course, in general, the remaining reflected ampli-345

tudes, Rm with m 6= 0, need not vanish when ϕ = ϕ̃0 or ϕ = ϕ̃π, i.e. sound
may be scattered into higher order reflected modes. Thus, while R0 = 0 holds
regardless of the choice of frequency and subsonic mean-flow speed, the reflected
sound power is truly zero only when a single acoustic mode is cut-on.

4.2. The significance of the hydrodynamic and energy conversion terms in balancing350

the energy

We now visualise the terms from the time-averaged energy balance Eq. (17),
to understand their individual contribution to the overall outgoing power. In
order to facilitate comparison against the amplitudes shown in Figs. 4-5 we
plot here (and also in §4.3) the reflected sound power PR and the transmitted
sound power PT . These are simply given in terms of upstream and downstream
sound powers taking appropriate account for the change of incidence direction as
follows (recall that the acoustic wave is incident from upstream if sin(ϕ− α0) <
M sinα0):

PR =

{
PU , if sin(ϕ− α0) < M sinα0,

PD, if sin(ϕ− α0) > M sinα0,

PT =

{
PD, if sin(ϕ− α0) < M sinα0,

PU , if sin(ϕ− α0) > M sinα0.

(25)

In Fig. 10 we see the contribution of each individual term as a percentage of
the overall outgoing power – the reflected and transmitted sound power, hy-
drodynamic power, and conversion between acoustic energy and kinetic energy
in the vortical field. The results in the graph correspond to a stagger angle355

of α0 = π/6, a blade separation of c = 1, a Mach number of M = 0.3 and a
reduced frequency with ΩM = π/4.

The curves in Fig. 10 are cumulative, so that for instance the value of PH is
given as the difference of the curve marked with diamond shapes and the curve360

marked with circles. The vertical dashed lines marked with � and N respectively
correspond to the values of ϕ which separate downstream (ϕ− α0 ∈ (9◦, 171◦))
and upstream (ϕ− α0 ∈ [0◦, 9◦) ∪ (171◦, 360◦]) incident regimes. Note that the
roles of reflected and transmitted fields are reversed at these vertical lines, such
that for ϕ− α0 ∈ (9◦, 171◦) the reflected sound power PR represents the down-365

stream sound power PD and for ϕ − α0 ∈ [0◦, 9◦) ∪ (171◦, 360◦] the reflected
sound power represents to the upstream sound power PU , and vice versa for
PT (cf. Eq. (25)). The important point to observe is that the purely acoustic
contributions to the outgoing energy are everything below the curve marked
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with circles in the graph. It is clear that for a range of angles of incidence the370

acoustic contribution only accounts for a fraction of the total outgoing power,
indeed sometimes less than half of it. This means a significant amount of in-
coming energy is converted to hydrodynamic power (PH), and absorbed into the
vortex sheets (Πω). This example is representative for a wide range of numeri-
cal experiments that were performed: the acoustic contributions alone account375

for the significant majority of outgoing power only in very specific cases and
generally the conversion of acoustic energy into vortical kinetic energy plays an
important role in balancing the incoming and outgoing energy flux.

Figure 10: The contributions as percentage of the total incoming power; PU and PD are
respectively the upstream and downstream acoustic power, PH is the hydrodynamic power
and Πω is the sound power absorbed by the wake. The vertical dashed lines (marked with �

and N) separate downstream and upstream incidence and the symbols H and • correspond to
ϕ̃0 and ϕ̃π respectively.

4.3. Negative acoustic energy absorption and sound power generation in wave-
cascade scattering380

An interesting observation was made by Rienstra [29, §4] for a single trailing
edge in mean flow: Πω can take negative values, which effectively means the
blade harvests energy from the flow to increase the total outgoing acoustic and
hydrodynamic power (i.e. PR+PT +PH) to be greater than the incident power
PI . In some cases this can lead to larger outgoing than incoming acoustic power.385

We shall see that this effect can also be observed for the cascade of blades, indeed
specifically we found the appearance of negative acoustic energy absorption (i.e.
acoustic energy emission) by the wake in two scenarios of interest. A particular
new contribution in this present work is our detailed parametric study of the size
of individual terms PR, PT , PH ,Πω that constitute the overall outgoing power,390

which allows us to gain more insight into the consequences of conversion of
energy between the acoustic field and the unsteady vortex sheets that takes
place at the trailing edge of the cascade blades. One of those insights (which
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can be seen in Fig. 14 and which is described in more detail below) is that
energy conversion between vortical and acoustic field can, in some cases, lead to395

over-reflection on the cascade – i.e. the reflected wave can be larger in amplitude
than the incoming wave |R0| > |I|.

Acoustic energy emission of the wake near modal cut-on

In Fig. 11 we plot the relative acoustic power PA = PR +PT and the hydro-
dynamic power PH as well as their sum (we have rescaled all quantities by PI)400

on a decibel scale (i.e. we plot for example 10 log10(PA/PI)). The geometry in
this case is taken to be s = 1, d = 0, and we choose ϕ = 4π/3 and M = 0.75.

Whenever the black curve (marked with stars) rises above 0 in the graph, we
have PH +PA > PI , i.e. the acoustic energy absorbed by the wake Πω must be
negative. Interestingly, we observe this phenomenon at those frequencies just405

below acoustic modes σ±m become cut-on. In the figure these cut-on values of
the reduced frequency Ω are highlighted by the vertical dashed curves – the
first one of these corresponds to the horizontal dashed line in the dispersion
diagram in Fig. 2. The following trend becomes apparent (as was also observed
by Glegg [7, §5.3] for the purely acoustic part of the power): just before a new410

mode becomes cut-on the hydrodynamic power rises and the acoustic power
falls, but sometimes their sum reaches values greater than the incoming power.
This is followed by a rapid decay in hydrodynamic power and an increase in
acoustic power as the frequency is increased further. Indeed, we may also infer
from this figure that for larger frequencies Ω the hydrodynamic effects (both in415

terms of PH and Πω) play a significant role only close to modal cut-on and that
the attenuation of sound is especially pronounced at lower frequencies, which is
similar to the observations made by Bechert et al. [23].

Figure 11: The acoustic and hydrodynamic power for varying incident frequency (dB scale,
i.e. we plot for example 10 log10(PA/PI)). The vertical dashed lines highlight the frequencies
where new propagating modes become cut-on.
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Sound power generation and over-reflection

Finally, we highlight that even for fixed frequencies the acoustic energy ab-420

sorbed by the wake Πω can become negative for specific values of M and ϕ. The
effect is particularly pronounced for downstream incidence and large subsonic
Mach numbers, which in some cases results in a reflection amplitude that is
larger than the incoming amplitude, i.e. |R0| > |I|. In Figs. 12-14 we plot the
relevant quantities from the energy balance for various values of M and ϕ. The425

cascade geometry in this case is α0 = π/6, c = 1 and the incident frequency is
ΩM = π/4.

In Fig. 12 we see the energy absorbed by the wake relative to PI (i.e. Πω/PI)
on a linear scale. Note the rescaling by PI is to ensure that we consider the
amount of energy flux relative to the amount of incident sound power provided430

by the incident acoustic wave. This means we are interested in the ‘cascade
response’ towards excitation from an incident field of fixed amplitude I. Because
the problem is linear the energy flux terms will depend on |I|2 and rescaling
ensures the results are independent of I. The solid white lines highlight contours
of constant Πω = 0. We observe the absorbed energy can become negative for435

a range of angles of incidence. As is the case for a single trailing edge (cf. [29,
Fig. 3]), the majority of this region of acoustic energy emission occurs when the
waves are incident from downstream (i.e. when sin(ϕ− α0) > M sinα0). It is
precisely in these regions that amplification of the outgoing acoustic power can
occur.440

Figure 12: Relative acoustic energy absorption by the wake (linear scale), the solid white line
marks Πω = 0.

Indeed looking at Fig. 13 (which shows the relative outgoing sound power
on a decibel scale) we observe that for large Mach numbers, and when ϕ−α0 ≈
105◦, this amplification is indeed observed in practice. In fact, we find in Fig. 14
(which shows the relative reflected sound power on a decibel scale) that for a
part of this parameter region we even have PR > PI , i.e. |R0| > |I|, which445
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means that the incident wave is over-reflected.
We also observe in Fig. 13 that there is significant attenuation of sound over

a large range of directions of incidence. This attenuation is due to the conversion
of sound into energy in the wake through the shedding of unsteady vorticity at
the trailing edge, and the attenuation is found to be greater for larger Mach450

numbers.

Figure 13: Total outgoing sound power (dB scale), the solid black line marks PR + PT = PI .

Finally, we highlight that in Fig. 14 for every fixed value of M the four dark
regions contain isolated zeros of PR at ϕ = ϕ̃0, π, ϕ̃π, 0 in this order as described
in §4.1 (i.e. for any fixed value of M the ratio PR/PI takes the value −∞ on
the decibel scale at four distinct values of ϕ).455

Figure 14: Reflected sound power (dB scale), the solid black line marks PR = PI .
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5. Conclusions

In this work we studied the energy balance for a cascade of flat plates in uni-
form mean flow. We showed that the outgoing power is composed of acoustic
and hydrodynamic power as well as energy flux into the wake, all of which, in
general, yield a non-negligible contribution to the outgoing energy flux. Specif-460

ically, we provided numerical evidence that there is significant attenuation of
sound over a large region of Mach numbers and angles of incidence for incoming
sound waves, and that this effect is particularly pronounced at low frequencies.
We also found numerical evidence of sound power generation when the waves
are incident from downstream and showed the generated power can result in a465

reflected wave with amplitude greater than the incident one.
Finally, we showed that this energy balance can be used to understand sym-

metries of the field in the angle of inclination of the wave fronts with respect to
the cascade face when there is no mean flow as well as the effect of zero acoustic
reflection at certain angles of incidence with mean flow.470

Future research will focus on studying the effect loaded blades and non-
parallel flow based on the asymptotic solution of the scattering problem on a
cascades of blade in non-parallel mean flow provided by Peake & Kerschen [8, 9]
which is valid for large frequencies and small nonzero angles of attack. A further
direction for future research is the study of the stability of outgoing waves when475

a small amount of viscosity is introduced to the body of the fluid, in the context
of previous work by Benjamin [41] and Cairns [42].
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