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1 Introduction

Ambitwistor strings [1] are holomorphic (chiral) string theories whose target space is the
space A of complexified1 null geodesics, known as ambitwistor space. They generalize
Witten’s twistor string [2, 3] to a variety of theories in different dimensions [4–6]. Their
worldsheet correlation functions describe target space scattering amplitudes in a way that
is very much analogous to conventional string theories, except that these correlators are
supported on the scattering equations, leading, on the Riemann sphere, to tree-level field-
theory amplitudes that are rational functions of the external momenta. The original family
of ambitwistor strings gave the theory underpinning the CHY formulæ [7] describing the

1That is to say, the space-time coordinates are understood to be analytically continued to complex
values, and complex null geodesics have tangent vectors that are complex null vectors.
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Figure 1. Twistor description of ambitwistor space in 4d.

scattering of scalars, gluons and gravitons. The models of [1] are analogous to the RNS
string, and have an analogue of the Ramond sector that describes fermions (and p-form
fields in supergravity) [8]. However, it is not easy to obtain compact formulæ for amplitudes
involving these fermions, and target space supersymmetry is not simply expressed. In
contrast, the RSVW formulæ [9] of the original twistor string incorporated supersymmetry
straightforwardly, using twistor geometry to give a completely transparent treatment of
fermions and supersymmetry. The purpose of this paper is to present ambitwistor string
models six and five dimensions that, by virtue of the use of spinors and twistors, incorporate
fermions and supersymmetry in a simple and transparent way. The RNS ambitwistor string
described ambitwistor space indirectly by gauging the reduction from space-time to the
space of null geodesics; fixed vertex operators are built directly from fields on space-time,
and the Penrose transform from space-time fields to their representation as cohomology
classes on ambitwistor space is implemented via descent. The presentation we obtain in
this paper lives directly in ambitwistor space and vertex operators are built directly from
ambitwistor-space cohomology classes.

In four dimensions, ambitwistor space A has a twistorial representation as a reduction
of T× T∗ where twistor space T = C4|N can be defined to be the chiral spin space for the
superconformal group SL(4|N ,C). More precisely, in four dimensions

A = {(Z,W ) ∈ T× T∗ | Z ·W = 0} / C∗

where the C∗ acts as (Z,W ) ∼ (αZ,α−1W ). This represents the geometric fact that
through each null geodesic there is a unique α-plane corresponding to a twistor Z, and a
unique β plane corresponding to a dual twistorW and that these are incident Z ·W = 0 and
conversely as shown in figure 1. Berkovits’ model [3] for the twistor string has worldsheet
fields with values in supertwistors (Z,W ) and action

S =
∫

Σ
W · D̄Z .

Here, D̄ is a partial connection on a line bundle L → Σ giving the equivalence (Z,W ) ∼
(αZ,α−1W ). Locally, D̄ = ∂̄ + a and the gauge field a ∈ Ω0,1(Σ) acts as a Lagrange
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multiplier imposing the constraint Z · W = 0. In the quantum theory, this gauging is
anomaly free only for the case of maximal N = 4 supersymmetry for super-Yang-Mills and
conformal supergravity. A more elaborate version of twistor string theory that incorporates
an analogue of worldsheet supersymmetry has vanishing gauge anomalies for N = 8 and
describes Einstein supergravity [10].

In each of these models, the fields W and Z were originally taken to have different
worldsheet conformal weights, slightly obscuring the ambitwistor interpretation. Indeed,
when deg(L) ≥ 0 the models localise on maps to twistor space itself, rather than A.
Nevertheless, by treating (Z,W ) as spinors2 on Σ an equivalent, but more symmetric
description is possible that makes the connection to A more transparent [5]. Furthermore,
we will see that it is this ambitwistor interpretation of the twistor string that generalises
to higher dimensions: the target space of the theories we construct in this paper are not
twistor spaces, but twistor representations of ambitwistor spaces.

There are at least two reasons why the ambitwistor extension is the natural one.
Firstly, in four-dimensions the Penrose transform expresses space-time fields in terms of
cohomology groups H0,1

∂̄
s on twistor space which can easily couple to a Riemann surface Σ.

However, in higher dimensions the Penrose transform involves higher degree cohomology
classes on twistor space. These higher (0, p)-forms do not couple so straightforwardly to
a string worldsheet. By contrast, the ambitwistor Penrose transform always allows us to
describe space-time fields in terms of H0,1

∂̄
on A. Secondly, to construct the worldsheet

action, the target needs to have a contact structure. The only homogeneous spaces for
the conformal groups in higher dimensions that admit contact structures are ambitwistor
spaces, see [11] and chapter 2 of [12].

The basic bosonic definition of an ambitwistor as a complex light ray is conformally
invariant, and so A is a homogeneous space for the conformal group. (Ambitwistor strings
for field theories that are not conformally invariant arise via the introduction of further
worldsheet matter fields that then break conformal invariance.) Twistors have a uniform
definition in all dimensions as spinors for the conformal group [13]. Therefore it is natural
to seek twistor representations of ambitwistor spaces as holomorphic symplectic reductions
of linear spaces based on twistors, see for example [14–16]. Ambitwistor strings can then be
quantized as the gauged βγ-system realization of this geometry; it was this strategy that led
to [17, 18]. Although it was not possible to write down explicit self-contained ambitwistor
models for Yang-Mills and gravity in these papers, naive quantization nevertheless led
to amplitude formulae for Yang-Mills and gravity. These are based on an extension of
the scattering equations, the polarized scattering equations, that incorporate polarization
data. The main obstacle to furnishing complete models in [17, 18] was that the authors
were unable to find additional analogues of worldsheet supersymmetry for Yang-Mills and
gravity theories in the chiral framework of these 6d models.

On reduction to 5d, the chirality issue evaporates and we can identify coherent models.
We show here for example that the 5d models do indeed have vanishing worldsheet gauge
anomalies as a consequence of maximal supersymmetry. We also make some remarks about

2At least at genus zero, this can be interpreted as simply twisting the line bundle L → L⊗K1/2
Σ .
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the original bosonic models in 6d. These lead to straightforward manifestly conformally
invariant models in 6d. In 6d, the biadjoint scalar theory with cubic interactions is con-
formally invariant, and these models compute amplitudes for this theory. There are also
conformally invariant gauge and gravity sectors and we argue that these give rise to the
conformally invariant theories identified in [19] and give corresponding vertex operators.

In 6d the complex conformal group is SO(8,C) and the 6d models have an interesting
interplay with triality. Triality is here expressed in the fact that complexified space-time
and the twistor spaces of each chirality are all 6-quadrics, each with inequivalent actions
of the conformal group. Furthermore, ambitwistor space can be expressed as the space of
complex projective lines in each of these spaces. The ambitwistor models can be expressed
essentially identically in each of these spaces, although their vertex operators and coupling
to space-time fields are distinct. The conformally invariant version of the model in the
space-time quadric is a twist of that in [20].

In section 2 we introduce the geometry of spinors, twistors and ambitwistors in six di-
mensions. In section 3 we construct a 6d ambitwistor string based on this geometry. Vertex
operators in this model correspond to cohomology classes appearing in the ambitwistor ver-
sion of the Penrose transform [12] and are simply related to the twistor representatives for
momentum eigenstates constructed in [21]. These vertex operators describe states in the
higher-order gauge and gravitational theories of [19] that are conformally invariant in 6d.
In the case of the biadjoint scalar, we obtain formulæ for double leading trace amplitudes
based on the 6d polarized scattering equations of [17]. These polarized scattering equations
were shown to be equivalent to the original biadjoint formulae of CHY [22] in [23]. In sec-
tion 4 we symmetry reduce the 6d models down to 5d. By introducing further worldsheet
matter we construct twistor versions of ambitwistors strings for 5d Yang-Mills and Einstein
gravity. The worldsheet gauge anomalies vanish in the case of maximal supersymmetry.
The genus zero worldsheet correlation functions compute n-point tree amplitudes in these
theories, with target space supersymmetry manifest. These amplitudes are again given in
terms of the polarized scattering equations.

2 Ambitwistors in six dimensions

In this section we provide a brief review of spinors, twistors and ambitwistors in d = 6,
showing that the space of null geodesics can be described via pairs of twistors that obey
certain constraints.

2.1 Spinor-helicity in six dimensions

In six dimensions, the (complexified) Lorentz group SO(6,C) is locally isomorphic to
SL(4,C). The two independent Weyl spinor representations transform in the fundamental
and anti-fundamental of SL(4,C) and we denote them by SA and SA, where A = 0, . . . , 3.
The chiral Pauli σ-matrices are 4 × 4 antisymmetric matrices σABµ for each µ. This is
the highest dimension in which the chiral gamma-matrices provide an isomorphism from
Minkowski space vectors to two-index spinors and in 6d these are skew. We will therefore
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represent six-dimensional vectors as skew spinors V AB = γABµ V µ. In particular, complexi-
fied space-time C6 itself may be described with coordinates xAB = x[AB] in which the flat
metric is

ds2 = 1
2 εABCD dxAB dxCD , (2.1)

where εABCD = ε[ABCD] is the Levi-Civita symbols for SL(4,C). This metric allows us to
raise and lower pairs of skew indices; note that there is no natural way to raise or lower a
single spinor index.

Spinor helicity provides the spinor representation of null momentum vectors and their
associated polarization vectors. A momentum vector KAB is null if εABCDKABKCD = 0.
Skew matrices only have even rank, so for K 6= 0, it must have rank 2 so that

KAB = 1
2εab κ

a
Aκ

b
B , a = 1, 2, εab = ε[ab], ε01 = 1 ,

for some pair of spinors κaA, defined up to SL(2,C) acting on the a index. We could just as
well have written

KAB = 1
2ε

ABCDKCD = 1
2ε

ȧḃκ̃Aȧκ̃
B

ḃ
, ȧ = 1̇, 2̇ , εȧḃ = ε[ȧḃ] , ε0̇1̇ = 1 ,

defined up to a distinct copy of SL(2,C). These a, ȧ indices are those for the little group
SO(4,C) ∼= SL(2,C)×SL(2,C)/Z2 inside the stabilizer of the vector KAB under the Lorentz
group. We often follow 4d spinor-helicity conventions and denote a null 6d momentum K as

KAB = 1
2εab κ

a
Aκ

b
B =: 1

2〈κAκB〉 , KAB = 1
2ε

ȧḃκ̃Aȧκ̃
B

ḃ
=: 1

2[κ̃A κ̃B] (2.2)

for some pair of Weyl spinors κaA defined up to SL(2,C) transformations. (The factors of
1
2 are for later convenience.)

2.2 Twistors in six dimensions

The twistor space of six-dimensional space-time is defined to be the space of pure spinors
for the conformal group. Geometrically, these correspond to totally null self-dual 3-planes,
known as α-planes (β-planes being the anti-self-dual ones). Both chiralities can be repre-
sented via pairs of 6d spinors

ZA = (µA, λA) ∈ SA ⊕ SA , Z̃A = (µ̃A, λ̃A) ∈ SA ⊕ SA . (2.3)

The conformal group is SO(8,C) for which we have triality whereby the chiral and anti-
chiral spin representations both have an SO(8) structure, albeit inequivalent to the standard
vector one. In particular, there are SO(8)-invariant inner products on each chirality of
twistor space, defined by

Z · Z = 2µAλA and Z̃ · Z̃ = 2µ̃Aλ̃A , (2.4)

respectively. However, there is no SO(8)-invariant duality between3 Z and Z̃.
3The invariant structure that relates Z and Z̃ is the SO(8) Pauli-matrix that maps Z ⊗ Z̃ to an SO(8)

vector.

– 5 –



J
H
E
P
0
8
(
2
0
2
1
)
1
5
3

Our projective twistor space Q will be the projective quadric of null (pure)
spinors [13, 14, 21, 24, 25] defined by

Q = { [Z] ∈ CP7 | Z · Z = 2µAλA = 0 } . (2.5)

As in 4d, twistor space is related to space-time via the incidence relations

µA = xABλB . (2.6)

These show that a point x ∈ C6 corresponds to a CP3 ⊂ Q parametrized by [λA]. Note that
this CP3 lies inside Q, not just CP7, since xAB is skew. Conversely, holding [µA, λA] ∈ Q
constant, the incidence relation determines a totally null self-dual 3-plane α ⊂ C6 by

xAB(α) = x0AB + λ[A αB] , (2.7)

parametrized by αD modulo λD; these totally null SD 3-planes are the α-planes. Triality
gives such incidence relations also between any pair of space-time, Q̃ and Q.

To construct worldsheet models for supergravity and super Yang-Mills, we will also be
interested in supertwistors (at least after reduction to 5d, discussed below). We let (com-
plexified) chiral Minkowski superspace C6|8N have coordinates (xAB, θAI), I = 1, . . . , 2N .
Then if CP7|2N has homogeneous coordinates [Z] = [µA, λA, ηI ], the corresponding super-
twistor space is the quadric QN defined by [21, 24, 25]

Z · Z = 2µAλA + ωIJ η
IηJ = 0 . (2.8)

Here ωIJ is a skew 2N × 2N matrix that reduces the R-symmetry group to Sp(2N ).
Extending the bosonic case, supertwistor space is related to chiral Minkowski space via the
incidence relations

µA = xABλB + ωIJ θ
AIηJ , ηI = θAIλA . (2.9)

A fixed point (xAB, θAI) ∈ C6|8N thus corresponds to a CP3 ⊂ QN just as in the bosonic
case. Conversely, a point [Z] in supertwistor space now determines a totally null 3|6N
plane in chiral Minkowski superspace.

2.3 Ambitwistors in six dimensions

Generically, two distinct α-planes do not intersect. If they are chosen so that they do
intersect, they do so in null geodesic. The α-planes corresponding to two twistors Z1 and
Z2 intersect iff

Z1 · Z2 = µ1A λ2
A + λ1

A µ
2A = 0 . (2.10)

This condition implies that the entire line Z(u) = Z1 + uZ2 lies in the quadric Q, not
just in CP7. When (2.10) holds, the intersection L = α1 ∩ α2 of the two α-planes is a null
geodesic in space-time, parametrized by

xAB(t) = x0AB + t λ1
[A λ

2
B] , (2.11)
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Figure 2. Ambitwistor space in 6d parametrized by a pair of twistors Za.

with λaA, a = 1, 2 the little group spinor decomposition of the null tangent vector as in (2.2).
Thus, given a pair (Z1, Z2) ∈ Q obeying Z1 ·Z2 =0, we can write µAa=xABλaB for some xAB.

Ambitwistor space A is the space of such parametrized complex null geodesics, where
the parameter comes from the scale of the tangent vector.4 We see that in six-dimensions,
A may be described using a pair of twistors subject to the constraints

A =
{

[Za] ∈ C8
∣∣∣ Za · Zb = 0, a, b = 1, 2

} /
SL(2,C) (2.12)

where the SL(2,C) is the little group transformations acting on a, b as depicted in figure 2.
We have 2× 8 variables in the [Za], subject to three constraints (2.12) and quotienting by
SL(2,C) showing that A is a 10-dimensional complex manifold. This is as expected for the
space of parametrized null geodesics: in six dimensions, each light-ray intersects a given
five-dimensional Cauchy surface at a unique point, and there is a 5-dimensional family of
null vectors through each such point.

Equation (2.12) realizes A as a holomorphic symplectic quotient with respect to the
symplectic form dΘ on T× T with potential

Θ = 1
2〈Z · dZ〉 . (2.13)

It is easily checked that Za · Zb are the Hamiltonians that generate the SL(2,C) action.
Thus Θ defines a symplectic potential on A and is also the reduction of the symplectic
potential PAB dXAB from the cotangent bundle of space-time.

It will be convenient to consider also the space PA of unparametrized null geodesics,
obtained by quotienting A by an overall scale. Thus, in (2.11), we consider the null geodesic
whose tangent vector is proportional to λ1

[Aλ
2
B], considered upto scale. From above, we see

that PA is the space of lines in Q and that it inherits a contact structure from the symplectic
potential on A.

Ambitwistor spaces with (0,N ) supersymmetry can be defined completely analogously
by replacing Za by Za in the above [17]. As in the bosonic case, the totally null 3|6N -

4Note that since λ1 and λ2 are part of the homogeneous coordinates for points in CP7, the parameter t
in (2.11) should be taken to scale with weight (−1,−1) under scalings of (Z1, Z2).
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Figure 3. Ambitwistor space parametrized by a pair of twistors Yȧ of opposite chirality.

planes corresponding to two supertwistors Z1 and Z2 intersect iff Z1 · Z2 = 0. They then
intersect along a null super-geodesic C1|4N with tangent vector (PAB,ΠAI) satisfying

PAB ∝ 〈λAλB〉 , ΠAIλaA = 0 . (2.14)

Superambitwistor space A6|2N can thus be represented by pairs of supertwistors (Z1,Z2)
that obey Za · Zb = 0 and are defined up to little group transformations,

A6|2N =
{

[Za] ∈ CP7|2N
∣∣∣ Za · Zb = 0

} /
SL(2,C) . (2.15)

This too is a graded holomorphic symplectic manifold with symplectic potential 〈Z · dZ〉.
Triality gives three distinct descriptions of PA as the space of lines in a 6-quadric. The

second is the tilded description of PA as lines in the opposite chirality twistor space Q̃; this
corresponds to the representation of a null geodesic as the intersection of two β-planes as
depicted in the space-time in figure 3. The third description from triality is the more well-
known one arising from the embedding description of conformally compactified Minkowski
space M as a projective quadric M ⊂ CP7. This arises from extending the space-time
coordinates X = (xAB, s, t) with inner product

X ·X = xABxAB + 2st

and realizing M as X ·X = 0 in the projective space. This then gives for ambitwistor space
the description5

A =
{

[Xm] ∈ CP7
∣∣∣ Xm ·Xn = 0, m, n = 1, 2

} /
SL(2,C) . (2.16)

This follows because X1 ·X2 = 0 is the condition that points X1 and X2 are null separated,
and the SL(2,C) quotients the different pairs of points Xm chosen on the null geodesic.

These are all examples of parabolic geometries for the conformal group SO(8,C). These
are homogeneous spaces SO(8,C)/H where H is a parabolic subgroup, i.e., one that con-
tains the Borel subgroup. Such H are in one-to-one correspondence with subsets of nodes
of the Dynkin diagram. The three 6-quadrics related by triality correspond to the outer
nodes and PA to the central node; see chapter 2 of [12].

5The orbits of SL(2,C) acting on CP7 are two-dimensional.
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3 The worldsheet theory in six dimensions

The twistor description of ambitwistor space can be used to construct a new representation
of ambitwistor strings that (at least classically) allows us to easily incorporate target space
supersymmetry. We begin by showing how a 6d version of the original RNS ambitwistor
bosonic string of [1] can be reformulated in terms of the geometry of the previous section.

The basic bosonic ambitwistor string action is

S =
∫

Σ
Pµ ∂̄X

µ + 1
2 ẽP

2 , (3.1)

where Σ is a Riemann surface and X : Σ → M is an embedding into complexified space-
time. The field Pµ is a (1, 0)-form on Σ, so P 2 is a quadratic differential. Therefore,
ẽ ∈ Ω0,1(Σ, TΣ) transforms as a Beltrami differential and is a Lagrange multiplier enforcing
the constraint that Pµ is null. The corresponding gauge redundancy Xµ ∼ Xµ + sPµ

translates X along the null geodesic tangent to P . Accounting for the constraint and
gauge redundancy, the target space of this model is the space PA of null rays, ambitwistor
space. Notice that since P takes values in the worldsheet canonical bundle KΣ, it is defined
only up to scale.

Specialising to six dimensions, we may solve the constraint P 2 = 0 by setting

PAB = 1
2εab λ

a
Aλ

b
B = 1

2〈λAλB〉 (3.2)

for some pair of fields λaA transforming as (dual) Weyl spinors on space-time. Since PAB is
a section of KΣ, these fields are naturally interpreted as sections of K1/2

Σ and so transform
as spinors on the worldsheet. With this PAB, the kinetic term becomes

PAB ∂̄X
AB = 1

2εab λ
a
Aλ

b
B ∂̄X

AB = 1
2εab

(
λaA ∂̄µ

Ab + µAb ∂̄λaA

)
(3.3)

where we have used the incidence relation (2.6) to introduce a field µAa = XABλaB. Like λaA,
the fields µAa also transform as worldsheet spinors. They are naturally invariant under the
gauge redundancy XAB 7→ XAB + sPAB. However, we must now impose the ambitwistor
constraints (2.12) by gauging the little group SL(2,C) transformations. As discussed after
eqn (2.11), these constraints ensure that µAa indeed equals XABλaB for some XAB. We thus
write our bosonic ambiwistor string action as

S = 1
2

∫
Σ
〈Z · D̄Z〉 = 1

2

∫
Σ
εab
(
λaAD̄µ

Ab + µAaD̄λbA

)
, (3.4)

where D̄Zb = ∂̄Zb + AbcZ
c in terms of a worldsheet sl2 gauge field Aab ∈ Ω0,1(Σ, sl2). (In

particular tr(A) = 0, so Aab = εacA
c
b is symmetric in ab.) Each Za is a section of K1/2

Σ and
we identify this line bundle with the pullback to Σ of the line bundle O(1)→ CP7, so that
each Za indeed describes a map to projective twistor space. The (0,N ) supersymmetric
analogues again arise by replacing the Za by fields Za in the above [17].

We also note that triality gives two further models, where Za is replaced by Z̃ȧ defining
a line in Q̃, or by Xm, m = 1, 2, defining a line (null geodesic) in M. While these models
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are formally identical in terms of field content, their relationships to physical space-time
are quite distinct. The models in Q̃ naturally extend to (N , 0) supersymmetry rather than
(0,N ). The model in M is fleshed out further in appendix B. This model is a twist of
the 6d conformally invariant model in M defined by [20]: that model also gauges three
constraints, but uses different choices of worldsheet spin for the pair Xm.

To promote this theory to a string theory, we allow the complex structure of the
worldsheet to vary by replacing ∂̄ 7→ ∂̄+ e, where e ∈ Ω0,1(Σ, TΣ) is a Beltrami differential.
As usual, e couples to the holomorphic worldsheet stress tensor, and we take the path
integral to include an integral over the moduli space of inequivalent complex structures (on
a possibly punctured Riemann surface).

3.1 BRST quantization and anomalies

As usual, we may handle the gauge redundancies associated to Aab and e by BRST quan-
tization. We introduce fermionic ghosts nab = nba and antighosts mab corresponding to
Aab, and standard (b, c) ghosts corresponding to e. Note that all these fields are chiral on
Σ. At least in the absence of vertex insertions, we can choose the gauge Aab = 0 = e, in
which the gauge-fixed action becomes

S =
∫

Σ

1
2Za · ∂̄Z

a +mab ∂̄nab + b ∂̄c . (3.5)

The corresponding BRST operator is

Q =
∮
c

(
T + 1

2T
bc

)
+ 1

2nab Z
a · Zb + 1

2m
ab εcd [nac, nbd] , (3.6)

where
T = 1

2Za∂Z
a +mab ∂nab , T bc = (∂b)c+ 2b ∂c (3.7)

is the holomorphic stress tensor.
Let us now check that the chiral theory is non-anomalous. Worldsheet gauge anomalies

may be represented by a bubble diagram with two external gauge fields. For SL(2,C)
transformations, including the contribution from the ghosts the coefficient of this diagram is

aSL(2) =
∑
i

(−1)Fi trRi(tktk) = 1
2 × 8 trF (tktk)− tradj(tktk) , (3.8)

where the factor of 1
2 arises since the Za are self-conjugate. Using the trace relation

trR(tktk) = C2(R) dim(R) where C2 is the quadratic Casimir, for SL(2,C) we have

trF (tktk) = 3
2 tradj(tktk) = 6 , (3.9)

so the SL(2,C) anomaly (3.8) vanishes.
We remark that the anomaly counting in the models related by triality is identical,

and also in the model of [20] related to these by a twist. We also remark that, without
the incorporation of further fields, SL(2,C) anomaly cancellation rules out the natural
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supersymmetry that arises by replacing Za with Za. The 5d ambitwistor strings we consider
below involve additional fields which indeed modify the condition for anomaly cancellation.

At this stage, the central charge of our theory is

c = −8Z − 6mn − 26bc (3.10)

so for the Virasoro anomaly to vanish, we must couple (3.5) to a further internal CFT of
central charge c = 40. In the following section, we will do this by including (two) worldsheet
current algebras.

3.2 Vertex operators and the 6D polarized scattering equations

We briefly review the discussion in [17, 23]. Massless fields on space-time can be represented
by Dolbeault cohomology classes H1

∂̄
(PA, E) via the ambitwistor Penrose transform, where

the bundle E depends on the type of field. Unlike the Penrose transform for twistor space,
here the correspondence works off-shell. In the RNS model, the field equation instead arises
from requiring that vertex operator built from this cohomology class is BRST closed at the
quantum level. In our twistor description of ambitwistor strings, we will instead construct
vertex operators starting from the representative of a plane wave on twistor space Q, which
is necessarily on-shell.

It has been known for many years that solutions to massless field equations in
6d Minkowski space can be obtained from cohomology classes of degree 2 or 3 on
Q [12, 21, 24, 25]. In [21] in particular, representatives in H2 and H3 were constructed for
momentum eigenstates with polarization data given in the 6d spinor-helicity format. The
simplest example is

φk(Z) =
∫
d2v δ̄4(λA − 〈vκA〉) exp

(
µA〈κAε〉
〈εv〉

)
∈ H2(Q,O(−2)) , (3.11)

corresponding to an on-shell massless scalar of momentum kAB = 1
2〈κAκB〉. Here, the

holomorphic delta functions are defined by

δ̄(z) = 1
2πi ∂̄

1
z

= δ(<z) δ(=z) dz̄ . (3.12)

Two of these δ̄-functions can be used to perform the integrals over va ∈ C2, with the
remaining two giving φk(Z) its cohomology degree. We have also introduced an arbitrary
εa ∈ C2 in the exponential. The idea here, as in the twistor space of 4d space-time, is that
on the support of the δ̄-functions, the exponential becomes the standard plane wave factor
eik·x when we use the twistor incidence relation µA = xABλB.

To build a plane wave representative on ambitwistor space, we Penrose transform (3.11)
to PA by integrating it over the CP1 ⊂ Q corresponding to a point in PA. Letting ua be
homogeneous coordinates along this CP1, on PA we have

Φk(Za) =
∫
〈u du〉φk(Z(u)) =

∫
〈u du〉 d2v δ̄4(〈uλA〉 − 〈vκA〉) exp

(〈uµA〉〈κAε〉
〈εv〉

)
=
∫
d2u d2v δ̄

(
〈vε〉 − 1

)
δ̄4
(
〈uλA〉 − 〈vκA〉

)
ei〈uµA〉εA ,

(3.13)
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where
Z(u) = Zau

a = 〈Zu〉 (3.14)

is the incidence relation between Q and PA and εA = 〈κAε〉. (For fields of spin s > 0, we
will see later that εA can be identified with the polarization data.) In going to the second
line of (3.13), we have included an extra integral over the scale of u. The δ̄-functions relate
this scale to that of v, which is fixed by the additional factor of δ̄(〈vε〉 − 1).

The integrals over the auxiliary parameters (u, v) can be done against four of the δ̄-
functions, with one δ̄-function remaining. This shows that Φk ∈ H1(PA,O(−2)), which
is the correct cohomology group to describe scalar fields on PA; the twistor construction
ensures this field is on-shell. It was shown in section 3 of [23] that Φk corresponds to
the factor δ̄(k · P ) eik·x of the RNS ambitwistor string. In particular, we will see why the
remaining δ̄-function is a multiple of δ̄(k ·P ) in the discussion following (A.7). Notice that
the integral over u ensures that Φk is invariant under SL(2,C) transformations of the Za.
Also note that the OPE of 〈Zu〉 with itself is regular, so Φk is free of normal ordering
ambiguities.

Since the fields Za(σ) are worldsheet spinors, when pulled back to the worldsheet,
Φk(σ) ∈ H1(Σ, TΣ). Thus we can use Φk to construct a (1,1)-form vertex operator V as

V = w(σ) Φk(σ) (3.15)

for some w ∈ Ω0(Σ,K2
Σ). Depending on the target space theory, this w may be built from

the basic ambitwistor fields Z, or could involve additional worldsheet matter. The simplest
choice for w is

wscalar = taj
a t̃ȧ̃

ȧ , (3.16)

describing a bi-adjoint scalar. Here, ja and ̃ȧ define two current algebras on the worldsheet
(independent of PA), while (ta, t̃ȧ) label the colours of the external scalar. For an anomaly-
free theory these current algebras should provide central charge c = 40. The double-leading
trace part of the correlator of n such states generates tree amplitudes in the cubic bi-adjoint
scalar theory; in 6d this theory is conformally invariant at the classical level.

The theory also contains vertex operators describing gluons and gravitons, whose po-
larization structure can be built from the basic ambitwistor field ZAa, A = 1, . . . , 8 as
in (2.3) and a = 1, 2 as in (2.12). These are

wgauge = EAB〈ZAZB〉 taja , wgrav = EAB〈ZAZB〉 ẼCD〈ZCZD〉 , (3.17)

where the EAB = E[AB] label the polarization. To ensure these states are BRST closed
(and free of normal ordering ambiguities), the polarization structures EAB and ẼAB must
obey a transversality constraint. If EAB is chosen to project onto the λaA spinor part of
ZA, the polarization structure becomes

EAB〈ZAZB〉 = 1
2ε

AB〈λAλB〉 = εABPAB (3.18)

so that the vertex operators (3.17) reduce to those of the original bosonic ambitwistor
string of [1]. In this case, the transversality condition is the standard εABkAB = 0.

– 12 –



J
H
E
P
0
8
(
2
0
2
1
)
1
5
3

More generally, note that JAB = 〈ZAZB〉 furnish a current algebra for the conformal
group SO(8). The general transversality constraint is6

EAB〈ZA ∂BΦk〉 = 0 . (3.19)

so that the element of so8(C) selected by the polarization tensor EAB preserves the momen-
tum eigenstate. The case (3.18) corresponds to a translation, but any conformal generator
that preserves kAB (such as a rotation around kAB) will also give a consistent vertex operator.

We can understand these additional states if we recognise that (e.g.) the vertex oper-
ator wgaugeΦk is obtained from the twistor representative

φk(Z)EABZAdZB ∈ H2(Q,Ω1) (3.20)

simply by integration of this (2, 1)-form over the sphere Z(u) = 〈Zu〉. More generally, any
A ∈ H2(Q,Ω1) can be used to generate an element of H1(PA) by integration over the cor-
responding CP1 given by (3.14),

∫
CP1 A. Furthermore, if A = dγ where γ ∈ H2(Q,O), then

the integral will vanish by Stokes theorem. Thus, by coupling them to one copy of the inter-
nal current algebra, we can construct gauge theory vertex operators from H2(Q,Ω1/dΩ0).
Writing A = AAdZ

A, the consistency of the vertex operators constructed in this way re-
quires ∂AAA = 0. However, A is defined only modulo the addition of f(Z)Z · dZ which
vanishes on the quadric Q = {Z · Z = 0}, and we can always choose f to ensure ∂AAA
vanishes.

Following the work of [26–28], the ambitwistor string correlator of states wgaugeΦk with
standard polarization structure (3.18) are understood to correspond to amplitudes in the
4th-order gauge theory with action ∫

tr(D†F ∧ ?D†F ) (3.21)

on space-time. Using these polarizations in wgrav similarly corresponds its gravitational dou-
ble copy which is a 6th-order theory [19]. In six dimensions, both these higher derivative
theories are conformally invariant. The vertex operators in (3.17) for general polariza-
tions EAB give the conformally invariant completion. It is reasonable to conjecture that
H2(Q,Ω1/dΩ0) is mapped by the twistor Penrose transform to solutions of the 4th-order
conformally invariant Maxwell operator G2 given in equation (6) of Branson-Gover [29],
and that this operator corresponds to the linearized equations � d†F = 0 of the Johansson-
Nohle theory (3.21) that is conformally invariant classically in 6d. (The Branson-Gover
operator G2 and the Penrose transform are also both conformally invariant.) The corre-
sponding space-time gauge fields are Aµ(x) = Vµ(x) eik·x where V is a conformal Killing
vector satisfying V (k · x) = 0. This 4th-order theory thus contains states beyond those of
Maxwell’s equations. The 6th-order gravitational theory likewise contains linearized states
hµν(x) = V(µWν) eik·x for any pair of such conformal Killing vector fields (V,W ).

It is worth pointing out that [17, 23] obtained integrand formulæ for many other theo-
ries in 6d, including supersymmetric gauge and gravity theories. At present the worldsheet
theories required to produce these formulæ remains elusive in 6d.

6Here the twistor index on the derivative has been raised by the twistor inner product used in the
worldsheet kinetic term.
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4 Ambitwistor strings in five dimensions

In this section we develop a 5d ambitwistor string by reducing the 6d models of section 2,
gauging a translation symmetry to reduce the target space to the ambitwistor space for
5d Minkowski space. The worldsheet matter choices for the 6d models naturally lead to
models for the bi-adjoint scalar and the reduced conformal Yang-Mills theory. Using the
supersymmetric extension of ambitwistor space (and including some additional worldsheet
matter) we then construct 5d ambitwistor strings that describe maximally supersymmetric
Einstein gravity and maximally supersymmetric Yang-Mills theory in five dimensions. The
worldsheet correlators of these models are shown to reproduce the manifestly supersym-
metric formulæ for 5d tree-level amplitudes from [23].

4.1 Spinors, twistors and ambitwistors in five dimensions

Spinors in five dimensions reduce directly from the 6d spinors reviewed in the last section.
Choose a fixed, non-null 6-vector Ωµ, with spinor form ΩAB = Ω[AB], pointing in the ‘extra’
6th dimension. We then take our complex 5d Minkowski space C5 to be a plane in C6 that is
orthogonal to ΩAB, so that tangent vectors V AB in five dimensions obey εABCD ΩABV CD = 0.
Fixing the skew form ΩAB breaks the 6d spin group SL(4,C) to Sp(4,C) ∼= Spin(5,C). In
contradistinction to 6d, we can now use ΩAB and ΩAB = 1

2εABCD ΩCD to raise and lower
individual spinor indices, reflecting the lack of chiral spinors in odd dimensions.

While a 5d null momentum kAB may still be described as kAB = 1
2〈κAκB〉 in terms of a

pair of spinors κaA, the κaA are now constrained by

Ω · k = 1
2ΩABεab κ

a
Aκ

b
B = 1

2〈κ
AκA〉 = 0 . (4.1)

This condition gives a co-dimension-1 subspace of degree 2 inside the ambitwistor space
of six dimensions. To obtain the ambitwistor space for 5d, the space of null geodesics in
(flat) five dimensional space-time, we must also quotient by translations along the extra
dimension: the condition 〈λAλA〉 = 0 ensures that the tangent vector pAB = 〈λAλB〉 to
any null geodesic is parallel to the chosen 5-plane, but we must also identify parallel null
geodesics in 6d that lie in different such parallel 5-planes. We therefore quotient by the
translations along ΩAB ∂/∂xAB that translate the orthogonal 5-planes into one another.
This is simply the Hamiltonian vector field corresponding to Ω · p via the symplectic form
dpAB ∧ dxAB.

Equivalently, we can implement the reduction on the pair of twistors [Za], using the
definition (2.12) of ambitwistor space in 6d. Using the symplectic form εab dµAa ∧ dλbA
instead of dpAB ∧ dxAB, the constraint 〈λAλA〉 = 0 generates the transformations

µAa 7→ µAa + rΩABλaB , λaA 7→ λaA . (4.2)

These are generated by the Hamiltonian vector field ΩABλaA ∂/∂µ
Ba with Hamiltonian

〈λAλA〉; that this corresponds to the translations along the sixth dimension ΩAB ∂/∂xAB can
be verified directly from the incidence relations (2.6). Note that the transformations (4.2)
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preserve the constraints Za · Zb = 0 since ΩAB is skew and so are defined on A6. Thus
we have

A5 =
{
Za ∈ T× T

∣∣∣ Za · Zb = 0, 〈λAλA〉 = 0
}/{

SL(2,C)× C
}
,

where the C-factor in the quotient is the action of the translation (4.2). Accounting for this
additional constraint and redundancy, we see that the ambitwistor space A5 of five dimen-
sions is an eight-dimensional complex manifold. As before this reduction is a holomorphic
symplectic quotient with respect to the symplectic form dΘ generated by the Hamiltonians
Za · Zb and 〈λAλA〉.

The reduction to the 5d superambitwistor space A5|2N is now straightforward, using
the same symplectic quotient by 〈λAλA〉=0 as in the bosonic case and replacing Za by Za.

4.2 Worldsheet ambitwistor theories for five dimensions

The symplectic reduction of ambitwistor space from 6d to 5d is realized in the ambitwistor
string by an additional gauging of the 6d bosonic action (3.4). The current 〈λAλA〉 is the
pullback to Σ of the Hamiltonian generating translations along ΩAB∂/∂xAB. As usual, the
gauge field a ∈ Ω0,1(Σ) acts as a Lagrange multiplier imposing the constraint 〈λAλA〉 = 0,
while the associated gauge transformations identify the hypersurfaces orthogonal to ΩAB.
The bosonic 5d ambitwistor action is thus

Sbos
5d =

∫
Σ

1
2Z · D̄Z + a 〈λAλA〉 =

∫
Σ

1
2εab

(
λaAD̄µ

Ab + µAaD̄λbA

)
+ a〈λAλA〉 . (4.3)

As in 6d, we have used the notation D̄Za = (∂̄ + e∂)Za + AabZ
b, where Aab ∈ Ω0,1(Σ, sl2)

is a worldsheet sl2 gauge field and e ∈ Ω0,1(Σ, TΣ) is a Beltrami differential gauging defor-
mations of the worldsheet complex structure.

Just as in 6d, we can construct a critical model by coupling this bosonic ambitwistor
action to an internal CFT, e.g. in the form of a current algebra. The resulting model will
contain bi-adjoint scalar states, as well as (the dimensional reduction of) the higher order
gauge and gravity states discussed above. Such a theory corresponds to the dimensional
reduction of the theories of [19].

However, in 5d we also have the more interesting possibility to construct worldsheet
models for conventional maximally supersymmetric Yang-Mills theory and Einstein gravity.
Both models are based on the natural supersymmetric extension of the bosonic action (4.3),

SN5d =
∫

Σ

1
2Z · D̄Z + a 〈λAλA〉 . (4.4)

Here, the supertwistor fields Za are again worldsheet spinors, and the Lagrange multiplier
term a 〈λAλA〉 implements the symplectic quotient to PA5|2N as discussed in section 4.1.
The action SN5d agrees with the familiar Green-Schwarz ambitwistor string action reduced
to five dimensions,

S =
∫

Σ
PAB

(
∂̄XAB + 1

2θ
A
I ∂̄θ

BI

)
+ 1

2 ẽ P
2 + aΩABPAB , (4.5)

using PAB = εab λ
a
Aλ

b
B/2 as well as the super incidence relations (2.9).
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To obtain ambitwistor strings describing 5d super Yang-Mills or Einstein supergravity,
we must couple (4.4) to further fields. As proposed in [17], we introduce a pair of worldsheet
fermions ρA, ρ̃A ∈ ΠΩ0(Σ,K1/2

Σ ⊗ SA), with action7

Sρ =
∫

Σ
ρ̃A ∂̄ρA + χa λ

a
Aρ

A + χ̃a λ
a
Aρ̃

A , (4.6)

where ρ̃A = ΩABρ̃B and ρA = ΩABρB, and where χa, χ̃a ∈ ΠΩ0,1(Σ,C2) are fermionic
gauge fields that impose the further constraints ΩABρAλ

a
B = 0 and ΩABρ̃Aλ

a
B = 0. These

constraints couple ρ and ρ̃ to the twistors and provide a supersymmetric extension of the
bosonic worldsheet gauge algebra sl2×C for SN5d. Specifically, if we couple SN5d to a total of
p = 1 or 2 independent copies of the ρρ̃ system, each with their own constraints, the OPEs

(
λaAρ

A
r

)
(z)

(
λbBρ̃

B
s

)
(w) ∼ δrs

εab 〈λAλA〉
z − w

,(
λaAρ

A
r

)
(z) 〈λBλB〉(w) ∼ 0 ,

(
λbAρ̃

A
r

)
(z) 〈λBλB〉(w) ∼ 0

(4.7)

identify the worldsheet gauge algebra as sl2 n H(0, 2p), where H denotes the Heisenberg
Lie superalgebra.8

Note that the form of these fermionic currents prevented us from writing an analogous
system in 6d. While we could have chosen to define (say) ρ̃A as a section of dual spin bundle
SA, allowing the kinetic term and one of the constraints in (4.6) to be written without of
the help of ΩAB, the remaining term χa λ

a
Aρ

A either requires ΩAB to raise the index on ρA,
or else would have to couple to antichiral supertwistors in 6d, which are not present in the
chiral model discussed above.

From the above components, we can construct three critical9 models in 5d,

Maximal Supergravity: Ssugra = SN = 4
5d + Sρ1 + Sρ2 (4.8a)

Maximal Super Yang-Mills: SsYM = SN = 2
5d + Sρ + SC (4.8b)

Bi-adjoint Scalar: SBS = Sbos
5d + SC1 + SC2 , (4.8c)

where SC denotes some internal current algebra. We briefly note that various other theories
are possible using the worldsheet matter models of [6], but they look less natural since they
mix vector and spinor representations. For the remainder of this paper, we will focus on
the models for maximal supergravity and maximal super Yang-Mills.

7We also discuss an equivalent action in appendix C, with both fermions combined into one field ρa
A with

an additional SL(2,C) index.
8The Heisenberg superalgebra H(mb,mf ) has a central element z, as well as 2mb even and mf odd

generators, H = 〈x1, . . . , x2mb , z〉⊕〈ψ1, . . . , ψmf 〉. The generators satisfy the ‘usual’ commutation relations

[xi, x2i] = z , {ψr, ψs} = 2δrs z .

9Up to a central charge anomaly that agrees with the reduction from 10d, and can be cancelled by
including a currents algebra encoding the 5 reduced dimensions.
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4.3 BRST quantization and anomaly cancellation in 5d

Following the standard BRST procedure, we introduce fermionic ghosts
{(b, c), (mab, nab), (m,n)} associated to {e,Aab, a} and bosonic ghosts

{
(βar , γar ), (β̃ar , γ̃ar )

}
corresponding to {χar , χ̃ar}, respectively. Here, r = 1, 2 labels the two ρρ̃-systems in
the gravity case, whereas for super Yang-Mills r = 1. Each ghost system is chiral, e.g.
mab,m ∈ ΠΩ0(Σ,KΣ) and βar , β̃

a
r ∈ Ω0(Σ,KΣ), whilst the familiar bc-ghost system has

c ∈ ΠΩ0(Σ, TΣ). As in string theory, it will be convenient to gauge fix e = 0, and
correlators include an integral over the moduli of the (marked) Riemann sphere. In the
absence of vertex operators, we can similarly gauge Aab = a = χa = χ̃a = 0, which gives a
linear free gauge-fixed theory.

The BRST operator takes the form

Q =
∮

!c
(
T + 1

2T
bc

)
+nab

(
Jab + 1

2m
a
cn
bc
)

+n〈λAλA〉+
∑
r

γraλ
a
Aρ

A
r + γ̃raλ

a
Aρ̃

A
r +mγraγ̃

a
r ,

(4.9)
where

T = 1
2Za · ∂Z

a +
∑
r

(1
2 ρ̃

A
r∂ρAr + 1

2ρAr∂ρ̃
A
r + βar∂γ

a
r + β̃ar∂γ̃

a
r

)
+mab∂nab +m∂n

(4.10a)

is the matter holomorphic stress tensor and

Jab = 1
2Z

a · Zb +
∑
r

γ(a
r β

b)
r + γ̃(a

r β̃
b)
r (4.10b)

the SL(2,C) current, respectively.
As in 6d, anomalies in the worldsheet gauge and Virasoro algebras could obstruct

Q2 = 0. Let us consider both cases in turn. We first observe that the OPE between
any current of the Heisenberg superalgebra and any other term in the BRST operator has
at most a simple pole. Thus the Heisenberg superalgebra is always anomaly free. The
fields that transform in non-trivial representations of the SL(2,C) gauge algebra are the
twistor superfields Za = (λaA, µAa, ηaI ) and the ghosts (mab, nab) and {(βa, γa), (β̃a, γ̃a)}.
The ambitwistor string for sYM has one copy of the ρρ̃ system, so only one set of βγ and
β̃γ̃ ghosts. Its SL(2,C) anomaly coefficient is

asYM
SL(2) =

∑
i

(−1)FitrRi(tktk) =
(1

2 (8− 2N ) + 2
)

trF(tktk)− tradj(tktk)= 3
2 (2−N ) . (4.11)

Here, the factor of 1
2 in front of the supertwistors is again due to their self-conjugacy, and

the last equality follows from (3.9). Thus the SL(2,C) anomaly vanishes in this model
iff N = 2, corresponding to maximally supersymmetric Yang-Mills theory in 5d. On the
other hand, the ambitwistor string for supergravity has two sets of βγ and β̃γ̃ ghosts, so
its anomaly coefficient is

asugra
SL(2) = (8−N ) trF(tktk)− tradj(tktk) = 3

2 (4−N ) . (4.12)
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This vanishes iff N = 4, corresponding to maximal supergravity in 5d.
Turning to the Virasoro anomaly, the central charge for the 5d sYM ambitwistor string

is given by

csYM = (−8 + 2N )Z − 26bc + 4× (−2)mn + 4ρρ̃ + 4× 2βγ + cj = −30 + 2N + cj . (4.13)

Since N = 2 to cancel the gauge anomaly, this is critical for cj = 10 + 16, where the first
10 are obtained from compactifying 5 dimensions of an underlying 10d space-time, and an
internal current algebra provides the remaining cj = 16. For the supergravity model, we
find similarly

csugra = (−8 + 2N )Z − 26bc + 4× (−2)mn + 2 (4ρρ̃ + 4× 2βγ) = −18 + 2N . (4.14)

Since N = 4, we obtain a critical model if we again include a CFT of central charge c5d = 10
arising from five compactified dimensions.

4.4 Vertex operators for supermultiplets

Unlike the RNS ambitwistor string, the vertex operators for sYM and sugra states in our
twistor representation of the ambitwistor string will have manifest target space supersym-
metry. Let us briefly recall the structure of on-shell, linearised supermultiplets in these
theories, following [30–34].

The supersymmetry algebra {QAI,QBJ} = 2ωIJPAB means the supercharges may be
represented as QAI = κaAQaI when acting an on-shell massless supermultiplet with momen-
tum kAB = 〈κAκB〉/2. The on-shell supercharges QaI transform in the bi-fundamental of
SL(2)× Sp(2N ) and obey

{QaI , QbJ} = εab ωIJ . (4.15)

Representations of this on-shell algebra can keep either the little group or the R-symmetry
group manifest, but not both. In this paper, we will use the R-symmetry preserving
representation.10 We thus choose a basis {εa, ξa} (with 〈εξ〉 = 1) of the 2-dimensional
representation of SL(2) and represent

QaI =
(
ξaqI + εa ωIJ

∂

∂qJ

)
(4.16)

when acting on functions F̃ (κaA, qI) on our on-shell momentum superspace. In particular,
in this representation the sYM multiplet is described by an on-shell superfield

F̃ (κ, q) = (ξaξb + q2ε(aξb) + q4εaεb)F ab(κ) + (ξa + εaq
2)qIΨaI(κ) +

(
qIqJ −

1
4ωIJq

2
)
φIJ(κ)

= F εε(κ) + qIΨεI(κ) + q2F εξ(κ) + 1
2qIqJφ

IJ(κ) + q2qIΨξI(κ) + q4F ξξ(κ)

10This choice is motivated in part by the fact that the εa needed to write the bosonic plane wave
already spoils manifest little-group invariance. In fact, (3.13) already provides a basis {εa, va} of this
space. However, for each insertion point, the value of va depends on the solution of the polarized scattering
equations and it is convenient to avoid this by introducing ξa. See [23] for more details.

– 18 –



J
H
E
P
0
8
(
2
0
2
1
)
1
5
3

in momentum superspace, where F ab(κ) = F (ab)(κ) are the three on-shell polarizations of
the gluon, ΨaI(κ) are gluinos, and φIJ(κ) = φ[IJ](κ) are five scalars (ωIJφIJ(κ) = 0).

We note that

F(κ,q)(x, θ) = exp
(
i

2x
AB〈κAκB〉+ i

2〈ξκA〉
(
ωIJθ

IAθJB〈κBε〉+ qIθ
IA
))

(4.17)

obeys the interwining relation(
∂

∂θIA
+ ωIJθ

JB ∂

∂xAB

)
F(κ,q)(x, θ) = i

2

(
qI〈ξκA〉+ εAωIJ

∂

∂qJ

)
F(κ,q)(x, θ) , (4.18)

where
QAI = ∂

∂θAI
+ ωIJθ

JB ∂

∂xAB

is the supercharge acting on Minkowski superspace. Thus (4.18) is the correct super-
symmetric generalization of a plane wave.11 See [17, 23, 25] for more details on this
supersymmetry representation.

We now construct vertex operators based on this supersymmetric plane wave. As in 6d,
these can be understood as the supersymmetric ambitwistor Penrose transform, relating
linear fields of spin s on space-time to Dolbeault cohomology classes H1(PA5|2N ,O(2s−2))
on ambitwistor space [25]. On ambitwistor space, the supercharge is represented as

QAI = λaA
∂

∂ηaI
+ ωIJη

aJ ∂

∂µaA

Following [17, 23], the supersymmetric extension of the basic vertex operator (3.13) is
given by

V =
∫
d2u d2v w(u) δ̄

(
〈vε〉 − 1

)
δ̄4
(
〈uλA〉 − 〈vκA〉

)
ei〈uµA〉εA+〈uηI 〉qI− 1

2 〈ξv〉q
2
, (4.19)

where the exponential factor obeys an intertwining relation between PA5|2N and on-shell
momentum superspace, as in (4.18). Again, the choice of quadratic differential w in (4.19)
determines the state (or supermultiplet) in the target space, and is theory dependent. Here,
we allow w to depend on the parameter u as well as the worldsheet matter systems.

A crucial feature of the vertex operator (4.19) is that it is already invariant under
half of the Heisenberg superalgebra. Specifically, the integrand of V is invariant under
the currents 〈uλA〉ρA and 〈uλA〉ρ̃A, provided these currents have trivial OPEs with the
quadratic differential w. Therefore, to obtain a BRST-closed vertex operator it is sufficient
to include δ-functions that force only the ghost components orthogonal to u to vanish.
Consequently, vertex operators for supermultiplets (with ‘picture number’ (−1,−1)) in
sYM and supergravity are given by (4.19) with the choices

w(−1,−1)
sYM = n δ(〈uγ〉) δ(〈uγ̃〉) taja

w(−1,−1)
sugra = n

∏
r=1,2

δ(〈uγr〉) δ(〈uγ̃r〉) (4.20)

11Note that ωIJθIAθJB is symmetric in AB, so the quadratic term in θs in the exponential of (4.17) cannot
be treated as part of xAB .
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in the heterotic and Type II ambitwistor strings, respectively. Here, n denotes the ghost as-
sociated to the current 〈λAλA〉 that reduces the theory to 5d. Note that, since u transforms
as a section of T 1/2

Σ (as dictated by the exponential in (4.19)) whilst all the γ ghosts are
worldsheet scalars, wsYM and wsugra are indeed quadratic differentials. Including the stan-
dard bc ghost system, cV and

∫
Σ V are well-defined fixed and integrated vertex operators,

respectively.
We remark that, as in section 3.2, the heterotic theory contains further states corre-

sponding to a higher-order 5d (super)conformal gravity. Vertex operators for these states
follow from choosing

w(−1,−1)
cgrav = n δ(〈uγ〉) δ(〈uγ̃〉) EABZAaZBa , (4.21)

where the polarization tensors EAB are in the Lie algebra of the superconformal group and
have to satisfy a supersymmetric extension of the relations (3.19) for the vertex operator
to be well-defined. These states are absent in the Type II model, as they are not invariant
under both copies (r = 1, 2) of the worldsheet Heisenberg algebra.

4.5 Moduli and picture changing operators

The factors of n and δ(〈uγ〉) δ(〈uγ̃〉) in the vertex operators constrain these fermionic and
bosonic ghosts to vanish at these insertion points. Consequently, the corresponding gauge
fields will have moduli which cannot be set to zero by a BRST transformation.

In the bosonic case, the moduli of the gauge field a associated to 〈λAλA〉 live in the
cohomology group H0,1(Σ,O(−σ1 − . . . − σn)) of worldsheet (0, 1)-forms that cannot be
written as ∂̄g for any function g that vanishes at the insertion points. Picking a basis {hj}
of representatives of this space, at genus zero we always impose a gauge in which a takes
the form

aGF =
n−1∑
j=1

ajhj (4.22)

for some choice of bosonic parameters aj . We let αj = {Q, aj} be the BRST transformation
of these parameters and let P5 = {Q,m} be the Nakanishi-Lautrup field associated to the
antighost m. Then the ghost and gauge-fixing terms for a are

SGF =
∫

Σ

{
Q, m(a− aGF)

}
=
∫

Σ
m∂̄n+ P5(a− aGF)−

n−1∑
j=1

αj

∫
Σ
mhj

(4.23)

Integrating out P5 enforces the gauge-fixing condition a = aGF so that the coupling of a to
its current becomes ∫

Σ
a〈λAλA〉 =

∑
j

aj

∫
Σ
hj〈λAλA〉 .

The further integrals over the moduli parameters aj and αj lead to n − 1 insertions of
the form12

Ξj =
(∫

Σ
hjm

)
δ

(∫
Σ
hj 〈λAλA〉

)
, (4.24)

12See also the discussion in e.g. [8, 35].
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in the correlator. It will be convenient to choose the basis hj to extract the residue at the
marked point σj . The n − 1 insertions of the antighost m then absorb n − 1 factors of
the insertion of the n-ghost, with the one remaining n-ghost insertion saturating its zero
mode integral. The bosonic δ-functions in Ξj help implement the reduction from six to fix
dimensions in the presence of vertex operators, as we see in more detail below.

We now consider the moduli of the fermionic gauge fields χa and χ̃a. As discussed
above, the vertex operators built from (4.20) only constrain one component of each ghost
to vanish at each insertion point. More specifically, for a (local) basis u and û with 〈uû〉 6= 0,
the vertex operators force the ghost components γû = 〈uγ〉 and γ̃û = 〈uγ̃〉 to vanish, but
leave γu = 〈ûγ〉 and γ̃u = 〈ûγ̃〉 unconstrained. Correspondingly, even in the presence of
vertex operators, we are free to use BRST transformations to set χu = 〈ûχ〉 = 0, whilst
χû = 〈uχ〉 develops moduli (and similarly for χ̃). This argument applies at each marked
point σi. Globally, it will be convenient to pick a û, transforming as a section of K1/2

Σ

and satisfying 〈uiû〉 6= 0 for all ui, such that {ui, û} provides a (local) basis of C2 at each
marked point. The gauge-fixing term then becomes

SGF =
∫ {

Q, βa(χa − χGF
a ) + β̃a(χ̃a − χ̃GF

a )
}
, (4.25)

where the gauge-fixed χGF
a and χ̃GF

a are given by

χGF
a = ûa

n−2∑
l=1

χl h
χ

l , χ̃GF
a = ûa

n−2∑
l=1

χ̃l h
χ

l . (4.26)

This choice means 〈ûχGF〉 = 0 whilst χGF
û = 〈uχGF〉 is expanded in terms of a basis {hχl } of13

H0,1(Σ,K1/2
Σ (−σ1− . . .−σn)) with fermionic coefficients χl (and similarly for χ̃). Following

an argument equivalent to that used for the moduli of a, integration over the expansion
parameters χl and χ̃l leads to 2× (n− 2) ‘picture changing operator’ (PCO) insertions in
the correlator,

Υ(zl) = δ(〈ûβ〉) 〈ûλA〉ρA , Υ̃(zl) = δ(〈ûβ̃〉) 〈ûλB〉ρ̃B . (4.27)

Again, these picture changing operators absorb (n − 2) of the ghosts γ in the vertex
operators, leaving two factors to saturate the remaining zero-modes (and similarly for γ̃).

Above, we have chosen the basis hχl such that it evaluates the respective fields at
n − 2 reference points zl. Since the hχl originate in the BRST-exact term (4.25), the final
correlator will be independent of the specific choice of zl. As usual, we can use this freedom
to define vertex operators with different ‘picture’ numbers, either by choosing the basis hχl
to extract the residue at marked points σl, or via the limit

w(−1, 0)(σi) = limzl→σiΥ̃(zl)w(−1,−1)(σi) . (4.28)

For example, the sYM multiplet has picture (−1, 0) and (0, 0) vertex operators built from

w(−1, 0)
sYM = n δ(〈uγ〉) εAρ̃A taja or w(0, 0)

sYM = n

(〈ûλA〉εA
〈uû〉

+ εAεB ρAρ̃
B

)
taj

a (4.29)

13Since the field χ ∈ Ω0,1(Σ,KΣ) whilst u ∈ T 1/2
Σ , the component χû = 〈uχ〉 ∈ Ω0,1(Σ,K1/2

Σ ). The
cohomology group H0,1(Σ,K1/2

Σ (−σ1 − . . .− σn)) describing the moduli of χû has dimension n− 2.
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together with the plane wave in (4.19). We will see below that, after performing the path
integral over the twistor variables, w(0, 0)

sYM is independent of û. The first term simplifies then
to −e · 〈λλ〉, where e is the polarization vector of the gluon. Analogous descent formulæ
give the vertex operators in various pictures for the N = 4 supergravity multiplet in the
Type II model (and the N = 2 conformal gravity supermultiplet in the heterotic model).

4.6 Correlators and amplitudes

After integrating over the moduli of the worldsheet gauge fields, n-point amplitudes arise
from the correlator

Mn =
〈
cV (−1,−1)

1 cV (−1,−1)
2 cV (−1,−1)

3

n∏
i=4

∫
Σ
V (−1,−1)
i

n−1∏
j=1

Ξj
n−2∏
l=1

ΥlΥ̃l

〉
. (4.30)

Inspecting the explicit form of the operators, we note that all dependence on the µAa com-
ponents of twistors and the fermions η comes from the exponentials ei〈uiµ

A〉εiA+〈uiη
I 〉qiI in

the vertex operators. We can use this simple dependence to perform the path integral over
the Z-system by including these terms into the action as sources. The path integral then
localizes onto the classical equations of motion,

∂̄λaA =
n∑
i=1

uai εiA δ̄(σ − σi) , ∂̄ηaI = 1
2

n∑
i=1

uai qiI δ̄(σ − σi) , (4.31)

which are solved uniquely by

λaA(σ) =
n∑
i=1

uai εiA
σ − σi

, ηaA(σ) = 1
2

n∑
i=1

uai qiI
σ − σi

(4.32a)

at genus zero. Together with the normalization conditions 〈viεi〉 = 1 and constraints

〈uiλA(σi)〉 = 〈viκiA〉 (4.32b)

coming from the δ̄-functions in each vertex operator, equations (4.32a)–(4.32b) will consti-
tute the polarized scattering equations.

Localization to solutions of (4.32a) has several important consequences for the am-
plitude formulæ. First, it ensures that 〈uiλA(σ)〉 is regular at σ = σi, so the remaining
polarized scattering equations (4.32b) are well-defined. The same applies to the fermionic
terms in the exponent. Substituting (4.32a) back into the vertex operators, the amplitudes
now only depend on the supermomenta qi via the exponential eFn , where

Fn =
∑
i<j

〈uiuj〉qiIqIj
σij

− 1
2

n∑
i=1
〈ξivi〉q2

i . (4.33)

This guarantees that the amplitudes are supersymmetrically invariant [23].
Localization onto (4.32a) also allows us to make contact with the RNS ambitwistor

string and the spinorial resolution PAB = 1
2〈λAλB〉 mentioned in (3.2). In the RNS am-

bitwistor string, a very similar argument leads to [1]

P RNS
µ =

n∑
i=1

kiµ
σ − σi

dσ , (4.34)
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and the scattering equations impose the conditions that P 2 = 0 on the sphere. In contrast,
the ambitwistor string discussed here always resolves the null condition due to PAB =
1
2〈λAλB〉. Instead, the polarized scattering equations ensure that the residues of P are
given by the external momenta,

1
2Resσi〈λA(σ)λB(σ)〉 = 1

2ε[A〈uiλB](σi)〉 = ki[AB] , (4.35)

and thus indeed P = P RNS.
At this point, let us revisit the integrated vertex operators. Using the explicit form of

λaA(σ) in (4.32a), it is easily checked [17] that

λaA(σi) εA = uai
(
ei · P (σi)

)
, (4.36)

where ei is the polarization vector. The ‘picture-zero’ vertex operator thus simplifies to

w(0, 0)
sYM = n

(
−e · P + εAεB ρAρ̃

B
)
taj

a (4.37)

for sYM. The localization also suggests a convenient route for performing the path integral
over the mn system. If we choose Ξj with a basis hj that extracts the residue at the
marked point σj , the mn path integral becomes trivial and accounting for the moduli aj
of a reduces to an insertion of

n−1∏
j=1

δ
(
Resσi〈λAλA〉

)
=

n−1∏
j=1

δ(Ω · kj) . (4.38)

These have a very intuitive physical interpretation in restricting the momenta of n − 1
particles to five dimensions — the expected implication of quantizing the constraint 〈λAλA〉
enforcing the reduction in the action. The remaining constraint for the nth particle follows
from the momentum conservation encoded in the polarized scattering equations.

Finally, accounting for the quotient by SL(2,C)σ × SL(2,C)u arising from the path
integrals over the bc and mabn

ab-systems, the correlator becomes

Mn =
∫

dµpol
n In eFN . (4.39)

Here, dµpol
n is the 5d measure composed of the polarized scattering equations of the vertex

operators, as well as the δ-functions (4.38) responsible for the reduction to 5d:

dµpol
n =

∏
l dσl d2ul d2vl

vol SL(2,C)σ × SL(2,C)u

n−1∏
j=1

δ(Ω · kj)
n∏
i=1

δ̄
(
〈viεi〉 − 1

)
δ̄4
(
〈uiλA(σi)〉 − 〈viκiA〉

)
,

see also eq. (A.7) for details. The form (4.39) is universal, following only from the bare
structure of the vertex operators and the ambitwistor string action.

All theory-dependence resides in the integrand In, calculated from the path integral
over the worldsheet matter systems,

In =
〈
w(−1,−1)

1 w(−1,−1)
2

n∏
i=3

w(0, 0)
i

〉
. (4.40)

on support of the localization for λaA.
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Let us evaluate the In for either n external super Yang-Mills multiplets in the heterotic
model, or n external N = 4 supergravity multiplets in the Type II model. The internal
current algebras ja in sYM or for (each copy of) the Heisenberg superalgebra do not interact,
so we can split the correlators further into ‘half-integrands’, each arising from one of these
matter systems. The simplest case is the current algebra correlator in the Yang-Mills
model, giving the familiar Parke-Taylor factor

PT(α) =
tr(tα(1) . . . tα(n))

σα(1)α(2) . . . σα(n)α(1)
(4.41)

at leading trace,14 summed over dihedrally inequivalent orderings α ∈ Sn/Dn. The other
half-integrand contains the correlators over the ρρ̃-system, as well as the associated βγ and
β̃γ̃ ghost systems. The ghost correlators simply contribute〈

δ(〈u1γ(σ1)〉) δ(〈u2γ(σ2)〉)
〉
βγ

=
〈
δ(〈u1γ̃(σ1)〉) δ(〈u2γ̃(σ2)〉)

〉
β̃γ̃

= 1
〈u1u2〉

. (4.42)

The correlators over the ρρ̃ system gives the determinant of an (n − 2) × (n − 2) matrix
H

[12]
[12] , with entries indexed by i, j ∈ {3, 4, . . . , n} given by

Hij =
εiAε

A
j

σij
, Hii = −ei · P (σi) . (4.43)

The full correlator thus combines to a reduced determinant,

〈
w(−1,−1)

1 w(−1,−1)
2

n∏
i=3

w(0, 0)
i

〉
ρρ̃

βγ,β̃γ̃

=
detH [12]

[12]
〈u1u2〉2

= det′H , (4.44)

that is invariant under permutations of all particle labels. This permutation invariance can
be established directly [17], but is also manifest from the correlator (4.30) using general
picture changing operators; different removed rows and columns in the reduced determinant
correspond to different basis choices in the picture changing operators, or different picture
numbers of the vertex operators — none of which affect the final amplitude.

Putting everything together, the integrands for n-particle states in super Yang-Mills
and supergravity are

Isugran = det′H det′H̃ , IsYM
n = det′H

∑
α∈Sn/Dn

PT(α) . (4.45)

The genus zero worldsheet correlator of the Type II ambitwistor string in the twistor
representation thus reproduces the manifestly supersymmetric n-particle tree amplitude

Mgrav
n =

∫
dµpol

n det′H det′H̃ eFN (4.46)

14As usual, sub-leading trace contributions will arise from tree-amplitudes with external sYM states
connected by conformal graviton propagators. We neglect these.
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of maximal (N = 4) supergravity in 5d, while the leading-trace part of the correlator of n
SYM states in the heterotic ambitwistor string reproduces the n-particle tree amplitude

MsYM
n =

∑
α∈Sn/Dn

∫
dµpol

n det′H PT(α) eFN (4.47)

of 5d maximal (N = 2) sYM. These representations of the superamplitudes were first
obtained in [17] and were improved to be presented in this form in [23] where they were
proved via BCFW recursion.

5 Discussion

In this paper we gave a presentation of ambitwistor strings in six and five dimensions based
on twistors, i.e., the spinor representation of the conformal group. In this description, the
P 2 = 0 constraint of the RNS ambitwistor string is solved instead of gauged. The string
couples directly to vertex operators built out of the Penrose transforms of space-time fields,
represented as cohomology classes on ambitwistor space (and indirectly from twistor space).
By contrast, in the RNS model of the ambitwistor string, the Penrose transform from space-
time to ambitwistor space is implemented by the descent arising from the BRST treatment
of the gauging of the P 2 = 0 constraint [1, 8].

In six dimensions we were only able to obtain an analogue of the bosonic ambitwistor
string of [1], with the additional worldsheet fields needed to describe ordinary (2nd or-
der) Yang-Mills and gravity remaining elusive. It was already well known from the work
of [19, 26–28] that the bosonic ambitwistor string contains a gauge sector with a (DF )2

Lagrangian and the corresponding double copy gravitational theory. The novelty here is
that the twistorial representation of the ambitwistor string makes the 6d conformal invari-
ance of these theories manifest. The difficulty with the analogue of the heterotic and type
II models is that they would correspond to the incorporation of one or two copies of (4.6)
which requires ingredients of both helicities, λaA and λ̃Aȧ . To get around this, it seems that
one would have to consider a model incorporating both Za and Z̃ȧ. would then need to
have cumbersome constraints, essentially that Z1 ∧Z2 = Z̃1̇ ∧ Z̃2̇ in the sense that Z1 ∧Z2

and Z̃1̇ ∧ Z̃2̇ should define the same element of so(8) via triality.
In five dimensions, we are able to construct fully fledged twistor representations of

the heterotic and type II ambitwistor strings by incorporating one or two copies of the
ρρ̃-system (4.6). It is interesting to compare this to the situation in 4d. In 4d, there is no
additional current algebra for YM amplitudes, but there is for gravity. In fact, it is easy to
see the close resemblance of the ρρ̃-system to that in [10] for the 4d N = 8 twistor string.
However the contribution of the second ρρ̃-system is absorbed essentially in the change of
variables from the CHY measure, which is the same as the polarized scattering equations
measure, and that of the twistor string or the 4d ambitwistor-string. Given its prevalence
in spinorial worldsheet models for Yang-Mills theory and gravity, it would be important
to gain a better understanding of the role of this matter system, and its relation to the
RNS fermions ψµ. In connecting down to 4d, reduction might seem a natural approach
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to understand the models of [36, 37], and if so, their amplitudes. A further line is to find
models that underpin the massive formulæ in [23].

In the RNS model, the linearized field equation for external states came from requir-
ing that the vertex operators were BRST invariant at the quantum level. The ambitwistor
cohomology group H1(PA,O(2s − 2)) encodes generic space-time fields (not necessarily
on-shell), so we expect quantum consistency of the current model to again impose field
equations. In this paper, consistency was guaranteed by using vertex operators built from
the Penrose of momentum eigenstate representatives on twistor space Q, which are neces-
sarily on-shell. However, this was not obtained from a proper understanding of the BRST
cohomology of the ambitwistor model, which is certainly desirable.

The question arises as to whether 5d is special or whether one can construct analagous
twistorial models in up to 10d as in the RNS case, or perhaps even 11d. Such twistorial
models have been investigated in higher dimensions, particularly in 6d as already discussed
but also following the same logic as this paper, models for 10 and 11d were sketched by two
of the authors in [18]. In 6, 10 and 11d, although the worldsheet theories were not set up
completely systematically, a version sufficient to express the polarised scattering equations
was introduced, together with supersymmetric amplitude formulæ for gauge and gravity
theories. However, the worldsheet matter that would seem to give rise to the relevant
formulae was not self-contained and seemed to require a doubling of the ambitwistor target
space coordinates (and perhaps therefore also further constraints to compensate). Despite
these hurdles, at some stage it may well become possible to complete these models. The
10 & 11d models are rather large in that the little group in 10d is now SO(8) so that the
analogue of the a index ranges from 1 to 8, and 1 to 16 in 11d and hence we have many fields
and constraints. The models are closely related to models that had been introduced earlier
as worldline models in [38–40] and proposed as ambitwistor strings in [41], see also [42],
who proposes that the additional degrees of freedom correspond to those of M-theory.

Different twistorial strategies are also possible in higher dimensions, in particular the
worldline models of Berkovits [43] is based on an impure twistor in 10 dimensions that nev-
ertheless determines a null geodesic. This was elevated to an ambitwistor string in [44, 45].
In 10d it is natural also to represent null geodesics as intersections of pairs of α-planes,
and a model based on two pure supertwistors was proposed in [46]. Given the parallels
between conventional strings and ambitwistor strings, another area of investigation is to
find twistorial representations of the standard superstring; work in this direction appears
in [47–50].
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A The polarized scattering equations and amplitude formulae

We briefly review some of the material of [17, 23] in order to motivate the form of the delta
functions in (3.13) and to show how to obtain amplitude formulae. We first investigate
how we can seek a spinor-helicity factorization for

PAB =
n∑
i=1

kiAB
(σσi)

(A.1)

over CP1; recall that if the scattering equations ki ·P (σi) = 0 hold ∀i, then P (σ) ·P (σ) = 0
on CP1. We can therefore hope to find λaA(σ) and λAȧ (σ) so that

PAB = 1
2λ

a
AλBa = 1

2εABCDλ
C
ȧ λ

Dȧ . (A.2)

The scattering equation ki · P (σi) = 0 implies ki · P = det(κaiA, λbA) = 0. This determinant
vanishes iff there exists non zero (uai , vai ) defined up to scale so that

uiaλ
a
A(σi) = viaκ

a
iA . (A.3)

This is scale invariant in u and v, so we can normalize

〈vε〉 = 1 . (A.4)

The exponentials in the definition of the vertex operators can be taken into the string path
integral and leads to sources for the λaA equations of motion in the form

∂̄λaA =
∑
i

uiaεiAδ̄((σ, σi)) . (A.5)

Solving these gives rise to an analogue of (A.1) (which arises in a similar way in the RNS
ambitwistor string of [1]) for λAa(σ)

λaA(σ) =
n∑
i=1

uiaεiA
σ − σi

. (A.6)

Together, (A.3), (A.4) and (A.6) will constitute the polarized scattering equations.
These provide our 6d polarized version of the 4d polarized scattering equation of [5]

(referred to there as refined) as equations on the (σi, uia, via) that determine the (uia, via).
More explicitly we can write ∑

j

〈uiuj〉εjA
σij

= 〈viκiA〉 . (A.7)

It is shown in section 3 of [23] that generically there exists a unique solution to these
equations for each solution σi to the unpolarized scattering equation; the equations can be
reduced to a linear system of the appropriate rank for the uias.
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Measure. After integrating out the exponentials in the vertex operators to obtain (A.6),
we are left with the integrations of the various parameters against the delta functions that
defines the measure based on the chiral 6D polarized scattering equations:

dµpol
n =

∏n
i=1 δ

(
〈viεi〉 − 1

)
δ4
(
〈uiλA(σi)〉 − 〈viκiA〉

)
dσi d2ui d2vi

vol SL(2,C)σ × SL(2,C)+
. (A.8)

Here the two copies of SL(2) are the Mobius transformations on σ and the little group on
the little a index and the division by their volumes are understood in the usual Faddeev-
Popov sense. In section 3 of [23] it is shown that this measure is equal to the CHY measure.
The correlator of the vertex operators reduces to the integral of the worldsheet correlators
of the w’s against this measure. If one is only interested in amplitude formulae one can
simply use the ingredients of the CHY formulae or the extra ingredients and alternatives
presented in [17, 23].

B The third conformally invariant 6d ambitwistor string

As mentioned in section 2, triality for SO(8,C), thought of as the conformal group of
complexified 6d Minkowski space M, gives three representations of ambitwistor space as
the space of complex projective lines, CP1s, in a 6-quadric. The main part of the text has
been concerned with the case where the 6-quadric in question is Q, or Q′, the twistor or
primed twistor space where the quadrics are the projective pure spinors of SO(8). The
third case of triality is when M itself is the quadric in P7 in the Cartan representation
of the conformal group in which SO(8) acts on the nonprojective space underlying P7 in
the fundamental representation; this is usually known as the embedding formalism. In this
case the lines in M are the null geodesics themselves. This particular model extends to give
a conformally invariant model for ambitwistor strings in arbitrary dimensions, although we
will see that the anomaly calculation restricts us to 6d, at least for the bosonic theory.

In more detail, we extend the affine coordinates xµ, µ = 0, . . . , d−1 onM toXM ∈ Cd+2

equipped with an inner product by

XM = (xµ, s, t) , X1 ·X2 = xµ1x2µ + s1t2 + t1s2 .

With this, we have the representation

M =
{
X ∈ C8

∣∣∣ X ·X = 0
}/

X ∼ αX , α ∈ C . (B.1)

The conformal structure can be encoded in the statement that two points, X1, X2 ∈M are
null separated iff X1 ·X2 = 0. In particular, points on the null geodesic connecting X1, X2
are simply in the linear span X(u) = umXm for some um, m = 1, 2;15 the null geodesic
is represented by a null two-plane in Cd+2. Thus we arrive at a description of projective
ambitwistor space as

PA =
{
Xm ∈ Cd+2 m = 1, 2

∣∣∣ Xm ·Xn = 0
}/

GL(2,C) . (B.2)

15Note that the m-index no longer has the interpretation as a little group index.
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Here the GL(2,C) acts on the m-index, and for nonprojective ambitwistor space A, we will
only quotient by SL(2,C).

In order to compare to the standard affine representation of M, we introduce the point
at infinity IM = (0, 0, 1) so that points at null infinity I are those X with X · I = 0. With
that finite points can be represented in terms of xµ by X = (xµ, 1,−x2). With this its
easily checked that the symplectic potential

P · dx = εmnX
mdXn , εmn = ε[mn], ε01 = 1 ,

in this presentation of PA where we have set X1 = (xµ, 1,−x2) and X2 = (Pµ, 0,−P · x)
with P 2 = 0, the intersection of the null geodesic with I . Thus, according to ambitwistor-
lore, our model has worldsheet action

S =
∫

Σ
εmnX

mD̄Xn , Xm ∈ C2(d+2) ⊗
√

Ω1,0
Σ , (B.3)

where
D̄Xm = ∂̄Xm +AnmXn , Amn = A(mn) ∈ Ω0,1

Σ ⊗ sl2 .

As before, the Amn are on the one hand gauge fields for the SL(2,C) quotient, and on the
other are Lagrange multipliers that impose the constraints Xm ·Xn = 0.

As before in equation (3.8), this model has gauge anomalies in the quantum theory
now of the form

aSL(2) =
∑
i

(−1)Fi trRi(tktk) = 1
2 × (d+ 2) trF (tktk)− tradj(tktk) , (B.4)

This calculation now shows that these cancel only when d = 6. This result is also achieved
in the models of [20]; these are quite similar but with a different choice of worldsheet spins
for the fields X1 and X2, i.e., one being a scalar and the other a 1-form in the model of [20].

Vertex operators. Although this model has an identical structure to the twistor and
models of either chirality (3.4), its relation to space-time is quite different. The distinction
between these models becomes apparent when we come to the representation of vertex
operators.

In order to represent a momentum eigenstate, we need the point at infinity, I = (0, 0, 1)
as above, together with a point K = (kµ, 0, 1) on its lightcone that must therefore satisfy
K · I = 0 = K ·K = k · k. With this, an ordinary scalar momentum eigenstate is given by
eik·x = exp(iK ·X/I ·X). For the standard integrated vertex operator of the bosonic RNS
ambitwistor string [1],

V =
∫
w δ̄(k · P )eik·xdσ, (B.5)

we observe that the delta function in enforcing the scattering equations in the form k ·P = 0
guarantees also that k · x is independent of the choice of x on the null geodesic x + uP .
This can be similarly enforced here by imposing the equations

vXm · I +Xm ·K = 0 .
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This leads to the formulae

V =
∫
dσ dv w δ̄2(vXm · I +Xm ·K) eiv (B.6)

and it is easily seen that by integrating out v when X1 = (xµ, 1,−x2) and X2 = (Pµ, 0,−P ·
x) with P 2 = 0, we obtain the usual formula above.

That V in (B.6) defines a consistent vertex operator follows because I · I = K ·K =
I ·K = 0 implies that there are no normal ordering ambiguities. The vertex operator is in
the BRST cohomology because the current pulls out the argument of the delta-function,

X1 ·X1(σ) δ̄2(χI)(σm) ∼ − 1
σ − σi

(
X1 · (vmI +Km)

)︸ ︷︷ ︸
=χ1

δ̄(χ1) δ̄′(χ2) ∼ 0 ,

where we introduced the shorthand χI = XI · (vmI +Km) for readability, and higher order
terms are absent due to I · I = K ·K = I ·K = 0. A similar argument ensures invariance
under X2 ·X2, whereas invariance under the off-diagonal current X1 ·X2 follows from the
antisymmetry of the X1MX

N
2 OPE, together with xδ′(x) ' −δ(x),

X1 ·X2(σ) δ̄2(χI)(σi) ∼
1

σ − σi
(
χ1 δ

′(χ1)δ(χ2)− χ2 δ(χ1)δ′(χ2)
)
∼ 0 . (B.7)

It is clear that for biadjoint scalar theory, w should be given by a product of two
independent current algebra generators. For the (D∗F )2 theory and its double copy, the
analogue of here is to use EMNX

M
m XNm in place of EABZAa ZBa as these are the conformal

group generators, where EMN and EAB are identified as elements of the Lie algebra but
expressed in the different triality related representations.

For amplitude calculations, it is easy to see that the gauge fixings described above will
reduce to the usual biadjoint scalar CHY formulae when w is given by a product of two
independent current algebra generators. When using w = EMNX

M
m XN

n ε
mnJata these give

vertex operators that we expect to compute amplitudes for the (D∗F )2 Lagrangian and
its gravitational double copy. We are not aware of attractive formulae for amplitudes at
n-points for these latter theories. It is an open question as to whether representations can
be found based on this model that differ in an interesting way from the CHY formulae,
except perhaps to make more manifest the action of conformal symmetry.

C Alternative worldsheet matter system

The worldsheet matter system Sρ of (4.6) plays an important role in both physically inter-
esting 5d models. Here, we present an alternative formulation of this model with fermions
valued in the fundamental representation of the little group SL(2,C),

S̃ρ =
∫ 1

2〈ρA ∂̄ρB〉Ω
AB + χab ΩABλaAρ

b
B + χΩAB〈λAρB〉 . (C.1)

It should be intuitively clear that both actions are equivalent, since S̃ρ simply relabels the
degrees of freedom and constraints. In particular, all critical models (4.8) could have been
presented using S̃ρ instead of Sρ.
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To spell this out in a bit more detail, let us BRST-quantize the resulting theories,
introducing the ghost systems (βab, γab) and (β, γ) corresponding to χab and χ respectively.
Since S̃ρ and Sρ have the same degrees of freedom with a given worldsheet weight, the
Virasoro anomaly counting agrees directly with (4.13)–(4.14). Moreover, the models using
S̃ρ also have vanishing gauge anomalies, as can be seen e.g. from

asYM
SL(2) = (4−N )Z trF(tktk)− 2ρ trF(tktk) + (1− 1)tradj(tktk) = 3

2 (2−N ) (C.2)

in the case of sYM.
Following closely the discussion in section 4.6, we can again construct ‘picture (-1,-1)’

super Yang-Mills vertex operators from

w
(−1,−1)
sYM ' δ(γ) δ

(
uai u

b
iγab

)
taj

a . (C.3)

As before, these are in the BRST cohomology due to the invariance of the bare vertex op-
erators (4.19) under 〈uλA〉ρAb, and so carry only two delta-functions. The picture numbers
(−1,−1) refer to the βγ and βabγab systems respectively. Picture changing operators can
be derived following the discussion in section 4.6,

Υ(zl) = δ(β) 〈λAρB〉ΩAB , Υ̂(zl) = δ
(
ûaûbβ

ab) 〈ûλA〉〈ûρB〉ΩAB , (C.4)

with n− 1 insertions of Υ and n− 3 insertions of Υ̂ in an n-point correlator, matching the
zero mode counting nγ = nγab

= 1. Using the localization condition (4.32a) for λ this leads
to the following integrated vertex operators,

w
(0,−1)
sYM ' δ

(
uai u

b
iγab

)
〈uiρA〉εAi taja , w

(0,0)
sYM '

(
ei · P (σi) + 〈ρAρB〉εAi εBi

)
taj

a , (C.5)

where correlators only give non-trivial results of the picture numbers add up to (−1,−3).
At this point, it is can easily be checked that correlators agree with the Sρ system: the
ghost correlators contribute〈

δ(γ) δ
(
ua1u

b
1γab

)
δ
(
ua2u

b
2γab

)
δ
(
ua3u

b
3γab

)〉
= 1
〈u1u2〉 〈u2u3〉 〈u3u1〉

, (C.6)

which combines with the ρ-correlator,〈
〈u2ρA〉εA2 〈u3ρB〉εB3

n∏
i=4

(
ei · P (σi) + 〈ρAiρBi〉ε

Ai
i ε

Bi
i

)〉
= 〈u2u3〉 detH [12]

[13] . (C.7)

to give the familiar reduced determinant;

In =
〈
w

(−1,−1)
1 w

(0,−1)
2 w

(0,−1)
3

n∏
i=4

w
(0,0)
i

〉
= det ′H . (C.8)
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